
Brane coproducts and their applications
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ຊߘͰ͸ɼετϦϯά࡞༻ૉɼಛʹϧʔϓ༨ੵͷϒϨʔϯτϙϩδʔ΁ͷҰ
ൠԽʹ͍ͭͯղઆ͢ΔɽҰൠԽͷݤ͸ɼ͋ΔҙຯͰͷࣸ૾ۭؒͷʮ༗ݩ࣍ݶ
ੑʯͰ͋ΓɼҟͳΔ؍఺ʹண໨͢Δ͜ͱͰೋछྨͷʮϒϨʔϯ༨ੵʯΛߏ੒
͢Δɽ·ͨɼͦΕΒΛࣸ૾ۭؒͷίϗϞϩδʔʹ͓͚ΔΧοϓੵͷ͋Δछͷ
ফ໓ʹԠ༻͢Δɽ

1. ܠͷഎڀݚ
Chas-Sullivan[CS99]͸ɼM ͕mݩ࣍༗޲࿈݁ดଟ༷ମͷ৔߹ʹͦͷࣗ༝ϧʔϓۭؒ
LM = Map(S1,M) ͷϗϞϩδʔ্܈ʹϧʔϓੵH∗(LM × LM) → H∗−m(LM) Λఆ
ٛͨ͠ɽϧʔϓੵ͸ɼʮج఺෇͖ϧʔϓۭؒͷੵߏ଄͔Βఆٛ͞ΕΔPontrjaginੵʯͱ
ʮଟ༷ମͷϗϞϩδʔ܈ʹ͓͚ΔަࠥੵʯΛ૊Έ߹Θͤͨ΋ͷͰ͋ΔɽPontrjaginੵ͸
M͕ͲͷΑ͏ͳҐ૬ۭؒͰ͋ͬͯ΋ଘ͢ࡏΔ͕ɼަࠥੵ͸M͕ଟ༷ମͰ͋Δ͜ͱɼಛ
ʹ༗ੑݩ࣍ݶΛͯͬ࢖ఆٛ͞ΕΔ΋ͷͰ͋Δɽ͞ΒʹCohen-Godin[CG04]͸ϧʔϓੵ
ΛҰൠԽͯ͠ɼϧʔϓ༨ੵH∗(LM) → H∗−m(LM × LM) ͳͲͷετϦϯά࡞༻ૉΛ
੒͠ɼ͜ΕΒ͕ߏ (1 + ৔ͷཧ࿦ࢠͷҐ૬తྔݩ࣍(1 (TQFT)Λͳ͢͜ͱΛূ໌ͨ͠ɽ
͜ΕΒͷ࡞༻ૉ͕ࣗ༝ϧʔϓۭؒͷϗϞϩδʔʹ๛෋ͳ୅਺తߏ଄Λ༩͑Δ͜ͱ͕ظ
଴͞Ε͍ͯͨɽͱ͜Ζ͕ۄ೫Ҫ [Tam10] ʹΑΓɼϧʔϓ༨ੵ͕΄ͱΜͲࣗ໌Ͱ͋Δ͜
ͱ΍ɼϧʔϓ༨ੵͱϧʔϓੵͷ߹੒͕ৗʹࣗ໌Ͱ͋Δ͜ͱ͕ূ໌͞Εͨɽͭ·Γɼε
τϦϯά࡞༻ૉ͸๛෋ͳ୅਺తߏ଄Ͱ͸ͳ͍͜ͱ͕෼͔ͬͨͷͰ͋Δɽ
ͦ͜Ͱɼ2ͭͷํ޲΁ͷҰൠԽ͕ߦΘΕͨɽ1ͭ͸ɼ Félix-Thomas[FT09]ʹΑΔɼM

͕Gorensteinۭؒͷ৔߹΁ͷҰൠԽͰ͋Δɽ͜͜ͰۭؒMͷͭ࣋Gorensteinੑͱ͸ɼ
ଟ༷ମ͕͍ͨͯͬ࣋༗ੑݩ࣍ݶΛ֦ு͢Δੑ࣭Ͱ͋ΓɼMͷಛҟίνΣΠϯ୅਺͕͋
Δ୅਺తͳ৚݅Λຬͨ͢͜ͱͰఆٛ͞ΕΔɽ͜Ε͸༗޲࿈݁ดଟ༷ମɼίϯύΫτ࿈
݁Ϧʔ܈ͷ෼ྨۭؒɼ͞Βʹ͸͋ΔछͷBorelߏ੒ͳͲΛؚΜͰ͓Γɼۭؒͷ͍޿Ϋϥ
εΛ༩͑ΔɽFélix-Thomas ͷํ๏ʹΑΔϧʔϓ༨ੵͷఆٛͷݤ͸ɼfibration ʹԊͬͯ
ࣸ૾ۭؒ΁ͱަࠥੵΛ্͛ͪ࣋Δ͜ͱͰ͋Δɽ͜͜Ͱ͸ʮަࠥੵʯ͸ɼ͋Δछͷ Ext

Ճ܈ͷݩͰ͋Γɼର֯ຒΊࠐΈ ∆ : M → M ×M ͕Gorenstein ۭؒͷҙຯͰ༗ݶ༨
Ͱ͋Δ͜ͱ͔Βఆ·Δݩ࣍ shriek map Ͱ͋Δɽ
΋͏ҰํͷҰൠԽͱͯ͠ɼSullivan-Voronov[CHV06, Section 5]ʹΑΔϒϨʔϯੵ͕

໘͔Βͷࣸ૾ۭؒSkMٿͷݩ࣍ΒΕΔɽ൴Β͸Ұൠͷ͛ڍ = Map(Sk,M) ʹରͯ͠ɼ
ͦͷϗϞϩδʔͷ্ʹϒϨʔϯੵͱݺ͹ΕΔੵΛఆٛͨ͠ɽ͜Ε͸ɼϧʔϓੵͷͱ͖ͱ
ಉ༷ʹަࠥੵͱPontrjaginੵΛ૊Έ߹Θͤͨ΋ͷͱͯ͠ߏ੒Ͱ͖Δɽͱ͜Ζ͕ɼSkM

্ͷ୅਺తߏ଄͸ϧʔϓۭؒͷ৔߹ͱൺ΂ͯ๡͘͠ɼಛʹʮϒϨʔϯ༨ੵʯͱݺͿ΂
͖༨ੵ͸SkM্ʹ͸ߏ੒͞Ε͍ͯͳ͔ͬͨɽ
ຊߘͰ͸ Félix-Thomas ͷख๏Λ֦ு͢Δ͜ͱͰೋछྨͷʮϒϨʔϯ༨ੵʯΛߏ੒

͠ɼͦͷԠ༻ͱͯ͠ H∗(SkM) ʹ͓͚ΔΧοϓੵͷ͋Δछͷফ໓Λূ໌͢Δɽ
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2. DGA্ͷExtՃ܈
·ͣ४උͱͯ͠ɼDGA (differential graded algebra) ্ͷ ExtՃ܈ͷఆٛͱجຊతͳੑ
࣭Λઆ໌͢ΔɽҎԼ KΛମͱ͠ɼ(A, d) Λ K্ͷ DGA ͱ͢Δɽ

ఆٛ 1 (c.f. [FHT01, Section 6]). (A, d)Ճ܈ (P, d) ͕ (A, d)-semifreeՃ܈Ͱ͋Δͱ
͸ɼ(P, d)ͷ෦෼ (A, d)Ճ܈ͷྻ

0 = P (−1) ⊂ P (0) ⊂ P (1) ⊂ · · · ⊂ P (n− 1) ⊂ P (n) ⊂ · · · ⊂ P

͕ଘͯ͠ࡏɼ࣍Λຬͨ͢͜ͱΛ͍͏ɽ

• P =
⋃

n P (n)

• ֤nʹ͍ͭͯ (P (n)/P (n− 1), d) ͸ࣗ༝ (A, d)Ճ܈Ͱ͋Δɽ

͜Ε͸ɼ(௨ৗͷ)؀্ͷՃ܈ͷཧ࿦ʹ͓͚Δɼࣗ༝Ճ͔܈ΒͳΔෳମͷҰൠԽͰ͋
Γɼ͜ͷ৔߹ʹ΋ҎԼͷΑ͏ͳಉ༷ͷํ๏Ͱ ExtՃ͕܈ఆٛͰ͖Δɽ

ఆٛ 2. (L, d), (N, d) Λ (A, d)Ճ܈ͱ͢Δɽ

• ٖಉܕ η : (P, d)
≃−→ (L, d) Ͱ͋ͬͯ (P, d) ͕ (A, d)-semifree Ͱ͋Δ΋ͷΛ (L, d)

ͷ (A, d)-semifree ෼ղͱ͍͏ɽ

• (A, d)-semifree ෼ղ η : (P, d)
≃−→ (L, d) Λ༻͍ͯɼ

ExtA(L,N) = H∗(HomA(P,N))

ͱఆٛ͢Δɽ͜ͷͱ͖ࣗવͳઢ૾ࣸܕExtA(L,N) → HomH∗(A)(H∗(L), H∗(N))

Λ H∗(−) ͱॻ͘ɽ

ଓ͍ͯɼpullback ਤࣜͱ ExtՃ܈ͷؔ܎ʹ͍ͭͯड़΂ΔɽҎԼຊߘͰ͸ɼશͯͷۭ
ؒͷίϗϞϩδʔ͸༗ܕݶͰ͋ΔͱԾఆ͢Δɽ p : E → B ͕ (Serre) fibration ͰɼB

͕୯࿈݁Ͱ͋ΔΑ͏ͳpullback ਤࣜ

D E

A B

p

Λ͑ߟΔɽ͜ͷͱ͖ಛҟίνΣΠϯ୅਺ C∗(−)ʹ͍ͭͯઢ૾ࣸܗ

p⋆ : ExtlC∗(B)(C
∗(A), C∗(B)) → ExtlC∗(E)(C

∗(D), C∗(E))

͕ҎԼͷΑ͏ʹͯ͠ఆٛ͞ΕΔɽ·ͣɼC∗(A) ͷ C∗(B)-semifree ෼ղ (P, d) ΛͱΔɽ
͜ͷͱ͖ɼ idC∗(E) ͱͷςϯιϧੵΛͱΔ͜ͱͰઢ૾ࣸܗ

HomC∗(B)(P,C
∗(B)) → HomC∗(E)(C

∗(E)⊗C∗(B) P,C
∗(E)⊗C∗(B) C

∗(B)) (3)

͕ಘΒΕΔ͕ɼEilenberg-Moore ͷఆཧ [Smi67, Theorem 3.2 ] ΑΓC∗(E)⊗C∗(B) P ͸
C∗(D) ͷC∗(E)-semifree ෼ղͰ͋Δɽैͬͯɼ(3) ͷίϗϞϩδʔΛͱΔ͜ͱͰɼp⋆

͕ఆٛ͞ΕΔɽ
ɼʹޙ࠷ Poincaré ૒ରੑͱ Ext Ճ܈ͷؔ܎ʹ͍ͭͯड़΂Δɽ
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໋୊ 4 ([FT09, Lemma 1]). N Λ nݩ࣍ͷ Poincaré ૒ରۭؒɼXΛހঢ়࿈݁ͳۭؒ
ͱ͠ɼ࿈ଓࣸ૾ f : X → N Λ͑ߟΔɽ͜ͷͱ͖ɼࣗવʹఆٛ͞ΕΔ࣍ͷࣸ૾͸ಉܕͰ
͋Δɽ

ExtlC∗(N) (C
∗(X), C∗(N))

∼=−−→ HomK
(
Hn−l(X), Hn(N)

)

3. ରশϒϨʔϯ༨ੵ
3.1. Gorensteinۭؒ

Gorenstein ۭؒͱ͸ɼPoincaré૒ରۭؒͷҰൠԽͱͯ͠ҎԼͷΑ͏ʹఆٛ͞ΕΔɽ

ఆٛ 5 ([FHT88]). ୯࿈݁ͳۭؒ M ͕

ExtkC∗(M)(K, C∗(M)) ∼=

{
K k = m

0 k ̸= m

Λຬͨ͢ͱ͖ɼMΛݩ࣍mͷ (K)-Gorensteinۭؒͱ͍͏ɽ

ຊతͳ۩ମྫͱͯ͠ɼҎԼͷج ʹΒΕΔɽಛ͛ڍ2͕ͭ (b)ΑΓɼGorensteinۭؒͷ
͸ෛͷ੔਺ʹ΋੒ΓಘΔ͜ͱ͕෼͔Δɽݩ࣍

ྫ 6. (a) ໋୊ 4ΑΓɼPoincaré ૒ରۭؒ (ಛʹ༗޲࿈݁ดଟ༷ମ)͸ Gorenstein ۭ
ؒͰ͋Δɽ͞Βʹ Gorenstein ۭؒͱͯ͠ͷݩ࣍͸ɼPoincaré ૒ରۭؒͱͯ͠ͷ
ͱҰக͢Δɽݩ࣍

(b) ίϯύΫτ࿈݁Lie܈ G ͷ෼ྨۭؒ BG ͸ Gorenstein ۭؒͰ͋Γɼͦͷݩ࣍͸
− dimG Ͱ͋Δɽ

ຊߘɼಛʹରশϒϨʔϯ༨ੵͷఆٛʹ͓͍ͯॏཁͳ໾ׂΛՌͨ͢ Gorenstein ۭؒͷ
Ϋϥε͕ɼҎԼͷఆཧʹΑΓ༩͑ΒΕΔɽ

ఆཧ 7 ([FHT88, Proposition 3.4, Proposition 5.2 ]). chK = 0ͱ͠ɼM Λ୯࿈ۭ݁ؒ
Ͱɼ

⊕
n πn(M)⊗K͕༗ݩ࣍ݶͳ΋ͷͱ͢Δɽ͜ͷͱ͖ M ͸ Gorenstein ۭؒͰ͋Γɼ

ͦͷݩ࣍͸
∑

j|yj| +
∑

i(1− |xi|) Ͱ༩͑ΒΕΔɽ͜͜Ͱɼ{xi}pi=1 ͸ πeven(M)⊗Kͷ
ఈɼ{yj}qj=1ج ͸ πodd ⊗KͷجఈͰ͋Γɼ|xi|΍ |yj| ͸ͦΕΒͷ࣍਺Λද͢ɽ

·ͨɼ͜Εͱ [FHT88, Proposition 1.7] ΑΓɼ࣍ͷಉ஋ੑ͕੒Γཱͭ͜ͱΛ஫ҙͯ͠
͓͘ɽ

໋୊ 8. k ≥ 2ͱ͠ɼMΛk࿈ۭ݁ؒͱ͢Δɽ͜ͷͱ͖ɼΩk−1M͕ Gorenstein ۭؒͰ
͋Δ͜ͱͱɼ

⊕
n πn(M)⊗K͕༗ݩ࣍ݶͰ͋Δ͜ͱ͸ಉ஋Ͱ͋Δɽ

3.2. ରশϒϨʔϯ༨ੵͷఆٛ

͜ͷઅͰ͸ɼҰͭ໨ͷϒϨʔϯ༨ੵɼ͢ͳΘͪରশϒϨʔϯ༨ੵ (ͷ૒ର)ͷఆٛΛ༩
͑Δɽͳ͓͜ͷઅͷ಺༰͸ɼk = 1 ͷ৔߹͸ Félix-Thomas [FT09] ʹΑΔ΋ͷͰ͋Γɼ
k ≥ 2 ͷ৔߹͕ߨԋऀʹΑͬͯಘΒΕͨҰൠԽͰ͋Δɽ
ҎԼM Λ k࿈݁ͳۭؒͱ͢ΔɽϒϨʔϯ༨ੵͷߏ੒͸ɼ࣍ͷਤࣜΛ༻͍ͯߦΘΕΔɽ

SkM SkM ×M SkM SkM × SkM

Sk−1M M

res0

comp incl

c

(9)
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͜͜Ͱɼres0 ͸੺ಓ Sk−1 ⊂ Sk ΁ͷ੍૾ࣸݶɼc : M → Sk−1M ͸ఆ஋ࣸ૾ͱͯ͠ͷ
ຒΊࠐΈͰ͋Γɼࠨͷܗ࢛֯͸ pullback ਤࣜͰ͋Δɽ

ఆٛ 10. ೚ҙͷݩ
γ ∈ ExtlC∗(Sk− 1 M)

(
C∗(M), C∗(Sk−1M)

)

Λݻఆ͢Δɽ͜ͷͱ͖γʹ෇ਵ͢ΔରশϒϨʔϯ༨ੵ (ͷ૒ର) δ∨γ ΛҎԼͷ߹੒ͱͯ͠
ఆٛ͢Δɽ

δ∨γ : H
∗(SkM × SkM)

incl∗−−→ H∗(SkM ×M SkM)
H∗(res0 ⋆γ)−−−−−−→ H∗+l(SkM)

ରশϒϨʔϯ༨ੵ͸ɼ࣍ͷҙຯͰରশతͰ͋Δɽ

໋୊ 11 ([Wak19a, Proposition 6.4]). ೚ҙͷ α, β ∈ H∗(SkM) ʹରͯ͠ɼ

δ∨γ (α× β) = (−1)|α||β|δ∨τ∗γ(β × α)

͕੒ཱ͢Δɽ͜͜Ͱɼτ : Sk−1M → Sk−1M ͸Sk−1 ͷ͖޲Λ൓సͤ͞Δࣸ૾͔Βఆ·
Δࣸ૾Ͱ͋Γɼτ ∗ ͸ͦΕ͕ Ext Ճ܈ʹ༠ಋ͢Δઢ૾ࣸܗͰ͋Δɽ

ͯ͞ɼϒϨʔϯ༨ੵΛMͷ৘ใͷΈ͔ΒఆΊΔͨΊʹ͸ɼExtՃ܈ͷੑ࣭Λௐ΂ͯ
lͱ γ Λʮ͏·͘ʯࢦఆ͢Δඞཁ͕͋Δɽ·ͣ؆୯ͳ৔߹ͱͯ͠ɼҎԼͷྫ͕͛ڍΒ
ΕΔɽ

ྫ 12 . k = 1ͰɼM ͕ mݩ࣍ Poincaré ૒ରۭؒͷ৔߹ʹ͸ɼ໋୊ 4 ΑΓ

ExtmC∗(M×M) (C
∗(M), C∗(M ×M)) ∼= HomK

(
H2m−m(M), H2m(M ×M)

) ∼= K

ͱͳΔͷͰɼγ ͸͜ͷ1ݩ࣍ϕΫτϧۭؒͷੜ੒ݩͱͯ͠ఆΊΕ͹ྑ͍ɽ

ΑΓҰൠͷ৔߹ʹ͸ɼ࣍ͷఆཧΛ༻͍Δɽ

ఆཧ 13 ( [FT09, Theorem 12] (k = 1), [Wak, Theorem 3.1] (k ≥ 2) ).

ҎԼͷ͍ͣΕ͔ΛԾఆ͢Δɽ

(a) k = 1Ͱɼ M ͸ Gorenstein ۭؒͰ͋Δɽ

(b) k ≥ 1, chK = 0ͰɼΩk−1M ͸ Gorenstein ۭؒͰ͋Δɽ

͜ͷͱ͖ɼGorensteinۭؒͱͯ͠ͷݩ࣍Λ m̄ = dimΩk−1M ͱ͓͘ͱɼҎԼͷಉ͕ܕ
੒ཱ͢Δɽ

ExtlC∗(Sk− 1 M)(C
∗(M), C∗(Sk−1M)) ∼= H l−m̄(M)

্ͷఆཧʹ͓͍ͯಛʹ l = m̄ ͱ͢Δ͜ͱͰɼੜ੒ݩ

c! ∈ Extm̄C∗(Sk− 1 M)(C
∗(M), C∗(Sk−1M)) ∼= K

ΛಘΔɽ͜ΕΛ༻͍ͯ γ = c! ͱͱΔ͜ͱͰɼରশϒϨʔϯ༨ੵΛ δ∨ = δ∨c! ͱఆٛ͢Δɽ
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3.3. ϒϨʔϯੵͷఆٛ

M Λk࿈݁ͳۭؒͱ͢Δɽ͜ͷͱ͖ϒϨʔϯੵ͸ɼਤࣜ

SkM × SkM SkM ×M SkM SkM

M ×M M

ev0 ×ev0

incl comp

∆

Λ༻͍ͯ߹੒

µ∨ : H∗(SkM)
comp∗−−−→ H∗(SkM ×M SkM)

H∗((ev0 ×ev0 )
⋆∆!)−−−−−−−−−−→ H∗+m(SkM × SkM)

ͱͯ͠ఆٛ͞ΕΔɽ͜͜Ͱɼ∆! ∈ ExtmC∗(M×M) (C
∗(M), C∗(M ×M)) ∼= K ͸ɼఆཧ 13

ͷ k = 1 ͷ৔߹͔Βఆ·Δੜ੒ݩͰ͋ΔɽϒϨʔϯੵ͸ (ϒϨʔϯ༨ੵͱҧͬͯ) k ≥ 2

Ͱ͋Δ͜ͱʹ༝དྷ͢Δࠔ೉͸ͳ͘ɼϧʔϓੵͱಉ༷ͷํ๏ʹΑͬͯఆٛ͞Ε͍ͯΔ͜
ͱΛ஫ҙ͓ͯ͘͠ɽ

3.4. ϒϨʔϯ (༨)ੵͷੑ࣭ͱ۩ମྫ

ҎԼ chK = 0 ɼM Λ k࿈ۭ݁ؒͱ͠ɼΩk−1M ͸ Gorenstein ۭؒͰ͋ΔͱԾఆ͢Δɽ
͜ͷͱ͖

µ : H∗(S
kM × SkM) → H∗−m(S

kM) (ϒϨʔϯੵ)

δ : H∗(S
kM) → H∗−m̄(S

kM × SkM) (ରশϒϨʔϯ༨ੵ)

͕ఆٛ͞ΕΔͷͰ͋ͬͨɽϧʔϓੵ΍ϧʔϓ༨ੵͷ֦ுͱͯ͠ɼ͜ΕΒ͸࣍ͷੑ࣭Λ
ຬͨ͢ɽ

ఆཧ 14 ([Wak, Theorem 1.5]). ϒϨʔϯੵͱରশϒϨʔϯ༨ੵ͸ɼ࣍਺ΛͣΒͨ͠
ϗϞϩδʔ H∗(SkM) = H∗+m(SkM) ʹ Frobenius ୅਺ͷߏ଄Λ༩͑Δɽ͢ͳΘͪɼ
ϒϨʔϯੵͱରশϒϨʔϯ༨ੵ͸ (༨)݁߹త͔ͭ (༨)Մ׵Ͱ͋ΓɼFrobenius߃౳ࣜ
δ ◦ µ = ± (1⊗ µ) ◦ (δ ⊗ 1) = ± (µ⊗ 1) ◦ (1⊗ δ) Λຬͨ͢ɽ

·ͨɼϒϨʔϯ (༨)ੵͷඇࣗ໌ੑΛࣔ݁͢Ռͱͯ࣍͠ͷྫࢉܭΛಘͨɽ

ఆཧ 15 ([Wak, Theorem 1.6]). M = S2n+1ʹରͯ͠ɼϒϨʔϯੵʹΑΔ୅਺H∗(S2M)

͸ɼ࣍਺ |y| = −2n− 1, |z| = 2n− 1ͷݩʹΑΓੜ੒͞ΕΔ֎ੵ୅਺∧(y, z) ͱಉܕͰ
͋Δɽ͞Βʹɼ͜ͷಉܕͷԼͰରশϒϨʔϯ༨ੵ͸ҎԼͷΑ͏ʹ͞ࢉܭΕΔɽ

δ(1) = 1⊗ yz − y ⊗ z + z ⊗ y + yz ⊗ 1

δ(y) = y ⊗ yz + yz ⊗ y

δ(z) = z ⊗ yz + yz ⊗ z

δ(yz) = −yz ⊗ yz

͜ͷྫ͸ɼM͕ଟ༷ମͷ৔߹Ͱ΋ϒϨʔϯੵɼରশϒϨʔϯ༨ੵͷ྆ऀ͕ඇࣗ໌Ͱ
͋Δ͜ͱΛ͓ࣔͯ͠Γɼϧʔϓ (༨)ੵͷ৔߹ͱରরతͰ͋Δɽ͜ͷ͜ͱ͔ΒɼϒϨʔ
ϯ࡞༻ૉ͸ετϦϯά࡞༻ૉΑΓ΋๛෋ͳ୅਺తߏ଄Λ༩͍͑ͯΔͱ͑ߟΒΕΔɽ
·ͨɼϒϨʔϯੵͱରশϒϨʔϯ༨ੵΛ͞ΒʹҰൠԽ͢Δ͜ͱʹΑͬͯɼͦΕΒͷ

߹੒͕ඇࣗ໌Ͱ͋ΔΑ͏ͳྫΛߏ੒ͨ͠ɽ͜ͷΑ͏ͳݱ৅͸ετϦϯά࡞༻ૉ (k = 1)

ͷ৔߹ʹ͸͓͔ͯͬͭݟΒͣɼ͜ͷ݁Ռ΋ϒϨʔϯ࡞༻ૉ͕๛෋ͳߏ଄Λ༩͍͑ͯΔ
͜ͱΛࣔ݁͢ՌͰ͋Δͱ͑ݴΔɽৄࡉʹ͍ͭͯ͸ [Wak19b] Λࢀর͞Ε͍ͨɽ
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4. ඇରশϒϨʔϯ༨ੵ
͜ͷઅͰ͸ɼ΋͏ҰͭͷϒϨʔϯ༨ੵͰ͋ΔඇରশϒϨʔϯ༨ੵ (ͷ૒ର)ͷఆٛΛ༩
͑Δɽ
ҎԼɼM Λ୯࿈݁ͳmݩ࣍ Poincaré ૒ରۭؒͱ͢Δɽ͜͜Ͱਤࣜ (9)ͷ୅ΘΓʹ

Δɽ͑ߟͷਤࣜΛ࣍

Sk
f+gM Sk

fM ×M Sk
gM Sk

fM × Sk
gM

DkM Sk
fM

res1

comp incl

pr1

ι

(16)

͜͜ͰɼSk
fM ͸ f ∈ SkM ΛؚΉSkMͷހঢ়࿈݁੒෼ɼDkM = Map(Dk,M)Ͱ͋

Δɽ·ͨɼres1 ͸্൒ٿ໘΁ͷ੍૾ࣸݶɼι ͸঎ࣸ૾ Dk ! Dk/∂Dk = Sk ͔Β༠ಋ͞
ΕΔࣸ૾Ͱ͋Δɽ
͜ͷͱ͖ DkM (≃ M) ͸ Poincaré ૒ରੑΛຬͨ͢ͷͰɼ໋୊ 4 ΑΓੜ੒ݩ

ι! ∈ ExtmC∗(DkM)

(
C∗(Sk

fM), C∗(DkM)
) ∼= K

͕ఆ·Δɽ͜ΕΛ༻͍ͯɼඇରশϒϨʔϯ༨ੵ͸ҎԼͷ߹੒ͱͯ͠ఆٛ͞ΕΔɽ

δ∨ns : H
∗(Sk

fM × Sk
gM)

incl∗−−→ H∗(Sk
fM ×M Sk

gM)
H∗(res1 ⋆ι!)−−−−−−→ H∗+m(Sk

f+gM)

ͷ໋୊͸ɼ(fʹ͍ͭͯͷԾఆΛ՝্ͨ͠Ͱͷ)࣍ ඇରশϒϨʔϯ༨ੵͷ۩ମతͳܭ
Λ༩͍͑ͯΔɽࣜࢉ

໋୊ 17. f ͕ ఆ஋ࣸ૾ 0: Sk → M ʹϗϞτϐοΫͳͱ͖ɼඇରশϒϨʔϯ༨ੵ δ∨ns
͸ u, v ∈ H∗(SkM) ʹରͯ͠

δ∨ns(u× v) = ev∗0 (ω · c∗(u)) · v

ʹΑΓࢉܭͰ͖Δɽ͜͜Ͱɼω ∈ Hm(M) ͸ M ͷ͖޲෇͚ྨͰ͋Γɼev0 : SkM → M

͸ج఺ͰͷධՁࣸ૾ɼc : M → SkM ͸ఆ஋ࣸ૾ͱͯ͠ͷຒΊࠐΈͰ͋Δɽ

5. ೋछྨͷϒϨʔϯ༨ੵͷൺֱ
ɼରশϒϨʔϯ༨ੵͱඇରশϒϨʔϯ༨ੵΛൺֱ͢Δ͜ͱͰɼH∗(SkM)ʹޙ࠷ ʹ͓͚
ΔΧοϓੵͷ͋Δछͷফ໓Λূ໌͢Δɽ
ҎԼͰ͸M Λ k࿈݁ͳmݩ࣍ Poincaré ૒ରۭؒͱ͢Δɽ͜ͷͱ͖࣍ͷਤࣜʹΑΓ

ೋछྨͷϒϨʔϯ༨ੵ͕ؔ࿈෇͚ΒΕΔɽ

SkM SkM ×M SkM SkM × SkM

DkM SkM

Sk−1M M,

res1

comp

pr1

incl

res2

ι

ev

c
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ɼ͜ͷਤࣜͷ֎ଆ͸ඇରশϒϨʔϯ༨ੵͷఆٛʹ༻͍ͨਤࣜࡍ࣮ (9)ʹɼ্൒෼͸ରশ
ϒϨʔϯ༨ੵͷఆٛʹ༻͍ͨਤࣜ(16)ʹͦΕͧΕҰக͍ͯ͠Δɽ·ͨɼres2 ◦res1 = res0
Ͱ͋Δ͜ͱΛ஫ҙ͓ͯ͘͠ɽͯ͞ɼ೚ҙͷݩγ ∈ ExtmC∗(Sk− 1 M)

(
C∗(M), C∗(Sk−1M)

)
Λ

Α͏͑ߟఆ͠ɼͦΕʹ෇ਵ͢ΔରশϒϨʔϯ༨ੵΛݻ 1ɽ͜ͷͱ͖ೋछྨͷϒϨʔϯ༨
ੵ͸ҎԼͷΑ͏ʹఆٛ͞ΕΔͷͰ͋ͬͨɽ

δ∨γ = H∗(res1
⋆ ◦ res2 ⋆(γ)) ◦ incl∗ (18)

δ∨ns = H∗(res1
⋆(ι!)) ◦ incl∗

͜ΕΒΛൺֱ͢ΔͨΊʹɼλγ ∈ KΛࣸ૾ͷ߹੒H0 (M)
H∗(γ)−−−→ Hm(Sk−1M)

c∗−→ Hm(M)

Λ༻͍ͯ c∗ ◦ (H∗(γ))(1) = λγ · ω ʹΑΓఆΊΔɽ

໋୊ 19 ([Wak19a, Proposition 6.2 ]). ্ͷԾఆͷԼͰɼres2 ⋆γ = λγ · ι! ͕੒ཱ͢Δɽ
Αͬͯ (18)ΑΓ͕࣍੒ཱ͢Δɽ

δ∨γ = λγ · δ∨ns
͜ͷؔࣜ܎Λ༻͍ͯೋछྨͷϒϨʔϯ༨ੵΛൺֱ͢Δ͜ͱͰɼΧοϓੵͷফ໓ʹؔ

͢Δ࣍ͷఆཧΛಘΔɽ

ఆཧ 20 ([Wak19a, Theorem 1.4]). ೚ҙͷݩγ ∈ ExtmC∗(Sk− 1 M)(C
∗(M), C∗(Sk−1M)) Λ

ఆ͢Δɽ͜ͷͱ͖ɼ೚ҙͷݻ α ∈ H>0 (SkM) ʹରͯ͠ɼ͕࣍੒ཱ͢Δɽ

λγev
∗
0ω · α = 0 ∈ H |α|+m(SkM)

Proof. ࣸ૾ ev0 : SkM → M ͸੾அ c : M → SkM Λͭ࣋ͷͰɼ௚࿨෼ղH>0 (SkM) ∼=
H>0 (M) ⊕ Ker(c∗) ΛಘΔɽα ∈ H>0 (M) ͷͱ͖͸ɼ࣍਺ͷཧ༝͔Β໌Β͔ʹ αω =

0 ∈ H |α|+m(M) = 0 Ͱ͋Δɽ࣍ʹ α ∈ Ker(c∗) ͷ৔߹Λ͑ߟΔɽ͜ͷͱ໋͖୊ 17ΑΓɼ
Ͱ͖ΔɽࢉܭʹͷΑ͏࣍

δ∨ns(1× α) = ev∗0 (ω · c∗(1)) · α = ev∗0ω · α
δ∨ns(α× 1) = ev∗0 (ω · c∗(α)) · 1 = 0

͞Βʹ໋୊ 11 ͱ໋୊ 19 ΑΓɼ

λγδ
∨
ns(1× α) = δ∨γ (1× α) = δ∨τ∗γ(α× 1) = λτ∗γδ

∨
ns(α× 1)

ΛಘΔɽ͜ΕΒͷ౳͔ࣜΒɼλγev∗0ω · α = 0 ∈ H |α|+m(SkM) ΛಘΔɽ

͔͠͠ɼ΋͠λγ = 0Ͱ͋Ε͹ɼఆཧ 20͸ࣗ໌ͳओுͱͳͬͯ͠·͏ɽैͬͯλγ ͕
ඇࣗ໌Ͱ͋ΔΑ͏ͳ γ ͷߏ੒͕ඞཁͰ͋Δɽ

໋୊ 21 ([Wak19a, Proposition 6.7, Proposition 6.11]). ҎԼͷ͍ͣΕ͔ΛԾఆ͢Δɽ

(a) k = 1

(b) k ≥ 1 ͸ح਺ɼchK = 0Ͱ͋ΓɼΩk−1M ͸ Gorenstein ۭؒͰ͋Δɽ

͜ͷͱ͖ɼ͋Δ γ ͕ଘ͠ࡏɼλγ ͸ Euler ඪ਺ χ(M) ʹҰக͢Δɽ
਺͕࣍1 Section 3ͱҟͳΔ͜ͱʹ஫ҙ
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Αͬͯɼఆཧ 20ͱ໋୊ 21ΑΓɼ࣍ͷఆཧΛಘΔɽ

ఆཧ 22 ([Wak19a, Theorem 1.4]). ໋୊ 21 ͱಉ͡ԾఆͷԼͰɼ೚ҙͷ α ∈ H>0 (SkM)

ʹରͯ͠ɼ͕࣍੒ཱ͢Δɽ

χ(M)ev∗0ω · α = 0 ∈ H |α|+m(SkM)

ͳ͓ɼk = 1 ͔ͭ M ͕ଟ༷ମͷ৔߹͸ Menichi [Men13] ͷఆཧͰ͋Γɼఆཧ 22͸
ͦͷҰൠԽͱͳ͍ͬͯΔɽ
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