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ۭؒ6௖఺׬શάϥϑ಺ͷ2੒෼བྷΈ໨ͷབྷΈ਺ͷ૯࿨͸ඞͣح਺Ͱ, ·ۭͨ
ؒ 7௖఺׬શάϥϑ಺ͷ݁ͼ໨ͷ Conway ଟ߲ࣜͷ ਺ͷ૯࿨͸ඞͣ܎ͷ࣍2
,͸࣮ࣄ਺Ͱ͋Δͱ͍͏ح Conway-Gordonͷఆཧͱͯ͠Α͘஌ΒΕ͍ͯΔ.
ຊߘͰ͸, Conway-Gordon ͷఆཧͷ੔਺্͛ͪ࣋ʹΑΔਫ਼ີԽ, ͼ௖఺਺ٴ
8Ҏ্ͷ׬શάϥϑ΁ͷҰൠԽʹ͍ͭͯ, .Δ͢ࠂͷ݁ՌΛத৺ʹใۙ࠷

1. Conway-Gordonͷఆཧ
ຊߘͰ͸, ݶ༗ݩ࣍1 CW ෳମͷଟ໘ମΛάϥϑͱݺͼ, ͦͷ0๔ମΛ௖఺, 1๔ମΛล
ͱݺͿ͜ͱʹ͢Δ. άϥϑ G ͷR3 ΁ͷຒΊࠐΈ f :G → R3 Λ G ͷۭؒຒΊࠐΈͱ
͍͍, ͦͷ૾ f(G) Λ G ͷۭؒάϥϑͱ͍͏ (ਤ1.1). G ͷ෦෼άϥϑ (෦෼ෳମ)Ͱԁ
पʹಉ૬ͳ΋ͷΛαΠΫϧͱ͍͍, G ͷۭؒຒΊࠐΈ f ͼαΠΫϧٴ (ͷඇަ࿨) λ ʹ
ର͠, f(λ) ͸ f(G) ಺ͷ݁ͼ໨ (བྷΈ໨)ʹ΄͔ͳΒͳ͍.
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ਤ 1.1: ۭؒάϥϑ ਤ 1.2: थԼͷ θ ઢۂ

άϥϑ G ͷ 2ͭͷۭؒάϥϑ f(G), g(G) ͕ಉ஋Ͱ͋Δͱ͸, R3 ͷࣗݾಉ૬ࣸ૾ Φ

͕ଘͯ͠ࡏ Φ(f(G)) = g(G) ͱͳΔͱ͖ͱ͢Δ. ۭؒάϥϑ f(G) ͕ࣗ໌Ͱ͋Δͱ͸,

f(G) ͕ R3 ಺ͷฏ໘ʹؚ·ΕΔ͋Δۭؒάϥϑ h(G) ʹಉ஋Ͱ͋Δͱ͖Λ͍͏. ݁ͼ
໨ཧ࿦ͱಉ༷, ۭؒάϥϑͷ෼ྨ͸جຊత໰୊Ͱ͋Γ, ݁ͼ໨ཧ࿦ʹ͓͍ͯ͑ߟΒΕͯ
͍Δ֓೦΍ෆมྔͷଟ͕ۭؒ͘άϥϑʹҰൠԽ͞ΕΔ. ਤ 1.2ͷथԼͷ θ ઢͷΑ͏ۂ
ʹ, ؚ·ΕΔ݁ͼ໨΍བྷΈ໨͕Έͳࣗ໌Ͱ΋, ࣗ਎͸ඇࣗ໌ͳۭؒάϥϑ͕ଘ͢ࡏΔ͜
ͱ͕, ෼ྨ໰୊Λ͢ڀݚΔ1ͭͷಈػͰ͋Δ. ·ͨ, ۭؒάϥϑͷਖ਼ଇۙ๣ͷ෼ྨΛ͑ߟ
Δ͜ͱͰ, R3 ಺ͷϋϯυϧମ (ϋϯυϧମ݁ͼ໨)΍ดۂ໘ͷڀݚʹ΋Ԡ༻͞ΕΔ. ͜
ΕΒ͸ۭؒάϥϑͷ֎ࡏతੑ࣭ͷڀݚͱ͍͑Δ. Ұํ, άϥϑ͕े෼ʮେ͖͍ʯͳΒ͹,

ͦͷ೚ҙͷۭؒάϥϑ͸͋Δಛ༗ͷੑ࣭Λͪ࣋, ͦΕΛάϥϑࣗମͷߏ଄͔Βಛ௃෇͚
Α͏ͱ͍͏͕ڀݚ 1980೥୅த൫Ҏ߱, ੝ΜʹߦΘΕ͍ͯΔ. ͜ΕΒ͸͍Θ͹ۭؒάϥ
ϑͷ಺ࡏతੑ࣭ͷڀݚͰ͋Γ, ͦͷᅘ໼ͱͳͬͨͷ͕ Conway-Gordon ͷఆཧͰ͋Δ.

ҎԼ, άϥϑ G ͷͪΐ͏Ͳkݸͷ௖఺ΛؚΉαΠΫϧΛ kαΠΫϧͱݺͼ, kαΠΫϧ
શମͷू߹Λ Γk(G) Ͱ, ·ͨ, kαΠΫϧͱ lαΠΫϧͱͷඇަ࿨શମͷू߹Λ Γk,l(G)
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Ͱද͢. ·ͨ, (n − 1)୯ମͷ ,શάϥϑͱ͍͍׬ͱͯ͠ಘΒΕΔάϥϑΛn௖఺֨ࠎ1

Kn Ͱද͢.1 ಛʹ n = 6, 7 ͷͱ͖, Conway-Gordon ͸࣍ͷఆཧΛࣔͨ͠.

ఆཧ 1.1. (Conway-Gordon ͷఆཧ [6])

( 1 ) K6ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,
∑

λ∈Γ3,3(K6)
lk(f(λ)) ≡ 1 (mod 2). ͜͜

Ͱ lk ͸ R3 ʹ͓͚ΔབྷΈ਺ 2Λද͢.

( 2 ) K7ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,
∑

γ∈Γ7(K7)
a2(f(γ)) ≡ 1 (mod 2). ͜͜Ͱ

a2 ͸Conway ଟ߲ࣜ 3 ͷ z2 ͷ܎਺Λද͢.
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ਤ 1.3: K6 , K7 ͷۭؒάϥϑ. ଠઢ෦͸͕ࠨ Hopf བྷΈ໨, ӈ͕ࡾ༿݁ͼ໨ʹಉ஋.

ఆཧ1.1͔Β, K6ͷۭؒάϥϑ͸ඞͣඇ෼཭ͳ2੒෼བྷΈ໨ΛؚΉ͜ͱ,·ͨ K7ͷۭ
ؒάϥϑ͸ඞͣඇࣗ໌݁ͼ໨ΛؚΉ͜ͱ͕ಋ͔Ε (ਤ1.3), ͜ͷ࣮ࣄΛͯ͠ࢦ Conway-

Gordon ͷఆཧͱ͍ΘΕΔ͜ͱ΋ଟ͍.4 Ұൠʹલऀ/ऀޙͷੑ࣭Λͭ࣋άϥϑ͸ བྷΈ໨
಺ࡏ/݁ͼ໨಺ࡏͰ͋Δͱ͍͍, ͜ΕΒͷੑ࣭Λͭ࣋άϥϑͷಛ௃෇͚͸ۭؒάϥϑͷ
ཧ࿦ʹ͓͚ΔॏཁͳڀݚςʔϚͰ͋Δ. ಛʹ Robertson-Seymour-Thomas ʹΑΔ, བྷ
Έ໨಺ࡏάϥϑͷάϥϑϚΠφʔཧ࿦ʹΑΔಛ௃෇͚͸େ͖ͳ੒Ռͷ 1ͭͰ͋Γ [34],

ҰํͰ݁ͼ໨಺ࡏάϥϑͷಛ௃෇͚͸ະͩ੒͞Ε͍ͯͳ͍ (ྫ͑͹ [9, §§2-6] Λࢀর).

͔͠͠զʑͷຊߘͰͷڵຯ͸ผͷํ޲ʹ͋Δ. ͍·, ۭؒάϥϑ f(G) ಺ͷ݁ͼ໨/བྷ
Έ໨Ͱશͯͷ௖఺ΛؚΉ΋ͷΛ, άϥϑཧ࿦ͷ༻ޠʹ฿ͬͯ Hamilton ݁ͼ໨/བྷΈ໨
ͱݺͿ͜ͱʹ͢Δ. զʑͷ໨త͸, ఆཧ1.1Λ, ۭؒάϥϑ಺ͷ݁ͼ໨ ·བྷΈ໨Λ୅਺త
ෆมྔͰറΔͱ͍͏ཱ৔͔Β௖఺਺ n ≥ 8 ͷ Kn ʹҰൠԽ͠, Hamilton ݁ͼ໨/བྷΈ
໨ͷৼΔ෣͍Λௐ΂Δ͜ͱͰ͋Δ. ͦͷΑ͏ͳڀݚ͸͜Ε·Ͱ΄ͱΜͲͳ͔ͬͨΑ͏
,ΘΕࢥʹ গͳ͘ͱ΋චऀ͸ҎԼͷ݁Ռ͔͠஌Βͳ͔ͬͨ.

ఆཧ 1.2. ( 1 ) (Foisy [11], ฏ໺ [13])5K8ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,∑
γ∈Γ8(K8)

a2 (f(γ)) ≡ 3 (mod 6).

( 2 ) (ฏ໺ [13]) n ≥ 9 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,∑
γ∈Γn(Kn)

a2 (f(γ)) ≡ 0 (mod 2).

1Kn ͸, n௖఺ͷ͏ͪͲͷҟͳΔ 2௖఺΋, ͪΐ͏Ͳ 1ຊͷลͰ݁͹ΕͨάϥϑͰ͋Δ.
2༗޲བྷΈ໨ L = J ∪K ʹର͠, H1(R3 −K) ∼= Z ͷੜ੒ݩΛ Σ ͱͯ͠, [J ] = lk(L)Σ ͱͳΔ lk(L)
Λ L ͷབྷΈ਺ͱ͍͍, L ͷਤ͔ࣜΒࢉܭͰ͖Δ. L ͕෼཭བྷΈ໨ (ಛʹࣗ໌)ͳΒ lk(L) = 0 Ͱ͋Δ.

3༗޲བྷΈ໨ L ͷ Alexander ଟ߲ࣜ ∆L(t) ∈ Z[t± 1
2 ] Λద౰ʹਖ਼نԽ͠, ม਺ม׵ z = t

1
2 − t−

1
2 Λ

਺ଟ߲ࣜ܎ಘΒΕΔ੔ͯ͠ࢪ ∇L(z). ಛʹ༗݁޲ͼ໨ K ͷ Conway ଟ߲ࣜ͸͖޲ʹґΒͣ, ·ͨඞ
ͣ 1 +

∑
i≥1 a2 i(K)z2 i ͷܗʹද͞ΕΔ. K ͕ࣗ໌ͳΒ ∇K(z) = 1, ಛʹ a2 (K) = 0 Ͱ͋Δ.

4 K6 ʹؔͯ͠͸ Sachs ΋ಠཱʹ͍ࣔͯͯ͠ [36], Conway-Gordon-Sachs ͷఆཧͱ͍ΘΕΔ͜ͱ΋͋Δ.
5 Foisy ͸

∑
γ∈Γ8(K8)

a2 (f(γ)) ≡ 0 (mod 3) Λࣔ͠ [11], ฏ໺͸
∑

γ∈Γ8(K8)
a2 (f(γ)) ≡ 1 (mod 2) Λ

ࣔͨ͠ [13].
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( 3 ) (Kazakov-Korablev [19]) n ≥ 7 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,∑
p+q=n

∑
λ∈Γp,q(Kn)

lk(f(λ)) ≡ 0 (mod 2).

ఆཧ 1.1ͷΦϦδφϧͷূ໌͸ҎԼͷΑ͏ʹ੒͞Εͨ. K7ͷۭؒຒΊࠐΈ f ʹର
͠, ·ͣ α(f) ≡

∑
γ∈Γ7(K7)

a2(f(γ)) (mod 2) ͕ลͷؒͷަࠩަ׵ͰෆมͰ͋Δ͜ͱΛ
ࣔ͢. ैͬͯ α(f) ͸ຒΊࠐΈ f ʹґΒͣ, ʹମత۩ʹ࣍ α(h) = 1 ͱͳΔຒΊࠐΈ
h Λ༩͑, α(f) = α(h) = 1 ΛಘΔ ,ࡍ࣮) ਤ 1.3 ͷ K7ͷۭؒάϥϑ͸, શ ͷݸ360
Hamilton݁ͼ໨ͷ͏ͪ།1͚ͭͩඇࣗ໌Ͱ a2 = 1). K6ͷۭؒຒΊࠐΈ f ʹରͯ͠΋,

σ(f) ≡
∑

λ∈Γ3,3(K6)
lk(f(λ)) (mod 2) ʹର͠શ͘ಉ͡ϓϩηεΛ౿ΜͰ σ(f) = 1 ͕ࣔ

͞ΕΔ. ٞ࿦͸εϚʔτ͔ͭਤࣜΛ༻͍ͨॳ౳తͳ΋ͷͰۃΊͯΞΫηγϒϧͰ͋Δ
൓໘, ΑΓେ͖ͳ௖఺਺ͷ Kn ΁ͷҰൠԽ, ͋Δ͍͸߹ಉࣜͷਫ਼ີԽΛ҆௚ʹਤΔͱେ
ม൥ࡶͱͳΓ, ΈࠐମతͳຒΊ۩ʹߋ h ʹ͍ͭͯ α(h) Λ͢ࢉܭΔ͜ͱ΋Ұൠʹ͸༰қ
Ͱͳ͍. ͦΕ͕͜ͷํ޲ͷܟ͕ڀݚԕ͞ΕͨݪҼͷ1ͭͰ͋ΔΑ͏ʹࢥΘΕΔ. ͔͠͠
චऀ͸10೥લ, ΋ͱͷ௖఺਺ n = 6, 7 ʹ͓͍ͯ, ఆཧ1.1ͷ੔਺্͛ͪ࣋Λ༩͑ͯਫ਼ີ
Խ͢Δ͜ͱʹ੒ޭ͠, ,ۙ࠷ʹߋ ৿Լԝࢯࢠ (౦ࢠঁژେֶ)ͱͷڞಉڀݚʹΑΓ, ͦΕ
Λ௖఺਺ n ≥ 8 ͷ Kn ʹҰൠԽ͢Δ͜ͱʹ੒ޭͨ͠. ຊߘͰ͸, ͦͷ֓ཁΛใ͢ࠂΔ.

2. Conway-Gordonͷఆཧͷਫ਼ີԽ
ఆཧ1.1 (1), (2)͸, ͍ͣΕ΋ҎԼͷΑ͏ʹ੔਺্ͷ౳ࣜʹ্͕ͪ࣋Δ.

ఆཧ 2.1. (৽ᅳ [26])

( 1 ) K6ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

2
∑

γ∈Γ6(K6)

a2(f(γ))− 2
∑

γ∈Γ5(K6)

a2(f(γ)) =
∑

λ∈Γ3,3(K6)

lk(f(λ))2 − 1. (2.1)

( 2 ) K7ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

7
∑

γ∈Γ7(K7)

a2(f(γ))− 14
∑

γ∈Γ5(K7)

a2(f(γ)) = 2
∑

λ∈Γ3,4(K7)

lk(f(λ))2 + 3
∑

λ∈Γ3,3(K7)

lk(f(λ))2 − 42. (2.2)

,ࡍ࣮ (2.1) ͷ྆ลͷ mod 2 ΛऔΔͱఆཧ 1.1 (1)͕ಘΒΕΔ. ·ͨ, (2.2) ͷ྆ลͷ
mod 2 ΛऔΔͱ

∑
γ∈Γ7(K7)

a2(f(γ)) ≡
∑

λ∈Γ3,3(K7)
lk(f(λ)) Ͱ, ࣮͸ӈล͸ح਺ (ड़ޙ)

ͳͷͰఆཧ1.1 (2)͕ಘΒΕΔ.

ఆཧ2.1͸ҎԼͷΑ͏ʹͯ͠ূ໌͞Εͨ. ͍·, K6͔Β2ͭͷ3αΠΫϧͷඇަ࿨Λ
আ͍ͯಘΒΕΔάϥϑΛ K3,3 Ͱද͢ͱ͖, G = K5·ͨ͸ K3,3 ͷۭؒຒΊࠐΈ f ʹ
ର͠, Simon ෆมྔͱݺ͹ΕΔح਺஋ෆมྔ L(f) ͕ఆٛ͞ΕΔ.6·ͨ, Γ′ Λ G = K5

ͷͱ͖ Γ′ = Γ5(K5), G = K3,3 ͷͱ͖ Γ′ = Γ6(K3,3) ͱ͢Δͱ͖, α ෆมྔ α(f) ͕

α(f) =
∑

γ∈Γ′

a2(f(γ))−
∑

γ∈Γ4(G)

a2(f(γ)) (2.3)

Ͱఆٛ͞ΕΔ.7 Simon ෆมྔͱ α ෆมྔͱͷؒʹ͸, ҎԼͷؔ܎:
6 X ͷ 2఺഑ஔۭؒ C2 (X) = {(x, y) ∈ X ×X | x1 ̸= x2} ߹ͼͦͷ্ͷରٴ ι(x1, x2 ) = (x2 , x1) ʹ
ର͠, νΣΠϯෳମ Ker(1 + ι#) ͷ੔܎਺ίϗϞϩδʔ܈Λ H∗(C2 (X), ι) ͱද͢. G = K5 ·ͨ͸
K3 ,3 ͷۭؒຒΊࠐΈ f ʹର͠, H2 (C2 (R3 ), ι) ∼= Z ͷੜ੒ݩ Σ ͷ (f × f)∗ ʹΑΔ૾ (f × f)∗(Σ) ∈
H2 (C2 (G), ι) ∼= Z Λ f ͷ Simon ෆมྔͱ͍͍, L(f) Ͱද͢. ͜Ε΋ f ͷਤ͔ࣜΒࢉܭͰ͖Δ [40].

7ఆཧ1.1 (2)ͷূ໌ʹ͓͚ΔK7 ͷຒΊࠐΈ f ʹґΒͳ͍ྔ α(f)ͷΞΠσΟΞΛଊ͑௚͠, G = K5 ,K3 ,3

,Βͣݶʹ ΑΓҰൠతͳઃఆͷԼͰ, ۭؒάϥϑͷϗϞτϐʔෆมྔͱͯ͠ಋೖ͞Εͨ [39].
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∑

γ∈Γ′

a2(f(γ))−
∑

γ∈Γ4(G)

a2(f(γ)) =
L(f)2 − 1

8
(2.4)

͕੒Γཱͭ [28] (ຊ࣭తʹ͸ຊڮ-୩ࢁ [22]). վΊͯ K6ͷ೚ҙͷۭؒຒΊࠐΈ f ʹର
͠, K6͸ ͪΐ͏Ͳ ͷݸ6 K5ʹಉܕͳ෦෼άϥϑ Gi (i = 1, 2, . . . , 6), ͪΐ͏Ͳ ݸ10
ͷ K3,3 ʹಉܕͳ෦෼άϥϑ Hj (j = 1, 2, . . . , 10) ΛؚΈ,

10∑

j=1

L(f |Hj)
2 −

6∑

i=1

L(f |Gi)
2 = 4

∑

λ∈Γ3,3(K6)

lk(f(λ))2

͕੒Γཱͭ͜ͱ͕, K6ͷۭؒάϥϑͷʮϗϞϩδʔ෼ྨʯ [40] ͷԠ༻ʹΑΓࣔ͞ΕΔ.

ͦ͜Ͱ֤ L(f |Hi), L(f |Gj) ʹ (2.4) Λద༻͠੔ཧ͢Δͱ (1)͕ಘΒΕΔ. (2)͸, K7ͷ
೚ҙͷۭؒຒΊࠐΈ f ʹର͠, K7ͷ෦෼άϥϑͰ K6ʹಉ૬ͳ΋ͷ F Λશͯ͑ߟ (ਤ
2.1), f |F ʹఆཧ2.1 (1)Λద༻͠, શͯͷ F ʹ͍ͭͯ଍͠߹Θͤ੔ཧͯ͠ಘΒΕΔ.

ਤ 2.1: K7 ͷ෦෼άϥϑͰ K6 ʹಉ૬ͳ΋ͷ

ఆཧ2.1 (1)ͷূ໌ͷ؊͸, ۭؒάϥϑͷϗϞϩδʔෆมྔΛ݁ͼ໨੒෼ͷ a2 Λ༻͍
,੒͠ߏͯ ͦ͜ʹϗϞϩδʔ׬શ෼ྨΛద༻ͯ͠Ұൠతͳؔࣜ܎ΛಘΔͱ͜ΖͰ͋Δ.8

͜Ε͸ؔࣜ܎ (2.4) ΛಘΔࡍʹ༻͍ΒΕͨΞΠσΟΞͰ΋͋ͬͨ.

3. Conway-GordonͷఆཧͷҰൠԽ
ఆཧ2.1 (2)ͷূ໌ͷख๏͸Ұൠͷ Kn (n = 8, 9, . . .) ,ʑͱద༻Ͱ͖࣍ʹ ʹࡍ࣮ f(Kn)

಺ͷ Hamilton ݁ͼ໨ͷ a2 ͷ૯࿨͕, 5αΠΫϧ݁ͼ໨ͷ a2, ͼٴ 2੒෼བྷΈ໨ͷ lk2

͔Βܾ·Δ͜ͱ͸ೝ͍͕ࣝͯͨ͠, kαΠΫϧ݁ͼ໨ͱ lαΠΫϧ݁ͼ໨͔ΒͳΔ 2੒
෼བྷΈ໨Λ (k, l) བྷΈ໨ͱݺͿͱ͖ (6 ≤ k + l ≤ n), ֤ (k, l) བྷΈ໨ͷ lk2 ͷ૯࿨ͷҰ
ൠతͳݱΕํ͕Θ͔Βͣ, ໌᏷ͳؔࣜ܎ʹදͤͳ͍Ͱ͍ͨ. ͔͠͠, K7ͷۭؒάϥϑ͕
ʹҎԼͷੑ࣭ͭ࣋ (Α͏΍͘)͕ؾ෇͍ͨ͜ͱ͕, ಥഁޱΛ։͘ݤͱͳͬͨ.

ఆཧ 3.1. (৿Լ-৽ᅳ [20]) K7ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,
∑

λ∈Γ3,4(K7)

lk(f(λ))2 = 2
∑

λ∈Γ3,3(K7)

lk(f(λ))2. (3.1)

ূ໌͸, ఆཧ 2.1 (1)ͱಉ༷ͷख๏Ͱ O’Donnol શ׬͕ͨࣔ͠ 3૊άϥϑ K3,3,1 ͷਫ਼
ີԽ Conway-Gordon ࣜެܕ [29] Λ, K7ؚ͕Ήશͯͷ K3,3,1 ʹಉܕͳ෦෼άϥϑʹద
༻͢Δ͜ͱʹΑΔ. ͦ͜Ͱఆཧ3.1ͱఆཧ2.1 (2)͔Β, K7ͷۭؒຒΊࠐΈ f ʹ͓͍ͯ

∑

γ∈Γ7(K7)

a2(f(γ))− 2
∑

γ∈Γ5(K7)

a2(f(γ)) =
∑

λ∈Γ3,3(K7)

lk(f(λ))2 − 6 (3.2)

8શͯͷ n ʹ͍ͭͯ, Kn ͷۭؒάϥϑͷશͯͷϗϞϩδʔྨ͕໌ࣔతʹΘ͔͍ͬͯΔ [38], [25].
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͕੒Γཱͪ, ʮHamilton ݁ͼ໨ͷ a2 ͷ૯࿨͸, 5αΠΫϧ݁ͼ໨ͷ a2 ͷ૯࿨ͱ (3, 3)

བྷΈ໨ͷ lk2 ͷ૯࿨ͰવΔ΂͘ද͞ΕΔʯͱ͍͏Ծఆͷؼೲ๏ʹ৐Δ. େࡶ೺ʹ͸͜ͷ
Α͏ʹͯ͠, զʑ͸ҎԼͷ݁ՌΛಘͨ.

ఆཧ 3.2. (৿Լ-৽ᅳ [20]) n ≥ 6 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

∑

γ∈Γn(Kn)

a2(f(γ))− (n− 5)!
∑

γ∈Γ5(Kn)

a2(f(γ)) =
(n− 5)!

2

⎛

⎝
∑

λ∈Γ3,3(Kn)

lk(f(λ))2 −
(
n− 1

5

)⎞

⎠.

ఆཧ 3.2͔Β, f(Kn) ͷ Hamilton ݁ͼ໨ͷৼΔ෣͍͕͍Ζ͍Ζͯ͑͘ݟΔ. ·ͣ,

n ≥ 6 ͷͱ͖, Kn ͷ 2ͭͷ 3αΠΫϧͷඇަ࿨ λ ∈ Γ3,3(Kn) ΛؚΉ෦෼άϥϑͰ K6

ʹಉܕͳ΋ͷ͸།ҰͭͰ͋Δ͜ͱʹ஫ҙ͢Δ. ͜ͷ͜ͱͱఆཧ 1.1 (1)͔Β, f(Kn) ͷ
(3, 3) བྷΈ໨ͷ lk2 ͷ૯࿨͸, Kn ͷ K6ʹಉܕͳ෦෼άϥϑͷݸ਺

(
n
6

)
Ҏ্Ͱ͋Δ.

ैͬͯఆཧ3.2ΑΓ, ҎԼͷ͕ܥಘΒΕΔ.

ܥ 3.3. n ≥ 6 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

∑

γ∈Γn(Kn)

a2(f(γ))− (n− 5)!
∑

γ∈Γ5(Kn)

a2(f(γ)) ≥
(n− 5)(n− 6)(n− 1)!

2 · 6! .

஫ҙ 3.4. ԕ౻-େ௬͸, ඪ४తۭؒάϥϑͷڀݚͷҰ؀ͱͯ͠ Kn ͷਖ਼४ຊදݱͱݺ
͹ΕΔຒΊࠐΈ fb Λಋೖ͠ [7], ,େ௬͸ʹߋ fb (Kn) ͷશͯͷඇ෼཭ (3, 3) བྷΈ໨͸
ͪΐ͏Ͳ

(
n
6

)
ͷݸ Hopf བྷΈ໨Ͱ͋Δ͜ͱΛࣔͨ͠ [30]. ܥͯͬै 3.3ͷԼք͸ྑ࠷Ͱ

͋Δ. ʹߋ fb(Kn) ͷશͯͷ5αΠΫϧ݁ͼ໨͸ࣗ໌ͳͷͰ, ಛʹ

∑

γ∈Γn(Kn)

a2 (fb(γ)) =
(n− 5)!

2

((
n

6

)
−
(
n− 1

5

))
=

(n− 5)(n− 6)(n− 1)!

2 · 6! (3.3)

͕ಘΒΕΔ. Hamilton ݁ͼ໨ͨͪͷ݁ͼ໨ܕͷ಺༁Λ஌Βͣͱ΋ a2 ͷ૯࿨͕Θ͔ͬ
ͨ͜ͱʹ஫໨ͯ͠ཉ͍͠. ͦͯ͜͠ͷ3.5ܥ͕ࢉܭͷূ໌Ͱॏཁͳ໾ׂΛՌͨ͢.

,ʹ࣍ n ≥ 7 ͷͱ͖, Kn ͷۭؒάϥϑ f(Kn), g(Kn) ʹ͓͍ͯ, ͦΕͧΕͷ Hamilton

݁ͼ໨ͷ a2 ͷ૯࿨ͷࠩͷ mod (n− 5)! ΛऔͬͯΈΑ͏. ఆཧ3.2͔Β
∑

γ∈Γn(Kn)

a2(f(γ))−
∑

γ∈Γn(Kn)

a2(g(γ))

≡ (n− 5)!

2

⎛

⎝
∑

λ∈Γ3,3(Kn)

lk(f(λ))2 −
∑

λ∈Γ3,3(Kn)

lk(g(λ))2

⎞

⎠ (mod (n− 5)!) (3.4)

ͱͳΔ͕, f(Kn), g(Kn)ͷ (3, 3)བྷΈ໨ͷ lk2 ͷ૯࿨͸, ఆཧ1.1 (1)͔Β͍ͣΕ΋ mod

2 Ͱ
(
n
6

)
ʹ߹ಉͳͷͰ, ͦͷࠩ͸ۮ਺Ͱ͋Δ. ैͬͯ (3.4) ͔Β

∑

γ∈Γn(Kn)

a2(f(γ)) ≡
∑

γ∈Γn(Kn)

a2(g(γ)) (mod (n− 5)!) (3.5)

ͱͳΔ. ଈͪ, Hamilton ݁ͼ໨ͷ a2 ͷ૯࿨͸ mod (n− 5)! ͰຒΊࠐΈʹґΒͳ͍. ͦ
͜Ͱ g ͱͯ͠஫ҙ3.4Ͱड़΂ͨਖ਼४ຊදݱ fb Λબ΂͹, (3.3) ͱ (3.5) ͔Β

∑

γ∈Γn(Kn)

a2(f(γ)) ≡
(n− 5)!

2

((
n

6

)
−
(
n− 1

5

))
(mod (n− 5)!) (3.6)
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͕೚ҙͷۭؒຒΊࠐΈ f ʹ͍ͭͯ੒Γཱͭ.
(
n
6

)
≡ 1 (mod 2) ͱ n ≡ 6, 7 (mod 8),(

n− 1
5

)
≡ 1 (mod 2) ͱ n ≡ 0, 6 (mod 8) ͕ͦΕͧΕಉ஋Ͱ͋Δ͜ͱʹ஫ҙͯ͠ ܎2߲)

਺ʹؔ͢Δ Lucas ͷఆཧΛ༻͍Ε͹ྑ͍), ҎԼͷ͕ܥಘΒΕΔ.

ܥ 3.5. n ≥ 7 ͷͱ͖, Kn ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ, ͷ࣍ mod (n− 5)! ͷ߹
ಉ͕ࣜ੒Γཱͭ:

∑

γ∈Γn(Kn)

a2 (f(γ)) ≡

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−(n− 5)!

2

(
n− 1

5

)
(n ≡ 0 (mod 8))

0 (n ̸≡ 0, 7 (mod 8))
(n− 5)!

2

(
n

6

)
(n ≡ 7 (mod 8)).

ྫ͑͹ n = 7 ͷͱ͖͸,
∑

γ∈Γ7(K7)
a2(f(γ)) ≡ 7 ≡ 1 (mod 2) ͱͳΓఆཧ 1.1 (2)͕,

·ͨ n = 8 ͷͱ͖͸,
∑

γ∈Γ8(K8)
a2(f(γ)) ≡ −63 ≡ 3 (mod 6) ͱͳΓఆཧ 1.2 (1)͕ಘ

ΒΕΔ. ʹߋ n ≥ 9 ͷͱ͖͸ఆཧ1.2 (2)ͷҰൠԽͰ, ΋ͪΖΜ৽݁ՌͰ͋Δ.

ͯ͞զʑ͸, 2੒෼ HamiltonབྷΈ໨ͷབྷΈ਺ͷৼΔ෣͍ͱ͍͏؍఺͔Β, ఆཧ 1.2 (3)

ΛҎԼͷΑ͏ʹਫ਼ີԽ͢Δ͜ͱ΋Ͱ͖ͨ.

ఆཧ 3.6. (৿Լ-৽ᅳ [21]) n ≥ 6 ͱ͠, p, q ≥ 3 Λ n = p+ q ͳΔ੔਺ͱ͢Δͱ͖, Kn

ͷ೚ҙͷۭؒຒΊࠐΈ f ʹ͓͍ͯ,

∑

λ∈Γp,q(Kn)

lk(f(λ))2 =

⎧
⎪⎪⎨

⎪⎪⎩

(n− 6)!
∑

λ∈Γ3,3(Kn)

lk(f(λ))2 (p = q)

2(n− 6)!
∑

λ∈Γ3,3(Kn)

lk(f(λ))2 (p ̸= q).

ಛʹ,
∑

p+q=n

∑

λ∈Γp,q(Kn)

lk(f(λ))2 = (n− 5)!
∑

λ∈Γ3,3(Kn)

lk(f(λ))2.

ূ໌͸ ΐͬͪ(ͷͱ͜Ζࠓ) ͱ໘౗Ͱ, n = 7 ͷͱ͖ͷ (3.1) ʹՃ͑ͯ, n = 8 ͷͱ͖
∑

λ∈Γ3,5(K8)

lk(f(λ))2 = 4
∑

λ∈Γ3,3(K8)

lk(f(λ))2,
∑

λ∈Γ4,4(K8)

lk(f(λ))2 = 2
∑

λ∈Γ3,3(K8)

lk(f(λ))2

͕੒Γཱͭ͜ͱΛ͔ࣔͯ͠Βؼೲ๏ʹ৐ͤΔ. ఆཧ 3.6͔Β, Kn ͷ೚ҙͷۭؒάϥϑ
ʹ͓͍ͯ, Hamilton ݁ͼ໨ͷ a2 ͷ৔߹ͱಉ͘͡, 2੒෼ Hamilton བྷΈ໨ͷ lk2 ͷ૯
࿨΋ mod (n − 5)! ͰຒΊࠐΈʹґΒͳ͍ͷ͸ڵຯਂ͍͜ͱͰ͋Δ. ∑ʹΑ͏ͨݟʹط

λ∈Γ3,3(Kn)
lk(f(λ))2 ≥

(
n
6

)
Ͱ͔͋ͬͨΒ, .΋௚ͪʹಘΒΕΔܥͷ࣍

ܥ 3.7. n ≥ 6 ͱ͠, p, q ≥ 3 Λ n = p+ q ͳΔ੔਺ͱ͢Δͱ͖, Kn ͷ೚ҙͷۭؒຒΊ
Έࠐ f ʹ͓͍ͯ,

∑

λ∈Γp,q(Kn)

lk(f(λ))2 ≥

⎧
⎪⎨

⎪⎩

n!

6!
(p = q)

2 · n!
6!

(p ̸= q).

ಛʹ,
∑

p+q=n

∑

λ∈Γp,q(Kn)

lk(f(λ))2 ≥ (n− 5) · n!
6!
.
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஫ҙ3.4Ͱड़΂ͨ௨Γ, Kn ͷਖ਼४ຊදݱ fb ʹΑͬͯ3.7ܥͷԼք΋࣮͞ݱΕ, ैͬͯ
.Ͱ͋Δྑ࠷ Kn ͷۭؒάϥϑ಺ͷඇ෼཭བྷΈ໨ͷ࠷খݸ਺ͷڀݚ͸, ྫ͑͹ Fleming-

Mellor [10] ,ΒΕݟʹ .3.3͸ͦͷ୅਺తͳԼ͔ΒͷධՁΛ༩͑ͨ΋ͷͱ͍͑Α͏ܥ

4. ઢۭؒܗάϥϑ΁ͷԠ༻
ఆཧ3.2ͷԠ༻͕࠷΋௚઀తʹݟग़ͤΔۭؒάϥϑͷΫϥεͱͯ͠, ઢۭؒܗάϥϑ͕
.ΒΕΔ͛ڍ ͍·, ୯७άϥϑ (= (୯ମతෳମͷଟ໘ମݩ࣍1 G ͷۭؒຒΊࠐΈ fr ͕
ઢܗͰ͋Δ 9ͱ͸, G ͷ೚ҙͷล e ʹର͠, ͦͷ૾ fr(e) ͕ R3 ͷ (·͙ͬ͢ͳ)ઢ෼Ͱ
͋Δͱ͖Λ͍͏. n௖఺ͷ୯७άϥϑ͸ Kn ͷ෦෼άϥϑͰ͋Γ, Kn ͷ֤௖఺Λ R3 ಺
ͷۂઢ (t, t2, t3) ্ʹஔ͖, ҟͳΔͲͷ2௖఺΋1ຊͷઢ෼Ͱ݁Ϳ͜ͱͰ1ͭͷઢܗͳۭ
ؒຒΊࠐΈ͕ಘΒΕΔ (ਤ4.1). ͜ΕΛ Kn ͷඪ४తͳઢۭؒܗຒΊࠐΈͱݺͿ͜ͱʹ
͢Δ.10ैͬͯ೚ҙͷ୯७άϥϑ͸ઢۭؒܗຒΊࠐΈΛͭ࣋.

1

2

3
4

5

6

f K 6(    )r

7

1

2

3

4 5

6

f K 7(    )r

ਤ 4.1: Kn ͷඪ४ઢۭؒܗάϥϑ (n = 6, 7)

ઢۭؒܗάϥϑ͸, ෼ࢠτϙϩδʔʹ͓͍ͯ෼ࢠԽ߹෺ͷ਺ֶతϞσϧͱͯࣗ͠વʹ
ΕΔର৅Ͱݱ (ྫ͑͹ [1, §7] Λࢀর), ۭؒάϥϑͷಉ஋ྨʹ੍͍ڧ໿͕͔͔Δ. ಛʹ
զʑ͸, ઢۭؒܗάϥϑͷ݁ͼ໨/བྷΈ໨಺ੑࡏ΍ Hamilton ݁ͼ໨/བྷΈ໨ͷڍಈʹؔ
৺͕͋Δ. Kn ͷઢۭؒܗάϥϑ಺ͷ Hamilton ݁ͼ໨/བྷΈ໨͸๮ࢦ਺͕nҎԼͰ͋Δ
͜ͱʹ஫ҙ͠Α͏. ͜͜ͰབྷΈ໨ L ͷ๮ࢦ਺ s(L) ͱ͸, L ͷ R3 ಺Ͱͷ୯ମ෼ׂʹ͓
͚Δ1୯ମͷ࠷খ਺ͷ͜ͱͰ͋Γ, ௿͍๮ࢦ਺ʹ͍ͭͯ͸ҎԼͷ͕࣮ࣄ஌ΒΕ͍ͯΔ.

໋୊ 4.1. ([1], [24], [2], [5]) བྷΈ໨ L ͷ๮ࢦ਺ s(L) ʹ͍ͭͯ, ੒Γཱͭ.11͕࣍

( 1 ) L ͕ඇࣗ໌݁ͼ໨ͳΒ, s(L) ≥ 6.

( 2 ) s(L) = 6 ⇐⇒ L ͸ 31, 021, 2
2
1 ͷ͍ͣΕ͔ͱಉ஋.

( 3 ) s(L) = 7 ⇐⇒ L ͸ 41, 421 ͷ͍ͣΕ͔ͱಉ஋.

( 4 ) s(L) = 8 ⇐⇒ L ͸ 51, 52, 61, 62, 63, 31#31, 31#3∗1, 819, 820·ͨ͸ 521 ͷ͍ͣΕ
͔ͱಉ஋. ͜͜Ͱ # ͸࿈݁࿨, ∗ ͸૾ڸΛද͢.

໋୊4.1 (1)ʹΑΓ, 5ຊͷ1୯ମ͔ΒͳΔ݁ͼ໨͸ࣗ໌Ͱ͋Δ. ैͬͯ, ઢۭؒܗάϥ
ϑ಺ͷ5αΠΫϧ݁ͼ໨͸શͯࣗ໌ͱͳΓ, ఆཧ3.2͔ΒҎԼͷఆཧ͕௚ͪʹಘΒΕΔ.

9͜͜Ͱ͸ઢܗͱ͕ͨ͠, linear, rectilinear, straight edge ͳͲͷ༻࢖͕ޠΘΕ, ౷Ұ͞Ε͍ͯͳ͍.
10ਤ 4.1ͷ K7 ͷඪ४తͳઢۭؒܗຒΊࠐΈ͸, ࣮͸ਤ 1.3 ͷ K7 ͷۭؒຒΊࠐΈͱಉ஋Ͱ͋Δ.
11֤݁ͼ໨ ·བྷΈ໨ͷϥϕϧ͸, ͍ΘΏΔ Rolfsen ςʔϒϧ [35] ʹैͬͨ.
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ఆཧ 4.2. (৿Լ-৽ᅳ [20]) n ≥ 6 ͷͱ͖, Kn ͷ೚ҙͷઢۭؒܗຒΊࠐΈ fr ʹ͓͍ͯ,

∑

γ∈Γn(Kn)

a2 (fr(γ)) =
(n− 5)!

2

( ∑

λ∈Γ3,3(Kn)

lk (fr(λ))
2 −

(
n− 1

5

))
.

໋୊ 4.1 (2)ʹΑΓ, 6ຊͷ 1୯ମ͔ΒͳΔ 2੒෼བྷΈ໨͸, ࣗ໌ͳབྷΈ໨ 021 ͔ Hopf

བྷΈ໨ 221 ͷ͍ͣΕ͔ʹಉ஋Ͱ͋Γ, lk(021) = 0, lk(221) = ± 1 Ͱ͋Δ. ैͬͯ (3, 3) བྷΈ
໨ͷ lk2 ͷ࿨͸ (3, 3) Hopf བྷΈ໨ͷݸ਺ʹ౳͘͠, ఆཧ 4.2ʹΑΓ, Kn ͷઢۭؒܗά
ϥϑ಺ͷ Hamilton ݁ͼ໨ͷ a2 ͷ૯࿨͸, ͍͔ͳΔ n ≥ 6 ʹ͍ͭͯ΋, བྷΜͩτϥΠ

ΞϯάϧͷϖΞ ͷݸ਺Ͱ໌ࣔతʹܾ·Δ. චऀ͸͜ͷ݁Ռ͕େมؾʹೖ͍ͬͯΔ.

ఆཧ 4.2͔Β, ܥ 3.3ͱશ͘ಉ༷ʹͯ͠
∑

γ∈Γn(Kn)
a2 (fr(γ)) ͷԼք͕ಘΒΕΔ. Ұൠ

ͷۭؒຒΊࠐΈʹ͍ͭͯ͸্ʹ༗քͰͳ͍͕, ಛʹઢۭؒܗຒΊࠐΈ fr ʹ͍ͭͯ͸্
ʹ΋༗քͰ͋Δ͜ͱ͕, ҎԼʹड़΂Δ K6ͷઢۭؒܗάϥϑ಺ͷ (3, 3) Hopf བྷΈ໨ͷ
.໿͔ΒΘ͔Δ੍͍ڧ਺ʹ͔͔Δݸ

໋୊ 4.3. (Hughes [15], Huh-Jeon [16], ৽ᅳ [26]) K6ͷ೚ҙͷઢۭؒܗຒΊࠐΈ fr ʹ
͓͍ͯ, fr(K6) ؚ͕Ή Hopf བྷΈ໨ͷݸ਺͸1ݸ·ͨ͸3ݸͰ͋Δ.

໋୊ 4.3͔Β
(
n
6

)
≤

∑
λ∈Γ3,3(Kn)

lk(fr(λ))2 ≤ 3
(
n
6

)
ͱͳΓ, ैͬͯఆཧ 4.2͔Β࣍ͷ݁

Ռ͕ಘΒΕΔ.

ܥ 4.4. n ≥ 6 ͷͱ͖, Kn ͷ೚ҙͷઢۭؒܗຒΊࠐΈ fr ʹ͓͍ͯ,

(n− 5)(n− 6)(n− 1)!

2 · 6! ≤
∑

γ∈Γn(Kn)

a2 (fr(γ)) ≤
3(n− 2)(n− 5)(n− 1)!

2 · 6! .

ྫ 4.5. ( 1 ) ܥ 4.4Ͱ n = 6 ͱ͢Δͱ
∑

γ∈Γ6(K6)
a2 (fr(γ)) = 0, 1 ͱͳΔ. ໋୊ 4.1 (2)

ΑΓ fr(γ)͸ࣗ໌ͳ݁ͼ໨ 01 ·ͨ͸ࡾ༿݁ͼ໨ 31 Ͱ͋Γ, a2(01) = 0, a2(31) = 1

͔Β, fr(K6) ؚ͕Ήࡾ༿݁ͼ໨ͷݸ਺͸, ͸ͨ·ݸ0 Ͱ͋Δݸ1 ([16] Ͱ૊߹ͤ࿦
తख๏ʹΑΓࣔ͞Ε͍࣮ͯͨࣄͷผূ໌).

( 2 ) n = 7 ͷͱ͖, 4.4ͱఆཧ1.1ܥ (2)͔Βɹ

1 ≤
∑

γ∈Γ7(K7)

a2 (fr(γ)) ≤ 15,
∑

γ∈Γ7(K7)

a2 (fr(γ)) ≡ 1 (mod 2)

Ͱ͋Δ. ໋୊4.1 (2), (3)͔Β, fr(γ) ͸ 01, 31 ·ͨ͸ 8ͷ݁ࣈͼ໨ 41 ͷ͍ͣΕ͔
Ͱ͋Γ, a2(41) = −1 ͔Β, fr(K7) ͸ඞͣࡾ༿݁ͼ໨ΛؚΉ (Brown [4], Ramı́rez

Alfonśın [32] Ͱ૊߹ͤతతख๏ʹΑΓࣔ͞Ε͍࣮ͯͨࣄͷผূ໌).

( 3 ) n = 8 ͷͱ͖, 4.4ͱఆཧ1.2ܥ (1)͔Β

21 ≤
∑

γ∈Γ8(K8)

a2 (fr(γ)) ≤ 189,
∑

γ∈Γ8(K8)

a2 (fr(γ)) ≡ 3 (mod 6)

Ͱ͋Δ. ໋୊ 4.1ʹΑͬͯ 8ຊͷ 1୯ମ͔ΒͳΔ݁ͼ໨͸શͯΘ͔͍ͬͯͯ, ͏ͪ
31, 51, 52, 63, 31#31, 31#3∗1, 819, 820ʹ͍ͭͯ a2 > 0 Ͱ͋Δ. ैͬͯ fr(K8) ͸ඞ
ͣ͜ΕΒͷ͍ͣΕ͔ΛؚΉ. ಛʹ͜ΕΒ݁ͼ໨ͷ a2 ͷ஋ͷ࠷େ஋͕ a2(819) = 5

Ͱ͋Δ͜ͱ͔Β, fr(K8)͸, a2 > 0ͳΔ Hamilton݁ͼ໨Λগͳ͘ͱ΋ ⌈21/5⌉ = 5

Ήؚݸ (஫ҙ5.2΋ࢀরͤΑ).
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஫ҙ 4.6. ܥ 4.4ͷԼք͸ඪ४తͳઢۭؒܗຒΊࠐΈʹΑΓ࣮͞ݱΕ, .Ͱ͋Δྑ࠷ Ұ
ํ, ্քʹ͍ͭͯ, ྫ͑͹ n = 7 ͷͱ͖, զʑ͕ಘ্ͨք͸ 15 Ͱ͋Δ͕, Jeon et al.

[18] ʹ͓͚Δ༗޲ϚτϩΠυཧ࿦ͷԠ༻ʹΑΔػࢉܭ୳ࡧʹΑΕ͹, K7ͷઢۭؒܗຒ
ΊࠐΈ fr Ͱ

∑
γ∈Γ7(K7)

a2 (fr(γ)) = 13, 15 ͱͳΔ΋ͷ͸ଘ͠ࡏͳ͍Β͍͠. ͜Ε͸ఆ
ཧ4.2͔Β, (3, 3) Hopf བྷΈ໨ͷݸ਺͕ 19, 21 Ͱ͋Δ΋ͷ͕ଘ͠ࡏͳ͍͜ͱͱಉ஋Ͱ͋
Δ. Ұൠʹ n ≥ 7 ʹ͍ͭͯ, .ͷ্ք͸஌ΒΕ͍ͯͳ͍ྑ࠷4.4ͷܥ

໰୊ 4.7. n ≥ 7 ͷͱ͖, Kn ͷઢۭؒܗάϥϑશମʹ͓͍ͯ, Hamilton ݁ͼ໨ͷ a2 ͷ
૯࿨ͷ࠷େ஋ΛܾఆͤΑ. ·ͨ͸, (3, 3) Hopf བྷΈ໨ͷݸ਺ͷ࠷େ஋ΛܾఆͤΑ.

ྫ 4.8. ਤ4.2ͷ2ͭͷ K8ͷۭؒάϥϑΛ͑ߟΔ. ͸ࠨ [3] Ͱ༩͑ΒΕͨ΋ͷ, ӈ͸ K8

ͷඪ४తͳઢۭؒܗάϥϑͰ͍ޓʹಉ஋Ͱͳ͍͕,12 ͍ͣΕͷۭؒάϥϑ΋, શͯͷඇ
ࣗ໌ͳ Hamilton ݁ͼ໨ͱͯ͠, ͪΐ͏Ͳ ༿݁ͼ໨ΛؚΉࡾͷݸ21 [3], [33] (ͦΕΒΛ
୳ͯ͠ΈΑ). චऀ͸͜ͷʮ21ʯͱ͍͏਺ʹԿ͔ҙຯ͕͋Δͱͭͭ͡ײ΋, 10೥Ҏ্Θ
͔Βͣʹ͍ͨ. ,ճࠓ͔͠͠ ಛʹ3.3ܥͰ n = 8 ͷͱ͖, ΋͠શͯͷ5αΠΫϧ݁ͼ໨͕
ࣗ໌ͳΒ, Hamilton ݁ͼ໨ͷ a2 ͷ૯࿨͸21Ҏ্Ͱ, શͯͷඇࣗ໌ͳʹߋ Hamilton ݁
ͼ໨͕ࡾ༿݁ͼ໨ͳΒ͹, ඞͣ21ݸҎ্ͱͳΔ. ͜Ε͕ʮ21ʯͷ1ͭͷҙຯͰ͋ͬͨ.

7

12

3 4

56

8

1

2

3

4

5 6

7

8

ਤ 4.2: K8 ͷ 2ͭͷۭؒάϥϑ

5. ͳΔԠ༻ͳͲߋ
ఆཧ 4.2ͷԠ༻ʹ͍ͭͯ΋͏গ͠͏͜ߦͯݟ. 1ͭ໨͸, Kn ͷઢۭؒܗάϥϑͷඇࣗ
໌ͳ Hamilton ݁ͼ໨ͷ࠷খݸ਺Ͱ͋Δ. c(K) Ͱ݁ͼ໨ K ͷ࠷খަࠩ਺Λද͢ͱ͖,

c(K) ≤ (s(K)− 3) (s(K)− 4) /2 ͕੒Γཱͭ͜ͱ (Calvo [5]), ·ͨ a2(K) ≤ c(K)2/8

͕੒Γཱͭ͜ͱ͔Β (Polyak-Viro [31]), nຊͷ1୯ମ͔ΒͳΔ݁ͼ໨ K ʹ͍ͭͯ

a2(K) ≤
⌊
(n− 3)2(n− 4)2

32

⌋
(5.1)

͕ಘΒΕΔ (⌊·⌋ ͸চؔ਺). ͦ͜Ͱܥ 4.4ͷԼքͱ (5.1) Λ༻͍ͯ, Kn ͷઢۭؒܗάϥ
ϑͷඇࣗ໌ͳ Hamilton ݁ͼ໨ͷ࠷খݸ਺ͷԼ͔ΒͷධՁΛ༩͑Δ͜ͱ͕Ͱ͖Δ.

ఆཧ 5.1. (৿Լ-৽ᅳ [20]) n ≥ 7 ͷͱ͖, Kn ͷઢۭؒܗάϥϑͷඇࣗ໌ͳ Hamilton

݁ͼ໨Ͱ a2 > 0 ͳΔ΋ͷͷ࠷খݸ਺͸, ͷ࣍ rn Ҏ্Ͱ͋Δ (⌈·⌉ ͸ఱҪؔ਺):

rn =

⌈
(n− 5)(n− 6)(n− 1)!/(2 · 6!)

⌊(n− 3)2(n− 4)2/32⌋

⌉
.

ͷۭؒάϥϑ͸ࠨ12 3αΠΫϧͱ 5αΠΫϧ͕ͳ͢ lk = 2 ͷབྷΈ໨ [257] ∪ [13846] ΛؚΉ͕, ӈͷۭ
ؒάϥϑͰ͸, ೚ҙͷ λ ∈ Γ3 ,5 (K8 ) ʹର͠, ͦͷ૾͸࣮͸ࣗ໌བྷΈ໨͔ Hopf བྷΈ໨Ͱ͋Δ.
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rn ͷ 7 ≤ n ≤ 16 ʹ͓͚Δ۩ମతͳ஋͸ҎԼͷ௨ΓͰ͋Δ.

n 7 8 9 10 11 12 13 14 15 16 · · ·
rn 1 2 12 92 772 7187 73628 823680 10015889 131436569 · · ·

஫ҙ 5.2. Kn ͷઢܗͱ͸ݶΒͳ͍Ұൠͷۭؒάϥϑʹ͍ͭͯ, n = 8 ͷͱ͖͸ a2 ح͕
਺ͷ Hamilton ݁ͼ໨͕গͳ͘ͱ΋ ͠ࡏଘݸ3 (ฏ໺ [14]), n ≥ 9 ͷͱ͖͸ a2 ਺ح͕
ͷ Hamilton ݁ͼ໨͕গͳ͘ͱ΋ (n− 1)(n− 2) · · · 9 · 8 Δ͜ͱ͕஌ΒΕ͍ͯ͢ࡏଘݸ
Δ (Foisy [3]). զʑ͸ઢۭؒܗάϥϑͷ a2 ͕ਖ਼ͷ Hamilton ݁ͼ໨Λ͍ͯ͑ߟΔͷͰ
ཱ৔͸ҟͳΔ͕, n = 9, 10, 11 ͷͱ͖ rn ͸ Foisy ͷԼքΑΓ΋େ͖͍. Ұํ n = 8 ͷ
ͱ͖, ྫ4.5 (3)Ͱͨݟ௨Γ, r2 = 2 ΑΓ΋ྑ͍ධՁʮ5ʯ͕ಘΒΕΔ.13 ͍ͣΕʹͯ͠΋,

ఆཧ5.1ͷධՁ͸ n ≥ 8 ʹ͍ͭͯ͸ྑ࠷ʹ͸ఔԕ͍ͱࢥΘΕΔ.

໰୊ 5.3. n ≥ 8 ͷͱ͖, Kn ͷઢۭؒܗάϥϑશମʹ͓͍ͯ, ඇࣗ໌ͳ Hamilton ݁ͼ
໨ (Ͱ a2 > 0 ͳΔ΋ͷ)ͷ࠷খݸ਺ΛܾఆͤΑ.

2ͭ໨ͷԠ༻͸, Kn ͷઢۭؒܗάϥϑͷ Hamilton ݁ͼ໨ͷ a2 ͷ஋ͷ࠷େ஋Ͱ͋Δ.

,4.4͔Βܥ·͍ Kn ͷઢۭؒܗຒΊࠐΈ fr ʹ͓͍ͯ

max
γ∈Γn(Kn)

{a2(fr(γ))} · ♯Γn(Kn) ≥
∑

γ∈Γn(Kn)

a2(fr(γ)) ≥
(n− 5)(n− 6)(n− 1)!

2 · 6!

Ͱ͋Γ, ྆ลΛ ♯Γn(Kn) = (n− 1)!/2 ͰׂͬͯҎԼ͕ಘΒΕΔ.14

ఆཧ 5.4. (৿Լ-৽ᅳ [21]) n ≥ 6 ͷͱ͖, Kn ͷ೚ҙͷઢۭؒܗຒΊࠐΈ fr ʹ͓͍ͯ,

max
γ∈Γn(Kn)

{a2(fr(γ))} ≥ (n− 5)(n− 6)

6!
.

ఆཧ 5.4͸, Kn ͷઢۭؒܗάϥϑ͸, n ͕े෼େ͖͚Ε͹, ೚ҙʹେ͖ͳ a2 ͷ஋Λ
ͭ࣋ Hamilton ݁ͼ໨ΛඞؚͣΉͱ͍ͯͬݴΔ. ͜ΕΑΓ, ಛʹ࣍ͷ݁Ռ͕ಘΒΕΔ.

ܥ 5.5. ਖ਼ͷ੔਺ m ʹର͠, n >
(
11 +

√
2880m− 2879

)
/2 ͳΒ, Kn ͷ೚ҙͷઢۭܗ

ؒάϥϑ fr(Kn) ͸, a2 ≥ m ͳΔ Hamilton ݁ͼ໨ΛؚΉ.

஫ҙ 5.6. നҪ-୩ࢁ͸, Kn ͷઢܗͱ͸ݶΒͳ͍ۭؒάϥϑʹ͍ͭͯ, K48·2k ͷ೚ҙͷ
ۭؒάϥϑ͸ |a2| ≥ 22k ͳΔ݁ͼ໨ΛؚΉ͜ͱ, ·ͨਖ਼ͷ੔਺ m ʹର͠, n ≥ 96

√
m

ͳΒ, Kn ͷ೚ҙͷۭؒάϥϑ f(Kn) ͸ |a2| ≥ m ͳΔ݁ͼ໨ΛؚΉ͜ͱΛࣔͨ͠ [37].

ಛʹઢۭؒܗάϥϑʹݶΕ͹, զʑͷ݁Ռͷํ͕ΑΓྑ͍ (ҎԼͷςʔϒϧΛࢀর).

m 1 2 3 4 5 6 7 8 9 10 · · ·
n (നҪ-୩ࢁ [37]) 48 136 167 96 215 236 254 272 288 304 · · ·
n (৿Լ-৽ᅳ [21]) 7 33 44 52 60 66 72 77 82 87 · · ·

࣮͸, ΑΓ݁͘ڧͼ໨/བྷΈ໨ L ʹ͍ͭͯ, n ͕े෼େ͖͚Ε͹, Kn ͷ೚ҙͷઢܗ
ۭؒάϥϑ͸ L ʹಉ஋ͳ݁ͼ໨/བྷΈ໨ΛؚΉ͜ͱ͕طʹ஌ΒΕ͓ͯΓ (্ࠜ [24]), ͦ
ͷΑ͏ͳ n ͷ࠷খ஋Λ L ͷ Ramsey਺ ͱ͍ͬͯ R(L) Ͱද͢. ྫ͑͹ R(221) = 6,

ʹߋ13 K3 ,3 ,1,1 ͱද͞ΕΔ௖఺਺ 8ͷ׬શ 4૊άϥϑͷઢۭؒܗάϥϑ͸ඞͣ a2 > 0 ͳΔ Hamilton
݁ͼ໨ΛؚΈ ຊ-৽ᅳڮ) [12]), ͜ΕΛ K8 ͷ K3 ,3 ,1,1 ʹಉܕͳ ෦෼άϥϑʹద༻͢Δ͜ͱ(ͷݸ280)
Ͱ, ΋ͬͱྑ͍ධՁʮ8ʯ΋ಘΒΕΔ͕, .Ͱ͸ͳ͍ྑ࠷Β͘͜Ε΋ڪ

14 Hamilton བྷΈ໨ͷ lk2 ͷ஋ͷ࠷େ஋ʹ͍ͭͯ΋ಉ༷ͷ݁Ռ͕ಘΒΕΔ.
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R(31) = 7 Ͱ͋Δ. ਖ਼ͷ੔਺ m ʹର͠, Kn ͷ೚ҙͷઢۭؒܗάϥϑ͕ a2 ≥ m ͳΔ݁
ͼ໨ΛؚΉΑ͏ͳ n ͷ࠷খ஋Λ R(m) Ͱද͢͜ͱʹ͢Δͱ, a2(K) > 0 ͳΔ݁ͼ໨ K

ʹର͠ R(a2(K)) ͸ R(K) ΛԼ͔ΒධՁ͢Δ͕, R(m) ͷܾఆࣗମ͕ඇৗʹ೉͍͠.

໰୊ 5.7. m ≥ 2 ʹର͠, R(m) ΛٻΊΑ.

.͓ͯ͛͘ڍͷల๬Λޙࠓʹޙ࠷ Conway-Gordon ͷఆཧͷਫ਼ີԽ ·ҰൠԽʹ͍ͭͯ,

lk, a2 ʹؔ͢Δؔࣜ܎ͱͯ͠͸ఆཧ 3.2, ఆཧ 3.6͕ܾఆ൛Ͱ͋ΔΑ͏ʹ͏ࢥ. Ұํ, lk,

a2 ͸ͦΕͧΕ࣍਺1, 2ͷ༗ܕݶෆมྔ (Vassiliev ෆมྔ)Ͱ͋Δ͕, Hamilton ݁ͼ໨/

བྷΈ໨ͷৼΔ෣͍ΛറΔෆมྔͱͯ͠͸, n ͕େ͖͘ͳΔͱ͜ΕΒͰ͸ෆे෼Ͱ, ΑΓ
.ෆมྔʹΑΔറΓ͕༧૝͞ΕΔܕݶͷ༗࣍ߴ ͦͷΑ͏ͳʮ࣍ߴͷ Conway-Gordon ܕ
ެࣜʯΛݟग़͢ͷ͕1ͭͷ՝୊Ͱ͋Δ.15ྫ͑͹ Naimi-Pavelescu ͸, K9ͷҰൠͷۭؒ
άϥϑ͸3੒෼ඇ෼཭བྷΈ໨ΛؚΉͱ͸ݶΒͳ͍͕, ઢۭؒܗάϥϑ͸ඞؚͣΉ͜ͱΛ
Ͱ͍ࣔͯͯ͠ࡧ୳ػࢉܭ [23], ҰൠͷۭؒάϥϑͱઢۭؒܗάϥϑͱͰ݁ͼ໨/བྷΈ໨
಺͕ੑࡏҟͳΔ. ͦͷҧ্͍͕ʹड़΂ͨΑ͏ͳʮ࣍ߴʯͷެࣜʹΑͬͯநग़Ͱ͖Δͱ໘
ന͍. ·ͨ, §4Ͱ৮ΕͨΑ͏ʹ, ઢۭؒܗάϥϑ͸෼ࢠτϙϩδʔʹ͓͚Δ෼ࢠԽ߹෺
ͷϞσϧͷ 1ͭͰ͋Δ͕, Flapan-Kozai [8] Ͱ͸, Խ߹෺ͷབྷΈ߹͍ͷϞσϧԽࢠ෼ߴ
ͷ1ͭͱͯ͠, ཱํମ಺ͷϥϯμϜͳn఺Λ௖఺ͱ͢Δ Kn ͷϥϯμϜઢۭؒܗάϥϑ
,Ε͓ͯΓ͞ڀݚ͕ ͦͷํ໘΁ͷզʑͷ݁ՌͷવΔ΂͖Ԡ༻΋ظ଴͞ΕΔ.
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