
ϑΝΠόʔ݁ͼ໨ʹର͢Δݩ࣍2 Gluck twist ʹͭ
͍ͯ

෱ాɹਸ਼ق (౦ֶܳژେֶɹ೔ຊֶज़ৼڵձಛผڀݚһPD)∗

1. ͸͡Ίʹ
ʹ໘ͷ͜ͱΛ͍͏ɽಛٿݩ࣍Εͨ̎·ࠐΒ͔ʹຒΊ׈ʹ໘ٿݩ࣍ͼ໨ͱ͸̐݁ݩ࣍̎
ͦͷิۭ͕ؒ S1 ্ͷϑΝΠόʔߏ଄Λ༗͢Δͱ͖ɼͦͷ݁ͼ໨ΛϑΝΠόʔ݁ͼ໨ͱ
͍͏ɽ۩ମతͳ̎݁ݩ࣍ͼ໨ͷߏ੒ʹ͍ͭͯ͸ Artin ʹΑͬͯ۩ମతͳ̎ݩ࣍ϑΝΠ
όʔ݁ͼ໨ͷߏ੒ʹ͍ͭͯ͸ Zeeman ʹΑΔπΠετεύϯ݁ͼ໨ [15]΍ Litherland

ʹΑΔπΠετϩʔϧεύϯ݁ͼ໨ [9]ͳͲ͕஌ΒΕ͍ͯΔ͕ɼຊߘͰ͸ Pao ʹΑΓ
੒͞Εͨߏ branched twist spin Λѻ͏ɽ͜͜ͰɼBranched twist spin ͷఆٛΛ؆୯ʹ
ड़΂Δ (ৄ͍͠ఆٛ͸ র)ɽS4ࢀ2.2§ ্ͷہॴ׈Β͔ͰޮՌతͳS1-࡞༻Λ͑ߟΔɽ͜
ͷ࡞༻ʹΑΔيಓۭ͕ؒ S3 Ͱ͋Δͱ͖ɼݻఆ఺͸̎఺Ͱ͋Γɼྫ֎يಓ͸ߴʑ̎छྨ
ଘ͢ࡏΔ͕ɼ̍छྨͷྫ֎يಓͱݻఆ఺શମͷ࿨ू߹͸̎ٿݩ࣍໘ͱඍ෼ಉ૬ʹͳΔɽ
͜ͷ̎ٿݩ࣍໘Λ branched twist spin ͱ͍͏ɽ
ϑΝΠόʔ݁ͼ໨ɼͭ·Γݩ࣍̍ S3 Εͨ·ࠐΒ͔ʹຒΊ׈ʹ S1ͰϑΝΠόʔͰ
͋Δ΋ͷɼʹ͍ͭͯ͸ Nielsen-Thurston ʹΑͬͯͦͷϑΝΠόʔଋͷϞϊυϩϛʔ͕
irreducible, pseudo-Anosov, reducible ͷ̏छྨʹ෼ྨͰ͖Δ͜ͱ͕஌ΒΕ͍ͯΔ [14]ɽ
ಛʹ irreducble ʹରԠ͢Δ΋ͷ͸τʔϥε݁ͼ໨ɼpseudo-Anosov ʹରԠ͢Δ΋ͷ͸
૒݁ۂͼ໨ɼ reducible ʹରԠ͢Δ΋ͷ͸αςϥΠτ݁ͼ໨ͱݺ͹ΕΔΫϥεʹଐͯ͠
͓ΓɼͦΕͧΕͷΫϥε͕̍݁ݩ࣍ͼ໨ͷ୅දతͳΫϥεͱͱͯ͠஌ΒΕ͍ͯΔɽҰํ
Ͱ̎ݩ࣍ϑΝΠόʔ݁ͼ໨ʹؔͯ͠ɼperiodic ʹରԠ͢Δ΋ͷ͸ branched twist spin

ͱݺ͹ΕΔ̎݁ݩ࣍ͼ໨Ͱ͋Δ͜ͱ͕ Plotnick ʹΑΓ஌ΒΕ͍ͯΔ [11]͕ɼͦΕҎ֎
ͷϞϊυϩϛʔ͸ఆࣜԽ͞Ε͓ͯΒͣɼ·ͨଐ͢Δ̎݁ݩ࣍ͼ໨ͷΫϥε΋஌ΒΕͯ
͍ͳ͍ɽ
ҰํͰ Gluck twist ͱ͸ S4 ͔Β̎݁ݩ࣍ͼ໨ͷ։ۙ๣ΛऔΓআ͖ɼ͋Δࣸ૾ γ ʹ
ΑͬͯషΓ໭͢ૢ࡞ͷ͜ͱΛ͍͏ɽGluck͸ S2×S1 ্ͷ͖޲Λอͭඍ෼ಉ૬ࣸ૾ͷ͏
ͪɼΞΠιτϐʔͰҠΓ߹͏΋ͷٴͼ S2×D2 ΁֦ுͰ͖Δ΋ͷΛಉҰͨ͠ࢹಉ஋ྨશ
ମ͕ͳ͢܈͸ Z2 ͱಉܕͰ͋Γɼಛʹͦͷੜ੒͕ݩ γ Ͱ͋Δ͜ͱΛࣔͨ͠ [7]ɽ͜Εʹ
ΑΓɼ̎݁ݩ࣍ͼ໨ʹԊͬͨखज़Ͱຊ࣭తͳ΋ͷ͸ߴʑ̎छྨ͔͠ͳ͍͜ͱ͕Θ͔Δɽ
Gluck twist ʹΑͬͯ̐ٿݩ࣍໘ͱ̎݁ݩ࣍ͼ໨ͷ૊͔Β৽ͨͳ̐ٿݩ࣍໘ͱ̎݁ݩ࣍
ͼ໨ͷ૊͕ಘΒΕΔ͕ɼ৽ͨͳ̐ݩ࣍ଟ༷ମ͸ด͔ͭ୯࿈݁Ͱ͋ΔͷͰɼFreedman ʹ
ΑΔҐ૬త̐ݩ࣍ϙΞϯΧϨ༧૝ͷ݁Ռ͔Β̐ٿݩ࣍໘ͱಉ૬ͳ΋ͷͰ͋Δ͜ͱ͕Θ
͔Δ͕ɼ͜ͷ̐ݩ࣍ଟ༷ମ͕ S4 ͱඍ෼ಉ૬Ͱ͋Δ͔Ͳ͏͔͸ະղܾ໰୊Ͱ͋Δɽ࣮
ɼࡍ Gluck twist ͸̐ݩ࣍ϙΞϯΧϨ༧૝ͷ൓ྫͷީิͱͯ͠͞ڀݚΕ͍ͯΔɽ
ͦ͜ͰຊߘͰ͸࣍ͷఆཧʹ͍ͯͮج Gluck twist ʹΑΔ branched twist spin ͷมԽ

Λ͢࡯ߟΔɽ
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ఆཧ 1.1 (Pao[10]). Branched twist spin ʹԊͬͨ Gluck twist ͰಘΒΕΔ̐ݩ࣍ଟ༷
ମ͸ S4 ͱඍ෼ಉ૬Ͱ͋Δɽ

͜ͷఆཧʹΑΓɼbranched twist spin ʹରͯ͠ Gluck twist Λ͏ߦલޙͷ̎݁ݩ࣍
ͼ໨ͷൺֱ͕ՄೳͱͳΓɼ࣮ࡍʹͲͷΑ͏ͳ݁ͼ໨ʹͳΔ͔ΛܾఆͰ͖ͨͷͰɼͦͷ
݁Ռʹ͍ͭͯઆ໌͢Δɽ

2. Branched twist spins
2.1. S1-࡞༻

Β͔͔ͭޮՌతͳ׈ॴہ໘্ͷٿݩ࣍̐ S1-࡞༻͸ Fintushel ͱ Pao ʹΑΓ࣍ͷఆཧ
͕஌ΒΕ͍ͯΔɽ

ఆཧ 2.1 (Fintushel [2], Pao [10]). S4 ্ͷہॴ׈Β͔͔ͭޮՌతͳS1-࡞༻ͷऑಉ஋ྨ
શମͷू߹ͱ orbit data ͱݺ͹ΕΔ࣍ͷ̐ͭͷλΠϓશମͷू߹ʹ͸1 : 1ରԠ͕ଘࡏ
͢Δɽ

{D3}, {S3}, {S3,m}, {(S3, K),m, n} (m,n͸͍ޓʹૉͳਖ਼੔਺).

͜͜Ͱɼ̎ͭͷ࡞༻ τ ͱ τ ′͕ऑಉ஋Ͱ͋Δͱ͸ɼ͋Δ S4 ্ͷඍ෼ಉ૬ࣸ૾ H ͱ S1

্ͷࣗݾಉ૾ࣸܕ α ͕ଘͯ͠ࡏɼ࣍ͷਤ͕ࣜՄ׵ʹͳΔ͜ͱΛ͍͏ɽ

S1 × S4 α× id−−−→ S1 × S4

τ

⏐⏐" τ ′

⏐⏐"

S4 H−−−→ S4

Orbit data ͸࣍ͷ৘ใΛͭ࣋ʀ

{D3} · · ಓͳ͠ɽي֎ྫ,ఆ఺ू߹͸S2ݻ,ಓۭؒ͸D3ي·

{S3} · · ಓͳ͠ɽي֎ྫ,߹ఆ఺ू߹͸̎఺ूݻ,ಓۭؒ͸S3ي·

{S3,m} · · ,߹ఆ఺ू߹͸̎఺ूݻ,ಓۭؒ͸S3ي· Zm-λΠϓͷྫ֎يಓ͕ଘࡏɽ

{(S3, K),m, n} · · ,߹ఆ఺ू߹͸̎఺ूݻ,ಓۭؒ͸S3ي· Zm-λΠϓͱZn-λΠϓͷྫ֎

ઢKΛͳ͢ɽۂಓۭؒ΁ͷ૾͸୯७ดيಓҎ֎ͷيɼࣗ༝͠ࡏಓ͕ଘي

஫ҙ 2.2. ఆཧ 2.1 ͸̏ݩ࣍ϙΞϯΧϨ༧૝͕ղܾ͢Δલʹࣔ͞ΕͨओுͰ͋Δɽ࣮
ɼFintushelࡍ ͷ࿦จ [2] Ͱ͸ ఆཧ 2.1಺ͷ S4 ͸ϗϞτϐʔ̐ٿݩ࣍໘ɼ D3 ͸ϗϞ
τϐʔ3ٿݩ࣍ମɼS3 ͸ϗϞτϐʔ̏ٿݩ࣍໘ͱ͍ͯࣔͯ͠͠Δɽͦͷޙ Pao ʹΑΓɼ
S4, D3, S3 ͱඍ෼ಉ૬Ͱ͋Δ͜ͱ͕ࣔ͞Εɼఆཧ 2.1ͷओு͕੒ཱ͢Δɽ

ͦΕͧΕͷ orbit data ʹରԠ͢Δ୅දతͳ S1-࡞༻Λ঺հ͢Δɽ3্ݩ࣍൒ۭؒ R3
+

Λڥքͷ R2 Λ࣠ʹ̍ճసͤͨ͞΋ͷΛίϯύΫτԽ͢Δ͜ͱʹΑΓS4 ͕ಘΒΕΔɽ
͜ͷճస͸ S1-࡞༻Ͱ͋Γݻఆ఺͕ S2 Ͱ͋ΔͷͰɼorbit data {D3} ʹରԠ͢ΔS1-࡞
༻ʹͳ͍ͬͯΔɽͦΕҎ֎ͷ orbit data ʹରԠ͢ΔS1-࡞༻͸ɼS3 ্ͷ S1-࡞༻Λ༻
੒͢Δɽ·ͣɼS3ߏʹͷΑ͏͍࣍ͯ ⊂C2 ΛC2 ಺ͷ୯Ґٿ໘ͱ͠ɼ͜ͷ S3 ্ͷݻఆ
఺ͷͳ͍ S1 ΔɽJacoby͑ߟΛ༺࡞ ͱSeifert ʹΑͬͯ S3 ্ͷݻఆ఺ͷͳ͍೚ҙͷ S1

ૉͳਖ਼ͷ੔਺ʹ͍ޓ͸༺࡞ m,n Λ༻͍ͯɼ

eiφ(r1e
iθ1 , r2e

iθ2) = (r1e
i(θ1+mφ), r2e

i(θ2+nφ)) (2.1)
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ͳΔ S1 ͱಉ஋Ͱ͋Δ͜ͱ͕஌ΒΕ͍ͯΔ༺࡞ [5, 13]ɽ஫ҙͱͯ͠ɼm = n = 1 Ͱ͋Ε
͹ɼϗοϓϑΝΠϒϨʔγϣϯͰ͋Δɽ͜ͷ࡞༻ͷيಓۭؒ͸ S2 Ͱ͋Γɼ΋͠ m ̸= 1

Ͱ͋Ε͹ɼZm-λΠϓͷྫ֎يಓ͕ଘ͢ࡏΔɽ͜͜ͰɼZm-λΠϓͷྫ֎يಓͱ͸ɼݻ
ఆ෦෼͕܈ Zm ͱಉܕʹͳΔيಓͷ͜ͱͰ͋Δɽྫ֎يಓ͕ଘ͢ࡏΔ৔߹ʹ͸ɼͦΕ
ͧΕ Zm-λΠϓͱZn-λΠϓͷྫ֎يಓશମͷू߹ΛEm, En ͱॻ͘͜ͱʹ͢Δɽ·ͨɼ
Em ͱ En ͷ࡞༻ʹΑΔ૾ΛͦΕͧΕ E∗

m, E
∗
n ͱ͢Δɽ্ͷS1-࡞༻Λ΋ͭS3 ʹର͠ɼ

Δ͜ͱͰ͑ߟਨΛݒ S4 ্ͷ S1-࡞༻ΛಘΔɽ΋্͠ͷ࡞༻ͰɼZm -λΠϓͷΈͷྫ֎
ͱ͖ɼS4ͭ࣋ಓΛي ্Ͱ͸ྫ֎يಓͱݻఆ఺ͷ࿨ू߹ Em ∪ F ͸ ໘Ͱ͋Γɼٿݩ࣍2
E∗

m ∪ F ∗ ͸يಓۭؒ S3 ಺ͷހʹͳΔɽ΋͠Zm -λΠϓͱ Zn -λΠϓͷ 2छྨΛྫ֎
ͱ͖ɼEm∪Fͭ࣋ಓͱͯ͠ي ͱ En∪F ͸ͦΕͧΕ2ٿݩ࣍໘Ͱ͋Γɼ2఺ͷݻఆ఺ F

ͰͷΈԣஅతʹަΘ͍ͬͯΔɽ·ͨɼE∗
m ∪E∗

n ∪ F ∗ ͸يಓۭؒ S3 ಺ͷࣗ໌ͳ݁ͼ໨
O ʹͳ͍ͬͯΔɽ্ͷm,nʹରͯ͠ɼҰൠͷ݁ͼ໨ K Λߏ੒͢Δ৔߹ʹ͸ɼO ͷด
ۙ๣ N(O) ͔Β K ͷดۙ๣ N(K) ΁ͷಉ૬ࣸ૾Λ༻͍ͯ orbit data ಺ͷ m,n Λม
͑ͣʹ K Λߏ੒͢Δ͜ͱ͕Ͱ͖Δɽ͜ͷK ʹରͯ͠ɼFintushel ͸షΓ߹Θͤͷ৘ใ
͔Βશۭؒͷجຊ໌͕ࣗ܈ʹͳΔ͜ͱΛࣔ͠ɼ{(S3, K),m, n} ͷશۭ͕ؒϗϞτϐʔ
໘Ͱ͋Δɽ·ͨɼٿݩ࣍̐ Pao ͸ؼೲ๏ʹΑͬͯɼ{S3}, {S3,m}, {(S3, K),m, n} ͷ
શۭؒ͸શͯඍ෼ಉ૬Ͱ͋Δ͜ͱΛࣔͨ͠ɽಛʹɼ{S3} ͷશۭؒ͸্هʹड़΂ͨ௨Γ
S4 ͱඍ෼ಉ૬ʹͳΔͷͰɼશͯͷ orbit data ʹରԠ͢Δ S4্ͷ S1-ߏ͕༺࡞੒͞Ε
ͨ͜ͱʹͳΔɽ

2.2. Branched twist spins

Branched twist spin ͷఆٛʹ͸ orbit data {(S3, K)m,n} Λ༻͍Δɽ

ఆٛ 2.3. K = E∗
m ∪E∗

n ∪F ∗ Λ S3 ಺ͷ̍݁ݩ࣍ͼ໨ͱ͢Δɽ͜ͷͱ͖ɼK ͷ (m,n)-

branched twist spin Λ Km,n := En ∪ F ͰఆΊΔɽ

஫ҙͱͯ͠ɼFintushel ͱ Pao ͷఆཧʹΑͬͯ K ͸೚ҙͷ̍݁ݩ࣍ͼ໨ΛऔΔ͜ͱ
͕Ͱ͖ΔͷͰɼbranched twist spin ͸ K ͱ͍ޓʹૉͳਖ਼ͷ੔਺ m,n ʹΑΓܾఆ͞Ε
Δɽ·ͨɼn = 1 ͷͱ͖ɼ(m, 1)-brandched twist spin ͸ Zeeman ʹΑͬͯߏ੒͞Εͨ
m-πΠετεύϯ݁ͼ໨ͱͳΔɽ
S4ʹ࣍ Λ branched twist spin ʹԊͬͯ෼ղ͢Δɽͦͷҝʹ·ͣيಓۭؒ S3 ͷ෼

ղΛ༩͑ɼS1-࡞༻ͷ૾ٯͱͯ͠ S4 ͷ෼ղΛ͑ߟΔɽྫ֎يಓͷ૾ E∗
m ͱ E∗

n ͷ಺෦
ʹͦΕͧΕਤ 1 ͷΑ͏ͳਅด෦෼ू߹ Ec∗

m , Ec∗
n ΛऔΔ͜ͱͰɼيಓۭؒ S3 ͸࣍ͷΑ

͏ʹ෼ղͰ͖Δɽ

ਤ 1: N(K)ͷ෼ղ
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S3 = N(F ∗) ∪N(E∗
m) ∪N(E∗

n) ∪ (S3 \ intN(K)).

͜͜ͰɼN(−)͸ׅހ಺ͷดۙ๣Λද͢ɽࠓɼݻఆ఺̎఺ͷ͏ͪɼ̍఺ͷۙ๣Λ D3∗ ͱ
ॻ͘͜ͱʹ͢Δɽ͜ͷۙ๣ͷڥք ∂D3∗ ͷ S1-࡞༻ʹΑΔ૾ٯ͸ S3 Ͱ͋ΓɼS1-࡞༻
͸ (2.1) Ͱද͞ΕΔ΋ͷͰ͋ΔɽࠓɼD2

m Λ ԁ൫ D2 ͷத৺Λ෼ذ఺ʹ΋ͭ m ॏ෼ذ
ඃ෴ͱ͢ΔͱɼS3 ͸ྫ֎يಓΛ̎छྨͭ࣋ͷͰɼͦͷྫ֎يಓʹԊͬͯ S3 Λ̎ͭͷ
ιϦουτʔϥε∂D2

m ×D2
n ͱ D2

m × ∂D2
n ʹ෼͚Δ͜ͱ͕Ͱ͖Δɽ͜ͷ S3 ͷਲ਼Λऔ

Δ͜ͱʹΑΓ̐ٿݩ࣍ B4 ্ͷ S1-࡞༻Ͱɼيಓۭ͕ؒ D3∗ Ͱ͋Δ΋ͷ͕ߏ੒Ͱ͖Δɽ
΋͏Ұํͷݻఆ఺Ͱ΋ಉ༷ͷٞ࿦Λ͜͏ߦͱʹΑΓɼ

N(F ) ∼= D2
m × F ∗ ×D2

n

͕ಘΒΕΔɽ·ͨɼ∂D2
m ×D2

n ͸ E∗
m্ͷ֤఺Λத৺ͱ͢Δ KͷϝϦσΟΞϯԁ൘ͷ

S1-࡞༻ʹΑΔ૾ٯͰ͋Δ͜ͱʹ஫ҙ͢Δͱɼ

N(Ec
m) ∼= ∂D2

m × Ec∗
m ×D2

n

͕ಘΒΕΔɽಉ༷ʹɼ
N(Ec

n) ∼= D2
m × Ec∗

n × ∂D2
n

͕ಘΒΕΔɽޙ࠷ʹɼS3 \ intN(K) ͷ S1-࡞༻ʹΑΔ૾ٯ͸ओ S1-ଋͷߏ଄Λ΋ͪɼ
H2(S3 \ intN(K),Z) = 0 Ͱ͋Δ͜ͱ͔Βɼ(S3 \ intN(K))×S1 Ͱ͋Δ͜ͱ͕ै͏ɽҎ
্ͷ࡯ߟΛ·ͱΊΔͱɼS4 ͸࣍ͷ෼ղΛ΋ͭɽ

S4 = (D2
m×F ∗×D2

n)∪ (∂D2
m×Ec∗

n ×D2
n)∪ (D2

m×Ec∗
n ×∂D2

n)∪ ((S3 \ intN(K))×S1).

(2.2)

3. Branched twist spin ʹԊͬͨ Gluck twist
લষͰɼbranched twist spinʹԊͬͨ S1-࡞༻ʹΑΔ S4 ͷ෼ղ (2.2)Λ༩͑ͨɽ͜ͷষ
Ͱ͸ɼ෼ղͨ͠ϐʔεʹ࠲ඪΛೖΕΔ͜ͱͰɼషΓ߹Θͤࣸ૾Λ۩ମతʹ༩͑ɼGluck

twist ʹΑͬͯಘΒΕΔ̐ݩ࣍ଟ༷ମΛ۩ମతʹ͢࡯ߟΔɽ
ʹॳ࠷ S4ͷ͖޲ͱ S1-࡞༻Λݻఆ͢Δɽيಓۭؒͷ෦෼ू߹Ͱ͋Δ S3 \ intN(K)

ͷ࠲ඪ (θ, x, h)Λ࣍ͷΑ͏ʹఆΊΔɽڥք ∂(S3 \ intN(K)) ͷ࠲ඪͱͯ͠ preferred

meridian-longitude ର (θ, x) ΛͱΔɽ͜ͷڥք ∂(S3 \ intN(K)) ͷ S3 \ intN(K) ಺ͷ
ۙ๣ͱͯ͠ ∂(S3 \ intN(K)) × [0, 1] Λ͑ߟɼͦͷ࠲ඪΛ (θ, x, y) ͱ͢Δɽ஫ҙͱͯ͠
∂(S3 \ intN(K)) ͸ ∂(S3 \ intN(K)) × {0} ʹҐஔ͢Δ΋ͷͱ͢Δɽ࠲ඪ (θ, x, y) ͱ
S1-࡞༻ͷ࠲ඪͰ͋Δ h Λ༻͍ͯ (S3 \ intN(K))× S1 ͷ࠲ඪ (θ, x, y, h) ͕ S4 ͷ͖޲
ͱҰக͢ΔΑ͏ʹఆΊΔɽ͜ΕʹΑΓ∂(S3 \ intN(K))× S1 ͷ࠲ඪ (θ, x, h) ͕ఆ·Δɽ
ఆ఺ͷۙ๣Ͱ͋Δݻ D2

m × F ∗ ×D2
n ͷ࠲ඪ͸࣍ͷΑ͏ʹఆΊΔɽ̎ͭͷ̐ٿݩ࣍Λ

ͦΕͧΕ B4
1 , B

4
2 ͱ͠ɼ (r1, θ1) ͱ (r2, θ2) ΛͦΕͧΕ B4

1 ಺ͷ D2
m ͱ D2

n ͷ࠲ۃඪͱ
͢Δɽඞཁ͕͋Ε͹ɼr1, r2, θ1, θ2 ͷ͖޲Λద੾ʹऔΓ௚͢͜ͱͰɼ࠲ඪ (r1, θ1, r2, θ2)

͕ S4 ͷ͖޲ͱҰக͢ΔΑ͏ʹऔΔ͜ͱ͕Ͱ͖Δɽ·ͨɼඞཁͰ͋Ε͹B1 ͱ B2 ͷఴ
ඪ࠲ΛೖΕସ͑Δ͜ͱͰɼ্ͰఆΊͨࣈ͑ x ͸ B1 ͷݪ఺͔Βग़ൃ͠ɼEc∗m Λ௨Γ
B2 ͷݪ఺΁޲ํ͏͔޲ͱͯ͠Α͍ (ਤ 2ΛݟΑ)ɽಉ༷ʹɼ (r

′
1, θ

′
1) ͱ (r

′
2, θ

′
2) ΛͦΕ

ͧΕ B4
2 ಺ͷ D2

m ͱ D2
n ͷ࠲ۃඪͱ͢Δɽඞཁ͕͋Ε͹ɼr

′
1, r

′
2, θ

′
1, θ

′
2 ͷ͖޲Λద੾ʹ

औΓ௚͢͜ͱͰɼ࠲ඪ (r
′
1, θ

′
1, r

′
2, θ

′
2) ͕ S4 ͷ͖޲ͱҰக͢ΔΑ͏ʹऔΔ͜ͱ͕Ͱ͖Δɽ
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ਤ 2: Vm × Ec∗
m ͱ Vn × Ec∗

n ্ͷ࠲ඪx

ਤ 3: ඪ࠲ r1, r2, r′1, r
′
2, x

͜ͷͱ͖ɼr1 = r
′
1, θ1 = θ

′
1, r2 = −r

′
2, θ2 = θ

′
2 ͱͳΔ͜ͱΛ஫ҙ͓ͯ͘͠ (ਤ 3 ΛݟΑ)ɽ

ʹޙ࠷ ∂D2
m ×Ec∗

n ×D2
n ͱ D2

m ×Ec∗
n × ∂D2

n ্ͷ࠲ඪΛఆΊΔɽ͜ΕΒͷ࠲ඪ͸্
ͰఆΊͨ B4

1 , B
4
2 ͔Β༠ಋ͞ΕΔ΋ͷͰ͋ΓɼͲͪΒ΋ (θ1, x, θ2) Ͱද͞ΕΔɽ

Ҏ্ʹΑΓఆΊͨ࠲ඪΛ༻͍ͯషΓ߹Θͤࣸ૾Λ͑ߟΔɽBranched twist spinͷ݁ͼ
໨ิۭؒΛߏ੒͢Δҝʹɼ∂D2

m×Ec∗
m×D2

nͱ (S3\intN(K))×S1ͷషΓ߹ΘͤΛ͑ߟΔɽ
ͦΕͧΕͷϐʔεʹ͸ࣗ༝يಓ͕ଘ͓ͯ͠ࡏΓɼ֤ ࣗ༝يಓ͸∂D2

m×Ec∗
m×D2

n಺Ͱ͸ θ1
ʹ޲mपɼθ2ํʹ޲ํ nप͢ΔΑ͏ͳ୯७ดۂઢͰ͋Γɼ(S3\intN(K))×S1಺Ͱ͸ h

ઢͰ͋Δɽ͜ۂप͢Δ୯७ด̍ʹ޲ํ ͷ͜ͱ͔ΒషΓ߹Θͤࣸ૾ g : ∂D2
m×Ec∗

m×∂D2
n →

∂((S3 \ intN(K))× S1)͸࣍ͷΑ͏ʹఆٛ͞ΕΔɽ

(θ, x, h) = g(αθ + nh, x,−βθ +mh)ɽ

͜͜Ͱɼ α, β͸ mα+ nβ = 1 Λຬͨ͢੔਺Ͱ͋Δɽ࠲ඪ (θ1, x, θ2) Λ༻͍Ε͹ɼg͸
ͷΑ͏ʹॻ͚Δɽ࣍

g(θ1, x, θ2) = (mθ1 − nθ2, x, βθ1 + αθ2).

͜ͷࣸ૾Λ༻͍ͯ Km,n ͷ݁ͼ໨ิۭؒ S4 \ int(N(Km,n) ͸࣍ͷ෼ղΛ΋ͭɽ

S4 \ int(N(Km,n) = (∂D2
m × Ec∗

m ×D2
n) ∪g ((S

3 \ intN(K))× S1)

ಉ༷ʹɼD2
m×Ec∗

n ×∂D2
nͱ (S3\intN(K))×S1ͷషΓ߹Θͤࣸ૾ e : ∂D2

m×Ec∗
n ×∂D2

n →
∂((S3 \ intN(K))× S1)͸࣍ͷΑ͏ʹఆٛ͞ΕΔɽ

e(θ1, x, θ2) = (mθ1 − nθ2, x, βθ1 + αθ2).

ɼD2ʹޙ࠷
m × F ∗ ×D2

n ͕ (∂D2
m × ∂Ec∗

m ×D2
n)∪ (D2

m × ∂Ec∗
n × ∂D2

n) ͷਲ਼ͰಘΒΕ
Δ͜ͱʹ஫ҙΛ͢ΔͱɼS3 \ intN(K))× S1 ͷషΓ߹Θͤ͸ g ͱ e ͷࣗવͳ֦ுͰಘ
ΒΕΔ͜ͱ͕Θ͔Δɽ
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͜ΕΒͷషΓ߹Θͤࣸ૾Λ༻͍ͯ S4 ͷ෼ղ (2.2) ͸࣍ͷΑ͏ʹͳΔɽ

S4 = ((D2
m×F ∗×D2

n)∪id(∂D
2
m×Ec∗

n ×D2
n))∪e′′ ((D

2
m×Ec∗

m×∂D2
n)∪g((S

3\intN(K))×S1)).

(3.1)

͜͜Ͱɼe
′′
͸ e Λ (D2

m × F ∗ ×D2
n) ∪id (∂D2

m × Ec∗
n ×D2

n) ΁ͱ֦ுͨࣸ͠૾Ͱ͋Δɽ
͜͜·Ͱͷ࡯ߟͰS4 ͷ෼ղΛ༩͑Δ͜ͱ͕Ͱ͖ͨͷͰɼҎԼͰ͸Gluck twistʹΑͬ

ͯಘΒΕΔ̐ݩ࣍ଟ༷ମͷ෼ղʹ͍ͭͯઆ໌͢Δɽઌʹ Gluck twist ͷ۩ମతͳදࣔ
Λ༩͓͑ͯ͘ɽ̎݁ݩ࣍ͼ໨ͷۙ๣ͷڥքͱඍ෼ಉ૬Ͱ͋Δ S2 × ∂B2 Λ࣍ͷ̏ͭͷ
࿈݁੒෼ʹ෼͚Δ 1ɽ

S2 × ∂B2 = (D2 × ∂I × ∂B2) ∪ (S1 × I × ∂B2).

͜͜Ͱ D2 × ∂I × ∂B2 ʹؔͯ͠ɼD2 ͷ࠲ۃඪΛ (r, θ)ɼ∂B2 ͷ࠲ඪΛಉ͘͡࠲ۃඪͰ
φ ͱ͢ΔͱɼS1 × I × ∂B2 ʹؔͯ͠ɼ ୈҰ੒෼ͷ S1 ͷ࠲ඪ͸ θ, ୈࡾ੒෼ͷ ∂D2 ࠲
ඪ͸ φ Λ༻͍ͯද͢͜ͱ͕Ͱ͖Δɽ·ͨɼI ͷ࠲ඪΛ x Ͱॻ͘͜ͱʹ͢Δɽ஫ҙͱ͠
ͯɼθ ͸ S2্ͷҢઢʹฏߦͳ࠲ඪɼx ͸ S2 ্ͷܦઢʹฏߦͳ࠲ඪͰ͋Δɽ͜ͷ࠲ඪ
Λ༻͍ͯ Gluck twist γ = ν ∪ ν ′ ͸࣍ͷΑ͏ʹॻ͚Δɽ

ν((r, θ), x,φ) = ((r, θ − φ), x,φ), ((r, θ), x,φ) ∈ D2 × ∂I × ∂D2,

ν(θ, x,φ) = (θ − φ, x,φ), (θ, x,φ) ∈ S1 × I × ∂D2.

Branched twist spin Km,n ʹԊͬͨ Gluck twistͰಘΒΕΔ̐ݩ࣍ଟ༷ମΛ Σ(Km,n)

Ͱද͢͜ͱͱ͠ɼKm,n ͕ Gluck twist ʹΑͬͯมԽͨ̎݁͠ݩ࣍ͼ໨Λ Km,n
Σ Ͱද͜

ͱʹ͢ΔͱɼΣ(Km,n) ͱ Km,n
Σ ͸࣍ͷΑ͏ʹ༩͑ΒΕΔɽ

Σ(Km,n) =((D2 × ∂I × B2) ∪id (∂D
2 × I × B2))∪γ◦e′′

((D2
m × E∗

m × ∂D2
n) ∪g ((S

3 \ intN(K))× S1)),
(3.2)

Km,n
Σ = (D2 × ∂I × {0}) ∪ (∂D2 × I × {0}) ⊂Σ(Km,n).

Branched twist spin Km,n ͸ఆ͔ٛΒରͱͳΔ Kn,m ͕ଘ͠ࡏɼ Km,n ʹԊͬͨ
Gluck twistʹΑͬͯ Kn,m ΋৽ͨͳ̎݁ݩ࣍ͼ໨΁ͱมԽ͢Δɽ͜ͷ݁ͼ໨Λ Kn,m

Σ :=

({0} × ∂I × B2) ∪ ({0} × E∗
m × ∂D2

n) ⊂Σ(Km,n) ͱॻ͘͜ͱʹ͢Δɽ͜ͷ͜ͱ͔Β
Σ(Km,n) ͸৘ใͱͯ͠શۭؒͱ̎ͭͷ݁ͼ໨ͷ૊ (Σ(Km,n), Km,n

Σ , Kn,m)Λͭ࣋ɽ͜ͷ
̏ͭ૊ʹରͯ࣍͠ͷఆཧ͕੒Γཱͭɽ

ఆཧ 3.1 (F.[4]). ̏ͭ૊ (Σ(Km,n), Km,n
Σ , Kn,m

Σ )ͱ (Σ(Km+n,n), Km,m+n
Σ , Km+n,n

Σ )͸૊
ͱͯ͠ඍ෼ಉ૬Ͱ͋Δɽ

ূ໌ͷ֓આɿ
Gordon ͸ Σ(Km,1) ͷ෼ղΛ༩͑ɼͦͷϐʔεͷ࠲ඪΛ͏·͘औΓସ͑Δ͜ͱͰɼ
Σ(Km,1) ͱ Σ(Km+1,1) ͕ඍ෼ಉ૬Ͱ͋Δ͜ͱΛࣔͨ͠ [8]ɽఆཧ 3.1 ͸ S4 ͷ෼ղ
(3.2) ʹରͯ͠ Gordon ͷΞΠσΞΛҰൠԽ͢Δ͜ͱʹΑͬͯಘΒΕΔɽҎԼͰ͸ɼࡉ
͔͍ٞ࿦͸ඈ͹ͯ͠ҰൠԽͨ͠ Gordon ͷΞΠσΞΛઆ໌͠ɼূ໌Λ༩͑Δɽఆཧ3.1

1ҎԼʹग़ͯ͘Δ ԁ൘ݩ࣍2 D2 ͱ۠ผ͢ΔͨΊ B2 Λ༻͍͍ͯΔɽ
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ͷओு௚લͰड़΂ͨΑ͏ʹɼbranched twist spin Km,n ͸ରͱͯ͠ Kn,m Λͭ࣋ɽ͜Ε
Βͷۙ๣ N(Km,n) ͱ N(Kn,m) ͸ (3.1) ಺ͷه߸Λ༻͍ͯ

Km,n = ((D2
m × F ∗ ×D2

n) ∪id (∂D
2
m × Ec∗

n ×D2
n))ɼ

Kn,m = ((D2
m × F ∗ ×D2

n) ∪id (D
2
m × Ec∗

m × ∂D2
n)),

ͱද͞ΕΔɽҰํͰɼΣ(Km,n) ಺Ͱ͸ N(Km,n
Σ ) ͱ N(Kn,m

Σ ) ͸࣍ͷΑ͏ʹද͞ΕΔɽ

Km,n
Σ = (D2 × ∂I × B2) ∪id (∂D

2 × I × B2)ɼ

Kn,m
Σ = (D2 × ∂I × B2) ∪ν (D

2
m × Ec∗

m × ∂D2
n).

ࣜ (3.2) ͷӈลͷ࠲ඪΛऔΓସ͑Δ͜ͱʹΑΓɼ࣍ͷΑ͏ʹ Km,n
Σ , Kn,m

Σ Λද͢͜ͱ͕
Ͱ͖Δɽ

Km,n
Σ = (D2 × ∂I × B2) ∪ν−1 (D2 × I × ∂B2)ɼ

Kn,m
Σ = (D2 × ∂I × B2) ∪id (∂D

2
m × Ec∗

m ×D2
n).

͜ͷ࠲ඪͷऔΓସ͑ʹΑͬͯ Σ(Km,n)͸ਤ4ͷӈਤͷΑ͏ͳ෼ղΛͭ࣋ɽ͜͜Ͱɼࠨਤ

ਤ 4: Decompositions of Σ(Km,n) and Σ(Km+n,n)

ͷ λͱ λ
′
͸D2×∂I×B2ͱ ∂D2×I×B2ͷషΓ߹Θͤࣸ૾ e

′′
ͱ Gluck twist γ = ν∪ν ′

ͷ߹੒ࣸ૾ͰಘΒΕΔ΋ͷͰ͋Γɼӈਤͷ µ ͱ µ′ ͸࣍Ͱද͞ΕΔ D2 × ∂I × B2 ͱ
∂D2

m ×Ec∗
m ×D2

n ͷషΓ߹Θͤࣸ૾ ẽ
′′
ͱ Gluck twist ͷ૾ࣸٯ γ− 1 = ν− 1 ∪ ν

′− 1
ͷ߹

੒ࣸ૾Ͱ͋Δɽ
ẽ
′′
(θ1, x, θ2) = (mθ1 − (m+ n)θ2, x, βθ1 + αθ2).

͜ͷೖΕସ͕͑ GordonʹΑΔΞΠσΞͰ͋ΓɼຊདྷͰ͋Ε͹΋ͬͱஈ֊Λ౿ΜͰϐʔ
εͷऔΓସ͑Λ͏ߦͷ͕ͩɼࠓճ͸్தΛׂѪͯ͠ɼ࠷ॳͱޙ࠷ͷ෼ղͷ༷ࢠͷΈΛ
આ໌͍ͯ͠Δ ͸ࡉৄ) [4] ΛݟΑ)ɽ
ͯ͞ɼGluck twist͸ର߹ (involution)Ͱ͋Δ͜ͱ͔Βɼγͱ γ− 1 ͸ΞΠιτϐοΫͰ
͋Γɼ͞Βʹ্ͷϐʔεͷऔΓସ͑͸ K ͷҐ૬ܕΛม͑ͳ͍͜ͱʹ஫ҙ͢Δͱɼਤ3.2

ͷӈ͸ ẽ
′′
ͷఆ͔ٛΒ Σ(Km+n,n) ͷ෼ղΛ༩͍͑ͯΔɽҎ্ʹΑΓશۭؒ Σ(Km,n) ͱ

Σ(Km+n,n) ͷඍ෼ಉ૬͕ै͏ɽ͞Βʹɼઌ΄ͲͷϐʔεͷೖΕସ͑ʹΑͬͯΣ(Km,n)

಺Ͱ Km,n
Σ ͱ Km,n

Σ ͱද͞Ε͍ͯͨ݁ͼ໨͸ɼ ΣKm+n,n ಺Ͱ͸ Km,m+n
Σ ͱ Km+n,n

Σ Ͱ
ද͞ΕΔ݁ͼ໨ʹҠΔ͜ͱ͕Θ͔ΔɽΑͬͯओு͕੒Γཱͭɽ

஫ҙ 3.2. ఆཧ1.1 Ͱड़΂ͨΑ͏ʹ Σ(Km,n) ͸ S4 ͱඍ෼ಉ૬ʹͳΔ͜ͱ͸͢Ͱʹ஌Β
Ε͍ͯΔ͕ɼఆཧ 3.1 ͸ͦͷผূ໌Λ༩͑ΔɽԿނͳΒ͹ɼఆཧ3.1 ͷओுΛ܁Γฦ͠
ద༻͢Δ͜ͱͰɼΣ(Km,n) ͸ Σ(K0 ,1) ΋͘͠͸ Σ(K1,1) ͱඍ෼ಉ૬ʹͳΔ͜ͱ͕Θ͔
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ΔɽͲͪΒͷ৔߹ʹ΋ Gordon ͷ৔߹ʹؼண͞ΕɼS4 ͱඍ෼ಉ૬Ͱ͋Δ͜ͱ͕ࣔ͞Ε
ΔɽҰ͢ݟΔͱɼఆཧ3.1Ͱ͸Km,n ͷ m ͔͠มԽͰ͖ͳ͍Α͏ʹ͑ࢥΔ͕ɼΣ(Km,n)

༰͢Δ͜ͱ͔ΒɼΣ(Km,n)ڐΛ༺࡞-Β͔ͰޮՌతͳS1׈ॴہ͕ ͸ {(S3, K),m, n} λ
Πϓͷ orbit data Λͭ࣋ɽOrbit data ͷm,n ʹॱং͸ͳ͘ɼ͜ͷ orbita data ͔Β෮
ଟ༷ମ͸ඍ෼ಉ૬Λআ͍ͯҰҙͰ͋ΔͷͰɼGluckݩ࣍ΕΔ̐͞ݩ twist Λ݁͢ࢪͼ໨
ΛೖΕସ͑Δ͜ͱʹΑΓɼn ʹ͍ͭͯ΋มԽΛͤ͞Δ͜ͱ͕Ͱ͖Δɽ

ࣜ (3.2) Λ༻͍ͯΣ(Km,n) ͷ࣍͜༰͢Δ͜ͱ͸ڐΛ༺࡞-Β͔ͰޮՌతͳS1׈ॴہ͕
ͱ͔Βै͏ɽBranched twist spin ͷఆ͔ٛΒ S4 ͷ෦෼ू߹Ͱ͋Δ Km,n ͷ݁ͼ໨ิ
ۭؒͰ͋Δ (D2

m×E∗
m× ∂D2

n)∪g ((S3 \ intN(K))×S1) ্ʹ͸ S1-࡞༻͕ఆٛ͞Ε͍ͯ
Δɽ͜ͷ࡞༻͸ Σ(Km,n) ΁ͱ֦ு͢Δ͜ͱ͕Ͱ͖ɼorbit data ͸ {(S3, K),m,m+ n}
Ͱ͋ΔɽΑΓৄ͘͠͸ɼGluck twist ʹΑΓيಓۭؒ͸ਤ 5ͷΑ͏ʹ݁ͼ໨Λม͑ͣɼ
ಓͷλΠϓͷΈΛม͑Δɽఆཧ3.1ي֎ྫ ͔Β Km,n ͷ݁ͼ໨ิۭؒ͸ಉ࣌ʹ Kn,m+n

Σ

ਤ 5: Kn,mʹԊͬͨ Gluck twist ʹΑΔيಓۭؒͷมԽ

ͷ݁ͼ໨ิۭؒͰ͋Δ͜ͱ͕Θ͔Δɽيಓۭؒ಺Ͱ͸ಛʹ Kn,m+n
Σ ͸ྫ֎يಓ Zm+n-

λΠϓͱݻఆ఺ͷ࿨ू߹ͱͯ͠ߏ੒͞Ε͍ͯΔ͜ͱ͕Θ͔Δɽ
͜ͷ͜ͱ͔Β࣍ͷఆཧ͕ै͏ɽ

ఆཧ 3.3 (F.). Km,n
Σ = Km,m+n.

ϑΝΠόʔ݁ͼ໨ʹؔͯ͠͸࣍ͷఆཧ͕ Plotnick ʹΑͬͯ஌ΒΕ͍ͯΔɽ

ఆཧ 3.4. ඇࣗ໌ͳ̎ݩ࣍ϑΝΠόʔ݁ͼ໨ K ʹରͯ͠ɼͦͷϞϊυϩϛʔͷҐ਺͕
਺Ͱ͋Ε͹ɼKح ͱKΣ ͸ҟͳΔɽ

Branched twist spin Km,n͸ϑΝΠόʔ݁ͼ໨Ͱ͋ΓɼಛʹͦͷϞϊυϩϛʔͷҐ਺
͸ m Ͱ͋ΔɽΑͬͯ࣍ͷ͜ͱ͕ै͏ɽ

ܥ 3.5. ඇࣗ໌ͳ branched twist spin Km,n ʹରͯ͠ɼm ਺Ͱ͋Ε͹ح͕ Km,n ͱ
Km,m+n ͸ҟͳΔɽ

͜Ε·Ͱͷ branched twist spin ͷ෼ྨʹؔ͢ΔઌڀݚߦͰ͸ɼHillman ͱ Plotnick

ʹΑΔK Λઃ͚ͨݶ੍ʹ branched twist spin ͷඇࣗ໌ੑ [6]΍ɼm ߹਺Ͱ͋Δ৔ۮ͕
ͷ൑ผΛे͏ߦ෼৚݅ [3]͔͠஌ΒΕ͍ͯͳ͔͕ͬͨɼࠓճ͸ m ਺Ͱ͋Δ৔߹ͷح͕
൑ผ৚݅Λ༩͓͑ͯΓɼචऀͷ஌ΔݶΓॳΊͯͷ݁ՌͰ͋Δɽ
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