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Riemann surfaces, uniformization theorems, and
CPl-structures

ST (ORBRR R A BB A S5 R ) *

B R

1. HA 1
1.1. Riemann [ ® —ZfbEH & Teichmiiller 255 . . . . . . . .. 1
1.2. Bers’ simultaneous uniformization theorem . . . . ... .. 2
1.3. FEHEHGREL & Riemann M QMG DX IE~ND—fAL . . . . .. 2
2. CP! it 2
0 P 3
2.1.1. CPYR&&EDHI . . .. ... 3

2.2, CPYRESEE AR . ... . 3

3. Holonomy % 49 % CP! & Dl 4
4. HEfi 5
4.1. Schwarzian parametrization . . . . . .. .. ... ... ... 5
4.2. 2PCERIRY ERFRAMN Z DO Euclid g . . ... 5
5. A5 6
5.1. Grafting cocycle DBl . . . . . . ... ... ... 6
5.2. Grafting cocycle DFERGE . . . . . . .. ... ... 7
5.2.1. Compatible 72 CP'#§XED N . . . . . . . ... .. 7

5.3. Grafting cocycle Dfl . . . . . .. ... ... ... ... ... 8

A ClE, Riemann [ OMEE & Bl O HABED PSL(2, C) ~ 0 ¥ [ B4 0 B (R
WZDOWTEET, Rz, MERIMEMLDZEFNDIE S DR ZRIED RO D 28T 5
ZIZ&koT, T DR E2HEMET 5,

1. BA

1.1. Riemann @O—ELEE & Teichmiiller ZZ[E

Riemann @D — 2L B L, 2 0 K #IEEIZ Poincare & Koebe (2 & - THMINIZERIA X
Nz, ZO—BALEHIZ KD Riemann [ O @A E I, HE VM C, LPFEH {2 € C |
Imz >0}, £/2IXCP' OWVWIND & RIERNZZ > T W5, %7z Riemann [ @ Euler {2
Bizk, Cofhme EM»HPEE S, EFEEMCIEE Buclid FHi &, EEEmEIE
MHPEEHH? &, CPYZ 2 RcERE S? & A2 >TH b, WAELBIIT W hihmo
EREMTH B,

Sz EAHIARE Al & 45, ZD& Z S ED Riemann [ DHHE % S D isotopy
THEERERZ ANZH D%, FIfJ Z Riemann [ & W\, AR Z D X 5 72 Riemann M D
EEEAD, IHIT, SOMEME 2 LTS L, EuerfF8UIA LMY, LOBEMKRT,
S EOXRiHEE &G LT WS, AHEE O [ & A 1 2 R OFRALHEEIL PSL(2,R) T
HBEDG, AFOMAFEMHZNINZG5,

SEDETD diffeo. Btk CHRSE R HE R R B
{Riamann ﬁ@%f@@ﬁi} { m(S) — PSL(2,R) &1k }/PSL(27R> (1)

AHFZ2 TR (FRER 5 :20K03610) DB 2 %2772 DTH 5,
*e-mail: baba@math.sci.osaka-u.ac.jp
web: http://www4.math.sci.osaka-u.ac. jp/ baba/
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ZZ T, AMIRBp: 7(S) — PSL(2,R) iZxf LT, Auhdhm H?/ Im p A3 )IE9 5,
ZOXNMZ & D, Riemann [HDOEGHA A E < FEL 72,

20 Riemann [ DZE[]1Z. Teichiiller Z5[H & FEIX AV, A MHID 22T Fricke Z2[E] & B
ENEH, ZOMBIZE O FE—HINEH I NRWERL N, ZOHEHTIE SDMH S
2 FEE L TWRWOD T, Teichmiiller 2]k 2 DDk %25, TUT TR,
TETREZNETNRY S LWMAFEMETH D, EELSRAKE LTE, T& THIEXIEANZ
RoTWb, F 72 UEM R 7 (9) — PSL(2,R) I& Fuchs RIE & IEIXN 5,

1.2. Bers’ simultaneous uniformization theorem

Iz, (1) 2 EFE U 7-BRZ AT 5, B3 CHEBURMERILE S p: 7, (S) — PSL(2,C)
%, HERICRE T p O FEF T3 72 Jordan BRAR A 23 CPICIA(ET % & &, ## Fuchs RI]
CREIEN D, BfTHEERIIZIE, quasi-isometric embedding 1272 > T\W5 Z & L [EfET
»Hb, ko THEFuchs ZH p: m,(5) — PSL(2,C) M52 57z & &, CP'\ A IZAiAH
2 ODMEETH LS, CPP\A=QtUQ 8L, 20L&, §iEE Imp D
A QT Q- 2N ZENOERAIEX, FER %2 B 2T EEAERIZEALTWS, £oT
QF/Imp, Q /Im p (XA E T DEZL D 2 DD Riemann [l & 72 5, Bers (2 & > T 1960
IZEERH S Nz FAR —BAERIX, LT OERAR G4 % 5.2 5 ([Ber60)]).

S EEMRMEDITDRL S bihol. 5 Fuchs &
{ Riemann TH D A } {m(S) — PSL(2,C) @@}/PSL(ZC) (2)

ZMID Riemann [ DALADZER X, Tx T* TH D, HHIDZEM I, # Fuchs Z2f[E QF &

X5, 21 LI 72 o THgA 7I’Lt Density Theorem {Z & 0, QF i&m;(S) — PSL(2,C)
MR KRB 2R ONEES IR TE D, TOEKTHAIM L BSEHHRI L 5 -

fimomm®ﬁ@i%®&ﬂmmm 2 & o THMAIZFRE L 72 3 ool D HE

BEREE 2D, OVWTRIRILDERARD b RO Y =D DL > TS,

1.3. IEBEBIERIT & Riemann EDEE DX S D—i& 1L

§1.20 Bers D E ML, measurable Riemann mapping Theorem 7> 5 DIFFETH O, %

DFEIICIFRBDV IR CTH 5 Z L. B LU Riemann H D[ SRR S Z & BIAREM

CHETH D, REETIE, RO T L TY >k [Bab2l] 2502 TR DEFE] 20D

G, BEO, TMEMDOHRRLE] LWIEFEZRWZ, NSO EEZEAL, MY
—fbx 52 5,

S & A7 22 HE 5] T 5 A
{Eﬂﬁ‘% Riemannﬁ@fﬁﬁ%k} { 1(S) — PSL(2,R) 44k //PSL 2,C) (3)

Him S Lo CP! i i%, Riemann i £ 2 IRIERIS OREE%E £ 5 (3) DNt
J& U, £ 7% D holonomy IXHERT & 13RS 7y (S) — PSL(2, )T%é DE@JC X i
T5, EoTCCP'HEZ MW EDRIEDZHRE % LT Tt %,

2. CP'#&
(CP! #i& — M D 2% 3CHk [Dum09], [Kap01, §7].)
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2.1. €&
Y —BEPSL(2,C) 1k, CP'OHCHAERETH b, B HLECP! — CP!

<a b> az+b
2=

c d cz+d

Thzohd, F ZEfigmE g cEiiaiime 35, F Lo CP &2k

(CP',PSL(2,C)) & Th b, DF V. F DOBES%Z CPIZHDIAT MK O i FERE R

ThH D, FEIEEHD PSL(2,C) D CP' NOIEHDHIRIZE>TWEHDTH 5, R,

K0 CP! #3& 13 Riemann [ D#EE 2 H o,

CP' Mi& D72 E % KIS R BEr o 525, F2 FOYEWEL T5 &, CP!
FEIE 1

o RfFEIMEH f: F — CP' &
o HEFMIE G p: m (F) — PSL(2,C)

DT, fIZp-BAEREDTHD, 2FD, TEDy € m(F)ITHLUT fy = p(y)f
D720 72D ([Thu97]). FMEEIZHITH D isotopy & PSL(2,C)iIZ&>TEHEZ NS (D
ED,MEED a € PSL(2,C) TR LT, (f,p) ~ (af,a tpa)). RATEMES f ik
developing map & FFiX#, #EFEAIEL p 1X holonomy RIF & IEIXN 5,

PAF (§2.1.1) 12X B HITIE, FEARMIIZ developing map DAHDIAA X 721k, BHAD
WAEEBRIZR>TH O, 7z holonomy RELDBEIHERIZR->T WD, HL, —ITIE
developing map *° holonomy #EiiX, TD X 5> MEZFDO L TR S W,

2.1.1. CP' & DHl
= —E Ol OME I, BRI CP &2 KD, Buclid FH E? 14 C & &M [H—H
I, ZOMENEEOERELHE Isom™ E2 1XHRIZPSL(2,C) DEREETH S, £
HAE EE P E F—fHE 4, ZOmE Az R OEREHE [som™ H? I3 PSL(2,R) T
H5,

RIZ CP' DB S QI PSL(2,C) DEEBGH A HE G 75, BEE M Z2 R QIEMT 5
&, Q/GIXCP' &% FED, FIZ§1.2TH - 728 Fuchs £B 7, (S) — PSL(2,C) iZ
LT, QF/Imp, Q /Imp L CP {i& % R D,

2.2. CP' ¥ & EH 2R

F9. S ELOCP #EDZERE S EOEZEMEDEME OMIEEEZEZ S, SIZHEAf
EEELTCEDER ST, TOMIZAEHIFonZdD%E S—2ERZ 2L, T ST
@ Teichmiiller 22, T* %2 S~ ® Teichmiiller Z2ff] & 3 5,

[FkkIZP %2 ST ED CP G koM 35, Z0LEPIXT OREERE L [FH—
HEnbd, HEIC P25 EOCP HEER2ADEMETE L, PIXT OREEME
f—fENnd, ZZTyY: PUP* - TUT X, S EDOCP HEDERZERMDS S ED
Riemann H~NDH LT H L, X7 MUVEHOMHEEZ D,

RIZEKBL ™ (S) = PSL(2,C) DZEM &It &2E A 5, SDPSL(2,C) fafELHkik

{m1(S) — PSL(2,C)} / PSL(2,C)
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X, £H m(5) — PSL(2,C) 2RO EMOD GITHTH 5, ZOMEMMEIX. Z I Tk
PSL(2,C) TOHEF & T o THEL WD, KFEH THROBLWERBUZEAL TiEZEh LD
BWRAEHE R 25680355, ZOREZHRKREZ2 ODOHEEHR T 265, KBl (S) —
PSL(2,C) A'SL(2,C) ~NKfB LB NEMNT, EH 6 DR ICE N2 HHIE
% ([Gol88]), &> Tx%FH EOENBZREANS R ZEMEENE2TH L, S EOCP 1
1E D holonomy RKILE, y DI S MR ITEE NS,
Holonomy G-4
Hol: PUP* — X

X% D CP' #53&E C = (f,p) \D holonomy #H p 2525, 20 fE2ENSE5H
THd, ZOXNNMIEAEMHERTH B0, BAOWEGHIZL>TWIRY, TOK
SR AHES 2 CP RIE D% < DT W WWIZBE L T, Hol D%, YD &5
7&K m(S) — PSL(2,C) A%, CP'#i&E®D holonomy KB B 0 %KX LTS, TN
1 Gallo-Kapovich-Marden [GKMO00] (Z & o> TREMNIZFE DT o, KHTiFE A LS
TD m(S) — SL(2,C) A holonomy HRIELUZ72 D, F 72 FEHERK 7R holonomy RKELAHIR L
H5b,

3. Holonomy % #4853 % CP' #:& D
S LD E—®d holonomy % £i D572 5 CP G DM ARKDESEEZB LT H, DFD

B ={(C,D) € (PUP*)*| Hol(C) = Hol(D),C # D}

&35, ZOLE, O, DDIEEEEZ D Ly DIEFIE. FEMZF272\0, QFIXB/Z,
DHEAERLITIZIR>TH D, BIZQFO—#fbe Wz 5,

A ZRHAES {(X,X) | X e TUTY 2L, FREHT:B » (TUT)?\ A %
U(C,D) = (¥(C), (D)) TEHT b5, AHDEEHIT U ORFATHMNEE & #SrHE %
5.2 %,

I 1 ([Bab2l, Theorem Al)

T:B - (TUTH?\ A

(X5Ehi 72 R T IE R T H 5.

ZIZT, ZEIEDRS BT O DI THD, R EELE X, Fir
Wz iE (BRI 72) DIERE S HRIZZ > TWS Z & Th S,

EH 11T Bers DEH (2) DI —BILE EZ 5, F#IZ (1) DEMMEN S, &4 D
B DAL Q IZXT LT, U|QIFIET 25 (TUT*)?\ ADEFEKS NDERHMENF Z
5, £, VIIFHEBHRTH D, &~ D fiber 1XB DEEEEEG TH 5,

Ramification locus I —f%(Z X no-where dense 72 fi#trEE S TH B DY, WIZBHL T
I% ramification locus DIFEIER D> TR, Ko T UIHERERK D Z & 12 BUE I B
12725 T\WTC Bers DEHDED — At % 52 2 A[HeED D 5,

I HIZEH 12\, Bers DO AIZEH %, measurable Riemann mapping theorem
EEOLTICEZDLIENTES, TTURDI b5,

o QFIXB/Zy D72 T, BN DOHEATH 5.
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o MEL{(X,X*) | X e THET x T* RV DOIRTAED DREHS LA T
HY, MoreraDEH LD QF = T x T*IZZDONAES L, BfE 1 TH 5,

Ihe, EHL1EYD, QFBPTx T PEBREN L &40, QF - Tx T*MEH| & 7425,

4. %

TEH TDFERH D 72 8 O P K135z FiH 9 5,

4.1. Schwarzian parametrization

(B 21X, [Leh87| 2, ) X % S LD Riemann W OR§&E & U, ZOEiEMEZ L

CEMIZEHT S, ZDOLEX EDCP EC X, D developing map &
2o DERAREE 5 Z & Tschwarz 3 Z2H D, X LD 2RKIERIMS ¢ DfE 6N 5,

.WTZ))/ 1<f"@0)2} 2

=|l=—=] — = dz*.

! wa VIOV

ZD&Z(X,q) %2 CDSchwarzian /N5 X & — L FEL,

X ED2RERIES RRIZESE 3g — 3t D R FIVERODZL D QD(X) TR Z
2iZ% 5%, £o7TC, Riemann[fi X O CP' & &ARDZEM Py 1, QD(X) &H—#

T& %, Holonomy 5% HolP — y I%, proper Tl <, £HIFLAELTDpe T
fiber Hol ™' (p) I MIBMERESTH D, —HUFOEHIK D LD,

I 2 (Poincare [Poi84], Kapovich [Kap95]) fEE D S E® Riemann [ D& X (25
LT, Hol D Py ~DHilBEIE, FHEEZEAIK v ~D proper RDIAATH 5,

4.2. 2 REANHD EFERXMNE D Euclid BE

(B 2K, [FM12] &) ¢ = ¢dz? % Riemann [ £ X © 2{RIEAIA & $56, 2D
E, X FICBRAMNEDOEucidiE E 257225, X LD qDEMTIIE DA u
EHEET S, DL E uDEL DEMRTIFEVEw e X IZHLUT, udbdwziEIE

AN - "
n(w) = / Védu

W& D, wDiEEE CORESIZHDIAL Z 2N TE 5, C%BEAR%L EudlidiiEz AN
% Z 8T, uDUfEIZ Euclide &AL, TNE2ATDEDLEEZZETX NS ¢DES%
Fr\7-5 DIz, Euliden MEM X W5, FDO5EMMRILRE LT, ¢DZER 2 1 Euclid #
EORR[IIREIDEE 2 Ddegreezd 3 5&, (d/2+ 1)1 D cone angle & D,

BEFmEC L, Bl e AT RERZEL THEBMEEZE D, 72, ZOEREEN
U CREWTAYZR i ic 0 U €, EAMOERZz2Z 2T, MIEZ 52252 LN TE 5,
Z DREW A NI E DD W 72 EE S % vertical measured foliation & FEZY,

ETqDEHEUNDEONEWVEEIE, CORESGER—HINE, Eo>T, CLED
vertical measured foliation 5l EFR L, (X,q) EIZ vertical measured foliation V' % 15
%, ZZT, FrUZL, foliation DFR[ L L>TED, EXERIPNLTND,

C DSEHl & SEAT R EFRIZ & B C D horizontal measured foliation 233 D, vertical mea-
sured foliation ¥ [E2Z L CW 4, [A#kIZ C D horizontal measured foliation % 5| E K3
Z & T E EIZ horizontal measured foliation H 2’ X 64, HIZV EERXRLTW5,

D& D HRE LG, E D Euclid #3& T, ER S 5 vertical measured foliation & hor-
izontal FF DR % flat surface & FERZ £ 129 5,

5
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5. BRMH

S E®D Riemann HO#EEZ X 235 &, X EOCP #EDEADZEMIZPy TE LU,
% @ Holonomy IR Hol(Px) % yx £ B LK, TOEEEH2ATED, yxlE, xDIX
TN DI S P IRIEF IR ATH 5, EoT. ZDEIIBESND ISR
KDDL RS 52 L IXEHRLRMETH 5,

EIH 3 ( [Bab2l, Theorem 10.1])) fEEDERDS XY e TUTIZH LT, xx Nxy P
&% OHEFEEIE AR P TH B,

ZIZTpexxNyxy TRLT, YV EDCP #i Cx, T holonomy REA pZRE D& X
o CP' #i& Cx, T holonomy REIDS p 72 b DD 5,
EM3IZ LD, TH 1D BATRMEEBRES,

% 5.1 xx Nxy FHEREETH S, TSIV, FMABEETD 5,

5.1. Grafting cocycle DiT{l

EH3DAET M2 RS 72DIZATOMEREZE X 5, $%& S Lo, AliE Tl BflEHh
Disotopy HDEB LT H, KEZ YWD THREVWEFRESL L, xx Nxy \ K ODRB
Pl UT, BEBUEBIET,: 8§ — Z ZRMEHNTMED pIZB U THfIZ 72 5 K D ks
% (§5.2), Z OFEEREIEIE, grafting(§5.3) L\ 5, CP'#EEDY] D 5D & B
RLUTL S, HEMIZIE, XY ORMESNIPRZZGEIE, T,13Cx, & Cy, D [#]
2FRLU, XY DOREDIVERRLIGEIE, Cx,&Cy,D Hl] 2H5ERTERLTH
%, IEREIZIZPANOaED & 512, T,1dCx, & Cy, D schwarzian /37 A X =761 5
1% vertical foliations Vx ,, Vy,(§4.2) Zffio> T TE 5,

ST 5.2 X,V &S EORLZHM E Riemann HOMIEE L, X &Y O E I3 A
UChs i b, e e, .. co % S EOFAMREMME T5, ZOL X, (T
%:\0)6>OC:§(¢L/"C, ‘I“ﬁj\j(%\,\xwﬁ‘ﬁ%é}(g%tét’ EE%E\O)PGX)(ﬂXy\KE
ZHUT, EERgBFELT

(1= e)lp(ci) — g < Vxpla) = Wy, () < (1+e)T(c)
NETDi=1,..., nIZHFLTHKY LD,

ZIT. Vxpla) W,(6) 13 iZ5 X 5315 transversal measure 2% LT\ %, [[] &
R BIGEIXRFE AT B DFEBRDEN L D 72D,

7 5.3 X.Y % S LD ¥ 7 B HIf} & Riemann H DEE TR E DR R S LT 5,
7z, co,...,0, % S EOIETHEREAMARE T5, EEDe> 012 LT, +HoKEW
XDEREAK Z2LbdE, EEBMeMPFELT, (EEDpe xxNxy \ K XL T,

(1=ely(ci) —q<Vx,+Vy, <(1+el,(c)+q

METDi=1,... nIZHF LT LD,

T, 0d, BBEEGREB O, yvxNxy OEfEHS £, 2L, —F4, EoMmsE
52E T IFMED. 1S p € xxy Nxy WMERD I VN7 MESDIMNIFNT 2L &, T,
LERMT D, IoT. xx Nxy DEXDEFERDIIERTH D, EHINE 27,

6
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5.2. Grafting cocycle DK%

E % flat surface & U, V % % @ vertical measured foliation, H % % @ horizontal mea-
sured foliation & 3%, E EDOHREDY, XKW, V D leaf DR £ 72135 H D leaf D
AP OL> TVWTDORREAZEEHWVWE &, staircase(fEBNR) TH D &\ 5, Flat
structure 2 K7 2 Wl EDRIFR TH > TH, ZD & 5 LBEBIRHKRE & MO FIEHD £
D % FAHI 7 B BORBRAR &0 S,

R3 OEABRE S? EDFW (round circle) 1%, R3O Affine #8 5 & S? £ DD
DL TRONEMNTHD, S CP' 2EMIZA—HT 5T, CPHIZ, AVES
FUOZOMATHAAMEELETES, ZD& EPSL(2,C) DIEAT, AWHIXMIKT
b LFf=N5B,

C = (f,p) % CP i & § 5, C LD staircase Hiffts 35, 5% s D
WEELT, sHAFORMEZGZT L & circular THBH L\ D,

o 5735 D horizontal Z2FR 72 51X, siX FIZL D CP EORWH ciZidbiAENS,

o v 33D vertical AR 72 SIX, hy, ho & v LNl Z AT 5 5D horizontal Z2Kx 7>
U, c,c 2T NTENf(h), f(hy) 2B CP EORVWHETZ L

— (1,C9 Ci&b 4] %f?#f:j—’

— fluld, c1, e BEEFUZEH D CP WD circular 2 & AIZE&EE N, 2D flolk
ADBERLI N TOD foliation |ZHEWTHA TH 5,

5.2.1. Compatible 7 CP' #i&ED 92
§5.10 grafting cocycle I')1&. Cx, & Cy,, %, LU X 9 W& 512 circular FEBLAR D 5E
RefFomEIzamlL THROoNS Z & 2T 5,

F1=(f1,p1) & Ty = (f2, p2) & TNE N circular 72 FEBLRBE R & Kol £ Lo CP!
MGl 42, ZOKFE FPUTORMEZRZTROIE, F& F X compatible ThH
LW,

o p1 & plEPSL(2,C) DL THLE (K> Tpp = pKELTRW);

o LD F| DERDIER py D Fy DR DM p ITHIET DL E,  fi(p1) = fa(p2);
° hl bl hg 75§83"1 el 83’2 @iﬁ}fﬁ\jé horizontal Ei(ﬁ}iﬁj\& 6 li, fl(hl) el fg(hg) li, ﬁ
—DHVHIZEEND,

® U4 el (%) ;d.; 83:1 el 83"2 0)5@553’5 vertical @%7?63\ t'ﬂ"% Z, fl(hl) = fg(hg)o

L@ compatible DEFKTIE, Rz F & FIZFAMTH 5, F DBHEMEZVHOBEBRD
i F/ O CPH & D & &, F, ® horizontal 753408, F, D 1 FIZENEZ &2 L.
LM ERZTEE, T & Fyldsemi-compatible TH B &\ 5,

EF 5.4 S OHM@E train-track 2 & 1. K412 vertical ¥ 7213 horizontal D T X)L
MONWESDT T Ty, &oTSHHRDRD 5 2 \WALAH IR 72 B By fhR % B2 R FF
O By,...,B, 2 THZONBNETH S, 5 DOREEBE R B; % branch &
.58,

CP! #&3& C ol train-track 2 1%, & branch DREE: FIEF A2 T circular TH 5
& . circular train-track 222\ 5,
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EFE 5.5 C,C'% S EOCP &S L, C,C" D holonomy REID—HT 5 LIKET 5,
ZDrE, CODcircular traintrack 72f# T = UB,; ¥ C' @ circular train-track 73 fif &
compatible 7/ = UB, TH % &%, HIZRDOEHEGHEC — C' T D4 T branches & T’
M 4T branches %3 semi-compatible (IZX 5 L TWA Z & TH 5,

W& 5.6 K P TAREVWYHOERELGLSIE, FEDpe xxNxy LT, Cx,
& Cy,, DI train-track 2% Tx , & Ty, BMFIEL, Cx, & Cy,, IZ semi-compatible (2
%5,

fEE 5.6 DR ZE M\, T T D, B, Bz, FEHBUEDEMA % FFD train-track graph %
55, Thoz2REG6bEsd T, Hthi S Rz, BEMEOEAZEED train-track
graph 215%, DA 6N, TNEORMANZFBE LT, S - Z%2R[(5,

5.3. Grafting cocycle D

E® grafting cocycle X Goldman 12 & % Fuchsia FH / I —% % D CP! #ii& D43 54
[Gol87] IZ BB L T\ 5,

Holonomy #E % [ L7z & &2, *Htd 5 CP MG 2KIL, PINOBEEES IR -
TED, ZOREMITIE, Do TRV BE N, 7272, BERHRES p: m(5) —
PSL(2,R) (Zxf U Tl 2m-grafting &\ 5, HBFEOY) D A5 0 12 & - T, Hol *(p) DR
DIMNERING, ZOYDIXD X, CP!HliEMN® admissible loop & FEIEN 5, KE
DOMEE %72 T2 > T, MfE Lo CP %A L Tirbh, CPHIZZ{LT 525,
holonomy B X725, F7z, admissible loop IZ¥R> T, 27 DEEHED [EX ]
DHfEZHEAT S Z LD TEBDT, grafting i admissible loop (Z IFEEEDEA%Z DI
KRB TE 2,

I 4 (Goldman [Gol87]) p: m(S) — PSL(2,R) 2 EEMHRRI L T8, ZDLZ,
p % holonomy & & 2 (LD CP' #id 1k, W& H?/ Im p % ERBOEAT X
@ multiloop 27 > T grafting 95 Z & TROHNS, 7z, ZDEAN E multiloop I&
isotopy bR &, —HEICIkE B,

ZDOEHD X S1Z, LD —MRIT grafting &, FEEUE D E A DD\ 72 admissible 72 12
WoTHbND, p: m(S) — PSL(2,R) % MEHEEIL L 35, C1, C, % holonomy A3
pTHECP METHL LTS, 61T, O,C,DAETIVFELTH B LRET 5,
ZDEE, i =120 UT, C GG H?/ Imp % EEHROEAD E multiloopM;
2 > Cgrafting U TR OND, Iy, 8 — Zso &, S EORFEAMIKIZ, M & DOEA
DERMPNR B GABHBME UTERT D, Ing, —Iny,: S > ZD3CL & Cy D
AELTHY, T, 2FHT 32 e NEYAREDE L TS X5,
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A4 I a7 —2ZEHD R
EH FHe CEETEKR¥E):

1. 7RO

RE) W5 DREZ 7 VEET TR o ERS LWL 2o ThakEit) &
TPNFGWE 2 TFHAN O XD BRAFNTR->TWS. ARIE ThRa IR (ho-
rofunction boundary) EFERDAIEL WK ST, THT R ICEDLITEBLHICX
% Z2H D bordification (HAFEIZT 2 EHOTF?) LW ERE 2 5. R &
554%, 7aE 7 [Gro8l| I k> TERSN, REOHERZEMOER 252 5Tk
LTIEIERMRIZONVWTIHRSINT 2. LK SADIBHZEZ I BIZ, AR
A & “horofunction boundary” & FESDDHIENCZL D “horoboundadry” & FEENLS X 5
ol ko7,

SENEH A THRuHER E 4 bULIZOT 2. AuliEiiE, EEE2a> 87 MEs 3
MARDTH 50, FIIHEEEZEMDEHR (proper, FHEEIC X 2 EE OB 2 > 2
b)) TRV EHERSEAMICEE DRV, BETH 2 &0 Szl 3 24EIEEE <
HY, AL a7 MU 2> 7 MLEORITFT2RIEE Lo T
ZRbDD, BFARALEATRVERMZERZZ Z 2AMBER TE. AHEETE
254 a7 —2EMX, ZHBEEEPOREBOUNREINZZEMTHY, 20T
RIS CHEEP a %7 MEDHIBR T Wz, R4 b 3 25 —2Z2W % B 7 B2
MNCT2HMrE 22, RuoBuck s a7 Mg, Mics2580d (Gl
HIET) IR 2522 ZePHILNTWS (§4). —H T, ZL O
ENBXA LI a7 —EHEMICBWTEELREMTHD, V-~ VilEroERSN
% Weil-Petersson FEREIEXSEMR Tl 22, Weil-Petersson FRRED IESEIRH I IXIEE A 14 % &
=, Rufuc X b a7 M —fEEE» o35 o . L L, Weil-Petersson
PRI IR 7203 5 CAT(0) 22 & 72 % (i.e. non-positive curvature ZH2) Z Z75§
Mo Twad., CAT(0)MiCE D, BFAED O U5 2E £ % (visual boundary) .
o, ZoHRDEREMKST 2L, X4bIaT— IW@TH:/A7LK#
HARZEONE Z bbb, MEBE (r,0) 1I2B81T 2 Fr A0y, WAL
MEXIGS 2, FEEDHEFICE>TWADT, mrfE AROHAGHEZ R
AR L BB B FITTATV S, MERREAZHLE LTWEH, EEDOR%E
HDE L7 R EZ 5 2 e TE S, RABELEAT ST, “BZ 5 DM
BFeeTHRAT EHZHANTVWS, LWISKFHETHS. 2L T, LHRERZEMIC
BRI 0EMEHDIAA, BAUZE 5 Z212XD, FILIER Gha) hafBEzemn
ZBZETHLLWaY I M Eohs., £, REETIIES (ku)
BCidl, BEE2EAT2 LT, BRCEROBZVWEROa Y7 M, 55
BAURAROEBEa Yo7 MEEEZ v, ZLTHRREBEa Y 7 Muk, #fe3a

ABZUIRHTE GRERS | 19K14525) OBIf%2ZI2bDTH .
2010 Mathematics Subject Classification: 30F60, 57M60, 20F65
F—U—F XAk 3Ia7—2%0M, rafEhit
* BURER H R XKRA L 2-12-1, B TR AR
e-mail: masai@math.titech.ac. jp
'https://en.wiktionary.org/wiki/horosphere & D.
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7 — 22 D Weil-Petersson FElfE, X HIZE XA b I 27 —ZEH EICEE 58D IAAKR
& (renormalized volume) 2> 5 7% 2 BT L THE Z TV E 720,

2. ROBIEK
FEEEZER (X, d) D FicH b e X 2—DEDTREIET 5.

EE 2.1 Rze XITWLT, ¢,: X - R%
U, (x) =d(x,z) — d(b, 2)

TED 3.
OB Ty v RRD, Thbb

[V:(2) = :(y)| < d(x,y)

DD ALD. ZHUIEARERTHEHNIEONS., THIICERICED ¢, (0)=0TH 5.
EE 2.2, ZZHX L) 7> v VBT THATWS DK% Lipy(X) 2L, F
mhb
Lip;(X):={f: X = R| f(b) =0, fl1ZV 7> v YV}
LERTS.
ZalE Lipy (X) & BRIRONAHZE AN S, ZHUIBEBOMEEHTHS 2T
Lipy(X) € [[[=d(b,z), d(b,2)]

zeX

ERMLT, EEMHEEZEZEZMHEEFETHS. HEFa/ 7OEHID a8
JFTH5.

8 2.3 (c.f. [MT18, Wall4]). 2%/ Lipy (X) &3 > %7 bz BEBE(T ORI REZERITH 5.
XT, FRMEZERE X % Lipy (X)) NEDIA S 5.
A8 2.4 (c.f. [Wall4,MT18)). BV : X — Lip;(X) %

V(z) = 9.

TEDD L, VIFHHNTHEL 5.
2T, ZEEDPEETHIUIE SR D LD,
8 2.5 ([Wall4)). X BEETHIUIY : X — Lip, (X)) IMEANDOFRMHEEHRTH 3.

X 2S[EA R 72 S 1 E@E 2.3 b @251k D, BRY(X)OMEEEIRS Z 8 TX
Day Ry MEAELNRS. B50,(X) = U(X)\ U(X) D% RO (horofunction)
EIER. ZOEKSIRLTALHESa Y 7 Mz OB /N M (horofunction
compactification) £ \5 . AR A CIREDEED, A RMEIEFTN S I2O0, HR

TR U(X) DILEWOTH AL IFAL D, Aofic ks a7 Muk
BZRB Oy MEEIERK S IR 5T X 5.

11
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3. ROEELE

XC, HEEEREETHUI R EZ e Tay s MepfEehs 2k
Rbhrolz. &AM, HEEEEOEEEIZWES, —ici, a2.51dm b 77
2%, UOMEBRPSEIC R SRWHIPHISNATWS., 2255k, XIECAT(0) %M
THse35. oI, XWBV—UERETHEIBIRETS. —2, DLODHL
BTHEMEIIMEE LEWTEL. MIpVWERZIDLERZ VD THIE ST 22 ([BHI9 S
f8) ZEEDICAT(0) TH 2, ROMWEIHI SN TWVS.

8 3.1 ([BH99]). Z&f X % CAT(0) e §5%. O %, (FEOMHERS 2 &
r,y € XIINLT, x&yZRIHMIRN/272—D2EF 5. Lo T, Hadhbdy\
DFAld,(r) € THX) R EDBIENTES. 22T, THX)IZX Dz ICBIT2H
NZZEETH 5.

THIMEED 2,y,2 € X IIHLT, H2IZBT5 2 \DHMAE y~NDHAIZLSA
FE/ (2,y) BEDDZENTES (XD —<YZRAEDEEIE, V—<YitRICK
LZAE. —ROGEE 7T LIV Fu AR IN5) .

COMEERAWTaY R MeEEZ S, MPEEICEWT, S TREZ O E KT
PEBBEATLES. 22T, @EOHEROLDIZFEAMEER f: Ry —[0,1] & 2
5. FEf(0)=0THIUIRATDRWVS, HIZIE f(z)=(e*—1)/(e*+ 1) REEE
ZIUIRWV. ARld,(z) A THZ 2 X5 L

dy(z) = f(d(x,y))dy()

2EZ5. TOLTROE/REERT 5.
E& 3.2 (K1 BEE [Masa2l]). 5%

©: X = [] ([—db,2),db,2)] x TH(X))

zeX

%

TERTS.
M 2.3 L[ERRIC L TR DD 5.
@R 3.3 ((Masa21]). 220 [ ([—d(b,2), d(b,2)] x TH(X)) &2 2082 b IR BRRET

zeX

|

REZERTH 5.

ZZT, ZEMI ey ([—d(b,2),d(b,z)] x T=HX)) NFERMAHEZ ANLTWS Z i
FET2. WHRELT, BRIMEIRLS. ik, OPHEDAATH
5ZtEEZUIR.

fp 3.4 ([Masa2l]). CAT(0) &Y —< U ZRIE X IBWT, FE-ERexp BB RITH
WT, REXNEZHEGDLOLDOWAFEMEERTHZTE. ZDL X,

©: X = [] ([—db,2),db,2)] x TH(X))

zeX

IBEANDFRIEBISRTH 5.
12
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FEREARITOWTOREIXD LD T 200D LIV WA, 2 TE X 5 Weil-Petersson
BREECOWTR D ALDORETH 5.

XT, ZO“HMIz5" (direction) 1X, FRBEBOHEISR 2, M5 (derivative)
WHRZ2., BrxoY XN TH5.
8 3.5 ([BH99, Corollary 11.3.6]). X % CAT(0) 2 & 3 5. #HBtfRe : [0,7] — X
Z#EZ, p=0c0)F5. ZDLE,

lim d(U(O), b) — d(g<8)7 b)

s—0 S
MDD, T2 T6(0) e THM) Fo TELEZHATHS.

4. R a5 —ZFEHOFOER

DARE, TS R RERARAT S 2 EE S 5. Iy > 2835, X1 b 3I 2T —2EH
TS LD (w—=F > 7iAAD) MEkE, L IFEEEEOEMTH L. 24
b I 2T -2 T(9) I3k 4 R iEBED R 2. RENZ DL LT

o T(9) & NEMEEDZEMZ & B 53— b VIR dpy,

= cos Z,(5(0), dy(p))

o T(S)ZHBMEDZMELES XA 3 25 —Fild,

MHb., INBHEFEA I 27 —ElzEEREME/ME 35, Ak, E4b3a
I —ZBRNIIRE A R a v k7 MEDBHIS T WS,

o T(S) MG D222 e B S5 H— R + VB 0, T(S) [FLP79]
o T(S) #HEEMBEDOREELEBSH—F 4 F— « XV v —Bi5F 9, T(S) [GMI1]

ISR a Y7 MuidRaEREEL T, HRARKTEDSL.
IR 4.1 ([Wall4,LS14]). LLTFARL D 7D,

o Y —Z b VM dpy (BT 2 A u BRI — X b VR O T(S) TH D,

o XAb I ad [l dr BT AR OBBIRRIET — T 4 F— - ATy — B
Oy T(S) [GMI1] TH 3.

ZZTHH—D, XA b3Iad—2EMNTBI) 2 BHRZIERETD 5 Weil-Petersson i
BEZOWTE R B2 DIXEHATH 5. Weil-Petersson FEEEICOWTIE, I 21X Wolpert @
Xk [Wol03, Woll0] 2 ¥ Z S LT LWV, 2 CEEHICHERE DRI 8D
THXL.

EH 4.2, [Masa2l] & A b I 2 7 —2Z2f]IZ Weil-Petersson BERfE d,,, 2 A7 FREEZZH
X, ROFEEIZX>Tay 7 MELTE 3.

13
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5. & DIAHETE

i [Masa21] I2B1F 5, X A ¥ OIGRIFHEED IAAME (renormalized volume) TH 5.
% D IAAKIEIE, Graham-Witten [GW99] 12 X 2B R Z2TTIZ, 3 RITAEHZERIKIZD
WOEFEEFICHE I N TV I MR TH S ([BBB19,KS08, KM18,Sch19] 72 &) . K
W7 v 7 2RI LT, #DAABEEE Z 5 Z & TR

Vi :T(S) x T(S) > R
WERTE2. ZOBKE
o Va(X,Y)>0THD Vr(X,Y)=0 «— X =Y € T(S) [BBB19),
o Vr(X,Y) = Vr(Y,X)

Ri=T. LhL, Va BEAREREMAZ X720 Ehbh 5 [Masa2l]. ko BEE
FuzsBonTlx, ZAFNEREIELFMCEHN I HHDOEHTH 3203, ROMETHRAT
X252 ehbh b

T 5.1 ([Sch19, Theorem 5.4],[KM18]). X,Y € T(S) & § % & RMBEK D LD,

1. VR(X,Y) <3y/m(g — 1)dyp(X,Y),
2. Vr(X,Y) <6m(g — 1)dr(X,Y).

D EoWEZ&HEIC, KD XS ICRuEEEEMS.
EES5.2. HZcT(S)IHUTEEY,: T(S) = RERXRD LS ICERT 5.

Vz(X) = VR(X, Z) - VR(b, Z), for X € T(S)

vy % RRAROBE (volume horofunction) & FES.
51T, BDIABBEDOMITICET 2 RDOFERIFHNT VS,

EIE 5.3 ([KM18, Lemma 2.4], [Sch19, Corollary 3.13]). fEEDY € T(S )&Zjblﬂ‘f
VR(-Y) X T(S) LM algeTH 5. 7205, 0: [-1,1] — T(S) Wi rlRE/HE

oL

d

il vh07@LSf):-—ReQn%O(OD,dUD%

MDD, ZIZTgq ()@«72@@ AH G2 5F1% T(S) — QD(S) TH D
(QD(S) I T(S) LIERN 2 Xy DZEf) , (-, ) IFIERI 2 X3 e XLV b5 I OR7
VI TH5.

¥72, [BBB1I R ETEZ LN TWS —Vi D Weil-Petersson JIHEE 2 % &, 1E
B2 K57 qy (X) 3 HTAIEEZ TWR e EZ B2 TES. Lo T, VzIIBY
% “RBEEE ZRD KD ITED BFBICES.

EE 5.4 EHC =3 /r(g—1) T3 ZOLE, RDLS>REMEERT 3.

LQS) =[] {[~Cdup(b, X),Cdyyp(b, X)] x QDp(X)},
XeT(S)

14
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(LQ & Lipschitz & Quadratic differential TH5). I TQDg(X)Id X € T(S) LoD
IERI2 R TL® 2 VA B 32 THZONTWAZE/RTH S (21, a8
7 MRZEMTH5) . LQ(S) 3B FRICROAAMHE, » L BERMEZ ANS.

T, FuBRRaEEE ISR DR 5.
i 5.5 ([Masa21]). ZEHILQ(S)Za > %7 bT, BN AIRET D 5.

ZLT, X7 ZMDIABLIREDHEZH WS ERBIELN5.
I’ 5.6. BBV :T(S) = LQ(S) %

V(Z) = (v2(X), q2(X)) xeT(s)

LEDDE, VIMBANDFHEEHRTDH .

L7doT, BaV(TS) 2tde, T(S)DayAy MupEohs., AED

HTIE, 261I2ay 7 MEY(T(9)) DHER, I ol(ond GOV THEN
95.
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Fe8l b Xu Y —v R TL (20214E8H A v 7 4 VBfE)
On Vassiliev derivatives of Khovanov homology

T (BEEEEATERRIRE S > % —)*!
FE F5 (KRB LEEFEFAR)

20218 H 24 H

1. Introduction

AT, BUB K 2IEMAE S' D2—27 Y v REBADE S 2 7ildiAA ST — R3
DEDZ BV, “ODRUPEHB R D7 YEZ Y MY FE—ICEkoTEIED
i, ZN DR BEIZEMETH % &5, fiiH D8I S HERO AL LR D H
DR BEED—DOTH D kA RPHHATHR I N T E 20, —DOOHALE ML LT
BOHSHO 3220 K ZHN5 2 e PEZ 505, Vassiliev [41] 1 Z DZER K D
aRERY —RELAHEROBSLHFANRS Z 8T, SHTIX Vassiliev FEEF 21X
BREFAEE LTINS —EHDOANZERZER L. W [6, 7] 1T XAUTX. Vassiliev £
ZEIIZEM K icBlr 5 TREZ | 2RECEER LT ot X TEZR I N A5
HAZEDWMAIT L > TR 2 23 TE 3

o () =00 () -0 (X)) "

—7. EFETERECEALEZOBIEDEAICHRIND X5W2RoTWb, n B
DIECHZHEK v 1Z2WVWT, ZOELE 3BHMOHE K IZHLT (n+1) EXENT =20
PR C(K) 252 206 C(-) TU T 273 DTH 5:

e K ¥ K DPRERECEZSIE CK) & C(K') 3EATRTH 2, TbbZ0
REOY—# H(K) ORBEIFECEHAERTDH 5,

o i RAREUY—HOFRIMR H(K) = @ HWv-n(K) \Z2OWT, #Y7RIERL
Db & TUTOERMIHED LD:

V(X1 .. x,) = Z (=1)'z .zl rank H%vI0(K) (1.2)

60150 50n

FRoME»S. 20X BRI EAERIIEUVBRREOAS — s IEN S, HUH
LB DB DG & 72 - 72 DX Khovanov [17] 12X % Jones ZIHR [15] OE{LT
H %, Khovanov DERE LA FHAER Y — KhW(K) & Khovanov REOY — & I
X Tws, Z2ofh, #UFH 7L 7ARERY— [35, 31, Khovanov-Rozansky 7€ 1
U— 21, 23] REDKEUVHKRER Y —23H B,

T4 DEDOREZBRE. ThoDRCHAKRERY —% Vassiliev O X 524G H
DZER K D LEOERITTOARERY = LTHZAZZETHS, ZHUTK D, Vassiliev
AR E (FRER 5 :20K03604) DB EZII 72D TH %, —#. R Ta> =7 MEBRBIRE
WAy MU -2 BHCHEFRE HUOHRFHER MRy — 2y bU—2 ) OB %72,
*1e4naﬂ:jun.yoshida@riken.jp
*2 T 312-8508 FIRWL O 7= B 7o o AR 866 JKIR T3 &5 H AR [HIFRAE T2R

e-mail: nito@gm.ibaraki-ct.ac.jp
web: https://researchmap. jp/noboru_ito
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TERBOBERICH 2 XD EXITTOMEE RE P —mDEELZ HWTEEZHNS Z
AIREICZ D, FEH AT O —I1TX1 3 % Vassiliev BERmD M Z K S 5 2 & B ATHEIC
BB LTWS, ZORMIOER L LT Khovanov RER Y —IZDWT Vassiliev
7 (1.1) OEFIVECIZER L. HHVCH S 2RO WT, 2hpikEn
V—DBEETHILLTWS Z 2R L. RENIZIE, ZAUIRELZBUTHIGT 5L,
TOEDEBRDFERTH %:

@J@(><)%Jﬁ(><) . (1.3)

Khovanov REB Y —%2 52 28RO LI D XS BREMLERHNT 2 22T, ZHIUZ
TS 2 LT ORZERYNC & - T Vassiliev #77 (1.1) OBE(LE 52 %:

-%]@m(><)—i}@m<><)—%]@m<><)—j
L Khit1 (/'\/) T gpitv ('X) 5 KRtV (X) .

ZOEZERINE, X (1.2) DEEKTOD Euler 1BV T Vassiliev % (1.1) ZiAE S
5 ZICHEREEINI W, TRDOBETERY] (1.1) & Jones ZIHRD Vassiliev #77 DE
tTH2, Fexld, ZD XS R_HRAZHFOMOIEIHHRE L7z Khovanov AER Y —
DEPCFEGECHOANZRICR S Z 8 2R Lz, T 61T, MUHZEAD Vassiliev
Wiz oWTHMZH SN 5 FI R e 4 HEGRRICOWT, Zhas 0Bk %
FRIZRERA L7z, 26 ZDDRARAIE. Vassiliev [41] & TF Kontsevich [27] I X 2 H
FRAIAZ B DO ZEM OME 2 EliRic BV T, &dEANZEARATH 2,
AREDHARZ, oA DAL (1.3) Oz R L. FhDOREFRIK DB Vassiliev
DIHHAICBEVWTED LI TR ENL D) 2T 5 TH 5,

2. HOHOEMCFEUVEAEE

FFEC DI, HBEHODEHMEE, FHOHDZEM K OB S RENCEER T 275
EEME T 5, BARMICIE K 215 07HDIAA ST — R O2EKDO LR TEE 3 5,
Z ZC. iMX Whitney C®-fitH%2E 2 %, ZDKE, 22 K D& AUI BRI k5 S
HIHIEL, £/2Z20 L0iE IZHDIAAD A Y b= 5w, 22T, A4V

M E—IERERE (212 [12] ZR X)) Ik > T, HHAADA Y FE—EHICT YT
YRV MR TE 2 Z L ICHEREINV, 2D 2IZL-> T, MUEHDFRHE
FEIX K OIVRGERER 7 & — X — 15 s 2, Thbb, BOHO DY 1, IR
B DEE mK KD 2 Z iz Sz,

DEEEICN L TO—20AlN L7 70 —FIIARLEBEZHWA I TH 5, L
HEG S Z OflIciwAL S, Alexander ZIHI [2], FF5E [40, 30], Jones ZIHF [15],
HOMFLY ZIH5K [11, 34] REBE S OAREEIERINTE 2, 2D LI REFIEHA
ZElZ. FEROBADLOIET—~NUEE A NDBH v: 1k — A LRiftE2, 225
D, LTORANCE D ZAUIZER K O 0 XD aken Y —HHicfz sk

(1.4)

Map(mo/C, A) = Map(K, A)/(RE b E—) = HO(K; A)
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ZZT A RIFEENMEZEZTWS,

roEstic ki, FCHOBEHEMTEINEREDOZEIIATTH D, & HIT%E
MK oREM-BICIDIEINS, I DEEKNIZIZ, KD 0XDOFRakER
V=EUTOEBRDLTH 5:

M%%Wm%%filﬁmﬂ :

Z 2T, Path(K) & K LoEfz#E I =[0,1] — K O2IKT, ev, : Path(K) — K &
evi(c) =c(t) THZABNS, WoT K LoBEOMEZHMET 22T, MEEIMALE
DaRER YL LTORDPREATL 2T TH %,

E&E. MHZEM X oL T, BILX 2T TERT 5:
e WROEEIZ X OREE» 512 5:

e 2,y e X ITHL, H o=y F#EZEc: T > X Tc(0)=a,¢1)=y 725
HDDKREMNE—FATH 5;

o BRUTEDOERGE L TERSND,

ZOBE L X 7 X OBKXBEE (fundamental groupoid) & M,

FoiE#R,N S, K OEAHE LK IZarEn Y —Hr LTOMOEHAERZER T
27D T EREFF o TWwa, HIZIX. ZO0UH K & K DFfETH 579
DRBEFIEMHE. ZNOB LK OXRe LTHETHZ 22 THD, o THMEL
H KT u(K) € A XSS 2E/RMPFEIENERTD 572D DRE+ 7M.
v OEH LK DRI K o TARERCR D Z 2 TH 5,

T, MUHAZ RO RO 2 FEIZ, MEERRXZHWS 22T
Db, ZDHIEL 725 DD Reidemeister DEFT D 223, Carter-if#% [9) XU Rose-
man [36] DRFRMEOITICE D, ZHEEARTHOUT OB EE X %

FIE 2.1 (AREMIIZ [9] & [36]). B LK AT Cididch 2B e ERETH 5 -
o MRIFESTHHADA Y PE—HTH 5,

o GHEE 2.1 OFHEBIFRORR RIS 2 ROBINC L > TERE NS (Th
\& Reidemeister BB £ XN 5 );

o PRSI TERZ N2 FEBEROMESTH 5

(i) Reidemeister ENIZ DM Z OBE DM G TH 5 ;

(ii) B D 2R WETRRICEH SN 5 Reidemeister BEFE L IE AT
b5

(i) & 2.2 12D 2 RRA LGS 258
FER 2.2, Carter-7M [9] TIX X Hic—fkic, AR CHOBHOAEBITEZEH L TH

D, ZNSEFL—E—BE XN TWS, Theorem 2.1 THRSNTWS £ 2.2 12
SIGT2BEE, ZOHT (TRLT 4 X2 LT0) AR DITHIGELTWS,
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RI RII RIII

<X %

(t2,¢3) | (£t%,t) | triple point
7% 2.1: Reidemeister BENI OGS 5 R
MM6 MM7 MMS MM9 MM10

% [ < ] K

(£t%,t) and (£,0) | (¢2,¢°) | (t2,3) and (0,t) | (£t3,t) | quadruple point
7 2.2: Al L —E—RBENIIN T 5K R A

3. Khovanov 7REOT—C ZER K

A ORS K H D22/ K 2 AW HAaE, 7 —NVERCEZ I A M O E AL & % MR
W L7dDTH o720, FEit Khovanov REBR I — S RAFRIC K OMFHATEMTX
%, REITIZZOZZF L A%,

Khovanov € B ¥ —1& Khovanov [17] IZ X > TERE . £D Euler BT (ZEE
WE L TIERbEN7:) Jones ZIHA  —HF 5, £T X ZOMBUTOWTHEHIZIEY
T5, ZHRIR A=2Z[2]/(2*) 2 Z{1,2} ZEZ. ZOLILITORE A L REAH
e ®HEZb:

1 »l®zt+r®l, 1 —0,

A:A—-ARA; { , € A—=7Z,; {

I =TT, r —1.

Floo By AQA - ANRUBEAS n:Z - A2322, ZTNLHDEBICE-T
(A; u,m, A e) 1 Frobenius fREIZ72 %, & T AT, Frobenius fAEUT Atiyah [3] DE
RTO 2 ZRITONMHNETHOEM (TQFT) L RETH 2 Z e 2HI SN TED, T
DRIE /A ZVBETF 25| S 23

Zy : Coby — Ab

Z 2T, Coby MU Ab l3ZF N7 1 ot 2T XEAZARIKRE 205 DD 2 Xt
xffEaRLT 4 ZLDE N7 —~OLEE L BHERTUDETH 5, Coby DEFIRIZM
J& ST OBFRMEDIERZMTH D, BT Z,4 3HRITOVWTUTDOLSICED S

n

—N—
zg(slu-nllsﬂzzzﬂm

—7 Coby, O 2 ZITDIGE DT — RAFFER LTINS 5 aRLT 4 AL THEREN
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TBDH, ZRZFNUTOVT Zy LT OHENISSIHE 5.

ZA<>—,u:A®A—>A FRIFA A ARA
ZA<@>:7}:I€—>A, ZA<®>:€ZA—>IC

ZOBF Z, EHVWT, BECHKR D I2oWTH#EER C(D) #LTDO X S5 ITERT
%, £3. D OFZKRITOWT, KFEFGANMOEES RO FHEOFELEEZ, £
DIFBIIEC TR F O a R LT 1 XLADHEEREEZ 2 1

(

N — > 0 >_01 > 0 \1/—>O—> )
A (ZX

(
/,\/,}_) —>0—>>/1\>0< >(1) > 0
\ /

XX D OKREDESE (D) BL &, 2TORMAEFELT 2 4EE 2¢P) @b &
2N 5H, ZOMPRIZETEH LOMEDIERMTHD., £ bidohEITL-T
ZRZEN () REUIHNRRBENGINS, £ T, S FBCETF Z, 2EH
LTI REBUTE 7 —~ L EEE C* (D) v BE, SHEKRD T >V LED BEHETHM
NEFET DI THEREES, X56I1T Z,(8") = A2 Z{l,2) TH3 I LIHER
L. degl =1,degz = —1 EEDHZ I LITEoT Zu(5") XBZ2MNETEHI LT
C*(D) = C**(D) FZEXBNN ZHHER L 125, ZD Z4(S") OXRED» HFEINS
C(D) D%, (2)RER I HNARKEE KT 27 DICEFREE LR, B TFRE
ZHEYNHIET 2 Z 2T C*(D) DM EFRTFRE 2RO LI REN D,

EIE 3.1 (Khovanov [17]). FEOHKR D <0t LT, ZERXEA 2 8HEK C*(D) &
PIT o8 %275

(1) Dy, Dy 23 Reidemeister BENZ X > TH D & 5K, 8HKE b —[FE C**(D;) ~
C**(D) BEHET B IS, ZOFRER S —BE

Kh"(D) = H'(C*?(D))

DRI IEAERZERT %, FIC D 2% U0H K oMK TH 5K, Lk
DEfE Kh(K) v EE, K ® Khovanov RER Y — L IR,

(2) D BETHECEE K £5 28, KHHIT 5

1
qg+q!

Vic(t)]—p2 > (=1 dimg Kh"(D) © Q

,J
TbB Khovanov REVR Y —IF Jones ZIEHARDOEILTH 5,
Lz ZT, KEAFOFRITOWTIIRRRIA E 2 AN BEND 5, FHIE [44] 2SS0,
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ST, AEFIOHEIZ Khovanov Rt Y —% LK 2260BF e RMTZ e ThHo
7zo Khovanov 7R EB Y —Z Db DIF ZEHREBUT = 7 —~N VO BENEZ Fo03, Bk
DBEP HITEREEEZ D ZEPEARTH B, AR k IZOWT grMod!, 22X
TCHR DRI & k-INEE L KEE R k-HERBID R TE L L, D (grMod)) % % d
BRERE Y T 5, ZOBEDODNRIIBERITTORER Y —%2FHD k L ZERET =
HERTH 206, LRLOMRICE Y Kh(D)®k % D°(grMod}) OxtR e E>5
MTEDL, HICHOMNLEERT I2OLEND 5D, Theorem 2.1 12Xk D, Z I
TOFIETRENS:

o Reidemeister BENIIG L T, BEARNZEAE MY —FEEZHEKRS 5;

o Reidemeister BEIDFNIDONWT K 2.2 DFRFE[UIHIET % L — Y —BEITIE
THsZ %zl d 5,

EIE 3.2 (AREHICIX [10])). Khovanov REV Y —DHEBUILL T OBEF 2 ERT 5
Kh : T, K — DP(grVect?)

FE 3.3. LoWBIIET—HRoEAEK D I2OWTEKZRD, - T Theorem 3.2
DEFIEAE OB IR EED & OB FICHRR XL 5,

4. Vassiliev EBiRICH T3 RXEXHE Khovanov FEAOY—D Vas-

siliev {9
AFDEUE T, Vassiliev FEMIZZER K OKREFE—ZfARZ ZICkoThEE o728
DRz, RETTIEZDZ e RHBICHE L%, BIfiTER L ILK 250EFE
L T® Khovanov RER Y —I1ZDOWT, Fk DEF L7z Vassiliev I DWW THEG L
72\,

Z. S RS ADWE LN REGEIRE M = C®(S',R3) £FHZ Whitney C-fif
HEANS, FBOHDZER K =Emb(SY,R?) & M OBEATH 2, —FH. ZOHE
BL=M\K Eo2rOERTORERZROEBRDEMATDH D, Thom-Boardman
B 8] KEAREROTBUC L -oT S =2, % eafEehz2, 22T, &350
MIZBOWTRXAIT @ DGR ZEMTH D, FHIREDEND DIZOWTIELLT D
LI ET 5

« X BHE—DEHAEZROBOAAFROEEKTDH S, Tihbb ZHEEHAD
TE—OORRMEIHDZEMTH 5;

o Ny BT OZREORRERZROEROZKRTDH 5:

(1) ZEEDTEZDDIEDAAGE,
(i) THE—D DRz HOHE;

ZIEFEICIR ZODRIE S UL, B EBDPNDERNETH S, 7KL S 13 M IZBWTRITTHTERA
BODT, FE PE—GROBLES S IXER L TRV,
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Vassiliev [41] DEEARNZ 7 4 F7 XU TO@ED TH 2, FT2EM M EAIETH 2 Z
CIEET 2, $68 X =M\K DFELED, Alexander 0% W T T OFRA%
55:

HK) 2 Hoor 1 (Z) . (4.1)
2L, EidE K oBffareEny —TdHh, H4EF ¥ OFRXRITELICEET 2
Borel-Moore RER Y —DRMIRTH 2, S TE =, % THoXkbH, THAUTLD
TRZ740 b —2aryEANT, UTOBEDART PALRYZR5:

BP9 = HPH(K) (4.2)

F2HOEBERIZE->T, BUHAZERLIZ K D 0- XD a4 7 itz 0oz
Mo, LEDOZXRZ PARINZEBWT B4 OFRORIIAESHAZEEDHERZ FF > TW»
2133 TH %, Vassiliev 13 B[ MO B, B L THAGbEWRERE 525 2
LIZEoT, —HOAERZER L, THIFRIC Kontsevich [27] IZ& o Ta— FX]
ROLITRBCROBSEIC L o TR SN, FHEAMDEEICIE Vassiliev O AZEE T
By OOBERIC X > THBRESI NS Z 2 RSNz,

FEED Vassiliev DHERZERDBEICS 5D LEAKNWICRTA L S, R (4.1) &
RHEEIEIZE 21X, X D Borel-Moore 34 Z)L c I LT, MIZBIFS c & K DY
A INeD (—bEIhTe) ABEEZ S TK Loay A 7 ueFELTW5,
EoTove HY(K) BRRY PLRIIDIE EJ DRI A 2720 D&M 13, 2hd %,
® Borel-Moore 4 Z L DR7 Y V7 THHE R TH3, HlZIXi=1 D
By SHEUTO LI BEM LTEETE S, K, 2 TE—2O _HAZFORRE
MOHE L, ZO_EHAZFADORRBELIZDDZZNEN KL £ T 5:

V\/ —-resolution X +-resolution \/‘
N
/ N\

K- Ky K4

BOHALZR v € HO(K) AXE 1 @ Vassiliev FLEBTH 37D DEMIELTHD
Ky €S ML To(K,)—v(K )=08R5ZITHb, U v PIRELHUT X -
TARETHH I ZEKRLTED, XoTRE 1 D Vassiliev FMERBIIETHHATH
%, Birman [6] X' Birman-Lin [7] 12 & D, EIZERD Vassiliev FERIZDOWT D,
v ZLLF O LR (1.1) KXo TREMUOHIIER LD DI Lo TR T3 Z
YRR ENTz, 2O LTELNREGECHDOARER o) & rRD Vassiliev #9 L
'vgo

I 4.1 (Birman [6], Birman-Lin [7]). f&XHTZER v € HY(K) IZ2WT, ZRH -
RD Vassiliev FEETH 5 7=DDORBEFDEME v £0 20000 =0 2452
ETH5,

XC. K OMHE» 5, @b (1.1) 13 K OEfER D 2R T2 B TH2 1, Bl
ZTRHC v DERED XS IZZET 202 loTVnEEEZBNS, &o T, Vassiliev
20 4 VBRI (1.1) @ Khovanov R ER Y —IZBIF R HLEE X 512, 2 [EE
BZ ) 2 HEERO EOLIT OIS e LTHEET 5 e AAHNTH 5:

oe(X) ()
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& VST [13, 14] 1WBWT, T8 & LTI & > TR N 24T LTEB L=

0 (O — ]
00 { v —200n(x))

ZZT. PEMUTOaRLT 4 ZLDERNPOFEEXNLSITH S

ZHEFHWT, Khovanov REB Y —D Vassiliev 77 & LT, —ERZFOHUOHEHK
HUZDOWT D Khovanov HEEZ LT Ot X > TEFET 5:

OM<><)f_@mecﬁ*(><>§”yﬁ(><))

Z ZC Cone(-) 1ZHEKRDBERHET D 2,

EE 4.2 (-5 (13, 14]). ETIRRE N Khovanov RER Y — 3R EMEIHD
AEBZED, SHICEEHRMAIH LT, UTORZERIINFET 5:

--%lﬁm(><>—ilﬁm(><>—%lﬁm(><>—j
L KR+ (/'\/) T i+l (\/'\) Ny (X) .

5. FI BRI 4 IBERK

HIETCIE Vassiliev 7713 %M K L RRMOCHOZEM X = J,o 8 £DOXRT VY 7T
M TE 22 e 2R L. EBRD Vassiliev AERICEH L TIE X, DK ELRR[/XT
PRODT, —fRICIEZFND Vassiliev 71 23E < BRI B2 —THO b T3z
W, Kontsevich [27] I3 BRI D Vassiliev MEROME Y 2 — MO SECTEM T
L, FI BRI 4 HEGR IR E D OBBRASETORBRREERT 2 Z
LERER LTz, AHITIEZ IS DL Khovanov RER Y —IZBWTHIZLTW3
N N I

5.1. FI B&R
REECHDOARZE v 2 FI BGRR 223721k, UToOERXDNW T2 TH5:

: (>Q) o o)

ZHE, K DKRE ME=FmDIEHD 51X, Figure 5.1 D DD TDE/ Fu I —1F
HDBEHICZ2 2 Z2BRLTVWD, I4bb, MOHFERY —DBHRTIE, Ih
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5.1: Two paths for the FI relation

EZEZEDE O XA T T D Reidemsiter BE X AMTH 2 Z L ZEHR LT3,
iz, EEDOHEUCEAZEICH LT, #D Vassiliev 713 F1 R 2L Tnw3,
Xo T, MCHAERY —IZDOWTH, ZOD Vassiliev 728 FI BRXoBELE 7z
L Z -3 e IR B,

EIE 5.1. 4 4 fiCERLAEZELROG & 129V T, DP(grMod!) oL F oA 1Z
AT H B -

() —+(q

Thbb, &IZXA T I D Reidemeister BE L AT H 3,

K (5.2) ICBWT, LS FAD —O0FNIRFAMTH 3, fitoT, ZOHAD O
R DA TH D, Lo T Theorem 42 KO T %15 %:

-0

ZDZ 5, Theorem 5.1 1 FI BRRoBE(L XN HHLUTH S 2 WZR B,

5.2. 4 TARRIC

4 TEERIIC oW, @EIFa— PRI L TEIN L2, ZREECEHNR DG
BREZTITEUTOEIITR %, REMOIEIER v 28 4 HEBRX 23 213,
DTOERDPBILTEZTHS:

(KO8 K- 0X) -

FEEOEVEAZERICE L T, #O® Vassiliev 7713 4 HE R 2/~ 5, EEic, b
A%z o) DFETRZ2 Y, F_HETOEEETC v TEEFLTAZLEEZAL TSI D
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Reidemeister BEITHE D A XAFELLEWCFBHLED T ZHEETE %, — /.
MOHARET Y —I12BWTIE Reidemeister BENI EARINIC G Z S5-I TH 5,
XoTZDHED 4 HEAFRZ, @Yz L THEBETZ2EZ 515,

FEIE 5.2 (in preparation). 5 4 BiTEFR I N7z Khovanov RER Y —D Vassiliev 14
FZOWVT, LUFD DP(grMod)) OKRIEHE b ¥ —FHDEERWTAHITH %

oK)= (X)
o §

/ N

TP TR

e /s

o)+ (X)

Z 2T Ry \&& A7 III D Reidemeister BENDS Vassiliev 1857125583 2 HFIA T

XK (5.3) DHEEFER Ry DI 2R L TEITIE, AR TORE M E—XK

2K == ()

l l . (5.4)

2 () == (X)

Khovanov /R EB Y —T®D Vassiliev 77 DEFED 5. KX (5.4) Ot OFHIZzh 2
NLLT Ot 2K 8T 5.

2= OF) = (OK )= 0OX)

IhoOHOE/RHEZ. & IR (5.4) 2 =EHEEK L Eo R0k e FRL D
T, Mo TINB 3 RAMNTH 2, ZOFEFELZHVDI L, (5.4) DFIHED Euler BUZH
BN 2BFRE, @EO 4 HERAOMZ 50, 37255, Theorem 5.2 1% 4 IH
B oBEL X h 7B TH 5,

6. VassilievI®iF & KhovanovIBsaDERICDOWT

BRIRIZ, RO E B & RIS O W TR S %, AREITIE 2010 42015 FLH
DM BI 2B (AT7ITV 74— ar, A3V —{k, Eiwb) OFHAKE.
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FHIZIEXTT P Re Y — OBl R» O U F EOHIREZFEIAATVWS Z e 2 EBiFLWL
VA= A

Vassiliev B [41] & Khovanov B [17]) 38 L LT D HFEIE L WD
Hb, F72ZD2ODHEEHITOWVTIE 1990 AL, 2000 FAALIEFIC TEFERY) 12
BRI 722 wWo Z e ThHHION S, IO bldzn e B ine U TRIENZ
HaafhoTED, BEMILPDOEKRTHEATHW DDTH IR HIX, HoYiRsg
e LTHEDTODLNZIETOIDTH S Z EIEHEEVR Y, 202 DDOHEEmIT
B BE L RKBROBEZRBRDOHEEL TWBETHA S, HlZlE Vassiliev
AEBICEALU T ROBELLE TN H DRI L TOin

FA8 (Vassiliev [41]). Vassiliev MERIZMEE DR 524G H 2 H53 %,

Vassiliev B3 & Khovanov B, T H1dd & b LYY OB AL S IOV T
Wiz, BHHEIF L LTI Witten [43] 12X D Jones ZIHUE Chern-Simons HGfD» &
JEEEERE LT LNTWS, ZD—J5 T Chern-Simons EBEGH T IXREN R D REL
D3 Vassiliev AR 72D [4]. Khovanov Hfild refined-Chern Simons HEmIZ0fIG3
beEhd 1,

2010 £ ¥ W 213 link homology JEA TIEEZEIC BT 2 D DK &= I R MR EH
rREIN TV (TEED Khovanov DF#E] )o =T sly RILD Jones ZIHUZIL T
T Khovanov homology &\ 5 BE{tA? Khovanov [17] 12 & D R X, LI Alexander
ZIHFUTH LT (Ozsvath-Szabé [31, 35]), HOMFLY-PT ZIHFIZN L T (Khovanov-
Rozansky [22, 24]), K& LEULHI RO 0T &2y ZDFNDHIT Khovanov [18], Strop-
pel [39] 23224 ICM2006, ICM2010 OFHXICBWTRHEE L TEITFT0Wd DT
B>

Khovanov D fEzE

(1) Categorify polynomial invariants P(L, g) of knots and links associated to arbi-
trary complex simple Lie algebras g and their irreducible representations.

(2) Categorify the Witten-Reshtikhin-Turaev invariants of 3-manifolds.

HEOMAERITLE S 2 b LIRS, PREY VS L FEM5aCE
WEZTHL,

(A) ~fROBET gRBTE I 2O HETFAEREDOE(LIIT2 ?
(B) 3Ttk RE FAERDELIXTH ?

EEH (FEE) 232011 IS bR Y=Y Y RI Y ATHEHI B TV AZ VWi ni
. HTE ORI DWTIE Kang-THIR [16] 38 & X Webster [42] 12 & 2 KRB D EIZEY
T AN DEEE E DV, o LHITH B % OREDMRIRDS —XUTEL D TIE W
DEVOITEDEEoTDIFHEERTH L%, FHEE oD ilkoTEFRHOEAL
(KLR 184 [19, 20, 37])) DEEWICHE DN 2B FLAEBI NIz W L5, 72, K
333, Page 46] TlE. “the Vassiliev Conjectue" £ W5 FEWAHDB R I N TV S,

YHL. pure braids {3 Vassiliev AR X DHFI XN 5 Z EAAEFETIC K o TREATWS [26],

S () D YIF Khovanov DA X A & —H#IC Webster i AL D LTEIF—% L
TV,
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Tt b ARa Y —0# A1 5%, FEL® Khovanov DIt 4 ORI - T
W3 EBHWVWZ D, BB, BETDH S 3IRTLEREDHEICOVWTIEZTHEHTKRELRE
N EN, BRI T RA2NRYIOEIIITONTOARD S S RIFIRTDH 5,

—7i. Vassiliev AEENZHA L RA2FESHEFAERIIN L TEEEZ DO D
TH2Z 0L D0 DFEH (Piunikhin [32] $ U < IXFEE LD EH 25| DHK [5]) 12
FoTHLPIZHR S TWVWERZD, XD EHITHBEZILNL I,

Khovanov O ((1)) ICEEEZ 57012, EFEDEFIEEZ BT Z Euler 8
Y L THEEEBR T 2DRELEHOEITH S, $-ETAEES Taylor BB L 2%
fREL (Vassiliev NER) OE(LEZ G X2 ZeBTEERL, TN —DODEZAHTH %,

7e72 L. DTS () 3. ZOBREDE ZIIARYIZHDOVWD DH Y 5 EEf %
HoTWiL, BB ZSITH oD TIERWIEA S D, e/ 5, Chern-Simons 8
i HED NS Vassiliev NEED D 5 —FTH o5 < Witten 1T & 2 BERZ KD
53785 (HEENER) THBA SN Jones ZIHNE B 5 —ELEMIRE R 2378 (HH#)
WRIDPD LS REEEND o715 ThH 5, Khovanov Biim & Vassiliev BEENE S L
T2 0L EERIICHE Son ko7, RTbAIUEZ, 1 0FFTD SHGITW
G E LT, RD20DETERENBFEMTOPEVHEZEL TWrd LAk, &
BEZB1EH9,

« Shirokova-Webster [38] @ & 9 72, Khovanov-Rozansky homology Z#EH L 7z Vas-
siliev EZRMFRDOECIcOoWTO EEN) OEERIEH o7z i3V R, BFRY
IEREIC O W TIEERF, FIENEL EF o TWWIEE R o 72,

o RELE NZIREBICB W TIIYHZE T Vassiliev AL B TIRENIHETH 5
— T, Vassiliev NEEDE{L XN -HGmN Y 5 BEI N2 Dh, B X 7=0f
RYIDYIREER T Y 5 A2 20020\ T, YYD S ORBIE R 212 < WIREEIZ
35 D f:o

O —HOFERIZZ 5 Vo 7 BEEHI R KD PHAEP O HERHE XL 25D TH -7
LWV o TV (ZOEKRTHEFELEED 7 R4 B L, BABORWEHHMKD
TIR—FIMKD E THDBREPoT)o RER SOGERBZELT 2 aFLT 4 X LD
(AHAEO#E (TQFT) OXARTHA SN, Z2D I & T Vassiliev NEEDEFRB R
MreeRile UTEbE 7z [13, 14], % LT Kontsevich [29, 28] A3 Vassiliev ~22 &
%7 3R 2 AR T 2 B DO BIfRIN & LTl 7 FI BRI (5% one term-relation),
4 FHRFRA TN EBLI N5 TH S 7 (FI BRI OWTIX[13, 14], 4 TH
BAGRIUIC O W TIEAGEEDFIE £ 72 %),

FER & U THI 2 135 B EEB O FHENC E DAL 2 Jones ZIH D RFAHE O BIfRH
BN THRN S 721 TR <, A% 5 5 AT & 2 RSB W TIENR
K Khovanov homology & &< BR25EESEH XN (HHMOEE [45)),

NAHRYSG DT BT 5 28R DFLRD T | FiE Z 5 Vassiliev EZRBIRR DB LA &
FI BA%K, 4 THBIRA DB & #i < #amid. 2015 /{212 J. Rassmussen, S. Gukov,

O FHige-T5 FH [13, 14)1C & b BIRINIC iR X vz,

"Kontsevich DFEERIIRD & 5 1TBREN3: V,, & n KELTD Vassiliev REREDARL S 3 KR ZER-,
A, % n-chord diagrams 234§ % M ZEf % FI1 BR & 4 THESRA CH| - =R e §5, 2
D ZXROFRBIDKD LD V, Vi1 = AF.
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A. Lobb D seminar IZHZ BV TWHROEE () 13, BZLELIEAS L,
YROHEML TV AL D X0 ZRDOTIRRWLEHRTZ, —/HT, Oxobd
B EOVLALVOEMER (Hil#E) e oTE, 3B hRA. EWSHGRLZDO2D L
IRV, WU L TR HEBROBEREFSED IRV E R, FIZZHORE Z 5 255
REIWZEADOD> TS, FI FAGRRICBOWTIIRESR I X TDE/ Fur 2 —& Khovanov
homology D [FIFIG DFERIZIIGHID D [13, 14]. 4 HEARIE TEEE X (wall-crossing) |
DE/ FRI—%2RKTD, TBEEZ ) 1T 2 BERNLREAI ARSI TV S,

D& DB ERET TNHR, Vassiliev T & & ORERITE S B X LTV pure
braid DG & DEZIREEMNIT,. b L <I1& R 174 & Z D 75| D 7 D Bl 53 Had
BF50b LRV, 25X Vassiliev NEEDE(LANDRBEZ 52 57255 L, £5
UL string link [ZBF L TlX Milnor AR OB S HEFITA 5 TL BITEWVRW,
Vassiliev #if & Khovanov B & OWBEIZIEE o 721302 D, L LA HEFITHA
HiL7zwz 3,
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LMO BF2H W2 & & GG DILH
Bie MR (JARICHERE T)*

B =
Ao BN, HEOEGEEOH TR TH % Torelli 5 Johnson X 5
WEDIKTTHELUTH 2 RER Y —2 ) U E—IZBE LT, RiIDOILE BN
T2 THs. FHIIEREFR FHEEKRARY) LEREHK (BEAEKR
%) v OHFIIGE (37, 38] ICBWT, RERY—Y YU X—DRTE/ AR
2 LMO BFICHK T 2 HERB 2 L7z, 2 DMERIBIOME ¥ bk & 725
HIZOWTE D 3.

1. BRI

B g THERBD 1 HomE M snizar 7 MiEZE B, TRL, M, 272D
BAGHERE m0({f € Homeo(Sy1) | flos,, = id}) &3 5. FRHERIE 1 KbhERY —
B H=H(2,1;Z) WHRIERL, Torelli B & FHEN2E92HEE T, = Ker(M,, —
Aut(H)) DEE 5. Torelli FHIBESERFOMKRICB W TEHEERKE I Z R LTBD, K
WROFHED1DOTHS. T, HE#ANS L TZD Abel bR 2 Z LITEAN L F
2 %. Torelli #®D Abel 1t Johnson [19] IZ X > THRE SN, EMARINITIZE 1 Johnson
HEFRY 7 : 7,, — A° H & Birman-Craggs ¥ERIBIDE Y e o7z, 22T Z,.(1) = I,
Zoan+1) = [Z,1(n),Z,1] Lo TEZF BBEFOH Z,,1(1) D Z,1(2) D -+ BZEZR,
Abel BEDEM £ = @77 L1 (n)/Lya(n+ 1) & L,y OFIEALE RT3, BAIDX
B Z,1(1)/Z,1(2) (& Abel fLICEIZZ S0, n > 2 T30S 2 KEFEIE, ), ©@Q D
Lie REDOMER CIWCEBH LT, ¥ 2% [31], Hain [15], £&H, #iH, $5K [33],
Kupers, Randal-Williams [22] 12 & o TSN T WS, —F, b—>a VERTHEE
tor Hi(Zy1;Z) (g > 3) DIFAIAMEDY Birman-Craggs ¥R TR Z H5LTED, RO
RUCHR DS R 7= T .

fRE 1 n>212BWT tor(Zy1(n)/Zy1(n+ 1)) FIEEBAED ?

REFROI & i A CEZERMEMITICH 5 DAY Johnson 74V bL—=>a ¥y JjM,; D
JoMy1 D - THD, BEEREE m=m(3,1) ODREFHANOIEHZHNT J,M,; =
Ker(M,; — Aut(r/m(n + 1)) LEREINS. EEPD I, = /H1M,, THDH, —f§&
2 Zy1(n) C JoMg1 DD LD, R oMy & Ky =Kerrp 2551 <, Johnson #%
NG, X I EEARICIR 5 72 Dehn WV A4 A b TTER I NS EAEIC—KT 5
Z &3 Johnson [18] W2 &Ko T/RESNTED, HRFWEIDEHLEE R 5.

T, Torelli # 7,1 (9 > 3) DHERARNED 1983 41T Johnson [17] 12K o TRE
NI, Ky OEREBMEEZRS A RIBIRTH o7, ARENTDH 57201213,
DPirded Hi(Ky1;Q) DERKITTH 2465 )3H 5. Dimca, Papadima [9] 1ZPARE
| Y, (9 >4) ODHFBE Hi(K,;Q) DAEMBKITTHER R L. % D% Church, Ershov,
AREFFEIRHTE GREES 20K14317) OB EZI 7D TH 5.

2020 Mathematics Subject Classification: Primary 57K20, 57K16, Secondary 57K31.
F—7 — F ! Torelli group, Johnson kernel, homology cylinder, clasper, LMO functor.
* T 739-8526 JRERBUAETHIL 1-3-1  JRERPRFBEFHER T RFBA SR

e-mail: nozakiy@hiroshima-u.ac. jp
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Putman [4] &, K, KO K1 (9 > 4) DEBCHRERTH S Z ezt Lz, —7
Dimca, Hain, Papadima [8] {%, [9] DEREZMULED, H, (K, Q) OMEE Z I
7o Z UCHRH, Wi, 85K [33] & [8] ZHWT, H(K;Q) (9 > 6) ZHRINICE X
7z. BAREVIZIX, Casson A& & & ZRHYEREA! (Johnson MEFIRI DFEE(L) 237G H Abel
btz 52 Tw5. 5 [33] THEEEATWE L5112, RYPEELZMEE K 5.

fIRE 2 Abel b H (K, Z) IC b= a YHIFET 50 ?

FHIX [37] TRIE 1, 2 IO A, LUTORREZRT-.

FE 3 ([37]) n=3,5,9>1 DL X tor(Z,,(n)/Ly1(n+ 1)) IZIEEATD 5.
FIE 44 (37) g>6 DX H(K;;Z) b= a Y DFET 5.

FIRZDODDIX 2T F R P =BT 2 D7EH, iEFHOHIZ3ZOT b Rr Y —I
H5. BRI RER Y =2V Y& —, 75 Z%—=F1fi, Jacobi K, LMO BAF7z
YRV, ZOEMMIKHLBETRNZ Z2icL, 2 TRemGEIET 3.

FPRERY -2y iEhE 2, OMORVaR

NT 4 ALTHY, ZRODRIRIC,, 3T/ A F 2T
T IANR=FhizHWT, KEBI =2V ‘/52“ D Q A q .

i Y, FEE WS BG2EAT 3. Y, b sHoE ) \“;;N
4 RDH| IC,y = Y1ICyy D YoIChy D - z’Pﬁi h, Z L
LB 1F Torelli #E & AHMEA R V. BARINCIEE 7 4 FHEFRTY
¢: T,1 < ICpq DFIEL, o(Z,1(n)) C Y,IC,, %ifit= . 1 Doy x [-1,1] A
Z LT Abel BEDYERE DY T RN

GI’CZIgl< )/ 1<TL+ )_)YnICg71/Yn+1

DEFEIN, 20T IXTLHBEMNIT b b, BE V,IC) 1/ Vo DIFFICEWTIRE
7R E 2R3 05 LMO BIF Z TH D, Wb TQFT ISAWsDTH 3. %
@k%gtﬁé®ﬁZ#m%?éﬁﬂmkgﬂfﬂ%ehﬁ®@fﬁé.ZUC@
¥ Jacobi K& MHEN S 1,3 1fi 77T 7 DFEARIRE D 57825 Z MEETH 5. FHC 3 fff
TERSDS n [TH B Jacobi MEED 3 Z 8T, A (Y,ZCp1/Yn) ©Q = A5 Q
DB IN5.

AWZECIE log ZY: ICpy — AA®@Q D n+ 1 REMD T 2 &, HeRF

En—f—l : YnICg,l/Yn+l — Af@—&—l Xz Q/Z

RERLEZL Zhp&A4 MUch 2 [LMO BFEEHVWEALEER] THS. T8 5
' Birman-Craggs YE[FH L i TH 5 Z L2300 D, KT Abel (. Z,1/Z,1(2) D +—
arvERATWSE., ZDZEDD, Zy & Gre ZFEH LT tor(Zy1(n)/Zy1(n+ 1))
DIEHRZF > TWEIEA S LHifiand. ZTheFERICEEHT 5 2 ZTE@S%H%.
it%@4%m?kﬁk@31()k%ﬁbf%ﬁ?%

UEAGEHO LB TH 5. 8 2 HiTEHEZEE L, 3.3 BiTEH 4 DI DR
PIRRDB., XD XS R EEL T, Torelli #£5° Johnson B£721F T <, &L

VREIZ YpZCy1 /Yo = AS ®2Q £33 & well-defined T,
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ARERY =) X =BT B8 V,ZCp 1/ Yo IS Y, ZCp1 ) Yor (1 < k<)
DB DOWTHRA BAER DTSNz, Th oD Abel BEZTERF

0— Yn+k7]_ICg71/Yn+k — YnICg,l/Yn+k — YnICg,l/YrH»kfl — 0

WEoTHWIEELTWS. £7F V,ZC,1/ Y WBIL TIX, Massuyeau, Meilhan [27,
28] B3m=1,2 DEAEZTRICRE L. RAFKTIE 2, ZHVWSZET, n=3,4D
GaEPEL, THITYRIC, /Y DEBESRIAL-. ZOIGHAE LT, YV, FfEE n
RERBIAZRITET 5 Goussarov-BEE TE n = 3,4 OHEITREIRL 72 (37, 38]).

FleRER Y - ITH,, = IC,1/~n ITOWVWTH, BEIKFEOHEREETNS.
TIT ~p AR LR L CEREI NS H 2 AHEREFRTH 2 (555 1) . THo,
FMEffyeniz#reny— 3 REoLIReEn Y —FAHERH CRATHD, g>1
TIIIEAMHETH 5. TH, 1 1 Levine [25, 26] % Conant, Schneiderman, Teichner [7] {2
Ko THRLIFEEINTED, Abel B Y, TH, /Y, 11 & Jacobi KIOBGED 227D 555>
TWd. KRHIFETIE Y5ZC,1/Ys OREEE LIRS 5 Z 8T V3T H,,/Ys ZIREL T2, 2D
DFERHNP SR 2 HNNIcE e D s L

0 ——Y4ZCy1 /Yy — Y3TCy1 ) Ys —= Y5TCy 1 /Ys — 0

! ! !

0= YiTHg/Ys —= YsTHy 1/ Ys — YoTHy1 /Yi—0

LY, HD220IC b= a YOFET 2D, ArHRO4D1FEHEH Abel #f
TH 3 ([37,38]). Z05DFEMNIEE 4, 5 Hi TR 5.

2. AFED %R

%1 ENCHENHBOEREZIECHET 2. ChoEET IRy —oxXRTkE<
FHELTEZHDTHD, K 39, 42 2T 2 & v, DIT, SBROBI LW
R g 2ERT 5.

2.1. FEAD =) 24—

FENFHHIza >y 7 b 3RTLERRIE M A Z 2 ROFEHEEBR m: 0(3,1x[-1,1]) —
OM D (M,m) ZaRNVLT 4 XL EMRZLIZT 5. 12720 (M,m) & (M',m/) I
LT, FHEES - M - M DPEFEELT fom=m i3 %, Zho%Z[FE—
W35, aRLT 4 XL (M;m) DY, LOREOAS =2V IA—TH5 L, %l
M X,1 x {£1} ~NOHIR me DFEEAR (my).: Ho(S,15Z) — Ho(M;Z) ZiFEL,
POZNLD—HTEILeT5. %, FokERnY -V Yy X—-0%4 IC = 1C,,
W MoM = MUy, —py M m_Um/ ) ICXDEIEED, /A4 PR3,k
AXM=Y,x[-1,1]el, my=fel,m_ =idy,, %2 m%EZEX2L, (M,m)
BARERY =2V X —TH5. ZOMBEIZEDE/ A FHERA ¢: T — IC DERZ
N, BETH2 LTV 3.

2.2. V5 AN—

Goussarov [11] L [12] 12 &K D Blka I N7z 27 5 Z8—=FE, IC DIFUITB VTR
PEBWVEETHE2. 393707 RN—1Z, 3 RILEHEEICHE DA E N7
2RO TIETER [48) 12Xk o T, 4 KILEBkIEAILRZ L TUSHE ATV 3.
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C)WVCD C)EgﬁD <}2§£)
© &

X 2: 77572 52—, ZDOMWLE, ZInroFoh s EiEaE.

THoT, WS ODPDHIRENY FE 7225 ANOPEPEEZIN TV HDTH S
(X 2 /) . FEMME [12], [39] #ZBLTIZLWV. F—lAoidF e UTER [13] b
Hb. T, {MHI% Borromean BRICE XX 5 Z 2T, BT ZEAH Lg D50
%5 (K24). 2L T Lg Zito7z Dehn Ffix i L TH LN 2 Z4kK% Mg £ EL.
G RS 2 RO MERE T PER. M, M € IC 23 Y, EMETH % 21, X
BnDIro705 2= Gy,...,G, PIFEL, Mg,u.ug, = M' i3 TH
3. ZLTY,IC={MecIC| M c(id) 1Y, Afi} t&EL &, HAE/ 4 FD
FIIC =YiIC D Yo,IC D - WEZEDH, ThE Y T4l L =23 > R Yo
[FEC & 278 V,ZC/ Yoir (1 < k < n) IFABRERR Abel BHCR 2 Z D HNTED,
k=105 ank{fisn T,
2.3. Jacobi
Y,IC /Y, 1 ZHEEINCEIR S 238E E LT Jacobi M%ZEA T 5. Jacobi i 1,
35 7 THo-T, FUMEMAICTNL 1T, ... gt 17,...,g- DWThHIHEZS
NTHED, MMESIIGKENEFBEEZINTWE D THS. A TIRKEIIER X
WIREEETEID & LTEIEL, 77 71 3BT, $£7%2 ar,...,a, € {15,..., g5} &
ML TROEEZH NS -

3]
(7% I ag
a2 a3 Qp—1 Nl
T(alaa27"'a&n): % % et i ) O(a17a27a37"'7an): "// <\r—’a3 .
a‘l J i h an ‘\ /I ..
SHTEA % n fEfFOMEE R Jacobi MITARI NS HH Z % AS, THX, self-loop FAf%

RTH-ZDd D% A vFEL. AS 13 12K Betti U2 & D BARICEM I fE AS = D=0 A
T5. EZIX A= 50D A5 W& {T (a1, a2, a3,a4)’s, O(by, bs)’s} THERENS.

2.4. FMBEH

Jacobi B J € A¢ 225 ¢(id) ND n KD F 77 7 A=K TE, RERY -
VY X —DFMEE 5,(J) € Y, IC/ Yoy DEFES. 22K 11E J=T(1",17,27)
DHBETHE. 25 LTEMEMR 5, A — Y, IC/ Y, DEED, n > 2 TEREVER
BTH3ZePHIOLNTWS., Leho>T A & Kers, il LT Y,IC/Y, ., ZHf#
TEHZEDAREL R S.

2.5. LMO BF

LMO BF Z 13 TH 2O aRLT 1 L%t 328 5 [ 28D Jacobi KO
Brhte 528 ~OBEFTHD, Cheptea, HEE, Massuyeau [2] IZ X DEA XNz, A
W TIZ 2 DOMEEREARNREEEZ L HWTWAD, 2Tl Y, FMESRFRESE O

3SFBRIC, R FZAR=2HOCTHEAHDORO C, FENEFRZNS.
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BIREE LD 2IcL ¥ 5. M log ZY: IC — A*©Q 1% log 2, (Y,IC) C A%, 2Q
ZiEl L, L7zdo CHERR Y,IC/ Y, — A @ Q, [M] — (log ZY (M), %2FHE+
2. ZLT (log Z¥ (5,(J)))n = £J € A5 @ Q A D 37O (]2)).

AR TERBERNY, BET 2582 g e »THEL. $THEAHOERERZE
& (Vassiliev AER) I LT, ZhoZHias 2 5EAREAZE R LT Kontsevich
AR 21) 3D 5. Z LT 3 ROTBHRMAEITH T 28 LT Le, M £, K [24] 12
Lo TEAZINLDD LMO AERTH S 4. REEICE S &, 3TLBHRIEZ A &=
#AH L 1Zih o7 Dehn Fii TR L, L @ Kontsevich A2 &% AT 5 Z
ET L OBUFIKFLEOVEZIDHLTWS. LMO AZERIIA £, K [35] 1
D TQFT OFHHATHEZ S, Cheptea, Le [3] M5t 24T, LMO BEF ([2]) &
Eolz. 2B LMO AL RIZIE Bar-Natan, Garoufalidis, Rozansky, D. Thurston [1] 12
X o TEAXINTz Aarhus D ZHW2ER(LD H D, LMO BIFIX Aarhus B H
DVWTHR I TV 3.

Z D%, BRARINRSPEHEFFLTON T WS, 728 XK 40, 41], Katsir [20], #F
I [36], A [30], Vera [46, 47], Moussard [34], {78 [16], Massuyeau, Moussard [29],
ERE Massuyeau [14] REDD 5.

3. REE 7,1 ICEHIT 3B ERETH
3.1. z,,1 DERL 0 ICLDHELR
LMO BF Z hoiEEaxh 3T/ 4 FERE log 77 IC — A° ZEWHLTEL.

EE 5 A 2, V,IC/ Yy — A, ©QJZ % Z,y1([M]) = (log Z¥ (M))ns1 THE
D55,

Zoy1 DY well-defined TH 2 Z L 1X, [2] DIERPOHMES. T, FERIFICAD L
FPIXIEEAEISRICR S, ZAUTOWTIX 3.1 HiCEH 10 & LTRR 3D, ZD7-
DIZHETEEZMET T 208D D 5. LMO T3 Kontsevich REED SR I T
BD, z, OFBEHAEZTIERV. G [37) OFEEHIIE, 2z, DFtE%Z [Jacobi
WP BHE 61 ICIRET D2 ROMERTH 5.

EIE 6 ([37]) ML TiX Abel BEOAMHKNTH 5.
AS : YoC/Ynia

d® 3

D%D [M]=5(J) DL E z,.([M]) = 16(J) THY, UTFTHER2EH/ §1Tko
TEHHETZ 3.

BE 7 EFAM S A, = A QL2 % 5(T) = X e 0o(I) + Pstwer () uw () THE
L(v)=L(w)
B30 22UV EJT o IMEEROES, ((v) e {15,...,¢7} d v DIXIL, 4,

LEEOHHEICHER 23] 255, /- KKT AZE&R (Fr 213K [44] 23H1) b RKOMEEZH-
TW3.

SLMO BFE > v L7 7 4y VEECHMETOMD HIKFET 5. 2,11 DERIKFET 25, #HE
FATIIKAF L7,

6«x7/22" #1332 & T well-defined 12725 TW3.
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Y S WUTTEDS (FEL (5) =57 £F5.):

@(«@(\“ ): ggi_“ *’%2;>‘(“> ’
l(v) ---- R
5Uw = E(v) -4
(" @) o

Bl 8 J=T01127) &35k §(J) E7HEH»ISKRD, AS, THX BFRATEET 3
¥ 5(J)=T2 17 17,27)+0(1%,27) &%, LEDoTEHG6 XD, z(s(J)) =
TT(27,17,17,27) 4 20(1%,27) LEIETE 3. KT s(J) #0 2155 7.

CZTEH 6 1/ D BEVWR IO IR S, HFEFZEICE VT LMO
BETFOERXDERHET 22 Ea—& 7007 A%ERL, EBOEKGZ2HIET
LZHTLED 6 BHEEL THAS Z ikt vz, RIRZELDTHrUT CRET
3D 2H) ZOFHIRZADFTTE S, BRINICIE, s(J) ZEARRRIRLT 4 X4
WHMRL, &40 5 % LMO BEFOEZEFIHICEOSVWTHA LTI LV, 2
2] THOWSLATW 2 REOREICE 5.

3.2. z,,, DHE

Jacobi D 1K Betti [ Z LACHERI 2,10 Y, IC/ Yoy —5 A, © Q/Z —
A ®Q/ZEE S, WAWBAEHM (n+1,1) I LT § (RU Lie B HHARE
NZEAR) THOTIFEPEIHEETE, & ZIEXRBITD 5.

BE9 ([38])) n>0DEE, 2,0, FIEEHETH 3.
[=0,1 DY =X, SOICHEBERERMEOND.
EE 10 ([37]) 1<n<gDr¥, ¥FAM 7, ;. Vs, 1ZC/Yon — A5, @ Q/Z D

tor(Yan1ZC/ Yan) NIm(Z(2n — 1)/Z(2n) <55 Yo, 1ZC/ Yay,)

ANOFIRIZIFEATD 5. FHSAHRHEMERE (Johnson HERIDIFE) ZHREH LRV,
EH 4 2R 2 B S ROMEE M L TEL.
EE 11 ([37]) Zntl YnIC/Yn_H — Afz—l-l & @/Z X YLn/2j+1C/Yn+1 FITHRR T 5.

RIERIBH D Betti BUZHIRZ T2 &, ZORIE 28 Ay A, — A5 o
DB EBRT 2 e nh 5.

EE 12 ([37]) r >0 LT,
(1) Ker(zzpi208: tor A3, o — A5,.o ® Q/Z) D ImA,,.

(2) Ker(zzp208: tor Ag, o — A5, ® Q/Z) =Im A, .

TAS BAfRIIC XD 25(J) =0 205, ZOIEEAMEIREZ 2 DIE—IcH# L
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AEFATIX, Conant, Schneiderman, Teichner [5, 6, 7] 12 & % =X Sato-Levine & &
REDFATHRZEAL TV 3.

Z ZTH 1 8T Johnson 74V L= a2y M ADGHICENT 5. MIT
BiTidg>1255%. 3T, I(n) C JMIZED BRARERRE (Z(n)/I(n+1)2Q —
(JuM )i M) @ Q 3B D, TEDHIRICELAEFE SN TWS. 3 20EHRITEL
FTH2BZePHISNTWS ([15]). Hain [15] 1Z n=2 DL E&%P Q TH 5 Z & &R
L, =/in=3 CTI3HEHFNTH2 I eHA [32) XD RSNk S HIT/KRH, ¥,
BR [33] 1dn =4,5,6 TOHEGEERRL, n>7 THHHELEAS e FHLTVSEY. —
i, BE 10 ORE LT, “Q” BRWVEEIIZHEMED D i e 30 5.

R13(37]) 1<n<gDLE, I(2n—1)/T(2n) = Jop 1M/ Joy M IZBEE T,
72720 n=1 O%EIE Johnson [19] 12K 5.

3.3. TE 4 Ttor H,(K,;Z) # 01 DFEFADEIEE

AEFA D KER31E K, IR L THEMRED, ®EIC TH(K,;Q) A Casson A& & 7
HYERAICHRZ SN b 2 ([33])) ZHAVAEACHMECREST 2. £3 2,., O
BHTERR 2,110 YoZCy/ Y1 — (AS,, @ Q/Z)/~ DVEFRS N, EH 6 72 & OFELIAFEHA
TZ5%. STROAHMAICERT 3 !

IT

T,(2) —=I,(2)/Z,(4) = YaIC,y/ Y

¢:=(log ZY¥ oc)4

(A ©Q/Z)/~'

FBD ¢ Abel B2 52 TWE05, ((f) #0745 fe K, ZARDFNZE, [f] #
0€ Hi(Ky;Z) DEZA 5. EHIC [f] 23 Casson N R & ARHERBMDKICAS Z L %
REE, [33] &0 [f] b= a v ThB S, EEE, Eorfxicsun
T, s(T(a,b,c,b,a)) € Y3IC, /Y, WCHIET 3 feT,(2) BARDOIZZeMNTES. ZL
THER 6 ZHWT ((f) £0 ZRL, Jacobi K T(a,b,c,b,a) € A5y DA 2TH 3
Z 5 Casson A &EE RHMERBIORKICASL Z b 0h5 10,

4. B Y, IC/Y, . DEEL Z DI

AT BB O I BN DIGH iRz, REITIE Y,ZC/ Y, OREEICH Z AT

5. ZAUZ Goussarov-EFE T (4.3f1) ShERrY—aRLr 4 X8 5H) 20
BRSO B EELNRTH 5.

Y1 OBEL B, OBET, HERICEZRY ([33]).

YRt 7 F v ¥ A &7z Kupers, Randal-Williams [22] OfEHRIX, FPHEXZFTZ2DTHS. X561
Gre®idg DHHIEP L VS HEE EEL TV 5.

WEHZ f e M\ K, K] TH Y, BRI Faes [10] IZ & » THUOWNENERZ XN TW3.
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4.1. 8 V,IC/Y, 1 DBECFMESR 5,: AS — V,IC/Y 1 DB
3 n=12 D& Z% Massuyeau, Meilhan [27, 28] IZ X o TIREZNTWVE 05, DL
Tn>3¢35%. HEREZZDII5EEY

0 — Kers, — AS > Y, IC/Y,i1 — 0

TH5. PV 1T LU TR AC OFEIZ XS Do TWVWED 5, Kers, ZiN25
e WEELZS. Kers, C Ker(Z,,108,) 720056, EH 12 BBKOEME 52 TW\W5.
FHZ n =3 ODHBEIEROEENIE LN, Y3C/Y, OREDTRESINS.

T 14 ([37]) 0= (NHe N H) @ Z/2Z 25 A5 5 YsC/Y; — 0 ZERIITH 5.
W jIEMUTTEDIHERMTH 5 !

jlanbne)=T(a,b,c,b,a)+T(b,c,a,c,b)+T(c,a,b,a,c¢)=A1o(T(a,b,c)), (1)
jland) = O(a,b,a) + O(b,a,b). (2)

(1) DR E LT Ano(T(ar,a0,. .., an2)) € Kersog,110 ZHRFLTED, ZHIEEH
58D IH OB EELRMETHS. n=2 TTEMRTED, n >3 3%
RERoTW3., ST [38 TlE (2) DILRICHD #A, Kers, BT KR E2HE7%.
F3 0 BEHOL X, Kers,; = {0} 23905, Z2ZTUTn=2m—-1(m>2) ¢k
T 5. FMFRE 2 L— 7 Jacobi

a G

N < . .

) by ai7bi7ci€{1 yeer g }7

gt q \‘

\\,,L,,,,l,; a; = Ap_iy1, bj = bg_it1, ¢; = Cr_iya,
/

,\,\\\‘41 AL p7q7T217p+Q+T+2=2m—1

1 ... G

TERZINBEWOMEEE (07°) C A, , EX, BB 7 Yo 1IC/ Yoy —
(Yom-1ZC/Yom)/s((O52°)) 2EZ 5. DL %, RHHH IO,

EH 15 ([38]) #% Ker(m 0 sop_11) WFFEEL 3((29)™ — (29)!™/?) @ BH1 Z/2Z hEET
DY, Olar,...,0m—1,0m,Qm—1,---,01) + O, ..., a2,a1, a9, ... ,a,) CTERZINS.

%EHHO)%%&i Egm,li }/Qm_l.'zC/}/zm — .Ang & Q/Z VC\% b, Kel'(ﬂ' O52m—1,1) @J:Z))FO
DR ZE . ZDBIT A5, , DEZRAI 2 6EHH D, Mo 3 fHfilHm % FE I
SEHEL) A bu: A — A, EHVWTROMRZE.

EH 16 ([38]) n>3 D& &, bu XA bu: A ,, — AS,/(0;") ZFHET 5.

ZIT(OZY) C A, 1F (05,.°) DERCBVTHMEERLLVHDBEDT
BoNBZEAMBEETHZ. —F, THroDFMD7=2DICFMESDOEHENL 5: A —
Y, IC/ Yoo ZEBAL, 75 Z—FHiOMOMGREEHN.
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4.2. Y, IC/Y, 12 NDIGH
n>2DLE Y,IC/ Y, P TR V,IC/ Y, D Abel BEE 2D, 5225

0 — Y1 ZC /Yoo — Y IC /Yo — Y, IC/ Yy — 0
ZNMLT Y, ZC/ Yo & YV, IC) Y,y BT 5. FINEROFER 5 1I2ET
BIEREHABDE L T, REB2.
TEIE 17 ([38]) Abel Bf Y3ZC/Ys W& b= a Y ERi720.
— 77 tor(Y3ZC/Y,) # {0} ([37]) 226, R LRLOZERINIDTH LW (n = 3).
4.3. Goussarov-EEF1E

Abel BEANDEBAR f:IC — AT T 77 7 ZAR=12LBFM (LI T OItick
2FM) WL TRAIRZES b &, [ 2BREARLREESR. M, M € IC H Y,
FfED L &, n XEMRBALER fITHLT f(M) = f(M') TH2ZehHISATH
3. MIEED n REBRBEAZREICE > TRAITERVWE E, ZR51E Y, FER
25805 DM Goussarov-EEFHTHD, n=1,2 DHFEIFIELW ([28]). 2L T
Y3IC/Yy & YiIC)Ys \CBT 2RRDOMADIEHE LT, Xoifgohs.

EIE 18 ([37, 38]) n=3,4 D& %, Goussarov-ZEE FHIIIEL L.

5. REOQS—RIER

M, M, € C WARERI —aRALEY N M, ~yg My TH2 L, B3 RITEHEK
M, Uy My ZRFICFEOWE S 0070 4 ROTZ K W DFEL T, UEaBB0FE T
254 H.(Mj;Z) — H(W;Z) DR R5Ze %285, ZOLE IH = IC/~y
PREAS—ARILT« ALEBEL R, Z L THRRERY ¢: IC - TH H» & Y[R
Grq: Y, IC/ Y1 — Y, IH) Y, 1 DIEZE S.

5.1. @R Sato-Levine AZ &

Lp % H = H\(S,1;Z) EOEM Lie K82 L, Dy, = Ker(H® Lyt b Ly.y) L&
. ZD¥ =% n Johnson #EFANL 7, YIH /Y, .1 — D, 28T 5. ZLTRDA
UL 0 V=TT zZomo & D HHEREY £ & BEAITTWS.

M 19 ([37) m>1 D %, ROKRIAMHRTH 3.

Z2m,0

Ker(rom—1: Yam—1ZC/Yam — Dam—1) —= Yor 1 ZC/ Yoy ——> A, 0 ® Q/Z

iGrq v
Ker(TQm—l: }ém—le/}/ém — D2m—1) u Lm+1 @i Z/2Z

Z Z°T v, k t% Conant, Schneiderman, Teichner [5, 6, 7] 238 A L 7z #EFRIAC, i
Kk AIAREIZEX Sato-Levine NEETH 5. —1, 1 V—TUULDOEDZRED X 57
BREZHEZ TV IOV TIISHEROFETH 5. KEBEIEH 17 OBELZHENT 5.
EIE 20 ([38]) Abel #f Y3ZH /Y5 & b= a 2RV,

7B IC DHBE LFABRIC tor(Y3ZTH)Y,) # {0} ([37) 72h 56, D b—>av0f
RICEI L OBy R e 7o TV 5.
M5t K O FBIEEICHH [43]) A [45] 23D 5.
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6. SEDRE

5 1 Hi TRz tor(Z(n)/Z(n + 1)) R tor H(K,;Z) ZFEEPET 5 2 & BRKERFHE
BTH2., RFERETIE 3 XL bR —2FHT2 VWS E & 5720, #iiom
FEDATHEEA%Z 52 % Z & b BEIEFEO 12, FBR R TIBEED b —> 3 >t
PDEET D L ahoTELT, e X Z/2Z ZIEMRF IO LG, A
NED N — a Y ITh D 2 0 ED72 EIXEN TR,

—F, 3K bR —DBE» 5 Y, IC/ Yo (1 <k <n) ZBIRET 2 Z MK
xR EEY 5. BAINE Thwo b= a UFEL, ENLWEBBICH S
CICHIEN D 5. BE T2 LT Y,ZH/ Y, DEETH Y, Conant, Scheiderman,
Teichner DEHEE EOE R I TXOLRBLD D PR TE 5.

$72 Z,11 ZW%ET 29T, Reidemeister b —a e OENHD ZRMBLTED,
AUCBI L TI& (37, 38] 1T i A e L T 2 HEHTDH 5.

AR, EREF R SAREARICEERICHEZEL TV E L., HEOHHEM
HOZLda®D, ZOHEMED TE#HP L L ET.
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Signatures of Lefschetz fibrations
and symplectic geography

FEH 47 (University of Massachusetts Amherst /b8 K75 HE EF5E ki CCB)*

1. &

AR TIX, %% L R. Inang Baykur & (UMass Amherst) & O3:FERFSE [BH20] % fi#ah
$5. 772U, FARICHBES WA H5EES [ —< v HICBE 3 2 AR M FE] O
T-OIZHEL - TREABRDPKRIBIZEEHT LI 2H o UDKi-THL. UF, %
AR AR ITIE S Db D EARET 5.

Lefschetz R> VB L Lefschetz 7 74 7L — 3 vidkd & & & HFHEREBEZ A
DRFRAY—%HRE7-DITEAI NS, BRIRE—AMHEHEZAD2HEDTH o 7-.
LU ZOMERIIAMO MRy —0n 7 T) —IZHRIZIERT AN TES. K
WZARTEDEE, B/ KB I—2ELT7 714 N\N—HlIH OG4BT 26817
HamIZIE L LIAD B Z &6, 4IRTTHAZ AR Z IR RIS 5 Z e T E, FE
WIZEHATH D, 5121990 FRBHIH D &, FEiT Lefschetz RV VLB LU 7 7
ATV =2avidyr TV o Tay G ERIGT 2 Z NS IZE N, TNECE,
VUTV I T 4w 7 ARTERKREME T HFERE LTRSS EEEZHITTWVS.

IOV -EENS, BEIVFEIZEDORIZELFEL IR Lefschetz 771 7L —3 =
Y DEMMFIDRER XN T E7Z, 22 THAA T — & W4 IR ITTERRR D AR AL A AR
BETHD FFEH ITEEHT S, BIRENZ 12, ZNETHSNT WS Lefschetz
T74 7V —=yay (DEZER) ZIRTADRSHZRD. MEEWNTFIETEH, &£
R GETIRIEEDR SHIIEHTEZDIZRW. TZTIDZ 2 IF—KRIZE D LD
DT RV FHEINT V.

F48 1.1 BRE ED Lefschetz 7714 7L —> a VITEICEADOKFSE 2.

SHRIIIZ, FEE DS A D Lefschetz R > Vid GEIHRIZIZ) WL S THEET
5. LI EE 0 D Lefschetz Ry VIV EFHRTWBHT, JZ& LI L6/
0 D Lefschetz 7714 7L —>a v aHlT 22 LIZlILEzZ. 20 Eido M
DM D %2 BOTT-DTHEH, ZNE2ZoNIFIZEI DBV FOEHZ2/RTZ
EMTET-.

EE 1.1 (FE0¥ K o cZ iz L, ERm EDEE 9 Lefschetz 7 741 7L —> 3 v T
HE8 o 2R 2L DODEET 5.

Tabb, EBRIZIE Lefschetz 774 7L —2a VO SHIZHIFIE E > - FEL R
WE WS Z bk,
INSDFKADIBEL 725 7-FF5H 0 D Lefschetz 7 714 7L — 3 YIZDWTIE,
XoIZ TV I T4 7 AIRTERIKRD geography ~NDInHNH B, > TV I T 4w
2 geography [M#E & 1%, #HEEHMEID geography MED 70y —T, W/pN> > T L2

& —177— K : Lefschetz fibration, Lefschetz pencil, GARFERE, 54K
*Department of Mathematics and Statistics, University of Massachusetts Amherst, Lederle Graduate
Research Tower, 710 N. Pleasant Street, Amherst, MA 01003-9305
e-mail: hamada@math.umass.edu
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T AV 7 APRGEERRIRDIERIA A T —FE ), & F ¥ — V8 o DH (xp, 3) DD 155
HERETHILZ2M>BDTHS. 5o &A1 T e lZDNWT, x, = 5,
2 =30+2c EWVWHERLD DD T, geography & (0,e) DHIFHZRET HMEL 5
WHLZ 5D, T2 T, BEEEAY VYTV I T 4y 7 ARTTERRIRD geography
READ. BAOIUTO XS kR 2E, HL (0,¢) ZHHL.

EIE 1.2 FROFB m > 23 1T/ L, #,(5% x S%) ICFEHEZIHAFETRWY v
TV I T4y 7 AIRTGEREDFET 5.

Z 2T, Mtnd 5 geography 1 (0,¢) = (0,2m +2) THD. TNFETIZHSNTWVWD
BROKERN m =175 DT, KELHRTE .

£S5 AMTIROEL T2 M.

o X BiSt )% k EFF O g DA M a8y M. 72 B, =20,

o Mod(xF): X @ (Bift i % pointwise (ZIEE U 7z) GAREHHE.

® 01,0y, 0k b DR DEFED (B U < IEBIFURD VAT 7% B i)

2. ERIER
2.1. Lefschetz 774 7L —>3a v eERVIIDES
9, SEOFHKELS Lefschetz 771 7LV —varviz2EHRT 5.

EE 2.1 NS oNEA4RTERRK Xt o AMeiE X ~OBE4 f: Xt - 3 »
Lefschetz 774 7L —>3 v ThdLid, S Spe X LRl qg= f(p) € X DH
DT, TNTNAE LEET D RFTEREER (21,2) & w AMFEL, w= f(z1,2) =
422 ERRINDELEERND. 61T, FERET 714 1N— (TROLREEDTE)
ik, (1) R AIEEEZ1IDETEENSE T, (2) HORAHD -1 OFRMmZ2 & £ 74
WZ & (M), 2@8HRES S, HFMATI TR, BARARPDRCED1
DFEHETEHI e 2INET S (JEEHBHZ Lefschetz 7714 7L —Yarved Lidns) .
—f 7 7 A N— (TRDLLIEAMEDYE) (XA MEAMEIZZ YD, ZOME % Lefschetz
T7A4 7L —yarvoEHe L.

FEE 2.1 BAx0BEIROFILNE Y =52, TR0 BERE ED Lefschetz 7714 7L — 3
YV TH BN, geography NDIGHIZEWT X =T? DFEEHES.

T TAN=F = [ q) Z—OREETHE, TNTNORET 71 3= F = f(q)
ZISUTHRBY A 7L e Kidns F OBl ¢, PEX D, HRE7 71— F
X7 7 A N= F ROHBET A 7V ¢ ZHEOT—RICDORT I LILLDFOND.
FEOEDLYVDORE NaI—d ¢ TR TEGFT VYA AN, &5,
RIZFEFET B Lefschetz X2 2 )VIE Lefschetz 7 74 7L —>a Y OEADBTH 5
DY, S AN e B 2 46 5.
EE 2.2 MENTFONLH4RTEMK X L2 DETLRWERBDESE B C X
IZDWT, B f: X4\ B — 5% » Lefschetz RV IV TH 5 L IX, Lefschetz 7 7
A7V —=2aveFlURA TOMESRERSE, 5618 be BDAYT, ME L
B D REREEER (21, 2) &MEZ2HEOWIFEM CP' = 52 ZH\W f LH#AL
(21,22) +> [21 1 22) € CP' ¢ §2 Z[A—HlTEHLE2VWS. ZDLE, BOKME
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base point & KX, FEEAMEOFGOMAEAZ —M 7 7 1 N— & K30, ZHITAA
BARME I 72 D, Z O %E Lefschetz RV YV IVORER & kX, B f IZEHMEHD
LEERMDT, X --»S22ELZLEHB.

X X #kCP?
/‘ Ju—7v 7/ \
\ Ta—Xv v

) /
\ ~
f Ny f
52

1: Lefschetz > )L & Lefschetz 7714 7L —Y a3 vyolliaX., Z 2 CHimEiZx
TLEEL UTCHfRTRE LTV S,

(—1)-lbi

Lefschetz R > )L D% base point TZHE—7 v 7§52 & T, HIRIZ Lefschetz 7 7
ATV —vay f: X#kCP? - S? 252520 TE5% (k= |B]) . M1 I12#&X
ERUTHD. ZoeE, 7ua—7 v S HIAEK s; 1% Lefschetz 7 71 7L —
Yarvolylia, YREOHARERE -1 £7%25 ((—1)-Yke X5 . i,
Lefschetz 774 7L —Ya v (-1)-Ylizkio L, 7u—XoUr35Z8i&D,
Lefschetz RV VIV EGBEIENTE L. LLAULENS, —MRIZIX Lefschetz 7 71 7
L —3 3 Uik Lefschetz RV I IVICHRT 6 LIKR S 720 (—1)-UIEr2FF2> L IXR S
W) ZEIZHERT A,

2.2. ¥/ O

Lefschetz 7 74 7L —Ya VKRR 7 vy A N—=DFrE/ K1 I —IXHEEY 1 7)1
BT =V VA AN, THEZLIFRANZ, 57— VVE/ NI —%2F X
528D, E/ROI—2BE LN ROEOEBAVBZ NS -

tetey - te, = 1. (1)

ZIZT, ¢ \FERET 7 A N—ITHIST BHBY A 7V, n lFRET 74 N—DAKT
HY, TORFZ—K7 73— F =38, OFEHER Mod(Z,) (ZHWTH D ZOBEMRA
Thd. FIZZOEOEBRALDNIX, TNE2E/ RO I—0ffE L THD Lefschetz
T7A4 TV —yavailldszencesd, £/ 83— Lefschetz 771 7
L—2avOREHTH Y, BRAIZITTRTOEREZR>TW5.

Lefschetz 7 7 1 7L —y a »dS (—1) Yl 250854, TOMBEE/ FuI—54
RIZHAIAL Z MW TE S, UL7D 5T, Lefschetz RV IIVEHE/ N I —4fif% 8
UCCHREST 2 Z e RNHAEETHD. — 7 7 A N=05 (—1)-CIOEEZE D R &,
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B E i F oS, TITERFEATVS (1) YKOEKTHS. 5
CHBEY A 7 NVEZ O S ITflirnLD, Thok ¢ &35, B EMETHD RS
TG RBEDHEHBI A7V ¢ ITRD (TAV My o) ZEIZERETS. Dk
X, B/ FoI—4ix

t51t52 T tén = t51t52 e t5k (2)

EWISTED Mod(2h) 2B BBRAICY 7 5. T 2T 6 3B I FAT Al
MTHD. FIZZDOROEBRANS (1) tIWZ2HEKTsZETES.

T 2L, (1)MOBBRRE 2GS Lefschetz 7 7 A 7L — 3 VI —
Fxn, 2)HOBEBRAE ZNIIHIRNT 5 Lefschetz RV VIR —HE b, LaL,
(1) & (2) Z KA T BHNEDN G20 DT, AFTIE (1) MoK %2 LF 2ER/RR,
(2) B OBfRAZ LP BEAGRN & —IIIZIERZ 127 5.

Fox ODEMEIEH < £T Lefschetz 7 71 TL—ay, DF 0 LF REBROMEK T
HEMN, TOENT 1> 7uy e UTIXLPBEGREZ2ZHATLZ L1tk 5.

2.3. YV TVLIT a4y IERRIEE DI

Z Z T Lefschetz RV & Lefschetz 7 74 7 L —3 3 VKGNSS X 5 221
ol TV I T a4y VAR DR E IR THL.

3 2.1 (Donaldson, Gompf) {EEDY Y 7L I T v 7 4VGLHZ K X (T4 L
T, ®ZMMN X TH 5 X D7 Lefschetz RV VIVPFLET 5. #IZ, Lefschetz R ¥
VIVE LG (FEEWAR) Lefschetz 7 74 7L —> a v OREMIZET VY TV I T 4w 0
MENAD.

2.4. FEBDEE

ARTEERADTF S L 13 Z D 2RI FTa Y —H EDORERADRTSHDZ & TH
%. Lefschetz 774 7L —3 3 VORFERL T OREMONSHEEKRT 5.
Lefschetz 7 74 7L — a YO EREZEIAET 2 AIEIT VWL DhHIS T WS D,
FEEHEBS D SO TV OITIEREABAK & & Rk = K2 X 2 EHEHEOBEKR O
FSBOMERTH S [EN0S|. T Z TIRMEBODARE & fRai A EMIC 205 Z & &2kl 572
OEMEREAMEII U VD, BEENIE>TIRDELSIHDTH 5.

o IRTODT—VVYAANEERRE T DEHIEHOBERRIZIBNT, LEOHEKR
TS E K IENBEIE v U TH5ND.

o TEDHBTIX, TR VEBRTE 2-F o1 VEBGRT & JIXN D FIBK 2 B65%
FhrohEkINns.

o TURVHEBRTFOREEIX +1, 2F =1 VHBFO/ERIT -7 TH 3.

o TEDEBRFOITEEIL, ThEEKT2-0DIFbNET VR VERTE 2-
F A VERTORSHONRBNZHTH 5.

e Lefschetz 774 7L —yarvBIUORVILOBFERIZZFTDE ) Ra I —4)f#
DRI —HT 3.

SEFEE L RAR 58 0 O Lefschetz 7714 7L —3 3 VORBIZIZFRFSE 0 OB
BRALUMEDLZNDT, TZTOEIZEHBHETH 5.
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2.5. 774AN—MEE/ FOI—DEZHZ
Lefschetz 7 714 7L — a VORI LERIEE LT2Oo0 HiEEZBNT 5.

EF 2.3 FUFBRD2 DD Lefschetz 774 7L —>3a Yy fi, fo 1ZDOWT, TNHITH
6T ALFRERAZ PL=1,R=1¢95%. 20L&, Thozilivde PP,=1
EWSFHUWLF HEARKALEONS. ZOH LW Lefschetz 771 T —a vz f
E fo DT A N—=HE I, BMANZIE, fi, fr TNTNDO—KT 714 NX—DEE%
BOBRWT, BEWIZAEID BT WS BIECHIRT 5.

% 24 H5 Lefschetz 774 7L —Yarh PQR =1 WSO LF BIERA
Ford5. ZZTP Q RIEIENENHEFET VYA ANDHETHB. I5IZHD
EFT—VYAARMDOE W IZ2WT, BB Q=W 2lbioed5. ZDLE,
PWR=1&0W5HLWLFHERAPEONS. ZOHEZE/ FEI—-DEZH
ZE LR,

BEEHZIZHWONSEBRRIZITE AL DSGE, LPHEGRATH 5.

A EDFERLAFNZ A S T Wiz Lefschetz 7 74 7L — a VOB TR TEADKFS
BafioTWwad., FEEIET7 74 N—FUZBE L TIMER DT, ZHh oDz n<L 5
T7AN=MMUTHIEADTERIIESNLW., £HLE/ PRI —DBESHBIIZHEL

X, FEHERELSTHESHBZIIEIDL D RFRRHEREY A 7 VORE2 L EE T3
EDOUPHISNTWERN., ULED->T, IS DB SFETIHEADKF S Z2EHRT
LZDIFIFIFHENTH 5.

3. EER
I THRADEHRE (DAL LZET) BRE, BETERRZ XS, &I
FER U723 5280 0 D Lefschetz 774 7L —arvRNIRTOE->NTTHY, b
HETH .

I 3.1 BRME EOFEEK 9 Lefschetz 7 71 7L —> a2 Y TREBH 0 2F2H OOFLE
T 5.

FEEOMPEHTESL, 774NN—HMPE/ FOI—DEZMHZX (substitution) &
Wo 72 EINREIEIC LD, MOAEORERDLRBIZTHBTE 5.

EIE 3.2 TEOEB o cZ 1T L, BRAE EOFEE 9 Lefschetz 771 7LV —Y a3 v T
e o 2RO DORFEMET 5.

O EHOEHMEDO AN T— a2 LT, AV Lefschetz 771 7L —3 3
VOBEEEEZBLILLHRTHD. AV ARILEHIKDES, HEEIL 16 T
%D@M%étm9%$m&ﬂmﬁﬁé(Dﬁu/wm@) A ¥ Lefschetz 7 7 A
TV —a VIEEEY A 2 VIZHIBRZINZ 5D, EICh, Fx DR LZ/SE 0
Lefschetz 7 714 7L —3 a3 VI F D&M % LVCL\K. E’S SIZFEHE BT TFITT
LEMEEL D FVE, HERZOERGMEDARD & S Ik U 7-.

EHE 3.3 FED 16 DEE 0 € 16Z 1Zxt U, ERmE _LEDOFEE 9 Lefschetz 7 71 7 L —
Va VTREMPAC YD DONEM o 2FDE DOMFIET 5.

bbb, A Lefschetz 774 7L — 3 yOFEEIZIZORY ¥ OB AAT H
FNIAFAE L 72\,
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ZZWZH TR UHNET RCHELE, MM eE0E2 e UTEHTE, 2
WEEMZELDZIZED 7 7AN—DHEBEERIIEGELSTHIENTE S, XI561T,
T7ANRN—H%2 L3l TCEREMBEEOFAMHIZTEI ENTE S,

BEELTIR R 72 K D ITIRD & 5 78 geography FIENDISHE H 5.

EH 3.4 [EEDOAHB m > 23 12X U,  #,,(5% x S%) CFEMZAEAFAM TR N> >
TV T 4y T AIRTEERREDEIET 5.

INSIEFEEH 0 DAY Y Lefschetz 7714 7L —avzHHLUTESNS.

4. Breeding

Breeding & 1%, EWFEELD LP BIBIRR % & WK O G4 I BRI DA AR, ZD
BEHNZEDT — VYA ANEZEDT—V YA ARTEFY 2L, HLUWLP RIEEG
ANH UK IFLFRBERRZR[(5FETH 5.
FADT—=VYVAAMDF Y Y VIRTEDFAMESTNEWITRNDTH L
, TRPRBRVBUBERT 2= 7 THD. EESHOBED I SIZ, >F WV
T7ANRN—FRE/) FOI—DBEEIHI L Vo RO FEDRER 2B
HETH 5.

5. TS50 D Lefschetz R

HEIDRFSE 0 D Lefschetz 774 7L —Y a v ORKD =D, YILFa v 7 7ay
7 LTibid Lefschetz > )L (LPHIEBZRR) 220N 5.

12HIE, MAEZERKIZE > TSRS N5 2T 2 Lefschetz 774 7L —avhik
<{HISHTWBA, ZOLFRIEGRADY 7 ~ & UL TOLPHBIFRATH S [Hal6, BH20].
M 2 IZZFDOHEBY A 7V EHiWTHY, £/ NI =401

THEZL6NS., XRUUIILD base locus 1$4md D, RZEMILT?xS? THD. Lizhio

T, T oThh, A THEDHS. M TIE, 6-holed torus B L LiIFN 5
FEC 1 OLPBfRRNIZ2DD T > & VBRI %Z breeding 5.

[ 2: FEEL 2 Lefschetz X > VIV OHEWY 1 7). T 2 CHlifilk ¥4 T, EREDP4DD
S5 3DFIKBTHD s -iifRTRDL I N, £S5 1 0Fihm o g AN AT E U sk
TRINTWAS.

2 OHIX, EOLPBEBN 3) oav—%2220MEL, Ths z2aidhir ¢, »
FyoIlINSEDIT breeding $2H5ZLICLK-THRONSIFEB 3 DRIV TH
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e8Il F Ku Y= v RY T L (20214E8H A4 v 74 V)
% [Balb, HH18, BH20]. {H#&Y 1 2V 3 iZfinh, €/ NI =ik
tatartptptytytelert s tatarty =5, L5, 5415, (4)

THEZo6N5. 2L Smith 12X > TRER X N4kt b —F A T4 EDIEH] Lefschetz
RYUVIVIZFEAIBTH B Z eDbho>TW5E, £oT, FEHIZOTHY, AV THS.
TRV, FHZZEDE/ Fua I —40fF (4) DR DIE, 12485 5T 1 7L

( N\

. /.

3: FEEL 3 Lefschetz RV S IVOHEIEY A 7 )V, dli L 25

DS5H8AKE TH4 DD bounding pair Z272F & NI T L THhb. £D4 DD bounding
pair &, (a,d’), (b)), (¢,d), ZLT(d,d)TH5. TNZTNHE X5 222D 27 I
313, Z® bounding pair 2% FFO L W5 Z &, breeding 2475 HHE % LI,
BRALINZ R SHL 0 Lefschetz 7 714 7L — a2 > O Z ATHEIZ L 7=

6. FSEOD Lefschetz 7714 7L —> 3>

HIIOR S 0 @ LF BIEARR 25121, FEEK 9 FAhm Sy 1 ffE 3 LP HUBERRA (4)
% 6 DHDIAA T breeding 217\, LFRIBBRAXZMHKT 5. £ D breeding D#EFET
X, REDIEDT =2V A ANBLTUM[MODEDT =Y 1 XA MNBENED, Tho
EIRTEFYUVELTEESICFADT -V YA AN 2HET LI ERHETH D,
WNZE > L BHL WIS TH o7z, KD DABEDEDT— Y A A N DR 7 LF
BRI Z2 525, M ABONEZHEY 1 2V ERHiWEZ, €/ No I -4l
tustastal tas sty tys testel st tao twa taatal teathaty, tyateate, oatyr tys

tostagtar brs ths bt tystes Ll tes Lot en fugtagtal s e b tys Tes tel g fuon g = 1

&%, AW 3 LP RMBIRA (4) ORFSEIZ 0 DT, 5505 Lefschetz 7 7
AT —varvORE5Hi o ThieiimTE 5.

7. EEDORFSEAEFED Lefschetz 771471 —>3 >

BEB 0 D Lefshcetz 774 7L —3 3 VOFER—HRI NN, (EFEFERIZT 7

AN—FET VR VEBRIZEBE/ RO I —DBESHIICLDEFRTES, HEHK
0 Z2FOMM 9 DLFHEARRZ t,P=1¢7%. 22Tz ix GEDHALD) MY
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A

o8 F Ruy—v v

Va vDEBEY A T,

S0 ZFD Lefschetz 771 7 L

R
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AINVD—D2T P IEE/ NuI—0ROKL THD. 7 & VERNIZ Mod(Xy) 12
RO THDIAL I ENTES -

tataytasta, = talple. (5)

Z 2T, dy,dy,ds,dy,a,b,cld X9 NOD BRHIREE % U 72 IEn#dhiicdh 5. ST,
B A 20V 2 1ZHDZWOEM ¢: X9 — X9 1I2&D & IZETZENTES. ZDE
g, LFRIBEBRRN ,P=112—FIZ ¢ THEZR L DL, t3,PL=1 V5O LF A
BAPBESND. ZIUTRAANZIE, — 7 74 X=D Ny AND[F—HHERDELY ¥ x
123 &, Lefschetz 7714 7L —2arv e LCEE<ALHDTHS. FAEDOR D H
72Ty tgy Py =1,tg, Py =1,t4,P, =1 &5 LFREKRAREOND. ZNH6DT 74
N—HMzLdk

tdltthdStd4P4P3P2P1 = 1

WS LF BB ZES. ZORETEHIAFTERIXI OO THEN, T TRy
B () TE/ FRI—DESHZI 2T L,

tatotc PaPsPo Py = 1

ERY, FEEMR 1 7ZITENRSE. ULizhi-T, Hk Ed 57z Lefschetz 774 7L —
YavoFERIE1 &b, FAROTATAT T, t,P=1D7 74 N=HIZ XD t,tyt,
EWVWIFEEMED, TR VEBRREZFEOHLMICE S I NIEX, 58 —1 O Lefschetz
T74 7V —=yavbEng., e 1, -1 2EHLEZOT, ZTHoD7 71 N—Fl
EZENIEREORSHEERTE 5.

8. A V&

A ¥ Lefschetz 774 7L — 3 VIZBAL TIE, Stipsicz (2 & 2R B EAK T
H5. 7272L, Lefschetz 7714 7L —Yay f: X = S2 2L, TO—7 71 /13—
F RFERTH S, $720bHb S e HyX;Z) WFIELTF-S=1%¢7125%, Zt%
IRETDHBENDHD. ZDOLH7 S % F ORFE WS,

EIE 8.1 (Stipsicz [St01]) FEEL g Lefschetz 7 74 7L —Ya v f: X — S? DE/
N8 —3fR% tote, t, =1 835, —f&7 74— FIIEBHTHD, A S
EROLES D, ZDLE, X BAVYUMEETET LI L L,

L BGERAICHT B 5 % —UBR ¢ Hi(Sg;Za) — Zo DIHEL ge;) =1 BFRT
DIEWY A 7V ¢; IZDWTHKDAILD,
2. S DHOLEMIERTH B,

ZElIRAETHS.

Fx DRFEE 0 D Lefschetz 7714 7L —Y 3 viZoWTIE, B 412H 5 DEBY 1 2
WZR U CTREBOSLM 2723 ZIRIEADBFIET B Z e WErdD oD, X561, —
7 7 A N=NFHEHTHBD 2, WHOHOKERPMEBTH 5 Z & & AT
DO ONTD, B E/ENKLD 722 212k D) FMiIcS 2B L ZHSTH 5.
HOFFSE (16 DAEE) 1ZDWTiE, 774 N—=F& 5-F =1 VERAE KiIEh3
LPRIBIRRIZ LA E/  FOI—DBESMRA Z AV VHEZ2EI LWL S BIETHL,
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FIHEH 16 2FEB TS, ADRSHER DAY Y Lefschetz 771 7L —Y a ik
BHIOEDD DD, TNESIESFEH 16 DEDOD 7 74 NN—=H% &L, F£ED
16 DIEEE A Y Lefschetz 774 7L —Ya vyOFafie UTERTE 3.,

9. V7L Y5 14v 7 geography
BIHI TR 72 & 512, Fx DRERR U758 0 D Lefschetz 771 7L —Ya VIFAY
VTHBH. LhrLahs, BEiETclEewn. 22T, 207747 —varvE o=0,
AV, YTV ITAav T WIS ER o EFTHEL T, BEERLERIAREED
720, ZOBR MR Y —=DINS KD (K47 —FEHPNSL23) 2Bl ITh
DD FELWLKE, #,(52 x S?) WCHMARY Y TV I T 109 VRN TES. 22T,
#(S? x S?) YU TV I T4y ZREEIFASRVWDT, ZOH L WEERMEK L 13
SEMETIRN. ZOHHTHRENENLZ 70N, RO LS5 ETH 5.
TIREE 0 O 9 A Lefschetz 771 7L — a VOEZEMIX S? TH D
D, EET?2Xx Xy 27 7AN—HTEHZ 22k, T? LT 714 7L —a Il
R4, ZHTEoTHA T —EEIIEZATULE 52, HWIZR D 54\ Lagrangian
F—=F A& RKBEIZADITOND WS FRAHE. TH5HD Lagrangian b—F AITD
WT Luttinger FiE WS VY TV I T 0y ZiEEZBEIRWENRZITS DTH 5707,
ZDEETXDT7AT V=2 a VORKBEOERITLHA T RTHA S &SI Lagrangian
F—F A% ERIZELNTES. FARIZ, REERAZBEAOE ZITHEDODILNTE S,
THOUTTCERLREES VTV I T 4v 04 IRIZ 0 =0, e =48 (=HEY 1 7LD
%) %#FbH, REENIMME R TH S, BEEA4RTERRHEKIIOVWTIX, ALY TH
LB BRERANZEDZI L EIIEMETH A2, EDOLSIZUTIE> 4K IZ
AV THBIENDD D, FERE LT, #93(52 x §2) LFEMIZRS.

R 9.1 ETFro7z Luttinger FHHE 7 74 T L= a v OERBELTL £ 57290,
BRENZ TE DD 5 122 IRIE Lefschetz 7714 7L —Y a volEz2F-Twb & T
RSN, 7747 —2a Vv EEIRVIET #,(5% x S?) 252 HTE BN,
2958 mENILSTHILIFHEHL.

& AR
[Bal5] R.I. Baykur, Small symplectic Calabi-Yau surfaces and exotic 4—manifolds, preprint;
earlier version is available at arXiv:1511.05951 (2015).

[BH20] R. I. Baykur, N. Hamada, Lefschetz fibrations with arbitrary signature, preprint;
available at arXiv:2010.11916 (2020).

[ENO05] H. Endo, S. Nagami, Signature of relations in mapping class groups and non-
holomorphic Lefschetz fibrations, Trans. Am. Math. Soc. 357 (8), 3179-3199 (2005).

[Hal6] N. Hamada, Sections of the Matsumoto-Cadavid-Korkmaz Lefschetz fibration,
preprint; available at arXiv:1610.08458 (2016).

[HH18] N. Hamada, K. Hayano, Topology of holomorphic Lefschetz pencils on the four-torus,
Algebr. Geom. Topol. 18, no. 3, 1515-1572 (2018).

[StO1] A. Stipsicz, Spin structures on Lefschetz fibrations, Bull. London Math. Soc. 33, no.
4, 466-472 (2001).

53



Hel8nl P Ru Y — v BRI YA (20214E8H A v T 4 BlE)
ZeRE AR D 2 FFHOMEEARR. (HPBHER N OB 3 2 MRk
KZ B— (I TIREEREIR RS

1. (FL®IC

F T2, FithfROFEPARR & MO W TEE T 5. MRz othfRothRH D
HODOER e LTHRLONZHMRTH D, MERIIZOHBICEZ O oRE W
FRVEIWIESCLTOL & 20RO E LTHOLNLHIRTD 5. FibAfiz &
ZEREE AR Z & 2H(EI3 D 2O EETH 5. FEPHKR & MBI O AR, ¢
DIFENERIR D TOFERER Y ORI I TE IR TH D, BRICRHES%
FozerHIshintwnd (K1,2).

/\>
N

L PR & MEpAR 2: M & fHiBaR

L7223oTC, #iabAft e MBAFMIIERIMEZIRE LU 7RO HFRERTIZE D 5 & & 23HIK
BRWNRTH 570, KHEHKREDRE[ 2R OO D ﬂ%ﬁ’?ﬁ’]ﬁh@fﬁﬂ i 72 3¢
TRMEND L. T T, PHEECIKIERNS PN L FHEEIRTH 5. Bl 21T,
SER [4] 1I2BWT, HEPARR T & 2 85E & Bz & 2#81ED Legendre HHAR (M
CHERRRT ML) OHFROMIT EEAITHIGT 5 Z e AHMEINTVS

ARETIE, Z2RIHAROMERARR, MBS & UB@@?%‘I@%EKOL\’CJ}]E L 7oA R
OMEZIRE T 5. T/, MEPARIIEEAERICHR T 2 MEEARR & B2tz Hk 3 2 HEkf
FROM 2D S, Z2HHHFROMEPARR & MBI BARICRREAZFODOT, FREA
% 150 22 [ Hh AR D 9 77 B[ Z R 5E O P i ’EJ@H@IT%M\%#%% Z ZTIESE R
9] ICBUF 24T RO R EH T 5. 56 2 HilcBWT, B =R OHERHRR &
BfR % & 2 % L CRHERPAT 2 iR, (—i(bX ﬂf:) Frenet 7 L — A, Bishop 7 L —
L, KEkE B X SR BHOBERZAEN T 5. 5 3 #iCIX A & HEAMERICHR T 5
MEEARR, 2B 4 EICUE AT & EEarihmm, 25 5 B CIl3 AP ok 5 2 #MEbARR & (HBH
BERBNT 2. BFeHTRERREZEA T 27 VOBBREZHENT . HEMFNICHEKT
MEPARR 2 & 5?%%1"!5 CARBHRR T & D1RER D 2 HOWRETH D, FELBON)IEHE
RUKS. £z, HEPAR & MR OERIH ORI OVWTHEE T S

AROWEIIEEHAR (ERTA) & OIFERZE (10, 11, 12] ESEXHR [7, 8] 12
HoK.

* T 066-8655 JLIBE TR E & 758 Tl 65 N3 TR RIEH T ARE T 2588

e-mail: s-honda@photon.chitose.ac.jp
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2. #fi

R3 % 3 XItEuclid 2%l & 5 5. R ICBTF2NEIE = = (21,22, 73),y = (Y1, Y2, y3) €
R LT, R® OFEENME © -y = 21y1 + 2oy0 +23ys ZHWVWS. & D/ VA |z &
Tl yDRNI R MUFExxy %

€1 €y €3
lz||=Vx- -z, xxy=det| x; zy x3

Y Y2 Y3
TEFETS. ZIT, {e,e,e3} IR DFERKTH 5. 72, S?={zcR®||z|| =
1}, A={(z,y) € S?*xS?|z-y=0} LT 5.
2.1. BT FehiR & AT 1T R REREAR
AHITIE, B 2R OMEROBIE 2T 5. B ZdhRid 22fdhiie 71— 20
T, BIER Ge y() x4(t) = 0) RFREA (e y(t) =0) ZFFAT 5. iHlllETSE
XHE (9] & [5] EBRBOZ . ZIT, 4(t) = (dy/dt)(t), F(t) = (d*>y/dt*)(t) TH 3.
EE 2.1 (BT IahiR, BATIATEERIR) (1) BB (v,v1,10) 1 T — R3 x A 2RI &
HETH2 2, TED t € T ITHLT, @) -vi(t) =0 & A1) -vyt) = 0 2
DI DZeTH5. (2) MR v : [ — R PRSI AIREBIRTH 5 21X, HIER
(V171/2) I — A ﬁiﬁﬁbf, (")’, 1/1,1/2) ﬁf*ﬁrfﬁgﬁjﬂffﬁf‘%é e TH5A.

EE 2.2 BT ATBERIAR v(0) WS LT, (11(t),1(t)) € A OELD FHITIZ[AlEE & FEk
DEHHEND 5.

PSS Z IR (v, 01, 10) WX LT, p(t) = vi(t) X 1a(t) & 5HUE, {v1(t), va(t), u(t)}
3 R® DIEHERIRERIRTH %.

tied 2.3 (Frenet-Serret DRI, [9]) Kt ZHHHR (v, 11, o) 1T LT, LT D Frenet-
Serret DRI D 7D -

o (1) 0 L) m) v (1)
w) | = -« 0 n) va(t) |, (@) =alt)u(d).
() -m(t) —n(t) 0 p(t)

U(t) =ov1(t) -a(t), m(t) =v1(t) - pu), n) =) - pt), o) =75()- p)
TH?. ZOLE, B (0,m,n,a): I — R 2RISR (v, 01, 1,) OBIER RS,

E& 2.4 (BATHIROERA) 2 DO ZHIFR (v,01,10) & (3,01, 10) DEREITD
rid, HaMEER Aec SOB) D5 VFTRE) ac R BFELT, HEED t € I 12X
LT,
Y(t) =A(@) +a, vi(t) =A@i(t), wa(t) = Ara(t))
DBEHIIDZ L TH 3.
P = AR D =R IIPAT Z IR DB R AR ERTH 5. FEEE, AT ORA =
HIARDIFEEH  —BEMEEEMR D 32> (EM 2.5, 2.6) .
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EIE 2.5 (I THIROEFEETEIR, [9]) 5% ((,m,n,a) : [ — RUIHT LT, #F =k
R (v, v,v): I - R3x AT ({,m,n,a) DHBTH2HDMBFEET 5.

T 2.6 (RIS EIRO—RMEIR, [9]) 2 DOF SR (v, 11,10) & (7,01,0) I
jTJ‘LVC, :h%@ﬂjﬂ%‘ziﬁ_‘ﬁj—é 3B, Dk %, (")/, 1/1,1/2) e ("7, 51,52) ci/ﬁl\lﬁj
TH5.

AR 2.7 BT AR OBRERII AT X — X OHD FITHKIFT 5. —F, BT = iRk
BPOFR (v,v1,10) ZEILT SN TES.

2.2. Frenet 7L —L ¥ Bishop 7L —L4

ARETIX, B & iR ONEERRE & 2 5 L CEHEBERAEZH 5 B & iR D Frenet 7

L — 2k Bishop 7 L— 4%/ 3 5. Frenet 7 L — LA DFHESE R 8, 10], Bishop
7 L — L0 MIZSE SR (1, 11] 2BROZ L.

2.2.1. Frenet 7L —L

PefF ZHIRR (v, v1,00) : T - R3 x AR LT, m?(t) +n?(t) #0 (e p(t) #0) &
T5. 7L—21 {tt),n(t),blt)} &

_ _ () _
TEHT 2. 7L —24 {tlt),n(t), u} Z MRS RTREHIR ~(t) @ (—fbEn)
Frenet 7L—L MR, ZDE X (v,n,b) IHZHFETH D, LT D Frenet-Serret
RAIDRNADED 3D

. det (¢(t),t(t), t(t))

(0= IO, 70 = <

TH 5. rk(t) ZRANIAIREMIFR (1) OBIE, 7(1) ZIRER LIPS, PP ZHi#R (v, n, b)
DRI (7(t), —rk(t),0,a(t)) TH 5. Frenet 7 L — LI3EE 3 #i (FERIHIH & BRI
HI>k 3 2 4EPARR) CTHIAT 5.

2.2.2. ElEEI N7 L —L ¥ Bishop 7L —L

Peff E IR (v, v, 00) i T - REx AWK LT, (vt),w(t) €A%

v(t) \ [ cosf(t) —sind(t)
w(t) )]\ sin@(t) cosb(t)

TEHKTS. TIT, 0t) FEorZEETHS. 7L—A {'v t),w(t), w(t)} ZFeft
ATREREAR v(t) D 0(t) IT X ZEEEINETL—LEIER., ZOL X, (v,v,w) 3
TERIRRTH D, LUT D Frenet-Serret BID NI D 377D -

o(t) 0 oty m(t) v(t)
w(t) [=| —4) 0 7) w(t) [, () =a)n)
p(t) —m(t) —n(t) 0 p(t)
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T 2T, 0(t) = €(t) — 0(t), m(t) = m(t)cosO(t) — n(t)sin6(t), m(t) = m(t)sinb(t) +
( ) sO(t) TH5B. B, 0(t) DM 0(t) = 0(t) Ge. 0(t) =0) Zii-TrE, 7
2 {o(t),w(t), p(t)} 2R rTRERI#R v (t) @ 0(¢) 1T X % Bishop 7 L—L LI
.Sw Ot %, v(t) & w(t) Z Bishop T MLEFELR. Bishop 7 L — A DHD J5i&
(@) I L T—ETERL, MOEROBHE D 5. I N7 L — L1358 4 i
CEAT#R & EERRENTED) , Bishop 7 L — 21358 5 8 (EAMFNCHIZE S 2 MERARR & fHBH
) CTHMT 3.
2.3. ifEEE PTRE
AREITUX, Rk e n]REOMEZEE T 5. IS E ST [16) 22RO Z L.
EF 2.8 (IREm, IEmE) ZHERy: 1 - R 2 FETRORZ ML ¢ T — R3\ {0}
WX LT, BhHE Fye i IXR — R3 % F(%g)(t, A) =)+ () TEFRT 5. Fye (t, \)
AR, () ZBAR, BB L2 to WL THEOLNDERR v(t) + \(ty) ZBHRE
PER. A0 ZAHPRMEFNICETDH 2 X 5 BRI F, 0 (¢, \) ZRIRE R,

MRERIED Flye)(t, \) DAIBHT®H 2 2 & ORBETHEME, FED te I IINLT,
det (¥(1),£(1),€(1) =0

BERDIDOZETHS. £(t) RIERILL, €:1— 5% % £(t) = £(1)/|€(t)|| TEHET
. RO te [ITHLT, £(1t)=0THHLE, Frolt,)) & (—Rfbanr) &

ETHBLWVS. Fiz, EBOtc I ITHLT, £) A0 THDEE, Fpeot,)) 133F
HREMNTDH S0, Flot\) PIFEENTSH S & %,

y(t) - £() U

£(t) - € U

TRRENZ HRERIERL TR, ot )) ORREOBIREHER ECHMS 2
A)

HHIENTVS, FHERSENTHE L E, Foot ))& (—Lxhr) $ETH?
WS, AIEEIIAEE, HEm e SR c I nNs ZeBRLsNA TV

£ U Hh i & 3EANERIC SR T 2 HERRHR
Zﬁﬁﬁ“ﬂi Pt = il o fL s ghm & 2Bk sk 3 2 MEPARR 2 /85 5. Rl Z%
XHk [8, 10 ZBHDZ k.
3.1. M|
P ZBEAR (v, v, 00) : T = R3 X AIZRLT, m?(t) +n%(t) #0 G p(t) #0) &
L, 2221 8281} 5 Frenet 7L — 24 {t(t),n(t),b(t)} Z&EZ 5. P ZHIFROHEA
iz T CTERT 5.

EE 3.1 (Emdh@m) i FD,: IxR—-R3 %

o(t) =~(t) -

PI%@A):7@)+%%%NO+AM0
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RN FD,(t, \) 3P BE»DKECH 5. ERHHE FD,(t,\) ORERORD
R FIILT o@D TH 5.

FIE 3.2 ([8]) (1) fEAHE FD,(t,\) PHEETDH 27D ORBETIEME, EED
teIWNMLT, 7(t) =0 DD THS. QFEEDtc T ITMNLT, 7(t) #0
55, BRI FD,(t,\) 2 CTH % 72 DRMEATHEME, EED t € 111Xt
LT, ot)=0DWHIDZETHS. ZIT, o) Ik

a()r(t) d (@(t)f'”v(t) - d(t)ﬁ(t))
k() dt K2(t)7 (1)

o(t) =

TH5.

8 3.2 BeBWVT, ERHE FD,(t,\) OFifERR e U CTHEMERICHK T 2R E
ERT D, (to, \o) PESHE FD,(t,\) OREETH 2 Z L ORBLEF 5L,

a(ty)k(to) — a(te)k(to)
K(to)

-+ )\07’(250) = 0

MDD TH .

3.2. $EALIKICHR T B HERAHR

PN Z AR (v, v1,00) 0 T — R3 x AR LT, m?(t) + n2(t) # 0 (e pa(t) #0)
L, 221 HicBIF 5 Frenet 7 L— 4 {t(t),n(t),b(t)} 2EZ 3. ¥z, TED
te I WTMLT, 7(t) A0 DD LD T 5. M ZHfROBEMBKRICHK T 2 MM %
UFCERT 5.

EF 3.3 (IEMEKICHR Y SHERR) ik SE, - 1 - R* %

B a(t) a(t)k(t) — a(t)k(t)
SEy(1) = (1) + 2hn(n) - LG Oy

TERT . B SE,(t) & ~(t) OEABRICEHAFRT 3 MEEAR & M.

PERIERIC IR S 2 MEPHRR SE. (t) (3FEARER D FuD O Wi Bl F D, (t, X) D
e LT o MR TH D, O rlaEliiRTH 2. Bl FD, (¢, \) & #Efl
BRICHR Y 2 MEbAtR SE,(t) R RFAENIZIT OBRY D 5.

IR 3.4 ([10]) (to, No) ZFESHHIE FD,(t,\) OFEME T 5. (1) i FD,(t,\)
DRI (tg, \o) AR T TH 5 Z & DRBENIEME, to DEMEKICHK T 2 HH
FARR SE,(t) DIFRIRTH 222 TH 5. (2) FErithE FD,(t,\) DFFRA (tg, o) 23
YNXDRETH 2 Z & DREF DML, HEMEKICHK T 2 MEER SE, (1) DR RA
to W32 HATTHEZLTH5.

XZZT, BRATBIE (u,v) = (u,v%03), YNKXDREIZX (u,v) — (u,3v* + uv? 403 +
2uv), 3/2 WAL t— (2,£3,0) IKZh2n A FERBEHRTH .

PEERIC R 3 2 HEPARR SE, (1) &Y ¢ € R3 THED r € R DK S2(e,r) =
{xeR||x—c||=r} KEUTOREFRID 3.
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#EE 3.5 ([10]) HEMERICHIRT 2 MG SE, () 2WEMRRSIE, HEEM ceR® &
HELIFEER r € R BFELT, ~(t) € S%(e,r) B D L.

8 3.6 ([10]) MfHIrTRERNAR ~(t) DIERISED T L CR%ETH 22 T3, ZDL &,
BRI SR 3 2 MERARR SE, (1) BERTH 5 2 L OREIEMIE, H2EM c € R
L HBEER r e R BTFIELT, y(t) € S%(e,r) BEHIIDOI L TH 3.

Z fth, FEEARR OB, SR OHEEAMRE X OHEEARR & T O KRS BRI 72 B Stk 7z
CIEBE 8, 10 2o k.

4. FTHRR & AARehm
AREITIX, Fefh & difR AT R & IR 2 F 3 5. SRS E Sk [12) & [11]
EBIROZ L.

4.1. FiTRhER
Peft iR (v, v, 0) T 5 R A RRLT, 56222 ficB3EERX 7L —
L {v(t),w(t),ult) BEZ S, BT ZROFTHRELI T TERT 5.

EE 4.1 (FITHIR) FTROVER AR\ {0} LT, #hif Pv]: I - R %
Py[v](t) = (1) + Av(t)

TEETS. it Pv](t) Z v() D v(t) FADOFITHER 2 .

Py[v](t) = M(t)w(t) + {a(t) + \m(t)} w(t) THEH5, v(t) & Pyv](t) DERHRA
ZMLD 1 DTH3. £z, to B Pv](t) DFEMTH B Z &t OME+EMHIE,
U(to) =0 ¥ a(ty) + Xm(ty) = 0 D LD e TH B, —RIT Py [v](t) 1ZFAHTATHE
HFRTH B L ER 52w, R, LIT OB DRIEFBIFET 5.

fad 4.2 ([11, 12]) HZ2HANT bl n: [ — S2 DFEELT, (P,[v],v,n) 2SS
XM TH L Z e DRBETIEME, D5 o I - RPFELT, EFED tel
CETRHRVWEB AR\ {0} &L T,

M(t) cos p(t) — {a(t) + Am(t)} sinp(t) = 0
MDD TH5.

AR 4.3 midE 4.2 XD, Bishop 7L —24 {v(t), w(t), u(t)} AL T, (Pyv],v,w) &
P E IR TH 5.

4.2, B4R
PEfP ZHIAR (v, v1,00) i T > REX AIIXILT, 55222 filcB 271 —
L {v(t),w(t),plt)} ZEZR L. BN EHROERMEZ LT TERT 5.

T 4.4 CESEE) M NS, [v]: I xR - R® %
NS, [0](t,A) = ¥(t) + Av()
CHEHET B, HHE NS, [0](8,\) F (1) D () O ERHE & 5,
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NS, [w)i(t, \) x NSy[w]a(t, \) = {a(t) + Nm(t)hw(t) — M(t)u(t) TH 25, v(t)
& NS, [0](t,\) DEARANZ v D 1 DTH 5. F72, (Lo, \o) D5 NS, [v](t, \) DRFE
MTH 2 ORETSEMIE, alty) + Ami(ty) =0 & Nl(ty) =0 BEHILDOZ &
TH3. —HIT NS, [v](t, \) AT ATREHIE TH 2 LR S 720, FEEE, UT 4%
B D5MEDTFAET 2. HA & dhilm & P aTREHI I O FE I O W T B E TR 6] %
SO L.

i 4.5 ([12]) B2 HMRZ P n [ xR — S? FEL T, (NS, [v],n,v) :
IxR =R x A BRATERIETH 2 Z & OE+EME, DB o IxR >R
DEELT, TED (t,\) € I x RIZXLT,

M(t)cos p(t, A) —{a(t) + Am(t) }sinp(t, A) =0
DD TH5.
AR 4.6 miE 4.5 XD, Bishop 7L — 24 {v(t),w(t), u(t)} LT, (NS,[v],w,v)
BT EHiETH 5. 2ok E, NS, [v|(t,\) EAIRETH 5.

AR NS, [v](¢,\) ORERLE (RXIETF, ARTA, YANXORE, B RATIRK
XIEF) ORHEANFEZE [12] 220 . RELEORHEATESE R
3,17, 19] IZBF 2 HIEEZEH L 7.

5. #ZARFMIC R T 5 MERR & HRR

AREICUE, P = iR ORI R T 2 MEEARR & B EZHN T 2. FEESE X
Bk [12] zZRoOZ k.

5.1. #EARFICHR I 2 HERRR

PEfF Z IR (v, v1,00) 1 T — R3 x AR LT, 2 2.2.2 HilcB1) % Bishop 7L — 24
{vt),w(t),ut)y BEZ 3. /=, FEDOtc I1THLT, m(t) #0DBEHIIOET
5. P =i oM kT 2 MiPAfR 2 A T CER T 5.

EEK 5.1 Hiif CE,v]: [ - R3 %

CE[ol(1) = +(0) — S ol

TEFRT 2. R CE,0|() & v(t) D v(t) HROERMICHRT MEEERE L .

BN SR 3 2 MEEAAR OB, [v](t) 1 v(t) J7IA OB o Huh O B TE AR
NS, [v](t,\) OfftEfRE LTHRONZHETH D, BTIIFTREIRTH 5.

AR 5.2 (CE,v],w, p) BREHRTH 2. 2720, {w®t), p(t), v(t)} FEAMC
H3R 3 2 MEEARR CE, [v](t) @ Bishop 7 L — ATl W,

SEATHR P, o]() O () HTEIOEMIC HE T 2 IS L o+ ) & F LR ~ () O
w(t) FIEDBRFIC kT 2 I B 3 (A 5.3) .

B8 5.3 ((12]) CEp,u[v)(t) = CEy[v](1).
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5.2. B
PP E R (v, v, 00) T = R AT LT, m2(t) +n2(t) #0 (e a(t)£0) &
T 5. B =R O HEIRE I T TERT 5.

EFE 5.4 BEEINI tge TITHLT, #ift L[t : I - R %

L)) =40 - ( / alt) dt) e

TERTS. R L[t](t) Z ~v(t) Dty BT 2 R & 5.
BHRR 1, [to] (¢) (FIERIZZ R AR O MR O BRI —(LTH 5 (cf. [2]) .
AR 5.5 (I[to), & p) BT EMIFRTHZ. 22T,

n(Ori(t) —m()v(t)
m2(t) + n(t)

TH5. {€&1), w(t), &) x p(t)} FHBAFE I, [to](t) D Bishop 7L —ALTH 5.

6. X T2V DR

RETTIE, PP HIR S 2 G L (HBROBIR, HEREFYIC Bk 2 SRR L (R
BOBERIMEOBIRIC OV TN T 5. SEIEBE I [12] 2BHO - &

g 6.1 ([12]) WP ZHIRR (v, v1,10) 1 T — R3xA & Bishop 7 L— 4 {v(t), w(t), u(t)}
WCHLT, mt)#0 &35, TOLE, lop,pt(t) = () — (alto)/m(t))v(t) HIK
JRVACH

R 6.2 ([12]) BAF 2R (v, v, 00) : T > REx A WXLT, m?(t) +n?(t) £#0 &
T5. ZOLE, CEI.,[tO][_H/](t) =~(t) N AIRVASH

fitd 6.1, 6.2 & D, REZNZFED T T, HAFNCHERT 2B CE,[v](t) Z &
B HRVE L ARBARR L, [to] (1) Z & 2RIED D 2HOHRIETH 2 e d. BB, #
filpRiz oK 3 2 MERARR SE, (1) & HIBHRR I, [t (t) DBIfRIZE &g,

A Y FOVHIRR v(t), HERFNCHR T 2HEPARR CE,[v](t), HBHRR 1, [t0)(t) DR
REOBGRZZZ 5.

EIE 6.3 ([12]) HHFEEIER (v, 1, 0) 1 T — R3xA & Bishop 7 L — 4 {v(t), w(t), u(t)}
WKHLT, mt)#0 255, (1) AV F IR v(t) ORES t, 25 3/2 W AT TH
% 2 OB M, to DHEMPNCHR S 2 MEPARR CE,[v](t) OEHIETH 5 Z
ETHB. (2) AV IR v(t) DFRA to 23 4/3 WATTH 2 ODBETD
S, MM HSR S 2 PSR CE,[v](t) OFFRE to 23 3/2 WA T THSH LT
H5.

XZZT, 4/3 WAL E t— (£3,14,0) 1 A [FAfEREIRTH 5.

EE 6.4 ([12]) BTEHIAR (v, v, 10) T = R3IX AWK LT, m2(t)+n?(t) #0 & F
5. iz, t; BMHEIRR L[] (t) ORBRTH 2T 5. (1)t 234V D F Ul ~(¢)
DIFAIRTH 5 Z & OB, WBRR L[t (t) ORES ¢ 23 3/2 AT T
HHIeTHD. (2) FVIF LR ~(t) OFRERES ¢, 253/2 DR T THZZ Db
B aZ, WBHRR I, [to](t) ORER ¢, D3 4/3 HIRXATTHZ I TH5.

£(t) =
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KA, AP RS 2 MEPARR & BAAR DRI OB fR 2 & 2 2. Fef S iR
(v,v,v0) - I — R x A & Bishop 7 L — 24 {v(t),w(t), w(t)} XL T, m(t) # 0
LFB. COYE, BEMFICHRT B M CE,[v](t) O vep(t) 75160 BT

NSci,o)locs](t, N) = OB, [o](t) + Mvop ()

TH5. 12721, vop(t) FHEAINCHEK T 2HHEPAFR CE, [v](t) @ Bishop X2 ML TH
%. NScp,wlvee](t, ) ORR[OBIIHHEITD 2 2 XROMEPARR CEcp. jv)[vee)(t)
WEoTRIX=XfIFEh 5.

—77, PP EMER (v, v, ) T - R3IX AWRXILT, m2(t) +n2(t) #0 255, Z
D x, BRI [to](t) D vr(t) = —p(t) JTTAIDIEKRERE X

NS [t A) = Lfta] (£) — Apa(t)

TH5. NSL—pl(t,\) DFRRDBUIFHERTD 2 AV & F MR v (¢) 12X oToe
TR=ZMFEND. NSL o [—p)(t, \) FIAEEHVZARETH 256, NS;_ 0 [—p] (I
R) 234V 2 FIOVHHRR v (t) QKR ~(t) + A\u(t) D —8FT % (cf. [16]) . R
HHTE DRF R A [13, 14, 15] RETH LI FABEIATWS. Do EL2F D5 L,
DTFoRA72750%155 (K3). 72720, RERHNIRELSZHR L T 2 MEEEE
EZTe I DI,

%
z
‘]’
=,

=
-
2,

N SE., [v] [UE]

anea rengurs
anfea remnguis

vr-evolute

=3
3,

[‘/ [tO]

involute (involute) (involute)

X 3: $ZEARFNC RS 2 MERARR & HRBRAR O ik ih i o B £R

Bl 6.5 BRERTOAF) B& (v,v1,10):[0,21) = SPXx A %

3 1 3 1 3
~(t) = Zcost — Zcos?)t, Zsint — ZSinSt’ \/7— cost) ,
3 1 3
vi(t) = ~1 sint — 2 sin 3t, cos® t, g sin t) ,
3 1 3
Vy(t) = 2 cost — 7 608 3t,sin’ ¢, g cos t)

TERTS. (v,v,v) FRAEHRTHD, FVIFALTL—2 {v(t), n(t), u(t)}
¥ Bishop 7L — 2 TH 5. %/, FVIF LR y(t) OFRER =0 & 71 3/2 %
2T TH5. ZDrE, L&A 7Y FOERTRNEILTOEY TH 3 :
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o vy JTTAIDIERRINI @ NS, [b1](t, A) = () + A (t)
o vy JTTAIOFEAEFNCHIR T ZHERAR & B, [11](t) = v (t) + tantv, (t)
o to =0 IZBIF BRI © 1,[0](t) = v(t) — V3 (1 — cost) p(t)
FEARMTE O R R AT OHEE L EH 6.4 XD, UTA D D,
o NS [v](t,\) DRFEE (t,\) = (0,0) & (m,0) ¥ H R FIKKXIEF
o NSLlul(t, A) DFERA (£,0) = (0,0) & (m,0) YR DR
o [,J0O] DFFEM t =013 4/3 HRT

FECORFR B X OERRHTE, AR S 2 MEEAR & B OBRIIK 4 ¥ X
5 CHIHKR 3.

X 5: ZE2r BN ~y, (v, 1,[0]), (7, I,[0], NSL 0 [pe])
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HEOHOHRMY XU B DOWT
AR B (KIR TR TAAE)

1. U ®IC

AFETIE 3 ZouBkIN DR VH DS Lo PFIERFRIRZ 5 2 2 HiffiY R V2 L v
BIEICOWT, ZORERCOOHDOMEZZE Z 5D h, P Alexander ZIHA &
WO A ERmE ENZITEIELD), £, ZOEFBICL > TEREHIZES
N300, EOLI)BECHVPHHLZETH>»E N0, Lo f#EIZ O
TfRonZffzmwE LET.

2. NV RFIEEHY IRV ER

FEOHIZ 3 RICBRIA S NIZH D IAIENROVTWE ELET, 2 oDFfEH &, k13 53
D EZHEOACHMESR ¢ To(k) =k LA2bOPHFET 2 LEAUBTH S L
W, kel ERLET. TREL 2 UEOH ko, ky IRTL, b(I x I)Nk; = b(I x {i})
(i=0,1) ZWi7zTHDIAL b I X[ = SEBHBELET. b(IxI) & ky & by D
RNV EEWLY, BIZh EERLET. b DAED by & ky DRSICHRITS L &,
FEOHK =kg Uk UOb —int((kgUk)Nb) % ky & ky DINRHIEWWE T, & &
ky Z7HEL, NV FE B x {1/2}) TRIRLZIREVHFET 2 L E, b % BABA
YREVWET, BB ANY FICK 280 FANE ko & Kk OERER kotiky 252 F 7.
2ODIEW KO HOEMATRI NSO HZERBOHE L vV, GERHOHET
ZWIFHWALZFOHZRBRBOBE L e E T, £/, AL m+ 1 HOHY
H ko, ki, -, kn WL, AVRICROLHORDE I NV By, - by, ZEUD T
b;(I x I) Nk = b;(I x {0}), bj(lxl)ﬁki:{ bj(fwx {h 8;2 (i,j=1,...,m).
% Ob; DEE ky & k; DISICFEFT 2 & &, #OH

K = Uk U UL 0b; — U int((ko U kj) N b))

ko & ki, ook DINVRFIEVE T, ZOGHIINNY FPEBRL I, AWK
DoRWRD K I %3 RouEkik Hy, -+, H,, WEET HLEEZV0ET !

B0 &) So

sy FRIOH I3 F OB
1

AHFZEERHFE: (FUER S JP16K05162) DK% Z T 7= b DTH 5.
* T 535-8585 KPR IEIX KE 5-16-1 KPR T3 K T4
e-mail: tatsuya.tsukamoto@oit.ac.jp
Ly nbb, HO(kUk) =k &7% 2 3R7GERkIK H 23EE.,
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DI ko=k & mEAOAHLZIEONH Oy, -+, 0, DNV FRIZEZEFT, DL E,
K k2o URYEETHON L VW0ET, £/, Kk IZURY - Q>O—4
YRTHBEW, K>k EELET. FICEPEHBPRBOHTHZ L E, K ZYUIR
VRUVHEVOVLET, YRy - ava—4 Y2200 TROFERHH 7

FA8 2.1. (Gordon [Gor81]) > 13 S® NOKUHDEA LOFIEFEARTSH 5.

GREIDY R VAR 1ROV RV ERTEIINSE Z EBHISNTHWEDT, >
(VHRy - ava—FrR) T EHERARZEZLET. Ko TP/H2.1TIERN
PRI D 2O E) R E R D £, VRVERIZE VLT, AWIIZbo
m D 2 XM D,,--- ,D,, % 0D; =0;, DiNk=0 (i=1,--- ,m) T, NYF&
ENERCREWIICHT (VRVERR) TROZEHICD T, ZZTEANV DL E
ML ) RVEREEZ 1 2P Fat ) Ry A2 BMYRYER &0 F 3 [KST16]
(X3z2H) ., ZLCK Pk »oHREIOHEGMY RV A THONE2LE, Kk
BHYRY - Ay A9 YR THB LV, K>k EERELET. Bk P HWALEY
HThz L%, K 2EHURVECELVLET, >, bR EHERERZMZ LT
D, IHICRBPED L ET, T ITHOH k 2RI A E D sk, s
Hif %, &k O Seifert BIE & 2\ F 3, Z LTk D Seifert BADOFEEDR/IMEZ k D
BEE w, gk) ERLET.

T 2.2, (BAMEA-BA KST16) K 28 k o iy R A clons L &,
g(K) > g(k) DD 32D, I HICRIZFAETH 5.

(1) g(K)=g(k) (2) K~k (3) BMYARVEFZ2E2 5/ FIZEY
iE>T >, 1k S NOREOHDOES LOLIEFRGRTH 5.

¥72, Zemke [Zeml9|IC k> T K >k %61% g(K) > glk) THD I LRI NT
WET, EoT, K>k»D2k>K Thh, I6ICK >k £i3 k>, K Ththt
X, EB22 XD, K~k &RDET,
[EERADBIRE] K OFEEL g = g(K) D Seifert i E 2>5 k O Seifert #hi F Z{ED %
¥. D=D,U---UD,,, B=bU---Ub,, €L T, E I int(DUB) LEWMIZLD S
ELTEL, i lZOWT EN(DUY) BAVIZRED S RWIilleMArS %0 7,
ZDLE, RPBZEEEZBOLTEND =0TEND; I3XRD X RINCHEZZT 2
ERDEIICTEEY. 2Z T % D ENVFEDREDINE L ET.
(1) a; N Yi = 8@1- = 8% VG% %E}I\R Yi (2) a; U Yi %%EU Dz J:@Fﬂﬂ%%?ﬁ%ﬂ)ﬁ Pm+j

IR T 1 ARZTHY, MR OMEUETY, §28 F=FU(DUB) I
k Z2BRCRD, pi=a; Uy & LTRRE p1, o) o Pty o0 Psg ZRFD, 130D
INENTHAICY. 22 TKI2D K ) I D et L, NI p 2SI F — D,
TOEFZWBRE 2HROMBETHEZ T2 FMz2T) &, XOVITN»Ickd £7.
(a) HFERIBUIZE O 6T, D 1 7205,

(b) PHEASEERT F, DVYERI 115,

(b) DA F, ##ETET. COLE, F, OFEDY 0 7% 613 HofE ol Lb
59, IE&GIFHEIIMD £3. ZOBRMFEZEEVIEL, k D Seifert Hhl F 215 % 7,
2fRICHBRM O MY R ZIE 1 RIORMY) A VAR TIEEBEINEE A,
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Pm+j A >

X 2

CICFOMEE g £9T5L (a),(b) &0, ¢ <gTI®Eg(k) <¢g <g=g(K)ZE
9. £7%, 3)=(2)= (1) IFHS DT, (1) VRV IDELTE % g=g(K) = g(k)
THHEICWDET, ZDOLE, ¢ =g LR2DTEMA p, FlIZK pj = a; Uy,
(i=1,---,m) IZ2WT (b) T F, |2 XILIKEICHD T, s m HDER
fizMwT, Bl RV EB252 5V FORHHTH S LRI NET, O

Bl RV ERICB VT, & b 1L, b(I x(0,1) &5 5 D; HME L DFFFEL
T, M) R UEBOERLD, ZOME i —j FERHEEERD, &l
o:{l,--- ,m} —=>{1,--- . m}, o()=j
DEFED 7. o WKMEWLTH 2 Hiflil) R VA2 MEM LY, KRERO RS
Z2ZDOBEVLET, EEOEHIZAVICELZENEROEICTHRINS DT, B
#5225 DUB=(DiU---UD,)U((biU---Uby,) IFXRD L) IToEINE T :
DUB = Uj_(D’UBY) = Uj_, ((D{U---UD}, JU(BU---Ub), ) (my <mp < -+ < my).

CI2TH DIUB E my BIOWIEENERE) R VB2 52 £ 7. £72, (my,ma, -+ ,my,)
ZZOBLEVWLET, HIZIEFEOH 94 & 104 ZZFNZFN3, HHZEOHD?S 3 8
DYIEWHHEY) R B L (1,2) MoHii) R A clong 7.

X 3

RIZ m BIDBERHY RV EWIC X 2BOLEEZEZET. 0 7 o LD
bioi({1/2} xND; ELET., ZLTC Dy =D ELT B % a; & apy ZIINHIC
Fib, a1 206 a; ~"DAE%RFFO D;Ub; FOHEREZEDZRVGINELET, ZDL &,
BrUByU ULy BAZFDODWEFEONHICAY £ (K5 2K) . ZofivH 2%
) R AROBEHEOR g EMOE T, T2 ERXPROIE ET,

TR 2.3. (BAIES-BA [KST17)) K 28 k 206 m BIOWENHEA Y R 2B TR 5
NBEERBEY LD, 7721, |z =max{n€Zn<z} TH5.
m+ 1

(1) g(K) > g(k) + LTJ (m=1%2 8 & k25958, £71xm>2)

(2) g(K)=g(k) (m=12" 8 & k d3%7HE)

EM23 XD, N NPHBERYENREMGY RUERIE, 1 BT & kEBgEEL T
WA I b ET.

SEECHD 7 Vi [Rol76] ICfiE> T 7.

67



He8 P e — v RY YA (20214E8H A v I 4 VEE)

2.1. BV RV EREHFEVCBHDORE

i) R BB Lo TR OCHBE o N 20 L W EE2EZ 2 3. © 2#0H
K LREWIIC 2 R TROZERMELET. K—YX D2ARDIMEE, & EL, v %2 KN
D2 MAEMICFHOACREZD WY EOIlE LET. yUg (i = 1,2) DIEAHLRS
VHTHRLE (AXIFEAFEA), L %2 K OPBEREE VL F3. NV F2EY
THRVHH) R UEERFRE X, BOoNAKU0H K BWETH L0, £72iE, K OfF
BEODRRAN DUB L3802 X200 ET, MA4LIFETHVLEMY RV EFD
HTY, FEOH E OBBER-> TS IMEEZEZLDbDE —k ERLET,

EIE 2.4, (BAIEAIZA [KST18]) fiVH k 2> 6 REPHNHEMY) K VK THIk
fOH K 236024618, K I1& 318(—31) £/ 415(—4) TH DO, k IZHYZH
UCHTH 5.

[&%ww%pr%Kw\%%@kLi? Y DUB EREBINICR D2 ELET. &
POV T S =SN(D;Ub) FHEVICZEDL S R WIIPHEA»S 2D £5. Ry sEHE
ZI S LT S sz 0D; — b, & Ob; Nk IZKE, a i EZNZENL 1 TR
b%%ﬁﬁlﬁ#%ﬁ%i5ﬂ??i?.&%@&6@,%@%@awlbﬁb%®ﬁ
Sig1 0 T, W TRTD i IZDOWT S 40 &) T, Y R E»ER
DTEN(DUB) AP THD, SI1ZODUB)—k LFEAL 2HTEDLIDT, ZOLEK
X 18P 2T, ZDEE, kUMDUB) BXK4GD4EDIZRY £3. BEIELR
DTk DEADNRIZFZNZNERHZES TICo4d3n, EHIRINE T, O

@ @9 @) .

2.2. B IRV EREHEVHD Alexander ZIER

fti "H D Alexander &Iﬁf Ag(t) 1F £t (s € Z) 52 AL L TE £ 2 86R% Laurent
ZHAAZLRTT, BT Ag(t™)) = Ag(t) ZWi7LET, 22T = 13445 (s € Z)
AL THELLWILZRLET. DL K>k o XRELHEA f(t) ZH0T
Ag(t) = A f@) f(tY) ERINFET [FM66] [Gil84]. I 512 K >,k B O IERDE
B 25 Z2ffioT f(t) ZIRNET A ENTEET,

EIE 2.5. (FARMEA-BA-A [KSTI21)) fSVH K 5 0H k 226 m BoOwERH]
My RV B CHOND LE, R IO,

Ag(t) = Ap(®) {1 =)™ =t (=t)P} {1 =)™ =t~ (=t)" "} (2.1)
CCTLIFPEERSOH B &k LDREARE, plZ BDONANYEFDIEE PGHEATD O
Mgz EEd % & SE PSRRIV FOKRETH 3,
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B ZIEFEOH 105, IZAHLEECH O 226 3 OIS HEE) R 2R oE o E
T (W5/k). ZZTBDIKDNYEDIL O oiEATD OMEEERT 2 L
XHEPSEAEITEDIE by T RDTp=17TF, £7, WEHEOE 8 XK ED X
ANTHDDTO EDMAEL X —1 255 Alexander ZIHXIXD X H 1% h £,

Aqog, (1) = {(1 =) —t (=)} {(1—1t)> —t(—1)*} = (2= 3t +3t* — ) (1 — 3t + 3> — 2t%)

10g7

3. EfEURV#EUH

AETIEED LI Y RUBEOHI MY RUHOCHTH 202FLLET. 7, K
REDZ) LTOY R VEOHBIXTHMY X UHETHTY, LeALRHEE 10 DY
RUFEORHD I B 103, 1099, 1035, 1048, 10103, 518(—51), B L T 5ai(—5o) (X HFLY K>
MO HTIES D FHA, ZRE 10 LTOHMY X UEOHD Y R F 2 AKRRICHERE
TWET,) INzRTICid Alexander LN A (t) &2, BARKED 012745 X9 1k
BULL 22K A(t) 2 6BoN2H6(K) ZZAET. Ax(2) #0 DEE 6(K) %
A (2)| DEFEDIRKFIBE L, Ax(2)=0DEZIF 6H(K)=0ELET,

F 9 1029, 1045, 5:5(=51) IZDOWTHEZE T, G2(10g) = 11, 65(1045) = 91 = 7 x 13,
52(518(=51)) =121 =11 x 11 THBHDT, X (2.1) X h TN o FHMY RUEONHT
B DL ET, RIZ, 103 1035, 10193, 52f(—59) ICDWTEZET, oD
Sy DIEIZ 1 2DT, X (21) »SIRHETEFEA, ZNTND Ag(t) I TD XD
272D %9,

Ajo,(t) = 6 — 13t + 612, Aoy, (1) = 2 — 12t + 212 — 1283 + 2t4,

Aqgy (1) = (1 =3t +3t2 =383+ t4)2, Agypsy(t) =4 — 12 + 1762 — 1243 + 4¢*
CDTEERDAIE 3L XD, ThobHMY RVETHTRWI L) £7,

8 3.1. (BEAEA-BAA)I [KSTI21]) HifY) R U O0H K 2% 6(K) = 1 22D
Ax(t) £1 ZWte 5513, &2 HRE n 12O TRIKY L.
Ak(t) = (1 — 6t + 112 — 6t° + t4)" (3.1)

PESTRBEEI0O LT DY R UAEOHIZOWTZEM Y R U H D £ 9 2> Alexander
ZEAZ 2o THETEE T, Lo L Alexander ZIHAL T TIXHETE 2\, H
f Y R VRTOH TR WY R URFVH D L £ 9 [KSTI21].

E2AT, HHLZKECHD S m BOWSNEMY R EHL2 T 2 HGREIT->THS
NHHECHZ m BOFH) RUEOHEFRET, oL E, BE2HAE m, n i
D2WT, mBTHY, o nBMTHLHEM) R UVFCHIZHFET S TLEID? TN
KDV TUERDFERZEF T E T, BRFNE 3,4(-3,) 2R ST, T
410226005 LI 1 TH) 2 BITHH D £,

EE 3.2. (AR MEAZBAAIN [KSTI21) fT°H K 23 m B> n MO R i
UOH (m>n) TH2%61E, (m,n)=(3,1), (3,2), (2n,n).
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[EERA D] K DITFI Ak (—1)| 2R E 9. X (21) 226, m Mol K £
ZREOH k12T ERERTOH B & k & DA DEEIC L D 75U (2m — 1)2
fif (BB , (2m+1)2 65 (& H) ShFT. AHLEFECH O T L |Ap(-1)] =1
BDT, Km0 n OB R UREOHZ S IXFEARER o, b, ¢, d DIFEL T
A (=D 1ZRDXH 2% £,

(JAg(=D] =) @™ =1)*2™ +1)" = (2" = 1)°(2" + 1) (3:2)
BIIMBAD R REDEAIFHFEL W L2 o XRDOAEZ AW TEMPRINE T, 22T
ab #0726 P(x) Z BB v DRRBOEA L LT P((2m-1)*(2"+1)") = P(2*"-1)
THHIEICHEBELTFI L, -
W 3.3. (1) AN-AH-FA [I1Y04], (ii)(iii) FEAR-ER-FEA-G [KSTI21]) HR%
M, N IZDWTRDLD LD,

i) PRM —1)=P2N 1) Bl M =N
(i) P2M +1)= P2V —1) & 51X (M, N) = (3,2), (1,2)
(iii) PM +1)=P@2N +1) (M > N) % 51¥ (M,N) = (3,1)

3.1. 7Ly Y z L#EV'H

MOH%Z 1 aiEAEHE LT, 7Ly Y 2 Ui&AH P(R) =P(ro,r1, -+ ,m) 1 0 B4+
DBBDMR = (ro,r1,-++ 1) TEEBH6LED K I RAgAHTT. 2 DORLMZ
n+1 KDV TORVERZEZNIEOLYS L), FEED i (1<i<n)lTHL
P(rs,Tiv1, - s TnsT0, -+ »7im1) O P(R) EEUCETYT (K64H2M) . P(R) D H
THHEE, R=(rg,r1, - 1) EXRD 3 DOMDLT NI £

[T ) n (XEECT, ro, 7y, -0, 70 DR CHEETH 2 S DIEHELD

[IIBY] n (ZFFECT, 1o, 71, -, 70 DR CIERETH 2 D DIZMELD

& n \XMEECT, & (1=0,1,--- ,n) I3

RMPXM (X=LII,1II) ®L &, P(R) BXMELNFET, AT IO Ly Y=
WSO H (¢ Z#BEE LT P(qg,r1,7m0,- -+ ,Tom) EHEET) IKOVWTEZET,

Al

ri>0 1:<0

P(TOaTh'" ’ P(2,—3,3)

X 6

FTIMD R = (q,r1,79, - ,7om) D’EIKIEL ZH S i ITDVTry = —1; THDEHLE
ERVVET. RICGHEMTMEELIE m=1 %206 THL LEEZ VL, m>1%&6I1F
HRIT, 222 g, ri ZEUDBROTZ Ry = (q, 71,70, -+ i1, Ty Tikts Tigas - -+ 5 Tam) P3H
EMHECTHLEERVOET, ROMETHET 1y = —1, THZEE, P(R) D1y &
Tig1 DLEDPS 1 O2DDFVORDDTTRTOLI NV F b ZH 7. 2L TP(R)
Z P(R)UOb—int(P(R)Nb) LT 28 (74vavivwnEd) 2179 &, 7k
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L7e7Ly Y 2 Ufii‘H K, = P(R;) EHWARBEOCHZHBET. §5L R bIEHERA
BTT2s, MU LI K, IT74v>avEiToT, HWITHEEL-7L vy 2 Uk
OH Ky, & 2 4% @E%&%&H%Hi? DUNFRR DI FZ D IK L T, A\WIZoy
HEL2Z2 7Ly Y 2 VEEOH K, = Plg) =0 Em O OHWALKEAHZHEET., YR
VEEOHIE 7 4y v a v ERMEDTo THHZEAHICTE S D DEDT, R PIHE
e IRV y v 2 VECHIZY RV HTT.

}? IIIIIIIIIIIII éﬂ/ﬁ” E;%ﬁ —2 Eg%i - ;EE;
M M T4y M —

Ti Tl =T
X 7

ST IIMT R OHEDOMEED 3 DEE[GI11] & R DEHOIEAN TR T L T
25547 [KST20b] 122w TiE, 7Ly Y 2 VEEHZY) R UEEOH TH % 72 0 Db g
DEEPBENTUE T, F, HIRT R OHOMEED 5 D4 [Mill7] & TR
A [Lecld] 1220V ThH, FRTD ¢ IZ2WT |ry] > 1 &m")%{ﬁF@T R QDI OVFF
ZETFLEBEEEIE SN TOET, 2 P(R) = Pg,r,r, ) B AR VA
CHPEI D |r| = || T 2EEDIHE—#EIC Mb#ofbiﬁh.b#bﬁ@i@
@z%?hﬁ}%iﬁi?ﬁ&R’ (q,r,—r,r',—r) IZHR D EF. [HICOWTRD K
PRI TOuET

F48 3.4. (Lecuona [Lecl5)) I D 7Ly 2 WO H K = P(R) = P(q, 71,79, *+ , Tom)
(|ri| > 1) 23 RUFETOHTH 2 MEA35M1, R PIBERETHS I ETH 5.

a, s; % 3 L EDAE, a=1,11,37,47,49,59 (mod 60), s = (s1, -+ ,8m_1) & LT
Rus ZRDEIICEDE T

+1)?
Ra,s = <_<a 9 ) y @y _a_2751>_517"' 7Sm17_5m1)

ZITC, Ry DHOMARFEZZ LD m+ D)EATXR TS R2E68%E,, L L,
E=Upsbus ELET. PR 3L IOV TROTDHEIHFENTOFE GO,

EH 3.5. (Lecuona [Lecld)) R = (q,r1,72, -+ ,Tom) W THRT, |r| >1(G=1,---,2m)
EL, R¢ELTD, ZDLE, P(R) VR VFEOHTH 2% 61T, Riﬁ@ﬁ«
BA 2 THURHEBEIC % 5,

R SHDNAEZ 2 THUITHEREIC 2 5 TR L v Y 2 VO H P(R) @ Alexander
ZIHANIRDEM 3.6 Z# DB L HTRoNET,

EE 3.6. (B-BA-NH [STU21]) K = P(q,r1,-+ ,72m) & [ ’7L v Y 2 UEEOH
95, £, 50, (1<i<ji<2m)ICHL, rn+r,=0THsET5, DL
E, k=P(q,r1, -, Fiy-o Ty o), 7 = |ri] & LTRDIRD LD,

A(t) = Dg(t) (1=t 4 411> (3.3)

I AE T AU OV THHBD PRV LI N T ET,
SERL 3.5 OHISNENE a = 1,11,37,47,49,59 (mod 60) 2% a = 1,97 (mod 120) ¥ TUHEI N TV F
T [Mil17], [KLS21].
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EH 3.5 DHINDFENH P(R,,) @ Alexander ZHAITDWTH, ROEM3.7 »3
BonTwsDT, EH3.6 ZHEDELHWTRDL I ENTEET,

2
EIE 3.7. (Lecuona [Lecl5]) K = P (_(a z D L4, —a — 2) DEE,

L1+ 1 (a4 12
A== 571 !

INSZHWT, IXRTD AL || >1THEITHRTL Yy Y 2 UFEOCHIZDOW
T, HAY AR UROHZIRET S ENTEET,

EIE 3.8. (MO-BA-NH [STU21]) I B 7Ly Y 2 WS OH P(R) = P(q, 11,79, -+, Tom)
(|rs| > 1) 23HHY RV FENHTH 5 72D DME735ME, R 2NEEARET, 2207
RTD i WZDWT || =3 THB I L TH 3.

[FERHOOMEE]) K = P(R) Z i) R URECH L L £ 7. @ 3.5 BN DFENH P(R,.,)
® Alexander ZHAKIIK (2.1) DBICRE LW I LDWIRE DT, R¢ £ TT. ko
TEM3S5 XD RIZHDOWANEZ Z THUDEERTT2 6, EH36 1ITXD Ak(t)
BPEOENET. L Ax@®t) B (2.1) DIBICRE 2L 5IETRTD 1 1IZ2WT || =3
B ZEDREHTEE Y. LAD> T, HOWANEZ Z TIUEENRTTIXRTO
i DWW T |ry| DEICHE » TT. koTq WD R DHEIEE r & —r 25 m T
ERD, RDVPHENRTHELILEZRTILENTEET. oMt >wTIE R 25
KA DT iy = -1 E%5 i DOV ET, 6 |ry| =) =3 BDTK
& Ky = P(R1) = P(q,71,72, "+ Tie1, Tis Fig1s Tig2, 5 Tom) 258D X ) ICHHHY
FUEBRTHRONET, £/, R BHEWRZLZOT, ZOfEEZ m HiTAIE K &
Kn="P(q) 6 2 BMOYPEENHHEY X V22 m FiT-oTRoNSL 301D 7,

R el
S 33

N—_—

(t—1)? (3.4)

4. BHENDILER

RABIEM 2.2 DA HNDOINRICAIN TAREZEZ 9. #§AH DM Z3DO0LTNT,
2ODfEAHE 0,01 S DIE ZROHCHMEESR ¢ T o) =0 %5 DIPHHET
2L EZRAUBTHL LV, (=0 EERLET, plHOET 2R OMAE ¢ ITR LT,
¢ REFUCR O E O o vk, BHERER D Z R Wil 2 ¢ @ Seifert BHE & V2o
FT. KRS DB DM %E Z D Seifert HHOEE & W FE T, F/, £ D Seifert
M OB OR/IMEE ¢ OBEE W\, g() ERLET. 22T L D Seifert Hif23
i ) 28RO K EE ¢ DIFEFEE E v, v(0) ERLET (1 <v(l) <p)
[Gol70]. L7535 Tl D Seifert Eﬁﬂ@@;@ﬁ?ﬁﬁﬁ F1LE () ATOEZELD 7.
ZLTHr (1 <r<v0) L, r HADOHERERT % FFD Seifert W DL D /Ml
0 Dr (UEBE VY, () EELET Hﬂ@@@fﬁn FFEE A 28 2 3SR AL
Z1OTFT20TO<gl)=g' () <PU)<---<g?’OW) D FT. TDLEE, X
NS AV RVAZS:
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EIE 4.1. (AR5 A [KST16][KST17)) #&AH L 2M5HE&AH ¢ 26 Hifli) R v £
TRONDEE, v(L)<v(l) BXWY g"(L) > g" () DD (1 <r <wv(L). 5
I 0 DEGTBECH 2% SIERIFEMBTH 5. (1) v(L) = v(l) B2 ¢?W(L) = ¢"O(¥)
(2) L~ ¢ (3) Hiffi) R EWa 52 53 FIZHH

c
& W

X 9

N
<
17/

o

X9 D#AH L LiAH 0 1F g(L) = g(f) = 2 TT23, ALBTEHY LA
[KoST14]. L723->C, EH 22 13 ZDF FDIWTEMAHICOVTURDLE FEA,

10:HA1Y) R HEOHCTH 2 KEE 10 UMDY K U H
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OB LD R—> 25 > AHIIEEE v
VTV T 4w VMBI AN AL F —
WA — (UK ISR T RBISERN

I

1. FF&m

FAJR & Schapira i & - TElR X - @ /T BRI EABOE—ABHmE DV 5D D
T, ZRELEOEZ RN T TR RERN TR BRI #2528 T
JEDFE LW 2 AlREIC T 5. Z OMEmIIIRM D A OMERICimZ L, D INEEHEG
PRERAGRR EISH SN TE L. 14, NadlerZaslow [NZ09] & Tamarkin [TamTg]
DA ELZIICHE LT, BEAEHEGRTZS > 7L 7 7 1y ZRMIGH T 20
BPEANATONT WS, RIFHETIXGE 2 RIZEHRICR > T, Tamarkiniid> > 7L 27
T A ZRAANOEHEERN 7 7 a—F - FEHE & IR & oLL[E ML [AT20a] T
BNTENIN =T LB AV F— DRI TR Y 5 2 2 FEICOWTE
32 TFETH 2.

2. BREAFEBERICHITIZTIroyO8

Z DHEITIEMR & Schapira i & D Bt S /- RIFTEHGmIC O W TS 5. #ERT
JEEERICBWTHRDEELZMZO—201k TBICHT 3RS 2idd3s~vAf70h
EWVWIHBDTH5S. 2 TIEFEARNL SR [KSW > T~ A4 7 BB DER & AN
HZziHd 5.

TPREICEHT 22T 5. ARETIEUTkEHRE T3, MHEZER X ISHLT,
ky CEDPKkDEBEE2HS5DL, Mod(kx) TX EDOkRZ MLZEROE (ky INEE)
DRTT7T—NVEZHOLT. BEFAEEGRCIIERE TYELEZL2ADPELTE
D, 2ZTHZDEZINEVDP(ky) = D’(Mod(ky)) TX EOkRZ MLZERDJED
GREXREEH DT, BUREZEDD & T, EREOMODEKTFTH % Grothendieck
DNEFE @, RHom, f~', Rf.,Rfi, f* (f: X = Y IIH#GER) DEF 3.

SNEBIZIZADRWHEEREA TH 2 aRER Y —IZO0WTHLHHTS. Z
TUIHIRGT DS HG - 25f - A TH 202 AR DOEBERMETHE. 22X D
PATE TSRS, F € Mod(kx) &3 5. X OBEREREGVITHL T

Lzev (Vi F) = Ker(I'(V; F) = I'(V\ Z; F))
={se'(V;F)|supp(s) Cc ZNV}

YEDD. TR, MGV = I (VF) 3EEZED S Z e DEPDON, ThE
I'7(F) € Mod(kx) £ H 50T, BTF I,(x): Mod(kx) — Mod(kx) X EZLEEHT L
25DT, FOHEREKTF RI,(x): DP(kx) — DP(kx) DEZX 2. DKM %
RI7(X;F) = RI(X;RI4(F)) £ &%, jc ZWLTHL(X;F) = HRI,(X;F) &

ARIFLIEHFE (FREES:15J07993) OBIKE 2172 DTH %,
2020 Mathematics Subject Classification: 37J11, 53D35, 55N31, 35A27
F—vU—F D @EREEER, T ¥— EEU

* T 113-8654 RURHE SR KA 7-3-1 BGKY: KABEIH S T R 7R

e-mail: ike@mist.i.u-tokyo.ac.jp, yuichi.ike.1990@gmail.com
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BOWTZRZEEZFO XM arErnY —IER. U=X\Zt3$5, %BL2=A
RI;(X;F) = R[(X;F) —» RI(U; F) =5
HEONSE. aRERY—ZHIUIROEZERIINELNS !
o > HL(X;F) = H(X;F) = H(U;F) - H'"(X;F) — - - - .

FoEZAD D VEIREEEYNS, RILX;F)EU = X\ Z LoUliozEfe X
2R LEOYIMOEMDOITNE D ODT Z e sd. FHZ RIZ(X; F) ~ 0 THhiUudHl
BRENCOWTHEE RI(X; F) = RO(U; F) AR Y 2. bR Y—Tid HL(X; F) &
HI(X, X\ Z,F) £ &N d I enZ\.,

DARE B £ £ TG R D720 C° i ERIE LOEZZ 2 5. ZHAE X 1IN L T,
T T*X > X TXDORERzEzHODL, 0x TZOXREWizHobT. £k, XO
PSR ZRRA M LT, XD M IZHT 2RERE T, X THOLOT.

DTFZOHIOREBETX 2ZHEL TS, BO~A 70/ 8 IERMIECE ZIXED
ARERY —ZFBIHNRTERVRGTAZDH 0O T RERDHWIEETH L. £,
RAVBEDERE G R, TORTERPEERNMEZT > TVW2002HHT 5.

E#&E 2.1. F ¢ D°(kx) DA 2 OE (microsupport) SS(F) C T*X ZRXTEHKT 3 :

MpeT XWpgSS(F)TH2 X, pOT*X NTORLEREUDBFELT,
TED € X EEED OHBEE p: X = RTdy(zg) € U%HMiZTHDIC
LT R o pae)) (Flay 2 0 8785 28 EW S,

RAHRE T EEZEZTVWBDTSS(F)ETX OHER (Rog DIEFTAZE ) D5
B,

LA 7 0BDERDKFFE ZERANCHAL LS. pe T*X\0x & L Tp & SS(F)
DEMEEEZD. BERD UPREL TS 20O EBDIE dp(zo) 3157 pllibv e nd
DI e ZZTIHEHLT, 20 € X & C°HBAE p: X — R % x9 == 7(p) »°
D p(zg) = 0,dp(zg) = p&iiZz T LIS, ZDLZE, {p=0}Ez DLFETHDS
g e 72 D, fEE {e < 0} 3BT {p = 0} DR 20 ITBWTHA ZIEHRAR S bv
p =do(zg) ZFo (M EIZ2ZM) . Rl (F)y =08 WIHEMFFaRERY —%
BoTEZIUR, EEDj e ZITHLT

lim H g (V3 F) =0

zo€V
THHZLMETHS. ZZTVIIXHNDz DREEE D5, HfarEry —
DEFERINEEZ L, ZHUMEED j € Z12x L THIR 54

lig H(V U{p < 0}; F) — lim H ({p < 0}; F)

zo€EV zo€EV

(BIRRIC & D [RE72 A3 R I E IR G G ling 1Y (V; F) — lim HY (VN {p < 0}; F))
DRETHZ Z e LAMETHS. KMEMLToOR EnZ2SRE L. 2%, ZOFEME
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I {p < 0} ITBI2FEEDaRER Y —HHI—ENp ODFANCHRTE S %
ABRTWS. FHEEKSI]TIE, 42788 areny =B LRVWRTAOE

&1 eREINTVWS.
/ p = dip(wo)
v

N
ARGE ¢

\
\

{80 < 0}‘:
X 2.1: peT*X, #B{p <0} BITV DKN

Bl 2.2. (1) 0OCRWEHFTELRE FISLTSS(F) =0x TH5. WIZF € D°(kx) D
SS(F) C 0x ZWi7=3 72513, EEDj € ZII LT HI(F) XRFITEBETH 5.

(ii) PAXA[0,1] EOENKk DEREDOX iR TER S NS R EDOF K € DP(kg)
EZ LS. ZOBOYA B3 U TORPIE2D LS5,

TR

R

2.2: SS(kjo,1))

(0;1) € T*"R23~ A4 Z7aHBICAD, (0;-1) € T"ROBASRVEBZEHAT 3.
F3(0; 1) IZOVWTHMTT 212, YA 7 BBDERDPD (—o0,0) & TN W
e > 0ITHT 3 (—o0,¢) LYz HERNUT LW, 22T

RF((—Ooyo)Sk[o,l]) ~ 0, RF(<_0075);k[0,1]) ~k
TH3. L7do>T, 0IBWTKEDHAIZARER Y —2FRFICHRTE 2
WOT(0;1) &= A 2788 SS(kjp) ICAS ZERTD5. (0;—1)ITDWT B [FRR
WEZZ IV, SEIEZ /NS Ve >0 LT

RI'((0,400); k1)) @k, RI'((—e,+00);kp)) ~ k
TH5. ®ZIZ, 0BV TAHDAMIZIZaRER Y —EFAFICOU S DT, (0;-1)
i~ A 7‘31%88(1([0’1]) WA,

(iii) (i) D—MfLe LTRERT ZEDTES. ¢: X - RZCHKEHL LT, 1F
Bz ey (0) I LTdy(z) A0 THBEIRETS. X DBEHDEES U L
ARG Z%2U ={ze X |Y()>0}L,Z ={re X |y >0} TEDS. T
2, UBXUZ LOEPKkDERHED X NO¥uitkky B L ULk, IZDWT

SS(ky) = Ox|v U {(z;cdip(z)) [ (x) = 0,¢ < 0},
SS(kz) = Ox|z U {(z;cdi(2)) | ¢(x) = 0,¢ > 0}
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A, DO VEANELLREESES LOEREDO Y vk~ A /7 nfA
R TIEANE =, B EA LOEREO Y RO~ A4 7 0B8R T
WA= I2HN 3.

(iv) M % X OB 2k 55, 2o X, SSky)=T;XThs. ZIUIKMH
NI M 2 HEATANCHEI L &R T aRErY -2t TE22 25 >TWA5.

kT4 7vBd TRICET 2R A) 250l s 2 LD, ZhzHL2ITT
5DPROEMTH 5. FPEBEKy DHE, fl2(1) L EOET NFEFMEEZ R
RUINIBMEGDARERY —IABTH S LI MR E— AHERD 3 R E
0y — B3 3 FRICHIET 3.

EIE 2.3 (BRFAE—XDMHE). ¢: X > RZCVHBEK, a<beRU{+c} & T
5. I5ICFeDP(ky) 2L, RERETS :

(1) pl&Supp(F) LEHTH 5.
(2) FEDx € o ([a,b)) 1T LT, dp(x) €SS(F)TH 5.
Zorx, flfRS RI(@1((—00,b)); F) — R (9 ((—o00,a)); ) IXFAETH 5.

T ZTIRFEL 13BNV, Grothendieck D/NEEZE L 220D~ A4 7 0h
BHEEZHSHIOE 25D~ A Z7uiZflio Ciliis 2 Z EAR[RETH 5.

3. DTV I Ty VRANDORBERN T 7O—F

Z DHITIE Tamarkin [TamI8] IZuZ T 2> > T L7 T 1w 7 R0\ O )& Pl & Hqm
M7 7 a—FOERBEEICOWTHHT 2. Tamarkin B ¥ 2 2 TOEEEMIC X H &%
WD ODAURY VEDTEEDR DS Z L R EHGHINIRT ZENTES. X512,
Guillermou-Kashiwara-Schapira [GKSI2] iIZ X2 NIV 274 YV P E—DERER L
PHWS Z L TRERADANAINL =7 >V OEH % Tamarkin BI2HH EiFsh sz &
bt 5.

DTHRBETM%E (227 s 2R S2V) #iERERDOR WK T 5.

3.1. Tamarkin DS EEEIE ([TamlR, (GS14))

Tamarkin (38 DERE 2> 5 Tamarkin B D(M) ZHERK L, £ Z TOHNDOZERMZHW
TT*M D20 a vy 7 MNERENLZD S Z & 2t 3 THEEM 2157, AN
BIZATTE, T"M ©ary 7 PR E AN LT/ 7na08 ACEaEN5
DP(ky) DETE DY (ky) #E X, —0oDa v 7 MEDEA A, BITH L THDZER
Hom (DY (ky), DY (ky)) 222 Z & THEEF T ANBZFARZ NS DDTHS. L
HL, BOXA 7 uBI3EICHIKTH 205, —BOMRTIEZRVWa Y 7 MERIZ
ML TEZOEMZE T A 7T 73 EF L @rwn. 22T Tamarkin W R U v 71i%
JRZERNC 1 2 e TR L a v 7 MG Z#HIRMEL TM xR, LOEZEZ 2 &
WISDTHS. (0;8) TT*M OEFEREMEEZHHDL, (t;7) TT*RDEHENRE
REEEDHODT. ZLTT MDAy Ry MEDES A LTI, Z20#c(A) =
{(x,t;6,7) | 7> 0,(2;€/7) € A} CT*(M xR) I~ A4 7 0BV EENS DP(kyrygr,) D
HAEEEZZDTHS. T2, T"(M xR)DHFDQ, = {r >0} F¥yCc~4nm
BEEZADRENRD 2720, RO X SITHIE {F € D" (kyxr,) | SS(F) C {7 < 0}}
THlo 7B (BETEE) 2Hv 5.
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E#E 3.1. Q ={(2,;6,7) | 7>0} CT*(M xR,) 5 %. TamarkinB D(M) %
D(M) = D"(Knrxr,; Q1) = D (karxr, )/ { F € DP(knrxr, ) | SS(F) € {7 < 0}}
TEDD. T"M DAy MR EE A LT, D(M) DIk Da(M) %
Da(M) :={F e D(M) [ SS(F) Ny Cc(A) ={(z,:,7) [ 7 >0, (2:§/7) € A}}

TED%.

LTI DM) ZEREOFE L UTERE LD, FEEOE E TIEROIREICR 2
ME23% %. % ZC Tamarkin [TamI8] 13 ® 2 5T 2 HWT D(M) % D(kyyr,) D
TR E e A—R L TRz 7o/, 20T 2729212k D(M) ¥ ZZTOHD
ZERDINDNE B BT 203, T2 TEFELIEALRY. ZOHOH T
— AL [GST4]  BEE X

D(M) DFOESE % FAWV T Tamarkin D D EEEF DO FFTWIEIIRD &k 5 13RS N 5.
98 3.2 (Tamarkin O77HEER (550WF) ). A, B T*M D20 a v ,7 Mok
ael, ANB=0CRETS. ZOLE, EEDF € D4s(M)t G € Dp(M)ITHL
VC, HOIIlD(M)(F, G) >~ 075352 b _\J‘O

ZDMEN S, FeDy(M)¥ G e Dp(M)TH>THompu)(F,G)#0TH2DD
EROFNZANB A0 THZZehnmhs. RiZ LEOSEEHIZLI T CHAT %5
WED S HEEMD S90S . MREMEERTII2TONRE—HIZEE LTHfK-T, 1
LDXA 7 BRZEHNDL I THRARAIZELS b WS FEBLICHWSN S, 22
THHDOEE Homp)(F, G) 2B T 282 W TOBEEM 2R3, EFE, Tamarkin
E D(M) 1ZPE Hom BRF Hom*: D(M)® x D(M) — D(M) 25, 2’

Homprr)(F, G) ~ H°RI o 100)(Ry; Rg Hom*(F, G))

CHOEEREETEIEARES. 2T M xR, - RIERADHETHS. &
e Z X, Hom*(F,G)IZEMAEINZ Grothendieck D/NEE Z HW TR SN 5729,
ZORA 0B FEGO~YA 7B TiHMliAREETHE2E VWS e THS. ZOA
BB Hom BF-% W T Tamarkin O 0 BEEEH DIRWEIZRD K 5 1IZAR5 N 5.

EHE 3.3 (Tamarkin D 77EEEH (GRWE) ). A BZT*M D_>Da 7 otk
atl, ANB=0YRETS. ZOLZE, (FEDF € Ds(M) & G e Dg(M)IZRL
T Rq, Hom*(F,G) ~ 03 D 3L D.

A D, —f%IC A & B OIEE T OIREZ LIC, EED F,G € D(M) IR LT
RI'(R; Rg, Hom*(F,G)) ~ 0 ¥ %% Z e dVRE 3. 512, REANB = 0 LJFDH
HicBF52~A4 7 0B 0iHiizH\WS &

SS(Rq. Hom™(F,G)) C O,

LRBIENF v 7 TES. WA, Bl E() CHIALEZ & ¥ R, SAHETH B &
EH 5, Re. Hom*(F,G)DaREnY—JHIER, HERMTHS. b 0eabis
¥ Rg. Hom*(F,G) ~ 003860 5. O
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32. NSILLVTA4Y FE—DEBEFL ([GKSI2))

Z T TiX Guillermou-Kashiwara-Schapira [GKSI2| IZ K2 NIL 74 Y PE—D
EEFLICOWTHNT 5. KEEICEANIA N TAY N E—DF 7570V a0
7R~ A BN —HTZEO I ERETLETY, 5 OM TIIFEL — Ak
MEFH XN TWA. FVNEI TR X S5~ A4 7 aBi3ik7aeDT, 22 Thb Il

FTAYME—DT I 7ML TERZRBEDRDH L. UTTIDT 7=y I
DVWTHHIDLFH L FHAT 5.

T*M DFRIFFTERE (2; €) % FWT, Liouville 1-f6:\0 % 0 := (£, dx) IC X D ED 5.
I ZBAXR [0,1] Z&0 R OMXME LEGEEZ s THoODF. H: T°M x I — R%ZF
HEFET a7 bEDONINV VBB E T2 L, KREEET ST M LIV b
YR M Xy, dO( Xy, %) = —dH W EDEF S, TDNINFIRT PABFOD
Ta—% ¢ = (¢pH)ger: T"M x [ — T*M £ EE, HPERTZ NIV 7LV b
Y— LI,

NILVEPYTAY PE— T IEUTOX5126: Q) x I - Qu ICHFRSHS LIF3
YWTES, ZZTQ ={r>0CcT*(MxR,)ThotzZZB0HZS. B
H: T*Mx (T*R\Og,)x I — R%Z H,(z,t;&,7) =7 -Hy(2;:6/T)ICEDEDS. $2LH
WEXE L DFEREARL, TROBEED c e RopgIiTMLT ]Tls(x,t; &, cT) = c-f]s(x,t;ﬁ,T)
ThH5. HIPERTEAINFYTAY FE—¢: T*M x (T*R, \ Og,) x I — T*M X
(T*R; \ O ) IEFROKAZAHICT Z. Z2ZTp: Oy = TM, (z,6:€,7) = (2;¢/7) T
H5:

O, xIT—2 50,

pXid]l lp

T*M x I ——T*M.
¢H

DS QEBERNIN I TAY PE—TH 5. THOBEED c € RoglTHLT
(ES(;E, t;c,ert)=c- (Es(x,t;f,T) N RIRVASR

ZOFRMIZED ¢, DT*((M x R)) WD ZS 738K 75 > 2 2 8 SRk
%, ZOHIKRT 7T Y 2 R ERRIRICT A 7 B AR —BT 2 DP (kg )2) DR
DEET % &\ 5 DD Guillermou-Kashiwara—Schapira [GKST| O E5RTH 5. FEi
WHIFX 5L, BlsTOYD MO0 A 27l e, D7 T 71C—8F 3 &5 Ik
TdH 5 DP(k(rxry2xr) DREMB L7z, O AL LTEPFEONDEZ L
D, RETCTORHICARENICERTHS. ZOHEDO~A 7 uizitidd 5 7-DI12HIR
2750 a8 Bk A; C T*M x (TR, \ Og,) X T*M x (T*R; \ Og,) x T*I %

(2:€) € T"M,
A$ = (as(xat;gﬂ—)a(mat; _67_7—)7(8;_ﬁs O$s<x7t;€77—))> (t;T) S (T*Rt\ORt)7
sel

WEDEDES. HIRILOMK XD
Hy o u(w,t:6,7) = 7+ (Hy 0 ¢ (2:¢/7))
THDZeDEIDLNS.
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EI 3.4. FOWRMNTK € D*(Karxry)2xr) D= EINAFAE L TREG/2F -
(1) ~4 Z7aHIDOWTSS(K) C Ag U Oarxm)2x D RYASR

(2) K s = 0 IZBWTHEIE K|axr)2xioy KA ure, MWD LD, Z 2 THHEF
(M xR)?ONAEE LOELP Kk DEBEDO L RILETH 5.

Log K #5XNINY T4 Y PE— ¢ DBEFL (sheaf quantization) ¥
MR, fHEOOUTTIE K Z o ITHELZEEFLE DR, s € TIINLT
K, = K|(mxro2xis) € D*(Kuxry2) EEDD. 28, K, 2KE T M0 ZEHRIIET
O = K,o0(x): D(M) = D(M) 2T 3. X512, K,OXA4A 27083 ¢, D7 T 7
ThHhdIe~A7vROFHEICED, STEXT M Da > 7 VETEE AL T
BIFDa(M) = Dynay(M) ZiFET 528 bRED. THLTTMADNIN =T
> DIER A3 Tamarkin E D(M) N £i5 EiF oz,

4. PEETRILX —DEIERAVFTME ([A1204)])
BIEIC, T"M @a >y X7 MR EDVRZD 2 T L 2Rt 2 7BREER L T*M ~D 3
Nb=7 v OERAZEOEICED LT3 e TE3BELICOWTHHLE. —
DDAV NY NEEEDILEES D & F 72 72 0 AUX Tamarkin B B 2 5O 22130
Thh, BETLCIZ2BOEBRTEENINLFNVEBETZZENTES. ZITA
INDMUEETIHIOBEEE L ZDOERENL HWVEENLTW S 0% 8D T
N5 ZEPTENUITREC A F =2 FHEGINCIED 2 Z D TEX R EZ . Zh
ZFAT L7 OPREF IR & O FINFSE [AT208) TH 5.

FIDHE AL F—DEREEVHZS. miEFICT ZBAXE0,1] 28T RO
X325, a7 rE8DONINVNVEBH: T*M x I — RO Hofer / VA4 ||H| %

|mw:[{%ﬁm@_mmm@0“

p
TEDD. EHRKTMDD2DaY 7 MRIEE A, BIIHLT
e(A,B) =inf{||H|| | H: T*M x I - RiZa>,7 bET AN (B) = 0}

CED, At BODBIRILF — (displacement energy) ¥ FER. e(A, B) = +co 85
WEEDHIZMLTANG(B) #0, 37205 AL BldnHEAAIAE (non-displaceable)
TH3HILICHERT 3.

T3V —iHER D FERE BN 2 72012 M x R, EOFATHENDFHET 2 D(M) 12
BUI2FICOWTHHATS. cec RIHLTT,: M xR, = M x Ry, (x,t) = (2,t +¢)
TR, AFANDFTREERr HODT. $58, FEeDM) & c<dIiZXLTDM)
B BIREN G 7 0(F): T F — Ty FEES. ¢ M x R, — R, TR, NDHH#
HobT e REWETE, F,G e DM)IZH LTI Rg Hom*(F,G) € D(pt) & &
BEDZDND, ¢ <dITHLTD(pt) BT 25t

Ted(Rg. Hom*(F, GQ)): T.,Rq. Hom™(F,G) — T4, Rq. Hom™(F, G)

BEED. ZHE7.4(G): T..G — Ty,G P HFEINTH e —HT 52 e RE 5.
DT VD b, TIVF —FHlEBIEIRD kS idsh s, AEFD=OH
DARFEBIE Hom* B D(M) 1B 2HOEEGEEIET 22 o0,
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EIE 4.1 (A VX —iHliEH [A1208]). A, B%Z T*M D_DDa > NROEEL
T5. ZOLE, {TEDF € Dy(M) & G € Dp(M) T LT, %X

e(A, B) > inf{c € Rxq | 70..(Rq. Hom*(F,G)) = 0}
> inf {¢ € R | % Hompy) (F, G) — Homp(un) (F, T..G) 3FHTH % }
I RVASH
FRZ, EED c € Rog iR LTy o(Rg Hom*(F, G)) # 078 51X A & B35 HERATHE
)

THd. Zhhd &b O Tamarkin D7EERATREMEEM (Tamarkin [Tam18, Thm. 3.1]
DFRTHD, EFINIZDERNZINRE AR T IENTES.

Bl 4.2, EH 0% AW Rt AL X —FHEiOf Z —DAL LS. M=R"2 LT
T*R" ~R™%2EZ2%. (2; ) CTT*R" OKIBILHERS > TV I T 4w VEER D HD
F. 5™ ={(z,y) e R"XR | |z]2+12 = 1} £ LTV Y MRS Z5 2P al3Dirsb
12 8™ — T*R™, (z,y) = (z;yr) ZE X 5. EEEIZHWT, ZOEDAHLDE(S™)
DIBETHNVF — e(o(S™), (™)) DFHEiZ 52 &5, f: 5 = R, f(z,y) = —34° &
DU, A0 = df T80, T OFREME f 2V TR™ x R,
DEEAE T RE Z %
2= {(ot) B xR | el < 1,50~ ol <t < 30— al)?

YEDTC, FZ LoEPKkDEREOX 0K, $4hbb F =k, € DP(kpnyp,) &
5. 55, HlE(il) TRAYA Z7e807HiEiL D, FIED,gn)(R™) DXNREED
525, m=10GEOKRIIIN 1 & 12 %2 SR X.

¢ t(S™) ! %

K41 m=1Dk ZD (™) K42 m=1Dr EDZ

CONMRFIINLT, ZZRAGENHATREL TEZTAHARI

c < %)

5)
ERBIEDNHB. EHIT, TOREZEEL THompgm)(F, F) — Hompgm) (F, T F)
POBEINIHFNI0 < ¢ < 23N LTEEERTHS. OXIWEH 1 XD
e(t(S™),u(S™)) > 2/33F 6N 5. ZHiX Akaho [Akals] T7 L 7 —HEmICE X
SRTWAFHiiE R TH 5.

FH X, b3 LA BT Z2EVENMFETIUIA L BODEEZ R ILE¥ —D
FHENPIEETH 2 e WD Z R EFRLTED, 20 X5 RBEOFHEIIOWTIXA

IV IA

k (0
HOIHD(Rm)(F7 TC*F) ~ Home(kRmet)(Fa TC*F) ~ 0 (
C
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IR TWIRW, [AT208] 12HE < R & 0 HFWHE [A206] T, Lofl 22—
L TH 25857770 2 EDIAARIIH L TROWI A ILF —5Hili & & X
DEEGEH % 5- 2 % 37 X — ZfF = Tamarkin B DO XTROIMER X 417-.

DIMCcEM o OitFHOBIE 2 52 5. BARNIZIED(M) WHERZEAL TED
NIV b VEEH Z OEEME® Hofer / VAT IZELEIEZ Z L BRT.

E&E 4.3 ([A208). (i) F,G € D(M), a,b € Rsg &3 5. 2O %, #l (F,G)»
(a,b)-interleaved TH % &1, Ha,0: F - T,,G & B,v: G — Ty, F BFELTRD
E R YA BB R AR I

(1) BREF S TG 25 Ty Fid mo040(F): F — Ty F 2L,

2) BHEH G L Ty F 2% Ty, G & 10.010(G): G — Ty, G 2 LN
(ii) F,G € D(M)IZH LT, dpan(F,G) € RygU{+oc} %

dpony (F,G) = inf{a+b | a,b € Rxo, # (F, G) iZ (a, b)-interleaved TH % }
WWEDEHTS. T2, dponldD(M) LOIREHEREZ ED 5 Z L HTEZRTE 3.
AR 4.4. Kashiwara-Schapira [KSTR| (38— X7 ¥ AMEHEO A > 2=V - v 7R
Bt & PR3N S fREPRRE 2 8 OEORME EofiEEt e U TR L7z, ZAUI EOEFRT M = pt
DeZXIZa=ba=208=7EVIFEF2MITinf ZHo72bDIIXINT 5. 1 >

Z—) -y IHl R UEREMOTLES &, BT 2 HOD2 [ ||H,|wds ® int
LoeHMliC&2<72D, EHIDIXD IVEHE LG oML RoTL X D.

D(M) DREE 2O I YV EHOMOEMEEZ S L, ROREIFEII RS,

EIE 4.5 (NI UERICEE T 2 e EM [AT208]). G € D(M) ¥ LT, H: T*M x
I 5RzZayX7 rEONINFVEBETE. 2o, RAERdpan (G, 21(G)) <
|| 23R D L.

FERH OIS, K € DP(Koyxr2xr) ENIN Y7 A Y b E— o ISR L 2B & Tb
ELTC, H=KoG €D kyugr,«1) ZRERD [ D3%o7z K 2t T 5 GO ZEH:
9%, 75k, BRETLOMELBOHAEHET YA 7 080FHii L D HIZRD
TODEME RTINS

(1) H|mxrixfor = G, H|mxrox 1y = DH(G),
(2) SS(H) C T*M x {(t,s;7,0) | (—max, Hy(p)) - 7 < o < (—min, Hs(p)) - 7}.

TROBLHIZGL (G OB SBOEWFETHD, 204 7 uit2BUHIRES
DBZ NI M VBEETHAIENATWS, 22 TROMEZ RT3 -

*ﬁ% 4.6. H Db(kMXRtX[) ) L, S1 < So %]WOD:)*T\Z?—%) H B a, b,T € R>0 4
FELT

SS(H| M xrex(s1—rso4r)) C T M x {(t,s;7,0) | —a-7 <o <b-7}
THLRETS. ok x, FEK
dD(M)(H|M><]Rt><{31}7H|M><]Rt><{32}) < (a+b)(s2 —s1)
DI D SLD.
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Z DHIEDFEIIERAR VD, BHE Y LTk~ 4 7 a3 o2 b el 259
BETHD, TR, x )R OO Z D I HIANZENI B ZDOR, FAD T
7i, TDB dpon ZRH L TWDE Z D BHES.

Lo &Mt (1), (2) 22X, FEEDn € Zog TN LT

p p

n—1
dpon (G, @7 (@)) < L max | (maXHs(p) — min Hs(p))
72D, n— +oo & TIUILHI || H| 1TED LK offmiFoinsd. ZOFEHTHR
25 RERTALATA S R — & [ 2501, 755 DO (ko) DIERY LT
BonTVWDE ZeBHEMHBSDOTHS. O

BBRICEH IONEM AL LMY Z e ZHAL £ 5.
EH A = EF D, 3, BEHOER»S
inf{c € Rxg | 70.(Rq. Hom*(F,G)) =0} = dp(pt)(Rq* Hom™(F,G),0)

RBIEWHERETS. NIV VEBH: T*M x I - RPANGT(B) = 0 2575
5%, 5L, Tamarkin O7THEEHD & R, Hom™(F, ¥ (G)) ~0TH 5. D RIT,
Rq. & Hom*(F,*) I X DR R E S ko hnwz e e gEttes (B em) &b,
AEN

dppy (Rgx Hom*(F, G),0) < dpn(Hom*(F, G), Hom*(F, ®1(G)))
< dpon (G, @1(G)) < || H|

MRONT, THAX —FHliE R & k. O
S5
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COHOMOLOGY OF THE SPACES OF COMMUTING ELEMENTS
IN A LIE GROUP

KH ML (5HERE)

1. I ®IZ

Lie fif G ITX LT, BEAGEE 7 225 G NOMERBIFBR2RD 72322 % Hom(r, G) &
FHL ZOZEMIZIE G OFEHEERDAAD, ZDIERIIC X 5 %22 Hom(w, G)/G &
character variety & FHENL T W 5. X 5122 DZERIIEARED 7 TH 5 22 _EDIFH
GRDEY 274 ZBHIZ—HT 5. Hom(r,G) BE D FHGROER N ZDHEDE
VaTAEEERoT WS, 2D, BRAELYEETORATHD D D, Hil 21X
Kac & Smilga[3] X Witten[13],[14] 51T K2 b DBEITF LN 5.

SHEE 2 nFBERHT =~V Z™ OBE IO S . Z ORRO B AR FIHEEG)
H5.

Hom(Z™,G) = {(91,92,---,9m) € G™ | 9i9; = g;g; for all i, 5}

Z D7z Z DZEE Hom(Z™, G) % commuting elements & FER. Z DZEHOD FRa Y —
BT AT Z N T 2. ZOZEBADT Ta—F D5 BERHDIIRD 2OT
»H 5. 125HIIX Adem, Bahri, Bendersky, Cohen Gitler 512 & o TEA I 7zHP AR
¥ a VAR [1] T, — D Hom(Z™, G) I LT, ARy Y a vkt b Z TS
OPDR=VIZTFRETZ B e RENTz. ZLTIDHEEZH WS Z & T, Crabb
X Baird, Jeffrey, Selick 512 & - T Hom(Z™,SU(2)) DA BRI IR 5 Z 5
N, BRECREn Y —2EHE I [0, 4], L L ZOHTEESREI Nz — v 23 EHE
TH27D, ZhLEDORHERIIFZDE Z2HE 6N THRW. 2 DH DR Baird I
XoTHEZ N Hom(Z™,G) DFMareEnY -t H 5 AEAXIROFH 3] TH 5.
COFEEHAND T & ThA R5Eh 70 2 7. Bl 213 Poincaré ZIHR D NH 2 EH W
7z Ramras & Stafa iR [11], FHarE0 Y —DRENZEHE LA L < Ramras
¢ Stafa OFGR [12], Hom(Z™, G) DEAREF 2 A L BRDOKRE P —HZFH L
Gémez, Pettet, Souto DFGR [7] R EDVDH 5. 2D 7 Fua—F & LTI, HlZIT[2)
TlZ Hom(Z™,G) D 2 XD KE +E—HOFEE G OFHEREHWTE %> T
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W3, F7f7251E Hom(Z™, G) DFRE FE—RBRE L TONE5 2% Z 2T,
Hom(Z™,G) DHEBR T —ITED K 572 p-torsion DIFET B DNz, T DRGRIC
B L CIIAERIR T L LB W20, [10] 2SR L TV 22 & 720,
AHBZEFETIE, LR DOHODOFETH % Baird I X 2 HHGEHaRER Y —DEIE
¥ Ramras & Stafa IZ & % Poincaré ZIHIKDNR%Z X D IEL T2 Z & TR N,
Hom(Z™, G) DWEIZOWTIAR S, 2B TIZZNS DETHILE AN T 5. SETIE
Ramras & Stafa 12 & % Poincaré ZIHRDO N A S LM T 2 5k 72
DA ¥ LT Hom(Z™, G) DHEAEHEICOWTHNS . 4 B TIE Baird I & 2 G#
FEaREr Y —DOfRE VT SO(2n) ZFR < HELEE G 12 LT Hom(Z™, G) D2
RERY-DERRES X, ZONHAL LTRERY —REEDORKEHES5 X 5. 5
BTGP T V720 Lie FOLEICBT 2 Hom(Z™,G) D aRE0 Y —DRMIEIC
BLCTHREEZRNS. 6 BT DL LTSROBFELANS. K#ERROANRZ
ARG & OHEFRBFFE 0] 12D LDV TW\W5,

2. Hom(Z™,G) OFHFEaRET Y — ¥ POINCARE ZIH

ZDETIE, A THWIATHIE RS 5. LI, Lie B Glda > %7 ko
WMTHHEIRETS. ZZTWLODRBEZERTS. TZ2GEOMAN—FX, W %
G D Weyl Bt §%. ¥7 Hom(Z™,G), % Hom(Z™, G) D (1,1,...,1) Z & LRI
FETD. ILIFEIRTHEEDL W OB BEVICERDDT 5.

%3, Hom(Z™, G) ® akER Y —IZBF % Baird DFEREZENTE. WD G/T xT™
NOER%Z, ge G,it;, € T,w e W 2 LT,

(gT,t1,.. . ty) -w = (qguT,w tw,... w 't,w)
YEFETD. geG L, eT LT, ROEB{REER D,
¢: G x T™ — Hom(Z™,G)1 (g,t1,-- - tm) = (gtig™ ", ..., gtmg ™)
ZDEBRIEIRDEG ¢ ZiHET 5.
¢: G/T xw T™ — Hom(Z™,G),

DB BFIRBareEnY —CHAEITH 2 Z LD Baird IC L > TRENTZ. X5
2, GIT x T" ~OW OERBEHBTH 2 Z 25, G/T xy T DARERY =X
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H*(G/T xw T™F) = (H*(G/T;F) @ H*(T;F)=™)"
Y% U EEFE DB ROEHEERS.
Theorem 2.1 (Baird [3]). F 2180 WO VR RAELT5. 20 E, X
DFFIZR 5.

H*(Hom(Z™, G); F) = (H*(G/T;F) @ H*(T; F)=™)"

COEEIEIm =10855, XOFRAE52 5.
(2.1) H*(G;F) = (H*(G/T:F) @ H*(T;F))"

Z D[EANX Shepard-Todd DEH & Solomon OEH & W5 HHMPLAERIGD EH %
HWGE B H 5N TWwW 2. Baird DEFIZ QRO —fRILE RS Z e A TE S 7%
D, AEKGHPRBGH L EDOTHICB VW THHKENSDTH 5.

TIXRIZ, Ramras & Stafa 2 & o> TH A7z, Hom(Z™, G); D Poincaré ZIH D/
ZHTF 5. LiefEGIIN LT, T OgEZEROaRER Y —0 W- AR H*(BT)Y
FZHEARICR 2 Z e SN TWS. ZDOZHEROAEFTTOREE AT b D% Lie
B G ORMERIT e FES.

Theorem 2.2 (Ramras, Stafa [11]). Hom(Z™, G) @ Poincaré ZIHNXIFRTEZ 5

ns.
. 1 4, det(1 + tw™)
Py(Hom(Z™, G)) = W [T =) det(1 = 2w)
i=1 weW

ZIT, dh,. . dy G OBEITETH D, (TR Lie B DREHER 5 2BICREE
INTVW3S,

FEFHE DI TEH 2 5. Z DOFEIAIX Ramras, Stafa DA VI F LD D EIZER B,

Proof. H*(G)T) 3 W ORAZEARIERTH % Z & » 5, Shephard Todd DEI X D RD
W-I#Ee LTOREDLD 5.

H*(BT) = H*(BT)" ® H*(G/T)
WS ERDODFERIBIEONS.

(H*(G/T;F) @ H*(T; F)*™)W = (H*(BT;F) ® H*(T;F)*™")V /(H*(BT;F)Y)
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H*(BT)W W 3XTth3 dy, ..., d, DL/ b TERINZZHAIIRTHS. 612204
&It 5% H*(BT) CIERITH 2 DT, (H*(BT) @ H*(T)*™)W THIERITH 3. %
D78, Hom(Z™, G); @ Poincaré ZIHR T Baird DEHEZHW2 &,

P(Hom(Z",G)1;t) = P(H*(BT;F) @ H*(T)*™)" ;1) [J(1 - £*)
=1

745, ARBFORBIEROERNZLFHEZITS &

1 .
P((H*(BT;F) ® H*(T)*™)"W 1) =7 - > Z (w(r-(BTF)@H~(T)2m) )t
eWw =0

- (St (St

w =0
b, EHIT
Z tr(U)’H2i(BT;F))t2 = m ; tr(w’Hl(T,]F))t = det(l + t?,U)
ThbI e HIEENLIAETHRS. Ko TZoEMIIREINT. 0

COEMZ HWTEKRAIZNS O0FHEZITO &, RD X 51Tk 5.

P(Hom(Z?,SU(2))1;t) = 1 + 1% + 2t
P(Hom(Z?,SU(3))1;t) = 1+ 12 + 2% + 2t* + 4¢> + 1% + 27 + 3¢
P(Hom(Z? SU(4))1;t) = 1+ % + 2¢3 + 2¢* + 4¢° + 4¢° + 87 + 6¢° + 61 + 8¢

+ 6tM T2 4 241 4 31 4 41S
P(Hom(Z* SU(5))1;t) = 1+ ¢* + 2t> + 2t* + 4a® + 4¢° + 8¢" + 10¢® + 14¢°

+ 1310 4 16t + 22¢12 + 18413 4 2141 4 20¢1° + 22416

+ 18tY 4 1448 + 144" + 10t%° 4 1062 + 32 + 447 + 5t
INSDEEFINPSRDZODZ e 2 RTHS Z e HKS. 1 DHIEREXDRIT
M Lie HEOXITLE L TED, TSI ZFDOFRBD rank G + 1 IT—HLTWBZ T
H5. ZOMEP—BRITEDIIDOZ R L. TOZEIEALTIE3ETHERS. 2

DHIMERDIEI 2rank G + 1 X E THREDI—H L TWE R TH 5. Z4UE Ramras
¢ Stafa l2 K o THEZ SN EM [12] K DIE2 0TIV EIFTH 5. ERRICHAZ B
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OMFRTarEn Y —ZENORKEFNIGTETE, FidDEEHITD Poincaré %8
ROLELTWVAHFAYL L TWABI ol 2O B LTIZ4ETR

ND.

3. POINCARE ZIHK DR EX Y RATIONAL HYPERBOLICITY

Z DETIL, BIE T L7z Ramras & Stafa IZ & % Poincaré ZIHKXONREHAS
HEFEHWTEME L, Poincaré ZIHR DI ERDEETRZ 2 65 505 0H % b
N5,

¥ 3 EMFIE LT Hom(Z? U(3)) @ Poincaré ZIHNX 25 HE 5. Ramras & Stafa D
EMED, XOX %R 5.

f[(l _ 42y det(1 + tw)?
= det(1 — t?w)’
3

=1 w

|

P(Hom(Z?,U(3))1;t) =

Bl 212 w 23 E X 3 3K [a] B (1 9 3) DY ERD kS5 IATHRHHETE S,

1t 0
det(1+tw)=det |0 1 t|=1+1¢
t 01

ZDIEPDITHNR D FERRICETATE, L oAU OMDETIERD & 512 EHT
HBZEMTED,

det(1 + tw)?
det(1 — t2w)
wEeS3

(028 (8 () (8
:(—1+T%?>+ﬁ(—1+f%;)<—L+1jﬁ)+2<—1+lfﬁ)

2 2 \? 2 2
—(—14+3-2 1—1)— —3(—=—) — 9
Cres-2 430 -0 -8 () Saip 2 (g

2 \? 2 2
— 3 =) - 9
(1) e+ (o)
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COEtREZR 3 41THT 2 00HDBREDIHTHL Do TV, ZDO XS RITHLIEZ
55— Stirling MR W TEE TSI TE, —fKD Un) IKOWTHEBRDITIHL
B 2. 2D Z % HWT Hom(Z% U(n)) @ Poincaré ZIHAEBH T 2 £ LT D
FRZ1E5.

IEOEEH LT LT, ,

) = T iy
YU EDDEIN= (N, ... ) IRLT
() =an -y,

YERTD. FRROEDEIBTEIN= (A, .., A, ) ISR LT, B
N—— N——

ni ny

9()\) = )\1...)\1711!...71[!

Theorem 3.1. Hom(Z? U(n)) ® Poncaré ZIRIIRTHA LN 5.
2 & 21 - (_1>n+k
P,(Hom(Z*,U(n))) = [J(1 =)D > )

n—1 \Fk

ax(t)

Z OEMIEE—ME Stirling B2 W MHASDOENRFHERZITS Z 8 TIEHTE 5.
Z DFERIE Hom(Z™, U (n)) DHFBETBWTH RIS D LS, ROEEZE 3.

Theorem 3.2. IEO)E@Z k k_ ;(‘:l LT,
m m\K— m— (1 ( ]‘>k 1tk)m
gy, <t> ( 1) (* 1)t( Dk 1 tzk

PEFL, A= (.. N FE<nI@HLT,

q;”’"(t) — t(m*2)(n*k)q§11 (t)--- q;r;(t)
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T, A0 DFELBIX, ¢\ () =t Dn L ERT S, 2O L E, Hom(Z™, U(n)), D
Poncaré ZVEHRIIRTEZ 6N 5.

P(Hom(Z™,U(n))1;t) =

H(l — %) k;n_1 ; (_01();; " (t)  (m even)
[To-ey S Gorane (o oda.
=1 k=0 M-k

CORERZ Y, AIORATERSZ Z2Tm PMEBORICIZZ S DFITH LR Z
STWBRIZ BTN 5b. D& D7 Poincaré ZIHRDANUIMO HEEE ©OF D
SU(n),Sp(n),Spin(n) THFERICHZ Z B TE L. MRIZ [ I2H 5.

Hom(Z?, G) ® Poincaré ZIHADImERXDFHEZITS . HHMB OB EITE LD XS
BINEDBEOLNZDT, ENEHVWE I THET 2 Z AT 5. iSOG E, 2
VB a—&X%HWT Ramras, Stafa DANRZETHE T2 Z & TRD & 5 RAGERZE.
Hom(Z? Go)i;t) = 1+ +26° + ' + - 4+ 2¢1 4 2413 4 3¢

) =142 263 4 - At 485 4 5t

(Hom(

(Hom( )

P(Hom(Z? Eg)y;t) =1+t + 23 4+ t1 4 46t +6t7 + 7™
(Hom( )

(Hom( Co 812 8T 9r8,

T T
o O
B B
N B
&
GGG
I

[a—y

_l’_

%

_|_

NS

w

_l’_

%

_I_

FERIIZ T X TOHOFRBEEFEL TED, [)] D Appendix IZFHEMEREEH LTV S,
DEOHEREZ D2 ROEHESS.

Theorem 3.3. G BHAHITH % & =, Hom(Z?, G) D Poincaré ZIHR D Fm Rl
(rank G + 1)t4m¢

TRINS.

EEDa > 87 b LieBEGITNLT, B Lie BEOM G,,... Gy 2 I b —F X T
MTEIE L C, BIRE G4

Gy X xGexT' > @G
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BHLZZeRHONTVWS. ZDOLEG,... .Gy % GOHMEATF L FER. XD Lemma
23 Theorem?2.1 X D BGICAFHT X 5.

Lemma 3.4. Lie#f G 3 LRt D & 5 R GRWEBEES 2For 35, 0k XXM
BhHb.

H*(Hom(Z™, G)y; F) = ® H*(Hom(Z™,G;)1; F) @ H*(T™,F)

1<i<k
Theorem3.3 ¥ Lemma3.4 & D, XDOEHEE 3.

Theorem 3.5. Gy,...G, %2 G OHMAF L T25. DL = Hom(Z* G) D Poincaré
ZIHADRERIE

(rank Gl + 1) L (rank Gk + 1)tdimG+rank7r1(G)

TRIND.

Rz, 13617 Poincaré ZIHA D@ X DA DIGHIZOWTIEN S . DITOFMAE

b ¥ —EmIZB 3 2 NA X Félix, Halperin, Thomas 12 & 2 &&E [(] 22 L T35, H
G2 X AVEERHIE R O v E, Y, m(X) @ Q DRXITAY n ATht L CTHEEBIRY
AT 228 TH5. FHEREH X PEERBMEZ O E, 3 m(X)2Q
DRILDERTH 2 Z e TH 5. X BPHEFTFIR CW-EKZ o1, AENhMErHH
At rbsor—HOMEZ D ZEPHONTS. ¥4 X EHEMAELZ D
751X, X @ Poincaré ZIHAUIHIGENICR 2 Z eI NTWS. ZOZ e o HM
% & D22 D Poincaré ZIHADERERDFRENT 1 722 Z e 30 h 5. DLED
BHAE b E—FmDRGR & Poincaré ZIHA DGR EOE 5 L ROFMRZ1E 5.

Theorem 3.6. 2> %7 s HUHEAE Lie B G 120 LT, Hom(Z™, G) (3B N %
HD.

4. arERY—DEMITE akEn Y —LZENE

ZOETIE, SO(2n) ZBR < HIEEOHEIC, Hom(Z™, G) O R FER Y — 0%
REGE ZOMRILEON 2 aRER Y —LERDRKEMICOVWTHRNS. &
ZTG =S02n + 1) %A, Theorem2.1 & D F-REarEwa Y =X G = Sp(n)
DEEE—BL, G = SU(n) DHEE Theorem3.4 & D H*(Hom(Z™,U(n));F) =
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H*(Hom(Z™, SU(n));F) @ H*(T™,F) £72%. £->TZ 2T, G =U(n),Sp(n) D
BIZOWTIHRR S, akEuY—BROERMIT:H %

H*(BT;F) = Flxq, ...z,

H(T:F) = Q) AW .u)

1<i<m
YED, H(G/T;F) 4RItk H*(G/T;F) = H*(BT;F)/H*(BT;F)" X hiFE X
h% xl,...xn%té.

Example 4.1. Hom(Z? Sp(1)) D arER Y —BROFHE%Z1TS5. Theorem2.1 XD,

Hom(Z?,Sp(1)) D arEu Yy -
z/2

H*(Hom(Z?, Sp(1)); F) = (Flz1]z/2 ® Ay, v7))
L RENG. Weyl BEZ/2 Dy, yi,yf NOEHZTANT -1 TH 20T, akER
V—ERD X O ITREINS.

H*(Hom(Z?, Sp(1)); F) = Fla1yy, 2191, vivil/ (ziyl, z1yi, yivp)?

ZD XS H*(Hom(Z?, Sp(1)); F) i& {z1yf, my?, yiy?} THEREINTWB 00 5.
RADEHDEE SHAZRNERT 2L, S AZER LD S OEREDEHT

paE =

HEEPAZER LW THD. ZDL ZIHNESCH A LFEEZITS 28 TROE
MZEAT 2 Z R 5,

Theorem 4.2. G U(n) £721&Sp(n) &3 5%. 2(k,I) %
25y (G =U(n))

z(k,I) =
S an TR (@ = Sp(n)).

)0 (z even)
o {1 (i odd)
¢35, ZoxakteunY -8 H* (Hom(Z™ G);F) & {z(k, )|k > 1,1 C [m],k +
[I| -1 <n} TRAIERENS.

CERTDH. ZIZTgld
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CDMRPHANT, arkEnY —ZEHORKEHEZGL ZENTEXS. ZOL ERX
@ Proposition HHTH 5. 5, TN ZHEE ST LT, F(S) 2 XBUT = F-RE
LTS TCTHHERINIZIRE T 5.

Proposition 4.3. G =U(n),Sp(n) £ LT z(k,[) ZEH /2L FRLHDETS. ZD
t ERDER

F{{z(k, )|k >1,,IC[m],k+]|I|—1<n})— H(Hom(Z",Q))

13RI

2n—m (G =U(n))
2n+1 (G =Sp(n))

T CRA 2%,

Z @ Proposition Z HWTEHEZ T2 & G = U(n) OO arEn Yy —LZEHIIRD
2RI ND.

Theorem 4.4. n > m O ¥ & H,(Hom(Z™,U(n));F) — H,(Hom(Z™, U(n + 1));F)
Z2n —m+ 1Ot FCTHRAL X512, 2n — m + 2 KT TS Tl 7w,

FIBEIC G = Sp(n) DEED A RER Y —REHIRD kS5 IcFEXN 3.

Theorem 4.5. n > m O & & H,(Hom(Z™,Sp(n)); F) — H.(Hom(Z™,Sp(n+1));F)
1 2n + 1 ZOCA T CRAY. S 512, 2n 4+ 2 T TR ERETIZZR W,

CITING ODEHTEBRRSATWARWLL < m DBEBFRFEOHETaRE
0y —ZEMEORKREMZFHHE T 2 Z e AEETH 5

5. 97 2 O LIEFOEE

COETIRGHRT > 2 DHH Lie OB AICE T 5 Hom(Z™, G) DarEn Y —BKR
DREE Z A S 5. Theorem?2.1 ZH W TEEZITWELNTZDBRDAERTH 5.

Theorem 5.1. G %22 ¥ 773 2 DHEREHEM Lieff $5. 2D& & Hom(Z*,G) D
ARERY-RIIRTEZONS.

H*(Hom(ZQ7 G);F) = F(ai, a%, a%, ag, by, bg)/(ai, a%, a%, ag, b1, b2)3 +1,
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ZZTIX
biby, by®, asby, a3by, ajby +ajby, aiby +aiby, ajas + alas,
THREINEA TT7ATHD, EBITORITIE
(2041 (G =SU®3))
all = 4i—1 (G =5p(2)
8i-5 (G=0Gy)

(

2 (G = SU(3))
bil = {41 —2 (G = Sp(

TH5.

Z 2T, G =SU(3),Sp(2) DFEIX Section 4.2 TEDERITLLEFH LD THS. Z
DEENPSLIND 3 DDOZEMOARER Y — I RBETHT 2 INTHETH 5.
m=10%E Hom(Z", G) 3 Lie G £ =T 570, Z0akrEwn Y —REIXK %
R TIUIFRICERE TH 2 Z i3 h 3. ZOEHEIZZ DO—BLOAREMEZRIE L
TV,

6. THRDOIRE

ZDETIIINHDOREELSOHTEFEICOWTIHER S, F 3 Section 3 T Poincaré
ZIERICOWTI B I HIEOE S IO AHASDEHRZHWEEE 2T 7. 7
CTCROMENRZEZ NS,

Question 6.1. G DMFINEEDIGE, Poincaré ZIEN A S DEREZ AW TEE T
ZDP?

FA7251F Theorem3.3 T G 23HFl235 51 Hom(Z?2, G) @ Poincaré ZIHA D =X %
KDz, ZHUTGDORILE 72 7 DAITKIFT 2RBLRIETREIATVS. LrLZ
DRFUT T X TOHH Lie BN L TIANSEFT R 21T o 745 R T H 2 7 DR OEERIH
EVLEN

Question 6.2. Theorem3.3 DTN AR FZHI R EFUNI D 5 DH> ?
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Section) DFIFZIZINT= X 512, Theoremb. 1 1T & D — D EHDIFEZRE L TV
5. ZNEUTOESIRBDTH 5.

Question 6.3. G BHALEE, Hom(Z™, G) O FREaREw S — DRz Al L
7ERAEE X G D rank DAIMKIFET 2 D0 ? Z L TZDOREEIZED X HITREIN S
D7

BRICAMEZDONEIZINRT Baird 2k o TEAXINZEH 21 ZHWTITo . #
DIzDARMFETIERET Y —D torsion R EDIEMETINRND Z X TETWVRWL., X
DX BREEIEZ NS,

Question 6.4. Hom(Z™,G) DA E B Y —IZ p-torsion ZFfFD 0 ?

ZDOEIE G = SU(n) DHERZDMN L OhDGE T BEDR L [10]. 20
BRICiE Hom(Z™, G) 2 A€ P ¥ —RMRTHET 2 LW FEEHICEALL.
DFEIE Baird DFHEICHANTEZ L OERZFANL Z e TE R L WVWIHIHTERTY
20, BHTIED S, COFETHOIEMEDSHBED TVELNEEZI TV,
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Bott ZH{AD a K€ v & — IR E
FiF I (BB

B =
Z DFETIE, Bott ZHAD a v Ew Y —RIMREES X 058 a kE0 Y —H
MR OWTHEE$ 5. %72 8 KJT Bott ZREADE aRE R O — I
W, ilHEDEERERE T 5.

1. 7
1.1. Bott tower & Bott Z k(K
FTZOMHEHDEHRTD % Bott ZHAAETEANT 2. 5 nd Bott tower & 1%, CP!-
R
B.: B, — B,y — -+ — By — By = {a point}

THoT, FE7 747V =23 Y By — B 1 DBRD XS ZIRIHEREINEDTH %:
B; ¥ By LOBERIERKE;, & D Whitney H1&; @ & DFEAL P(E; @ £)). Bott tower
WCHIN % B;iE% Bott AL\ 5. Bott ZREK B, 1352 2n RITDOBHZ A Z RRIA T
HY, ERRE, 7B DRECTTIHKITT 5.

Bl 1. Bold 1 5T, By LOXRZ MVHIFEEKRTH 5. L7 > T By I FEEHEZIER
CPYIicMi7s 575, By ld Hirzebruch BE & FEIXAL, fitHENZ 205 5. L LA S
n > 3R LT B, DHEENIINEHERE S 5.

PUTCRE, B, X2 PR EWZIZETEREMRR, HERZ PLRZEKRT 5
Tt ¥ 5%, Bott ZRRARDNEID 2 I MiHE 2 035 2 Z e BHETH 5.

1.2. 3 REOD—[1%RIZE (cohomological rigidity problem) &38R EOT —HI
478 (strong cohomological rigidity problem)

aRER Y —IIAHEFDRE FE—AERETH S0, SERTIIRV. LI LR SHF

ARBICHIR T UITEERE R 2D 5 5. HANZEE LT, FfHEZaRkERY —

KXo THETZIeHTES. IREOD—RIMRIEL I, 525072 RIEDEIC

LT, KR 2 aRER Y -l DO E I %5 D TH 5:

EE 2. AR ZHAEDE M 2 I REOD —[IY (cohomological rigid) TH % & 13,
REfilz3Ze®20WS: MN e MDakreEnY -8 H (M) H*(N) DR 513,
M & NEWAFEHTS 5.

COFETIEaFRER Y — 32 TEERDOH DEE X 20, Bz 2%5% v Uuio
M2 5. 72, MATFEMHETIEZ S FAEPSRE P E—FEE2E X522 TES.

E&E 3. A ZHRAEDOG M P8 IKREOS —RIME (strong cohomological rigid)
THdElF, RefilzdZezWwd: MN € MO arEnY —ROBOEREDFM
o: H*(N) = H*(M)IZR L, MoFEMHEESR f: M — N T f*=¢Zi/zd b DOPFE
35

*T 890-0065 EEVLETAC 1 T H 21 Fh BB S KA LA 2R BIRIE IR E 71 7 F 4

e-mail: ishida@sci.kagoshima-u.ac.jp
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makREn Y —MEIEHSMCaRkEn Y —[lER2EL . 72, BakeEn Y —RiME
THHDETHEMZ, arkeEnY—MtEro FEOM c M akEny —ROH
CF® o H*(M) - H*(M)IZN L TCHCHMPFEME f: M — M T f*=pZHzdd
DOPFET 52 THD. ZAERETIUR, B 20300 & rTRE Az EARNT o 72 3 I
HakeEn D —[{ETHLEZhbhrs.

Bott ZRIAICBI L TlX, g Tcor ZrakEn Y -l SNTES
3 LTICEHEH T 2 L2100 o0 EEN BRI SN TNS.

1.3. W< DOH DS NTWBIER

Z ZTlEBott ZRED a ko Y —MIMERTBEICE LT, AX5HHEE BEDOERWD D% iR
AR ODERE ¥ HICEERICKEN T 5. AT E 2 THREL TWA DI TiERnwZ & 2o
THL.

e Hirzebruch B, 372D HHE4XTTD Bott ZREKIZaREn Y —[{IHETH 5. ~
% CP!' £ o tautological EFRR E L, B 0 iITH L TE, Z P(CHA*) LED B,
[Hirl951] 1IZHBNT X, & 5, 28 (M) FAHTH 2 2L &, a, bOBEFADPFELVWI L
DRMETH 2 Z e ZRENTWDS. —/T, H(X,) & H(Z) DarERY —B
DEENCHRZ 22, a, bOBFDPFLWZ EAFEMETH 2 Z 21, R
Ko TURTZIENTE 3.

o 6T Bott ZRRRIZ aRER Y —MIETH 5. [CMS2010] T 6 XIT Bott ZERiA
Bz, B @ akEn Y — DR DOEFIAIZE — Pontrjagin 28 & 85 — Stiefel-Whitney
HEROZ xR, [Jupl973] W TRI L.

e Bott 1K B, D55, QfF 2 kER Y-8 H*(B,,Q) 2 H*((CP)", Q) ¥ [
Y 2% b D% Q-trivial Bott ZARA L PR, [CM2012] T, TR B2 D
DIEATRENR 7 PAVRD IR | FREEWERIZ X o T, Q-trivial Bott ZHR{IAIXTR
aRERY—H{IETH2Z e RINTVWS.

e X 512 [Cho2015] T, Q-trivial Bott ZHADiEa ke v Y —[IEZHWT, 16
KITBott ZREA T aREn Y —[IETH 2 Z ¥ I8XICBott ZHERIZaRE
oY—MIETHZ ] BRENTWVS.

o [CMM2015] T, ahERY—ROERTE LFL B It ko T, Hikii
REHITFIET Bott ZHAD a2 R E 1 O —BOMOEEDOREIZZ L ZH D Pon-
trjagin FE RO Z L ARINT WS, FRFARICEAROMEEZFHANS Z I
& o T Z/2Z-trivial Bott ZREAKIIR AR ER Y —W{IETH S Z LRI TW
%. Z 2T Bott 28K B, 23 Z/2Z-trivial TH % 21X, Z/2Z- R axEn Y —&K
H*(B,,Z/2Z) % H*((CP")", /27) L AT £ 725 Z e 25 5.

2. %
2.1. Bott ZRMADEFEHFIFREOS -]

Bott tower
By: B, — B, 1— -+ — By = By = {a point}
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IZDWT, % B id By L OEERERRK E;, & D Whitney F1¢; @ & DFFEAL P(&; @ &)
THY, F/EHFRIZFE — ChenFHIC K > THHINS. Z 2 Tld Bott ZRED a7k
ERY—BRIZE, & 7B DF— Chern I & o TIRMINCELIATE 2 Z L 2FHAT 5.

FIFHDIZ, N7 PAEHDHFEIZOWTERELTEL. XRZ MAHKLOIHLT, #
DHEFALE P(E) TRT. SR BEREZEME T 5B n ORI MUVRV L EMR L
WKHLT, TVYABELoVIEV EBROEFELVRYZ MLERTH L. 2o DAL
PWV)e P(LeV)ZHEIZB Lo CP - RTH %503, ZhHOMICIZEARZRFRD B
5. BRa € BIZWL, V,, L #ZNEFNV,LDT7 7 ANX=2 L, L, DOTRWILL%
FAWTHRV, - L, oV, Zv = L@uil &> TEDIUL, TAUIHHZER DM R
P(V,) = P(L, ® V) Z3FE L, Z DM FEIREIE DD FITHKIF LW,

Bott tower IZBWT, % B; & B;_1 L OMERERRE;, & @ Whitney M1, @ & DHFR
LPE @) ThHote., EOERDPDS, DT VY NVBICHT T2 T Y VT 52
LIEoT 1 OHOEMRKIZEAHRC TH 2 LIE LT Mz Kkbiwv. DT, ¢
B LOEMKTB; =P(CaE) T 5. 4% P(CaE;) D tautological HFRH, §
bbb RZEM T B;, R %

7 ={bv) e PCaE) x (Cag) |3 v}

EFPEMKRET L. B - B ZCPL-RTH D, ¥7CP daFERY I3 tau-
tological EARR D — Chern FHIZ X o THEKENS. TDZ & & Leray-Hirsch O EH
([Hat2002] 72 £) 12 & o T, B; DEFE arEw Y — H*(B;) %, H*(B;_1)-IMife LT
1%~ OF—Chern$z; = c1(v;) € B ITk o THERIND Z e bbb, H(B;_)-
e LCoOMEZHET 51203, 22 € HY(B)) SABBTENUI T TH L. R b
WVRC®EDmy: By — B; 1 I8k 25[ERL 1 (Co )il — bilREZ—DOHD,
Wy DEZMEMEZ - £ T5. ZOLET(CaE) =707 THEH 5, Ml
D2 Chern % LT AU 2 (—x; + 51 (&) = 0&1G 5. 1> T H*(B;) & H*(Bj_1)-
& LT
H*(Bj) = H*(Bj-1)[X]/(X* — e1(§;)X)

CiR5.

DEozen»s, B, OBFHARERY —BRIERD X 5 1IiihEhd. X; =70
romiy () € HA(B,) ¥ F4UE, X1,..., X, 13 H*(B,) D ZHEEX 72D H(B,) % Z-
B LTAERT 5. (&) € HX(Bjo1) &Y, mo-omi(c(§) i X1, ..., X
D—IHEE DI i X TREN, X2 =30 ay XoX; 8725, o TRHAMD A0, %

BRADEERD 0 KD L= 1T (a) % T
7j—1

H*(B,) ® Z[Xy,..., X, /(X] =) 0 XiX; | j=1,...,n), degX;=2

i=1
LRIRTES.

2.2. Bott ZEIKICHIL TS B L =F1T7
AIEICREFA L 72 2 2 @i % il o TWIHZ, E=/A1T52 5 Bott tower ZEH 5 Z &M
TE 3. MARDDH0, BRI HERED n XD _E=MA1TH (a;;) \2¥ LT, Bott tower

Be: B, — B, 1 — -+ — By — By = {a point}
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RO ESTEES: Bylx 14, B 3EEFHEGCP T, «\Y ¢ HX(B) & B, ®
tautological EARHR D — Chern & 5 5. B; LOEHRK & % (&) = a12x§1) A
2502 L, By, =P(Ch&) 235, 2P % B, D tautological EHRH D — Chern 3H
Y53 G m: By —» Bl RAWT Y = alV v U, B, LOBEBE G % (&) =
a327) + agrl? L BHDE L, By =P(CH&) T3, ZOBEREDETC I
£ o T, Bott tower T
7j—1
H*(B,) = Z[Xy,. .., X /(X] =) a XiX; | j=1,...,n), degX; =2

i=1
722300 (M FHEZERNT) BN SN 5.

2.3. Bott 2K LD 2 DDREIEER T M ILERD D FE

Bott ZRAD a k-t v Y —[MIEMEICDH Tz > T, ROMmEIIEHTH %:

fnd 4 ([Ish2012]). Bott ZH5kMk B, EOREE2 DR EATRERR 2 FIVIR VY, V3 I2DWT,
Vi ¥ Va2 b Ly LCRERDIE, Vi ¥ Vs D% Chern H o(V4) & o(Vh) A32E L
EEDPDOZDRHICIRS.

FZFE, Hirzebruch I 3, 13RD X 520N TE 5. v1d B, = CP! LD tautological
ERfRE T2, 5, = P(CO®) X, aMBE2k D & A2 27 vy L5y, =
P(EER @8 2152 . —FT (¥ M @®F) = c(v2R)e(7®F) = 1+ 2)(1—2) =1
E D AR AR IZHBITH 2. LIS o TaBEOKE, $, 1 (CPY)? L MO FEHTH
5. aDFE2%k + 1D FBHFERICAPEH 2F VL THUEE, = P(y2H @ @Kk+1)
2182, —HTc(y*ER @20ty = 1 42 X D 4200 @@k i3 Coy v AARITH 3.
L7zD3oTaamD e &, S, 3 P(Cay) EMAFHETH 2. 2hn (CPH? FMET
BN e, BRI R0 Y —ROBICFARNFEL RNV 268 PN 5.

Hirzebruch B, 37255 4 RITD Bott ZRRIADHE1Z EBATIX R VDY, Q-trivial
Bott ZRRADHE T SRR DRI & o THEI RIS ([CM2012]). FE 2n KITD
Q-trivial Bott 2RI, n D3 E|DEETZ I AL % . Hirzebruch BH 1 Q-trivial
Bott ZEATH 5.

3. CP-ZRmEIREOS—HIM & Bott tower Di@ A -EOS —RIYE
3.1. CP-ROEIFEOS—MAINE

Bott Zkitk B, L OBEMK L, CP-HP(C®E) — B, DRZEM P(C o )13 %7
Bott ZHEATH 2. F7-RHRDMED H*(P(C® &) IZHRIC H*(B,)-REOREE R &5,

H'(P(C®¢)) = H'(B,)[X]/(X? — c1(§)X), degX =2
Y%, TEHLHAEBIOCWMELICL o T, Kdib5:
fARl 5. Bott ZHkMK B, LOERRKE, 1T L, KIXFE:
1. H*(B,)-fX¥¥ LTH*(P(C®¢)) = H*(P(Ca &),
2. Hbac H*(B)PFELTL+ci(§) = (1 +a)(1+a+ci(&)).
3. HAEMKRLPFELTCHEE LR (Ca L),
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4. B, EOCP-Hr LTP(C®E) = P(CaE).

Kz, B, LD RATREREFRR D Whitney M1 58 £ 5 CPL-RIX, £ZEE D akE
0 —® H*(B,)-REE L TOMEIC X > THfHEhs. $RBBHELTEICE-T
R ZEIXED:

78 6. Bott ZHEE B, FOBEME 1wt L, H*(B,)-REE LTD H*(P(CH €)) DH
CRAEES x5 X205 5. 1 2FEFEBRTHD, 5 12EFX = —X +01(§) TEE
2H0DTH5.

X=X+ RXoTEEZSHERED, PCa) DCP-RE LToOHCRM
WEoTHEIND T AD. NZ MLHRC®EIWZ Hermite gt &% 1 DH-> TREIEL,
f: P(CoE) — P(CHE) EL e P(COEITNLTEDERMAEM (- 2 IEX8 2 M7
FHE T2, fIRCPL-ROBCFHMTHD, THIIT ffy Xyt 2T I eI RENS.
ZZT, 7 & P(Ca &) D tautological EFFRTH 5. LD o T fIEFX — —X 4+ ¢1(€)
TEZ2HAREZFHET 2. mEs L &bER, XDbDh 5
@ 7 (CP- Hi@%ﬁnf%n?—ﬂu'lﬁ). Bott Z#k{k B, EOEMHK E, ¢ 1200, fE
B H* (B, LToMp: H(P(Ca¢)) — H(P(Co &) &, 2 CPL-EHD
[FAY f P(Q@f)%P(@@f)kiof%ﬁ%‘éh%.

3.2. Bott tower ODFRIAREOS —RIM4E
B & ndD 220D Bott tower

T Tn—1 m2 Ust
B.: B, —— B,_1 > By > By

! /

B - B Tn / -1
o n Bn—l ’

MRABTH 2 2 L&, RTEDS: MHFMEEDORI fu = {fi: By — BLY1_ o BIHE
LC, Mt

71'n—1 up) T

B —>Bn1

By
lfn lfn / lfl / lf()
B, — B

B, " B o
DSAE[HZ 72 5 . Bott tower D[FIRFEIX, KITEAT 2 7 4 VX —(FERBTERICE -
THEXNS.
=X n D Bott tower

B,: B, =+ B,, —% ... 24 B ™ B,
WAL T, 74 VR ERBUSEBR FLH(B,) &
e i >nlNL, F;H*(B,) := H*(B,),
e 0<j<n—1THL, F;H*(B,) :==m}0---om}, (H*(B)))
LEDD. mIICHT RIRINEL ETICE o T, KAREI NS ([Ish2012]):
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EXE 8 (Bott tower DI AT I —MIE). By = ({Bi}i_o, {me}izo), Be = ({Bitizo {mi}izo)
I35 n D Bott tower, p,: FoH*(BL) — FoH*(B) 37 4 )V L — a Y 2RO
MEROFAALE$5. ZDL =, Bott tower D[FAA f, = {fi: By — Bi}7_, T
k=0,...,ni0 L f; = ¢ Zii7z 3T H DBFET 5.

=& n D Bott tower D—#& _Ed Bott 2K B, ® 2 XakEn T —HETIE, (Bott
tower DRI W72 B R D38 U7 ITHAF S % )tautological EfEHR D — Chern 25>
LEFIRANEBREX,, ..., X, € H}(B,) b -o7-. ZOEBtE HVIUX, EHE?7Z
RDEICEWRZ 2 Z M TE B!
R 9. B,, B ZBott 2Rk 5%, arkEuY RO p: H*(B)) - H*(B,) D%
DAERTTIZEE S 2 RBUTIND E=A1TH72 613, o B3I FM f: B, — B, I & o T
HXN5.

4. Hirzebruch BER DR IR EOY —[I4E & 8 X7t Bott ZHR{ADH
JREOS—RIM

HIffi Tl CPL-BRIZOWTIRA =28, GBIEHE 13|, Bott Z 8K _E D Hirzebruch BT H
WKL TareaY —[iMte, Z00HZ21E77. 2 2 TIEZIUTOWTHIEZ B8R 3.

4.1. Hirzebruch IER DR IR EOD —M@IE
B, X Bott 28kt L, B, LOERREE, 1 &, P(CO &) LOEREE, 2 5. Z
DY E2ODGF

E=PC®&2) > P(CHE) = B

DEME — Bl&7 7 4 N—% Hirzebruch il & 57 7 A N—=_KTHD, ¥ FHH
b Bott ZHATH 5. EQarEnY —8 H*(E)ZHRIC H*(B,)-REOMENA S,

EIE 10. Bott 2K B, - ® Hirzebruch iR F — B,, £ — B, & H*(B,)-R¥&&
LTORMG: H*(E') — H(E)IZML, B, LFORDRA f: E — E'T f* = &
THONFET 5.

Hirzebruch IR D (§50) 2 HRE 1 Y —[IEIZOWTIE, 4 e KERFHE DA
(7= UG ERIDEMTIEH 2D) THZ Z N TES. —HT W akeEny—
BIEDFEIAE, CPL-RDBZE L LEART T 5 2 # L. Hirzebruch HER E — B, ® a7k
ERY—0 HY(B,) ¥ LToHCHRE ¢: H(FE) — H*(E) 2%, c1(ny1) € H*(B,)
& ci1(lny2) € HA(P(C® &) G Z 2 RBI LG 2ERT 5. BRI, XD LS
R EAT S S OBEET 2 ERBNIES. H*(B,) C H*(P(C® &.41)) C H*(E)
BT g1, Ynr2 EENEN P(C @ &ppa), E = P(C @ &rpz) D tautological 15
RE T B, Lppr, T 13 H(E) D H*(B)-RE Y LTOEBTTICR S, £, DEF—
ChernHlda € Zt y e H¥ (B, I2&o5Tei(ni2) = axp +y&EFEITE. 2O X
E = B, D7 74— %, H*E)/H>°(B,) = H*,) &b, H*(B,)-f#x LTD
FMEG: H(E) — H*(E)IZAHR o: H (S,) — H*(X,) 2583 %. — /5T, H(Z,) D
EREDOFEID H*(E) DEBNCH S L2350 8 5 0idbhr bR\, 22T,

L A e: HY(Z,) —» H*(3,) Z 1DEET 5. 38D D, 2o oW THED
FEAT5.
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2. o @: HY(E) — HY(E)IZHHE LD 270D ¢1(Eny1) & c1(&) = ampyr + y 1B
T2 EF RN ZES. FRZ, o DFFS LITRIEEEED E — B, ORGERICED
Lo RHINZEE R 20 %NS,

3. BONERETIEN2M T, f* =2l f: E— EX2HRT 3.

e 7 & B 10 2 VAU, IFNRYICRHEEHC % 5.
R 11. B, B, 13 Bott 28k 32, akEuY —EHOFRR p: H*(B) — H*(B,) D
FeDAERTTICEE S 2 RIUTHIH
A, *
- ;A BT X 1H 2032 x 200175
0 A,

RBlE, o 3B BMAFAMf: B, - B I ko TiHEENS.

4.2. 8X7T Bott ZRADRIFEOS —[/IE

SeRDE Y, 2 FET8XKILBott ZREAIZaRER Y —[{IETH 3 Z eI TV
72 ([Cho2015)). & 11 DB 2T T, 8 KIT Bott ZAEADE KT Y —MIEZ LI T DIE
WRTZENTES.

Lzﬁ@8mﬁ3mnyﬁwgofﬁuﬁy+ﬂmagmﬂmtﬁz>8mﬁBmmy&%
T%i+ TTH 5.

2. By A3 Q-trivial 72 513 [CM2012] 12 & 3. By 13 Q-trivial THRWEARE LT LW,

3. By 75§@—trivial“G7ZCL\ e g{, Bott tower By — Bg — By — By — BO O)%%ﬂ@ 77
A7V —>aYBy— Byl¥, By FOCP-EDFIERLTRWVWEREL TRV

4. FOIREIZ X - T, o DERIITHNZ

ERBIEDDLDS

5. o DRBUTHIDHIE D & TIXR11 25 o IO FMHIC X - TIFEEINZ Z 2 h3h
5. HED L ZX, 6 XIT Bott ZEAD IR 2 K€ 1 P —[IE ([Cho2015)) & i
T OWAFERICE > THEEINZ b2 5

BE R

[Cho2015] S. Choi, Classification of Bott manifolds up to dimension 8, Proc. Edinb. Math. Soc. (2)
58 (2015), no. 3, 653-659. MR3391366

[CM2012] S. Choi and M. Masuda, Classification of Q-trivial Bott manifolds, J. Symplectic Geom.
10 (2012), no. 3, 447-461. MR2983437
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A BRI R & D)L — 722 ]

3 A 2

1 ELC®IC

FAHZER & WD R 2 LHED T > TR LS N BHED AT S I R IFD R &
£E20H257255, 1 DIV AEECHEL VW -ZEDICEHE 2B PRAL W HRT
Hb, B 120F TnE—DfitHzE F'EJKL‘OJi Da—2 )y REMEVNSITAT 14T
DREREEINENE LNRWA, ZRITIEA - 4 - ... R EDRTDT S NIz
NHH, TNHNEETHDLLTEHHFREMNE—HKIHTHE, ZOMEIIEBEEICEHTIEDT
»H5,*

(00,0)-F LI B AT REFARD F L MMEMZFE P E—F2E L THAN
L5HEFEMTHE. LWVWIDRREFPE—ARFHONAETH o7, T LU TZDOMEEHHE
DETIN & UT Kan EEZ L, ZORBTTHEFZA 25, 0BT HTHERTO
FE M =G - @IROCEERIZB TS 1 2OmBRELMRIZLEEZAD7Z55, FEIE—
IR EARIE 20 LA 212 1% Grothendieck 72 HIZ X W FZ SN TWiz & 57208 (Fl AKX
[4] 12 Quillen ~DFHLDH ), T DOENEZ W UMEPRIZIE Joyal & Lurie D HERD K E
W ([7] ® [10] &2 &),

LELAAMDERTEEE ZNETIIHEINTETE D, B2 I w-B% BRI FEEZH
WTHNR S 72912 stratified simplicial set™ & WS EERPEAINTWS™S, REITEH
2HZ50, Zix0L SO BEBEE I N BARNEA TH D, [18] IZHWT Verity
&, Rl 7R 2 5 A D stratified simplicial set 7% Kan #{A & w-B o@D —BibTh s Z
%R UTz, £ UTHBETIE, stratified simplicial set % {# > T (oo, n)-B D€ 7V A3

1 E5 2 MUz e 2D D B, B ZSAAHZERNE R O — B LT d B A%, FERFRERREZE R Bk
EHDEHO—bTH 5,

simplicial set with marking & »* marked simplicial set & %* simplicial set with hollowness & %
IHEN D, Z O TIZFIA BARNES LIEIHIZ L2,

*B15] R [17] &% w-BEIZT2H 2 PHEEML 72DIZ [19] THEAINZ XS TH 5,

*2
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JRTE 2L W) ENEMROMTIFRDSNT VWS LI TH S ([12]).

TbB Verity 5D —EDEFIZE D, (oo,n)-BDOBKKNLRETIVNFIZAoIZL
WP IZ > TWad, — T, REALHEMZICEWT LIS NTWS & 5T,
(00,0)-FDET I TdH 2 Kan ERIZK U TIEHFARFE b E—ig L IEN 28 FEH D
%, FITHRZIE., PURIFE DY —3DFE % ORI FIIRER DY stratified simplicial set
12k B (00, n)-BO BRI AT T L TETENL B WD EABOMEFRTH
72\,

Ve ETORAL UT, BRIAE b E =XV — T2 [0 70 8 O BRI R E b E—GaiZ
B B EHARK KD stratified simplicial set DFEFLAIZ £ TREIZRD ENEZ 2N
Fry I TEDOT, O L 2H/ET S,

2 BEBEASOHITT
FFIREANESGOEREEZEVHLTEL,

EFE 2.1. ArHFE T, AR2IEFESG 0] ={0<1<---<n}(neN) zxge L,
gz RO EGEGF LT 2EEZRTEDLET D, EEHDHE Set IZfE%2FD A LOHIED
e RBANESGE WS, BERNESOROSIZHIEOMDOBREMTH 5,

HARRES DR SREIZIE (00, 1)-BDOETIUHENASL Z EDPRHSNTWVWT, IH5ITE
DH 5L UT (00,0)-BOETIVEENPADZLEHMONT WS ([7]). ELTZE
NP ZEBOER 2R E P E =G 3T 2 L WS DT HIWZRHEFETH 5 ([16]).
WoT. n>21THUT (co,n)-BIEELSRoTVEDONE VD T EVHRLMBEIZR S
7255, 4

HURIEE G O BKZ Y “FIRT 27 T2 N S O @mIRouE A BRI FIEE VT
RENDHENHSNT VWS,

%ﬂl

B 2.2 ([19]). & (X, m X) DENBKIES (stratified simplicial set) TH 5 & 1%

o X IZHIKIHIES
e mX iU, Xp OUARETH D, EEOBIEMEEEL O

Lo TWAHEHTHD, mX Dz X OHIMT S N 7- Bk & IES,

*4 directed algebraic topology(#lZ 1% [3] 72 &) & (0o, 1)-BlE DBFEZMS> DEHARTH B LS,
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FORHT o 7z BRI, YRR T “Ard 2k e B¢ 2 e N T &5, HlRIXR
U7z BR e WS DRSO K5 2@ & %29 5D THMNIT TE BEDLRDH 5,

Tz, EREOBMKRNES X 126 LT 2 D02l BANESELEFONEZ 2N
EHREODODPD, 1 23 TEL7ZFZHNT (X,U,>; Xn) THH. 5 12T
57D EMNTE (X,dX) THD, 2Z2TAdX IF X OB{LHEDOLRTELSTDH
%o BAR. RRCW 0 2372 1 IZ BRI S X 1T U T2 ISR g 2 FA BRI S %
(X,dX) &35, ~fiz, (X,mX) %& X LT HILEL\, FHIMEARNES O
ik, BAELEDOH TH > THIMNI S BAERE AT SNz BRIZETHD LT 5,

[18] 72 E1ZHE > THARZR AT AR E A DO HGEZ B VWH L TH <, #E (quasicate-
gory) ® Kan A% €& T 521X, 7L — 7% horn inclusions 7217 & 2 X +7372 - 7=
M, KO EIROED-DITIFZNICE 2RI ZEL - DR BREL RS,

T 2.3 ([18], [14]). n> 1, k€ [n] 2 LT, UFOHIHEAKNESZEET S,

o Aln]; == (Aln],dAln] U {Idg, })

o AF[n]:= (A[n],dARn]U{a € AR]|{k -1,k k+1}N[n] C Im(a)})

o AF[n] &1k, TOHBBMKWESH Aln] D k-IRE—VThH->T, Afp] 1 SHEEX
NBEFDE £ - T B ERINESS

o A*[n]" = (A[n],d A[n|u{a € An][{k—1,k,k+1}N[n] C Im(a)}UA[n][n—1])
20 AFp] DETO n — 1-Hk%2 S SICHIMH I TR ONEEDTH S, FARKIC
A¥[n]) % AF[n] D2TD n — 1-Bfh% X ST TR SN B EIRHRRINES &
ER:E

o AF[n) := AF[n] U A*[n]’

o Al = (AL, Uysy AR\ {[01],[23)))
ZZT, [01] & [23] iEENEN, AB|[1] DILTH>THED {0,1} & {2,3} TH D
LEDTH 5,

o AR = (A1), U, ABBJIM))

ERE D FEBIS 721 T <. FAESH S S F <KD 729121 saturated condition & FEIE

NEEHEDEEATLHENRD S ([14]). Z D72 BEARKES OFE (join) &\ 5 &
ZEANT S, ZNIFAREIEFEGD “RLEPOHRIZEELESDHLDTH D, AitHZERM

5050 [n—1] — [n]]i € [n] \ {k}} THEEINS Aln] OED BIREES ORI 250 AR n] & #-
TWBA, (A*[n],d A*[n]) L EHWTH %
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DFEDHLUTH H 5,

EE 2.4 B A IZERIEFES [-1] = 0 2R UTHRMLTHEONSEZ AL
EELZLIZT B, Set iz RED AL EOHIED Z & 2 RIMNEARNES (augmented
simplicial set) £\ 9,

AL D200 :[n]—[m] &6 :n]—[mITHFL, TNO6ZRITWREHT AL
DE Ox0" :In+n" +1] = [m+m’ +1]

0*9’(@'):{9@ Ostsm
O(i—n—1)4+m+1 n+1<i<n+n +1
2195, THNIF AL ITE/ A XANVHEEEZFET 5, [—1] PMRANRE LS,
ZUTZIDE/ A XIVEEED Day convolution 12 & 0, IRIMTEAKRNESD R THEIZE €
J A XNWHEEVFEI N, TOFEEH T+ TRIHIZT D,
HAES X LT, X 1=+ B IETIDE/ A XIVEE S 5 ICHBARNE
BORTEICEFETE S, (B I<HMONTVWAEETH DA, HlZIFE 1] % [8] I
FLEoHBRNDHD,) BARMIZIE, BENESG X LY TR LUTZOR X Y O n-H

KD THEET
(XxY), = U X1 xY]
ke l>—1
k+l=n—1
o TW5b,
18] 12hE> T A EARES (X,m X) & (VmY) IS8 LT 20z, & ki
GIFELETEDZ XY THDO,

zxyem(X+xY)eremX FhlidyemY

FONDLHNBENEGL LTED D,
IN% > TAREED ERMFNRTH S (n-trivial) saturated weak complicial set
WEHETE 5,

EE 2.5 ([18], [14], [12]). X ZEMHBAENEES, n]je Al ke n]. e Ay & T 5,

1. A*[n] — AF[n] & A*[n] — AFR])" CFARS EIFHEEE2RDO L & X X weak
complicial set &\ *6

6 weak % {13312 complicial set & IFERCERE H B A5, HlDH D% complicial set & IFR3HS H 5,
728, complicial &\ §i3EIL composition & simplicial 22 5> 72iEFES LY,
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2. X % weak complicial set TH->T, 51T All] x A[3]eq — Al x A[3)F 12 FS
EIFMEERD L &, X X saturated weak complicial set £\

3. MAEED m > niZH U Alm] — Alm], HFS EIFWEZRFD & &, X & n-trivial
NS

INSDOHEAEDEODERE N —BFET 5,

EEE 2.6 ([18], [14], [12]). FIA BRI S D723 B msSet 121&F NEF 4, weak complicial
set, saturated weak complicial set, n-trivial saturated weak complicial set D36 & 5 &
T7A4T TV MRRTH D &S BETFIVREENA ST

Z DM TIlX, saturated weak complicial set 2 7 714 77~ bR E T B E T IV
&% (00, 00)-BDE T IVEE &IOS, n-trivial saturated weak complicial set % 7 7
1TV MRRETZET VG Z (0o, n)-BOETIVHEE L EIFHIZLZW, FEiF, #
& Kan #iKIXZF N Z 1 1-trivial saturated weak complicial set & 0-trivial saturated
weak complicial set & [A—fHT& % ([14]), %2, Kan EEIZZ D 0-BAELSNDETD
HRZ EIA T 5 HIZ & D O-trivial saturated weak complicial set & 75,

Z OFHFIZH] > T, Kan ERIZHN S 5 4 %2k 2 (n-trivial saturated) weak
complicial set IZXTHEAL TWELZWE WS DN DFHDOMEDOEKETH 5,

3 ERER
3.1 BEMRE b E—BOIER

Kan BKIZH T 5 HRE b E—HOBEEIZ W Do T WS A, ZoOffiTid Kan (2
& B A FRIRERR DY weak complicial set DFEFLAIZ £ THARIZRES EAD, £/ 4K
MEZFFOALE RV TEZ 2 H 2R T 5, AINBAENEAD IV T YT V% @ T
FKIHIZT 2,

EE 3.1 ([18]). f,9: A= X Z2HNHEENEEDH LT 5, ZOK, f~g EIZITFOD

TZITHEFONTVREDETUECBVTE, FRONKNRIT 71TV b THS

8 I NITEREN R SEEE N TIR ARV E LR, FELIE [12] BRDZ &,

*9 fil 2 1F Verity (% [19] T “It is sometimes instructive to think of w-categories as being oriented
combinatorial CW-complexes or globular spaces and ...” LIBT3,
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SR AT B H AEET B 2L 20D

o)

A® A0l —— A

f
1A><§1 \

A® A1), —Z . X

14 x6°
A /

A® A0l —— A

R

ZO HIFZFEMNE=MENEHDEN, HrxOHWIZHEMARKRE N E—HOHELY)
OO T, AL THYFE NE—DfaE HELTHL,

& 3.2. f,9: A— X ZHIMNEAKNESDOH L, BCALT2, 61T flp=yg|s
Y55, frpgllE frg THOTUTOHBMHRLDHZEZ L2V,

A@A[l]t H—>X

e

B@A[l]t—>B
CZICHW3frga5255THS,

Verity DEH ([18, Theorem 75]) & Kan FARIZX 3 2 b Bl Z225865m ([9] % [2] *® [11]
BE) B> TUT2E5,*10
#rE 3.3. LR D weak complicial set X (Zxf LT, LTESE L7~ TEHERIZEMERERT
Hb,

X % weak complicial set £ L, 2 € X 2ZD 0-H{h2 L, n > 1 2HAKELT 3,
Tn(X, ) ZEANFORIAZWHIZT 5 £ 5% n-Bilk o 2B D ~yap, 1T & B FAMHEHD ST
%éaj—éo

*10 = =713 saturated condition 1ZHE AN
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Kan KD BARRRE b E—REOREMEE ([9] % [2] ® [11] 2 &) 2B L TU Fox
6% EZ B,

BRAP 2 2> TW0WE 220 n-Hfka & SIZHLT, (z,2,....7,0,-,8) : A"[n+1] —
X %2EZ%, 2¥D 0BFBH»S n—2FHETOn BRIE— RNz ITENLTWVWT, n—1F
HXa Tn+1EFHPBIZRO>TWAELIBRA—VEEZS, n BHDOHIZSGZ 6N T
W, (LR DBALBEARDEIM T 5N TWT, X 9345 weak complicial set Tdh b Z & b
O, TN O: A" n+1] - X ITIEV S, £L T n-H4K d,(0) 2155,

IROEIL, weak complicial set DAFFS EIFHEEZ AW T, Kan EAKIZR T % HK
KIHRE ME—HOE D LFAMRZHEM Tt N5,

i 3.4 ([5]). [a] & [B] D% [][B] := [dn(0)]. [x] ZH¥ALTLE UT 70 (X, 2) IZE/ A
Feihs,

X H Kan HIEDEE, ZHIZW )t T 5 0-trivial weak complicial set % tho(X) & F T
X, S 1, (X, 2) = 7, (tho(X), 2) Bb9db, n=0DORKTHRAKIC 7, % 7, (5
RTE 5, TLTINS DEEIZETHEHTFNLRDOT, MR TOMAPTIZAo7FHITR
50*11

(00, 00)-Cat == + Mon (00, 00)-Cat —'—  Set
(00, 0)-Cat —— Grp (00, 0)-Cat —— Set

Z Z T (00, 00)-Cat & saturated weak complicial set D723 B, (oo, 0)-Cat I O-trivial
saturated weak complicial set & %\ & Kan #AD R TETH D, Mon & Grp IXZFNZ
NE/ A RNEBHORITETH 5,

32 EMfYEEHIEEDIL—TER

WIZ, ERDFBE bR &IV — TZ2EH & DRIR 141 = 7, 0 Q DYEIAF BRI EE G D P
FAZED EDVRBENE I NEMHEIOTZV, 7 1dk, A< & EAITIX, B S 04T
EBINTWVWEIDIT TRV EIZERLZV, ZNDRFEE B NE S 0 aiERT 57
DIz, 7. 7 weak complicial set IZFH LU TUDNEBRINTVARNWI 16, X 2 weak

110 TRV n 12 LT, msSet IZA S (co,n)-BDEFIUEEDFHEAMIZ 1 DR TEZ SN TWE b
Tk, FEME (18] ® [12] 2D Z &,
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complicial set 72 5 ZF DI —TZEHEZ I TH AN EIDE ETITFARZV, ZTDHIT
X2 EZBHHMNBRAERNESGDN —TEHE WIS Z2EHT IHBENH LD T, [13] DR
EOHRZSE I L THBEZ LR L THD,

% 3.5 ((6]). X % HAMEIABAIES T2, X OWRBE D, (X) %W FOH L H

LTRED S,
X U (xx) —— A[0]

|

A[0] % X — 54 (X)

ZZT (xx) C A0] x X 1& A[0] ©FE e X O 2 25 ERE NS A BARKE
BTHDL, TUTIZOMIE, H T EIA BRI EES D72 3 & msSet, EOHCDETF
¥+ : msSet, — msSet, £785,

ZOMF Y, CIFAMBAEREFE LT, b— TEMBETF Q : msSet, — msSet, 3B 5 B3,
[13, Lemma 2.7] LU L D AT D025, THE QI —TZElE2 52 5HFTH
HZEVNIDSIZIEED > TVWTIELWHETH 5,

T 3.6 ([6]). Q IZESf (0co,n + 1)-BDE T NHEED S E AT (00, n)-BDE T IVE
BADE Quillen AFTHH D, H T (00, 00)-BDE T IVEEIED & 5] (00, 00)-1
DETNVHEENDLE Quillen EFTEH 5, KT X BEFA (n + 1-trivial) saturated
weak complicial set 72 51X Q(X) 13RS (n-trivial) saturated weak complicial set T
H%5,

FEBA. & 2.5 TEIF 5N TW5D (n-trivial) saturated weak complicial set % & %
acyclic cofibration % ¥, TEUZKIZ, TNRFEMEIZR->-TWE I L2 F v I Th
ERW, O

ZNIT & o TV — TR O D fif saturated weak complicial set (2 £ TH® Lk
Mol-HITR B,

(00, 00)-Cat, — 9—> (00, 00)-Cat,

(00,0)-Cat, — (00, 0)-Cat,

HIZE ZIX, X 2R saturated weak complicial set THUXZ DIL— T 7] Q(X)
Tn

&
D1, ZEWERER OB R L o7z, REULT. AHIOHWTH > 2IRDORAIRZF5,
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% 3.7 ([6]). Hmif saturated weak complicial set (X,x) & n € NIZXH UM FDE ./ A
R ORI D %
Tn+1(X7 .I‘) = Tn(Q(X)a I)

FEAR. Y a A VOEFRLD An+ 1] = A[0] x Aln] DEV, R &L — TR O FELEME
252 HEE 1 (X, 1) 2 (QUX), 2) B135. 7 OFREORRE D, AR B A
EE/ A RABEZL525ZL0br5, O

EH 3.6 &% 3.7 & Kan BIAD 2 KU EDOKRE NE—FER A TH 2 &\ S L=
FEEMEZIX, BRBn >0 & k>n+ 1. BT n-trivial saturated weak complicial set
(X, 2) IZHUT, (X, z) BB, me (X, o) EAHBEICZ>TLES WS 2 &
HLbhhnd, 12
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The category of quasi-Polish spaces
as a represented space

Matthew de Brecht (Kyoto University)*

1. Introduction

Quasi-Polish spaces are a class of well-behaved countably based Tj-spaces which include
most of the countably based topological spaces that occur in usual mathematical prac-
tice, such as Polish spaces (used in functional analysis, topological algebra, probability
theory, etc.), w-continuous domains (used in domain theory, programming language
semantics, semilattice theory, etc.), and countably based spectral spaces (used in alge-
braic geometry, logic, duality theory for distributive lattices, etc.). Many theoretical
results for these specific subclasses of spaces naturally generalize to all quasi-Polish
spaces, such as the descriptive set theory for Polish spaces [2, 4], the properties and
characterizations of the upper and lower powerspaces for w-continuous domains [8, 5],
and the Stone duality and applications to logic of spectral spaces [10, 1].

Recently, there is growing interest in the effective aspects of quasi-Polish spaces
(12, 9, 11, 5]. In this paper, we will go beyond individual spaces and look at the
effective aspects of the whole category QPol of quasi-Polish spaces. For this purpose,
we will use the characterization of quasi-Polish spaces as spaces of ideals introduced
in [9] and further studied in [5] to interpret the objects of QPol as transitive binary
relations on N, and then extend this to an interpretation of QPol as a represented
space. We will then show how to explicitly compute products and equalizers in QPol,
and demonstrate the computability of several powerspace functors on QPol.

2. Preliminaries

Quasi-Polish spaces were introduced in [2], and were shown to have multiple equivalent
characterizations. For the purposes of this paper we can define quasi-Polish spaces as
follows, based on the characterization from [9] (see also [5]).

Definition 1 Let < be a transitive relation on N. A subset I C N is an ideal (with
respect to <) if and only if:

1. T #0, (I is non-empty )
2. Mael)MbeN)(b<a=bel), (I is a lower set)
3. (Va,beI)(Fecel)(a<c&kb=<c). (I is directed)

The collection 1(<) of all ideals has the topology generated by basic open sets of the form
n]x ={I € I(X) | n € I}. A space is quasi-Polish if and only if it is homeomorphic
to I(<) for some transitive relation < on N. 0

We often apply the above definition to other countable sets with the implicit assumption
that it has been suitably encoded as a subset of N. Spaces of the form I(<) for a
computably enumerable (c.e.) relation < on N provide an effective interpretation of
quasi-Polish spaces, which were called precomputable quasi-Polish spaces in [9], and are
equivalent to the computable quasi-Polish spaces in [12] (see also [11]).

This work was supported by JSPS KAKENHI Grant Number 18K11166.
*e-mail: matthew@i.h.kyoto-u.ac. jp
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Let <g and <7 be transitive relations on N. Any subset R C N x N can be viewed
as a code for a partial function "R :C I(<g) — I(<r) by defining

"RY(I)={neN|(Imel)(m,n) € R}

for each I € I(<g). It was shown in [5] that a total function f: I(<g) — I(<r) is
continuous (computable) if and only if there is a (c.e.) code R C N x N such that

f="R".

Example: Let (X,d) be a separable metric space. Fix a countable dense subset
D C X, and define a transitive relation < on D X N as

(,m) < (y,m) <= d(z,y) <27" =27

Then I(<) is homeomorphic to the completion of (X, d) (see [5]). 0

Let S = {L, T} be the Sierpinski space, where the singleton {T} is open but not
closed. S is the simplest example of a non-Hausdorff Ty-space. It is well known that
every countably based Tj-space can be embedded into the product space SV.

Example: Let Py;,(N) denote the set of finite subsets of N, and let C be the usual
subset relation on Py;,(N). Then I(C) is homeomorphic to SY. 0

Given a topological space X, we write O(X) for the set of open subsets of X. We
view O(X) as being a topological space by equipping it with the Scott-topology.

A represented space is a tuple (X,0), where X is a set and 6 :C N¥ — X is a
partial surjective function from Baire space to X. Given represented spaces (X, d) and
(Y, p), a function f: X — Y is continuous (computable) if there exists a continuous
(computable) partial function F':C NN — NN such that fod = po F. Every countably
based space can be viewed as a represented space by equipping it with an admissible
representation, and then a function between countably based spaces is continuous in
the sense defined here if and only if it is continuous in the topological sense. In the case
of a space of the form I(<), an admissible representation can be viewed as representing
each ideal I € I(<) by enumerating its elements, which is formally defined as the
function § :C NN — I(<) with

dp)=1 <= I={neN|(ImeN)p(m)=n}e€I<).

See [14] for more on admissible representations, and see [13] for more on represented
spaces.

3. The category QPol

We represent the category of quasi-Polish spaces by the tuple QPol = (Obj, Mor, s, ¢, 1, 0)
consisting of the following data:

e Obj (objects) is the TI-subspace of SN of transitive relations. Each element <
of Obj is interpretted as the space of ideals I(<).

e Mor (morphisms) is the represented space constructed as follows. Let M be the
IT{-subspace of SN x Obj x Obj of all triples (R, <g, <7) such that "TR™ :C
I(<s) = I(=<7) is a total function, i.e.

(VI € I(=s5)) "R(I) € I(<r).
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Define an equivalence relation = on M as (Ry, <g,, <1,) = (Rs, <s,, <n,) if
and only if <g,==<g, and <7, =<7, and (VI € I(<g,)) "R (1) = "Ry (1) (ex-
tensional equality of functions). Mor is then defined to be the quotient (in the
category of represented spaces) of M by =. For convenience, in the following
our notation will treat Mor as if it is M since most of our constructions will
respect the equivalence relation = (with the notable exception of equalizers; see
below). However, the formal definition as a quotient is necessary when one works
with universal constructions in category theory, such as products, which requires
certain morphisms to be determined uniquely.

e s: Mor — Obj (source) is the projection sending (R, <g, <r) to <.
e t: Mor — Obj (target) is the projection sending (R, <g, <7) to <7.
e i: Obj — Mor (identity) is the function sending < to (=, <, <).

e 0 :C Mor x Mor — Mor (composition) is the partial computable function with
domain

dom(o) = {(g, f) € Mor x Mor | s(g) = t(f)}
and which is defined for f = (Ry, <g, <) and g = (R,, <, <r) as

R = {(m,n)|(3peN)[(m,p) € Ry&(p,n) € Ryl},
gof = (R,<s,=<r).

It is easy to verify that "R(/) = "R, ("R;(I)), hence composition of total
functions yields a total function.

It is straightforward to check that QPol satisfies the axioms of a category:
e s(gof)=s(f)and i(go f) = t(g),
e 5(i(<)) =< and t(i(<)) ==,
e (hog)o f=ho(go f) when the compositions ho g and g o f are defined,
o if s(f) =<g and t(f) ==p then i(<7p)o f = f = foi(<g).

See [1] for related work on topological groupoids. Note that Obj is a quasi-Polish space
but Mor is not, and the fact that QPol is not cartesian closed suggests there is no
natural interpretation of Mor as a quasi-Polish space. In the next two subsections we
show how to compute products and equalizers in QPol.

3.1. Products and coproducts

Countable products in QPol can be defined as a computable map II: Obj™ — Obj by
defining II(p) to be the relation <y on N<N defined as

o <nT1 <= len(o) <len(t) & (Vi < len(o))o(i) <; 7(i),
where <; is the relation given by ¢(i). There is a uniform projection map p: ObjN —
Mor™ defined as p(¢)(i) = ({{o,n) | i < len(o)& o(i) = n},T(p), ¢(i)), which is the
projection map from II(¢) to ¢(i).
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For ¢ € Obj", there is a partial computable function u(p) :C Obj x Mor" — Mor
with domain

dom(u(p)) = {(=,¢) | (Vi € N) [s(¢(i)) == &t(¥(i) = »(i)]}
defined as

u(p)(=,¢) = {{m, o) | (Vi <len(0))(Ip € N) [(p, 0(i)) € ©(i) &p < m]}, <, 11(9))

which demonstrates the universality of the product in a uniform way?.

I(=<)
¥(i) iu(w)(&d)) ¥(4)
(i) p(e) (@) M(p) p(e)(4) s o))

One can also define binary products, binary coproducts, and countable coproducts,
but we leave the definitions to the reader as an exercise.

3.2. Equalizers

We can compute equalizers in QPol as a partial multivalued function e :C Mor x Mor =
Mor with

dom(e) = {(f,g) € Mor x Mor | (s(f),t(f)) = (s(9),t(9))}
e(f,9) (Re, <g,s(f))

where
Rp = {<<{n}7p>7n> | n,p e N}
and for F,G € Py, (N) and p, ¢ € N we set (F,p) <g (G, ¢) if all of the following hold:

1. p<gq
2. FCG@
3. G#
4. (VYm <p) [[(3n € F)m <gn] = m € G

5. (Va,be F)(3ce G)la<s c&b<s

6. (Yn < p) [[(aml € F) (m1,n) € RY] = (3my € G) (my, ) € Rg}

7. (Yn < p) [[(aml € F) (m1,n) € RP] = (3ms € G) (ma,n) € Rf]

! For the difficult direction of the proof that ¥(i) = p(¢)(i) o u(¢)(=<,v) for each i € N, if we choose
any j € N and n; € 9(i)(I) for each i < j, then there must exist p; € I with (p;,n;) € 1¥(i). Let
m be a <-upper bound of {p; | i < j} in I and set o(i) = n; for i < j. Then (m, o) € u(p)(<,v),
hence n; € p(p)(2)(u(p)(<,1)(I)) for each i < j.
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where <g is the relation corresponding to s(f), Ry is a code for f, and Rgcp ) is the
set that is enumerated within the first p time steps of a given presentation of R, (and

similarly for g, R4, and Rgp )). It is straightforward to check that <g is transitive. Since
the relation <p in e(f, g) depends on the codes Ry and R, and their presentations, the
output of e is multivalued.

There is a partial computable function u :C Mor — Mor that demonstrates the
universality of equalizers in a uniform way, which has domain

dom(u) = {h € Mor | t(h) =s(f)& foh=goh}
and is defined as u(h) = (R, s(h), <g), where
R ={(m,(F;p)) | p € N&(Vn € F)(3(mo,n) € Rp) mo < m}
and Ry, is a code for h.

Z

u(h)

|
|
|
|
I
|
I
|
|
|
|
|
|
A

l=e) - fg) * g Y

4. Functors

A (computable) functor on QPol is a pair F' = (Fopj, Fmor) of (computable) functions
Fopj: Obj — Obj and Fyer: Mor — Mor satisfying

o FObj 05 =50 Fyor,

o Fopjot =10 Fyor,

® [\Mor 0% = 10 Fopj, and

e Fvor(g o f) = Fumor(g) © Fuor(f) for all composable f, g € Mor.

In the following subsections we show how to construct the lower, upper, and valua-
tion powerspace functors on QPol. The double powerspace functor, which maps X to
O(0O(X)), is obtained by composing the lower and upper powerspace functors [8].

4.1. Lower powerspace functor

Given a topological space X, the lower powerspace A(X) is the set of all closed subsets
of X with the lower Vietoris topology, which is generated by open sets of the form

QU={Ae€AX)|ANU #0}
for open U € O(X). Given a continuous function f: X — Y, define A(f): A(X) —
A(Y) as

A(N)(A) = Cly({f(z) | € A})

for each A € A(X), where Cly(-) is the closure operator of Y. It was shown in [§]
that A(-) preserves quasi-Polish spaces, hence it is an endofunctor on the category of
quasi-Polish spaces.
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We represent the lower powerspace functor as a computable functor (Aopj, Amor)
on QPol as follows. For each element < of Obj, define <;, on Py;,(N) as

A=<, B < (NVac A)(Fbe B)a <b.
For each element (R, <g, <) of Mor, define
R, ={(F,G) | (Vn € G)(3m € F)(m,n) € R}.
Finally, define the functor (Aopj, Amor) on QPol as

AObj(<) = <
Awmor((R, <s,=7)) = (Rr,Aobj(<s), Aobj(=<T1))-

We briefly show that (Aopj, Amor) is equivalent to the lower powerspace functor.
It was shown in [5] that I(<.) and A(I(<)) are computably homeomorphic for every
transitive relation < on N, which proves that Aoy behaves properly on objects. For
F € Ptin(N), the basic open subset [F]<, of I(<y) corresponds to the basic open subset
Nner Olm]< of A(I(<)). Explicitly, there are homeomorphisms fr: A(I(<)) — I(<z)
and gr: I(<7) = A(I(=<)) defined as

fr(4) = {GeP(N)| (VneG)3I € A)nel}
g.(J) = {{el(=x)|(VmeI)(3F € J)m € F}.

To show that A e behaves properly on morphisms, fix a code R for a total function
"R I(<) = I(C), and we will prove "R, = fLo A("TR") o gr. Given J € I(<y), we
clearly have G € "R;7(J) if and only if

(IF € J)(Vn € G)(Im € F) (m,n) € R.

On the other hand, G € fL.(A("R")(g.(J)))

<— (VneG@)EBI AR (g(J)))nel
— (VneG)3Iegr(J)ne"RI)
) ) 3m € 1) (m,n) €
]

(

( (
— (YneG)3Ie€gL(J)))(

(Vn € G)(3m € N) [gL(]) N [m

( (

<#0 ( n) € K]
AF € Pyin(N))(Vn € G)(3m € F)

l9(J) N [m]< # D& (m,n) € R].

It follows that "R, (J) C fL(A("R™)(g(J))). Conversely, if G € frL(A("R")(gr(J))),
then there is H € Py;,(N)) and h: G — H such that

(Vn € G) [go(J) N [h(n)]< # 0 & (h(n),n) € R].
Set F ={h(n)|n € H}. Then F € J by Lemma 7 of [5], and
(Vn € G)(Im € F) (m,n) € R,
hence G € "Ry 7(J). Therefore, "R;7 = fr, 0 A(TR7) o g;.
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4.2. Upper powerspace functor

Given a topological space X, the upper powerspace K(X) is the set of all saturated
compact subsets of X with the upper Vietoris topology, which is generated by open
sets of the form

OU ={KeK(X)|KCU}

for U € O(X). Given a continuous function f: X — Y, define K(f): K(X) — K(Y)
as

K(f)(K) = Saty ({f(z) | z € K})

for each K € K(X), where Saty(-) is the saturation operator of Y (i.e., Saty(S) =
(U € O(Y) | S C U} for each S C Y). It was shown in [8] that K(-) preserves
quasi-Polish spaces, hence it is an endofunctor on the category of quasi-Polish spaces.

We represent the upper powerspace functor as a computable functor (Kopj, Kwmor)
on QPol as follows. For each element < of Obj, define <y on Py, (N) as

A=<y B <= (Vbe B)(3ac A)a<b.
For each element (R, <g, <7) of Mor, define
Ry ={(F,G) | (VYm € F)(3In € G) (m,n) € R}.
Finally, define the functor (Kopj, Kmor) on QPol as
Kom(%) = <y
Kvor((R, <s,=<71)) = (R, Kopj(<s), Kopj(=7))-
We briefly show that (Kopj, Kmor) is equivalent to the upper powerspace functor.
It was shown in [5] that I(<y) and K(I(<)) are computably homeomorphic for every
transitive relation < on N, which proves that Kop; behaves properly on objects. For
F € Pyin(N), the basic open subset [F]<,, of I(<y) corresponds to the basic open subset
OU,.erlml< of K(I(<)). Explicitly, there are homeomorphisms fi : K(I(<)) = I(<yv)
and gy : I(<y) — K(I(<)) defined as
fulK) = {GePpp(N)| (VI e K)3neG)nel}
gu(J) = {Iel(x)|(VFeJ)3mel)me F}.
To show that Ky, behaves properly on morphisms, fix a code R for a total function

"R I(<) = I(C), and we will prove "Ry = fy o K("R") ogy. Given J € I(<y), we
clearly have G € "Ry '(J) if and only if

(IF € J)(Vm € F)(3In € G) (m,n) € R.
On the other hand, G € fy(K("R")(gu(J)))
M e KR (gu(J))(FneG)nel
(VI € gu(J))(Fn € G)n e "R(1)
(VI € gy(J))(FneG)(Imel)(mn)eR
gu(J) C U [m]<, where S ={m € N| (3In € G) (m,n) € R}
(IF € J)mlisg {m eN | (3In € G)(m,n) € R}
(3F e J)(VYm e F)(3In € G) (m,n) € R,

where the fifth equivalence follows from Lemma 9 of [5]. Therefore, "Ry = fy o
K("R™) o gy.

1T 111
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4.3. Valuation powerspace functor

Let R, denote the positive extended reals (i.e., [0, 0o]) with the Scott-topology induced
by the usual order. A waluation on a topological space X is a continuous function
v: O(X) — R, satisfying:

L. v(0) =0, and (strictness)
2. v(U)+v(V)=v(UUV)+rvUnNV). (modularity)

The valuation powerspace on X is the set V(X)) of all valuations on X with the weak
topology, which is generated by subbasic opens of the form

(U, q) :={v e V(X) [v(U) > ¢}

with U € O(X) and ¢ € R, \ {oo}. Given a continuous function f: X — Y, define
V(f): V(X) = V(Y) as

V() (v) =AU € O(Y).v(f(U))
for each v € V(X).

V(-) preserves quasi-Polish spaces (see [6]), hence it is an endofunctor on the cate-
gory of quasi-Polish spaces. Every valuation on a quasi-Polish space can be extended
to a Borel measure [7], and this extension is unique if the valuation is locally finite [3].
Conversely, it clear that the restriction of a Borel measure to the open sets is a valua-
tion. In particular, there is a bijection between probabilistic valuations (i.e., valuations
satisfying v(X) = 1) and probabilistic Borel measures on quasi-Polish spaces.

We represent the valuation powerspace functor as a computable functor (Vopj, Vmor)
on QPol as follows. Let B be the (countable) set of all partial functions 7 :C N — Q-
such that dom(r) is finite, where Qs is the set of rational numbers strictly larger than
zero. For each element < of Obj, define <y on B as r <y s if and only if

dory< Y. s(o)

beF ceTFNdom(s)

for every non-empty F' C dom(r), where 1F ={ce N | (I € F)b < c}.
For each element (R, <g, <) of Mor, define

Ry =< (r,s) | (VG Cdom(s)) |G#D= > r(a)>) s(b)

ac Al beG

where

A, ={a € dom(r) | (Jap € N)(Tb € G) [ag < a& {ap,b) € R]}.
Finally, define the functor (Vopj, Vmor) on QPol as

Vop(<) = <v
Vo ((R, <5, <1)) = (Rv, Vouj(<s), Voui(=<1))-
We briefly show that (Vopj, Vmor) is equivalent to the valuations powerspace func-
tor. It was shown in [6] that I(<y) and V(I(<)) are computably homeomorphic for ev-

ery transitive relation < on N, which proves that Vop; behaves properly on objects. Ex-
plicitly, there are homeomorphisms fy: V(I(<)) — I(<y) and gv: I(<y) = V(I(=X))
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defined as
fv(v) = {s € B| (VG C dom(s)) |G # 0= v(| [b]<) > Zs(b)] } :
beG beG
gv(l) = )\U.\/{ Z r(a) |r € I and U la) < CU}.
a€dom(r) a€dom(r)

To show that V., behaves properly on morphisms, fix a code R for a total function
"R7: I(<) = I(C), and we will prove "Ry = fiyo V("R o gy. Given I € I(<y), we
clearly have s € "Ry (]) if and only if

(Fr € I)(VG C dom(s))

G#D= ) r(a)>25(b)] .

aGAg ” beG

Next we consider fi,(V("R")(gv(/))). As mentioned after the proof of Theorem 13
in [6], if S C N then

(D (U[ap)\/{ S )

acs acdom(r)

r € I and (Ya € dom(r))(Jag € S)ag < a} .

It follows that for any ¢ € R, we have gy (I) (U beG & [a]<> > ¢ if and only if there is
(a,b)ER

r € I such that 3y r(a) > ¢ and
(Va € dom(r))(Jag € N)(Ib € G) [ag < a & (ay,b) € R]. (1)

As shown in Lemma 5 of [6], if » € I and A C dom(r), then the restriction 7|4 is
also in 7. In particular, for any r € I, the resriction ' = 7| AR is also in I, and 7’

automatically satisfies (1) with 7’ in place of r. Therefore,

g | U la<|>q < @Grel) > rla)>q
beG & acAE
(a,b)ER Gor

Thus s € fy(V(TR7)(gv(I)))

= (VG Cdom(s)) |G £0= VR vl > Zs<b>]

L beG beG
— (VG Cdom(s)) |G#0= gv(I) (rRﬂ (U[bp)) > Zs(b)]
L beG beG
= (VG Cdom(s)) |G#D=gv(I)| | la<| > s(b)
s )

= (VG Cdom(s)) |G#0= (Frel) Y r(a)> Zs(b)]

aeAg , beG
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It immediately follows that "Ry (1) C fi(V("TR")(gv(1))).

For the other inclusion, assume s € fy(V("R7)(gv({))), and for each non-empty
G C dom(s) fix rg € I with ZaeAgm ra(a) > Y e s(b). Let r be an <y-upper bound
of the rg in I. Let G C dom(s) be non-empty. Then the choice of r¢ and assumption
rg <y r implies

dos)y< Y rela) < > r(a).

beG acAl re actAl re Ndom(r)

Since TAgE, . Ndom(r) C A ., we obtain

dos)y< Y r(a),

beG aeTAg ”

hence s € "Ry (I). Therefore, "Ry = fy o V("TR™) o gy.
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Knot concordance and exotica

LisA PICCIRILLO

Since the work of Freedman and Donaldson in the early 1980’s, there have been techniques
available for producing closed ezxotic 4-manifolds, i.e. 4-manifolds which admit more than
one smooth structure. However, these (gauge theoretic) tools are difficult to wield on 4-
manifolds with very little algebraic topology, and cannot be used to demonstrate that S* is
exotic.

There is an alternate, well-known strategy which a priori can be used to distinguish smooth
structures on very simple closed 4-manifolds; produce a knot K in S which is (smoothly)
slice in one smooth filling W of S, but not slice in some homeomorphic smooth filling
W'. However, this strategy had never actually been used in practice, even to reproduce
known complicated exotica. In this manuscript I will discuss joint work with Manolescu and
Marengon [MMP20] which gives the first application of this strategy. I will also discuss joint
work with Manolescu [MP21] which gives a systematic approach towards using this strategy
to produce candidates for exotic homotopy spheres.

This manuscript only aims to provide an overview, for more detailed exposition and refer-
ences, see the full papers [MMP20, MP21]. All manifolds and embedding are taken to be
smooth unless otherwise specified.

1 Introduction

Definition 1.1 A smooth 4-manifold X is exotic if there exists a smooth 4-manifold Y
such that Y is homeomorphic but not diffeomorphic to X .

The following is a brief survey of the simplest 4-dimensional exotica known: for non-compact
manifolds it can be shown as a consequence of Donaldson’s theorem [Don83] and work of
Freedman [Fre82] that R* is exotic. In the setting of compact 4-manifolds with boundary,
it is known that there are contractible exotic 4-manifolds, [AR16]. In the closed case, the
smallest (in terms if by ) known exotic manifold is CP?#,CP2, [AP10].

In the results above, the diffeomorphism obstruction comes from Gauge theoretic 4-manifold
invariants. Consider instead the following primitive argument showing that some X is not
diffeomorphic to some Y'; find a manifold M such that M embeds in X but M does not
embed in Y. Of course, this argument only gives an advantage over a direct argument
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using diffeomorphism invariants of X and Y if one has techniques for constructing and ob-
structing embeddings which are better developed or easier to use than direct diffeomorphism
invariants.

I will now introduce a certain type of 4-manifold M for which this is the case.

Definition 1.2 A knot trace X (K) is the 4-manifold obtained by attaching a 0-framed
2-handle to B* along K.

The following lemma comes essentially from [FM66], for proof see [HP19].

Lemma 1.3 For any knot K and closed 4-manifold Y, X(K) — Y with t,(H2(X(K)) =
B € Hy(Y) if and only if K bounds a disk D? < Y with [D] = 3 € Hy(Y, ).

Throughout, Y is defined to be the complement of an open B? in Y. There are many
invariants in the literature for obstructing a knot K from bounding such a disk in some
)O/, especially when Y =~ B4 Thus, knot traces provide a compelling source of W for the
outline above. In particular, it is well known that Rasmussen’s s invariant [Ras10] may be
able to obstruct X (K) embedding in S* even if X(K) embeds in some homotopy sphere,
see [FGMW10]. Since we are particularly interested in this setting, we will be particularly
interested in the following type of slice disk:

Definition 1.4 A knot K is H-slice in X (or X) if K bounds a disk D? < Y with
[D] =0 € Hy(Y,0). A knot K is slice if K bounds a disk D? < B*.

In this language, the smooth 4-dimensional Poincare conjecture implies:

Conjecture 1.5 There does not exist a knot K in S® which is H-slice in some homotopy
4-ball Y but such that K is not H-slice in B*.

The main theorem of this manuscript is the following:

Theorem 1.6 ([MMP20]) There exist homeomorphic closed 4-manifolds X and Y and a
knot K which is H-slice is Y but not H-slice in X .

Surprisingly, this provides the first source of exotic closed 4-manifolds which are distinguished
by the embedding outline, and provides a proof-of-concept for this approach on the Poincare
conjecture.

In the second part of the manuscript, I will discuss joint work with Ciprian Manolescu
in which we develop systematic methods for producing knots which are H-slice in some
homotopy B* but which may not be H-slice in B*.
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2 Using H-sliceness to produce exotica

The goal of this section is to outline a proof of Theorem 1.6. The main technical result with
powers Theorem 1.6 is the following:

Theorem 2.1 [Theorem 1.4 of [MMP20]] Let X be a closed 4-manifold with b3 (X) > 1
such that there exists a spin® structure s with Bauer-Furuta invariants BF (X, s) # 0. Then
there are no spheres S? — X with S-S >0 and [S] # 0.

This adjunction inequality for the Bauer-Furuta invariants is proved identically to the analo-
gous statement for the Sieberg Witten invariants. We are primarily interested in the following
corollary:

Corollary 2.2 [MMP20] For (X,s) a closed 4-manifold and spin® structure such that
BF(X,s) are very nice', if some knot K bounds D? — X with D-D > 0 and [D] # 0
then K is not H-slice in X .

Sketch of corollary The “very nice” condition is precisely what is needed to conclude
that BF(X#X,s#s) # 0°. Now suppose some knot K bounds D? — X with D-D >0
and [D] # 0 and suppose for a contradiction that K is H-slice in X with H-slice disk D’.
Then DUD’ — X#X is a 2-sphere with S-S > 0 and [S] # 0, violating Theorem 2.1. O

The advantage of Corollary 2.2 is that it allows one to prove an obstructive claim with a
constructive method; one simply needs to demonstrate the existence of a certain disk (D)
for K to obstruct the existence of an H-slice disk for K. This is how we prove Theorem 1.6.
The following sketch gives an particularly straightforward example; the reader can modify
this method to produce other examples as an exercise.

Sketch of Theorem 1.6 It is well known that the left hand trefoil bounds a disk D in
K3 (thus in K3#CP?) with D-D =0 and [D] # 0 (see proof in [MMP20]). Corollary 2.2
then implies that the right hand trefoil is not H-slice in K3#CP2.

It is also well known that the right hand trefoil is H-slice in CP? (thus in #3CP?#5,CP?).
Further, the intersection forms of K3#CP2 and #3CP2#4,CP? are isomorphic, thus the
manifolds are homeomorphic by work of Freedman. Since the right hand trefoil is H-slice in
one manifold and not the other, the manifolds are not diffeomorphic. a

Hor precise condition, see [MMP20]

2The reason we work with Bauer-Furuta invariants is precisely because they do not necessarily
vanish under connected sum. This observation has subsequently been used to greater advantage, see
[IMT21]
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We remark that this proof relies on the fact that K3#CP2 has nice, non-vanishing Bauer-
Furuta invariants, and it is also the case that #3CP2#20CP? does not. Thus there is a more
direct proof, without reference to H-sliceness, that the manifolds are non-diffeomorphic. It
is of considerable interest to produce exotic 4-manifolds distinguished by H-sliceness in the
absence of another proof.

3 Systematically producing knots which are H-slice in a ho-
motopy ball

We now turn our attention to the problem of systematically producing knots K with are
H-slice in some 4-manifold Y which is homeomorphic to B* but which may not be slice in
B*. We will be aided by the following folklore lemma.

Lemma 3.1 If knots K and J have 0(X (K))
some Y homeomorphic to B*.

12

0(X(J)) and K slice then J is H-slice in

Remark 3.2 For proof of the lemma, we refer the reader to [MP21], but we note here that
for explicit knots K and J as in the lemma, the proof of the lemma constructs an explicit
Y homeomorphic to B*.

3.1 Starting with a slice knot

In the most direct attempt to apply Lemma 3.1, one would like to take some slice knot
K and construct a J with 9(X(K)) = 9(X(J)). We remind the reader that 9(X(K)) is
the familiar 3-manifold obtained by O-framed Dehn surgery along K, denoted S§(K). We
develop previous work of the author [Pic19] to give a fully general construction of pairs of
knots which share a 0-surgery. Our construction is called an RBG link; for details of the
construction, see [MP21]. For this exposition it suffices to know the statement:

Theorem 3.3 Any RBG link has a pair of associated knots Kp and K¢g with S3(Kp) =
S3(Kg). Conversely, for any knots K and J with homeomorphism ¢ : S3(K) — S3(J)
there exists and RBG link with associated knots Kgp = K and Kg = J.

Theorem 3.3 gives a complete method for understanding 0-surgery homeomorphisms when
they exist, but it does not help the user necessarily find a J for their favorite (in our setting,
slice) knot K. In fact, it is known that there are knots K for with it is not possible to find
a distinct J with S3(K) = S3(J), for example:

Theorem 3.4 ([Gab83]) The unknot, both trefoils and the figure eight knot are charac-
terized by their 0-surgeries.
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Figure 1: A many parameter family of RBG links

At present, it is technically out of reach to systematically produce a distinct knot J with
S3(K) = S3(J) for any given slice knot K. However, there are some situations for which
such a J can be readily produced, for example:

Proposition 3.5 [Pic20] If the unknotting number if K is one, there exists an BRG link
with Kp = K.

A part of the work in [MP21] consists of, for a handful of slice knots K, the production of
infinite families of knots .J; each with S3(K) = S3(J;). Of course, the goal of producing
such J; (which are H-slice in a homotopy B* by Lemma 3.1) is to find that s(.J;) # 0.
Unfortunately, for all the J; we build, either s(J;) = 0 or the knot J; was too large and s
could not be computed.

While these computations overall result in a failed attempt, we point out that these examples
do contribute a new source of simple 4-manifolds Y; homeomorphic to B*, see Remark 3.2.
We fail to show these Y; are not diffeomorphic to B?*, but we also cannot systematically
standardize them?®; we hope the study of these new simple potential counterexamples will
motivate the development of new techniques.

3.2 Starting with a pair

Our attempts at systematizing approach in Subsection 3.1 are hobbled by the technical
difficulties inherent in producing a knot J with S3(J) = S3(K) for a given slice knot K.

3Since our preprint appeared, a graduate student Kai Nakamura has already developed new
arguments which standardize some of our examples. His work is in progress.
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Figure 2: A many parameter family pairs of knots Kp and Kg with the same
0-surgery. We only consider elements with small parameters, for details see
[MP21]

Even when it is possible to produce such a J, at present time that J is built by hand, thus
it is impractical to build and compute J and s(J) for large families of slice knots K.

The second part of the work in [MP21] attempts to wield Lemma 3.1 from a different, more
systematic, perspective. We begin with a many parameter family of RBG links, see Figure
1. From this family of links, we get a large (3375 element) family of pairs of knots with
S3(Kp) = S3(K¢), see Figure 2. We are interested in whether this family contains a pair
such that one knot is slice and the other has s # 0. For ease of exposition, I will refer to
a search for a pair with Kp slice and s(K¢) # 0; of course the search with the roles of B
and G reversed must be performed also.

With help of a computer, we searched the family for pairs that may have this property.
To begin, we searched for pairs with s(Kp) = 0 and s(Kg) # 0. Finding many such
pairs, we are interested in whether any of those Kp are actually slice. We computed all
readily computable” sliceness invariants for these potentially slice Kp; these other sliceness
invariants showed that many of the remaining Kp are not slice, but surprisingly, not all.
Thus

Theorem 3.6 ([MP21]) If any of the 5 topologically slice knots in Figure 3 are slice then
the smooth 4-dimensional Poincare conjecture is false.

4After our preprint appeared, Nathan Dunfield and Sherry Gong introduced a new computer
program for computing twisted Alexander polynomials. Computations of the twisted Alexander
polynomials ruled out 16 of our candidates, our Theorem has been updated to include their calcula-
tions.

131



HOSH P EuY—v v RY A (20214E8H A v 5 A V)

Knot concordance and exotica 7

R — — D (1T
f qRl £ @@ N (= \\ @) =F
- P ) & [—@ NN N
@ — = — Aty NS
— A &
Kl KQ K3 K4 K5

Figure 3: Candidates for slice knots.

Recently, in forthcoming work, Kai Nakamura developed a new argument which shows that
the 5 knots from Theorem 3.6 are not slice. However, Kai’s arguments do not show that any
such examples coming from any such search on any family of RBG links are not slice. So
while the particular examples of our paper our now known not to provide counterexamples to
the Poincare conjecture, the process may still provide interesting examples. There is ongoing
work in the community to continue to wield and systematize our work, as well as the work
of Dunfield, Gong, and Nakamura, towards better understanding the examples generated by
the techniques in Subsections 3.1 and 3.2.
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Extension problem of quasi-morphisms
and commuting symlectomorphisms
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00000000 (wOODO0OD0OO0OD0O0000,00000X,0000000).

0Do0s!'0S!'=R/ZOOOOOO0OD. 00,00000000000000000
000000000000.000000000,000000000000 (M,w)d
0000000000,000000H:[0,1]xM->RO0O00,0000T10,1]1xM
0000000000000000000. 00,0000000H:[0,1]xM >R
0000,000000000+00000000HO000.000H,:M—>R0O
H(x)=HtxO0DOOOOODO.

odoDd0oooo@oon), oo @Wooo), 000 @Uooo),copooo@oon)
000000 [KKMM2I, KKM?21O0OO0o0oOoo0,000 (00 00:18J00765, 21K13790, 21J11199,
19K14536 0 17H04822) 00 0000000 OOO.
odoodoooooo,0D0000ooDooo,oo00oooon

*0252-52580 0000000000000 S5-10-1,000000000000000

e-mail: kawasaki@nath.aoyama.ac. jp
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0000000H:[0,1]xM ->RO0O00,0000000000000 {¢,}eo.y 0
00000000000 {Xy),000000000000.000,00000 ¢% =id,
Y _X,,000000000.00,¢,0¢,0000,000H000000000
0000000000000,0000000000000000000000000
0000000000,

000000000000 (MwIO000000000000000000000
000000,Ham(M,w)00000.000000000000000000000
(000,00000000000000000000000000,00000000
0000000000000000))

000000000000000000000000000000,0000000
00000000000000000000000000000000.

0000000000 Ham(M,w)000000000000,0000000000
Lie(Ham(M, ) 00 00000000000000000000.000000000
N0000000000000000000000000, Lie(Ham(M,w))d C(M)/R
000000,0000000000000000000000000.

2.000

godgddoooo,bbbbbbbbbtooddddoooooooouoaaoooon
gboogdboogbbuogobo.bggbbuobboooboooboogbo
gbhogdoboggb,gbbuogbobuoobboobobooobboooboboodgbo
gboobouogoobbooooobbogag.

200000000000 000OO0DO0ODODODOODLDORRODOOODLDODO
gobodbod : ™-HamM,o)UDOO.OOOOOODOOOOOOODOOO
g,0bougoobbbouoooobbbuoodaon.

) bgoooobooooboouy,bgo.ooo v, u,,00bgooboooboooon
gbbodgbuogbboobude, o, ggboaobbodg.aobn,
UboodbdeUiibO,00{xeM;¢px)+xjU 0000 0O0OOOODO.

(i) Lyw=0000000000000X00000000000 {¢he 0000,
0000,0¢4,00000000000000000,000s:eRO000 ¢
0¢,000.

00,00000000,00000000000000000000000000
000000000,0000000000000000000000000.000
00000000000000000000000000000000000000,
00000000000000000000000.000000000000000
000000 Sympy(M,w) 000,

0021 (BanZ&]). DO /020000000000 SO000000000 oOOOO.
DDDDDDDDFluxw:SympO(S,w)—>HL',(S;R)D

1
Flux,(h) = f [tx w]dt.
0

135



He8 P e — v RY YA (20214E8H A v I 4 VEE)

000, {¥'eon D Symp,(M,w) D00 D00000,¢°=1,¢'=n000000.00
00, Flux,(h) 000 ('} 000000000, Flux,: Sympy(S,w) —» H/(S;R) 0
well-defined 0 0 D OO0 0.

ggbobobooogbbbooad.

00 22(KKMM2T)). 0O /O0D20000000000S000000000 OO0
O.00004, Sympy(S,w)d 000 (hy,...,h,) 0000000 4,,;0000 hh; = hjh;
gboobuoooobo,oonobobod.

dimg (Flux(h,), ..., Flux(h,))s <L

gbogbobda,bgbubbobobbobobooboboobo,ooobon
gboboodboboodbbooobboooboboo.oobobooobbooooboo
gboooboggogon.

00 23 (KKMM2T)). OO0 /020000000000 S8S000000000 wO0O
O0.0000,000000A:Z"-Symp,(S,0)0000,00000000000O.
dimg (Im(Flux, o A))g < L.

gbogbdoobooboboobobbobbobooboobooboobon.

00 24 ((KKMM2T)). OO /020000000000 S8SO000000000 wO O
O0.0000,00 hihy=h,lh DOODDOOO hy,hy € Sympy(S,w) 0000, 000
Ooo0oo.

Flux,(h,) — Flux,(h;) = 0.

ggbobobuoooobbooooobobogao.

00 2.5 (KKMMZT)). 00 (020000000000 8000000000 w0
000. 0000, 00 hh = hyhy, Flux,(hy) € SpQLZ) - W,0000000 hy,hy €
Symp,(S,w)0000,0000000.

Flux,(h,) — Flux,(h,) = 0.

oo pBsgobppP2poobdoobooboobobooobo,bboobooboboooo
O200000000.

.oooooog,bboooood
OO0 2300000000000 obogppydboooog ey, 0o
oboobooboog,bobbooboobooboobooboobon.

O031. 060000000 u:G->ROOOOO0O (detect) DD OO ODODOODO.

D(u) = su% | (x) + u(y) — p(xy)l.
X,y€
O00DwDOOO,000Du) <eo000D0D0,x00000000000.0000
uO0000xeG O00ReZODOO u(x) =nu(x)000000, 0000000
O00000.ONODODOOGUDOOOOOODOODOO00O0QG)DOD (@mooo
0o0oo0ooooooooo).
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O032.Dw=0000,py0000000,000000000000C0000O0O00.
goboogbooboobobooboobo.ob,0cobobecbuooboon
D000000D0QG),GL0D0000NDNDDN00N0D BG)ODDDOO,

Q(G)/B(G) = Q(G)

gboood.bugobobboooobobuooooboo.

033.00000o0bogoooooboooboooboo,obooobooon
DDDDDHomeo+(Sl)DDDDDH/(-)r\n_éoJr(Sl)DDDDDDDDDDDDDDDDD.
g, ugggbbuogdgbbuoogbbuoogbbooobo(@mbooaoboog)
gooboboooooooobd Ere7). 000,000 2400000000000
0000000000000 00000000 /rsw2)0000000000°%

ggbbooboobboooobbuobuooobbboooboboa,bbboobo
goooboooobobooon.

gobobobobobidl Moo oooob,00b0b0bobil wdb
gooobbobooddo.2e000doooobboobbodd Moo
000 Cal: Hom(M,w) - ROOOOOOOOOO.

1
CMM@):M[‘jﬁFMﬂdL
0 M

000,F:[0,1]xM - RO ¢r =¢0000000000000000000. O
Caly(¢)00000000FOOOODOOO0O00,00000000000 Cal: Ham(M, ) —
RO well-defined 00000 00. (0000 [CalZ0, BanyZ] 00 0 0)
0000000000000000000000000000000000000
000000.00000000000000000000000000000000
0000000000000000000000000.¢°
000,00000000000000000000000 ((Banz8)O0 0.

00 34 (Ban78)). DOOODOOOOO0O0OO M,o)UDDODOOOODODOOUO Ham(M, w)
gboobogao.

gboboobo,gbobuboooooobobdbd HimM,w)DOOOoOOo
gboodgboobobodbogbbooboo.gob,ggoboouobooboobn
DOoooboboboboboboooobdgbd, EntovD Polterovich [EPO3] 0 0O O .
gboooogoobobooooboboogoooo.

OO0 35 000000 u: Him(M,w) - ROOUOO. OOODO MODODDODDOD UO pO
DoOooboboobboob,[ollxvbboobboobbooboooboon

'000240000000000000000000000000000O0O0O0OOOOO0O,200
o000 mHWDO|O (OODODOOO0OO0)oOooDOOOooooOo0ooooDoooooD4D0D000D00O0OO
opoooog

ZDDDDDDDDDDCalM(¢)=f01fMFtw"dtDDDDDDDDDDDDDDDDDDDDDDDD

0000000000000 obDOoon well-defined000000.00000,¢r=9000000
oboobOoooob rOob0O0O0O0O,00b00000COO00 F+COerc=00000000

O, [(F+Ow'di= [ [ Fe'di+ [ [ Co'# [ [ Fo'dD00000000000.

137



He8 P e — v RY YA (20214E8H A v I 4 VEE)

1
/l(QOF):f thwndt-
0 M

OO0 36. X, YOUODOOOOOODODDODUOO M,w)OOUOODOOO. XO YOO dis-
placeable D 0 000,00 fe Him(M,0)OOOOO, fX)NnY=000000000.
O00,YOyOOOOOO. OO0 XO displaceable 00 000000, X0 X000OO
displeceable D 0 0 OO O0O0O.

F:[0,1]xU -RODOOO,

gbooooogn.

00 37. 000000 u: Hoim(M,w) » ROODOOOOOOOODOOOO,MOODOO
displaceable D0 D D000 p0000000OO0OODOOODOOODO.

0038 00,000000000000000000D0O00O0OO000O, 00 B420
displaceability 1 0 0 0 0000, displaceability OO0 OO0 OO0 OOOOO.
000,0000000000000000000000°%0 displaceableD 0000
0000000000 0000o0o0,00g EkEPOAJOOOOO0ODO, 00000000
00000000000000000O0O0O0O0oOo*f
OO0 /P00 0000DO0ODOOOO,00000DO0CPO0OD0DOOOOOOOO
00

{[z0;-..32al €CP"; 2ol = |zl = -+ = [z,]*}
O displaceable 0 00000000000 [BEPO4] 5.

Entov [ Polterovich [EPI3| 0 00000000 (I O0OOO0OOO [Enfld, PRT4]
0d0dO0)oOo,00000b00dddd0oooOoo00ooOooooboooOoOooOon
O0.000,00200000000000000000000000000000O
OO000O00O0O0O0gd pylpy06|00O0O. 000D OD0OD00O0O0O0OOOODDOOODOO
O0,00020000000000000000O0O0O0000,000000000
O,00000000@00O00b0bobooooooooo000ooOo)yooooooon
Odddooooooooooooooooooooon.

gg/02000b000dobo sl wdobo,pyboogn
O00000wpy0000000O0.00 2,2 300000000000000000
ao.

0039®Py00000000000000). Alnamsw = 4. 0010200000
D0000SO00000000 w0000.00800000000 HY(S;R)O0
00000 vVOOOODI00D0000000,Flux,(V)WOOOOODOOO aoo00,
Alramswy =pp00000000000.

4. 000000000
OO P2 300fdoooogoobooobooboooooooboon,

‘0000000000000000,00000000 AnnaKiesenhofer 0100000000000
oboooooobooooobooooboboooooboooo.
‘000000000000000000 [KR™YIOOO0@OO00)
‘cpPr000000000000DODD0O0ODDDODO0OO000O00OOOOOOaq.
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0O 4.1 (Proposition 6.4 of [KKMM?0]). 00 00O
1 5N->G> 0—-1

ODOO0.000¢g:G—-G/NODOUOOOU (virtual section) D00, 0000 OO0
Ooo0o0DA0O0O0O0O0DOD i A-=GgUOOOxeADOOO Qosi(x)=x00
O0000000000.0000,00#: QG)—»QW)‘¢nDn0.

00 42. 00 10 AUDDO, 00000000000 DLO0O0DbOOODO0O0
([ish74]). U0 E20 0000000000 uoooooo,boboobobobob
D000 E3000boobobobobooboonboon.

gboobooobobobbobobooboob,obo0b 2P 30000000
goooog.

Oo43@I0000000O0O0DOO).GOOOLO,NODGOODODOODO,0D00 U0
gbooobooooobbbouog.ooogn

I5N>G3 01

DoOod.dobbodbbAdODDOODDO0O ssi: A>GUDOO0xeADDOO
gosi(x)=x00oobobooo.0b, 00 A~ QUUIUOLODLODLDOOOOObLOO
pOgb0o0od0booboooboboboboboon.

() 00 ¢lag:¢ '3 —->BOODO000(MO000000000000)8%:B-G
ooooo.

oo, bbb couobboubbidwe: G - ROODOO, gOOOODOOODO
a:G-ROOOO,ay=p0000000000.

.00 22000

O000,00 383000000 200000.

gboboboboo,00Edpogogd, oo oboboboboboo
Oobobo.coogo,py0000000wp, 000000000 Sympy(S,w)d O
Ooooobodobo,boob0booboboobobuooobuoooboooobooo.
Oo0O0,py00000O0O0Dw,00000000O0DO0OODOO.OD0O0OO0DO0OOO
0 Brandenbursky U 0 0000000 ODOOOO0O.

Brandenbursky [Bral5|0 0000000000000 O0OOO0O, Ham(S,w)O 00O
O00000 ug: Him(S,w) = ROODOUO0O.O00O00O0ODODO [sh1d]0 SOO0DOOO
Ooooboooobob20000bobboooobobobooooooog.

00 5.1 (EPPI2). O S,0)0000SO00000000000(MO00)wd00
0000000, 00 uy,ie: Ham(S,w) » RO Ham(S, )0 00000000000
000.0000,;,0 w00 - w: Ham(S,w) > RO C'000000000O0
ooo.

o000 s2. 00000000000 b00D MU DOoOoooooooo u:
Ham(M,w) - ROO0O0O,pu0C'0000000000D00O0O0O0OODOOD.
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Ugboboobobo0pp 00000000 uwp-ps00000000 B3000000
Doooo,ogE@2nu00boboodb,w,y—-—pe000000O00O00DOOOODOO0O. O
ODO00000, Brandenbursky U 0 0O 0000 pup 0 Symp,(S,0) 000000000
Ham(S,w)UOOOOOO0OOO0O0D00D0O0, 0000 Sympy(S,w)000O0O0O00OO0O.
Oo0o000,up—-pe 0000 0dgooooooooobon.

00p2000. 0000000000, dimg (Flux(h),...,Flux(h,)), > (00000,
000,h,....h0OOOOOOOOOOOOO, Flux(h),...,Flux(y,,)0 00000
ooo0oo0oo.o000,

V = (Flux(hy), ..., Flux(f,1))g ,
A = (Flux(hy), ..., Flux(hy1))z

0000,A0VOOOOOOO0O.
00,000
1 = Ham(S, w) — Flux (V) > V = 1

O000ADOFux'(V)OOOO s;: A — Flux” Y(v)O

s1 (@ Flux(hy) + - - + ap Flux(hy,.,)) = h{' o --- o bl

0000,khk;=hk00 0000000,
000,008300,u -0 Flux™'(v)0DOOOOOO.
000, Flux(h),...,Flux(h,,) 00000000,

dimg (Flux(h,), . .., Flux(h;))g > 1
Doo,g0bgobobboBsagooob.oobod,

dimg (Flux(h,), ..., Flux(h 1))z < L

6. 10 B90 00O
00BRU0000000000000000000OO0.

OO0 6.1 ([KKT9, Lemma4.8]). D GO, 0000O00ONOODOODOOOOOu:N—>R
oooobO.0b00oobobnD f,LgecgUUuoobooog.

e flgf g =(efgDf,
o [f.g]l €N,

o u(lf.gD #0.

Doob,cgho0bobob0atbibpe=p00000000O000O0.
ggbobobooogbbbooad.
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0062 0000004:GoROOOD.O000, f,geGO flgf g™ = (gf g )f
0oo000o0O0O00.0o0o0O,

aLf.gD = 0.

D000 e3 UL 2000.

O0DRIODDODO0O000 f,geFux '(V)0OOODODODO w0 Flux™ (V)OO DODOO
oooooboo,bgBg@mpouoooboo.ooo,bgoboobobooboooboo,d
Doobogboboboboboboobobobobo.0oboboboboboo
oogooboooboobobobooboo,bobooboobooboboobboobobOon.o
poogb3gbobobbooboobooboobooboobobboobon.

.00000oooboooooooog

000 KKkM2TOO0oogooogooo, bbb oooboooo
gboobogg.
pyOUOogooobooboboooooobobboogoo,bbobbuooooob,
Doboboooboobo,yyooobo,

e NUDUOUODOODO U @WDLOODOUOODDLO)ODOODLOODbDOoDbOoo.
e OO OLOOLOOOODLDDOUOOOODDLDLDOOUOODD.

000000000000000.00000000000000 [KKM7211000.

O00O00ONOOGODOODOOOOi:N->GOOOODD,0000000000
000 #: QG)—»QN)DDDDND.000,000000000000000000
000000000000000QMW)/i*QG)ID0N00NNDN0NNDND.00000
0,00000000000000000000000.0G000000NO00OC
00000 G-0000000,000x€eN,geGOO000 u(g'xg) =p(x)0000
oooo.

OO071.06000000000000G6-00000.
Oood72. 00 &a000.

0000000000 #QG) cQNDDIDNDD,QN)‘/iF QG IDODOODN
Doobooobooobooboobooboon.

00,060000,000000([G,Gl0G, 0000000 G/[G,G10OG*00
0.0000G'00GOO0O0O00G:G -G, 6006G*0000004¢q:G— G®
Doo.0b0,bbo0bo0boobdgoboobooog.

0o 17.3.
dim Q(G")°/i"Q(G) < dim H*(G™)

o, dgdcooobbboooooobob,oobo,

dim Q(G")°/i*Q(G) = dim H*(G™).
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0O74.00/020000000000S8S0000.060S0000m(S)000.
oo, goooboobooboobuon,ob z™3og

dim Q(G)°/i*Q(G) = dim H*(G™) = (2] - 1).

Dooodooodo.booboooodgoodoodgooooogooooooon,
[KKM*21]0 000
dim (Q(G"°[H'(G)° +i'Q(GY) = 1
ooodaodo.
o075 00000

Q(G°/ (H'(G"® + " QG)) = Im(g") N Im(cp),
00000.000,¢: H(GEF->H(G)ODODOODODODOO. 00O,
dim (Q(G)[(H'(G")® + " Q(G))) < dim H*(G).
076.0600000000000,HG)=00000000,00 7300
QG"? =H'(G’ +i'QG)

gbobogogn.

0077 00 3430000 /K2 j000000000000000000O0.
OoOOoo00O,0G6/NODOO (amenable) DD O00O0D0O0GOOODOOODOONOODO,
0033 M@™0GONGPO0G/NODODDODDDOoDOooooo.

.Uuuogooooooo

0GO020000000 u,m:G—-R,0(000000)I0D0O00ODO,0000
c>000000000geGOO00 ! m(g) <mg <c-mw(e)00O0O0O0O0DOO0.

0GOODOO0O0O0O0OONOOOD.OGOOXxOG,N)-00000000,00g€G
ODaeNODOOOOx=[gal=gag '« 000000000.0GOO00[G,N]O
(G,6)-0000000000000000000000.NOGOOOOOOOOOO
0,[G,NJONODODODOODOOODO.[GNOOx0000,(G,N)-0000 clgyx) 0

clen(®) := minfk |Ixy,...,x € N,Agy,...,8 € Gsuch thaty = [g1, x1]- - [gk, Xk]}

DoOOoooOoboo.g0,Feketed 00O O0OO, 00000

1 n

selgn(x) 1= fim S8

00000,00 selgy®0 x000 G,M-000000000.
N=600000,sdge =sclyy000000000000000,000000

0000000000000.000000sl00000000000O00 [Cang)?
‘0000000000000000000, [KKMZI00000000000000000000

o0,0000000000000.0000D00000DO0OO0, [EFad], [Cam9]0000
'D000scl00000O0O0O0O0!
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OO00. D000ooboboboooooboobO [EKor], [BIPOR], [MimIO], [Tsul?],
[CMST4], [BBEIA], [BHWI9| O OO O.

o000 GN-U0D0U0U0D00D0000D000U00O (RKTI9))
00,0000 [KKMM2(], [Kar21al,[Kar2ZIh | O OO 000 000,0000000 [KKM™21]
Oo0O00oOoOoooooag.

00 81 (KKM™2T). 0 GOOD0D00000 NDQNC =iQG)+H\(N°0 0000
0o.0000,

(1) sclg O sclgy O [G,N1D 000000,

() 000,00N=[G,G000,000 x€[G,N]O00DO sclg(x) = sclgy(x) O
oo.

00 RIOO 6000, sclg0 sclgy 0000000000000, 00 [KKM™2T]
00GOO00F,000000 Au(F,)0 NOTIADODOOODIA, 00000 sclg O
scley00000000000.

000000000000,sdg0sclgy000000000000000000.0
000 BIOOQNYC # QG +H(W)°00000000,00000000000
00000000.00000scdg0sclgy0000000000000000000
000000.00,000000000000000000000000.

082 00!/020000000000S,00000000w0SO00000000
H'(S;R)000O0D000VODDO,G =Sympy(S,w), N=Flux,' (" OOO.00VvOO
00!/000000000,scdg0sclgy0000000.

O000000BY0PYyOOOOOODOOODOOODOOOOOONOOODOOODOO
0000,000000000000000000000000000000000
oo.

[KKMM2T] 0000 QW) # #Q(G) +H/(MC D000 (G,N)D D00 m@ooion
00000000,000000scls0sclgy00000000000000000.0
00000000000000000000000000000000000000
oooo.

gogood
0000B2000. 000000000000 MOOOO x000000000000. OO0

MODOOO2m000)00000000.

0000,¢, 000000000000000C'000000000000.00,x000000
0000000000,0000 udr)=n0000,u¢r)=n0n—cd0000.000x0C0
ooooooooooo. O

0000 X@000. 000000000 u:GoR, 000 f,geGO000 ugfeH)=w(H)0OD.0
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ooo,00o0-.0000,
1
(g™ f&) = (Pl = — - (g™ ") = (™)
1
< = (lutg) + (") + (g™ = (Ml + 2D(w))
1
< (lu(g) + nu(f) — pu(g) — nu(f)l + 2D(w))
2
= =D(p).
n
00-00000000,ug ' fe)=nHOODO. O
0000 B3000. 00 f,geGO flgf'lgeH=(f'¢gHf00, 0000000
.81 = (fef™e™) = f(ef g7 = fef g™ = 1" g).
u:G->ROODODODOOOOOO,
1
l(Lf, Dl = — - lu(Lf", 8D
1
< = (@) + (") + (g™ + u(f 1+ 3D ()
1
< - (lu(g) + nu(f) — u(g) — nu(f)l + 3D(w))
3
= =D(p).
n
0000000000, f.gh)=0000. O

g

oboooooobOoboboboobooooooobooboboboooo.ocooooooooboOoDbo
gboooboooobooboobo.oboboooooboooobobooobooboooooboooo.

R
[Ban78]

[Ban97]

[BBF16]

[BEP04]

[BHW19]

[BIPOS]

[Bral5]

[Cal70]

[Cal09]

Augustin Banyaga, Sur la structure du groupe des difféomorphismes qui préservent une
forme symplectique, Comment. Math. Helv. 53 (1978), no. 2, 174-227.

, The structure of classical diffeomorphism groups, Mathematics and its Appli-
cations, vol. 400, Kluwer Academic Publishers Group, Dordrecht, 1997.

Mladen Bestvina, Ken Bromberg, and Koji Fujiwara, Stable commutator length on map-
ping class groups, Ann. Inst. Fourier (Grenoble) 66 (2016), no. 3, 871-898. MR 3494163
Paul Biran, Michael Entov, and Leonid Polterovich, Calabi quasimorphisms for the sym-
plectic ball, Commun. Contemp. Math. 6 (2004), no. 5, 793—-802.

Jonathan Bowden, Sebastian Hensel, and Richard Webb, Quasi-morphisms on surface
diffeomorphism groups, preprint, arXiv:1909.07164 (2019).

Dmitri Burago, Sergei Ivanov, and Leonid Polterovich, Conjugation-invariant norms on
groups of geometric origin, Groups of diffeomorphisms, Adv. Stud. Pure Math., vol. 52,
Math. Soc. Japan, Tokyo, 2008, pp. 221-250.

Michael Brandenbursky, Bi-invariant metrics and quasi-morphisms on groups of Hamil-
tonian diffeomorphisms of surfaces, Internat. J. Math. 26 (2015), no. 9, 1550066, 29.

Eugenio Calabi, On the group of automorphisms of a symplectic manifold, Problems
in analysis (Lectures at the Sympos. in honor of Salomon Bochner, Princeton Univ.,
Princeton, N.J., 1969), 1970, pp. 1-26.

Danny Calegari, scl, MSJ Memoirs, vol. 20, Mathematical Society of Japan, Tokyo,
2009.

144



He8 P e — v RY YA (20214E8H A v I 4 VEE)

[CMS14]

[EF97]

[EKO1]

[Ent14]

[EPO3]

[EPO6]

[EPP12]

[Fril7]

[Ish14]

[Kar21a]

[Kar21b]

[KK19]

[KKM*21]

Danny Calegari, Naoyuki Monden, and Masatoshi Sato, On stable commutator length in
hyperelliptic mapping class groups, Pacific J. Math. 272 (2014), no. 2, 323-351.

David B. A. Epstein and Koji Fujiwara, The second bounded cohomology of word-
hyperbolic groups, Topology 36 (1997), no. 6, 1275-1289. MR 1452851

H. Endo and D. Kotschick, Bounded cohomology and non-uniform perfection of mapping
class groups, Invent. Math. 144 (2001), no. 1, 169-175.

Michael Entov, Quasi-morphisms and quasi-states in symplectic topology, Proceedings
of the International Congress of Mathematicians—Seoul 2014. Vol. II, Kyung Moon Sa,
Seoul, 2014, pp. 1147-1171.

Michael Entov and Leonid Polterovich, Calabi quasimorphism and quantum homology,
Int. Math. Res. Not. (2003), no. 30, 1635-1676.

, Quasi-states and symplectic intersections, Comment. Math. Helv. 81 (2006),
no. 1, 75-99.

Michael Entov, Leonid Polterovich, and Pierre Py, On continuity of quasimorphisms for
symplectic maps, Perspectives in analysis, geometry, and topology, Progr. Math., vol.
296, Birkhiduser/Springer, New York, 2012, With an appendix by Michael Khanevsky,
pp. 169-197.

Roberto Frigerio, Bounded cohomology of discrete groups, Mathematical Surveys and
Monographs, vol. 227, American Mathematical Society, Providence, RI, 2017.

Tomohiko Ishida, Quasi-morphisms on the group of area-preserving diffeomorphisms of
the 2-disk via braid groups, Proc. Amer. Math. Soc. Ser. B 1 (2014), 43-51.

Bastien Karlhofer, Aut-invariant quasimorphisms on free products, preprint,
arXiv:2103.01354 (2021).

, Aut-invariant quasimorphisms on graph products of abelian groups, preprint,
arXiv:2107.12171 (2021).

Morimichi Kawasaki and Mitsuaki Kimura, G-invariant quasimorphisms and symplectic
geometry of surfaces, to appear in Israel J. Math, arXiv:1911.10855v2 (2019).

Morimichi Kawasaki, Mitsuaki Kimura, Shuhei Maruyama, Takahiro Matsushita,
and Masato Mimura, The space of non-extendable quasimorphisms, preprint,
arXiv:2107.08571 (2021).

[KKMM20] Morimichi Kawasaki, Mitsuaki Kimura, Takahiro Matsushita, and Masato Mimura,

[KKMM21]

[KR19]

[Mim10]

[PR14]

[Py06]

[Tsul2]

Bavard’s duality theorem for mixed commutator length, preprint, arXiv:2007.02257
(2020).

, Commuting symplectomorphisms on a surface and the flux homomorphism,
preprint, arXiv:2102.12161 (2021).

Morimichi Kawasaki and Orita Ryuma, Existence of pseudo-heavy fibers of moment
maps, to appear in Communications in Contemporary Mathematics, arXiv:1901.09395
(2019).

Masato Mimura, On quasi-homomorphisms and commutators in the special linear group
over a Euclidean ring, Int. Math. Res. Not. IMRN (2010), no. 18, 3519-3529.

Leonid Polterovich and Daniel Rosen, Function theory on symplectic manifolds, CRM
Monograph Series, vol. 34, American Mathematical Society, Providence, RI, 2014. MR
3241729

Pierre Py, Quasi-morphismes et invariant de Calabi, Ann. Sci. Ecole Norm. Sup. (4) 39
(2006), no. 1, 177-195.

Takashi Tsuboi, On the uniform perfectness of the groups of diffeomorphisms of even-
dimensional manifolds, Comment. Math. Helv. 87 (2012), no. 1, 141-185.

145



