LD E

COMHEEIX 2017 F 8 H 21 H S8 H24 HETD 4 HIW. WX i v
VRAZBWCTHBEINEE 64 FET Y-V U ERI Y AL, HO5H U
D & D LD FREAM L0 TH S, TOHKI, YV RYY LS
D& Z & 0 R<SHEfEL, EmEERIITS o0 —fheds Lk
HIZ, EERE LTHETILICLTHRADERE L TEYTAI EIZH B,
BBEIDOYVERYILE, UFOPKIZEOBEINZEDTH S,

SR 28 4R RV R T B 4

i ZeRE H ELBEARSE (A)

R E INEPEE ORAERRF)

5% 2 8E 4, Floer Blim DA b & symplectic #i& DR
T EARE /RIS = 26247006

HZEREE SRR (S)

FeRRE IR #E = (R#RF)

RS Sl R DAL & R

i SEERE /s 5 15H05739

i ZeRE H ELIRARSE (A)

KA KRR CRERT)

iEat SE FOHE 3Ltk kD& T M RBE Y —

FSERRE /I 5 16H02145

5T A BEE AT (REEAE)
NI (R )
M ASE (TR
REE B~ (KBRS

Hhfe HABFE2 M Re Y-kl
iy NES TSP E S



F64m PARAS—VIRI I A

HEF 20174 8 21 H (H) & ~ 8 H 24 H (R) 7l

BT i RFE Y v 8 A 2 500 2B101 2=, T 108-8619 B GTHNHE X =i
2-3-23

A B/ NN
88218 (B)
13:30-14:30 /NIl ¥ (RIEKR)
Levi IHIEEEE & 7 O DA AR EIZ DOWT
15:00-16:00 =73l 58 (RERKS:)
R Ak X a7 — 22w DA AR AT AT & SRR o — Bk i T
16:30-17:30 it 2 (FA KT - Ik DC)
ADTIY - TITy b ATAVREBIZBITET—V -V A MO Z
DIIy:E!
8B 22H (X)
9:30-10:30 ik Tt (RBKZ)
Braid £f - BEARERED positivity & bR BE Y —
11:00-12:00 &H # (RERELKY)
HMOHOEREE 7T LY v X —ZIHRA

13:30-14:30 Sang-hyun Kim (V' 7 IVELKF)

A construction of countable simple orderable groups
15:00-16:00 ¥EZE =K (FARHKY)

INT AN A L ERTITE A
16:30-17:30 #&H EEk  (FHEKRF)

Ao RBLDETZANDIEHD WL DRI DWNT

i



8 238 (K)

9:30-10:30 Jieon Kim (KBiivi k%)
Presentations of (immersed) surface-knots by marked graph diagrams

11:00-12:00 EEFEE A X (FEEKRT)
A IRTEE AR & Lefschetz 7 7 1 /3 —Z2[]

13:30-14:30 =ifE HEAD (M LEKRT)
Z0 5 VY SRk L 7S 7ROV Y ¥ v RIVERSr SRR

15:00-16:00 JNEEH KHEREH (#F K%, ¥k PD)
SIRTCH NI O Y =v N DAL Z DG

16:30-17:30 S/ M (B LK)
K (n)-local category D E 7 )L IZD\W\T

8 A 248 (k)
9:30-10:30 —A HB) (HERE LA, 248 DO)

Generic linear perturbations

11:00-12:00 ¥&EO 2t (KPKZ:, Fz PD)
N2 N — T LK & E

11
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LeviEIHEE RS & Z DM D IAAFEIZ DWW T
NI (RIERZ)"

i3 =
AGEE Tl Levi FIH DA AR EZ T 5 . KFIZ Barrett 12 & 5 Reeb @ DI
MOAEMZ BN U7, T OEIRITIRE 72 5 FEHARERIZ DO W TR T 5.
B ClE, FEBUT BB SE A O 5T (R HEBRER) 2 DWW T HIE
5. KFHEEONBIINMIEZ K FEKRT) & OHFEMLE KO IZ&ED <.

1. LeviFiHZ K & LeviERE

1.1. RE B

BERERAR (X2 Tx) WO S /a2 il M2 25 X OEFEMm ok F T
FlxhsdeE, M%LeviFHBHE., FZLeviEBE WS L K0T (X 2E
NTC), ABURICE AR M & RZRROT 1 EREIKIRIZ L 508 F O (M, F, Jr) %
Levi 18 (CR) &AL IER. T 2T Jr IFKEEITIN - /- RMEE CTEDO MW 7
ANEOMZET B, ZNIXRAEREEFAWTIRRSE Z N TED. M O REER
U= {(Uj, 05; (2, t;))} TH>Tp;j(U;) = Q x [; CC I xR (Q 1XC" ' OFIEA.
ZHAKM) & UL Uy # 0 CIRBERZ R

ik - ee(Uje) = ©;(Usk) 5 @ir(zi, te) = (Fir(Z, ), ik (t)) € Qi X Lk

THAONDHDE TS, ZIT [ lF 2z ITDWTIEHL 4220 T O™, g 1ty 12
DNTC®ET 5. £ x {tp} ZAED ADLETHELSNSE M DITDIAE NI EBDLERK
LEELIFY, BEOEEF2MOEBEBELITR. F-UREBEERLILER, &E
LIFEEZELRRIK L 700 BEOREW A2 2 OEZRME L S BT 5. Ri#ETIX
IRDOMEEZEEZ 5.

PRZE 1.1. YO & 3 7% Levi IS REMK (M2, F, J) DR SRR (X2, Jy ) 12 A
BDBI? F I DR D N2

ZZTWHOHOIAAEIIM P66 X ANDIE O RIEOIAATH > T, {EL ETIEH
BEDEEZTWS?2 KH#HTIZZINE Levi FiH (CR) BORAHA LIER. F72HD
ABDBIE (X", Jx) ND Levi FHHETH 5.

Levi VHEOMEIZ —DOREZFEFDLEZ 5NDS. — DX ERIEREEEmICH T
B NESFIR. £ —DIXBEEGRIZE TS LeviBETH 5 3. HISHIMR/NE
BFHEIZCP? NOIERIEERE F Iz LT LN SingF #0230 >, b TOEE R
KRR Sing F IZHEd 5 &\ 5 P TH 2 [CLS] (cf. [BLM],[C]). FWIEDO T L
LT FTCP2WIZIiZa v 82 b Levi FHHEIEFEL R W] EEZH5NTED, TNET
% DWNSENRH 5. CP" (n 2 3) D& RO FHRITBEEMITHR I NTVWBEH, CP?
TIXRIERTH D, Z OFLOWMZRIZ DWW T [LN],[Si],[Br],[Oh3],[De],[AB] 72 £ % &
*e-mail: nogawa@tsc.u-tokai.ac.jp

LI 0 AMET ISR TIRGR, O MR IET 5.

2P, HOIAAREENVWESETINEZRET 5.
SWAZ T, HWIZEE LU THIERED ST TWnW 5.
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M &, —. Levi[®@# (£ 721% Hartogs O ) &k, T(Levi) # Mk 2 S IXEH]
B TH2) T af5RETHS. C"NDHFEHIE L T Oka 5 DIFFEIZ & > THEW
WP X 3, Grauert 512 & 0 —ffb X7z, U U —ROERELERIKAN D EIR TIX
Grauert IZ &K 2 KBl H 5. ZOEMFHIBIZ, FEEN SRS T 2 /X7 b Levi EHE A
LU 72, REEELD S R IREBOE RIS 2 R 72 7\ ZOAHE D S DAFFEIZ DWW
TIX[Oh1],[Oh2] 72 &% S HE K.

T2 I 3ESG F O ZERMEE & DA TN/ EHEL RO MRTHYEE & DR
RIZEHLLRDGREEH#ED L. DDA USEEZEML LS 4.

L LR 10> THWz 2 &, MIOER LD XS 3RS FENZ T 50 %
NIz, ZDRZp e T2l & UT FIZHENIREHR T, Z HET 5. TiZino - 5)E
JERED oG o N5 T, DEIFEHRIE, RS EME f: (R,0) — (R,0)25X5. 0iZ8
I3 foz TIZHo7- FOFRAO/ I—LIERS. HRHE/ I — fy 2 contraction (resp.
expansion) & 130 DIEFET | f(1)] < |t| (¢ # 0) (vesp. |f(¢)] > |¢| (t # 0)) DD LD
LEEWVWD. ik

f)y=t+0(™")

LB &, hu/ I— foldt=0TC -flat LR (r =1,2,...,00). LOFEARBEDH
T L TARR ) I =25 Z & THEE Y

p: m(L,p) — Diff(R, 0)

2135, TOBIZ LI FORO/ I—BLIEEN, H(L) TKRT. LH1EEWHH
CHMOE GO a ) I-RIJEEZ5Zbb5. TOHEIEHL(L) TRT.

1.2. B4
Z DOHiTIIEEL RN D Levi EHE ORE A 724 2 BN T 5.

B 1.2 (Fibered Levi-flats). Ixd Bl fiE7 714 TV —Ya v silonsd. EH
7747V —Yava: X - CEeHEMPAlIRy C C\Critv(r) T LT, M :=7n"1(y)
XD LeviVIHHA 2 ED S . LeviBefg FI3& 7 7 A N—= 685 . X 7= EE M
X = CIZHUTHAMKDOEIET Levi FHE 2155 .

I 1.3 (Suspension Levi-flats). Riemann [ Y FOHCP H
X=X x,CP'=Hx CP"/(2,¢) ~ (27, p(7)(0))

THoTp:m(E) > PSL(R)m5HDEFA5. M: =% x,RP'Z X HND Levi¥H
HEhd BELIISOHEERE LTEZ 6N, HEBEE L0 FEINDE. pD
BEOST Levi %8 F O 1 RMMEENEAT 205, U E - THEEE S X\ M DR
fEATE 72 MEE S 26T 5. FE F OEMES LHiRE X\ M OH M B ICBER L T
W3 [DO] (cf [Br],[A]). iz g = 2T Fuchs%H p : m(X) 5 m () < PSLy(R) D &
&, FIHIME AnosovEEE £ 72 0. X\M = W U Wy (& Wy 23 Stein ZEROWZE, WL
M SteinZ ik 7%, ZZTCP' =HURP'UL & 43f#L 7=

RGO AN 2 EMIL [CCl R 22U TIEL.
T DpZaEHLEUEZLHADKE Y —IZOMEET 5.
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Bl1.4. Y :=CP? EDIEP ={p1,...,po} LETNZED SIRHIFRC % —D[EET 5 6.
YD 9ETu—7 v T% X = Blp(Y)., CD strict transform % C THY. HORH
BIZ[C? = 0275, i 5HEH Ny DEBBIR {1} & U(1)-EBBEBIZEN
3 [U. 77 A N—BERE (MU T {|¢] = 1} 0 & > C Levi VIHF A /E S . Levi
ERFF G ="} THEAOND. PEEEINCOPTEFITERRIE Ny B3
Picard BD 11T Diophantine ZAf % it=$ & 512 TET, KT O AEK Nex DY
MERE & BUERI 20365 % K52 ([Ar], [U], [Br2], [K2]). ZDORMZ#E L T C OEFEIZ 5
JERSE R Levi FIHE AR S N5 Kz C OEZBEER (W), w;)} BEIEL T

tjkwk = Wj
Zii7= 9.
I 1.5 (Reeb components). FZEH (I SR 2K N H D)
M =" < Re0\{(0,0)}

DEZERIM = M/(z,t) ~ (A2, f(1)) ® D™ 2 x S' %% 2%, ZZTAeClE|\ > 1
YU, f:Rog — Rog EERMAEM. MIZIE M OAKFEEE? S FEI N5 EEEE
Freey WEE D, (M, Freep, J7) \& LeviFHERART D 5. E72 (M, Freey) 13 Reeb 5
CIFEND. WK E D a2 T NEEOM X Hopf kK (= S 3 x SY) TH b, T Ofth
X ETCIELRE. OMIZIh>7-FOhna /) I - fCTEREINSE. DD

H (OM) = Z(f).

n=2T\=exp(2r) DEHH. OM 2C/(Z+Zv—1). ZTOM % _DHEL T, oM
IZIR > THEB 2 — /=12 TH D GoENIK, Levi FHZERK (SR, Jr) 2185, TD
HEERILS®D ReebEB L M IXN 5.

BIRE 1.6. Reeb i 1ZERELHRARIZ LeviEHMBODIAARTE 572
WD EDIZHOIAADEENRH D Z L IFR{HSNTWS.
fE 1.7. Reeb %7 1& Kahler ZHARIZ X Levi EHIE O IA AT E 72\,

AT H 5. BbADTAUL, OM It KihlerBHZMIKTH D [ w|i! # 0,
LU Reeh RO DREZE D [OM] = 0 &7 D FI5.

—FH TdH 5 Hopf ZHRIK (non-Kihler) \Z1% Reeb 5> MFES % [Ne]. LOREKT
AMERASITFt)=pt,p € Rop > 1 TNIXFEHICEHTE S, ZOHEOMIZ
Mo 7ok ) S —OBURIIE F/(0) = p> 1 875, TRET ) I —25C-flat DB
HDHIADBTHASn?

B8 1.8. C"-flat Reeb 55 (M, Freey, Jr) (FERLZRRRIT Levi FIHEDIAATE 5027
Barrett DFEHR X 0 WD RBENBSNT VWS, TR FLDIEO BRI EH L 5.

EH 1.9 (Barrett '90 [B]). 3¥k7t C*°-flat Reeb s 13ERHHNZ Levi FHIEDIAAT
EZANRY

Sgeneral 72 P 2 SN & 15 & 072 3IRHFR C 3 —BIIZE £ 5.
TPic*(C) DT A RIE.
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1.3. Reeb EE D IEIRIAEIE

Z OHHiTld Barrett O EEIZDWTHERT 5. FITEELHRA X NOD Levi FHEE
(M,F)2ZDH¥ELZ—DEEL, LIFXITHDAXTNTWS LRET . Barrett &k
0/ I—0Cr-flatness *5 L O EHE® OEEEZ R U7z, IEMEIZIE Cm-flatness 7 51X
DT —R%&fGd. LOXIZEITZEEFBCR{(W;,w))} £ LD MIZET 5 (ELERK
LR %) EHBHEBR{( U u)} THoT, Uy =W;NM ET D, T 51TV EIZHLUTE
TOGMZE RT3 H DVEET 5.

Zft (i) 1EAB / I —0 C"-flatness TH 5. F&ff (iii) (& Barrett-Fornaess[BF] 12 & D 7R
Iz, LOREZRBEEE M 12> TEDREIRD jet ZIHT & 5 IZRHARIZIEIE L
TWL Z e THEMZmM7ZT XK DITHZRS 2. (iv) 1 (i) 1T Cauchy DFMi=X & Cauchy-
Riemann QAR Z 5 . (ii),(ii),(iv) AL ET () 2825, LHTHI .

fd 1.10 ([B]). HEZHRIK X WD Levi FIHE (M, F) L HOAZ N L 25 10
LIZ>72FDFRa ) I—=NC -flat7 HlE, X125 LOEEBBER (W), w;)}
AU TR OLM 2727

wy —w; = 0wt on Wy, D d(Re wjly,) # 0 onU;.

J

r2 1D EER N x ZEFTIZEEATHS. r 2208 & (L, X) D {w;} 12T 2
(r— D)X EHBEIEEWT 5. FiiZr =00 D& E LAV MR OIE (L, X) & infinite
type & 72 % 1,

Z vz HWT Barrett 13 .52 @ Reeb B2JE O JEHIAE L 2 /R U 72 REMIZIXIR D EHE
ZRLUTW5.

EH 1.11 (Barrett '90 [B]). SRt LeviHERRAK (M?, F, Je) IZH U TF A b — 5 A%
Lafb, Ho(L)2XZ(f) %7=3 L35, ZIZTfIXCIZH>72C>®-flat contraction.
ZDEE (M, F, Jr) 3EZME (X, Jx) 1T Levi PO AR T E 72\,

HDIAENBEZEITIZAORES U TWEWAHZEZE L TIEF L. IROZEAD
S35 LD, HWORAENT =T AFEREHETHEVTEMLTVSE. £72 1220 T
DEMEHIN. SERICEFDORMEZ T TR LOMETH 5.

(REBH) (M, F) 23dp 2 EZEMM X ICHOAD LT 5. Ao/ I —D C™-flatness &
D, fRE 1.10 D & S 72 BEIBCR {(W;, w;)} BEINT (L, X) I infinite type £ 785,
INTIFEZBELZ S D formal IZU LD &> TWARWA, EHOER 2 X ) ERIE
Bow: W — CHEHELT, BT dRe w|y) #0%2§729. ZZTW ETLICHHEYT
82.1 iz
I cftn s LHOH U], £728% D KO ITBWTHEANLEZHIFEALCTH 5.
Wy MERRE L 73w,

HEH 2.5 2.
12718 2.6 2.
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LHMOEELIZEHT L. FAHEB Re wp 2FEALD. wDRENPSRe w|p >0& L
T, LIEAFHIZ 7 =2 5 A7 Riemann [ & U T DG IO A 5D D 5.
BIZITL 2D DL EE, 2DV MED EAHLEL TE X % LMK O KRAK
B/MEFREER S FEBRE 5. MOGEEFABKOFENEES. O

% 1.12 (Reeb ZEJE DIEHLA T HL [B]). C°°-flat Reeb 7 13 EFEMHTHINIT Levi - IHELA A
TERWV. FFIT S D C Reeb BEJF XESRMTNIZ Levi FHMLAA T E 20,

12 Barrett-Inaba (&, #EZRilMH A D 3 X5t CLevi EHENZ A AHK 22 IR 23 5 Z
ExEmRUT7Tz.

EH 1.13 (Barrett-Inaba’92 [BI]). RN D 3 > 327 M 31RI0 C Levi FAHTH
(M, F)IZH U TIRA D LD
(1) Im(M)] = 00 75
(2) mo(M) =0 £721& M =~ S? x S!
1.4. EFER

Z DHITIE [KO] TR O NI FMOAAREHIZ DOWTHR RS B, Z1id Barrett O
EHDOEGIRTNDIRTH S, T-Wx OFGRIE. HEIZE XN SHHIRGELE I 5
EERTHY, EHFICOV /NI MEARE LA,
EIE 1.14 (Koike-O 17 [KO]).
5IRTC LeviFIHE AR (MP, F, Jr) DFEM R C 2 @B MWD S AL U TEUEL 25
DLULED. TSR COEBUNFEL T, T2 LET 5.
(i) Ho(LNU) ZZ{f). T T fIECIZH> 7= C>™-flat contraction.
(i1) C-retraction p: U — L NU DMFAEL T, &% LTI holomorphic covering map.
(i43) C = f7H0) B ERIBIE f : LNU — CHMFAET B
TDEE (M, F,Jr) FEFE JIRTCERRR (XO, Jx) 1T Levi FIHIHDIA AT E 72\,

RERHIZ 2.3 HIIC £ DU T, RITeB Ol ZE DN T 5.
Bl 1.15. 5 1.5 THERL U 72 Reeb 558 (S3, R, Jr) & C ZERIT 5 Z & T 51KIG Levi
WK (P x C, F,Jr) %185, ZZTF={LxC|LecR}) ZNIEHEDINE%
e, LhioT, YOME SUGEEREK (X5, Jy) 15 HbAD A\,
WU 1.16. WU 15(*%5?‘ L7z 5(9(773 Reebhj?ﬁj\ (MB,fReeb, J]:) %%i X 5 . iﬁﬁ%@M (=
HopfliEiT&H b, T Ol fE bk

C = (Cx {0} x {0})\{(0,0)}/21 ~ Az.

2ET. ThH EHOME %7z 3 O THEZE SUGTE R (X6, Jx) ITIFHEDAD N1,
F % 1% Barrett-Inaba[BI] iZ & % C2 A ®D Levi FIHM DA A DH % FHT LUK DA

27 (i) O A R L EE1.140 TOW L OERIBR LK) L0 IEDIE &

BRWIZ eV NE. TOXIBRBRPIMICTEEZ 2008 NI 0> TV,

13 ARFETIE 5 RIT Levi EHEHRARIZIE > THHT 5. [EIEMHIZ2 LD, KO EWRTTE REDE
FRASE D 37D,
141D 2.
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% 117, R& G729 S5IRIE Levi FIERRR (MP, Fi, J7) (1=1,2) MFIET 5.
(i) (My, Fi, J5,) & E DI 3IRTTERRIK (X6, Ty ) IZHEDIAD L.

(i1) (My, Fo, J5,) 1& C* ~DMAAZFFD.

(i4i) (M1, Fi) & (My, Fo) & C° BEEZRRIR & L TR

2. LFADEEE ZDOHUER

AHiTld Reeb Ef@ OIEHATE L DFEACHEL 70 5 LHDE & Z OILIRIZ DWW TR
R5. X 2 EELRIK, S%2 X OEFRBHE L 95, —KITS OBWRIEHEDEREM
FHA TRV, BIZIXER Ny y OFYIWNEEE & S OBIREEIE—BITBUER] & 1%
RS2, EFIK[S)? =0&7%5% S OEfEOEERM AL U] EHOHRIE,
S =0&7%% S OEFEMHEE “BB LT HBMEIIETPHE R 22 ERT 5.
2 ZBEDOHEIZOVWTEZTPL (EHE2.6).

2.1. LHIC & 3[EE$ & Jet Extension Property

PABEX XS DTN s Ui 2D 5. X DR EEER {(W;; (25, w;))} T
HoTw; 1 EV; =W; NS DERBE. {(Vj;2]s)} 13 S DREFTEIERZEDLHD &

5.
Wi Wi 3 (25, w;)
co

ZEHBEEDS gk (2, wi) = wj/w, THAH6N5 X EORKOx(S)Z2EZ 5. SAHIR
j—%) Z ZTOX(S”S = NS/X %?%l‘é %‘gi}: ‘5 Ogﬁ?bfgjk(zk,()) = tjk(Zk) & l./fck
W, 22T {tj }1EIER Ngyx DR, Z 2 THAIZIREIRET 5.

RTE 2.1, VI Ngjx & U(1)-F. BI5 {t),} 12 U(1) iR e 3 5.

FHZ Ngx \SAHNIZ B & 7225, F 72 512 Kahler M & {E 34U 5k D 32D [U].
ZDEEROMEEZZEZX LS.

RIRE 2.2. 0K Ox (S) LIz U (1) - & IIEET 222 Hlb, S OEHRBER (W, w,)}
TH-o-T

tjkwk = Wy
723 H DB ENS 910 ?

HHAA—ITIF w, Dw; IZ KD ERMIZEROEHEZEL. ZOMWWIE S OERBBCR
2 OHRBUE TR E A D5 Z e TES.

¢
tigwy, = Z f;k)(zj) . wf.
=1

Ut i Wy, BICEBBR Y UTHIRT 5.
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£T w0 BEBEBEOT Y (2) =1 Ldts T2 EOEATIE L 72 5.
EFE 2.3. M (S, X) DREZBEBR{(W;,w,)} D type n &1, Vi, kIZH LT,
tipwg = wj + fip 7 (z) - w] T + O(w)t?)
LB E, Wb, tpwp & w; Dn-jet THID G S L E 20N,
type n system {(W;, w))} BEIET B & & MEMAFSID S {(Vie, f5 7))} & N/ Ml
D1-AYA I NVEEDDZ D15, Cech AHFET Y —H

un(S, X {w;}) = { (Vi [l 7))} € HY(S; NgJy)

j
ZA (S, X) D (nR) ERFE LR FHZ 2T type (n + 1) system DMEET 5720 D
EERHE 2> T WA,
@ 2.4 ([U]). (1) 3 type (n+1) system {w;} = u,({w;}) = 0.
(2) 3 type n system {w;} s.t. u,({w;}) =0 = 3 type (n+ 1) system {w,}.

REMDBINS) (1) B3, (2) BAGE () = 0 £ 90 5{(Vy.ap)} = (Vi S5 )
%% 0-3F =1 2 {(Vj,a;)} BIFAET B, ThE - T {w) %

~ Tl
W; = W; a]wj

DK ITHIETIE, {w;} iEtype (n+ 1) system &725 Z & h353 5.0

E& 2.5. (1) (S, X) 2 type n &L 5 type n system {w;} s.t. u,({w;}) # 0.
(2) (S, X) ¥ infinite type (déf} Vn, ¥ type n system {w,}, u,({w;}) = 0.

ZZTLEHOHERDHTEH, AHEHTH S E DT ZMNALTHI 5. IROEHIZ,
ML I N EBEBRPGFHET 220D+ 2 AL TWS.

EH 2.6 (Ueda 83 [U]). S X Dy, MEZBHHETH-T[S]? =0&7 5.
(S, X) A% infinite type 7> DIKH Ng/x B torsion F 721& Diophantine Gl % i 7= 3 L A
BT D, ZDe&ESDOERBBR{(W),w;)} PIFIEL T tjwy = w; Z2i727

X T, infinite type DEFRZ WD L, TNZRTDIEPRHNEIZEC S, L,
H LU EHBEDOMEK u, = 0 Disystem DELD HIZHKF L2V O THIIX, & n e NITX
LT, &5 type n system {w; } IZ DWW TiHZ R~ infinite type BE>. £Z T, E
FHEEDIEIE A system DHLD FIZIKRFE LW &, T u, = 013 well-defined) & -
ST EIZL&D.

EHIE S a7 FDGEIZu, = 09 well-defined THBZ &2 RLTWA. L
MUFZIE, SHTYRT R TRVWHEIZDWTHEHR W2V, [KO] Tldu, = 075 well-
defined £ 2 572D DEMIZDODNWTEL L 2. Z D well-definedness & W\ 5 @I, A
fbE N7 EBEBRZMEDBRICTBE L 72D T TIREN RN,

#F 2.7 ([KO]). (S, X)IEFUL. Ox TX OtEiEE. Is CSDEHRAN T TIVEE T 5.
#l (S, X) A% Jet Extension Property (J.E.P.) ZffD &%, VYn € NIZTX U THl[R
BB

re: HO(X; Ox /T¢M) — H(X;Ox /ZLs) = H°(S; Os)
ANE N R AN R S AR
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ZhiE TS EOEEDOIEABIED n-jet THED & ST LIZHRT %) WS Z
EEFERLTCVWS. RHZSWa v F 2 o IXJEP. 2727 .

8 2.8 (J.E.P. ~ well-definedness).
(S, X) DS J.E.P. Z{ii7= U tj, = 172 5 1$5MF u,, = 013 well-defined.

(RERA DERE) FEETIX =D D type n system {w; }, {w}} Bd o722 UT, {wi} 2 {w;}
TEHT 5. 20z EHEOZKMAZRE DD, [KIROEP S ZFREIEL TN, TDL
E. S LOBEZ DS LAJRU S D&M > TEIET 20725310, RO
W EEMA EFLEERV. FOEWVjet THED & o 2B TOHLRZ RIS 5 DM
Jet Extension Property Td® 4. O

TIZED & S 2RI T Jet Extension Property 23 D 32 D725 5 . FIZEH A~ DRE
CAFMMED K. BEBHIE [KO] 2 1.

8 2.9 (C"-flat holonomy ~ J.E.P.).

X ED LeviE3HE (M, F) L HOAEFN/ZZESITH LT, UNDOEAFZIRET 5.
(a) SIZI> 7= FDAE /) I —1FC?*-flat.

(b) &% ETIERIZ: C retraction p: M — S IMFIET 5.

D& E(S,X)IXJEP. Ziiil-7.

2.2. RRT2 LHER

Barrett OFEHE 1.11 Z mikoufb$ 5 12i&, FHOEE 2.6 IZHY T 5L DZEEHT
5 ZeDBETH D, NUE [KNZBWT EHEERORIRIT 2 DHE N DHLIR % AT
W5, B2 IFFN%E Levi FHBD AR MBI 2 2SR L 72 [KOJ.

HEHERBEHMTHC CcSCc XD=2/(C,5,X) T, ClZar 7 rzKEETS(TX) .
HIE & [FRRIZ C D43 /INS Bt TRz 3 5. {U;1L{V,;},{W,;} TC,S,. X DFiWEL
58 REREL &S,

IR 2.10. 3 (Neys, {sje})s R (Ng/x, {tp}) 1 U(1)-TFH 2§25 19,

v % Uy QEERL, y; 2 VIZBI 2 U; OEHBBBL w; 2 W 12832V, OEHBEL
T, x5y % w LADETW, DEREE 405 &5 ITHIET 5. Ty, OHEOH /i %
i L7Z\WDT, gy DIRERZ 2; TR (25]y, = y;). BERS O fFLT (w;/wi) v, = tjn
2 (y;/yr)lu,, = sjp & L TR,

(Wj, wj) € X
g
x]—L Zj ’ (Vi,y;) € S

(Uj,z5) CC (zjlv; = y;)

HiE & FRRICIROMEZZ A 5.

6gpay s hoGs, ERRBEITEER O TEBBIE U TERT 11X OK.

178 1& X W< C 1% S N .

18‘/]' = Wj ﬂS, Uj = V} ﬂC’, V}'k == (Z) — ij = @ %(ﬁf:b\ "l"ﬁj\ﬁlf\%&»%tj—é
VEE29 LV HLAOBRETIZEVWTIREBEOREN I ND.
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BIRE 2.11. #H Ox(S) L2 UQ)-FHEEIZIERT 257 Ab. S OERBEEBCR
{(Wj,wy)} To>T
tirw, = w;j
7235 DBMENS N2
INHLK] IEA EORREDS & T EHEEER L 7-.
EFE 2.12. #fl(C, S, X) DERBEBCR {(W;, w;)} 2 type(n,m) &1F. Vj, kIZH LT,

n+l_m m+1\, n+l n+2
2 +O(zj )wj +O(wj )

tirwe = wj + gy (25) - w

LIRBEE VD,

type (n,m) system {(Wj,w;)} BIEAET B & &, {(Up, gfy ™)} & Ngyx|o" @ N
fli 1-cocycle Z EHTWVWS. £Z TIAKRED Y —H

nm(C, S, X {u}) = {(Usno g™ ™)}] € HY(Cs Nyl @ Nos)

ZHH(C, S, X) D ((n,m)R) LBFE LR, ZNnidtype (n,m + 1) system DB EET S
72ODEFEL L > TS,

X 512 [KO| Tldy V3 12815 Uy DR RIER {4} 20X 512 sy =y, 2T
S TND{W; P NRBBIZHEIR T 2 A DEES EHE L 7.
EFE 2.13. sjpyp = y; 2723 U; DR EBEBCR {(V),y;)} D type(n,m) Hiik {z;} &
E Vi, kIZHUTaly, =y; TH-T

Sikzk = 2; + q](;;’m) (z;) - w2 + Oz ! + O(wi ™)

LRBHEE VD

type (n,m)#LiR {z;} BEET B & & {(Uj, qﬁ’m))} IZ Ng/x|c" ® NC_/";FI fiEi 1-cocycle
EEDTWS, ZZTCarEn Y —H

Unm(C, S, X5 {z}) = {(Upn, ajy ™)} € H'(C; Neyx|" @ N je™)

% {y;} D ((n,m)R) extension class £ IE.5. T type (n,m+ 1) HL5R {2, } DMFETE
THHODEELL>TND,
BcxDOfEZELOHBLERDEDITHSB.

EIRE 2.14 (FALATsetEfE). S DR EBEBCR {w;} & sy = y; 2723 C DEZHERM
DELT
tigwy, = w; D Sjk2k = 2;
729 DI TEHN?
EF 2.15. (1) (C, S, X) 2V infinite type & Vn, m, Vtype(n,m) system {w;},
Unm(C, S, X;{w,}) =0.
(2) {y;} » extension type infinity PLN Vn, m, Vtype(n, m) L3R {2, },
Unm(C, S, X;{%}) =0.
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HIEi CH AR X7z & 512, infinite type X extension type infinity &5 71<ﬁ:72/?’§'0)
TR TH B, UL FEEHEED well-definedness DMEGE X N TOWIIE, RT
DIET > LT D, FEESH U,y 0,00, D well-definedness 122\ T [FBRD A L D
VL. REBHIE [KO]| 2.
8 2.16 (J.E.P. ~ well-definedness).
(1) (S, X) D JEP. &7z Uty = 17251 upm(C, S, X) = 013 well-defined.
(2) (S, X)DJEP. Ziil=Uty =18, = 172513 0,,,,(C, S, X) = 013 well-defined.
2.3. FEBAD#EE
RAICEEE1.14 OO T8t 2 FiH 4 5. FEARK 2SI EE 1.11 OFEH & [ U
ThHd. AIICIE EHOEE 2.6 (ZHYS T 2XOMGEPBETH 5.
@ 2.17. (C, S, X), {U;}.{V;},{W;}, {z;}. {y;}. {7}, {w;} mERFSETLREDU.
UTOEMZIRET S.
(1) ¥ Ng/x 12 U(1)-FHDD torsion.
(2) S ECOEEBBf:S — CHHFETS.
(3) (C, S, X) & infinite type 232 f = {flv,} & extension type infinity.
DL ESOEZBEBR (w;} & f ={f|v,} IR {2} BMFIEL T

tirwy, = w; B2 sj2 = 25
Z w723
(878 2.17 DAL DOREIK)

W, Wi

%T }pk

tikvk = vj, SjkCk = G5
W, J ’ . Wi

(3) oo (1) EE(5) 7

HZ 607z system({w,}, {z;}) Z D system({v; },{(;)}) T L DREARXNZZZ 5. i/
FRE G (ATHRIRPIIGRIE vy = vg, 550G = G R E) 25 GV (), QY™ ()
PEFNX, 2 OBBIRAZME 2 & TR system {v]} {1255,

U LSBT ERIBES {v;}, {G) DR WS 72iTid, FREG (a)), QU () %

HUNGESBED D 5. KEEFHPHERT 5 Z t’%ﬁﬁb\fﬁ*@(%xﬁﬂkﬁ&) BRI
BAZMC LT, KD EIRDjet THD A S system DIFIZAS. {w;}, {zj}%? DHr
bb‘system WCHL D B A TR DGR Z 6% D R 9. IRiEZ M B OER AL (a) fiEE

IZU7ARIRDIHIZ T S5 LinwZ & (b) 45340 fERRREDN E DR 4% %%OijkM
HEiHiiT2Z & ThsD. D)IT()DERFELECDOIY NI MNMEEMS. Zhozk o VT
TR, BRI BEBUE B & ML & 7z system{v; }, {(} 2155, O
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ZDFEHZE RS & {v;},{(} ZFITAND 2HIZ, system ZMEHHOFHEZT\WS.
(3) D&MD S E D system (26 U THEFEHOHEWAMRIES N TVWEFAHRA T
b5,

(B 1.14 DFEHOBIE) HOAE Nz L3 5. (i),(ii) &L RE 2.9 55 Jet Extension
Property W& N 5. (1),(ill) 225 tj, = 1,85, = 1 D025 0. I 5IT6E 2.16 &
D FEEFD well-definedness 233725 (i),(iii), J.E.P. & well-definedness % &% T
(C, S, X) »¥infinite type. f %% extension type infinity TdhdZ & WS, ZNTHE
2172 HS 2N TED. SOEHRBEBw : W — CHHFHEL T, K2 d(Re w]y) # 0
Zii7z 3 KD ICHNS. FRD I3mRE 1.11 O E FARRIC U TFEAHS. O
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Y4 b3 a5 —ZEMOMBERMENMEE ERBAHOATO—BICAITT

L

ZOHETIE, BEAPIOMATYS, X1k I a7 —ZMimcslr 56k

AR T OD A7 — Y 73 BB L [0 1) C DAFFRIZ DWW TEE T
1. X1k 3Ia7—2EHERAM
].1 ﬁ;%. X %@ﬁg @Fﬁﬂjﬂﬁtj—é %Zﬁﬁ 7T1(X) D g = {al,bl, . ,ag,bg} 73§
[al,bl] o [ag’ bg] =1d

iz, BERERRD U IXEB LR, EABHOESOMY B R, KOHEEE
BEFREMEY ZRACHMEERIIBO RS Z8I2& D X LOBGEROHEE I HER
Re ANs.

2DODFH gDV —< VL ZTDLEDOEERD TN (X1,01) & (X2,02) ITHLUT,
h(oy) & o9 28 Xy EOEGRE UTHEIZZR S & 5 RBIEAEMS h: X, — Xy DFE
TEHH, (X1,01) & (Xo,00) RI9MEI2S—RABETHE LS. (X, 0) DR
(X,0] 2788 g DIFEHBAE ) —< VEEMS. T UCHMBEOES T, g D4
1325 —ZEF LR,
EREEBEDOER. M g OFhE X, 054580

Mod, = Homeo™ (¥,)/Homeog (%)

XA eI a7 —EBHICARMEATS 2, EOE# og 2 —DEET S, [LED
r=[X,3] € T, (T ULT, MEEEDFEMEEL
(1.1) he: By — X
% hy(og) & o WX OGRS UCRMEIZZARS 51285, 2O, FED [w] € Mod,
2L T
(1.2) W] ([X, 0]) = [X, hy 0w (00)]

b
g OPAY —~ VEOMERFREEO 2T HEEE M, £ EE, g DY —
RUHEDEY AT EFEER. EFEHL S HARREH

(1.3) Tg2 X, 0l =X eM,
BEHIND. EHEDPS
Bl 1.1 (FEf g = 0 DIGE). Koebe D—EALEHIZ LD, T g=0DHY) —~ VH
Y —~ VB C = CU{oo} EMEMRETH B, iz,
Mo = {1 pt} = {C}

Thb. 7, m(C) ZAWEMTHBDT, HETLOADSBIES {id) B C LD
e EZ D, DL E,

To = {1 pt} = {(C, {id})}
Thb.

13
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2 i S

Bl 1.2 (Fif g =1 DHE). fFflig=1DHAY —~ VHld C NDOKT L, _Z@ZT
WX B2 X, = C/L, (Im(1) >0) £ LTHRINhE., ZOLEC— X, 3%E
WEHTHZDOT, L, & m((X) ZARCH-HEINL, %KL {1,7} 1 X, ED
A 525, ZOLE,
(1.4) T ={(Xr {L,7})} = H = {7 [ Im(r) > 0}
LB, XTI

M, = H/PSLy(7Z)
DHISNTWS.

2. MR AT

Ahlfors-Bers #ifi, Kodaira-Spencer Bz &b, X1 I a7 —ElKUEY 2
T4 ERICIFAHRICERZEEPAS. Lo T, X1k 3Ias—EM@sLE=E
VaoA EBENOEERE LS IRENOADIEAIEHEZEZLZ2IZLD, V=~
VHAERMICER TS 2 EAMET BN TES. 22T, HEMEEHVNS

W& XA eI ad—ElzEELI—IY Yy RE[MHNOERMHEEE UTERT
5ZraEHETE. ZZTOMMOMEBIL 2L ETHE LT 5.

2.1. Bers ﬂ&)i&é’%. ,'f;;_'; o — (Xo,O'()) € 7; %3 (\:_ D ﬁ—g—é XO @ﬁ%@fg ;:":QIE.:'Q‘
b2 EEHED — Xog%22b. ZZTD* ={]z2| >1}U{cc} THB. ZOHE
WA (7 o 2Z/) 2T 958, €E»o MIIRMAMAKD ICEMLT, D/T
i Xo 2 —Rbd 5. BBENIEELGRS, MEEEZDIEEE Xy — X &

D>z—1/zeD”
& DFEEIND.

2.1.1. Q(D*,T") % D* LD LRI ¢ DES THREIM:

(2.1) e(v(2)V'(2)* =(2) (2 €D*, yeT)

- TH008ke T 5. QD T) Ik Xg EOER 2 RS OZEME A —-HEh,
BHFEa—2) v N2 C33 LIYEREITH 5.
W RO~ S o € QD*, T) T LT,

(2.2) S(fe) = ¢ fo(2) =2+ 0(1) (2= o0)
729 & O R BT EE EA G f,: D — C A —BIICET 5 Z LS T
Wb, 72720, S(f) ik f O avIY sy
" 1\ 2
(2.3 sn=L-3 (%)
Thb. ZOLE,
Bx, ={¢| f, WHEHTHY, f, D& f,(D*) & CHDY )L & 4 }

Y55, By, & (Xo ML TE) RPRRS A RLILR. By, 1& Q(D*,T) WO
MAEGUHETER TS S,

14
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2.1.2. fHHARFIE?S Y a7V VS (2.3) &
S(fog)=8(f)og+S(g)
WIS B Z bbb, £728(7)=0THhdILl, yHBACYALEHMTHS
CIXFMETH B, Lizhi-T, M (2.1) 12k D,
S(fe07) =38(fs)
MWorb. f, DM SR
Py I' - PSL, ((C)

Y

RN
ptp(’Y)ofgﬁ:f«pO'y

BT ESICL B LHTES, COMAR o & o (5L < FEHHER (2.2))

DE/ KOI— R,

2.1.3. fERD ¢ € Bx, \2HUT, E&EHS f, DD} = f,(D) &Y 2 VXV FIRT
»%. D, TD; DHEADHNRERLTZL D, BV a VKX VHETH S I LIZTE
BT5. Z0OLE, p, BHEHTHY, BT, = p,(T) 1 Dy (CEMEAESIZ/EHT
. EBE, T, 37y 2 ABEENDE 2 51 VHTH Y, B OD, 13T, OMEER
H£E5THY, BM (quasicircle) LIEIXNE Y 2 VX VAR TH 5.

ZUT, pp LRALRMEZEOFAMEBRD — D, BIFAET 5. T OREEHI
& 2 RO G A

hy: DJT = Xo — X, = Dy, /T,

EHET 5.
214. RTAATA A By, 75 XA € 3 25 —ZEMADGHH
(24) BXO S P (XtPa h¢(00)) € 7;]

DEIOIZEEINS., THEIFAMHERTHEZ VSN TWVWS.

2.1.5. G (2.4) 12X D T, ICHERMBHRSEDSE X 5. T OBEENIE IFEH O Bel-
trami FREAP ST D EFEMIGE L — T 5. G (24) OFEHRIZIDEREIND
BUE A5 4

(2.5) Tg 3 (Xp, hy(00)) = ¢ € Bx, C Q(D*,T)

ERACIa T8l T, D (X, 25T %)Bers i2HAH LIS,

2.2. BREHHAIE.

221, BEEOESICE A IaT %M T, 3ERI—2 Y v NEMNOA FaEE &
ULTEREING., BRIZGEZADA (4.1) TELEINSI XA I 2T —flfdr 3T, LD
INPRTEEE Y —20F % (Royden). X512, X1k I 27—l dr I$5EMTHSDT,

K Bx, (¥ TH S (6, Theorem 5.2])). DXV, XAk IaF—2%EMIFA
RAVEIRTH B,

2.3. BHEBEOMER (1.2) ZEHEMEITH D, FHAOMRES (—ROBEDER
RES) IR 0Bx, &8T5 ([9, Corollary 1.7]) . ¥ 2 A 2] M, 1355
REE R (BE) TH Y, S

Tg2 (X,0) =X eM,
IERMENTH 5.

15
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3. EAH AT 1 U

2T, XAk —EMEmOMNMERMANEOR TS REEER 25T
% Thurston BRIz DOWTEET 5.

3.1. EZA. W12Z2HVWTER A I 25 —22f] MRS % A S22 0123
BLTHhS.

3.1.1. h—F A%, Lo RS EE R ADRTHES Q= QU {c} & —
T HIEA B o7 2 LITEET B, 2 TRISE

(3.1) Q3p/q+ c(p/q) = —pA+qB € Hi(1)

Y¥B. 727U oo =1/0 LER, {A B} BREWIGEE A B = +1 &7 d
Hi (1) 2 mi(5) OEALERRTH 5.

3.1.2. {1,7} CL, ZRIET 5 H (X,) 2 m(X,) DEAERSZE {A,, B} &L,
ZUTE 25 X, ~NOHEZEDFAMES% A, BE2ZTNETN A, B, IBTHD%
FEXB., THITE & X, Lo K, Wt (3.1) 2ETIEIzED Q
W —ITRIBT 5. XD, BEEEZAD I LICLY, IRTOEK 1 OF#ME
) —< VEIC EOBMEMIRE, QERVWT—FICSNLIFONS. p/qglcxlitT
% X, Eo®MER (it Hi(X,) 2 m(X,) O5t) BEEOZD c(p/q) &
kg 5.

3.1.3. HEFH C LOWAER dz 12L&
DER 1 IR % w, EEFEL. MG (1.4)

XT,{lr}H/ w7< /wr// w7>eH

LD E5ERZoN5.

3.1.4. & X, LOjtE CEHEIE) ds, % ds; = |dz|?/Im(7) T LD EHETS. ZD
FAETO X, OWBEIF1THS. LT X, EDc(p/q) DEZIE

gp/q( T) = m

FUEND)—VVE X, =C/ZoZr b

ks,

3.1.5. lFU®IT, Ho7 = 00=1/0€ Q C OH LB FHHUIZH T MM &Y —<
HOBRIIZOWTEZ S, ZZTOHHRIT BEEE YO ERXSZiIzkD) —
WOEHE p/q DEEEFRRKRICBIHIES NG, ZOIBILIZDOWT, KELHITTRD 2
DDGENEZLNS.

()Zl/O —1/«/Im %0(3@6
(2) £,)q(7) = 1/3/Tm(7) > L tazﬁﬁuo > 0 DEAET 55

(1) ZoHER, L OFEARFEEE LT{0,1,1+ 7,7} ZTHMA LT 2 F 7ML 2
25k, YVVR—=C/ZZ “Fii—F %ﬁ@“é Ehbhb, Tz kb, il
FAHIER c(1/0) ICBT 2 v F V7AW (¢(1/0) 2> THETER) 2LTWwWbHI L
Nbhird. 617, ZOHEIINY

T3 (X {1,7}) = X, e M4

DB X, FEY 27 A2l M, DFTHBELTWEZ LiZbrd

16
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5

(2) ZoHE, Im(r) <1/L2 THZHDT, LEE@J: 572, ¢(1/0) TV F
VOB 5 TWE. T — 00 THBED iRe(T)%oo’C“@:H?’Hfﬁ%ﬁ
W, T, e Z n(r) =7—1 €Z & 0<Re(n) <1ZilisbDLTsL,
In(t)| > 00 THB. 2% b, kI

{Lr} ={lL,70+n(7)}

XA (=¢(1/)0) BT EZYAAMIEOVEHZR->TWE. DFD, ZOHEIIE
WRFEBUTCNDLERDLILENTES., T2, FEDp/qec QITHLT,

—p+
Cpyg(T) = [=ptarl Lo| — p + Re(mo) + qn(r)| = oo
Im()
ﬁEjTé DF D EOMHERIZIN S THE Y F U IEBENRI S0,
T, ()leta5L1>obﬁf?5 BTk, S

T3 (X {1,7}) = X, e M4

@%X‘i%):?fWWWh®¢Ti%ﬂbﬁw
—%, T2 0eR-QCHODEHAIZ, Re(r) =0 BLVIm(r) - 0 THBDT,
TRTDp/geQIZNLT,

|—ptar| _ \/ (=P + qRe(7))?
Tm(7) Im(7)

lprq(T) = + ¢?Im(7) — o0

L5,

3.2. LElOEHZ, RENLEAENFIEETDH S c(p/q) P X, LORE 1,,,(1) %
FAWTEDISICHETERLTHAID. R, T2 0 ER-ZTHBH I L ENEN
IR PR L R L, (1) EHVTIRET B LN TELTHA I H. THITIFIRD
BERHDL. ZLUTINDBY—A b rav 7 MEDEZHITET 5.

3.2.1. ERE, XKFORIZELR,

(32)  Ti=H37—[Q3p/g— Lyy(r)] € PRS, = (RS, — {0})/Rso

25x5. =L, RY IC3ESICROMHE ANTS &, S02EH PRY, 21374

itz ANS. BH20 PR BT ARV 7S TH S, Z0L 54 (3.2) 1

EThD. ZOBROEAT 2E25. COHAZREFOMIZT, OY— kv Y
T MEZ IR,

i 3.1. 54 (3.2) DBIFHENG I NI FTHB.
Proof. SEE%,

L4 |7+ 1+
AR) = o)+ a(7) + ) = DT
L35 ZorE, G
o~ 5 Cpq(T) Q
(3.3) TL=H>7+— |Q3p/g— A eR3, - {0}
354 (3.2) DV 7 hTH D, (LD p/ge QXL T,
OS fp/q( ) _ |_p+qT‘ < |p|+|CI|| | |p|+‘Q|

A(T) 14|+ 147 147+ 147 =



0e4000000000000

6 i S
TH»HDT, (3.3) DHEIXEAX M D ER
IT [0.1pl + 4l < RS,
p/q€Q
CEHEEND. DED (3.3) OROMAE IV NS M THE. KR RERICKY
RE) B —ARARA 2T Z e bn5. LidioT, (3.3) DEOMEIREHII

FRIAV S N THB. 7z, (3.3) DEOBMIZIE0 € RY aHEhm0. HIE,
EZMP DS

s 60/1(7') 61/0(7') 61/1(7—)
a { A A A@) }21/3

ThHhBMO6THD. ULEXD (3.3) OBOMAIZT, 0V 7 b Thb. BIZTIdav
NI NTHB. 0

ZZT{mpn WHNTHEBT L LIRETSH. ZTDEE, T (33) ITL2GITA
Wavo N THsHOT, MR

Cpq(Tn) _
A ey w0

PEETHELUTHEW. ZUTrn, »0cR=RU{co} cH & LTHMbRV. 5,
0=r/s € QDEHEHEITIZ,

_ l=p+ale/s)l  _ Ips—rq|
FolD = T s e /)]~ o W I 3]

TH5DT, Tl c(p/q) LM c(r/s) DEAIFRIR R
i(c(p/q),c(r/s)) = [ps —rq|
DEBETHS. 0=o00=1/0 € Q DEBLIZIL,
_ ldl
flo/a) ==

THHOT, Ll ABICEE f D p/q 2B B f(p/q) & clp/q) & ik c(1/0)
D Ze ] F I 2 FE

i(c(p/q),c(1/0)) = |q|
DEBHETHD. XY 7, EEBIZIUGRT 2568121F, T 285 7, DE&EIT
LA EABHDERT Z2BEMONTEBIZNET 5. FERIZ, 7, DO TR
I HIGEIZE, TOMRI
| =p+qf
fv/a) = 1+160]+ |1+ 6]
THEDTIINEET SHEN

Q>op/g—|—p+qb)
DEEEIZINTK T 5.

YL EDERIDSIRD Z bbb,

EIE 3.1. T, X HEFHETH 5.

18
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7

3.3. MLEDZ LIZEMBDOXA L I 2T =% T IZb KT 5. EE, S & X, HifH
Hifoz R EL 5. 2T, LOEHo, 2EETSH. 20 E, 0 =[X,0]eT,
WZHLUT, (L) IZBWTERSNZFAMEGEE h, 28U T, X EOSMEAMIROE
BESICEYINIFIFTEIENTES. i DD, X EDaeSITHRT S
BRI Z o &2 <.

IDLE, aeSDX LOMIMMES (,(x) ZHWTER

(3.4) Ty 22 [Q3am lo(z)] € PR, = (RS, — {0})/Rx0
AEZD. RDBENLTB.

EH 3.2 (Thurston). ¢ >2 &3 5. ZD& SRMEILT 5.

(1) 545 (3.4) DBEDOHE T, 1% 69 — 6 WOLOHBKE R TH 5. £ L THROH
BHOT, =T, — T, 1& S0977 LEMTH 5.

(2) FFIFI 22 e D CHAEIIRR 2 S LOBBEFA—#HdoZeicdD,
S % PRS, HRHEALARTLE, 0T, 13 S OHE PMF & —HT 5.

A PMF 2 H{ERAEN S EBBEDZER LITR. EE, PMF O&TIEY,
LR A E G & METRE DR EIZ XD RS I eATES. DX, X
Tt a7 -2 OERECIIBEMPAMROEAD (HDREKD) 5t PMF 2
s, Inhfic W) EEAENNRTHS.

4. BEEARMY
ZITO, BEARMZFLE, V-~ VAOHEALEEZHVWTRINE X L
a7 —BEERYY) - VHOMIEE T .
4.1. BEARMECB W THERMBANES 2 EHT 5.
4.1.1. FED aeStz=[X,0] e T,THULT, BEfIE) —<viliz LD ol
I o BENRS &
Exty(«) = inf{Mod(A) | core(A4) ~ a}

CREETDH. 2L, AT X LOMERGEE, core(4) 13 A DKM THS. 5T
AN {1 < |z| < R} LEMFEET H 5K

Mod(A) = %logR
95, INEADEYVITRALITR,
4.1.2. 3%

RS, — {0} = PRS,

L&D PMFORE, —{0} ~D Y 7 M0 2N MATHONDESE MF &H
<. A MF CRE, ZHENEEBBEDER LITR. THE NS FIESDLD (S
LOBEE LTO) EOEEN ta DRTHEA R ®S &1 5 UK

i(ta, sB) = tsi(a, B)
lE MF x MF EITERRIZHRR S N 5.
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8 i S
4.1.3. EE»S, FEDF e MF iF{a,}n CS & t, >0ZHNT
DESIZRREIND I LIEET L. O, MR
Ext,(F) = lim t2Ext,(a)
n—oo

B {tntn & {on}e DEVHILEST F ORPSEES (cf. [5]). Exty(F) % F 0
BIENRE LIER, EE,
Ty x MF 5 (2, F) s Ext,(F)

BERTH D, HEERTHOWUETHD ([13)).

4.2. FED z,y € T, IZHL T,

(4.1) dr(z,y) = %log sup Ez:zg;

E$D. dpl3& A I a7 —ZH EO%MAERME S, ZolE T, Los A
EIa2S5—FREEX TR, EE, X1 b I a5 —HIdREASGOMEMEIZ LD E
FIND WAIE 4] 2AK). KX (4.1) 12 X BHED 1 Kerckhoff [5] 2k 2HD
ThH5. TDHA (4.1) % Kerckhoff DRI & IFX.

EROEIIZEA L I 25 IR BEAEAROBEREIZ LV ERINL 20,
A4 Ia 7R EOXA b I 27— REHIBE PRI EERE AT B W THE
KW TH5., LT, Kerckhof ORNRIZELD XA I 2T —2BEODEXRALIaT—
BRI BT 2 R F 2 BENR S O#%ME (Extremal length geometry) & %I
s,

5. —R{bizmirT

ENE X OBAFEHNT, XA I 25— 22N L Z Il & EZ MR
M 2 R — 2Rk WA BEX 22 2E 2 5. 2 TOHME, MEORFTHS
ZEREEWLIEE 0,

51. ZIT, 2o T, 2% 3524 eIasy -T2/ 0E7E%

(2 )20 = 5 (w0, ) + dr (0, y) — dr ()

95, O, 70T 7RIZIROER TR &V — < VHE O AR
B EZLZLNTES.

1B 5.1 ([10]). 1EEALTRTO [F],[G] € PMF (|| RS E RS 5) <kt
UTIRDILAL T B 58 {2}, {yntn C Ty DX an — [F), y — [G] &7,

_ i(F,G)

= Exty, (F)/2Exty, (G)1/2

eXp(_2<1’n, yn>xo)
ANDAYAE R

CDESITHENES O®RMF L X1 b I 2T — 22 [l OALHH A 2RI 1358 51
BB TR IO 5 Z & DTAETH 5.

20
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5.2. ERMHTHHIE L XX A b I 27— LM OERMITIHE DR TH o7z, —
U ERZ AR (2 XA U ZHRR) OBRRHTHIREE X2 O LOIERIBEEZFH N5 Z
CIZXVHEFINDG. B I a T —ZERIE RN EE S AGERIFEETH B, 2
T, WHBHLT 5.
@& 5.1 ([11]). F,GH» X, 2 R T 21, B

1
Ext,(F) + Ext;(G)

1 T, EOBAEZ ELTF LB (exhaustion funtion) TH 5.

L7WRoT, R4 IaT—ZBEORTARAT A AT &5 EE LA FLHE Y HEI%
(hyperconvex) TH5. ZIT, XAk IaT—2EMH»ENTHS I LIE Krushkal
(7| BRI R U722 & THY, ZITOMmEZDHEIATH L Z & 2ER L THL.

5.3. Demailly [2] DFFRIZE D, RTAZXTA AZEBRTY VEFEED, TOH
ATERI N IEHIBERZ BHYEZ W TP RRT DI LA TES.

5.4. Minsky 512 & 2#&E FROHEMMIR (1) 12&D, XTART 1 ZADES
(RT7ABFR) & PMFIE QFLAETRTOAICBEWTH—HIN5.

5.5. Minsky 5 (2 & 5#&J@ FRERDEENMER E Demailly IZX 5 KT YV Uz HWS
ZXIZRD, PMFDIELAERES A TEHRS N AHIBSEHWT, [HERHE
M) 2F2 5 ZeVNE4SINE. ZOBRIZEIZLT, H—HEwmzHKkTsZe
BEZT.

5.6. BIEIX, A7V UEEEHMAE) —< Vil EORTENAEREZHWT,
THILEMELTWS.

Demailly [2] (Z &K 3UE, BTV VBIZLEFR ) — VBEBOMS & L EBREHN
TRl TN 5. Krushkal [8] Tldyo € T, MU DL EHRHMI Y — VB g7, (yo, )
X RA e a7 —HHiEEHWT

9, (Yo, z) = log tanh dr(yo, )
LRI NB I L BRBRINT VWS,

A4 a7 OB IEEDARD Earle B IZLDGA6NTWDS. £z,
24 a7l L RN OWTIE, BE T, ED, H5EEKTHo KN
BEIZBVWTHEINTWS ([12). ZhoDARERIZLTRT Y VEEFHEL
FZWEFEZTWS,

Tg2x— —

b={11%

[

a5
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hooIY - TISHy M- R4 VRBUICBITET— -
Y4 RAMNDRAREFDIGE

i Rl CRECKRT: - F4k DC)

1. EA

AT A VREBUSA T 4 VEBRATEETE 5 53 O DigAE AL & % il
i & BAX P DFEZE I D R DA A B I — AL L 72 RETH 5, BIZIX, o7
RV -TITy e —RILLEREE A Ty - TSy AT A R B
A TW5, Turaev K [16] IZ & D AT A VRED TV RV - U —RED
[ET1fb] THEERBINZ, AT A UREUIRIAL IR & BE (T ) THrSE
INTED, IR~y - ) —REEBEMNT S N7z i5tid 5 £ Tk
Mol Bbhd, FiZ. MEKR-AEK [5][6] £ Massuyeau K-Turaev X [§]
CE VTN ERERE TV Yy - ) —REDGEE AT A REKT
HEAT MBI EZEDWAPIBDO T TH S, AMTIE, EEW T AT
1 R GBRERE DML 2 ST 5,

2. =)K<V - U —RE L BG4
ZOHiTIE, BHEOATA VREDMEDE L o7zd— N Ry - —
REC L BEEREOMEZEN TS, ¥ Z2EERNETRNT N N THEfETH
S osnziime 35, BROBEE«%2—D2r 5, #(%) 2HAR 11(2, %)
DIZF LTS, Goldman [ [1] 12X D Qa(X) DY —FEIIE

[, ]:Q7(2) x Q(2) — Q#(X)

NEHZHI Nz, ZOV—FEFEICLVERINDY —REET— VK< -

D —REEFATVS, T 5ITRR-AEK [5][6] 12X D Q7(X) D Qmi (X, *)
~D Y —{EH

o( )():Qr(E) x Qmi(Z, *) — Qmi (X, %)

WERI N, FRREE Qm (S, %) — QF (D) % || THE, RIGHEQm (2, +) —
Qrem(E,*) = 1%2eTEL, Qm(Z,*) D74 b b= a3y {F"Qm (2, *) fa>o0
% FrQm (S, ) © (kere)" 12k DEHT 5, ZO7 1) b L— 3 > Tk
bf:ﬁﬁliéni_)oo(@m(z,*)/FiQﬂl(E,*) ZQm (X, %) &EFEL, £/, I—K

22 ) —REQA(E) DT 4V b L= 3y {FrQ#(S) o & FPQ () <

|F"Qm (X, #)| L&D EHET D, ZDT7 1) b —Ya v TR bINEY —
I im0 Q7 (2)/ FIQA(T) % Q7 (S) L #<,

Y DB % & TR FH G422 T % DIff (2, 0%8) & L, Bift
% % sUCHR D isotopy THEG M L A —HE N5 Diff(3,0%) Dt Hakf
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C1

oo LA XA @ g

C2

FiG 1. A bounding pair

% Difly(,05) £ 9 5, M(3 ) " Diff(2, 85) /Diffg(X, 0%) % ¥ DEH4ERE

IR, B c i o2 ARET—Y - V4 AME L. TET,

EH 2.1 (5] [6] [8]). ¢ % ¥ OHMBIIE T 5. Laa(c) D L(log())? &
T5, ELyem (S *) & |y =c LB EADTTET S, ZODK
ef. > 1 i ~
to(-) = exp(0(Lea(0)))(-) € 7(0(Laai(©))'() € Aut(Qmi (%, %)
i=0
%f%éo

ZONREHMIGEMIT =N R - ) =R GURIERE DI R DA T2,
g1 BT g T, R THETRWERZ RO L 35, M(Z,1) D Hi(Xg1)
NOEHZEZEADZ LIZED, M(2,1) — Sp(29,Z) DEHERMZSFD, Z
DEFHERBOE LY BET(S,1) EFFEATWS, Johnson K [4] 12k D,
MU UBE (S, 1) 135 B O BES & 722 % — D O MBI (1, ) (Fig.1)
22N\ T tcltC;l THERINDE Z EAHSNT WS, F3Qr(5,1) 1E Baker-
Campbell-Hausdorff #%# bch IZ & D FEL AT I D TE 5, Efﬂ 2.1%H
WTIRDBEHHERBINF S NS Z DR 6N TWS,

B 2.2 ([5] [6]). REEREL (aor : T(Sg,1) — F@r( 1) % 4 O BESR
& 725 =D OB (c1, c2) 1IZ2WT Caol(teyte, ™ ) Legoi(c1) = Laoi(c2)
LEHET D, TORE (go D well-defined £72 0, X HITHIZR 5,

Z OHER B symplectic Magnus &% FI\W T, 2 T®D Johnson #E[FH D
&% ® D totally Johnson #¥E[FITINEHR I N B,

ZOF=v Y1 ADAR Lao(c) & BHEERR (oo ICHIET 57— -
Vo A DANE BPNHERTINZ 4 VREUZEFIET 5,

3. AVTIRY - TIT v b AT A U REE BAGKRY

3.1. AV IRV - T3y b R4 VRE (B DEH. 5° DHD nonori-
ented framed link & 13\ < D20 ST DEH e [ L [0, 1] OFEZEE D ELDIA
ADGE S D isotopy TH UK THB, hvI~y - TI7rv b
X Fig 2 DBIRATERI NS Q4,47 DI FOZIHEHAARLRTH S, ¥
2327 NTHERMEMIToNMRE TR, ATy - TI Ty b
%Y x I @D tangle IZIRIRT 5,

Definition 3.1. £(X) 2X &7z T HDIAA E : ([ Tanie 51 U anie 1)) X
I =Y xI DEELT S,

24
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the skein relation

-

the trivial knot relation

F1G 2. The skein relation and the trivial knot relation

¢ E((Ianitet0,1}) x I) C p1 o E((I Lgnite{0,1}) x {0}) x I C 9% x I.

® E‘(Hﬁmce{o 1})xI - (Hﬁmte{o 1}) xI — b1 oE((Hﬁmte{O 1}) X {0}) x I
W E E RO,

° p]' © El(Hﬁnlte{O 1})><{0} iﬁ%ﬂ“/@% éo
REU p BE—EANOHE LT 5,

Definition 3.2. Ep, By € () 20T, k&7 9 F & ([ Tau S U
(IWgnite 1)) x I) x I = X x I DMFAET DI, nonoriented isotopic TH S &
W,

o EEDte [IZDWT, E(-,t) € E(D).

o ERDt € T1ZOWT, p1 o E(([Laue{0,1}) x {0} x {0}) = p1o

E((Igiee 10, 1}) {0} > {t}).
I)((((Hﬁmte DU gmite D) *1)x{0}) = Eo((Ugnite S M e 1))
b g((((uﬁnite Sl)u<]_[ﬁnite I)>XI)X{1}) = El(((Hﬁnite Sl)l—l(Hﬁnite I))X

E(X) D nonoriented isotpic class % nonoriented framed tangle LW, E €
E(X) #RFK LT B tangle D base point set & p1 o E(([ 1010, 1}) X I) &
ERN

J % oYX OEREAESE LTS, T(X,J) % base point set & J &9 5
nonoriented framed tangle D4 &35, Fig 2 DB TE -7 Q[A, AT (X, J)
DOEMEEEZ S, J) 2L, ATV - TITv b ATA VLTS, X

5128(3) D S(R,0) U, A7 A VREEIFATNS, Fig3izkb S(3)

DR S(X) D S(S,J) ~NDAMERI LR ERT 5, ) V2 e S(X) A
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def. r

Y

by
for (z,y) € S(X) x S(X), S(X) x S(X,J) or S(2,J) x S(X)

0

Fic 3. Definition of the product, and the right action and the left action

S(X) DHAILERSE, THIT, S(B) DV —FHlfEZ v,y € S(T) IZBWVWT,

RA—

[z,y] = W(WJ —yz)

EEHL,. 2€8(X), 28X, ) IcBVWTY —{EH o

o(x)(z) el _AH{AI(:UZ — 2x)

CERT B,

32. AV IRV - TSy b ATAVRBDT 4V L= a3y, I—-LF
<) —REDOMFTITB T, Bk ETH LS TV TI~vy - TF
TV AT YRETHEMPLETH L, ZOMTIEAY I - T
FTv b ATAVRBDT ANV ML=V a v EERT B,

BINEG e: S(B) » Q % e(A) = -1 & e(L) = (=2)mD) iz X v EHET
50%$ﬁ®ﬁx€WﬂmKODT<>@fL+2—&M%ﬂA—A)é:
EERT D, 72720, Ly \F || DRF LD T(X,0) DIL T, F7z self linking
numberw (L, ) 1% L, @ positive crossing DfEEL & negative crossing DEZED
ETHD, IHIT () ZHRIITHLE LU 7258 Qm(X) — kere/(kere)? ® [AIBk
() TKRT, THITQMEEH

N:APH — (kere)/(kere)?, [a] A [B] A [y] — ((a = 1)(B = 1)(y — 1))

FEHT S, 272U H S H(S,Q) &L, SBEMVIZO0TAY % nik
DIET VIV T 5, QRREIGE N XS TH 5 [13, Corollary 4.6], AT
AVRES(E) D74V L=y ay {FPS(X)}aso &

[oW
=

€

FOS(E) = S8(%),
1S(2) = F2S(S )def kere,
’S(8) €k
F'S(%) . (ker ) F"2S(X) (for 4 < n).

WCKDEFT D, 727U, w TG B kere — kere/im\ &35,

26
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8 3.3 ([13] Proposition 5.7, Proposition 5.11). {EFZD n,m IZD2\WT, X
7= 9
F"S(Y)F'S(X) C F"™S(%),
[F™S(X), F"S(X)] € FPTm=28(%).
EE 3.4. RO Q MAEIFB G VFHET B
Ao : S*(H)®Q — F2S(X)/F3S(%),
A3(= ) APH — F38(X)/FAS(D),
Ay S2(S*(H)) @ S*(H) ® Q — FAS(X)/F°S(D).
7272 URRIB 2R V I2 DWW T S™(V) & nIRDOXHT >V v e T35, 5122
5 O [FTGAR I BARIRE D HARBAEFIZ DWW TH T H 5,
A A R A A VIO e &
8() & im0 S(S)/F'S(S),
8(2,J) E limi oo S(S, J) [F'S()S(, ),
b
£ 3.5 ([12] Theorem 5.5). HALHERE S(X) —» S(T) & 8(%,J) —
S(%,J) FHHTH D,
33. AV IRY - TIH v b ATAVRBICE T 27—V - V1 A NDA
HX. c & X ORFEHIRE $5, ZOl
Ls(c) & M(arecosh(;c))z —(—A+ A Ylog(—A) € (%)

LEHET D, L. TOcDERIEBE U AZOWT U x {3} 2MREL T D
framed nonoriented knot 2MXF & 75 S(X) DtH ¢ £ FL, Ls(c) i2&D
NIV - TI3T7y b ATAVRETDOT =2 - V4 A ORADFR
ns,

EH 3.6 ([12] Theorem 4.1). HHEAHHAR c 2DV T

o

1) = explo(Ls())() & Y S0 (Ls(@)'() € Au(S(E, 1))

2135,

) — % & U T D Baker-Campbell-Hausdorff #%# bch 12 & D F3S‘(Eg71)
EREARTIETES, T—NLV Ry - ) —REDIGE L FARIZIRDRD
AVASK
EH 3.7 ([14] Theorem 3.13. Corollary 3.14.). #F¥EREEL (s : IT(X,1) —
F38(2,1) & Moy dhif DBE5 & 72 5 — D O EFEAMHR (c1, c2) 122WT sty te, 1) =
Ls(c1) — Ls(co) £EF/T D, TDWE, (s DY well-defined £720, X HIZH G
2725,
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ZOEHIZ Putman (2 &% Z(3,,1) DR [11] 2 HHWTEEHE 5,
HUATEHEE R (s 2 FWCTE —Y a vy VR (3] : Z(2,1) — APH @
BRSO NG,

& 3.8 ([14] Theorem 3.16.). IR DFEUER Y

I(S0) S FA8(5,) = FP8(S,0) [FA8(S01) S A H
BEE Y a Y VAL BT,

K(Sy1) L kerr Va0V UHEILR, (s ¥ vy VI [9] OFE DT
Efz, 1 K(D1) = S2(N2(H)) 2= Ya vy VHERRIL U S2(A2(H)) —
S2(S2(H)), (aAb)-(cAd)— (a-¢)-(b-d)—(a-d)-(b-c) IT&DEHRZIND
Q¥ Eh%E p LT 5,

fPRE 3.9. IROFEHEE A
-1

K(S0) 3 FA8(Sg0) — FA8(8,1)/FPS(Sg0) ™ 82(S*(H))@S>(H)BQ — S*(S*(H))
WEpom &—HT 5, IROREHEREY

-1

K(Sg1) 3 FA8(801) = FA8(84.1)/FP8(S41) 5 S2(S2(H))@S(H)&Q - Q
ZEF vy UkEe —HT 5,

34. ATV - T3y b - A7 A VRBEERVCERBAEDY -\
DAEEDER. PLIBPOAT TV - TIT v~ AT A VREANDH
DAH (s &V TERIS TR Y —RHOAEREMET S I LR TEZ
LERET B,

S® @ Heegaard 72 Hf U, Hy 2EES %, ZITHS & Hy gD
NYRNVKRT 1 U, v:0HS — 0H, #WAFAMNEHRE T %, Xy, 2 0HS

DI & AT, € € M(Sg1) 1DOWT, M(E) S HYf Uog Hy £ 3,

M EZROBDAAER e : Syq x [ — S 2REWZTEI2L5
€|x,.1x{0} * 2971 X {0} — Zg,l(c aH;— C H; C 53), (t,O) — t.

HOAAR G e« Byq x [ — S* X QA + 1]-INELHERE ¢ : S(X,1) —
QA+ 1],L € T(2,0) — K(e(L)) 28 <, 7= L, K&AVIRY - T35
Ty hedb, ARETIEKLD)=1THdI2ERLTEL,

R 3.10 ([15]). FH8Z : T(Sy,1) = QUATLLE = 320 smaay el (Gs(€))
iF. 2 H(3) = QA+ 1], M(€) — Z(&) %<, 77U H(3) 2 BEHAE
OY—RREOEE LTS, HDOSVHETBE 2 H(3) — Q[A+1]] WEAR
BAED Y —HEORLREE 55,

BAREURE D Y — BRI M IZDWT, (2(M))a1—g DIRMBURREL [10] & —3d
HEEbLNG, EE Poincaré FEQ Y —EREIZDODWT, 14RO E T—
HITEZZEeRbhroTWnW5,
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the skein relation

the trivial knot relation

— 2 sinh(ph)
the framing relation

= exp(ph)

F1c 4. The relations of £

4. HOMFLY-PT A7 1 ¥ & BAGHERE

ATV T I AT AV REUTIT 5 72 %5 A HOMFLY-PT A
TAVRETHRRITITASD Z L 2N T 5,

S3 DD oriented framed link 2 1EW< Do St oEME I < (0,1
DFEZE DD IAA % S3 D isotopy TR —FL7ZNRKTH B, L % Figd T
BRSNS QUl[[h)] C liminocQlp hl/ (W) ZfHE T 5 RERET 5, L%
oriented framed link & U T (exp(—w(L)ph)L(L)/L(triv.knot))| x—exp(ph) €
hEmLH1QIX, h] Z HOMFLY-PT %IHA X IF.8,  Z4UF framing (2 & 5
EF D, HOMFLY-PT ZIHZ oriented (nonframed) link D% IHAANZE & T
b5,

Definition 4.1. Eo, By € £(X) 22WT, Wz T E : ([ LS U
(Ignite 1)) x I) X I — X x I DMFIET B, oriented isotopic TH D L\ D,
o EHDteTIZOWVT, E(,1) € E(N).
o @E%‘z\@ t € T1ZOWT, p1 o E((JIpiel0,1}) x {0} x {0}) = p1 o
E((IUnite 0, 13) x {0} x {t}).
e F(-,0) = Ep.

e E(-,1) = Ej.
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E(X) D oriented isotpic class % nonoriented framed tangle L35, E € £(X)
2K LT 5 tangle D start point set % p1 o E(([ [g,4.{0}) X I) & U, finish
pomt sel % p1© E((Hﬁnite{l}) X I) KTE)O

JoEJt a4 =4, I NJt =0 k%30 OARESEAELT
5, TH(X,J ,J') % start poin set % J~. finish point set & J+ &9 2
tangle DG LT 5, Fig 4 DERATE - 72 Qlp|[[h]]T (2, J~JT) DRGHN
% A(S,J-,J%) & L, HOMFLY-PT A7 1 VHIBELIFO, X &1z A(x) &
A(2,0,0) Z HOMFLY-PT A7 1 VREE LS, 7T 7Y T Iy bR
TA U ARELE [FRRIZ, A(E) DOV —FEE , | BLS AD) DA, J-.JT)
~DY) —Ef o & E btoébkAQD,szﬁfW®74»bv—ya
VAFTAE) bnso & {FMAE, T, I ) s BEHE U, B AEH. ZEER.
D —fEIEE, V—ERIEZOT7 4V L =Y a il k0 EE BAMHICBI LT
HifiTh b, KT,

[FPA(Z), FTA(Z)] € FrHm=2A(E)
THB, ZO7 1NV —va v TRl LA 1 P REUIm; 00 A(X) / FPA(),
GEMAL U 72 A7 A Y IEE Lim, oo A, T, T 1) /FLAS, T, JT) 22 Eh
AZ). A, T, JT) 2 &L,

cézwm%ﬁﬁkaim%%ﬁtﬁéoumeAQn%Fg5a;©
TH#EIT D, ¥F/-n>0T

n j—1 J
ma(c) 5 S T

j=1 i1tig e tij=n,ig>1 k=1

YEHT B, 27U, mole) L 2T B, T5iT,

n

(= 1),(0) 3 I (1) () € FPAG)

LEET Do B {antnz2 & 5(10g X)? =, span(X —1)" € Q[[X —1]] i<
EDEHTD, ZI°T

def. h/2 _ L3 n
Late) = (arcsmh (h/2) Zan In( 37 W) € A®)

tiﬁﬁéo:@ﬁwv77/-777vb-174Vﬁﬁtﬁuximm
NI RVAOR
EIE 4.2, BMEAHER clzDoWT

to(-) = exp(o( )83 Lo (Lale) () € Aut(AS, T, J7))
=0

~.

%?%60
EIE 4.3. ﬁﬁgﬁlﬁé CA : I( gl) — F3A(Eg 1) %jlg Hﬂ@d)iﬁﬁtt&é -

D HEMEARER (c1, c2) 12D WT Calteyte, V) = Laler) — La(cs) EEET 5,
Z DI, (4 DY well-defined £720, I HITHFIIR B,
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Fic 5. 1,(c)

TR 4.4. GH Za: I(Sg1) — Ql[[R]], € = 20 shre((Cal€))?) 1 24 :
H(3) — Qlpl[[h]], M(€) — Z(€) ZEL, 772U H(3) ZBMRHAE D D —5k
HOHEAGLT 5, MOEVHETBE 24 H(3) — Qlpl[[h] PEHEEAER
Y—BREDORLERE %5, 512, v:Qp)[[h]] = Q[[A+1]] % v(exp(ph)) =
At v(h) = —A+ A NIk W ED R vozy =2 Th D,

RER 24 s, DERTHZFAVTER S NS SEARLR [2] OWEH %
FoTwa e pING, BIMIZIE, MeH(3) T

(ZA(M))I exp(ph)=q % ,h:q% —q_%

Msl, DEFHEZAVWTERI NS LHAAZR 2] IT-HTLLFHLT
W5,

5. WFEDRE

51. LMOREEE 2 & 24. M € H(3) IZD2WT, 2(M) mod (A +1)"*!
& 2zA(M) mod A" IINIE n DFMIMALETH D, ZD7zH, LMO L%
BTS2 BEP 24 FEHINDETTHEH., EDXSIZLMO AL
POEHIND DRSS Z VRS BROFETDH 5,

52. A9 IIY - TSHY - 274 VREExF vy Y VARETER., HHKIZE
D, (9] REDF vy Y URERYE ML) BOBGESHEI N, AT T
VT bk ATAVREEHWT, FHEKOF YV UAZEE ML
BEOBBMEOHSEICRIEEHE G232 N TE -, Hizad—L Ry - U —f&
BCIFEHRIIEADZ R TERDP S =F vy Y UBIEID I~y - Ty
ke 274 VRETIFBEBRIZERZT LI ENTE S, MDY 7 —FTh
VUBE (DR CEBBREGRED Y —BRAOME 2 L FOARR AL ED
BRI S DM 5 E I LT\ 5,

5.3. Turaev RKBDEFIE. Turaev K [16] BT —IIV K> - ) —REz ) —
RRBOME R ED-, T—I K<y - ) —RBEEHREHOMETIE. 20
D =R THMNTH B, /2. Turaev K [16] 1% A(D)/(p) IZE RN
B (RREDOEER) —RARE) 2E8HELZ, TOATA URED (V—)
RIBOWEELEZED AT A VRBOMERIZL D, X SIZEHLBEBDOIF®RN

31
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Bond L TWS, Kz, Yarvy VEERRBOLEMEDOEEL R T
B EHfFLTWA,

HE. PR Y=Y VRV T AIIBHELEI o, FHEEOERKIZLED
BHENZ U E T,
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Braid #f - BEARFERE D positivity & hART ¥ —
g Tt (RIRRFH R R

1. Introdudction:Positivity
FZZBNEMNTIE- 0 - A ODXIITEKFIND L WVWIRNIFBF DL < DR CHEIZK
2ol Zo MEL (0 -TEY ) 2 WO MBEIXMERARSHEZR D Z L0322, FEXTVAEHEN
*DKTEJT%étVoT% HONDRMIZE D ZTOHABEPCESR - BRIFKRE<ES, H#i
i\%ﬁ®ﬁP:mmweW¢OMTTP#ET%5JKVOm¢d

e n>0M2m>0— “ETHIE”
en>0. F2E. n=022m>0— “FHIF BE (FHEXNEFTIE)
e HAEBNEILELTnZ+m2 > N - “FHIZIE”

Vo2& Sz, HRATH D P OEBICHHI N TWAERIIEBGFET 5, —MITiE PR
Ejtb5:tKObT\@%®%5ﬁ%d—ﬁﬁﬁﬁd@<\%Ztm%ﬁﬂmbfbém
AIEBNEAZOND,

i 1 D GAERFERE X Braid B2 DWW TIE, 2 < DR D “positivity” ODEENERI DTV

%, =Wt (BEfil) ZRMKD A —T > 7w 7 53#%. closed braid D% /LT, TN 5D
positivity & AR T ¥ — - Befif L BZIZEE L TWA Z VIS NT WS, T Z TldHliE O EH
FEEE - Braid BEIZBIN 5 “positivity” DBERZFILL, MARo Y — - 38 & BEIZ DWW TIRART
W<, Positivity OBE& E bR B Y — - RO % BRI BIEN T 2 BICiEH LT A T 1
TXRmMPBEE LD EE N, T TIEHEL

o “Positivity” ZEHKT AIIF LD LIS ITTNIX LR ?
o  FERRIZEEI Nz “Positivity” D LS RO Y — - B L B#HT 5D H ?

DR EA YT A —<INRBILTIERBIZE L O, positivity Z %l & BT 1 2 B4R 722 3 im
ZOWTRH F Wz 22353, oS L. 2 2T EIF 55T positivity & h AT
V-l DBHED I —ITH D, FHEOEILE KM U TEEMIEALEDTH S, FiZ,
Z T3kt & DR % thMZIB X, Lefshetz fibration &\ 7z 4 Rt & D BEHHZ DU T I firt
N, o, ZOLOREICR->TH, ZOMTRRZHEWIIB AN SNTNWEZEDIL T
{—EThO, ZEPZELOBEEIMOENT VWS ZE2ERLTHE L, BkERzn7z Ak
Etnyre,Van Horn-Morris D% — XA [9] 2 E 2 HWEHSI L TIEL W,

2. BEDITD Positivity
HGZDHEDIZOWT IME- 0 - &) OMEZEHKRT 5I1TH7--> Tk, BED Cayley graph %

E A BT % EREZERH (D quasi-ismometry $H) & X6 X, HEEEEMOHERDOE 2 2% A
TEHLVWSFENHONTVD Y, Lo — Iz, BEAEYRZEH (CAT (n)-ZEM75E) IZRW

* T 560-0043 KBTS AR AILET L - 1
e-mail: tetito@math.sci.osaka-u.ac.jp
web: http://www.math.sci.osaka-u.ac.jp/ tetito/index_j.html

LR ZIEHHEOTE - 0 - AR Y,

PHIZE. B U O0R (R —UTIEBD LK) ORENTRTIETH o722 T2 L. KRB =BT
R 730, REBIARIEERD? S BMAKRZ L0055 T LItk b,

3L THRBMERDOFT, EHIZLDZEODL L DIFIEETK (Iowa K¥) & DIFABIZIZHEINT VDB,
T2 FE T % open book foliation[18] IZ DWW TIFfili A\, F7z, I OFLFIFER DM AR LG 208 < KBk
LTW3,

A Z1F Gromov WAhEEZ &,
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(BB - SFRMNZ2E) ElZR2E ST, BEHZNA U TERT 2 EMOME 2 FHICB AT
5ZLMTESL, ZOEIBFBZFHIFRMFEGRE UTBRBATHEINTWS,

ZIZTI, HGOMELLTTIE- 0 -] 2EKTH5DTIEHRL, GOEITLOMEL LT
GDIENTNIZ TIE- 0 - &) Vo ZEE2ERTHILE2FEA LD, 7272, GO
FIETHAETHOTERVWARFELTE L WET B,

2.1. REEICL D ES

GEIZEZDE, GOEZITITTE -0 - &) Vo 2R%2EEHETHITIEGDILgITx L THE
WD WFEBIEZ L DAL EO(g) 2F A, ALEBDEO(g) TgD INE- 0 - &) Z2EH
TRV, BBV, TREREO(g) B HFITKE VT &\ o 2B T positivity 2 EHT 5 Z
EETELS, EHLAAZDEHRIINLEODEE 2 KU ZHE&IZ257,

2.2. BERICL 2 ESR

TREAZFIALUTCIE - 0 - A2 Vo MEZBIIBATR WO TA T4 7T2HVWT, #G
DITIT positivity ZEHKRT DI L 2FE X LD, ME- 0 - &) PEHRIZERS N AMAEZE- O
LHANLREDVEERRTHEZ 16, FHGDODRADIEHZFIHLUIRD X S 12 positivity
EEDDZEIXEHRES S,

Definition 1. ff G2 RIZAE ZRDEHHEHO : G — Homeo™ (R) K> &9 5%, [0(9)](0) >
0 %729 & & g h positive TH D LED B,

ZDEHIZ, BN UTHM0cREZ LD ZDBEDLLELT positivity 2 U 7z, JF A 01X
BONZIZRER At () THDH, B R GE, MrRARFER R VRV IERIZE T
BIERER (0=RR 2 212 20) IFHARICITEEZ SRV, TO/ZHIDEHRTIZO (F) O
HU D/ OEEMENB NS,

DL BB ERL DT, MDESITHERD, T, gMERS, g IFBaLE->T
Wb EHIfFT 5D ERZA D, £ T DL, BAILLIFETHATERWY (HDWIFIEND
HD) LTHEIRETHD, £592¢, B LIZO ITHIETDEEZERADLDNHEHARTDH 5,
INEREZT, BAIC(=0) DIEHEDHERIZ L DIRD LS IZEHEET B,

Definition 2. # G 2 RIZA & Z R DOEKAEH O : G — Homeot (R) KDL 95, ZDL&
Z. [09))(z) > [0(D)](x) =2 P TRTDK 2 THY LD L E gD positive L ED B,

ZDEIIZEHE L 7z positive DEERIZEHAAZEZTWAHEHEH O OME Z 58 < KL TW
%, TD7=H, ORI ZHKEZREDEHTHNIX, hARB Y — - B L o5 DK
NRHdEVWSZENHIHTE 2SS,

ITC, EOEHETIE, RANODEHEZZ A7, L0 —fic, RTO [E - 0 - &) ORI
MO0z —DEETLIEENETNL <0, 2 =0, >0&WVWIAES, DEVEHFTRHEING,
WoT, ROX S BMAHZEMTHRLSTEH, —BDOPIEFESE~DEAEZNA LT IME- 0 - &) O
Mez2THLILNTED,

Definition 3. ## G 2% (*F) HFES (0, <) ZIEFpHEEZ R DEH O : G — Aut(0, <) £
DLYTLH, ZDLE

PNBNZAE YR Z & TRV, Zhh s, BOTOPF TAARWEEEZRDEDEEHL LIS LTWEDE
"o, MBEZ7ZVRWEE 2220l PEETLHI LG ULAHATH S,

CZD &SI, PHFPFRIZREVT LWV HEDE R, FISDIEZ DIRIERLS & &0, g D—fkDIt (“random”
WRAET) 2FZ BB TH B, (17 Tk, [random” R EBHEEEDO LD FDTC IEHHIZKEWVWT &
5 Z L EMAWVWT, “random” 7% 3 IKILE RS OTH DSHEME &\ o 72 BRI IR S 1 5 B 1B &2 EERICEED
ZrEmRUE,

"2H5A, MERALLREOZEDLSITHET 207 L\VW5 ZeE2H, BffihT —~td G — Hi(G;Z) TF
5, HRZEREFOI LS L2H D |

5L 54, MBEEMEHO 2L 5P o THLT 25, LW RIZhn>TL 5D71EM,
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o HB55H0€OIZDNVWT, [0(g9)](0) = oMK D E Z ghY (0T) positive LED B,
e [O(g)(z) = xPMITRNTDRz THD LD & & ghpositive L ED B,

2.3. ERICLDER

HOEMZMEKT 228, HE2WVIEZOEMZ BFRMIZEE NT I LIIARS TRV, BED
YERDSRA R BEEZN B ONZEDTH S & ZiTld, FEBRIZH Z 5N 725t g B3 positive 72 &
INERETIDIIAEZG TRV LEL W, 7z, HRMEHIEIEMICL > TE, fEHR
FEAERW/RNREDULPRVE W72 eI 510, flxE, ARBORADHE %
RO &S LIEHIZEIHLE D LA,

2 2T, RE - llAEDEWNT positivity DS EZEZ DI L2 FEZ LD, HEGDERITLD
FAES={si}(BETE L) Z2—DHEET D, SEERRRDT, §RTDge GIESDILL
ZOMTS ! = {s5; '} = LOWTHIT 3,

Definition 4. g € GRS DH L ZEFEDLTIZ, SOITLETOHMTRNI S L &, g% (S-word)
positive L EFZT B,

e ZIXBBZ = {t THEERSI A MEKEFE} (2DWT, @HEO TEOERE] L \vwo il
1& {t}-word positive TH % L HiffT 5 Z LN TE 5,

ZHUFAERICS OHLD HIiz k> TRHERZ RSBV HIZIE, S=St ko TWwIUETR
TOIuA positive L8> TL XD ), LA U, & UAEETES DM 5 5 W IFAREIZE
Rafib, DS L STLORENNSITHIL, (S-word) positive 72t I AERITE S DPEE X A i
Rk Z R KL TWE EFE XA 6N 5,

3. EIE @ Braid 2 P BREEFIC D LW T D positivity

Section 2 Tk N7z F15 THlTH O Braid FEX° GEFHEIZ D\ ThkZ 72 positivity DBE&R 2 E A L T
W<, INHDERIFENEHRZEDTH D, Section 4 THX 3 X 512 Open book - closed
braid 2@ L T (#fil) 3IRILLRRIK, (transverse)link DVEE & ZEIZFHHE L TW 5,

3.1. i@ D Braid B v E{R 588+

Fa—o08R 2RO N mEfragea > s MhEE 35, P = {p1,p2,...,pn} 2ERED
FONRDOES L UEGHER MCG(F,P) %

MCG(F,P)={¢: F — F|¢(P) = P, ¢|or = id}/isotopy

WEDEED, FHZP =) ORIZHEIZ MCG(F) £ #<,
F7z, #ifm F LD n-#AOBEE B, (F) %

Bn(F) ={y:{p1,---.pn} x [0,1] = F [v(pi, t) # v(ps; 1) (i # j)}/homotopy

EEDD, Bn(F) DIty EE8Y : {p1,...,pn} x [0,1] = F x [0,1], ¥(ps, t) = (v(pi, t),t) D
BERDZLT, Fx[0,1|NIZHORAENTZHEVIZHEAE I n KDVH L AL LNTE S,
F OBAGHRE L LA O B EEIXIRD Birman exact sequence [3] TEIfZRD I 615,

1 - Bo(F) % MCG(F,P) & MCG(F) — 1

ZZTp: By(F) = MCG(F, P) \% point pushing map & FFiEI, B, (F) D% nfHlD s P
DOpfiE R7-ZDHjE %2 F 2ARDOFRMEEMRE UTHET 2 L WHEBIETHE SN, f I forgetful
map EIFEIEN, POF#RE NS Z L THLONS,
Iz X, 3IRTTERRIR M O taut BEFREE A 5 71 (M) O universal circle S* (% leaf O EEER 244 L72H
J) ~NOEHRDESND ZEDHISNTWD 5], LAL ZOfEHZBRIICEE T3 2 2idIEFICE# LW,

07 0 & 5 ABHE I rigidity EIFIENEAICHE I N T WS,
VRO 72012 OF WG & %2 MR 5, —BROGA&LMEYNIHE - BETNEIZIEAEKOHERKTE S,
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3.2. HALDEXRDZ curve ICDWTDJERFE & positivity

Section 2.2 D X 512 MCG(F, P) D472 )EfF & ~DIEH %2 FIH U T positivity Z €% 9
5, GHIEROEHRD S, il FAOEAZAMALCRPEFTEENDEAEZMRL I LE2EZ
LZONHERTHS, £ZA0, il FIX2GIETH O, HFD LS BHEEIXRZATI RV, K
ENCE-> T, ROPIVRT &S RKIHFESIZ Rl RTHD, TIT, RODLHITT
WIEDH D% —IRTTIZIET Z & TROBEHEZRHKT 5,

(A) ZIRGEDESFUT—RTTH S Z L IZEH U THEANDHEHZRHT S Z L 2E X 5,
(B) % 1¥XIGx 1IRILE AT, foliation D K D —IRITGDEH DL L THEL T, T DHH
KRt~ DIER 2 MM S %,

3.2.1. ZEHE DERRIERNDIERAD 518 51 % positivity

£9 (A) o7 7u—Fno#PL &5, GEEMNAKRIIMEOEROF ICHPIZEHRAL TY
5DT, OF ~DEfZRTHEENLV, LA2L, WHHEEZRH L T, MREERZ#Z X
B TRD &S BIFAMBIERRR 6N,

Definition 5. Fp := F\ PIZWhi§iEz —2525%, Z0& &, VI b2EXHILT
MCG(F; P) 3@ 478 Fp OIS 5 % (T 1R 7 128850 0Fp =~ ST Iz R MR /EMA 255,
BHIEREOIEIZOF ZEE L TWiz7z0, ZOFHIEEERERD (OF O RoTn5
FERORIEERTH D), BEEREZ —DHWORE, &0 OMILEEER %2 R & F—#d5 I & T,
BBRIEHORADIEMHO : MCG(F,P) — Homeo™ (R) M350 5, T % Nielsen- Thurston
PEF & I3,

Nielsen-Thurston fEF 2> 5 IR D X 5 IZ positivity DREE A EZ T Z 5,

Definition 6 (Nielsen-Thurston fEHIZ & % positivity (= right-veering)[11]). g € MCG(S, P)
NETDr e RIZFLT[O(9)](x) > [0(1)](z) = 2 2723 & E. gl right-veering (Nielsen-
Thurston fEFIZDWTIE) TH b L EHT b,

% 7z, Nielsen-Thurston fEFN 5IRD & 5 ICEBBEHOA LB EMKT LI N TE S, K
FHZin S Dehn twist Typ (& MCG(F, P) DHLDIGTH Y, O(Typ)(z) =z +1&85 K51
Nielsen-Thurston fEf Z IEBETE %, D Z &M 5. Nielsen-Thurston fEHDHIE St D[ FH
DY 7 MDRTEDEE Homeot (SH)IZAB Z e W¥bnd, ZOLSRMHEAOEMADY 7 e L
T 515 RO Homeo fIZDWTIR®D translation number & XN AEENER I NS,

ER (zeR) (G :r(f)lkzOWMY HIZEoFI—HITEE3)

Definition 7 (Fractional Dehn twist coefficient). ¢ € MCG(F'; P) ® Fractional Dehn twist
coefficient (FDTC) % c(¢) = 7(0(¢)) € Q IZ L D ED B 13,

AERFDTC Z AWz, IRD & 5 72 positivity % Z 5,

Definition 8 (FDTC O positivity). ¢ € MCG(F; P) D FDTCHh ¢(¢p) > N Zii7=3 & &, ¢
% FDTC N -positive LS, (IR Section Tl FIZ FDTC 1-positive & FIZH D, )

FEFH X D FDTC 0-positive TdH i right-veering TH % 4, Right-veering, FDTC &\ 57z
RFL) T I TLEIZDDEDUED (B4HERE D Nielsen-Thurston 738 % W 572 ) /i

2ok, WEWE Fp C H2 AT, BEEEROH? O M3 MATar 7 Mulzbo e nws 2k,

BZDREHFEE c(¢) € RPEBITIFHIIC 25 Z 2 13T <iTidbh 5720 A%, Nielsen-Thurston 24 % F 72
JLDEF [11] & DFRMEYE 19, 25] 2* 5. FDTC REEBTH 2 Z & (L VRL. ZOHEPERTHEZ L) A
bird,

M52P% right-veering & FDTC 0-positive & TEIF] FERBESTH 0, irreducible R E4IFRHZ DV TIEZ O
ZOEETH B [11],
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ECEHRINZ, ZZTREIFZBDIF19]12 L 2ERETH 5, Nielsen-Thurston {EH DFER
X F OXNAIFEEDELD 572 WL D DEEMRH 205, T Z TEH L 7= positiveity ¥ FDTC
Vo 2EDIFENSDE D HIZX ST I well-defined TH 5,

3.3. Curve E~DIERAH 518 5N % positivity
RUZ (B) D#& 212D < positivity IZDWTH Y 5, B BICER«Z2EE T 5. « D&
* M HIET B EE (foliation) & U THETE, 2D & 5 REMBARDOL T ZE-IFEH 2R E
HletDd, ZONMHZRADEMEEZLZLETIHTFEZEHREL LD, 2V OVREANLE 2
Tdh b,

7272 U, B8 E L isotopy TH| > T\ % D T well-defined REA %15 5 72 D12 1EF X 5 BEAR
5 H isotopy THIZBENH D, IRD XS ITEFHRT D, Ray(x,0) ZFmi«2Hme L, OF ki
5% K52 1P F @ oriented simple arc £4KD isotopy & 3 %,

Definition 9 (Right-veering ordering <ight). [v], (V'] € Ray(*,0) Z K arc v & ~' & &{THY
RBDBRNE 725 £ D ICHEL, TOLEWHM« DEHETY By DEMIZH D L E, v <ight
LREFERTD (M 3.5 (1))

<right 12 & V. Ray(x,0) X 2IEFEE &0 BEEREX Ray(x, 0) IZIHF </ight 2D X S
AEHT 5, ZOEAZRFAL TEBREREDITIZ DWW T positivity ZIRD K S IZED D Z &
MTE D,
Definition 10 (<ight (2 & % positivity (= right-veering) ). ¢ € MCG(S,P) BETD [4] €
Ray(*,0) IZ2WT [] Zyight ¢([V]) 7225 & &, ¢ %& right-veering(<yight {22 \WTIE) L ERT
2 16o

L (1) v <right 7' ZER o DIEET A Iy DAEMZEI <. (2) v right V' 7 <right 7 <right 7'
THO, YNy =+"Ny={x} &5 XS arcy” BEN 5,

R HHE O JIHARIE EWIC BRI M Z2EEHTHZ e 2BV Z 5, arc DR FKc e U Tl
WMa#E Z, TEEENDORSE LIF%2E X5 I & T, <ight & Nilesen-Thurston /F T D K/
2% arc DMBEIZFIR L2 TH B Z &3O D, RHIIRHE D LD,

Proposition 1. &% 6 £ €5 10D =D D right-veering &\ > BRI FETH 5,

NEFE < right (ZHIAR 72 B D ELBEIZ B W THUZHE T L5 T OALEBRTERE LU 72D, THF <right
12 & ST 72 Y &2 N A T2 IR DIEFE < jight 25 A B
Definition 11 (Strong right-veering ordering <ignt)- [7], [Y'] € Ray(x,0) {22\ T

Y =0 <right V1 <right *** <right Y7o =75 Vi N Yit1 N (Interior of S) =0

BZoeHTl. BINIZOFIZHBED L U, 2RO TRIEMOF U PIZdH % & 5 72 oriented simple arc
EEABIELEL\V, ZDOLDIZULIGE, BRI ND positivity IZHIDAEWDBEN D D, BAANDIGH EiE
FRRIZIRZ B Z 2 H 21 TRENT WS,

B 2L 50EEN (1] TOTDEHBTH 5,
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YRBEIBA, L LT B Y F oy g v LT B (M 3.3(2)),

P=0D& & <ight & <yight A UCIEFTH DM, P £ DD E E I <pight & <right 125,
FHZ P # 0 D & T3 Kgight EEMF TRV, [<ighe 122V T negative TR 2WH 2 &
TIRD & S (T right-veering & © & 55WE& L U T positivity 2 €% 5,

Definition 12 (Quasi right-veering ordering <ight). ¢ € MCG(S, P) & TD [y] € Ray(x,0)
IZDWT P[] Kright [7] LR ORI, ¢ & quasi right-veering & .5,

3.4. FFRREKRHL 513 5N 3 positivity

REEIZAERCZFMA U 72 positivity D& ZEET 5, K<HoNTWS K SIZ, BEHER
BB HHAR 1270 > 72 Dehn twist 725 THERK I 115, Dehn twist & AR 72 BEFEHEED
TTHDBI NS, RO &S 7% positivity D& Z#E 25 Z L IZHRES S,

Definition 13. ¢ € MCG(S) »* positive Dehn twist DFE T 5 & Z Dehn-positive & 7E 7%
ERR

Braid £ B, l&nfd® P = {p1,...,p,} 2 EMBEOEEER MCOG(D?, P) L A—HXh, &
72 AR TT 0 1E py & pigr B RS SERST 12 DWW T D half Dehn twist (24 S U7z, TD X 512,
Braid BEIZ B W TIL, 275 iz K S embedded arc 12 - 7z half Dehn twist 235K FEREIZ
B1F 5 simple closed curve IZ¥3 > 7z Dehn twist (23X s b, £72. o; ZfAVOH L L TAS
&, o i /BHE i+ 1B/HOVE 22 DA N, IEOQ LIV RO & UTHEE
ENTWe, ZO&IBREDHEEZRFOEMITE A XS I L TRD X S 7 Braid D TiZ D
W T D positivity %152 [30].

Definition 14.

o EB,Wo;, DHEZDFEL LTHRIND L E (BIXERDE DD P D% embedded
arclZif = 7z positive half twist DFEE U THRTE 5 & &) B % quasipositive & FES,

° 5 € B, 7b§0i’j = (O‘i'"O‘jfg)ijl(Ji"'O'jfﬂ_l (1 <1 <j < n)@?ﬁt LT (ii&)i}ki
NZEDORUNNY FOBEFOFEE LT) HfEINd & & B % strongly quasipositive &
ITZRSN

HH T D Braid # B, (F) (22T % quasipositive, strongly quasipositive D& Z 46 DE
ZOHEE UTERINT VD 22, 14],

4. Positivity & topology/geometry

4.1. MCG(S) @ positivity & () 3 RITLZHRAEDEE

FESAT E W S & MCG(S) DIt ¢ DL (S, ¢) % (abstract) open book & FECF, ¢ % open book
DE/ FHI—EIES,

Open book (S, $) IZD2\WT, ¢ D mapping torus S x [0,1]/(z,1) ~ (¢(x),0) DEEF IS x St
% {point} x ST D #EZIR S K& 51T solid torus ZiR D AbE 2 Z L THIE DD W2 31k5T
SRR Mg o) BROND, & “R=I78 1= 8§ x {t} C Mgy DEZEMTS, h o550 %Y
55 % 1S 5 T & T Mg 4) DEMIEIE £(g4) 2VE X % (Thurston-Winkelkemper £ [31]),
(M, &) = (M(s,4),{(5,0)) LB EE(S,0) % (M, E) DA =T > Ty 7 5MELIFE,

F =TTy I RRIZ K 0 Bl =IRITE RRIAR 2RI Open book 221K % stabilziation &\ 5
BAECH S 2R ELH—HIND Z L PHISNT VWS (Giroux /it [13]), Zaz kb, T(#E
fil) ZUOCERIRDOME & GHIEHOME L O EFARD) L WHMEREEND, Tk
N5 &S, F X positivity B¥ (i) ZIRICEHRAEDONEEZ KL TWADTH 5,

MCG(S) D positivity & (Efil) 3IRTCERIKDEEIZDOWT (2D T —H) 2RO T
FeHb,



0e400000000O000O 39

MCG(F)| PP [(Contact) 3-manifold

Dehn positive =———> Stein fillable

(i-B)

v o Y

Right-veering =<5 Tight

B) "y
___.-"Zii-C),(ii-D)
FDTC>1
periodic <> Seifert fibered
reducible <<—>» loroidal

pseudo-Anosov ¢ 3 Hyperbolic

(Nielsen-Thurston) type Geometric structure

2: MCG(S) @ positivity & b AB Y —: @K DKL implication &K U, i TD R
Y 72K E D K T D implication & #& 3,

(i) HEFMZARIR (M, €) 75 Stein ZRRIK X DR L7056 & &, (M, €) % Stein fillable & FEX,

(i-A) ¢ % Dehn-positive 72 5 1& (Mg 4), & (s,6) »* Stein fillable TdH % [7, 13].

(i-B) (M, &) A" Stein fillable TH 272 61X, (M, &) DA =TT v 753 (S, ¢) T oM
Dehn-positive 72 & DAFIET 5 [7, 13, 24], X 512, S Aiplanar!’2 TR TD A —
TVTw IR (S, ¢) DE/ RH I — ¢k Dehn-positive TH 5 [33],

(i) (M,€) A% overtwisted disk EIFIEN D H LML EZ RV E & tight LIPS, L& &
overtwisted & FE.5, Overtwisted 7R BfiliEE O S FIF LG O 2 FHICRE I N (6], 5 A
O N7 ARG DS tight AR 2HIRIT 5 Z L WEBEIZR S,
(ii-A) (M, &) hitight THIUXE T D open book 7i# (S, ¢) DE ./ FH I — ¢ ldright-veering
TH5[11].
(ii-B) @iz, (M, €) 4T Bopen book 73 (S, ¢) 122\ T ¢ A right-veering Td 1iE
M i3 tight TH 5 [11].
(ii-C) SA'planar’® T ¢ D FDTC> 1D & E (Mg 4), &(s,6) 13 tight T 5 [20],
(ii-D) 08 Y HifE, ¢ B pseudo-Anosov 222 FDTC> 1 D & &, ®ED (Mg 4),E5,) 1&
tight TH 5 [12].

(i) ¢DFDTC>1THB L WIREXD T T, Mg 4 DHAUREIE L ¢ D Nielsen-Thurston 7
S — R — TG [19]

178 %% non-planar ® & ¥ IZ 1% Stein fillable R ML IRIKD A+ — T > T 7 5## (S, $) T ¢ ¥ Dehn-positive T7
WHIDEI S T W B,

18 k5 D —D D open book DE ./ K1 I —Hiright-veering TH B0 5 &\ o T, (M, €) Hitight TH % & 1F—ic
X5 R0,

19132 12 BT, planar DREHR R TERHD DL WD ZENTF IV AINTWEA, FEHHIEE ST
WA,

DEANERBD D L EXFDTC > 4L 55D URNMUER BI85,
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4.2. B,(F), MCG(S, P) D positivity & (transverse) link O EE
Braid 8 € B,(S) % S x [0, |NO n ADVH LHT, ZD S x [0,1] = Mg, TOEREEZ D

LT, (Mg, &(s,4)) D transverse link (EEAMEIEIZIEICBEIZSZ D D & 5 i AH) 3
% closed braid (8 D (S, ¢) TD closure) & .3,

4T O transverse link X387 braid 8 % F\WT 8 DI AT 3 [26, 27), Birman exact
sequence % FAWT B, (F) Dt B &k ¢ € MCG(S) Dtk & H1Z MCG(F,P) Dt & ATZD
B EZZ D Z L T2 open book & #fll =IRITEZ KA & D Giroux Xt & FIRRIZ, k=Xt
LK (M(5,4), §(5,6)) AP transverse link L 2 MCG(S, P) D475t f € MCG(S, P) &x¥
JIBEETERRTHILNTES,

B, (F), MCG(S, P) @ positivity & (transverse) link DE#IZDWT NIZE & 5,

MCG(F,P),B,(F) | 2=“*% [(Transverse) link

Strongly (A) Bennequin inequality
quasipositive g

B A .
________________ is sharp

* (i-B) *

Quasi positive » Slice Bennequin
¢ (i-B):conjecture? inequality is sharp
ii-A
(L Heegaard Floer

Right-veerin
9 9 Y invariant is non-zero

F DTC > 1 o

Nilesen-Thurston ¢ 3, Geometric structure
Type of link complement  :

Quasi (v-A) N
right-veering - >

3: MCG(S, P) & %\ B, (F) ® positivity & bARB Y —

(i),(ii) TIXME D 72 6 5 K 72 braid #E & AHERY 22 B2l S3 N D transverse knot 12D\ Tk
R332, (iii),(iv) TlE—f%D open book A D closed braid %% % %,

(i) EEHER 2R BRI E D A - 72 3 A D transverse knot K 12D W T AR
sI(K) <2g9(K)—1 (Bennequin %52 [2, 8])

MDD, TIT, g(K)IF K OFETH Y. sl(K) & self-linking number & IFIX1
% transverse knot D RAZEETH 5, K »:closed n-braid 8 THEZ 5N TV & Fi2ik
self-linking number (% 3 @ exponent sum e(3) & Braid3 D OH DA n % W T

~

sl(B) = —n+e(p) (Bennequin A2 [2])
THEZx6N 5,

FANE 19 B/, T2 TIARIZIEH EVEAD LRV

223 M IMRERBINT BT 5 Z 8T, —#&D open book WD closed braid IZ DWW T HEHMATE, —HDOREHE
—oEE IR T WS,
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(i-A) Bennequin A5 R & F Beenquin A3 & D 3 A¥strongly quasipositive T & #1iE Ben-
nequin AMERIFFEA L 25,

(-B) (i-A) DB ELWES S EFHENTNS, [15, 10] T fibered knot (22T
DENEIWREINT WD, [22] TIEFDTC > 1 EWSRED N T, HDOML%ERL
722,

(ii) FEHERA) 7 BEAREE D A - 72 S2 N D transverse knot K (ZDW T, & D iR < IRDAREXD
MohTna,

sl(K) <2g4(K) —1 (Slice Bennequin A~ 2[30])

ZZT. gu(K)IZ K Dslice ETH 2,

(ii-A) Quasipositive braid {Z 2\ Tl&~yo;y~! % ribbon singularity % £#24 U172 band &
L T immersed Seifert i # 3 % Z £ T (ribbon singularity i B* (ZH#i LA L
LIRIHTE 5D T) Slice Bennequin A RFHFN & 725, 72, quasipositive braid
® closure & 72 % link 1% C? A ® complex curve & unit ball @ intersection & L TH
NBlnk THS I EAHSNT WS [4, 29]

(ii-B) (ii-rA) DHHELWZA S EFHINTWE (L),

(iii) (M, &) AD Transverse knot {Z2WT —M @ Heegaard Floer homology IZfH % & % AZ2
HOK)DPEHEINTWS L, 23],

(iii-A) O(K) #0726 IE K &9 3 X TOD braid l& right-veering TH % [1],
(iii-B) (FEUEM 22 B & 3D 93 DBIE) W K = B £ 725 braidB ® FDTC> 172 513
0(K) £ 0TH5[28]

(iv) FDTC> 1240 & & 8 ® Nielsen-Thruston 248 & 3 D2 [0 D R A3 — 3 — 126 g
2 [16, 19].

(v) Transverse knot K DffiZ¢fi] % overtwisted disk Z &4 & & K % loose L IEUY, % 5 TR
W& & non-loose & .5,

(v-A) K 7 non-loose THIUEX, K KT TN TD braid I quasi right-veering T % [21],

(v-B) #iZ, K 23K 3 3 X TD braid & quasi right-veering 72 51X, K (F non-loose T %
[21], (- T. quasi right-veering &5 & 5 &£ open book T® right-veering DR
TR B ),

(v-C) SAiplanar TH D, »DFDTC> 1 TdH i closed braid 3 1F non-loose TH 3 [21].
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BUOBHOHHEETZ LY VY —SEN

al e # GRERTRY)

1. B

7L XYy —%EK (1)) ZEEICD R > TR H IS B T 2 AN EE
OCHAZEE LT 2880 S S 0T E /. 1990 4F Lin([12]) & ¥4 7 = v b i
EREOHBOERZH WAL NT LI vy —SHEAZEALL, 7L IV
Y — LA HAROEHZ L VBB ICMZ2bDIck>Tw5, 20, A ([19]) I
L O THDOHEREBRDAD G ERT B HENR I NI, ¥ ([8]) & Kirk-Livingston([7])
WKEB7A4T9A A== avE LTOEREANT, U7 L ¥V vy —%IHEHAUT
BIERR 4 7o Bl & OFEISETTTh L TV AR TH 3.

WD I BT 2 WMDY —1 D5EH ) — < VElRZ AT 5 3 Kotk
SRR LIS, K5OV H ORZ2RIDSWEh S RRA DOREE 2 B D & & Z OF5 O H 2 W5 O
HEMESR, FEOHIZIEAHTR W =7 ZFECHTOH YT 74 MECHTH 2\ & S0
BOHTH 2 Z EDThurston ICX > THISGNTE D, BEMIIZIZEAEDEOHIZR
i CHTH 5. WL HRAEDFTFA T 2 WEiEEIZ—>TH % £ \» 9 Mostow D MIl{AME:E
H2s & WS O A2 0 W RS I3 O H OAE IR B 2 L 3hbh 3,

O HMZEHE OB O T I DWW TIIRL 3% I N TE TV 58, Z 2 TIRRRIC
BiNT7LIXV ¥y —%HEANC X ZWHERENCHEH TS Z 12T 5,

2. 7L ¥V ¥ —%IERA

7LV I —LHEADEREDML ST IZ L D9 H 528, T 2 TIREONHZMOIEAR
(RO HEE) £33 6 Fox ODHHMD EWHEN 2 b D 2T/ TiEZHANML L), K
%z 3XRILERIN S NDFEUH &5, #OHRG(K) =m(E(K)) =m(S* — IntN(K)) D
Wirtinger 2% 1 D[EET 5 -
P={(xy,...;xn | 71, .., Tn_1)-
S OFERIAES FIHEEF, 205 G(K) ~\ORMERMEERE ¢ : F, — G(K) TET. 0
G ¢ ZFRIBIHER L TR o5 Z LORROB O ERUER B G5 %2
¢ LF, — Z|G(K)]
3%, —7, G(K) DAL HERITIG
a:GK) = H(E(K);,Z) =7 = (1)
& (P23 Wirtinger R TH DB Z ED5) a(ry) = =a(z,) =t THALNS, aZif
PACHEER T 2 2 i &k D, BEERDRM D HERTUG A
a:Z[G(K)] = Z[t, t 7]
2010 Mathematics Subject Classification. Primary 57M27, Secondary 57M25.
Key words and phrases. twisted alexander polynomial, hyperbolic knot, volume.

This work was supported by JSPS KAKENHI Grant Numbers JP15K04868.
1



0000000000000 44

2 A GERRIRY)

DEONG, GREBRaod O TERT LTS, Thbb,

d:ZF, — Z[t, 1.

Fox @ H 5y
i :4F, — 7ZF,
637]‘
BN CTREMN TS ¢
(1) Z L8
(2) fERED 4, jITHL T, iiﬁz = 0ij;
aﬂfj
0 0 0
=y ’ e S , —(gd") = — —q.
(3) D g, ¢ € FicxL T axj(gg) 52,0 " 9559

& T, Wirtinger #78 P OBIURT71,..., 7 I Fox DEHHBOI ML, & 5 ICBER
RGO #ART 5 LIk, (n—1) xnfrdl

A= (@(g;;)) € M(n—1,n;Z[t, t71])

oD, I AZKOHREGK) DFERPIZHT 27V XY v —1751E L4
DEATINADE j I B TR o N2 IEG1101% A; TRT. COLERHKUOHK
DTV XY vy —LHA%
Ag(t) =det A; € Z[t,t 7]

WX TEET S, EDIZID BRVTHHR LN B LN £t°(s € Z) 52 BRTHED
RRIZELOTHGK)D (WUOHK D) ALERICRSD ZEPAILNTVS,

Bl 2.1. XK DOFEHIZ 8 DFHEUH (figure 8 knot) & KIFNAECHEE G(K) IZLA T D
RELDIEPHSEN TS (Z3UF Wirtinger R TH 3) .

41

G(K) = (z,y | vy "o yzy ayay ™)
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MOHDHE L 7L X4 v 5 —%HA 3
ZOBRT r = oy to tyzy tayrly ! I Fox OB 2T £ (BdAD (1)~(3) %2
fli>T):

9, 8x+x2( Ly lya vyt

0 ’1 0
=1+ :U( gx + yil%(xflyxyflxyxflyfl))

dz~! )
R = (G e g e ey )

0
=1 {L‘y_ll’_l 4 xy_lx_la—(yxy_lxyx_ly_l) .=
z
=1- J:yflx*l + xyilely + xyilelyxyfl — xyilelyxyflxyafl
Rk LT,

1

0
—r = —:nyl + xyilx’ — xy’lelymyfl + xyilely:vyflx — xy’lely:vyflxyaflyfl

Ay
L3> T, alz)=aly) =t 256

or
@(57)::1-—#‘%_1+tf4f4t+tf4fdﬁf4——ﬁ_%_%ﬁ_%ﬁ_l
a

1 1
—1—4l+41—t=—-+43—1
-1+ - +3-t,

0 1
@CI>:—1+KJ—1+t—1:——3+t
dy t

285, ZOBIOTLXF U —ITAE (-1 +3 -t 1 —3+t) D1Ix 27D 8D
FREOHDO 7 L X4 ¥ —%IHA Ak (t) 1F
1 1
AK(t):det<—¥+3—t>:—¥+3—t
Eb (Rt (s e Z)ExRIRVTIRE 2) |

ZbZ2b o Ly FHOPFTHLZDERILTH>7DICER  ITL>THL t 129D
5. EPREIFFHIC R 223, fOHRH Aihf‘ﬂ%i)”ﬁ?@@&%ﬁﬁ)/ﬁ%’(bi5 Eb
N, CZZURTI2DBRETHNTI2RLNT LIV VI —LIHATH 5.
3. 7L ¥4 vy —%H

sl 3 BIE D 2 ik L TREM 9 2. #iOHMEG(K) DR p: G(K) — SL(m,C) 2 —
DL 5. ZOBHIZARICHER LOER

p:ZG(K) — M(m;C)
L, TSICHIETHEALLERG 2HbET
pRa:ZG(K) — M(m;C[t,t™1])
WEED, CNEHEG EDOARE
®=(p®a)og¢: ZF, — M(m;Clt,t™"])

%

5
&
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LB ZLT, (n— 1) xn i A, & 2D (i, §) RS m x m {51

37’i . 1
@Q%)eﬂﬂm—nmxnmCht])
THDLEIBITINET D, ZOTHRRB p IHfET 200N T L XY v ¥ —f1hlE v,

EAATINC T 272010 A, 56 1 DDOAEEIG 2 ISHIET 5 1F) ZHIR LTRSS
(n—1mx (n—1)miiilz A, LET., TOLEHEEHOQLNT LI IV ¥ =%

HE

det A k
A = TR
p(t) det (), — 1)

TEFRT S, 72 Ldet®(wp, —1)#£0 £T 5.
I [19] ICTRZR L 72,

EIE 3.1 ([19)). £t5(s € ) E5ZBRNT, Ak (1) 1FG(K) & p DRI T 2 A LR E %S,
Bl 3.2. K Z8DFAEOHET S EH121 &0

(3.1) G(K) = {(x,y | zy o lyzy toya~ty™)
EWVWIHIERREZL o, ZOREHIOWT
1 1 1 0
(52) w0 =(5 1) o= (anz )
2

ET5EIOEBRIIRINCKR S 2 EDMEPOSNSE, p(x) =X, ply) =Y, % 2KHENL
THlET 5L

o( )

1
]—;XY“RX*4=XY4X‘H/+XW“HY4YXY“1—tXY“X‘HCYY*XYX‘I

Eb. U (21) DINLF e # RLF X N FEy 2 KLY ICERL Tt ORERE
ZZENZNNBT 2 X120 bDTHL I LICHERL LI, TOfFIEHREZFEITL T
det ®(55)  1/(t— 122 —4t+1) .

= = =2 — 4t +1
det ®(y — 1) (t—1)2 *

AK,p(t)
2135,

INTEMaZfRHT 5 2 LI BEMRIELZMI BRI R, SEIIEONDEHE
B IEHAPEE p IO IRET 20 OHOALR L IZVLATHOHD B FEfEtic->
WTIREAOZREL T o, T Lol Tci3f O HBEORMZ 5 27203, —RICEE %
WO 2DIERETHS. Z2on2)0HAEE (1) IXRTORIUIODOTEDY ZO X
) B W B & (2) B RBUCHIBL T T2 60WTHA 9D, HiZ
WOWTREOHD 7 7 A N2 HET L EIZO0TIEI)I FL okt XHIKEZ 3,
TROLEOHIEDO EAZ SL(n,C) RBUWH L TH 7 7 A N—fEUHOR LN T L X
V=S ERDEERRENL 11272 % &0 ) @M A2 ER72 (6. ZOEMDZ D% ERH
WZDOWTIEBIZIE 3,15 22 LTI, FhlnrL 3y vy —ZHAUBET S
RN ERICOWTIZ [10) 2, BIEDWFRICOWTIE[4, 9] ZZHL TS W,

SROFHIZOWTIE (2) IOV THOIRHICH S, REERETHNT S0/
S—RBCHBRL TR NT LIV v — AL mOMEE RO 22 LIk 3,
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4. WHIFE O HIZ DWW T

AREOFFEICOWTIZ[1L, 18] S FIC S THEF L, FllzA0 20hiiizs o
THEEI W,
3 RIUAZE M & R TV HB % 4 uBiR o & LT

H? = {(z+yi)+tj € C+Rj|t>0}

1
w%:ﬁuﬁ+df+dﬂ

THEZVLNEZEICEDED S, L, 1,0, 134 EURDOIEED 5 Ti=/—-1T
HH, OH? =CU{oo} ALY, H? DIAE 2R OEREMWREIL

PSL@,C):«{(Z 2) |a,@c¢1€(lad——hr:1}/{i:(é ?)}

THBIEDBFOENT WS, I TPSL(2,C) D H? ~DIEHIF 1 Ry EL

c d

ThHEZoN%, HidiZ 4RO IGE UGHAT 2, HP OERZAHIIEA[GRTH Y, H?
D PSL(2,C) ~DfEHIZHERBINTH 5. 7, H? ~D PSL(2,C) OEHIZ 1 MO FEE
LRI PSU(2,C) (2S0O(3)) TH 5. T4bb, fePSL2,C) k20T, HbrpecH
DITEYN f(p) LBEMOBERTH? — Ty, H? 52605 L, fIE-EWITkE->TL
£9. %) M OFERAHI 1 HOAFOITZhZ2ERNICEZ % LZ20E K% HP 2
RIC—BINICIRRT 2 2 ENTES, X512, OH? DIEEDEZR S 3 1 p, pa, ps % OHP
DIEEDEL 5 3 Kipl, ph, vy I T2 f € PSL(2,C) B—ENICHIET 5.
3TTURML AR M &%, M ORROEFHEVPH? ORIEA L AHRRTEREZ 5, 2
DDLEGFHENEE > T 5 & 25 DMEEFEHD PSL(2,C) DILTHITEbDDI L% TH
%, HUHIEE e 3 RODWHE SRR M IS LT, M 26 HP ~DEBHGEERDLLT D & 5 I2E
ODoND, T M OREDOEHEDRFTEELZ 1 D525, M OFEED R p i LT
K6 plfT iz L), ZoOBEICh> TR % &> T2 DORHE/RICK 26%
NEICED D Z LI X DBHERICL 2 pDIRZED D 2 ENTE S, (ZHULEDID F71C
X 57\.) 3RTTRINL AR M it 200, S —RBLL X, M OIERRDOTL IS L
T M OEEPE N M ~DFS BTy 25 2, BEBIRIC X 5 Z DEROME R OUH; % #%
MDEHIZ ) DT IL%E p(y) LED DG p: 7 (M) — PSL(2,C) Z\»9 . 57 3 XIG
Wl M 2w Zzodna ) S—EKBlp DB p(m(M)) 2T B &, TIFHARIK
H SRR L M & HP /T 3EBEIC %5, X oT, 5Efi4 3 ROCEMAD 5 HHI1Z PSL(2,C)
D HFEDOBEHER D FUIFE SN, Z IS M DR ENERDEE > T3 L&
Z5ZEMNTES, Thurston IC k> Thn /2 =B SL(2,C) BIUHED Esz 2 &
DHISNTED, I6ICZDRL EIFIE M @ spin structure 12 1% 1 TG 5 Z L3
2] CAEHI LT3, T74b B M D spin structure % n TR & ZRILEHKRIEM & nD
(M, n) I L TROEEPIMEONE LItk
HOI(MW) : 7T1(M, T]) — SL(Q, (C)

3RILE IR D —MITHI2 RIT + — 7 A LAPEMOEM EFARICL>TWwEEE, D
WA AT WS, ARAT2HDIRTUEHREIZ a7 FThVWEKETHD, C
DO ARATDEGEEYIDELS £ b =5 ZAZBRET 2387 b 3RILEHKEDES
ns, FAREREDTEM % 3 KT Rk IXEH 3 ROTE Rk R D H A 7' & 3 Rt #kik T

(“b)w:@w+m@w+@* (w € HY)
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HHIEDPHSNTED, K 3RIuERE S NOFOH K (A H L) OffiZEME S° — K
(83 — L) I A A 74 E Wi 3 RIGE IR DG A S & & K 2 O H (L 2 Bl
AH) WS, FOHIZIEAHTRZ W =7 A PHTH Y 774 MMETHTO D RWVWE Z
BHFEOHTH 5 2 LS NTE D, 1 FHFmICOFHOLBEEIITIZIZEA LD
HIZRh#ENHTH 5.

O HDYt, %2 D Wirtinger Z/nDAEMotDHn /) S —KBUC X 28 % Ay,..., A€
PSL(2,C)) £ L7 £ &, ZN6DSL(2,C) ~DFiH LIFIZ A, ... A, B LIE-Ay,..., —A,
7% DT (Corollary 2.3 in [14]), LT DEIZTZ DEMPBMELY AL, a € m (M) 1Tk
LZokn /) =KD pla;) = A;(€ PSL(2,C)) D & EZDFE LiF % pt(a;) = £A;(€
SL(2,C)) (HHERME) &¢RFILITT 3,

5. SL(2,C) ® SL(n, C) WEf#H

SL(2,C) D7 V2R C? ~OEEEN 22 E 2 X 9. W Sym™ ' (C?) & SL(2,C)
W&o THEI N DML SL(2,C) D n RIuHEIEREZ 525 Z LRGN TV S,
Vi, % C? EXRBin — 1 ODRXRZERADOR 7 FVEREL LY., ThbbV, %

V, = spanc(:cnfl, "y, ey, y"’l)

LB, C o SRR Sy (CY) Y, LA BT 5 EASCE, p (";) %5
KXET2LE AESLE2,C)) DFEHIE

()= ()

TRINS, ZDOSLR2,C) DEHTEZ oK% (V,,0,) EFHSZEIZLEI. (0,
¥ SL(2,C) 225 GL(V,,) ~DH¥ERME, ) T DFEBLIL SL(2, C) DBER SL(n, C) KB 7
32 EDPAISNTED £ SL(2,C) DATD n XItHEIEIIZ (V,,0,) EFRfEICZR S 2 &

DHISIT S, 4T TR Holry,) & o, ZART 5 2 & TREL:
pn : T (M) — SL(n,C)
2145,

B 5.1. 132D (3.2) THEALBHRIZ8DFHRIVHD AR/ S —KBITHZ I Lo
TWw5, XFOHEEZET 27OMEN 3.1)Daeza, y2b EESIELT

p(a):(é }) p@)Z(i—‘B (1))

2

LLl, ThoZSLR2,C)DmEEI &, p(pa)™) =p x;y) (z —y)? = 2% — 2ay +
v (z—yy=ay—y* P =y BDT, TNSDRHAEH-T
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s, #0620 Y2 punohoREE T .

Lo o\ 1 -3 3 -1\~ 1 0 0 o0\
0 1 -2 1 w 1 0 0
p3(b) - <u2 21 (1)> ) ,04(a) 10 0 1 -1 ) p4(b) - u2 2u 1 0
ueu 0 0 0 1 v 3u? 3u 1

2135, 22T ()T BEEETIZERT 5.
6. FAER & Z DOIEH DS

K Z2 WS OH, p, 2 KOodn/ =R 6H4, 5EHOSETHSNS SL(n,C)
KELEL,

_ AKaPQk (t) _ AK,pzk-H (t)
(61) AK,Qk(t) - AK,pQ (t) 9 AK,2k+1 (t) - AK,pS (t)
LR, ZOLER%RES,
T 6.1 ([5]).
lim 10g|AK72k(1)| IRT log]AK72k+1(1)| . VOI(K)

FiE(6.1) 2B TEERZH > THIEL TV 32323 (RRICEBREIICE VW)
REMNTR, fWEEZ> TR0 TE L
. 10g |AK’2]€(1>’ VOI(K)
N TSP R
. 1 . AK,2k+l(t) VOI(K)
o Jim oy (e (i |2 ) = =
s, BTN T LIV vy —%HADLH 11 Z2ZRALT0E2, —12RAL
THRIUMERPBR SN 2 DR L 7.

RETEHEH 2 H T 205, BWIEID X)) LilAGHOENEGR THEEI RO 5 5
R ERLBLonLro, ZUDHEIHATE TV 2 DIE Miller DGR : 2=€2 a2
7 —RBUCBI L T b —> a2 v EAG ORI b —> 2 Y 23%fike b D TH 5% ([16])
EFRMTIN L — a3 IS X 2RO ([17) O8I THA9H. INs220%HbE %L
PAC 7258 SR E ORI AG DR s —> 2y, ThbbE 74 T4 AY—F—
Pa v Tl TERLI LIRS,

Miiller @ Z 415 D & Thurston 1 X % hyperbolic Dehn surgery Theorem % JiH 7§
52T, b= 2AARATZFEFOMM=ZRICERIFIT T 2 KRS Menal-Ferrer &
Porti([14)) I & > THON TV EDT, HEEIATFIA AT —F—vavihlhTL
XY UV —ZHAZBE OO IR L DRI ONE I LIk B,

M %18 E D0 6 58 it 3 R4tk M T, D7 TR F—FAhRT
DR FRObDET S, ThOLOM=T>t%25 M%%25%.

8 6.2 ([13]). (1) n PMEE = dimc Hi(M, p,) =0 for any i;

(2) n BEE = dime Ho(M, p,) =0, dime H;(M, p,) = 1 fori=1,2.

Rl 6.3 ([14]). n BAE TS, DL EIEHWLY A 7V 0 € Hi(T*Z) & pa(G) IT
Yo TARELRIEFAHERT L v eV, ZiEN
(1) Hy(M, p,) DEIEZ [v® 0] T ;
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(2) Hy(M,p,) DIEZ [v@ T THAS I ENTE S,

FEEEO b &,

_ Tor(M; pogy1;0)
Tokr (M) = Tor(M; ps; 6)
~ Tor(M; pay)

~ Tor(M; ps)

EEL., 22 TTor 394 T4 AY—r—2 av2EKRT 3,

I 6.4 ([14)).

_og|Topr (M) .. log|Tar(M)]  Vol(M)
lim = lim = )

i 6.2 D (1) 12H 2 X )T, nMEBDOGEIIHIGT 2R CNAER L —DHA 5,
D &) BGENIGT 5 F = A YKL acyclic EFFHEN T A T~ A AF—b—2 a vy Dk
MPTOR TV, 2oL I () Itk TRt 7 L3V v ¥y —LHADEHIC 1
ERALIEODNIATIAAY — b= avilhb I EDBHoNT05, Thbb,

TOI'(M; ,02k) = AK,PQk(l)

LB 2O EM 64 2R TCEEHOMBRERHOGADRENPEO NS,

SL(2,C) D adjoint fEHIC D W TDOEZIIARFICE T 2 p; DELE L AREIICFHHE
TH 5, ROfmEld SL(2,C) EBLD adjoint fEHIZ DWW -TILH (20, 21]) IC k> TR SN
ez MLl oS, ME63 TRONTWRREKDIZr Yy ¥F 2 — F Al
BRL IS ) 2 &6 2N EsoNn %,

Wil 6.5 ([5]). N ZfCH KO Y X Fa2—FLT25L,

A t
|Tor(M; pas1; A)| = lim M
t—1 t—1

DIRALT B,
Z Dfiv & O EELO FRDABK I DG G DRERDNE .

7. G
CITIESDFEMUOH K oEtEH#H 1T 5 Z L1223, 8 DFREONH DFHZEM D W il
RFE 1L 2.0298832- .- TH AL Z EBHSNTWB,

%51@§ﬁ@%%kﬁﬁﬁwz(é1)mﬂm=(1ir3?)%mm1%32@ﬁ%
EHED D L i
AKg@%zﬁﬁ?—%+lLAK@u):—ﬁﬁ—iﬂﬂ—&AJ)AKgu):;@2_%+1F
Zf+5. [AkkICL T

AKQ@)z—%@—&x#—9ﬁ+4@?—m+1)
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MOHDHE L 7L X4 v 5 —%HA 9
2R5DT, WMIET D Ak, & A, EFHSZEILT DL
4 log |Af 4(t)| _ mlog |t — 4t + 1] =1 mlog?2

= ~ 0.544397 - - -
42 4 ’
Arlog| Ay 5(t)|  mlog t4’9t:2t45ii1’9t+1 | =1 Amlog %
= > ~ 1.12273 - --
52 52 52

E%%, UMcarvEa—2z2MHeGEERZ2H T TE L. Ay, 3hn )/ S —&HD

o B
10
p‘(a)z—(é D p_(b):_(—1+¢?3 1)
2

ICHIBLTEY, RS n DAED &3 AL (1) = Ak, (t) £RDIEDPRSGNT RS,
72 BEFHEIZ X Wolfram Mathematia & MathWorks Matlab Z FV>, W82 o Efg i X
MEHEZ PR THW, FAOMEED 2 v ¥ 2 — % TiHE T % & 33 KT 4~5 FEH
Nz,

dmlog |AT (D] | 4rlog| Ay, (1)

n(even) — — n(odd) M
4 0.54439--- | 1.40724 - -- ) 1.12273 - - -
8 1.66441--- | 1.84668- - - 9 1.76436 - - -
12 1.86678--- | 1.94781--- 13 1.90158 - - -
16 1.93822--- | 1.98381:-- 17 1.95494 - - -
20 1.97121--- | 2.00039 - - - 21 1.98076 - - -
24 1.98914 --- | 2.00940 - - - 25 1.99522 - -
28 1.99994 --- | 2.01483--- 29 2.00412 - --
32 2.00696--- | 2.01836--- 33 2.00999 - - -
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A CONSTRUCTION OF COUNTABLE SIMPLE ORDERABLE
GROUPS

SANG-HYUN KIM, THOMAS KOBERDA, AND YASH LODHA

ABsTRACT. We provide a uncountable family of countable simple order-
able groups. For this we consider a certain generalization of Thompson’s
group F,,. More precisely, we consider a chain group, which is a group
generated by real line homeomorphisms whose supports form a chain of
intervals. We investigate its dynamical property and abundance of the
possible isomorphism types. The main reference is [4].

1. INTRODUCTION

Recall a group G is orderable (or, left-orderable) if there exists a linear
order < on G that is invariant under the left G—multiplication. Let us denote
by Homeo™ (R) the group of the orientation preserving homeomorphisms
on the real line R. A group order can be dynamically realized in the follow-
ing sense:

Lemma 1.1 ([3]). For a countable group G, the following are equivalent.

(1) G is orderable.
(2) G embeds into Homeo™ (R).

One has another criterion for orderability. If
l1-A—-B—-C—1.

is a short exact sequence of groups and if A and C are orderable, then so is
B. Note that B is non-simple if B is different from A or C.

Many known nontrivial constructions of orderable groups rely on this
criterion and Lemma 1.1. On the other hand, finding a simple orderable
group is usually a much trickier business. It is an outstanding question
whether or not there exists a finitely generated infinite simple orderable
group, for instance.

The commutator group of the Thompson’s group F is one of the earliest
example of countable simple orderable group; see Section 3. In this talk,
we address the following question

Question 1.2. Are there uncountably many countable simple orderable groups?

Key words and phrases. homeomorphism; Thompson’s group F; simple group;
smoothing; chain group; orderable group.
1
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2. THOMPSON’S GROUP F

The Thompson’s group F is defined as the group of piecewise linear
homeomorphisms of the unit interval [0, 1] such that the breakpoints are
in Z[1/2] and such that the slopes are in 2%. Here, we allow only finitely
many breakpoints.

The group F enjoys several intriguing group theoretic properties. To list
a few, we have:

F is finitely presented, orderable and infinite with trivial center.

F has exponential growth.

F does not contain a rank-two free group.

The commutator group F’ = [F, F] is simple. That is, every non-
trivial normal subgroup of F contains F".

e F contains the infinite direct sum of Z.

e Every proper quotient of F is abelian.

See [1] as a standard reference in this field. Let us consider the following

maps in F.

. 1
. X fo<x<=
2x 1f0<x<i 1 el %
L e | 2x— 3 1f5<x<§

a(x) =< x+7 ifs<x<3 b(x) = _
4 4 2 x+1 ifigaxg?
xtl otherwise 8 § =7 4
2 ' xtl otherwise

See Figure 1.
Lemma 2.1 ([1]). We have the presentation
F ={a,b||d'ba b7 a] = 1 fork = 1,2).

Let us investigate the meaning of the the relators of this presentation. For
f € Homeo™ (R), we write

supp f = R\ Fix f = {x e R: f(x) # x}.

1 1

ool
Bl

N
%

£l

0 7 2 1 0
L~~~
0 Lo 0

(@)a (b

o0l

b

~— [S1E

Ficure 1. Elements a, b of Thompson’s group F.
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Let us write u = b~ 'a. Then we have

2x  ifo<x<i
u(x) =<4i+3 ify<x<?
X otherwise.

It follows that
suppu = (0,3/4).

Moreover,

busuppb = bu[1/2,1] = b[5/8,1] = [3/4,1].
Since

(bu)* suppb N suppu = @
forall kK > 1, we have
[(bu)*b(bu) ™, u] = 1.

By finding a normal form in F, one can actually show that

F = {u,b | [(bu)*b(bu)*,u] = 1fork = 1,2).

See [1]. We note that supp u and supp b form a “chain of intervals”, as
shown in Figure 2.

o

(ST

Bl -
— -

FiGure 2. A chains of two intervals.

For an interval J < R, let us denote the left— and the right-endpoints of
J by 0~J and 0" J, respectively. Suppose ¢ = {J;,...,J,} is a collection
of nonempty open subintervals of R. We call _# a chain of intervals (or an
n—chain of intervals if the cardinality of ¢ is important) if J; 0 J; = @ if
li — k| > 1, and if J; n J;;; is a proper nonempty subinterval of J; and J;,,
forl<i<n-—1.

Setting 2.1. We letn > 2 and let ¢ = {J,,...,J,} be a chain of intervals
such that 0~ J; < 0~ Ji41 for each i < n. We consider a collection of home-
omorphisms F = {fi,..., fu} such that supp f; = J; and such that f;(t) > t
foreacht e R. We set Gz = (¥ ) < Homeo™ (R).

We call the group G = G4 a prechain group. Note that Thompson’s
group F = (u, b) is a prechain group generated by u and b; see Figure 2.
Let us prove the first stabilization result.

55



0e4000000000000

4 S. KIM, T. KOBERDA, AND Y. LODHA

Lemma 2.2. Let n = 2 in Setting 2.1. Then for all sufficiently large N > 0
we have

. H)=F

Proof. Put U = fN and B = f2'. From the consideration on the supports,
we have

[(BU)"-B-(BU) ™ U] =1
for all k > 1 and for all sufficiently large N. In particular, F' naturally
surjects onto
Since every proper quotient of F is abelian, we see this surjection is an
injection as well. m|

3. MaN Resurr
Motivated by Lemma 2.2, we propose the following definition.

Definition 3.1. Let G = G # be as in Setting 2.1. If {f;, f;,1) =~ F for each
1 <i < n, then we say G is a chain group.

Lemma 2.2 implies that

SRV A

is a chain group for all sufficiently large N.
Convention. From now on, whenever a chain group G is given, we as-
sume that generators of G are as in Setting 2.1 and that

suppG = U suppg = R.

geG

The main result of this talk is the following.

Theorem 3.2 (Main Theorem). There exists a uncountable collection 7
of pairwise non-isomorphic countable simple orderable groups. Moreover,
each group H in 7 can be written as H = G’ for some 3—chain group G.

We will establish Theorem 3.2 through the following results. These
results are of its own interest regarding fundamental properties of chain
groups.

A topological group action is called minimal if every orbit is dense. An
open Cantor set 1s the Cantor set minus the two endpoints of the unit inter-
val.

Theorem 3.3 (Dynamical Dichotomy). For a chain group G, exactly one of
the following holds:

(i) G is minimal; in this case, G’ is simple.
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(ii) G leaves invariant an open Cantor set; in this case, G surjects onto a
minimal chain group.

Theorem 3.4 (Diversity). If n > 3, then there exists a uncountable family

{G,‘ | i€ I}
of minimal n—chain groups such that
G/ %G,

foralli # jin the index set I.

Theorems 3.3 and 3.4 immediately imply the Main Theorem. We also
note a certain uniformity in the isomorphism types of chain groups:

Theorem 3.5 (Stability). For all sufficiently large N, the chain group
s D

is isomorphic to the n—adic Thompson’s group F,.

Here F, is the group of piecewise linear homeomorphisms on the unit
interval such that each breakpoint is in Z[1/n] and such that each slope is
n”. The proof of Theorem 3.5 for n = 2 is given in Lemma 2.2. The
general case is very similar, using the fact that every proper quotient of F,

is abelian. We omit the details.

Remark 3.6. We can easily choose each prechain generator f; to be C™.
This choice gives a smooth realization of F,.

4. DyNAMICS

If a finitely generated group G acts on R, then there exists a minimal
closed nonempty G—invariant set C. Moreover, we have
(i) C' = @,1i.e. C is discrete, or
(i) 0C = @, i.e. G acts minimally, or
(iii) C' = 0C = C, i.e. C is an open Cantor set.
Since every orbit is accumulated at 0 supp f;, we see that the case (i)
does not occur. Moreover, if (iii) occurs, then one can contract the comple-
ment of C by the Cantor function

h: R —>R,
which is obtained after replacing the closure of each open interval in R\C
by a single point. More precisely, we have the following lemma.

Lemma 4.1. Ler G < Homeo™ (R) be a group such that suppG = R and G
leaves invariant an open Cantor set. Then there exists a monotone contin-
uous surjective map h: R — R and a (possibly non-faithful) representation
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®: G — Homeo™ (R) such that ®(G) acts minimally on R and such that
hg = ®(g)h for each g € G.

The lemma asserts that for each g € G, the following diagram commutes:
R —>R

\L h i h

R o(g) R

The part (2) of Dynamical Dichotomy (Theorem 3.3) now follows. For
the part (1), we proceed as below.

Definition 4.2. An action H — Homeo(X) is CO-transitive (or, compact-
open—transitive) if for every compact K < X and a nonempty open U < X,
there exists & € H such that hK < U.

Lemma 4.3 (Higman’s Theorem). Let H be a group acting faithfully on a
set X, and suppose that for all triples r, s,t € H\{l} there is an element
u € H such that

(suppr U supp s) N (“(suppr U supp s)) = 2.
Then the commutator subgroup H' = [H, H| is simple.

We will use the following variation of Higman’s Theorem. We include a
complete proof, without resorting to Higman’s Theorem.

Lemma 4.4 (Higman’s Theorem, variation). If H < Homeo.(X) for some
noncompact Hausdorff space X and if H is CO-transitive, then H' is simple.

Proof. For a group G and a set S < G, we denote by (S )¢ the normal
closure of § in G. We use the notation

=Y =u
Claim 1. Forallr,s € H and t € H\{1}, there exists w € H' such that
[t7"rt", s] = 1.

Since X is Hausdorff, we can choose a nonempty open set B < X such
that B n tB = @. Choose a compact set A € X containing supp r U supp s.
By the hypothesis, there is u € H such that uA < B. So we have

suppr N t“supp s = @.

So we have [t “rt", s| = 1. Note that we allow s = 1. Let us apply the same
argument to (7, u, t) instead of (r, s, 7). Then we can find v € H such that

[ttt ul =1.



0e4000000000000

A CONSTRUCTION OF COUNTABLE SIMPLE ORDERABLE GROUPS 7
We put w = [¢',u~"] so that [, wu™'] = 1 and " = 1. We have
[t7"rt", s] = [t7"rt", s] =1,
and the claim is proved.
Claim 2. No proper nontrivial subgroup of H' is normal in H.

Suppose 1 # N < H’ satisfies N < H. Pick r,s € H\1 and t € N\1. By
the first claim, we can find w € H' such that

It follows that
[[rt™"],s] = [r-t"r ', s] = [r,s].
On the other hand, we have
[[re™"].s] € {hpu < KN)u = N.
Since this is true for all r, s € H\1, we see H' < N.
Claim 3. H" = H'.
This follows from the second claim and from that H” < H.
Claim 4. H' is simple.

For this claim, suppose we have 1 # N < H'. Pick 1 # t € N and
r,s € H\{1}. We have w € H' such that

[t7"rt",s] = 1.
by the first claim. As in the Claim 2, we see
[([rt ], s] = [r-t"r ', s] = [r,s] e H".
Since r, s,w € H', we have
[[rt7"],s] € {t)w < Nw = N.
It follows H” < N. Claim 3 implies that N = H'. i

Lemma 4.5. If G is a minimal chain group, then G" = G’ is compactly
supported and CO-transitive.

Proof. Recall F" = F' [1]. Since {f;, fi+1) = F for each i, we see
[fis fis1] € <fi»fi+1>, = <fi,fi+1>” < G" <G,
G = {[fi, fir]: 1 <i<n})e <G"

This proves G” = G'.
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Note our convention that suppG = R. The germs of G at the infinities
form infinite cyclic groups generated by germs of f; and f,, respectively.
So the germ of g € G’ is trivial at the infinities. In particular, we have

G" = G’ < Homeo,(R).

A typical trick shows that G’ acts minimally. The fact that every orbit is
accumulated at 07 I; implies that G’ is actually CO-transitive. i

Proof of Theorem 3.3. By Lemma 4.5, we can apply Higman’s Theorem
to G'. It follows that G” = G’ is simple. This completes the proof of
Theorem 3.3. O

5. DIVERSITY

Let us begin with a construction of uncountably many isomorphism types
of finitely generated groups due to de la Harpe.

Lemma 5.1 (cf. de la Harpe [2] for (1) and (2)). There exists an order-
able group T = (s,t) and a collection of subgroups {N;}ic; of T with the
following properties:
(1) The collection {N,}ic; is uncountable;
(2) For each i, the group N; < I is central;
(3) For each i € I, the quotient T'; = T'/N; embeds into Homeo™ (R)
such that the image of t has no fixed point.

The construction of I and N; are as follows. Let S = {s;},cz, and let

R = {[[Si, Sj], Sk] = l}i,j,kez v {[Si, Sj] = [Si+ka Sj+k]}i,j,kez-

Define I'y = (S | R) and let I' = T’y x Z, where the conjugation action of
Z = {t)is given by t~'s;t = s;,. For each i, we set u; = [so, s;]. For each
subset X < Z\{0}, we can consider the group Ny = (u; | i € X).

We deduce the following, the proof of which is omitted.

Lemma 5.2. There exists a uncountable collection {H;} of pairwise—non-
isomorphic two-generator groups

H; = {(x;,y;y < Homeo™ (R)
such that H;/H| = Z* and such that Fix y; = @.

These groups {H;} are images of I = (s, ¢y in I'/N;. Then the image of ¢
on H; acts freely.

So, what does this construction have anything to do with simple groups?
We show that the groups of the form in Lemma 5.2 embed into the (simple)
commutator subgroups of 3—chain groups.
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Lemma 5.3. Suppose we have a group
H = (x,y) < Homeo™ (R)

such that H/H' =~ Z? and such that Fixy = @. Then there exists a minimal
3—chain group G and an embedding

H— G
Let us postpone the proof of Lemma 5.3, and prove Theorem 3.4 first.

Proof of Theorem 3.4. Let € be the class of isomorphism types of G’ for all
minimal 3—chain groups G. Then each group in ¢ is countable, simple and
orderable.

If € were countable, then there would be only countably many iso-
morphism types of two generator groups H satisfying the hypothesis of
Lemma 5.3. This contradicts Lemma 5.2. O

For the rest of this section, we sketch the idea of the Lemma 5.3. For
illustration purpose, we will only show a weaker version:

Lemma 5.4. Every two generator orderable subgroup embeds into a mini-
mal 4—chain group.

Here is the construction. Recall Thurston’s realization of F' as piecewise-
PSL;(Z) actions with rational breakpoints such that each consecutive break-
points are of the form

b

P r
q N

for some

P,q,1,SEZ U {—w,0}, qgr—ps=1.

Then a, b € F are realized as the following piecewise-PSL,(Z) maps on R:

X ifx<0
X ifo<x<i
=x+1, b(x) =4 =~ 2
ax) = x =1321 dteren
x+1 ifl<x

Now suppose we have an arbitrary two generator orderable group
H = (s,t) < Homeo[1/4,1/2]
possibly after a conjugation. Put
y=bs, z=bt.
Then surprisingly, y and z behave very similarly to ! That is,

suppy = suppz = [0, 1]
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and x < y(x),z(x) < x + 1 for each x € (0, 1). We define

fo=b"la
fi=ay'la b
fr=az"'a? aya™'
= a*za™?

It is routine to check:

supp fo = (—0, 1),
supp f; = (0,2),
supp f> = (1,3),
supp f3 = (2, 0).

and G = {fy, f1, f», f3) = {a,b, x,y) is a chain group containing H. Since
F = {a,b) acts on R minimally, so does G. This completes the proof of
Lemma 5.4.

We also note a corollary:

Corollary 5.5. (1) Every n-generator subgroup H of Diff” (R) embeds
into a minimal (n + 2)-chain group G in Dift", (R).
(2) If H/H' =~ Z", then this embedding maps H into G'.
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BBEDEAE ENZ OV /Y NERE
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1. EA
AFHZERIERIZ B W T, RIS & B E & OBRIZEEZ Py 70—
ThHb. SHOHEHETIE, REYRKIBOMEETH 587 287 MEE FARH:
HOBERIZOWTELRT L. HETHL:

Definition 1.1. X ZfifH%EM & 9 5.
(1) X OEREA D F 23 locally finite & 1&, [LED pe X IZH LT, p D
HEVT{FeF:FNV A0} DARIZZDLDVEFEMETHI L TH 5.
(2) X DN ELEOHEF, GIZxt LT, F2HG Drefinement & 1%, (TEOF ¢ F
WWXHLULTGEGTFCGLRBEDVFHETHIETHD.
(3) X BWRZaVRT Nk, X ODEEDOR#E U 12X LT, locally finite 72 U
D refinemet V TV DB IZ R LDV GFHETHIETH 5.
BRAZRIT, XT3N MEFEANEED —D L UTIREI N T WS M,
ZOHEHD—D2HF 387 NEBIZEWTIX, BB 2R D &t T4ER/
ERIZIET B Z EDAREE NS TH S, FlIZIE 1 OREEHXS, IRDY 1 T IVDE
Hizk<Hontwna:

Fact 1.2 (Michael). /37 2> %27 MEM X OFEAICNT 2MHE P Tk %E 7z

THEDEERD:
(1) X OBEAV PMEE P 2RK2% 01, V OMEEOBAESGIME P 2
R,

2 U, VHIHebItEP2/HF T, UUV £ MHEEP 2R,
(3) {Vi : A e A} B P 2R OB G DB LB TH NI, HEA U, b
MEPE2FHD (ZITX ORNEADHBEFVRHTHLLIE EDpc X
N LUTp DBEEYV TELX —2DFDEZLLZDLLEDIFAETHI &
TH5B).
ZDLE HUX OF{RMEE P 2R OBEHEEzHO>OTHNE, X BGEHE P
RO,
ZOEHEE Y, FIZIE T 3T NEM X OF SRR AT RE 2R B %
oD ThiE, T OB AR GbE T X £AOIEMERICIETE S 2k
Wb,
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NZ AT NZERIZZO & 52, BTS2 R D Aot TR M EIZR
L EFA5ZEeNTES. u@&?&f[ﬁ/ﬁ"i NT VXD N ZERPEIT KIS 72 M
HTHhHILERBLTWS., REHTIE, B2, BAFIZ B WS %2 RO 22 [0
KIBHIZEWEBETHE 7 32087 MEZFEFODIXED & 5 BRINTH %0,
R EENE L IFEN D AEDO R TIEE S D, IZOVWTOREREZHENT 5.

2. ZHRE W

D72 DT, n RITEIRIK L 1, BIZE SO R D H 5 HES L FHRBEFEZ
ROZredsd. —iC f)imé?l’b%’*“fﬁlﬁyp/\7 VR0 MEIMEE LN

29 5. SRS —TE, ORIV 87 N TH Y, RFFIIZIERIZ R W
BeRO%EMTH 5.

LRI AR D B A2 B3 EBERRE R X ST TH 5. EHHI DT REI L L
T, BVHEBEITFENZHEDRHENT WS, 22T, w 2R/NDOIEAHEIEFEH L
T5. 12770, w FEGLUT, RIEHEHREREFA—HTHI L1295, w ki
Ha<f < aldfI0/NIVIEFE, & U THRIZIETRAS.

Definition 2.1. w; x [0, 1) IZHERNEF 2 ANLEREZZAD, 2D (a,z) <
Byy) <= a<p, FhiFa="2Dr<y &35, w x[0,1)=Lss &L, Lxg
75‘6?4\7_[: (0,0) ZBRWZIEFR Ly Z RODHFERE TSR, 7, Log ICRWFERRD

WNEFE 2 AN N A 72 ERE L 2 RWERR PR, RWREERR, BWERIZIINET AL
Mz ANTAHZERE L TEAD I LIZT 5.

FWHERW LIRTTERIRTH 5 Z LIIBBIToh b, —FH, EWERVEZT IV
N RTIHRWZ EIFRDODFLELDEL N TES,

Fact 2.2. wy IZERAFH 2 AN 7z A 22 RIZ IR O MEE 2 £ D!

(1) HB—a%, B3> o7 N A avs N Th 5.
(2) BEWIEMZEHTH 5.
(3) = A Tw iFNT TV RT MTIERW.

w MNT AVNRT P TRWIZ EIFESR T {flibs pressing-down lemma
(Fodor’s lemma & £ FEEN D) DHEBIZHONS.

FEWEMHRIZBEWT {(a,0) : a € w1} IFRWEMDOHAH I EES T w LEMIZRS
D, XT AV RT NEBOBRRSZEREIERIE D RNT IV RT NMZRBEDT, 2D
tb‘b%b\lﬁﬁf)>/\7 VNI NTRWZ EDENLND.

B2 R0 LIRTEERMAIZ R, S, LD Ehhr L EMHIZZ2 5 Z 8BRS T
DT, BRER 220 VIRGTCEREDIRT TR0 S TRV 21X, w, & R
F%%Bﬁfﬂﬁ'ﬁ%/\iabn_ LTHD, LREDOIITES.
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3. Al pZEfE NT a Ny b

&*3%44§015E6f wy & FFE 7B 3 22 ] & R D22l /N T T VXD MIZIFR 678
%Z”L’C i Wiz wy & R M2 Rz w13 a0 M b
73‘7 ZD WAL T, RD & 5 7% von Douwen DFIHBFT SN T NS,

Fact 3.1 (von Douwen [3]). R % {ifi7z 9 R AHZZ M X DEET 5.
(1) X \ZEara > N7 b BS—a%, B, _Jﬁj\fﬁ)é
(2) X2 OXATDE X? D Gs BHITR 5. FHZ X 1d w, & RS2 %
SRR AN
@)Xﬁiuy%%afﬁumux

CTCHNMZEMXBYUFLITHD L, X DIEEDOFMEN & 4 v HE 75
W%%%Obkf%é

Fact 3.2. X WNA[HTNRT IV NRNT N THBEES :]f XZVUTFLIThsb. BT
XDBNRFav Ry baeolE, X OFEZDOA 2SS ZEEIEY VT L7 THS.

& o T, von Douwen DZEFNLFATNIZ B WEEZ S, 2D w, ZEF R VDN
72 //\7 N TIEBRWHIE > TV 5.
PAE& D, ZBEIDBNTIAVNNT N THET-DITBHEREME L TARL BN
?)b“\%ﬁ’bé.
o w A ZEME LTEER.
o (EREDA RS ZEMIZY v TL I THS.
ZDODEMED, BRI R WERAINT 3R NETH D Z & 2R
T TNBEADD0? iz S AXBERAEBEHNTHSH, Mo TWaBHliTVwb
w3 MERENLELGRAMRZFC LT ETH L] HlThS.

Fact 3.3. IRD & 5 2B/ X BWEAET A Z LILZFC LIEFETH 5.
(1) X EREAray o b JEay R N E—aE BIENERTH 5.
(2) X 1Fw; & FFHZR B K &2 Rz 7200,
(3) X DIEEDO A pEEHEMIEE 4 & K v T L7 Th 5.
(4) X 1 FNNT 32X M TR,

UL LS, ZOEBOGFEEH T [ZFC LfEFE] S“HITH D, EERIZ
R FT e 7 22 F‘EJ’C itw\ ZNTIE, LD &S BZERMIEEIFET D TH S D507
TDEZAZABTDITI, Eiﬂiﬂ{f/\fif‘:ﬁ INEAEMPIERIZHEHTH 5.

4. sREGEAH

BTN BMEEAFIZ O WTBIZHEN TS, METEAFIX, 45T
@ﬁbs‘% M DIRENE & BIROE VWA TH 503, Z Z TIHNAHZEM RO S 5% H
WTEEZGZ 5.
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GRHEERNBLDRAIZH 5 DI, IRD K < H1S N7z Baire DHIBGMEEH TH 5:

Fact 4.1 (Baire). X % 2 > /37 NER (RT3 287 b, &5\ 5e st 22 )
£9%. D={Dy,Dy,...} X OWMEFEEGOTRIKETH 574 51F, T D@
7 Npen Dn 1FZE TR,

Baire DHIBMEE O BEHEZ IRE RN, DIRIZAEZ D Z LIETERWI E2H 5
NTWVWS., LOXUEBRBRSERIZHAREDHZDITEZ LT, TNV HEETH S
Zr R ERTIOVEHENEAETH 5. LAE, %/\X@{%f@% | X| TRTZ &I
ERA

Definition 4.2. x Z fEREH X 232 \7 bEfE §5. fHHTEAHFAL(X) &
FIRDFERDZ L THB: X OWEFEGDOE{Dy : A € AHIZHLT, BUIA <&
72513 DHGEES Mycp Dr BETRL.

Baire DHIEMTHEL & 0 FAy, (X) 2MERED 3287 ME X 12D SEDHY, FAy, (X)
WD Y7270 X BEET B, K< b s Dk, MAAHZERID 7 5 A% a] BEHEM
5729 DIZRE LU ZmEEA B TH A2 —F VOB THD. Z I TEMX
DEEEF MG 2727 L1, X ODHEWICELRFHEESDRIEE % AR EIZ RS Z 8
T b, W2 EIEH S MBS 2723 0T, fRERMETOMEZED
775D Th 5.

Definition 4.3. ¥—F VY ORAB L IFIRDOFERETH 5: EEDOMBELE < 2N &
AREEGM 2R D3 N PZE] X AT U T FA(X) DS D 32D,

HEHRGER 2% = Ry DR TIEY—F VORAEDIEIZER D LW, HWFARING DS
EDRTIEHEO VD EIEES W, U U5 EGER OB EL Y —F VDN
HIZEFFECTHAZ LRSS NT WS,

Fact 4.4 (Solovay-Tennenbaum [7]). ¥ —F > O 2P+ H e ARG O 6 E 135 P

X —F Y ORA L HGARMEEI DB EN 5 WL D OBBRE VR G S NG Z L
BHSNTWS., W OENT 5!

Fact 4.5. ¥ —F VO N HEGKMEEH DO B EZINET 5.
(1) MEPALFEZER] L A3l R ER A 2 72 32 61, LIZn 2 THh 5.
(2) MERPALAH 221 L 2SIE 7 (2 BE U C5efm, B Cf%s, oMz Ri7-d, nfRH
M-3R O IXEBERR LA TH 5.
(3) X (A € A) WY A RBHEM 2 W 729 70 51 F, BAZE [, X0 ® ATEBSRAM: %
7= 9.

BREGIRTIE, ¥ —F VY ORM%EZ I 5 120D 7= TO/N—igHIEAE PFA ¥+
I 7 ONR—REERIE SPFA Bk < Db (A, £ 2 CTRIEIC 2 2 AiHZEMIEIE



0e4000000000000 67

HWAZEA 2 DI 2 72D RKTE TILERAZ B3 5. PFA X SPFA IZBHL Tidw
< OH DAFHZEBRNZEEREERNENPND Z DM SNTWBED, REHEHT D
e ¥ Thl.

Fact 4.6. SPFA = PFA = ¥ —F > ONM L H AR DB E

Fact 4.7. 70/ 8—i@filEA M PFA 2IKE T 5. Z DY,
(1) (Velickovic [8]) 2% =R, TH 5.
(2) (Todorcevic) 2—AIEZE[H X 28w & MRS ZER 2z EERVWI D
MHEAFEMEE, X OWAERY C X & w 26 Y NDOERGEHRPFIEL
NI ThHD.

DWTIZIRE MM L TH L. 4[] X 2% countably tight & X, [LEDMBHES
YCXE Y DHEIZETZEpIIH LT, Y ORRIAES Z Tph Z OBaC
JBT2LDNFET DL ETHD. FHTH— A2/ 1E countably tight TH 5.

Fact 4.8. &3> 7327 b, countably tight 22ft] X (2 DWW T, AN IX[A/{H:

(1) X DFAERY & w o Y NOREEHIFFEL L.

(2) X D— 337 Mb X* I countaly tight.
o THRHZ, PFA D FTIX, B3 > /87 MR8 2E0 X 2% w, & FFEZE R
B Z RN Z & id— 3 v X7 MbE X* DY countably tight TH 5 Z & L [FMET
»H5.

FRIZEE 7R Z &1, SPFA 22 51X D & 5 72 Fleissner DflA A O imiEMH Axiom
RDPENPNSEZ L THS:

Definition 4.9 (Fleissner [5]). (1) AZIEABEESG L L, [A]™ 2 A DATREE S
BEBKRLETS. O C[AP DR EGT-TEE, C & [AY DY T LS.
(a) ETREDx e [A I L TaCytRdycChdsd.
(b) ERD CIZBT D C DERD EFAI {xg, z1,... PITHUT, U, oy n &
CDEFRITLD.
(2) SCAP B [A DEBEES LI, SHERDI I TERDLEILTHS.
(3) AZIEABREG L L, [AM 2 ADIRE RN, DFDEGRIKLE TS, C C[A™
MR EN 23L& C % [AN Dw-7F T LIRS
(a) EEDz e [APITH LT CyehdyeCrdHs.
(b) (EED CIZT S CDEEDES wy O LR {r, 1 a < wi F ITHL
T, Uncw, Ta 1 C DERIZIRS.
(4) Aixom R & IFIRDFRTH 5: LREOIHRES X, EHEAR S C (XN,
W-Z 77 CIRLT, Y eCTSNYoR Y] DREEEKIZHRDI LT
bH5.

Axiom R 1%, KEREADEFHMEI/NI 72 (BE X)) OEADOEFMEIZKE N
52 %FERTS. ZOFORBII I L XN, BREARIZBWVWTERAI
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W5 X T W5, Balogh [1] %, Axiom R O K TD/3F 2 V827 MEIZDWTOH
FeERATo72H, T OFEREHIB D PFA(9)[S] LMlAGLES Z LT, T a8y
N ZE DBIRENERPE SN T WS, 72, Axiom R 225 2% < Ny 3E LB Z
EHEDWVWTIZHERL THL.

5. BHEENEL L NTF a2 T K

2000 A LARE, Todorcevic IZ & > THIFE X 117z PFA DL TH % PFA(S)[S] & I
EN 2 ANEOELEAZE Z b, PFA(S)[S] D T Tldkk % 72 A 22 M A3 Rk
ARECH B Z LML 72, D & 57T, PFA(9)[S] & Axiom R Z W5 Z &
T, MDD LS BRERPFONT N S:

Theorem 5.1 (Dow-Tall [2]). XX ZFC L EFJETH %: ERORFAI VN b,
BB IEMRZM X 2R UT, X B85 a8 N THB72DDBE+I3 51
(1) wy & EHHZRPAE D 22 M & Rz 7e v, 22D
(2) X DEEDOA AT ZERIZY VT L7 THS.

KT, Fra v b E—AR ERRZERIIN L TR

(1) wy & [FEAHZRPHER D 22 2 R 772, D

(2) X ODEEOA A ERIZY Y TLI7TH 5.
DZDDEMETNTZ AR MIRDZBZLIZD, TODDRMENRNT 3y
N7 MED (HEBFEKRT)AKBEELSZTWDS, L AL ZENARTH 5.

¥z, IHITMBAOoNT WS

Theorem 5.2. {XIX ZFC L HEFETH 5

(1) (Dow-Tall [4]) n > 1 D, fEREDEARIER 7 n IRTGEHMAKIZ N T T 2N
2 hNTHD, FIZHEREN AR TH 5.

(2) (Larson-Tall [6]) T3 > 82 b BAZHIEMZE B AR N T a 87 b
THBDDREVDEMIZ W LRGP ER 2Rl e TH 5.

— /T, TS DFERIZTEMREMMREINT W, LI LRSS, —fEAAHZEM
B W TIESMEIRIEF IS WHEETH 5 BEICBE U TR W, i
TERZE & BATEA X [0, 1] DR IERIC 2 2 L IZBR S 2\, EER & IR S 20,
HE. ZTNTRINSDFERPSIERMZNTZIETEZE02%2EZ 52 LIZEHA
ThHd. LrLahs, IRO LS BFDRH s T\Wab:

Fact 5.3. X & 7= 9 220 X DMFEET 5:
(1) X \ZRAra vz b B—wE, ETH 5.
(2) wy & [FIMHZRPHER 2 22 [ &2 Rf 7z 7200
(3) IR AR E 4R, KoTUVYTLITHS.
(4) Ny-collectionwise Hausdorff TlE7s\ .
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Z 2Tk DMERRELE DI, 22 X 78 k-collectionwise Hausdorff & [T EDIEE
D34k IRPABEBGR A 8EE D C X ITH LT, 72D ERFEE O {0, : p € D}
TpeO, LB LDNFMHET DI ETHS. /N7 3T hZEBIFIEE D R E
Bk 120 U T k-collectionwise Hausdorff 12725 Z DI NT WS, L7zdi->T |
D Fact DZE[RIF/NT T 87 M TIEZRW.

Tall-Dow O EH TIE Axiom R 2 W T EOFEREZH/T WD, Axiom R 2 & 5
IZHRD 7 DE WD Z L TS N5:

Theorem 5.4 (Usuba). {RI& ZFC L EFIETH 5. (EREDORFTA N7 b, HB—
ARIEAIZEM X ICH LT, X AT 3080 M TH B 7DD BT 5M1E

(1) wy & FHZREAR 3 22 2 Ki 7z 7\, 22D

(2) X DIEROA MR Z2E/IE) YT L7 ThHh D, D

(3) X 1 N;-collectionwise Hausdorff TH 5.

X Of, %ﬁffj NIAY }‘%#ﬂﬁgﬁaﬁ6zﬁabf£i/\°§ ay Ny ]\'I‘ib’(ﬁ'@i 30z
FHonb:

NZTAVNRT K

= I +w 28 F RV + Al oEHBo =Y T LT

— FHI +w Z2HFEH20 + A2 2E/MIEY T L 7 + Ri-collectionwise
Hausdorfl.
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A KREDEAIZADIGHD WL DMMIDWVWT
WRIBER (TR . BT

A RBIZE b HEBOWERIZBWTEAINZLDOTHS. HZEMWX
DB M, : X x X - X PHREME—HERNTHLLE, ZTOHEKETEHRE M; :
XXxXxXxI—=XeEE (X AM;, K;}i—o3), Ky :=—8, Kyz:=1 (FXMH)
A EMEIER, BEIZLT, M, X'x K, > X2i=23,....nlZ{LTE
WCMMPEEDEE AL ZEBE VS [19].

ZOMEEZRBULLZE DN A MNRETH L. BEOBEINZZSETVHS &,
Ao RELENE K, }imo3,.. DEBERDOETIREBUS E WS (DG) ATy RORB
DZETHD2LWNDZLETEDN ([16] 1), BEARBNTIE (A, {myrs1) DR
KEDA RETHDLIE, AZK EIRBUSERZ MVZERITH D,

mg: AF 5 A

IR 2 — kD K EZ2EHILELTH D, {mp i1 D n=1,2,... 1THLT

k-1
0= Z Z + my(ar,. .., a5, m(@s1, . Qj11), Gjgirt, - - -5 Qn)
k+l=n+1 j=0
MWEOILDEEZWNS 20, (FF5HIZOVWTIREKT S.)

TR 2 TR (DG RE) D —fb e moTWab., DF D EIRDE
ms, Ma, ... DNEPAR A ARENEId =mi : A = AZWMD, mo: AxA— A%ZFEE
T 5 DGRE(A, d,my) THB. —MED A FRE(A, {my}es1) DGEIZE (A, my)
FREHER

LT qi Ty ikt

U, dIZFEm AL TI 1 =y VI3 DY, me T —MRITIZFEEIIZ
X757, TOITNDEmg 2ECATEDSNT WS, ZOEKT A, REULR
EME—HEHREE RN S.

b XSz, EREIXITHLUT A HEE, H2BLEXPEOF oAV
C(X)ED LO@mROMEGE L LTEAI N, FIZIXXITAS A, EDORK
DnldfAlR?2L WS 2 %2FZX 3L EM X ErNETHERL LS. ZOARAMKE
DIFEELLAAHITONTWED, FHAE MY —HOEBREZEIZL LA

aAF oA VANZHRIZAD AL EEIZ D WTEHERINDE I ENELL Koz kDT
Bond. HIZIEAMASHE X 2L, MaEROZ%ER A = Q(X) IZHAIC

d: A— AZRIBAERE, - 7—L8EKA=Q0(X),d) lEmy:=AN%&2T v
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VM5 (W) DGREDKEZ R D, KRFEHTI, A, REDEMEAD
ZOHAMETOIRAIZEUTEIZLLFTIERS (a), (c) IZD2WTHIT LW,

Ao REZ RATZHNROMP LU S DAZR L L TR W W, ZoeE AR
WMENETIHERDS. A RBOMOD A, GHEEHRIEHET 51T1E -
FERDMERITH D, Ap RE(A, {mphis1) 1T L, A DRE A DT >V VIR
RE(B(A) = T(A[1]),N) 2E 25 & Ay i {mi)ies1 & B(A) EOMAS m -
B(A) = B(A), m* =012/ EIJ T2 20 TE, (B(A),m, A) IFIREA E M5
REBE KT, 200 A REC(A, {my 1), (A {m)}is1) OREID A BRI,
SIS BIRBUT ERRBOB OB UTEHRI N, THIXIREE R D% B
Bk

fi s (AP — A'[1], k>1
ICEoTHEREINBZ L 2y, BT f : A[l] —» A[1] ZEEROBOBEEE f -
(A[1],my) — (A'[1],m)) &Iro>TW53.

ADPFABEDEE, fld A AREREER. 20L& SEBEHEEG ! BEET
5. LU, ARz A ABIERTHETZ20IE—MHIZHEH LVWEXTIE
B fy BEROMOBAMEHRTH D L & fld A BABEBKRTHL L\,
220D A REBDOMIZBFABGEBPFLET D LW D Z & IZFHEEFEER R Z E D
Ao R A RABITHET 2ODPEREITIZE LV DL LS. ZOBIKRNS
ATHEERHFEEL LT Kadeishvili 12 & 1B NERER 6] 23 5.

Aoo *ﬁlﬁjﬂgg@f : (A/, {mz,}kzﬁ — (A, {mk}k21> b)ﬁﬁj—%

ZDEE (A {mhs1) ZHEHED A FREL (A, {mytisr) DIBNERIL NS,
BIK (A[1],mq) & (A[1),m) = 0) XA THLDT A 1IZRZ bVERE LT
H*(A,my) EAMTHS. 2% 0 (A, {m) 1) 1E (A {mphis1) & Ao BRFARLZ
AREBED>H, R7ZMVEMELT—BNESLB>TWEHDTH 5.

—7, Ao REDBATCASEYIZERTE, Bimad b D A AR¥IEH 5 DGR
Be A AR 252 bHoNTWS.

ZDEKET, A AL A REDS> L, DGRETH 2 H DI3HEE IXEH
W TREL ], BUMERID [—F/NZ W] HDTHB WA 5. DG REOHEE
k% IR CTHRIZENS. DCREZ DT HI L 2EZ257-DIZIZDGCE
BEZEZDDIFED, DCEBHIZ fL DADPSHD Ay BIHRTH D &\ D EIERT,
—fRD A BARIZEERTETEADRV., IS5 -72Z &I, DG HAER G HIX
FMERRZ ED B\ R ZIE W) . Ko T, DCREDEIZBEWT, #
& D DG HEM GG Z2ERITINZ, Tl ->TRFMELT L5228 %L
ZWHIFTTHENEI LTHESNIBEIZEWT 2200 DCREDVEMTHD Z &
BEERDOEZATNON A IRAMTHEZ L LRAICIZRD Z Mo NTWD
[21],[17].

71



0e4000000000000

DF ) DCARBOLEET HBICH, DCREE A REEARLTZED A #
EIRKEZ DTS VWE WS Z 22 s, Bz, ZoREX, B/NMERER X
b, M/~ A REOSEMEICREINDS. BN A REDOBID A, HIE 555
X Ay AR TH B DT, N A RED Ay RBEZ 2T I L.

BB E R RIZNGT 2 DCHEED L VIT A MEEEL LTaIRED
V—3ARRIGERBEDEFERLEZWN. Z0EE, BUNA REOBD A, [F
RUBGIIIRBAT E B IRIR TR 2 N IVER OB OIEIFE EFEED & 5 s DTH
D, DETHDIZFEHLZED LS, KT

(a) 1SR DG K
(b) A E Ay

RN, T OMUNMERID A #EE m, & n BAREVWEHBEERD, A [FH
BHBD f, BERD n FTIZOVTHEZNUET LW LIZRD, SEHLPTWI T
ATHDBI Db, (a) DEBEIZDOWTIERHIC, 1-EEEA# DG R0
THZLIIEHAE N —@mENETEZ 5. DCAREO kX b, %t
I 5 A RELE UTIEA 2R D O REUZHIRL THEZA D Z & &5 (7).
BIZIX[B] TIE StV .- vVSk, 1 <ip<- - <ip LRACIFTERY—EERD
ZEEOAHAE PE—HIZOWT, i <TOHHETIZOWTHEHINT WS,
(b) DIEFATE A B, BN FER Y -3 T —XFREDIHZEIZENT
Seidel IZ&X > TEAINZHDTHS ([18] A K) .

—fBUZ DG, HDWIE AL B CH S =ME Tr(C) 2T 2 HERH D (CH
DG B D54 % Bondal-Kapranov [1], £DHLEE UTC W A BDHGED [13]),
FEERRB =M XN FER =ML Tr(C) L LTERINE. ZOLE
200 AL C, C' W A FHETHNE Tr(C) & Tr(C') 1 =fHBEFME Y 725 2
05, WUN A B O EZ B = ABE OO ZOIZSHTH I EATE S
(f5il 21 [10]) .

Ap REDOPERALD, DERBELNOERMEL U TIE, Al G407 IERIE " 1
BREDTHH72D, —HELERS>TAZSDGCHSE WL A MEDFDX L%
ADLIEMMTELIENHD. TOHAME LT

(¢) RETY—M3 T —5HE

NHs., FEDY—MI T —XFE [13] £1d 3 5 —*FRME RO BT E R b &
L T Kontsevich IZ& o TIREINZHDTH Y, YV TV I T4y 2%kEK M
EOFERE Fuk(M) & M & 35— EHEL A M _EOEEE O Ek
1B D’(coh(M)) DREIDEMMETH 5. HOE Fuk(M) X A ETHB720 (2],
=B OFREEE LT

Tr(Fuk(M)) ~ D°(coh(M))

3
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ﬁﬁbﬁﬁtbi@ﬁﬁ%my W7 —xfEriEoEMtThs. EHEC
FINIEIS— M, MAMBH5E - %W%ﬁ%@% DEXMETHEH, M b
5miMﬁ¢b DT =T = SRR OV THERMEDHIRE T
5. HERE Db (coh(M DMiQ%aDG%L%%%,_M@%éDG%OL
XoT Db(coh(M)) ~ Tr(C) 725 ZEDMFTES. £oT, KWDGHEC
&, BERSIE Tr(Fuk(M)) ~ Tr(C) £ 722 A, Flis B C % & > T A, [Fff
CoC ZRTIENTENXFERY I T —WFELRRINE Z LT 5.
Kontsevich-Soibelman [15] TIZZ DA MMHETHET Y -1 I T — R ﬁ’iﬁi‘@‘ﬁ
EDREINTVT, FIZZD AL RMEC — C'1EC 1 DG B C' OfE/NMERY,
ZVEBRMIEW (BHOZREA) NEWABTHEZLIICLTESNSZ é:fy
I TWE., ZOREPERIIETTELLOIRIT ﬁ@WiA@a %
DI nAS, DR H I T =% (M, M) DS 2IRIE b —F ADBEITIETE S [9].
—RIZ Ao REL, Coo REREEARE Y — ﬁﬂa@iméﬁ,thGU—
RED L THE Lo R (REPE—V—RB) W50 EHB. 2F D
RIEKAT, FEME—HAENTHE22DDITFE M-V a2 /ZT
Kontsevich 3£ & 7{biE%Z, 25D DG VY —REDOFDON)G%Z DT 2#EE
ULTERNMBL, EBIZZENS DM L, BAREG 2R T 5 Z £12 & o TR
U7z [14]. ([3, 11) R &2 5.)

ZDESITRMPZIZBENTHE PE—REDPERICEHNSHEIZ, EEXIns
DHFE b E—REDFEHO DB ERMEY - VHDEY 27 1 ZEHDa Y
NI MEDRTART Yy N EDORBEE LTHEONZEDTHS ZEDEBRLTY
% (121 21). Z0X5%bIT, € FE—RBUIERFHERBIIBNT, %
@%@@m%%&?%h@@@ﬁ&thf%ﬁ%é%fbé(H@%%Xﬂ&
5 EEDH DL UTHIZIE[4].)
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PRESENTATIONS OF (IMMERSED) SURFACE-KNOTS BY
MARKED GRAPH DIAGRAMS

SEIICHI KAMADA, AKIO KAWAUCHI, JIEON KIM*, AND SANG YOUL LEE

1. INTRODUCTION

An immersed surface-link is a generically immersed closed oriented surface in
the 4-space R?*. When the surface has only one component, it is also called an
immersed surface-knot. When the surface consists of 2-spheres, it is also called an
immersed sphere-link or simply an immersed 2-link. When the immersion is an
embedding, it is also called a surface-link. Two (immersed) surface-links £ and
L' are equivalent if there is an orientation-preserving auto-homeomorphism h of
R* sending £ to L' orientation-preservingly. An immersed 2-link is studied in [11]
in relation to a cross-sectional link. A normal form of an immersed surface-link
introduced by S. Kamada and K. Kawamura in [5] is used to define a marked graph
diagram of an immersed surface-link. In [6], we extend the method of presenting
surface-links by marked graph diagrams to presenting immersed surface-links. We
also give some local moves on marked graph diagrams that preserve the ambient
isotopy classes of their presenting immersed surface-links, which are extension of
moves given by Yoshikawa [19] for presentation of embedded surface-links. In [13],
with an example described by a marked graph diagram of an immersed 2-knot, it is
shown as the main theorem (Theorem 3.6) that for any positive integer n, there are
infinitely many immersed 2-knots with only n essential double point singularities,
that is, infinitely many immersed 2-knots with n double point singularities which
are not equivalent to the connected sum of any immersed 2-knot and any unknotted
immersed sphere.

2. MARKED GRAPH REPRESENTATION OF IMMERSED SURFACE-LINKS

In this section, we review (oriented) marked graph diagrams representing im-
mersed surface-links described in [6]. A marked graph is a 4-valent graph in R3

each of whose vertices is a vertex with a marker looks like . Two marked

graphs are said to be equivalent if they are ambient isotopic in R?® with keeping
the rectangular neighborhoods of markers. As usual, a marked graph in R3 can
be described by a link diagram on R? with some 4-valent vertices equipped with
markers, called a marked graph diagram. An orientation of a marked graph G in R?
is a choice of an orientation for each edge of GG. An orientation of a marked graph

G is said to be consistent if every vertex in G looks like . A marked graph

G in R3 is said to be orientable if G admits a consistent orientation. Otherwise, it

is said to be non-orientable. By an oriented marked graph we mean an orientable

marked graph in R® with a fixed consistent orientation. Two oriented marked
1
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2 SEIICHI KAMADA, AKIO KAWAUCHI, JIEON KIM*, AND SANG YOUL LEE

graphs are said to be equivalent if they are ambient isotopic in R® with keeping
the rectangular neighborhood, marker and consistent orientation. For ¢t € R, we
denote by R? the hyperplane of R* whose fourth coordinate is equal to ¢t € R, i.e.,
R} = {(21, 72, 73,74) € R* | 24 = t}. An immersed surface-link £ C R* = R® x R
can be described in terms of its cross-sections £; = LN R}, t € R (cf. [3]). It
is shown [5] that any immersed surface-link £, there is an immersed surface-link
L' C R3[-2,2] satisfying the following conditions:
(1) The intersections £} and £’ ; are H-trivial links;
(2) All saddle points of £’ are in R3[0];
(3) All maximal points of £ are in R3[2];
(4) All minimal points of £’ are in R3[—2];
(5) The intersections £’ N (R3[1,2]) and £’ N (R*[—2, —1]) are disjoint unions
of a disjoint system of trivial knot cones and a disjoint system of Hopf link
cones.

We call L' a normal form of L. Let £ be an immersed surface-link in R*, and £’
a normal form of £. Then L) is a spatial 4-valent regular graph in R3. We give a
marker at each 4-valent vertex (saddle point) that indicates how the saddle point
opens up above as illustrated in Fig. 1. We choose an orientation for each edge of £,
that coincides with the induced orientation on the boundary of £’ NR? x (—o0, 0]
from the orientation of £’. The resulting oriented marked graph G is called an
oriented marked graph of L. As usual, G is described by a link diagram D with
rigid marked vertices. Such a diagram D is called an oriented marked graph diagram
or an oriented ch-diagram (cf. [17]) of L.

XX
x»x XX
DTG

FiGURE 1. Marking of a vertex

Let D be an oriented marked graph diagram. We obtain two links L_ (D) and
L, (D) from D by replacing each marked vertex in D as shown in Fig. 2. Links
L_(D) and L4 (D) are also called the negative resolution and the positive resolution
of D, respectively. By replacing a neighborhood of each marked vertex v; (1 <1 <
n) with an oriented band B; as illustrated in Fig. 2. Denote the disjoint union
By U---UB, of bands by B(D). A link L is H-trivial if L is a split union of trivial
knots and Hopf links. A marked graph diagram D is said to be H-admissible if
both resolutions L_(D) and L (D) are H-trivial classical link diagrams as shown
in Fig. 3.

From now on, we recall how to construct an immersed surface-link £ in R* from
a given H-admissible oriented marked graph diagram (cf. [5, 6]). Let D be an
H-admissible oriented marked graph diagram. We define a surface-link F(D) C
R? x [~1,1], called the proper surface associated with D, by
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L, (D)

> L (D)U{Bi}

Vi

L (D)

FIGURE 2. Marked vertex resolutions

5

D L_(D) L,(D)

FIGURE 3. An H-admissible marked graph diagram

(R3, L (D)) for 0 <t <1,
(R, F(D)NR}) =< (R® L_(D)UB(D)) fort=0,
(R3, L_(D)) for -1 <t <0.

It is known that a marked graph diagram D is orientable if and only if the proper
surface F (D) associated with D is an orientable surface. Since D has a consistent
orientation, the resolutions L4 (D) and L_ (D) have the orientations induced from
the orientation of D. We choose an orientation for the proper surface F(D) so that
the induced orientation of the cross-section L4 (D) = F(D); = F(D)NR} at t =1
matches the orientation of L, (D). Let [a,b] be a closed interval with a < b. For a
link L, let Lx[a,b] (or Lx[a,b]) be a cone with L[a] (or L[b]) as the base and a point
in R3[b] (or R3[a]), respectively. Let H = (O1U---UOp,) U (PLU---UP,) be an
H-trivial link in R3, where O; is a trivial knot and P; is a Hopf link fori = 1,...,m,
j=1,.

° Let Hpla,b] be a disjoint union of a disjoint system of trivial knot cones
ik[a, b] (i = m) and a disjoint system of Hopf link cones Pj*[a, b](j =
..,m) in R3 [a b]

. Let Hy[a,b] be a disjoint union of a disjoint system of trivial knot cones

i [a, b] (i m) and a disjoint system of Hopf link cones P;x[a,b](j =

1,..., )1nR3[a b].
By capping off F(D) with L4 (D)[1,2] and L_(D)y[—2, —1], we obtain an oriented
immersed surface-link S(D) in R*. We call the oriented immersed surface-link S(D)
the oriented immersed surface-link associated with D. It is straightforward from the
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construction of S(D) that D is an oriented marked graph diagram of the oriented
immersed surface-link S(D).

Definition 2.1. An immersed surface-link £ is presented by an H-admissible marked
graph diagram D if £ is ambient isotopic to S(D) constructed from D.

Theorem 2.2. Let £ be an immersed surface-link. Then there is an H-admissible
marked graph diagram D such that £ is presented by D.

We discuss moves on marked graph diagrams which preserve the ambient isotopy
classes of the immersed surface-links presented by the diagrams.

v 20 = 3
v XD = D
oo <5 — DT
N T — S

3
u
S

FicURE 4. Moves of Type I

The moves depicted in Fig. 4 on marked graph diagrams are called moves of type
I, which do not change the equivalence classes of marked graphs in R3.

The moves depicted in Fig. 5 on marked graph diagrams are called moves of type
II, which change the equivalence classes of marked graphs in R3. When a marked
graph diagram D is H-admissible (or admissible) then the result obtained from D by
any move of type IT is also H-admissible (or admissible) and the immersed surface-
link (or surface-link) presented by the diagrams are ambient isotopic, respectively.

It is known that two admissible marked graph diagrams present ambinet isitopic
surface-links if and only if they are related by the moves of type I and II (cf.
[14, 18, 19]). These moves are called Yoshikawa moves.

Let D be a link diagram of an H-trivial link L. A crossing point p of D is an
unlinking crossing point if it is a crossing between two components of the same Hopf
link of L and if the crossing change at p makes the Hopf link into a trivial link.
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FGI P

Iy p—
6 -

F7I ¢

Fg: P

FIGURE 5. Moves of Type 11

Definition 2.3. Let D be an H-admissible marked graph diagram and let D_
and D, be the diagrams of the lower resolution L_(D) and the upper resolution
L, (D), respectively. A crossing point p of D is an lower singular point (or an upper
singular point, respectively) if p is an unlinking crossing point of D_ (or D).

We introduce new moves for H-admissible marked graph diagrams. They are
the moves I'g, I'f and T'g in Fig. 6, which we call moves of type III. For the moves
(a) of Ty and T’y in Fig. 6 we require a condition that the components {* (in the
resolution Ly (D)) and [~ (in the resolution L_(D)) are trivial, respectively. For
the moves (b) of 'y and I'y, we require a condition that p is an upper singular point
and a lower singular point, respectively.

FIGURE 6. Moves of Type III
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The generalized Yoshikawa moves for marked graph diagrams are the moves
I'y,...,T5 (Type I), T, ..., I's (Type II), and T'g,T,I'1o (Type III) as shown in
Fig. 4, Fig. 5, and Fig. 6, respectively.

Definition 2.4. Let D and D’ be marked graph diagrams. Marked graph diagrams
D and D’ are stably equivalent if they are related by a finite sequence of generalized
Yoshikawa moves.

Theorem 2.5. ([6]) Let £ and £’ be immersed surface-links, and D and D’ their
marked graph diagrams, respectively. If D and D’ are stably equivalent, then £
and £’ are ambient isotopic.

Definition 2.6 (cf. [5]). A positive (or negative) standard singular 2-knot, denoted
by S(+4) (or S(—)) is the immersed 2-knot of the marked graph diagram D (or D’)
in Fig. 7, respectively. An unknotted immersed sphere is defined to be the connected
sum mS(+)#nS(—) for any non-negative integers m,n with m + n > 0.

A double point singularity p of an immersed 2-knot S is inessential if S is the
connected sum of an immersed 2-knot and an unknotted immersed sphere such that
p belongs to the unknotted immersed sphere. Otherwise, p is essential.

D D’

FIGURE 7. Standard singular 2-knot

3. CONFIRMING IMMERSED 2-KNOTS WITH ESSENTIAL SINGULARITY

In this section, the main theorem will be shown with an example of infinitely
many immersed 2-knots with essential singularity. For an immersed 2-knot K, let
E(K) = CI(S*\N(K)). Let E(K) be the infinite cyclic covering of E(K). Then the
homology H(K) = H,(E(K)) is a finitely generated A-module, where A = Z[t,t'].
This module is called the first Alezander module of K (cf. [15]). Let

DH(K) ={z € H(K)| 3{\i}1<i<m : coprime (m > 2) with \;z = 0, Vi},

called the annihilator A-submodule, which is known to be equal to the integral
torsion part of the Alexander module H(K) (cf. [9, Section 3]). Let e(K) be the
first elementary ideal of DH (K). A A-ideal is symmetric if the ideal is unchanged by
replacing t by t~1. Let DH(K)* = hom(DH (K), Q/Z) have the induced A-module
structure, called the dual A-module of DH(K). The following lemma is used in our
argument.

Lemma 3.1. If K is a 2-knot such that the dual A-module DH (K)* is A-isomorphic
to DH(K), then the first elementary ideal ¢(K) is symmetric.
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For any marked graph diagram D of K, the fundamental group 7(K) of K is
generated by the connected components of D, namely, the connected components
obtained from D by cutting the under-crossing points and the relations s3 = s5 Ls1s9
for all crossings as in (a) or (b) in Fig. 8.

& *g
S2 \S?K S2 \ﬁ
C C

(a) (b)

Fi1GURE 8. Labels at a crossing or a vertex

A computation of the Alexander module H(K) and the ideal e(K) is shown in
a concrete example as follows:

Example 3.2. Let K be the immersed 2-knot of D in Fig. 9. The immersed 2-knot
K has only one double point. The fundamental group 7(K) is computed as follows:
n(K) =< z1,%2, T3, T4, Ts, Te, T7, Tg, T, T10, T11, T12, T13, 14, T15| T1 = Ty TaT2, To =
azgla:5x3, T = x§1x4x3, To = a:flasgxl,xe = x;lxlxg, xre = xflxm’l, xr] = Zt;ll’sl’m xro =
z7 woxy, w0 = T3 T7T2, Tio = T} T1T1, T1 = Ty T12Ti1, Tz = T T13T11,Tia =
x;lmuiﬂg, T14 = xl_lngm, €T = 1‘2_11'15ZB2 > .

This group 7(K) is isomorphic to the group < x1, za|r1, 72 >, where

7t $2$11‘2_1 = 3:1332331_1, ro (mlxz_l)g’xl(xlx;l)%’ = 9.

Then the following A-semi-exact sequence
Arg,rs) B A a5 BASZ 50

of the group presentation of (K) is obtained by using the fundamental formula of
the Fox differential calculus in [1], where A[r, 3] and A[z}, 23] are free A-modules
with bases 7} (i = 1,2) and z} (j = 1,2), respectively, and the A-homomorphisms
€, d1 and ds are given as follows

. . or; o (i
e(t) =1, di(z}) =t —1(j = 1,2) Zax (i =1,2)
J

for the Fox differential calculus 8“ regarded as an element of A by letting z; to t.

The Alexander module H(K) is identified with the quotient A-module Ker(dy)/ Im(dg)
(see [10, Theorem 7.1.5]). The Alexander matrix My = (m;;) defined by m;; =
is a presentation matrix of the A-homomorphism ds and calculated as follows:

(9"5

260—1 1-—2t
M = [ 4-3t 3t—4]
Hence we have

H(K) 2 AJ(2t — 1,4 — 3t),
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which is equal to DH (K). Thus, the first elementary ideal ¢(K) of K is
((K)=<2t—1,4—3t>
=< 2t—1,4—-3t,32t— 1) +2(4—3t) >
—<2—1,5>.

—

5
)

FIGURE 9. An H-admissible marked graph diagram D

The following lemma is useful in a computation for a symmetric ideal.

Lemma 3.3. ([13]) The following statements are equivalent:

(1) The ideal < 2t —1,m > is symmetric.
(2) An integer m is +2" or £2"3 for any integer r > 0.

Lemma 3.4. ([13]) There are infinitely many immersed 2-knots with one essential
double point singularity.

Let J be one of the immersed 2-knots K,,, K/,(n = 1,2, 3,...) such that the first
elementary ideal €(J) is asymmetric. Then the following corollary is obtained.

Corollary 3.5. The connected sum J#U of J and any immersed 2-knot U such
that the group orders |DH(J)| and |DH(U)| are coprime is an immersed 2-knot
with at least one essential double point singularity.

Finally, the ideal (2t — 1,5) is known to be the first elementary ideal of a ribbon
torus-knot in [4].

By using an immersed 2-knot in Lemma 3.4, the following main theorem is
proved.
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N /\

| |

)

D@@

—

FIGURE 10. H-admissible marked graph diagrams D,, and D),

Theorem 3.6. ([13]) Let K = nK}, be the connected sum of n copies of an
immersed 2-knot K, with one essential double point singularity whose first ele-
mentary ideal is < 2¢t — 1, m > for any integer m > 5 without factors 2 and 3. Then
K gives infinitely many immersed 2-knots with n double point singularities every
of which is essential.
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BI7AN—%1ARKEDS2 EDN—F AT 7 A N—22[] 5% - SZDREENRAD Z LA

SRR, BEVT Y/ AOEH B KAUT 4 RICAZ RO FIHEIZ 2 N FIVBIRD ANV R
VDT Y RF VLo TRES. 2NV RLVETOT Ry F U I — A THEIH TS E
DEDT, H—E— - ANF a7 AFHU A RTEREDOMEICLHENTH 5.
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DHo7=DT, HODHEHRD L TIZHA L. ThEEABBK CYRFRZERE) 27
FENTWT, "y 7 - 7747 —varvzflioTh- LI TE S Z L 2H
AT N, ZOMKIFFADFHX [38] T, WERIZL DHK] & UTHRMA LD, RO
EOEDTHS

£9, A7 TI774T7 b —varvh: S 5 S2ERED, TOVARYYaVTh:
S NS EERSL. LB =54 852 =89 ITERLT,

Yh:84 =58 ¥ K8 G2

DE %
hoXh:S8*— §2

BEZBY, TNV N—F AT 7 A N—2E/IZH5. US?2L B3 2FE—-HTHLE, ©62
D2ODBEDEHENARY T+ 774 T L =3 VDE—DT 74 3— FIZES TN
X, RO L=V A VRR 7 7 AN—1 KD N—=F A7 74 N—E}IZHmBL, 2
DOMBEEENAY T - 774 T L —avDRBEZ2RADT 7 A N—FiZhb e &
(ZHEHDIFSN—KN) 1, P—FZAEDTIERKDAY T4 7 V% 1RIZDIU KRR
T7AN—= UNED L) 22RO N—=F A7 74 N=2ElIz7 5. 7-72L, BHE
RXDOFEE—HIETIATHIN YA FAIZ%5. HEeT (1990 F4R%1Z) Lefschetz
T7 AN 2EZ L E 4], TOFDEIITHRRIHCRXDFEEZRFOLI %
Lefschetz 7 7 1 /N—28[] %2 77 % 5 )L 72 Lefschetz 7 7 4 /N—28[E & AT 7273, T D
=27 7 A N=28[]5* = S2IE—BHDIZTFINVERT 7 A NN—2BEIZEEL 72
HIThHd., £-Z212%, 1ROV A VRERT 7 A N—=Tw 2 KOHHRLRR T 74
N— ([ & I)) TRHTIBREBNTNVD

4 RICERTH ST IZAB b — 71774A~%W5h+9@,%$%@mtuwz,i
HENEITDHEDEEoT WS, TR, A ). T4 AR7, MIBREE, D. Ay X
AINDEEZEmWXL[7) T, TOT7 7 A N—2Efli]Z2ffioT, R*® EIZT—F—TkHW\&>S
WMEEMEDPIR I N, ZABREBFS LWRHLBDLZ 2 ->T, D2 4
ETWTEhrorl Rl
FEEME. bP—FAT77AN=ERODSEH, mHDND 2035 7zDIF/INESE DK
dhmawic BN g ] TH5. ) —< VHEO LD, 774 3=0 [HE
R (DFED P —FR) IZR>TWVWAEEIR =T AT 74 N—2EEDkEE % F
DARFTEHFRTH S, HBHEEO b Ro Y — 2T 5078 RE LT, A 7 A[3]]
ZBfE{)IVmeﬁ%Ot.%EiQWEﬁﬁS%HHhﬁtﬁéﬁH@ﬁ%%i
TW0, o DFERZ RERDA—BD ) —< VH DY #%bioa 57, H
DHEEH U 72 hC— %ﬁb#oﬁﬁ@@ij&ﬂﬁ?%#, EAT I < AR IR
DFERDGFFHH T E 7= -
EI(39] ZEHT7 7 A N\N— 2R LWEHHIEA = 2H > T, TH o OEZEHR O,
UL, 2ZEMOA A T — IS LU IFIEE D > OMH il o2 E 2% -
THWAFRHETH 5.

(ZE7 74 NN—] IZNEORFRT L, m 222 EFEPNDIRERT 74 N—DZ &
Thd. EI77AN=—DNOFEB IR 714 3N—=1%, T RXTHE1D Lefschetz
BT 7 A N—IZRRIEENDZEDRAABIPEAS TV Vv [50] Ik DA X 1



0e400000000O000O 90

TWb0DT, fiFH, LOEMIIRZEEA—KORAY —<VEDHBEIC, 7714 3—0
FEELAS 1 D Lefschetz 7 7 A N—2EM O HEEH Z2E/-DLHE LI THS.

ZET7 7 AN—DHZLEITE, EEHKIROERZFEAL 72 « GRXG %A Ul
AL 7-.)

EE[66) LET 71 N—D 3K EdH 256121, HEHMIH O 222 /R O FAHEIX
RZEMDORE N —HITHRE S,

INSOEMAFEHINAZESLY, RFAVRYV[ICkD, ZET7 7M1 N—%2K
£ 5?2 LOEHEHA T, FHETH 2P FRETRNE DD S (FHEM i & i)
- NV o 7 iliE: [25], Remark A 2 & W5 T EAGEHINT, HxDfERE
RFILRY VDFERLIZS ELMVESIEDE R 5T,

EAY VYV [50] T, EREDELET 71 N—Id Lefschetz IO R T 7 1 N—& [%
BEh—FA5 ZHATHILHIHEHINTVWEDT, EK[66] D> 72# M b i,
Lefschetz BIDRHR 7 7 A N— L ZEHEH M —F A2 EG5LELDTH > 7. Lefschetz BLUAA D
FH T 7 A N—Z HERICI D A EEENRIBIN TS LS.

4 RT T FA & PLIREAICARBR A Z 172 VWD T, RFIVRY I, FEIEM
dhm & 80E - A A F = 7 IEMETH 2D PLAMHTRNWZ L 2L Z 21274
5. DV, AU 4 RGCERRIKIZBET 2 [FEEARTA ] IR0 272706, 52kl k
DERRARIZONWTDORAFHIL Tar) VOEH ] THNED, 4 RTCERFRIEDIEAR
FAUE (AR VOEHETHRL) F=VHER] IZXoTHENE WS Z2itkhd. 7
B, IRITCUTFTDOERIKIZDOWTIE, EAFTRITK LTS (E. A X[49]) . [FHAF
2DV TIE, BlziE[42 2 TEL 230,

5. Lefschetz 7 7 1 /N\—ZE[H]

T 7 AN—DEBN 1D & D Lefschetz 7 7 1 NWN—=EHR L o728 B 572D T,
T 7AN—DREN 20562 EZ LD LS TEVZONRL 4] THS. DX
FEADPSE R NDE LD, Bl CTHRILZaHEMEZEHR 2 THElksE L5
WO RRIAATIHD 2D TH LM, #F, #LUTETHIET, KEKDF £ 2Dl
METIZOP >8R E2ED -2 D TH S, YRR ZHE L - PIL, & UEZEM
MEKI S? T, WR_T 7 A N—DR2 TSNS (DFD, HERT77ANN—DFD
O EREY A 7)) BIESEHTHNIL) , ZD XS 2R 2 D Lefschetz 7 7 1 /3N —
ZBMIE Z DFRSUTZET TH 5 Examples A, C, D £\5 3 DD Lefschetz 7 7 1 /N—2&
D7 7 AN=FNIIRBTH D, EWVWIEDTH-7-. (1&E, M Lefschetz
T 7AN—ZEIZOVWTDOY =)V b - T4 7 VOFR] [61] EFFEND XD 1T o7
FHOEK 2 DGETH>72.)

FHEC 1 D Lefschetz 7 7 4 N—28[l 2 T 5 SO HEEE T€£/7 kO — - AL
Fa1S5R] THA ([31], [50], [39]) . DXV, KZEMIZ1Mp ZED, TORE/LME
T5 REI77AN—DRZHEOSBRVWEDR) V—TFHIZIR>72E/ FUI—%2F X
P EREFADESE & HIZ 1986 FEIZHIR S NTWT, FFURY YO (19854F) DHkIEo7zk S

WZRZ BN, BAPEBREHBHLZDIEINFIVEY VORI HPHBHEE - 7.

SHUMZIBH B 1RO SN N —=F I, FAD D ~—F AWMaE2EESH VT &5 RGE, Tbho

ggﬁlﬁ@6ﬁﬁﬁO@ﬁ6%£77fﬂ—&@éﬁ%ih—iljt@@ﬂ5%£774ﬂ—ﬁ

CSRFNVRY VORREH Q] Btz &, FLALHIHI [ZFYF v IR OFERD 272D T,
FEa U RT NARGEERBIZODOWTEARFEBE D LRV EIFH s T W
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5. LT, EVWIL—T72EUDD, B/ FuI-—0DF2 TELXIFHEHIZL T
<. Wfgiz, THREERZ | (ZRE TN, 7 7 1 N—ZRIOSHENZERT 5 &\ D T
H5. FH1OGEE, €/ NOI—OEIFEESL2,Z) IZ@T 5. ZOREZdud {£1}
T%OTPMWJQKTM

PSL(2,7) & 7 x Zs

PDHISNTWBEDT, ZOLIBRFVWRTWHDOLRNLTDE FEBI— HFaT
A%TFZEEL T, BRI OHETEERIZEET 5.
@ﬁz@%é,%/bm —DEDET 5 DI 2 DEHEEHD, TH S, ZDH
iﬂa%fné%@® M1 DGEITHARNTRERICETHD, £ZTE/ K
CANF 2T AZRTOIDEFMBODTHL ., WD DT, FHE2D Lefschetz 7 7
A N—=EOSFEIT T HETWAR D,

EANZ AR 2 FE T VWA DI, BHE—~KDOFKLZFvyr— NEBRTHS. TN
TR O H 2 R 2 M tbf@%éht#([]pm,%wﬁ%/Fni—%
BUZBMER D K D1T% o572 (28] &K IZEWZDIE, ZOHGRZFEE 1 D Lefschetz 7 7
A N — 22T G ?5&(%A&L%bmtuot)ﬁﬁm@#itht#«—/f
FAFHTETLES 28 THB (30 Fv— MIKEMOHHEIZHI W [MEE T LD
MWi=757) THH. (T VEHZREGOERTIZHIRLTWS.) fifi Eor—7
MIDT T TEMYIZ T LIIXDY DGR > 72F v — MffvwTnwizI L%
FAW-T, BMGDOTEBS. TS50 T, V—FIZH>E/ FuI—»niilihzdZ
Il 5. ‘9:“\7 MIVWHIE TE/ FOI—DOWR] THD. £/ KaI—-HhLFa
T ZADGEE, FEp \CHE->T, €/ Fu3I—% [EEEHE LZDEH, Fvy—
b@mf ,Kwﬁ_%/ﬁms—wﬂﬂ®%&%<bwﬁ#6,%/Fmi—@k
B FRETRAZ 91255, WhIFHIMZ W THRLZDIZET WS

Fy— MEBZIFE/ RO —DHFZ2EZITIZFYy— 2% zém<o#®rf
Bl BIEPHARAENTWT, ZOEREZM>TF v— M 2HHICL T L. &K
2 THEEHER 7R | F v — M2z 0 DIFIE, Lefschetz 7 7 1 N—2B DO 5D EKT 5.

Lefschetz 7 7 4 N—22[B O3 FEIEE /) RO I — - ANVFa 73X F vy — MNGR
Ao 721F D DRENZEHEBEIZ R D Z 5 2 23050, L1, EERIZP->ThA
Z.) <‘:, Fy— 2L > TH, FEE2D Lefschetz 7 7 1 /N —Z=[ D522 0 FEILHE L

IR L WhEED L, CAREREEAKRRAIVITIFINEWVD [Fv—
b@ﬁ&Abﬁ@ il DVEEL . KRS K & R A TR O FEFLE ([53],
54, ...) T, (& CHERADIGHZHIELT) Fv— MmOMAGLERZE
%bfm ISP F Y —bDR =y MZRSEHIMAR T LA NEETH S
», F v — MEROMAGOEROARENLZNENEHNT WS, High+o Il R
X, Lefschetz 7 7 1 N—EHADIGHB AR TEZ 2D TIERWES S W

78, BAETSH, Lefschetz 7 7 A N—2E[E D (B 5 FHEMN 7 Lefschetz 7 7 A /38—
EEEDT 7 AN—RIZLD) BREAZRHLU 208 1FF v — MHEwZx o> Trl6E
Th b (29, [13], [14].)

A7 AR & U T, T2 D Lefschetz 771 7L —>a v Op%EZ2HIE L 723X
A1) Z2F N2 L 572, TOMXPHZERIZ, R T2 7[20] 2 [Lefschetz
T7AN=EBEM - SIZBWVWT, 7714 13—DET S (RE{EE) FSEQ Y —HEHIE%E
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MM OFTOTHRIFIUET, EEMMIZIZY YTV I T 109 7 SR EORENR AL ] Z
AL ® ([20] p.401), £/ RFIVRY V[N EEOY Y TV I T4y 7 4Kt
ZARRIZ 1T Lefschetz RV VIV OREEDA S (L7=D3-T, ThzfEryay -7y S
$ 5 & Lefschetz 7 7 1 N—2EMOFEENAS) ] T & ZAFHU7ZDT, Lefschetz 7 7
AN=ZERNKIFIZY Y TV I T4y 7 ARTGEFRIRDO TEEETH S Z & HVHHL, %
Z X o T Lefschetz 7 7 4 N—=2E[EANDIFEHEN —SIZ ER o722 THDH. Thk
B g 20 E D b onhy, FAOFR[41]) THUZME, 20, Ty oD%

(GGGULELERG) =1
((GGW"Y =1

EEZDE, INSIETNTFNS? EOMER2D (A0ADRHE T 71 /N—%FFD) Lefschetz
T7AN—ZER M — S2& My — S*ZED, [15] 25 & N6 DRZERM M, & M,
FAEZES> TRHTHZZ 20D 5H, TIEM & M IO FRMETHA I N2 &
W EIZDWT, T. Fuller[16] 2N S IR THRWZ & ZFEHL 72, Z O,
FEEL2 D Lefschetz 7 7 4 N—22[ ORI T XV F v 7 il iEE 2 Ko b O DBELE
TEZ DD BB TH 5.

wh, EOBHITERUED, BEHREROLEIPD (FOROVD) T—r Y1 AMD
M DEEFR T 1 S? ED Lefschetz 7 7 1 N—22[l] %2 525 DT, ZOEZEMIZEAU 4R
TCERRARIZ 725, Lefschetz 7 7 A N—2E8[E] %2 L T, < DAL ARTCEHEAEETF
IZANDZENTE S,

Kk, J. TERA, F.RITERY, L.AY7LVIT, T.XUT 74 BIU0TVS
[19] 12 & > T, EREOERFBREED, 2 Lefschetz 7 7 A /N —ZE[H] D 42 22 [l D B AR
LUTEHRTEDRIENRINTWVWBDT, Lefschetz 7 7 1 N—ZE/IEFH 4 12i1xH &
%9 E5.

6. Axial 7 7 1 /N\—ZEfF]

1212, Lefschetz 7 7 A4 N—2E[ L LLTWB MM DIE S Axial 7 7 1 /3—Z2f8 (H
M7 74 N=2E[]) ZBN LUV, Axial 7 7 A N—ZEE DT 1 T 7 287-D1E0 72D
HDOZ e ThdH, HEHETELEI S p D K3z, ©HAGREXDOKREORZH -
TI77AN—FEEEZ ANTVWEDER TS THS ([B8]) . TD& &, FHENL) 4
RICEHRIRD RS %2 5.2 TW\W5 TFermat Wil | 0725 %, ZOHEZMH > THN
TAEIDI Ll S, nZ2 1 EOEKE LT, nRFermat i@V, 13 CP? D 72/»T

2o + 20+ 2y 2y =1

WO RTEBEINAERIME (M RB Y —DI5TlE 4 Rools e Mk) T
H5.
Vi 2 CP? Vo=~ 8%x 8% V,=CP*#6Cp?, V, = K3ihm

PHISNTWEDT, —~BROGEDV, DIEIKIZKRD. AR, n=2227 5.

TZOEME, 774 N—OREA 2 ETHNIXEBIIZTHZI N 5.

8TV, ZOfER%E, BT UE Lefschetz 7 7 A N—ZE[ T2\ & 5 72 & O —f D locally holomorphic
fibration ([Z#E3E L T3 [20], p.404 (b) A%, [ U#E5HIE Vu Thi Thu Ha  AERERZZICH U 72+
3 (2000) THBIE TS [67]
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Fermat HHH V, 127 7 1 N—Htiz AN 5720, EZEAGFEADN
29—z =25 — 23 (1)

THBHEEZDI LTS, (HERBLDOT, BEDOTIAYA F AT EELHTH
HIZZEZ 50 5.) 2LT, (1)OmLzRENRELT, G&f:V, > C%

nlnlk:k

- - 1
PRI e

EBVWTEHTS. (C=CU{c} 22 TH5.) fliIzEXIE
Fo {,(z;‘_l/zg_l 20=21 MDD 29 =23 DE X @)

zZ0 — Zl)/(ZQ - 23) ‘%@’fmo)i%é\

LB, ZDESRE fV, » C% Axial fibration (ffiH 7 7 1 N—22[]) & &
RN TOMEIDIFROBEIZ LS. £7, 20—21=0.29—23 =025 =DOD 1 XA
THZEEMR () WEEIH, 20 Ml 280EFBIFHEEEZEZ DL, TOEKIX
CTRIRANIARATES. aeCIzHInd 3P, 1E

(20— 21) —a(ze — 23) =0

iz s, FUT, iV, = C DT 7 AN—fYa)lE, EEFHP, &V, DYDY
0V, NP> TWaA., DD, §liMET 74 N—28[IX, THl] 20— 21 =2 — 23 =0
IZED, TRTHIEINDEDITTH 3.

CITERTAREE, T#] @V, IC8FENTWEY, 2) 0BT, M o kiZ
f:V,— C%HEIRLTH well-defined THBZ & TH5B. Z I, Lefschetz 7 71 /N —
B DRKERBENT, 722K, CPPOHDH 5 REHE W 2 Lefschetz <> ¥ )L
%%Whiot?ét% i, FIEMA T 2 WICEBIIRbSES. (ZDk
E, LR Ty (EWICESENAW.) THi) & WiZlX, “base points” & XN 5 AR
M@iﬁﬁﬁgéﬁwj%éﬁ@%%ﬁki@fﬂﬁxra4Xém MaeCizH
ST AEELEP, EWOKDLY C, ¥ WP, 25¢ED2 L, WiHET 5k
DEFE D (R @ pencil) {C,},ce BTES. UL, 05 OHl#RIZE base points
ZiEEd 5 DT, BE T disjoint TlERW., T2 HRE T 5728, base points TW
70— 7y 7L, £ TOKEL disjoint (272 5. W iE base points DEE 72
F7a— - 7w FINT Lefschetz 7 7 1 N —Z2[] WH#CP2# - - - #CP? — CHE 51

3. (HacCOLEDT77AN—I13C, TH5.)

Fermat iV, D & 51z, Tl BV, IZ&FNn55E6, ZOIZET 5 Axial 7 7 1
N—ZefiaE 22, TA— - TvTTBIERLICT 7 A N—2E/Mf:V, > CHE
LB, ZIWHRTHD. 4 RTERIKOWAEMEIE V0 — - Ty TT5Z 210z
EoTHR Y DIFWRBEDNEDRSTHSL. V,TOEDEFANDL L &, Axial 7 7 A
N—ZEENEETH 5.

Axial 7 7 A /N —ZE ] OREE % i > T Fermat thii Z §X 72D A3 [40], [36] TH 5. i
SC[40) TEKBUn = 5 DGE L@ofﬂﬂt.Amﬂ774ﬂ~§ﬁ%r+é®%ﬂ77
4n—@%%aumﬁ%&ﬁu B G (1) 12 & B 30 ¥ a— XEHEOSEE R
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LT, KEEMGE/) FOI—%2 52558 EORERH\ =, 33 [36] TlE, XBnb
— M DGEIZ, RTORR 7 7 A NN—DNEEMHEEZRE L. ZOWREICIE T=
AEBIDOT A7 7 v MAARERN] 2F2RIEH6BL< T, ~RIFELAEFY
Ty RIS 72, BH—BEROBIZED TIREIZE -7z, HTLK KRR T 74
N—IZIFIF Lefschetz BLDRFHR 7 7 A NX—=TH 3 (72720, FUREERT 7 1 3=z <
DL/ —=RFDHB) D, n23DLE, 0LocodD EITIE, n— 1 AROERERN—DD
BN TRDDEEIBRIVORIRT 7 A N—=01H 5.

BoTWadDIE TRKEHRE FuI—] OIRETHD. T DV TIHITHE—EK
CEHEFRDOFMX[2] T, KBn BEBOLGEIZ, Hins (2 a— k&b
W) BENRRINTWS. 727700, £/ P —2RTEHHEOR TP TWRWN,

Axial 7 7 A N—=EBETELZ D TH o720, 4T UD Lefschetz B TR & S 7l
T 7AN=—DPENDIGHPEZ K FEHET S, T D—RDOKHR 7 7 A /N—% Lefschetz
BMHBWELET 7 A NN—IZoA ST mr I NS, SNEERAZD LS M
WEMENTH D [64]. BOLOBEID, [TORFTAE] ORFRT 74 N— (Ff g D
HE D, gD 7% ZKEIZ AN Z DM g DEBRDOREZER & L TR O NS RE
T 7 A=) A DLW % BEAT Lefschetz BLUIZ R T & 2 Z L SFEIH X 17z [55).
ZHZHRWoHB R FTcE s 5.
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S0V ERkFET T TRILY v RIVETT

=ie A (EEIEXXE)

1 FU®HIC

575V AR ERAFICH LTI ST vV aETh I I —AT 1 vy ZEIETH Y, W
DO N DR SNT WS, KETIET VI VY RS RSN S 75 v Y 2/l
BBEZODEMGEERRTSD. I—AT 4 v 7 IEFEDIXHICRADZHNRTH 20, DOEHBRITITRE
B, 72 78I v ¥ RVET (KLY v v NIVERDSRRIRZE) MEET 52 L 2mRT.
TNENRINT BRI T A EMERRE 52 5. £, 7T VY aiBSRRAEDRR
EEZLE, INET T 7RLI Y RUVEFOBELIIST B Z 2B 900, 120ufHe LT
F05 Y Ay SRRIFEO LB RO E 5 25 ([24]). ARDOLERIKR, GHRIEETH
50 C® L9 5. A EHORESGHICBEUTIE([L, 17, 19) 22FIC LT 2300,

2 TS VYR ERRER

7 vV aRREMGREMNT S ([1, 2, 426, 30, 31]). REFEH 7 : T*R” - R" 2F R
5. (z,p) = (21, s Tn,P1,---,Pn) & T*R™ OREFEE L, T*R" OV TV 7T 4 v W& %
w=yr dpiNdz; \ZEVEAD. WREMK: L C TR IZHLT, i 3950 Y 18
ZHRETHDLITdmL =n,i*w=02WONDI L THD. ZDLX ol DRERMODEL%
i:LCT'R"OA—RFT4 v 725\ Cp &EHL. I 7V akRB G ([1, 17]) & b B
BEARFAET 5. BEEE F: (RF x R",0) — (R,0) " E—RBEHETH 2 &1

OF oOF
AF = —,...,=— ] : (RF xR™,0) = (R*,0
( - aqk) ( ) (B*,0)

IER] GERE) THH 95, TIT, (q, )= (q1,- -, q,T1,...,7,) € (RFXR™ 0) £ T 5.
ZorE C(F) = (AF)~L(0) C (R xR™,0) & n KNS HlTH 0 L(F) : (C(F),0) -
TR %
oF OF
LF) @) = (0 (@) (002))
L¥BY L(F)(C(F) 575 2l SRIFITRB. MEMD LD LAMSNTS
([1], page 300).

FRADMVD (750D a¥neifkilhe 77 78N Y v v RVERDZRME] THREEVWTIZR WD TT Y, i
EVWTHLHEOERNIZELE L.
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HE 2.1 ([1]) T'R" D2TOT L5 VY 2 A SRKEIE LOHETHKE NS,
oF oF
o(F) = {(a,2) € ®* xR",0) | 5—(q,2) =+ = 5—(q.2) = 0}
q1

ZFOA¥ZAMNOTES

By = {:z: € (R",0) ‘ 35 € (R¥,0), (¢,2) € C(F), rank (aij;; (q,x)) < k}

 F ODREEE WS,

T—AMBUKR F : (R¥ x R",0) — (R,0) 2 L(F)(C(F)) OREKKE 5. FEHEL Y
ot (RE X R™,0) — (R™,0) 128 LT F ONBEEE 7, |cr) OHRMESL —HT 3. OF
D, L(F) D3—=AF 1 v 27E F ORBHEETHS. RCHIE Cop) = Br L7325,

070 a SRR ORMERGREEATS. i (Lx) C (T*R™,p) & : (L',2) C
(T*R™,p") 257 7Y aifRShihkifFed2. i &/ WSV am/ETHS LIE, WHH
Wo:(Laz)— (L), Y7V 2F 1y 28AHEM 7 (T*R*,p) — (T*R™,p'), M5 HH
7: (R, 7(p)) = (R",7(p))) WHEELT Toi=d oo, mof =70on BEDIEDILTHS. Z
DEE, A—AT4v 27 O Cp &7 IZXOMAEMETHS. LU, HZa—AT 1 v 7
i (I—AF 1 v 7 2WHAMETRET 2RERMER) 2252 E5-0T7 77 v Y afETIERY
ZeNHmsnTWS (cf. [1, 12, 16]).

T*R" DT 75T affR SR ENZ T IaRETHD LI, (T7IZEZK) 977V
VA SRRAEO BN TERICD LB UGG I 77V YV aAETHH I L TH 5.

E.={f:(R"0) R} 2§53, ZITHELZrcR"2LTWS. F,G: (RF xR" 0) —
(R,0) 2 P-RY-FfETH 2 &1k, MoHM @ : (R* x R?,0) — (RF x R*,0), ®(q,z) =
(p1(q,x), p2(x)) EBEE o : (R™,0) — (R,0) BFEIEL T G(g,z) = F(P(q,2)) +a(z) £7%05Z
YTHB. F: (RFxR”,0) = (R,0) & Fy: (R¥ xR, 0) — (R,0) BRE P-RT-AETH 5
i, L2 R EMA BT P-RY-FAMEICZRZ 2L THS.

F:(RF xR™",0) = (R,0) A f = Flgry oy ® RT-EBRIFTTH 5 L I3,

_ of of OF OF
sq—<3q1<q>,...,8qk<q>>gq+<8x1m O 2wy
ERBIETHD. ZDEERMVHEY LD,

FIE 2.2 E—AEKHK F : (RF xR”,0) = (R,0),G : (R¥ x R",0) — (R,0) XL T,

(1) L(F)(C(F)) & L(G)(C(Q)) 575>V aliTh b BESNEMEIEF & G WEE
P-RT-FfliC® 5.

(2) LIF)(C(F) W57 52T aBETHBRBETDEMEF B f = Flprygoy @ RT-HiEH
ichs.

FR 2.3 §3,4,6,7 IIB T ELEMRLERER, F7 7Y aBRERKTFDT 75 YAl
HIZ&L 552070y aRERE— ABRBIROLE P-RT-FMEE FARICERSND.
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3 1RBILY vV RIVEDZHRIEK

1 BEIEDOIN Y v > RV Sk EZEZ 5. (2,t) = (T1,...,70,t) Z R" xR =R"™ 0
FERE Y 4 5. BHUARBR T PT*(R" x R) = R" x R 224 5. PT*(R" x R) OREHEH 75
ke % B

K ={X e TPT*(R" x R) | II(X)(d7(X)) = 0}
Y45, ZZCI: TPT*(R" x R) — PT*(R™ x R) 128K TH 5. PT*(R" x R) = (R" x
R) x P(R™ x R)* OMERREZ ((x1,...,%n,1),[51 - 1 & i 7]) T2 L X € Kiz),je:0)) &
S & AT =0TH5.

PT*R" xR) 127 74 N—=ET JYR",R) DI >R Mz >TWwb. U, = {((z,1),[¢:
Dr #£0} £35E ((2,t),[6:7]) € Uy IZHLT,

(1. ooy @p,t), (&1 & o T]) = (21, -« oy Ty t), [ (&1 /7)) oo 0 = (& /T) + —1])

$0 (21, @0, t), (p1y - pn)), 0 = —&i)T RBDT, U, LO71(0) = K|U, %5,
2T, 0 =dt =" pidey. DF 0, Uy & JYRYR) ERA—HE N, U, = JL,(R"R) C
PT*(R" x R) &#E<.

W2k i: L C PT*(R" x R) DY v Y RIVEBDZHKETH S L1 dimL = n T
ERD p € LITHUT dip(T)~L) C Kipy TH5. pe LBWNT vV RIVFRRTH S LI
rankd(Toi), <n TH5. i : LC PT*R" xR) IZHLTToi(L) =W (L) ZREEE\\S.
Tz, LERLI vV RIVEBRSHRELENS.

WO v v RV S RMAZE i 2 (L,po) C (PT*(R™ x R),po) KL T, V¥ ¥ ¥ NVEER G
([1, 17]) & b REBIELGEAET 5. BIEEE F : (RF x (R x R),0) — (R,0) »KXE— R BH@E
BETh DLl (F,doF) : (RF x (R* x R),0) — (R x RF, 0) 2SEAI GERHE) THBH T35, Z
T,

doF(q,x,t) = (g—g(q,x,t),...,g—i(q,x,t)) )

ZOEE, S (F) = (F,dsoF)"10) i n KTWASRETH Y Ly : (S,(F),0) = PT*(R"xR)

%

Lr(q,2,t) = (:c,t, B—i(q,x,t) : %f(q,x,t)D

LT B Lr(S.(F) WY vy FVBASHUSHI G5, BHRY IO LARISNTNS.
& 3.1 ([1]) B TDOLY v ¥ FIVRDEHAEE I LD HETHE I NS,
BIBEE T 1 (RF x (R™ x R),0) — (R,0) LT,

D(F) = {(2,t) € R" x R,0) | P € (R¥,0), (g.,1) € Zu(F) },

& F OHBIESL NS,
K — 2T F : (R x (R” x R),0) = (R,0) % Lr(D,(F)) ORBEHE B>, ki
il F OHBIESE 5T 5. D0, W(Lr(S.(F))) = D(F) &5,

3
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i:(L,po) C (PT*(R" xR),po) & i": (L' py) C (PT*(R™ x R),pp) &RV ¥ > FIVED
ZRRAIFE S5, (& i DS PH-LYv Y RIVRMETH % & 1F, WFEME @ : (R” xR, 7(po)) —
GWxRﬁ@@LM@w:wM@J+a@»t@:wm@—ﬂﬂw@#ﬁﬁbfiohﬂow
YRBILTHD. 22T, &: (PT*(R" x R),py) — (PT*(R™ x R), p}) 3Bl 5 11 CdH
5. SPTVYy Y RVEEDH&RIZT Ty aRE L ARIZERIND.

F,G : (RE x (R® x R),0) — (R,0) #® s-S.PT-K-RETH 3 &1, MoFAM @ : (RF
(R™ x R),0) — (R¥ x (R™ x R),0), ®(q,z,t) = (¢(q,2,t),01(x),t + a(z)) PFEHEL T,
(Fo®eon =Dy £RBIETHD. LE s-S.PT-K-FMESLE P-RT-FfH & ki
&I D.

F W f=Flarxgoyxr @ S-PH-K-EBEHACTH S L 1%

N o7 OF OF
g(q,t) - <aq1 ) 8% ) f>g(q’t) + < ot >R + <a$1 ’RkX{O}XRa ) oz, ’R’“X{O}XR>R

ERBIETHD. TDL XXM VD,

EIE 3.2 KE—ZBTERE F - (RF x (R” xR),0) = (R,0), G : (RF x (R" x R),0) — (R, 0)
IZX LT,

(1) Lr(Zu(F)) & Lg(2u(G)) 2 S.PT-VY ¥ v RVFAES 5 BB+ DERMIE F & G OBLE
s-S.PT-K-[AfiTdH 5.

(2) Lr(Zu(F)) B SPT- VT v Y FVEETHZRETDREE F B [ = Flrexjoyxr P
S.PT-K-EEMITTH 5.

ROMEDPI D ¥ v FIVERD ZRAEE ORI MEE TH 5.

% 3.3 ([31, 26]) i (L,po) C (PT*(R" x R),po) & i’ : (£,po) C (PT*(R" x R), po) &K
W ¥ v RV ZRRARIETC Tor, Tod IXEA (FuN—) BOERIMEEPHETHS LT 5.
ZOLE (Lypy) = (L, po) T BBEARHRIE (W(L),7(po)) = (W(L), 7 (po)) THE.

ZOEMIIERNBRIETH Y, BT SPT-L Y% v RAVEETH LR 7.

7= W(L) & W(L) 3 S.PT-ASREETH 2 & EMAFM & : (R” x R, 7(po)) — (R x
R, 7(p})), ®(z,t) = (¢1(2),t + () BEFAELT (W (L)) = W(L') ThH 5. @mE3.3 X 0K
A D T,

MR 8.4 i : (L,po) C (PT*(R™ X R),po) & @' : (L', po) C (PT*(R" x R),pg) ZRNY ¥ ¥
NV SRR ETToi, moi XEAEPOEHEESHHABETHE LTS, ZDL LW
S.PtoVYx ¥ FIVIRHETH % BB 5MIE (W(L),T(po)) & (W(L'),7(py)) #¥ S.PT-Hi5>
FHTH 5.

4 TSR v > RIVEEIR

T IRV Y v RVE (£721%, 7978V Yy 2 RVERDSRME) 2 IZRLY ¥ v RL
MR LRIRDRR 20 T ATH B, KV v Y RIVEBRZRK I L C PT*(R" x R) 757

4
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BILIv Y RIVEIREE L C T, RR) &2 ThHD. WL)=7(L) 2 LDOTZIH
BEEWVWS., Z2T7: JLL R R) —» R" x R IFHEHEHNE LT 5. JL, (R, R) EOHEMER
0 =dt — X pidr; THZONE. I1: J},(R",R) = T*R" % I(z,t,p) = (x,p) £T 5 &
H(L) W& TR D525 VY 2t iikicias.

L1 PT*(R" x R) OKVY ¥ v NVERZRREETH 2D T, FEBHEF : (RF x (R" x
R),0) — (R,0) HSRATHNC LT 5.

L C J AR R) =U, C PT*(R" x R) ="DT, 5 (0F/0t)(0) # 0 &3 . i
F: (RF x (R" x R),0) — (R,0) % KE—AMHIEL 5. FH»J578E—BHEKT
BB LIx (OF/0t)(0) £ 0 232 T 5. Fi Lr(S,(F) DUV 7HBEAMKE S VS,

75 7 #E — Ak F o U, BEBEERLD F o (RF x R™,0) — (R,0) MFEL T
(F(g:2:t)) ey 0ny = (Flg:2) — e, .., EREOND.

i 4.1 ([22]) F: (R* x (R” xR),0) — (R,0) A (Flg,z,t)e, ., = (Flgz) = e, .., T
HHLTH, ZorE Fhro7Me—-2BlEKETH 2 BE+DRM1T F e — ABET
H5.
ST, Flg,z,t) = Mg, x,t)(F(g,z) —t), M0) #0 T D&

5. (F) = {(q, %, F(q,z)) € (R* x (R" x R),0) | (¢,z) € C(F)},

C(F) = AF~Y(0) Th Y 7275 >V alfn SRk L(F)(C(F)) C T*R™,

L(F)(g.z) = (x S @)oo x>)

b, —FH FIXT 7 78 - ABHEKRZDOTRIVY ¥ ¥ RIVEDEHEKRE L2(3.(F)) C
JLARYR) E L1 (24(F),0) = JH4R",R) =T*R™ x R,

OF OF
Crgat) = 8,22 000 e (@00
88%(% Sl?,t) aa%(q’gj,t)

Y755, &p: (C(F),0) — JL, (R"R) %

Crlgya) = (x,F<q,x>,§—£<q, o),... 8—F<q,os>)

" Ox,,
Y52y OF 0w, = (ONOr)(F — t) + NOF/dz;, OF0t = (ONOD)(F — 1) — \ 75
D T’ (af/é?xl)(q,x,t) = A(q,x,t)(@F/@mi)(q,x,t), <8F/at)(Q7m7t) = _A(Q7m7t)7

(@,2,8) € Su(F) £%55. k5T Lp(C(F)) = Lr(S.(F)). EHN S HM(Lr(S.(F))) =
(Lr(C(F))) = L(F)(C(F)) &9 Lr(S.(F)) = Lr(C(F)) ®2'5 7B 1& Flog O
STTHE. CABRTTTHEVSHETH .

5 RMERERDER

EIE 5.1 ([13, 16, 20, 21]) F : (RF x (R” x R),0) = (R,0) & G : (R¥ x (R" x R),0) —
(R,0) 227 7 7 - 2@l ET Fgz,t) = Mg, z,t)(Flg,z) — t), G(¢,2,t) =

5
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w(d,z,t)(Gld,x) —t) £T5. 20L&, F7I7vIalaikikd LF)(C(F)) &
LG)(C(G) M52 5 vy affiTh 3 BENDEMET T TR Y v ¥ RVEHT Lr(2.(F))
& Lg(X.(G)) WS PT-VYy VRLVAEL 2L THS.

75 7RV Y v ¥ RVEIH Lr(Z.(F)) DVY v ¥ RIVRERSOES L 7o L(F) ORELT
HBHDT, 77 7HRH Lr(E.(F)) OREMILF)DA—AT 1 v 27 EZH5.
ERL 5.1 L 3.4 K DR LD,

% 5.2 F: (RF x (R” x R),0) — (R,0) £ G : (R¥ x (R" xR),0) = (R,0) %2 5 7#IE—
AR T Flq,z,t) = Mg, z,t)(F(q,x) — t), G(¢',x,t) = pu(qd,x,t)(G(¢,z) —t) £ T 5.
ToLlr,moLg ZEAMNDEHMEEGVRETHLLTD. ZOLETTT VY ML RRIK
FLF)(C(F)) & LG)CG) DRI 7 I vYadiiTddbBro3MiE W(Ls(2.(F))) &
W(Lg(X4(G))) 2 S.PT-AFMETH 5.

FEH 5.1 DRE LU TRLEED D,

% 5.3 Flq,x,t) = Mg, z,t)(Flg,x) —t) 7 7 7ME—AMHEKEELT 5. ZD& &
L(F)(C(F) 75275y a @@ ThdBELAFME L(S(F)) 23 S.PH VY xv v RIVEE
ThH5.

6 U7 Ya1BRERRINIK

ip : LXRT C TR 25 r BRZ VSV 1 EBREREETH S L1 i|L><{s} : Lx{s} Cc T*R"™
PERED s = (s51,...,8) ERTIZH LTI ZIvYaffinghthkcds. F: (RF xR x
R",0) = (R,0), (¢, z,s) = F(q,x,s) & r BEE—ABEIEL $5. 20, f£HD s e (R",0)
WX UT Fy(q,x) = F(q,@,s) (& E—ABEIEE T 5.

REF 1, TR xR™) = R" x R” #% % 3. T*(R" x R") OFE/E% (z,5,p,u) =
(i, s5,pi,uj) &35 (i=1,...,n,7=1,...,7r). T*(R"xR") LOY TV I T 1 v IEi%
wr =3y dpi Ndxy + 375 duj Ndsy THRS. BEEEE T T*(R" x R") — TR &
5.

F: (RF x R® x R",0) = (R,0),(q,x,5) — F(q,z,5) % r BHE—ABBIKLTE. 2Dk
EFRE—ABRGTED L. £oTTT T VY ailfinEkifkif L(F)(C(F)) C T*(R™ x R")
DEFRIND. I561T, T oL(F)(C(F)) CT'R" iZr BBV TV a4k Th 5.
L(F)(C(F)) 2KZ 72T 1aiasikiEEF L V.

ir (L X R" (2,0)) C (T*(R™ x R"),p) & i’ : (L’ x R",(2',0)) C (T*(R™ x R"),p’) &K
STV anEMREL TS, i Ll W r BRIV VIARETH S LI, WM FEM
o:(LxR" (z,0)) — (L xR",(2/,0)), o(u,s) = (o1(u,s),p(s)), ¥ 7TV T 1 v 7H5nHE
M7 (T*(R" xR"),p) = (T*(R™ xR"),p), WrFEME 7 (R" xR, 7(p)) — (R" xR", 7(p')),
7(x,8) = (11(2,5),0(5)) PFHELT Foi, =il oo, mof=Tom, LIRBEILTH5.
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F,G : (R* x R® x R",0) — (R,0) #* r-P-RT-EETH % L 1ZWMAHM @ : (RF x R x
R",0) — (REXR"xR",0), ®(q,,5) = (¢1(q, 2, 5), p2(x, 5), 0(s)) LEEEE o : (R"xR",0) —
(R,0) BFHEL T G(g, x,5) = F(®(q,7,5)) + of,5) L BB LTHS.

FE 6.1 F: (RF x R* x R",0) = (R,0), G : (R¥ x R* x R",0) = (R,0) % r FHE— 2K
B3, 2oL E LF)CF)) & LG)(C(Q) b r B85 752y 2 AMETH B BE 4
FMEEF & GOLE r-P-RT-FAETH 5.

7 U578 vy RIVERKE

r BBV T ¥V RIS SRR i - L x R™ C PT*(R™ x R” x R) 2% r BEIL 2+ > RILE
HCHB L LxR C JL,(R" x R",R) £ 452 L ThH3. W(LxR') =, (L x R) %
LR OrBFRIZ7EEEmENS. ZIZTT, JH4R" xR™R) - R” x R” x R [3AFHESf
wedsb. F:(RF x (R" xR" x R),0) = (R,0),(q,z,s,t) = F(q,z,s,t) & r BT 7 71
E—AMHEEE 5. 20, EEDse (R",0) 12 LT, Fi(q,z,t) = F(g,x,s,t) &7 7
7RE - 2K E $5.

i (LXRT, (p,0)) C (PT*(R"xR™ xR),po), i : (L' xR", (',0)) C (PT*(R™ xR” xR), pl)
MWr-SPT I v RIVEETH S LiF, WAFM @ : (R” x R" X R, 7.(pg)) = (R™ x R" x
R, 7. (p))), ®(z,s,t) = (d1(x, 8), 0(s), t+a(z,s)) LI FEHE T : (LXR",po) = (L xR", pp),
U(u,s) = (V1(u,s),o(s)) BEIELT Boi = ioW &5, ZIZTd: (PT*(R"xR"xR), pg) —
(PT*(R™ x R" x R),p) & ® OEflFss EIFTh 5.

F,G: (RE x (R* x R” x R),0) — (R,0) »* r-s-S.PH-K-AETH 5 &%, MOFEH O :
(R* x (R"xR" xR),0) — (R*x (R? xR" xR),0), ®(q,z, s,t) = (¢(q, z, 5,1), ¢1(x, 8), o(5), t+

afz,s) WEELT(Fo®)s, . =(G)e .., ERHILTHS.

FE 7.1 F: (RF x (R" x R" xR),0) = (R,0) & G : (R¥ x (R” x R” x R),0) = (R,0) % r
BT 7N Y Yy Y RVBTT L T5. ZDLE Lr(X(F)) & Lg(Z.(G)) S r-S.PT VY ¥
Y RVIEAETd® 2 BB DML F & G DPLGE r-s-S.PT-K [AfETH 5.

8 r REDRMEREMRDER

rZROBEDS Iy aldfis /o 7RLY vy v VIO FMEREROEBREE 2 5.

FE 8.1 ([24]) F: (R* x (R" xR" xR),0) = (R,0) & G : (R¥ x (R* xR” xR),0) — (R, 0)
Wr BT 7 78VY v v VR T F(q, z,8,t) = Aq, z,8,t)(F(q,x,8) — t), G(¢',x,s,t) =
w(d',xz, s, t)(G(q  x,8) —t) &T 5. ZDEErBHT T 7Y aRLkikd L(F)(C(F)) &
L(G)(C(Q)) W r BIZ 75 vy 2l TH BB DHRMIE r BET 7 TRV Y v v FIVEHT
Lr(X.(F)) & Lg(B:(G)) B r-S.PT V¥ Y RIVAETH 5.
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i (LXR",po) CJE4(R" x R"R) &' : (L' xR",pf) C JEA(R™ x R",R) »8 r BET T 7 Bl
WY Y RVEITE T8, W(LxR") & W(L xR") B r-S.PT-W2EMETH 3 &%, #aHE
Ho: (R xR xR, 7T(pg)) = (R" x R” x R, 7w(py)), P(x,s,t) = (p1(x,8), p(s),t + a(z,s))
PIHFELTOW(LXR)=W(L xR") %252 ThH5.

ER 8.1 L 3.4 K D RDBED LD,

% 8.2 F: (RF x (R* x R” x R),0) — (R,0) & G : (R¥ x (R x R"” x R),0) = (R,0) »*
r BT T 7ENVY Y v RVEITT F(gq,x,s,t) = Mg, z,8,t)(F(q,x,8) —t), G(¢',x,s,t) =
(g x,8,t)(G(q ,x,8) —t) £F 5. T 0Ly, 7p0Lg BWEAEHRTHD, EMEAVTETD
BETE. COLE, PSS T VY alRSREE LF)(C(F)) & LG)C(Q) % r-5 7
UV afETHBRET DRI W (Lr(E(F))) & W(Lg(2:(G))) 2 r-S. P FRMET
H5.

EH 81 DR E ULTRMED LD,

% 8.3 F(q,x,s,t) = Mg, z,8,t)(Flq,x,8)—t) 2 r BT I 7RLY v FVHIrE$5. 2
DEE, LIF)Y(C(F) MR r-227 7Y a@ETHZDBEFTDEME LE(F)) Br-S.Pt- LYy
YRVEETHS.

9 SUSVYITBEREFDIIKX

505 VYN SREEON LR ERS. DE0, | I, r = 1 DBAEERS. HHS.
DAL LT, KEDHED | BT 25 2 Y 285 S R O LRI SR, 1R85 7
BOLY v v RVBH 2 VS 2 22 & D55, BISEE F : (RF x (R x R x R),0) — (R,0)
RO | B EE R B LT, FENIE (3, 10] & [27, 28, 29] DTFEE RIS,

TE 9.1 ([24]) 1<n<3&95. 1T ABHEF: (RF xR" xR,0) — (R,0) 23 L
T, EER LRES U5 VY 2 A SRS L(F)(C(F)) 1310 | BKE — A BEHED 1 4%
W70V efikF e 575 vV afETH S

n=1;

(1) ¢

(2) £qf + =1

(3) ¢ +z1q1

(4) +qi + o(z1, )@} + z1q1, Dar/Bs(0) # 0, 0a/dx1(0) = 0,

n=2;

(1) a1,

(2) £qf + =11,

(3) ¢t + z1q1 + w2,

(4)1 £¢i + 2141 + 2201,

(4)2 £qt + a(z1,22,8)q¢} + z1q1 + T2, Da/Ds(0) # 0,00/ 01 (0) = dar/Dx2(0) = 0,

(5)1 @3 + a(z1,22,8)q7 + 147 + 22q1, O /Os(0) # 0,0a/0x1(0) = dar/Ox2(0) = 0,

(5)2 ¢5 + z1¢? + a(x1, T2, 8)¢F + T2q1, O /Os(0) # 0,0a/0x1(0) = O /Ox2(0) = 0,

8
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(6) ¢f £ q1q3 + a1, 2, 8)q} + T1q1 + T2g2, O /0s(0) # 0,0a/0x1(0) = O /Ox2(0) = 0,
n =3,

(1) ¢1,

(2) 4% + 10,

(3) @i + z1q1 + w2,

(4)1 £qi + 7147 + 22g2 + 73,

(4)2 x4t + a(x1, 22,23, 5)q7 + 2191 + T2, 0a/Ds(0) # 0,00/02;(0) =0i=1,2,3,
(5)1 @7 + 147 + @247 + w301,

(5)2 ¢5 + a(z1, z2, x3,5)q¢3 + 16} + T2q1 + T3, 0ar/Ds(0) # 0,00 /0 (0) = 0,

(5)3 @3 + 21¢? + w1, 22,73, 8)q7 + T2q1 + T3, O/Ds(0) # 0,00/0x;(0) = 0,

(6)1 ¢ £ q1¢5 + 717 + T2q1 + T30,

(6)2 ¢f £ 13 + (w1, 22,73, 8)q7 + T1q1 + T2g2 + w3, O /Is(0) # 0, 0a/Ox;(0) = 0,
(M1 £¢% + a(z1, x2, 23, 8)qt + 2145 + 2207 + 23q1, Oa/Ds(0) # 0,/ Oz (0) = 0,
(M2 £¢¢ + 214 + a(z1, 22, 23, 8)¢3 + 267 + 2301, D/ Ds(0) # 0,00/ 0z4(0) = 0,
(M3 £¢ + z1qf + 163 + (21, 22, 23, 8)¢1 + x3q1, O/ Ds(0) # 0,00/ 0z4(0) = 0,
(8)1 £(qiq2 + ¢5) + (w1, 2,23, 8)q7 + 2145 + T2q1 + w3g2, Oa/Ds(0) # 0,0/ dx;(0)
(8)2 £(qiq2 + ¢2) + 147 + alw1, w2, 23, 8)q3 + T2q1 + w3q2, Or/Ds(0) # 0,0/ Ox;(0)

I
o o

i=1,2,3.
B o Z2BAMEY 251420, MILEEPIZBERE L.

FR 9.2 1 BBa—AT v JAMEIZ X B AERNZRSH ([1, 2, 31]) TIRBEEREY 2 7 1 13RI
BNt T\, BIZIE, a—AT v ZEMETH L L, EHI1 D (7), DEKEY 251 1&
a(r,s) =s DATHY, (T)g & ()3 & I—AT 1 v 7 FAMED LR RS FITITE N,

£ 3k
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SYRITCHZ RN E O Y =y DO E F DL
INEEE  KEREA
(ffA KY HAZIRMZEAIZEE PD)

ARE DB ME 3 e NI O JF AR MBI H 5. KT, FEFITE S 3R
TCH RS ZERINEITE D Monge B AD Y = v bopfEHE, ThZzH\W=—M#® BDE (binary
differential equation) D FEE D LK K O HHTEI D /N T A — X — D parabolic curve & flec-
nodal curve (ZB89 2 BIEDOPRE L LT DWTHNT D, FESEHRIL[7, 8, 16] TH 5.
AREOREBITIATD L 51272 >T0a. HHEOY = v b DR TIXHH O DR D EA4
FORENEELRLEZRZTDT, H1, 28 TENCOVTHRICHHT S, FZHE
1 fiCIEEH A & SEHRIAN D BEEED 5350 Z OHIEEIZOWT, H2HiClEFLHEDE
BEFO S F L i D Monge I AD Y = v ks DZEH D stratification IZ D WTEHHAT 5. 2
3 HiTlE B3R D stratification (25 1) 5 4% stratum (233 B 5 HUIZ X A EHER 2/
5 (T Vy ZRHHEID 2-87 A — X —RIZBEN D HHIZFO S H). HEAHTIEHE D
i D Monge JTERD Y = v b DHHIZD\WT, asymptotic BDE %@ L 7z —#%® BDE @
SFE DR ZMHNT 5. BEOHE 5 HITIEHED/NT A — X —fKED parabolic curve &
flecnodal curve IZ D W T DR IKHXIZB T 2KER 2N T 5. b, #3, 4, 5HilIMEE
K GrdbiiE KF#FBeE), Deolindo Silva [ (Santa Catrina YL KZF, 77 V), KARK
(kB RT) & OIFERFSE (7, 16] 12FD <.

1 FEIMSFENDERFOSIE

AETIXEBRIER? 0 — R2,0 D E HIEICE U T HFICHAT 5. 2 DOEHIEN
A-FfE (HFEFAE) THhdeld, V—R (EHRHK) L x—7v b ({HIK) D@75 mEIEL
1 (B RS PFEELTHEWIBOAES L WS 2 ThY, F7z, MHBEL#H%E
BRI T 5 561E, MW ARETHS L ES. BHRIFREDOZERIZET 5 [H
EidH (A-BE) DORIRTTOVVNS VWE DN SIHIZHHEE G A 726 D2 EEFD A-3FHE T
K22z 5. HlZIE, Whitney (2 & DRI N7z, RIXIT 0 DEM4IFIXIEAIA, fold (Hr
DH), cusp (LX) D3 RATTHY, ZhoWLEGHE WMUMEEITLE) THD
EWVWHRERIFEATHS. FUT, RIXGE (IEMEIZIE A-RIKGT) r DEGIF LI, rHD
NTA=REFFOV 23 ) v I REBIFEIZHN D AL E RN RN ZE®RT 5. Jacobi {7
Foasyr 1 OEERFR?0— R 0L T, Rieger[13, 14 IZ X > TRIXIL4 £ T
DEMRIFIZNT 2 ADFIROMMN ARG 2o N0TWw5E (R12R). —H, TR
WA O NZEBRFEVFFHO VT NORERHIZET 2 2 HET 5D IFE I RMET
X7V, SEHE A S EEAD GBI U Tk Z O D, ZEEBRFEIZDON
T Whitney[22], RIRIT 1 DELRIFIZOWTHERK[15], TUTRIRTC2P E4BIFET

le-mail: kabata@math.kobe-u.ac.jp
AHFZEIERRE (FRER5:16J02200) KU JSPS-CAPES n0.002/14 bilateral project in 2014-2015 O Bk
T DEEATNS.
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DEBRIFIZONWTIEEH 8] ILL DGR 6N TWS. HIZIE butterfly & FFIXIL 5 RIRIT 2
D A-FESEIFIRD & S ITHETE 5.

Jacobi fTAID T VI H 1 DEMIF f:R?,0 — R%,0 525072 L &, f D Jacobian
Z Nx) =det[df(x)] £BE, REAESG A=0) ELOKMTkerdf 585 R?* LD
Ji D C ’\7 FVEEE p(x) ZAERICENS. AR TR O™ B g(x) 12X LT, TNz
ntg=n(n*1g) LRKELTH. ZTD&E, DX RMENKD LD :

o 5°f(0) ~us (2, 7y +3°) <=
dX(0) # 0, nA(0) = n*A(0) = n*A(0) = 0, n*A(0) # 0.
o f=(v,2y+v°+ D r<ivg6 ciit'yl + hot) DESITRT L Z,

cor— 23 #£0 = fr~a(z,3y+y°£y") butterfly |[6]
cor — 363 =0 <= fr~ua(z,2y+y°) elder butterfly

FEIX, WD n & MNTXD TS DSM] 13 Rieger[14] DAIAH A-73 #H D [F]H
BT AEHEERY 2y bOEEREL TWS. T U THD [Maylor fREDSM] 12L& D
A-FMEEPRESINLDTHS. ERHDEIR2DDAT v 7 &k o T [FMERIZ X
UCTHRKDHUEHEEGEZHZeNTES. RN A-DFICET 2EE LY = v
b & B ZHPHIEED V) A N TH D ([Taylor FRED S 1ZEAL TiX [8] D TABLE 4 %
ZI N W),

NEAHIg AICBES 2 Y = v b [14] | AR [13] | EMATHPEIETL [22, 15, §]

regular : (z,%) 1 A0)#0 (BLF, X0) =0 Z{xE)

fold : (z,v?) 2 nA(0) #0

cusp (I13) : (z,2y + %) 3 dA(0) # 0,mA(0) = 0,17%X(0) # 0

Iy : (z,y° + 2%y) 45 d\(0) = 0,det Hx(0) # 0,17?X(0) # 0

L : (z,9%) £ (k2 3) | AA(0) = 0,1kH(0) = 1,1PA(0) £ 0

Il (z, 2y + %) 5 dX(0) # 0,7A(0) = n2X(0) = 0,73X(0) # 0

5 : (z, 2y +y°) 6,7 d\(0) # 0,7A(0) = 772A(0) = 7°A(0) = 0,7*A(0) # 0

g : (z, 2y +y°) 8,9 dA(0) # 0,7A(0) = -+ = n*A(0) = 0,7°A(0) # 0

117 : (2, 2y + y) 10 dA(0) # 0,7A(0) = --- = *A(0) = n°A(0) = 0,7°A(0) # 0

II1, : (z, 2y + y%) 11og41 dX\(0) = 0,det H,\(O) < 0,7°X(0) = 0,7°X(0) #0

IVs : (x, 2y +9°) 12,13, (14) | dA(0) = 0,det H,(0) < 0,7°X(0) = n3/\(0) =0,7*M\(0) #0

IVg : (2, 2y® + y°) 15 (O) = 0 det Hy(0) < 0,72X(0) = --- = n*\(0) =0,
°A(0) #

Vi (@, 2%y + yt) 16,17 (0) =0 rkHA(O) =1,7°X(0) = 0,7°X(0) # 0

Vo i (z, 2%y + axy?) 18 d\(0) = 0,tkH(0) = 1,72A(0) = nA(0) = 0

VI: (z,y* + ax?y® + Br’y) 19 d\(0) = 0,1kH(0) = 0,7°X(0) # 0

# 1: Rieger[14] DAFHI A-SFICEAT 5V = v b & ZDORMFZHHEEL. 25 HOER S
\& Rieger[13] D A-DFDFRMEDHFE SIS T S, Hy (ZBH N D Hesse (78 TH 5. 74
B, fold, cusp DHEILIL Whitney[22], I, [1, 1ZHEHIK [15], D 3EH 812k 3
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2 SR ZEERHEEO RO RS

SIRTTERNEEMRP NDWE S 07 (IEHIZ) Hil M 2558 mp € RP2 — M 26
kb2 & Z, M DphoDOHILNS

©0p: M —RP?  x [x—p)

DEES (p—plldz &pzBlEMEZERT D). ZHNIEREANITIZFEED S FEEHAD
BREFBRTZIENTES., o MU TR p BESEH T,M OAMZH 5 & Erhulagf

oy lZe TIEAITHY, pe T,MDEE ¢, 3o TRERZFRFD (fold LA DR RS
GBEEICAMEIC 2 5). 2B TIE s € MR U TEYE T,M EDERT x 128 W Tl
MM &2/ EDOEMZ T 253 D2l EMRE TR L1235, i p 2N ERR LIZ
B B o, 13 cusp BABED fold & DB L 72 & 1 FIZRMEIZ 5. & SIZHR 2RI O dhH
DA FITWEEEARDO AU & > TIRD LS IO 2 Z A TE 5.

o M A (elliptic point) --- WHEEARBGFLEL 22V,

o WAL (hyperbolic point) --- 7% 2 WL EARDY 2 RFAET 5.

o W5 (parabolic point) T2 D DEREEARDVFAET B

o ‘VHH A (flat umbilic) - T§$EJ:0) x % 18 DAL D EARD T EAR.
FZ, Blaip SRR A OWNE ERR EI2H 5 & LR IZZ ORI B VT T8I, B
p DI R F 72 X A OFRE EAR B2 5 & EHLSIEZ D AIZBWT fold, cusp,
IL-BIPSND &4 7 (IO HEIEIZENTAN0) =0 &785) 12725,

ERO LD ITHFIZEN A REESD R 7L, dh & RO Eil O ERILEREICER L
TWa72%, HIOHEIZED KD BRREAVHNS DL\ OIFHIEFENETH 5.
Y2y 7 i OISR D GEEF O A-733HI% Arnold-Platonova[l, 2, 11, 12] 12 &
D 1970-80 FERIZHGEZH6NTED, TO—RILTHE2T =32V v ZRHHED 1 /8T A —
X —JRIZB T DHOLHEDEBRFD A SHIIHEES 8] ILL>TRONTZ. KIZES
D FIENTATHI O GARIF D HEHE & Bruce[3] 12 & 2l 2 A GHLEZH DT, X
WZEHT 2 K 572 THOSRE DIFD BTG U 72 #iH O Monge TEAD Y = v b ZE[H] D
stratification] HEIEYE L THL I LNTE 5.

DIETIER? = {[z;y; 2; 1]} £ UTRP? ORI HEAE £ A% L, R OJH UIZHWT Monge
Xz = flx,y) (f(0)=0,df(0) =0) IZX>TREMWICRINDHIMEEE M 2F 2 5.
ZZTIEHlE UTHIIRIZE T % Monge TE XN 2K\, fHHRDO7ZH

z= fla,y) =9* + Z cijr'y’ + h.o.t

5>its>3
95 (a; €R). ZOFET, M DFFZBT 2WNEERR (51 2-Hl) Eizfigipzl
D, MOPLFEEBRDFEMIZB 5 ¢, M0 — RP? (23 LR 1 OHEEEHW
5L, T IZIRD & 5 72 stratification DME SN 5.

00, WML F72ld [, c30 £ 0 o, I, £7213 [Vos<=>c30 =0, c91 #0
oo, MV, Vs if’li\/l =30 =09 =0

HH A A ZD stratification 1T XK DKEEIZT B EDTES. HlZIX 30 = 003D o, cq0 # 0
EWVWISEME o, I 705 K5 & Monge ERAD stratum ZE€D D, X 5T 1], 1357
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IR BN A-RIMERE TT T, B (2, oy + oyt + ) (B> 2) 252 D2HDTHD, 8] D
Taylor fREGAFIZ L D RN TE L. TN 6 H KB IIXIRD straification HF 5N 5.

(IT2,) 3y —Acuo # 0 D & FUHEEAR LI p-focal (cf. [11]) &\ D KRR HA 72— DIFAE
T 5. UL @, I p DSENE ERR T p-focal IO EIZH B & & [11; 7,
Bl p M p-focal & —ETHL & [T, T 5.

(I15) 31 —4cao = 0, 3650 + dcraciy — 2ca1631040 # 0 D & F p-focal IIAFAEL R, DX
b, WHEERR EOEZEOB R p 128 U THDER ¢, 13 111 BIZ735.

B4 [8, 16] 1Z BB D & 572 Monge XD Y = v b ZEE D stratification & HN 2D E:
GIED AR A-43 38 [14] IZHIEL THETWS ([8] TIX A-SHHIZHIE U 7z stratification
HEHFTVD). REIDK 2, 3121E4 stratum & F DH AW K 2R IMEHE S 1T
W5,

3 HREENHHEO® MongeloxXDY v NDLHEE

RPPND 2 ODOHHEIZF EIFZDY 2y MW U THREMPEILEL THWIB D &
DL E, TNSIEFHHEHETHE L ES Z 2295, HlZIE, FEBALANEE T ol
I% Monge &

vy + 20+ +axt + Byt 4+

TRINDMHAZFIZHERMETH 2 Z LIXHIRIZE S T W7z (Tresse[19] 72 ). T T
HRTEID LS IZR3 = {[z;y;2;1]} CRP3 & L, R3DJFEAIZE TS Monge A 2 = f(x,vy)
WX TRMMIZRINAHEZFZ2EZXTED, £/, BERIFETV2TANTA—K—

W AT R (C RP?) DJERE vy-FHIZRTFT 55 DA IR LR PGL(4) D
Haktz P(4), Monge EXD p-Yx v M2EfEZ V, £ $ 5 &, PA) XV, IZ/EHTS. V,
D P(4) 12 & % stratification TRIXICH 2 LA £ TDH D Platonova @ 1980 FFLHD {15
(M%&) THEZLNTVWEY, ZNEYox )y 7RHEOY =y b OSEIT MR S
R (R2, 3DORWIEs <2 FTDH DA Platonova IZ K BEBEDHIETH 5). HhiH D
B IIEE AT, MO RATS M ZMAZ2IZE S 5% < DFEHRD Platonova D43
FrIEKIzLTEONTER (2,9, 20, 21] & E).

FHHFHE (8, 16] IZRIKIEA 4 AR £ T stratification & Z D stratum D FFEEHIZ &
LR ZGT, Yox Uy ZRHED 237 A =X —HEDO RN L EZFED 7 T A
 Platonova DFE Rz LR U 7= (cf. BEWPEERE (3, 16]). IEMEICIZIRZRLU 7.

EH 1 (Sano-K-Deolindo-Ohmoto[16]) M %A, U C R? ZJFmOafEE 3 5.
WODPRMDIABRD 28T A=K~ g: M x U — P BT EBEOKRARIES O DE
EUTIRETZT. ¢ € OB, FED (z9,u) € M x U ZDWTHIE M, (= ¢(M x u))
D zg 12BT S Monge EARD p-Y =y MIFE2, 3OWTNHLDEERIZEHEMETH 5.
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AT | AR p s ‘ Enp: it

11 z® +y? 2 0| fold

My oy 42 +° + ozt 4 By 4 0 |I3/T;3

H§,4 xy + 2% + y* + axy? 4 1|13/

MG, |oy+ 2 +y° + oaxy® + xds 5 2| 13/10s

I, zy + 2t £yt + axy? + By 4 2| Iy/1y

I zy + 2 +y° + ary® + v(¢s + ¢s) 6 3|13/l

1T xy + 2t + 5 + azyd + By + vy 5 3| 1/H;

M5, |oy+a2® +y" +avy’ +a(da+ds+d6) |7 4|/1L

I} 6 zy +at +y° + avy® + B2y + x(ds + ds) | 6 4 | Iy/Ts

ML, oy +2°+y° + axy® + Bady + xyes 5 4| 15/1
£ 2: M (I1,) s (IIh) 1281 % Monge X NDIEHER. s IIRRGTEEKR L,
RIXTE 2 DA DFFHEZ IS Platonova[11] 1IZ K 5. ¥R IZEBIT S a,8,- - FEYV 2T

TA=Z—, o \T—MD r IRFRZHEA. FZRIIHHEERD S ODEP/L»%T 2 DA DAL
y A-H 75 c‘: ZREEL TV, BTN ERSFAE T, AU ISR ERR DS 2
AFELTENTND S DHDLHE DO XA T2 BB L TWD

RA T | FEHE p s ‘ e ikl

Iy, v+ 23 + xyd + ax? 4 11 (I5)

117, y? + 22 £ oyt + ozt + By® + 22hs 5 2| 1x(Ly)

I’ v+ 2%y +axt (a#0,7) 4 2|1, (T3)

I, Y+ 2%y + s2t + ax® +ygs (@ £0) |5 3|1

I, v+ 2y + 25 + yoy 5 3| 1IVs

117 4 v+ 2+ xyd + azt + ¢ 6 3|1(I5)

I, |y £t + o’y + B2y (6#+3a?) |4 3|V (VI)

I/ ry? + 2 + ax’y + By’ 4 3|15, 15(1,)

I 5 Y2+ 2%y + 12t + you 5 4 |13 (1)

Py | y* + 2%y 2% + y(ds + ¢s5) 6 4|1V

Iy, y%wﬁ+aﬁ+¢ 6 4|1y (L)

I, y + 2 + azy + 3a’a?y? 4 4V (VL)

s |y +2° +y(ds + ¢da) 5 4| Vy (VD)

I} ry? + 2t £yt + ardy 4 4 |1 (Im)

F 3 R C(TR) &PHHE (T 12

ThHb. Fghlz

AR 2 RRGGHELKRDIFEY 2y M ORI
fﬁﬂ% 728, Platonova[ll] D
F T HUDAR DALIERY A-HY)

WZEHLU 7.

DD ERIRTTDLGE N DILRIZZ S BFITIEAR.

BT % Monge EADEHEIL. ¢ = By°+yyS+22(d3+d4)
DWTIEHETHiI &2 2 K.

<K DETV2TANT A =KX=

HH

AT CHIMH L 72 Monge XA D Y = v M ZE[H D
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stratification T, & stratum (25X U CHFEEEHUIZ K 5 —HGRLEHERLZRET 2002
CTOFERTHB. EROHEEBLORENKIITEMSHAGDEDEIENKRET, 4
[16] 1% Mathematica ZR EDFHEY 7 b2 EHLRD S, TNENDOHEIZET S EY) 05
WEMMEER LR 2572 (ZhThOBEITE T 5 RN EAROI X [16]) 2 2HO
Zr). F7z, FBEEF G IFARGTHEZERNOY = 2 )y ZRHHOY = v M DS EHBE
TW5.

4 asymptotic BDE

AT O M E 5 1712 B89 % BDE(binary differential equation) (22 WTHkS. %
9D BDE (2 DWW THICHIIT 5. R* OFIEA U LD BDE &3

a(x,y)dy* + 2b(x,y)drdy + c(x,y)de* =0, (v,y) € U

TEEX DM HFRERDZ T (a,b,cld U TEHSINZA ML), LR TIXAIMOE
BE = (a,bc): U - R*%ZBDE &L, CfitHEEZEZS. 0 =0 —ack B &,
BDE X0 >0 2 THW3T52 AM%E, §=02R5/THE—D2DhH%ZEDS.
KRz 6 = 0 DYED A E4A 1T discriminant & XN, discriminant D& SI12 B W T BDE 23
TE D B FE AR IE — I A TR R %2 KD, 2 DD BDE O F, G A3 5 0 NZ[AfET
HDLIFEENEFNDED BRSURZ B D cy-"FHOMD FAMHERTEY EIKES .
L CHRMEGEEZ Z R, MAHEMICEETH S 2 ED 22129 5. BDE OO
IZDWTIL[4, 5,10, 17, 18] 7 & Z DA% < DA B 5.

5l 3 BDEDHIZBWCTa =0b0=c=0&250EE, Z1ldimplict differential
equation (IDE) T# 5. BDE TLEREDIZIDEIZR>THED, 4L U TIXRIPH S
NTW3 (Davydov]s] 7 & % ).

(1)discriminant 23FE4FRAKRT, % 50T BDE 23 EH % S5 [A A discriminant (ZREWTH T H
%72 51X, BDE IZBFZ dy? + xdr? = 0 (23 S DN [FEEIC 72 5.

(2)discriminant DSIERHREHFR T, F A TWSRUZEWT BDE ED % 1A discriminant
IZHEF B 7 51X BDE 1 dy? + (—y+ Aa?)da® = 0 1SS BT AEIR 5. 72720, A £0, L
THY, NMISLTHRRD 3 D2DOMHARIZS PN,

W K A

1: (2) @ BDE dy* + (—y + Aa?)da* = 0 D RFTIZED 2B MR, B2, A<0D
EEELDsaddle, 0 < )\ < 16 D & iR node, 1—16 < ADEEHFLD focus DX A

16
T2 5. KRWEKRIZ discriminant, BAIFEMEZFRLTWAS. 72, discriminat T
DA D i TlE BDE EREATHIC (1) D dy? + 2da? = 0 DR A FIT>TW\W 5.
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HIEIOD & 5 (RBTHIC Monge 6 = — f(z,y) 12 & D RS NAMEIZN LT, ZOWE
FHIABOWES (55 ORI iR 1

fou AY* + 2fuy dxdy + frp dz® =0

W&o TEEXS. LI N % asymptotic BDE & R, asymptotic BDE (23T discrim-
inant (ZHHE DB A3 parabolic curve (HHE LD B A KT EEGDOHATE) & —3
T5H5ZEIZERELTHL. asymptotic BDE DES XD BDE DELE DS ELETH
B0, RIZRRT2EFTOEDIDEDRA 7 (ZHEY =+ Vw77 IDE®D 1 KF1U 2%
T A =R =D EN S X1 L UT Bruce X Tari [4, 17 %2 X 2 2 FPHI SN T
W3) 13HADE3 DB TOEER (DFh Yz x Yy ZRHHED 1 K287 A —
R —ED I ENBHE D X 1 7)) 1281} 5 asymptotic BDE (2 & > TIRTHHT 3
ZEMNTEST.

Bl 4 FEEHE 7] 12 BDE OSTHR [4, 5, 10, 17, 18] 22 2 81T 2 HIE RO FIHIZ &
D, 3 DIE¥ERIZNT 5 asymptotic BDE DX 1 722 THRE L. ATRIERIRIE0,1,2
D IDE &% 3 DB DOIEHER & DR DHITH 5.

o I} ,(1 < k < 4) @ asymptotic BDE I dy? + zdz® =0 (H13-(1)) 12 S DT [FME.

o 117, @ asymptotic BDE (& dy® + (—y + Az?)dz® = 0 (13-(2)) 1Z¥ o HICIAME. 72
ZUA=6(a—1)#0.

o IIZ, ® asymptotic BDE I&4R4KJt 1 @ IDE dy? + (—y + 2*)dz® = 0 (sadle-node )
AR FAAL T17, & T17, BN 2 B C DS O BRI DT DS
Lo TR onTWEZ2ERLTEL.

o 1Y ; D asymptotic BDE I&RIIE 2 D IDE dy? + (wy + 2°)da?® = 0 (ZALAII I [F] i
(IEREZIX, TI5 ; O@EROEDRBUIEET & 5 2 & L TW5). parabolic curve
1% Morse B2 KD (cf. X 3).

¥ 77, P A (flat umbilic) Tl asymptotic BDE IZIDE TIEARW (D F D, a=b=c=0
DEBE). D & 57 BDE D435 Bruce, Tari, Oliver[4, 18, 10] 2 &L D 52 51T\ 5.

e II/(+) @ asymptotic BDE i3 ydy? T 2zdedy F yda® = 0 1ZALFHIIZ [FH.

e II} @ asymptotic BDE I3 zdy? + 2ydady + 22da? = 0 \ZALAHRIZ FME. 220
XA TE—M#D BDE OZE/MOFTIERIRTH I THS (DEFVBDEDOY =Y v
78385 A =2 —RIZEND) [10. —K, I MFHEOY = 5210 v 772285
A—=R—RDDFEIZEHND. ZZICZDDRBELZHDHEDMDF ¥ v THEER S il
BRIZE W,
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5 parabolic curve & flecnodal curve D7l

FreDE2, 3ITBITBERRIT I KL 4D Monge ERDIEHE XY = 3 V) v 7 2l
D 1RO 21RF A= R—[EOHRIIZH N B M 2R L T\, AKEiTIERHIZ parabolic
curve & flecnodal curve IZ{EH U T, ZDORIIZE T 24ERZ2MHNT 5.

Z Z T flecnode i & (& —75 OWRLERRAH & 3 A2 ECHls 2 A s T, flecnodal
curve & |X#HE LD flecnode s TEEDHEZEKT 5. Y=V v 7 RHHEIZE WL
T & parabolic curve & flecnodal curve i 5 272 fliffg (FL AL TRTOERTENTN
I, I, DRAT) 2785, 12720, flecnodal curve 1&H 5872 (11, DR A7) 2 fibiT
% U, parabolic curve & flecnodal curve 28 1 ST % (I, DX A7) TeddH%b. T
WEHIE A L 2NN T A =R —THK L EINSIREDI D BRIEEELB725 507

HIEi COFEHHD & 512, parabolic curve i asymptotic BDE @ discriminant & —2( U
THH, F7-BDE OFRMEEFRIZZ D discriminant Z (79 5. IMAT, YzxV v IR
BDE @ 1 BT 287 A =X —JHIZBL TEAHE L HITZDRIED KRS T WD
(cf. [4, 17, 18]) DT, parabolic curve (ZBH U TILFTEID & 5 12 asymptotic BDE @D X A
TEMRTEI L TETDRINEZRET S ZENTES.

—7, BDE D FMEEIFR Tl flecode point DIFHRITARF X113, BDE DFEERD 5 1F flec-
nodal curve DFFIE DN SR\, I TEHEEF [T ER3ITBIFLZTNETND XA TITH
LT, Monge BAD@EY 7287 A — R —JEOHIZEKR L 7. £ U TEERRREHRIZLD
parabolic curve & flecnodal curve Wi 5 1ZB 3 2 FATHRR S IR A ZRET S Z LA TE
7z AR, 1837 A =R ED/FEDHIE UTIL, 8, 285 A =X —[FEDHIEDH & LT
0, e T Bl 26 CARI AR R 5.

B 5 117, B4D Monge FE XD 1-/3F A =X —fk& LT
c,2
fla,y,t) =y 4+ a* + 2%y + ta?
#EZ 5. ZDOR:, flecnodal curve 1%
1
y + 100z* + 102° + (5 +20t)2? + 3tr + 12 =0

parabolic curve (&
2y + 202° + 2% 4+ 6tz = 0

CEHMARW R AREANCZIDEZ NS (EESHZSH). ZTOoNIEIK 2D L5127k 5.

51 6 I, , #4D Monge JEAD 2-/85 A =X — iz LT
flzyy, t,u) = v+ 25 + 2y + ta? + ux’y
HEZD. Z DK flecnodal curve I&

y? + 100x* + 2022y + 1823y 4+ wPy + t(u + 32)* 4+ w?(—102® + Txy) — 6u(5z* — 32%y) = 0,
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«~—>
S

2: I, DI ([21, 16, 7). A2 5 LEIZEL DT, parabolic curve & flecnodal curve
WEDWTWE (Fi), 2MifA Y 2 117 A2 CHND (FfR). ZDDIIZ 2
RRANBAL U 7o iz R0 10D, TN D (haliz).

3: 11, 3 DI

parabolic curve (&

122y + 402 — 92* + 4t + duy — 4uPx® — 12uz® =0

THAZLNE (IS OFMRMENTIX[7) D53/i22ROZ L), NEIEFK3IDLSILE
ZoNb.

5 7 T (+) BLD Monge FERIZHT 5 285 A — X —fk& LT

flz,y, t,u) = 2y + o + y* +ta® + ua®
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%% Z %. parabolic curve 1%
62° — y? + to + 3ux® + 6ty* + 18uxy® + 362%y* = 0

THA 605 (flecnodal curve b & O 7T DFEMIE [7] D 5.3 Hiz 2D &), ZD5
B4 D& 512725, Hiffi TR & 512 I BRI % asymptotic BDE IZARIRIG 3 D
BDE DX A 7 C, ZDREXRNZPRELZITINE TR, ZOEKRTEH X DE
=R <HLVwbEDEEZISNS.

Ly K
;i( i . %KJK

@

S &

X 4: 115 (4) DA .

AR 8 Bl mEzeE LD 1357 A =X — RO DIIZEI U T Uribe-Vargas[21] 43 2000
IR RN 72 &% W R AZZN SR I E VD ZO0EHEZRTWS, ZHUTHART
% D4 EOF X flecnodal curve 72 & Z R 72 A TRIA L2 OMEZ RS Z &3
TEHLWVWH KL H B, b, flecnode fild—H DWHLELRD S DHFLFFHD X 1 7TH
II53 2722 £ 57278 DT, flecnodal curve D REFAIFEE 1 Hi TR U 72 B4 EF DY E T
(RHTHEIR G [15]) IT K B HIERR) Ik o TR2Z N TE 5.
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K(n)-local category 00000000

go o=
(00O0O0DO0oooooooon)

1 0000

0000000000000000000000000000 (chromatic homotopy theory) O
O000K(n)-local category 00D 0000000 O0OO0OOOO0OOOOO Morava EOO
0000000000000 K(n)-local category 00D OO0 00000 OOOOOOOOOO

000000000000 0000000000000000000000 K(n)-local»0 O
0000000000000 000000000ooo0bDonO0O oco-categorical Barr-Beck
theorem 00 descendable D0 00000000000 K(n)-local category 000000 OODO
Oo0ooooooboooooooobobooon

2 Joobobooooboboogda

gobboboobbbbooooobbbbbuooooobbbbooooooboobbobb
0000000000000 0000000000O0O000b00booOoOO(,1e6,18,13)000
gbooboooon

2.1 0O0OdOooood

gbbogoobbduoobboooobbuooobboooobbooobboooobn
0000000000000 00 (00000000000 DO)0000O0DoooOoDoooOOoon

0000 CWOO X,Y € Space, 0000 [X,Y]OOOODODODODOODOOOOODOOOOO
OD0o00oo2X2Yyd X, youoooXxXAYyoOD Xoydooooooooooobooooo
ooooooocwgno X,YESpaceEnDDDDDDDDDDDDDDDDDDDDDDDD
Y [X,)Y] - [2X,XY| 0000000000000 ooooooooooooooooo

[X,Y] = [2X,8Y] =5 22X, 22Y] 2 -

0000000000000 0000DO00D0o0ooooo{X,Y;oooooooooooo
00{X,Y}0oOoOoOoOOoOO0oOooooooooooo

0000000 (DO000: 25400092) 0000000000000
*e-mail: torii@math.okayama-u.ac.jp
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Ho(Sp) D DUUOODOOO0DODOOODOOODOOODOOODOOONDOOooDOQd
O00000000000000000000000O0Ho(Sp) 0000000000000
ODD0000 [X,Y] (X,Y e Ho(Sp)) D0 OOO[X,Y|OOOODDOOOOOOOOODO B
Ho(Space,) — Ho(Sp) DO O OO X,Y € Space™ 00000

[E®X,5*V] = {X,Y}

gboooog
000000000000 Ho(Sp)DOODODOODOOOOOOODOODODOOOODOD X (X €
Ho(Sp)) DD DOOOOOODODOOODOOODODOO

XLy sof——yx

Oooo0obOo0ObOoOoCcfO0 fO0ODOOOODODOODODOODOOODODOODOOODO XA
Y (X, Y €eHo(Sp)) 0D ODODDOODODODODOOODOOODOO S=x>s°0000

22 UJ0o0db0ObObOOOoOoOobbbodao

00000000 Ho(Sp)DODDO0000000D0D0O00000000 Ho(Sp™)00DODODO
000000 MUDODOO0O000000000000000000000000000000
000000000000000000000000

000000000000000000000000000000000 ThomOOOO0O
000ThomOO0O000000000000000O0O0000O00O0OOOOODOO0000OO
0000000000000000000 ChemO00000000000000000

EX(-)0000000000000000000000000X000000000V »X
00000cE(V) e B¥X)0 VO ith Chen 0000000000000 ChernDO0000
00000000000000000 ChenO0O0O00000000000 ChernOO00000O
0ooooo0o0od

L,,L,000 X0000000000000000000 X,L,L,0000000000
00000000000 F(z,y) € BJr,y] 0000000000

¢y (L1 ®c Ly) = F(cf (L), ¢} (Ls))

000000000000 EY(-) =H*(—2Z)00000F(z,y) =24y € Z[z,y] 0000
000
000000 F(r,y) € EJr,y]00000000000000000000

1. F(z,0) =2 = F(0,x)
2. F(F(x,y),2) = F(z, F(y, 2))
3. F(z,y) = F(y,x)

0000000 ROOOOOO F(z,y) € Rlz,y] 000 300000000000 F(z,y)0
RODO (10000)0000000
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23 U00dboboboooobbobuoooobobod

MUOOOOOO0OO0OO0O0O000O0O0O0O0OODODODODDODOMU*(-)000000000O0O0O0O0O0OO0O
gooooobbbooooboobbbbboboooooooobbbboooooooooon
O0000000000EY(—-)0000000000000000O0O000O00OMU(—-)00
F(-)0000000oooooooooOooo0o00oUoooooooooooOoogoo
ooboooboooboooboo uobooobooboboooogoboobbbooobooMUong
gogodouoooobobbbbooooooooon

MpcOODOOOOOOOOOO (moduli stack of formal groups) 000000000000
O00000000000000000000000Spec(R)00 MpcOODODOOOOODOODO
RODOOOCOODOODOOODOO0DDODDQCh(Mrg)0 MpgDO (Z/2-00000
0D0)000000000000000000000000000 MU,(-) O QCoh(Myg) O
goodooooobobbooooo

MU. (=) : Ho(Sp) — QCoh(Mpc)

0000 p000000Msgp =Mic®Z, 00000000000000k000 pO
O0000F(z,y)0 k0000000000000000000 24,y = F(z,y)000000

—N—
0 n0000 n-series [n]f(z) € k[z] 0 nO0 02 +p---+p200000000000[p]"(z) #0
gogd
[p]¥ (z) = az”" + (higher terms), 0#a €k

0000000000000000000000000 F(z,y) 0000200000000
ht,(F)=n000000000000p]f(z)=00000ht,(F)=cc000k000000
00O0O0Oh,(F)=000000000000000000000000000000000C
000.00000000000000000000Mge,O000000 Mz:, 00000
Mpey000000000000000000000000

>0 >1 >2 >n [e%)
Mec,n) = Mi, ) 2 Meap) 2 Mrcp 2 2 Miap 2 2 Mrg,p)

0000MEg ) =N Mz, 0000

24 U000O0O0OO0OOOODOOOOODOD

000000000000000 Mper 00O000000000000000000000
0000000000000000000000000000000000000000000
0ooooooo

00 p00000000000 n,(X)0 Z,-00000000000000000 XO p-
000D000000000Ho(Sp,,) 0 p-00000000000 Ho(Sp)000DO000D0O
00D Ho(Spi)0 p 0000000000000 Ho(Sp,)) 0000000000
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0000 MUL(X) 00000 supp MUL(X) 000000 M3, 000000 p000
00000 XO0000 Ho(Spy,) 0000000 80000

SZ) = {X € Ho(Sp,)| supp MU.(X) C MZ(, )}
goooo Ho(Sp(p)) O localizing subcategory 0O OO UO0O0OODOOOOOOOOOO
>0 >1 >n 00

0Do000SE =N Séqf OD0O00X esq) 0 (p-00) dissonant spectrum 00000 ([17, 7))0

fin fin,>n fin >n  ofinco
O0o0ooooooooooon HO(Sp(p))DDDDDDS(p) —HO(Sp(p))QS(p),S(p) =

Ho(Sp?;))ﬂSé’;’) oooo DHO(Sp?;)) O thick subcategory 00 000000000000 O0OO0O

finy __ cfin,>0 fin,>1 fin,>n fin,oo

2.5 Morava K OO

00000 Morava K-theory spectrum K(n) 0000000000000 Ho(SpI&f‘))DDDD
goodouooooboobbbooooon

O0p0000nO00000OMorava KOOOODOODOODOODOODOOODDOOOOODO
000000000000 000000 K(n)DODODDODDODOOOOMorava KOODOOOOO

T (K (n)) = Fylv; ']

n

0000000000000 000000F, 000 p000000O0w, 000 2(p"—-1)0 (O
0)D0000000000000 p-series O

P @) = vaa?”

O00000OMorava KOOO (DODODODODODODO0O0OD)00000OO000OOO Moraval
Oo0o000O0OD G, 000000000G, 0000000 b00o0obDooDOon
0000000000 CO thick tensorideal TOOOOODa®beT = acT7OOObeT
OO000000 7O prime0000000O0O0OOQOCO proper prime thick tensor ideal O O
0000 Spec(C) 00D (2, 3))0
00 O O O Hopkins-Smith O O O thich subcategory theorem ([8]) O 0O 00O

Spec(Ho(Sp(y)) = {Siy=1, S22, ... Sy (2.3)

(p) ® (D)
DDDDDDDDDDDDDS&S’Z"HDMoravaKDDK(n)DDDDDDDDDDDDDDDD

Spn="t = {X € Ho(Spfyy)| K (n).(X) = 0} (2.4)
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2.6 BousfiledO OO

D00 S;y000000 8™ 000 VerdierD Sz7/Sy*' 00000000000000
D0000-,0000000000000000000000BousfiledD000 ([5))00000
00000000 Ho(Sp) 0 Morava K 00 K(n) 000 Bousfiled D000 S /Sor ™ 000
DO0OoOoO0DoOoooo

000000000 E(-)000D00E(-)D000D00000000000000O0O
0000000000000 0000000000000 VedirDOOODODODOOODOOO
D00000000 BousfieldDODOODDODOODDOOODO WOOOOOE,(W)=00000
WO F-acyclic 000 0000000000000 XO0O00OOO E-acycdic0OOOO0O0 W
D000 [W,X]=000000000FE-local J0DOOOO OO

Ho(Spp) 0 E-local 0D D000 DOO Ho(Sp) 00000 DOO0DODDOOODOO
0 ¢: Ho(Spg) < Ho(Sp) 00O 0O Lg : Ho(Sp) — Ho(Spg) OO OO

Lg : Ho(Sp) = Ho(Spg) : ¢

00000 doLg:Ho(Sp) — Ho(Sp)O L0000 Ly0 EOOOO Bousfiled DO OO OODO

O000p0000 n000000 Verdierd Ho(Sp(Zp?)/Ho(Sp(Zp?H) 00 monochromatic cat-
egory 0 0 00 0O O monochromatic category 0 Morava K 00 K(n)O OO Bousfield 0 O O O
OO000DO00O000O000DO0Db0obOooOo

Ho(Spg () =~ Ho(Spé?)/Ho(Sp(Zp’;H)

Ho(Spg(n)) O K(n)-local category 0 0 00

000000000 (21) 000000000 K(n)-local category 00D O OOOOOOO0
0000000000000 0000000000000000000 (22)0 (23)0(24) 0
00000000Morava KOO K(n)0 p-00000000000000000 Ho(Spf) O
oboboobooboobgd

2.7 Morava £ 00O

00000 K(n)-local category 000D 00000000000 Morava EDOOOOOOO
ggdno
O0p0000,000000Morava FO0O EN(—)0000O0O0O0ODOOCOOCOOOO
Oo00bO0obOooboboobooobobobUu0 g, 0b0b0b0000Morava EODOODOO
gd
To(En) = Wlu, ..ty ][]

O0o0o00ooooooOwW=w({F,)DOO0O0F,.000000 Wittvector 00000000
w, i=1,...,n—1)000000«000020000000Morava FO00O E, 00000
Morava KOO K(n)O (00000000 00O0)000000000D0OOOOOOMorava
0000G,0 EX(-)00000000000000000ooooo
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K (n)-local categoryd Morava FO 0000000000 0OOCOOOOOODOOOOODOO
000000000000 X00000X0 K(n)DOO L,y XOOOOODOOOO0OO0OOO
0000000 (K(n)-local E,-based Adams spectral sequence)

By' = HY(Gyi (E0)'(X)) = most(Lic(n X)

0000000000H!(G,; (E,) (X)) 00000000 (E,)4(X)0000000000 G,
0000000000000

Remark 2.1. 00000000 XOOOODODOOODOOOOOOOoOoODOoOoDOO

0000000000000 K(n)-local categoryd G, 00000 E,-000000 (OO
0000)000000000000000000000000000000000 K(n)-local
category U D 0O O UOOODOOOOODOOO

3 oo-categorical Barr-Beck theorem [J descendable morphisms

000000000000000000000000000 oo-category([11]) 0000000
OO000000D0O00D00ODOO oco-categorical Barr-Beck theorem O descendable O [0 0 O O O
OoOooooo

3.1 oo-categorical Barr-Beck Theorem

00000 Luried OO Barr-Beck theorem [ oco-category D D 0D O OOOOOOOO

O000D00O0D00O0D0 Barr-Beck theerem OO OO0 D0 O0OO0O0OOO0OO0OOC, DODOODO
Oo0O00 F:c=D:GUOO0O0O0O0O0ODOODOOODOOODODT =GoF:C—CcOODO
O (End(C) =Fun(C,C) 00 00000000)000O0Modr(C)00 TODODOOOOOOO
000000000000000000 F:C=Modp(C): GO000O0OO0OODOOOO
00 G:D— Modr(C) D00D0O0G oG =GOO0000GO0000000000000
G:D—-CcO000000D000D0OOBarr-Beck theorem D GOOOOODOODOOOOOOO
OOobooboboooboooobobobooooooobobon

0 O O oo-category U O O O Barr-Beck theorem O 0O 00O 0O 0O OO0 oo-category U O [

F:C=2D:G

godod
T:=GoF:C—C

OoccOdO0 (0DO0D0ODODO oo-category End(C) = Fun(C,C) OO OOOOOOOO)OOOOO
TOOOOO oo-category Modr(C) D0 D0 O0O0OD0D0OO0O0O0OOOOOOOO

G : D — Mods(C)
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D0D0O0000GoG~GOO00000GO co-category00O0O00O00O00000G:D—=C
O00D00D00OD0ODOOOoo-categorical Barr-Beck theorem 0 GO OOOOOOOOOOOO
0o000O0ooooon

Theorem 3.1 (co-categorical Barr-Beck theorem (Lurie [12])). GO OOOOOO0OO0OO0OO
OOooobobGoOooooo200b00ogooboboooboo

1. G O conservative 1 O O O

2.D00000O0OO G-split simplicial object 0O OO colimit 0 0O 0 OGUOO O colimit O
ERERN

goboboooobbbouoooboon

3.2 descendable O

OO000000000 oco-categoryd SpO0O000FOO0OO0OOOODOOSp,O E-local0 O
OO00000000SpddD0000D00D00O000O00O descendable D OO OO Odescendable
oboboboobooobooboobuooboobog

f:A—- BOSp, 0000000000000 CODOOMods(Spg) 0000000000
oco-category D0 000 O0O0O0ODODODO Ho(Moda(Spg)) 000000000 OOOBOODODO
000 Ho(Mods(Spg)) 00000000 BOODODODO thick tensor ideal 0 ADODOOODO f
O descendable 0 O O ([14], [15])0

f:A—=-BOSp, 000000000 ODOCOOODOD co-categoryd OO

B ®4 (—) : Moda(Spg) — Modp(Spg)

0000000000000 f: A— BO descendable 0000 B ®y4 (—) : Moda(Spg) —
Mod(Sp,) 0 D0DO00O00DO000000000000000Mod(Spp) 0000000
J00ooooooioil oco-category DD D DO OO

Example 3.2. Spy,) 0 K(n)-local 000000000 oo-category 0 0 O O Hopkins-Ravenel
000 smash product theorem ([18]) 000 Spg(,, 000000000000 LgyS — E,0
descendable D 00O OO0 O0OOOOOOOOOOO

LK(n)(En A(=)): SpK(n) — Modg, (SpK(n)>

gbobobooogon

4 K(n)-local category 0 00O

D0D000000GOOD0O000000DO K(n)-local category Ho(Spy(,)) 00D OO0
goooo
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4.1 0000 GOOOOOO

000000000 GOO00000000000000000000000 (00)G000
0000000000000

G00000000GOO0X0000000000000 X0000000o0o0oo0oo0oo
00000000000000000000000000000000000000 GOOO0
GOOO0ODD0D Set(G)000000000O0 Set(G)000000000000000 SSet(G)
O0O00OHoveyDOODOOD (9)0000SSet(G) 000000000000 XSp(G)000
00000000 (4)0sSp(@)000000000000000000000000000
000000GO0O0000000000000

U :¥Sp(G) — XSp

0000D000000XSp 0000000000000 Ostable 00000000000
0 (10)000000SSp(G)00000000000000000 ([4)0%Sp(G)00000
f:X—-YDOOOooOo

e fO000D0 & UfO0OODO
e f000DD0O0DOONDD & UfO000O0OOOODOOO

e fOOUIDODDOUDD <« O0DODOUODOUDOODODODDODODDODODOOY
O right lifting property 0 0 O O

kOOOODOODOOODODODOOOD ESp(G)0 k0DDOODO Bousfield DO OO XSp(G)y
O000XSp(G), 0000000000000 oooooooooooDoOd
D0AD BSp(G), 0000000D0000YSp(G), 0000 ADODDOO Mods(ESp(G)y) O
000 Moda(ESp(G),) 0 0000000000000 00

U:¥Sp(G), — $Sp, 0 GOOOODDOD0OD0ODOUODDOO V : ¥Sp, — ESp(G),
00000000000 U : Mods(ESp(G)r) — Mody 4(£Sp,) 00000000 Quillen O O
U : Mod4(XSp(G)x) &= Modya(XSp,,) : VO O O OO oo-category O O O

U : Mod4(Sp(G)x) = Modya(Spy) : V

gooogd
OO0O00OBehrens-Davis OO0 OO0 L, 000000000O00ODOOOOOO

Condition 4.1 (Behrens-Davis [4]). Bousfiled 0 O O Ly : Ho(Sp) — Ho(Sp) DO O OO OO
O LyLr00000000000Ly0O smashingODOOOL, 000000000 MOOOO
gooooo

O000Morava KOO K(n)OJOOODODOO Behrens-DavisD O OO OO0OO
0 0 Proposition O oo-categorical Barr-Beck theorem (Theorem 3.1) D0 00000000
gooooooog
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Proposition 4.2 ([19)). 0000 GOOO0OO0O0O0OO0O0O0OOOOOOL O Behrens-Davis
000 (Condition 4.1) 000000000 DO0OODO co-category 0 O O

U : Mod4(Sp(G)x) — Modya(Spy)

0000000000000 000Moda(Sp(G),) 00000 UV OOO0O0O0OO oco-category
gboboobodg

4.2 000

000000 K(n)-local category Ho(Spy(,,)) D0 000D OOO0OO

O0p0000nO000000G,0 MoravalODOOODOODG, 00000000000
00 G, 00000000 ¥Sp(G)rkm 00D0000000O00Morava FODO E,00G,0O0
O0000E, 000 (00)G,00000000000000000 0 Devinatz-Hopkins ([6])
0000000000000000000000000E,000000 F, € 25p(Gn)km O
DOO00D0DO0O0ODDO0F,0XSp(G)rkm 0000000000000 OXSpg,, 00000
ooooooo Ur, - E, 0000000000000 LgnUF,~E, 000000

Example 3.2 00 0 O oco-category SpK(n) 000000000000 LgwS — E, O descend-
able 0 O O O oco-category U O O

Ly (En A (=)) : SPg(n) — Modg, (Spr(n))

0000000000 O00bOO0oOoboOoobO coooa
DO000000000 Quillen00 U : Modpg, (3Sp(Gp) k(n)) & Modyr, (XSpg,) : V O O
oo-category U 1 [
U : Modp, (Sp(Gn) k(n)) & Modg, (Spr(n)) : V

000000 Proposition 4.2 000U : Modp, (Sp(Gr)k(n)) = Modg, (Spg(,y) 0000000
OOooOoboboobooboooboob pbOoOoO

00000000 M € Modg, (Spx() 00000C(M)~D(M)0000000000C0
DO Modg, (Spx(ny) 00 0000000000000000Sp,, 00 CO00D0 so-category
0000000Modg,(Sp(Gr)km) 00 DOOODO oco-category D0 00000000000
goooooog

Theorem 4.3 ([20]). O Quillen O O
Fou A (=) 2 ESpg(ny — Modp, (3Sp(Gn) k(n))

0 Quillen 00 000000 OK(n)-local category Ho(Sp,y) 0 0 00 O Modp, (3Sp(Gn) k()
00000000 (DoDoooo0oU0Uo)ooogoo

Ho(SpK(n)) ~ Ho(Modp, (2Sp(Gyp)k(n)))
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4.3 00000

00000 K(n)-local category 0 0000000000000 Verdier O SC7/SC ™" (k > 2)
D000000000000000000
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Generic linear perturbations

—AK R (BHEEN KT

1. &

AEITIL, SBATHRRHR OB M OCEIZOWTHRARS ., DT, Izl s 2WiED | %
AR ROBEHBIZETOHEL, {,m, n I ZEDBHERTZ LTS 2T+ %
FRIR EDE — AR IAAGHIZREKR I NS, Gr2ER] (MMHIZEA Yy h=—C>
AiAH) DR TALEEB L LTHEMRAR L LTETOREM2MEE XM= R\
ZHDOEL TROLREEHRIE, ZRREZTARD L VI BRI S HBERNRTH S
CERD. BEEBIZETAMEIZOVWTIE, WX A ba 7HRTEERZLVF - A
(1923-2002) %, ¥ a v - ¥ — (1942-2017) IZ L > CHWEINTH 0, LEEHIZHE
TEIH—DO—HDFR[11]-[16] IFABENTH S. £ I T, TOEERNRTH 5 LE
B4, 1372 UCTERZER O TRZIZIFEL TWB D0 & W\ D HRREER 23 & 23
5. EBRIZVR - ML, TZEEBRIZEBRZER O CTHEIZAET 2DIFNWD0 7]
EWHREEREE L2, ZHNIEBEREMERRBL LI Tws. ZoMEIE, 1960 £
BTz L eIz, LTFOEHE 1D & 512, ZEEHDEBRZEMMNIZ
B BPEML, VY —A L EZ =Ty NDIRITTH D AIAMKTF L, £ DIRTEH B 5ERITHI S
NTW5.

FIE 1 ([16]). N &2 n kLI 87 NERRIK, P % p RSk 35, BEZH
C*(N, P) OHTLREGHIPBIAFAES B 720 D BT 4513, RIEH (n, p) ASBL
TowFhrzhdIl e Thb.

W) n<lp+rEmop-—n>4
(2) n<Sp+2D23>p-—n>0
B) p<8MDp—n=-1

(4) p<6 PO p—n=-2

(5) p<T M2 p—n<-3

(n, p)-FEOHT, FH1LOHD (1) 25 (5) DT %7 TWTH (n, p) D4
I % f& 58I (nice range) & X O, FEMHEFIRA DIRITH (n,p) % FEHERTH (nice
dimension) & X .5

EZeEMER, GHREBOAME (R4 vy b=—C>AiM) ITL->TEERINALL
GG, T DEHEFOHFIZHE IFET 208 WO HETH o 7. Mg L e MERE
fRIBE D~ Y — DL [17] Tk, SEIL, I3 VX7 MERREP S 12— ) v REFAD
BZ6NTZHMOAARGHRIIH LTV =22V ZIZHRE, bbby o1V v ZITHRIE
BrEEGH U BB EBPLEEBRIZR B WD ER DN TV S.
ARSI BT EE (GRREE 5:16]06911) DBKEZ -5 DTH 5.
2010 Mathematics Subject Classification: 57R35,57R42,57TR45.
F—77 — I : generic linear perturbations, generic projections, transverse

* AR L 2R A5 2 DCL

e-mail: ichiki-shunsuke-jb@ynu. jp
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AHEHOEHMWE, 2OV ay - XYV —DIX (17| DEEHD 1 DOHLRE 52 5 Z
ETHB. FLUVERONAIZHIHIZTRNRED, IEIILLTFTHS. N & nikii%
BRAK, 70 R™ — R 2B, L(R™ RY) &2 R™ 225 REANOFREIG 2RO ZERM &3
5. ZZT, LR R = (R &0\ HARZE—~GNMFEET 2 2 L ITERLTHL. £
hRmi@%%AUhf BINZEH/RE U RELRIZEZS. X51Z,

F.=F+

EBL. Thbb, BRF, U - R, BAONEZEHRF U — R OfEEET
H5. 1TIZBVWTHE, GAONZHODIAAf N - RT3V v T il ER
7:R™ =5 R (m > () EDOEREBEPFARSNT WD, M, KEEHTIE, 5R o607
HMOAAfF N > ULBEBRE U R AEZY ) Y ZIHAEE U 7254458 DA
B, T72bb Fof: N RUZTOWTHESNZFEREZRET 5.

TRhbb, KHEOE/EREE2 -STHL LT 2401, 1718105 Yz xV v 2
W IEG) | 2 THEXONEERFOY )y ZfBEH | 12X CHEEL -
MR THL. 7z, REOFFTRY, Zabff o N7z 2 DRADFHEEIZDOWTHE TN
XHTIEL.

2. #EfE

2.1. BERNLBRO %R

ZOMAEHOHMNIL, (ZE) Y =y MY NV, ZEEL, BRSO, FRAGRIIB T
5%&%6@@@%,&\@«%*7&479 ZeTHhD. UL 2% 2SR UTHEZ .

N, PEZMRE U, J'(N,P) L WO FETN PG PANDEJRDOZ B 5 -V zy
FRRPOERINEY 2y MY RV ERT. 58, GRAoNEHRg: N - P
SFUT, 7g: N = J(N,P) (g j"9(q)) L WO BEHENPHRIZEHETE 5.

C®(N,P) % N5 P ~NDE{REDNSKDHA Y b =— C® DA - 7= AitH%E
M43, £/, 5#g: N> PHWEEL: N> PIZAREBETHZLIX, V—ADH
DEMHEGEHRS N - N X—=7y NOWAEMHEHR T : P - PRENETNHFEL T,

g=Vohod!
DRI DZ L THD. ZTLUT, 5fg: N - PRREEBRTH S LXK, gD A[FMEIE
INEARZER] C(N, P) DR THEARIZZ>TWE I L TH S,
ST, INDPSEHEY Yy PNV RNLVEERT D, ZRRIKN O s HOER N O
g£H5ELT,
N® ={g=(q1,--.,q:) € N* | ¢ # ¢;(1 <i < j < s)}

EEHTDE, NO BN ORBIEHIAE LoTWDE. £,

SN, P)={("g1(q1),---,5"95(as)) € J'(N,P)* | g € N}

LREFTDE, J(N,P)IZJ(N,P) ORISR EMIK L > TED, TNELZEHEY =
FANYRLEERZ LTS, Yoy ANV RIVEFE £ZEY v AV RLIZEW
THH5EAONEEBRg: N = PIZRULT, ;579 : N® — J(N,P) ((q1,...,qs)
("g9(q1),---,779(qs))) EWVWIEBRPERIZERTE 5.

ST, KSR ESGROMFEICE W TEHELBEED 1 DTH SHMMEDOERZITS
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EE 1. ZRRIEN P SZRRAR P ADEB g N — P2 P OEWMIERRAW IZHERITH
220 FEDFHqe NIZH LT, LFOWTNRARK DD L THD.

(1) g(q) ¢ W.

(2) g(q) € W 22D dgy(T,N) + TyyW = Ty P.
2.2, TV 15 —ER LKA

ZOHAHIOHMIE, v — DX 17| DHFTERINZEY 27 =LKL NS
Me2EBTEIIETHDE. TDEDIZ, W OPERPH S 2T 5.

B 2. LTFD (1) - 4) T RCEZTeE, nl3EE{L,... s} DREITHZ LS.
(1) 3A44,..., A, C {1,..., s} such that m = {A;,..., A}

2) U, Ai={1,...,s}.
(3) Vi (1<i<m), A #0.
(4) Vi, j (i #£5), AinA; =0.
TREA{l,. . st OREE L, 1= {A,... A} ERINTVE LTS X HF—0D
EFRIZHKEW, PP2LLFO LS IZERT 5.
P™={(y1,...,ys) € P* | yi =y; <= 7k such that i, j € A;}.
ZEY v NNV RV J (N, P) DEREEW HPRETH S &1,

J9(@) eW = (Hogoh ™) (h(g) e W

iz THD. ZIZTC, 5 H:P— PROGMHL: N — NIZMEEDHMSIEFH
BRTH5.

BT, ¢g=1(q,.-..¢5) € N9, g: N = P, ¢ = (9(qr),-.-,9(a)), = = sj"g(q) €
J(N,P) L UTHRES S. J(N,P), &rilg € NEDJ(N,P)YDT7AN—LF 5.
[FABRIZ, s J(N, P)y (resp., sJ"(N,P)gy) &5 q (vesp., K (q,¢)) LD J(N,P)DT 7
AN=T5.

E72, J'(N,R), DBAEET, g € NIZBWTHA D LS RBEEFED -V =y b
EROESE M, LELZLIZTS. Tbb,

my, = {j"hi(¢) € J(N,R)g, [ hi - (N, ¢:i) = (R, 0)}

ZLUT, J(N,R), b KU m, =bDsHOEMZZNENTF —IZHNATD &
128K,

J(N)y = DT (N.R),.

S
m, = P m,.
i=1
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LM, J(N) EESTE, ZLTm, C J'(N),EEDAFT L HR>T NS,
TP% PODEANAYELVEL, ¢TP = U,cny Ty P EEET D, ¢*TP 55 H gD
V= ADEIRMEN ~NDARBIHE % 1y gTP — N (m4(vy)) = ) £BL. Fz,
iding) : (N, @) — (N,q) ZIHEEHHELT5. 22T,

J(gTP)y ={j"(q;) € J'(N,g"TP) | £ : (N,qi) = g°TP,mg0& = idng)}

L. (ERDBHIES: (N, q;) = ¢TP X, figg e NDEL Y TERINEBIF g
IZih o727 MVETH S, ) ZULT, J(¢*TP), 7= D sfHDER %

(g°TP), Q}JT*TP

LB TIT, J(GTP) T (N) L 225 TW3, &7, mJ (¢*TP), % m, D
Je& J(g*TP), DL DEDOAERMMP O HHEEL T D, BARMIZRRT S LPFD &
INZEHIFBZ DD

mJ" (" TP)q = J"(g"TP)q N {sj"¢(q) € J" (N, TP)q | £(q1) = - -+ = &(gs) = 0}

ZDeE, RN MVEBEUTLNOR =M (%) BFEET 5 Z LITHEET 5. FE
2, ZOFA—FBIEEY 2 7 — D ERIEDOERIZEVWTEYT 5.

T(J"(N; P)gg). = mgJ"(¢"TP)g. ()

Z DA~ ﬁ()’ibiﬁ&ﬂjmmphm DR MVER %, il wm, " (¢*TP),
DR MNVEMEUTHRD ZENTES,

ZDZ L EFMIZHAT L LR XD 1Zkhd. WEZEY =y MY RV, J'(N, P)
DI LKL T 5. Z LT, W DEEDIL

z="g(q) €W (= (q1,...,q) € N®, g: N = P)

s, D=0 ¢ = (9(qn),...,9(¢) £BL. (¢,¢) EITBTFBAW D774
N W,y 2B . ZOLE ZRRERW, , D2 1B BEEMT(W, ). 1%, MR
T(J(N,P)yyg). DRI DIVEBE RS> TWBH, F—H (%) 2L D, T(W, ). 1&
myJ (¢*TP), DR N7 PV EA—HTE, 20D MVERZE S E(g,q, W)
LRFHLT 5.

TNTIE, EV 27— EREOEREZEZ 5.

EE 3 ([17]). ZEY v bV RV J(N, P) DD EHAEW 1, LT D (o) & (8) D

M2 TEE, EV1A5—THE(HIVWEEI15—BIEHRETHS ) & LIE

ns.

() W BRERBDSHATH Y, HB0E x BWEFIEL, (W) C PP THB. ZZ
T, GBIL: J'(N,P) — P, I(5579(q)) = (9(q1);- -, 9(qs)) TEHERSINDH
ﬁ&% CChD.

(B) s glq) € W W23 & 5 BEE D g € NO RO, {EE DG g : N — P IZx
U, E(g,q, W)X J(N), 82T H 5.

EY a7 WAL OH L UTiE, HlZIE, 3 —DEZE L 7 contact classes (K-

W) HIF T 5N 5.
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3. EfER

HIHICEHBO LB, LR, R &%, R 6 REANDIEIGEHR AL S HEEEST

HY, LR™RY) = (R™: LW HARBEA-HPFELET D L icERELTEL.
AFEEHIZ T TN T 2 ERERITEMATH S, ZTOFNT, ¥ P — DX [17) O EEH

KO OBFHZGHE THRNT 5.

T 2 ([17]). BB f 2 nIRTEHREAN RS R ANOHDIAA LT B, W % ,J(N,RY)
DEVaT7—8RLAL TS, £/, m>0F5. ZDLE, LR R)DHIEOD
MAEASWEFEL, RO T € LR, RY)-SIZHLT, " (mof) : N& — J7(N,RY)
EWICEBTH 5.

FH2OIMHE LT T I MosnT VWS,

EIE 3 ([17). B f 2 niKt I V37 FERIKN DO R NOMDIAA LTS, 7z,
(n, £) ZAERERTTH (nice dimension), m > (23 5. ZD & &, LR™ R OHIEOD
WMAEELPEEL, FBDO T € LIR™RY) —SIZR/ LT, 7o f: N = RUILEGH
ThH5.
AFHIZB T2 EEHIIU T TH S,

FIE 4 ([3]). B f % nIRTERAEN 25 R DHEA U ADHDAAL TS, £z,
F:U—-REZTEOEHRETE. Wk J(NRYDEY 27— Lk 35, Z
DEE, LR™ R DHIEO0DHREL S BEFEL, £ED 7 € LR™ R — S ITxFL
T, o (Frof): N® — J°(N,RO) IEW I TH 5.

2O EM3Z2EL P —DIFHE 2K FARO HIEIC LT, FEHADSR LMD
WS,
%1 (3]). BB f2nikoua g NERIEN 26 R ORFESG U ANDOHDIAARA LT S.
72, F:U - REEREDOEGET D, £72, (n,0) ZFERERGCXT (nice dimension) &
5. Z0LE, LR RY) DRIEDHIESGSVHFIEL, FED T e LR RY) — %
WX UT, Frof: N 5 RIIEEBHRTH 5.

3.1. Remark

1. F=022U =R"»2m > (DA, HAITEM21Z, RUITEM3 12—
ERS

2. EH3IZBEWT, m < LDFAHIE, WDIAAR f: N 5> R"IZHLT, Y3V v
WZRRBIE SR r 2G5 U720 f N — RVZHUOMDIAAL 2B Z LIZHS DT
H5. MODIAATLEEHRTHDHZh o, m < (DFEIX, FRISEHHEHE RS,
— 1, R1DHEEIE, m < (DHEITBVWTH ERIZAPATIIAWIZ LIZHERELT
BL.

3. BHAIZBWT, 520N E/BF OEHREZ R TR R DAESEU & —
BAEL TV B D, ZOBEHIIUTTHS. HlziE, BHRF R - R (z— |z)) X
FRUZBWTIEMA TER WD, BHAZBERNT I 2IETER L. L,
U=R—-{0}2UT, Flp 22, BEIETE 5. 3055 fE G4 DH
HEILLST5720DTH5.
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4. FHERDIGEB

i, j LD pi = (pins pigy -, Dim) (1 <0 <L) R™ EDRL, A = (ai)1<i<e1<j<m

0)
%, t@&”%OT&Vﬁxm@ﬁﬂ&T% IoLE PTFTEHSNLREE G
G : R™ — R 2 —MRAES N B = R 54& (5], (8], [9], [10)) & & 3.

m
Gp.a(z (Zau —p1j)% Y agi(x; — paj)?,. Za@ — pej) )
j=1

ZZTC,p=(pi,p2---,p0) € R™E 2= (x1,79,...,20) ER®"THB. £72, {751 A
DETOHRAN 1 TH 256, EHZEER([6]) & L. T4abb, Ml —REH L IX
PREE BB R G L2 DTH D, F72, 1THIAD, ay = —1hDay =1 (j #1)
DEE O-—LYVEBIRER (1) L &R Thbb, o—L VY M REG X
00— L YRR R BRI L 725 DTH 5.

U7zD3o T, — it X /- PRl — R EG & (3 MHE R ER, o— L > il = 54
ZAfET oS TH .
Te% DR EHROMEOFEIIUATTH 5. HRE 0 BMFZIZE T, @SB

& B FEBRUE, Hﬂ%%)@&ﬂﬁ#%:nﬂf\ét@@ﬁﬁmwufz@ot([ ). &R
B4 & T B BRSBTS T, 17 1B VT HHDRAAR LEE L DEBATHR S
TWAE GIEBEEHILLEZMETH oW L AR NTWEEE X 5. (il
i, Bl IR R AR T TE BB, T bbb M REAICE T 5 RS X
R472567 F—BEL LT, TOEGAGOMEOMENBETH > 72 (ZOMHEIZ
DWTIEH[6)| 2L TIHEZW). LT, SBROMIEHEED 1 D& UT, m I B, iE
it — SRR & ARk, R R EAR DA B EANDIHAN K ERRFETH 5. ThniE
e BBz R TESIT N2 RN T IR0 5THAS.

ST EEERL, AEHOEEMTH L EMA %, — b N2 Ml T4 IS L
THRoNIHERE THNT S

@ 1 ([3). B4R f & nIRTCEREIEN 95 R ADHDIAARE TS, W % J'(N,R)
DEYV 2T —MNERIEL TS, T A%, EOEDE 0 TR L x m DT &
5. Z0rE, (R OHEODHAEASBEFLEL, FEDp € (R™): —SITHLT,
sJ"(Gpayo f): NO — (J7(N,R) IZ W IZREWHI T 5.

%2 (3]). BB SfE2nRICIA VNI FEMIKN 5 R NOHDAAL T D, £z,
(n, 0) ZFERERTTX (nice dimension) &3 %. {78 A%, EOETH0TERNL X mD
155 ZoLE, (R OUEODHSEGSPHEIEL, EEDp e (R™) -1
HUT, Gpayof: No>RIBLZEGHTHS.

5. T DM DOEEFER
SRIOoFEEM (3, € 4) T, ZEREN PSR OREGUANDEZ 5 NZE
Bf: N — UDPEDIAADGETH - 7203, REiTlx, MHDIAA] %2 [IDIAA] 12
FCRMEEE UGG ODH%%‘*% DWTZHENT 5. AEIONEIL, 2017 FHFIZEHR
RKFBILTITONTZHARFRII BT 2EHENED —HEENTWE Y, RO L
FHAT T%ab>of_lf\]4§%/\&bfn6%zbf_.

R” D 5% R DA ETEHRED 1-Y =y NZE/ T (n, () DEHEE X 5 Al-
RETHD LI, jlg(0) € X b g: (R, 0) — (RY0) 20 U, (EEDOMS FIFH G
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H : (R 0) — (R%0), h: (R",0) = (R, 0) 2 &KLz LTH, j{(Hogoh™)(0) € X
LB ETHD. ALED AL JH(n, ) DD ERREXITH L, X 27 74 /8=
235 J(N,RYDY T 774 X=NY KL% X(N,R)EWIFETERT I LIZT 5.
DL E FDIAAF N - UIZRHUT, AR D LD,

W, ZNE TOH & I, L(R™ RY) & 1%, R™ 25 REAORIUGEGRERD S 55 5E
BTH Y, LIR™ R = (R™) &\ 5 HRRE—HAPFET 5 Z LITFERELTEL.
T 5 ([4]). B f % nIRTEZRRIEN 96 R OBELG U ~NDIZDAA LTS, £z,
F:U—RZTBEDOER, X & AL-AEWR T (n, 0) DIEEDOH S ZRMEL LTENEN
522, 2o E, LR RY) OREODMAEESIFEL, TED T € LR™RY) -3
ZHUT, N (Fro f): N — JYN,R)IZ X (N,R) IZHEWIAITH 5.

EHSDWL 2 DIGAEE UT, BIZIXA TOH#ERNES NS, 31, EHL5IZ

B SEREBR Frof DR—y NORITEM 1 DGEDORERZHATS. Bffg: N - R
DR RSB RL & ZORENEE—ABERE VS,
% 3 ([4]). B fEnIRTERRIEAN S R DFEAUANDIZDIAA LTS, ZLT,
F:U-SREEROEHELTEZS. Z0OLE, L(R™ R) DHIEODEHLES DM
FIEL, EED 1 € LR™R) =S UT, Frof: N — RODOREESILE — ARFR K
DATH 5.

R—=ry FOWRTEEL ULIZGEIZ 20T, AUKEHS L0, LFDR4 K%
S5NRfFoN5.

HEfg: N - R™! (n=dim N,n >2) DRELR¢VBEIY hNZ—DRFERTH
2%, V—ADWAEMHEBRFh : (N,q) — (R*,0) & X —7"v b O FEMHEGEE
H: (R g(q)) — (R*1,0) BFFEL,

Hogoh ™ (zy,...,2z,) = (22, 2129, ..., 0100, 79, ..., Ty)

BT THD. ZIZT, (21,...,2,) &, FHEDEDL Y ORFTEETSH 5.

% 4 (4]). BB fZ2nIRTERREN PSR ORES U ANDIZDIAALT S, (72720,
n>2) LT, F:U—-R"!'Z2EEDOEHELTEAS. 20L&, LR R D
HIEE 0 DENEES S BFAEL, FED 1 € LR™, R ) -2IZHUT, Frof : N — R¥1
DRFERFIIFA Y F=—DRRREFDOATH 5.

% 5 ([4)). WICH (n,0) 1%, 2n < (%W $T LT 5. BAR f % nIRITCERHEN 55 R™
DHESUNDIZDIAALTS. ZLUTC, F: U - RAETEDOEHRELTEZRS. Z
DL E, LIR™ RY) OREODHAEA S PFEL, FED T € LR RY) — ST L
T, F.of:N—=RUL, IZDIAAIZR S,

S 3
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Ny EYNR=T Sk EBTERE

RIS 3 N ONIPNEPNEL VAR R E ST E NIPN TRV 2 S €S T AT )

1. PX

HEZRRAK FO(CM) 1% Cr DFREER D EEIOFIV, C Vo C - CV,, = C" 2k 578
52MTH D, T T, &V ldi ROtk A 22 2 KT,

X :Ch— C 2REERMEEH4EL L, X CEREINIEV, C Vo C---CV, =
C(TbBEXV,CV;(i=1,...,n) 23T HD) 2RO TEMITIATY »H—
ZRRIR L IFIE 0, 1970 AR LD S W S, DR EMRBIDFEE & LT T
D UA—IZ &K DEAINT ([32,33]) ATV U A—XZOELHEEDIRET Y —D
BT S, DIEHZME L., T ERESREOIRED Y -0 LIZHIRY %
&, 6, DEERELEHND X 5 ITHEE L 72, NREE S, DT R TOREFREIL %
ERR Z DR CEBLT 52 e N TE S, £/, ATV VAT —SkDarER
VB OWRINRRRIE [13, 34) THARONTE D, [6, 19 TIHAZIFER Y —E
ZIPFNRTNWB,

ANy N = TR 1980 EREPEHICEA I N (14, 15]). ATV U H—%
ik z L 7ZaTh s, X :C — C 2BEHE L, h:{1,2,...,n} —
{1,2,...,n} ZIRZBEFARMBERTLG) >i (i=1,...,n) 2H=TH0DLT3, Z

D& E, LUNTER S NDELBRIKDS 270 % Bk
Hess(X, h) :={V, € FUC") | XV; C Vyp for i =1,2,...,n}

AR YN IGRK, h R~y Y A= ZER IR, b = (h(1), h(2), ..., h(n))
TRT, NI N=TLREDOEM - hARrY—IX(1, 2, 3, 11, 16, 20, 25, 26, 35]
BRETHIRSINTE D, fRa2MnE & BHERH 5 2 L DRIS N T E TV D K
WUV R TH 5,

ARTIE, FEEHR X Ct - Ch %, FHIREBEHRN(VaLxy7ay 7h]
D DEEBLILEH) F I IZIER R BREG S AL aE CRIAMHE AT R T
RIRDIEEMR) & LT~y 2 U N—=TLRERD R e ¥ —I12BT 515 ([4, 5, 9])
ZHN T D, Hess(N, h) IZIERIZREE A Y £V N— T LER, Hess(S, h) IXIERI72
PRI Y 2N T LR EIEEN, 2SR ERREE EATVS, EE,
ANy UN=TE h=(2,3,4,...,n,n) & L7z & &, Hess(N, h) IZHEZERIRD &
FaARERY - HETLIE—X =Y VERIKTDH D ([22, 27]). Hess(S, h) 1T Weyl
cambers(A M) Z & 925 b=V v 7 LRIk E —HT 5 ([14]).

EHIRBEZ A Y £ VN =2 %K Hess(N, h) ® 3 HE R Y —BOIRI TR IE
Mbrika-Tymoczko ([23]) (2D FEINT WA, [4, 5| IZBWTaRERY —ER
H*(Hess(N, h)) DHRINRER R E2 5 2 (RO EERL 2.7), Mbrika-Tymoczko FAHM
EULL W Z BRI N, 51T, H*(Hess(N,h)) DI/RINZRF R ZHWS Z
IZ&D, [FlIEBWTIERIAREZEAY £ VN =7 LA Hess(N, h) & 1EHI72 2 B
N X U N—=TELRRMK Hess(S, h) D AFEQ Y —EROMIZIRD & 5 RERFEFLIDK D

1
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VLD &S BUIRVR WS R G & vz (AR O EEE 2.13) ¢
(1.1) H*(Hess(N, h)) = H*(Hess(S, h))®"

22T, IFREVY— H*(Hess(S, h)) EOXFEE S, &ILIE Tymoczko 12 & b E#H
IN7=H D ([36]) T. H*(Hess(S,h))% 1 &, REH DB KT,

FELORER (1.1) 12T 7 HERA~DIBHAYSH %, Shareshian-Wachs i H* (Hess(S, h))
D Tymoczko (2 & % ¥k S, KBL ([36]) 237 7 7 BilGh & LN IR H 5 L \»
5 FREN T (29, 30]))e O LEELLKIERD &, Tymoczko IZ& 5 &, KB
H*(Hess(S, h)) iEF~y 2 Y N—=FEB AP S EE 57T 7 G, OREORFRBERE —
THEVWSEIRETETH S, LFLOFER (1.1) 1% Shareshian-Wachs IZ £ 5 Z D F
Ho—H (HHERBOESS) RELWI & 2Y)EE>T\Ww5b, BifE, Shareshian-Wachs
FAEIE Brosnan-Chow (2 & D€/ FH I —DOHAA SR I N ([12]). £DH T <IC
Guay-Paquet I35 v 7R#% T Shareshian-Wachs FARDRIGEH % 5- 2 72 ([17])o
& 512, Shareshian-Wachs PRADFRIGHIHWIGHEZ 72579, TNIET T 78R
IZH1F % Stanley-Stembridge FAEAY H*(Hess(S, h)) EONFHEE S, fEHD .55
ERCHHAND ZLIZE ORI NDE L NS T L TH D (29, 30))s

Ny X UN= T ERRRIE— R D Lie BLOIELRIKDH IR L hkik e UTEHET
5720, BRAM (1.1) 13 ABPANDOHEED Lie LTEK D SLODE S &S [
BREAZOND, 9IZBWT, BFHEEZ&HT 2L T OMENERI N
(AREDR 4.7), BEIZIX, —D Lie BIZ B 1) B EAIREE A~ Y £ U N—= LR
DAFERY—RE U IFERZREEMA Y 2 N— T LRRMEDO I FER Y —ERD
Weyl #EIZ & 2 AZEE4ERDY, S HENLE CREA IS S VT S50 EHE 7 %2 F W
TRBRTED L WVWIFRMBOoNT (KFOEH 4.5, EH 4.6),

ARTIEET ANy 2 N=TSHED bR D —IZB T HHEUIC DOV T 2
THNT 5, D%, 3 HICTHFPHEEICET L2V D22 DOFEDHHEZ L, 4 i
T—MD Lie B~y £ VN =T LK L HBLEIZB T 5 /ERIZ DOV TN T 5,
IS DRFEE. BB IG (KB R AREEMSEAT) . FRERER (U RZE) |
FHFECARKR (¥ 7Y AX—KRE (AFX)). HHBHBK (R ZRF) . NIE
R CRBRE:) . ERRBUER ORI L KRZBEEMZEAT) & OILEMZETH 5.,

2. AR~y & 2 N— T L RRK
AREZBRAR FO(C) 1ZEA N D C" OREE 3 ZEE DI 2R S0 22 ETH 5 -
Vo= CVC--CV,=C")
ZIZT. BV T i Rk 2T 5, AR Y 2N — 7 LRRKIZTES BRK
FUC™) DREERERIKTH D, MBLEHRE Ny £ o N=THBD 2DODT — &0
SEE D, FTEAYEUN—THBOEED SIhD 5,
EFE 2.1. [n]:={1,2,...,n} 95, BEh:[n] > 02PNy EVA-JTEKTH
L, UKTFD 200542 m 23L& EI2WVWI,
(i) h(1) < h(2) < ... < h(n)
(ii) h(j) > jfor j=1,2,...,n
ANy YN= T I EEAARZED h = (h(1),h(2),...,h(n)) TEKT,
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Bl 2.2.n=529%, h=(3,3,4,55) &Ny N N—JHBTHS, ~vE/NN—
B AT B7-012, K jHIHIZAG) HMOEEARZEOEET D 2EZ B,
BlZIE, Ny N—=ZB%h = (3,3,4,5,5) XA FTOFHDOEF L KT,

FIGURE 1. ~"v 2 U N—=JB¥ h = (3,3,4,5,5) IZH LT H2HDEE D

T 2.3. MPEBRX :Cr - Cre~y U N=F8#h: [n] = [n] I LT, Ay
TV IN—=TLHR{K Hess(X, h) 1ZPL N CTER S N5 HELBRIR FO(C) DR R 2% Bk
KTHhb :

Hess(X, h) = {Vs € FU(C") | XV; C Vjy for i = 1,2,...,n}

X WEGHRO F21Eh=(n,n,....n) DL E, ~NvEUN—=FLEK Hess(X, h)
FERDIELERK FIC)IZ—T B EREEN SN NS, -, EEOTWHLT
%l g € GL(n,C) XL T,

Hess(X, h) = Hess(gXg ', h); Vo = gVa

THDHDT, X2V a VX UEERELELTE W,

MGG X OMEIZIEU, BT BNy 2 N— L RK Hess(X, h) & F D &
IIZIER, HlZIE, X BESE (e TbXF =0 )DL & Hess(X,h) 2HEEAY X
VN— TSR L IE R, BEAY L UN— TSR B VT AY £ N — Z B
Zh=(1,2,...,n) LD ENMEHEORILEAET EATY VT —LRkikE 725
([32, 33]).

X DIFEHIRHEBEMHR N & X PERAERMESR S D2 005E ITBlF5~Yy
Y U N— T LRkAK Hess(N, h) & Hess(S,h) 2FELTWL, ZIT, XiFValrx
VEE L AREL TE WD T,

01 C1

EHl->TEW, 72720, c1,co,...,cp FMER B,

IX AT H D 213 X BNALTEO L EE2RL, X BEMTH S LIE X OV a )L X Ei
FBiebwi&yarxrryuy s J @ T 20N % ¢; L Uk ET ¢ bR D & S 2K
—a—-O
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EE 2.4 MR CTEAYEUN=TLRAD I FED VU DWVWTERL TWL,
Hess(S,h) D A KREB Y —ERIE S DEEHE 1, o, . .., cp WHKIELRNDT, S DIHE
2B EAHOED HIFKIZ UL TH LW,

2.1. ERIRBEAY £V N\—TL#4E Hess(N, h).

h=(2,3,4,...,n,n) & BEHREE~NY 2 /N— T LK Hess(N, h) IZE—
R— VEKR LN, EEHRAOETIFRERY —LHELTWE Z LN
TW3 ([22,27]). ESEHAK FO(CM) I h = (n,n,...,n) &3 2 Hess(N, h) & BZ7=H
5, FHIREZEAY U N=T LRI E — R — Y ZRRAK Pet & EZ A FO(C)
ERENIC O D LB A B, £ 9. EHIRFEZEAY £ U N— T L HR{K Hess(N, h)
DB FAPMERIZ DOV TR S

EH 2.5 (Insko-Yong [20], Kostant [22], Sommers-Tymoczko [31], Tymoczko [35]).
Hess(N, h) Z IERIZREEA~NY £ U N=0 %k 5, ZOL &, IRHEAL
(1) Hess(N, h) Z—fRIZRELEZ D,
(2) Hess(N, h) DESEIXTTIE D7 (h(j) — j) TH B,
(3) Hess(N, h) I3EFELIVIEP 25D, FiZ, Hess(N,h) DAEBIRIAFED Y —
FHEATWS,

AR 2.6 EHL 2.5 (2) 1251 % Hess(N, h) DEHRKIT YT (h(j) —5) 1E ~v &Y
N7 h ZFOEE D LB, WAL D BITEFICAET SHOMESEE
T, BIZIE, ANy N=TBh = (3,3,4,5,5) £ T BIERIREZAAYy LU N—F
ZIRIRDEFEIGTIE 5 TH 5,

FIGURE 2. h = (3,3,4,5,5) &3 % Hess(N,h) DEFZIRTTH Y VK
SNHZHDOEZD

T, ERIREE A~y 2 N =T LK Hess(N, h) D AHRET Y —BRIZDWTH
N9 %, LA FOC) D akrED V-5

(2.1) H*(FUC") ZRlzy,...,x,)/(ei(x1,. .., x,) | 1 < i < n)

AW TR IATO Y - EEHRBORRI TR Y -2 KT,
3ZZTDRNDENIRB N RO Y —T b B ERDO AN E 2 1ZHRR B0, F U7 4
2 TH 5 complex affine paving # X7,
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THEZOLNDZ VRSN T WS, 22T, o OIREUL 2 Ty ez, ..., 1) IFIK
i DHEANFAZ LT, FEAREFEAY 2 NN—=T LK Hess(N, h) D A HEED
VBRIZOWTIL, TR OMERERME SN,

EIE 2.7 (Abe-Harada-H-Masuda [4, 5]). Hess(N, h) % EHIREE~NYy LV N—T%
MRIKE 5, ZO& &, GEGH Hess(N, h) C FLUC™) V&L FIREM H*(FL(C™)) —
H*(Hess(N,h)) l3EHTH O, IROERFIBIA AL

J h(j)
(2.2) H*(Hess(N,h)) = Rz, ..., Z H xp —x¢))ag | 1 <0 < n)

k=1 ¢=j+1
ZIT.hj)=DEE Hg ]+1(xk —xy) =1¢95, £/, (22) IZHND 2, 1
(2.1) 12BN D z; DHIREE H*(FI(C")) — H*(Hess(N,h)) iIZ X 2B TH 5,

FR 2.8 U= 4=V VEZHREKROIRET Y —BROWRN LI RIE[16) 12X D52
LNTED, FKiR (22) 1 [16] DRREEA TV D,

KRz, ZORR (2.2) o a0 —fGmz W5 Z L TIRMBBE LN,

% 2.9 (Abe-Harada-H-Masuda [5]). [EHIZEEE A~y £ 2N — 7L HK Hess(N, h)
DAFRERY—BRIEIRT VAV RETH 5, 74805, m = dimc Hess(N, h)
Egre, 7YV

H? (Hess(N, h)) x H*™2*(Hess(N, h)) — H*™(Hess(N,h)) = R
FFRILTH D (0<VE<m), TIT. WHMDEHRIIA Y TH%E L 25 H%EKT,

2.2, ERIRYEEMA Y 2 /=T ZHRk{E Hess(S, h).
E9. ERIZRERMA v 2 2N — 7 LHRK Hess(S, h) O BA AR IZ DWW Tk
ND

EIE 2.10 (De Mari-Procesi-Shayman [14]). Hess(S, h) % IR 7Z2 2 iffiNy &2 >N —
TERRKET B, TDLE, IRDVEAL
(1) Hess(S,h) 3IHRETH 5,
(2) Hess(S,h) DERKTTIE YT (h(j) —j) TH 2,
(3) Hess(S, h) IFEFE L5738 (complex affine paving) %% 2, %2, Hess(S,h)
DHRBIRIAFEB Y —IFHA TV D,
(4) "Ny N=FBh = (2,3,4,...,n,n) £ T 5 Hess(S, h) i&. A, 1 F Weyl
cambers Zf &35 b= v IEZHRIKTH 5,

ER 2.11. FH 2.5 (2) LEH 210 (2) &0, [FEOANY 2 U N=ZEB Iz L
T. Hess(N,h) & Hess(S,h) DERZGTIEF L TH S -
dim¢ Hess(N, h) = dim¢ Hess(S, h)

AHR (2.1) IFBEURET B AT,
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AR 2.12. M 2,10 (4) & 0. ERIACEREFIAN Y 2 2N — T L ERIK Hess(S, h) 13
A,_1 B Weyl cambers ZFH & 95 b —V v 7 LR L HERIK 2 BERIZ D72 < B
DEBZ5B,

RIZ, BRI RS Y 2 VN — SRR Hess(S, h) D AFRER Y —BRIZHBIT DB
FEORPUZDWTHRNRS, FHIREEZEANY £ N—TLRA Hess(N, h) D& & LiE -
T. Hess(S,h) DAFEVR Y —ROKXREGZ DI LIFH5 L <IERWV, OB,
WEGH Hess(S, h) C FLC) »oE NS HIRES H*(F((C")) — H*(Hess(S, h))
R TER VWS L ZANSHKD, THRbE, H*(Hess(S, h)) O RAEL
YUTOEFREEROFRITINIERSRWDTH S (H*(Hess(S, h)) DAERIEE L
T H (FUCM)) D ORRNEDDH B | ), BaEDFERE LT, ~y v N— 2B
h¥h = (h(1),n,...,n) 2\ RHZRIBEITDWT H*(Hess(S, h)) DERTE A2
. THITIFRER Y- H*(Hess(S, h)) DR RER R B/ SN ([7]). BAE.
—fED A~ 2 U N—= T A IZDWTIE H*(Hess(S, b)) DERIET 5F 65TV
WRRITH 55,

— /. Tymoczko (& GKM #Fw % W T, IF-EB Y — H*(Hess(S, h)) D _LITX
it S, DIEAZRERL 72 ([36]))e 2D &, fEHIFAYy 2 N—FJBE AP SEE S
777 G, ODHEMIEEEE —8T 2 | LV ELIREIEDD 5 (]29, 30, 12, 17]),
oz, ZOT77 7MEmE OBIIEIZL D, 7T 7HERIZE T S Stanley-Stembridge
TR H* (Hess(S, h)) LOXNFME S, [EFDI D F0EESFANS Z 12 X fifkik
ENBZEeMHOENTWS, — /T, 206, fEHICET 2 H*(Hess(S, h)) DAE
DR, ERIREEANY 2 N=TLRAED I RED Y -5 H*(Hess(N, h)) & —
e d ! EWSHERENFERVBONZ, ZHODFERIZDOWTIRD 2.3 HiTHT
T3,

2.3. Hess(N, h) & Hess(S, h) DEfR.

ERIZRFEE A~ Y £V N—= 7 %K Hess(N, h) & IERIZR 2Bl v 2 VN — 7 ZRRK
Hess(S,h) DPEBEIZDOWT T & ® 5 (Hess(N,h) &#EFHEEDBERIZDOWTIEEK
Bo4 Tk, ),

| | Hess(N,h) | Hess(S, h) |
h=1(2,3,4,...,n,n) Pet Xa, .
h=(n,n,...,n) FLCr) FLCr)
Ty M (—#2) i R 5
CE e ST -] S 607
3R IV 5r#H] (complex affine paving) £ D £
aREBY B PDA PDA
EZ KD IR E T Y —ED 5 DHIRES EX T (—#IZ) BE TRV
ftti > By & o> B e JEE Y- [HT i 72 7 Wi

o Pet: ¥—&X—Y VEZFRIK
o X, A, B Weyl cambers &35 b—V v 7 LHRIK

°h=(2,3,4,...,n,n) D& X Hess(S, h) (FIRREBRFHYI b — ) v 2 LBk RDT, akhERY -
Bt H*(Hess(S, h)) OHIRINREZRIZERIIZE T B,
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o FU(C"): MEZRRIK

e PDA: KT V7 L BURHREK
h=(2,3,4,...,n,n) &3 ZIERZREHHIA Y 2 2 N — T LERK Hess (S, h) 1Z A,y
B Weyl cambers Z &35 b=V v 7K X,, | THolz, ZDRD LITHFEE
S, DIEHMPERIZHZDT, b=V v IEIKX,, | RITS, fEHAGEEIN, Ik
EOV— H (X4 ) LD &, ZHAESS, Klyachko 13 HED Y —I8 H* (X4 )
D G, REIESER H* (X, ,)% OWHRNZLRREZ G272 ([21)). ZOERRIED &5
E8] THALNIZE =X =Y VEZIIRD I KRET Y —B H*(Pet) DRI R
EHEDE-HLTVWEDT, ERAE

H*(Pet) & H*(Xa, ,)°"

WESNS, ZOBERITI—ROAYy 2 Y NN—ZEE AT UTEHIELWVDODE N
SONEHRLMETH D, MOEHIZZDOMEOME 252 TW\W5,

EIE 2.13 (Abe-Harada-H-Masuda [5]). fEED Ny & 2 N= BB A IZH L T, &
D ER AT DK AT,

(2.3) H*(Hess(N, h)) = H*(Hess(S, h))®"

22T, aFEUY—ER H*(Hess(S, h)) EOXNFREE S, /EAH IE Tymoczko 12 & D 1
R N7 D ([36]) T, Ai4l% H*(Hess(S, h)) D &, REMH B2 KT,

FR 2.14. h = (n,n,...,n) &9 5 Hess(S,h) (ZEZERIK FLC") THOH, ZD
L& HY(FIC) LD &, fFRHIZABETH 5, EH 2.13 1281 28FAM (2.3) X
H*(FUC™)) 225 DHIR G & (fHRE2 R THDTH S ¢

H*(FUC")) == H*(FLC")®"

l l

H*(Hess(N, h)) = H*(Hess(S, h))®"

ANy U N= T SGRARIIAERZ D Lie BLO L KD SR ER 0 kA2 U TEE T
5 (4ff), T, ABLZB T2 Z0/E (EM 2.13) 1F—MD Lie ITHEL W
MESIDPEHARL LU ZMETH 5, 4H, EEHELE L BEET 1T 5 2 & T—#
DLieBTEHEELWE WO FRZBLI N TE 2, 3 HTIHEFEHAEIZDOWT
AL, 4AHiTCIESEESNZEEHIZOWTHENT 5,

3. T A E

VZR EnkiiR7 bVERET S, ARV OFOERMEDE T SKE L
EAZVOPIIHLBFHERLETHD L\ D,

R %V OYOSZEM V* ORNFEL Sym(V*) &5 5, V DItk vV EOFREEBIE T,
R EDQERITHRT 5 -

v(fg) =v(flg+ folg) veV,f,geR

D~y 2= R b 1Zx LT, Tymoczko & H*(Hess(S,h)) LIz &, £H &R L 7=
([36]) 2% h=(2,3,4,...,n,n) DL EIX Xy, , ST I2HED LOXFEE S, fEADSFEI NS
D6, RKEE—HT B,
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R LOBES2EN S5 RN %
Der(R) =R®V
TREHT D, KT z1,...,2, 2V DEJE L $5 &, Der(R) =@, R(0/0x;) &
*®KE3,
EFE 3.1 EFHEE AT LT, ADOWENESD RINEED(A) %
D(A) == {0 € Der(R) | 6(ay) € Ry, VH € A}
TE#ETDH, ZIT, age V' IFHe AZERT IMEEAL T 5,

Bl 3.2. R" DM H, ;(1<i<j<n)%
Hi,j = {(Q}l,...,l’n) < R" | ZT; —l'j :O}
TREHEL. Bkl E
A={H;;[1<i<j<n}
BHEAD, TDEE, R=Rxy,...,z,] B Der(R) := @), R(0/0x;) DIT
0 0 0
=g T gk g >
0y, xl(’?xl +x28x2 + +I”8xn (k> 0)
X D(A) DILTH 5,
0 € Der(R) DU d DERTTH S L3, 0= fri®v, (fr € RoupcV) &
BN EFIZ, BTRVWIRTO f DIRBARdTH B & ZITWVW D,

EF 3.3. WBFMIE AVBRTEOERD (dy,...,d,) THDLiE, D(A) VHEH
RIMBETH D, deghy=d; (i=1,...,n) CTHIXDBRHFRIEEO,...,0, 2Dk
ZITWVWI,

EIE 3.4 (Saito’s criterion, Saito [28] ([24] HZM)). A 2B FHACE L T2, 6;,...,0, €
D(A) 2Bt 35, ZOLE, RO 2DIEFAE :

(1) 01,...,0, " D(A) D RFEE %72
(2) 01,...,0, 2% R BRI, Y7 deg(6;) = |A| TH 5,

Bl 3.5. il 3.21THB VT, EH 34 KV 0p,0,,...,0, 1 1E DA D RIEKE LT D
T. AXEHEETZOHEKZ(0,1,....,n—-1)Thb, 5. Q=22+ - +22 &
BE, R=R[zy,...,2,| DA T T )V a%k

a:={0(Q) [0 € D(A)}

TEHKRT D, 00,01,...,0, 11 EDA)DRIEEEZRT NS, a= (p1,...,pn) T
HEZENDND, I T EEMp =af +. . +2F KT, (21) &b, BRHEE
H*(F((C™) = R/a

135,

KD 4 HITIE, Bl 351282 BRE~NY XU N=TLRIRCIERT 5, T Dk
R UT, ABMANY 2 UN=T LR TRAR7ZEERDMUD Lie BUZ B ILRTE B &
WORERNZE SN B,
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4, =D LIEBD A~ ¥ Vv N=F%kkk e 1 7 7 IVELE
GZBEEnDC EOYHEMGHEAREREE L, TORVIVEOREB %2 1 DEET

5, TOLE, MOT—EDEXS :

e T: MikIVINIKPF—TF A

o W: 71 )LEE

etCbCg TCBCG®DLiek

o &: V— M EKDESL

o OT: [E)L— M EfRkDES

o A HififL— bR ay, ... a, DES

e g, — b alZfIBEd 51— b ZEMH

200NV —ha,fePITHNUT, la=Xp < f—aed ! Zsoo;l IZLD. P
FIZEEF 2 ED 5,
EFE 41 [COTDRTAATTILTH S &1E,. UTDOELME
acdt pecl,a<pf=>acl
HEARZTEEIZWDS, IETHL, IOLTHOLD/NIWVWEDIIETIIZASL
WHZEThb,

FHAFT M COHTHUT, H(I) =b& (D 0-0) ENYEVA—TRETL
I3,

EFEA42. Xecg, [COTEZTHATTINET S, ZDLE, ANvEYNR—T%H
& Hess(X, I) 2 LA N DIEZRRIK G /B DY E D S RIKTERT 5 -
Hess(X,I) = {¢gB € G/B | Ad(¢g"*)(X) € H(I)}

E&E43. ICOTE2TAATTIVET S, tDHFOBFHEE
A :={kera | a €I}
EATTIEBBELIER, (=0 DL XX Weyl iBELIEIZN5S,)

EV—baedtZa=3" o EHHANL—FOMEHETENLZLE, aDF
S ht(a) 2 >0 ¢ CEHKET D, m:=max{ht(a) |a €[} £ T2, i;:=|{ae ]
ht(a) =5} & U, I OBEI D% EBBDI (iy,dy, ..., i) TEHET D, [ DEI S

HDRAEE DP(I) %

DP(I) := ((0)" ", (1), ... (m — 1)m1"" (m)™)
TEHT D, 2T, (o) IFFAEB B D E0ABNG 2 2EKT 5,
EI 4.4 ([8]). 1 7 7IVELE A IXEHTZ DIEBUL T D& S 24 DIIHELE DP ()
E—H9 5,

TABDY E, 2O~y Y N=2E/liE~y 2y =B EOEED LFA—-HLZED) i<
HIELTWS,
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R:=Symt* &35, Q% W-AZLLRIFERILZIRERE L,

a(l) :={0(Q) | 0 € D(Ar)}
&Y ROATTNEEET B,
FEEOAR
V—h alZHUT, a2 2 HEMIKG/B EOEMRKROE—F v — VHHEZ WG
SELHZeT, RERMGH
(4.1) ¢:R:=Symt" — H*(G/B)
218%, Borel 3ZDEHEPEPHTHZ I & & Kerp = (RY) TH D Z L &ML
([10])e 22Ty (RY) ZEHHEMR 0 TH 2 W-ALRL ROTLTEBIND A T T I
THd, —H. Weyl Bl A+ 2S5R/RS5NDA T 7V a(dT) 1 (RY) & —8T5Z
EMHISNTWS ([9, Theorem 3.9] ZH),

G, ZORREANY N TERRIKITIRS 5, N € g 2 EHIZRESE L, Seyg
ZIERIZR AT § 5, IERIZRESFE AN Y £ U N— T LRRK Hess(N, 1) 20 S LRk
K G/B ~DEEB4ENESHIREGHR H*(G/B) — H*(Hess(N, 1)) & (4.1) L DE K
Gk
(4.2) or: R:=Symt" — H*(G/B) — H"*(Hess(N, I))

R

EIE 4.5 (Abe-H-Masuda-Murai-Sato [9]). (4.2) DB o IFEFTH D, DI
a(l) &—8d 5, Rz, BRFER

(4.3) H*(Hess(N,I)) = R/a(I)

2135,

ABRID E E D [36] 1T & D IEAIZRBEHA v &2 2N — T L HRAK Hess(S, h) D I HE
1Y — H*(Hess(S, h)) O_LEONIREDOEH O & FKIZL T, —f&D Lie M TH
H*(Hess(S, 1)) D EIZT7 A VW OEHAPEHREI NS, [ =0T D& &, Hess(S, 1)
I R2ERDOESHIK G/B L — L, TDEED H(G/B) Lo W {fEHIZAHTS
%, HIRGH H*(G/B) — H*(Hess(S, 1)) W [WZETH 5 Z &h 6, ER¥ERBIGH
H*(G/B) — H*(Hess(S, 1))V #13%, ZOEHE (4.1) L DEKEH -
(4.4) Yr: R:=Symt* — H*(G/B) — H*(Hess(S,1))"
EHEAD,
E 4.6 (Abe-H-Masuda-Murai-Sato [9]). (4.4) DB ; ZEFTH D, DI
a(l) =9 5, Kz, BRFER
(4.5) H*(Hess(S, 1)V = R/a(I)
;Ef%l:%o

(4.3) & (45) &£, ROR%ERFS,
% 4.7 (Abe-H-Masuda-Murai-Sato [9]). R DER[EIBIALAT

H*(Hess(N, I)) = H*(Hess(S,1))"
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