
A geometric description of the Riedemeister-Turaev torsion of
3-manifolds

ਗ਼ਫ ୡ (େཱࢢࡕେֶֶڀݚॴ/ژେֶཧղੳڀݚॴ)

1 ओ݁Ռͷ֓ཁ

ຊߘͰɼ͚͖ͮΒΕͨด ଟ༷ମͷReidemeister-Turaevݩ࣍3 torsionͱChern-
Simonsઁಈʹ༝དྷ͢Δ͋ΔෆมྔͷؒͷؔࣜΛհ͢Δɽ͜ͷࣜ྆ऀ͕ఆ
ഒΛআ͖ՁͳใΛͭ͜ͱΛࣔࠦ͢Δɽ͜ͷࣜ LecsopʹΑΔ Betti 1ͷ 3
ଟ༷ମʹର͢Δެࣜݩ࣍ ([12])ͷ֦ு͓Αͼਫ਼ີԽͱҐஔ͚ͮΔ͜ͱ͕Ͱ͖Δɽ

MΛ͖͚ΒΕͨด ଟ༷ମͱ͠ɼHݩ࣍3 = H1(M ;Z)/Torͱ͓͘ɽHͷ܈ԋ
ͷHݩRHͷମΛQ(H)ͱॻ͘ɽHͷ܈ੵͰද͢͜ͱʹ͢ΔɽHͷR্ͷࢉ
ͷੵ࡞༻ࣗવʹQ(H)ͷ࡞༻Λ༠ಋ͢Δɽ͜ΕΛ

ρ0 : H → Aut Q(H) = Q(H)×

ͱॻ͘͜ͱʹ͢Δɽͳ͓ɼଓ͘ 2ষͰQ(H) ρ0ΛجఈΛ༻͍ͯ۩ମతʹදࣔ͢Δɽ
ρ0(͋Δ͍جຊ܈ͷΞʔϕϧԽͱͷ߹ʣ

(π1(M) →)H
ρ0→ Q(H)×

M ͷ্ͷہॴܥΛఆΊΔɽ͜ͷہॴܥಉ͡ه߸ ρ0Ͱॻ͘͜ͱʹ͢ΔɽҎ߱ ρ0
͕ඇྠঢ়Ͱ͋Δ͜ͱΛԾఆ͢Δɿ

Hi(M ; ρ0) = 0 (i = 0, 1, 2, 3).

eΛM ͷ Eulerߏͱ͢Δ (Eulerߏʹؔͯ͠ 2ষΛࢀর)ͱɼReidemeister-
Turaev torsion

Tor(M, e) ∈ Q(H)×

͕ఆٛ͞ΕΔ (3ষ)ɽReidemeister-Turaev torsionMͷ ρ0νΣΠϯෳମͷڥ
ք४ಉ͕ͭ࣋ܕతใʢຊ࣭తʹࣜྻߦʣΛ༻͍ͯఆٛ͞ΕΔɽ
ଞํM ͱ e͔ΒزԿֶతͳߏΛͯܦผͷෆมྔ

d(M, e) ∈ H ⊗Q(H)

͕ఆٛ͞ΕΔ (4ষ)ɽओ݁Ռ͜ͷTor(M, e)ͱ d(M, e)͕ఆͷใΛআ͍ͯՁ
Ͱ͋Δ͜ͱΛओு͢Δɽ
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ఆཧ. ࣸ૾D : Q(H)× → H ⊗Q(H) ͕͋ͬͯҎԼ͕Γཱͭɽ

D(Tor(M, e)) = d(M, e).

ఆཧதͷDରඍΛ༻͍ͯఆٛ͞ΕΔࣸ૾Ͱ͋Γɼఆͷใ͕ࣦΘΕͯ
͍Δ ࡉৄ) 5ষ)ɽd(M, e)Chern-Simonsઁಈʹਂؔ͘ΘΔෆมྔͰ͋Γɼେࡶ
ʹ͑ݴɼMͱMͷੵଟ༷ମM ×MͰͷର֯ઢू߹∆ = {(x, x) | x ∈ M}
ͷࣗݾབྷΈ (self-linking number)ͱͯ͠ఆٛ͞ΕΔɽࣗݾབྷΈΛఆٛ͢Δʹ
framing͕ඞཁ͕ͩɼͦͷׂ Eulerߏ e͕Ռͨ͢ɽ

ҙ 1.1. Lescop [12]ʹ͓͍ͯ rkH = 1ͷ߹ʹ d(M, e0) Λ͠ࢉܭɼఆཧͷࣜΛ
ಘ͍ͯΔɽ͜͜Ͱ e0͋ΔରশੑΛຬͨ͢ಛผͳEulerߏΛબΜͰ͍Δ (2.2ষࢀ
র)ɽ্ͷఆཧ Lescopͷ݁ՌΛ rkH ≥ 2ͷ߹ʹ֦ு͢Δͱಉ࣌ʹ Eulerߏʹ
ΑΔਫ਼ີԽΛ༩͑Δͷʹͳ͍ͬͯΔɽ

2 ઃఆͷৄࡉ

2.1 ଟ༷ମͱදݱ ͍ͯͭʹ(ܥॴہ)

M Λ͚͖ͮΒΕͨด ɼH܈ຊجଟ༷ମɼπ1Λͦͷݩ࣍3 = H1(M ;Z)/TorΛͦͷ
ࢉͷԋ܈ͰϗϞϩδʔߘͷͶ͡Ε͕ͳ͍෦ͱ͢Δɽຊ܈ϗϞϩδʔݩ࣍1 ͱ܈)
ͯ͠ͷԋࢉ)ੵͰॻ͘͜ͱʹ͢ΔɽHͷجఈ {t1, . . . , tk} ⊂ HΛҰͭݻఆ͓ͯ͘͠:

H = {tn1
1 · · · tnk

k | ni ∈ Z}.

Hͷ܈Λ
RH = {

∑

n1,...,nk

an1,...,nk
tn1
1 · · · tnk

k },

ͦͷମΛ
Q(H) = {f/g | f, g ∈ RH, g '= 0}

ͱ͢Δɽදݱ ρ0 : (π1 →)H → Q(H)×͕ఆΊΔM ͷ্ͷہॴܥ ρ0Ͱॻ͖ɼ͜ͷ
܈ͷϗϞϩδʔܥॴہ

H∗(M ; ρ0)

͕ͯ͢ফ͍͑ͯΔ (ͭ·Γ ρ0͕ඇྠঢ়Ͱ͋Δ)͜ͱΛԾఆ͢Δɽ

2.2 Eulerߏʹ͍ͭͯ

M্ͷඇྵϕΫτϧX,X ′͕ϗϞϩΨεͰ͋ΔͱɼM͔Β 1Λআ͍ͨଟ༷ମ
M \{pt}ͷ੍ݶX|M\{pt},X ′|M\{pt}͕ϗϞτϐοΫͰ͋Δͱ͖Λ͍͏ʢผͷํ͍ݴ
Λ͢Ε 2εέϧτϯͷ੍͕ݶϗϞτϐοΫͱ͍͏͜ͱʣɽM ্ͷඇྵϕΫτ



ͷϗϞϩΨεʹΑΔಉྨΛEulerߏͱ͍͏ɽEulerߏʹ͍͔ͭ͘ͷಉͳݴ
͍͔͕͑ଘ͠ࡏɼಛʹ spincߏͱͷؔReidemeister torsionͱ Seiberg-Witten
ෆมྔͷؔΛ͢ߟΔ͏͑ͰॏཁͰ͋Δɽ͜͜ͰɼޙͰඞཁͱͳΔMorseؔ
Λ͍͑ݴͨͬΛհ͢Δɽ

MorseؔΛ༻͍ͨ Eulerߏͷ͍͑ݴ

f : M → RΛM ͷ্ͷMorseؔͱ͢ΔɽM ʹRiemannྔܭΛͻͱͭݻఆ͠ɼ
ޯϕΫτϧ gradfΛऔΔɽgradfʹ༗ݸݶͷྵ (Morseಛҟ)͕͋Δ͕ɼͦ
ΕΛ

Crit(f) = (gradf)−1(0) = {p1, . . . , pk, q1, . . . , qk}
ͱ͢Δɽ͜͜Ͱಛҟ p1, . . . , pkͷMorseࢦۮͰ͋Γɼಛҟ q1, . . . , qkͷͦ
ΕحͰ͋Δͱ͢ΔɽM ʹຒΊࠐ·ΕͨՄॖͳίϯύΫτ͚͖ͮΒΕͨ ࣍1
ଟ༷ମݩ ef Ͱ͋ͬͯɼ

∂ef =
∑

i

pi −
∑

i

qi

ͱͳΔͷΛͱΔɽgradfͷྵΛ ef ͷۙͰඇྵϕΫτϧʹஔ͖͑Δ͜ͱͰɼ
M ͷඇྵϕΫτϧΛಘΔ͜ͱ͕Ͱ͖ΔɽͦͷҰͭΛ gradf/ef ͱॻ͘͜ͱʹ͢Δɽ
ஔ͖͑ͷํ๏ʹ ambiguity͕͋ΔͷͰ gradf/efҰҙͰͳ͍͕ɼද͢ΔEuler
Δͱɼ∂e′f͢ߟʹཧΛ༻͍ͯ͞ΒҰҙʹఆ·Δɽোߏ =

∑
i pi −

∑
i qiΛ

ef ͷผͷબͱ͢Δͱ͖ɼef ͱ e′f ͷ͕ࠩఆΊΔ 1αΠΫϧ [ef − e′f ] ∈ H1(M ;Z)͕
0Ͱ͋Δ͜ͱͱɼgradf/efɼgradf/e′f ͕ද͢Δ Eulerߏ͕Ұக͢Δ͜ͱ͕ಉ
Ͱ͋Δ͜ͱ͕͔Δɽ1

ରশੑΛͭ࣋ Eulerߏ

M্ͷϕΫτϧXʹର֤͠ͰҰ੪ʹ−1ഒΛͯ͠ಘΒΕΔϕΫτϧΛ−X
ͱॻ͘͜ͱʹ͢ΔɽM ΒΕ͚͖͕ͨͮ ଟ༷ମͰ͋Δ͜ͱ͔ΒɼX0ͱ−X0ݩ࣍3

͕ϗϞϩΨεͰ͋ΔΑ͏ͳඇྵϕΫτϧX0͕ଘ͢ࡏΔ͜ͱ͕Θ͔Δɽҙ 1.1ʹ
͓͍ͯ͜ͷX0͕ද͢Δ Eulerߏʢͷ 1ͭΛʣe0ͱॻ͍ͨɽ

3 Reidemeister-Turaev torsion Tor(M, e)

͜ͷষͰReidemeister-Turaev torsionͷ 1ͭͷఆٛ (MorseؔΛ༻͍ͨͷ)ͷ
ུ֓Λड़ΔɽΑΓৄ͘͠ྫ͑ [14]Λࢀরɽ·ͣඇྠঢ়νΣΠϯෳମʹର͢
ΔReidemeister torsionͷఆٛΛड़Δɽ

C∗ = (C∗, ∂) = · · · → Cn+1
∂n+1→ Cn

∂n→ Cn−1 → · · ·

1͜ͷ͜ͱ͔Βಛʹ Euler ߹શମͷूߏ Eul(M)  H1(M ;Z) ΛਵϕΫτϧۭؒͱ͢Δ affine ۭؒͷߏΛͭ࣋͜
ͱ͔Δɽ



Λҙͷඇྠঢ়ෳମͱ͢Δɽ֤Cnମ F ্ͷ༗ݩ࣍ݶઢۭؒܗͱ͢Δɽ͜ͷͱ͖ɼ
degreeΛ 1্ͭ͛Δ४ಉܕ

g = (gn : Cn−1 → Cn)n

Ͱɼͯ͢ͷ nʹରͯ͠

∂n+1 ◦ gn+1 + (−1)ngn ◦ ∂n = idCn

Λຬͨ͢ͷ͕औΕΔɽCeven = ⊕n:evenCn, Codd = ⊕n:oddCnͱ͓͘ͱ͖ɼ

∂ + g(= (⊕n:even∂n)⊕ (⊕n:oddgn)) : Ceven → Codd

ઢܗಉ૾ࣸܕͱͳΔɽCeven ⊕Coddͷجఈ cΛ 1ܾͭΊΔ͜ͱͰ ∂ + gͷࣜྻߦΛ
औΔ͜ͱ͕Ͱ͖Δɽ͜Ε͕Reidemeister torsionͷఆٛͰ͋Δɿ

tor(C∗, c) ∈ F×.

ͳ͓ɼtor(C∗, c) gͷऔΓํʹґΒͳ͍ɽ
f : M → RΛMorseؔͱ͢ΔɽM ʹMorse-Smale݅Λຬͨ͢ Riemannܭ

ྔΛҰͭऔΔɽہॴܥ ρ0Λͱ͢ΔMorse-Smaleෳମ (Cf
∗ (M, ρ0), ∂f

∗ )Λ͑ߟΔɽ
֤Cf

n(M, ρ0) Morseࢦ nͷಛҟʹରԠ͢ΔQ(H)Λ͋ͭΊͨQ(H)্ͷઢܗ
ۭؒͰ͋Δɽ(Cf

∗ (M, ρ0), ∂f
∗ ) ͷϗϞϩδʔM ͷ ρ0ϗϞϩδʔͱҰக͢Δ͔

Βඇྠঢ়Ͱ͋Δɽ
M ͷEulerߏ eΛ ఆ͢ΔɽeΛද͢Δݻ1ͭ ଟ༷ମݩ࣍1 ef ΛҰͭऔΔɽ֤

Morseಛҟ p ∈ Crit(f)ʹରͯ͠Q(H)pͷ20Ͱͳ͍ݩ cf (p)ΛҰͭͣͭऔͬͨί
ϨΫγϣϯ Cf

∗ (M, ρ0)ͷجఈ cf Λ༩͑Δɽ͜ͷΑ͏ʹجͨͬ࡞ఈͰ͋ͬͯҎԼ
ͷ݅Λຬͨ͢ͷΛͱΔɿಛҟ p, q͕ ef ͷ࿈݁ γͰ݁Ε͍ͯΔͷͳΒɼ
γ∗cf (p) = cf (q)ɽҎ্ͷ४උͷԼɼReidemeister-Turaev torsion Tor(M, e)͕Ҏ
ԼͰఆٛ͞ΕΔɽ

Tor(M, e) = tor(Cf
∗ (M, ρ0), cf ) ∈ Q(H)×.

ఈج cf ͷબͼํʹ ambiguity͕͋Δ͕ɼ݁ࢉܭՌʹӨ͠ڹͳ͍ɽ

4 ෆมྔ d(M, e)

M ͱ Eulerߏ eʹରͯ͠ෆมྔ

d(M, e) ∈ H ⊗Q(H)

ͷఆٛΛհ͢Δ (ෆมྔͷߏνΣΠϯͷަࠩΛ༻͍ͨ୯७ͳͷͰ͕͢ɼνΣ
Πϯͷ͕ہॴܥͰ͋ΔͨΊද͕هॏ͘ͳ͍ͬͯ·͢ɽඞཁʹԠͯ͡ΛಡΈ

ܥॴہ2 ρ0 M ্ͷฏୱ Q(H) ଋΛ༩͑Δ͕ɼͦͷ p ʹ͓͚ΔϑΝΠόʔΛ Q(H)p ͱॻ͘͜ͱʹ͢Δɽ



ඈ͍ͯͩ͘͠͞)ɽৄࡉ [13],[4]Λࢀরͷ͜ͱɽ͜ͷෆมྔChern-Simonsઁ
ಈͱਂؔ͘Θ͍ͬͯΔ͕ɼͦͷ͜ͱʹؔͯ͠ޙͷ 6ষʹ͓͍ͯ͢ٴݴΔɽ
දݱ ρ0ͱͦͷରදݱ ρ∗0ͷ֎෦ςϯιϧੵ ଟ༷ମMݩ࣍6 ×Mͷ্ͷඇྠঢ়

ͳہॴܥ ρ! ρ∗ΛఆΊΔɽρ0 ! ρ∗0ͷର֯ઢू߹∆ = {(x, x) | x ∈ M} ⊂ M ×M 
ͷ੍ݶ ρ0 ! ρ∗0|∆ = ρ0 ⊗ ρ∗0ʹ߃ࣸ૾ id ∈ Hom(Q(H), Q(H)) = Q(H)⊗Q(H)∗

͕ఆΊΔஅ 1͕ଘ͢ࡏΔɽR + 1 ,→ 1 ∈ ρ0 ⊗ ρ∗0ʹΑͬͯɼ

H3(∆;R) ⊂ H3(∆; ρ0 ⊗ ρ∗0) = H3(∆; ρ0 ! ρ∗0|∆)

ͱΈͳ͢ɽجຊϗϞϩδʔྨ [∆] ∈ H3(∆;R) ⊂ H3(∆; ρ0⊗ρ∗0)H3(M×M ; ρ0!ρ∗0)
ͷ ϗϞϩδʔྨΛ༩͑Δɿݩ࣍3

[∆] ∈ H3(M ×M ; ρ0 ! ρ∗0).

ρ!ρ∗ඇྠঢ়Ͱ͋Δ͔Βɼ[∆] = 0Ͱ͋ΔɽΑͬͯ4νΣΠϯΣ ∈ C4(M×M ; ρ0!ρ∗0)
Ͱ͋ͬͯɼ

∂Σ = ∆

ͱͳΔͷ͕औΕΔɽΣ͍Θ∆ͷ SeifertບͰ͋Δɽ͜ͷ··Ͱ(ͷܥॴہ)
ࣗ༝͕͗͢ߴΔͷͰɼ͞Βʹ Σʹʮڥք݅ʯΛ՝͢͜ͱͰɼΣ͔ΒM ͷෆ
มྔΛऔΓग़͢ɽʮڥք݅ʯΣͷڥքͷۙN(∂Σ)ͷ੍ݶͰ͋ΔɽveΛEuler
ߏ eΛද͢ΔM ͷ non-vanishing vector fieldͱ͢Δɽ͜ͷͱ͖ɼʮڥք݅ʯ
ҎԼͰهड़͞ΕΔɽ

N(∂Σ) = {(x, tve(x)) | x ∈ M, 0 ≤ t < ε}.

ͦͷ͜͜Ζɼ∂ΣۙEulerߏΛද͢ΔϕΫτϧͷํʹ∆Λʡྲྀ ͢ʡͱ͍
͏͜ͱͰ͋Δɽ4-chain Σ\N(∂Σ) ∈ C4(M×M ; ρ0!ρ∗0)ͱ3-chain∆ ∈ C3(M×M ;R)
ͷަࠩ (Σ \N(∂Σ))∩∆C1(∆; ρ0 ⊗ ρ∗)ͷαΠΫϧΛ༩͑Δɽͱ͜ΖͰ ρ0 ⊗ ρ∗0
∆্ࣗ໌Ͱ͋Δ͔ΒɼH1(∆; ρ0 ⊗ ρ∗0) ∼= H1(∆;R)⊗Q(H) = H ⊗Q(H)Ͱ͋Δɽϗ
Ϟϩδʔ܈ͷ͔ࢉܭΒ࣍ͷิ͕ै͏ɽ

ิ 4.1. [(Σ \N(∂Σ)) ∩∆] ∈ H1(∆; ρ0 ⊗ ρ∗0) ∼= H ⊗Q(H) ΣͷͱΓํʹΑΒͳ
͍M, eͷҐ૬ෆมྔͰ͋Δɽ



ఆٛ 4.2.

d(M, e) = [(Σ \N(∂Σ)) ∩∆] ∈ H1(∆; ρ0 ⊗ ρ∗0) ∼= H ⊗Q(H).

ҙ 4.3. (1) 4-chain Σ Chern-Simonsઁಈʹ͓͚Δ propagator(ͷ Poincaré
ର)ͷҰͭͰ͋Δɽৄࡉ 6ষΛࢀরͷ͜ͱɽ

(2) d(M, e)ͷఆٛ࣍ͷΑ͏ʹهड़͢Δ͜ͱͰ͖Δ (ຊ࣭తʹ্Ͱհͨ͠ఆٛ
ͱಉ͡Ͱ͋Δ)ɽ·ͣɼ∆ͷM ×M ʹ͓͚Δेখ͍͞ঢ়ۙN(∆)Λͱͬ
͓ͯ͘ɽρ0 ! ρ∗0|N(∆) ρ0 ⊗ ρ∗0ͱಉҰࢹͰ͖ΔɽThomಉܕ

H1(∆; ρ0 ⊗ ρ∗0) → H4(N(∆), ∂N(∆), ρ0 ⊗ ρ∗0)

ͱআಉܕ

H4(N(∆), ∂N(∆), ρ0 ⊗ ρ∗0) → H4(M ×M,M ×M \∆; ρ0 ! ρ∗0),

͞Βʹ (M ×M,M ×M \∆)ͷରͷϗϞϩδʔશྻͷதͷ࿈݁४ಉܕ (ρ0͕
ඇྠঢ়Ͱ͋Δ͜ͱ͔Β͜ΕಉܕͰ͋Δ͜ͱ͕Θ͔Δ)

H4(M ×M,M ×M \∆; ρ0 ! ρ∗0)
∂∗→ H3(M ×M \∆; ρ0 ! ρ∗0)

ͷ߹
Φ : H1(∆; ρ0 ⊗ ρ∗0) → H3(M ×M \∆; ρ0 ! ρ∗0)

ಉܕͰ͋Δɽ∆ΛEulerߏΛఆΊΔϕΫτϧveʹΑͬͯઁಈ͠ɼM×M\∆
ʹԡ͜͠ΜͰಘΒΕΔ ଟ༷ମΛݩ࣍3 ve(∆)ͱ͢ΔɽҎ্ͷ४උͷݩɼ

d(M, e) = Φ−1([ve(∆)])

͕ै͏ɽ

5 ఆཧ

ࣸ૾D : Q(H)× → H ⊗Q(H)Λɼ

D(f) =

{
k∑

i=1

ti ⊗
(
ti

∂

∂ti
log

)}
(f) =

k∑

i=1

ti ⊗
1

f

(
ti

∂

∂ti
(f)

)

ͰఆΊΔɽ͜͜Ͱ t1, . . . , tk ∈ HHͷR্ͷجఈͰ͋ͬͨɽDجఈʹΑΒͳ
͍͜ͱ͕͔֬ΊΒΕΔɽ

ྫ 5.1. D(1 + t31 + t21t
6
2) =

1
1+t31+t21t

6
2
(t1 ⊗ 3t31 + t1 ⊗ 2t21t

6
2 + t2 ⊗ 6t21t

6
2)



Ҏ্ͷઃఆͷͱɼ࣍ͷ͕ࣜΓཱͭɽ

ఆཧ .(ܝ࠶)
D(Tor(M, e)) = d(M, e).

ྫ 5.2. M = S1 × S2ͱ͢ΔɽH = H1(S1 × S2;R)ͷੜݩΛҰͭͱΓɼtͱ͢Δ:
H = 〈t〉ɽ͜ͷͱ͖ɼదͳ Eulerߏ eʹର͠,

Tor(S1 × S2, e) =
1

(t− 1)2
∈ Q(H)

Ͱ͋Δ͜ͱ͕ΒΕ͍ͯΔɽ͕ͨͬͯ͠ఆཧΛద༻͢Δͱɼ

d(S1 × S2, e) = D

(
1

(t− 1)2

)
= t⊗ −2t

t− 1
∈ H ⊗Q(H)

͕ै͏ɽ

6 ෆมྔ d(M, e)ͷഎܠɿChern-Simonsઁಈ

ෆมྔ d(M, e)ͷഎܠʹ͋ΔChern-Simonsઁಈʹ͍ͭͯ؆୯ʹड़Δɽ

6.1 Chern-Simonsઁಈ

Chern-Simonsྔࢠͷཧͷؔɼ3ݩ࣍ଟ༷ମͷҐ૬ෆมྔͰ͋Δ͜
ͱ͕ظ͞ΕΔɽؔͦͷͷ͍·ͷֶͰѻ͑ͳ͍͕ɼͦͷۙల։
Ͱ͋Δ Chern-SimonsઁಈֶͰ͋ΓɼKontsevich, Axelrod, SingerʹΑͬͯ
1990ॳ಄ʹཱ֬͞Εͨ ([11],[1])ɽChern-Simonsઁಈ ଟ༷ମMݩ࣍3 ͱ
ͦͷ্ͷඇྠঢ়ͳہॴܥͷʹର͢ΔෆมྔΛେྔʹ࡞Γग़͢ɽͦͷߏɼҰݴ
Ͱ͑ݴʮpropagatorͷͭ࣋ใΛஔۭؒੵΛ༻͍ͯऔΓग़͢ʯͷͰ͋Δɽ
propagator(ͷϗϞϩδΧϧͳඳࣸ)M ×M ͷ 4νΣΠϯͰɼ՝͞ΕΔ݅ ڥ)
ք݅ɼରশੑͳͲ)ʹ͍͔ͭ͘ͷόϦΤʔγϣϯ͕͋Δ͕ɼd(M, e)ͷߏதʹ༻
͍ͨΣ propagatorͷҰͭͱΈΔ͜ͱ͕Ͱ͖Δɽ࣮ࡍɼΣͱͯ͠ɼBottͱCattaneo
ʹΑΔChern-Simonsઁಈ ([2],[3])Ͱ༻͍ΒΕΔ propagatorΛऔΔ͜ͱ͕Ͱ͖Δɽ
͜ͷ propagatorΛ͍ͭ͘༻ҙ͠ɼͦͷ༷ʑͳλΠϓͷަࠩΛΧϯτ͢Δ͜ͱͰ
propagator͔ΒMͱہॴܥͷใΛऔΓग़͢͜ͱ͕Ͱ͖Δɽ͜ͷʮަࠩΛΧϯτ
͢Δʯख๏Λஔۭؒੵͱ͍͏ɽண͢ΔަࠩͷλΠϓʹΑͬͯஔۭؒੵ
ఆ͢Δ͜ͱͰෆมྔ͕ಘΒΕࢦΒΕΔ͕ɼదͳަࠩͷλΠϓͨͪΛ͑ߟ௨Γز
ΔɽͦΕΒަࠩͷλΠϓΛࢦఆ͢ΔϨγϐΛάϥϑͱͯ͠ਤࣜԽͨ͠ͷ Jacobi
ਤ͋Δ͍ FeynmanਤͳͲͱݺΕ͍ͯΔɽ



6.2 ͳ߹ͷChern-Simonsઁಈ໌͕ࣗܥॴہ

M ΛϗϞϩδʔٿ໘͔Β 1݀Λۭ͚ͨͷͱͯ͠ɼہॴܥͱͯࣗ͠໌ͳͷ
ΛͱΔɽͭ·Γ௨ৗͷ࣮ϗϞϩδʔΛ͑ߟΔɽJacobiਤͱͯ͠ʮϺʯͷܗͷ
άϥϑΛͱͬͯ͘ΔɽϺ͕ࣔ͢ࢦΔஔۭؒੵɼ∆Ҏ֎ͰԣஅతʹަΘΔ
propagator3Λ 3ͭͱͬͯͦΕΒ 3͕ͭަΘΔΛ͑Α (ͨͩ͠∆ަ͔ࠩΒআ֎
͢Δ)ɼͱ͍͏ͷͰͳΔɽpropagatorͷڥք݅Ͱ༻͍ΔඇྵϕΫτϧͷใΛ
͏·͘ิਖ਼ͯ͠ΔͱɼM ͷෆมྔ͕ಘΒΕɼͦΕCassonෆมྔͷఆഒʹҰ
க͢Δ͜ͱ͕ΒΕ͍ͯΔɽ·ͨɼͬͱෳࡶͳ JacobiਤΛͯͬ࣋͘Δ͜ͱͰ༗ݶ
ෆมྔͱΑΕΔΫϥεʹଐ͢Δෆมྔ͕ͯ͢ಘΒΕΔ͜ͱΒΕ͍ͯΔɽܕ

6.3 ඇࣗ໌ͳ߹ͷChern-Simonsઁಈ͕ܥॴہ

Ұํɼہॴ͕ܥඇࣗ໌ͳ߹ͷ Chern-Simonsઁಈͷੑ࣭͋·ΓΘ͔͍ͬͯͳ
͍ɽہॴ͕ܥඇࣗ໌ͳ߹ͱࣗ໌ͳ߹ͱͰ༷૬͕ҟͳΔ෦͕͞ݟࢄΕΔ͕ɼ
d(M, e0)ͦͷࠩҟͷҰͭΛఆྔԽͨ͠ͷͱଊ͑Δ͜ͱ͕Ͱ͖Δɽ͜͜Ͱ e0 2.2
ষͰಋೖͨ͠ରশੑΛͭEulerߏͰ͋Δɽہॴ໌͕ࣗܥͳͱ͖ʹৗʹd(M, e0) =
0Ͱ͋Δ͜ͱ͕Θ͔Δɽd(M, e0) propagatorͱର֯ઢ ∆ͷަࠩʹΑͬͯఆٛ͞
Ε͍ͯͨͷͰɼd(M, e0) = 0తަ͕ࠩ 0Ͱ͋Δͱ͍͏͜ͱͰ͋Δɽ͞Βʹ
d(M, e0) = 0ͷͱ͖ propagatorΛ∆ͷۙͰہॴతʹมͯ͠ܗɼަ͕ࠩ (త
ʹͰͳ͘)ຊʹ͖ىͳ͍Α͏ʹऔΕΔ͜ͱ͕ΒΕ͍ͯΔɽͦͷ݁Ռɼஔۭ
ؒੵΛ͢Δͱ͖ʹ ∆ۙͷॲཧ͕༰қʹͳΔͷͰ͋Δɽہॴ͕ܥඇࣗ໌ͳͱ͖
ɼͨͱ͑ہॴ͕ܥ SU(2)ଋͷฏୱଓͷϗϩϊϛʔ४ಉ͔ܕΒܾ·ΔΑ͏ͳ
߹ʹඞͣ d(M, e0) = 0Ͱ͋Δ͜ͱ͕ࣔ͞Εɼࣗ໌ଓͷͱ͖ͱ΄΅ಉ༷ʹͯ͠
Chern-SimonsઁಈΛల։͢Δ͜ͱ͕Ͱ͖Δ ([13])ɽ

Lescop [12]ʹ͓͍ͯ rkH = 1Ͱ͋ΔMͱදݱ ρ0 : H → Q(H)ʹର͢ΔChern-
SimonsઁಈΛల։͍ͯ͠Δɽ͜ͷ߹ʹ d(M, e0)Ұൠʹ 0Ͱͳ͘ɼͦͷ
ࡍඞཁͰ͋Δɽ࣮͕ߟ Lescop d(M, e0)ΛM ͷAlexanderଟ߲ࣜͰද͢ެࣜΛ
༩͍͑ͯΔɽ·ͨɼᬒ [16]ʹ͓͍ͯ rkH = 1ͷ߹ͷChern-Simonsઁಈͷ
Morse homotopyʹΑΔදࣔΛ༩͍͑ͯΔɽ

7 ఆཧͷূ໌ͷུ֓

7.1 ূ໌ͷΞΠσΞ

M্ʹMorseؔΛҰͭऔΔɽTor(M, e)ہॴܥͷMorse-Smaleෳମ (Cf
∗ (M, ρ)0, ∂)

ͷReidemeister torsionͱͯ͠දࣔͰ͖ΔͷͰ͋ͬͨɽ͏গ͠ৄ͘͠ݟΔͱɼTor(M, e)
ڥք४ಉܕ ∂ͱ४ಉܕ gͷใ͔Βఆ·ΔͷͰ͋ͬͨɽMorse-Smaleෳମʹ͓͚
Δ ∂ͷEulerߏʹΑΔجఈʹؔ͢Δදྻߦݱͷ֤ཁૉ trajectoryΛہॴ͔ܥΒఆ

ʹີݫ3 propagator ݀ͷۙͰίϯτϩʔϧ͢Δඞཁ͕͋Δɽ



·ΔॏΈ͖ͰΧϯτ͢Δ͜ͱͰ͞ࢉܭΕΔɽଞํɼҎԼʹݟΔΑ͏ʹɼd(M, e)
ʹMorseؔΛ༻͍ͨ۩ମతͳදࣔΛ༩͑Δ͜ͱ͕Ͱ͖ɼtrajectoryͱ gͱؔ
͢ΔใΛ༻͍ͯද͞ΕΔɽ͜ΕΒTor(M, e)ͱ d(M, e)ͷදࣔΛൺֱ͢Δͷ͕ূ໌
ͷେ·͔ͳྲྀΕͰ͋Δɽ

7.2 Morse homotopyΛ༻͍ͨ d(M, e)ͷදࣔ

d(M, e)ΛMorseؔΛ༻͍ͯදࣔ͢ΔͨΊʹpropagatorΛMorseؔʹΑͬͯද
ࣔ͢Εྑ͍ɽͦ ͜Ͱ༻͍ΔͷMorse homotopyͱΑΕΔख๏Ͱ͋Δɽ͜ ͜Ͱ༻͍
ΔMorseϗϞτϐʔʹ͍ͭͯৄ͘͠ [5],[15]Λࢀরͷ͜ͱɽಛʹ [5]ͷ Introduction
ʹҎԼͷߏͷΞΠσΞ͕తʹ·ͱΊͯ͋Δɽf : M → RΛMorseؔͱ͢
Δɽ{Φf

t : M → M}t∈RΛ fͷޯϕΫτϧ gradf͕ੜ͢Δඍಉ૬ࣸ૾ͷ 1ύ
ϥϝʔλϑΝϛϦʔͱ͢ΔɽM ×M ͷ ෦ଟ༷ମݩ࣍4

Σ0(f) = {(x,Φf
t (x)) | x ∈ M, t ≥ 0}

ΛͱΔɽ͜Ε͍Θ∆Λ gradf ͷϑϩʔͰʡྲྀ ͯ͠ʡಘΒΕΔ ଟ༷ମͰ͋ݩ࣍4
Δɽt = 0ͷͱ͖ʹ {(x,Φf

0(x)) | x ∈ M} = ∆Ͱ͋Δ͔Βɼڥք ∂Σ0(f)∆Λͦͷ
Ұ෦ʹؚΉɽ࣮ࡍʹMorseಛҟʹ༝དྷ͢ΔผͷڥքΤϯυ͕ଘ͢ࡏΔ͕ɼͦ
ΕΛ҆ఆଟ༷ମɾෆ҆ఆଟ༷ମΛ༻͍ͯదʹิਖ਼ͯ͠Δ͜ͱͰ ∂Σ(f) = ∆ͱͳ
Δ 4νΣΠϯΣ(f)Λ࡞Δ͜ͱ͕Ͱ͖Δɽ͜͜Ͱࡉ෦ʹ৮Εͳ͍͕ɼ4ࣜͷΈΛॻ
͍͓ͯ͘ɿ

Σ(f) = {(x,Φf
t (x)) | x ∈ M, t ≥ 0}+

∑

p,q

gp,q(Ap ×Dq).

gp,qMorseؔͱہॴܥͷใ͔Βఆ·ΔQ(H)p ⊗ Q(H)∗qͷݩͰɼTor(M, e)ͷ
ఆٛ (3ষ)ͷͱ͜ΖͰ༻͍ͨ g : C∗ → C∗+1ͱਂ͍ؔͯ͘͠Δɽpropagatorͷڥ
ք݅ඇྵϕΫτϧͰ༩͑ΒΕ͍ͯͨɽνΣΠϯΣ(f)ͷڥքޯϕΫτϧ
ʹίϯτϩʔϧ͞Ε͍ͯΔ͕ɼޯϕΫτϧҰൠʹྵΛͭ࣋ɽͦ͜Ͱɼಉ͡
ॴʹූٯ߸ͷྵΛͭ࣋ϕΫτϧ−gradf Λ༻͍ͯྵͷد༩Λ૬ͤ͞ࡴΔ:

Σ(±f) =
1

2
(Σ(f) + Σ(−f)).

Σ(±f)࣮ࡍʹ propagatorʹͳΔ͜ͱ͕͔֬ΊΒΕΔɽ
ͯ͞ d(M, e) = [(Σ(±f) − N(∂Σ(±f))) ∩ ∆]Ͱ͋ͬͨɽ(Ap × Dq) ∩ ∆ pͱ q

Λ݁Ϳੵۂઢ (trajectory)ͷू߹Ͱ͋Δ͜ͱʹҙ͢Δͱɼ

d(M, e) =
∑

γ:trajectory

[γ]⊗ γ∗ ◦ gp,q ∈ H ⊗Q(H)

4ৄ͘͠ྫ͑ [15] Λࢀরͷ͜ͱɽ࣮ࡍίϯύΫτԽہॴܥͷ͕ߟඞཁͰ͋Δɽ



Ͱ͋Δ͜ͱ͕Θ͔Δɽ͜͜Ͱ [γ] γΛMͷ 1νΣΠϯͱΈͳͨ͠ͷͰ͋Γɼγ∗ ∈
Q(H)∗p⊗Q(H)qγʹԊͬͨہॴܥͷͶ͡ΕͰ͋Δɽγ∗◦gp,qAut(Q(H)q) ∼= Q(H)×

ͷݩͰ͋ΔɽҎ্͕ d(M, e)ͷMorseؔΛ༻͍ͨදࣔͰ͋Δɽ

ҙ 7.1. (1) MorseؔΛ༻͍ͨReidemeister torsionʹର͢ΔΞϓϩʔνͱͯ͠
HutchingsͱLeeʹΑΔࣄ ([7],[8],[9])͕͋ΔɽHutchingsͱLeeS1Morse
ؔͷ trajectoryʹண͠ɼดيಓͱͳΔੵۂઢͷใΛಛҟͲ͏͠Λ݁
Ϳ trajectoryͷใͰิਖ਼͢Δ͜ͱͰReidemeister-Turaev torsion͕औΓग़ͤ
Δ͜ͱΛࣔͨ͠ɽͨͩ͠ɼR ⊂ S1ͱΈͳͯ͠ Hutchings-Leeͷ݁ՌΛ Rͷ
Morseؔʹద༻͢Δͱࣗ໌ͳࣜͱͳͬͯ͠·͏ɽ͔͠͠ຊߘͷఆཧͱྨࣅ
͕͞ݟࢄΕɼ྆ऀΛؚΉࣗવͳ֦ு͕ظ͞ΕΔɽ

(2) ෆมྔ d(M, e)ҙͷ (ՄͱݶΒͳ͍)ඇྠঢ়දݱʹରͯ͠ఆٛ͞ΕΔɽ
͔ͦ͠͠ͷ߹ͷ d(M, e)ͱReidemeister torsionͱͷؔ໌Β͔ʹͳ͍ͬͯ
ͳ͍ɽҰํͰɼ(1)Ͱհͨ͠Hutchings-Leeͷ݁ՌͷඇՄදݱͷ֦ு߹
ాɼPajitonov [6], ࢁ [10]ΒʹΑͬͯௐΒΕ͍ͯΔɽ
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