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,Δͱ͖͢༺࡞ʹඋCAT(0)ۭؒʹ͔ͭ୯७ͷݶ༗ݩ࣍Ґ૬͕܈ ͷ܈
͋Δ͕ݩৗʹݻఆΛͨͭ࣋Ίͷ݅ʹ͍ͭͯड़Δ. ·ͨͦͷ݅Λ༻͍
ͯ, Richard Thompsonͷ܈F ͷ༗ݩ࣍ݶඋCAT(0)ۭؒͷ͔ͭ
୯७ͳࢠަ,͍ͯͭʹ༺࡞෦܈ͷҙͷ༗ݶੜ෦ݻ͕܈ఆΛͭ࣋͜
ͱΛௐΔ. Ԡ༻ͱͯ͠, Kim, Koberda, LodhaʹΑͬͯ͑ߟΒΕ͍ͯΔ୯
Ґ۠ؒʢ͘͠୯Ґԁʣͷ͖Λอͭࣗݾಉ૬ࣸ૾ͷ͢༗ݶੜ܈ʹͭ
͍ͯ, .ఆੑ࣭ΛௐΔݻ ಛʹThompson܈ T ͓ΑͼHigman-Thompson
ͷ܈Tnʹ͍ͭͯ, ༗ݩ࣍ݶඋCAT(0)ۭؒͷ୯७ͳ࡞༻͕େҬ
తݻఆΛͭ࣋ͱ͑ݴΔʢFarbͷੑ࣭FAkʣ.

1. ಋೖ
ຊߘͰ, ༗ݶੜ܈ͷʮ͋Δछͷڑۭؒʹʹ࡞༻͢Δͱ͖ৗʹେҬతݻఆΛ
,ʯʢ͢ͳΘͪͭ࣋ ,্ۭؒͷҰͰ͋ͬͯڑ ఆ͞ΕΔͷ͕ݻΑͬͯʹݩͷҙͷ܈
ଘ͢ࡏΔʣͱ͍͏ੑ࣭ʹ͍ͭͯड़Δ. ͜ͷΑ͏ͳੑ࣭Λ, Ϳ͜ͱݺఆੑ࣭ͱݻͷ܈
ʹ͢Δ.

,ͱ͍͏͜ͱͭ࣋ఆੑ࣭Λݻ͕܈ ఆٛΑΓ, ͕܈ۭؒʹͦͷڑΔ͍ͯ͑ߟ “ྑ
.ͳ͍ͱ͍͏͜ͱΛҙຯ͍ͯ͠Δͨ࣋ʣΛ༺࡞༗ͳݻ༺࡞ʢྫ͑ࣗ༝ͳ”༺࡞͍ ·
ͨ, ಛผͳڑۭؒͷʹ͍ͭͯݻఆੑ࣭Λ͑ߟΔ͜ͱͰ, ͦͷ܈ʹ͍ͭͯͷ͞Βʹ
ਂ͍ใ͕ಘΒΕΔ͜ͱ͕͋Δ. ͜ͷΑ͏ͳݱͷදతͳྫ, ࡞ͷ୯ମతͷ܈
༻Λ͑ߟΔ͜ͱʹΑͬͯಘΒΕΔ. ͋Δ܈ͷ, ୯ମతͷ͔ͭ୯ମతͳ࡞༻͕ৗ
ʹେҬతݻఆΛͭ࣋ͱ͖, ͦͷ܈Serreͷੑ࣭FAΛͭ࣋ͱ͍͏. Serreͷੑ࣭FA

, .ड़͍ͯ͠Δ͜ͱ͕ΒΕ͍ͯΔهΛߏͷΈ߹Θͤతͳ܈ ,ࡍ࣮ ͋Δ͕܈Serre

ͷੑ࣭FAΛͭ࣋͜ͱ, ͦͷ͕܈ඇࣗ໌ͳ༥߹ੵͷߏΛͣͨ࣋, ZͷશࣹΛͨ࣋
ͣ, ༗ݶੜͰ͋Δ͜ͱͱಉͰ͋Δʢ[13]ʣ.

ҎԼͰѻ͏ݻఆੑ࣭, Serreͷੑ࣭FAͷ .Խ”ʹͨΔҰൠԽͰ͋Δݩ࣍ߴ“ ۩
ମతʹ, ,ͷ܈Δ:͋Δ͑ߟͷΑ͏ͳͷΛ࣍ kݩ࣍උCAT(0)ۭؒͷͳ୯
७࡞༻͕ৗʹେҬతݻఆΛͭ࣋ͱ͖, ͦͷ܈ ੑ࣭FAkΛͭ࣋ͱ͍͏ʢ[5]ʣ. ͨͩ
.Λҙຯ͢ΔʢҎԼಉ͡ʣݩ࣍Ґ૬ݩ࣍͠ ޙ୯७Ͱ͋Δ͜ͱͷఆٛ2ষͰ͕༺࡞
ड़͢Δ. ҎԼ, CAT(0)ۭؒʹ͍ͭͯఆٛΛड़Δ.

CAT(0)ۭؒͱ, ଌతڑۭؒͰ͋ͬͯ, ҙͷଌ͕ܗ֯ࡾϢʔΫϦουۭ
ؒͰͷൺֱܗ֯ࡾͱൺͯ “ଠ͍ͬͯͳ͍”ͷͰ͋Δ. ͢ͳΘͪ, ଌతڑۭؒ
(X, d)ͷҙͷଌܗ֯ࡾ∆(x, y, z)ʹରͯ͠, R2ʹ֤ؒͷڑ͕͍͠ࡾ
ܗ֯ ∆̄(x̄, ȳ, z̄)͕߹ಉΛআ͍ͯҰҙతʹଘ͢ࡏΔ͕, ∆(x, y, z)্ͷҙͷೋ a, bͱ,
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∆̄(x̄, ȳ, z̄)্ͷରԠ͢Δೋ ā, b̄ͷؒʹ

d(a, b) ≤ dR2(ā, b̄) (1.1)

ͷ͕ؔΓཱͭʢਤ 1ʣ. ଟ͘ͷॏཁͳڑۭ͕ؒCAT(0)ۭؒͷੑ࣭Λͭ࣋. ྫ͑
, ୯ମత .ͷCAT(0)ۭؒͰ͋Δݩ࣍1 ͜͜Ͱ୯ମతͷ࡞༻ৗʹ୯
७ͳͷͰ, ੑ࣭FA1 Serreͷੑ࣭FAΑΓ͍ڧ. HilbertۭؒඋCAT(0)ۭؒͷྫ
Ͱ͋Δ. ·ͨ, ୯࿈݁ͰඋͳRiemannଟ༷ମͷ߹ʹ, CAT(0)ۭؒͰ͋Δ͜ͱ,

அ໘ۂ͕ਖ਼Ͱͳ͍ͱ͍͏݅ͱҰக͢Δʢ[2]ࢀরʣ. ͜ͷҙຯͰCAT(0)ੑ, ڑ
ۭؒʹରͯ͠ඇਖ਼ۂੑΛهड़͢Δੑ࣭ͱͳ͍ͬͯΔ.
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ਤ 1: CAT(0)ۭؒͷଌܗ֯ࡾͱR2ͷൺֱܗ֯ࡾ.

CAT(0) ۭؒͷ༷ʑͳੑ࣭, ΑΓҰൠతͳ Busemann ඇਖ਼ۂڑۭؒʢҎԼ
Busemannۭؒʣʹ͍ͭͯΓཱͭ. Busemannۭؒͱ, ͕ؔತͰ͋Δڑ
Α͏ͳଌతڑۭؒΛ͏ݴ. ͢ͳΘͪ, ଌతڑۭؒ (X, d)͕BusemannۭؒͰ͋
Δͱ, Xͷҙͷଌઢͷ c1 :[0, a1]→ X, c2 :[0, a2]→ Xʹରͯ͠,

d(c1 (a1 t), c2(a2t)) ≤ td(c1 (a1 ), c2(a2)) + (1− t)d(c1 (0), c2(0)) (1.2)

͕ຬͨ͞ΕΔͱ͖Λ͏ݴ. CAT(0)ۭؒBusemannۭؒͰ͋Γ, ୯࿈݁උRiemann

ଟ༷ମͷ߹ʹ, ͜ΕΒͷ֓೦ڞʹஅ໘ۂ͕ਖ਼Ͱͳ͍͜ͱΛද͢. ͔͠͠Ұൠʹ
, BusemannۭؒͰ͋ͬͯCAT(0)ۭؒͰͳ͍߹͕͋Δ. ྫ͑ pϊϧϜΛೖΕͨ
Banachۭؒ lpΛ͑ߟΔͱ, ͜ΕΒ 1 < p < ∞ͷͱ͖BusemannۭؒͰ͋Δ͕, p ̸= 2

ͷͱ͖CAT(0)ۭؒͰͳ͍. ຊߘͰBusemannۭؒͷ࡞܈༻ͷݻఆੑ࣭ʹ͍ͭ
ͯड़ͳ͍͕, Busemannۭؒͷ߹ʹۭؒͷݻ༗ੑͳͲΛԾఆ͢Δ͜ͱͰ, උ
CAT(0)ۭؒͷ߹ͱಉ༷ʹٞ͢Δ͜ͱ͕Ͱ͖Δʢ[11]ʣ.

͍͔ͭ͘ͷॏཁͳ܈ʹ͍ͭͯ, ੑ࣭FAk͕ௐΒΕ͍ͯΔ. ྫ͑, ҙͷࣗવ
kͱҙͷ 3Ҏ্ͷࣗવnʹ͍ͭͯ, SLn(Z)ੑ࣭FAkΛͭ࣋ʢ[5]ࢀরʣ. Farb [5]

ҙͷ 3Ҏ্ͷࣗવ nʹ͍ͭͯ, SLn(Z[1/p])͕ੑ࣭ FAn−2Λͭ࣋͜ͱΛࣔͨ͠.

Bridson [1]͖͚Մछ gดۂ໘ͷࣸ૾ྨ࣭ੑ͕܈FAg−1Λͭ࣋͜ͱΛࣔͨ͠
ʢg ≥ 1ࣗવʣ. Varghese [15]ࣗ༝܈ͷࣗݾಉ܈ܕAut(Fn)ʹ͍ͭͯ, ͜ΕΒ͕
ੑ࣭FAkΛͭ࣋͜ͱΛ, n ≥ 4͔ͭ k < min{i⌊n/(i+ 2)⌋ | 2 ≤ i ≤ k + 1}ͷͱ͖ʹࣔ
ͨ͠.

ຊߘͰ ,͍ͯͮجʹ[10] Δ݅ͷΈΛ༻͍ͯੑ࣭FAkΛอূ͢Δํ๏͢ࡏʹ܈
ʹ͍ͭͯड़Δʢఆཧ 2.3ʣ. ,͠༺ͷํ๏ΛԠͦʹ࣍ Richard Thompsonͷ܈ͱݺ
ΕΔ܈ͱͦͷҰൠԽʹ͍ͭͯݻఆੑ࣭Λٞ͢Δʢఆཧ3.1, ఆཧ3.3ʣ.
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2. ༗ݩ࣍ݶCAT(0)ۭؒͷ࡞܈༻ͷݻఆ
(X, d)Λڑۭؒ, γΛXͷมͱ͢Δ. Xͷ෦ू߹Min(γ)Λࣜ࣍ͰఆΊΔ:

Min(γ) = {x ∈ X | d(x, γ(x)) = infx∈X{d(x, γ(x)) | x ∈ X}}. (2.1)

Min(γ)͕ۭͰͳ͍ͱ͖, γ୯७ͱ͏ݴ. ,ͷ୯७ੑ༺࡞ͷ܈ ʮ܈ͷҙͷ
.Δ͜ͱʯͱఆٛ͢Δ͍ͯ͠༺࡞ͱͯ͠୯७ͳม͕ݩ ୯७ͳ γʹ͍ͭͯ, γ

͕XʹݻఆΛͨ࣋ͳ͍ͱ͖, ۂతͱ͏ݴ. తͳมۂඋCAT(0)ۭؒͷ
γʹ͍ͭͯ, ҎԼͷิͷΑ͏ʹ, Min(γ)͕ʮγ͕ฏߦҠಈͰ࡞༻͢Δ͕࣠ฏߦʹฒ
ΜͩʯߏΛͭ࣋͜ͱ͕ΒΕ͍ͯΔ.

ิ 2.1 .(রࢀ[2]) XΛඋCAT(0)ۭؒͱ͠, γΛXͷۂతͳมͱ͢Δ. ͜
ͷͱ͖Min(γ)ੵڑۭؒR × YʢY ͋ΔCAT(0)ۭؒʣʹಉܕ.

͞Βʹγ′͕γͱՄͳมͱ͢Δͱ, γ′Min(γ) = R × Y ΛੵͷߏΛࠐΊ
ͯอͭ. ݶ੍ γ′|Min(γ)ΛMin(γ)ͷมͱΈͳ͢ͱ, ୈҰRͷฏߦҠಈͱୈೋ
Y ͷมʹղ͢Δ.

୯७ͳ࡞༻Λ͑ߟΔࡍ͕࣍Γཱͭ.

ิ 2.2 .(রࢀ[2]) ิ 2.1Ͱ γ′͕X ͷ୯७ͳมͨͬͩͱ͢Δ. ͜ͷͱ͖
γ′|Min(γ)Min(γ)ͷมͱͯ͠୯७. ͞Βʹ, γ′|Min(γ)ͷఆΊΔY ͷม
୯७.

͜ͷষͷओ݁ՌͰ͋Δఆཧ 2.3Λड़ΔͨΊ, ఆݻͷʹ͍ͭͯ܈ͱͦͷ෦܈
ੑ࣭Λఆ͓ٛͯ͘͠:܈ͱ෦܈ͷ (G,H)͕ੑ࣭FAkΛຬͨ͢ͱ, G͕ kݩ࣍
CAT(0)ۭؒXʹ͔ͭ୯७ʹ࡞༻͢ΔͳΒ, H͕ৗʹݻఆΛͭ࣋ͱ͖Λ͏ݴ.

ఆཧ 2.3 ([10]). kΛҙͷࣗવͱ͢Δ. G܈Ͱ͋ͬͯ g0 ∈ Gͱ͢Δ. Gͷݩͷྻ
{gi}1 ≤ i≤ k͕͋ͬͯ࣍Λຬͨ͢ͱ͢Δ:

• gi
⋂i−1

j=0 ZG(gj)ʹؚ·ΕΔ (1 ≤ i ≤ k). ͨͩ͠ZG(h)hͷGͰͷத৺Խ܈Λ
ද͢.

• g1 g0ͱGͰڞͰ͋Γ, gi+1 giͱ
⋂i−1

j=0 ZG(gj)Ͱڞ (1 ≤ i ≤ k).

• gi
⋂i−1

j=0 ZG(gj)ͷΞʔϕϧԽͷݩͱͯ͠Ґ༗ݶ.

͜ͷͱ͖ (G, ⟨g0 ⟩)ੑ࣭FAkΛͭ࣋.

ূ໌. എཧ๏ʹΑͬͯࣔ͢. ͦͷͨΊ, G͕ kݩ࣍උCAT(0)ۭؒXʹ͔ͭ୯
७ʹ࡞༻͓ͯ͠Γ, g0͕ݻఆΛͨ࣋ͳ͍ͱ͢Δ. ,ͷ୯७ੑͷԾఆΑΓ༺࡞ g0
.తۂ ิ 2.2ΑΓ, ZG(g0 )Min(g0 )ʹ୯७ʹ࡞༻͢Δ. ݩ g1  g0 ͷڞͳͷͰ,

ԾఆΑΓݻఆΛͣͨ࣋, g1 |Min(g0)Min(g0 )ͷۂతͳม.

ิ 2.1ΑΓ, Min(g0 )ੵ R × Y1 ͷߏΛͪ࣋, ZG(g0 )ͷMin(g0 )ͷ࡞༻
RͷฏߦҠಈͱ Y1 ͷ࡞༻ʹղ͢Δ. ·ͣRͷฏߦҠಈʹ͍ͭͯͯݟΈΔͱ,

g1 ZG(g0 )abͰ༗ݶҐͳͷͰ, g1 ͷఆΊΔฏߦҠಈ͞ 0. ʹ࣍ Y1 ͷ࡞
,ΈΔͱͯݟ͍ͯͭʹ༺ ิ 2.2ΑΓ͜ͷ࡞༻୯७ͳͷͰ, g1  Y1 ͷۂతͳ
มΛఆΊΔ. Y1 ͷҐ૬ݩ࣍ k − dim(R) = k − 1ҎԼͳͷͰ, XΛ Y1 ͱஔ͖
͑, GΛZG(g0 )ͱஔ͖͑, g0 Λ g1 ͱஔ্͖ͨ͑Ͱಉ͕ٞ͡ՄʹͳΔ. ͢Δͱ
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Y1 ⊃ Min(g1 ) = R × Y2ʹର͠, g2͕Y2ʢݩ࣍ k − 2ҎԼʣͷۂతͳมͰ͋Δ
͜ͱ͕Θ͔Δ. ಉ༷ͷϓϩηεΛ࠷େk + 1ճ܁Γฦ͢ͱ, g≤ k͕0ݩ࣍ͷY≤ kͷۂత
ͳมͱͳΔ. Y≤ k1ʹͳΔͨΊ, ໃ६͢Δ.

ఆཧ 2.3, .ͱΛอূ͍ͯ͠Δͭ࣋͜ఆΛݻ͕ݩͷ͋Δ܈ େҬతͳݻఆͷଘࡏ
Λࣔ͢ʹ, ఆཧ2.3ʹՃ͑ͯ࣍ͷิΛ༻͍Δ. ͜ͷิ, ༗ݩ࣍ݶϢʔΫϦουۭ
ؒͷತू߹ʹؔ͢ΔʮHellyͷఆཧʯͷҰൠԽͱͯ͠ಘΒΕΔ.

ิ 2.4 ([1], .(রࢀ[15] k Λࣗવ, X ΛҐ૬ݩ࣍ k ͷඋ CAT(0) ۭؒͱ͢Δ.

k1 , . . . , kn ∈ N͕ 0 < k < Σn
i=1kiΛຬͨ͢ͱ͢Δ. {Si}1 ≤ i≤ nΛ, Isom(X)ͷ͍ޓʹ

Մڞʹ͍ޓ͔ͭͳ෦ू߹ͱ͢Δ. ֤Siͷ, ҙͷki-ݩ෦͕܈XʹݻఆΛ࣋
ͭͳΒ, ҙͷSiͷҙͷ༗ݶ෦ू߹ڞ௨ͷݻఆΛͭ࣋.

3. Richard Thompsonͷ܈ͷԠ༻
ఆཧ2.3Ͱड़ͨੑ࣭FAkͷఆ݅, Richard Thompsonͷ܈ʢҎԼThompson

.ʣͷԠ༻Λ೦಄ʹஔ͍͍ͯΔ܈ Thompson܈ʹF , T , V ͷ 3छྨ͕͋Γ, ͦΕͧ
Ε୯Ґ۠ؒ, ୯Ґԁ, Χϯτʔϧू߹ͷಉ૬ࣸ૾ͷ͢܈ͱͯ͠هड़͞ΕΔ. ͜ΕΒͷ
.ʣͰ͋Δ܈ੜݶʢಛʹ༗܈දࣔݶ͍ͣΕ༗܈ TͱV ୯७܈Ͱ͋Γ, ༗ݶදࣔ
୯७܈ͷྺ্࢙ॳΊͯͷྫͱͯ͠༗໊Ͱ͋Δ. F୯७܈Ͱͳ͍͕, Fͷަࢠ෦
.ͳ͍ͬͯΔʹ܈୯७܈ ͜ΕΒͷ܈༷ʑͳඇࣗ໌ͳੑ࣭Λͭ࣋͜ͱ͕ΒΕ͓ͯ
Γ, ಛʹF ͕ैॱ܈Ͱ͋Δ͔Ͳ͏͔༗໊ͳະղܾͰ͋Δ. ҎԼͰF , T ͱͦͷ
ҰൠԽʹ͍ͭͯͷΈ, ఆٛͱݻఆੑ࣭Λࣔͨ͢ΊͷٞΛड़Δ͕, V ͦͷҰൠԽ
ͷ߹ʹಉ༷ʹٞͰ͖Δʢ[10]ʣ.

Thompson܈F, ୯Ґ۠ؒͷ͖Λอͭࣗݾಉ૬ࣸ૾શମͷதͰɺਤ 2ͷݩx0 , x1

͔Βੜ͞ΕΔʢ[4]ࢀরʣ. ͜ΕΒͷݩ, ఆٛҬͱҬ͕ಉ͡ݸʢ༗ݸݶʣͷ۠ؒ
ʹͦΕͧΕׂ͞Ε, ্֤۠ؒΞϑΝΠϯͰ͋ΔΑ͏ͳࣸ૾ʹͳ͍ͬͯΔ. ྫ͑ਤ 2

ͷf1ʹؔͯ͠ [0, 1]= [0, 14 ]∪ [ 14 ,
1
2]∪ [ 12 , 1]ʢఆٛҬʣ͓Αͼ [0, 1]= [0, 12]∪ [ 12 ,

3
4 ]∪ [ 34 , 1]

ʢҬʣͷΑ͏ʹׂ͞Ε͍ͯΔ. ͜ΕΒͷׂશͯ, ୯Ґ͔۠ؒΒ۠ؒͷೋʹ
ΑͬͯಘΒΕΔׂͰ͋ΔʢҎԼೋׂ߲ͱݺͿʣ. ,Fʹ܈ ͜ͷΑ͏ʹͯ͠ಘΒΕ
Δʢ͢ͳΘͪఆٛҬͱҬͷׂ͕༗ݶͷೋׂ߲ʹΑͬͯಘΒΕ, ࣸ૾͕۠తʹΞ
ϑΝΠϯͰ͋ΔΑ͏ͳʣ[0, 1]ͷ͖Λอͭࣗݾಉ૬ࣸ૾͕શؚͯ·ΕΔʢ[4]ࢀরʣ. ಉ
༷ʹ, Thompson܈T ୯Ґԁͷ͖Λอͭࣗݾಉ૬ࣸ૾શମͷதͰ, ਤ 2ͷݩx0 , x1 ,

π͔Βੜ͞ΕΔ. ·ͨ, ఆٛҬͱҬͷׂ͕༗ݶͷೋׂ߲ʹΑͬͯಘΒΕ, ࣸ૾
͕۠తʹΞϑΝΠϯͰ͋ΔΑ͏ͳ୯Ґԁͷ͖Λอͭࣗݾಉ૬ࣸ૾ΛશؚͯΉ.
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20

1
2

11

1
2

3
4

7
8

0 1
2 13

4
5
811

20 1
4

1
2

3
4

1

x0 = x1 = π =

ਤ 2: F , Tͷੜܥ. Fx0ͱx1͔Β, Tx0 , x1 , πʢ୯Ґ۠ؒͷ྆ΛಉҰ͠ࢹ, S1

ؒͷࣸ૾ͱΈͳ͢ʣ͔Βੜ͞ΕΔ.
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ҎԼ, F  T ͷෳࡶͳݩΛදࣔ͢ΔͨΊ, ͖ࠜೋذͷʹΑΔදࣔΛ༻͍Δ.

͖ࠜແ2ݶذͱਤ3ʹࣔ͢άϥϑͰ͋Γ, ͦͷҰͭΛআ͍ͯ3ՁͰ͋Δ.

Ұ͚ͭͩ͋Δ2ՁͷΛࠜͱݺͿ. ͖ࠜແݶೋذͷ֤, ਤ3ͷΑ͏ʹ, ୯
Ґ۠ؒͷೋׂ߲ʹΑͬͯಘΒΕΔ۠ؒͱରԠ͚ͮΒΕ͍ͯΔͱ͢Δ. ͜ͷରԠΛհ
ͯ͠, ͖ࠜ༗ݶ 2ذͷ 1Ձͷͨͪ, ୯Ґ۠ؒ [0, 1]ͷׂʹରԠ͍ͯ͠Δ.

͕ͨͬͯ͠F , Tͷ֤ݩΛ͖ࠜ༗ݶೋذͷΛ༻͍ͯද͢͜ͱ͕Ͱ͖Δʢྫ͑
ਤ4ʣ. ͨͩ͠TͷݩΛද͢ࡍ, 0ΛؚΉ۠ؒͷࣸΓઌʹϥϕϧ0Λͯ͠ද͢͜ͱʹ
͢Δ.

[0, 1]

[0, 12] [12 , 1]

[0, 14] [34 , 1][ 12 ,
3
4 ][ 14 ,

1
2]

ਤ 3:͖ࠜແݶೋذͷ֤ͱ۠ؒͷରԠʢݟ͢͞ͷͨΊ, ֤ลʹ͔ࠜΒԕ͟
͔Δ͖ΛೖΕͯඳ͍͍ͯΔʣ.

x0 x1

0

π

ਤ 4:ਤ2ͷx0 , x1 , tͱରԠ͢Δ͖ࠜ༗ݶೋذͷ.

Thompson܈ͷ࡞܈༻ͷݻఆੑ࣭ʹ͍͍͔ͭͯͭ͘ͷઌ͕͋ڀݚߦΔ. ྫ͑
Farley [7], T ͱ V ͕ Serreͷੑ࣭FAΛͭ࣋͜ͱΛࣔͨ͠. ͜͜Ͱ, F HNN֦େ
ͷߏΛͨͭ࣋Ί, Serreͷੑ࣭ FAΛͨ࣋ͳ͍. ·ͨ F , T , V ແݩ࣍ݶͷ CAT(0)

ෳମʹ͔ͭݻ༗ʹʢ͕ͨͬͯ͠େҬతݻఆΛͣͨ࣋ʹʣ࡞༻͢Δ͜ͱ, Farley

[6]ʹΑͬͯΒΕ͍ͯΔ. Genevois [8]V ͷ༗ݩ࣍ݶͷCAT(0)ํମෳମʢcubical

complexʣͷ࡞༻͕ৗʹେҬతݻఆΛͭ࣋͜ͱΛࣔͨ͠. ༗ݩ࣍ݶͷCAT(0)ํମ
ෳମͷͳ࡞܈༻୯७࡞༻ͳͷͰ, ͜ͷ݁Ռੑ࣭FAkʢkҙͷࣗવʣ
ΑΓऑ͍݁ՌͰ͋Δ. ͜ΕΒͷ݁ՌΛ౿·͑Δͱ, T  V ͷੑ࣭FAkΛௐΔ͜ͱ
ࣗવͰ͋Δ.

ఆཧ 3.1 ([10]). kΛҙͷࣗવͱ͢Δ. Thompson܈F ͷަࢠ෦܈ [F, F]ͷ
ҙͷݩfʹରͯ͠,  (F, ⟨f⟩)ੑ࣭FAkΛͭ࣋.

ূ໌. ఆཧ 2.3 ͱิ 2.4Λ༻͍ͯٞ͢Δ. ܈෦ࢠަ [F, F]͕F ͷ෦ू߹ͱ͠
ͯʮ0, 1ͷ֤ۙͰ1͖ͱͳΔࣸ૾ͷ͢Fͷ෦ू߹ʯͱҰக͢Δ͜ͱʢ[4]ࢀরʣ
Λ༻͍Δͱ, ҙͷ f ∈ [F, F]ʹରͯ͠, (0, 1)ͷด۠ؒ J1 ͕ଘͯ͠ࡏ supp(f) ⊂ J1

Λຬͨ͢. ·ͨ, ୯Ґ۠ؒͷೋׂ߲ʹΑͬͯಘΒΕΔ۠ؒ J2Ͱ͋ͬͯ supp(f)ͱަ
ΘΒͳ͍ͷ͕औΕΔ. F ୯Ґ۠ؒͷࣗݾಉ૬ࣸ૾ͷ͢܈ͳͷͰ, ։۠ؒ (0, 1)ʹ
ࣗવͳ࡞༻Λͭ࣋. ͜ͷ࡞༻, ҙͷίϯύΫτू߹Λҙͷ։ू߹ʹࣸ͢࡞༻Ͱ
͋Δʢ[4]ࢀরʣ. ͕ͨͬͯ͠, J1 Λ J2ͷ෦ʹࣸ͢ݩ h1 ∈ F ͕ଘ͢ࡏΔ. ͜ͷͱ͖
supp(fh1) = h1 (supp(f)) Int(J2)ͷด۠ؒ h1 (J1 )ʹؚ·ΕΔ. ͕ J2ʹؚ·ΕΔ
F ͷݩશମ, F ͷ෦܈Λ͢. ͜ͷ෦܈ΛF (J2)ͱ͓͘. J2ͱ [0, 1]ͷಉҰࢹʹ
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0 1

J1

J2
J3

J4

J1

J2

J3

J4 S1

ਤ 5:۠ؒͷ 4-νΣΠϯͱ 4-Ϧϯά. Ji − Ji+1ͱJi+1 − Ji (Ϧϯάͷ߹, ఴࣈmod

n) ۭͰͳ͘, Ji ∪ Jk (|i− k| ≥ 2) ۭ.

ΑΓ, F (J2)ͱ F ͷؒͷಉ͕ܕಘΒΕΔ. ͜ͷಉܕΛհ͢Δ͜ͱͰ, fh1͕ F (J2)ͷަ
.Ε͍ͯΔ͜ͱ͕Θ͔Δ·ؚʹ܈෦ࢠ fͱF (J2)ՄͳͷͰ, F (J2)ZF (f)ʹ
ؚ·ΕΔ. ͕ͨͬͯ͠ fh1 [ZF (f), ZF (f)]ʹؚ·ΕΔ. ಉٞ͡Λ (G, f)ͷΘΓ
ʹ (F (J2), fh1)ʹ͍ͭͯ܁Γฦ͠, Fͷݩ{hi}1 ≤ i≤ k+1ΛಘΔ. Fͷݩͷྻ{gi}1 ≤ i≤ k+1Λ
gi = fh1···hiͰఆΊΔͱ, ͜ΕΒఆཧ2.3ͷԾఆΛຬͨ͢.

F ͷҰൠԽ T ͷ߹ʹੑ࣭ FAk Λٞ͢ΔͨΊ, Kim, Koberdaͱ Lodha [12]

ͷಋೖͨ͠F , T ͷҰൠԽͷݴ༿Λ༻͍Δ. ͜ΕΒͷҰൠԽHomeo+([0, 1])͘͠
Homeo+(S1 )ͷ༗ݶੜ෦܈ͱͯ͠ఆٛ͞ΕΔ. n ≥ 2Λࣗવͱ͢Δ. ॱং͚ͮΒΕ
ͨnݸͷ։۠ؒͷྻ(J1 , . . . , Jn)͕,ʮఴྡ͕ࣈΓ߹͏ͱ͖ͷΈڞ௨෦͕ۭͰͳ͍ʯͱ͍
͏݅Λຬͨ͢ͱ͖,͜ΕΒΛn-νΣΠϯͱݺͿʢਤ5ʣ. F = {fi}1 ≤ i≤ n ⊂ Homeo+(R)
Λ, ྻ (supp(f1 ), . . . , supp(fn))͕n-νΣΠϯΛ͢Α͏ͳݩͱ͢Δ. ҙͷnʹ͍ͭͯ
⟨fi, fi+1 ⟩͕Thompson܈FͱಉܕʹͳΔͱ͖, FͰੜ͞ΕΔHomeo+(R)ͷ෦܈Λ
n-νΣΠϯ܈ ͱݺͿ. ։۠ؒͷఴࣈΛmod nͰ͑ߟΔ͜ͱͰ, ্ͱಉ༷ʹn-Ϧϯά͓
Αͼn-Ϧϯά܈Λఆٛ͢Δʢਤ5ʣ. ͜ͷఆٛͷதͰ, ʮྡΓ߹͏ੜ͕ݩFΛੜ͢
Δʯͱ͍͏Ծఆ, .Δ͍͍ͯͮجʹͷΑ͏ͳ݁Ռ࣍

ิ 3.2 ([12]). GFΛ, {f1 , f2} ⊂ Homeo+(R)Ͱੜ͞ΕΔ܈ͱ͢Δ. ੜݩͷͷ
(supp(f1 ), supp(f2))͕2-νΣΠϯΛ͢ͱ͢Δ. ͜ͷͱ͖N ∈ NΛेେ͖͘ͱΕ,

⟨fN
1 , fN

2 ⟩FͱಉܕͱͳΔ.

ఆཧ 3.3 ([11]). nΛ2Ҏ্ͷࣗવͱ͢Δ. F = {fi}1 ≤ i≤ n ⊂ Homeo+(R)ʹ͍ͭͯ, ։
۠ؒͷྻ (supp(fi))1 ≤ i≤ n͕n-νΣΠϯ·ͨn-ϦϯάΛ͢ͱ͢Δ. GFΛ, FͰੜ
͞ΕΔn-νΣΠϯ܈·ͨn-Ϧϯά܈ͱ͢Δ. HΛަࢠ෦܈ [GF , GF]ͷ༗ݶੜ
෦܈ͱ͢Δ.  (GF , H)ҙͷk ∈ Nʹରͯ͠FAkΛͭ࣋.

ূ໌. ֤ 1 ≤ i ≤ nʹରͯ͠Hi = ⟨fi, fi+1 ⟩ͱ͓͘ . SΛHͷੜܥͱ͢Δ. [GF , GF]

 {[fi, fi+1]}1 ≤ i≤ nʹΑͬͯਖ਼نੜ͞ΕΔͷͰ, S = {si′}1 ≤ i′≤ n′ [fi, fi+1]ͷڞͨ
͔ͪΒΔͱͯ͠ྑ͍. ͢Δͱ֤ 1 ≤ i′ ≤ n′ʹରͯ͠, supp(si′) (0, 1)ͷด۠
ؒ Ji′ ʹؚ·Ε͍ͯΔ. 2-νΣΠϯ܈ ⟨k1 , k2⟩ supp(k1 ) ∪ supp(k2)ͷҙͷด۠ؒ
Λҙͷ։ू߹ʹࣸ͢ʢ[12]ʣͷͰ, ֤ 1 ≤ i′ ≤ n′ʹରͯ͠, Ji′ Λ supp(Hn)ʹ
ݩࣸ͢ gi′ ͕ gi′ = hi′

1 · · ·hi′
i · · ·hi′

n (hi′
i ∈ [Hi, Hi]) ͷΑ͏ʹͯ͠औΕΔ. ͜͜Ͱ S Λ

S ′ = {sg
i′

i′ }1 ≤ i′≤ n′ ∪ {hi′
i }1 ≤ i≤ n,1 ≤ i′≤ n′ͱऔΓସ͑Δ. S ′Hͷ༗ݶੜܥͷ··Ͱ͋Δ.

S ′ͷ֤ݩ [Hi, Hi]ͷڞʹؚ·ΕΔ.

GF͕kݩ࣍උCAT(0)ۭؒXʹ͔ͭ୯७ʹ࡞༻͍ͯ͠Δͱ͢Δ. HiFͱ
ಉܕͰ͋Δ͔Β, ༠ಋ͞ΕΔHiͷ࡞༻ʹରͯ͠ఆཧ3.1Λద༻Ͱ͖ͯ, S ′ͷ֤ݩͦΕ
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supp(f1)

supp(f3)

supp(f2)supp(f4) Ji′
[H3, H3] [H1, H1]

1

2

3

4

1

2

3

4

ਤ 6: gjͷߏ (Ϧϯά܈ͷ߹).

ͧΕݻఆΛͭ࣋ͱΘ͔Δ. ҙͷm > n, ҙͷn-νΣΠϯ܈Gʹରͯ͠Gͱಉܕͳ
m-νΣΠϯ͕܈ଘ͢ࡏΔʢ[12]ʣͷͰ, n͕ kʹൺͯेେ͖͍ͱԾఆͯ͠ྑ͍. ͢
ΔͱS ′ͷҙͷ (k+1)ݩ෦ू߹S ′

k+1ʹରͯ͠, S ′
k+1ʹؚ·ΕΔݩͷͷ, (0, 1)

ͷ͋Δด۠ؒʹؚ·ΕΔ. ͜ͷด۠ؒΛ͍ޓʹަΘΒͳ͍։ू߹ʹࣸ͢Α͏ͳGFͷ
͕ݩ (k+1)ݸऔΕΔ. ิ2.4ΛS ′ʹద༻ͯ͠, S ′ͷڞ͕ͪͨݩ௨ͷݻఆΛͭ࣋͜ͱ
͕ै͏.

i൪ n n

n

n൪xn,i

(1 ≤ i ≤ n− 1) (n− 1)൪

n

n

n

n

n൪xn,n

n

n൪

n

n൪n

ਤ 7: Higman-Thompsonͷ܈Fnͷੜܥ.

(1)(2) (n)

n3ذ2ذذ

ਤ 8: nذͷάϥϑ.

νΣΠϯ܈ͱϦϯά܈, F , T͓ΑͼͦΕΒͷҰൠԽͰ͋ͬͯHigman-Thompsonͷ
Fnͱ܈ TnͱݺΕΔͷʢ[3], .রʣΛؚΜͰ͍Δࢀ[9] ҙͷࣗવ n ≥ 2ʹର͠
ͯ, [0, 1]͓ΑͼS1 ͷ nׂ߲Λ͑ߟΔͱ, F ͓Αͼ T ͱಉ༷ͷߏͰHomeo+([0, 1]),

Homeo+(S1 )ͷ෦͕܈ಘΒΕΔ. ͜ΕΒΛHigman-Thompsonͷ܈ͱݺͼ, Fn, Tnͱ
ද͢. F2, T2ͦΕͧΕF , TͱҰக͢Δ. F , Tͷ߹ͱಉ༷ʹ, nׂ߲Λ͖ࠜͷ༗
ݶ nذͱରԠͤ͞Δ͜ͱͰ, Fn, TnͷݩΛ͖ࠜ༗ݶ nذͷͰදࣔͰ͖Δ.

Fnਤ7ʹࣔ͞Εͨnݸͷࣸ૾xi (1 ≤ i ≤ n)Ͱੜ͞Ε͍ͯΔʢ[3], [4]ʣ. ͨͩ͠, n

Ͱϥϕϧ͚ͮΒΕͨܗ֯ࡾnذΛද͢ʢਤ 8ʣ. TnFn͓Αͼ, S1ͷ͖Λอͭ
2π/nճసͰੜ͞Ε͍ͯΔ.

ิ3.2ʹ࣍ͷΑ͏ͳҰൠԽ͕͋Δ.

ิ 3.4 ([12]). nΛ 2Ҏ্ͷࣗવͱ͢Δ. {fi}1 ≤ i≤ n ⊂ Homeo+(R)Λ, ։۠ؒͷྻ
(supp(fi))1 ≤ i≤ n͕ n-νΣΠϯͰ͋ΔΑ͏ͳࣸ૾ͱ͢Δ. GF Λ {fi}1 ≤ i≤ nͰੜ͞ΕΔ
Homeo+(R)ͷ෦܈ͱ͢Δ. N ∈ NΛेେ͖͘ͱΔͱ, GFͷ෦܈ ⟨{fN

i }1 ≤ i≤ n⟩
n-νΣΠϯ܈ͱͳΓ, ͞ΒʹFnʹಉܕͱͳΔ.
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n
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ਤ 9: Higman-Thompsonͷ܈Tnͷ৽͍͠ੜܥ.

ิ 3.4ΑΓ, Fnͱಉܕͳn-νΣΠϯ͕܈ଘ͢ࡏΔͷͰ, Fnʹ͍ͭͯఆཧ 3.3͕ద༻
Ͱ͖Δ.

ܥ 3.5. n ≥ 3ͱ͢Δ. HΛFnͷަࢠ෦܈ͷ༗ݶੜ෦܈ͱ͢Δ.  (Fn, H)
ҙͷk ∈ Nʹ͍ͭͯੑ࣭FAkΛͭ࣋.

Tnʹ͍ͭͯ, Ϧϯά܈ͷߏΛͭ࣋͜ͱ͕ࣔͤΔ.

ิ 3.6 ([12]). x, y, z, w ∈ R͕−∞ ≤ x < y < z < w ≤ ∞Λຬͨ͢ͱ͢Δ. f ,

g ∈ Homeo+(R)Λ, ͕։۠ؒ (x, z), (y, w)Ͱ͋ΔΑ͏ͳݩͱ͢Δ. gf(y) ≥ zͳΒ,

⟨f, g⟩Fͱಉܕ.

ิ 3.7 ([11]). ҙͷn ≥ 2ʹ͍ͭͯ, Tn (n+ 1)-Ϧϯά܈.

ূ໌. ynΛ2π/nճసͰ͋ͬͯ, 0Λ1− 1/nʹࣸ͢ͷͱ͢Δ. Tnਤ7ͷ{xn,i}1 ≤ i≤ n

ͱ {yn}Ͱੜ͞ΕΔ. fn,i = x−1
i+1xi (1 ≤ i ≤ n − 1)ͱ͓͖, fn,n = xn ͱ͓͘ͱ,

{fn,i}1 ≤ i≤ n FnΛੜ͢Δ. ·ͨ, ynͱ FnͷݩͷੵͰදͤΔ fn,n+1ʢਤ 9ʣΛ͚
͢ͱ, {supp(fn,i)}1 ≤ i≤ n+1 ϦϯάΛ͠, Tn Λੜ͢Δ. ·ͨ, ิ 3.6ʹΑΓ,

⟨fi,n, fi+1 ,n⟩ (1 ≤ i ≤ n)ͱ ⟨fn,n+1 , fn,1 ⟩Fͱಉܕ. ΑͬͯTn (n+ 1)-Ϧϯά܈ͷߏ
Λͭ࣋.

ิ3.7͓ΑͼTn͕༗ݶੜ࣮࣭త୯७܈Ͱ͋Δ͜ͱʢ[3]ʣΛ༻͍Δͱ, ఆཧ3.3Α
Γ͏͕͕ͨ࣍͠.

ܥ 3.8. n ≥ 2ͱ͢Δ. Tnҙͷk ∈ Nʹ͍ͭͯੑ࣭FAkΛͭ࣋.

ݙจߟࢀ
[1] M. R. Bridson, On the dimension of CAT(0) spaces where mapping class groups act, J.

Reine Angew. Math. 673, 55–68, 2012.

[2] M. R. Bridson and A. Haefliger, Metric spaces of nonpositive curvature, Grundlehren
der Math. Wiss. 319, Springer-Verlag, Berlin, 1999.

[3] K. S. Brown, Finiteness properties of groups, J. Pure Appl. Algebra, 44 (1-3), 45–75,
1987.

[4] J. W. Cannon, W. J. Floyd, and W. R. Parry, Introductory notes on Richard Thompson’s
groups, Enseign. Math. (2) 42, 215–256, 1996.

加藤本子（愛媛大）52



[5] B. Farb, Group actions and Helly’s theorem, Advances in Mathematics 222 1574–1588,
2009.

[6] D. S. Farley, Actions of picture groups on CAT(0) cubical complexes, Geom. Dedicata
110, 221–242, 2005.

[7] D. S. Farley, A proof that Thompson’s groups have infnitely many relative ends, J. Group
Theory 14, 649–656, 2011.

[8] A. Genevois, Hyperbolic and cubical rigidities of Thompson’s group V , J. Group Theory,
published online, DOI: 10.1515/jgth-2018-0103.

[9] G. Higman, Finitely presented infinite simple groups, Notes Pure Math. 8, Australian
National University, Canberra, vii+82, 1974.

[10] M. Kato, On groups whose actions on finite-dimensional CAT(0) spaces have global fixed
points, Published Online, DOI: https://doi.org/10.1515/jgth-2018-0116.

[11] M. Kato, Richard Thompson’s groups from the viewpoint of geometric group theory, Ph.
D. Thesis, The University of Tokyo, 2019.

[12] S. Kim, T. Koberda and Y. Lodha, Chain groups of homeomorphisms of the interval
and the circle, Ann. Sci. de l’ENS, to appear.

[13] J. P. Serre, Arbres, amalgames, SL2, Soc. Mat. France, Astérisque 46, 1977.
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