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݁ۂͼɾབྷΈͷͶ͡ΕAlexanderଟ߲ࣜ

౻ ೭ ∗(ࡁܦେܚ)

֓ ཁ

Ͷ͡ΕAlexanderଟ߲ࣜ܈ͱͦͷදݱͷʹରͯ͠ఆ·ΔෆมྔͰ͋Γɼ
Alexanderଟ߲ࣜͷࣗવͳҰൠԽʹͳ͍ͬͯΔɽDunfield, Friedl, Jackson
ʹݱͼͷϗϩϊϛʔද݁ۂɼ͍ͯͮجʹࢉܭΛ༻͍ͨେͳػࢉܭ
ਵͨ͠Ͷ͡ΕAlexanderଟ߲͕ࣜ݁ͼͷϑΝΠόʔੑͱछΛܾఆ͢Δ
ͱ༧͍ͯ͠ΔɽຊߘͰ͜ͷ༧ʹؔ͢Δۙ࠷ͷ݁ՌΛ֓͠؍ɼۂབྷΈ
ʹର͢ΔҰൠԽ͞Εͨ༧ʹ͍ͭͯड़Δɽ

1. ͡Ίʹ
Ͷ͡ΕAlexanderଟ߲ࣜɼ3ٿݩ࣍໘S3ͷ݁ͼʹ͍ͭͯX.-S. Lin [29]ʹΑΓɼ
Ұൠͷ༗ݶදࣔ܈ʹ͍ͭͯా [43]ʹΑΓಋೖ͞Εͨɽ͜Ε܈ͱͦͷදݱͷʹ
ରͯ͠ఆ·ΔෆมྔͰ͋ΓɼݹయతͳAlexanderଟ߲ࣜͷ1ͭͷࣗવͳҰൠԽʹͳͬͯ
͍Δɽಛʹɼా 11ަΛͭ࣋थԼ-݁ࡕࣉͼͱConway݁ͼ (͜ΕΒࣗ໌ͳ
Alexanderଟ߲ࣜΛͭ࣋ϛϡʔλϯτͳ݁ͼͷྫͰ͋Δ)Λɼ༗ݶମ্ͷදݱʹਵ
ͨ͠Ͷ͡ΕAlexanderଟ߲ࣜΛ༻͍ͯ۠ผ͍ͯ͠Δɽ
Alexanderଟ߲͕࣭ࣜੑͭ࣋ͷଟ͘Ͷ͡ΕAlexanderଟ߲ࣜʹ͍֦ͭͯு͞Εɼ
ΑΓ੍͍ڧ݅Λ͠͠༩͑Δɽಛʹɼ݁ͼͷϑΝΠόʔੑͷఆ͓Αͼछ
ͷܾఆʹؔ͢Δଟ͘ͷऀڀݚʹΑͬͯௐΒΕ [4, 8, 17, 25]ɼ࠷ऴతʹFriedl,

Vidussi [12, 13, 14]ʹΑΓɼط3ݩ࣍ଟ༷ମͷϑΝΠόʔੑͱThurstonϊϧϜ͕ (ด
άϥϑଟ༷ମͷ߹ [10])ɼͶ͡ΕAlexanderଟ߲ࣜͰܾఆ͞ΕΔ͜ͱ͕ࣔ͞Εͨɽ
൴Β͞ΒʹඇϑΝΠόʔͷ߹ʹɼͶ͡ΕAlexanderଟ߲͕ࣜྵͱͳΔΑ͏ͳද
γϯϓϨΫςΟοΫଟ༷ମʹؔ͢Δݩ࣍ͱͯ͠4݁ؼΔ͜ͱΛ͓ࣔͯ͠Γɼ͢ࡏଘ͕ݱ
Taubes༧Λߠఆతʹղܾ͍ͯ͠Δɽ
Dunfield, Friedl, Jackson [7] ɼ݁ۂͼͷϗϩϊϛʔදݱʹਵͨ͠Ͷ͡Ε

Alexanderଟ߲ࣜͷڀݚΛ͍ߦɼػࢉܭͷԉ༻ʹΑΔେنͳ͍ͯͮجʹࢉܭɼ
͍͔ͭ͘ͷڵຯਂ͍༧Λ͍ͯ͛ڍΔɽຊߘͰɼͦͷͳ͔ͷ1ͭͰ͋Δ݁ۂͼͷ
ϑΝΠόʔੑͱछͷܾఆʹؔ͢Δ༧ [7, Conjecture 1.4]ʹ͍ͭͯɼ͜Ε·ͰʹಘΒ
Ε͍ͯΔ݁ՌΛ֓͠؍ɼۂབྷΈʹର͢ΔҰൠԽ͞Εͨ༧ [34]ʹ͍ͭͯड़Δɽ
Ͷ͡ΕAlexanderଟ߲ࣜͷԠ༻ଟذʹ͓ͬͯΓɼຊߘͰѻ͏༰ͦͷ͘͝Ұ෦
ʹա͗ͳ͍ɽۙ࠷ͰɼSL(2,C)-ࢦඪଟ༷ମͷ ideal point্ͰͷͶ͡ΕAlexanderଟ
߲ࣜͷڍಈʹؔ͢ΔDunfield, Friedl, Jacksonͷผͷ༧ [7, Conjecture 8.1]ͷ෦త
ղܾ [28]ɼͶ͡ΕAlexanderଟ߲ࣜͱۂମੵ [3, 15]ɼάϥϑͷྻߦॏΈ͖θʔλ
ؔ [16]ͱͷؔੑ໌Β͔ʹ͞Ε͍ͯΔɽ·ͨɼ2݁ݩ࣍ͼͷԠ༻ [21]ɼΧ
ϯυϧίαΠΫϧෆมྔͷ؍͔Βͷཧղ [20]ਐΜͰ͓Γɼຊࡏݱਐలத
Ͱ͋Δɽͦͷଞͷؔ࿈͢Δจݙʹ͍ͭͯ [11, 32]Λࢀরͯ͠ཉ͍͠ɽ

ຊڀݚՊݚඅ (՝൪߸:17K05261)ͷॿΛड͚ͨͷͰ͋Δɽͳ͓ɼຊߘຊֶձ 2020
ळق૯߹ՊձಛผߨԋͷΞϒετϥΫτʹՃචͨ͠ͷͰ͋Δɽ
2010 Mathematics Subject Classification: 57M27, 57M05, 57M25
∗˟ 223-8521 ਆಸݝԣߓࢢ۠٢ 4-1-1 ෦ֶࡁܦጯٛक़େֶܚ
e-mail: morifuji@z8.keio.jp
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ͳ͓ɼຊߘͰհ͢ΔڀݚՌɼओʹAnh T. Tranࢯ(University of Texas at Dallas)

ͱͷڞಉڀݚ [33, 34, ͷͰ͋Δɽͮ͘جʹ[35

2. Ͷ͡ΕAlexanderଟ߲ࣜ
2.1. ४උ

·ͣɼຊߘͰඞཁͱͳΔ༻ޠΛ४උ͢Δɽ
߹ͱॱংͷ͍ͨԁपLiͷू͖ΘΒͳ͍ަʹ͍ޓΕͨ·ࠐ໘S3ʹຒΊٿݩ࣍3

L = L1 ∪ · · · ∪ Lµͷ͜ͱΛµ-བྷΈͱ͍͏ɽ݁ͼͱɼ1-བྷΈͷ͜ͱͰ
͋ΔɽབྷΈLͷ։ঢ়ۙΛN(L)ͱ͢Δɽ֎෦ۭؒE(L) = S3\N(L)ͷجຊ܈ΛL

ͷབྷΈ܈ (µ = 1ͷͱ͖݁ͼ܈)ͱ͍͍G(L) = π1(E(L))Ͱද͢ɽҎԼͰಛʹ
அΒͳ͍ݶΓɼLnon-split (L͕͍ͯ͠Δਖ਼ଇදࣔΛͨ࣋ͳ͍)ͱԾఆ͢Δɽ
͚ΒΕͨίϯ͖Εͨ·ࠐ໘ΣͱɼS3ʹຒΊۂͷ͍ͨབྷΈLͷSeifert͖
ύΫτۂ໘ͰΣͷͯ͢ͷ࿈͕݁ڥքΛͪ࣋ɼ∂Σ = L͔ͭLͷ͕͖Σ͔Β༠ಋ
͞ΕΔ͖ͱҰக͢ΔͷͰ͋ΔɽབྷΈLE(L)͕Seifertۂ໘ͷE(L)ͷ੍ݶΛ
ϑΝΠόʔͱ͢Δԁप্ͷۂ໘ଋͷߏΛͭ࣋ͱ͖ɼϑΝΠόʔབྷΈͱ͍͏ɽབྷΈ
Lͷछ g(L)ͱɼLͷ Seifertۂ໘ͷछͷ࠷খͷ͜ͱͰ͋Δɽ·ͨɼE(L)ͷ
෦͕༗ݶମੵඋߏۂΛͭ࣋ͱ͖ɼLΛۂབྷΈͱ͍͏ɽ
ଟ༷ମΛMͱ͢ΔɽH1(Mݩ͚࣍ΒΕͨ࿈݁ίϯύΫτ3͖ ;Z) ∼= H2(M, ∂M ;Z)
ͷҙͷݩMʹݻ༗ʹຒΊࠐ·Εͨ (࿈݁ͱݶΒͳ͍)͖͚ՄίϯύΫτ
໘ΛΣ0ͱ͢ΔۂͰ͖ΔɽΣ͔ΒS2͓ΑͼD2Λআ͍ͯಘΒΕΔݱ໘ΣʹΑΓ࣮ۂ
ͱ͖ɼχ−(Σ) = |χ(Σ0)|ͱ͓͘ɽ͜ͷͱ͖ ψ ∈ H1(M ;Z) ͷThurstonϊϧϜ ||ψ||T ͕ɼ
ψͷPoincaréରͰ͋ΔΑ͏ͳۂ໘Σʹ͍ͭͯͷχ−(Σ)ͷ࠷খͱͯ͠ఆ·Δ [42]ɽ
๓͍͖ଟ༷ମ (M,R±, γ)ͱɼ͖͚ΒΕͨίϯύΫτ3ݩ࣍ଟ༷ମMͰɼ2

ͭͷ෦ۂ໘R± ⊂ ∂Mͷڞ௨ͷڥքγʹԊͬͨ∂MͷׂΛͭ࣋ͷͰ͋Δɽ

2.2. SL(2,C)-ࢦඪଟ༷ମ
Λ෮श͢Δ߲ࣄຊجඪଟ༷ମͷࢦ-ɼSL(2,C)ʹ࣍ (ৄ͘͠ [6, 18]Λࢀরͷ͜ͱ)ɽ
༗ݶੜ܈ Γʹରͯ͠ɼC্ͷΞϑΟϯଟ༷ମ R(Γ) = Hom(Γ, SL(2,C))Λ

SL(2,C)-දݱଟ༷ମͱ͍͏ɽදݱρ ∈ R(Γ)ͷࢦඪχρ : Γ → C,χρ(γ) = tr ρ(γ) (γ ∈ Γ)

શମͷू߹Λ SL(2,C)-ࢦඪଟ༷ମͱݺͼ X(Γ)Ͱද͢ɽ·ͨɼt : R(Γ) → X(Γ)Λ
t(ρ) = χρͰఆΊΔɽR(Γ)ʹڞʹΑͬͯ SL(2,C)͕࡞༻͢Δ͕ɼX(Γ)ʹ t͕
ਖ਼ଇࣸ૾ͱͳΔΑ͏ͳ C্ͷΞϑΟϯଟ༷ମͷߏ͕ೖΓɼزԿֶతෆมࣜ
 R(Γ)//SL(2,C)Λ࣮͢ݱΔ͜ͱ͕ΒΕ͍ͯΔɽ࣮ࡍɼࣸ૾ Iγ : X(Γ) → CΛ
Iγ(χρ) = tr ρ(γ) (γ ∈ Γ)ʹΑͬͯఆΊΔͱɼ܈Γͷҙͷੜܥ {γ1, . . . , γl}ʹରͯ͠
{Iγi1 ···γik}

1≤k≤3
1≤i1<···<ik≤l͕X(Γ)ͷΞϑΟϯ࠲ඪΛ༩͑Δɽ

ඪશମ͔ΒͳΔ෦ू߹ͷɼX(Γ)ͷதͰͷZariskiดแΛࢦͷݱͳSL(2,C)-දط
Xirr(Γ)Ͱද͢ɽ
MΛ༗ݶମੵͷඋۂత ݱ࣮දࢄଟ༷ମͱ͢Δɽ͜ͷͱ͖ɼMݩ࣍3 ρ̄0 :

π1(M) → Isom+(H3) ∼= PSL(2,C)Λͪ࣋ɼH3/Im ρ̄0 ∼= M͕Γཱͭɽ͜ͷදݱ ρ̄0
MͷϗϩϊϛʔදݱͱݺΕɼڞΛআ͍ͯҰҙతʹఆ·ΔɽThurstonͷ݁ՌʹΑΓɼ
ρ̄0SL(2,C)ͷࢄ࣮දݱʹϦϑτ͢Δɽ
བྷΈ܈G(L) = π1(E(L))ʹରͯ͠ɼ؆୯ͷͨΊR(L) = R(G(L)), X(L) = X(G(L)),

Xirr(L) = Xirr(G(L))Ͱද͢ɽ݁ۂͼKͷϗϩϊϛʔදݱ ρ̄0 : G(K) → PSL(2,C)
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ͷϦϑτρ0ʹରͯ͠ɼχρ0ΛؚΉXirr(K)ͷطC0 (canonical component)ۂઢ
ʹͳΔ͜ͱ͕ΒΕ͍ͯΔɽ

2.3. Rileyଟ߲ࣜ

Ұൠʹ݁ͼKͷϝϦσΟΞϯmKʹରͯ͠ɼtr ρ(mK) = 2Λຬͨ͢ඇՄදݱ ρ :

G(K) → SL(2,C)ΛύϥϘϦοΫදݱͱ͍͏ɽ2݁ڮͼK = S(p, q) (p, q͍ޓʹૉͳ
Ͱpح > 0,−p < q < pΛຬͨ͢)ͷ݁ͼ܈ɼදࣔG(K) = ⟨x, y | xw = wy⟩, w =
∏(p−1)/2

l=1 yϵ2l−1xϵ2l , ϵi = (−1)[
|q|
p i]Λͭ࣋ɽରԠρ(x) =

(
1 1
0 1

)
, ρ(y) =

(
1 0
−u 1

)
, u ̸= 0

͕ύϥϘϦοΫදݱ ρ : G(K) → SL(2,C)ͱͳΔͷɼρ(w) = (wij)ʹରͯ͠w11 = 0

ͱͳΔ͜ͱ͕ඞཁेͰ͋Δ [40]ɽφS(p,q)(u) = w11 ∈ Z[u]ΛS(p, q)ͷRileyଟ߲ࣜͱ
͍͏ɽRileyଟ߲ࣜφS(p,q)(u) ͼΛ݁ڮ2 (͓͓Αͦ)ྨ͢Δ͜ͱ͕ΒΕ͍ͯΔɽ
͜ͷ࣮ࣄRileyଟ߲ࣜͷՄআੑͱ݁ͼ܈ͷؒͷશࣹ४ಉܕͷଘࡏʹؔ͢Δ͔ߟΒ
ै͏ [26]ɽ

2.4. ాͷͶ͡ΕAlexanderଟ߲ࣜ

Ͷ͡ΕAlexanderଟ߲ࣜͷఆٛʹ͍͔ͭ͘ྲّྀ [22, 29, 43]͕͋Δ͕ɼຊߘͰా
ͷఆٛ [43]ʹै͏͜ͱʹ͢ΔɽాͷͶ͡ΕAlexanderଟ߲ࣜབྷΈ܈ʹ͍ͭͯ
ࣗવʹఆٛ͞Εɼࢉܭͷ؆ศ͞ͷ؍͔ΒॏཁͳׂΛ୲͍ͬͯΔɽབྷΈ (µ ≥ 2)

ͷͶ͡ΕAlexanderଟ߲ࣜଟมଟ߲ࣜͱͯ͠ఆٛ͞ΕΔ͕ɼ͜͜Ͱ1มʹ؆
Խ͞Εͨଟ߲ࣜΛ͑ߟΔ͜ͱʹ͢Δɽͳ͓ɼͶ͡ΕAlexanderଟ߲ࣜͷجຊత߲ࣄʹ
͍ͭͯ [24]Λࢀরͷ͜ͱɽ
L = L1 ∪ · · · ∪ LµΛ ໘ٿݩ࣍3 S3ͷབྷΈͱ͠ɼG(L)ͷෆ 1ͷදࣔ (ྫ͑
Wirtingerදࣔ)Λݻఆ͢Δ: G(L) = ⟨x1, . . . , xs | r1, . . . , rs−1⟩. ·ͨɼG(L)ͷՄ
Խ४ಉܕΛαL : G(L) → H1(E(L);Z) ∼= Zµ = ⟨t1, . . . , tµ | [ti, tj] = 1⟩Ͱද͢ɽ֤ tiΛ
Z = ⟨t⟩ͷੜݩ tʹରԠͤ͞Δશࣹ४ಉܕ τ : H1(E(L);Z) → Zʹର͠ɼ߹ࣸ૾
τ ◦ αL : G(L) → ZΛ؆୯ʹαͰද͢ͱɼα ∈ Hom(G(L),Z) = H1(E(L);Z)Ͱ͋Δɽ
ຊߘͰۂབྷΈ܈ͷϗϩϊϛʔදݱͷϦϑτΛ೦಄ʹɼओʹ SL(2,C)-දݱ ρ :

G(L) → SL(2,C)Λ͑ߟΔ͕ɼҎԼͷߏҰൠͷઢܕදݱʹ͍ͭͯಉ༷ʹΓཱͭɽ
ρͱαࣗવʹ্܈ͷ४ಉܕ ρ̃, α̃Λ༠ಋ͠ɼͦΕΒͷςϯιϧදݱ α̃⊗ ρ̃४ಉܕ
Z[G(L)] → M(2,C[t±1])ΛఆΊΔɽ֊ sͷࣗ༝܈ΛFs = ⟨x1, . . . , xs⟩ͱ͠ɼG(L)ͷ

ද͔ࣔΒఆ·Δશࣹ४ಉܕͱͷ߹ΛΦ : Z[Fs] −→ Z[G(L)]
α̃⊗ρ̃−−→ M(2,C[t±1]) Ͱද͢ɽ

A = (aij)Λaij = Φ
(
∂ri
∂xj

)
Ͱఆ·Δ(s−1)×sྻߦͱ͢Δɽͨ ͩ͠ɼ ∂

∂xj
: Z[Fs] → Z[Fs]

ࣗ༝ඍΛද͢ɽA͔ΒୈjྻΛऔΓআ͍ͯಘΒΕΔྻߦΛAj ∈ M
(
s−1,M(2,C[t±1])

)

ͱ͠ɼ͜ΕΛM
(
2(s− 1),C[t±1]

)
ͷݩͱݟͳ͢ɽ

ఆٛ 2.1 ([43]) བྷΈLͷදݱ ρ ∈ R(L)ʹਵͨ͠Ͷ͡ΕAlexanderଟ߲ࣜ∆α
L,ρ(t)

Λ

∆α
L,ρ(t) =

detAj

detΦ(xj − 1)

Ͱఆٛ͢Δɽ͜Ε tk (k ∈ Z)ʹΑΔੵΛ๏ͱͯ͠well-definedͰ͋Δɽ

ఆͨ͠G(L)ͷදࣔA͔ΒऔΓআ͘ྻʹґΒͣʹ∆αݻʹॳ࠷
L,ρ(t)͕ఆ·Δ͜ͱɼ

Alexanderଟ߲ࣜͷͱ͖ͱಉ༷ʹࣔ͢͜ͱ͕Ͱ͖Δɽఆ͔ٛΒɼͶ͡ΕAlexanderଟ߲
ࣜ༗ཧؔͱͯ͠ఆ·Δɽ·ͨɼ݁ͼ (µ = 1)ͷͱ͖ αK = αͱͳΔͷͰɼ؆୯
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ͷͨΊαΛলུͯ͠∆K,ρ(t)ͱ͢هɽMilnorͷ݁ՌͷҰൠԽͱͯ͠ɼ∆α
L,ρ(t)E(L)ͷ

ReidemeisterτʔγϣϯͱՁͰ͋Δ͜ͱ͕ΒΕ͍ͯΔ [22, 23]ɽ

ҙ 2.2 (1) L͕ 2Ҏ্ͷབྷΈ [43]ɼ͋ Δ͍ɼµ = 1͔ͭ ρ ∈ R(K)͕ඇՄ
දݱ [25]ͳΒɼ∆α

L,ρ(t) ∈ C[t±1]͕Γཱͭɽ

(2) දݱ ρ, ρ′ ∈ R(L)͕ڞͳΒ ∆α
L,ρ(t) = ∆α

L,ρ′(t)͕Γཱͭɽ͞Βʹɼࢦඪ
χρ ∈ X(L)ʹରͯ͠∆α

L,ρ(t) t(ρ) = χρͱͳΔΑ͏ͳදݱρͷͱΓํʹґΒͣʹ
ఆ·Γɼଟ߲ࣜͷ֤X(L)্ͷؔͱݟͳͤΔ [7]ɽ͜ͷ؍͔ΒͷͶ͡Ε
Alexanderଟ߲ࣜͷڀݚʹ͍ͭͯ [7, 28, 32, 37]Λࢀরͷ͜ͱɽ

(3) L͕τʔϥεབྷΈͷ߹dimXirr(L) ≥ 1ͱͳΔ͕ɼ∆α
L,ρ(t)ͷ֤Xirr(L)

্ͷہॴఆؔʹͳΔ͜ͱ͕ΒΕ͍ͯΔ [27]ɽ

(4) Ͷ͡ΕAlexanderଟ߲ࣜ reciprocalɼͭ·Γ∆α
L,ρ(t

−1)
.
= ∆α

L,ρ(t)Λຬͨ͢ [19]ɽ

ྫ 2.3 KΛ3ٿݩ࣍໘S3ͷ8ͷ݁ࣈͼͱ͢Δɽ͜Ε݁ͼͷςʔϒϧͰ࠷ॳʹ
ͼͱ݁ڮG(K)2܈ͼͰ͋Γɼछ1ͷϑΝΠόʔ݁ͼͰ͋Δɽ݁ۂΕΔݱ
ͯ͠ͷදࣔΛͭ࣋: G(K) = ⟨x, y | r = xwy−1w−1⟩, w = [y, x−1]. ·ͨɼύϥϘϦοΫ

දݱρ : G(K) → SL(2,C)Λρ(x) =

(
1 1
0 1

)
, ρ(y) =

(
1 0
−u 1

)
ͰఆΊΔɽͨ ͩ͠ɼu ∈ C

1 + u+ u2 = 0Λຬͨ͢ɽ͜ͷͱ͖ɼදݱρʹਵͨ͠Ͷ͡ΕAlexanderଟ߲ࣜ

∆K,ρ(t) =
detΦ( ∂r∂x)

detΦ(y − 1)
=

t−2(t− 1)2(t2 − 4t+ 1)

(t− 1)2
.
= t2 − 4t+ 1

Ͱ༩͑ΒΕɼ2࣍ͷϞχοΫଟ߲ࣜʹͳΔɽ

ଟ߲ࣜf(t) ∈ C[t±1]͕ϞχοΫͰ͋Δͱɼf(t)ͷ࣍ߴ࠷ͷ͕±1Ͱ͋Δͱ͖
Λ͍͏ɽҰൠʹབྷΈLʹର͕ͯ࣍͠Γཱͭɽ

ఆཧ 2.4 ([4, 8, 17]) ρݱ໘S3ͷϑΝΠόʔབྷΈLͱҙͷදٿݩ࣍3 : G(L) →
SL(n,C)ʹରͯ͠ɼ∆α

L,ρ(t)deg∆α
L,ρ(t) = n||α||TΛຬͨ͢ϞχοΫଟ߲ࣜͰ͋Δɽ

ҙ 2.5 ඇࣗ໌ͳ݁ͼKʹରͯ͠ɼ||α||T = 2g(K)− 1Ͱ͋Δ͜ͱ͕ΒΕ͍ͯΔɽ

ఆཧ 2.6 ([8]) දݱρ : G(L) → SL(n,C)ʹରͯ͠n||α||T ≥ deg∆α
L,ρ(t)͕Γཱͭɽ

Friedl, Vidussi [12, 13, 14]ʹΑͬͯఆཧ 2.4ͷ͕ٯΓཱͪɼ͞Βʹఆཧ 2.6ͷ߸
Λ࣮͢ݱΔΑ͏ͳදݱ (༗܈ݶͷදݱ)ͷଘ͕ࣔ͞ࡏΕ͍ͯΔɽ͜ΕΒͷ݁ՌʹΑΓ
བྷΈͷϑΝΠόʔੑͱThurstonϊϧϜతʹܾ·Δ͜ͱʹͳΔ͕ɼ࣮ࡍʹ༗
͍ɽಛʹn͍ݴΔඞཁ͕͋Γɼ࣮༻໘ͰޮՌతͱ͑ߟΛͯ͢ݱͷද܈ݶ = 2ͷ
߹ʹಉ༷ͷ͜ͱ͕Γཱ͔ͭະղܾͰ͋Δɽ

3. Dunfield-Friedl-Jackson༧
ຊઅͰ݁ۂͼʹର͢ΔDunfield-Friedl-Jackson༧ʹ͍ͭͯड़Δɽࡏݱɼ༧
Λαϙʔτ͢Δ۩ମྫ͕গͣͭ͠ੵΈ্͛ΒΕ͍ͯΔঢ়گͰ͋Δ͕ɼҰൠʹະղܾ
Ͱ͋Δɽ
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ਤ 1: μϒϧπΠετ݁ͼ (བྷΈ) J(k, l).

Dunfield, Friedl, Jackson [7]ɼϗϩϊϛʔදݱ ρ̄0 : G(K) → PSL(2,C)ͷϦϑτͷ
͏ͪɼtr ρ0(mK) = 2ͱͳΔϦϑτ ρ0 : G(K) → SL(2,C)ʹਵͨ͠Ͷ͡ΕAlexander

ଟ߲ࣜ∆K,ρ0(t)Λৄ͍ͯ͘͠͠ߟΔ
1ɽ൴Β∆K,ρ0(t

−1) = ∆K,ρ0(t)Λຬͨ͢Α͏ʹ
ਖ਼نԽ͞ΕͨͷΛۂతτʔγϣϯଟ߲ࣜͱݺͼTK(t)ͱ͍ͯ͠هΔɽTK(t)͕ͭ࣋
ຊతੑ࣭ͱͯ͠ɼTK(t)ج tʹҙͷ 1ͷႈࠜΛೖͯ͠non-zeroͰ͋Δ͜ͱ͕
ΒΕ͍ͯΔɽಛʹTK(t)ඇࣗ໌Ͱ͋Δɽ·ͨMenal-Ferrer, Porti [31]ʹΑΓɼTK(1)

ͱ TK(−1)ϛϡʔςʔγϣϯෆมྔͰ͋Δ͜ͱΒΕ͍ͯΔ (TK(t)ࣗϛϡʔ
ςʔγϣϯෆมͱͳΒͳ͍͜ͱʹҙ)ɽ
Dunfield, Friedl, Jacksonػࢉܭͷԉ༻ʹΑΔେنͳ͍ͯͮجʹࢉܭɼ࣍Λ
༧͍ͯ͠Δɽ

༧ 3.1 ([7]) ͼKʹରͯ͠deg݁ۂ໘S3ͷٿݩ࣍3 TK(t) = 4g(K)− 2͕Γ
ཱͭɽ͞ΒʹTK(t)͕ϞχοΫଟ߲ࣜͳΒɼKϑΝΠόʔ݁ͼͰ͋Δɽ

ͼ݁ۂ༧ɼ15ަҎԼͷͯ͢ͷه্ (313, ରͯ͠Γཱͭ͜ͱʹ(ݸ209
Λ༻͍͔ͯ֬ΊΒΕ͍ͯΔػࢉܭ͕ [7]ɽ͔͠͠ͳ͕ΒɼAlexanderଟ߲ࣜʹΑͬͯඇ
ϑΝΠόʔੑͱछ͕ଊ͑ΒΕΔΑ͏ͳ݁ͼʹରͯ͠ɼ༧ 3.1ະղܾͰ͋Δɽ
ͦͷҰํͰɼ1ͭͷଟ߲ࣜͷใͷΈͰ݁ͼͷزԿతੑ࣭͕ܾఆ͞ΕΔͱ͍͏ҙຯʹ
͓͍ͯɼັྗతͳ༧ͱͳ͍ͬͯΔɽ
༧ 3.1͕Γཱͭ݁ۂͼͷྫͱ͕ͯ࣍͠ΒΕ͍ͯΔɽJ(k, l)Λਤ 1ʹ͋Δ
Α͏ͳ݁ͼ (བྷΈ)ͱ͢ΔɽJ(k, l)͕݁ͼͱͳΔͷkl͕ۮͷͱ͖Ͱ͋Δɽ͜ Ε
ΛμϒϧπΠετ݁ͼͱ͍͏ɽ

ఆཧ 3.2 ([33]) ۂతμϒϧπΠετ݁ͼ K = J(k, 2n)ʹରͯ͠ɼdeg TK(t) =

4g(K)− 2͕Γཱͭɽ͞Βʹɼk = 2m+1ɼk = 2ɼ·ͨɼk = 2m͔ͭ |4mn− 1| ∈
P2 = {p:حૉ | 2 (Z/p)∗ͷੜݩ}ʹରͯ͠ɼTK(t)͕ϞχοΫଟ߲ࣜͳΒɼK
ϑΝΠόʔ݁ͼͰ͋Δɽ

ఆཧ 3.2ɼ༧ 3.1Λຬͨ݁͢ۂͼͷແྻܥݶΛ༩͑Δ࠷ॳͷྫʹͳ͍ͬͯΔɽ
,ͼJ(k݁ڮ2 2n)ަ݁ͼͷҰछͳͷͰɼͦͷϑΝΠόʔੑͱछAlexander

ଟ߲ࣜͰܾఆ͞ΕΔ͕ɼಉ͜͡ͱ͕ۂతτʔγϣϯଟ߲ࣜͰΓཱͭͱ͍͏apriori

ͳཧ༝͍·ͷͱ͜Ζ͍͔ͯͬͭݟͳ͍ɽ

1 tr ρ′0(mK) = −2ͱͳΔ ρ̄0ͷ͏ 1ͭͷϦϑτ ρ′0ʹରͯ͠ɼ∆K,ρ′
0
(t) = ∆K,ρ0(−t)͕Γཱͭɽ
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ఆཧ 3.2ͷূ໌ ρ0ΛؚΉG(K)ͷͯ͢ͷύϥϘϦοΫදݱʹରͯ͠ద༻Ͱ͖Δ
Ͱͳ͞ΕΔɽͦ͜ͰRileyଟ߲ࣜφJ(k,2n)(u)͕ຊ࣭తͳׂΛՌͨ͢ܗ (P2ʹؔ͢Δ
݅Rileyଟ߲ࣜφJ(2m,2n)(u)ͷطੑΛอূ͢Δͷʹ༻͍ΒΕΔ)ɽ࣍અͰҰൠԽ͞
ΕͨDunfield-Friedl-Jackson༧ʹؔ͢Δ݁ՌΛड़Δࡍʹɼূ໌ͷ͋Β·͠Λ͏
গ͠ৄ͘͠આ໌͢Δɽ
ͼʹ͍ͭͯɼ༧݁ۂҎ্ͷڮ3 3.1Λຬͨ݁͢ͼͷແ͕ྻܥݶଘ͢ࡏΔɽ
ͷఆཧ࣍ canonical component C0্ͷͯ͢ͷύϥϘϦοΫදݱʹରͯ͠Γཱͭ
(ϓϨοπΣϧ݁ͼͷͶ͡ΕAlexanderଟ߲ࣜʹ͍ͭͯ [2, 37]ࢀরͷ͜ͱ)ɽ

ఆཧ 3.3 ([35]) ۂతϓϨοπΣϧ݁ͼP (2k+1, 2k+1, 2k+1), k ∈ Z, k ̸= −1, 0

ʹରͯ͠༧ 3.1͕Γཱͭɽ

༧ 3.1ͷछʹؔ͢Δओுʹ͍ͭͯɼΑΓൣͳ݁ۂͼͷΫϥεʹରͯ͠
߸͕Γཱͭ͜ͱ͕͔֬ΊΒΕ͍ͯΔ [1, 39]ɽ
໘ٿݩ࣍3 S3ͷ݁ͼK ɼE(K)ʹ͍ޓʹަΘΒͳ͍࠷খछ Seifertۂ໘
ͷू߹Σ = .iΣi͕ଘͯ͠ࡏɼE(K)\Σ͕ book of I-bundlesͷߏΛͭ࣋๓͍͖
ଟ༷ମͷू߹ͱͳΔͱ͖ libroid݁ͼͱ͍͏ɽlibroid݁ͼͯ͢ͷϑΝΠόʔ
݁ͼΛؚΜͰ͓Γɼ·ͨɼlibroid݁ͼͷΫϥε͕ଜਿͰด͍ͯ͡Δ͜ͱ͕ࣔ͞
Ε͍ͯΔ [1]ɽΑͬͯɼ͖ͷ͍ͨόϯυͷ plumbing͔ΒಘΒΕΔͯ͢ͷ special

arborescent݁ͼ (͜Ε ͼ݁ͭ࣋ͼΛؚΉ)ɼࣗ໌ͳAlexanderଟ߲ࣜΛ݁ڮ2
ͷແ͕ྻܥݶ libroid݁ͼʹͳΔ͜ͱ͕Θ͔Δɽ

ఆཧ 3.4 ([1]) ۂత libroid݁ͼKʹରͯ͠deg TK(t) = 4g(K)− 2͕Γཱͭɽ

ҰํɼPorti [39]ۂతτʔγϣϯଟ߲ࣜTK(t)ͷ࣍ʹ͍ͭͯ࣍Λ͍ࣔͯ͠Δɽ

ఆཧ 3.5 ([39]) ͼKʹରͯ݁͠ۂ໘S3ͷٿݩ࣍3 deg TK(t) ≥ 2 ͕Γཱͭɽ
ಛʹTK(t)ඇࣗ໌Ͱ͋Δɽ

ఆཧ 2.6, 3.5ͷܥͱ͕ͯ࣍͠Γཱͭɽ

ܥ 3.6 छ1ͷ݁ۂͼKʹରͯ͠deg TK(t) = 2͕Γཱͭɽ

छ1ͷۂతϑΝΠόʔ݁ͼ8ͷ݁ࣈͼ (ྫ 2.3) ͷΈͰ͋Δ͜ͱ͕ΒΕͯ
͍Δ͕ɼ༧ 3.1ͷϑΝΠόʔੑʹؔ͢Δओுछ1ʹͯͬݶະղܾͰ͋Δɽ

4. ۂབྷΈͷҰൠԽ
4.1. ҰൠԽ͞ΕͨDunfield-Friedl-Jackson༧

ຊઅͰ༧ 3.1ͷۂབྷΈͷҰൠԽʹ͍ͭͯड़Δɽ݁ͼͱҟͳΓɼབྷΈ
(µ ≥ 2)ͷ߹ͦͷϑΝΠόʔੑͱछབྷΈͷ͖ʹґଘ͢Δ͜ͱʹҙ͢Δɽ
L = L1 ∪ · · ·∪LµΛ3ٿݩ࣍໘S3ͷ͖ͷ͍ͨµ-ۂབྷΈͱ͢Δɽ·ͨɼ

ρ̄0 : G(L) → PSL(2,C)ΛE(L)ͷϗϩϊϛʔදݱͱ͢Δɽ͜ͷͱ͖ ρ̄0ͷSL(2,C)ͷ
Ϧϑτ2µݸଘ͢ࡏΔɽϗϩϊϛʔදݱͷϦϑτͱE(L)ͷεϐϯߏͷؒʹ1ର1

ͷରԠ͕ଘ͢ࡏΔ͜ͱ͕ΒΕ͍ͯΔ [5]ɽ
͜͜ͰLͷ֤LiͷϝϦσΟΞϯmiʹରͯ͠ɼtr ρ0(mi) = 2Λຬͨ͢Ϧϑτ

ρ0 : G(L) → SL(2,C)Λ͑ߟΔ͜ͱʹ͢ΔɽҰൠʹ֤ϝϦσΟΞϯmiͷ૾͕τϨʔε
2ͷྻߦͱͳΔඇՄදݱρ : G(L) → SL(2,C)ΛύϥϘϦοΫදݱͱݺͿ͜ͱʹ͢Δɽ
ఆཧ 2.4, 2.6ͱ༧3.1ͷ؍͔ΒɼۂབྷΈʹର͕ͯ࣍͠Γཱͭͱ༧͞ΕΔɽ
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༧ 4.1 ([34]) བྷΈLʹରͯ͠deg∆αۂͷ͍͖ͨ໘S3ͷٿݩ࣍3
L,ρ0(t) =

2||α||T͕Γཱͭɽ͞Βʹ∆α
L,ρ0(t)͕ϞχοΫଟ߲ࣜͳΒɼLϑΝΠόʔབྷΈͰ

͋Δɽ

ҙ 4.2 L͕ަབྷΈͷ߹ʹɼ||α||T = ||α||A͕Γཱͭ͜ͱ͕ΒΕ͍ͯΔɽ
͜͜Ͱ ||α||Aα ∈ H1(E(L);Z)ͷAlexanderϊϧϜ [30]Λද͢ɽAlexanderϊϧϜ
(ଟม)Alexanderଟ߲ࣜͰఆ·ΔͷͰɼ||α||A = deg∆L(t)− 1͕Γཱͭ (∆L(t)α

Ͱ 1มʹ؆Խ͞ΕͨAlexanderଟ߲ࣜͰ͋Δ)ɽΑͬͯɼµ-ۂతަབྷΈ
Lʹ͍ͭͯ deg∆α

L,ρ0(t) = 4g(L) + 2(µ− 2) ͕Γཱͭͱ༧͞ΕΔ 2ɽ

༧ 4.1͕Γཱͭྫͱͯ͠ɼਤ 1ͷμϒϧπΠετབྷΈL = J(2m + 1, 2n + 1)

͕͋ΔɽL͕ۂབྷΈͰ͋Δඞཁे݅m,n /∈ {−1, 0}Ͱ͋Δɽ

ఆཧ 4.3 ([34]) ۂతμϒϧπΠετབྷΈL = J(2m + 1, 2n + 1),m, n /∈ {−1, 0}
ͷҙͷ͖ʹରͯ͠༧ 4.1͕Γཱͭɽ

ఆཧ 4.3ͷূ໌ҎԼͷํͰ͏ߦ (ఆཧ 3.2, 3.3ಉ༷Ͱ͋Δ)ɽ·ͣɼབྷΈ܈
G(L)ͷදࣔΛݻఆ͢Δ: G(L) = ⟨x, y | xw = wx⟩, w = (y−1x)m

(
(yx−1)myx(y−1x)m

)n
ɽ

͜ͷͱ͖Petersen, Tran [38]ʹΑΓɼXirr(L)Λ۩ମతʹهड़͢Δ͜ͱ͕Ͱ͖Δ:

Xirr(L) = {(a, b, c) ∈ C3 |F (a, b, c) = 0}, a = tr ρ(x), b = tr ρ(y), c = tr ρ(xy−1).

͜͜ͰF (a, b, c)Chebyshevଟ߲ࣜΛ༻͍ͯද͞ΕΔɽ࣍ʹɼLͷͶ͡ΕAlexander

ଟ߲͕ࣜछ g(L)ͱLͷϑΝΠόʔੑΛܾఆ͢ΔΑ͏ͳXirr(L)ͷ෦ू߹Xg(L) =

Xirr(L)\Zg, Xf (L) = Xirr(L)\Zf Λಛఆ͢Δɽޙ࠷ʹɼզʑͷϦϑτ ρ0 : G(L) →
SL(2,C) (ͭ·ΓF (2, 2, c0) = 0, c0 /∈ RΛຬͨ͢χρ0 = (2, 2, c0))͕Zg, ZfͷͲͪΒʹ
ؚ·Εͳ͍͜ͱΛࣔ͢͜ͱͰओு͕ಘΒΕΔɽ͍ͣΕͷεςοϓॳతͰ͋Δ͕ɼ
۩ମతͳࢉܭࡶͰ͋Δɽ
,Nguyenۙ࠷ Tran [36]ɼtwisted WhiteheadབྷΈLͷ2มͶ͡ΕAlexanderଟ
߲ࣜ∆αL

L,ρ(t1, t2)ͷ໌ࣔެࣜΛ༩͑Δ͜ͱͰɼ͜ͷབྷΈʹରͯ͠༧ 4.1͕Γཱͭ
͜ͱΛ͍ࣔͯ͠Δɽ࣍ͷఆཧϗϩϊϛʔදݱͷϦϑτχρ0ΛؚΉط্ͷͯ͢
ͷύϥϘϦοΫදݱʹରͯ͠Γཱͭɽ

ఆཧ 4.4 ([36]) తtwistedۂ໘S3ͷٿݩ࣍3 WhiteheadབྷΈʹରͯ͠༧ 4.1͕
Γཱͭɽ

4.2. ύϥϘϦοΫදݱ

Dunfield, Friedl, Jackson [7]ɼp ≤ 287Λຬͨ͢ۂతඇϑΝΠόʔ ͼK݁ڮ2 =

S(p, q) ݱΒͳ͍ύϥϘϦοΫදݶͷϦϑτͱݱରͯ͠ɼϗϩϊϛʔදʹ(ݸ3,830)
ρ : G(K) → SL(2,C)ʹਵͨ͠∆K,ρ(t)͕KͷϑΝΠόʔੑͱछΛܾఆ͢Δ͜ͱΛ
Α͏ʹɼ༧͖ͨͯݟʹΛ༻͍͔ͯ֬Ί͍ͯΔɽ·ͨલઅ·Ͱػࢉܭ 3.1, 4.1Λຬͨ͢
݁ۂͼɾབྷΈͷύϥϘϦοΫදݱɼϑΝΠόʔੑͱछʹؔͯ͠ϗϩϊϛʔ
දݱͷϦϑτρ0ͱಉͷใΛ͍ͯͬ࣋Δ͜ͱ͕Θ͔Δɽͦ͜Ͱ࣍ͷΛ͑ߟΔɽ

 4.5 ݱབྷΈLͷҙͷύϥϘϦοΫදۂͷ͍͖ͨ ρ : G(L) → SL(2,C)
ʹରͯ͠ɼ∆α

L,ρ(t)LͷϑΝΠόʔੑͱThurstonϊϧϜ ||α||TΛܾఆ͢Δ͔ɽ

2Crowellͱଜਿͷ݁ՌʹΑΓɼµ-ަབྷΈLʹରͯ͠ deg∆L(t) = 2g(L) + µ− 1͕Γཱͭɽ
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• • • • • •

• • •

2n crossings

"

#

" "

2m crossings −2p crossings

ਤ 2: བྷΈڮ2 L = C(2m, 2n,−2p).

 ɼ༧ͯ࣋ఆతͳղΛߠ4.5͕ 3.1, 4.1͕ਖ਼͍͜͠ͱ͕͙ʹΘ͔Δɽ͔͠͠
ͳ͕ΒɼҎԼͰݟΔΑ͏ʹɼབྷΈͷ߹͑൱ఆతͰ͋Δɽ
ਖ਼m,n, pʹରͯ͠ɼConwayͷه߸ͰC(2m, 2n,−2p)ʹΑͬͯද͞ΕΔۂత

Δ͑ߟབྷΈLΛڮ2 (ਤ 2)ɽ 4.5ͷ෦ղͱ͕ͯ࣍͠Γཱͭɽ

ఆཧ 4.6 ([34]) m,n, pΛm ̸= pͱͳΔਖ਼حͷͱ͢Δɽ͜ͷͱ͖ۂత2ڮབྷΈ
L = C(2m, 2n,−2p)ͷҙͷ͖ʹରͯ͠ɼ∆α

L,ρ0(t)LͷछΛܾఆ͢Δɽ͞Βʹɼ

(1) gcd(m, p) = 1ͳΒɼG(L)ͷͯ͢ͷύϥϘϦοΫදݱρ : G(L) → SL(2,C)ʹ
ରͯ͠ɼ∆α

L,ρ(t) g(L)Λܾఆ͢Δ.

(2) gcd(m, p) ≥ 3ͳΒɼg(L)Λܾఆ͠ͳ͍G(L)ͷύϥϘϦοΫදݱρ͕ଘ͢ࡏΔɽ

ҙ 4.7 ਤ 2ͷ͖ʹରͯ͠ g(L) = 1ͱͳΓɼ1ͭͷͷ͖Λରʹ͢Δ͜ͱͰ
ఆ·ΔLͷ͖ʹ͍ͭͯg(L) = m+ p− 1ͱͳΔɽఆཧ 4.6 (2)ͷछΛܾఆ͠ͳ͍
ύϥϘϦοΫදݱલऀͷ߹ʹݱΕΔɽ

ఆཧ 4.6ͷূ໌ͰɼབྷΈLͷͯ͢ͷύϥϘϦοΫදݱΛهड़͢ΔRiley [41]ͷ
݁Ռ͕ຊ࣭తʹ༻͍ΒΕΔɽ
Λऴ͑Δɽߘຊͯ͛ڍΛ͔ͭزʹޙ࠷
SL(2,C)-ࢦඪଟ༷ମX(K)ͷύϥϘϦοΫදݱʹΑΔεϥΠε্Ͱͷ TK(t)ͷڍಈ
ͷղੳ͔Β༧ 3.1ʹΞϓϩʔν͢ΔͨΊʹɼ·ͣ࣍ͷΛ໌Β͔ʹ͍ͨ͠ɽ

 4.8 ϑΝΠόʔੑ͘͠छΛܾఆ͠ͳ͍ɼ݁ۂͼͷύϥϘϦοΫදݱ
ଘ͢ࡏΔ͔ɽ

Friedl, Kim [9]ɼఆཧ 2.6ͷ߸͕ΓཱͭΑ͏ͳදݱρͷଘࡏ݅Λ๓͍͖
ଟ༷ମͷϗϞϩδʔͷݴ༿Ͱهड़͍ͯ͠Δɽఆཧ 3.4͜ͷఆ݅Λ༻͍ͯࣔ͞Ε
ΔͷͰࣗવʹ࣍ͷ͕͑ߟΒΕΔɽ

 4.9 ۂత libroid݁ͼʹର͢Δ݁ՌΛۂབྷΈͷ߹ʹҰൠԽͤΑɽ

·ͨɼఆཧ 3.5ɼͶ͡ΕAlexanderଟ߲ࣜͷ͕࣍Ͷ͡ΕίϗϞϩδʔͷؒͷ
ࣸ૾ͷϥϯΫ͔Β͞ࢉܭΕΔ͜ͱΛ༻͍ͯূ໌͞ΕΔɽ

 4.10 ۂతτʔγϣϯଟ߲ࣜͷ࣍ͷධՁʹؔ͢Δ݁ՌΛۂབྷΈͷ߹ʹ
ҰൠԽͤΑɽಛʹछ1ͷۂབྷΈLʹରͯ͠deg∆α

L,ρ0(t) = 2||α||TΛࣔͤɽ
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ͼͷΫϥεʹରͯ͠ɼͦͷϑΝΠόʔੑͱछɼ݁ۂͷ͔ͭزͼΛؚΉ݁ڮ2
͋Δछͷ “༗ੑݶ”Λඋ͑ͨۂઢC ⊂ Xirr(K) (C canonical component C0ͱ
Αͬͯಛ͚ΒΕΔʹࡏΒͳ͍)ͷଘݶ [32]ɽ

 4.11 ͜ͷ؍͔ΒۂབྷΈͷϑΝΠόʔੑͱThurstonϊϧϜΛܾఆͤΑɽ

ँࣙ. ୈ 67ճτϙϩδʔγϯϙδϜʹ͓ট͖Լͬͨ͞౦ژେֶͷՏڹࢯɼٯҪ
ࢯɼౡେֶͷ֞ࣉҰࢯɼւಓେֶͷେຊࢯږʹ৺͔Β͍ͨ͠ँײ·͢ɽ
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A geometric description of the Riedemeister-Turaev torsion of
3-manifolds

ਗ਼ਫ ୡ (େཱࢢࡕେֶֶڀݚॴ/ژେֶཧղੳڀݚॴ)

1 ओ݁Ռͷ֓ཁ

ຊߘͰɼ͚͖ͮΒΕͨด ଟ༷ମͷReidemeister-Turaevݩ࣍3 torsionͱChern-
Simonsઁಈʹ༝དྷ͢Δ͋ΔෆมྔͷؒͷؔࣜΛհ͢Δɽ͜ͷࣜ྆ऀ͕ఆ
ഒΛআ͖ՁͳใΛͭ͜ͱΛࣔࠦ͢Δɽ͜ͷࣜ LecsopʹΑΔ Betti 1ͷ 3
ଟ༷ମʹର͢Δެࣜݩ࣍ ([12])ͷ֦ு͓Αͼਫ਼ີԽͱҐஔ͚ͮΔ͜ͱ͕Ͱ͖Δɽ

MΛ͖͚ΒΕͨด ଟ༷ମͱ͠ɼHݩ࣍3 = H1(M ;Z)/Torͱ͓͘ɽHͷ܈ԋ
ͷHݩRHͷମΛQ(H)ͱॻ͘ɽHͷ܈ੵͰද͢͜ͱʹ͢ΔɽHͷR্ͷࢉ
ͷੵ࡞༻ࣗવʹQ(H)ͷ࡞༻Λ༠ಋ͢Δɽ͜ΕΛ

ρ0 : H → Aut Q(H) = Q(H)×

ͱॻ͘͜ͱʹ͢Δɽͳ͓ɼଓ͘ 2ষͰQ(H) ρ0ΛجఈΛ༻͍ͯ۩ମతʹදࣔ͢Δɽ
ρ0(͋Δ͍جຊ܈ͷΞʔϕϧԽͱͷ߹ʣ

(π1(M) →)H
ρ0→ Q(H)×

M ͷ্ͷہॴܥΛఆΊΔɽ͜ͷہॴܥಉ͡ه߸ ρ0Ͱॻ͘͜ͱʹ͢ΔɽҎ߱ ρ0
͕ඇྠঢ়Ͱ͋Δ͜ͱΛԾఆ͢Δɿ

Hi(M ; ρ0) = 0 (i = 0, 1, 2, 3).

eΛM ͷ Eulerߏͱ͢Δ (Eulerߏʹؔͯ͠ 2ষΛࢀর)ͱɼReidemeister-
Turaev torsion

Tor(M, e) ∈ Q(H)×

͕ఆٛ͞ΕΔ (3ষ)ɽReidemeister-Turaev torsionMͷ ρ0νΣΠϯෳମͷڥ
ք४ಉ͕ͭ࣋ܕతใʢຊ࣭తʹࣜྻߦʣΛ༻͍ͯఆٛ͞ΕΔɽ
ଞํM ͱ e͔ΒزԿֶతͳߏΛͯܦผͷෆมྔ

d(M, e) ∈ H ⊗Q(H)

͕ఆٛ͞ΕΔ (4ষ)ɽओ݁Ռ͜ͷTor(M, e)ͱ d(M, e)͕ఆͷใΛআ͍ͯՁ
Ͱ͋Δ͜ͱΛओு͢Δɽ

1
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ఆཧ. ࣸ૾D : Q(H)× → H ⊗Q(H) ͕͋ͬͯҎԼ͕Γཱͭɽ

D(Tor(M, e)) = d(M, e).

ఆཧதͷDରඍΛ༻͍ͯఆٛ͞ΕΔࣸ૾Ͱ͋Γɼఆͷใ͕ࣦΘΕͯ
͍Δ ࡉৄ) 5ষ)ɽd(M, e)Chern-Simonsઁಈʹਂؔ͘ΘΔෆมྔͰ͋Γɼେࡶ
ʹ͑ݴɼMͱMͷੵଟ༷ମM ×MͰͷର֯ઢू߹∆ = {(x, x) | x ∈ M}
ͷࣗݾབྷΈ (self-linking number)ͱͯ͠ఆٛ͞ΕΔɽࣗݾབྷΈΛఆٛ͢Δʹ
framing͕ඞཁ͕ͩɼͦͷׂ Eulerߏ e͕Ռͨ͢ɽ

ҙ 1.1. Lescop [12]ʹ͓͍ͯ rkH = 1ͷ߹ʹ d(M, e0) Λ͠ࢉܭɼఆཧͷࣜΛ
ಘ͍ͯΔɽ͜͜Ͱ e0͋ΔରশੑΛຬͨ͢ಛผͳEulerߏΛબΜͰ͍Δ (2.2ষࢀ
র)ɽ্ͷఆཧ Lescopͷ݁ՌΛ rkH ≥ 2ͷ߹ʹ֦ு͢Δͱಉ࣌ʹ Eulerߏʹ
ΑΔਫ਼ີԽΛ༩͑Δͷʹͳ͍ͬͯΔɽ

2 ઃఆͷৄࡉ

2.1 ଟ༷ମͱදݱ ͍ͯͭʹ(ܥॴہ)

M Λ͚͖ͮΒΕͨด ɼH܈ຊجଟ༷ମɼπ1Λͦͷݩ࣍3 = H1(M ;Z)/TorΛͦͷ
ࢉͷԋ܈ͰϗϞϩδʔߘͷͶ͡Ε͕ͳ͍෦ͱ͢Δɽຊ܈ϗϞϩδʔݩ࣍1 ͱ܈)
ͯ͠ͷԋࢉ)ੵͰॻ͘͜ͱʹ͢ΔɽHͷجఈ {t1, . . . , tk} ⊂ HΛҰͭݻఆ͓ͯ͘͠:

H = {tn1
1 · · · tnk

k | ni ∈ Z}.

Hͷ܈Λ
RH = {

∑

n1,...,nk

an1,...,nk
tn1
1 · · · tnk

k },

ͦͷମΛ
Q(H) = {f/g | f, g ∈ RH, g ̸= 0}

ͱ͢Δɽදݱ ρ0 : (π1 →)H → Q(H)×͕ఆΊΔM ͷ্ͷہॴܥ ρ0Ͱॻ͖ɼ͜ͷ
܈ͷϗϞϩδʔܥॴہ

H∗(M ; ρ0)

͕ͯ͢ফ͍͑ͯΔ (ͭ·Γ ρ0͕ඇྠঢ়Ͱ͋Δ)͜ͱΛԾఆ͢Δɽ

2.2 Eulerߏʹ͍ͭͯ

M্ͷඇྵϕΫτϧX,X ′͕ϗϞϩΨεͰ͋ΔͱɼM͔Β 1Λআ͍ͨଟ༷ମ
M \{pt}ͷ੍ݶX|M\{pt},X ′|M\{pt}͕ϗϞτϐοΫͰ͋Δͱ͖Λ͍͏ʢผͷํ͍ݴ
Λ͢Ε 2εέϧτϯͷ੍͕ݶϗϞτϐοΫͱ͍͏͜ͱʣɽM ্ͷඇྵϕΫτ
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ͷϗϞϩΨεʹΑΔಉྨΛEulerߏͱ͍͏ɽEulerߏʹ͍͔ͭ͘ͷಉͳݴ
͍͔͕͑ଘ͠ࡏɼಛʹ spincߏͱͷؔReidemeister torsionͱ Seiberg-Witten
ෆมྔͷؔΛ͢ߟΔ͏͑ͰॏཁͰ͋Δɽ͜͜ͰɼޙͰඞཁͱͳΔMorseؔ
Λ͍͑ݴͨͬΛհ͢Δɽ

MorseؔΛ༻͍ͨ Eulerߏͷ͍͑ݴ

f : M → RΛM ͷ্ͷMorseؔͱ͢ΔɽM ʹRiemannྔܭΛͻͱͭݻఆ͠ɼ
ޯϕΫτϧ gradfΛऔΔɽgradfʹ༗ݸݶͷྵ (Morseಛҟ)͕͋Δ͕ɼͦ
ΕΛ

Crit(f) = (gradf)−1(0) = {p1, . . . , pk, q1, . . . , qk}
ͱ͢Δɽ͜͜Ͱಛҟ p1, . . . , pkͷMorseࢦۮͰ͋Γɼಛҟ q1, . . . , qkͷͦ
ΕحͰ͋Δͱ͢ΔɽM ʹຒΊࠐ·ΕͨՄॖͳίϯύΫτ͚͖ͮΒΕͨ ࣍1
ଟ༷ମݩ ef Ͱ͋ͬͯɼ

∂ef =
∑

i

pi −
∑

i

qi

ͱͳΔͷΛͱΔɽgradfͷྵΛ ef ͷۙͰඇྵϕΫτϧʹஔ͖͑Δ͜ͱͰɼ
M ͷඇྵϕΫτϧΛಘΔ͜ͱ͕Ͱ͖ΔɽͦͷҰͭΛ gradf/ef ͱॻ͘͜ͱʹ͢Δɽ
ஔ͖͑ͷํ๏ʹ ambiguity͕͋ΔͷͰ gradf/efҰҙͰͳ͍͕ɼද͢ΔEuler
Δͱɼ∂e′f͢ߟʹཧΛ༻͍ͯ͞ΒҰҙʹఆ·Δɽোߏ =

∑
i pi −

∑
i qiΛ

ef ͷผͷબͱ͢Δͱ͖ɼef ͱ e′f ͷ͕ࠩఆΊΔ 1αΠΫϧ [ef − e′f ] ∈ H1(M ;Z)͕
0Ͱ͋Δ͜ͱͱɼgradf/efɼgradf/e′f ͕ද͢Δ Eulerߏ͕Ұக͢Δ͜ͱ͕ಉ
Ͱ͋Δ͜ͱ͕͔Δɽ1

ରশੑΛͭ࣋ Eulerߏ

M্ͷϕΫτϧXʹର֤͠ͰҰ੪ʹ−1ഒΛͯ͠ಘΒΕΔϕΫτϧΛ−X
ͱॻ͘͜ͱʹ͢ΔɽM ΒΕ͚͖͕ͨͮ ଟ༷ମͰ͋Δ͜ͱ͔ΒɼX0ͱ−X0ݩ࣍3

͕ϗϞϩΨεͰ͋ΔΑ͏ͳඇྵϕΫτϧX0͕ଘ͢ࡏΔ͜ͱ͕Θ͔Δɽҙ 1.1ʹ
͓͍ͯ͜ͷX0͕ද͢Δ Eulerߏʢͷ 1ͭΛʣe0ͱॻ͍ͨɽ

3 Reidemeister-Turaev torsion Tor(M, e)

͜ͷষͰReidemeister-Turaev torsionͷ 1ͭͷఆٛ (MorseؔΛ༻͍ͨͷ)ͷ
ུ֓Λड़ΔɽΑΓৄ͘͠ྫ͑ [14]Λࢀরɽ·ͣඇྠঢ়νΣΠϯෳମʹର͢
ΔReidemeister torsionͷఆٛΛड़Δɽ

C∗ = (C∗, ∂) = · · · → Cn+1
∂n+1→ Cn

∂n→ Cn−1 → · · ·

1͜ͷ͜ͱ͔Βಛʹ Euler ߹શମͷूߏ Eul(M)  H1(M ;Z) ΛਵϕΫτϧۭؒͱ͢Δ affine ۭؒͷߏΛͭ࣋͜
ͱ͔Δɽ
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Λҙͷඇྠঢ়ෳମͱ͢Δɽ֤Cnମ F ্ͷ༗ݩ࣍ݶઢۭؒܗͱ͢Δɽ͜ͷͱ͖ɼ
degreeΛ 1্ͭ͛Δ४ಉܕ

g = (gn : Cn−1 → Cn)n

Ͱɼͯ͢ͷ nʹରͯ͠

∂n+1 ◦ gn+1 + (−1)ngn ◦ ∂n = idCn

Λຬͨ͢ͷ͕औΕΔɽCeven = ⊕n:evenCn, Codd = ⊕n:oddCnͱ͓͘ͱ͖ɼ

∂ + g(= (⊕n:even∂n)⊕ (⊕n:oddgn)) : Ceven → Codd

ઢܗಉ૾ࣸܕͱͳΔɽCeven ⊕Coddͷجఈ cΛ 1ܾͭΊΔ͜ͱͰ ∂ + gͷࣜྻߦΛ
औΔ͜ͱ͕Ͱ͖Δɽ͜Ε͕Reidemeister torsionͷఆٛͰ͋Δɿ

tor(C∗, c) ∈ F×.

ͳ͓ɼtor(C∗, c) gͷऔΓํʹґΒͳ͍ɽ
f : M → RΛMorseؔͱ͢ΔɽM ʹMorse-Smale݅Λຬͨ͢ Riemannܭ

ྔΛҰͭऔΔɽہॴܥ ρ0Λͱ͢ΔMorse-Smaleෳମ (Cf
∗ (M, ρ0), ∂f

∗ )Λ͑ߟΔɽ
֤Cf

n(M, ρ0) Morseࢦ nͷಛҟʹରԠ͢ΔQ(H)Λ͋ͭΊͨQ(H)্ͷઢܗ
ۭؒͰ͋Δɽ(Cf

∗ (M, ρ0), ∂f
∗ ) ͷϗϞϩδʔM ͷ ρ0ϗϞϩδʔͱҰக͢Δ͔

Βඇྠঢ়Ͱ͋Δɽ
M ͷEulerߏ eΛ ఆ͢ΔɽeΛද͢Δݻ1ͭ ଟ༷ମݩ࣍1 ef ΛҰͭऔΔɽ֤

Morseಛҟ p ∈ Crit(f)ʹରͯ͠Q(H)pͷ20Ͱͳ͍ݩ cf (p)ΛҰͭͣͭऔͬͨί
ϨΫγϣϯ Cf

∗ (M, ρ0)ͷجఈ cf Λ༩͑Δɽ͜ͷΑ͏ʹجͨͬ࡞ఈͰ͋ͬͯҎԼ
ͷ݅Λຬͨ͢ͷΛͱΔɿಛҟ p, q͕ ef ͷ࿈݁ γͰ݁Ε͍ͯΔͷͳΒɼ
γ∗cf (p) = cf (q)ɽҎ্ͷ४උͷԼɼReidemeister-Turaev torsion Tor(M, e)͕Ҏ
ԼͰఆٛ͞ΕΔɽ

Tor(M, e) = tor(Cf
∗ (M, ρ0), cf ) ∈ Q(H)×.

ఈج cf ͷબͼํʹ ambiguity͕͋Δ͕ɼ݁ࢉܭՌʹӨ͠ڹͳ͍ɽ

4 ෆมྔ d(M, e)

M ͱ Eulerߏ eʹରͯ͠ෆมྔ

d(M, e) ∈ H ⊗Q(H)

ͷఆٛΛհ͢Δ (ෆมྔͷߏνΣΠϯͷަࠩΛ༻͍ͨ୯७ͳͷͰ͕͢ɼνΣ
Πϯͷ͕ہॴܥͰ͋ΔͨΊද͕هॏ͘ͳ͍ͬͯ·͢ɽඞཁʹԠͯ͡ΛಡΈ

ܥॴہ2 ρ0 M ্ͷฏୱ Q(H) ଋΛ༩͑Δ͕ɼͦͷ p ʹ͓͚ΔϑΝΠόʔΛ Q(H)p ͱॻ͘͜ͱʹ͢Δɽ
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ඈ͍ͯͩ͘͠͞)ɽৄࡉ [13],[4]Λࢀরͷ͜ͱɽ͜ͷෆมྔChern-Simonsઁ
ಈͱਂؔ͘Θ͍ͬͯΔ͕ɼͦͷ͜ͱʹؔͯ͠ޙͷ 6ষʹ͓͍ͯ͢ٴݴΔɽ
දݱ ρ0ͱͦͷରදݱ ρ∗0ͷ֎෦ςϯιϧੵ ଟ༷ମMݩ࣍6 ×Mͷ্ͷඇྠঢ়

ͳہॴܥ ρ! ρ∗ΛఆΊΔɽρ0 ! ρ∗0ͷର֯ઢू߹∆ = {(x, x) | x ∈ M} ⊂ M ×M 
ͷ੍ݶ ρ0 ! ρ∗0|∆ = ρ0 ⊗ ρ∗0ʹ߃ࣸ૾ id ∈ Hom(Q(H), Q(H)) = Q(H)⊗Q(H)∗

͕ఆΊΔஅ 1͕ଘ͢ࡏΔɽR ∋ 1 ,→ 1 ∈ ρ0 ⊗ ρ∗0ʹΑͬͯɼ

H3(∆;R) ⊂ H3(∆; ρ0 ⊗ ρ∗0) = H3(∆; ρ0 ! ρ∗0|∆)

ͱΈͳ͢ɽجຊϗϞϩδʔྨ [∆] ∈ H3(∆;R) ⊂ H3(∆; ρ0⊗ρ∗0)H3(M×M ; ρ0!ρ∗0)
ͷ ϗϞϩδʔྨΛ༩͑Δɿݩ࣍3

[∆] ∈ H3(M ×M ; ρ0 ! ρ∗0).

ρ!ρ∗ඇྠঢ়Ͱ͋Δ͔Βɼ[∆] = 0Ͱ͋ΔɽΑͬͯ4νΣΠϯΣ ∈ C4(M×M ; ρ0!ρ∗0)
Ͱ͋ͬͯɼ

∂Σ = ∆

ͱͳΔͷ͕औΕΔɽΣ͍Θ∆ͷ SeifertບͰ͋Δɽ͜ͷ··Ͱ(ͷܥॴہ)
ࣗ༝͕͗͢ߴΔͷͰɼ͞Βʹ Σʹʮڥք݅ʯΛ՝͢͜ͱͰɼΣ͔ΒM ͷෆ
มྔΛऔΓग़͢ɽʮڥք݅ʯΣͷڥքͷۙN(∂Σ)ͷ੍ݶͰ͋ΔɽveΛEuler
ߏ eΛද͢ΔM ͷ non-vanishing vector fieldͱ͢Δɽ͜ͷͱ͖ɼʮڥք݅ʯ
ҎԼͰهड़͞ΕΔɽ

N(∂Σ) = {(x, tve(x)) | x ∈ M, 0 ≤ t < ε}.

ͦͷ͜͜Ζɼ∂ΣۙEulerߏΛද͢ΔϕΫτϧͷํʹ∆Λʡྲྀ ͢ʡͱ͍
͏͜ͱͰ͋Δɽ4-chain Σ\N(∂Σ) ∈ C4(M×M ; ρ0!ρ∗0)ͱ3-chain∆ ∈ C3(M×M ;R)
ͷަࠩ (Σ \N(∂Σ))∩∆C1(∆; ρ0 ⊗ ρ∗)ͷαΠΫϧΛ༩͑Δɽͱ͜ΖͰ ρ0 ⊗ ρ∗0
∆্ࣗ໌Ͱ͋Δ͔ΒɼH1(∆; ρ0 ⊗ ρ∗0) ∼= H1(∆;R)⊗Q(H) = H ⊗Q(H)Ͱ͋Δɽϗ
Ϟϩδʔ܈ͷ͔ࢉܭΒ࣍ͷิ͕ै͏ɽ

ิ 4.1. [(Σ \N(∂Σ)) ∩∆] ∈ H1(∆; ρ0 ⊗ ρ∗0) ∼= H ⊗Q(H) ΣͷͱΓํʹΑΒͳ
͍M, eͷҐ૬ෆมྔͰ͋Δɽ
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ఆٛ 4.2.

d(M, e) = [(Σ \N(∂Σ)) ∩∆] ∈ H1(∆; ρ0 ⊗ ρ∗0) ∼= H ⊗Q(H).

ҙ 4.3. (1) 4-chain Σ Chern-Simonsઁಈʹ͓͚Δ propagator(ͷ Poincaré
ର)ͷҰͭͰ͋Δɽৄࡉ 6ষΛࢀরͷ͜ͱɽ

(2) d(M, e)ͷఆٛ࣍ͷΑ͏ʹهड़͢Δ͜ͱͰ͖Δ (ຊ࣭తʹ্Ͱհͨ͠ఆٛ
ͱಉ͡Ͱ͋Δ)ɽ·ͣɼ∆ͷM ×M ʹ͓͚Δेখ͍͞ঢ়ۙN(∆)Λͱͬ
͓ͯ͘ɽρ0 ! ρ∗0|N(∆) ρ0 ⊗ ρ∗0ͱಉҰࢹͰ͖ΔɽThomಉܕ

H1(∆; ρ0 ⊗ ρ∗0) → H4(N(∆), ∂N(∆), ρ0 ⊗ ρ∗0)

ͱআಉܕ

H4(N(∆), ∂N(∆), ρ0 ⊗ ρ∗0) → H4(M ×M,M ×M \∆; ρ0 ! ρ∗0),

͞Βʹ (M ×M,M ×M \∆)ͷରͷϗϞϩδʔશྻͷதͷ࿈݁४ಉܕ (ρ0͕
ඇྠঢ়Ͱ͋Δ͜ͱ͔Β͜ΕಉܕͰ͋Δ͜ͱ͕Θ͔Δ)

H4(M ×M,M ×M \∆; ρ0 ! ρ∗0)
∂∗→ H3(M ×M \∆; ρ0 ! ρ∗0)

ͷ߹
Φ : H1(∆; ρ0 ⊗ ρ∗0) → H3(M ×M \∆; ρ0 ! ρ∗0)

ಉܕͰ͋Δɽ∆ΛEulerߏΛఆΊΔϕΫτϧveʹΑͬͯઁಈ͠ɼM×M\∆
ʹԡ͜͠ΜͰಘΒΕΔ ଟ༷ମΛݩ࣍3 ve(∆)ͱ͢ΔɽҎ্ͷ४උͷݩɼ

d(M, e) = Φ−1([ve(∆)])

͕ै͏ɽ

5 ఆཧ

ࣸ૾D : Q(H)× → H ⊗Q(H)Λɼ

D(f) =

{
k∑

i=1

ti ⊗
(
ti

∂

∂ti
log

)}
(f) =

k∑

i=1

ti ⊗
1

f

(
ti

∂

∂ti
(f)

)

ͰఆΊΔɽ͜͜Ͱ t1, . . . , tk ∈ HHͷR্ͷجఈͰ͋ͬͨɽDجఈʹΑΒͳ
͍͜ͱ͕͔֬ΊΒΕΔɽ

ྫ 5.1. D(1 + t31 + t21t
6
2) =

1
1+t31+t21t

6
2
(t1 ⊗ 3t31 + t1 ⊗ 2t21t

6
2 + t2 ⊗ 6t21t

6
2)
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Ҏ্ͷઃఆͷͱɼ࣍ͷ͕ࣜΓཱͭɽ

ఆཧ .(ܝ࠶)
D(Tor(M, e)) = d(M, e).

ྫ 5.2. M = S1 × S2ͱ͢ΔɽH = H1(S1 × S2;R)ͷੜݩΛҰͭͱΓɼtͱ͢Δ:
H = ⟨t⟩ɽ͜ͷͱ͖ɼదͳ Eulerߏ eʹର͠,

Tor(S1 × S2, e) =
1

(t− 1)2
∈ Q(H)

Ͱ͋Δ͜ͱ͕ΒΕ͍ͯΔɽ͕ͨͬͯ͠ఆཧΛద༻͢Δͱɼ

d(S1 × S2, e) = D

(
1

(t− 1)2

)
= t⊗ −2t

t− 1
∈ H ⊗Q(H)

͕ै͏ɽ

6 ෆมྔ d(M, e)ͷഎܠɿChern-Simonsઁಈ

ෆมྔ d(M, e)ͷഎܠʹ͋ΔChern-Simonsઁಈʹ͍ͭͯ؆୯ʹड़Δɽ

6.1 Chern-Simonsઁಈ

Chern-Simonsྔࢠͷཧͷؔɼ3ݩ࣍ଟ༷ମͷҐ૬ෆมྔͰ͋Δ͜
ͱ͕ظ͞ΕΔɽؔͦͷͷ͍·ͷֶͰѻ͑ͳ͍͕ɼͦͷۙల։
Ͱ͋Δ Chern-SimonsઁಈֶͰ͋ΓɼKontsevich, Axelrod, SingerʹΑͬͯ
1990ॳ಄ʹཱ֬͞Εͨ ([11],[1])ɽChern-Simonsઁಈ ଟ༷ମMݩ࣍3 ͱ
ͦͷ্ͷඇྠঢ়ͳہॴܥͷʹର͢ΔෆมྔΛେྔʹ࡞Γग़͢ɽͦͷߏɼҰݴ
Ͱ͑ݴʮpropagatorͷͭ࣋ใΛஔۭؒੵΛ༻͍ͯऔΓग़͢ʯͷͰ͋Δɽ
propagator(ͷϗϞϩδΧϧͳඳࣸ)M ×M ͷ 4νΣΠϯͰɼ՝͞ΕΔ݅ ڥ)
ք݅ɼରশੑͳͲ)ʹ͍͔ͭ͘ͷόϦΤʔγϣϯ͕͋Δ͕ɼd(M, e)ͷߏதʹ༻
͍ͨΣ propagatorͷҰͭͱΈΔ͜ͱ͕Ͱ͖Δɽ࣮ࡍɼΣͱͯ͠ɼBottͱCattaneo
ʹΑΔChern-Simonsઁಈ ([2],[3])Ͱ༻͍ΒΕΔ propagatorΛऔΔ͜ͱ͕Ͱ͖Δɽ
͜ͷ propagatorΛ͍ͭ͘༻ҙ͠ɼͦͷ༷ʑͳλΠϓͷަࠩΛΧϯτ͢Δ͜ͱͰ
propagator͔ΒMͱہॴܥͷใΛऔΓग़͢͜ͱ͕Ͱ͖Δɽ͜ͷʮަࠩΛΧϯτ
͢Δʯख๏Λஔۭؒੵͱ͍͏ɽண͢ΔަࠩͷλΠϓʹΑͬͯஔۭؒੵ
ఆ͢Δ͜ͱͰෆมྔ͕ಘΒΕࢦΒΕΔ͕ɼదͳަࠩͷλΠϓͨͪΛ͑ߟ௨Γز
ΔɽͦΕΒަࠩͷλΠϓΛࢦఆ͢ΔϨγϐΛάϥϑͱͯ͠ਤࣜԽͨ͠ͷ Jacobi
ਤ͋Δ͍ FeynmanਤͳͲͱݺΕ͍ͯΔɽ
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6.2 ͳ߹ͷChern-Simonsઁಈ໌͕ࣗܥॴہ

M ΛϗϞϩδʔٿ໘͔Β 1݀Λۭ͚ͨͷͱͯ͠ɼہॴܥͱͯࣗ͠໌ͳͷ
ΛͱΔɽͭ·Γ௨ৗͷ࣮ϗϞϩδʔΛ͑ߟΔɽJacobiਤͱͯ͠ʮϺʯͷܗͷ
άϥϑΛͱͬͯ͘ΔɽϺ͕ࣔ͢ࢦΔஔۭؒੵɼ∆Ҏ֎ͰԣஅతʹަΘΔ
propagator3Λ 3ͭͱͬͯͦΕΒ 3͕ͭަΘΔΛ͑Α (ͨͩ͠∆ަ͔ࠩΒআ֎
͢Δ)ɼͱ͍͏ͷͰͳΔɽpropagatorͷڥք݅Ͱ༻͍ΔඇྵϕΫτϧͷใΛ
͏·͘ิਖ਼ͯ͠ΔͱɼM ͷෆมྔ͕ಘΒΕɼͦΕCassonෆมྔͷఆഒʹҰ
க͢Δ͜ͱ͕ΒΕ͍ͯΔɽ·ͨɼͬͱෳࡶͳ JacobiਤΛͯͬ࣋͘Δ͜ͱͰ༗ݶ
ෆมྔͱΑΕΔΫϥεʹଐ͢Δෆมྔ͕ͯ͢ಘΒΕΔ͜ͱΒΕ͍ͯΔɽܕ

6.3 ඇࣗ໌ͳ߹ͷChern-Simonsઁಈ͕ܥॴہ

Ұํɼہॴ͕ܥඇࣗ໌ͳ߹ͷ Chern-Simonsઁಈͷੑ࣭͋·ΓΘ͔͍ͬͯͳ
͍ɽہॴ͕ܥඇࣗ໌ͳ߹ͱࣗ໌ͳ߹ͱͰ༷૬͕ҟͳΔ෦͕͞ݟࢄΕΔ͕ɼ
d(M, e0)ͦͷࠩҟͷҰͭΛఆྔԽͨ͠ͷͱଊ͑Δ͜ͱ͕Ͱ͖Δɽ͜͜Ͱ e0 2.2
ষͰಋೖͨ͠ରশੑΛͭEulerߏͰ͋Δɽہॴ໌͕ࣗܥͳͱ͖ʹৗʹd(M, e0) =
0Ͱ͋Δ͜ͱ͕Θ͔Δɽd(M, e0) propagatorͱର֯ઢ ∆ͷަࠩʹΑͬͯఆٛ͞
Ε͍ͯͨͷͰɼd(M, e0) = 0తަ͕ࠩ 0Ͱ͋Δͱ͍͏͜ͱͰ͋Δɽ͞Βʹ
d(M, e0) = 0ͷͱ͖ propagatorΛ∆ͷۙͰہॴతʹมͯ͠ܗɼަ͕ࠩ (త
ʹͰͳ͘)ຊʹ͖ىͳ͍Α͏ʹऔΕΔ͜ͱ͕ΒΕ͍ͯΔɽͦͷ݁Ռɼஔۭ
ؒੵΛ͢Δͱ͖ʹ ∆ۙͷॲཧ͕༰қʹͳΔͷͰ͋Δɽہॴ͕ܥඇࣗ໌ͳͱ͖
ɼͨͱ͑ہॴ͕ܥ SU(2)ଋͷฏୱଓͷϗϩϊϛʔ४ಉ͔ܕΒܾ·ΔΑ͏ͳ
߹ʹඞͣ d(M, e0) = 0Ͱ͋Δ͜ͱ͕ࣔ͞Εɼࣗ໌ଓͷͱ͖ͱ΄΅ಉ༷ʹͯ͠
Chern-SimonsઁಈΛల։͢Δ͜ͱ͕Ͱ͖Δ ([13])ɽ

Lescop [12]ʹ͓͍ͯ rkH = 1Ͱ͋ΔMͱදݱ ρ0 : H → Q(H)ʹର͢ΔChern-
SimonsઁಈΛల։͍ͯ͠Δɽ͜ͷ߹ʹ d(M, e0)Ұൠʹ 0Ͱͳ͘ɼͦͷ
ࡍඞཁͰ͋Δɽ࣮͕ߟ Lescop d(M, e0)ΛM ͷAlexanderଟ߲ࣜͰද͢ެࣜΛ
༩͍͑ͯΔɽ·ͨɼᬒ [16]ʹ͓͍ͯ rkH = 1ͷ߹ͷChern-Simonsઁಈͷ
Morse homotopyʹΑΔදࣔΛ༩͍͑ͯΔɽ

7 ఆཧͷূ໌ͷུ֓

7.1 ূ໌ͷΞΠσΞ

M্ʹMorseؔΛҰͭऔΔɽTor(M, e)ہॴܥͷMorse-Smaleෳମ (Cf
∗ (M, ρ)0, ∂)

ͷReidemeister torsionͱͯ͠දࣔͰ͖ΔͷͰ͋ͬͨɽ͏গ͠ৄ͘͠ݟΔͱɼTor(M, e)
ڥք४ಉܕ ∂ͱ४ಉܕ gͷใ͔Βఆ·ΔͷͰ͋ͬͨɽMorse-Smaleෳମʹ͓͚
Δ ∂ͷEulerߏʹΑΔجఈʹؔ͢Δදྻߦݱͷ֤ཁૉ trajectoryΛہॴ͔ܥΒఆ

ʹີݫ3 propagator ݀ͷۙͰίϯτϩʔϧ͢Δඞཁ͕͋Δɽ
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·ΔॏΈ͖ͰΧϯτ͢Δ͜ͱͰ͞ࢉܭΕΔɽଞํɼҎԼʹݟΔΑ͏ʹɼd(M, e)
ʹMorseؔΛ༻͍ͨ۩ମతͳදࣔΛ༩͑Δ͜ͱ͕Ͱ͖ɼtrajectoryͱ gͱؔ
͢ΔใΛ༻͍ͯද͞ΕΔɽ͜ΕΒTor(M, e)ͱ d(M, e)ͷදࣔΛൺֱ͢Δͷ͕ূ໌
ͷେ·͔ͳྲྀΕͰ͋Δɽ

7.2 Morse homotopyΛ༻͍ͨ d(M, e)ͷදࣔ

d(M, e)ΛMorseؔΛ༻͍ͯදࣔ͢ΔͨΊʹpropagatorΛMorseؔʹΑͬͯද
ࣔ͢Εྑ͍ɽͦ ͜Ͱ༻͍ΔͷMorse homotopyͱΑΕΔख๏Ͱ͋Δɽ͜ ͜Ͱ༻͍
ΔMorseϗϞτϐʔʹ͍ͭͯৄ͘͠ [5],[15]Λࢀরͷ͜ͱɽಛʹ [5]ͷ Introduction
ʹҎԼͷߏͷΞΠσΞ͕తʹ·ͱΊͯ͋Δɽf : M → RΛMorseؔͱ͢
Δɽ{Φf

t : M → M}t∈RΛ fͷޯϕΫτϧ gradf͕ੜ͢Δඍಉ૬ࣸ૾ͷ 1ύ
ϥϝʔλϑΝϛϦʔͱ͢ΔɽM ×M ͷ ෦ଟ༷ମݩ࣍4

Σ0(f) = {(x,Φf
t (x)) | x ∈ M, t ≥ 0}

ΛͱΔɽ͜Ε͍Θ∆Λ gradf ͷϑϩʔͰʡྲྀ ͯ͠ʡಘΒΕΔ ଟ༷ମͰ͋ݩ࣍4
Δɽt = 0ͷͱ͖ʹ {(x,Φf

0(x)) | x ∈ M} = ∆Ͱ͋Δ͔Βɼڥք ∂Σ0(f)∆Λͦͷ
Ұ෦ʹؚΉɽ࣮ࡍʹMorseಛҟʹ༝དྷ͢ΔผͷڥքΤϯυ͕ଘ͢ࡏΔ͕ɼͦ
ΕΛ҆ఆଟ༷ମɾෆ҆ఆଟ༷ମΛ༻͍ͯదʹิਖ਼ͯ͠Δ͜ͱͰ ∂Σ(f) = ∆ͱͳ
Δ 4νΣΠϯΣ(f)Λ࡞Δ͜ͱ͕Ͱ͖Δɽ͜͜Ͱࡉ෦ʹ৮Εͳ͍͕ɼ4ࣜͷΈΛॻ
͍͓ͯ͘ɿ

Σ(f) = {(x,Φf
t (x)) | x ∈ M, t ≥ 0}+

∑

p,q

gp,q(Ap ×Dq).

gp,qMorseؔͱہॴܥͷใ͔Βఆ·ΔQ(H)p ⊗ Q(H)∗qͷݩͰɼTor(M, e)ͷ
ఆٛ (3ষ)ͷͱ͜ΖͰ༻͍ͨ g : C∗ → C∗+1ͱਂ͍ؔͯ͘͠Δɽpropagatorͷڥ
ք݅ඇྵϕΫτϧͰ༩͑ΒΕ͍ͯͨɽνΣΠϯΣ(f)ͷڥքޯϕΫτϧ
ʹίϯτϩʔϧ͞Ε͍ͯΔ͕ɼޯϕΫτϧҰൠʹྵΛͭ࣋ɽͦ͜Ͱɼಉ͡
ॴʹූٯ߸ͷྵΛͭ࣋ϕΫτϧ−gradf Λ༻͍ͯྵͷد༩Λ૬ͤ͞ࡴΔ:

Σ(±f) =
1

2
(Σ(f) + Σ(−f)).

Σ(±f)࣮ࡍʹ propagatorʹͳΔ͜ͱ͕͔֬ΊΒΕΔɽ
ͯ͞ d(M, e) = [(Σ(±f) − N(∂Σ(±f))) ∩ ∆]Ͱ͋ͬͨɽ(Ap × Dq) ∩ ∆ pͱ q

Λ݁Ϳੵۂઢ (trajectory)ͷू߹Ͱ͋Δ͜ͱʹҙ͢Δͱɼ

d(M, e) =
∑

γ:trajectory

[γ]⊗ γ∗ ◦ gp,q ∈ H ⊗Q(H)

4ৄ͘͠ྫ͑ [15] Λࢀরͷ͜ͱɽ࣮ࡍίϯύΫτԽہॴܥͷ͕ߟඞཁͰ͋Δɽ
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Ͱ͋Δ͜ͱ͕Θ͔Δɽ͜͜Ͱ [γ] γΛMͷ 1νΣΠϯͱΈͳͨ͠ͷͰ͋Γɼγ∗ ∈
Q(H)∗p⊗Q(H)qγʹԊͬͨہॴܥͷͶ͡ΕͰ͋Δɽγ∗◦gp,qAut(Q(H)q) ∼= Q(H)×

ͷݩͰ͋ΔɽҎ্͕ d(M, e)ͷMorseؔΛ༻͍ͨදࣔͰ͋Δɽ

ҙ 7.1. (1) MorseؔΛ༻͍ͨReidemeister torsionʹର͢ΔΞϓϩʔνͱͯ͠
HutchingsͱLeeʹΑΔࣄ ([7],[8],[9])͕͋ΔɽHutchingsͱLeeS1Morse
ؔͷ trajectoryʹண͠ɼดيಓͱͳΔੵۂઢͷใΛಛҟͲ͏͠Λ݁
Ϳ trajectoryͷใͰิਖ਼͢Δ͜ͱͰReidemeister-Turaev torsion͕औΓग़ͤ
Δ͜ͱΛࣔͨ͠ɽͨͩ͠ɼR ⊂ S1ͱΈͳͯ͠ Hutchings-Leeͷ݁ՌΛ Rͷ
Morseؔʹద༻͢Δͱࣗ໌ͳࣜͱͳͬͯ͠·͏ɽ͔͠͠ຊߘͷఆཧͱྨࣅ
͕͞ݟࢄΕɼ྆ऀΛؚΉࣗવͳ֦ு͕ظ͞ΕΔɽ

(2) ෆมྔ d(M, e)ҙͷ (ՄͱݶΒͳ͍)ඇྠঢ়දݱʹରͯ͠ఆٛ͞ΕΔɽ
͔ͦ͠͠ͷ߹ͷ d(M, e)ͱReidemeister torsionͱͷؔ໌Β͔ʹͳ͍ͬͯ
ͳ͍ɽҰํͰɼ(1)Ͱհͨ͠Hutchings-Leeͷ݁ՌͷඇՄදݱͷ֦ு߹
ాɼPajitonov [6], ࢁ [10]ΒʹΑͬͯௐΒΕ͍ͯΔɽ
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Birkhäuser Verlag, Basel (2002). MR1958479 (2003m:57028)

[15] T. Watanabe, Higher order generalization of Fukaya’s Morse homotopy invari-
ant of 3-manifolds I. Invariants of homology 3-spheres. Asian J. Math. 22 (2018),
no. 1, 111-180.

[16] T. Watanabe, Higher order generalization of Fukaya’s Morse homotopy invari-
ant of 3-manifolds II, arXiv:1605.05620v4, 2016.

21



ΣϧσουབྷΈͷϛϧφʔෆมྔ

ాɹࡌ߁ (େࡕେֶɾຊֶज़ৼڵձಛผڀݚһPD)∗

1. ͡Ίʹ
1950ʹMilnor [10, 11]µෆมྔͱݺΕΔ ໘ͷབྷΈͷෆมྔΛఆٿݩ࣍3
ٛͨ͠ɽॱং͚ΒΕͨ༗nབྷΈLʹର͠ɼू߹{1, . . . , n}ͷݩΛ߲ʹͭ
ྻ IʹରԠͯ͠ϛϧφʔͱݺΕΔµL(I)͕ఆ·ΔɽϛϧφʔµL(I)ͷ͋Δ
༨ྨµL(I)ΛͱΔ͜ͱʹΑΓɼLͷෆมྔ͕ಘΒΕΔɽ͜ͷ༨ྨ͕µෆมྔͰ͋Δɽ
ྻ Iͷ߲ʹॏෳ͕ͳ͍߹ɼµL(I)ϦϯΫϗϞτϐʔෆมྔͰ͋Δ͜ͱ͕ΒΕͯ
͍Δ [11]. ͜͜ͰɼϦϯΫϗϞτϐʔͱࣗަࠩަݾʹΑͬͯੜ͞ΕΔಉؔͷ
͜ͱͰ͋Δ [10]ɽ1990ʹɼHabegger-Lin [5]བྷΈͷϛϧφʔΛ3ٿݩ࣍ମͷ
ετϦϯάབྷΈͷෆมྔʹ֦ுͨ͠ɽ͜ͷෆมྔΛετϦϯάབྷΈͷµෆ
มྔͱ͍͏ɽ
1990ͷޙɼབྷΈͷҰൠԽʹ͋ͨΔ֓೦ͱͯ͠ɼΣϧσουབྷΈ͕ఆٛ͞
Εͨ [4]ɽΣϧσουབྷΈͱಉ༷ʹɼΣϧσουετϦϯάབྷΈఆٛ͞ΕΔɽ
2010ʹDye-Kauffman [3]ྻͷ߲ʹॏෳ͕ͳ͍߹ʹབྷΈͷµෆมྔΛΣϧ
σουབྷΈ֦ு͕ͨ͠ɼ2013ʹKotorii [6]͜ͷ֦ு͕ਖ਼͘͠ͳ͍͜ͱΛࢦఠ
ͨ͠ɽʢ[1]ࢀর͞Ε͍ͨɽʣͦͯ͠ɼTuraev [14]ͷφϊϫʔυཧΛ༻͍ͨ߹ͤ
తͳख๏ͰɼµෆมྔͷΣϧσουབྷΈͷ֦ுΛ༩͑ͨ͠ɽ·ͨΣϧσου
ετϦϯάབྷΈʹରͯ͠ɼ2011ʹKravchenko-Polyak [7]ɼΨεਤࣜΛ༻͍ͨ
߹ͤతͳख๏Ͱɼྻͷ߲ʹॏෳ͕ͳ͍߹ʹετϦϯάབྷΈͷµෆมྔΛ֦
ுͨ͠ɽKotoriiKravchenko-PolyakʹΑΔϛϧφʔෆมྔͷ֦ுྻͷ߲ʹॏෳ
͕ͳ͍߹ɼ͢ͳΘͪɼϦϯΫϗϞτϐʔෆมྔͷ߹ʹݶΒΕ͍ͯΔɽ
2017ʹAudoux-Bellingeri-Meilhan-Wagner [1]4ٿݩ࣍ମͷϦϘϯ2ݩ࣍ετ
ϦϯάབྷΈʹµෆมྔΛఆٛͨ͠ɽ͞Βʹνϡʔϒࣸ૾ΛΈ߹Θͤͯɼҙͷྻ
ʹର͢ΔετϦϯάབྷΈͷµෆมྔΛΣϧσουετϦϯάབྷΈ֦ுͨ͠ɽ͜
͜Ͱɼνϡʔϒࣸ૾ͱΣϧσουετϦϯάབྷΈΛϦϘϯ2ݩ࣍ετϦϯάབྷΈ
ʹରԠͤ͞Δࣸ૾ͷ͜ͱͰ͋Δʢcf. [13, 15]ʣɽAudoux-Bellingeri-Meilhan-Wagner [1]

ͱྨࣅͷτϙϩδΧϧͳख๏Ͱɼ2020ʹChrisman [2]ҙͷྻʹର͢ΔབྷΈ
ͷµෆมྔΛΣϧσουབྷΈ֦ு͢Δ͜ͱʹޭͨ͠ɽ[1, 2]ͰΣϧσουʢε
τϦϯάʣབྷΈʹର͠ϛϧφʔෆมྔ͕શͳܗͰఆٛ͞Ε͕ͨɼͦͷख๏τϙ
ϩδΧϧͳͷͰ͋ΔɽΣϧσουʢετϦϯάʣབྷΈɼԾਤࣜʹΑΓఆٛ
͞ΕΔ߹ͤతͳରͰ͋ΔͨΊɼͦΕΒͷϛϧφʔෆมྔͷఆٛͦͷෆมੑͷ
ূ໌Λ߹ͤతͳख๏Ͱ༩͑Δ͜ͱॏཁͳ՝Ͱ͋Δͱ͑ߟΔɽ
Milnor [11]ͰਤࣜΛ༻͍ͨབྷΈͷµෆมྔΛ͢ࢉܭΔํ๏Λ༩͑ͨɽMilnorͷ
ͷه๏ԾབྷΈਤࣜʹରͯ͠ద༻Ͱ͖Δɽ্ํࢉܭ Chrisman [2]ͷ݁ՌΑΓɼ
Milnorͷํࢉܭ๏͔ΒಘΒΕΔΣϧσουབྷΈͷෆมྔͰ͋Γɼཧతʹͦ
ͷͷෆมੑΛԾབྷΈਤࣜͷΈΛ༻͍ͯূ໌͢Δ͜ͱ͕ՄͰ͋ΔɽͦͷΑ͏ͳ
߹ͤతͳূ໌Λ࣮ࡍʹ༩͑Δ͜ͱ͕Ͱ͖ͨͷͰɼຊߨԋͰͦͷূ໌ͷུ֓Λհ

ຊڀݚՊݚඅʢ՝൪߸ɿJP19J00006ʣͷॿΛड͚ͨͷͰ͋Δɽ
∗˟ 560-0043 େࡕ๛தࢢ݉ࢁொ 1-1ɹେࡕେֶେֶӃཧֶڀݚՊֶઐ߈
e-mail: ko-wada@cr.math.sci.osaka-u.ac.jp
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͢Δɽ·ͨɼΣϧσουབྷΈͷµෆมྔྻͷ߲ʹॏෳ͕ͳ͍߹ʹࣗݾԾԽ
ಉͷෆมྔͰ͋Δ͜ͱɼզʑͷূ໌্هͷAudoux-Bellingeri-Meilhan-Wagner [1]

ͷ݁Ռͷผূ໌ΛؚΉ͜ͱհ͢Δɽຊߨԋͷ༰ɼٶᖒࢯࢠ࣏ʢాक़େֶʣɼ
ڀݚಉڞʢૣҴాେֶʣͱͷࢯߊݪ҆ ɽͮ͘جʹ[12]

2. ΣϧσουབྷΈͷϛϧφʔෆมྔ
ຊઅͰɼMilnor [11]ͷਤࣜΛ༻͍ͨབྷΈͷ µෆมྔͷํࢉܭ๏Λجʹͨ͠ɼΣ
ϧσουབྷΈͷµෆมྔͷఆٛΛհ͢Δɽ
·ͣΣϧσουབྷΈΛఆٛ͢Δɽฏ໘ʹΊࠐ·Εͨ nݸͷԁपͰ͋Γɼଟॏ
͕ԣஅతͳ2ॏͷΈͰ͋ΔͷΛnԾབྷΈਤࣜͱ͍͏ɽͦͷ2ॏɼਤ
1ʹࣔ͞Ε࣮ͨަࠩͱݺΕΔͷͱɼԾަࠩͱݺΕΔͷͷೋछྨ͕͋Δɽ

࣮ަࠩ Ծަࠩ

ਤ 1: ԾབྷΈਤࣜͷೋछྨͷަࠩ

ೋͭͷԾབྷΈਤ͕ࣜಉͰ͋ΔͱɼͦΕΒ͕ΣϧσουϥΠσϚΠελʔ
ҠಈͱݺΕΔਤ2ʹࣔ͞ΕͨീछྨͷہॴมܗR1–R3ɼV1–V4ɼOCͷ༗ྻݶʹΑͬ
ҠΓ߹͏ͱ͖Λ͍͏ɽnԾབྷΈਤࣜͷಉྨΛnΣϧσουབྷʹ͍ޓͯ
Έͱ͍͏ɽͳ͓ҎԼͰɼԾབྷΈਤ͓ࣜΑͼΣϧσουབྷΈͷ֤ɼ
͖ͱॱং͕ࢦఆ͞Ε͍ͯΔͱԾఆ͢Δɽ

R1 R1 R2 R3

V1 V2 V3

V4 OC

ਤ 2: ΣϧσουϥΠσϚΠελʔҠಈ

DΛnԾབྷΈਤࣜͱ͢Δɽ֤ i ∈ {1, . . . , n}ʹର͠ɼDͷୈ i্ʹ1pi
Λબͼݻఆ͢Δɽ֤ piΛୈ iͷجͱ͍͍ɼnݸͷجͷp = (p1, . . . , pn)Λ
DͷجγεςϜͱݺͿɽ·ͨɼجγεςϜpΛͬͨਤࣜDΛ (D,p)Ͱද͢ɽD

ͷ࣮Լަࠩͱnݸͷجp1, . . . , pnʹΑΓD༗ݸݶͷ࿈݁ʹׂ͞ΕΔ͕ɼͦͷ
֤࿈݁Λ (D,p)ͷΞʔΫͱݺͿɽʢ(D,p)ͷΞʔΫʹ্࣮ަࠩԾަؚ͕ࠩ·
ΕͯΑ͍ɽʣ
ج pi͔Βୈ iͷ͖ʹԊͬͯҰप͠ɼ௨աͨ͠ॱʹ (D,p)ͷ֤ΞʔΫʹϥϕ
ϧai1, ai2, . . . , aimi+1Λ͚Δʢਤ3ࢀরʣɽ͜͜Ͱɼmi + 1 (D,p)ͷୈ iͷΞʔ
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Ϋͷ૯Ͱ͋Δɽ·ͨ uij ∈ {akl}Λ aijͱ aij+1Λ۠͢ΔΞʔΫͱ͠ɼεij ∈ {1,−1}
Λaij, aij+1, uij͔ΒͳΔަࠩͷූ߸ͱ͢Δɽ

pi

ai1 ai2 ai3 aij aij+1 aimi aimi+1

ui1 ui2 uij uimi

ਤ 3: (D,p)ͷୈ iͷུ֓ਤ

A = ⟨α1, . . . ,αn⟩Λ֊ nͷࣗ༝܈ͱ͠ɼAΛ (D,p)ͷΞʔΫશମͷू߹ {aij |
1 ≤ i ≤ n, 1 ≤ j ≤ mi + 1}Ͱੜ͞ΕΔࣗ༝܈ͱ͢Δɽ·ͨɼޠuεi1

i1 u
εi2
i2 · · · uεij

ij ∈ A

(1 ≤ j ≤ mi)ΛvijͰද͢ɽࣗ વqʹର͠ɼ(D,p)ʹਵͨ͠४ಉ૾ࣸܕηq = ηq(D,p) :

A −→ AΛ࣍Ͱఆٛ͢Δɽ

η1(aij) = αi,

ηq+1(ai1) = αi, ηq+1(aij) = ηq(v
−1
ij−1)αiηq(vij−1) (2 ≤ j ≤ mi + 1).

Z⟨⟨X1, . . . , Xn⟩⟩ΛͷX1, . . . , XnΛඇՄͳมͱ͢ΔࣜܗతϕΩڃͱ
͢ΔɽϚάφεల։ͱ࣍Ͱఆٛ͞ΕΔ४ಉ૾ࣸܕE : A −→ Z⟨⟨X1, . . . , Xn⟩⟩ͷ͜ͱ
Λ͍͏ɽ

E(αi) = 1 +Xi, E(α−1
i ) = 1−Xi +X2

i −X3
i + · · · (1 ≤ i ≤ n).

ҙ 2.1 ([8]) AqΛAͷ߱த৺ྻͷୈ q൪ͷ෦܈ͱ͢Δɽҙͷ x ∈ Aqʹର͠ɼ
E(x) = 1 + (q࣍Ҏ্ͷ߲)͕Γཱͭɽ

֤i ∈ {1, . . . , n}ʹର͠ɼ(D,p)ͷୈiͷࣗࠩަݾͷූ߸Λwiͱ͠ɼޠa−wi
i1 vimi ∈

AΛ liͰද͢ɽ͜ͷޠ liΛ (D,p)ͷୈ i൪ඪ४ϩϯδνϡʔυͱݺͿɽ

ఆٛ 2.2 ू߹{1, . . . , n}ͷݩΛ߲ͱ͢Δྻ j1 . . . jsi (1 ≤ s < q)ʹର͢Δ (D,p)ͷϛ
ϧφʔͱɼηq(li)ͷϚάφεల։E(ηq(li))ʹ͓͚ΔXj1 · · ·Xjs ͷͷ͜ͱͰ͋
Γɼµ(q)

(D,p)(j1 . . . jsi)Ͱද͢ɽ

ҙ 2.3 1 ≤ s < qʹର͠ɼµ(q)
(D,p)(j1 . . . jsi) = µ(q+1)

(D,p)(j1 . . . jsi)͕Γཱͭɽ

ҙ 2.3ΑΓɼq͕ेେ͖͚Ε µ(q)
(D,p)(j1 . . . jsi)Λɼ(q)Λলུͯ͠ µ(D,p)(j1 . . . jsi)

ͱදͯࠩ͑͠͠ࢧͳ͍ɽqҙʹେ͖͘ͱΕΔͨΊɼޙࠓ qेେ͖͍ࣗવͰ͋
ΔͱԾఆ͢Δɽ
ೋͭͷج͖ԾབྷΈਤ͕ࣜج͖ಉͰ͋ΔͱɼͦΕΒ͕جΛؚ·ͳ
͍ΣϧσουϥΠσϚΠελʔҠಈͱਤ 4ͷہॴมܗͷ༗ྻݶͰ͍ޓʹҠΓ߹͏ͱ
͖Λ͍͏ɽ

ҙ 2.4 ਤ5ͷೋछྨͷہॴมܗج͖ಉʹ͓͍ͯ͞ڐ͕༺Εͳ͍ɽ

͖ಉͷෆมྔͰ͋Δɽج͖ԾབྷΈਤࣜͷϛϧφʔجʹͷΑ͏࣍
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ਤ 4: ܗॴมہ͕ԾަࠩΛ௨ա͢Δج

ਤ 5: ܗॴมہͰ͖ͳ͍ೋछྨͷ༺͍͓ͯʹ͖ಉج

ఆཧ 2.5 ([12, Theorem 3.1]) ೋͭͷج͖ԾབྷΈਤࣜ (D,p)ͱ (D′,p′)͕ج
͖ಉͰ͋ΔͳΒɼҙͷྻ Iʹର͠µ(D,p)(I) = µ(D′,p′)(I)͕Γཱͭɽ

(D,p)ͱ (D′,p′)ͷୈ i൪ඪ४ϩϯδνϡʔυΛ֤ʑliͱ l′iͰද͢ɽఆཧ2.5Λࣔͨ͢
Ίʹɼ(D,p)ͱ (D′,p′)͕1ճͷجΛؚ·ͳ͍ΣϧσουϥΠσϚΠελʔҠಈ
·ͨਤ 4ͷہॴมܗͰҠΓ߹͏ͱ͖Λ͑ߟɼηq(D,p)(li)ͱ ηq(D′,p′)(l′i)ͷࠩΛ؍
͢ΕΑ͍ɽͦͷࠩʹ͍͕͔ͭͯ࣍Δɽ

໋ 2.6 (D,p)ͱ (D′,p′)Λج͖ԾབྷΈਤࣜͱ͠ɼliͱ l′iΛͦͷୈ i൪ඪ४ϩ
ϯδνϡʔυͱ͢Δɽ(D,p)ͱ (D′,p′)͕ج͖ಉͰ͋ΔͳΒɼηq(D,p)(li) ≡
ηq(D′,p′)(l′i) (mod Aq)͕Γཱͭɽ

໋2.6ೝΊͯఆཧ2.5Λূ໌͢Δɽ

ఆཧ2.5ͷূ໌ ҙ2.1ͱ໋2.6ΛΈ߹ΘͤΔͱɼ

E(ηq(D,p)(li))− E(ηq(D
′,p′)(l′i)) = (q࣍Ҏ্ͷ߲)

ΛಘΔɽΑͬͯఆٛΑΓɼҙͷྻ j1 . . . jsi (s < q) ʹର͠ɼµ(D,p)(j1 . . . jsi) =

µ(D′,p′)(j1 . . . jsi)͕Γཱͭɽ ✷

͖ԾབྷΈਤࣜج (D,p)ͷϛϧφʔ µ(D,p)(i1 . . . ir)جγεςϜ pͷ
બͼํʹґଘ͠ɼҰൠʹΣϧσουབྷΈͷෆมྔͰͳ͍ɽͦ͜Ͱɼඇෛ
∆(D,p)(i1 . . . ir)Λ

gcd

{
µ(D,p)(j1 . . . js)

∣∣∣∣∣
j1 . . . js (2 ≤ s < r) i1 . . . ir͔ΒҰͭҎ্ͷ߲
ΛऔΓআ͖ΓΛ८ճஔͯͤ͞ಘΒΕΔྻ

}

Ͱఆٛ͢Δɽͨͩ͠ɼ∆(D,p)(i1i2) = 0ͱఆΊΔɽ͜ͷͱ͖͕࣍Γཱͭɽ

ఆཧ 2.7 ([12, Theorem 5.2]) ೋͭͷԾབྷΈਤࣜDͱD′͕ಉͰ͋ΔͳΒɼ
DͱD′֤ʑͷҙͷجγεςϜpͱp′ʹର͕࣍͠Γཱͭɽ

(i) ҙͷྻ Iʹର͠ɼµ(D,p)(I) ≡ µ(D′,p′)(I) (mod ∆(D,p)(I))Ͱ͋Δɽ

(ii) ҙͷྻ Iʹର͠ɼ∆(D,p)(I) = ∆(D′,p′)(I)Ͱ͋Δɽ

ఆཧ2.7ʹΑΓ࣍ͷఆٛwell-definedͰ͋Δɽ
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ఆٛ 2.8 LΛnΣϧσουབྷΈͱ͢Δɽू߹{1, . . . , n}ͷݩΛ߲ͱ͢Δྻ I

ʹର͢ΔLͷµෆมྔͱɼ༨ྨµ(D,p)(I) (mod ∆(D,p)(I))ͷ͜ͱͰ͋ΓɼµL(I)Ͱ
ද͢ɽ͜͜ͰɼDLͷਤࣜͰ͋ΓɼpDͷجγεςϜͰ͋Δɽ

ҙ 2.9 ఆٛ2.8ͷΣϧσουབྷΈLͷµෆมྔɼChrisman [2]͕ఆٛͨ͠µෆ
มྔͱಉͳͷͰ͋Δɽͱ͘ʹɼL͕ ໘ͷབྷΈͷ߹Milnorٿݩ࣍3 [11]ͷ
ΦϦδφϧͷµෆมྔͱҰக͢Δɽ

3. ఆཧ2.7ͷূ໌ͷུ֓
ຊઅͰఆཧ2.7ͷূ໌ͷུ֓Λड़Δɽ·ͣɼnԾབྷΈਤࣜDΛݻఆ͠ɼD

ͷجγεςϜΛऔΓସ͑ͨࡍͷηq(li)ͷมԽΛ͢ߟΔ͜ͱ͔Β࢝ΊΔɽ
Dͷ࣮ԼަࠩʹΑΓׂ͞ΕͨDͷ֤࿈݁ΛDͷΞʔΫͱ͍͏ɽʢDͷΞʔΫʹ
্࣮ަࠩԾަؚ͕ࠩ·ΕͯΑ͍ɽ·ͨɼDͷΞʔΫͱ (D,p)ͷΞʔΫͷఆٛ
ҟͳΔ͜ͱʹҙ͞Ε͍ͨɽʣ֤ i ∈ {1, . . . , n}ʹର͠ɼୈ iͷΞʔΫΛҰͭબͼݻ
ఆ͠ɼͦͷΞʔΫʹϥϕϧai1Λ͚Δɽai1ͱϥϕϧ͚ΒΕͨΞʔΫ͔Β͖ʹԊͬ
ͯୈ iΛҰप͠ɼ௨աͨ͠ॱʹΓͷΞʔΫʹϥϕϧai2, . . . , aimiΛ͚Δɽ͜͜
ͰɼmiDͷୈ iͷΞʔΫͷ૯Ͱ͋ΔɽҎޙɼDͷΞʔΫͷϥϕϧai1, . . . , aimi

ݻఆͯ͑͠ߟΔɽ
γεςϜpجɼDʹର͠ࠓ = (p1, . . . , pn)Λ༩͑Δɽ֤ i ∈ {1, . . . , n}ʹର͠ɼج

piΛؚΉΞʔΫͷఴࣈͷୈ2൪ͷΛp(i)Ͱද͢ɽྫ͑ɼpi͕aij্ʹ͋ΔͳΒ
ɼp(i) = jͰ͋Δɽ͜͜ͰɼDͷΞʔΫͷϥϕϧ͔Β (D,p)ͷΞʔΫͷϥϕϧΛఆ
ΊΔɽ(D,p)ʹ͓͍ͯɼpiΛؚΉDͷΞʔΫ aip(i) piʹΑΓೋͭʹׂ͞ΕΔͷͰɼ
ͦΕΒʹਤ 6ͷΑ͏ʹ bpi ͱ aip(i)ͱϥϕϧΛ͚Δɽͦͷଞͷ (D,p)ͷΞʔΫʹɼ
DͷରԠ͢ΔΞʔΫͷϥϕϧΛ͚Δɽ

D

aip(i)−1 aip(i) aip(i)+1

(D,p)

pi

aip(i)−1 bpi aip(i) aip(i)+1

ਤ 6: DͷΞʔΫͷϥϕϧͱ (D,p)ͷΞʔΫͷϥϕϧͷରԠ

Ҏ্ͷઃఆͷԼͰɼલઅͰఆٛͨ͠ (D,p)ʹਵͨ͠४ಉ૾ࣸܕ ηq(D,p)࣍ͷΑ
ड़͞ΕΔɽ؆୯ͷͨΊهʹ͏ ηq(D,p)Λ ηpq Ͱද͢ɽηpq ͷఆٛҬ{aij} ∪ {bpi }Ͱੜ
͞ΕΔࣗ༝܈AͰ͋ΓɼҬA = ⟨α1, . . . ,αn⟩ͷରԠ࣍Ͱ༩͑ΒΕΔɽ

ηp1 (aij) = αi, ηp1 (b
p
i ) = αi,

ηpq+1(aip(i)) = αi, ηpq+1(aij) = ηpq ((v
p
ij−1)

−1)αiη
p
q (v

p
ij−1) (j ̸= p(i)),

ηpq+1(b
p
i ) = ηpq ((v

p
ip(i)−1)

−1)αiη
p
q (v

p
ip(i)−1).

͜͜Ͱɼ

vpij =

⎧
⎪⎨

⎪⎩

u
εip(i)

ip(i) u
εip(i)+1

ip(i)+1 · · · u
εij
ij (p(i) ≤ j ≤ mi),

u
εip(i)

ip(i) u
εip(i)+1

ip(i)+1 · · · u
εimi
imi

uεi1
i1 · · · uεij

ij (1 ≤ j ≤ p(i)− 1)

Ͱ͋Γɼvpi0 = vpimi
ͱఆΊΔɽ͞Βʹɼ(D,p)ͷୈ i൪ඪ४ϩϯδνϡʔυ lpi 

lpi = a−wi
ip(i)v

p
ip(i)−1
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Ͱ༩͑ΒΕΔɽ
Dͷ࣮Լަࠩͱ্࣮ަࠩʹΑΓׂ͞ΕͨDͷ֤࿈݁ΛDͷηϛΞʔΫͱ͍͏ɽ

ʢDͷηϛΞʔΫʹԾަؚ͕ࠩ·ΕͯΑ͍ɽʣDͷجγεςϜશମͷू߹ΛP
ͱ͠ɼ֤pi͕ୈ iͷ͖ʹԊ࣮ͬͯԼަ͔ࠩΒ࢝·ΔηϛΞʔΫ্ʹ͋Δجγε
ςϜ (p1, . . . , pn)શମͷू߹ΛP0 ⊂ Pͱ͢Δɽ·ͨɼP0ͷݩͰ͋Γ֤ pi͕ ai1্ʹ͋
ΔجγεςϜ (p1, . . . , pn)Λp∗Ͱද͢ɽҎԼͰɼ؆୯ͷͨΊ (D,p∗)ʹਵͨ͠४
ಉ૾ࣸܕηp∗

q ͱୈ i൪ඪ४ϩϯδνϡʔυ lp∗
i Λ֤ʑηqͱ liͰද͢ɽ

γεςϜpج ∈ Pʹର͠ޠλp
i ∈ AΛ

λp
i =

{
uεi1
i1 u

εi2
i2 · · · uεip(i)−1

ip(i)−1 (p(i) ̸= 1),

1 (p(i) = 1)

ͰఆΊɼ४ಉ૾ࣸܕφp
q : A −→ AΛ

φp
1 (αi) = αi,

φp
q (αi) = ηpq−1(λ

p
i )αiη

p
q−1((λ

p
i )

−1) (q ≥ 2).

Ͱఆٛ͢ΔɽMp
q ΛAʹ͓͚Δ {φp

q ([αi, ηq(li)]) | 1 ≤ i ≤ n}ͷਖ਼نดแͱ͠ɼMq =∏
p∈P0

Mp
q ͱ͓͘ɽ͜ͷͱ͖ɼDͷجγεςϜΛp∗͔ΒpʹऔΓସ͑ͨࡍͷηq(li)ͱ

ηpq (l
p
i )ͷ͕ࠩ࣍ͷΑ͏ʹهड़͞ΕΔɽ

ఆཧ 3.1 ([12, Theorem 4.8]) p ∈ PΛҙͷجγεςϜͱ͠, p0 ∈ P0Λp0(k) =

p(k) (1 ≤ k ≤ n)ΛΈͨ͢جγεςϜͱ͢Δɽ֤ i ∈ {1, . . . , n}ʹର͠ɼηpq (l
p
i ) ≡

φp0
q (ηq((λ

p0
i )−1liλ

p0
i )) (mod AqMq)͕Γཱͭɽ

ఆཧ3.1ͷূ໌ׂѪ͢Δɽ
͜͜Ͱɼµp(I) = µ(D,p)(I)ɼ∆p(I) = ∆(D,p)(I)ͱ͓͘ɽͱ͘ʹɼµ(I) = µ(D,p∗)(I)ɼ

∆(I) = ∆(D,p∗)(I)ͱ͓͘ɽͦͯ͠ɼZ⟨⟨X1, . . . , Xn⟩⟩ͷ྆ଆΠσΞϧDiΛ
{
∑

ν(j1 . . . js)Xj1 · · ·Xjs

∣∣∣∣∣
ν(j1 . . . js) ≡ 0 (mod ∆(j1 . . . jsi)) (s < q),

ν(j1 . . . js) ∈ Z (s ≥ q).

}

ͰఆΊΔɽఆٛΑΓɼDiͷݩ
∑

s<q

(∆(j1 . . . jsi)ͷഒ)Xj1 · · ·Xjs + (q࣍Ҏ্ͷ߲)

ͱ͍͏ܗͰද͞ΕΔɽΑͬͯηq(li)ͱηpq (l
p
i )͕ಉ͡༨ྨµ(j1 . . . jsi) (mod ∆(j1 . . . jsi))

Λ༩͑Δ͜ͱΛ͍͏ʹɼE(ηpq (l
p
i )) − E(ηq(li)) ∈ DiΛূ໌͢ΕΑ͍ɽͦ͜Ͱ࣍ͷ

ิΛ༻ҙ͢Δɽ

ิ 3.2 ([12, Lemma 5.7]) ޠ x, y ∈ AͱجγεςϜ p ∈ Pʹର͠ɼҙͷ i ∈
{1, . . . , n}Ͱ͕࣍Γཱͭɽ

(i) E(x−1ηq(li)x)− E(ηq(li)) ∈ DiͰ͋Δɽ

(ii) E(φp
q (ηq(li)))− E(ηq(li)) ∈ DiͰ͋Δɽ

(iii) ͠x ≡ y (mod AqMq)Ͱ͋ΔͳΒɼE(x)− E(y) ∈ DiͰ͋Δɽ
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ิ3.2ΛೝΊɼఆཧ3.1ͱΈ߹ΘͤΔ͜ͱͰ࣍Λূ໌͢Δɽ

໋ 3.3 ([12, Proposition 5.8]) ҙͷجγεςϜp ∈ Pʹର͠ɼ͕࣍Γཱͭɽ

(i) ҙͷྻ Iʹର͠ɼµp(I) ≡ µ(I) (mod ∆(I))Ͱ͋Δɽ

(ii) ҙͷྻ Iʹର͠ɼ∆p(I) = ∆(I)Ͱ͋Δɽ

ূ໌ (i) p0 ∈ P0Λ֤ k ∈ {1, . . . , n}ʹର͠p0(k) = p(k)ΛΈͨ͢جγεςϜͱ͢
Δɽఆཧ 3.1͔Βɼ

ηpq (l
p
i ) ≡ φp0

q (ηq((λ
p0
i )−1liλ

p0
i )) (mod AqMq)

ΛಘΔɽx = φp0
q (ηq(λ

p0
i )) ∈ Aͱ͓͘ͱɼิ 3.2ΑΓ͕࣍Γཱͭɽ

E(ηpq (l
p
i ))− E(ηq(li)) ≡ E(x−1φp0

q (ηq(li))x)− E(ηq(li)) (mod Di)

≡ E(x−1φp0
q (ηq(li))x)− E(x−1ηq(li)x) (mod Di)

= E(x−1)
(
E(φp0

q (ηq(li)))− E(ηq(li))
)
E(x)

≡ 0 (mod Di).

Αͬͯҙͷྻ j1 . . . jsiʹର͠ɼµp(j1 . . . jsi)− µ(j1 . . . jsi) ≡ 0 (mod ∆(j1 . . . jsi))

Ͱ͋Δɽ
(ii) ྻIͷ͞kʹؔ͢Δؼೲ๏Ͱࣔ͢ɽk = 2ͷͱ͖ɼఆٛΑΓ∆p(I) = ∆(I) = 0

Ͱ͋Δɽk ≥ 2ͱԾఆ͢ΔɽJ1(I)Λ I͔ΒͨͩҰ߲ͭΛऔΓআ͖ΓΛ८ճஔͤ͞
ͯಘΒΕΔྻશମͷू߹ͱ͢Δɽ·ͨɼJ≥1(I)Λ I͔ΒҰͭҎ্ͷ߲ΛऔΓআ͖
ΓΛ८ճஔͯͤ͞ಘΒΕΔྻશମͷू߹ͱ͢Δɽؼೲ๏ͷԾఆΑΓɼҙͷྻ
J ∈ J1(I)ʹର͠∆p(J) = ∆(J)Ͱ͋Δɽ͜ͷͱ͖͕࣍Γཱͭɽ

∆p(I) = gcd {µp(J) | J ∈ J≥1(I)}

= gcd

⎛

⎝
⋃

J∈J1(I)

({µp(J)} ∪ {µp(J
′) | J ′ ∈ J≥1(J)})

⎞

⎠

= gcd

⎛

⎝
⋃

J∈J1(I)

({µp(J)} ∪ {∆p(J)})

⎞

⎠

= gcd

⎛

⎝
⋃

J∈J1(I)

({µp(J)} ∪ {∆(J)})

⎞

⎠.

ͦͯ͠ɼ(i)ΑΓµp(J) ≡ µ(J) (mod ∆(J))Ͱ͋ΔͨΊɼ∆p(I) = ∆(I)͕Γཱͭɽ✷

ఆཧ2.7ͷূ໌ (D,p)ͱ (D′,p′)جΛؚ·ͳ͍ΣϧσουϥΠσϚΠελʔҠ
ಈɼਤ 4ͷہॴมܗɼ͓Αͼਤ 5ͷೋछྨͷہॴมܗͷ༗ྻݶͰ͍ޓʹҠΓ߹͏ͨΊɼ
ఆཧ2.7ఆཧ2.5ͱ໋3.3͔Βै͏ɽ ✷
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4. ԾԽݾࣗ
جͰ͋ΔɽܗॴมہΔ͑ΛԾަࠩʹஔ͖ࠩަݾԾԽͱɼਤ7ʹࣔ͞Εͨࣗݾࣗ
͖ԾབྷΈਤࣜͷϛϧφʔͱࣗݾԾԽͱͷ͕͍ؔ࣍ͯͭʹ͔Δɽ

ਤ 7: ԾԽݾࣗ

ఆཧ 4.1 ([12, Theorem 6.7]) ೋͭͷج͖ԾབྷΈਤࣜ (D,p)ͱ (D′,p′)͕Ұ
ճͷࣗݾԾԽͰҠΓ߹͏ͳΒɼ߲ʹॏෳͷͳ͍ҙͷྻ I ʹର͠ µ(D,p)(I) =

µ(D′,p′)(I)͕Γཱͭɽ

ೋͭͷΣϧσουབྷΈ͕ࣗݾԾԽಉͰ͋ΔͱɼͦΕΒͷਤ͕ࣜΣϧσο
υϥΠσϚΠελʔҠಈͱࣗݾԾԽͷ༗ྻݶͰ͍ޓʹҠΓ߹͏ͱ͖Λ͍͏ɽఆཧ2.5ɼ
2.7ɼ͓Αͼ4.1ΛΈ߹ΘͤΔ͜ͱͰ͕࣍ಘΒΕΔɽ

ఆཧ 4.2 ([12, Theorem 6.1]) ೋͭͷΣϧσουབྷΈLͱL′͕ࣗݾԾԽಉ
Ͱ͋ΔͳΒɼ߲ʹॏෳͷͳ͍ҙͷྻ Iʹର͠µL(I) = µL′(I)͕Γཱͭɽ

ҙ 4.3 ͰྻݶԾԽͷ༗ݾΣϧσουϥΠσϚΠελʔҠಈͱࣗަࠩަݾࣗ
রʣɽ͢ͳΘͪɼೋͭͷΣϧσουབྷΈ͕ϦϯΫϗϞτϐοΫࢀΕΔʢਤ8͞ݱ࣮
Ͱ͋ΔͳΒɼͦΕΒࣗݾԾԽಉͰ͋Δɽ͕ͨͬͯ͠ɼఆཧ4.2བྷΈͷµෆ
มྔͷϦϯΫϗϞτϐʔෆมੑʹؔ͢Δ݁Ռ [11, Theorem 8]ͷҰൠԽͱͳ͍ͬͯΔɽ

R2 ԾԽݾࣗ

2ճ

V2

ਤ 8: ݱԾԽʹΑΔ࣮ݾͷࣗަࠩަݾࣗ

5. ΣϧσουετϦϯάབྷΈͷϛϧφʔෆมྔ
୯Ґ۠ؒ [0,1]ʹ0 < x1 < · · · < xn < 1ΛΈͨ͢nݸͷx1, . . . , xnΛબͼݻఆ͢Δɽ
·ͨ [0, 1]ͷnݸͷίϐʔ [0, 1]1, . . . , [0, 1]nΛ͑ߟΔɽ࣍ͷ݅ (i)ͱ (ii)ΛΈͨ͢Ί
Έfࠐ :

⊔n
i=1[0, 1]i −→ [0, 1]× [0, 1]ͷ૾ΛnԾετϦϯάབྷΈਤࣜͱ͍͏ɽ

(i) ֤ i ∈ {1, . . . , n}ʹର͠ɼ∂f([0, 1]i) = {xi}× {0, 1}Ͱ͋Δɽ

(ii) fͷଟॏ࣮ަࠩͱԾަࠩͷԣஅతͳ2ॏͷΈͰ͋Δɽ
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ΣϧσουϥΠσϚΠελʔҠಈʹΑͬͯੜ͞ΕΔಉؔͷԼͰͷ nԾ
ετϦϯάབྷΈਤࣜͷಉྨΛnΣϧσουετϦϯάབྷΈͱ͍͏ɽ
SΛnԾετϦϯάབྷΈਤࣜͱ͢Δɽ[0, 1]× [0, 1]Λฏ໘ʹೖΕɼͦͷ֎
ଆͰਤ 9ͷΑ͏ʹɼ֤ i ∈ {1, . . . , n}ʹର͠ೋ (xi, 0)ͱ (xi, 1)Λͭͳ͙ͱԾབྷΈ
ਤ͕ࣜಘΒΕΔɽ͞Βʹ (xi, 0)Λج piͱݟͳ͢͜ͱͰɼج͖ԾབྷΈਤ͕ࣜ
ҰҙతʹಘΒΕΔɽ͜ΕΛ (DS,pS)Ͱද͢ɽ

x1 xn

x1 xn

S

p1 pn

S

(DS,pS)

ਤ 9: ԾετϦϯάབྷΈਤࣜS͔ΒಘΒΕΔج͖ԾབྷΈਤࣜ (DS,pS)

ू߹ {1, . . . , n}ͷݩΛ߲ͱ͢Δྻ Iʹର͢Δ SͷϛϧφʔΛ µ(DS ,pS)(I)Ͱఆٛ
͠ɼµS(I)ͱද͢ɽೋͭͷԾετϦϯάབྷΈਤࣜSͱS ′͕ಉͰ͋ΔͳΒɼ໌Β
͔ʹ (DS,pS)ͱ (DS′ ,pS′)ج͖ಉͰ͋ΔɽΑͬͯఆཧ2.5ΑΓɼͨͩͪʹ͕࣍
ಘΒΕΔɽ

ܥ 5.1 ([12, Corollary 7.1]) ೋͭͷԾετϦϯάབྷΈਤࣜSͱS ′͕ಉͰ͋Δ
ͳΒɼҙͷྻ Iʹର͠µS(I) = µS′(I)͕Γཱͭɽ

͜ͷܥ࣍ͷఆٛͷwell-definedੑΛอূ͢Δɽ

ఆٛ 5.2 σΛ nΣϧσουετϦϯάབྷΈͱ͢Δɽू߹ {1, . . . , n}ͷݩΛ߲
ͱ͢Δྻ Iʹର͢ΔσͷµෆมྔͱɼϛϧφʔµS(I)ͷ͜ͱͰ͋Γɼµσ(I)Ͱද
͢ɽ͜͜ͰɼSσͷਤࣜͰ͋Δɽ

ҙ 5.3 ఆٛ5.2ͷΣϧσουετϦϯάབྷΈͷµෆมྔͱɼAudoux-Bellingeri-

Meilhan-Wagner [1, Definition 5.3]͕νϡʔϒࣸ૾Λ༻͍ͯఆٛͨ͠µwෆมྔಉ
ͳͷͰ͋Δɽ

͞Βʹఆཧ4.1͔Β͕࣍ಘΒΕΔɽ

ܥ 5.4 ([12, Corollary 7.2]) ೋͭͷΣϧσουετϦϯάབྷΈ σͱ σ′͕ࣗݾԾ
ԽಉͰ͋ΔͳΒɼ߲ʹॏෳͷͳ͍ҙͷྻIʹର͠µσ(I) = µσ′(I)͕Γཱͭɽ

ҙ 5.5 ͷओுΓཱͭ͜ͱ͕ΒΕ͍ͯΔٯ5.4ͷܥ [1, 9]ɽ

ԾԽಉʹΑΔྨΛ༩͑Δɽ͜ݾ͖ࣗج͖ԾབྷΈਤࣜͷجɼʹޙ࠷
͜Ͱɼೋͭͷج͖ԾབྷΈਤ͕ࣜج͖ࣗݾԾԽಉͰ͋ΔͱɼͦΕΒ
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Ծݾɼ͓ΑͼࣗܗॴมہΛؚ·ͳ͍ΣϧσουϥΠσϚΠελʔҠಈɼਤ4ͷج͕
Խͷ༗ྻݶͰ͍ޓʹҠΓ߹͏ͱ͖Λ͍͏ɽఆཧ2.5ɼఆཧ4.1ɼ͓Αͼҙ5.5ΛΈ
߹ΘͤΔ͜ͱͰ͕࣍ಘΒΕΔɽ

ఆཧ 5.6 ೋͭͷج͖ԾབྷΈਤࣜ(D,p)ͱ(D′,p′)͕ج͖ࣗݾԾԽಉͰ
͋ΔͨΊͷඞཁे݅ɼ߲ʹॏෳͷͳ͍ҙͷྻ Iʹର͠µ(D,p)(I) = µ(D′,p′)(I)

͕Γཱͭ͜ͱͰ͋Δɽ
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݁ͼʹԊͬͨڲ০తखज़ʹ͍ͭͯ

ɹҰ༟ݪࢢ (ຊେֶจཧֶ෦)∗

1. ಋೖ
ຊߘͷతɼ̏ ০తखज़ʢcosmeticڲଟ༷ମͷ݁ͼʹԊͬͨݩ࣍ surgeryʣ1ʹؔ͢
Δ͜Ε·ͰͷڀݚΛ֓͠؍ɼͦ ͷதͰओʹචऀ͕ؔΘͬͨ [IS18, IJ18, IW19, IIS, IJMS]

Λத৺ʹղઆΛ͜͏ߦͱͰ͋Δɻ͜ΕΒͷจɼචऀͱɼҏ౻ࢯʢژେֶʣɼ
జਔେࢯʢۙـେֶʣɼThomas MattmanࢯʢΧϦϑΥϧχΞभཱେֶνίߍʣɼࡈ౻
හࢯʢ্ӽڭҭେֶʣɼZongtao Wuࢯʢ߳ߓதจେֶʣͱͷڞಉͮ͘جʹڀݚɻ
ҎԼɼશͯͷଟ༷ମ͖͚ՄͰ͋Δͱ͠ɼҰͭͷ͕͖༩͑ΒΕ͍ͯΔͱ͢
ΔɻຊߘͰɼ͚͖ͮΒΕͨଟ༷ମM ʹରͯ͠ɼٯͷ͕͖༩͑ΒΕͨଟ༷ମΛ
−MͰද͢ɻ·ͨɼ2ͭͷ͚͖ͮΒΕͨଟ༷ମMɼM ′ʹରͯ͠ɼ͖Λอͭಉ૬ࣸ
૾ h : M → M ′͕ଘ͢ࡏΔͱ͖ M ∼= M ′ͱද͢ɻैͬͯɼ͖Λٯస͢Δಉ૬ࣸ૾
h′ : M → M ′͕ଘ͢ࡏΔͱ͖ M ∼= −M ′ͱද͞ΕΔɻ

2. എܠ
ຊઅͰɼ݁ͼʹԊͬͨڲ০తखज़ͷڀݚಈػͱͳͬͨʮ݁ͼิۭؒ༧ʯ͓Α
ͼͦͷҰൠԽʹ͍ͭͯղઆͨ͠ޙɼ݁ͼʹԊͬͨڲ০తखज़ͷఆٛΛ༩͑ɼͦͷݚ
০తखज़༧ʯΛհ͢Δɻڲͷத৺త՝Ͱ͋Δʮڀ
ଟ༷ମMݩ࣍̏ ͷ݁ͼͱɼS1͔ΒM ͷຒΊࠐΈࣸ૾ͷ૾ͱఆٛ͞ΕΔɻ
ͦͯ͠௨ৗɼMͷ 2ͭͷ݁ͼKɼK ′͕ಉͰ͋Δͱɼ͋ΔM্ͷࣗݾಉ૬ࣸ
૾ h͕ଘͯ͠ࡏ h(K) = K ′Λຬͨ͢͜ͱͰ͋Δɻैͬͯɼ1ͭͷଟ༷ମͷ 2ͭͷ݁
ͼ͕ಉͰ͋Δͱ͖ɼͦͷิۭؒಉ૬ʹͳΔɻ
1908ʹ [Ti1908, pp.82]ʹ͓͍ͯɼTietze ͜ͷ͕ٯΓཱ͔ͭͱ͍͏͍Λఏى
ͨ͠ɻ͜Ε͕ޙʹ͘ະղܾͱͳͬͨʮ݁ͼิۭؒ༧ʯͰ͋Δɻ

݁ͼิۭؒ༧ɿ3ٿݩ࣍໘S3ͷ2ͭͷ݁ͼ͕ಉ૬ͳิۭؒΛͭͳΒɼͦ
ΕΒಉͰ͋Ζ͏ 2ɻ

͓Αͦ80ޙͷ1989ʹɼ͜ͷ༧ Gordon ͱ Luecke ʹΑͬͯߠఆతʹূ໌͞
Εͨ [GL89]ɻ࣮ͨͩ͠ࡍʹূ໌͞Εͨͷ࣍ͷఆཧͰ͋Δɻ

ఆཧ 1 ([GL89]). ඇࣗ໌ͳ݁ͼʹԊͬͨඇࣗ໌ͳσʔϯखज़S3Λੜ͡ͳ͍ɻ

͜͜ͰɼS3ͷ݁ͼKʹԊͬͨσʔϯखज़ͱɼ࣍ͷૢ࡞Ͱ͋Δɻ·ͣ K ͷ։
ঢ়ۙΛऔΓআ͘ɻ͜͜ͰಘΒΕͨڥք͖ ଟ༷ମΛɼͦͷ݁ͼͷ֎෦ۭݩ࣍3
ؒE(K)ͱݺͿɻ͜ͷ֎෦ۭؒE(K)ʹιϦουɾτʔϥεV ∼= D2 × S1ΛຒΊ͢ɻ

2010 Mathematics Subject Classification: 57M27, 57M25
Ωʔϫʔυɿσʔϯखज़, ০తखज़ڲ

∗˟ 156-8550 ౦ژੈా୩্۠ࡩਫ 3-25-40ɹຊେֶจཧֶ෦
e-mail: ichihara.kazuhiro@nihon-u.ac.jp
web: http://www.math.chs.nihon-u.ac.jp/~ichihara/index-j.html

1 cosmetic ͷ༁ޠͱͯ͠චऀڲ০తΛఏҊ͍ͯ͠Δʢڲ০ɿِΓ͔͟Δ͜ͱɻ͏ΘΛ͔͟Δ͜ͱɻʣ
2Tietze  Θͤͯ߹ʹڀݚͷޙϢʔΫϦουۭؒR3Ͱ͏͍ͯΔ͕ɼ͜͜Ͱͦͷݩ࣍3 S3ͱ
ͨ͠ɻ
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ਖ਼֬ʹɼV ͷڥք ∂V ͱE(K)ͷڥք ∂E(K)τʔϥεͰ͋Γಉ૬ͳͷͰɼͦͷಉ
૬ࣸ૾ʹΑͬͯ∂V ͱ∂E(K)ΛಉҰ͢ࢹΔɻ
݁͠ͼิۭؒ༧ͷྫͱͳΔ݁ͼ͕ଘͨ͠ࡏͱ͢Δͱɼͦͷ݁ͼʹԊͬ
ͨඇࣗ໌ͳσʔϯखज़ʢ٭ΛࢀরʣͰS3͕ੜ͡Δɻ͔͠͠ɼGordon-Luecke ͷఆཧ
ΑΓɼͦͷΑ͏ͳ͜ͱ͜ىΒͳ͍ͷͰɼ݁ͼิۭؒ༧͕ਖ਼͍͜͠ͱ͕ै͏ɻ
ҰํͰɼ΄΅ಉظ࣌ʹɼS3Ͱͳ͘S2 × S1S1্ͷτʔϥεଋͷ݁ͼʹͭ
͍ͯɼಉ͜͡ͱ͕Γཱͭ͜ͱ͕ Gabai ʹΑͬ ʢͯ༨1ݩ࣍ͷ༿ߏΛ༻͍ͯʣࣔ
͞Ε͍ͯΔ [Ga87]ɻ
͜ͷΑ͏ͳ͜ͱ͔Βɼ݁ͼิۭؒ༧ͷҰൠԽͱͯ͠ɼ࣍ͷ͜ͱ͕༧͞Εͨɻ

༧ɿʢ[Go90, Conjecture 6.2]ɼ[Ki97, Problem 1.81(D)]ʣ͚͖ͮΒΕͨด3ݩ࣍ଟ
༷ମMͷ2ͭͷ݁ͼ K1 ͱ K2 ʹ͍ͭͯɼ͠ɼM −K1

∼= M −K2 ͳΒɼK1

ͱK2ಉͰ͋Ζ͏ɻ

͜ͷ༧Λಋ͘Α͏ͳɼσʔϯखज़Λ༻͍ͯද͞Εͨ༧Λ؆ܿʹड़ΔͨΊʹɼ࣍
ͷఆٛΛ४උ͢Δɻ

ఆٛ 1. ݁ͼKͰͷ2ͭͷखज़εϩʔϓ r1ͱ r2ʹԊͬͨσʔϯखज़ -০తʢcosڲ3͕

meticʣͰ͋ΔͱɼಘΒΕͨ2ͭͷด3ݩ࣍ଟ༷ମK(r1)ͱK(r2)͕ಉ૬ͱͳΔ͜ͱΛ͍
͏ɻಛʹɼK(r1) ∼= K(r2)͕Γཱͭͱ͖७ڲ০తʢpurely cosmeticʣɼK(r1) ∼= −K(r2)

͕Γཱͭͱ͖ରঠڲ০తʢchirally cosmeticʣͱ͍͏ɻ

͜ͷͱ͖ɼ্ͷҰൠԽ͞Εͨ݁ͼิۭؒ༧ɼ࣍ͷڲ০తखज़༧ʢCosmetic

Surgery Conjectureʣ͔Βಋ͔ΕΔɻ

,০తखज़༧ɿʢ[Go90ڲ Conjecture 6.1]ɼ[Ki97, Problem 1.81(A))]ʣด3ݩ࣍ଟ༷ମ
ͷ݁ͼKͰͷ2ͭͷखज़εϩʔϓ r1ͱ r2ʹԊͬͨσʔϯखज़ɼr1ͱ r2͕ಉͰ
ͳ͍ͳΒ७ڲ০తͰͳ͍Ͱ͋Ζ͏ɻʢͭ·ΓK(r1) ≁= K(r2)Ͱ͋Ζ͏ɻʣ

͜͜Ͱɼ݁ͼ֎෦ۭؒE(K)ͷڥք্ͷ2ͭͷεϩʔϓ͕ಉͰ͋ΔͱɼͦΕͧ
ΕΛද͢Δ୯७ดۂઢ͕E(K)ͷࣗݾಉ૬ࣸ૾ͰࣸΓ͋͏͜ͱΛ͍͏ɻ
͜ͷ༧ࡏݱͰະղܾͰ͋Δ͕ɼ͍͔ͭ͘ͷΞϓϩʔνʹΑΓɼۙɼେ͖͘
ਐΜͰ͍ΔɻҎ߱ͰɼͦΕΒʹ͍ͭͯղઆΛ͍ͯ͘͠ɻ͕ڀݚ

3. ΒΕ͍ͯΔ݁Ռ
͜ͷઅͰɼ݁ͼิۭؒ༧ͷղܾޙɼ͓Αͦ2015ࠒ·Ͱͷڲ০తखज़ʹؔ͢Δ
Δɻ͢؍Λ֓ڀݚ
S3ͷ݁ͼʹԊͬͨڲ০తखज़ͷඇࣗ໌ͳ࠷ॳͷྫɼ1990ʹ MathieuʹΑͬ
ͯ༩͑ΒΕͨɻ
3σʔϯखज़ʹ͓͍ͯɼV Ͱԁ൘ΛுΔ ∂V ্ͷ୯७ดۂઢ µΛ 1ͭͱΓɼͦΕͱషΓ߹Θ͞ΕΔ
∂E(K)্ͷ୯७ดۂઢ γΛ͑ߟΔɻషΓ߹ΘͤํΛม͑ͯɼµͱషΓ߹Θ͞ΕΔ୯७ดۂઢ͕ γͱ
ΠιτϐοΫͰ͋ΕɼಘΒΕΔด ଟ༷ମͷಉ૬ྨมΘΒͳ͍ɻͦ͜Ͱɼγͷݩ࣍3 ∂E(K)্Ͱͷ
ΠιτϐʔྨΛɼͦͷσʔϯखज़ͷ खज़εϩʔϓ ͱݺͿɻҰൠʹ τʔϥεTݩ࣍2 2্ͷ୯७ดۂઢ
ͷΠιτϐʔྨΛεϩʔϓͱݺͿ͕ɼͦΕΒH1(T 2,Z)ͷੜܥΛݻఆͨ͠ͱ͖ɼQ ∪ {1/0}Ͱύ
ϥϝʔλʔ͚͞ΕΔɻS3ͷ݁ͼͰͷσʔϯखज़ʹ͍ͭͯɼ௨ৗɼH1(∂E(K))ͷੜܥͱ͠
ͯɼKͷϝϦσΟΞϯʢKͷঢ়ۙͰσΟεΫΛΔ୯७ดۂઢʣͰද͞ΕΔݩͱɼKͷϩϯ
δνϡʔυʢKͷ֎෦ۭؒͰ͖͚Մͳۂ໘ΛΔ୯७ดۂઢʣͰද͞ΕΔݩΛͱΓɼ1/0
ʹରԠ͢Δͷ͕ϝϦσΟΞϯɼ0/1ʹରԠ͢Δͷ͕ϩϯδνϡʔυͰ͋ΔΑ͏ʹ͢Δɻಛʹ r = 1/0
ʹԊͬͨσʔϯखज़Λࣗ໌ͳσʔϯखज़ͱ͍͏ɻҎ߱ɼຊߘͰɼखज़εϩʔϓΛ༗ཧͰද͢͜ͱ
ʹ͠ɼखज़εϩʔϓ rʹԊͬͨKͰͷσʔϯखज़ͰಘΒΕΔଟ༷ମΛK(r)Ͱද͢͜ͱʹ͢Δɻ
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ఆཧ 2 ([Math92]). S3 ͷͭࡾ༿݁ͼ T2,3 ʹ͍ͭͯ 4ɼҙͷ k ≥ 0ʹରͯ͠ɼ
T2,3(

18k+9
3k+1 )

∼= −T2,3(
18k+9
3k+2 )͕Γཱͭɻ

ͳ͓ɼ͜ͷεϩʔϓ 18k+9
3k+1 ͱ

18k+9
3k+2 ಉͰͳ͍ɻ͜ͷ͜ͱ͔Βɼڲ০తखज़༧

ʹ͓͍ͯɼ͖Λอͭͱ͍͏Ծఆ͕֎ͤͳ͍͜ͱ͕Θ͔Δɻ
͞Βʹ্ͷྫͷ֦ுͱͯ͠ɼRong ʹΑΓɼϨϯζۭؒ 5Ҏ֎ͷด3ݩ࣍ଟ༷ମͷ݁
ͼͰɼ֎෦ۭ͕ؒβΠϑΣϧτଟ༷ମ 6Ͱ͋Δͷʹ͍ͭͯɼڲ০తखज़Λͭͷ
ͷྨ͕༩͑ΒΕͨ [Ro93]ɻ͜ͷܥͱͯ͠ɼྫ͑࣍ͷ͜ͱ͕Θ͔Δʢ[IIS, Appendix

A]ʣɻS3ͷ (r, s)ܕͷτʔϥε݁ͼTr,s͕ڲ০తखज़Λͭͷɼs = 2͔ͭ r ≥ 3

ʢحʣͷͱ͖ʹݶΔɻ͜ͷͱ͖ɼͦͷڲ০తखज़શͯରঠతͰ͋Γɼҙͷਖ਼ͷ
 m ʹ͍ͭͯɼ͕࣍Γཱͭɻ

Tr,s(
2r2(2m+ 1)

r(2m+ 1) + 1
) ∼= −Tr,s(

2r2(2m+ 1)

r(2m+ 1)− 1
)

ͦͷޙɼ͞ΒʹϨϯζۭؒͷඇۂత݁ͼʹରͯ͠ɼMatignion ʹΑΓڲ০తख
ज़ͷશͳྨ͕༩͑ΒΕ͍ͯΔ [Mati10]ɻ͜ΕΒͷ݁Ռʹ͓͍ͯɼ࣮ࡍʹɼ७ڲ
০తखज़ଘ͠ࡏͳ͘ɼͦ͜Ͱ༩͑ΒΕͨڲ০తखज़શͯରঠతͰ͋ͬͨɻ

Ҏ্શͯɼ࣮ڲ০తखज़ͱ͍͏༻֬໌͕ޠʹಋೖ͞ΕΔҎલͷ݁ՌͰ͋Δɻڲ
০తखज़ʹ͍ͭͯɼ࠷ॳʹ໌֬ʹఆٛΛड़ɼͦͷڀݚͷग़ൃͱͳͬͨͷɼ1999

ʹग़൛͞Εͨจ [BHW98]Ͱ͋Δɻͦ͜Ͱɼඇࣗ໌ͳڲ০తखज़Λڐ༰͢Δۂ
݁ͼͷॳΊͯͷ۩ମྫ͕1ͭ༩͑ΒΕ͍ͯΔɻͦΕS2 × S1ͷ۩ମతͳ1ͭͷ݁
ͼͱͯ͠༩͑ΒΕɼڲ০తखज़ରঠతͰɼಘΒΕͨด ଟ༷ମϨϯζۭؒݩ࣍3
L(49,−19) ∼= −L(49,−18)Ͱ͋ͬͨɻ

Ұํɼ༩͑ΒΕͨ݁ͼ͕ڲ০తखज़Λ͔ͭͲ͏͔ͷఆʹ͍ͭͯɼ໌֬ͳܗ
Ͱ࠷ॳʹಘΒΕͨͷɼ࣍ͷ Boyer-Lines ͷ݁ՌͩͱࢥΘΕΔɻ

ఆཧ 3 ([BL90]). S3ͷ݁ͼKʹରͯ͠∆K(t)ΛKͷΞϨΫαϯμʔଟ߲ࣜͱ͢
Δɻͨͩ͠ɼ∆K(1) = 1ͱͳΔΑ͏ʹਖ਼نԽ͓ͯ͘͠ɻ͜ͷͱ͖ɼ∆′′

K(1) ̸= 0ͳΒɼ
Kڲ০తखज़Λͨͳ͍ɻ

͜ͷఆཧɼ༗ཧϗϞϩδʔٿ໘ͷΩϟοιϯෆมྔΛ͢ࢉܭΔखज़ެࣜΛ༻
͍༺ଟ༷ମͷෆมྔͱͦͷखज़ެࣜΛݩ࣍Βɼ3͔ޙɼ͜ͷࡍΕ͍ͯΔɻ࣮͞ࢉܭ͍ͯ
ͯɼڲ০తखज़ͷඇଘࡏΛࣔ͢͜ͱ͕ɼओͳख๏ͱͳͬͨɻͳ͓ɼ͜ͷ∆′′

K(1)ͷɼ
݁ͼKͷίϯΣΠଟ߲ࣜͷ2࣍ͷa2(K)ͱҰக͢Δ͜ͱ͕Α͘ΒΕ͓ͯΓɼ
݁ͼͷ2࣍ͷ༗ܕݶෆมྔʹͳ͍ͬͯΔɻ

ೖΓɼOzsváthͱSzabóʹل21ੈ ʹΑΓ [OZ04]ʹ͓͍ͯಋೖ͞ΕͨώʔΨʔυɾϑ
ϨΞɾϗϞϩδʔɼڲ০తखज़ͷڀݚʹਫ਼ྗతʹԠ༻͞ΕͨɻOzsváthͱSzabó ࣗ
ʹΑΔͷؚΊ͔ͯͭزͷ݁Ռ͕ಘΒΕ͍͕ͯͨɼώʔΨʔυɾϑϨΞɾϗϞϩ
δʔͷΈͰͳ͘ɼͦͷଞͷෆมྔΛΈ߹ΘͤΔͱΑΓ͍݁ڧՌ͕ಘΒΕΔ͜ͱ͕࣍
ୈʹΘ͔͖ͬͯͨɻྫ͑ɼ·ͣ [Wu11] ʹ͓͍ͯ Wu ͕ɼS3ͷ݁ͼKʹԊͬ

,༿݁ͼɼ(2ͭࡾ4 Λ͢Δɻͳ͓ɼS3ʹඪ४هͷτʔϥε݁ͼͰ͋ΔͷͰɼ͜ͷΑ͏ͳදܕ(3
తʹຒΊࠐ·Εͨτʔϥε্ʹඳ͔ΕΔ݁ͼΛτʔϥε݁ͼͱ͍͏ɻ

5 2ͭͷιϦουɾτʔϥεΛషΓ߹ΘͤͯಘΒΕΔด ,ଟ༷ମɻҎ߱ɼL(pݩ࣍3 q)Ͱ (p, q)ܕͷϨϯ
ζۭؒΛද͢ɻ

6S1ʹΑΔ༿ߏΛڐ༰͢ΔίϯύΫτ ଟ༷ମɻݩ࣍3
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ͨσʔϯखज़ʹ͍ͭͯɼͦͷखज़εϩʔϓ͕ҟූ߸ͳΒ७ڲ০తʹͳΒͳ͍͜ͱΛɼ
ώʔΨʔυɾϑϨΞɾϗϞϩδʔͱΩϟοιϯෆมྔΛ߹Θͤͯ༻͍Δ͜ͱͰࣔͨ͠ɻ
͞Βʹɼ[NW15]ʹ͓͍ͯɼ3ݩ࣍ଟ༷ମͷΩϟοιϯ-ΰʔυϯෆมྔ߹Θͤͯɼ
Ռ͕ಘΒΕͨɻ͍݁ڧʹͷඇৗ࣍

ఆཧ 4 ([NW15, Theorem 1.2]). S3ͷ݁ͼKͱҟͳΔखज़εϩʔϓ r1, r2ʹର͠
ͯɼ͠K(r1) ∼= K(r2)ͱͳΔͳΒɼ͕࣍Γཱͭɻ(a) r1 = −r2ɼ(b) r1 = p/qͱ
දͨ͠ͱ͖ɼq2 ≡ −1 (mod p)ɼ(c) τ(K) = 0ʢτ Ozsváth-Szabó ʹΑͬͯఆٛ͞Ε
ͨ τ -ෆมྔʣɻ

͜͜Ͱɼ݁ͼK͕ަత݁ͼʢަͷ্Լ͕ަతʹݱΕΔਤࣜΛͭ݁ͼʣ
ͷ߹ɼτ -ෆมྔɼΑ͘ΒΕͨ݁ͼͷූ߸σ(K) ͱҰக͢Δ͜ͱ͕ΒΕͯ
͓Γɼൺֱత༰қʹ͢ࢉܭΔ͜ͱ͕Ͱ͖Δʢ4.2 અͰઆ໌͢Δʣɻ

4. ಘΒΕͨ݁Ռ
4.1. δϣʔϯζଟ߲ࣜ

ຊઅͰɼෆมྔΛ༻͍ͨڲ০తखज़ͷଘࡏͷఆʹ͍ͭͯɼ[IW19]ͰಘΒΕͨɼ݁
ͼͷδϣʔϯζଟ߲ࣜʹؔ͢Δ݁ՌΛհ͢ΔɻߟࢀจݙؚΊɼৄࡉʹ͍ͭͯ
[IW19] Λࢀরɻ

ఆཧ 5 ([IW19, Theorem 1.1]). S3ͷ݁ͼKʹରͯ͠ VK(t)ΛKͷδϣʔϯζଟ
߲ࣜͱ͢Δɻ͜ͷͱ͖ɼ V ′′

K(1) ̸= 0 ·ͨ V ′′′
K (1) ̸= 0 ͕ΓཱͭͳΒɼKڲ০త

खज़Λͨͳ͍ɻ

͜ͷఆཧɼఆཧ 3Ͱ༻͍ΒΕͨ∆′′
K(1)ʹରͯ͠ V ′′

K(1) = −3∆′′
K(1) ͕Γཱͭ͜

ͱ͔Βɼఆཧ 3ͷ1ͭͷ֦ுͱݟΔ͜ͱ͕Ͱ͖Δɻ͞Βʹɼ3ݩ࣍ଟ༷ମͷ༗ܕݶෆม
ྔ͔Βͯݟɼ݁ͼͷ༗ܕݶෆมྔ͔Βͯݟɼఆཧ 3ͷ֦ுͱͳ͍ͬͯΔɻ
ఆཧ 5ͷূ໌Ͱ༻͍ͨͷɼLescop ʹΑͬͯఆٛ͞Εͨ λ2-ෆมྔͱݺΕΔ ࣍3
-໘ʹରͯ͠ఆٛ͞ΕͨKontsevichٿଟ༷ମͷෆมྔͰ͋Δɻ͜Ε༗ཧϗϞϩδʔݩ

Kuperberg-Thurstonෆมྔ Zn ͷ ͷύʔτʹରԠ͢Δɻ͜ͷ࣍2 Zn ϗϞϩδʔ
ͳෆมྗڧʹෆมྔͷීวෆมྔͱͳ͓ͬͯΓɼඇৗܕݶ໘ʹରͯ͠ఆٛ͞Εͨ༗ٿ
ྔͰ͋Δɻͳ͓Ωϟοιϯෆมྔ1࣍ͷ༗ܕݶෆมྔͰ͋Γ Z1ʹରԠ͍ͯ͠Δɻ
͜ͷ λ2-ෆมྔͷ໌ࣔతͳखज़ެࣜ Lescop ʹ͍ͭͯɼ࣍ͷΑ͏ʹ༩͑ΒΕ͍ͯΔɻ

S3ͷ݁ͼKͰͷखज़εϩʔϓ p/qʹԊͬͨσʔϯखज़ͰಘΒΕͨଟ༷ମK(p/q)

ʹରͯ͠ɼ͕࣍Γཱͭɻ

λ2(K(
p

q
)) = (

q

p
)2 λ′′

2(K) + (
q

p
)w3(K) + c(

q

p
) a2(K) + λ2(L(p, q))

͜͜Ͱ λ′′
2(K)ͱ c( qp)Kٴͼखज़εϩʔϓp/qͰܾ·ΔఆΛද͢ɻຊ࣭తͳͷɼ

Lescop ʹΑͬͯ w3(K) ͱද͞Εͨ݁ͼͷෆมྔͰ͋Δɻ͜ͷw3ʹ͍ͭͯɼLescop

݁ͼͷަࠩަʹؔ͢ΔεέΠϯؔࣜΛ༩͍͑ͯΔɻͦͷεέΠϯؔࣜͱ࣍
3ҎԼͷ༗ܕݶෆมྔͷؔࣜΛൺֱ͢Δ͜ͱʹΑͬͯ

w3(K) =
1

72
V ′′′
K (1) +

1

24
V ′′
K(1)

͕Γཱͭ͜ͱΛࣔ͢͜ͱ͕Ͱ͖ɼ͜ Ε͔Βఆཧͷূ໌͕ै ʢ͏ޙ࠷ʹఆཧ 4͏ʣɻ
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ͳ͓w3݁ͼͷෆมྔͱͯ࣍͠3ͷ༗ܕݶෆมྔͰ͋ΔͷͰɼ݁ͼͷ༗ܕݶ
ෆมྔΛ༻͍ͯఆཧ 5Λॻ͖͑Δ͜ͱͰ͖Δʢ[IW19, Theorem 3.5]ʣɻ
ఆཧ 53ݩ࣍ଟ༷ମͷ༗ܕݶෆมྔʹͮ͘جͷͰ͋Γɼఆཧ 4ͳͲώʔΨʔυɾ
ϑϨΞɾϗϞϩδʔʹΑΔ݁ՌͱಠཱʹͳΔɻ࣮ࡍɼ۩ମతͳ݁ͼ 944ʢΑ͘Β
Εͨ݁ͼදΛࢀরʣʹରͯ͠ɼσʔϯखज़ͰಘΒΕΔଟ༷ମ K(1) ͱ K(−1) ͕ಉ
ͱ͕ΒΕ͍ͯΔ͕ɼఆཧͭ࣋͜ͳώʔΨʔυɾϑϨΞɾϗϞϩδʔΛܕ 5ʹΑͬͯ
͜ΕΒͷଟ༷ମΛ۠ผ͢Δ͜ͱ͕Ͱ͖Δɻ

Ҏ্ͷ݁ՌɼKontsevich-Kuperberg-Thurstonෆมྔ Zn Λجʹͨ͠ Lescop ͷ݁
ՌʹΑ͍ͬͯΔ͕ɼ͏Ұͭͷ༗ܕݶෆมྔͷීวෆมྔͰ͋ΔLMOෆมྔΛ༻͍ͨ
֦ு͕ɼۙ࠷ɼҏ౻ʹΑͬͯಘΒΕ͍ͯΔʢ[It20]ʣɻ

4.2. ͼ݁ڮ2

ຊઅͰ [IJMS]ͰಘΒΕͨ2݁ڮͼʹؔ͢ΔҎԼͷ݁ՌΛհ͢Δɻ·ͨҰ෦Ͱɼ
ͦΕҎલʹ։ൃ͞Εͨ [IS18] ͷख๏Λ༻͍͍ͯΔͷͰɼͦͷղઆؚΊΔɻߟࢀจݙ
ؚΊɼৄࡉʹ͍ͭͯ [IJMS] Λࢀরɻ

ఆཧ 6 ([IJMS, Theorem 1.1]). S3ͷ2݁ڮͼ७ڲ০తखज़Λͨͳ͍ɻ

͞Βʹಉ༷ͷख๏Λ༻͍ͯɼަతϑΝΠόʔ݁ͼɼަతϓϨοπΣϧ݁ͼ
͕७ڲ০తखज़Λͨͳ͍͜ͱࣔ͞ΕΔʢ[IJMS, Theorem 1.2]ʣɻ
͜͜Ͱ2݁ڮͼͱɼS3ͷ݁ͼͰɼۃେɾۃখΛͦΕͧΕ2ͷΈͭΑ
͏ͳਤࣜΛͭͷͰ͋ΔɻͦͷΑ͏ͳਤࣜͰΑΓݟͨ͘͢͠ܗͷΛίϯΣ
Πਤࣜͱ͍ݴɼ༗ݶྻΛ༻͍ͯද͢͜ͱ͕Ͱ͖Δɻ͜ͷྻΛ࿈ల։ͷ
ͱͯ͠͠ࢉܭಘΒΕͨ༗ཧΛ༻͍Δͱɼ2ͭͷίϯΣΠਤ͕ࣜද͞ΕΔ2݁ڮͼ
͕ಉ͔ܕͲ͏͔ͳͲɼ༷ʑͳใΛಘΔ͜ͱ͕Ͱ͖Δɻ·ͨ࿈ల։ͱͯ͠ಛʹɼ
ͷ߲͕2Ҏ্ʹͳΔͷͳͲΛऔΔ͜ͱޙ࠷ͷΈʹΑΔͷɼ֤ͷ͕ਖ਼Ͱۮ
Ͱ͖Δɻ͞Βʹɼ͜ͷ͜ͱ͔Β2݁ڮͼަత݁ͼͰ͋Δ͜ͱΘ͔Δɻ

ͯ͞ఆཧ 6ɼ࣍ͷ Hanselman ͷ݁Ռʹେ͖͘ґଘ͍ͯ͠Δɻ

ఆཧ 7 ([Ha, Theorem 2]). S3 ͷ݁ͼK ͰͷҟͳΔखज़εϩʔϓ r, r′ ʹԊͬͨ
σʔϯखज़͕७ڲ০తͳΒ͕࣍Γཱͭɻ(i) {r, r′} = {±2}·ͨ {±1/q} , (ii)

{r, r′} = {±2}ͷͱ͖ g(K) = 2ɼ(iii) {r, r′} = {±1/q}ͷͱ͖ɼ͕࣍Γཱͭɻ

q ≤ th(K) + 2g(K)

2g(K)(g(K)− 1)

͜͜Ͱɼg(K)KͷछʢK͕ுΔβΠϑΣϧτۂ໘ͷ࠷খछʣɼth(K)ώʔΨʔ
υɾϑϨΞɾϗϞϩδʔͷްΈʢthicknessʣͱݺΕΔෆมྔɻ

ಛʹɼަత݁ͼKʹ͍ͭͯ th(K) = 0ͱͳΔͷͰ (iii) ΑΓ q = 1͕Θ͔Δɻ
ͭ·Γɼఆཧ 4ͱ߹ΘͤΔͱ͕࣍Θ͔Δɻ

ิ 1. S3ͷަత݁ͼKͰͷҟͳΔखज़εϩʔϓ r, r′ʹԊͬͨσʔϯखज़͕७
০తͳΒɼg(K)ڲ = 2ɼσ(K) = 0ɼ{r, r′} = {±1}·ͨ{±2}ɻ

ҎԼɼ্ͷิΛجʹఆཧ 6ͷূ໌ͷུ֓Λઆ໌͢Δɻ
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·ͣɼఆཧ 5ͷܥͱͯ͠ [IW19, Corollary 4.5]ʹ͓͍ͯɼ࣍ͷ͜ͱΛࣔͯ͋ͬ͠
ͨɻ͠छ 2ͷ ০తखज़ΛͭͳΒɼKʹରԠ͢Δ࿈ڲͼK͕७݁ڮ2
[2x, 2y,−2(x+ y), 2x]Ͱ͋Δɻ͞Βʹɼx > 0 ͔ͭ y ̸= 0Γཱͭɻ͜Ε2݁ڮͼ
ͷίϯΣΠਤ͔ࣜΒεέΠϯؔࣜʹΑΓw3Λ͢ࢉܭΔ͜ͱͰಘΒΕΔɻ
ͦ͜Ͱ͜ͷ࿈ [2x, 2y,−2(x + y), 2x]ʹରԠ͢Δ ิʹ࣍Δɻ͑ߟͼKΛ݁ڮ2
 1ʹΑΓɼ݁ͼͷූ߸ʹ͍ͭͯσ(K) = 0ͱͳΒͳ͚ΕͳΒͳ͍ɻ͜ͷ͜ͱ͔
Β͞Βʹɼy < 0͔ͭ (x+y) > 0ͱͳΒͳ͚Ε͍͚ͳ͍͜ͱ͕Θ͔Δɻ͜͜Ͱɼަ 
త݁ͼͷූ߸ʹ͍ͭͯɼLee ͱ Traczyk ʹΑΓಠཱʹ σ(K) = o(D)− y(D)− 1

ͱ͍͏ެ͕ࣜΒΕ͍ͯΔͷͰɼ͜ΕΛར༻ͨ͠ɻ͜ͷࠨล݁ͼKͷූ߸ɼӈ
ลͦΕͧΕKͷަਤࣜD͔Βܾ·ΔྔͰ͋Δ͕ɼ͜͜Ͱઆ໌Λলུ͢Δɻ
Ҏ্ΑΓɼ[2x, 2y,−2(x + y), 2x]ʢx > 0ɼy < 0ɼ(x + y) > 0ʣʹରԠ͢Δ ݁ڮ2
ͼKΛ͑ߟΕྑ͍ɻ͜ͷͱ͖ɼશͯͷ͕ਖ਼ͱͳΔ࿈ల։ʹॻ͖͑Δͱ
[2x− 1, 1,−(2y + 1), 2(x+ y)− 1, 1, 2x− 1]ͷΑ͏ʹͳΔɻ
͜͜Ͱɼ[IS18]Ͱ༻͍ͨSL(2,C)-ΩϟοιϯෆมྔΛར༻͢Δɻ
SL(2,C)-Ωϟοιϯෆมྔͱɼඇৗʹେࡶͳํ͍ݴΛ͢Εɼด ଟ༷ମݩ࣍3

Σʹରͯ͠ɼπ1(Σ)ͷ SL(2,C)දݱͷූ߸ಉྨͷݸΛ༩͑ΔͷͰ͋ΓɼΦϦ
δφϧͷΩϟϯιϯෆมྔͷมछͱͯ͠ɼ2001ʹ Curtis ʹΑΓಋೖ͞Εͨɻͦͷ
ͼKʹରͯ͠ɼखज़εϩʔϓp/qʹԊͬͨKͰͷ݁ڮɼBoden-CurtisʹΑͬͯɼ2ޙ
σʔϯखज़ͰಘΒΕͨଟ༷ମK(p/q)ʹ͍ͭͯɼλSL(2,C)(K(p/q))͕ total Culler-Shalen

ηϛϊϧϜ ͱ΄΅Ұக͢Δ͜ͱ͕ࣔ͞Ε͍ͯΔɻ͜ͷηϛϊϧϜେ௬ͷ݁ՌʹΑ
ΓɼKͷڥքεϩʔϓʢ֎෦ۭؒE(K)ʹຒΊࠐ·Εͨຊ࣭తۂ໘ͷڥքͰఆ·Δε
ϩʔϓʣͷू߹͔ΒٻΊΒΕΔ͜ͱ͕Θ͔Δɻ͞Βʹɼ2݁ڮͼͷڥքεϩʔϓ
Mattman-Maybrun-Robinson ʹΑͬͯɼશͯͷ͕ਖ਼ͱͳΔ࿈ల։͔Β͢ࢉܭ
ΔΞϧΰϦζϜ͕༩͑ΒΕ͍ͯΔɻ͜ΕΒΛجʹ [IS18]Ͱɼ͋Δ2݁ڮͼͷΫϥε
Ͱͷखज़͕ڲ০తͱͳΒͳ͍͜ͱΛ͍ࣔͯͨ͠ʢͦͷ݁Ռޙʹ [IW19] Ͱ֦ு͞Εͨ
ͷͰɼ͜͜Ͱলུ͢Δʣɻ
͜͜Ͱɼ࿈ల։ [2x − 1, 1,−(2y + 1), 2(x + y) − 1, 1, 2x − 1] (x > 0, y <

0, (x + y) > 0) ʹରԠ͢Δ ͼKʹରͯ͠ɼखज़εϩʔϓ݁ڮ2 {±1}·ͨ {±2}
ʹԊͬͨσʔϯखज़ͰಘΒΕΔଟ༷ମͷSL(2,C)-ΩϟοιϯෆมྔΛ۩ମతʹ͢ࢉܭ
Δ͜ͱʹΑͬͯɼͦ͠ͷK͕७ڲ০తखज़ΛͭͳΒ x = −2y ͱͳΒͳ͚Ε
͍͚ͳ͍͜ͱΛࣔͨ͠ɻ࣮ࡍɼx = −2yͷ߹ʹɼରԠ͢Δ ܕͼΖख݁ڮ2
ʢamphicheiralʣ7ʹͳΓɼSL(2,C)-Ωϟοιϯෆมྔɼ3ݩ࣍ଟ༷ମͱͦͷ૾ڸͰ
͕Ұக͢ΔͷͰɼ͜ͷ߹ར༻Ͱ͖ͳ͍ʢ6 અࢀরʣɻ
ɼxʹޙ࠷ = −2yͱ্ͯ͠هͷ࿈ల։Λ͢ࢉܭΔͱ [4n,−2n,−2n, 4n]ʢn > 0ʣ

ͱॻ͖͑ΒΕΔͷͰɼ͜ͷ࿈ల։ʹରԠ͢Δ2݁ڮͼKΛ͑ߟΔɻ͜ͷKʹ
͍ͭͯɼ[It20]ͰಘΒΕͨ݁ՌΛར༻͢Δɻͦ͜Ͱ ଟ༷ମͷLMOෆมྔͷݩ࣍3
ͷ݁ͼ࣍ͱ6࣍০తखज़ΛͭͨΊͷ͕݅ɼ4ڲ3ͷύʔτ͔Βɼ݁ͼ͕७࣍
ͷ༗ܕݶෆมྔΛ༻͍ͯಘΒΕ͍ͯΔɻ͋ͱ্هͷ࿈ల։ʹରԠ͢ΔKʹ͍ͭ
Δͷʹɼຊ࣭తہΕྑ͍͕ɼ݁͢ࢉܭͯ j4(K)ͱ͍͏Ͱ͋ͬͨɻ͜Εδϣʔ
ϯζଟ߲ࣜVK(t)Ͱ t = ehͱͯ͠ల։ͨ࣌͠ͷ4࣍ͷͰ͋Δɻ͜ͷΛ͢ࢉܭΔ͜
ͱʹΑͬͯɼ࠷ऴతʹશͯͷ2݁ڮͼ͕७ڲ০తखज़Λͨͳ͍͜ͱ͕ূ໌͞Εͨɻ

7S3ͷ݁ͼKɼͦͷ૾ڸͱ͖ΛอͬͯಉͰ͋Δ࣌ɼΖखܕͰ͋Δͱ͍͏ɻ
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5. ͍ͯͭʹͷ݁Ռۙ࠷
ຊߘΛࣥච͍ͯ͠Δࡏݱʢ20209݄ʣ·Ͱʹɼલड़ͷ Hanselman ͷ݁ՌΛجʹ༷ʑ
ͳ݁ͼʹରͯ݁͠Ռ͕ಘΒΕ͍ͯΔɻ࣌ݱͰશͯϓϨϓϦϯτͩͱࢥΘΕΔͷ
ͰɼarXiv ͷ൪߸ͱ͓ͯ͘͠ڍྻʹڞɻ

• [arXiv:1906.06773] J. Hanselman, Heegaard Floer homology and cosmetic surgeries in
S3.

• [arXiv:1909.02340] K. Ichihara, I. D. Jong, T. W. Mattman, T. Saito, Two-bridge knots
admit no purely cosmetic surgeries.

• [arXiv:1909.05048] R. Tao, Connected sums of knots do not admit purely cosmetic
surgeries.

• [arXiv:2005.07278] K. Varvarezos, 3-braid knots do not admit purely cosmetic surgeries.

• [arXiv:2005.12795] I. Petkova, B. Wong, Twisted Mazur pattern satellite knots and
bordered Floer theory.

• [arXiv:2006.06765] A. I. Stipsicz, Z. Szabó, Purely cosmetic surgeries and pretzel knots.

• [arXiv:2009.00522] B. Boehnke, C. Gillis, H. Liu, S. Xue, The purely cosmetic surgery
conjecture is true for the Kinoshita-Terasaka and Conway knot families.

6. ରঠڲ০తखज़
͜ͷઅͰɼରঠڲ০తखज़ʹ͍ͭͯ [IJ18, IIS] ͰಘΒΕͨ݁ՌΛղઆ͢Δɻ
७ڲ০తखज़ʹ͍ͭͯɼڲ০తखज़༧͕͋Γڀݚͷํ͕ࣔ͞ੑΕ͍ͯΔ͕ɼର
ঠڲ০తखज़ʹ͍ͭͯɼMathieu ͷ݁Ռ [Math92] ͳͲʹΑͬͯɼΑΓෳࡶͳঢ়͕گ
ʹΒΕ͍ͯΔɻҎԼͰɼઌ͑ߟΓ͏Δͱ͜ى [IIS]ʹΑͬͯಘΒΕͨ݁ՌΛઆ໌ͯ͠
͔Βɼ[IJ18]ʹ͓͍ͯಘΒΕͨ৽͍͠ྫʹ͍ͭͯհ͢Δɻ

6.1. छ1ͷަత݁ͼ

݁ͼKͰͷ2ͭͷखज़εϩʔϓr1ͱr2ʹԊͬͨσʔϯखज़ͰಘΒΕͨ2ͭͷด3ݩ࣍
ଟ༷ମK(r1)ͱK(r2)ʹ͍ͭͯɼK(r1) ∼= −K(r2)͕Γཱͭͱ͖ରঠڲ০తʢchirally

cosmeticʣͱ͍͏ͷͰ͋ͬͨɻ
୯७ͳྫͱͯ͠ɼΖख݁ܕͼʹԊͬͨσʔϯखज़͕͋ΔɻKΛS3ͷΖखܕ
݁ͼͱ͢Δͱɼ{0, 1/0}Λআ͘ҙͷεϩʔϓrͱ−rʹ͍ͭͯɼKͷ֎෦ۭؒʹ͖
Λٯస͢Δࣗݾಉ૬ࣸ૾͕ଘͯ͠ࡏɼεϩʔϓ rͷදݩΛ−rͷදݩʹࣸ͢ɻैͬ
ͯɼr ͱ −rಉʹͳΓɼK(r) ∼= −K(−r)͕ΓཱͭɻΑͬͯɼr ͱ −rʹԊͬͨ
σʔϯखज़ରঠڲ০తͰ͋Δɻ
·ͨҰํɼ3 અͰհͨ͠Α͏ʹɼS3ͷτʔϥε݁ͼඇࣗ໌ͳରঠڲ০తख
ज़Λͭɻ
ɼࡍ০తखज़͜Ε͚ͩͰ͋Γɼ࣮ڲͰΒΕ͍ͯΔS3ͷ݁ͼʹԊͬͨ࣌ݱ

[IIS]ʹ͓͍ͯɼछ1ͷަత݁ͼʹ͍ͭͯɼ͜ΕͰਚ͖Δ͜ͱΛࣔͨ͠ɻ

ఆཧ 8 ([IIS, Theorem 6.4]). S3ͷछ1ͷަత݁ͼKͰͷҟͳΔखज़εϩʔϓ
r, r′ʹԊͬͨσʔϯखज़͕ରঠڲ০తͳΒ࣍ͷ͍ͣΕ͔͕Γཱͭɻ(i) KΖख
Ͱ͋Γܕ r = −r′ɼ(ii) Kͭࡾ༿݁ͼͰ͋Γ r, r′  Mathieu ͕༩͑ͨεϩʔϓɻ
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[IIS]Ͱ·ͣɼΩϟοιϯෆมྔͱΩϟοιϯ-ΰʔυϯෆมྔΛ༻͍ͯɼεϩʔϓͷ
ͱσσΩϯτʹؔ͢ΔࣜΛಋ͖ɼͦ Εʹ༗ܕݶෆมྔͷࢉܭΛ߹Θͤͯओʹূ໌
Λ͍ͯ͠Δɻͨͩ͠ɼޙ࠷ͷஈ֊Ͱྫ֎తʹͯͬ͠·ͬͨ݁ͼʹ͍ͭͯɼSL(2,C)-
ΩϟοιϯෆมྔͱώʔΨʔυɾϑϨΞɾϗϞϩδʔͰಘΒΕͨ݁ՌʢOzsváth-Szabóɼ
Ni ʹΑΔʣΛར༻ͨ͠ɻ
͜ͷఆཧ͔Βɼ࣍ͷ͕ࣗવʹੜ͡Δʢָ؍తա͗Δ͔͠Εͳ͍͕ʣɻ

. ΖखܕͰͳ͘τʔϥε݁ͼͰͳ͍S3ͷ݁ͼ͕ରঠڲ০తखज़Λͭ
͜ͱ͕͋Δ͔ʁ

͜ͷ࣌ݱͰͲͪΒͱ͑ݴͳ͍ɻ࣮ࡍɼ[IJ18]ʹ͓͍ͯඇࣗ໌ͳରঠڲ০త
खज़Λͭ݁ۂͼΛߏ͍ͯ͠Δʢͨͩ͠ɼS3ͷ݁ͼͰͳ͍ʣɻ࣍ʹɼ͜ͷ
݁ՌʢྫʣΛհ͢Δɻ

6.2. ରঠڲ০తखज़Λͭ݁ۂͼ

ͷग़ൃͱͳͬͨڀݚΛಋೖ͠ɼͦͷޠ༺০తखज़ͱ͍͏ڲ [BHW98]Ͱɼඇࣗ໌
ͳڲ০తखज़Λڐ༰͢Δ݁ۂͼͷॳΊͯͷ۩ମྫ͕ 1ͭ༩͑ΒΕ͍ͯͨɻͦΕ
S2×S1ͷ۩ମతͳ1ͭͷ݁ͼͱͯ͠༩͑ΒΕɼڲ০తखज़ରঠతͰɼಘΒΕΔଟ
༷ମϨϯζۭؒ L(49,−19) ∼= −L(49,−18)Ͱ͋ΔɻͦͷߏඇৗʹಛघͳιϦο
υɾτʔϥεͷ݁ͼΛར༻͓ͯ͠ΓɼҰൠԽ͢ΔͷඇৗʹࠔͰ͋ΔΑ͏ʹࢥ
ΘΕ͍ͯͨɻ࣮ࡍɼ[BHW98]Ͱɼ࣍ͷΑ͏ͳ༧͕ड़ΒΕ͍ͯΔɻ

༧ɿʢ [BHW98, Conjecture 3]ɼ[Ki97, Problem 1.81(B))] ʣด ଟ༷ମΛۂݩ࣍3
ੜ͡ΔΑ͏ͳڲ০తखज़Λͭ݁ۂͼଘ͠ࡏͳ͍ͩΖ͏ɻ

͜ͷ༧ͷྫΛ༩͑ͨͷ͕࣍ͷ݁ՌͰ͋Δɻ

ఆཧ 9 ([IJ18, Theorem 5.1]). ด3ݩ࣍ۂଟ༷ମΛੜ͡ΔΑ͏ͳڲ০తखज़Λͭ
Δɻ͢ࡏͼ͕ଘ݁ۂ

͜ͷڲ০తखज़ରঠతͰ͋Γɼ૾ڸʹ͍ޓͰ͋ΔΑ͏ͳۂଟ༷ମΛੜ͢ΔɻҎ
Լɼ͜ͷྫͷߏํ๏ͱɼͦͷੑۂͳͲΛͲͷΑ͏ʹ͔ࣔͨ͠ɼઆ໌͢Δɻ
·ͣɼྫͷهड़ʹ͍ΘΏΔϞϯςγϊεɾτϦοΫΛ༻͍ͨɻϞϯςγϊεɾτ
ϦοΫͱɼS3ͷ݁ͼ͕ڧՄٯత 8Ͱ͋Δͱ͖ɼͦΕʹԊͬͨσʔϯखज़ͰಘΒΕ
Δଟ༷ମΛ2ॏذඃ෴ͱͯͭ͠Α͏ͳབྷΈΛߏ͢Δํ๏Ͱ͋Δɻ۩ମతʹɼ
༩͑ΒΕͨڧՄٯత݁ͼΛճసରশੑͰׂͬͯಘΒΕΔབྷΈ͔Βɼόϯυखज़ʹ
Αͬͯσʔϯखज़ޙͷଟ༷ମΛ2ॏذඃ෴ͱͯͭ͠བྷΈΛߏ͢Δɻ
[BHW98]Ͱߏ͞Εͨྫɼσʔϯखज़ʹΑͬͯදࣔ͞Ε͍ͯͨͨΊɼ·ͣͦͷྫ
ͷϞϯςγϊεɾτϦοΫΛ༻͍ͨදࣔΛٻΊͨɻͦͷදࣔΛ૾ڸରশੑ͓Αͼճస
ରশੑ͕ʮ͑ݟΔʯΑ͏ʹมͨ͠ܗͷ͕ਤ 1Ͱ͋Δɻ
ਤͷࠨͷ݁ͼK͔ΒͷόϯυʹԊͬͯͬͯม͢ܗΔʢόϯυखज़͢Δʣͱӈ
ͷ݁ͼK ′ʹͳΔɻҰํͰɼதԝͷਫฏ໘ʹؔͯ͠Kͷ૾ڸΛͱΓ 2/3πճస͢Δͱ
K ′͕ಘΒΕΔɻͭ·Γɼόϯυखज़ʹΑ͕ͬͯ૾ڸಘΒΕΔ݁ͼ͕͔ͨͬͭݟɻ࣮
͜ͷ݁ͼɼ927ͱݺΕΔ2݁ڮͼͰɼͦͷ2ॏذඃ෴ϨϯζۭؒͱͳΔɻ
ैͬͯɼ [BHW98]ͷྫͷରঠڲ০తखज़ͰಘΒΕΔଟ༷ମ͕ϨϯζۭؒʹͳΔͷͰ
͋Δɻ

8݁ͼͷ͖Λٯస͢ΔΑ͏ͳ 180◦ͷճసରশੑΛͭ݁ͼΛɼڧՄٯత݁ͼͱ͍͏ɻ
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ਤ 1: Bleiler-Hodgson-Weeks ͷྫʢ݁ͼ927ʣ

Bleiler-Hodgson-Weeks ͷྫΛਤࣔ͢Δ͜ͱ͕Ͱ͖ͨͷͰɼ͋ͱ2ॏذඃ෴͕
ɼਤʹࡍଟ༷ମʹͳΔΑ͏ʹ͜ͷྫΛҰൠԽ͢Εྑ͍ɻ࣮ۂ 1Ͱ̏֯ப্ʹஔ
͞Ε͍ͯͨ݁ͼΛ̑֯பঢ়ʹஔͯ͠ྫΛߏͨ͠ɻ
ਤͷߏ͔ΒɼಘΒΕͨ݁ͼ͕ରঠڲ০తखज़Λͭ͜ͱͪʹै͏ɻ͋ͱɼ
ͦͷ݁ͼ͕ۂతͰ͋Δ͜ͱɼಘΒΕͨଟ༷ମ͕ۂతͰ͋Δ͜ͱɼ͞ Βʹඇࣗ໌ͳ
ྫͰ͋Δ͜ͱΛࣔͨ͢Ίʹɼ2ͭͷखज़εϩʔϓ͕ಉͰͳ͍͜ͱΛࣔ͢ඞཁ͕͋Δɻ
ճҰͭͰ۩ମతͳྫΛ༩͑Δ͜ͱΛతͱͨ͠ͷͰɼ͜ࠓ ΕΒͷ͜ͱΛίϯϐϡʔ
λΛͯͬνΣοΫͨ͠ɻ݁ͼ͓ΑͼಘΒΕͨଟ༷ମͷੑۂʹ͍ͭͯɼҎલʹ
[HIKMOT16]Ͱ։ൃͨ͠ϓϩάϥϜ “hikmot” Λར༻ͨ͠ɻ͜ͷϓϩάϥϜɼ3ݩ࣍
ଟ༷ମͷཧ࢛໘ମׂ͔ΒཱͯΒΕΔషΓ߹ΘͤํఔࣜΛਫ਼อো͖ࢉܭΛ
༻͍ͯղ͘͜ͱʹΑΓɼղ͕͔ͨͬͭݟ߹ʹۂతͰ͋Δ͜ͱΛֶతʹอূ͢
Δɻ͞Βʹɼखज़εϩʔϓ͕ಉͰͳ͍͜ͱɼhikmot ΛԠ༻ͯ͠ɼਖ਼͘͠ղ͕ͭݟ
͔ͬͨ߹ʹ ଟ༷ମͷରশੑΛௐΔ͜ͱ͕Ͱ͖Δݩ࣍3 [DHR15]Ͱ։ൃ͞Εͨϓ
ϩάϥϜΛར༻ͨ͠ɻ͜ΕΒͷࢉܭʹ͍ͭͯɼਖ਼Ҫलढ़ࢯʹΑΔ [IJ18]ͷ Appenndix

Λࢀরͯ͠ཉ͍͠ɻ

7. ऴΘΓʹ
ঢ়ͰɼHanselmanݱ ͷ݁Ռ [Ha]͕ώʔΨʔυɾϑϨΞɾϗϞϩδʔʹΑΔΞϓϩʔ
νͷҰͭͷ౸ୡͱ͞Ε͍ͯΔʢհͰ͖ͳ͔͕ͬͨ Gainullin  Ravenomanana ʹ
ΑΔ݁ՌॏཁͰ͋Δʣɻҏ౻ࢯʹΑΔLMOෆมྔʹΑΔΞϓϩʔν [It20]ඇৗʹ
༺ԿΛزۂɼۙ࠷Δɻ࣮ͷ্͕͠͞ࢉܭͰ͋Γ༗Ͱ͋Δ͕ɼ۩ମతͳྗڧ
͍ͨΞϓϩʔνʹਐల͕͋Γհ͔ͨͬͨ͠ͷ͕ͩɼࢴ໘ͷ߹্ͰׂѪͤ͟ΔΛ
ಘͳ͔ͬͨʢJeonʹΑΔ݁Ռ Futer-Purcell-Schleimer ʹΑΔ݁Ռʣɻଞʹؔ࿈͢
Δ݁ՌͰհͰ͖ͳ͔ͬͨͷ͋Δʢcable knotʹؔ͢ΔڀݚʢRan Taoɼҏ౻ʣɼ4

ͷτϙϩδʔΛ༻͍ͨΞϓϩʔνʢLidmanʣʣɻݩ࣍
ຊߘͰڲ০తखज़Λ͢ڀݚΔಈػͱͯ͠ɼ݁ͼิۭؒ༧͓ΑͼͦͷҰൠԽ͔
ΒΛ࢝Ί͕ͨɼଞʹɼ3ݩ࣍ଟ༷ମؒͷૢ࡞ͱͯ͠ͷσʔϯखज़ཧͷૅجͱͯ͠ͷ
Ґஔ͚͋Δɻ͍ͣΕʹͯ͠ॏཁੑ͕͘ߴɼ৽ͨͳࢹ͔ΒͷΞϓϩʔν͕·
ΕΔɻ৽نʹऔΓΉʢए͍ʣऀڀݚͷࢀೖΛظ͍ͨ͠ɻ

ँࣙ. ຊߘΛࣥච͢Δʹ͋ͨͬͯɼڞಉऀڀݚͰ͋Δҏ౻ࢯɼࡈ౻හࢯɼజ ਔ
େࢯʹ͝ྗڠΛ͍͖ͨͩ·ͨ͠ɻ͜ͷΛ͓आΓͯ͠ँײਃ্͛͠·͢ɻ
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A spectral sequence for cohomology of knot spaces

森谷　駿二 (大阪府立大学)

1. はじめに
本稿では，近年のGoodwillie-Weissの埋め込み解析を媒介としたオペラッドと埋め込みの空間の関連についての研究を概観した後，講演者の4次元以上単連結閉可微分多様体の中の結び目のなす空間の特異コホモロジーに関する結果を述べる．第2節および3節では講演の主結果と直接関係ないものも含めてオペラッドの例や近年の研究を紹介する．
2. オペラッド
オペラッドはホモトピーを伴う代数構造を扱うためにMayによってループ空間の研究で導入されたものである．ホモトピーを伴う代数構造の代表的な例として，基点付きループ空間Ω(X)の積がある．

Ω(X) = {l : [0, 1]→ X 連続写像 | l(0) = l(1) = ∗}

とする．ここで，Xは基点付き空間で，Ω(X)に適当な位相を入れる．よく知られているようにループをつなぐ積a ∗ bは厳密には結合的ではないが，ホモトピー (a ∗ b) ∗ c ≃
a ∗ (b ∗ c)が存在する．さらに 4つのループの積を考え，ホモトピーを用いてカッコを一つずつ付け替えていくと次のような5角形ができる (以下では簡単のため，a ∗ b = abと書く)．

a(b(cd))

▲▲
▲▲

▲▲
▲▲

▲▲

""
""
""
""
""

(ab)(cd) a((bc)d)

((ab)c)d (a(bc))d

ループ空間を研究する際に，この5角形の内部を埋めるようなホモトピーやさらに“高次の”ホモトピーが必要になる．このような高次のホモトピーを扱う枠組みがオペラッドである．
定義 1 ([18]). オペラッドとは，位相空間の列 {O(n)}n≥1 で，各O(n)への対称群Σnの作用と，部分合成 (partial composition)と呼ばれる写像 (− ◦i −) : O(m)×O(n) →
O(m+ n− 1) (1 ≤ i ≤ m)を伴うもので，次の条件を満たすものである．

1. (結合律) x ∈ O(n), y ∈ O(m), z ∈ O(l)に対して，
x ◦i (y ◦j z) = (x ◦i y) ◦i+j−1 z (1 ≤ i ≤ n, 1 ≤ j ≤ m)

(x ◦j z) ◦i y = (x ◦i y) ◦j+m−1 z (1 ≤ i < j ≤ n)

本研究は科研費 (課題番号:17K14192)の助成を受けたものである。キーワード：結び目のなす空間, オペラッド〒 599-8531 大阪府堺市中区学園町１番１号　大阪府立大学　理学系研究科
e-mail: moriyasy@gmail.com
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2. 単位元 1 ∈ O(1) があり， x ∈ O(n)に対して，x ◦i 1 = x, 1 ◦1 x = x．
3. Σnの作用と部分合成の可換性に関する条件 (詳細略)

以下では，部分合成のことを単に合成ということがある．
感覚的にはO(n)の元はn項演算を表す．合成に関する定義1の結合律の意味は，treeを使うとわかりやすい．x ∈ O(n)を次のようなn枚の leafを持つ treeとみなす．

1

2

n

x

すると，部分合成 (− ◦i −)は次のような treeの結合とみなせる．
1

i

n

1

n+m− 1

1

m

i

i+m− 1

⇒x y x y ⇒ x ◦i y

1

i

i+m− 1

n+m− 1

定義 1の結合律の一つ目の式は，次のように三つの元の合成の結果が合成を取る順序によらないことを意味する．
1

i

n

x
1
j

m

y
1

l

z

x ◦i y

1

i+ j − 1

n+m− 1

1

l

z

y ◦j z

1

n+m− 1

1

i

n

x

⇓

⇒

⇒

⇓

(x ◦i y) ◦k z x ◦i (y ◦j z)=

図 1: 結合律x ◦i (y ◦j z) = (x ◦i y) ◦k z (k = i+ j − 1)の解釈
結合律のもう一つの式は xに対して y, zを並列に合成した結果が順序によらないことを意味する．また，対称群の作用は leafの番号の付け替えに対応し，合成との可換性もこの treeを用いて理解できる．
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例 2. 上で述べたループの積のホモトピーは associahedral operad Kの一部である．
K(1), K(2)は一点，K(3)は区間 [0, 1]，K(4)は上記の5角形 (内部含む)で，一般にK(n)はn− 2次元の多面体となる．部分合成 はある面への同相写像で与えられる．例えば，
(− ◦1 −) : K(2)×K(3)→ K(4)は面 (辺)((ab)c)d− (a(bc))dに対応する．(ホモトピー
(a′c)d − a′(cd)に積 a′ = ab ∈ K(2)を合成する写像である．)正確には，この例は対称群の作用を持たない非対称オペラッドの例である．
例 3. k次元小球体オペラッド (little balls operad または little disks operad) Dkとは，次のようにして定まるオペラッドである．DkをRkの0を中心とする単位開球とする．

1. Dk(n) = {c = (c1, . . . , cn) | ciはRkの開球で， ci ⊂ Dk, i ̸= jならば ci∩cj = ∅}とおく．つまり，Dk(n)はDkの中の小球の順序付き配置空間である．Dk(n)は各小球 ciに対してその中心と半径を対応させることによって (Dk)×n×Rnの相対位相を入れる．
2. (c, d) ∈ Dk(n)×Dk(m)に対して，Dkを ciに全単射に写す，(回転を含まない)平行移動と相似縮小の合成写像 c̄i : Rk → Rkを取って，Dkの部分合成を次のように定める (図2参照)．

c ◦i d = (c1, . . . , ci−1, c̄i(d1), . . . , c̄i(dm), ci+1, · · · cn)
(c = (c1, . . . , cn), d = (d1, . . . , dn))

3. Σnの作用は小球の番号の付け替えで定める．

d c e = d ◦2 c
d1 d2 d3 c1 c2 e2 e3e1 e4

D1(3) D1(2) D1(4)× →(− ◦2 −) :

図 2: D1の部分合成
また，小球体オペラッドの変種として，球の回転を含めた枠付き小球体オペラッドfDkも定義できる．詳細な定義は省略するが，fDk(n) = Dk(n) × SO(k)×nで与えられる．本稿では便宜上，fD1 = D1とする．
KやD1は結合律に関するホモトピーをコントロールするもので，Dk (k ≥ 2)は結合律に加え，可換性に関するある段階までのホモトピーを含むものである．オペラッドはMay [18] によって導入され，元来は多重ループ空間の代数的特徴づけのための概念だった．その後2000年ごろにTamarkin[24]やKontsevich[14]によって変形量子化との関係で新たに興味がもたれ，ホモトピー論以外の人からも注目されるようになったようである．現在では今回紹介する埋め込みの話題以外にも可微分多様体のモジュライ空間や配置空間の (secondary) homological stabilityなど幾何学的な応用 [11, 16]も見つかっている．　
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3. Goodwillie-Weissの埋め込み解析とオペラッド
Goodwillie-Weissの埋め込み解析は手術理論などのホモトピー論における埋め込みの研究手法を拡張し，体系化したものである．これは次のように埋め込みの空間と多様体の中の球 (または円盤)の配置空間を関連付ける．以下，本稿ではM, Nを可微分多様体とし，その次元をそれぞれd, eとする．Emb(N,M)をNからMへの可微分埋め込みのなす空間とする．空間の tower

Emb(N,M)→ · · ·→ TkEmb(N,M)→ · · ·→ T2Emb(N,M)→ T1Emb(N,M)

を次のように定義する．
TkEmb(N,M) = holim

V ∈Ok(N)
Emb(V,M)

ここで，Ok(N)はDeのk個以下の非交和に微分同相なNの開部分多様体のなす包含関係によるposetで，holimは“ホモトピー型の補正を行った (逆)極限”である．holimの普遍性から，標準的な写像ηk : Emb(N,M)→ TkEmb(N,M)が得られる．Goodwillie-

Weissの収束定理は次のようなものである．
定理 4 ([12]). 標準的な写像 ηk : Emb(N,M) → TkEmb(N,M)は (k(d − e − 2) +

1 − e)-連結である．特に，d − e ≥ 3の時，η∞ : Emb(N,M) → T∞Emb(N,M) (:=

holim
k≥1

TkEmb(N,M))は弱ホモトピー同値である．
Emb(N,M)よりもTkEmb(N,M)やT∞Emb(N,M)の方が扱いやすいのでこの定理は有用である．ただし，d− e ≥ 3という条件があるので，この定理が使えるのは余次元が高い (3以上)の場合である．通常の 3次元空間の中の (long) knotの場合には定理の弱同値は成り立たない．この場合については註釈11を参照のこと．　感覚をつかむために，T1, T2の具体的なモデルを挙げる．
例 5 ([12]). (1) T1Emb(N,M)はNからMへのはめ込みのなす空間と弱ホモトピー同値である．
(2) T2Emb(N,M)は次の図式のホモトピーファイバー積F2に弱ホモトピー同値である．

ivmapZ/2(N ×N,M ×M)→ mapZ/2(N ×N,M ×M)← map(N,M)

ここで，N ×Nなどには (x, y) 1→ (y, x)でZ/2の作用を入れており，mapZ/2はZ/2-同変な可微分写像，ivmapZ/2はZ/2-同変で，さらにf−1(∆M) = ∆N，Tf−1
x (Tf(x)∆M) =

Tx∆N (x ∈ ∆M)となる可微分写像の空間である (Tは接空間を表す)．左の写像は自然な包含写像，右の写像は f 1→ f × fで与えられる．また，Arone-Szymik[2]はT2のF2と異なるモデルを考え，knotの空間の位相不変性に応用している．
註釈 6. 埋め込み解析の「解析 (calculus)」というのは「微積分」を意味する．Good-

willieはこの理論の微積分との (形式的な)類似性のため，このように名付けた．例えば，TkEmb(N,M)はNの有限個の開球のposetで決まるので，(有限個の点で決まる)多項式近似の類似物とみなせる．このため {TkEmb(N,M)}k≥0は (Taylor展開の類似で)Taylor towerと呼ばれる．「埋め込み解析」と呼ぶより，「埋め込みの微積分」と呼んだ方が雰囲気が伝わりやすいかもしれない．

45



次のSinhaによる定理は上記の定理4をN = S1の場合に扱いやすい形に再構成したものだ．
定理 7 ([22]). 次のようなcosimplicial space C•⟨[M ]⟩が存在する．(以下でこれをSinhaの cosimplicial modelと呼ぶ．)

1. Cn⟨[M ]⟩はMにおける (接ベクトル付き)n+ 1点の順序付き配置空間と同値
2. d ≥ 4の時，弱ホモトピー同値holimC•⟨[M ]⟩ ≃ Emb(S1,M)が存在する．
(厳密にいえば，[22]では両端とそこでの接ベクトルが固定された線分の埋め込みについて定理 7に相当することが示されている．) さらに，このモデルをRdの中の long

knotの場合について考えることにより，knotの空間とoperadとの関係が得られる．ここで，long knotとは埋め込みR → Rdで [0, 1]の外では固定された直線に一致するもののことである．より正確には，long knot modulo immersionの空間Embc(R,Rd)を考える．これは，immersionを通してのunknotへのホモトピーが付随する long knotの空間である．
定理 8 ([23]). あるオペラッドの射A→ Kdがあり，次が成り立つ．

1. A→ Kdは小球体オペラッドの間の自然な射D1 → Ddと (適当な意味で)弱同値である．
2. このオペラッドの射に自然に付随する cosimplicial space K•

dについて，d ≥ 4のとき，弱ホモトピー同値holim K•
d ≃ Embc(R,Rd)が成り立つ．

この定理の前にはTurchinによるVassilievのスペクトル系列とPoissonオペラッドの
Hochschild cohomologyとの組み合わせ論的なレベルでの類似性の発見 [25]があった．　定理8の特筆すべき応用として，Lambrechts-Turchin-Volić[17]によるVassilievのスペクトル系列に関する予想の肯定的解決がある．Vassilievは long knotの空間Embc(R,Rd)のコホモロジーに関するスペクトル系列を構成した．d = 3のとき，このスペクトル系列のE∞-項の対角部分(次数0の部分)に有名なVassiliev不変量(有限型不変量)が出てくる．Vassilievはこのスペクトル系列がE1項で退化する，対角部分でいえば，chord図と
Vassiliev不変量が対応することを予想した．Kontsevichは対角部分についてこの予想を有理係数で証明したが，他の部分の退化については未解決のままだった．Lambrechts-

Turchin-Volićは定理8と小球体オペラッドの formalityという性質を用いて有理数係数，
d ≥ 4の場合にこのVassilievの予想を肯定的に解決した．
定理 9 ([17]). long knotのコホモロジーに関するVassilievのスペクトル系列はd ≥ 4，有理係数の時E1項で退化する．
註釈 10. 埋め込み解析と類似点のある埋め込みの研究手法として，配置空間積分がある．Cattaneo–Cotta-Ramusino–Longoni[9]はd ≥ 4の場合にKontsevichの指針に沿って配置空間積分を用いてグラフの複体からEmbc(R,Rd)の deRham複体へのチェイン写像を構成し，ある部分ではそれがコホモロジーの単射になっていることを示した．この構成はコサイクルの具体的で系統的な表示を与えるという利点がある．境-渡邉 [21]は この構成のEmbc(Rk,Rd)への拡張を与えている．また，[20, 28]など，埋め込み解析が使いにく余次元が低い場合でも情報を引き出すことができるようだ．
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註釈 11. d = 3の場合のTaylor towerと有限型不変量の関係については，[6, 5, 27]などで研究されている．例えば，[27]では任意の実数係数の有限型不変量がT∞Embc(R,Rd)を通過することを示している．
定理7, 8の任意の埋め込みの空間への拡張を述べるために，次の概念を導入する．
定義 12. オペラッドOに対して，右O-加群とは，空間の列{X(n)}n≥1で，各X(n)へのΣnへの作用と，部分合成と呼ばれる写像 (− ◦i −) : X(n)×O(m)→ X(n+m− 1)を伴うもので，オペラッドと同様の規則を満たすものである．例えば，u ∈ X(n), y ∈
O(m), z ∈ O(l)に対して，u ◦i (y ◦j z) = (u ◦i y) ◦i+j−1 zである．
例 13. MにRiemann計量を固定し，δをMの単射半径とする．
Balln(M) = {(D1, . . . , Dn) | Di はMの半径 δ以下のgeodesic diskで Di ∩Dj = ∅}

と定める．Vk(M)をx ∈M上のファイバーがTxMのorthonormal k-frameであるようなファイバー束とする．FM
k (n)を次の図式のファイバー積として定める．

Balln(M)
中心−→M×n projection←− Vk(M)×n

FM
k = {FM

k (n)}n≥1は右fDk-加群の構造を持つ．下図参照．

FM
1 (n) D1(m)

xi ◦i
is defined by

(2) (3)

xi

(1)

次の定理が一般的な埋め込みとオペラッド上の加群との関係を与える．
定理 14 ([26, 4]). 次の弱ホモトピー同値が存在する．

T∞Emb(N,M) ≃ RMapMod−fDe(F
N
e , FM

e )

ここで，MapMod−fDeは右 fDe-加群の射全体に適当な位相を入れた空間で，RMapはそのホモトピー型の補正を行ったものを意味する．
例えば，[2]ではこの定理の類似物を用いて，NがReの開部分多様体で余次元が高い場合は，特異ホモロジーH∗(Emb(N,Rd),Q)はNの有理ホモトピー型にしか依存しないことを示している．

4. 動機
講演者の主結果は円周 S1 から 4次元以上の単連結閉多様体M への埋め込みの空間
Emb(S1,M)(Mの中の結び目の空間)のコホモロジー群に収束するスペクトル系列の構成とそれに基づく計算である．Sinhaの cosimplicial model から即座にBousfield-Kan型のスペクトル系列が得られるが，それはE2項に一般には計算困難な配置空間のコホモロジーが含まれる．個々の例に対する計算はある程度可能と思われるが，一般的に，代数的に計算可能なスペクトル系列を構成したいと思ったのが動機である．また，Rd

内の long knotや long embeddingの研究の拡張の方向として，Emb(N,M)のM また
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はNをユークリッド空間から一般の多様体にすることが考えられるが，N(定義域)を一般にする方は [2]などによって，少なくとも有理係数ではかなり代数的な話に還元されているようなので，Mを一般にする方が面白そうだと思ったのも動機の一つである．最初は有理係数で考えていたが，そのうちにCampos-Willwacher[8]と Idrissi[13]によって配置空間のオペラッド構造込みの実ホモトピー論のモデルが与えられたため，特色を出すために一般の係数で考えることにした．系21など，結果として一般で考えたために上手くいった部分もある．Emb(S1,M)に関するGoodwillie-Weissの解析を用いた研究が昨年秋ごろからArone-Szymik[1], Budney-Gabai[7], Knudsen-Kupers[15]によって発表されており，これらとの関連や long knotの場合の正標数のスペクトル系列への応用など，考えてみたいことが最初思っていたよりは見つかってきている．
5. 主定理
以下でkは可換環とする．k係数の特異コホモロジーをH∗(−)で表す．講演者の構成したスペクトル系列は，オイラー標数χ(M)を環準同型Z→ kによりkの元と見なしたとき，χ(M) = 0かχ(M) ∈ k×の時にE2ページのそれぞれ異なった代数的表示 (Mのコホモロジーのポアンカレ代数を用いた表示)を持つ．(特にkが体ならば常に代数的表示を持つ．)以下ではχ(M) ∈ k×の場合のみ述べる．
定義 15. (1) 次元dのポアンカレ代数 H∗ (または次数付フロベニウス代数)とは， k-加群として自由で有限生成な次数付き可換代数 H∗ と 線形同型写像 ϵ : Hd → k の組で，合成

H∗ ⊗H∗ 積−→ H∗ ϵ→ k

が線形同型H∗ ∼= (Hd−∗)∨を誘導するものをいう.

(2)H∗を次元dのポアンカレ代数とする． {ai}i を H∗ の (加群としての)基底とする．(bij)ij を (ϵ(ai · aj))ijの逆行列とする.

H∗の対角類 ∆H を次の式で定義する．
∆H =

∑

i,j

(−1)|aj |bji ai ⊗ aj .

(3) H∗ を次元 dのポアンカレ代数とする.

2d− 1次元のポアンカレ代数SH∗を次のように定める．
SH∗ = H≤d−2 ⊕H≥2[d− 1]

a · b̄ = a · b

(a ∈ H≤d−2, b̄ ∈ H≥2[d− 1] は b ∈ H≥2に対応する元を表す．)

例 16. M に向きが付いていて, H∗(M) が自由 k-加群の時，H∗(M) は ϵ : 基本類 1→
1 ∈ kにより，ポアンカレ代数と見なす.

定義 17. simplicial dga B⋆ ∗
n (H)を次のように定める．ここで，simplicial dgaとは，面写像diや退化写像 siを持つ可換な微分次数付き代数のことである．

(2重)次数付き代数として，
B⋆ ∗

n (H) := (SH∗)⊗ n+1 ⊗
∧{

hi j, gi j | 0 ≤ i, j ≤ n
}
/J
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( deg gi j = (−1,d), deg hi j = (−1, 2d− 1))). イデアル J は次の関係式で生成される．
g2i j = h2

i j = 0, hi i = gi i = 0, gi j = gj i hi j = −hj i

(eia− eja)gi j = 0, (eia− eja)hi j = 0 (a ∈ SH∗),

3-term relations for gi j and for hi j , (hi j + hk i)gj k = (hi j + hj k)gi j

ここで，3-term relation for gi jとは，gi jgj k + gj kgk i+ gk igi j = 0(0 ≤ i, j, k,≤ n)のことで，hi jについても同様．
微分は次式で定める． ∂a = 0 (a ∈ SH⊗n+1) , ∂(gi j) = fi j∆H, ∂(hij) = fi j∆SH.ここで，fij : H ⊗H → H⊗n+1 は 第 iと j成分への挿入である.

面写像 di : B⋆ ∗
n (H)→ A⋆ ∗

n−1(H) (0 ≤ i ≤ n) は次式で定める．

di(a0 ⊗ · · ·⊗ an) =

{
a0 ⊗ · · ·⊗ aiai+1 ⊗ · · · an (0 ≤ i ≤ n− 1)

±ana0 ⊗ · · ·⊗ an−1 (i = n)
(ai ∈ SH),

di(gj,k) = gj′,k′ , di(hj,k) = hj′,k′．ここで，j′ =

{
j (j ≤ i)

j − 1 (j > i)
, k′も同様で

ある．
退化写像 si : B⋆ ∗

n (H)→ B⋆ ∗
n+1(H) はSH⊗n+2の第 i成分への1の挿入と，gjk, hjkの添え字 i+ 1のスキップで定める．

B⋆ ∗
• (H)をもとからある微分 ∂とΣi(−1)idiによって 2重複体とみなし，その全コホモロジーをH(B⋆ ∗

• (H))とする．次が本稿の主定理である．
定理 18 ([19]). M を単連結閉多様体とし，次元は d ≥ 4とする. H∗ = H∗(M) とおき， H∗ は自由k-加群で，χ(M) ∈ k×と仮定する．この時，次のようなスペクトル系列{Ěp q

r }が存在する．
Ěp q

2
∼= H(B⋆ ∗

• (H)) ⇒ Hp+q(Emb(S1,M)),

次数は p = ∗, q = ⋆− •で与えられる．
この証明には定理7の cosimpilicial modelと例13の右D1-加群FM

1 を用いる．上記のスペクトル系列を Čech スペクトル系列と呼ぶことにする.

6. 計算例
この節では定理18またはそのχ(M) = 0の場合の類似物に基づいた計算を紹介する．
6.1. Mが球面の直積の場合
系 19. k を Z または Fp (p 素数)とする. k を奇数， l を偶数とし，条件 (k + 5 ≤
l ≤ 2k − 3 かつ |3k − 2l| ≥ 2)または (l + 5 ≤ k ≤ 2l − 3 かつ |3l − 2k| ≥ 2)を満たすとする. H∗ := H∗(Emb(S1, Sk × Sl))とおくと，次のが成り立つ

1. 同型 H i = k (i = k − 1, k, 2k − 2, 2k − 1, k + l).
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2. もし k = Fp で p ̸= 2ならば，同型
H i = k2 (i = k + l − 2, k + l − 1, 2k + l − 3, 2k + l − 2, 2k + l − 1).

系 20. 2 ∈ k×とする. k, l を二つの偶数とし， k + 2 ≤ l ≤ 2k − 2 かつ |3k − 2l| ≥ 2が成り立つとする. H∗ := H∗(Emb(S1, Sk × Sl))とおくと，次の同型が成り立つ.

H i = k (i = k − 1, k, l − 1, l, k + l − 3, k + l − 2, k + l − 1, 3k).

他の次数 i ≤ 2k + l　については, H i = 0.

6.2. Mが4次元の場合
Imm(S1,M)をはめ込みS1 →Mのなす空間とする．Arone-Szymik[1]は次の問題を提起した．
問題：包含写像 iM : Emb(S1,M) → Imm(S1,M) が π1で非自明なカーネルを持つような単連結な4次元多様体は存在するか？
(正確には彼らは“ It would be interesting to see a calculation showing an example of

a simply-connected 4–manifold N for which the map Emb(S1, N) → Imm(S1, N) has

a non-trivial kernel on π1”と述べている．また，Nが非単連結の場合には彼らの結果やBudney-Gabai[7]によってN = S1 × S3の場合に大きな核を持つことが知られている．) 定理18を用いて，次のようにこの問題の範囲を狭めることができた．
系 21. Mを単連結四次元閉多様体とする．H2(M ;Z) ̸= 0とし，H2(M ;F2)上の交叉形式を表す行列は対角成分のうち少なくとも一つは 0ではない逆行列を持つとする．このとき，包含写像 iM は基本群の同型を誘導する. 特に，π1(Emb(S1,M)) ∼= H2(M ;Z)である.

例えば， M = CP 2#CP 2 は系 21の条件を満たし，M = S2 × S2は条件を満たさない. また，この系の仮定を満たさない場合については， H2(M) = 0の場合には,

Arone-Szymikによって Emb(S1,M) が単連結であることが示されており，対角成分がすべて0の場合は講演者の知る限り未解決である．
7. ポアンカレ双対性と積
この節では定理 18のスペクトル系列の構成のアイデアを説明する．主なアイデアは
Sinhaの cosimplicial model と Bendersky-Gitler[3]のスペクトル系列の構成を組み合わせることである．Bendersky-Gitlerはポアンカレ-レフシェッツ双対性H∗(Cn(M)) ∼=
H∗(M×n,∪i,j∆ij)と被覆 {∆ij}ijに関する Čech複体を用いてスペクトル系列を構成した．ここで，∆ij = {(x1, . . . , xn) ∈ M×n | xi = xj}である．　Bendersky-Gitlerの構成をSinhaの cosimplicial modelに組み込む際に本質的には次のような問題を考えることになる．
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問題：次の図式を可換にするような，“幾何学的な描写を持つ”，チェインレベルの結合的な交叉積 I : C∗(M)⊗ C∗(M)→ C∗(M)は存在するか？
C∗(M)⊗ C∗(M) P.D. !!

∪
""

C∗(M)⊗ C∗(M)

I
""

C∗(M) P.D. !! C∗(M)

ここではP.Dは基本類によるキャップ積，∪はカップ積を表す．講演者は (高次のホモトピーを許しても)このような交叉積を知らない．管状近傍のThom類と切除同型を使ってホモロジーでは交叉積が定義できるが，その構成をチェインレベルに持ち上げて上記のような可換性を満たす積を定義するのは困難である．この問題に関してストリング・トポロジーにおけるある構成が解決策となった．Cohen[10]はループ積とHochschild

cohomologyの積の同型を構成する際に，(安定ホモトピーの意味での)スペクトラの圏における上記のような交叉積の代替物を構成していた．これを応用することでスペクトル系列を構成した．上記のような交叉積の存在が問題になることはこれまであまりなかったと思われるが，Campos-Willwacher[8]や Idrissi[13]による配置空間の実代数的モデルにおいてもポアンカレdg代数や cyclic C∞-代数というチェインレベルの積と双対性を両立させるためのモデルが用いられており，配置空間の研究には双対性の乗法的性質がかかわってくるのかもしれない．また，この構成の過程で例 13の右D1-加群
FM
1 を用いた．Cohenの構成を適用するにあたり，cosimplicial spaceでは上手くいかない部分があり，より柔軟な枠組みとして右加群が必要になったためである．

8. 展望
今後はこのスペクトル系列への作用素の付加や，Mが非単連結な場合のスペクトル系列の持つ情報の研究，同様のアイデアを用いた任意係数のVassilievスペクトル系列の研究を行う予定である．また，この研究の過程で配置空間のスペクトラを用いたモデルが得られたが，このモデルについても研究する．
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Characteristic classes of manifold bundles and graph
homology

Alexander Berglund (Stockholm University)⇤

1. Background
In recent joint work with Ib Madsen [3], we found a surprising connection between
di↵erential topology of high dimensional manifolds and automorphisms of free groups.
Namely, we found that the stable rational cohomology,

lim
g!1

H⇤(BgDi↵D(Wg);Q),

of the block di↵eomorphism group of the 2n-manifold (2n � 6)

Wg = #Sn ⇥ Sn,

relative to an embedded disk D = D2n ⇢ Wg, could be computed in terms of the
homology of automorphism groups of free groups. The connection is relayed by a
certain graph complex, a version of which is described below.

In principle, this means that classes in the homology of automorphism groups of
free groups, or equivalently graph homology classes, give rise to characteristic classes
of block bundles with fiber Wg, relative to a disk. However, the computation in [3]
does not yield a workable definition of such characteristic classes and it does not show
whether similar classes can be defined for manifolds other than Wg.

The overall goal of the work presented here is to solve these problems: We introduce
new families of rational characteristic classes of M -bundles associated to graph homol-
ogy classes, defined for arbitrary simply connected closed oriented manifolds M . When
specialized to Wg, the new classes lead to a better understanding of the computation
of [3]. In particular, we are able to solve the main conjecture of [3] about the relation
to the generalized Miller-Morita-Mumford classes.

1.1. The graph complex

The graph complex we study will be denoted Fm and is defined as a certain twisted
Feynman transform of the Lie operad, in the sense of Getzler-Kapranov [5]. More
concretely, Fm is a direct sum of finite dimensional chain complexes Fm((g, n)) that
may be described as follows. Let Fm((g, n))i be the vector space over Q spanned by
connected graphs G with

• dimH1(G) = g,

• n univalent external vertices, or ‘hairs’, labeled 1, . . . , n,

• i internal vertices of valence � 3, each equipped with a cyclic order of its adjacent
half-edges,

This document is, up to minor changes, identical to the extended abstract for an invited talk at the
Autumn Meeting of the Mathematical Society of Japan 2020 (Topology Section).
The work was supported by the Swedish Research Council through grant no. 2015-03991.
2000 Mathematics Subject Classification: 18G85, 55P62, 57R20.
Keywords: Graph complexes, characteristic classes, rational homotopy theory.
⇤ e-mail: alexb@math.su.se
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• an orientation of the vertices and an orientation of each edge. If m is odd, then
add an orientation of H1(G).

We furthermore impose certain ‘shu✏e relations’ locally at each internal vertex, but
we omit the details here. There is a di↵erential @ : Fm((g, n))i ! Fm((g, n))i+1 given
by ‘edge expansions’, e.g.,

12

•
@7! •

12

• + •
12

• .

This yields a finite cochain complex,

Fm((g, n))1
@�! · · · @�! Fm((g, n))2g+n�2.

We regrade it in order to view it as a chain complex:

Fm((g, n))2g+n�3
@�! · · · @�! Fm((g, n))0.

The homology of this graph complex turns out to be expressible in terms of the homol-
ogy of automorphism groups of free groups. To state this more precisely, let Ag,n denote
the discrete group of homotopy classes of homotopy self-equivalences of a bouquet of
g circles, relative to n marked points. Then

Ag,0
⇠= Out(Fg), Ag,1

⇠= Aut(Fg), Ag,n
⇠= Aut(Fg)n F n�1

g ,

where Fg is the free group on g generators. The following can be deduced from results
of Kontsevich [8, 9] and Conant-Kassabov-Vogtmann [4].

Theorem 1.1 (Kontsevich, Conant-Kassabov-Vogtmann). Suppose m is even. For all
g + n � 2 and all k,

Hk(F
m((g, n))) ⇠= Hk(Ag,n;Q).

The homology groups Hk(Ag,n;Q) have been studied extensively, but they remain
largely unknown.

1.2. TM-fibrations

Let M be a closed oriented manifold with tangent bundle TM . The new characteristic
classes will be defined not only for smooth M -bundles but for a generalization that we
call TM -fibrations [2].

Definition 1.2. A TM -fibration over a space B consists of

• a fibration M ! E
⇡�! B, and

• an oriented vector bundle T⇡E over the total space E such that T⇡E|⇡�1(b) ⇠ TM
for every b 2 B.

Every smooth oriented M -bundle (i.e., fiber bundle ⇡ : E ! B with fiber M and
structure group Di↵+(M)) gives rise to a TM -fibration by letting T⇡E be the fiberwise
tangent bundle. One can also show that block bundles give rise to T sM -fibrations,
where T sM is the stable tangent bundle. We remark that not every TM -fibration
comes from a smooth bundle.
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1.3. Characteristic classes

A characteristic class � of TM -fibrations is the association of a cohomology class

�(⇡) 2 H⇤(B)

to each TM -fibration M ! E
⇡�! B, such that

f ⇤(�(⇡)) = �(f ⇤(⇡)) 2 H⇤(B0)

for every map f : B0 ! B. By specialization, every characteristic class of TM -fibrations
gives rise to a characteristic class of smooth M -bundles.

The well-known Miller-Morita-Mumford classes, originally defined and studied for
surface bundles, may be generalized to give characteristic classes of TM -fibrations, one
class c for each c 2 H⇤(BSO(m)), defined by

c(⇡) :=

Z

M

c(T⇡E) 2 H⇤�m(B).

2. Results
The following gives more precise statements of our main results. These will appear in
forthcoming work [1].

2.1. Characteristic classes associated to graph homology classes

Theorem 2.1. Let M be a simply connected closed oriented m-manifold. For every
graph homology class ↵ 2 Hk(Fm((g, n))), there is a family ↵ of rational characteristic
classes of TM-fibrations M ! E

⇡�! B of simply connected spaces, one class

↵
c1,...,cn(⇡) 2 H⇤(B;Q)

for every n-tuple c1, . . . , cn 2 H⇤(BSO(m);Q).

The cohomological degree is given by

|↵
c1,...,cn(⇡)| = |c1|+ . . .+ |cn|� k +m(g � 1).

Remark 2.2. The characteristic classes ↵ associated to ‘vacuum’ graph classes, ↵ 2
Hk(F((g, 0))), are defined for arbitrary fibrations with fiber M (no bundle over the
total space is required). In this case, we recover classes introduced by Matsuyuki [10].

2.2. Detection theorem

A natural questions is whether the new classes are non-trivial. We have the following
detection result.

Theorem 2.3. Let m � 4 be even. If the graph homology class ↵ 2 Hk(Fm((g, n)))
is non-zero, then the family ↵ is non-trivial, i.e., there exists a simply connected m-
manifold M , a TM-fibration of simply connected spaces, ⇡ : E ! B, and cohomology
classes c1, . . . , cn 2 H⇤(BSO(m)), such that

↵
c1,...,cn(⇡) 6= 0 2 H⇤(B;Q).

The case m odd is work in progress. It is an open problem to decide whether graph
homology classes ↵ can be detected by evaluating the characteristic classes ↵

c1,...,cn on
smooth manifold bundles, rather than on TM -fibrations.
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2.3. Zero dimensional graph homology and Miller-Morita-Mumford classes

It will be clear from the construction that if 1 2 Fm((0, 1)) ⇠= Q denotes a generator,
then we recover the generalized Miller-Morita-Mumford class,

1
c = c.

More generally, we have the following. For m even,

H0(F
m((g, n))) ⇠= H0(Ag,n;Q) ⇠= Q,

and a generator ✏g,n may be taken to be the class of the graph

• • ··· • • • ··· • n

• • 1 2 n�1

.

Theorem 2.4. We have that

✏g,n
c1,...,cn = egc1...cn ,

where e is the fiberwise Euler class of [6].

By applying the above result to the T sWg-fibration associated to the universal block

bundle over a suitable cover of BgDi↵D(Wg), and by tracing the new classes through
the computation in [3], we are able to solve Conjecture 1.11 of [3].

Our approach is algebraic. To define the new classes and prove our results, we
use rational homotopy theory. In particular, we develop a theory of relative C1-
algebra models for fibrations. We comment that some of our techniques are similar to
techniques used by Kajiura, Matsuyuki and Terashima [7].
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[10] T. Matsuyuki, Double graph complex and characteristic classes of fibrations. Pacific J.
Math. 301 (2019), no. 2, 547–574.

56



COBORDISM THEORY OF MORSE FUNCTIONS AND
APPLICATIONS

DOMINIK J. WRAZIDLO (KYUSHU UNIVERSITY)

Abstract. This is a survey talk on recent developments in the cobordism theory of
Morse functions. We present results on the computation of several cobordism groups of
Morse functions of compact manifolds possibly with boundary.

1. Introduction

We are concerned with di↵erentiable1 maps between di↵erentiable manifolds. Cobor-
dism groups of di↵erentiable maps with prescribed singularities are generally studied by
means of stable homotopy theory (see e.g. the works of Rimányi and Szűcs [13], Ando
[1], Kalmár [10], Sadykov [14], and Szűcs [19]). Historically, the topic was pioneered in
the middle of the 20th century by René Thom [20], who applied the Pontryagin-Thom
construction to study embeddings of manifolds into Euclidean spaces up to cobordism. In
doing so, Thom reduced the study of cobordism groups of closed di↵erentiable manifolds
to the computation of homotopy groups of certain spaces. In the sequel, the structures
of the n-dimensional oriented cobordism group ⌦SO

n and its unoriented version ⌦O
n have

been completely determined by several authors. It remains an interesting problem to study
cobordism theory of di↵erentiable maps with concrete prescribed types of singularities.

In this short note, we shall focus on cobordism theory of Morse functions. Recall that
Morse functions of closed di↵erentiable manifolds are real valued di↵erentiable functions
whose critical points are all nondegenerate. We point out that Morse theory is a fun-
damental tool in the study of di↵erentiable manifolds, for example by virtue of Smale’s
h-cobordism theorem. Thus, when studying Morse functions up to suitable notions of
cobordism, we expect that we can still detect important information about algebraic
topology and di↵erential topology of manifolds.

Cobordism groups of various types of Morse functions have been studied by several
authors by applying explicit methods of global singularity theory of di↵erentiable maps.
For instance, Ikegami [4] used Levine’s cusp elimination technique to compute cobordism
groups of Morse functions on closed manifolds (this generalized results of Ikegami-Saeki [5]
and Kalmàr [9]). An application of Ikegami’s techniques to the construction of topological
invariants of generic di↵erentiable map germs was found by Ikegami and Saeki [6]. Saeki
and Yamamoto [17, 18] studied Morse functions on compact surfaces with boundary up

This work was supported by JSPS KAKENHI Grant Number JP18F18752 and a JSPS Inter-
national Postdoctoral Fellowship.

1In this note, “di↵erentiable” always means di↵erentiable of class C1.
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to so-called admissible cobordism by using the cohomology of the universal complex of
singular fibers in [17], as well as a combinatorial argument based on labeled Reeb graphs
in [18]. By using similar techniques, Yamamoto [26] studied versions of these cobordism
groups without cusps. Saeki [15] applied the technique of Stein factorization and Cerf’s
pseudoisotopy theorem to study cobordism groups of so-called special generic functions,
i.e., Morse functions with only maxima and minima as their critical points. In [22], the
author has imposed more general index constraints on the Morse functions, and studied
the resulting cobordism relations for such “constrained” Morse functions by means of
the two-index theorem of Hatcher and Wagoner, as well as handle extension techniques
for fold maps due to Gay and Kirby. As an application to high-dimensional topological
field theory (compare [21]), the author has shown how exotic Kervaire spheres can be
distinguished in infinitely many dimensions from other exotic spheres as elements of the
cobordism group of constrained Morse functions.

Let n � 2 be an integer. In this note, we consider several variants of cobordism
relations for Morse functions of compact n-dimensional manifolds possibly with boundary.
In principle, one defines cobordisms of such Morse functions to be certain di↵erentiable
maps of (n + 1)-dimensional cobordisms (with corners) into the plane. Following Saeki
and Yamamoto [17, 18], we impose the natural requirement that these maps are locally
modeled on C1 stable map germs into the plane. At interior points, it is well-known that
the possible C1 stable map germs (Rn+1, 0) ! (R2, 0) are

(x0, . . . , xn) 7!

8
><

>:

(x0, x1), regular point,

(x0,±x21 ± · · · ± x2n), fold point,

(x0, x0x1 + x31 ± x22 ± · · · ± x2n), cusp.

(1.1)

At boundary points, we point out that the possible C1 stable map germs (Rn⇥[0,1), 0) !
(R2, 0) are given by

(x0, . . . , xn) 7!

8
>>><

>>>:

(x0, x1), @-regular point,

(x0,±x21 ± · · · ± x2
n�1 + xn), @-fold point,

(x0, x0x1 + x31 ± x22 ± · · · ± x2
n�1 + xn), @-cusp,

(x0,±x21 ± · · · ± x2
n�1 ± x2n + x0xn), B2 point,

(1.2)

where the first three types are regular map germs that are named after their restrictions
to the boundary (Rn ⇥ {0}, 0) ⇢ (Rn ⇥ [0,1), 0), while the so-called B2 point2 is a
singular map germ. In Definition 1.2 below, we introduce various cobordism relations of
Morse functions by requiring that cobordisms are locally modeled on prescribed subsets
of the possible C1 stable map germs into the plane. On the technical side, we note that
our definition of cobordism relations di↵ers from that of Saeki and Yamamoto [17, 18]

2According to [26], the terminology “B2 point” has its origin in the case of dimension n = 3,
where the map germ is a versal unfolding of the function germ B2 = ±x2 ± y2 (see Arnold [2]).
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in that we do not assume Morse functions and their cobordisms to be proper C1 stable
maps. Nevertheless, by means of slight perturbations we see that both definitions result
in isomorphic cobordism groups.

Next, we introduce the cobordism relations that will be discussed in this note. Let
M be an n-dimensional compact di↵erentiable manifold possibly with boundary. By a
Morse function of M we mean a real valued di↵erentiable function f : M ! R which is a
submersion near the boundary @M , and such that the critical points of both f and f |@M
are all nondegenerate. We consider the following notion of oriented generic cobordisms
between two Morse functions f0 : M0 ! R and f1 : M1 ! R of oriented compact n-
dimensional manifolds possibly with boundary.

f0

M0

f1

R

M1

W

V

F

[0, 1]

Figure 1. Illustration of an oriented generic cobordism (W,V, F ) from f0
to f1. The singular point set of F and its image in the plane are indicated
as follows. Fold lines are red, cusps are triangles, and B2 points are squares.

Definition 1.1. An oriented generic cobordism from f0 : M0 ! R to f1 : M1 ! R is a
triple (W,V, F ) (see Figure 1), where

• the pair (W,V ) is an oriented cobordism (with corners) from M0 to M1, that is,
W is a compact oriented (n + 1)-dimensional manifold with corners such that3

@W = M0[@M0 V [�@M1 �M1, where M0, �M1 and V are oriented codimension 0
submanifolds of @W such that M0 \M1 = ;, V \M0 = @M0 and V \M1 = @M1,
V is an oriented cobordism from @M0 to @M1 (that is, V is a compact oriented
n-dimensional manifold with boundary @V = @M0 [ �@M1), and W has corners
precisely along @V , and

• F : W ! [0, 1]⇥R is a di↵erentiable map such that

3For an oriented manifold X, the manifold with opposite orientation is denoted by �X.
3
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– there exist collars (with corners) [0, ")⇥M0 ⇢ W of M0 ⇢ W and (1� ", 1]⇥
M1 ⇢ W of M1 ⇢ W such that F |[0,")⇥M0

= id[0,")⇥f0 and F |(1�",1]⇥M1
=

id(1�",1]⇥f1, and

– at every point x 2 W \ (M0 tM1), the map germ of F at x is C1 right-left
equivalent4 to a C1 stable map germ into R2 (see (1.1) and (1.2)).

Similarly, we can define an unoriented version of the notion of oriented generic cobordism
by ignoring orientations of manifolds in the above definition.

As it turns out, oriented generic cobordism (or its unoriented version) is not an interest-
ing cobordism relation to study because any Morse function f : M ! R is nullcobordant,
i.e., there exists an oriented generic cobordism from f to the unique function on the empty
set. (In fact, the double M [@M �M of M is oriented nullcobordant, and any oriented
nullcobordism W can be considered as an oriented cobordism (W,M) (with corners) from
M to the empty set. Then, the desired di↵erentiable map W ! [0, 1]⇥R is obtained by
a generic extension of the {0} ⇥M -germ of the map id[0,")⇥f defined on a collar (with
corners) [0, ")⇥M ⇢ W .) Nevertheless, we can use the above notion of (oriented) generic
cobordism to define the following more interesting cobordism relations5.

Definition 1.2. An (oriented) generic cobordism (W,V, F ) is called

(i) an (oriented) admissible cobordism if F has no B2 points.

(ii) an (oriented) fold cobordism if F has no cusps and no @-cusps.

(iii) an (oriented) admissible fold cobordism if F has no cusps, no @-cusps, and no B2

points.

The oriented cobordism relations of the previous definition clearly define equivalence
relations on the set bMn of Morse functions of oriented compact n-dimensional manifolds
possibly with boundary. Let bCn, bFn, and bAn denote the sets of equivalence classes
[f : M ! R] of Morse functions in bMn up to oriented admissible cobordism, oriented
fold cobordism, and admissible fold cobordism, respectively. Disjoint union “t” induces
an additive group law on each of the sets bCn, bFn, and bAn as follows. The identity
element is represented by the unique map ; ! R, and the inverse of a class [f : M ! R] is
represented by �f : �M ! R, x 7! �f(x), where �M denotes the manifold M equipped
with the opposite orientation. We call bCn (resp. bFn, bAn) the n-dimensional oriented
admissible (resp. fold, admissible fold) cobordism group of Morse functions. Similarly,
we can define bMO

n by ignoring orientations of manifolds, and the unoriented versions

4Given di↵erentiable manifolds N possibly with boundary and P without boundary, two
di↵erentiable maps f, g : N ! P are called C1 right-left equivalent if there exist di↵eomorphisms
� : N ! N and  : P ! P such that  � f = g � �.

5More generally, it seems interesting to study cobordism relations for Morse functions on
compact di↵erentiable manifolds with corners. As this problem is beyond the scope of the
methods presented in this note, we mention it as an interesting direction of future research.
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bCO
n , bF

O
n , and bAO

n of the oriented cobordism groups bCn, bFn, and bAn by using the
unoriented versions of the cobordism relations of Definition 1.2.

Saeki and Yamamoto [17, 18] introduced the cobordism groups bCn, bAn and their
unoriented versions bCO

n , bAO
n . In [18], they showed that bCO

2
⇠= Z2 by means of a

geometric method using Reeb graphs which is based on [5, 9, 16]. Moreover, they posed
the problem to study the group structures of bCn, bAn, and bCO

n , bA
O
n for arbitrary n � 2

(see Section 6 in [18]). Based on similar techniques, Yamamoto [26] showed that bFO
2
⇠= Z2

and bAO
2
⇠= Z� Z� Z2.

In the following sections, we outline our results on the computation of the oriented
cobordism groups bCn, bFn, and bAn, and their unoriented versions bCO

n , bF
O
n , and bAO

n

for arbitrary n � 2.

2. Admissible cobordism group of Morse functions

Our Theorem 2.1 below answers the problem of Saeki and Yamamoto [18] to determine
the group structures of the (oriented) admissible cobordism groups of Morse functions
bCn and bCO

n for all n � 2. Our proof is based on a geometric method that combines
Levine’s cusp elimination technique [12] with the complementary process of creating pairs
of cusps along fold lines.

R

dfx4(v4)

dfx3(v3)

dfx2(v2)

dfx1(v1)
x1

x3

x2

f

x4

M

Figure 2. Illustration of a Morse function f : M ! R of a compact surface
with boundary induced by the height function in R3. The surface M is the
connected sum of two tori with two small open 2-disks removed. The critical
points of f |@M are x1, x2, x3, and x4. Using the indicated inward pointing
tangent vectors vi 2 Txi

M , we see that �f (xi) = +1 if and only if i 2 {1, 3}.
Hence, we have S+

0 [f ] = {x1}, S+
1 [f ] = {x3}, and thus �+[f ] = 1� 1 = 0.

In order to present our result, we need to introduce some more notation for Morse
functions g : N ! R defined on p-dimensional manifolds possibly with boundary, p � 1.

5
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Following Curley [3], we assign to every critical point x 2 @N of the Morse function g|@N
a sign �g(x) 2 {±1} (see Figure 2) that is uniquely determined by requiring that for an
inward pointing tangent vector v 2 TxN the tangent vector

�g(x) · dgx(v) 2 Tg(x)R = R

points into the positive direction of the real axis. Let S(g|@N ) denote the set of critical
points of the Morse function g|@N . We note that the resulting assignment �g : S(g|@N ) !
{±1} depends only on the map germ [g] of g near @N . Let S+

i
[g] ⇢ S(g|@N ) denote

the subset of those critical points x of the Morse function g|@N of index i for which
�g(x) = +1. If @N is compact, then S(g|@N ) is finite, and we define in analogy with a
well-known Euler characteristic formula6 the integer

�+[g] =

p�1X

i=0

(�1)i · ⌫+
i
[g],

where ⌫+
i
[g] denotes the cardinality of the finite set S+

i
[g] (for example, see Figure 2).

Theorem 2.1 (W. [23], 2019). Let n � 2 be an integer. The assignment bM(O)
n ! Z,

(f : M ! R) 7! �(M)� �+[f ], induces group isomorphisms

bC(O)
n

⇠=�!

(
Z2, n even,

Z, n odd.

In particular, bCO
n
⇠= bCn for all n � 2.

3. Admissible fold cobordism group of Morse functions

In this section, we discuss a structural relationship between admissible fold cobordism
groups of Morse functions and SKK-groups of compact di↵erentiable manifolds possibly
with boundary (see Theorem 3.2 below). The concept of SKK-groups of manifolds goes
back to Jänich [7, 8], who observed that the index of elliptic operators is invariant un-
der natural cutting and pasting operations on manifolds. This operation cuts a closed
n-dimensional manifold along a submanifold Q of codimension 1 with trivial normal bun-
dle, and pastes back together the two resulting copies of Q in the boundary by means of
some gluing automorphism Q ! Q. The resulting notion of SK-invariants7 of closed n-
manifolds was studied systematically in [11] by viewing SK-invariants as homomorphisms
on a universal SK-group SKn with values in some abelian group. As a generalization,

6If h : P ! R is a Morse function on a closed (p � 1)-dimensional manifold, then the Euler
characteristic of P can be computed as �(P ) =

Pp�1
i=0 (�1)i · ⌫i(h), where ⌫i(h) denotes the

number of critical points of h of index i.
7from German “Schneiden und Kleben” = “cutting and pasting”
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the notion of SKK-invariants8 and the corresponding universal SKK-group SKKn in-
corporate a correction term that may depend on the gluing automorphism Q ! Q.

In Theorem 3.2 below, we compute the (oriented) admissible fold cobordism groups
of Morse functions, bAn and bAO

n , in terms of the (oriented) SKK-groups of compact
manifolds possibly with boundary, which we will denote by bSKKn and bSKKO

n . The
underlying bSKK-relations are a version with boundary of the SKK-relations which are
studied systematically in the manuscript [11] by Karras, Kreck, Neumann, and Ossa.

M
PM

'

�M 0

�PM 0

N
PN

 

�N 0

�PN 0

M
PM

 

�M 0

�PM 0

N
PN

'

�N 0

�PN 0

�!bSKKt t
Q

�Q0

Q

�Q0

Q

�Q0

Q

�Q0

Figure 3. bSKK-related oriented n-dimensional manifolds X and Y .

Definition 3.1. Two compact oriented n-dimensional di↵erentiable manifolds possibly

with boundary X, Y are called bSKK-related, X
bSKK����! Y (see Figure 3), if there exist

• compact oriented (n�1)-dimensional di↵erentiable manifolds possibly with bound-
ary PM , PM 0 , PN , PN 0 , Q,Q0 such that�@PM = @Q = �@PN and�@PM 0 = @Q0 =
�@PN 0 ,

• compact oriented n-dimensional di↵erentiable manifoldsM ,M 0, N , N 0 with bound-
aries @M = PM [@QQ, @M 0 = PM 0 [@Q0 Q0, @N = PN [@QQ, @N 0 = PN 0 [@Q0 Q0,
and corners along @PM , @PM 0 , @PN , @PN 0 , respectively, and

• orientation preserving di↵eomorphisms ', : Q ! Q0 such that

X =
�
M [' �M 0� t

�
N [ �N 0� ,

Y =
�
M [ �M 0� t

�
N [' �N 0� .

Let bMn denote the set of oriented di↵eomorphism classes of oriented compact n-
dimensional di↵erentiable manifolds possibly with boundary. We regard bMn as an
abelian semigroup with addition [M ] + [N ] = [M tN ] and identity element 0 = [;].

While the bSKK-relation on bMn given by Definition 3.1 is obviously symmetric, it
might not be an equivalence relation. Nevertheless, we can use the bSKK-relation to
define an equivalence relation ⇠bSKK via stabilization as follows. Given two manifolds

8from German “SK-Kontrollierbar” = “SK-controllable”
7
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M and N in bMn, we define [M ] ⇠bSKK [N ] if there exist manifolds X and Y in bMn

such that X
bSKK����! Y and [M ] + [X] = [N ] + [Y ] in bMn. Then, it is straightforward

to check that “⇠bSKK” is an equivalence relation on bMn. The quotient bMn/ ⇠bSKK

inherits an abelian semigroup structure from bMn. We define the additive group bSKKn

to be the Grothendieck group of bMn/ ⇠bSKK . In particular, note that an element
of bSKKn is not always represented by a manifold, but can in general be written as
a di↵erence [M ] � [N ]. The group bSKKn is called the n-dimensional oriented SKK-
group of manifolds possibly with boundary. Similarly, we can define an unoriented version
bSKKO

n by ignoring orientations of manifolds.

By taking boundaries of manifolds, we obtain natural maps bSKK
(O)
n ! SKK

(O)
n�1 to

the usual SKK-groups of closed manifolds. The groups bSKKn and bSKKO
n do not

depend on singularity theory of di↵erentiable maps, and will be computed in [24].
To relate admissible fold cobordism groups to bSKK-groups, we define an assignment

(3.1) ⌃
(O)
n : bM(O)

n ! Z, (f : M ! R) 7!

(
⌫0(f) + · · ·+ ⌫k(f), n = 2k + 1,

µk�1(f) +
�(M)��(M)

2 , n = 2k,

where ⌫i(f) denotes the number of critical points of f of index i, and µi(f) = ⌫n�i(f)�
⌫i(f). We also recall the definition of the assignment bM(O)

n ! Z, f 7! ⌫+
i
[f ] from

Section 2, and set µ+
i
[f ] = ⌫+

n�i
[f ]� ⌫+

i
[f ].

Theorem 3.2 (W. [24], 2020). Let n � 2 be an integer. The assignment

!
(O)
n : bM(O)

n ! bSKKn, (f : M ! R) 7! [M ] + ⌃
(O)
n (f) · [Sn] + ⌃

(O)
n�1(f |@M ) · [Dn],

induces a group isomorphism

bA(O)
n

⇠=�! bSKK
(O)
n � Zb(n�1)/2c � Zb(n�2)/2c � Zdn/2e,

[f : M ! R] 7! (!
(O)
n [f ],µb(n�1)/2c(f),µb(n�2)/2c(f |@M ),µ+

dn/2e[f ]),

where we make use of the vector notation µ
(+)
N = (µ

(+)
0 , . . . , µ

(+)
N�1).

4. Fold cobordism group of Morse functions

In Theorem 4.2 below, we determine the group structure of the (oriented) fold cobordism
groups of Morse functions, bFn and bFO

n (except for bFn in the case n ⌘ 1 mod 4).
First, we need to review the group structure of the (oriented) fold cobordism group

of Morse functions of closed manifolds. For this purpose, let Mn�1 denote the set of
Morse functions of oriented closed (n � 1)-dimensional manifolds. An oriented generic
cobordism between two Morse functions f0 : M0 ! R and f1 : M1 ! R in Mn�1 is an
oriented generic cobordism (W,V, F ) from f0 to f1 (seen as elements of bMn�1) in the
sense of Definition 1.1 such that V = ;. We call (W, ;, F ) an oriented fold cobordism from
f0 to f1 in Mn�1 if F is an oriented fold cobordism from f0 to f1 (seen as elements of

8
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bMn�1) in the sense of Definition 1.2. This is obviously equivalent to requiring that all
singular points of F are fold points. Oriented fold cobordism clearly defines an equivalence
relation on Mn�1, and we denote the set of equivalence classes by Fn�1. Disjoint union
defines an additive group law on Fn�1 in a similar way as for bFn. We call Fn�1 the
oriented fold cobordism group of Morse functions (on closed manifolds). We can also
define the unoriented version FO

n�1 by ignoring orientations of manifolds.

Theorem 4.1 (Ikegami [4], 2004). For n � 2, there are group isomorphisms of the form

FO

n�1
(�O

,�O)�����!⇠=
⌦O

n�1 � Zbn/2c,

and 8
<

:
Fn�1

(�,�)���!⇠=
⌦SO
n�1 � Zbn/2c, n 6⌘ 1 mod 4,

Fn�1
(�,�,⇤)����!⇠=

⌦SO
n�1 � Zbn/2c � Z2, n ⌘ 1 mod 4,

where �O : FO
n�1 ! ⌦O

n�1 (resp. � : Fn�1 ! ⌦SO
n�1) is the natural map [f : M ! R] 7! [M ].

By construction, there is a natural map ↵(O) : bF(O)
n ! F(O)

n�1 induced by restriction to
the boundary, [f : M ! R] 7! [f |@M ].

Theorem 4.2 (W. [25], 2020). For n � 2, there are short exact sequences
8
<

:
0 ! bFO

n

↵
O

��! FO
n�1

�
O

��! ⌦O
n�1 ! 0, n ⌘ 1 mod 2,

0 ! bFO
n

(�O
,↵

O)�����! Z2 � FO
n�1

�
O�pr2����! ⌦O

n�1 ! 0, n ⌘ 0 mod 2,

and (
0 ! bFn

↵�! Fn�1
��! ⌦SO

n�1 ! 0, n ⌘ 2, 3 mod 4,

0 ! bFn

(�,↵)���! Z2 � Fn�1
��pr2���! ⌦SO

n�1 ! 0, n ⌘ 0 mod 4,

where the map �O : bFO

2k ! Z2 (resp. � : bF4k ! Z2) is given by9

[f : M ! R] 7! �(M) +
1

2
#S(f |@M ) mod 2.
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Pseudo-Anosov properties in cluster algebras

ੴڮɹయ ∗(େֶژ)

֓ ཁ

ຊߘͰۂ໘্ͷࣸ૾ྨʹର͢ΔٖAnosovੑͷ֦ுͱͯ͠Ϋϥελʔ
ʹ͓͚Δมҟϧʔϓʹର͢Δූ߸҆ఆੑͱ͍͏݅Λಋೖ͠,

• ͖ۂ໘ͷࣸ૾ྨʹ͍ٖͭͯAnosovੑͱҰ༷ͳූ߸҆ఆੑ͕ಉ
ͱͳΔ͜ͱ,

• Ұൠʹූ߸҆ఆͳද pathΛͭมҟϧʔϓʹ͍ͭͯ, ༠ಋ͞ΕΔΫ
ϥελʔมͷతΤϯτϩϐʔ͕ Ϋϥελʔ৳ॖҼࢠͷରͰධ
ՁͰ͖Δ͜ͱ

Λઆ໌͢Δ. ຊߘͷ༰౦ۀژେֶͷङ൏ีࢯͱͷڞಉͮ͘جʹڀݚ.

1. ং
͡ΊʹΫϥελʔͷجຊ֓೦ʹ৮Ε͓ͯ͘. ͷઅͰTeichmüller-Thurstonཧ࣍
ͱͷؔΛड़Δ. Ϋϥελʔ (cluster algebra) ͱ, Fomin–Zelevinsky [FZ02]

ʹΑΓఆࣜԽ͞ΕͨΈ߹ΘͤͷҰͰ͋Δ. த৺తͳ֓೦छࢠ (seed) ͱݺ
ΕΔ 3ͭ (B,A,X) ͓Αͼͦͷมҟ (mutation) ͱݺΕΔૢ࡞Ͱ͋Δ. ͜͜Ͱ
B = (bij)Ni,j=1ରশྻߦ, A = (Ai)Ni=1͓ΑͼX = (Xi)Ni=1ͦΕͧΕՄͳมͷ
Ͱ͋Δ. ఴࣈ k ∈ {1, . . . , N}ʹର͠, kํͷมҟµk : (B,A,X) → (B′,A′,X ′)
:Γग़͢࡞ΛࢠͷϧʔϧͰ৽͍͠छ࣍

b′ij =

{
−bij if i = k or j = k,

bij + [bik]+[bkj]+ − [−bik]+[−bkj]+ otherwise,
(1.1)

A′
i =

{
A−1

k (
∏

j∈I A
[bkj ]+
j +

∏
j∈I A

[−bkj ]+
j ) if i = k,

Ai if i ̸= k,
(1.2)

X ′
i =

{
X−1

k if i = k,

Xi(1 +X−sgn(bik)
k )−bik if i ̸= k.

(1.3)

͜͜Ͱ࣮a ∈ Rʹରͯ͠ [a]+ := max{a, 0}ͱॻ͍ͨ.

͜ΕΒͷࣜҰݟෳࡶͰ͋Δ͕, ͜͜ͰมAi͓ΑͼXiͨͪͷม͕Ҿ͖ࢉΛ༻
͍ͳ͍༗ཧม (ਖ਼༗ཧม, positive rational map) Ͱ͋Δ͜ͱ, ͲͪΒมࣜߦ
ྻBͰ౷੍͞Ε͍ͯΔ͜ͱ, ͞ΒʹͦͷมϧʔϧB͕ࣗಉ࣌ʹม͞Ε͍ͯΔ͜
ͱ, ͳͲʹண͞Ε͍ͨ. มࣜ (1.2), (1.3)ΛͦΕͧΕΫϥελʔAม, Ϋϥελʔ
X มͱݺͿ. ΫϥελʔͷఆࣜԽҎདྷ, ͜ͷΑ͏ͳෆٞࢥͳม͕දݱ, Մੵ
ܥ, ϛϥʔରশੑͳͲֶͷ༷ʑͳʹݱΕΔ͜ͱ͕ݟग़͞Ε͖ͯͨ. ͷઅͰ࣍

ຊڀݚ JSPSՊݚඅ (18J13304)ͷॿΛड͚ͨͷͰ͋Δ.
2010 Mathematics Subject Classification: 30F60, 13F60
Ωʔϫʔυɿࣸ૾ྨ܈, Ϋϥελʔ, ٖAnosovੑ
∗˟ 606-8502 େֶژொനɹ۠ژࠨࢢژ ཧղੳڀݚॴ
e-mail: ishiba@kyoto-u.ac.jp

67



͜ΕΒͷมۂ͕໘ͷTeichmüllerۭ͓ؒΑͼଌ͖ϥϛωʔγϣϯͷۭؒʹ͓͚Δ
.ΔݟΕΔ͜ͱΛݱʹͱͯࣗ͠વඪม࠲

2. Teichmüllerཧ͔ΒΫϥελʔ
ΣΛछ g͓Αͼ hݸͷΛ͚͖ͭͮΒΕͨۂ໘ͱ͢Δ. Euler χ(Σ) = 2 −
2g − h < 0, h > 0ΛԾఆ͢Δ. ΣͷTeichmüllerۭؒT (Σ)ͱ, Σ্ͷ໘ੵ༗ݶ, උ
ͳߏۂશମͷू߹Λ߃ࣸ૾ʹ isotopicͳඍಉ૬શମͷͳ͢܈ͰׂͬͯಘΒΕΔ
༗ݩ࣍ݶͷଟ༷ମͰ͋Δ. MC(Σ)͕T܈ྨ૾ࣸ (Σ)ʹࣗવʹ࡞༻͠, ΦʔϏϑΥϧυ
T (Σ)/MC(Σ)Riemann໘ͷϞδϡϥΠۭؒͰ͋Δ.

2.1. Teichmüller্ۭؒͷΫϥελʔ࠲ඪ

Teichmüllerۭؒ (ͷ2छͷ֦ு) ͷ্ʹۂ໘ͷཧܗ֯ࡾׂʹਵͨ͠2छྨͷେ
Ҭ࠲ඪ͕ଘ͢ࡏΔ. ʹ͍ͭͯৄ͘͠ߏ [Pen, Chapter 2]Λࢀর͞Ε͍ͨ.

Σ্ͷ୯७ހαͰ͕͋ͬͯ྆P্ʹ͋Δͷͷ isotopyྨΛཧހ (ideal arc) ͱ
.Ϳݺ PҎ֎ͷͰ͍ޓʹަΘΒͳ͍ཧހͷ△ = {αi}Ni=1Ͱ͋ͬͯۃେͳͷΛཧ
ܗ֯ࡾׂ (ideal triangulation)ͱݺͿ. ຊߘͰͷԾఆͷͱཧܗ֯ࡾׂৗʹଘ
ހΕʹؚ·ΕΔཧͦ,͠ࡏ (ลͱݺͿ)ͷৗʹN = N(Σ) := 6g−6+3hͰ͋Δ.

༩͑ΒΕͨཧܗ֯ࡾׂ△ʹର͠, ֤ลʹਵͨ͠ඇௐൺΛ༻͍ͯFock–Thurston

ඪ࠲

X△ = (X△
α )α∈△ : T (Σ) → R△

>0 (∼= R6g−6+3h
>0 )

ͱݺΕΔେҬ࠲ඪ (ຒΊࠐΈ) ͕ఆٛ͞ΕΔ. ,ׂѪ͢Δ͕ࡉৄ TeichmüllerܕԽڧ

ۭؒ (enhanced Teichmüller space) ͱݺΕΔΑΓେ͖ͳTeichmüllerۭؒ T̂ (Σ)্ʹ
ඇௐൺʹΑΔ࠲ඪΛ֦ு͢Δ͜ͱ͕Ͱ͖, ඍಉ૬

X△ = (X△
α )α∈△ : T̂ (Σ)

∼−→ R△ (2.1)

͕ಘΒΕΔ.

,ʹ࣍ ཧܗ֯ࡾׂ△ΛऔΓସ͑ͨ࣌ͷ࠲ඪมΛ͑ߟΔ. ͖ۂ໘ΣΛݻ
ఆͨ࣌͠, ͦͷҙͷ 2ͭͷཧܗ֯ࡾׂϑϦοϓͱݺΕΔجຊมܗ (ਤ 1) Λ
༗ݶճ͜͢ࢪͱͰҠΓ߹͏͜ͱ͕ݹయతʹΒΕ͍ͯΔ. α ∈ △ʹԊͬͨϑϦοϓΛ
fα : △ → △′ͱ͢Δͱ, ′△Xඪม࠲ ◦X−1

△ ਤ 1ͷΑ͏ʹ༩͑ΒΕΔ.

͜ͷมࣜެ಄ʹड़ͨΫϥελʔX มͷҰྫͱͳ͍ͬͯΔ. ҙͷରশ
Bྻߦ = (bij) bij = #{arrows i → j} −#{arrows j → i}ͱͳΔΑ͏ͳᝪQͰදͤ
Δ͜ͱʹҙ͠, ཧܗ֯ࡾׂ△ʹਵͨ͠ᝪQ△Λ্ܗ֯ࡾͷᝪ

ΛషΓ߹Θͤͯఆٛ͢Δ. B△ΛରԠ͢Δରশྻߦͱ͢Δͱ, fα : △ → △′ʹ͍ͭͯ
X छࢠ (B△′

, X△′) (B△, X△)͔ΒαʹରԠͨ͠ํͷมҟͰಘΒΕΔ͜ͱ͕֬ೝͰ
͖Δ.

Ϋϥελʔ࠲ඪΛ༻͍Δͱ, TeichmüllerۭؒܕԽڧMC(Σ)ͷ܈ྨ૾ࣸ T̂ (Σ) ͷ
.ड़͢Δ͜ͱ͕Ͱ͖ΔهΛతͳެࣜͰ༺࡞ ϥϕϧ͖ Ptolemyάϥϑ (labeled

Ptolemy graph) TriΣΛ࣍ͷΑ͏ͳάϥϑͱͯ͠ఆΊΔ:
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X4

X1 X2

X3

X0

fα

X4(1 +X−1
0 )−1

X1(1 +X0) X2(1 +X−1
0 )−1

X3(1 +X0)

X−1
0

α
α′

ਤ 1: α ∈ △ʹԊͬͨϑϦοϓʹରԠ͢Δ࠲ඪมX△′ ◦X−1
△ .

• : ϥϕϧ͖ཧܗ֯ࡾׂ (△, ℓ). ͜͜Ͱ ℓ : {1, . . . , N} ∼−→ △ลͷϥϕ
ϧ͚Λ༩͑Δશ୯ࣹ.

• ล: .ͷ2छྨͷล͔ΒͳΔ࣍

(1) k = 1, . . . , N ʹର͠, ϥϕϧ͖ϑϦοϓ fk : (△, ℓ) → (△′, ℓ′). ͜͜Ͱ
△′ := fℓ(k)(△)Ͱ͋Γ, ℓ′ ℓ′(i) := ℓ(i) for i ̸= k, ℓ′(k) ∈ △′ \ (△∩△′)ͱͯ͠ఆ
·Δ△′ͷϥϕϧ͚.

(2) ޓ σ = (i j) ∈ SN ʹର͠, ϥϕϧͷޓ σ : (△, ℓ) → (△, σ.ℓ). ͜͜Ͱ
σ.ℓ(i) := ℓ(σ−1(i)).

ϥϕϧ͖Ptolemyάϥϑͷ (△, ℓ)ʹରͯ͠࠲ඪܥX(△,ℓ) = (X△
ℓ(i))

N
i=1 : T̂ (Σ)

∼−→
RN

>0͕ఆ·Γ,ล(△, ℓ) fk−−− (△′, ℓ′)ʹkํͷมҟͰ༩͑ΒΕΔ࠲ඪมfx
k : RN

>0 →
RN

>0͕, ล (△, ℓ) σ−−− (△, σ.ℓ)ʹ࠲ඪͷޓͰ༩͑ΒΕΔ࠲ඪม fx
σ : RN

>0 → RN
>0

͕ͦΕͧΕਵ͢Δ. TriΣ࿈݁Ͱ͋Δ͔Β, ࣸ૾ྨφ ∈ MC(Σ)͓Αͼ (△, ℓ)ʹ
ର͠, edge path

fφ : (△, ℓ) k1−−− (△1, ℓ1) . . .
km−−− (△m, ℓm) = φ−1(△, ℓ)

͕ଘ͢ࡏΔ. ͜͜Ͱ֤ki൪߸1, . . . , N·ͨޓͰ͋Δͱ͠, φ−1(△, ℓ) := (φ−1(△),φ−1◦
ℓ). ͜ͷͱ͖࠲ඪͷߏͷMC(Σ)ಉมੑ͔Β, :Ͱ͋Δͷਤ͕ࣜՄ࣍

RN
>0 RN

>0 RN
>0

T̂ (Σ) T̂ (Σ) T̂ (Σ).

fx
φ

X(△,ℓ) Xφ−1(△,ℓ)

φ

X△,ℓ)

͜͜Ͱ fx
φ := fx

km ◦ · · · ◦ fx
k1Ϋϥελʔมͱͪͨޓͷ߹Ͱ͋Δ͔Βਖ਼༗ཧม

Ͱ͋Δ. ͜ͷਤ͔ࣜΒ, ࣸ૾ྨͷ T̂ (Σ)ͷࣗવͳ࡞༻ͷ࠲ඪදࣔਖ਼༗ཧมͰද͞
ΕΔ͜ͱ͕͔Δ.

ऍ 2.1 (০Γ͖TeichmüllerۭؒͱΫϥελʔAม). ΫϥελʔAม০Γ
͖Teichmüllerۭؒ (decorated Teichmüller space) T̃ (Σ)্ͷ λ࠲ඪͷ࠲ඪมͱ͠
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.ΕΔݱͯ Σͷཧܗ֯ࡾׂ△ʹରͯ͠α ∈ △ͷλͷඍಉ૬

A△ = (A△
α )α∈△ : T̃ (Σ)

∼−→ R△
>0

ΛఆΊ, ϑϦοϓfα : △ → △′ʹର͢Δ࠲ඪมA△′ ◦A−1
△ ΫϥελʔAมͰ͋Δ.

ࣸ૾ྨφͷ࡞༻ରԠͨ͠ਖ਼༗ཧมfa
φͱͯ͠࠲ඪදࣔ͞ΕΔ. ֤छͷTeichmüllerۭ

ؒͨͪͷؔ࣍ͷਤࣜʹ·ͱΊΒΕΔ:

T̃ (Σ)

T (Σ) T̂ (Σ)

p

2.2. ThurstonίϯύΫτԽͱଌ͖ϥϛωʔγϣϯ, ࣸ૾ྨͷྨ

.ͷྨఆཧͰ͋ΔNielsen–Thurstonྨʹ͍ͭͯड़Δྨ૾ࣸ,ʹ࣍ Teichmüllerۭؒ
ͷThurstonίϯύΫτԽT (Σ) := T (Σ)∪PML(Σ)ดԁ൘ʹಉ૬Ͱ͋Γ, Teichmüller

ۭؒͷࣸ૾ྨ࡞܈༻͜ͷԁ൘্ʹ࿈ଓʹ֦ு͢Δ. ͜͜ͰPML(Σ)Σ্ͷଌ
͖ϥϛωʔγϣϯ (measured lamination)ͷۭؒML(Σ)Λ,ଌͷࣗવͳR>0࡞༻
ͰׂͬͨͷͰ͋Δ. ML(Σ)R6g−6+2hʹಉ૬ͳ۠తઢܗଟ༷ମ (piecewise-linear

manifold; ҎԼPLଟ༷ମͱུه) Ͱ͋Γ, ਖ਼࣮ͷॏΈ͖multicurve (୯७ดۂઢͷ
ඇަͷ isotopyྨ)શମΛີ෦ू߹ͱؚͯ͠Ή.

ఆཧ 2.2 (Nielsen–Thurstonྨ, e.g.[FLP]). Σ্ͷҙͷࣸ૾ྨφ ∈ MC(Σ)࣍ͷ
Α͏ʹ3ͭͷܕʹྨ͞Ε, ThurstonίϯύΫτԽͷ࡞༻ͷݻఆͷੑ࣭ʹΑΓಛ
͚ΒΕΔ:

1. पظత: φ༗ݶҐΛͭ. ࣸ૾ྨ͕पظతͱͳΔͷTeichmüllerۭؒ T (Σ)

.ఆΛͭ͜ͱͱಉݻʹ

2. Մ: φΣ্ͷ͋ΔmulticurveΛݻఆ͢Δ. ࣸ૾ྨ͕ՄͱͳΔͷPML(Σ)
ͷ͋Δ arationalͰͳ͍ࣹӨతଌ͖ϥϛωʔγϣϯΛݻఆ͢Δ͜ͱͱಉ.

3. ٖAnosov: 2ͭͷଌ͖ϥϛωʔγϣϯL±
φ ͓Αͼ࣮λφ > 1͕ଘ͠ࡏ, φ

φ(L±
φ ) = λ±1

φ .L±
φ

ΛΈͨ͢. ࣸ૾ྨ͕ٖAnosovͱͳΔͷPML(Σ)ͷ͋Δ arationalͳࣹӨత
ଌ͖ϥϛωʔγϣϯΛݻఆ͢Δ͜ͱͱಉ.

ຯਂ͍ͷٖڵ͔Β؍ͷܥֶྗ Anosovࣸ૾ྨͰ͋Δ. ࣮ λφ > 1Λ৳ॖҼࢠ
(stretch factor) ͱݺͿ. ٖAnosovࣸ૾ྨφThurstonڥքPML(Σ)ͷ্Ͱೆྗ
ܥֶ (North-South dynamics) Λͭ. ͢ͳΘͪ

lim
n→∞

φ±n([L]) = [L±
φ ]

͕ҙͷࣹӨతଌ͖ϥϛωʔγϣϯ [L] ∈ PML(Σ) \ {[L∓
φ ]}ʹ͍ͭͯΓཱͭ.

ଌ͖ϥϛωʔγϣϯͷۭؒʹཧܗ֯ࡾׂ△ʹਵͨ͠࠲ඪ (Ⴉஅ࠲ඪ,

shear coordinate) ͕ଘ͢ࡏΔ: x△ = (x△
α )α∈△ : M̂L(Σ) ∼−→ R△. ,ׂѪ͢Δ͕ࡉৄ ͜
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͜ͰM̂L(Σ)ڧԽܕଌ͖ϥϛωʔγϣϯ (enhanced measured lamination) ͷͳ
͢PLଟ༷ମͰ͋Δ. ·ͨ, ϑϦοϓfα : △ → △′ʹਵ͢Δ࠲ඪมx△ ◦x−1

△′ਤ 2ʹ
ࣔ͞Ε͍ͯΔΑ͏ʹਤ 1ͷτϩϐΧϧྨࣅͰ༩͑ΒΕΔ. ਖ਼༗ཧม f ͷ (max-plus)

τϩϐΧϧྨࣅfT

fT (x1, . . . , xN) := lim
t→0

t log f(ex1/t, . . . , exN/t)

Ͱఆٛ͞ΕΔPLࣸ૾Ͱ͋Δ. ৄ͘͠ [FG07]Λࢀর͞Ε͍ͨ.

x4

x1 x2

x3

x0
fα

x4 −max{0,−x0}

x1 +max{0, x0} x2 −max{0,−x0}

x3 +max{0, x0}

−x0

α
α′

ਤ 2: α ∈ △ʹԊͬͨϑϦοϓʹରԠ͢Δ࠲ඪมx△′ ◦ x−1
△ .

ͷ܈ྨ૾ࣸ M̂L(Σ)ͷࣗવͳ࡞༻ͷ x△ʹΑΔ࠲ඪදࣔ § 2.1ͱಉ༷ͷٞͰܭ
,Ͱ͖ࢉ PLࣸ૾ (fx

φ )
TͰද͞ΕΔ. ͜ΕΒͷ͔࣮ࣄΒ, ଌ͖ϥϛωʔγϣϯͷۭؒ

͋ΔҙຯͰTeichmüllerۭؒͷ“τϩϐΧϧྨࣅ”Ͱ͋Γ, ͜ΕΒͷۭؒͷഎޙʹڞ
௨ͷߏ͕જΜͰ͍Δ͜ͱ͕ͯݟऔΕΔ. ͜ΕΛநग़͠, ҰൠԽͨ͠ͷ͕࣍ͷઅ
Ͱड़ΔΫϥελʔଟ༷ମͷཧͰ͋Δ. ͜͜Ͱ, චऀ͕ຊڀݚʹऔΓΉ͖͔͚ͬͱ
ͳ͍ͬͨΛ͓ͯ͛͘ڍ:

 2.3 (Papadoulos–Penner [PP93]). ࣸ૾ྨφͷNielsen–ThurstonྨΛ, ਖ਼༗ཧม
fx

φ , f
a
φ ͋Δ͍ͦΕΒͷτϩϐΧϧྨࣅ (fx

φ )
T , (fa

φ)
TΛ༻͍ͯಛ͚Α1 .

ූ߸҆ఆੑͷཧ͜ͷ͍ʹର͢ΔͻͱͭͷճΛ༩͑Δ2.

3. Ϋϥελʔଟ༷ମ্ͷྗֶܥ
લઅͰͷ؍Λ·ͱΊΔͱ࣍ͷΑ͏ʹͳΔ:

• Teichmüllerۭؒ T̂ (Σ) (△, ℓ) ∈ TriΣʹਵͨ͠େҬ࠲ඪΛͪ࣋, ล (△, ℓ) k−−−
(△′, ℓ′)ʹਵͨ͠࠲ඪมΫϥελʔX มͰ͋Δ.

• ଌ͖ϥϛωʔγϣϯͷۭؒM̂L(Σ) (△, ℓ) ∈ TriΣʹਵͨ͠େҬ࠲ඪΛ࣋
ͪ, ล (△, ℓ) k−−− (△′, ℓ′)ʹਵͨ͠࠲ඪมΫϥελʔX มͷτϩϐΧϧ
.Ͱ͋Δࣅྨ

1 [PP93]ͰΫϥελʔAม͓ΑͼͦͷτϩϐΧϧྨࣅͷΈ͕͞ߟΕ͍ͯΔ͕, ड़ͷූ߸҆ఆੑޙ
ͷཧʹ͓͍ͯX มͷූ߸͕ࢧతͰ͋Γ, Aมͷූ߸ΞϯαϯϒϧࣹΛ௨ͯ͠෭࣍తʹܾ
·Δ͜ͱ͕͔Δ. ·ͨ, Ϋϥελʔʹ͓͚Δ c-vectorͷූ߸Ұ؏ੑ (sign coherence) [GHKK18]
ʹΑΓ, มҟϧʔϓͷपғੑτϩϐΧϧX มͷΈͰܾఆ͞ΕΔ͜ͱ͕ΒΕ͍ͯΔ.

,Ͱ͋Δ͕͍͔ࡉ2ͨͩ͠ Ϋϥελʔʹ͓͚ΔτϩϐΧϧූ߸ͱͷ߹ੑΛ༏ઌ͠min-plusτϩ
ϐΧϧྨࣅ f trop(x1, . . . , xN ) := −fT (−x1, . . . ,−xN )Λѻ͏.
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• ͷۭؒͷࣸ૾ྨه্ φ ∈ MC(Σ)ͷ࡞༻ͷ (△, ℓ)ʹਵͨ͠࠲ඪදࣔ, TriΣ
ͷ edge path fφ : (△, ℓ) → φ−1(△, ℓ)ʹਵͨ͠Ϋϥελʔม fx

φ͓Αͼͦͷ
τϩϐΧϧྨࣅͰ༩͑ΒΕΔ.

Ϋϥελʔଟ༷ମͷཧ͜ΕΒͷߏΛతʹநԽͨ͠ͷͱͯ͑ߟΑ͍.

3.1. Ϋϥελʔଟ༷ମͱมҟϧʔϓ

§ 1Ͱड़ͨΫϥελʔͷجຊ֓೦ΛFock–Goncharov [FG09]ʹैͬͯزԿֶతʹ
ఆࣜԽ͢Δ. ༗ूݶ߹ IΛݻఆ͢Δ. Nࢠఈ͖֨ج =

⊕
i∈I Zei͓Αͼͦͷ্ͷର

শઢࣜܗܗ ( , ) : N ×N → Zͷ (N, ( , ))Λ (Fock–GoncharovͷҙຯͰͷ) छࢠ
(seed) ͱݺͿ3. bij := (ei, ej)Ͱఆ·ΔରশྻߦB = (bij)i,j∈IΛަྻߦ (exchange

matrix) ͱݺͿ.  (N,B)ΛछࢠͱݺͿ͜ͱ͋Δ.

ྫ 3.1 (ཧܗ֯ࡾׂʹਵͨ͠छࢠ). ͖ۂ໘ Σͷཧܗ֯ࡾׂ△ʹର
͠, ลα ∈ △ʹਵͨࣜ͠ܗతͳجఈ e△α Ͱੜ͞ΕΔ֨ࢠN△ :=

⊕
α∈△ Ze△α ͓Αͼ

§ 2.1Ͱఆٛͨ͠ަྻߦB△Λ͑ߟΔͱ, (N△, B△)छࢠͰ͋Δ.

TIΛ, |I|Ձͷਖ਼ଇͰ֤͋ͬͯล͕ IͷݩͰϥϕϧ͚ΒΕ, ֤ͷ·ΘΓͰϥϕ
ϧ͕૬ҟͳΔͷͱ͢Δ. छܗࢠଶ (seed pattern) ͱTIͷ֤ʹछࢠΛରԠ͚ͮ
Δࣸ૾s : TI ∋ t ,→ (N (t) =

⊕
i∈I Ze

(t)
i , B(t))Ͱ͋ͬͯ, ล t k−−− t′ʹ͍ͭͯB(t)ͱB(t′)

͕kํͷྻߦมҟ (1.1)Ͱؔ࿈͚ͮΒΕ͍ͯΔΑ͏ͳͷͰ͋Δ.

Ϋϥελʔଟ༷ମ. ֤ t ∈ TI ʹର͠, X(t) := Hom(N (t),Gm)ʹΑΓతτʔϥε
͕ఆ·Δ. ͜͜ͰGm := SpecZ[z, z−1]๏త܈εΩʔϜ4. ఈج e(t)i ͔Β࠲ඪؔ
X(t)

i : X(t) → Gm, ϕ ,→ ϕ(e(t)i )͕ఆ·Δ. ล t k−−− t′ʹ͍ͭͯ, Ϋϥελʔ X ม
µx
k : X(t) → X(t′)Λ

(µx
k)

∗X(t′)
i :=

{
(X(t)

k )−1 if i = k,

X(t)
i (1 + (X(t)

k )−sgn(b
(t)
ik ))−b

(t)
ik if i ̸= k

Ͱఆ·Δ༗ཧࣸ૾ͱ͢Δ. ΫϥελʔX ଟ༷ମ (cluster X -variety) ͜ΕΒͷషΓ
߹Θͤσʔλ͔Βఆ·ΔεΩʔϜͰ͋Δ:

Xs :=
⋃

t∈TI

X(t).

ରతͳߏͱͯ͠, ର֨ࢠM (t) := Hom(N (t),Z)ʹਵͨ͠తτʔϥε
A(t) := Hom(M (t),Gm)ͨͪΛΫϥελʔAมµa

k : A(t) → A(t′)ʹΑΓషΓ߹Θͤͯ
ΫϥελʔAଟ༷ମAs =

⋃
t∈TI

A(t)͕ಘΒΕΔ. 2ͭͷΫϥελʔଟ༷ମΞϯαϯ

ϒϧࣹ (ensemble map) p : As → Xs, p∗X(t)
i =

∏
j∈I(A

(t)
j )b

(t)
ij Ͱؔ࿈͚ͮΒΕΔ.

ऍ 2.1ͱൺֱ͞Ε͍ͨ.

,άϥϑަ มҟϧʔϓͱΫϥελʔϞδϡϥʔ܈. ༩͑ΒΕͨछܗࢠଶs͔Β, ϥϕ
ϧ͖PtolemyάϥϑͷྨࣅͰ͋Δަάϥϑ (exchange graph) ExchsΛߏͰ͖Δ.

Ͱলུ͢Δ͕ͷؔࢴߏ (ৄ͘͠ [IK]Λࢀর), ExchsͷTIͷ tͱ

3͜͜ͰରশछࢠͰ͋ͬͯණ݁ (frozen vertexΛͨ࣋ͳ͍ͷΛ͍ͯ͑ߟΔ. ҰൠͷఆࣜԽʹ
͍ͭͯ [FG09, GHKK18]Λࢀর͞Ε͍ͨ.

4ମKʹ͍ͭͯGm(K) = K×ͳͷͰ, ҎԼGmΛC×ͳͲͰಡΈସ͑ͯશࠩ͑͘͠ࢧͳ͍.
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ஔσ ∈ SIͷ (t,σ)ͷదͳಉྨ v = [t,σ]trivͰ͋ͬͯ, ॱং͖࠲ඪτʔϥεͷ
ରԠ

Exchs ∋ v = [t,σ]triv ,→ X(v) := X(t,σ)

͕ҰҙతͳಉܕΛআ্͍ͯख͘ఆ·ΔΑ͏ͳͷͰ͋Δ. ಛʹΫϥελʔଟ༷ମ
Xs =

⋃
v∈Exchs X(v) ͱॻ͚Δ. k ∈ I ʹ͍ͭͯ Exchs ͷล v k−−− v′ ͓ΑͼΫϥε

λʔม µx
k : X(v) → X(v′)͕, ޓ σ ∈ SI ʹ͍ͭͯล v

σ−−− v′͓Αͼ࠲ඪͷஔ
σx : X(v) → X(v′)͕ਵ͢Δ. Exchsͷ edge path

γ : v = v0
k0−−− v1

k1−−− . . . km−−− vm = v′ (3.1)

ʹରͯ͠ (֤ki Iͷݩ·ͨSIͷޓ), Ϋϥελʔม͓Αͼ࠲ඪͷޓͷ߹
ͱͯ͠ਖ਼༗ཧมµx

γ : X(v) → X(v′)͕ఆ·Δ. ดۂઢγʹ͍ͭͯµx
γ = idͰ͋Δ.

edge path (3.1)B(v′) = B(v)ΛΈͨ͢ͱ͖, ʮมҟϧʔϓΛද͢Δʯͱ͍͏. ͜
ͷͱ͖, ༗ཧࣗݾಉܕ

X(v)

µx
γ−→ X(v′)

∼= X(v) (3.2)

͕ఆ·Δ. ͜͜Ͱ, ࢠछܕͷಉऀޙ (N (v), B(v))ͱ (N (v′), B(v′))ͷؒͷࣗવͳಉ͔ܕΒ
༠ಋ͞ΕΔͷͰ͋Δ. มҟϧʔϓΛද͢Δ2ͭͷ edge pathਵ͢Δ༗ཧࣗݾ
ಉܕ (3.2)͕Ϋϥελʔଟ༷ମXsͷZariski։ू߹্ͰҰக͢Δͱ͖ಉͰ͋Δͱ͍
͍, ಉྨφ = [γ]sΛมҟϧʔϓͱݺͿ. ,ʹٯ γφͷදpath (representation path)

Ͱ͋Δͱ͍͏. ༗ཧࣗݾಉܕ (3.2)มҟϧʔϓφͱ v ∈ ExchsͷબͷΈͰܾ
·Δ. ͜ΕΛφͷ vʹ͓͚Δ࠲ඪදࣔͱݺͼ, φx

(v)ͱॻ͘.

มҟϧʔϓશମͷͳ͢܈ΛΫϥελʔϞδϡϥʔ܈ͱݺͼ, Γsͱද͢. ͜͜Ͱ܈ԋࢉ
ද pathͷ࿈݁ͰఆΊΔ: ҙͷมҟϧʔϓφҙͷ v ∈ ExchsΛ࢝ͱ͢
ΔදpathΛͭ࣋͜ͱ͔Β, ͜Ε্ख͘ఆٛ͞ΕΔ.

֤มҟϧʔϓ༗ཧࣗݾಉܕ φx
(v)ͷషΓ߹ΘͤʹΑΓΫϥελʔଟ༷ମ Xs্ͷ

(ਖ਼ଇͳ) ,ΛఆΊܕಉݾࣗ ΓsͷXsͷ࡞༻͕ಘΒΕΔ. ͜ͷ࡞༻͔Βੜ͡Δྗֶ͕ܥ
ຊߘͰͷڵຯͷରͰ͋Δ.

ମͷू߹ ҙͷମ (semifield) P = (P,⊕, ·) ͓Αͼతτʔϥε T =

Hom(N,Gm)ʹର͠, ͦͷPͷू߹

T (P) := Hom(Gm, T )⊗Z P ∼= M ⊗Z P

͕ఆ·Δ. ͜͜ͰMNͷର֨ࢠͰ͋Δ. ਖ਼༗ཧม f : T → T ′Pͷؒͷࣸ
૾ f(P) : T (P) → T ′(P)Λ༠ಋ͢Δ͜ͱ͕ΒΕ͍ͯΔ. ͜ΕΛΫϥελʔมʹద༻
͢Δ͜ͱͰ, Ϋϥελʔଟ༷ମͷPͷू߹

Xs(P) :=
⋃

v∈Exchs

X(v)(P)

͕ఆ·Δ. ΓsX (P)ʹࣗવʹ࡞༻͢Δ. ମͱͯ࣍͠ͷ2ͭͷྫ͕Α͘༻͍ΒΕΔ:

• ਖ਼࣮ͷશମʹ;ͭ͏ͷͱੵͷߏΛ༩͑ͯಘΒΕΔମR>0 = (R>0,+, ·).
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• ࣮શମʹͱͯ͠2߲ԋࢉmaxΛ, ੵͱͯ͠;ͭ͏ͷ+Λͯ͑ߟಘΒΕΔ
ମRT = (R,max,+). ಉܕͳମRtrop = (R,min,+)Α͘༻͍ΒΕΔ. ͲͪΒ
࣮τϩϐΧϧମͱݺΕΔ.

ྫ 3.2 (͖ۂ໘). sΣΛ͖ۂ໘Σͷཧܗ֯ࡾׂ͓ΑͼͦͷϑϦοϓ͔
ΒಘΒΕΔछܗࢠଶͱ͢Δ. ਵͨ͠ରΛԼ͖ه߸ΣͰද͢͜ͱʹ͢Δ.

• άϥϑަ ExchΣ := ExchsΣ  Σͷλά͖ Ptolemyάϥϑ (tagged Ptolemy

graph) ͱݺΕΔͷʹಉܕͰ͋Γ, PtolemyάϥϑExchΣͷ෦άϥϑͰ͋
Δ. ࣸ૾ྨφ ∈ MC(Σ)ʹਵͨ͠ edge path fφมҟϧʔϓΛද͠, ࠐຒΊ܈
ΈMC(Σ) → ΓΣ, φ ,→ [fφ]sΣ͕ಘΒΕΔ.

• § 2.1Ͱ৮ΕͨTeichmüllerۭؒ T̂ (Σ)্ͷFock–Thurston࠲ඪʹΑΓ, MC(Σ)ಉ
มͳಉܕX• : T̂ (Σ)

∼−→ Xs(R>0)͕ಘΒΕΔ. ಉ༷ʹଌ͖ϥϛωʔγϣϯͷۭ
ؒM̂L(Σ)্ͷႩஅ࠲ඪʹΑΓ, MC(Σ)ಉมͳಉܕx• : M̂L(Σ) ∼−→ Xs(RT )͕ಘ
ΒΕΔ.

3.2. มҟϧʔϓͷූ߸҆ఆੑ

άϥϑͷลަ v k−−− v′ʹਵͨ͠τϩϐΧϧΫϥελʔม µtrop
k := µx

k(Rtrop) :

X(v)(Rtrop) → X(v′)(Rtrop)w ∈ X(v)(Rtrop)ʹର͠, :ͷΑ͏ʹॻ͚Δ࣍

x(v′)
i (µk(w)) =

{
−x(v)

k (w) if i = k,

x(v)
i (w) + [sgn(x(v)

k (w))b(v)ik ]+x
(v)
k (w) if i ̸= k.

(3.3)

ಛʹ, ϵ ∈ {+,−}ʹରͯ͠ ϵx(v)
k ≥ 0Ͱఆٛ͞ΕΔۭؒH(v)

k,ϵ্ઢܗͰ͋Δ͜ͱ͕Θ͔

Δ. ͜ͷઢ૾ࣸܗͷ࠲ඪܥ (x(v)
i )i∈Iʹؔ͢ΔදྻߦݱΛE(v)

k,ϵ ͱॻ͘.

Exchsͷ edge path (3.1)ͷw ∈ X(v)(Rtrop)ʹ͓͚Δූ߸Λ, ྻ߸Ͱఆ·Δූ࣍
ϵγ(w) = (ϵ0, . . . , ϵh−1) ∈ {+, 0,−}hͱͯ͠ఆٛ͢Δ:

ϵν := sgn(x
(vi(ν))

ki(ν)
(µγ≤i(ν)

(w))), ν = 0, . . . , h− 1.

͜͜Ͱγ≤i : v0
(k0,...,ki−1)−−−−−−→ vi v0͔Β vi·Ͱͷ෦path, (ki(0), . . . , ki(h−1))ఴࣈͷྻ

k = (k0, . . . , km−1)ͷதͰ IͷݩʹରԠ͢Δ෦ྻͰ͋Δ.

ූ߸ ϵγ(w)͕ strict, ͭ·Γ ϵγ(w) ∈ {+,−}h͕Γཱͭͱ͖ʹ PLࣸ૾ µtrop
γ :=

µx
γ(Rtrop)wͷ্ۙͰઢܗͰ͋Γ, ͦͷදྻߦݱEϵγ(w)

γ = Jkm · · · Jk1 ͱղ͞Ε
Δ. ͜͜Ͱ

Jki :=

⎧
⎨

⎩
E

(vi(ν))

ki(ν),ϵν
(ki = ki(ν) ∈ Iͷͱ͖),

Pki (ki͕ޓͷͱ͖).

PσޓσͷදྻߦݱͰ͋Δ.

ఆٛ 3.3 (ූ߸҆ఆੑ). Exchsͷ edge path (3.1)͕มҟϧʔϓφ := [γ]sΛද͢Δ
ͱԾఆ͢Δ. Ω ⊂ X(v0)(Rtrop)ΛR>0ʹΑΔఆഒ࡞༻Ͱෆมͳ෦ू߹ͱ͢Δ. ͜ͷ
ͱ͖γ͕Ω্ූ߸҆ఆ (sign-stable) Ͱ͋Δͱ, strictͳූ߸ྻ ϵstabγ,Ω ∈ {+,−}h͕ଘ
,ͯ͠ࡏ ҙͷw ∈ Ω \ {0}ʹରͯࣗ͠વn0 ∈ NͰ͋ͬͯ

ϵγ(φ
n(w)) = ϵstabγ,Ω
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͕શͯͷn ≥ n0ʹ͍ͭͯΓཱͭͷ͕औΕΔ͜ͱΛ͍͏. ූ߸ ϵstabγ,Ω ΛγͷΩʹ͓͚

Δ҆ఆූ߸ͱݺͿ. E(v0)ྻߦ
φ,Ω := E

ϵstabγ (w)
γ Λ҆ఆදྻߦݱͱݺͿ.

ఆཧ 3.4 (Perron–Frobeniusੑ). Exchsͷedge path (3.1)͕มҟϧʔϓφ = [γ]sΛ
ද͠, Ω্ූ߸҆ఆͰ͋ΔͱԾఆ͢Δ. ͜ͷͱ͖҆ఆදྻߦݱE(v0)

φ,Ω ͷεϖΫτϧܘ
ਖ਼ݻ༗λφ,Ω ≥ 1Ͱ࣮͞ݱΕΔ. ·ͨ, ରԠ͢Δݻ༗ϕΫτϧ͕Ωʹଘ͢ࡏΔ.

֤ v0 ∈ Exchsʹର͠, C±
(v0)

:= {w ∈ X(v0)(Rtrop) | ±x(v0)
i (w) ≥ 0, i ∈ I}ͱ͓͘. ҙ

ͷpath γ : v0 → v͜ΕΒͷਲ਼ͷ෦ͰҰఆͷූ߸Λͪ࣋, छܗࢠଶ±sʹର͢Δτϩ
ϐΧϧූ߸ͱݺΕΔͷʹҰக͢Δ. ͜ͷҙຯͰR>0ෆมू߹

Ωcan
(v0) := int C+

(v0)
∪ int C−

(v0)

Ͱͷූ߸҆ఆੑ࠷جຊతͰ͋Δ. มҟϧʔϓ φ͕Ωcan
(v0)
্ූ߸҆ఆͳද pathΛ

,ͱ͖ͭ࣋ ਖ਼ݻ༗λφ := λφ,Ωcan
(v0)
ΛΫϥελʔ৳ॖҼࢠ (cluster stretch factor)ͱ

.Ϳݺ

্ड़ͷූ߸҆ఆੑදpathͷબʹґଘ͢Δ͜ͱʹҙ͢Δ. มҟϧʔϓφҙ
ͷදpath γ : v0 → v͕R>0ෆมू߹R>0·X(v0)(Qtrop)্Ͱූ߸҆ఆͳͱ͖,Ұ༷ʹූ߸
҆ఆ (uniformly sign-stable) Ͱ͋Δͱ͍͏. ͜͜ͰQtrop := (Q,min,+) ⊂ Rtrop. ఆ
ٛͷ͔ํΒ,͜Εมҟϧʔϓࣗͷੑ࣭Ͱ͋Δ. ͜ͷͱ͖ಛʹ֤දpathγ : v0 → v

͕Ωcan
(v0)
্Ͱූ߸҆ఆͳ͜ͱ͕͔Γ, Ϋϥελʔ৳ॖҼ͕ࢠఆ·Δ.

3.3. ओఆཧ

(1)ٖAnosovੑͱූ߸҆ఆੑ. sΣΛ͖ۂ໘͔Βఆ·Δछܗࢠଶͱ͢Δ (ྫ 3.2).

ಛʹ֤ࣸ૾ྨ φ ∈ MC(Σ)มҟϧʔϓ φ = [fφ]sΣ ∈ ΓΣΛఆΊΔ (ಉ͡ه߸Ͱද͢).

:ͷٖAnosovੑͷූ߸҆ఆੑʹΑΔಛ͚Ͱ͋Δྨ૾͕ࣸ࣍

ఆཧ 3.5 ([IK]). ͖ۂ໘Σ্ͷࣸ૾ྨφʹର͠, :ಉͰ͋Δ࣍

1. ࣸ૾ྨφٖAnosov.

2. มҟϧʔϓφҰ༷ʹූ߸҆ఆ.

3. ࣸ૾ྨ φ SXΣ(Rtrop)্ͰೆྗֶܥΛͪ, Έ/༙͖ग़͍ͣ͠Εࠐ͍ٵ
Ξϯαϯϒϧࣹͷ૾UΣ(Rtrop) := ptrop(AΣ(Rtrop)) ⊂ XΣ(Rtrop)ʹଐ͢Δ.

͜ͷͱ͖, มҟϧʔϓφͷΫϥελʔ৳ॖҼࢠ৳ॖҼࢠλφʹҰக͢Δ.

·ͨ, Ұൠͷछܗࢠଶʹ͓͍ͯҰ༷ʹූ߸҆ఆͳมҟϧʔϓ [Ish19]ͷҙຯͰΫϥ
ελʔٖAnosovͰ͋Δ .(Γཱͨͳ͍ٯ)

(2) ΫϥελʔมͷతΤϯτϩϐʔ. తτʔϥε্ͷ༗ཧࣸ૾ϕ : GN
m →

GN
mͷతΤϯτϩϐʔ

Ealg
ϕ := lim sup

n→∞

1

n
log(deg(ϕn))

ʹΑΓఆٛ͞ΕΔ. Ωcan
(v0)
্Ͱූ߸҆ఆͳද pathΛͭมҟϧʔϓφʹ͍ͭͯ, ͦ

ͷ࠲ඪදࣔφz
(v0)

, z ∈ {a, x}ͷతΤϯτϩϐʔΛ࣍ͷΑ͏ʹධՁͰ͖Δ. తΤ

ϯτϩϐʔ༗ཧࣸ૾ʹΑΔڞͰෆมͰ͋Γ, Ez
φ := Ealg

φz
(v0)
 v0ͷબʹΑΒ

ͳ͍͜ͱʹҙ͢Δ.
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ఆཧ 3.6 ([IK19]). φ = [γ]sΛΩcan
(v0)
্ූ߸҆ఆͳදpathγ : v0 → vΛͭมҟϧʔϓ

ͱ͢Δͱ͖,

log ρ(Ěφ) ≤ Ea
φ ≤ logRφ,

log ρ(Eφ) ≤ Ex
φ ≤ logRφ.

͕Γཱͭ. ͜͜Ͱ҆ఆදྻߦݱEφ := E(v0)
φ,Ω ʹରͯ͠ Ěφ := (ET

φ )
−1, Rφ := max{ρ(Eφ), ρ(Ěφ)}

Ͱ͋Δ.

͜ͷධՁ࣍ͷ༧ͷͱ, ࣜʹڧΊΒΕΔ:

༧ 3.7 (εϖΫτϧରੑ༧). ҙͷมҟϧʔϓφͷҰൠͷදpathγʹର͠, ֤
Ͱͷදྻߦݱ Eϵγ(w)

γ ͱ Ěϵγ(w)
γ ͷಛੑଟ߲ࣜશମͷූ߸Λআ͍͍ͯ͠. ಛʹ͜Ε

ΒͷྻߦͷεϖΫτϧܘ͍͠.

͖ۂ໘ʹਵ͢ΔछܗࢠଶsΣʹ͓͍ͯ, ༧ 3.7ҙͷมҟϧʔϓ, ͦͷ
දpath͓ΑͼUΣ(Rtrop)্ͷҙͷʹ͓͚Δූ߸ʹ͍ͭͯਖ਼͍͠. ಛʹٖAnosov

ࣸ૾ྨφʹ͍ͭͯ, ఆཧ 3.5͓Αͼఆཧ 3.6͔Β

Ea
φ = Ex

φ = log λφ = E top
φ

͕݁͞ΕΔ. ͜͜ͰE top
φ φΛද͢ΔٖAnosovඍಉ૬ͷҐ૬తΤϯτϩϐʔͰ

͋Δ. ·ͨ, sΣʹର͢ΔΫϥελʔଟ༷ମͷزԿֶతͳهड़͔Β, Ea
φ (resp. Ex

φ) Σ্
ͷ০Γ͖೧ΕSL2ہॴܥ (resp. ͖PGL2ہॴܥ) ͷϞδϡϥΠۭؒͷ࡞༻ͷ
తΤϯτϩϐʔͱղऍͰ͖Δ.
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[FG09] ——, Cluster ensembles, quantization and the dilogarithm, Ann. Sci. Éc. Norm.
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Topological groups described by their
continuous homomorphisms or small

subgroups
Vı́ctor Hugo Yañez (Ehime University)⇤

Abstract
Continuing the classical work of Bohr on almost periodic func-

tions, in 1940 von Neumann introduced the concept of a minimally
almost periodic (MinAP) group. A topological group is MinAP if all
its non-trivial homomorphisms to a compact group are discontinuous.
Around the same time, the 5th problem of Hilbert was resolved in
the works of Gleason, Montgomery-Zippin and Yamabe who proved
that Lie groups are precisely the locally compact NSS groups. A
topological group is NSS if it has a neighbourhood of its identity con-
taining no non-trivial subgroup. We examine the history of MinAP
groups, from von Neumann to the recent progress of Dikranjan and
Shakhmatov. By looking for a connection between NSS and MinAP
topological groups, we are led to compare groups described by their
small subgroups, with those described by their continuous homomor-
phisms.

1. Notations and preliminaries

We assume that every topological space is Hausdor↵. If X is a topological space,
given A ✓ X we denote by clX(A) the closure of A in X. If G is a group and
g 2 G is an element of G we denote by hgi the smallest subgroup of G containing
g. A group is said to be Abelian if its operation is commutative.

For a group G with an operation ·G, there is a natural product mapping
mG : G⇥G ! G such that mG(x, y) = x ·G y for all x, y 2 G. Similarly, there is
an inversion mapping inG : G ! G such that inG(x) = x

�1 for all x 2 G.
A topology ⌧ defined on a group G is a group topology on G if the product

mapping mG and the inversion mapping iG are continuous in the topological
product (G, ⌧)⇥ (G, ⌧) and in the topology ⌧ for G respectively. The pair (G, ⌧)
of a group with such a topology is called a topological group. In what follows,
when we refer to a group G as being a topological group (without specifying ⌧),
we assume the group G to be equipped with some Hausdor↵ group topology.

Symbols Z and C denote the groups of integer and complex numbers, respec-
tively.

This talk was presented as part of the author’s Ph.D. studies at the Graduate School of Science
and Engineering of Ehime University. The author was supported by the Research Fellowship
for Young Scientists (DC2) no. 19J14198 of the Japan Society for the Promotion of Science
(JSPS).
2000 Mathematics Subject Classification: Primary 22A05, Secondary 20K27, 54H11.
Keywords: Minimally almost periodic group, locally compact group, NSS group, Lie group,
small subgroup generating property.
⇤ e-mail: victor_yanez@comunidad.unam.mx
web: https://researchmap.jp/hugo_yanez
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N denotes the set of natural numbers, and P its subset of prime numbers.

Definition 1.1. Let G be an Abelian group and p 2 P [ {0}.

(i) A subset X of G is said to be p-independent provided that for every n 2
N, each pairwise distinct elements x1, . . . , xn 2 X and arbitrary integers
m1, . . . ,mn 2 Z, the equation

Pn
i=1 mixi = 0 implies that mi ⌘ 0 (mod p)

for all i = 1, . . . , n.

(ii) The symbol rp(G) denotes the maximal cardinality of a p-independent sub-
set of G (which exists by Zorn’s lemma).

(iii) The cardinal rp(G) is called the p-rank of G.

(iv) The cardinal r(G) = r0(G) +
P

p2P rp(G) is called the rank of G.

2. Hilbert’s Fifth Problem and topological groups without

small subgroups (NSS groups)

Definition 2.1. Let G be a topological group. We say that G has no small

subgroups (commonly abbreviated to NSS) if there exists an open neighbourhood
of the identity of G containing no non-trivial subgroups of G.

The class of NSS groups played a fundamental role for the solution of the
classical 5th problem of Hilbert from the 1900s. This classical problem was in
regard to a characterization for locally compact groups which are simultaneously
topological manifolds (known commonly as Lie groups). The solution, which is
due to Gleason [11], Montgomery-Zippin [15] and Yamabe [26], involved the class
of groups from Definition 2.1:

Theorem 2.2. A topological group is Lie if and only if it is both locally compact

and NSS.

3. Topological groups described by their continuous homo-

morphisms

3.1. Von Neumann’s work on almost periodic functions

For a topological space X, the set B(X) denotes the family of all bounded
complex-valued continuous functions on X equipped with the topology of uniform
convergence. Given a topological group G, an element g 2 G and a complex-
valued function f on G, we define the translation of f by g as the function
fg : G ! C satisfying fg(x) = f(xg) for all x 2 G.

Definition 3.1. Let G be a topological group. A function f 2 B(G) is almost
periodic if every sequence {fgn : n 2 N} of translations of f by elements gn 2 G

(n 2 N) has a subsequence which is uniformly convergent in B(G).

Real-valued almost periodic functions play a central role in the works of Bohr
pertaining to harmonic analysis, and years later the same concept was considered
by von Neumann in the context of complex-valued functions. In [17, Theorem
36(i)], von Neumann proved that the family of all almost periodic functions of a
topological group G separate its points when G is either compact or locally com-
pact Abelian (and separable). This result motivated the following two concepts:
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Definition 3.2 ([17, Definition 16]). A topological group G is called:

(a) maximally almost periodic (MAP) if its family of almost periodic functions
separates its points.

(b) minimally almost periodic (MinAP) if its family of almost periodic functions
is comprised of only the constant functions.

The above mentioned result of von Neumann implies that compact groups and
(separable) locally compact Abelian groups are MAP. von Neumann also showed
that almost periodic functions can be replaced by continuous homomorphisms in
Definition 3.2:

Theorem 3.3 ([17, Theorem 3](i)). Let G be a topological group.

(i) G is MinAP if and only if it admits no non-trivial continuous homomor-

phism to a unitary group.

(ii) G is MAP if and only if the family of continuous homomorphisms to unitary

groups separate its points.

By the classical Peter-Weyl-van Kampen theorem, every compact group is
isomorphic to a closed subgroup of a product of unitary groups, so Theorem 3.3
can be reformulated as follows:

Corollary 3.4. Let G be a topological group.

(i) G is MinAP if and only if it admits no non-trivial continuous homomor-

phism to a compact group.

(ii) G is MAP if and only if the family of continuous homomorphisms to com-

pact groups separate its points.

In [18], von Neumann and Wigner focus on the class of minimally almost
periodic groups. In their paper, they construct a handful of examples of minimally
almost periodic groups [18, Section 5] via linear transformations. They note,
however, that constructing groups in this class is not a trivial e↵ort.

The class of minimally almost periodic groups gained a great deal of attention
from experts in topological group theory thanks to two high-profile open problems
which we shall describe in the next two subsections.

3.2. The connection of MinAP groups to extreme amenability

The first problem is related to the concept of extremely amenable groups.

Definition 3.5. A topological group is extremely amenable (or satisfies the fixed
point in compacta property) if every continuous action of it on a compact space
admits a fixed point.

Extremely amenable groups appeared in the context of Harmonic Analysis
and Dynamical Systems (see [10, 19]). These groups are intimately connected to
the class of MinAP groups by the following fact:

Fact 3.6. Every extremely amenable group is minimally almost periodic.
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It is known that the converse implication does not hold in general. However,
whether the converse implication holds or not in the realm of Abelian groups
remains as a major open problem to this day:

Problem 3.7 (Pestov, 1998). Is every Abelian MinAP topological group ex-
tremely amenable?

A topological group is monothetic if it contains a dense subgroup which is
isomorphic to the group of integers. Every monothetic group is Abelian. The
following particular version of Problem 3.7 was posed by Glasner as far back as
1988:

Problem 3.8 (Glasner, 1988). Must every monothetic MinAP topological group
be extremely amenable?

This particular version of Glasner has important implications in number the-
ory. A negative answer to Problem 3.8 of Glasner would provide an answer to
the following ancient problem (see [24]) of combinatoric number theory:

Problem 3.9. If S is a big set of the integers, is it true that the di↵erence S�S

is a Bohr neighbourhood of 0?

Problems 3.7, 3.8 and 3.9 are still open.

3.3. Algebraic structure of MinAP groups

The di�culty in the construction of MinAP groups sparked a great deal of interest
in regards to their algebraic structure. First examples of MinAP groups were
the additive groups of some topological vector spaces [3], as explained in [14].
Nienhuys [16] constructed a connected monothetic group of cardinality at most
continuum which is minimally almost periodic. This implies the existence of a
MinAP group topology on the group Z of integers.

In 1984 Protasov posed the question of whether every Abelian group admits a
minimally almost periodic group topology. In 1989 Remus provided an example
of a bounded Abelian group which does not admit a MinAP group topology, so
Comfort proposed the following modification of the original question of Protasov:

Problem 3.10 (Comfort, 1990 [1, Question 521]). Does every Abelian group
which is not of bounded order admit a minimally almost periodic group topology?

The bounded case was resolved by Gabriyelyan [9] who showed that a bounded
Abelian group admits a minimally almost periodic group topology if and only if
all of its leading Ulm-Kaplansky invariants are infinite. The general case was
resolved by Dikranjan and Shakhmatov [6] in 2014:

Theorem 3.11 (Dikranjan-Shakhmatov [6, Theorem 3.3]). For an Abelian group

G, the following conditions are equivalent:

(i) G admits a minimally almost periodic group topology;

(ii) G is connected with respect to its Markov-Zariski group topology [5];

(iii) for every n 2 N, the subgroup nG = {ng : g 2 G} of G is either trivial or

infinite.
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3.4. Classes MinAP(C) for various classes C of topological groups

The author proposed the following terminology in [25]:

Definition 3.12. Let C denote a class of topological groups. We say that a
topological group is MinAP(C) (or satisfies the MinAP(C) property) if the only
continuous homomorphism to a group contained in the class C is the trivial ho-
momorphism.

The following remark is obtained from Corollary 3.4 in this new terminology:

Remark 3.13. The class of MinAP(Compact) topological groups coincides with
the class of MinAP topological groups of von Neumann.

We are interested in finding natural classes C of topological groups for which
the class of MinAP(C) groups becomes a proper subclass of MinAP groups. A
necessary condition for this is that C has at least one group which is not MAP.

Naturally, if a class D is a subclass of C, then

MinAP(C) ! MinAP(D).

Theorem 3.14 ([25]). The following diagram describes implications for all topo-

logical groups. In Figure 1 below LC stands for “locally compact”.

MinAP(LC) +MinAP(NSS)

MinAP(LC) MinAP(Lie) MinAP(NSS)

MinAP

MinAP(Compact)

8 72

1

6 5

3

4

Figure 1: Diagram of implications between MinAP(C) properties

Arrows 2–7 are not reversible in general. The reversibility of arrow 1 is unclear.
For Abelian groups, arrows 1 and 5 of Figure 1 become reversible:

Theorem 3.15 ([25]). For an Abelian topological group G, properties MinAP,
MinAP(Locally compact) and MinAP(Lie) are equivalent.

4. Topological groups with many small subgroups

4.1. The property DW of Dierolf and Warken

Definition 4.1 (Implicitly used in [4]). Let G be a topological group. We say
that G satisfies property DW if for every open neighbourhood U of the identity
of G, every element g 2 G can be written as g =

Qn
i=1 xi for some x1, . . . , xn 2 G

such that hxii ✓ U for i = 1, . . . , n.

In [4, Proof of Theorem 1.1], Dierolf andWarken essentially prove the following
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Proposition 4.2. A topological group with property DW is MinAP.

The original theorem of Dierolf and Warken [4] can thus be stated as follows:

Theorem 4.3 ([4, Theorem 1.1]). Every topological group G is topologically iso-

morphic to a closed subgroup of some topological group HG (depending on G)

which satisfies property DW. As a consequence, the group HG is MinAP.

4.2. The SSGP property of Gould

Gould [12] isolated Proposition 4.2 from the result of Dierolf and Warken and
considered the following class of topological groups:

Definition 4.4 (Originally by Gould [12]). A topological group G has the small

subgroup generating property (SSGP) if and only if for every open neighbourhood
U of the identity of G, the set of all g 2 G such that g =

Qn
i=1 xi for some

elements x1, . . . , xn 2 U satisfying hxii ✓ U (i = 1, . . . , n), is dense in G.

The di↵erence between the SSGP property of Gould and property DW used
by Dierolf and Warken is subtle, but none the less non-trivial. Property DW is
an algebraic expression for all elements of the group depending on the neighbour-
hoods of the identity. Meanwhile, in Definition 4.4, the requirement is that the
set of elements which can be represented in the way proposed in property DW
is topologically dense. Gould [12] proved that every SSGP topological group is
MinAP, so

DW ! SSGP ! MinAP. (1)

Theorem 4.5 ([22]). For groups of bounded order, properties SSGP and DW
coincide.

4.3. A family of SSGP(↵) properties of Dikranjan and Shakhmatov

Dikranjan and Shakhmatov invented an operator-based approach to define an
entire series of SSGP-type properties in [8]. This operator (denoted by SG for a
topological group G) was designed along with a series of very carefully crafted

iterations (which are denoted by S
(↵)
G for every ordinal ↵). The iterations of this

operator are monotone with respect to subsets and with respect to ordinals:

Proposition 4.6 ([8, Lemma 4.5, Lemma 4.8]). The following hold:

(i) The operator S
(↵)
G is monotone with respect to subsets. So X ✓ Y ✓ G

implies that S
(↵)
G (X) ✓ S

(↵)
G (Y ) ✓ S

(↵)
G (G).

(ii) The operators S
(↵)
G are monotone with respect to ordinals. So �  ↵ implies

that S
(�)
G (X) ✓ S

(↵)
G (X) for all X ✓ G.

With this iterated operator, they define the following:

Definition 4.7 (Dikranjan-Shakhmatov [8]). A topological group G is SSGP(↵)

(or satisfies the SSGP(↵) property) for some ordinal ↵ if and only if S(↵)
G (U) = G

is satisfied for every neighbourhood of the identity of G.
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The above definition is an extension of the SSGP property, as it was shown in
[8] that the SSGP(1) property coincides with the original SSGP property of Gould.
Comfort and Gould had pioneered a concept of a countable number of SSGP(n)
properties (for every integer n 2 N) in [2]. The series of properties defined by
Dikranjan and Shakhmatov, however, are substantially more general as they are
defined for every ordinal (including infinite ones). Moreover, these two concepts
were shown to coincide in the realm of Abelian groups ([8, Corollary 6.3]) when
the index is a natural number.

Dikranjan and Shakhmatov prove in [8, Proposition 5.3(ii)] that every SSGP(↵)
group admits no non-trivial continuous homomorphism to an NSS group, i.e. it
is MinAP(NSS) in the terminology of Definition 3.12. Combining this with the
hierarchy described in [8, Proposition 5.1] and arrow 4 of Figure 1, we obtain the
following transfinite chain of implications:

SSGP = SSGP(1) ! · · · ! SSGP(n) ! SSGP(n+ 1) · · · ! SSGP(↵) ! . . .

· · · ! SSGP(↵ + 1) ! · · · ! MinAP(NSS) ! MinAP.
(2)

Definition 4.8 ([25]). We say that a topological group is SSGP(1) if and only
if it is an SSGP(↵) group for some ordinal ↵.

As an application of a theorem of Yamabe [26], we proved the following

Theorem 4.9 ([25]). Every SSGP(1) group is MinAP(Locally compact).

Combining this with (1), (2) and terminology from Definition 4.8, we get

DW ! SSGP ! SSGP(1) ! MinAP(NSS) +MinAP(Locally compact). (3)

Therefore, the implications in (3) can be added “on top” of Figure 1.

4.4. Abelian MinAP(NSS) groups are precisely SSGP(1)

The following theorem bridges topological groups described by continuous homo-
morphisms with those described by abundance of small subgroups.

Theorem 4.10 ([25]). Properties SSGP(1) and MinAP(NSS) are equivalent for

abelian topological groups.

Theorems 3.15 and 4.10 lead to the following diagram for Abelian groups:

MinAP(NSS) SSGP(1)

MinAP MinAP(Lie) MinAP(Locally compact)

3

Abelian

7

9

Abelian Abelian

Figure 2: Simplified diagram of implications in Abelian topological groups

Corollary 4.11 ([25]). An Abelian topological group G satisfies the equivalence

MinAP(Locally compact) + MinAP(NSS) () MinAP(Lie)

if and only if G has the SSGP(1) property.
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The following example shows that the converse of Theorem 4.9 does not hold,
and Theorem 4.10 fails for non-Abelian topological groups.

Example 4.12 (Shakhmatov). Let S(N) be the group of all bijections of N with
the composition of maps as its group operation, equipped with the subspace
topology it inherits from the Tychono↵ product NN when N is considered with
its discrete topology. Then, S(N) is a complete separable metric (Polish) group

which is both MinAP(NSS) and MinAP(Locally compact) but is not SSGP(1).

4.5. Algebraic structure of SSGP-type groups and MinAP(NSS) groups

The following problem is a natural heir of Problem 3.10 of Comfort and Protasov:

Problem 4.13 ([2, Comfort and Gould]). Which Abelian groups admit an SSGP
group topology?

In the series of papers [12, 13, 2] Gould constructs a variety of SSGP groups.
He also provides several examples of groups which can never be equipped with
an SSGP group topology. One aspect of note, however, is that the results of
Gould required very careful manual manipulation of group metrics, highlighting
the di�culty of obtaining a full answer of Problem 4.13.

Definition 4.14 ([7, Definition 7.2]). For an Abelian group the cardinal rd(G) =
min{r(nG) : n 2 N+} is called the divisible rank of G.

Problem 4.13 of Comfort and Gould was solved even for the wider class of
SSGP(1) topological groups. The result was achieved in three steps. The first
step concerning torsion groups was made by Comfort and Gould themselves, by
showing that a torsion group admits an SSGP group topology if and only if it
admits a MinAP group topology. The second step concerning groups of infinite
divisible rank was done by Dikranjan and Shakhmatov in [8]. The remaining
case of positive finite divisible rank was then reduced by them to a very specific
question, which in turn was recently resolved in [20].

Theorem 4.15 ([8, 20]). The following are equivalent for an Abelian group G:

(a) G admits an SSGP group topology,

(b) G admits an SSGP(1) group topology, and

(c) one of the two conditions is satisfied:

(i) G is of infinite divisible rank, or

(ii) the quotient H = G/t(G) of G by its torsion part t(G) has finite free

rank r0(H) and r(H/A) = ! for some (equivalently, every) free sub-

group A of H such that H/A is torsion.

Combining this with Theorem 4.10, we obtain a complete description of
Abelian groups which admit a MinAP(NSS) group topology:

Corollary 4.16 ([25]). An Abelian group G admits a MinAP(NSS) group topology

if and only if G satisfies condition (c) of Theorem 4.15.
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4.6. Algebraic structure of DW groups

Thanks to Theorems 3.11 and 4.5, it only remains to describe which unbounded
groups admit property DW.

Theorem 4.17 ([22]). A torsion Abelian group G admits a group topology with

property DW if and only if every p-component of G admits a group topology with

property DW.

For Abelian groups of positive finite 0-rank we have the following necessary
condition:

Theorem 4.18 ([22]). Let G be an Abelian group such that 0 < r0(G) < 1. If

G admits a group topology with property DW, then there exists a prime number

p such that the p-rank rp(G) of G is infinite.

As for the construction of these topologies on Abelian groups, we have the
following su�cient condition for countable groups:

Theorem 4.19 ([23]). If a countable Abelian group G possesses one of the fol-

lowing properties, then it admits a metric group topology with property DW:

(i) G has infinite r0(G) rank,

(ii) G is torsion and every non-trivial p-component Gp of G is either bounded

with all of its leading Ulm-Kaplansky invariants infinite, or it has infinite

divisible rank rd(Gp).

Theorem 4.20 ([23]). Let G be an Abelian torsion group which is either divisible

or countable. Then G admits a group topology with property DW if and only if

each of its non-trivial p-components Gp admits an SSGP group topology.

For non-Abelian groups, we have the following results for free groups:

Theorem 4.21 ([21, Theorem 2.2 and 2.3]). The following hold:

(i) A free group with a countably infinite set of generators admits a metric
group topology with property DW.

(ii) A free group with infinitely many generators admits a group topology with

property DW.

By contrast, the symmetric groups S(X) with the topology of pointwise con-
vergence do not admit an SSGP(1) group topology by [8, Example 5.4(d)], so
they cannot have a group topology with property DW by (3).
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symplectic field theory h]nÀ⇣kdDf

Û›�S (¨˝'fp⌃„êv@©Y)
⇤

1. �e
!Xk¨�Yãjâp symplectic field theory (SFT) ho contact ⇢ÿSÑ]nì
n symplectic cobordism k˛Wfn Floer homology nShgBã⇥]n„pLi
⌥jÇcGÚ⁄npípHãShgÀ⇣UåãSho symplectic ⇢ÿSn Floer

homology jih�ÿgBã⇥]nÀ⇣n_Åko÷n Floer homology nÀ⇣h�
ÿn„——ãHppípHã_ÅkÇcGÚ⁄nzìí0!Cn⇢ÿSkYãk
oiFYåpàDK�BãDo⇢ÿSkgMjD4�kinàFkpHãnK——
hDc_Shí±¢Yã≈ÅÇBãL� SFT y nOLÇDOdKX(Yã⇥ 
fin�goSn SFT y nOLkdDfn¨�íLF⇥

SFT n„pÑj⌃÷k¢Wfo Eliashberg, Givental, Hofer âkàä [2] gsW
OøyâåfJä�]SkJDf⇢On‹(nÔ˝'L:UåfDã⇥ SFT n�
ËgBã contact homology o Pardon ([6]) Ñ Bao, Honda ([1]) kàäÀ⇣UåfD
_L��,n SFT k¢Wfo¡n [5] ~gÀ⇣LgMfDjKc_⇥,?go�
Sn÷ág¨�W�„zW_ SFT y nOLnFan�dkdDf¨�Yã⇥
~Zo contact ⇢ÿSÑ symplectic cobordism kdDfn˙,ÑjShKâ¨

�Yã⇥ Y í (2n�1)!Câ⇢ÿS�⇠ ⇢ TY íY!C1n(Yπ⌘í�d)Ë⌃_h
Yã⇥ (Y, ⇠) L contact ⇢ÿSgBãho�Y n1!Æ⌃b✏ � LBcf Ker� = ⇠

Kd � ^ (d�)
n�1 L 0 íhâjDShíDF⇥(� n⌘Mo ⇠ nYπ⌘k�ÙYã

Çn�⇤Hã⇥) SnàFjÆ⌃b✏ � í contact form hàvL�Såo ⇠ k˛
Wf�✏gkoö~âjD⇥üõ�˚✏nc$˝p f : Y ! R k˛Wf f� Ç�
ÿnaˆíÄ_W�⌃k÷n contact form o≈ZSnbkKQã⇥
�d contact form �íxì`hM�Y ⌦nŸØ»Î4 R� L iR�

� = 1, iR�
d� = 0

kàäö~ã⇥SnŸØ»Î4í Reeb ŸØ»Î4hàv⇥ SFT goSnh�„
í⇤Hã⇥,?goh�„ho—âKjâÚ⁄ � : S

1
= R/Z ! Y gBcfBãü

p L > 0 k˛Wfπ↵✏
d�

dt
(t) = L ·R�(�(t))

íÄ_YÇníDF⇥(L íSnh�„ � nh�hàv⇥)

Snh�„o!nàFkBãN¢pnËLπhÇ�j[ã⇥˝p

A : C
1
(S

1
, Y ) ! R

í

A(�) =

Z

S1

�
⇤
�

kàäöÅåp�SnËLπLaáFih�„gBä�]Sgn$ A(�) LaáF
ih�„k�ÙYãShoπ◆k∫KÅâåã⇥ö©fl S

1 nsL˚’kàäËL
π∆� P = CritA ⇢ C

1
(S

1
, Y ) ko S

1 L\(Yã⇥SnF P = P/S
1 o—È·

¸øÿMgjDh�„nzìhjã⇥
contact form � L Bott-Morse aˆíÄ_Yho� P L⇢ÿSgBcfTP =

KerD
2A íÄ_YShíDF⇥Uâk P L S

1 nå∆�nhM� � o Morse aˆ

,vo—ª(≤Lj˜19K23404)n©⇣í◊Q_ÇngBã⇥
⇤✓606-8317 ¨˝⇥Ê¨:⌫}›˝⌃:�¨˝'fp⌃„êv@
e-mail: suguru@kurims.kyoto-u.ac.jp
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íÄ_YhDF⇥˚✏n contact ⇢ÿSkdDf generic j contact form o Morse

aˆíÄ_Y⇥
Uf�SFT hoSn˝p A í Morse ˝ph�jW_Bn Morse ⌥Sn⌃÷g

Bã�hyãnoDUUK7�gBã⇥ symplectic ⇢ÿSn Hamiltoninan k˛
Yã Floer homology jigoN¢pk˛Yã Morse ⌃÷hDcfÓW/HjDÇ
nLÀ⇣Uå�SFT n4�kÇ]åí~mf⌃÷�„pLÀ⇣UåãngBãL�
˙e⌦Lã„poàä⌥—jÇnhjã⇥Sn„pk¢Wfo [2] jií¬gUå
_D⇥
!o¡Lüõk:W_ÇnàäÇÑÑ1D;5goBãL� [5] go!L:U

åfDã⇥

ö⌃ A ([5]). � L Bott-Morse aˆíÄ_YhM�SFT n¡ß§Û⌥SíÀ⇣Y
ãShLgMã⇥]n€‚Ì∏¸ HSFT(Y, ⇠) o (Y, ⇠) n�kàäö~ä� contact
form � ÑÀ⇣k(DãÇ⌥ À In÷äπkàâjD⇥

üõkoàä7O� [2] n✏sgn generating function í� contact ⇢ÿS�
symplectic cobordism�symplectic cobordisms nœk˛WfÀ⇣WfDã⇥ (Såâ
Kâ�]å^å¡ß§Û⌥S�¡ß§Ûôœ�¡ß§Û€‚»‘¸k¯SYãÇ
nLÀ⇣Uåã⇥)

Uâk�Reeb ŸØ»Î4n flow '
�

t
: Y ! Y L S

1
-\(í�⇣Yã4��d~

äBã L > 0 LBcf '
�

L
= id nhMko�€‚Ì∏¸í�óYãShLÔ˝g

Bã⇥

ö⌃ B ([5]). Bã L > 0 LBcf '
�

L
= id nhM� HSFT(Y, ⇠) o H⇤(P ;R),

H
⇤
c
(P ;R) Jàs p ~ kàä�⇣Uåã„pnBãåô� (Novikov completion)

hjã⇥]nMo!nã�ídMÖÔ€gBã⇥

[pc, q↵] = hc,↵i~

SSg c 2 H⇤(P ;R), ↵ 2 H
⇤
c
(P ;R) k˛‹YãCí]å^å pc, q↵ hWfDã⇥

,�go SFT n„pkdDfo{hìi¨�WjDàögBã⇥Såkd
DfoHk⇡R_ [2] kÇsUåfDãng�]åí¬gUå_D⇥

2. Floer homology n�,Ñjq
Morse ⌥SgoËLπL„pn�⇣CgBä�¡ß§Û⌥SnÀ⇣n_ÅkoË
Lπnìn connecting orbit ípHã≈ÅLBã⇥ãHp⇢ÿS M ⌦n Morse ˝
p f : M ! R k˛Yã Morse ¡ß§Û⌥Sgo�(Sard-Smale aˆn↵go)ÉL
\( 

@hpi =
X

ind q=ind p�1

cp,qhqi (1)

(SSg hpi o f nËLπ p 2 M k˛‹Yã�⇣C) n¬p cp,q o�

d`

dt
(t) +rf(`(t)) = 0 (2)

Kd
lim

t!�1
`(t) = p, lim

t!1
`(t) = q (3)

íÄ_YÚ⁄ ` : R ! M í�ö©fl R k¢YãsL˚’ídDfpH_pk�Ù
Yã⇥SnÚ⁄ ` : R ! M _aLSn4�n connecting orbit gBã⇥ (c∫ko
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⌅�⇣C hpi n⌘MíöÅãShg�connecting orbit Ç&˜ídQfpHãSh
kjã⇥)

Floer homology kJDfÇSn connecting orbit ípHãShg„pLÀ⇣U
åã⇥ãhWf~Zo SFT Ñ contact homology àäÇ!Xj Hamiltonian k˛Y
ã Floer homology kdDf⇤Hã⇥

symplectic ⇢ÿS (M,!) hovp!C⇢ÿS M (]n!Cí2nhYã)h]n
⌦n2!âÆ⌃b✏ ! gBcf !

n L 0 í÷âjDàFjÇnnDgBc_⇥Sn
4�k˝p H : M ! Rí Hamiltonianh�ãhM� M ⌦n HamiltonŸØ»Î4
XH L iXH

! = �dH gö~ãngBc_⇥ Hamiltonian n Floer homology go�
�⇣CoSn Hamilton flow nh� 1 nh�„�d~äâÚ⁄ � : S

1
= R/Z ! M

gBcf
d�

dt
(t) = XH(�(t))

íÄ_YÇngBã⇥ (⇢8oÔ.jh�„n�í�⇣ChYã⇥) Floer homology

n4��connecting orbit nö©ko~ZÇ⌥ À í�dzÅã≈ÅLBã⇥S
n4�ko M nÇ⌥ À J gBcf !(·, J ·) Lcö$ÖMkjãÇní�d˙
öWf(Dã⇥SnhMh�„ �+ Kâ �� xn connecting orbit ho—âKjÚ
⁄ u = u(s, t) : R⇥ S

1 ! M gBcf

@su+ J(u)(@tu�XH(u)) = 0 (4)

Kd
lim

s!�1
u(s, ·) = ��, lim

s!1
u(s, ·) = �+ (5)

íÄ_YÇngBã⇥
Morse ˝pn⌥Sn4�ko Sard-Smale aˆíÄ_YàFk�œíB’Yã

ShLgM�]n4�ko ind q = ind p � 1 íÄ_YËLπnD p, q k˛Wf p

Kâ q xn connecting orbit o P↵hjä�]åí(Df (1) gö~ãÉL\
( o¡ß§Û⌥SíÀ⇣Yã⇥�π�,k Floer homology n4�koÇ⌥ À
 n ’Igo connecting orbit LpHâåã∂¡(d~ä connecting orbit nzì
L0!Cnâ⇢ÿSkjã∂¡)kogMjD⇥([3] jií¬g⇥) Sn4�íqF
_Åk virtual technique hàpåãÄSLDOdKãzUåfJä� [3] go]n
Fa �⌃÷hàpåãÇnL÷Xâå�]åí(DfDã⇥
 �⌃÷ns0kdDfo [3] Ñ [4] jií¬gWfÇâFShkWf�SSg

o]åí(Dã_ÅkUíøyã≈ÅLBãnKkdDf!Xk¨�Yã⇥
~Zo⇤HfDãzì(Sn4�o connecting orbit nzì)n≥Û—Ø»�í

⇤Hã⇥ (�â�⇢ÿSk˛‹YãÇníÀ⇣Yã⇥) _`W� �⌃÷n_Åk
o Morse ⌥SnBn�ind q = ind p � 1�nàFj4�(ÓÛ!CL0!Ckjã4
�)n�gojOYyfn connecting orbit nzìíqF≈ÅLBã⇥Sn4�k
o≥Û—Ø»�n-ko broken trajectory hàpåãÇn (connecting orbit íD
OdKdjRfgMãÇn) Ç+~åfDã⇥
!k�Sn≥Û—Ø»�W_zìk �À í�Hã⇥ ( �zìkYã⇥

)  �zìhoJJà]!nàFjÇngBã⇥ �zì X ho�≥Û—Ø»
Hausodor↵ zìgBcf�⌅πL �—çhàpåã@@ß⇡k˛‹YãÇní
�a�]åâ �—çnìkß⇡ €n„èäk embedding hàpåã¢¬L�
HâåfDãÇngBã⇥
π p 2 X n �—ç (V,E, s, , G) ho� P§ G� P!C G-ŸØ»Î_

⇡ : E ! V� G-� ÔÆ⌃⌥≠ s : V ! E Jàsπ p n—çn⌦xnM¯�
¯  : s

�1
(0)/G ! X KâjãDíDF⇥_`W G n V xn\(LπúÑgB
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Figure 1: SFT gn connecting orbit
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0 nDgBcf!íÄ_YÇníDF⇥

• (', '̂) oBã_ôœ (�, �̂) : (V,E) ! (V
0
, E

0
) Kâ�Kåã⇥_`W � : V !

V
0 oÀÅº�⇥

• !ohÇkÔ€⇥

E/G E
0
/G

0

V/G V
0
/G

0

'̂

s

'

s
0

s
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0

• d
?
s
0
: TV

0|V /TV
⇠=! E

0|V /E o s
�1
(0) ⌦g�ãí�Hã⇥

(embedding o�π⌘n¢¬gBä�c∫j �À nö©ko�]åLDdX(
YãKInaˆLBã⇥) dimV � dimE o#P⇣⌃⌦�ögBä�Såí X n!
ChDF⇥ X n �À L�Hâåãh� �⌃÷n�,÷kàä⌥≠ s _aí
embeedding k¢Wft�'í�dàFk(⇢°⌥≠hWf)B’YãShLgMã⇥
Uâk X n⌘Mh|påãÇnL�Hâåãjâp� dimX = 0 n4�ko #X

íö©YãShLgMãShLÂâåfDã⇥ (�,n!Cn4�ko X Kâ{
KnM¯zì Y xn strong continuous maph|påãÇnL�Hâå_hMk Y

nyp¡ß§ÛhWf X n˙,^k¯SYãÇníö©YãShLgMã⇥)

3. SFT n4�
contact ⇢ÿS (Y, ⇠) n SFT n4�í⇤Hã⇥!Xn_Å � L Morse aˆíÄ
_Y4�n�⇤Hã⇥�⇣ChWf(DãnoSn4� P hjã⇥ (àäc∫k
o P nCnYyfí�⇣Cho⇤HZ�]nFaBãaˆíÄ_YÇnn�L�
⇣Ck˛‹Yã⇥~_�SFT 4�o†§gojO„phWfn�⇣CgBã⇥ )

connecting orbit k˛‹Yãno R ⇥ Y n-nÇcGÚ⁄gBã⇥SSg�R ⇥ Y

nÇ⌥ À J o!nàFkóâåãÇnn�í⇤Hã⇥~Z ⇠ n⌥ À J

í� d�(·, J ·)Lcö$nÖMkjãàFkhã⇥⌃„ T (R⇥Y ) = (R@��RR�)� ⇠

(_`W � o R-⇣⌃nß⇡) í(Df� R ⇥ Y nÇ⌥ À J íSn·5hWf
J@� = R� kàäöÅã⇥
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Figure 2: holomorphic building

SFT kJDf⇤Hã connecting orbit o�SnÇ⌥ À J k¢Yã R⇥ Y n
ÇcGÚ⁄ u : ⌃ ! R ⇥ Y _agBä�]nö©fl ⌃ hWfoâRiemannbKâ
DOdKnπídDfóâåãÚbí⇤Hã⇥ SFT kJDfo˚✏n.pnÚb
íqF⇥ Figure 1 nàFk��,koÚbo {+1} ⇥ Y�{�1} ⇥ Y !π⌘kD
OdKn®Û…íÇcfJä�aˆ (3) Ñ (5) n„èäk�SåâYyfn®Û…
g Reeb flow nh�„kŒ_Yã⇥

J n R-π⌘� 'Kâ�

u(z) = (�, y) : ⌃ ! R⇥ Y

LÇcGjâp˚✏nöp b 2 R k˛Wf

z 7! (� + b, y) : ⌃ ! R⇥ Y

ÇÇcGgBã⇥SnàFj$fl R⇥ Y n RsL˚’Ñ�ö©fl ⌃ nÍÒ�ãg
óâåãÚ⁄o���nÇnhWf�jY⇥
 �⌃÷í(Dã_Åk�⌦nàFjÚ⁄nzìn≥Û—Ø»�í⇤Hã≈Å

LBã⇥]n≥Û—Ø»�koÇcGÚ⁄íqF4�k⇢8˛åã–÷În�g
ojO� Figure 2 nàFj�$flL R⇥ Y gojO]åíDOdK&y_Çnk
jãÇnL+~åã⇥ (DèÜã broken orbit k˛‹Yã⇥) SnàFjÚ⁄í+
Å_≥Û—Ø»�nCí holomorphic building hàv⇥

4. local chart nÀ⇣n�,
 �—çnÀ⇣n¨�n_Åk!Xj4�hWf~Zo symplectic ⇢ÿS (M,!)

n-n stable map nzìM = M(M,!, J) n4�í¨�Yã⇥ (stable map n¨
�jisWOo [3] Ií¬g⇥SSg steble map nö©n_Åk (M,!) ko�d
Ç⌥ À J L˙öUåfDã⇥) stable map (⌃, z, u) 2 M n �—çnÀ⇣í
⇤Hã⇥

stable map nzìo˙,ÑkoUÜãπ↵✏n„nzìgBãng�]nπ↵
✏í Sobolev zìIn Banach zìnìn Fredholm ôœh�jW�]n Fredholm

map nˆπ∆�hWf„zìíh:YãhDFno˙,π›gBãL�Såko
DOdKOLLBã⇥�do�stable mapnö©fln bí1WfDãShKâe
ãÇng�pjãö©fln⌦gnπ↵✏í��Dn Banach zìnìn Fredholom

ôœhWfh:gMjDShgBã⇥Såo�QàFLjDng�ö©fln b
Thk Banach zìnDh]nìn Fredholom ôœíÀ⇣W�hSnzìí]å
â Fredholm ôœnœnˆπ∆�_anå∆�hWfh:Yã⇥Û✏Ñk¯Qp�
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Â↵nàFk�ö©fln bzì X ⌦n fibration nbgh:WfJM�]n⌅’
°§–¸íˆπ∆�hWfh:Yã�hDFShkjã⇥ (_`Wö©flnÍÒ�
ãí!ñWfDã⇥)

M �
S

a2X{F a
= 0}

X 3 a

SSg⌅ a 2 X k˛Wf F
a
: Wa ! La o a 2 X k˛‹Yãö©flôœnÇcG

aˆnπ↵✏íhY Fredholm ôœgBä�Wa, La o]åíö©Yã_Åni⌥
j Banach zìnDíhWfDã⇥
�,ko stable map nö©floÍÒ�ãí�d⇥SåL P§gBåpüõ

kM n-kBãnoSn fibration hSí]n P§grc_Çnhjã⇥ P
§gjD4�o]Ç]Ç bzìÍSoDÀ í�_jDng�ö©flkDOd
K marked point ídQfÍÒ�ãL P§kjãàFkWfKâ]n bzìí
„èäk(Dã⇥Sn4�ko marked point ídQ_ShkàcfóH_Í1¶
í¯∫Yã_Åkπ↵✏ F

a
: Wa ! La kUâk#Àπ↵✏í†HãjiWfø

tYãShkjã⇥DZåk[à�SnàFkWf~Zo M n⌅πn—ço�
Fredholm ôœnˆπ∆�í’°§–¸hYã fibration n P§kàãFhWfh
[ã⇥
!k��,koSåân Fredholm ôœL0k*≠ÑgojDng�i⌥j P

!CŸØ»Îzì E h⁄bôœnœ K
a
: E ! La í÷ä� F

a�K
a
: Wa�E ! La

_aL0k*≠ÑkjãàFkYã⇥

V =
S

a2X{F a �K
a
= 0}

X 3 a

kàä V íöÅ�ôœ s : V ! E í E xn⌅qhYåp� s nˆπLCn�M
kJQã—çhjã⇥ V n⌅’°§–¸o F

a �K
a nˆπ∆�hWfÔÆ⌃À 

í�cfDãL�üo V hSkÇSåâkt�ÑjÔÆ⌃À íeåãShLg
Mã⇥
Â⌦àä�P@À⇣Uå_no⇢ÿS V� P!CŸØ»Îzì E�]Wf]

nìnÔÆ⌃ôœ s : V ! E gBä�]nˆπ∆� s
�1
(0) íÍÒ�ãk˛‹Yã

 P§ G grc_ÇnL� M kJQã—çh�¯kjcfDã⇥d~ä�Så
âLM n⌅πn �—çkjcfDã⇥ marked point ndQπÑ P!CŸØ
»Îzì E h⁄bôœnœ K

a
: E ! La n÷äπíi⌥jÇnhYåp� �—

çìn embedding ÇcWOö©Uåã⇥sWOo [5] BãDo [3] í¬g[à⇥

5. SFT n4�nOLh„z
M‡g �—çnÀ⇣n�,ÑjAåí!Xk¨�W_L� SFT n4�ko
�dOLhjãShLBã⇥]åí¨�Yã_Åk~Zo Figure 3 nàFj
holomorpic building LX(YãhÓöW�Sn~èän �—çnÀ⇣í⇤Hã
ShkYã⇥Sn holomorphic building n$flo R⇥ Y íåd&y_ÇngBä�
ÇhÇho R ⇥ Y xnôœgBc_ÇcGôœ_anuPhWf˛å_Çn (à
äc∫ko≥Û—Ø»�kàä∞WO˝†Uå_Çn)gBã⇥]n—çko�,
ko R ⇥ Y L⌃¬YãMn�R ⇥ Y í$flhYã holomorphic building L+~å
ã⇥Sn—çíM‡gnàFk fibration nbkh:YãhM�ÂMh�ÿkö©
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Figure 3: (⌃
0
, z

0
)

Figure 4: (⌃
1
, z

1
)

fl(BãDo]åk marked point ídQ_Çn)n bzìíïzìk(DàFh
Yãh�OLLwSã⇥Såo�ö©fln bzìko Figure 4 nàFjÚbÇ
+~åãKâgBã⇥

Figure 4 nàFjÚbk˛Wfo�R ⇥ Y ~_o]åíåd&y_Çnnia
âí$flhWfÇ�ôœí⇤HãShLgMjD⇥]n_ÅS6ÇcGaˆnπ
↵✏íÀfãShÇgMZ�˛‹Yã Fredhom ôœÇö©gMjD⇥SnàFj
ShLwSãü‡o�ö©flnÚbL bYã`QgjO$fl R ⇥ Y Ç�Bk 
bYãShkBã⇥

jJ�SnSho�.p 0 nÚbn�íqcfDã4�(contact homology j
i)koocMäho˛åZ�¡n [5] ÂMn�Pardon [6] jigoö©fln b
zìí�Fπ›g�(⇢⌘n±¢íLcf)À⇣íLcfDã⇥SnË⌃L [6] In
contact homology íqc_Çnh� [5] n SFT hnÓn�dgBã⇥

SnàFkXkö©fln bzìí�FngoF~ODKjD�hDFnL
SFT y nOLn�dgBã⇥ [5] go�Såí„zYã_Åk�ö©flh$fln
 bí�Bk—È·¸øeQãzìíÀ⇣W_FHg�]åí’°§÷Ï¸∑Á
Ûnïzìk(D_⇥ (≈Åjno@@Ñj—È·¸øzìn�g�'flÑjÇn
oÀ⇣Yã≈ÅojD⇥) Snzì X̊ oJJà]!nàFjzìgBã⇥ (c∫
jö©o⌘W⌥—gBä�]åkdDfo [5] í¬g[à⇥)

X̊ ÍSoö©fln bzì X h� R DOdKnÙMnË⌃⇢ÿSgBã⇥
(R npo�-√n holomorphic building n�R ⇥ Y ndjNÓkBã®Û…np
kjã⇥) X̊ ⇢ X ⇥

Q
R n R-⇣⌃o�˙,Ñko(R⇥ Y L⌃¬W_∂KnÇnk
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˛Wfo)˛‹Yã®Û…gnŒ_n�UíhY—È·¸økjcfDã⇥åd(Â
⌦)n R⇥Y LOcdDf�dn R⇥Y kjã4��d~ä]nådn R⇥Y kB
ãÚbn!Pk8sã®Û…nË⌃LYyf]å^åOcdDf Pn∑ÍÛ¿
¸kjãhMko� R-⇣⌃_ao˙,Ñko R ⇥ Y n bíhWfDã⇥⌦n�
Figure 3 h Figure 4 nãk—Dãí⇤Håp�ö©fln®Û…n bkdDfo�
ôœnŒ_n�Uhn¢¬Lt�ÑgjDh�_hH R ⇥ Y npL�ÙW_hW
fÇF~O�dnÚbhWfdjLâjDShoπ◆kèKã⇥ X̊ ⇢ X ⇥

Q
R í

Ë⌃⇢ÿShWföÅãö©✏o�SåLF~ODOàFk�ö©fln b—È
·¸ø(X-⇣⌃)h R-⇣⌃k�HãÇngBã⇥jJ�Snaˆ✏oR ⇥ Y L⌃¬
W_∂KnÇnk˛WfoDdgÇ⇣ÀYãÍ�j✏hjcfJä�Sn4�k
o R-⇣⌃oYyfÍ1j—È·¸økjcfDã⇥
SnàFkö©Uåã�ö©flh0fln bí—È·¸øeQãzìí(Dã

Shg� SFT kJDf.p1Â⌦nÚbíqFShg˛åãSnOLo„zUå
ã⇥�kJDfo�SnË⌃kdDfÇF⌘WsWO¨�YãàögBã⇥
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τʔϥεଋͷมࢠྔܗԽͱ֨ࢠ൛Atiyah-Singerࢦ
ఆཧ

ࢠԼਅ༝ࢁ ∗(ॴڀݚେֶཧղੳژ)

1. ֓ཁ
ຊߨԋͰ, Atiyah-Singerͷࢦఆཧͷʮ֨ࢠ൛ʯ([14], [13])Λհ͢Δ. ͜ͷڀݚ
ૉཻࢠཧֶͷ֨ࢠήʔδཧͱݺΕΔͷ͔ΒணΛಘͨͷͰ͋Δ. Ԡ
༻ͱͯ͠, ͷऩଋʯΛऔΓ্ࢦૉͷ༺࡞ήʔδཧʹ͓͚ΔʮWilson-Diracࢠ֨
͛Δ.

2. എܠɿ֨ࢠήʔδཧ͔ΒͷϞνϕʔγϣϯ
,ήʔδཧʹ͓͍ͯࢠ֨ ,͠ࣅͷͰۙݸݶΓ༗·ͭࢠຯͷ͋Δଟ༷ମΛ֨ڵ ଟ༷
ମ্ͷ࡞༻ૉΛѻ͏ΘΓʹ্֨ࢠͷ࡞༻ૉͷղੳʹஔ͖ࢉܭͯ͑Λ͢Δ, ͱ͍͏͜
ͱ͕ߦΘΕΔ. ͷଟ༷ମͷݩΒͨ͑ߟૉͷͲͷΑ͏ͳใΛ༺࡞ͷͲͷΑ͏ͳ্ࢠ֨
,Δͷ͔͢ݩຯͷ͋ΔใΛਖ਼͘͠෮ڵ ͱ͍͏ʹ͍ͭͯ, ཧֶͰݧܦతʹΒ
Ε͍ͯΔֶ͕తʹेղ໌͞Ε͍ͯͳ͍ଆ໘͕ͨ͘͞Μ͋Γ, ֶͷཱ͔Βʹඇ
ৗʹ໘ന͍ςʔϚͰ͋ΔͱࢥΘΕΔ. ຊߨԋͰऔΓ্͛Δͷ, ଟ༷ମ্ͷପԁܕඍ
Δ͔ʁͱ͍͏͢ݩૉͷใ͔Β෮༺࡞ͷ্ࢠΛͲ͏ͬͯ֨ࢦૉͷFredholm༺࡞
Ͱ͋Δ.

ดଟ༷ମM্ͷପԁ࡞ܕ༻ૉDʹରͯͦ͠ͷFredholmࢦ Ind(D)͕

Ind(D) := dimkerD − dim cokerD

ͱఆٛ͞ΕΔ. ପԁ࡞ܕ༻ૉزԿֶʹ͓͍༷ͯʑͳ໘ͰݱΕ, ͦͷFredholmࢦ
͕ॏཁͳׂΛՌ͖ͨͯͨ͠ͷ͏ݴ·Ͱͳ͍. ͷཧʹ͓͍ͯ, εϐϯଟ༷ମ
্ͷDirac࡞༻ૉͷࢦཧͷʮΞϊϚϦʔʯʹؔ࿈͢ΔͳͲॏཁͳྔͰ͋Δ.

Ͱ, ଟ༷ମMΛ༗ݸݶͷͰۙͨ͠ࣅͱ͖ʹ, ͲͷΑ͏ʹFredholmࢦΛ෮͢ݩ
Δ͔ͯ͑ߟΈΑ͏. ҎԼͰMΛnݩ࣍τʔϥεM := T n = (R/Z)nͱ͠, ֤ࣗવ
kʹରͯ͠Mͷ֨ࣅۙࢠBk := ( 1kZ/Z)

n ⊂ MΛ͑ߟΔ. M্ʹϕΫτϧଋS+ͱS−

͕༩͑ΒΕ, ପԁ࡞ܕ༻ૉD : C∞(M ;S+) → C∞(M ;S−)͕༩͑ΒΕͨͱ͢Δ. ͜ͷ
Fredholmࢦ Ind(D)Λ{Bk}k্ͷ࡞༻ૉͷใ͔Β෮͍ͨ͠ݩ. ͜͜ͰୈҰͷ͕
.ΕΔݱ

 1. Dͷʮࣅۙࢄʯͱͯ͠, {Bk}k্ͰͲͷΑ͏ͳ࡞༻ૉͷ {Dk}kΛ͑ߟΔ
͖͔ʁ

ඍ࡞༻ૉΛۙ͢ࣅΔͷ͔ͩΒ, ࣗવʹࠩ࡞༻ૉʹஔ͖͢ࣅۙͯ͑ΕΑ͍Α͏
.ΘΕΔࢥʹ ͔࣮͠͠, ,ʹड़͢ΔΑ͏ޙ ͜ͷΑ͏ͳφΠʔϒͳۙࣅͰ͏·͍͔͘
ͳ͍.

1͕ղ͚ͨͱ͠Α͏. ୈೋͷҎԼͰ͋Δ.

ຊڀݚՊݚඅ (՝൪߸:20K14307)ͷॿΛड͚ͨͷͰ͋Δɻ
∗˟ 606-8317 ॴڀݚେֶཧղੳژനொɹ۠ژࠨࢢژژ
e-mail: mayuko@kurims.kyoto-u.ac.jp
web: http://www.kurims.kyoto-u.ac.jp/~mayuko/index.html
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 2. {Dk}kʹର͢ΔͲͷΑ͏ͳෆมྔΛ͑ߟΕ, ࿈ଓݶۃk → ∞ͰFredholmࢦ
 Ind(D)Λ෮͢ݩΔ͔ʁ

͜Εඇࣗ໌ͳͰ͋Δ. ༗ݩ࣍ݶHilbertۭؒͷؒͷઢ࡞ܗ༻ૉͷFredholmࢦ
Hilbertۭؒͷݩ࣍ͷΈͰܾ·ͬͯ͠·͏ͨΊ, DkͨͪͷFredholmࢦͦͷͷ
Λ͍͚ͯͬͳ͍͜ͱ͕Θ͔Δ.

 1ͱ 2ʹରͯ͠, ήʔδཧͰΑ͘ΒΕͨղ͕͋Δࢠ֨ ([8], [7]).  1ͷղ
Wilson-Dirac࡞༻ૉͱݺΕΔ࡞༻ૉDk

DW (ఆٛ25)Λ༻͍Δ͜ͱͰ͋Δ. ͜͜Ͱ
Dk

DWҎԼͷΑ͏ͳܗΛ͍ͯ͠Δ.

Dk
DW = Dk

naive + γW k : l2(Bk; (S+ ⊕ S−)|Bk
) → l2(Bk; (S+ ⊕ S−)|Bk

).

͜͜ͰDk
naiveݩͷDͷඍΛࠩͰஔ͖ͨ͑φΠʔϒͳۙࣅͰͰ͖Δ࡞༻ૉͰ͋

Δ. Ұํ, γW kʮWilson߲ʯͱݺΕΔ༗ࣅۙݩ࣍ݶಛ༗ͷ߲Ͱ͋Δ. ͦͯ͠2ͷ
ղ, Wilson-Dirac࡞༻ૉʹ͞Βʹʮ࣭ྔ߲ʯmkγΛՃ͑ͨ࡞༻ૉDk

DW +mkγͷਖ਼ͷ
ݩ࣍༗ۭؒͷݻ rank(E>0(Dk

DW +mkγ))Λ͑ߟΕΑ͍, ͱ͍͏ͷͰ͋Δ. ͭ·Γ,

.ҎԼͷͷͰ͋Δ࣮ࣄήʔδཧͰΑ͘ΒΕͨࢠ֨

࣮ࣄ 3 (Adams [1] 2001, Y [13] 2020, Kubota [9] 2020, Fukaya-Furuta-Matsuo-Onogi-Ya-

maguchi-Y (in preperation)). 0 < m < 2ͳΔ࣮mʹରͯ͠, ҎԼཱ͕͢Δ.

Ind(D) = lim
k→∞

{
rank(E>0(D

k
DW +mkγ))− dim l2(Bk; (S+ ⊕ S−)|Bk

)
}
. (4)

͜ͷ࣮ࣗࣄମʹ, ͢ͰʹAdams([1])ʹΑΔֶతʹີݫͳূ໌͕ΒΕ͍ͯΔ. ൴
ͷূ໌, ֩ͷऩଋΛہॴతͳࢉܭʹΑΓࣔ͢ͷͰ͋Δ.

ຊߨԋͰʹ͍ͨ͠ͷҎԼͷୈࡾͷͰ͋Δ.

 5. ,ରͯ͠ʹ3࣮ࣄ τϙϩδΧϧͳূ໌Λ༩͑Δ͜ͱͰ͖ͳ͍͔ʁ

͜ͷΑ͏ͳ͜ͱΛظ͢Δཧ༝ҎԼͷ௨ΓͰ͋Δ. (4)ͷࠨลʹݱΕΔ࿈ଓݶۃͰ
ͷ Frednolmࢦ, Atiyah-SingerͷࢦఆཧʹΑΓKཧతͳใͰද͢͜ͱ͕Ͱ
͖Δ.

࣮ࣄ 6 (Atiyah-Singerͷࢦఆཧ, Atiyah-Singer [5] 1968). ดଟ༷ମM্ͷପԁٖܕ
ඍ࡞༻ૉDʹରͯ͠, ͦͷFredholmࢦ Ind(D)ҎԼΛຬͨ͢.

Ind(D) = π![σ(D)].

͜͜Ͱ [σ(D)] ∈ K0(T ∗M)DͷओγϯϘϧͷఆΊΔKཧͷݩ, π! : K0(T ∗M) →
K0(pt) = ZT ∗Mͷࣗવͳ spincߏ͔Βఆ·ΔKཧͷpush-forwardࣸ૾Ͱ͋Δ.

͕ͨͬͯ͠, (4)ͷӈลʹରͯ͠, ରԠ͢ΔτϙϩδΧϧͳެ͕ࣜ͋Δ͜ͱ͕ظ
͞ΕΔ. ͭ·Γ, ͜ͷΑ͏ͳ͔͘ࡉͳ͍ͬͯ֨͘ࢠͷ্Ͱఆ·͍ͬͯΔ࡞༻ૉͷͷε
ϖΫτϧͷৼΔ͍ʹର͢Δ,ʮ֨ࢠ൛ʯAtiyah-SingerࢦఆཧΛఆࣜԽͯ͠, ͦΕΛ
࣮ࣄͯͬ 4Λཧղ͍ͨ͠, ͱ͍͏ͷ͕ຊڀݚͷϞνϕʔγϣϯͰ͋Γ, ຊߨԋͷςʔ
ϚͰ͋Δ.
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3. ओఆཧɿ֨ࢠ൛Atiyah-Singerࢦఆཧ
͜ͷઅͰ, ओ݁ՌͰ͋Δ֨ࢠ൛Atiyah-Singerࢦఆཧʹ͍ͭͯઆ໌͢Δ. ͜Ε, ଟ
༷ମM͕֨ࢠͷྻ {Bk}kͰۙ͞ࣅΕ͍ͯΔঢ়گͰ, ૉ༺࡞ڞݾࣗͨͬ·ఆʹ্ࢠ֨
ͷྻ {Dk}kʹରͯ͠, ͦͷਖ਼ͷݻ༗ۭؒͷݩ࣍ͷ k → ∞ʹ͓͚ΔڍಈΛ, ͦͷʮγϯ
ϘϧʯͷKཧతใΛ༻͍ͯهड़͢ΔͷͰ͋Δ. ఆཧΛهड़͢ΔͨΊʹ, ·ͣ
.Δඞཁ͕͋Δ࡞ૉͱγϯϘϧͷରԠʯΛ༺࡞൛ͷʮඍࢠ֨ ͜ΕΛখઅ 3.2Ͱ͏ߦ.

ͦΕΛ༻͍ͯখઅ 3.3ʹ͓͍ͯओఆཧΛड़Δ. খઅ 3.4Ͱઆ໌͢ΔΑ͏ʹ, ূ໌ʹ
symplecticଟ༷ମͷมࢠྔܗԽͷཧΛ༻͍Δ.

3.1. ઃఆ

·ͣओఆཧͷઃఆΛड़Δ. ʮ֨ࣅۙࢠʯΛͭ࣋ଟ༷ମͷΫϥεͱͯ͠, affineଟ༷
ମΛ͑ߟΔ.

ఆٛ 7. nݩ࣍ଟ༷ମM ͷ affineߏͱ, M ͷہॴ࠲ඪܥͰ͋ͬͯ, ͕ඪม࠲
GL(n;Z)!RnͷݩͰ༩͑ΒΕΔͷͰ͋Δ. affineߏͷೖͬͨଟ༷ମMΛaffine

ଟ༷ମͱݺͿ.

 affineଟ༷ମʹ, .ҠಈͷࠩΛআ͍ͯఆ·Δߦू߹ʯ͕ฏࢠॴతʹʮ֨ہ ͜
ͷ֨ࢠू߹ΛେҬతʹఆٛ͢ΔͨΊͷิॿσʔλͱͯ͠, ༨τʔϥεଋͷલྔࢠ
ԽΛ͑ߟΔ.  affineߏ͔Β, ଋ TM → M ͷ֨ࢠ෦ଋ Λ → M , ͭ·Γ֤
ϑΝΠόʔ Λx (x ∈ M) ͕ TxM ͷ Znʹಉܕͳ෦܈Ͱ͋ΔϑΝΠόʔଋ͕ఆ·Δ.

Λ∗ ⊂ T ∗MΛΛʹରͳ෦ଋͱ͢Δ. T ∗Mͷඪ४తͳ symplecticߏ͔Β, ༨τʔ
ϥεଋX := T ∗M/(2πΛ∗)ʹ symplecticߏω͕༠ಋ͞ΕΔ. µ : X → Mඇಛҟͳ
LagrangeτʔϥεଋͰ͋Δ. X্ʹ, U(1)ଓ͖ͷhermitianઢଋ (L,∇)Ͱ͋ͬͯ
∇2 = −

√
−1ωΛຬͨ͢ͷΛݻఆ͢Δ (͜ΕΛલྔࢠԽଋͱݺͿ). લྔࢠԽଋ͕ଘࡏ

͢Δ͜ͱલྔࢠԽ݅ [ω] ∈ 2πH1(X;Z)ͱಉͰ͋Δ.

͜ͷઃఆͷͱ, Mͷඪ४తͳʮ֨ࢠۙࣅʯ͕ҎԼͰఆٛ͞ΕΔ.

ఆٛ 8 (Bohr-Sommerfeld). ਖ਼kʹରͯ͠, b ∈ M͕ϨϕϧkͷBohr-Sommerfeld

Ͱ͋Δͱ, (Lk,∇k)Λ b্ͷϑΝΠόʔXb := µ−1(b)ʹ੍ͨ͠ݶͱ͖, ࣗ໌ଓ
͖ͷࣗ໌ଋ (C, d)ͱಉܕͰ͋Δ͜ͱͱ͢Δ. BkΛϨϕϧ kͷBohr-Sommerfeldશମ
ͷू߹ͱ͢Δ.

BkBͷࢄ෦ू߹Λͳ͠, ूࢠ֨-ॴతʹఆ·Δʯͱॻ͍ͨ1/kہͰʮ্ࡍ࣮
߹͕େҬతʹషΓ͋ͬͨͷʹͳ͍ͬͯΔ.

ྫ 9. M = Rn ͱ͠, ඪ४తͳ affineߏΛೖΕΔ. ͜ͷͱ͖༨τʔϥεଋ
(X,ω) = (Rn × (R/(2πZ))n, tdx ∧ dθ)ͱͳΔ. ͜ͷ߹લྔࢠԽଋͱͯ͠ (L,∇L) =

(C, d−
√
−1txdθ))͕औΕΔ. ͢ΔͱϨϕϧkͷBohr-Sommerfeldͷू߹Bk =

1
kZ

n

ͱͳΓ, .ू߹ͱҰக͍ͯ͠Δࢠ֨-k/1ࡍ࣮ Arnold-Liouvilleͷఆཧ ([3])ʹΑΓ, ඇಛ
ҟͳLagrangeτʔϥεଋͱͦͷ্ͷલྔࢠԽଋ, .Ͱ͋Δܕॴతʹ্ͷͷͱಉہ

M = T n = (R/Z)nʹඪ४తͳaffineߏ͕ೖ͍ͬͯΔ߹, ্ͷRnͷ߹ͷߏ
ΛZn࡞༻

(x, θ, v) +→ (x+m, θ, e
√
−1⟨m,θ⟩v)

Ͱׂͬͨͷ͕༨τʔϥεଋͱલྔࢠԽଋΛ༩͑, ϨϕϧkͷBohr-Sommerfeldͷ
ू߹Bk = ( 1kZ/Z)

n ⊂ (R/Z)nͰ͋Δ.
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3.2. ૉͱγϯϘϧͷରԠʯ༺࡞൛ʮඍࢠ֨

ओఆཧΛड़ΔͨΊʹ, ͕ࢲ [14]Ͱߏͨ͠, ૉͱγϯϘϧͷରԠʯ༺࡞൛ʮඍࢠ֨
ʹ͍ͭͯઆ໌͢Δ. MΛ affineଟ༷ମͱ͠, µ : X = T ∗M/(2πΛ∗) → MΛ༨τʔ
ϥεଋͱ͢Δ. લখઅͷΑ͏ʹ, લྔࢠԽଋ (L,∇)͕༩͑ΒΕ͍ͯΔͱ͠, Ϩϕϧ kͷ
Bohr-Sommerfeldू߹ΛBk ⊂ Mͱ͓͘.

͜Ε͔Βߏ͍ͨ͠ͷ, ઢ૾ࣸܗͷྻ{φk}k,

φk : C∞
c (X) → B(l2(Bk)), (10)

Ͱ͋Δ. ͜͜ͰHilbertۭؒHʹରͯ͠B(H)༗քઢ࡞ܗ༻ૉͷۭؒΛද͢. ͕ͨͬ͠
ͯ, ༨τʔϥεଋ্ͷؔf ∈ C∞

c (X)ʹର্ͯ֨͠ࢠͷ࡞༻ૉͷྻ{φk(f)}k͕ରԠ
͢Δ͜ͱʹͳΔ͕, ͜ͷf͕ʮ֨ࢠ൛ͷγϯϘϧʯͰ͋Γ, {φk(f)}kͦͷʮ࡞༻ૉʹ
ΑΔ࣮ݱʯͱΈͳ͖͢ͷͰ͋Δ. ௨ৗͷଟ༷ମ্ͷඍ࡞༻ૉ͔ΒγϯϘϧΛ༩
͑Δࣸ૾ͱٯ͕͖ʹͳ͍ͬͯΔ͜ͱʹҙ͞Ε͍ͨ.

͜͜Ͱ, ,ʹͷϞνϕʔγϣϯΛઆ໌͢ΔͨΊߏ ௨ৗͷଟ༷ମ্ͷγϯϘϧࣸ૾ʹ
͍ͭͯ෮श͢Δ. ଟ༷ମM্ͷඍ࡞༻ૉDʹରͯ͠, ओγϯϘϧσ(D) ∈ C∞(T ∗M)

͕༨ଋ্ͷؔͱͯ͠ఆٛ͞ΕΔͷͰ͋ͬͨ. ,ॴతʹہ

D =
∑

I

aI(x)

(
∂

∂x

)I

+→ σ(D) =
∑

I: top degree

aI(x)ξ
I

ͳΔରԠͰ͋Δ. ,ճॏཁͳͷࠓ ͜Ε͕T ∗MͷʮϑΝΠόʔํͷϑʔϦΤมʯͰ
༩͑ΒΕ͍ͯΔͱ͍͏͜ͱͰ͋Δ. ͜ͷྨࣅΛ͑ߟ, ૉͱ༨τʔϥ༺࡞Bk্ͷࢠ֨
εଋX = T ∗M/(2πΛ∗)্ͷؔͱ͕, ʮϑΝΠόʔํͷϑʔϦΤల։ʯʹΑͬͯର
Ԡ͢Δ, ͱ͍͏ͷ͕ߏͷΞΠσΞͰ͋Δ. ,ॴతͳϞσϧͱͯ͠ہͣ· M = Rnʹඪ
४తͳaffineߏΛೖΕͨ߹ʹҎԼͷΑ͏ʹఆٛ͢Δ.

ఆٛ 11 (M = Rnͷ߹ͷఆٛ). M = Rnͱ͠,༨τʔϥεଋΛX = Rn×(R/2πZ)n
ͱ͓͘. C∞

b (X)Ͱ, C∞-ϊϧϜ͕Ұ༷ʹ༗քͰ͋Δؔͷͳ͢ઢۭؒܗΛ͋ΒΘ͢. ਖ਼
kʹରͯ͠, ઢ૾ࣸܗ

φk : C∞
b (X) → B(l2(Bk))

ΛҎԼͰఆٛ͢Δ. f ∈ C∞
b (X)͕༩͑ΒΕͨͱ͖, f(x, θ) =

∑
m∈Zn fm(x)e

√
−1⟨m,θ⟩ͱ

ϑʔϦΤల։ͨ͠͏͑Ͱ, φk(f)ͷʮྻߦཁૉʯ͕

⟨ψb,φ
k(f)ψc⟩ = fk(b−c) ((b+ c)/2) (12)

Ͱ͋ΔΑ͏ʹఆΊΔ. ͜͜Ͱ, b, c ∈ BkͰ͋Γ, ψb ∈ l2(Bk) ψb(b) = 1, ψb(c) = 0

(c ̸= b)ͳΔݩͱ͢Δ.

.ΈΔͯݟ୯ͳྫΛ؆ʹ࣍

ྫ 13. f(x, θ) = f0(x)ͷ߹, ͭ·Γ f͕ϑΝΠόʔํʹఆͰ͋Δ߹, φk(f)
f0ʹΑΔֻ͚࡞ࢉ༻ૉͰ͋Δ.

ྫ 14. ͋Δm ∈ Znʹରͯ͠ f(x, θ) = e
√
−1⟨m,θ⟩ ͱ͍͏ܗΛ͍ͯ͠Δͱ͖, φk(f)

ʮ(m/k)-γϑτ࡞༻ૉʯͰ͋Δ. ͭ·Γ, g ∈ l2(Bk)ʹରͯ͠,
(
φk(e

√
−1⟨m,θ⟩)g

)
(x) = g(x−m/k).
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ྫ 15 (ࠩ࡞༻ૉͷγϯϘϧ). ͜ͷߏͷརͷͻͱͭ, ଟ༷ମͷ֨ࣅۙࢠͰࣗવ
.ૉʯͷγϯϘϧ͕؆୯ʹॻ͚Δ͜ͱͰ͋Δ༺࡞ΕΔʮࠩݱʹ ֤1 ≤ i ≤ nʹରͯ͠,

iํͷલ͖ࠩ࡞༻ૉ∇k
i ∈ B(l2(Bk))Λ,

(
∇k

i g
)
(x) :=

g(x+ ei/k)− g(x)

1/k

ͱఆΊΔ. ͜͜Ͱ ei ∈ Rn iํͷ୯ҐϕΫτϧͰ͋Δ. ͜ͷͱ͖,

kφk
(
e−

√
−1θi − 1

)
= ∇k

i

Ͱ͋Δ͜ͱ͕؆୯ʹΘ͔Δ. ͭ·Γؔ e−
√
−1θi − 1 ∈ C∞

b (X)࡞༻ૉͷྻ{k−1∇k
i }k

ͷγϯϘϧͰ͋Δ.

ఆٛ11ҰݟRnͷ࠲ඪͷऔΓํʹґଘ͍ͯ͠ΔΑ͏ʹ͑ݟΔ͕, ࣮Rnͷaffine

.ͷΈʹΑͬͯఆ·͍ͬͯΔߏ ,ࡍ࣮ ఆ͢ΔݻΛࢠ֨ affineม x +→ Ax + b,

(A, b) ∈ GL(n,Z)"ZnʹΑͬͯ༨τʔϥεଋͷ࠲ඪ (x, θ) +→ (Ax+ b,tA−1θ) ͱม
,ΕΔ͜ͱʹҙ͢Δͱ͞ f ∈ C∞

c (X)Λ༩͑ͨͱ͖, b, c ∈ Bkʹରͯ͠ (12)ͷӈล
ͷ͜ͷ࠲ඪมͰෆมͰ͋Δ. ͜ͷ࠲ඪෆมੑͱ, ֤fʹରͯ͠φk(f)k → ∞Ͱ
,ॴԽ͍ͯ͘͜͠ͱͱΛ߹ΘͤΔͱہ ఆٛ 11ͷہॴతͳߏΛʮషΓ߹ΘͤΔʯ͜ͱ
ʹΑͬͯ, ҙͷ (༨τʔϥεଋ্ͷલྔࢠԽଋ͖ͭͷ) affineଟ༷ମMʹରͯ͠
.Ͱ͖Δߏ͕ૉͱγϯϘϧͷରԠʯ(10)༺࡞൛ʮඍࢠ֨

3.3. ओఆཧ

খઅ3.2Ͱߏͨ͠ʮ֨ࢠ൛γϯϘϧʯΛ༻͍ͯ,ʮ֨ࢠ൛Atiyah-SingerࢦఆཧʯΛ
ड़Δ. લখઅ 3.2ͷઃఆʹՃ͑ͯ, ͜ͷখઅͰM͕ดͰ͋Δ͜ͱΛԾఆ͢Δ. ઢܗ
ࣸ૾ (10)ࣗવʹྻߦؔʹର֦ͯ͠ு͞Ε, ࡞ͷࣗ໌ͳϕΫτϧଋ্ͷ্ࢠ֨
༻ૉ͕༩͑ΒΕΔ 1ɿ

φk : MN(C
∞(X)) → B(l2(Bk)⊗ CN).

·ͨ, ҎԼͰHilbert্ۭؒͷࣗڞݾ࡞༻ૉDʹରͯ͠, E≥0(D)ʹΑΓ۠ؒ (0,∞]

ʹରԠ͢ΔεϖΫτϧࣹӨ (ਖ਼ͷݻ༗ۭؒͷࣹӨ)Λ͋ΒΘ͢.

ఆཧ 16 ,ఆཧࢦ൛Atiyah-Singerࢠ֨) [13]). NΛҙͷࣗવͱ͢Δ. f ∈ MN(C∞(X))

ΛՄڞݾ͔ࣗͭٯͳྻߦؔͱ͠, {φk(f)}kΛରԠ͢Δ্֨ࢠͷ࡞༻ૉͷφk(f) ∈
B(l2(Bk)⊗ CN)ͱ͢Δͱ, ेେ͖ͳkʹରͯ͠ҎԼཱ͕͢Δ.

rank
(
E>0(φ

k(f))
)
= π!

(
[f ]⊗ [L]k

)
. (17)

͜͜Ͱ [L] ∈ K0(X)લྔࢠԽଋͷΫϥε, π! : K0(X) → K0(pt) = ZXͷࣗવͳ
spincߏ͔Βఆ·ΔKཧͷ push-forwardࣸ૾Ͱ͋Δ. ·ͨ, [f ] ∈ K0(X) fͷਖ਼
ͷݻ༗ଋ (x ∈ Xʹରͯ͠f(x) ͷਖ਼ͷݻ༗ۭؒΛରԠͤ͞Δ͜ͱʹΑΓͰ͖ΔX্ͷ
ϕΫτϧଋ)ͷΫϥεͰ͋Δ.

1ҰൠͷϕΫτϧଋ্ͷ࡞༻ૉΛѻ͍͍ͨͱ͖, ࣗ໌ଋʹຒΊࠐΊΑ͍ͷͰ, ͜ͷ߹Λ͑ߟΕ
ेͰ͋Δ.
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ӈลΛίϗϞϩδʔʹΑΔදࣜʹॻ͖ͤ, (17)ҎԼͱಉͰ͋Δ.

rank
(
E>0(φ

k(f))
)
= (2π

√
−1)− dimM

∫

X

ch(f)td(ω)e
√
−1kω (18)

ྫ 19. Ұ൪؆୯ͳྫͱͯ͠, f = 1 ∈ C∞(X)ͷ߹ΛͯݟΈΔ. ͜ͷ߹ φk(1) =

idl2(Bk)Ͱ͋Δ͔Β, (17)ͷࠨลdim l2(Bk) = ♯Bk,ͭ·ΓϨϕϧkͷBohr-Sommerfeld

ͷݸͱͳΔ. Ұํ, ӈล π!([L]k) LkͰ೧ͬͨX ্ͷ spinc-Dirac࡞༻ૉͷࢦ
Ind(DS⊗Lk)Ͱ͋Γ, ίϗϞϩδʔʹΑΔදࣔΛ༻͍Ε (2π)−n

∫
X td(ω)ekωͱͳΔ. ͠

͕ͨͬͯఆཧ16, ेk͕େ͖͍ͱ͖,

♯Bk = Ind(DS⊗Lk) (20)

ཱ͕͢Δͱ͍͏ओுʹͳΔ. ,ࡍ࣮ ྫ͑M = T nͷ߹ʹ, ྆ลknͰ͋Γҙ
ͷkͰཱ͕ࣜ͢Δ. ࣮Ұൠʹࣜ (20)ҙͷkͰཱ͢Δ ([2]).

3.4. ূ໌ʹ͍ͭͯɿมࢠྔܗԽͷཧͷԠ༻

ఆཧ16ͷূ໌ʹ, symplecticଟ༷ମͷมࢠྔܗԽͷཧΛ༻͍Δ. มࢠྔܗԽͱ͍͏
ֶతʹྺ࢙͋Δڀݚର͕, ͜ͷҰؔݟͷͳ͍ʹԠ༻Ͱ͖ͨͱ͍͏ͷ͕ຊڀݚ
ͷ໘ന͘৽͍͠෦Ͱ͋Δ.

symplecticଟ༷ମ (X,ω)͕༩͑ΒΕͨͱ͖, ؔC∞(X)ʹPoissonׅੵހ {·, ·}
͕, f, g ∈ C∞(X)ʹରͯ͠

{f, g} := ω(Hf , Hg)

Ͱఆ·Δ. ͜͜ͰHf , HgͦΕͧΕf, gͷHamiltonianϕΫτϧ (ω(Hf , ·) = dfͰఆ
·ΔϕΫτϧ)Λ͋ΒΘ͢.

ճࠓ (X,ω)ͷมࢠྔܗԽͱΑͿͷ, Ұൠʹ݁߹తͳͷ {A#}#(formalͳ
,ͱ(͢ڐ ઢ૾ࣸܗOp# : C

∞(X) → A#ͷͰ͋ͬͯ, ͷ݅࣍

Op#(f)Op#(g) = Op#(fg) +O(#),
[Op#(f),Op#(g)] = #Op#({f, g}) +O(#2),

Λຬͨ͢ͷͰ͋Δ. ۩ମతʹ, ҎԼͷ2छྨͷมࢠྔܗԽΛ͑ߟΔ.

• formalͳมࢠྔܗԽ.

C∞(X)[[#]]ͷ݁߹తͳੵߏ⋆Ͱ͋ͬͯ, 1͕୯ҐݩͰ͋Γ,

f ⋆ g = fg +O(#),
f ⋆ g − g ⋆ f = #{f, g}+O(#2),

Λຬͨ͢ͷΛ formalͳมࢠྔܗԽͱΑͿ. ͜Ε {A#}# = (C∞(X)[[#]], ⋆),
Op#(f) = f ͱͨ͠ͷʹରԠ͢Δ.

• strictͳมࢠྔܗԽ.

Hilbertۭؒͷྻ {Hk}∞k=1ͱਵΛอͭઢ૾ࣸܗͷྻQk : C∞
c (X) → B(Hk)ͷ

Ͱ͋ͬͯ,

∥Qk(f)∥ → ∥f∥C0 ,
∥∥∥∥[Q

k(f), Qk(g)] +

√
−1

k
Qk({f, g})

∥∥∥∥ = O

(
1

k2

)
,
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Λຬͨ͢ͷΛ strictͳมࢠྔܗԽͱΑͿ. ͜Ε্ͷఆٛͰ # = −
√
−1/kͱ

͠, A−
√
−1/k = B(Hk), Op−

√
−1/k = Qkͱͨ͠ͷʹରԠ͢Δ.

࣮, খઅ 3.2Ͱߏͨ֨͠ࢠ൛ʮඍ࡞༻ૉͱγϯϘϧͷରԠʯ(10), ༨τʔ
ϥεଋXͷ strictͳมࢠྔܗԽʹͳ͍ͬͯΔ.

໋ 21. Hilbertۭؒͷྻ{l2(Bk)}kͱࣜ (10)ͷઢ૾ࣸܗφk : C∞
c (X) → B(l2(Bk))ͷ

, (X,ω)ͷ strictͳมࢠྔܗԽΛ༩͑Δ.

Ұํଟ͘ͷ߹, มࢠྔܗԽͱ͍͏ͱ formalͳมࢠྔܗԽͷ͜ͱΛ͠ࢦ, ͪ͜Βͷํ
͕ओʹ͞ڀݚΕ͖ͯͨ. ಛʹ, formalͳมࢠྔܗԽʹରͯ͠, Atiyah-Singerͷࢦఆ
ཧͷʮ൛ʯͰ͋Δ, Nest-TsyganʹΑΔʮతࢦఆཧʯ͕ΒΕ͍ͯΔ.

࣮ࣄ 22 (తࢦఆཧ, Nest-Tsygan [11] 1995). ด symplectic ଟ༷ମ (X,ω) ͷ
formalͳมࢠྔܗԽ (C∞(X)[[#]], ⋆)͕༩͑ΒΕͨͱ͢Δ. ⋆ʹؔ͢Δ͖ݩ e ∈
MN(C∞(X))[[#]]͕༩͑ΒΕͨͱ͖, e = e0 +O(#)ͱ͋ΒΘ͢ͱ, ҎԼཱ͕͢Δ.

τ(e) =

∫

X

ch(e0)td(ω)e
−c1(ω)/2eθ/#.

͜͜Ͱτ : C∞(X)[[#]] → C[#−1, #]]ඪ४తͳτϨʔε൚ؔ(τ(f ⋆g) = τ(g⋆f)Λຬͨ
͢C[[#]]-ઢ૾ࣸܗͰ͋Γ, ඪ४తͳબͼํ͕ଘ͢ࡏΔ)Ͱ͋Δ. ·ͨ, ch(e0) ∈ Ωeven(X)

MN(C∞(X))ͷ͖ݩ e0ͷChernࢦඪ, θ ∈ H2(X;C[[#]])มࢠྔܗԽ ⋆ͷఆΊ
Δಛੑྨ .Ͱ͋Δ(রࢀ[11])

ఆཧ16 (͋Δ͍ίϗϞϩδʔʹΑΔެࣜ (18))ͱ22࣮ࣄͱͯߏͨࣅΛ͍ͯ͠
Δ. ͱ͍͏ͷ, ྆ऀͱʹ symplecticଟ༷ମͷมࢠྔܗԽΛ༩্͑ͨͰ, ม͞ܗΕͨ
 {A#}#ʹ͓͚Δ͖ݩͷτϨʔε ,Λ(ลࠨ) ରԠ͢ΔՄC∞(X)ͷݩ (γ
ϯϘϧ)ͷίϗϞϩδʔྨʹΑΓද͢ (ӈล)ެࣜͱΈΔ͜ͱ͕Ͱ͖Δ͔ΒͰ͋Δ. ͜͜
Ͱ, ఆཧ16ͷࠨล࡞༻ૉͷτϨʔε (B(l2(Bk))ͷτϨʔε൚ؔ)Λ༻͍ͯ

rank
(
E>0(φ

k(f))
)
= Trace(E>0(φ

k(f)))

ͱදࣔͰ͖Δ͜ͱΛ༻͍ͨ. ͦ͜Ͱ, ఆཧࢦ൛Atiyah-Singerࢠ֨ (ఆཧ 16)Λత
ఆཧࢦ ࣮ࣄ) 22)ͷʮstrict൛ʯͱΈͳͯ͠, strictͳมࢠྔܗԽ {φk}kΛ formalͳม
,ԽͱʮରԠ͚ͮΔʯ͜ͱͰࢠྔܗ తࢦఆཧΛԠ༻͠Α͏, ͱ͍͏ͷ͕ূ໌ͷΞ
ΠσΞͰ͋Δ.

,ࡍ࣮ strictͳมࢠྔܗԽ{φk}kҎԼͷҙຯͰ formalͳมࢠྔܗԽ(C∞(X)[[#]], ⋆MY )

Λ༠ಋ͢Δ͜ͱ͕ࣔ͞ΕΔ. ͜͜Ͱ⋆MY Moyal-Weylੵ 2 Ͱ͋Δ. Moyal-WeylੵΛ

f ⋆MY g =
∞∑

j=0

#jCj(f, g).

ͱ͋ΒΘ͢ͱ, ҎԼཱ͕͢Δ.

2 (R2n, tdx∧ dθ)ʹೖΔ࠷ඪ४తͳ formalͳมࢠྔܗԽ͕Moyal-WeylੵͱݺΕ͍ͯΔ ([12]ͳͲΛ
.(রࢀ ճXࠓ = T ∗M/(2πΛ∗)ʹฏୱͳ symplecticଓ͕ೖΔͨΊ, Moyal-WeylੵΛେҬతʹష
Γ߹ΘͤΔ͜ͱ͕Ͱ͖Δ. ͜͜Ͱ͜ͷ formalͳมࢠྔܗԽΛMoyal-WeylੵͱݺΜͰ͍Δ.
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໋ 23. ҙͷf, g ∈ C∞(X)ͱ l ∈ Nʹରͯ͠, k → ∞ʹ͓͍ͯҎԼཱ͕͢Δ.

∥∥∥∥∥φ
k(f)φk(g)−

l∑

j=0

(
−
√
−1

k

)j

φk (Cj(f, g))

∥∥∥∥∥ = O

(
1

kl+1

)

͜Ε͕Θ͔Δͱ, strictͳมࢠྔܗԽ{φk}kͱ formalͳมࢠྔܗԽ (C∞(X)[[#]], ⋆MY )

ʹҎԼͷରԠ͕Ͱ͖Δ.

strictͳมࢠྔܗԽ{φk}k formalͳมࢠྔܗԽ (C∞(X)[[#]], ⋆MY )

ૉͷ߹༺࡞ φk(f)φk(g) Moyal-Weylੵ f ⋆MY g

ૉͷτϨʔε༺࡞ Trace τϨʔε൚ؔ τ

͜ͷରԠΛ༻͍Δͱ, ఆཧ16తࢦఆཧ .Λద༻͢Δ͜ͱͰै͏(22࣮ࣄ)

4. ༺ήʔδཧͷԠࢠ֨
͜ͷઅͰ, અ2Ͱड़ͨ֨ࢠήʔδཧͷʹରͯ͠, ఆࢦ൛Atiyah-Singerࢠ֨
ཧ (ఆཧ16)ΛԠ༻͢Δ͜ͱͰτϙϩδΧϧͳղ๏Λ༩͑Δ.

4.1. ઃఆ

·ͣઃఆΛड़Δ.

• nΛۮͱ͠, M = T n = (R/Z)nͱ͢Δ. M্ʹඪ४తͳྔܭͱฏߦҠಈෆม
ͳεϐϯߏΛೖΕΔ. Bk = ( 1kZ/Z)

n ⊂ MΛϨϕϧkͷ֨ࢠू߹ͱ͢Δ.

• Cln Λ n࣍ෳૉΫϦϑΥʔυͱ͢Δ. ͜Ε nݸͷੜݩ {ci}ni=1 ͱؔࣜ
cicj + cjci = −2δijͰC্ੜ͞ΕͨͰ͋Δ. c∗i = −ciʹΑͬͯ∗-ߏΛೖ
ΕΔ. γ := c1c2 · · · cnͱ͓͘ͱ, γci + ciγ = 0ཱ͕͢Δ.

• SΛn࣍εϐϊϧۭؒ, ͭ·ΓClnͷطදۭؒݱͱ͢Δ ([10]ͳͲΛࢀর). ͜Ε
γͷ࡞༻ʹΑΓS = S+ ⊕ S−ͱZ2-͚࣍ΒΕΔ. M্ͷεϐϊϧଋࣗ໌
ଋS = M × SͰ͋Δ.

• (E,∇E)ΛM্ͷଓ͖hermitianϕΫτϧଋͱ͢Δ.

ϕΫτϧଋEͰ೧ͬͨM্ͷDirac࡞༻ૉͷFredholmࢦΛ͔ࣅۙࢄΒ෮͠ݩ
͍ͨ, ͱ͍͏ͷ͕Ͱ͋Δ. ͜͜Ͱ, Dirac࡞༻ૉ (࿈ଓଆͷ࡞༻ૉ)ҎԼͰఆٛ͞
ΕΔ.

ఆٛ 24. M্ͷEͰ೧ͬͨDirac࡞༻ૉD : L2(M ;S ⊗ E) → L2(M ;S ⊗ E)ΛҎԼ
Ͱఆٛ͢Δ.

D :=
n∑

i=1

ci∇S⊗E
∂i

.

͜͜Ͱ∇S⊗E∇EͱS্ͷࣗ໌ଓͷςϯιϧੵͰఆ·ΔଓͰ͋Δ. ͜ΕγʹΑ
ΔZ2͚࣍ʹؔͯ͠odd͔ͭࣗڞݾͳପԁܕඍ࡞༻ૉͰ͋Δ.

Ұํ, ,ૉͱͯ͠༺࡞ଆͷࢠ֨ ҎԼͷͷΛ͑ߟΔ.
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ఆٛ 25. ֤ਖ਼kʹରͯ͠, l2(Bk; (S⊗E)|Bk
)্ͷ࡞༻ૉ∇k

i , D
k
naive,W

kΛҎԼͰఆ
ٛ͢Δ.

• ֤ 1 ≤ i ≤ nʹରͯ͠, i-ํͷલ͖ࠩ࡞༻ૉ∇k
i Λྫ 15ͱಉ༷ʹఆΊΔ. ͨ

.ҠಈΛ༻͍Δඞཁ͕͋Δߦճ∇EʹΑΔฏࠓͩ͠

• Ϩϕϧkͷ֨ࢠDirac࡞༻ૉDk
naiveΛҎԼͰఆΊΔ.

Dk
naive :=

n∑

i=1

ci
∇k

i − (∇k
i )

∗

2
.

͜ΕZ2͚࣍ʹؔͯ͠oddͳ࡞༻ૉͰ͋Δ.

• Wilson߲ W kΛҎԼͰఆΊΔ.

W k :=
n∑

i=1

∇k
i + (∇k

i )
∗

2
.

͜ΕZ2͚࣍ʹؔͯ͠ evenͳ࡞༻ૉͰ͋Δ.

ૉDk༺࡞ૉͱWilson߲ͷΛͱͬͯͰ͖ͨ༺࡞Diracࢠ֨
DW := Dk

naive + γW kΛ
Wilson-Dirac࡞༻ૉͱΑͿ. ͞Βʹ, ਖ਼ͷఆm > 0ʹରͯ͠ʮ࣭ྔ߲ʯmkγΛՃ͑
ૉDk༺࡞ͨ

DW +mkγΛ࣭ྔ͖Wilson-Dirac࡞༻ૉͱΑͿ. ͜Εࣗڞݾͳ࡞༻
ૉͰ͋Δ͕,ɹ࿈ଓͷDirac࡞༻ૉ͕Z2͚࣍ʹؔͯ͠odd Ͱ͋ͬͨͷʹରͯ͠, ࣭
ྔ͖Wilson-Dirac࡞༻ૉ֨ࢠಛ༗ͷ߲Ͱ͋ΔWilson߲ͱ࣭ྔ߲ͷӨڹͰ odd Ͱ
ͳ͍. ͭ·Γ, S ⊗ E = (S+ ⊗ E)⊕ (S− ⊗ E)ͱ͍͏ղʹؔͯͦ͠ΕͧΕͷ࡞༻ૉ
ҎԼͷܗΛ͍ͯ͠Δ.

D =

(
0 D+

D− 0

)
, Dk

DW +mγ =

(
W k

+ +mk Dk
+

Dk
− −W k

− −mk

)
.

࣭ྔ͖Wilson-Dirac࡞༻ૉͷਖ਼ͷݻ༗ۭؒͷ͕ݩ࣍࿈ଓͷDirac࡞༻ૉͷFredholm

Λkࢦ → ∞Ͱ෮͢ݩΔ, ͱ͍͏3࣮ࣄʹରͯ͠, ৽͍͠ূ໌Λ༩͑Δͷ͕ඪͰ͋Δ.

4.2. ূ໌ͷུ֓

,3࣮ࣄ ࿈ଓଆͷղੳతࢦ ࢦଆͷղੳతࢠͱ֨(ลࠨ) (ӈล)ͷҰக, ͱݟΔ͜ͱ
͕Ͱ͖Δ. ͦ͜Ͱূ໌ͷΞΠσΞ, ࿈ଓଆʹAtiyah-SingerͷࢦఆཧΛ, ʹଆࢠ֨
֨ࢠ൛Atiyah-SingerࢦఆཧΛద༻͠, ྆ऀͷҐ૬తࢦͭ·ΓγϯϘϧΛൺֱ͢
Δ͜ͱʹؼண͢Δ, ͱ͍͏ͷͰ͋Δ. ͜͜ͰݤͱͳΔͷ͕, ҎԼͷՄਤࣜͰ͋Δ.

K0(T ∗M)
iT∗M ! !!

π!

""▲
▲▲

▲▲
▲▲

▲▲
▲

K0(X)

π!##""
""
""
""
"

K0(pt)

(26)

͜͜Ͱ, iT ∗M : T ∗M ↪→ X = T ∗M/(2πΛ∗)ྵஅM ⊂ Xͷۙͷ։ຒΊࠐΈͰ
͋Δ. (26)ͷՄੑ, push-forwardͷؔखੑΑΓΘ͔Δ. ࢦଆͷࣸ૾͕࿈ଓଆͷࠨ
ࣸ૾, ӈଆͷࣸ૾͕֨ࢠଆͷࢦࣸ૾Ͱ͋Δ͜ͱΑΓ, ࿈ଓ൛ͱ֨ࢠ൛ͷγϯϘϧ͕
iT ∗M ! : K0(T ∗M) → K0(X)ͰͲ͏ؔ͢Δ͔ΛௐΕΑ͍. ۩ମతʹূ໌ҎԼ
ͷεςοϓ͔ΒͳΔ.
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(1) ࣭ྔ͖Wilson-Dirac࡞༻ૉʹରԠ͢ΔγϯϘϧ fDW (m,E) ∈ MN(C∞(X))Λ
.Δ͚ͭݟ

(2) .ͷࣜΛࣔ࣍͢

iT ∗M !([σ(D)]) = [fDW (m,E)]− [−γ]⊗ [E]

= ([fDW (m,E)]− [−γ]⊗ [E])⊗ [L]k (27)

(3) Atiyah-Singerࢦఆཧ ࣮ࣄ) 6)ͱ֨ࢠ൛Atiyah-Singerࢦఆཧ (ఆཧ 16), ͞Β
ʹՄਤࣜ (26)ͱࣜ (27)ΛΈ߹ΘͤΔͱ, .3͕ै͏࣮ࣄ

֤εςοϓʹ͍ͭͯ, ؆୯ʹઆ໌͢Δ.

(1)ʹ͍ͭͯ. ·ͣE͕ࣗ໌ଋ(E,∇E) = (C, d)ͷ߹Λ͑ߟΔ. fDW (m) ∈ C∞(X)⊗
End(S)ΛҎԼͰఆٛ͢Δ.

fDW (m) :=
n∑

i=1

{
−
√
−1ci sin θi + γ (cos θi − 1)

}
+mγ. (28)

ྫ15ͱಉ༷ͷࢉܭʹΑΓ, ҎԼ͕Θ͔Δ.

φk (fDW (m)) = k−1(Dk
DW +mkγ).

͕ͨͬͯ͠ fDW (m)࣭ྔ͖Wilson-Dirac࡞༻ૉͷ k−1ഒʹରԠ͢ΔγϯϘϧͰ͋
Δ. ͜͜Ͱ, ఆཧ16ͷ݅Ͱ͋ͬͨ, γϯϘϧͷՄੑٯΛ͔֬ΊΔ.

(fDW (m))2 =

⎧
⎨

⎩

n∑

i=1

sin2 θi +

(
n∑

i=1

(cos θi − 1) +m

)2
⎫
⎬

⎭

Ͱ͋Δ͜ͱΑΓ, m /∈ {0, 2, · · · , 2n}Ͱ͋ΕfDW (m)ՄٯͰ͋Δ͜ͱ͕Θ͔Δ.

͜͜Ͱ, Wilson߲࣭ྔ߲Λಋೖ͠ͳ͔ͬͨ߹, ͭ·ΓφΠʔϒͳ֨ࢠDirac࡞༻
ૉDk

naiveΛͨ͑ߟͳΒ, ରԠ͢ΔγϯϘϧ͕θi ∈ {0, π}ͳΔͰՄٯͰͳ͘ͳͬͯ͠
·͏ͨΊ, ఆཧ͕ద༻Ͱ͖ͳ͍͜ͱʹҙ͢Δ. ͜Ε͕,  1ʹ͓͍ͯʮφΠʔϒͳۙ
.Ͱ͏·͍͔͘ͳ͍ʯ͜ͱͷཧ༝ͱղऍͰ͖Δࣅ

E͕Ұൠͷ߹, ಉ༷ʹͯ͠
{
k−1

(
Dk

DW +mkγ
)}

k
ʹରԠ͢ΔγϯϘϧͷͳ͢Kཧ

ͷΫϥε [fDW (m)]⊗ [E] ∈ K0(X)Ͱ༩͑ΒΕΔ͜ͱ͕Θ͔Δ.

(2)ʹ͍ͭͯ. .Ͱ͋Δ࣮ࣄͷ࣍ͱͳΔͷݤ ͜Ε͕, ʮ࿈ଓ൛Dirac࡞༻ૉͷΑ͍֨
.ૉͰ͋Δʯ͜ͱͷཧ༝ͱղऍͰ͖Δ༺࡞Wilson-Dirac͕ࣅۙࢠ

ิ 29. 0 < m < 2ͱ͢Δ. ࣜ(28)Ͱఆٛ͞ΕΔfDW (m)ΛC∞((R/(2πZ))n)⊗End(S)

ͷݩͱΈͳͨ͠ͱ͖, K0((R/(2πZ))n)ʹ͓͍ͯҎԼͷཱ͕ࣜ͢Δ.

ipt! ([1]) = [fDW (m)]− [−γ].

͜͜Ͱ ipt : {pt} ↪→ (R/(2πZ))n 1ͷຒΊࠐΈͰ͋Γ [1] ∈ K0(pt)ੜݩΛ͋Β
Θ͢.

ิ 29ΛೝΊΔͱ, ࣜ (27), iM : M ↪→ T ∗MΛྵஅͷຒΊࠐΈͱ͢Δͱ࿈
ଓଆͷDirac࡞༻ૉͷγϯϘϧͷΫϥε͕

[σ(D)] = iM !([E])

Ͱ༩͑ΒΕ͍ͯͨ͜ͱ, ͓Αͼྵஅ͕XͷLagrange෦ଟ༷ମͰ͋ΔͨΊલྔࢠԽ
ଋLͷ੍͕ݶฏୱଋͰ͋Δ͜ͱ, ΑΓ؆୯ʹै͏.
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5. ະղܾ
ຊڀݚͰ, ดͰ͋Δ affineଟ༷ମͷ্֨ࣅۙࢠͰͷࢦఆཧͱ͍͏, ଟ༷ମͷࢄ
.Λѻͬͨͱ͍͑Δگຊతͳঢ়ج࠷͔Β؍ͱ͍͏ࣅۙ ؔ࿈ͯ͠ະղܾͰ͋Δ
ͨ͘͞Μ͋Δ͕, ҎԼʹ2ͭͷΛ͛ڍΔ.

 30. affineଟ༷ମͱݶΒͳ͍ଟ༷ମͷࣅۙࢄʹରͯ͠,ʮ֨ࢠ൛γϯϘϧͱ
ఆࢦ൛Atiyah-SingerࢠͰ͖ͳ͍͔ʁͦΕΛ༻͍ͯಉ༷ͷʮ֨ߏૉͷରԠʯΛ༺࡞
ཧʯΛΑΓҰൠʹཱ֬Ͱ͖ͳ͍͔ʁ

ଟ༷ମͷࣅۙࢄͱ͍ͬͨ߹༷ʑͳΫϥεͷͷ͕͑ߟΒΕΔ͕, ճͷख๏ͱಉࠓ
༷ʹτʔϥεଋͷมࢠྔܗԽͷཧΛԠ༻͠Α͏ͱ͢ΔͳΒ, ಛҟϑΝΠόʔΛ͢ڐ
Lagrangeτʔϥεଋͷఈۭؒͱͯ͠ݱΕΔΑ͏ͳ, ಛҟੑΛ͢ڐaffineଟ༷ମΛ͑ߟ
Δͷ͕ࣗવͰ͋Δ. ͜ͷΑ͏ͳରʹཧΛ֦ுͰ͖Ε, ྫ͑M = S2ͷ߹ͳ
Ͳ, ѻ͑Δଟ༷ମ͕֨ஈʹ૿͑ͯཧଆ͔Βֶଆ͔Βඇৗʹ໘ന͍ͱࢥΘΕΔ.

 31. ఆཧࢦք͖ͭଟ༷ମ্ͷAtiyah-Patodi-Singerڥ ([4])ʹରͯ͠, ಉ༷ͷʮ֨
,͍ͯ༺൛ʯ͕Ͱ͖ͳ͍͔ʁͦΕΛࢠ Wilson-Dirac࡞༻ૉͷࢦͷऩଋͷAPS൛
([6])ʹରֶͯ͠తূ໌Λ༩͑Δ͜ͱͰ͖ͳ͍͔ʁ

,ࢦૉʹର͢ΔAtiyah-Patodi-Singer༺࡞ܕք͖ͭଟ༷ମ্ͷପԁڥ ཧʹ͓͍
ͯۙ࠷ΛूΊ͍ͯΔ. ਂ୩-Ҫ-দ--தࢁ-େ-ޱࢁ ([6]), ʮυϝΠϯ
ΥʔϧʯΛಋೖͨ͠Wilson-Dirac࡞༻ૉΛ͑ߟΔ͜ͱͰ, ࣮ࣄ 3ͷAPS൛ཱ͕͢
Δ͜ͱΛཧతٞʹΑΓ༧ͨ͠. ຊߨԋͰհͨ֨͠ࢠ൛Atiyah-Singerࢦఆཧ
ͷAPS൛Λߏ͢Δ͜ͱͰ, ൴Βͷ༧ʹରֶͯ͠తূ໌Λ༩͑Δ͜ͱͰ͖ͳ͍
͔ʁͱ͍͏ͷ͕Ͱ͋Δ.
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