
Topological invariants and corner states for some
Hamiltonians on a lattice
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෺ੑ෺ཧֶʹ͓͚ΔτϙϩδΧϧ෺࣭ͷڀݚ΁ͷԠ༻Λ೦಄ʹ, ͋Δछͷࣗ
.Δ͢࡯ߟૉʹର͢ΔτϙϩδʔΛ༺࡞໾ڞݾ τϙϩδΧϧઈԑମͷ(࣍ߴ)
,ͱؔ࿈ͯ͠ڀݚ ಛʹ༨࣍2ݩͷ֯ͷ͋Δܥಛ༗ͷτϙϩδʔΛఆٛ͠, ͦͷ
ੑ࣭౳Λٞ࿦͢Δ.

1. എܠ
෺ੑ෺ཧֶʹ͓͍ͯ, τϙϩδʔ͕ॏཁͳ໾ׂΛՌ͍ͨͯ͠Δ. ͍ΘΏΔ τϙ(ͷٛ޿)
ϩδΧϧઈԑମ෺࣭ʹ͸, ͱରশੑͰ෼ྨ͞ΕΔτϙϩδʔݩͷ࣍ܥ (Ґ૬ෆมྔ)͕
಺͢ࡏΔ. ͜ΕΒͷ෺࣭͸όϧΫ 1͸ઈԑମͰ͋Δ͕, ͜ͷτϙϩδʔΛ൓өͯ͠ݱΕ
Δද໘ʹͨ͠ࡏہ೾ಈؔ਺ (Τοδঢ়ଶ)ʹΑΓද໘͕͋ΔछۚଐతʹৼΔ෣͏ͱ͍͏
.෺ੑΛཱࣔͨͬ͢ࡍ Ґ૬ෆมྔ͕͋Δछͷ࿈ଓมܗʹରͯ͠ෆมͳ͜ͱʹରԠͯ͠,

ۚଐతͳৼΔ෣͍Λهड़͢ΔΤοδঢ়ଶ͸ܥͷઁಈʹରͯ͠ڧؤͰ͋Δ. τϙϩδΧ
ϧઈԑମͷઌ͚ۦͱͯ͠͸KlitzingΒʹΑΔྔࢠϗʔϧޮՌͷൃ͕͋ݟΔ. Thouless–

Kohmoto–Nightingale–den Nijs͸ྔࢠϗʔϧޮՌͷഎޙʹ͋ΔτϙϩδʔͷଘࡏΛ໌
Β͔ʹͨ͠ [18]. ͸HatsugaiʹΑͬ܎ͷόϧΫͷτϙϩδʔͱΤοδঢ়ଶͷରԠؔه্
ͯূ໌͞Ε [6], όϧΫɾΤοδରԠͱݺ͹Ε͍ͯΔ. ͦͷޙKane–MeleΒʹΑΔྔࢠ
εϐϯϗʔϧޮՌͷఏএ౳Λͯܦ, τϙϩδΧϧ෺࣭ͱݺ͹ΕΔ෺࣭͕܈੝Μʹ͞ڀݚ
Ε͍ͯΔ 2.

਺ֶͷଆͰ͸BellissardΒΛத৺ͱͯ͠ྔࢠϗʔϧޮՌʹରͯ͠ඇՄز׵Կͷख๏Λ
ਐΊΒΕ͕ڀݚ͍ͨ༺ [1], ಛʹܥͷฒਐରশੑ͕ഁΕͨ disorderͷ͋ΔܥͷऔΓѻ͍
͕Մೳͱͳ͍ͬͯΔ. Kellendonk–Richter–Schultz-Baldes͸͜ͷख๏Λ͞Βʹల։͠,

disorderͷ͋Δܥʹରͯ͠΋όϧΫɾΤοδରԠͷূ໌Λ༩͑ͨ [10]. ͜͜ͰͷΞΠσΟ
Ξ͸Toeplitz࡞༻ૉʹର͢Δࢦ਺ཧ࿦ʹண໨͢Δ͜ͱͰ͋Δ (͜ΕΒʹؔ͢Δ·ͱ·ͬ
ͨจݙͱͯ͠ [14]Λ͓ͯ͛͘ڍ).

ຊߨԋͰ͸࣮ࡍͷ෺࣭͕ଟ༷ͳܗঢ়Λ࣋ͭ͜ͱʹண໨ͯ͠, ਤ 2 ͷΑ͏ʹ, ೋͭͷΤο
δͷަࠩͱͯ͠ͷ (༨࣍ݩ 2 ͷ)ίʔφʔͷ͋ΔܥΛ͑ߟΔ. όϧΫͱೋͭͷΤοδ͕ઈ
ԑମͰ͋ΔΑ͏ͳϞσϧʹ͓͍ͯ, ίʔφʔͷ͋Δܥಛ༗ͷҐ૬ෆมྔΛఆٛͦ͠ͷੑ
࣭Λௐ΂Δ. ͦͷࡍͷΞΠσΟΞ͸࢛൒໘Toeplitz࡞༻ૉͱݺ͹ΕΔ͋Δ࡞༻ૉͷࢦ਺
ཧ࿦ʹண໨͢Δ͜ͱͰ͋Δ. ͱରশੑͰ෼ྨ͞ΕΔͱ͍͏ैདྷͷτϙϩδΧϧ૬ݩ࣍
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1෺࣭͕͋Δͱͯ͠, ୺ͷํΛΤοδ, ಺ଆΛόϧΫͱ͍͏ (ਤ 1).
2τϙϩδΧϧઈԑମͱٛڱʹ͸ྔࢠεϐϯϗʔϧܥΛ͢ࢦ. ͦͷ͘޿ʹޙ༻͍ΒΕΔΑ͏ʹͳͬͨ.
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ਤ 1: όϧΫͱΤοδ ਤ 2 : όϧΫͱΤοδͱίʔφʔ

ͷύϥμΠϜ 3ʹର͠, ఺ΛऔΓೖΕͨٞ࿦Λల։͢Δ͜ͱ͕ͻͱͭͷେ͖ͳ؍ঢ়ͷܗ
໨తͰ͋Δ.

ຊߘͰ͸·ͣToeplitz࡞༻ૉͱͦͷมछʹ͍ͭͯ,ఆٛͱ͍͔ͭ͘ͷ݁ՌΛड़΂Δ. ࣍
͍ͰैདྷͷτϙϩδΧϧ૬ʹର͢ΔόϧΫɾΤοδରԠͷఆࣜԽͱূ໌ΛKellendonk–

Richter–Schultz-BaldesͷΞΠσΟΞʹ͍ͯͮج঺հ͢Δ 4 . ଓ͘ষͰ [7, 8]Λ΋ͱʹ
ίʔφʔͷ͋ΔܥΛٞ࿦͢Δ. ίʔφʔʹؔ࿈ͨ͠τϙϩδʔͷఆٛͱͦͷجຊతͳ
ੑ࣭, ۩ମྫͷߏ੒๏Λड़΂ͨޙʹ, ैདྷͷτϙϩδΧϧ૬ͱͷؔ࿈΍, ۙ೥ఏএ͞Ε
.τϙϩδΧϧઈԑମ΁ͷԠ༻ྫͳͲΛ঺հ͢Δ࣍ߴΕ͍ͯΔ͞ڀݚʹൃ׆

2. Toeplitz࡞༻ૉͱͦͷมछ
ຊߘͰ͸TͰෳૉฏ໘ͷ୯ҐԁΛද͠, ൓࣌ܭճΓͷ͖޲Λݻఆ͢Δ. ຊߘͰ༻͍ΔC∗

؀΍ͦͷKཧ࿦ʹ͍ͭͯ͸ [12 ]ͳͲΛࢀর͞Ε͍ͨ.

2.1. Toeplitz࡞༻ૉ

Ճ๏܈ͱͯ͠ͷZͱͦͷ෦෼൒܈Z≥0 := {0, 1, 2 , · · · }Λ͑ߟΔ. T্ͷෳૉ਺஋࿈ଓؔ
਺f ∈ C(T)͸֤఺ t ∈ TͰf(t)Λֻ͚Δૢ࡞ʹΑͬͯ, L2(T)্ͷ༗քઢ࡞ܕ༻ૉΛఆ
ΊΔ. ͔͜͜ΒFourierม׵ʹΑΔHilbertۭؒͷಉܕL2(T) ∼= l2(Z)Λܦ༝ͯ͠ಘΒΕ
Δ l2(Z)্ͷ࡞༻ૉΛMfͰද͢. l2(Z≥0 )্ͷ༗քઢ࡞ܕ༻ૉTfΛҎԼͰఆٛ͢Δ 5 .

Tfϕ = (P≥0MfP≥0 )ϕ = P≥0Mfϕ, ϕ ∈ l2(Z≥0 ).

͜͜ͰP≥0͸ l2(Z)ͷด෦෼ۭؒ l2(Z≥0 )্΁ͷ௚ަࣹӨͰ͋Δ. Tf͸Toeplitz࡞༻ૉ
ͱݺ͹ΕΔ. Toeplitz࡞༻ૉͷFredholmੑͱͦͷࢦ਺ʹ͍ͭͯҎԼ͕੒Γཱͭ (ྫ͑͹
[12 ]Λࢀরͷ͜ͱ).

ఆཧ 2.1. (1) f͕C \ {0}ʹ஋Λ࣋ͭͱ͖, Tf͸Fredholm࡞༻ૉ 6 .

(2) (Noether) ͜ͷͱ͖ index(Tf ) = −Wind(f). ͨͩ͠Wind(f)͸࿈ଓؔ਺f : T →
C \ {0}ͷ0ͷ·ΘΓͷճస਺.

3 KitaevʹΑͬͯ෼ྨʹKཧ࿦͕༻͍ΒΕͨ [11, 5]
ʹͰड़΂ΔΑ͏ޙ4 ΫϥεAͱݩ2࣍ .Δ͍ͯͬݶʹܥ͹ΕΔ͋ΔΫϥεͷݺΫϥεAIIIͱݩ1࣍ ·ͨ
ฒਐରশੑΛอͭൺֱత؆୯ͳܥͷΈΛѻ͍, ͦͷجຊతͳΞΠσΟΞΛ঺հ͢Δ.

5௚ަࣹӨ P≥0 ʹΑΔMf ͷ compressionͰ l2(Z≥0 )্ͷ࡞༻ૉ Tf Λ͑ߟΔࡍ, P≥0MfP≥0 ͱද͢ه
Δ͜ͱ͕ଟ͍. ຊߘͰ΋͜ͷදه๏Λ࠾༻͢Δ.

6͢ͳΘͪKerTf ͱCokerTf .Ͱ͋Δݩ࣍ݶ༗ʹڞ͕ ͜ͷͱ͖Fredholmࢦ਺͕࣍Ͱఆٛ͞ΕΔ.

index(Tf ) := rankCKerTf − rankCCokerTf
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͜ΕΒ͸C∗؀ͷKཧ࿦Λ༻͍ͯҎԼͷΑ͏ʹཧղͰ͖Δ. T ΛToeplitz࡞༻ૉͨͪ
{Tf | f ∈ C(T)}͕ੜ੒͢ΔC∗؀ͱ͢Δ. ͜ͷͱ͖࣍ͷC∗؀ͷ୹׬શྻ͕ଘ͢ࡏΔ.

0 → K(l2(Z≥0 )) → T γ→ C(T) → 0. (1)

͜͜ͰK(l2(Z≥0 ))͸ l2(Z≥0 )্ͷίϯύΫτ࡞༻ૉͷͳ͢C∗؀ͰT ΁ͷࣹ͸แؚࣸ૾,

γ͸Toeplitz࡞༻ૉTfΛͦͷγϯϘϧ fʹࣸ͢ ∗-४ಉܕͰ͋Δ. ఆཧ 2 .1(1)ͷԾఆͷ
ԼͰ͸, γ(Tf ) = f ʹண໨͢Δͱ, Tf ͸ίϯύΫτ࡞༻ૉΛ๏ͱͯ͠ՄٯͰ͋Δ͔Β,

Atkinsonͷఆཧ͔ΒFredholmͰ͋Δ͜ͱ͕Θ͔Γ, ఆཧ 2 .1(1)͸௚ͪʹै͏. ·ͨ, ୹
શྻ׬ (1)ʹಉ൐ͯ͠ҎԼͷC∗؀ͷKཧ࿦ͷ6߲׬શ͕͋ྻܥΔ.

K1(K(l2(Z≥0 )) !! K1(T ) !! K1(C(T))
∂1
""

K0 (C(T))

∂0

##

K0 (T )$$ K0 (K(l2(Z≥0 ))$$

͜͜Ͱ ∂0 ͱ ∂1͸ڥք४ಉܕ. ·ͨK0 (K(l2(Z≥0 ))͸ඪ४తͳτϨʔε͕༠ಋ͢Δࣹ
K0 (Tr) : K0 (K(l2(Z≥0 )) → ZʹΑΓZͱಉܕͰ͋Δ. ఆཧ 2 .1(2 )͸࣍ͷೋͭͷ (४)ಉ
.ͷҰகͱͯ͠ཧղͰ͖Δܕ

• K0 (Tr) ◦ ∂1 : K1(C(T)) → Z. ͜ͷࣸ૾͸γ(Tf )ͷΫϥεΛ index(Tf )ʹࣸ͢.

• −Wind: K1(C(T)) → Z. ͜͜ͰK1(C(T)) ∼= K1(T) ∼= [T,U(∞)]Ͱ, Wind͸T
͔ΒU(∞)΁ͷ࿈ଓࣸ૾fʹର͠, det(f)ͷճస਺ΛରԠͤ͞Δ.

2.2. Toeplitz࡞༻ૉͷมछ

αͱβΛα < βͳΔೋͭͷ࣮਺ͱ͢Δ 7. ਖ਼ํ֨ࢠZ2Λೋͭͷ௚ઢy = αxͱy = βxͰ
“੾Δ” ͜ͱͰΤοδ·ͨ͸ίʔφʔͷϞσϧΛಋೖ͢Δ. ۩ମతʹ, ҎԼͷZ2ͷ෦෼
ू߹Ai (i = 1, 2 , 3)Λ͑ߟΔ.

A1 := {(m,n) ∈ Z2 | −αm+ n ≥0}, A2 := {(m,n) ∈ Z2 | −βm+ n ≤0}
A3 := {(m,n) ∈ Z2 | −αm+ n ≥0 and − βm+ n ≤0}

l2(Z2)ͷด෦෼ۭؒ l2(Ai)ͷ্΁ͷ௚ަࣹӨΛPAiͰද͢. ֤ i = 1, 2 , 3ʹରͯ͠, l2(Ai)

ΛͦΕͧΕHα, Hβ, Ĥα,βͱॻ͖, PAiΛͦΕͧΕPα, P β, P̂α,βͱॻ͘ (ਤ3Λࢀর).

ೋ࣍ݩτʔϥε্ͷෳૉ਺஋࿈ଓؔ਺ f ∈ C(T2)͸֤఺ (ξ, t) ∈ T2Ͱ f(ξ, t)Λֻ
͚Δૢ࡞ʹΑͬͯ, L2(T2)্ͷ༗քઢ࡞ܕ༻ૉΛఆΊΔ. ͔͜͜ΒFourierม׵ʹΑΔ
ಉܕ L2(T2) ∼= l2(Z2)Λܦ༝ͯ͠ಘΒΕΔ l2(Z2)্ͷ࡞༻ૉΛMf Ͱද͢. ͜ͷͱ͖
֤ i = 1, 2 , 3ʹରͯ͠ l2(Ai)্ͷ࡞༻ૉ TAi

f := PAiMfPAi Λ͑ߟΔ. ֤ i = 1, 2 , 3ʹ
ର͢Δ TAi

f ΛͦΕͧΕ T α
f , T

β
f , T̂

α,β
f ͱॻ͘. ૉ༺࡞ T α

f , T
β
f ͸൒ฏ໘Toeplitz࡞༻ૉ

, T̂ α,β
f ͸࢛൒໘Toeplitz࡞༻ૉͱݺ͹ΕΔ. ຊߘͰண໨͢Δ࢛൒໘Toeplitz࡞༻ૉ͸

Simonenko[17], Douglas–Howe[4]ΒΛத৺ʹ͕ڀݚਐΊΒΕͨ.

T αΛ൒ฏ໘Toeplitz࡞༻ૉͨͪ {T α
f | f ∈ C(T2)}͕ੜ੒͢ΔC∗؀ͱ͢Δ. ಉ༷ʹ

C∗؀T β, T̂ α,βΛͦΕͧΕT β
f , T̂

α,β
f Λ༻͍ͯఆٛ͢Δ. ͜ͷͱ͖T α, T β͔ΒC(T2)΁,

൒ฏ໘Toeplitz࡞༻ૉ T α
f , T

β
f ʹରͯ͠ fΛରԠͤ͞Δ ∗-४ಉܕ σα, σβ͕͋Δ. C∗؀

Sα,βΛ͜ͷೋͭͷ∗-४ಉܕʹΑΔҾ͖໭͠ͱͯ͠ఆٛ͢Δ.

Sα,β =
{
(T α, T β) ∈ T α ⊕T β | σα(T α) = σβ(T β)

}
.

͜ͷͱ͖ҎԼͷC∗؀ͷ୹׬શྻ͕஌ΒΕ͍ͯΔ.
7 α = −∞·ͨ͸ β = +∞΋͢ڐ. .੒Γཱͭ͜ͱ͸ͳ͍΋ͷͱ͢Δʹڞͩͨ͠

第66回トポロジーシンポジウム講演集（2019年8月・秋田市） 103



Ĥα,β Ȟα,β

ਤ 3: ࢛൒໘ (ತܕͷ֯, ֯ܕͱԜ(ࠨ (ӈ)

ఆཧ 2.2 (Park[13]).

0 → K(Ĥα,β) → T̂ α,β γ̂→ Sα,β → 0. (2 )

͜͜ͰK(Ĥα,β)͔Β T̂ α,β΁ͷࣹ͸แؚࣸ૾, γ̂͸ T̂ α,β
f ΛϖΞ (T α

f , T
β
f )ʹ͏ͭ͢ ∗-४

ಉܕͰ͋Δ.

3. όϧΫɾΤοδରԠ
͜͜Ͱ͸Kellendonk–Richter–Schultz-Baldes[10]ʹ͖ͮج, όϧΫɾΤοδରԠͷఆࣜ
Խͱূ໌ͷུ֓Λड़΂Δ. 5ষͷ౎߹Ͱ, 2 ΫϥεAͱݩ࣍ ͹ΕݺΫϥεAIIIͱݩ1࣍
Δ͋ΔΫϥεͷτϙϩδΧϧ૬ΛऔΓ্͛Δ (3ষશମͷߟࢀจݙͱͯ͠ [14]Λͯ͛ڍ
͓͘). ҎԼ, V Λ༗ݩ࣍ݶͷෳૉ಺ੵۭؒͱ͠, NͰͦͷϥϯΫΛද͢.

3.1. ΫϥεAݩ2࣍

࿈ଓࣸ૾T2 → Herm(V ), (ξ, t) +→ HA(ξ, t)Λ͑ߟΔ 8 . T2ͷ֤఺ͰHA(ξ, t)Λ࡞༻͞
ͤΔL2(T2;V )্ͷ࡞༻ૉ͸, Fourierม׵Λܦ༝ͯ͠ l2(Z2;V )্ͷ༗քઢڞݾࣗܗ໾
.ૉHAΛఆΊΔ༺࡞ ,ͳ͠ݟͱͯ͠Z2ΛόϧΫͷϞσϧͱܥݶքͷແ͍ແڥ ͜͜Ͱ͸
HAΛόϧΫϋϛϧτχΞϯͱ͍͏ 9 . όϧΫ͕͋ΔछͷઈԑମͰ͋ΔΑ͏ͳܥͷϋϛ
ϧτχΞϯΛ೦಄ʹஔ͖, ࣍ͷԾఆΛஔ͘.

Ծఆ 3.1. HA͸Մٯ.

͜ͷԾఆͷ΋ͱʹ, ֤఺ (ξ, t) ∈ T2ʹର͠, Τϧϛʔτ࡞༻ૉHA(ξ, t)ͷεϖΫτϧ
sp(HA(ξ, t))͸ 0Λؚ·ͳ͍. ैͬͯ, ֤఺ͰHA(ξ, t)ͷෛͷݻ༗஋શͯʹର͢Δݻ༗
ۭؒͷ௚࿨ϕΫτϧۭؒEB(ξ, t)ΛऔΓ, ύϥϝʔλۭؒT2্ͰϕΫτϧۭؒEB(ξ, t)

ͷ଒Λ͑ߟΔͱ, ༗ݶϥϯΫͷෳૉϕΫτϧଋEB → T2͕ಘΒΕΔ. EB͸Blochଋͱ
.͹ΕΔݺ BlochଋEBͷୈҰChern਺ 10Λ͋ΔछઈԑମతͳόϧΫͷෆมྔͱΈͳ͠,

8͜͜ͰHerm(V )͸V ্ͷΤϧϛʔτม׵શମͷͳۭؒ͢.
9ྫ͑͹ҎԼͷܗͷ l2(Z2;V )্ͷ༗քࣗڞݾ໾࡞༻ૉΛ͑ߟΔ (͜͜Ͱ l2(Z2;V )ͷݩϕ = {ϕx,y}(x,y)∈Z2

͸V ͷݩϕx,yͷྻͰ
∑

x,y ||ϕx,y||2V < ∞Λຬͨ͢΋ͷͱΈͳ͍ͯ͠Δ).

(Hϕ)x,y =
∑

finite

Ap,qϕx−p,y−q, (Ap,q ∈ EndC(V ))

ͨͩ͠ (؆୯ͷͨΊʹ)༗ݸݶͷ (p, q) ∈ Z2Λআ͍ͯAp,q = 0ͱ͢Δ. ͜ͷͱ͖H͸ xͱ yํ޲ͷฒ
ਐ࡞༻ૉͱՄ׵Ͱ͋Γ, Fourierม׵ʹΑͬͯ࿈ଓࣸ૾T2 → Herm(V )Λ༩͑, զʑͷϞσϧʹؚ·Ε
Δ. ྫͱͯ͠͸ ϑΣϧϛΦϯͷࢠ1ཻ tight-bindingϋϛϧτχΞϯ͕͋Δ.

10 T2ͷ͖޲͸ೋͭͷTͷ͖޲ͷੵͰఆΊΔ.
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όϧΫࢦ਺ͱݺͿ. ͜ͷྔ͸TKNN਺ͱ΋ݺ͹Ε͍ͯΔ [18].

ఆٛ 3.2 (όϧΫࢦ਺, TKNN਺). I2D,A
Bulk (H

A) := ⟨c1(EB), [T2]⟩ ∈ Z.

όϧΫϋϛϧτχΞϯΛ࿈ଓࣸ૾T2 → Herm(V )ͷൣғ಺Ͱ࿈ଓม͢ܗΔͱ͖, Ծ
ఆ 3.1͕อͨΕΔݶΓ͸ରԠ͢ΔBlochଋ͸ಉܕͰ, ैͬͯόϧΫࢦ਺͸ෆมͰ͋Δ.

࣍ʹΤοδΛ͑ߟΔ. ෦෼ Fourierม׵ʹΑͬͯHAΛ TͰύϥϝʔλ෇͚͞Εͨ
l2(Z, V )্ͷ༗քࣗڞݾ໾ઢ࡞ܗ༻ૉͷ଒{HA(t)}t∈Tʹ෼ղ͢Δ. ͜͜ͰToeplitz࡞༻
ૉͷ଒ {HA

Edge(t) := P≥0HA(t)P≥0}t∈T Λ͑ߟΔ 11. ͜ΕΛΤοδϋϛϧτχΞϯͱݺ
Ϳ 12. Ծఆ͔Β, ͜ͷ଒͸TͰύϥϝʔλ෇͚͞Εͨࣗڞݾ໾Fredholm࡞༻ૉͷ࡞༻
ૉϊϧϜʹؔ͢Δ࿈ଓ଒Ͱ͋Δ. ͜ͷ଒ͷεϖΫτϧྲྀ, ͢ͳΘͪ଒{HA

Edge(t)}t∈Tͷε
ϖΫτϧͱ 0ͷަࠥΛ, ॏෳ౓ͱަࠥͷ͖޲΋ࠐΊͯූ߸෇͖Ͱ਺͑ͨ΋ͷ (Tͷ͖޲
ʹର͠, 0ͱෛ͔Βਖ਼ʹަΘΔަࠥΛ+, ਖ਼͔ΒෛʹަΘΔަࠥΛ−Ͱ਺͑Δ), ΛΤο
δࢦ਺ͱݺͿ.

ఆٛ 3.3 (Τοδࢦ਺). I2D,A
Edge (H

A) := sf{HA
Edge(t)}t∈T ∈ Z

֤ަ఺ʹ͸, ͋Δ t ∈ Tʹ͍ͭͯHA
Edge(t)ͷݻ༗஋ 0ͷݻ༗ϕΫτϧ (Τοδঢ়ଶ)͕

ଘ͢ࡏΔͷͰ, Τοδࢦ਺͸Τοδঢ়ଶͷݸ਺Λූ߸෇͖Ͱ਺্͑͛ͨ΋ͷͱ͑ݴΔ.

Τοδࢦ਺͕0Ͱͳ͚Ε͹Τοδঢ়ଶ͕ଘ͢ࡏΔ͜ͱʹ஫ҙ͢Δ.Ҏ্ͷ४උͷ΋ͱʹ,

όϧΫɾΤοδରԠ (ͷτϙϩδʔతͳଆ໘)͸, ҎԼͷఆཧͰड़΂ΒΕΔ.

ఆཧ 3.4 (όϧΫɾΤοδରԠ). I2D,A
Bulk (H

A) = I2D,A
Edge (H

A).

ैͬͯόϧΫͷτϙϩδʔΛ൓өͯ͠τϙϩδΧϧͳΤοδঢ়ଶ͕ݱΕΔ. όϧΫɾ
ΤοδରԠͷ্هͷఆࣜԽͱূ໌͸HatsugaiʹΑΔ [6]. ͜͜Ͱ͸Kellendonk–Richter–

Schulz-Baldes[10]ʹΑΔToepliz࡞༻ૉͷࢦ਺ཧ࿦Λ༻͍ͨূ໌Λ঺հ͢Δ. ࣍ͷਤࣜ
ʹண໨͢Δ.

K0 (C(T2))
∂0 !!

c1
%%❏

❏❏
❏❏

❏❏
❏❏

❏
K1(K(l2(Z≥0 )) ⊗ C(T))

sf
&&♠♠♠

♠♠♠
♠♠♠

♠♠♠
♠♠♠

Z
͜ͷͱ͖ঢ়گ͸ҎԼͰ͋Δ.

• K0 (C(T2))͸ 2 τʔϥεͷҐ૬తKཧ࿦K0ݩ࣍ (T2)ͱಉܕͰ͋Γ, T2্ͷ༗ݶ
ϥϯΫෳૉϕΫτϧଋͰ͋ΔBlochଋEB͸͜ͷK܈ͷݩ [EB]ΛఆΊΔ. c1͸T2

্ͷ༗ݶϥϯΫෳૉϕΫτϧଋʹͦͷୈҰChern਺ΛରԠͤ͞Δ܈४ಉܕ. ैͬ
ͯ [EB]ͷ c1ʹΑΔ૾͸όϧΫࢦ਺I2D,A

Bulk (H
A)Ͱ͋Δ.

• l2(Z≥0 )্ͷ༗քઢڞݾࣗܕ໾ Fredholm࡞༻ૉͷશମۭؒͷ, τϙϩδΧϧʹ
ඇࣗ໌ͳҰͭͷ࿈݁੒෼Λ Freds.a.

∗ (l2(Z≥0 ))ͱॻ͘ 13 . K1(K(l2(Z≥0 )) ⊗ C(T))
͸, T͔Β Freds.a.

∗ (l2(Z≥0 ))΁ͷ࿈ଓࣸ૾ͷϗϞτϐʔྨ [T,Freds.a.
∗ (l2(Z≥0 ))]ʹ

ಉܕͰ͋Γ, εϖΫτϧྲྀ͕༩͑ΔZ΁ͷࣸ૾ sf͕͋Δ. ΤοδϋϛϧτχΞϯ
{HA

Edge(t)}t∈T͸͜͜ͷݩΛఆΊ, ࣸ૾ sfʹΑͬͯΤοδࢦ਺I2D,A
Edge (H

A)ʹࣸΔ.

11͜͜Ͱه߸ͷ؆ུԽͷͨΊʹ l2(Z≥0 , V ) ∼= l2(Z≥0 ) ⊗ V ্ͷ࡞༻ૉP≥0 ⊗ 1V ΛP≥0 ͱॻ͘. ҎԼ, ௚
ަࣹӨʹ͍ͭͯ͸ಉ༷ͷུهΛ͢Δ.

12HAΛZ≥0 × Z্ʹDirichletڥք৚݅Λ༻੍͍ͯ͢ݶΔ. ΤοδʹԊ͏ y࣠ํ޲ʹ͸ฒਐෆมͳͷͰ,
ͦͷํ޲ʹ෦෼Fourierมͨ͠׵΋ͷ͕ {HA

Edge(t)}t∈TͰ͋Δ.
13ຊ࣭తεϖΫτϧ͕ (−∞, 0) ͱ (0,+∞) ͷͲͪΒʹ΋ؚ·ΕΔ͜ͱͷͳ͍ l2(Z≥0 ) ্ͷࣗڞݾ໾
Fredholm࡞༻ૉ͔ΒͳΔ΋ͷ. .ૉϊϧϜͰҐ૬ΛೖΕΔ༺࡞ Ґ૬తK1܈ͷ෼ྨۭؒΛͳ͢.
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• ∂0͸୹׬શྻ (1)ʹC(T)Λςϯιϧͯ͠ಘΒΕΔ୹׬શྻ 14ʹಉ൐͢ΔC∗؀ͷ
Kཧ࿦ͷڥք४ಉܕ.

͜͜Ͱ্هͷਤ͕ࣜՄ׵Ͱ͋Δ͜ͱ͔Βఆཧ 3.4͕ै͏.

3.2. ΫϥεAIIIݩ1࣍

ຊઅͰ͸ V ͕͞ΒʹZ2-࣍਺Λ࣋ͭͱ͢Δ. ͢ͳΘͪෳૉઢ૾ࣸܗΠ : V → V Ͱ͋ͬ
ͯΠ2 = 1ͳΔ΋ͷ͕༩͑ΒΕͨͱ͢Δ. ࿈ଓࣸ૾T → Herm(V ), (ξ, t) +→ HAIII(t)͕
Fourierม׵Λܦ༝ͯ͠ఆΊΔ l2(Z;V )্ͷࣗڞݾ໾ઢܗͳ࡞༻ૉΛHAIIIͱॻ͖, όϧ
ΫϋϛϧτχΞϯͱݺͿ. ΠΛ l2(Z;V )্ʹ֤ϑΝΠόʔ΁ͷ࡞༻ʹΑ֦ͬͯுͨ͠࡞
༻ૉΛ࠶ͼΠͰද͢΋ͷͱ͢Δ. ͜ͷͱ͖࣍ͷԾఆΛஔ͘,

Ծఆ 3.5. (1) HAIII͸Մٯ. (2) HAIIIͱΠ͸൓Մ׵.

.ରԠ͢Δʹ࡯ߟॳͷ৚݅͸όϧΫ͕͋ΔछͷઈԑମͳϞσϧͷ࠷ ͷ৚݅͸HAIIIऀޙ

͕ΧΠϥϧରশੑͱݺ͹ΕΔ͋ΔछͷྔֶྗࢠతͳରশੑΛอͭ৔߹Ͱ͋Γ 15 , ΠΛΧ
Πϥϧ࡞༻ૉͱݺͿ. ΧΠϥϧରশੑʹΑΓ, HAIII͸࣍ͷoff-diagonalͳܗʹද͞ΕΔ.

HAIII =

(
0 h∗

h 0

)
.

Ծఆ 3.5(1)ΑΓh΋ՄٯͰ͋Δ. ࿈ଓࣸ૾T → C \ {0}, t +→ det(h(t))ͷճస਺ͷ−1

ഒΛ͜ͷܥͷόϧΫࢦ਺ͱݺͿ 16 .

ఆٛ 3.6 (όϧΫࢦ਺). I1D,AIII
Bulk (HAIII) := −Wind(h).

࣍ʹ, ΤοδͷϞσϧͱͯ͠Toeplitz࡞༻ૉHAIII
Edge := P≥0HAIIIP≥0Λ͑ߟ, Τοδϋ

ϛϧτχΞϯͱݺͿ. ΤοδϋϛϧτχΞϯ͸Πͱ൓Մ׵Ͱ͋Γ, Ծఆ͔ΒHAIII
Edge΍ͦ

ͷoff-diagonal੒෼P≥0hP≥0͸Fredholm࡞༻ૉͰ͋Δ. ͜ͷࢦ਺ΛΤοδࢦ਺ͱݺͿ.

ఆٛ 3.7 (Τοδࢦ਺). I1D,AIII
Edge (HAIII) := index(P≥0hP≥0 ).

Π͸HAIII
Edgeͱ൓Մ׵ͳͨΊ, ༗ݩ࣍ݶϕΫτϧۭؒKer(HAIII

Edge)ʹ࡞༻͠, ͦͷࣗ৐͸
1Ͱ͋Δ. Τοδࢦ਺͸Π|Ker(HAIII

Edge)
ͷ+1ݻ༗ۭؒͷ͔࣍ݩΒ−1ݻ༗ۭؒͷ࣍ݩΛҾ

͍ͨ΋ͷʹҰக͢Δ. ैͬͯΤοδࢦ਺͸HAIII
Edgeͷݻ༗஋ 0ͷݻ༗ϕΫτϧ (Τοδঢ়

ଶ)ͷݸ਺ΛΠͷ࡞༻ʹΑΔූ߸෇͖Ͱ਺͑ͨ΋ͷͰ͋Γ, ಛʹΤοδࢦ਺͕ 0Ͱͳ͚
Ε͹Τοδঢ়ଶ͕ଘ͢ࡏΔ. ͜ͷͱ͖͕࣍੒Γཱͭ.

ఆཧ 3.8 (όϧΫɾΤοδରԠ). I1D,AIII
Bulk (HAIII) = I1D,AIII

Edge (HAIII).

͜Ε͸ఆཧ 2 .1 (2 )ͷ 3.2 અͰͷٞ࿦͔Β௚ͪʹै͏. ຊߘͰ͸όϧΫɾΤοδରԠ
(ఆཧ 3.4, 3.8)ʹΑΓ͍ޓʹ౳͍͠੔਺Λ, ͦΕͧΕI2D,A(HA)ͱI1D,AIII(HAIII)ͱද͢.

4. ίʔφʔͷ͋Δܥʹ͓͚ΔτϙϩδʔͱόϧΫΤοδɾίʔφʔରԠ
ҎԼͰਤ 2 ͷΑ͏ͳ༨࣍ݩ 2 ͷ֯Λ࣋ͭܥΛٞ࿦͢Δ. 4, 5ষͷ಺༰͸ .ͮ͘جʹ[7]

14 C(T)͕Մ׵C∗؀ͳͷͰ׬શੑΛอͭ.
15ΧΠϥϧରশੑΛอͭܥ͸AIIIͱ͍͏Ϋϥεʹ෼ྨ͞ΕΔ. ಛʹରশੑΛཁ੥͠ͳ͍ 3.1અͷέʔε
͸ΫϥεAʹ෼ྨ͞ΕΔ [14].

16Ծఆ 3.5͔ΒV ͸ۮ਺࣍ݩͰͳ͚Ε͹ͳΒͳ͍͜ͱʹ஫ҙ͢Δ.
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4.1. ઃఆ

࿈ଓࣸ૾T3 → Herm(V ), (ξ, η, t) +→ H(ξ, η, t)͔Β l2(Z3 ;V )ͷόϧΫϋϛϧτχΞϯ
HΛ͑ߟΔ. ༨࣍ݩ 2 ͷ֯Λ࣋ͭܥͱͯ͠ਤ 2 ͷΑ͏ͳܥΛ͍ͨ͑ߟ. ෦෼Fourierม
Αͬͯʹ׵ l2(Z2;V )্ͷ࡞༻ૉͷ଒ {H(t)}t∈TΛ͑ߟΔ. Hα

V := Hα ⊗ V ͱॻ͖, ಉ༷
ʹHβ

V , Ĥ
α,β
V Λఆٛ͢Δ. ͜ΕΒͷ্΁ͷόϧΫϋϛϧτχΞϯH(t)ͷ compressionΛ

औΔ͜ͱͰΤοδͷϞσϧͱίʔφʔͷϞσϧΛಋೖ͢Δ. ·ͣΤοδͷϞσϧΛಋೖ
͢Δ:

Hα
Edge(t) := PαH(t)Pα : Hα

V → Hα
V , Hβ

Edge(t) := P βH(t)P β : Hβ
V → Hβ

V .

͜ΕΒͷ༗քࣗڞݾ໾࡞༻ૉΛΤοδϋϛϧτχΞϯͱݺͿ. ࣍ʹίʔφʔͷϞσϧ
Λಋೖ͢Δ:

Ĥα,β
Corner(t) := P̂α,βH(t)P̂α,β : Ĥα,β

V → Ĥα,β
V

Ĥα,β
Corner(t)ΛίʔφʔϋϛϧτχΞϯͱݺͿ.

ຊߘͰ͸ҎԼͷԾఆΛஔ͖, ͦͷ݁ؼΛٞ࿦͢Δ.

Ծఆ 4.1. ೚ҙͷ t ∈ Tʹର͠, ೋͭͷΤοδϋϛϧτχΞϯHα
Edge(t), H

β
Edge(t)͸ڞʹ

ՄٯͰ͋Δͱ͢Δ.

͜ͷԾఆͷ΋ͱͰ͸όϧΫϋϛϧτχΞϯH΋ՄٯͰ͋Δ. ैͬͯզʑ͕͢࡯ߟΔ
ঢ়گ͸όϧΫ΋ೋͭͷΤοδ΋ઈԑମతͳܥΛϞσϧͱ͢Δ. ͜ͷԾఆͷ΋ͱʹ, ҎԼ
ͰೋͭͷҐ૬ෆมྔΛఆٛ͠, ͦͷੑ࣭΍ؔ܎Λٞ࿦͢Δ.

4.2. όϧΫΤοδෆมྔ

·ͣՄٯͳೋͭͷΤοδʢͱόϧΫʣϋϛϧτχΞϯΛ༻͍ͯҐ૬ෆมྔΛఆٛ͢Δ.

ೋͭͷΤοδϋϛϧτχΞϯHα
Edge(t)ͱHβ

Edge(t)͸όϧΫϋϛϧτχΞϯH(t)ͷ com-

pressionͱͯ͠ఆٛ͞ΕͨͷͰ͋ͬͨ. ैͬͯ σα(Hα
Edge(t)) = H(t) = σβ(Hβ

Edge(t))Ͱ
͋Γ, ϖΞ (Hα

Edge(t), H
β
Edge(t))͸MN(Sα,β)ͷݩͰ͋Δ. ࿈ଓؔ਺ g : R \ {0} → RΛ

(−∞, 0)ͷ্Ͱ͸1, (0,+∞)ͷ্Ͱ͸0ͳΔ΋ͷͱ͢Δ. ͜ͷͱ͖continuous functional

calculousʹΑͬͯҎԼͷࣹӨ͕ݩಘΒΕΔ.

p := g(Hα
Edge, H

β
Edge) ∈ MN(Sα,β ⊗ C(T)).

͔͜͜ΒҐ૬ෆมྔΛҎԼͷC∗؀ͷK܈ͷݩͱͯ͠ఆٛ͢Δ 17 18 .

ఆٛ 4.2 (όϧΫΤοδෆมྔ). I3D,A
BE (H) := [p] ∈ K0 (Sα,β ⊗ C(T)).

4.3. ίʔφʔࢦ਺

࣍ʹίʔφʔϋϛϧτχΞϯΛ༻͍ͯҐ૬ෆมྔΛఆٛ͢Δ. ͜͜Ͱ, γ̂(Ĥα,β
Corner(t)) =

(Hα
Edge(t), H

β
Edge(t))͸Ծఆ͔ΒMN(Sα,β)ͷՄݩٯͰ͋Γ,ैͬͯఆཧ 2 .2 ͔ΒĤα,β

Corner(t)

͸Fredholm࡞༻ૉͰ͋Δ͜ͱ͕Θ͔Δ. ૉͷ࿈ଓ଒{Ĥα,β༺࡞໾Fredholmڞݾࣗ
Corner(t)}t∈T

͔ΒεϖΫτϧྲྀʹΑͬͯ੔਺஋ͷҐ૬ෆมྔΛಘΔ. ͜ΕΛ͍·ͻͱͭͷෆมྔͱ
ఆٛ͢Δ.

17 C∗؀Aʹର͠, K܈K0 (A)͸, Aͷ؀ྻߦMn(A)ͷࣹӨݩ (͢ͳΘͪ q ∈ Mn(A)Ͱ q = q∗ = q2ͳ
Δݩ)ͨͪͷू߹ (n͸೚ҙͷࣗવ਺ΛͱΔ)ʹద੾ʹಉ஋ؔ܎ΛೖΕͯఆٛ͞ΕΔ [12].

18 3.1અͰόϧΫࢦ਺Λ༩͑ͨBlochଋEB͸࣍ͷΑ͏ʹཧղͰ͖Δ. g(HA)͸MN (C(T2))ͷࣹӨݩΛఆ
Ί,ैͬͯC∗؀ͷK܈K0 (C(T2))ͷݩΛఆΊΔ. ͜ͷݩ͸Ґ૬తK܈ͱͷಉܕK0 (C(T2)) ∼= K0 (T2)
ʹΑͬͯBlochଋͷΫϥε [EB]ʹରԠ͢Δ. ͜ͷҙຯͰόϧΫΤοδෆมྔͷఆٛ͸, Blochଋ͕ఆ
ΊΔK0 (T2)ͷݩͷߏ੒Λਅͨࣅ΋ͷͰ͋Δ.
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ఆٛ 4.3 (ίʔφʔࢦ਺). Î3D,A
Corner(H) := sf{Ĥα,β

Corner(t)}t∈T ∈ Z.
ఆ͔ٛΒ Î3D,A

Corner(H)͕θϩͰͳ͚Ε͹ίʔφʔϋϛϧτχΞϯͷݻ༗஋0ͷݻ༗ϕΫ
τϧ (ίʔφʔঢ়ଶ)͕ଘ͢ࡏΔ 19 . ैͬͯίʔφʔࢦ਺͸ίʔφʔঢ়ଶͷݸ਺Λූ߸
෇͖Ͱॏෳ౓΋ࠐΊͯ਺্͑͛ͨ΋ͷͰ͋Δ.

4.4. ੑ࣭

୹׬શྻ (2 )ʹC(T)Λςϯιϧͯ͠ಘΒΕΔ୹׬શྻʹಉ൐͢ΔͷC∗؀ͷKཧ࿦ͷ
ܕք४ಉڥશྻͷ׬6߲ ∂̂0 : K0 (Sα,β ⊗ C(T)) → K1(K(Ĥα,β) ⊗ C(T))Λ͑ߟΔ. ه্
ͷೋͭͷҐ૬ෆมྔͷؒʹ͸ҎԼͷ͕ؔ͋܎Δ.

ఆཧ 4.4 (H. [7], όϧΫΤοδɾίʔφʔରԠ). sf ◦ ∂̂0 (I3D,A
BE (H)) = Î3D,A

Corner(H).

Proof. ίʔφʔϋϛϧτχΞϯ {Ĥα,β
Corner(t)}t∈T͸ [T,Freds.a .

∗ (Ĥα,β)] ∼= K1(K(Ĥα,β) ⊗
C(T))ͷݩΛఆΊΔ 20 . ܕք४ಉڥͯͬै ∂̂0ʹΑͬͯI3D,A

BE (H)͕͜ͷΫϥεʹࣸΔ͜
ͱΛ͔֬ΊΕ͹ྑ͍. ͜Ε͸ڥք४ಉܕ ∂̂0ͷఆ͔ٛΒ֬ೝͰ͖Δ.

ैͬͯ͋ΔछઈԑମతͳόϧΫͱΤοδͷτϙϩδʔΛ൓өͯ͠, ͷઁಈʹରͯ͠ܥ
,Εݱͳίʔφʔঢ়ଶ͕ڧؤ ίʔφʔ͕͋ΔछۚଐతʹৼΔ෣͏.

஫ҙ 4.5. ຊߘͷٞ࿦͸, όϧΫΤοδରԠʹ͓͚Δ [10]ͷٞ࿦ʹண໨͠, Toeplitz࡞༻
ૉͷ୅ΘΓʹ࢛൒໘Toeplitz࡞༻ૉΛ༻͍ͨٞ࿦Λల։͢Δ͜ͱͰಘΒΕͨ΋ͷͰ͋
Δ. ͞Βʹ༨͕࣍ݩେ͖ͳ৔߹ͷऔΓѻ͍ΛՄೳʹ͢Δ͋ΔछͷToeplitz࡞༻ૉͷࢦ਺
ཧ࿦͸ [4, 3]ͳͲͰల։͞Ε͍ͯΔ 21.

஫ҙ 4.6. զʑͷઃఆͰ͸όϧΫϋϛϧτχΞϯ͸ՄٯͰ͋ΔͨΊ, 3.1અͱಉ༷ʹόϧ
ΫͷෆมྔΛ͑ߟΔ͜ͱ͕Ͱ͖Δ. ۩ମతʹ, T3্ͷBlochଋΛ3.1અͱಉ༷ʹఆٛ͠,

Blochଋ͕ఆΊΔK0 (T3 ) ∼= Z⊕Z⊕Z⊕ZͷݩΛ͑ߟΔ. ҰͭͷZ͸Blochଋͷϥϯ
ΫʹରԠ͠, ͷZʹରԠ͢ΔόϧΫͷෆมྔ͸ͭࡾΓͷ࢒ ऑෆ(ͷܥΫϥεAͷݩ3࣍)
มྔͱݺ͹ΕΔ. զʑͷԾఆͷԼͰ͸ͭࡾͷऑෆมྔ͸શͯ0Ͱ͋Δ͜ͱ͕ূ໌Ͱ͖Δ
[7]. ͜ͷҙຯͰ, ຊߘͷίʔφʔʹؔ࿈ͨ͠τϙϩδʔͷ࡯ߟ͸, ैདྷͷτϙϩδΧϧ
૬ͷτϙϩδʔʹରͯ͋͠Δछೋ࣍తͳτϙϩδʔͷ࡯ߟͱҐஔ෇͚ΒΕΔ.

5. ۩ମྫͷߏ੒๏
લઅͰఆٛͨ͠ίʔφʔʹؔ࿈ͨ͠Ґ૬ෆมྔͷඇࣗ໌ͳ۩ମྫͷߏ੒๏Λ༩͑Δ. ຊ
અͰ͸α = 0, β = ∞ͱ͢Δ.

l2(Z2, V1)্ͷ࡞༻ૉHAΛ 2 ΫϥεAͷτϙϩδΧϧઈԑମͷόϧΫϋϛϧτݩ࣍
χΞϯ (3.1અࢀর), l2(Z, V2)্ͷ࡞༻ૉHAIIIΛ1࣍ݩΫϥεAIIIͷτϙϩδΧϧઈԑ
ମͷόϧΫϋϛϧτχΞϯͰΧΠϥϧରশੑ͸ΠͰ༩͑ΒΕΔ΋ͷ (3.2 અࢀর)ͱ͢
Δ. ͜͜ͰW = V1 ⊗ V2ͱ͓͘. ͜ΕΒΛ༻͍ͯҎԼͷ l2(Z3 ,W )্ͷ༗քࣗڞݾ໾࡞
༻ૉΛ͢࡯ߟΔ.

H := HA ⊗ Π+ 1 ⊗ HAIII.

Fourierม׵Ͱ l2(Z2;W )্ͷ࡞༻ૉͷ଒{H(t) = HA(t) ⊗ Π+1 ⊗ HAIII}t∈Tʹ෼ղ͢Δ.

ఆཧ 5.1 (H. [7]). ,ͷϋϛϧτχΞϯHʹର͠ه্ ҎԼ͕੒Γཱͭ.

19͜͜Ͱͷه߸͸ Δ͜ͱΛ൓ө͍ͯ͠Δ͍ͯ͠࡯ߟΛܥ͹ΕΔݺΫϥεAͱݩ3࣍
20͜͜Ͱ଒ {Ĥα,β

Corner(t)}t∈T ͕ Freds,a.∗ (Ĥα,β)ʹೖΒͳ͍৔߹͕͋ΓಘΔ͕, ͦͷ৔߹͸ I3D,A
BE (H)΋

Î3D,A
Corner(H)΋ 0Ͱ͋Δ. ͜͜Ͱ͸ࣗ໌ͳ৔߹Λআ͍ͯٞ࿦͢Δ.

21ͨͩ͠༨࣍ݩ 2ͷ৔߹ͷ݁Ռ [13]ͱൺֱ͢Δͱ, ͜ͷ৔߹ͷ֯ͷܗঢ়͸ಛผͳܗঢ়ʹݶΒΕ͍ͯΔ.
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(1) ֤ t ∈ TೋͭͷΤοδϋϛϧτχΞϯH0
Edge(t), H

∞
Edge(t)͸ڞʹՄٯ.

(2) (1)ΑΓίʔφʔࢦ਺͕ఆٛ͞ΕΔ. ίʔφʔࢦ਺͸HAͱHAIIIͷτϙϩδΧϧ
਺Λ༻͍ͯ Î3D,A

Corner(H) = I2D,A(HA) · I1D,AIII(HAIII) Ͱ༩͑ΒΕΔ. ͜͜Ͱӈล͸
ೋͭͷ੔਺ͷੵ.

Proof. (1) ֤ t ∈ Tʹର͠H∞
Edge(t)͕ՄٯͰ͋Δ͜ͱΛࣔ͢. HilbertۭؒͷಉܕH∞

W
∼=

l2(Z≥0 ;V1) ⊗ l2(Z;V2)ʹΑΓ,

H∞
Edge(t) = P∞H(t)P∞ = HA

Edge(t) ⊗ Π+ 1 ⊗ HAIII.

Ͱ͋Δ. ͜ͷೋ৐ΛͱΔͱ, ΠͱHAIII͸൓Մ׵ͳͷͰ

(H∞
Edge(t))

2 = (HA
Edge(t))

2 ⊗ 1 + 1 ⊗ (HAIII)2.

(HA
Edge(t))

2 ≥0ͱ (HAIII)2 > 0ΑΓ (H∞
Edge(t))

2 > 0. ैͬͯH∞
Edge(t)͸Մٯ. H0

Edge(t)ͷ
Մੑٯ΋ಉ༷ͷٞ࿦ʹΑͬͯࣔ͞ΕΔ.

(2 ) HAͱHAIIIͦΕͧΕͷΤοδঢ়ଶϕ1 ∈ l2(Z≥0 ;V1)ͱϕ2 ∈ l2(Z≥0 ;V2)͕͋ͬͨͱ
͢Δ. ͢ͳΘͪ, ͋Δ t ∈ Tʹ͍ͭͯHA

Edge(t)ϕ1 = 0ͱHAIII
Edgeϕ2 = 0͕੒Γཱͭ. ͜ͷ

ͱ͖
H0 ,∞

Corner(t)(ϕ1 ⊗ ϕ2) = (HA
Edge(t) ⊗ Π+ 1 ⊗ HAIII

Edge)(ϕ1 ⊗ ϕ2) = 0

Ͱ͋Γ, HAͱHAIIIͦΕͧΕͷΤοδঢ়ଶͷςϯιϧੵ͸ίʔφʔঢ়ଶΛ༩͑Δ. Ұํ
Ͱ͜͜ͰͷϞσϧͰ͸ίʔφʔঢ়ଶ͸Τοδঢ়ଶͷςϯιϧੵͷઢܗ࿨ͱͯ͠ඞͣද
͞ΕΔ͜ͱ͕Θ͔Δ. Hͷίʔφʔঢ়ଶͷݸ਺ͱHA, HAIIIͷΤοδঢ়ଶͷݸ਺Λ (ූ
߸ʹ஫ҙͯ͠)ൺֱ͢Δ͜ͱͰ (2 )͕ࣜಘΒΕΔ.

ఆཧ 5.1Λ༻͍Δ͜ͱͰ, ैདྷͷτϙϩδΧϧ૬ೋ͔ͭΒ۩ମྫΛߏ੒Ͱ͖Δ. ࡍ࣮
ͷ۩ମྫ͸ [7, 8]ͳͲΛࢀর͞Ε͍ͨ.

஫ҙ 5.2 (H. [8]). ͜͜·Ͱͷٞ࿦͸ίʔφʔͷ֯౓͕ 180౓ΑΓখ͍͞৔߹ʹͯͬݶ
͍Δ͕, ਤ3ӈਤͷΑ͏ͳ֯౓͕180౓ΑΓେ͖ͳԜ֯ܕͷ৔߹΋ಉ༷ʹ͑ߟΔ͜ͱ͕
Ͱ͖Δ. ͜ͷܗঢ়ͷ֯ʹର͢Δ͋ΔछͷToeplitz࡞༻ૉʹରͯ͠΋ఆཧ 2 .2 ͱಉ༷ͷ݁
Ռ͕੒Γཱͪ, Ծఆ 4.1ͷԼͰԜ֯ܕʹର͢Δίʔφʔࢦ਺͕ಉ༷ʹఆٛ͞ΕΔ. ͜͜
Ͱ࢛൒໘ (ತ֯ܕ)ͱԜ֯ܕͷίʔφʔࢦ਺ͷؒʹ͸−1ഒͷ͕ؔ܎੒Γཱͭ͜ͱ͕ࣔ
͞ΕΔ. ैͬͯόϧΫϋϛϧτχΞϯΛݻఆͯ֯͠ͷܗঢ়Λม͑Δ͜ͱΛ͑ߟΔͱ͖,

ίʔφʔࢦ਺͸ܗঢ়ʹԠͯ͡มԽ͢Δ.

6. Ԡ༻ྫɿ࣍ߴτϙϩδΧϧઈԑମ
τϙϩδΧϧͳίʔφʔঢ়ଶΛ࣋ͭܥ͸, ෺ੑ෺ཧֶͰ͸࣍ߴτϙϩδΧϧઈԑମͱ
͹Εݺ [15], ۙ೥੝Μʹ͕ڀݚͳ͞Ε͍ͯΔ [2 ]. ຊߘͰ͸ ݩΫϥεAͰ༨࣍ݩ3࣍ 2 ͷ
ίʔφʔΛ࣋ͭܥΛѻ͕ͬͨ, 2 ݩͰ༨࣍ݩ࣍ 2 ͷίʔφʔΛ࣋ͪ, ͞Βʹ3.2 અͷΑ͏
ʹΧΠϥϧରশੑΛอͭΫϥεAIIIͷܥΛ͑ߟΔͱ, ੔਺஋ͷίʔφʔࢦ਺͕ఆٛ͞
Ε, ίʔφʔʹؔ࿈ͨ͠τϙϩδʔʹ͍ͭͯಉ༷ͷཧ࿦Λల։͢Δ͜ͱ͕Ͱ͖Δ [8]. Ԡ
༻ྫͱͯ͠, Benalcazar–Bernevig–Hughesͷ 2 Ϟσϧݩ࣍ [2 ]͸ΧΠϥϧରশੑΛؚΉ
ෳ਺ͷରশੑΛอͪ, ,ίʔφʔঢ়ଶΛ͕࣋ͭʹࡍ࣮ ͜ͷ͜ͱΛզʑͷख๏Ͱઆ໌͢Δ
͜ͱ͕Ͱ͖Δ. ͢ͳΘͪఆཧ 5.1ͱྨࣅͷఆཧΛ༻͍ͯ, ίʔφʔࢦ਺Λ࣮͠ࢉܭʹࡍ,

ඇࣗ໌Ͱ͋Δ͜ͱ͕֬ೝͰ͖Δ. ͜ΕʹΑͬͯ [2 ]ͷϞσϧ͕࣋ͭίʔφʔঢ়ଶͷഎޙ
ʹ͋Δτϙϩδʔʹ͍ͭͯ, ΧΠϥϧରশੑͷ໾ׂ͕໌Β͔ͱͳͬͨ [8].
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