
Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺ʹ͓͚Δσʔϯɾ
πΟετͷެࣜͱͦͷԠ༻

௰ ढ़ี ʢ౦ژେֶɾֶৼDCʣ

1. ಋೖ

εέΠϯ୅਺͸εέΠϯؔࣜ܎ͰࢉܭͰ͖Δ S3 ͷதͷབྷΈ໨ෆมྔΛۂ
໘ͱด۠ؒͷੵۭؒͷதͷབྷΈ໨ʹҰൠԽͨ͠୅਺Ͱ͋Δɻྫ͑͹ɺΧ΢ϑ
ϚϯɾϒϥέοτΛҰൠԽͨ͠୅਺ΛΧ΢ϑϚϯɾϒϥέοτεέΠϯ୅਺ͱ
ࢯΜͰ͍ΔɻTuraevݺ [16] ʹΑΓεέΠϯ୅਺͕ΰʔϧυϚϯɾϦʔ୅਺ͷ
ʮྔࢠԽʯͰ͋Δͱࣔࠦ͞ΕͨɻεέΠϯ୅਺͸දݱଟ༷ମͱؔ࿈෇͚ͯڀݚ
͞Ε͖͕ͯͨɺΰʔϧυϚϯɾϦʔ୅਺ͱؔ࿈෇͚ΒΕͨڀݚ͸ࠓ·Ͱগͳ
͔ͬͨͱࢥΘΕΔɻಛʹɺՏ੅ٱ-ࢯ໺ࢯ [5][6]ͱMassuyeauࢯ-Turaevࢯ [8]
ʹΑΓߦΘΕͨࣸ૾ྨ܈ͱΰʔϧυϚϯɾϦʔ୅਺ͷڀݚΛεέΠϯ୅਺Ͱ
ਫ਼ີԽ͢Δڀݚ͸චऀͷ͕࢝ڀݚΊͯͰ͋ΔɻຊߘͰ͸ɺචऀ͕ͨͬߦεέ
Πϯ୅਺ͱࣸ૾ྨ܈ͷڀݚΛղઆ͢Δɻ

2. ΰʔϧυϚϯɾϦʔ୅਺ͱࣸ૾ྨ܈

͜ͷઅͰ͸ɺචऀͷεέΠϯ୅਺ͷڀݚͷ΋ͱͱͳͬͨΰʔϧυϚϯɾϦʔ
୅਺ͱࣸ૾ྨ܈ͷڀݚΛ঺հ͢ΔɻΣΛڥք͕ۭͰͳ͍ίϯύΫτͰ࿈݁Ͱ޲
͖෇͚ΒΕͨۂ໘ͱ͢Δɻڥքͷج఺ ∗ΛҰͭͱΔɻπ̂(Σ)Λجຊ܈ π1(Σ, ∗)
ͷڞ໾ྨͱ͢ΔɻGoldmanࢯ [1] ʹΑΓQπ̂(Σ)ͷϦʔׅੵހ

[ , ] : Qπ̂(Σ)×Qπ̂(Σ)→ Qπ̂(Σ)

͕ఆٛ͞Εͨɻ͜ͷϦʔׅੵހʹΑΓఆٛ͞ΕΔϦʔ୅਺ΛΰʔϧυϚϯɾ
Ϧʔ୅਺ͱݺΜͰ͍Δɻ͞ΒʹՏ੅ٱ-ࢯ໺ࢯ [5][6]ʹΑΓQπ̂(Σ)ͷQπ1(Σ, ∗)
΁ͷϦʔ࡞༻

σ( )( ) : Qπ̂(Σ)×Qπ1(Σ, ∗)→ Qπ1(Σ, ∗)

͕ఆٛ͞Εͨɻࣗ વͳશࣹQπ1(Σ, ∗)→ Qπ̂(Σ)Λ |·|Ͱॻ͖ɺఴՃࣸ૾Qπ1(Σ, ∗)→
Q, x ∈ π1(Σ, ∗) %→ 1Λ ϵͰॻ͘ɻQπ1(Σ, ∗)ͷϑΟϧτϨʔγϣϯ{FnQπ1(Σ, ∗)}n≥0

ΛFnQπ1(Σ, ∗)
def.
= (ker ϵ)nʹΑΓఆٛ͢Δɻ͜ ͷϑΟϧτϨʔγϣϯͰ׬උԽ

ͨ͠୅਺ lim←−i→∞Qπ1(Σ, ∗)/F iQπ1(Σ, ∗)Λ Q̂π1(Σ, ∗)ͱॻ͘ɻ·ͨɺΰʔϧυ

ϚϯɾϦʔ୅਺Qπ̂(Σ)ͷϑΟϧτϨʔγϣϯ {FnQπ̂(Σ)}n≥0ΛFnQπ̂(Σ) def.
=

|FnQπ1(Σ, ∗)| ʹΑΓఆٛ͢Δɻ͜ͷϑΟϧτϨʔγϣϯͰ׬උԽ͞ΕͨϦʔ
୅਺ lim←−i→∞Qπ̂(Σ)/F iQπ̂(Σ) Λ Q̂π̂(Σ)ͱॻ͘ɻ

ΣͷڥքΛ֤఺Ͱอͭඍ෼ಉ૬ࣸ૾શମͷͳ͢܈ΛDiff(Σ, ∂Σ)ͱ͠ɺڥք
Λ֤఺Ͱอͭ isotopyͰ߃౳ࣸ૾ͱಉҰ͞ࢹΕΔDiff(Σ, ∂Σ)ͷݩͳ͢෦෼܈
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c1

c2

Fig 1. A bounding pair

ΛDiff0(Σ, ∂Σ)ͱ͢ΔɻM(Σ)
def.
= Diff(Σ, ∂Σ)/Diff0(Σ, ∂Σ)ΛΣͷࣸ૾ྨ܈

ͱݺͿɻ୯७ดۂઢ cʹԊͬͨӈ͖޲σʔϯɾπΟετΛ tcͰද͢ɻ

ఆཧ 2.1 ([5] [6] [8]). cΛΣͷ୯७ดۂઢͱ͢ΔɻLGol(c)
def.
= 1

2 |(log(γ))
2| ͱ

͢Δɻͨͩ͠ γ ∈ π1(Σ, ∗)Λ |γ| = cͱͳΔجຊ܈ͷݩͱ͢Δɻ͜ͷ࣌

tc(·) = exp(σ(LGol(c)))(·)
def.
=

∞∑

i=0

1

i!
(σ(LGol(c))

i(·) ∈ Aut(Q̂π1(Σ, ∗)

ΛಘΔɻ

͜ͷެࣜΛத৺ʹ׬උΰʔϧυϚϯɾϦʔ୅਺ͱࣸ૾ྨ܈ͷ͕ڀݚਐΜͩɻ
Σg,1Λछ਺gͰɺ࿈݁ͰۭͰͳ͍ڥքΛۂͭ࣋໘ͱ͢ΔɻM(Σg,1)ͷH1(Σg,1)

΁ͷ࡞༻Λ͑ߟΔ͜ͱʹΑΓɺM(Σg,1)→ Sp(2g,Z)ͷશࣹ४ಉܕΛಘΔɻ͜
ͷશࣹ४ಉܕͷ֩ΛτϨϦ܈ I(Σg,1)ͱݺΜͰ͍ΔɻJohnsonࢯ [4]ʹΑΓɺ
τϨϦ܈ I(Σg,1) ͸෦෼ۂ໘ͷڥքͱͳΔೋͭͷ୯७ดۂઢ (c1, c2)(Fig.1)

ʹ͍ͭͯ tc1tc2
−1 Ͱੜ੒͞ΕΔ͜ͱ͕஌ΒΕ͍ͯΔɻF 3Q̂π̂(Σg,1)͸ Baker-

Campbell-Hausdorff ਺ڃ bchʹΑΓ܈ͱΈͳ͢͜ͱ͕Ͱ͖Δɻఆཧ 2.1Λ༻
ಘΒΕΔ͜ͱ͕஌ΒΕ͍ͯΔɻ͕ܕͷ୯ࣹ४ಉ͍࣍ͯ

ఆཧ 2.2 ([5] [6]). ܕ४ಉ܈ ζGol : I(Σg,1) → F 3Q̂π̂(Σg,1)Λ෦෼ۂ໘ͷڥք
ͱͳΔೋͭͷ୯७ดۂઢ (c1, c2)ʹ͍ͭͯ ζGol(tc1tc2

−1) = LGol(c1)−LGol(c2)
ͱఆٛ͢Δɻ͜ͷ࣌ɺζGol ͕ well-definedͱͳΓɺ͞Βʹ୯ࣹʹͳΔɻ

͜ͷ४ಉܕ͸ symplectic Magnusల։Λ༻͍ͯɺશͯͷ Johnson४ಉܕͷ
৘ใΛ΋ͭ totally Johnson४ಉ͕ܕఆٛ͞ΕΔɻ
͜ͷσʔϯɾπΟετͷެࣜLGol(c)ͱ୯ࣹ४ಉܕ ζGolʹରԠ͢Δσʔϯɾ

πΟετͷެࣜͱ୯ࣹ४ಉ͕ܕεέΠϯ୅਺ʹ΋ଘ͢ࡏΔɻ

3. Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺ͱࣸ૾ྨ܈

3.1. Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺ʢՃ܈ʣͷఆٛ. S3ͷதͷ nonori-

ented framed link ͱ͸͍͔ͭ͘ͷ S1ͷ௚࿨ͱ I
def.
= [0, 1]ͷੵۭؒͷຒΊࠐ

Έͷ૾Λ S3ͷ isotopyͰಉҰͨ͠ࢹର৅Ͱ͋ΔɻΧ΢ϑϚϯɾϒϥέοτͱ
͸ Fig 2 ͷؔࣜ܎Ͱఆٛ͞ΕΔQ[A,A−1]ͷ஋Λͭ࣋ଟ߲ࣜෆมྔͰ͋ΔɻΣ
ΛίϯύΫτͰ࿈݁ͳ͖޲෇͚ΒΕͨۂ໘ͱ͢ΔɻΧ΢ϑϚϯɾϒϥέοτ
Λ Σ× I ͷ tangle ʹ֦ு͢Δɻ

Definition 3.1. E(Σ)Λ࣍Λຬͨ͢ຒΊࠐΈE : ((
∐

finite S
1)( (

∐
finite I))×

I → Σ× I ͷू߹ͱ͢Δɻ
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A A−1

(−A2 −A−2)

Fig 2. The skein relation and the trivial knot relation

• E((
∐

finite{0, 1})× I) ⊂ p1 ◦ E((
∐

finite{0, 1})× {0})× I ⊂ ∂Σ× I.
• E|(

∐
finite{0,1})×I : (

∐
finite{0, 1})×I → p1 ◦E((

∐
finite{0, 1})×{0})×I

͸͖޲Λอͭɻ
• p1 ◦ E|(

∐
finite{0,1})×{0} ͸୯ࣹͰ͋Δɻ

ͨͩ͠ p1 ͸ୈҰ੒෼΁ͷࣹӨͱ͢Δɻ

Definition 3.2. E0, E1 ∈ E(Σ) ʹ͍ͭͯɺ࣍Λຬͨ͢ Ẽ : (((
∐

finite S
1) (

(
∐

finite I)) × I) × I → Σ × I ͕ଘ͢ࡏΔ࣌ɺnonoriented isotopicͰ͋Δͱ
͍͏ɻ

• ೚ҙͷ t ∈ I ʹ͍ͭͯɺẼ(·, t) ∈ E(Σ).
• ೚ҙͷ t ∈ I ʹ͍ͭͯɺp1 ◦ Ẽ((

∐
finite{0, 1}) × {0} × {0}) = p1 ◦

Ẽ((
∐

finite{0, 1})× {0}× {t}).
• Ẽ((((

∐
finite S

1)((
∐

finite I))×I)×{0}) = E0(((
∐

finite S
1)((

∐
finite I))×

I).
• Ẽ((((

∐
finite S

1)((
∐

finite I))×I)×{1}) = E1(((
∐

finite S
1)((

∐
finite I))×

I).

E(Σ)ͷ nonoriented isotpic class Λ nonoriented framed tangleͱݺͿɻE ∈
E(Σ)Λ୅දͱ͢Δ tangleͷ base point set Λ p1 ◦ E((

∐
finite{0, 1}) × I) ͱ

͢Δɻ

J Λ ∂Σ ͷ༗ݶ෦෼ू߹ͱ͢ΔɻT (Σ, J) Λ base point set Λ J ͱ͢Δ
nonoriented framed tangleͷू߹ͱ͢ΔɻFig 2ͷؔࣜ܎ͰׂͬͨQ[A,A−1]T (Σ, J)
ͷ঎Ճ܈Λ S(Σ, J)ͱ͠ɺΧ΢ϑϚϯɾϒϥέοτɾεέΠϯՃ܈ͱݺͿɻ͞
Βʹ S(Σ) def.

= S(Σ, ∅) ͱ͠ɺεέΠϯ୅਺ͱݺΜͰ͍ΔɻFig 3ʹΑΓ S(Σ)
ͷੵɺS(Σ)ͷ S(Σ, J)΁ͷӈ࡞༻ͱ࡞ࠨ༻Λఆٛ͢ΔɻۭϦϯΫ ∅ ∈ S(Σ)͕
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xy
def.
=

x

y

Σ
for (x, y) ∈ S(Σ)× S(Σ), S(Σ)× S(Σ, J) or S(Σ, J)× S(Σ)

Fig 3. Definition of the product, and the right action and the left action

S(Σ)ͷ୯ҐݩͱͳΔɻ͞ΒʹɺS(Σ)ͷϦʔׅੵހΛ x, y ∈ S(Σ)ʹ͓͍ͯɺ

[x, y]
def.
=

1

−A+A−1
(xy − yx)

ͱఆٛ͠ɺx ∈ S(Σ), z ∈ S(Σ, J)ʹ͓͍ͯϦʔ࡞༻ σ

σ(x)(z)
def.
=

1

−A+A−1
(xz − zx)

ͱఆٛ͢Δɻ

3.2. Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺ͷϑΟϧτϨʔγϣϯ. ΰʔϧυ
ϚϯɾϦʔ୅਺ͷڀݚʹ͓͍ͯɺ׬උԽඞཁͰ͋ͬͨΑ͏ʹΧ΢ϑϚϯɾϒϥ
έοτɾεέΠϯ୅਺Ͱ΋׬උԽ͕ඞཁͰ͋Δɻ͜ͷઅͰ͸Χ΢ϑϚϯɾϒ
ϥέοτɾεέΠϯ୅਺ͷϑΟϧτϨʔγϣϯΛఆٛ͢Δɻ
ఴՃࣸ૾ ϵ : S(Σ) → Q Λ ϵ(A) = −1ͱ ϵ(L) = (−2)♯π0(L) ʹΑΓఆٛ͢

Δɻجຊ܈ͷݩ x ∈ π1(Σ)ʹ͍ͭͯ ⟨x⟩
def.
= Lx + 2 − 3w(Lx)(A − A−1) ͱ

ఆٛ͢Δɻͨͩ͠ɺLx͸ |x|ͷ୅දͱͳΔ T (Σ, ∅) ͷݩͰɺ·ͨ self linking
numberw(Lx)͸ Lxͷ positive crossingͷݸ਺ͱ negative crossing ͷݸ਺ͷ
ࠩͰ͋Δɻ͞Βʹ ⟨·⟩Λઢܕʹ֦ுͨࣸ͠૾ Qπ1(Σ) → ker ϵ/(ker ϵ)2΋ಉ༷
ʹ ⟨·⟩ Ͱද͢ɻ͞ΒʹQઢ૾ࣸܕ

λ : ∧3H → (ker ϵ)/(ker ϵ)2, [α] ∧ [β] ∧ [γ] %→ ⟨(α− 1)(β − 1)(γ − 1)⟩

Λఆٛ͢Δɻͨͩ͠H
def.
= H1(Σ,Q) ͱ͠ɺઢۭؒܗ V ʹ͍ͭͯ ∧nV Λ n࣍

ͷ֎ੵςϯιϧͱ͢ΔɻQઢ૾ࣸܕ λ͸୯ࣹͰ͋Δ [13, Corollary 4.6]ɻεέ
Πϯ୅਺ S(Σ)ͷϑΟϧτϨʔγϣϯ {FnS(Σ)}n≥0Λ

F 0S(Σ) def.
= S(Σ),

F 1S(Σ) = F 2S(Σ) def.
= ker ϵ,

F 3S(Σ) def.
= kerϖ,

FnS(Σ) def.
= (ker ϵ)Fn−2S(Σ) (for 4 ≤ n).

ʹΑΓఆٛ͢Δɻͨͩ͠ɺϖ ͸঎ࣸ૾ ker ϵ→ ker ϵ/imλͱ͢Δɻ
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໋୊ 3.3 ([13] Proposition 5.7, Proposition 5.11). ೚ҙͷ n,mʹ͍ͭͯɺ࣍
Λຬͨ͢

FmS(Σ)FnS(Σ) ⊂ Fn+mS(Σ),
[FmS(Σ), FnS(Σ)] ⊂ Fn+m−2S(Σ).

ఆཧ 3.4. Δ͢ࡏଘ͕૾ࣸܕಉܕͷQઢ࣍
λ2 : S

2(H)⊕Q→ F 2S(Σ)/F 3S(Σ),
λ3(= λ) : ∧3H → F 3S(Σ)/F 4S(Σ),
λ4 : S

2(S2(H))⊕ S2(H)⊕Q→ F 4S(Σ)/F 5S(Σ).
ͨͩ͠ઢۭؒܗ V ʹ͍ͭͯ Sn(V )Λ n࣍ͷରশςϯιϧͱ͢Δɻ͞Βʹ͜Ε
Βͷಉ૾ࣸܕ͸ࣸ૾ྨ܈ͷࣗવͳ࡞༻ʹ͍ͭͯՄ׵Ͱ͋Δɻ

εέΠϯ୅਺ͱεέΠϯՃ܈ͷ׬උԽΛ

Ŝ(Σ) def.
= lim←−i→∞S(Σ)/F iS(Σ),

Ŝ(Σ, J) def.
= lim←−i→∞S(Σ, J)/F iS(Σ)S(Σ, J),

ͱ͢Δɻ

ఆཧ 3.5 ([12] Theorem 5.5). ࣗવͳ४ಉܕ S(Σ) → Ŝ(Σ) ͱ S(Σ, J) →
Ŝ(Σ, J) ͸୯ࣹͰ͋Δɻ

3.3. Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺ʹ͓͚ΔσʔϯɾπΟετͷެ
ࣜ. cΛ Σͷ୯७ดۂઢͱ͢Δɻ͜ͷ࣌

LS(c)
def.
=
−A+A−1

log(−A)
(arccosh(

−c
2
))2 − (−A+A−1) log(−A) ∈ Ŝ(Σ)

ͱఆٛ͢Δɻͨͩ͠ɺΣͷ cͷ؅ঢ়ۙ๣ Uc ʹ͍ͭͯ Uc × {1
2}͕୅දͱ͢Δ

framed nonoriented knot ͕୅දͱͳΔ S(Σ)ͷݩ΋ cͱॻ͘ɻLS(c)ʹΑΓ
Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺ͰͷσʔϯɾπΟετͷެ͕ࣜهड़͞
ΕΔɻ

ఆཧ 3.6 ([12] Theorem 4.1). ୯७ดۂઢ cʹ͍ͭͯ

tc(·) = exp(σ(LS(c)))(·)
def.
=

∞∑

i=0

1

i!
(σ(LS(c)))

i(·) ∈ Aut(Ŝ(Σ, J))

ΛಘΔɻ

Ϧʔ୅਺ͱͯ͠ͷ Baker-Campbell-Hausdorff ਺ڃ bch ʹΑΓ F 3Ŝ(Σg,1)
Λ܈ͱΈͳ͢͜ͱͰ͖ΔɻΰʔϧυϚϯɾϦʔ୅਺ͷ৔߹ͱಉ༷ʹ͕࣍੒Γ
ཱͭɻ

ఆཧ 3.7 ([14] Theorem 3.13. Corollary 3.14.). ܕ४ಉ܈ ζS : I(Σg,1) →
F 3Ŝ(Σg,1)Λ෦෼ۂ໘ͷڥքͱͳΔೋͭͷ୯७ดۂઢ (c1, c2)ʹ͍ͭͯζS(tc1tc2

−1) =
LS(c1)−LS(c2) ͱఆٛ͢Δɻ͜ͷ࣌ɺζS ͕well-definedͱͳΓɺ͞Βʹ୯ࣹ
ʹͳΔɻ
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͜ͷఆཧ͸ PutmanʹΑΔ I(Σg,1)ͷදࣔ [11] Λ༻͍ͯূ໌͞ΕΔɻ
୯ࣹ܈४ಉܕ ζS Λ༻͍ͯୈҰδϣϯιϯ४ಉܕ [3]τ1 : I(Σg,1)→ ∧3H ͷ

੒͕ಘΒΕΔɻߏ࠶

໋୊ 3.8 ([14] Theorem 3.16.). ܕ४ಉ܈ͷ࣍

I(Σg,1)
ζS→ F 3Ŝ(Σg,1)! F 3Ŝ(Σg,1)/F

4Ŝ(Σg,1)
λ−1

→ ∧3H

͸ୈҰδϣϯιϯ४ಉܕͱҰக͢Δɻ

K(Σg,1)
def.
= ker τ1Λδϣϯιϯ֩ͱݺͿɻζS͸Ωϟοιϯ֩ [9]ͷ࠶ఆ͕ٛͰ

͖ͨɻτ2 : K(Σg,1)→ S2(∧2(H))Λୈೋδϣϯιϯ४ಉܕͱ͠ S2(∧2(H))→
S2(S2(H)), (a∧ b) · (c∧ d) %→ (a · c) · (b · d)− (a · d) · (b · c)ʹΑΓఆٛ͞ΕΔ
Q-ઢ૾ࣸܗΛ pͱ͢Δɻ

໋୊ 3.9. ܕ४ಉ܈ͷ࣍

K(Σg,1)
ζS→ F 4Ŝ(Σg,1)! F 4Ŝ(Σg,1)/F

5Ŝ(Σg,1)
λ−1
4→ S2(S2(H))⊕S2(H)⊕Q! S2(S2(H))

͸ p ◦ τ2ͱҰக͢Δɻ࣍ͷ܈४ಉܕ

K(Σg,1)
ζS→ F 4Ŝ(Σg,1)! F 4Ŝ(Σg,1)/F

5Ŝ(Σg,1)
λ−1
4→ S2(S2(H))⊕S2(H)⊕Q! Q

͸Ωϟοιϯ֩ͱҰக͢Δɻ

3.4. Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺Λ༻͍ͨ੔܎਺ϗϞϩδʔٿ໘
ͷෆมྔͷߏ੒. τϨϦ͔܈ΒΧ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺΁ͷຒ
ΊࠐΈ ζS Λ༻͍ͯ੔܎਺ϗϞϩδʔٿ໘ͷෆมྔΛߏ੒͢Δ͜ͱ͕Ͱ͖ͨ͜
ͱΛใ͢ࠂΔɻ

S3ͷHeegaard ෼ղH+
g ∪ιH−

g Λݻఆ͢Δɻ͜͜ͰH+
g ͱH−

g Λछ਺ gͷ
ϋϯυϧϘσΟͱ͠ɺι : ∂H+

g → ∂H−
g Λඍ෼ಉ૬ࣸ૾ͱ͢ΔɻΣg,1Λ ∂H+

g

ͷ෦෼ۂ໘ͱΈͳ͢ɻξ ∈M(Σg,1)ʹ͍ͭͯɺM(ξ)
def.
= H+

g ∪ι◦ξ H−
g ͱ͢Δɻ

Έࣸ૾ࠐΛอͭຒΊ͖޲ e : Σg,1 × I → S3 Λ࣍Λຬͨ͢Α͏ʹͱΔ

e|Σg,1×{0} : Σg,1 × {0}→ Σg,1(⊂ ∂H+
g ⊂ H+

g ⊂ S3), (t, 0) %→ t.

ຒΊࠐΈࣸ૾ e : Σg,1 × I → S3 ͸ Q[[A + 1]]-Ճ܈४ಉܕ e : Ŝ(Σg,1) →
Q[[A + 1]], L ∈ T (Σ, ∅) %→ K(e(L)) Λಋ͘ɻͨͩ͠ɺKΛΧ΢ϑϚϯɾϒϥ
έοτͱ͢ΔɻຊߘͰ͸K(∅) = 1Ͱ͋Δ͜ͱΛ஫ҙ͓ͯ͘͠ɻ

ఆཧ 3.10 ([15]). ࣸ૾Z : I(Σg,1)→ Q[[A+1]], ξ %→
∑∞

i=0
1

i!(−A+A−1)i e((ζS(ξ))
i)

͸ɺz : H(3)→ Q[[A+ 1]],M(ξ) %→ Z(ξ) Λಋ͘ɻͨͩ͠H(3)Λ੔܎਺ϗϞ
ϩδʔٿ໘ͷू߹ͱ͢Δɻผͷํ͍ݴΛ͢Δͱ z : H(3)→ Q[[A+ 1]] ͕੔܎
਺ϗϞϩδʔٿ໘ͷෆมྔͱͳΔɻ

੔܎਺ϗϞϩδʔٿ໘M ʹ͍ͭͯɺ(z(M))|A4=q͕େ௬ڃ਺ [10] ͱҰக͢
ΔͱࢥΘΕΔɻ࣮ࡍ Poincaré ϗϞϩδʔٿ໘ʹ͍ͭͯɺ14࣍ͷ࣍਺·ͰҰ
க͢Δ͜ͱ͕Θ͔͍ͬͯΔɻ
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h

2 sinh(ρh)
h

exp(ρh)

Fig 4. The relations of L

4. HOMFLY-PTεέΠϯ୅਺ͱࣸ૾ྨ܈

Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺Ͱ͕ڀݚͨͬߦ HOMFLY-PTε
έΠϯ୅਺Ͱ΋ಉ༷ʹ͑ߦΔ͜ͱΛ঺հ͢Δɻ

S3 ͷதͷ oriented framed link ͱ͸͍͔ͭ͘ͷ S1 ͷ௚࿨ͱ I
def.
= [0, 1]

ͷੵۭؒͷຒΊࠐΈΛ S3 ͷ isotopyͰಉҰͨ͠ࢹର৅Ͱ͋ΔɻLΛ Fig4Ͱ

ఆٛ͞ΕΔ Q[ρ][[h]]
def.
= lim←−i→∞Q[ρ, h]/(hi) Λ஋ͱ͢Δෆมྔͱ͢ΔɻLΛ

oriented framed link ͱͯ͠ (exp(−w(L)ρh)L(L)/L(triv.knot))|X=exp(ρh) ∈
h−♯π0L+1Q[X,h] Λ HOMFLY-PT ଟ߲ࣜͱݺͿɻ ͜Ε͸ framingʹΑΒͣ
ఆ·ΓɺHOMFLY-PTଟ߲ࣜ͸ oriented (nonframed) linkͷଟ߲ࣜෆมྔͰ
͋Δɻ

Definition 4.1. E0, E1 ∈ E(Σ) ʹ͍ͭͯɺ࣍Λຬͨ͢ Ẽ : (((
∐

finite S
1) (

(
∐

finite I))× I)× I → Σ× I ͕ଘ͢ࡏΔ࣌ɺoriented isotopicͰ͋Δͱ͍͏ɻ

• ೚ҙͷ t ∈ I ʹ͍ͭͯɺẼ(·, t) ∈ E(Σ).
• ೚ҙͷ t ∈ I ʹ͍ͭͯɺp1 ◦ Ẽ((

∐
finite{0, 1}) × {0} × {0}) = p1 ◦

Ẽ((
∐

finite{0, 1})× {0}× {t}).
• Ẽ(·, 0) = E0.
• Ẽ(·, 1) = E1.
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E(Σ)ͷ oriented isotpic classΛnonoriented framed tangleͱݺͿɻE ∈ E(Σ)
Λ୅දͱ͢Δ tangleͷ start point set Λ p1 ◦E((

∐
finite{0})× I) ͱ͠ɺfinish

point set Λ p1 ◦ E((
∐

finite{1})× I)ͱ͢Δɻ

J− ͱ J+ Λ ♯J− = ♯J+, J− ∩ J+ = ∅ ͱͳΔ ∂Σ ͷ༗ݶ෦෼ू߹ͱ͢
ΔɻT +(Σ, J−, J+)Λ start poin set Λ J−ɺfinish point set Λ J+ ͱ͢Δ
tangle ͷू߹ͱ͢ΔɻFig 4ͷؔࣜ܎ͰׂͬͨQ[ρ][[h]]T +(Σ, J−J+)ͷ঎Ճ

,ΛA(Σ܈ J−, J+)ͱ͠ɺHOMFLY-PTεέΠϯՃ܈ͱݺͼɺ͞ ΒʹA(Σ)
def.
=

A(Σ, ∅, ∅)ΛHOMFLY-PTεέΠϯ୅਺ͱݺͿɻΧ΢ϑϚϯɾϒϥέοτɾε
έΠϯ୅਺ͱಉ༷ʹɺA(Σ)ͷϦʔׅੵހ [ , ]͓ΑͼɺA(Σ)ͷA(Σ, J−.J+)
΁ͷϦʔ࡞༻ σΛఆٛͨ͠ɻ͞ΒʹA(Σ)ɺA(Σ, J−, J+)ͷϑΟϧτϨʔγϣ
ϯ {FnA(Σ)}n≥0ͱ {FnA(Σ, J−, J+)}n≥0 Λఆٛͨ͠ɻੵɺӈ࡞༻ɺ࡞ࠨ༻ɺ
ϦʔׅੵހɺϦʔ࡞༻͸͜ͷϑΟϧτϨʔγϣϯʹΑΓఆ·ΔҐ૬ʹؔͯ͠
࿈ଓͰ͋Δɻಛʹɺ

[FnA(Σ), FmA(Σ)] ⊂ Fn+m−2A(Σ)

Ͱ͋Δɻ͜ ͷϑΟϧτϨʔγϣϯͰ׬උԽͨ͠εέΠϯ୅਺ lim←−i→∞A(Σ)/F iA(Σ)ɺ
܈උԽͨ͠εέΠϯՃ׬ lim←−i→∞A(Σ, J−, J+)/F iA(Σ, J−, J+) ΛͦΕͧΕ

Â(Σ)ɺÂ(Σ, J−, J+) ͱॻ͘ɻ
cΛ Σͷ͖޲෇͚ΒΕͨ୯७ดۂઢͱ͢Δɻlc(n) ∈ A(Σ)Λ Fig 5 ʹΑΓ

ఆٛ͢Δɻ·ͨ n ≥ 0Ͱ

mn(c)
def.
=

n∑

j=1

hj−1

j

∑

i1+i2+···+ij=n,ik≥1

j∏

k=1

lik(c)

ͱఆٛ͢Δɻͨͩ͠ɺm0(c)
def.
= 2ρͱ͢Δɻ͞Βʹɺ

(m− 1)n(c)
def.
=

n∑

i=0

n!

i!(n− i)!
(−1)n−imi(c) ∈ FnA(Σ)

ͱఆٛ͢Δɻ਺ྻ {an}n≥2 Λ 1
2(logX)2 =

∑
n≥2 an(X − 1)n ∈ Q[[X − 1]] ʹ

ΑΓఆٛ͢Δɻ͜͜Ͱ

LA(c)
def.
= (

h/2

arcsinh(h/2)
)2(
∑

n≥2

an(m− 1)n(c)−
1

3
ρ3h2) ∈ Â(Σ)

ͱఆٛ͢Δɻ͜ͷ࣌Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺ͱಉ͡Α͏ʹ࣍
͕੒Γཱͭɻ

ఆཧ 4.2. ୯७ดۂઢ cʹ͍ͭͯ

tc(·) = exp(σ(LA(c)))(·)
def.
=

∞∑

i=0

1

i!
(σ(LA(c)))

i(·) ∈ Aut(Â(Σ, J−, J+))

ΛಘΔɻ

ఆཧ 4.3. ܕ४ಉ܈ ζA : I(Σg,1) → F 3Â(Σg,1)Λ෦෼ۂ໘ͷڥքͱͳΔೋͭ
ͷ୯७ดۂઢ (c1, c2)ʹ͍ͭͯ ζA(tc1tc2

−1) = LA(c1) − LA(c2) ͱఆٛ͢Δɻ
͜ͷ࣌ɺζA ͕ well-definedͱͳΓɺ͞Βʹ୯ࣹʹͳΔɻ
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ln(c)

n
c

Fig 5. ln(c)

ఆཧ 4.4. ࣸ૾ ZA : I(Σg,1) → Q[ρ][[h]], ξ %→
∑∞

i=0
1

i!hi e((ζA(ξ))
i) ͸ɺzA :

H(3)→ Q[ρ][[h]],M(ξ) %→ ZA(ξ) Λಋ͘ɻͨͩ͠H(3)Λ੔܎਺ϗϞϩδʔٿ
໘ͷू߹ͱ͢Δɻผͷํ͍ݴΛ͢Δͱ zA : H(3)→ Q[ρ][[h]] ͕੔܎਺ϗϞϩ
δʔٿ໘ͷෆมྔͱͳΔɻ͞Βʹɺυ : Q[ρ][[h]]→ Q[[A+1]]Λ υ(exp(ρh)) =
A4, υ(h) = −A+A−1ʹΑΓఆΊͨ࣌ υ ◦ zA = zͰ͋Δɻ

ෆมྔ zA͸ slnͷྔ܈ࢠΛ༻͍ͯఆٛ͞ΕΔଟ߲ࣜෆมྔ [2] ͷීวੑΛ
Δͱ༧૝͞ΕΔɻ۩ମతʹ͸ɺM͍ͯͬ࣋ ∈ H(3)Ͱ

(zA(M))
| exp(ρh)=q

n
2 ,h=q

1
4−q−

1
4

͕ sln ͷྔ܈ࢠΛ༻͍ͯఆٛ͞ΕΔଟ߲ࣜෆมྔ [2] ʹҰக͢Δͱ༧૝ͯ͠
͍Δɻ

5. ͷల๬ڀݚ

5.1. LMOෆมྔͱ zͱ zA. M ∈ H(3) ʹ͍ͭͯɺz(M) mod (A + 1)n+1

ͱ zA(M) mod hn+1͸Ґ਺ nͷ༗ܕݶෆมྔͰ͋Δɻ͜ͷͨΊɺLMOෆม
ྔ [7]͔Β z͓Αͼ zA͸ಋग़͞ΕΔ͸ͣͰ͋Δ͕ɺͲͷΑ͏ʹ LMOෆมྔ
͔Βಋग़͞ΕΔ͔ղ໌͢Δ͜ͱ͕ޙࠓͷ՝୊Ͱ͋Δɻ

5.2. Χ΢ϑϚϯɾϒϥέοτɾεέΠϯ୅਺ͱΩϟοιϯෆมྔ. ৿ాࢯʹΑ
Γɺ[9]ͳͲͷΩϟοιϯෆมྔͱτϨϦ܈ͷؔ͞ڀݚ͕ੑ܎ΕͨɻΧ΢ϑϚ
ϯɾϒϥέοτɾεέΠϯ୅਺Λ༻͍ͯɺ৿ాࢯͷΩϟοιϯෆมྔͱτϨϦ
ผূ໌Λ༩͑Δ͜ͱ͕Ͱ͖ͨɻಛʹΰʔϧυϚϯɾϦʔ୅ʹڀݚͷੑ܎ͷؔ܈
਺Ͱ͸ࣗવʹଊ͑Δ͜ͱ͕Ͱ͖ͳ͔ͬͨΩϟοιϯ֩͸Χ΢ϑϚϯɾϒϥέο
τɾεέΠϯ୅਺Ͱ͸ࣗવʹఆٛ͢Δ͜ͱ͕Ͱ͖Δɻಉ༷ͷΞϓϩʔνͰτ
ϨϦ܈ʢͷ෦෼܈ʣͱ੔܎਺ϗϞϩδʔٿ໘ͷҐ਺̎Ҏ্ͷ༗ܕݶෆมྔͷ
଴͍ͯ͠ΔɻظΒ͔ʹͳΔͱ໌͕܎ؔ

5.3. Turaev༨୅਺ͷྔࢠԽ. Turaevࢯ [16]͕ΰʔϧυϚϯɾϦʔ୅਺ʹϦʔ
༨୅਺ͷߏ଄ΛఆΊͨɻΰʔϧυϚϯɾϦʔ୅਺ͱࣸ૾ྨ܈ͷڀݚͰ͸ɺ͜ͷ
Ϧʔ༨୅਺͕ͱͯ΋ྗڧͰ͋Δɻ·ͨɺTuraevࢯ [16]͸A(Σ)/(ρ)ʹ΋༨୅
਺ʢ༨୅਺͔Βఆ·ΔϦʔ༨୅਺ʣΛఆٛͨ͠ɻ͜ͷεέΠϯ୅਺ͷʢϦʔʣ
༨୅਺ͷߏ଄ͱචऀͷεέΠϯ୅਺ͷڀݚʹΑΓɺ͞Βʹࣸ૾ྨ܈ͷ৘ใ͕
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ಘΒΕΔͱظ଴͍ͯ͠Δɻಛʹɺδϣϯιϯ४ಉܕͷશࣹੑͷো֐ΛൃݟͰ
͖Δͱظ଴͍ͯ͠Δɻ

ँࣙ. τϙϩδʔγϯϙδ΢Ϝʹ͓ট͖ͩͬͨ͘͞ɺओऀ࠵ͷօ༷ʹ৺ΑΓ
ɻ͢·͍ͨ͠ँײ
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