
ϥάϥϯδϡ෦ଟ༷ମͱάϥϑܕϧδϟϯυϧ։ં∗

େֶʣۀɹխ๎ʢࣨའڮߴ

1 ͡Ίʹ

ϥάϥϯδϡ෦ଟ༷ମժʹରͯ͠ϥάϥϯδϡಉͰ͋ΕίʔεςΟοΫಉͰ͋Γɼٯ

͕Γཱͨͳ͍͜ͱ͕ΒΕ͍ͯΔɽຊߘͰϥάϥϯδϡ෦ଟ༷ମժ͕ϥάϥϯδϡಉʹ

ͳΔͨΊͷ݅Λఏࣔ͢ΔɽίʔεςΟοΫݴΘʹ͑ݟΔରͰ͋Δ͕ɼͦͷഎޙʹಛ

ผͳ໘ɼάϥϑܕϧδϟϯυϧ։ંʢେϧδϟϯυϧ෦ଟ༷ମժʣ͕ଘ͢ࡏΔ͜ͱΛࣔ͢ɽ

ͦΕͧΕରԠ͢ΔؔͱରԠ͢ΔಉؔΛ༩͑Δɽ·ͨɼϥάϥϯδϡ෦ଟ༷ମժͷ

Λ͑ߟΔͱɼ͜Εάϥϑܕϧδϟϯυϧ։ંͷ͕ରԠ͢Δ͜ͱ͕͔Γɼ̍ͭͷԠ༻ͱͯ͠

ϥάϥϯδϡ෦ଟ༷ମժͷੜతͳذͷྨΛ༩͑Δ ([24])ɽຊߘͷଟ༷ମɼࣸ૾શͯ

Β͔ C∞ ͱ͢ΔɽՄඍࣸ૾ͷಛҟʹؔͯ͠ [1, 17, 19]Λߟࢀʹ͍ͯͩ͘͠͞ɽ

2 ϥάϥϯδϡ෦ଟ༷ମ

ϥάϥϯδϡಛҟΛհ͢Δ ([1, 2, 4]–[26, 30, 31])ɽ༨ଋ π : T ∗Rn → Rn Λ͑ߟ

Δɽ(x, p) = (x1, . . . , xn, p1, . . . , pn)Λ T ∗Rn ͷ࠲ඪͱ͠ɼT ∗Rn ͷγϯϓϨΫςΟοΫߏΛ

ω =
∑n

i=1 dpi ∧ dxi ʹΑΓ༩͑Δɽ෦ଟ༷ମ i : L ⊂ T ∗Rn ʹରͯ͠ɼi͕ϥάϥϯδϡ෦

ଟ༷ମͰ͋Δͱ dimL = n, i∗ω = 0͕Γཱͭ͜ͱͰ͋Δɽ͜ͷͱ͖ π ◦ iͷಛҟͷू߹Λ
i : L ⊂ T ∗Rn ͷίʔεςΟοΫͱ͍ݴ CL ͱॻ͘ɽϥάϥϯδϡಛҟ ([1, 17])ΑΓؔ

͕ଘ͢ࡏΔɽؔժ F : (Rk × Rn, 0)→ (R, 0)͕ϞʔεؔͰ͋Δͱ

∆F =

(
∂F

∂q1
, . . . ,

∂F

∂qk

)
: (Rk × Rn, 0)→ (Rk, 0)

͕ਖ਼ଇʢඇಛҟʣͰ͋Δͱ͢Δɽ͜͜Ͱɼ(q, x) = (q1, . . . , qk, x1, . . . , xn) ∈ (Rk×Rn, 0)ͱ͢Δɽ

͜ͷͱ͖ C(F ) = (∆F )−1(0) ⊂ (Rk×Rn, 0) nݩ࣍෦ଟ༷ମժͰ͋Γ L(F ) : (C(F ), 0)→
T ∗Rn Λ

L(F )(q, x) =

(
x,
∂F

∂x1
(q, x), . . . ,

∂F

∂xn
(q, x)

)

ͱ͢Δͱ L(F )(C(F )) ϥάϥϯδϡ෦ଟ༷ମժʹͳΔɽٯΓཱͭ͜ͱ͕ΒΕ͍ͯΔ

([1], page 300).

∗ λΠτϧͷʮϥάϥϯδϡ෦ଟ༷ମͱάϥϑܕϧδϟϯυϧ෦ଟ༷ମʯͰؒҧ͍Ͱͳ͍ͷͰ͕͢ɼจʹ
ॻ͍ͯ͋Δ༻ޠͷ༁ʹ͠·ͨ͠ɽ
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໋ 2.1 ([1]) T ∗Rn ͷશͯͷϥάϥϯδϡ෦ଟ༷ମժ্ͷํ๏Ͱߏ͞ΕΔɽ

C(F ) =
{
(q, x) ∈ (Rk × Rn, 0)

∣∣∣
∂F

∂q1
(q, x) = · · · = ∂F

∂qk
(q, x) = 0

}

Λ F ͷΧλετϩϑू߹

BF =
{
x ∈ (Rn, 0)

∣∣∣ ∃q ∈ (Rk, 0), (q, x) ∈ C(F ), rank
( ∂2F

∂qi∂qj
(q, x)

)
< k

}

Λ F ͷूذ߹ͱ͍͏ɽ

Ϟʔεؔ F : (Rk × Rn, 0) → (R, 0) Λ L(F )(C(F )) ͷؔͱ͍͏ɽඪ४ࣹӨ

πn : (Rk × Rn, 0) → (Rn, 0)ʹରͯ͠ F ͷूذ߹ πn|C(F ) ͷಛҟू߹ͱҰக͢Δɽͭ·

ΓɼL(F )ͷίʔεςΟοΫ F ͷूذ߹Ͱ͋ΔɽࣜͰॻ͚ CC(F ) = BF ͱͳΔɽ

ϥάϥϯδϡ෦ଟ༷ମժͷಉؔΛಋೖ͢Δɽi : (L, x) ⊂ (T ∗Rn, p) ͱ i′ : (L′, x′) ⊂
(T ∗Rn, p′)Λϥάϥϯδϡ෦ଟ༷ମժͱ͢Δɽiͱ i′ ͕ϥάϥϯδϡಉͰ͋Δͱɼඍಉ

૬ σ : (L, x) → (L′, x′), γϯϓϨΫςΟοΫඍಉ૬ τ̂ : (T ∗Rn, p) → (T ∗Rn, p′)ɼඍಉ૬

τ : (Rn,π(p))→ (Rn,π(p′))͕ଘͯ͠ࡏ τ̂ ◦ i = i′ ◦ σ, π ◦ τ̂ = τ ◦ π ͕Γཱͭ͜ͱͰ͋Δɽ͜
ͷͱ͖ɼίʔεςΟοΫ CL ͱ CL′  τ ʹΑΓඍಉ૬Ͱ͋Δɽ͔͠͠ɼٯʹίʔεςΟοΫಉ

ʢίʔεςΟοΫΛඍಉ૬Ͱอଘ͢Δಉؔʣ͔ͩΒͱͯͬݴϥάϥϯδϡಉͰͳ͍

͜ͱ͕ΒΕ͍ͯΔ (cf. [1, 12, 16]).

T ∗Rn ͷϥάϥϯδϡ෦ଟ༷ମժ͕ϥάϥϯδϡ҆ఆͰ͋Δͱɼʢϥϑʹ͑ݴʣϥάϥϯ

δϡ෦ଟ༷ମժͷۭؒͰҙʹগ͠ಈ͔ͨࣸ͠૾ͱϥάϥϯδϡಉͰ͋Δ͜ͱͰ͋Δɽ

Ex = {f : (Rn, 0) → R}ͱ͢Δɽ͜͜Ͱ࠲ඪΛ x ∈ Rn ͱ͍ͯ͠ΔɽF,G : (Rk × Rn, 0) →
(R, 0) ͕ P -R+-ಉͰ͋Δͱɼඍಉ૬ Φ : (Rk × Rn, 0) → (Rk × Rn, 0), Φ(q, x) =

(φ1(q, x),φ2(x))ͱؔ α : (Rn, 0)→ (R, 0)͕ଘͯ͠ࡏ G(q, x) = F (Φ(q, x)) + α(x)ͱͳΔ͜

ͱͰ͋ΔɽF1 : (Rk ×Rn, 0)→ (R, 0)ͱ F2 : (Rk′ ×Rn, 0)→ (R, 0)͕҆ఆ P -R+-ಉͰ͋Δ

ͱɼඇୀԽ̎ࣜܗ࣍ΛՃ͑ͨޙͰ P -R+-ಉʹͳΔ͜ͱͰ͋Δɽ

F : (Rk × Rn, 0)→ (R, 0)͕ f = F |Rk×{0} ͷR+-ීว։ંͰ͋Δͱɼ

Eq =

〈
∂f

∂q1
(q), . . . ,

∂f

∂qk
(q)

〉

Eq

+

〈
∂F

∂x1
|Rk × {0}, . . . , ∂F

∂xn
|Rk × {0}

〉

R
+ ⟨1⟩R

ͱͳΔ͜ͱͰ͋Δɽ͜ͷͱ͖͕࣍Γཱͭɽ

ఆཧ 2.2 Ϟʔεؔ F : (Rk × Rn, 0)→ (R, 0), G : (Rk′ × Rn, 0)→ (R, 0)ʹରͯ͠ɼ
(1) L(F )(C(F )) ͱ L(G)(C(G)) ͕ϥάϥϯδϡಉͰ͋Δඞཁे݅ F ͱ G ͕҆ఆ

P -R+-ಉͰ͋Δɽ

(2) L(F )(C(F )) ͕ϥάϥϯδϡ҆ఆͰ͋Δඞཁे݅ F ͕ f = F |Rk×{0} ͷ R+-ීว։

ંͰ͋Δɽ

ҙ 2.3 §3,4,6,7 ʹ͓͚Δ҆ఆੑ҆ఆಉɼϥάϥϯδϡ෦ଟ༷ମժͷϥάϥϯδϡಉ
ʹΑΔϥάϥϯδϡ҆ఆϞʔεؔͷ҆ఆ P -R+-ಉͱಉ༷ʹఆٛ͞ΕΔɽ
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3 ϧδϟϯυϧ෦ଟ༷ମܘ̍

,Δɽ(x͑ߟͷϧδϟϯυϧ෦ଟ༷ମΛܘ̍ t) = (x1, . . . , xn, t) Λ Rn × R = Rn+1 ͷ

ඪͱ͢ΔɽࣹӨ༨ଋ࠲ π : PT ∗(Rn × R) → Rn × RΛ͑ߟΔɽPT ∗(Rn × R)ͷඪ४తͳ
৮ߏΛ

K = {X ∈ TPT ∗(Rn × R) | Π(X)(dπ(X)) = 0}

ͱ͢Δɽ͜͜Ͱ Π : TPT ∗(Rn × R) → PT ∗(Rn × R) ଋͰ͋ΔɽPT ∗(Rn × R) ∼= (Rn ×
R) × P (Rn × R)∗ ͷ࠲ඪΛ ((x1, . . . , xn, t), [ξ1 : · · · : ξn : τ ]) ͱ͢Δͱ X ∈ K((x,t),[ξ:τ ]) ∑n

i=1 µiξi + λτ = 0Ͱ͋Δɽ

PT ∗(Rn × R)ϑΝΠόʔ্Ͱ J1(Rn,R)ͷίϯύΫτԽʹͳ͍ͬͯΔɽUτ = {((x, t), [ξ :
τ ])|τ ̸= 0}ͱ͢Δͱ ((x, t), [ξ : τ ]) ∈ Uτ ʹରͯ͠ɼ

((x1, . . . , xn, t), [ξ1 : · · · : ξn : τ ]) = ((x1, . . . , xn, t), [−(ξ1/τ) : · · · : −(ξn/τ) : −1])

ΑΓ ((x1, . . . , xn, t), (p1, . . . , pn)), pi = −ξi/τ ͱͳΔͷͰɼUτ ্ θ−1(0) = K|Uτ ͱͳΔɽ͜

͜Ͱɼθ = dt −
∑n

i=1 pidxi. ͭ·ΓɼUτ  J1(Rn,R) ͱಉҰ͞ࢹΕɼUτ = J1
GA(Rn,R) ⊂

PT ∗(Rn × R)ͱॻ͘ɽ
෦ଟ༷ମ i : L ⊂ PT ∗(Rn × R) ͕ϧδϟϯυϧ෦ଟ༷ମͰ͋Δͱ dimL = n Ͱ

ҙͷ p ∈ L ʹରͯ͠ dip(TpL) ⊂ Ki(p) Ͱ͋Δɽp ∈ L ͕ϧδϟϯυϧಛҟͰ͋Δͱ
rank d(π ◦ i)p < nͰ͋Δɽi : L ⊂ PT ∗(Rn × R)ʹରͯ͠ π ◦ i(L) = W (L)Λେ໘ͱ͍͏ɽ
·ͨɼLΛେϧδϟϯυϧ෦ଟ༷ମͱ͍͏ɽ

ϧδϟϯυϧ෦ଟ༷ମժ i : (L, p0) ⊂ (PT ∗(Rn ×R), p0)ʹରͯ͠ɼϧδϟϯυϧಛҟ
([1, 17])ΑΓ͕ؔଘ͢ࡏΔɽؔժ F : (Rk × (Rn × R), 0) → (R, 0)͕େϞʔεۂ໘
Ͱ͋Δͱ (F , d2F) : (Rk × (Rn ×R), 0)→ (R×Rk, 0)͕ਖ਼ଇʢඇಛҟʣͰ͋Δͱ͢Δɽ͜

͜Ͱɼ

d2F(q, x, t) =

(
∂F
∂q1

(q, x, t), . . . ,
∂F
∂qk

(q, x, t)

)
.

͜ͷͱ͖ɼΣ∗(F) = (F , d2F)−1(0) nݩ࣍෦ଟ༷ମͰ͋ΓLF : (Σ∗(F), 0)→ PT ∗(Rn×R)
Λ

LF (q, x, t) =

(
x, t,

[
∂F
∂x

(q, x, t) :
∂F
∂t

(q, x, t)

])

ͱ͢Δͱ LF (Σ∗(F))ϧδϟϯυϧ෦ଟ༷ମժʹͳΔɽٯΓཱͭ͜ͱ͕ΒΕ͍ͯΔɽ

໋ 3.1 ([1]) શͯͷϧδϟϯυϧ෦ଟ༷ମժ্ͷํ๏Ͱߏ͞ΕΔɽ

ؔժ F : (Rk × (Rn × R), 0)→ (R, 0)ʹରͯ͠ɼ

D(F) =
{
(x, t) ∈ (Rn × R, 0)

∣∣∣ ∃q ∈ (Rk, 0), (q, x, t) ∈ Σ∗(F)
}
,

Λ F ͷผू߹ͱ͍͏ɽ

େϞʔεۂ໘ F : (Rk × (Rn×R), 0)→ (R, 0)Λ LF (Σ∗(F))ͷؔͱ͍͏ɽେ

໘ F ͷผू߹ͱҰக͢Δɽͭ·ΓɼW (LF (Σ∗(F))) = D(F)ͱͳΔɽ

3
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i : (L, p0) ⊂ (PT ∗(Rn × R), p0)ͱ i′ : (L′, p′0) ⊂ (PT ∗(Rn × R), p′0)Λେϧδϟϯυϧ෦
ଟ༷ମժͱ͢Δɽiͱ i′͕ S.P+-ϧδϟϯυϧಉͰ͋Δͱɼඍಉ૬ Φ : (Rn×R,π(p0))→
(Rn ×R,π(p′0)), Φ(x, t) = (φ1(x), t+ α(x))ͱ Ψ : (L, p0)→ (L′, p′0) ͕ଘͯ͠ࡏ Φ̂ ◦ i = i ◦Ψ
ͱͳΔ͜ͱͰ͋Δɽ͜͜ͰɼΦ̂ : (PT ∗(Rn ×R), p0)→ (PT ∗(Rn ×R), p′0)৮্͛ͪ࣋Ͱ͋
ΔɽS.P+-ϧδϟϯυϧ҆ఆͷ֓೦ϥάϥϯδϡ҆ఆͱಉ༷ʹఆٛ͞ΕΔɽ

F ,G : (Rk × (Rn × R), 0) → (R, 0) ͕ s-S.P+-K-ಉͰ͋Δͱɼඍಉ૬ Φ : (Rk ×
(Rn × R), 0) → (Rk × (Rn × R), 0)ɼΦ(q, x, t) = (φ(q, x, t),φ1(x), t + α(x)) ͕ଘͯ͠ࡏɼ

⟨F ◦Φ⟩E(q,x,t)
= ⟨G⟩E(q,x,t)

ͱͳΔ͜ͱͰ͋Δɽ҆ఆ s-S.P+-K-ಉ҆ఆ P -R+-ಉͱಉ༷ʹ

ఆٛ͢Δɽ

F ͕ f = F|Rk×{0}×R ͷ S.P+-K-ීว։ંͰ͋Δͱɼ

E(q,t) =
〈
∂f

∂q1
, . . . ,

∂f

∂qk
, f

〉

E(q,t)

+

〈
∂f

∂t

〉

R
+

〈
∂F
∂x1

|Rk×{0}×R, . . . ,
∂F
∂xn

|Rk×{0}×R

〉

R

ͱͳΔ͜ͱͰ͋Δɽ͜ͷͱ͖͕࣍Γཱͭɽ

ఆཧ 3.2 େϞʔεۂ໘ F : (Rk × (Rn ×R), 0)→ (R, 0), G : (Rk′ × (Rn ×R), 0)→ (R, 0)
ʹରͯ͠ɼ

(1) LF (Σ∗(F)) ͱ LG(Σ∗(G)) ͕ S.P+-ϧδϟϯυϧಉ͋Δඞཁे݅ F ͱ G ͕҆ఆ
s-S.P+-K-ಉͰ͋Δɽ

(2) LF (Σ∗(F)) ͕ S.P+-ϧδϟϯυϧ҆ఆͰ͋Δඞཁे݅ F ͕ f = F|Rk×{0}×R ͷ

S.P+-K-ීว։ંͰ͋Δɽ

ͷੑ࣭͕ϧδϟϯυϧ෦ଟ༷ମժͷಛผͳੑ࣭Ͱ͋Δɽ࣍

໋ 3.3 ([31, 26]) i : (L, p0) ⊂ (PT ∗(Rn×R), p0)ͱ i′ : (L′, p0) ⊂ (PT ∗(Rn×R), p0)Λେ
ϧδϟϯυϧ෦ଟ༷ମժͰ π ◦ i,π ◦ i′ ݻ༗ʢϓϩύʔʣ͔ ͭਖ਼ଇू߹͕ີͰ͋Δͱ͢Δɽ

͜ͷͱ͖ (L, p0) = (L′, p0)Ͱ͋Δඞཁे݅ (W (L),π(p0)) = (W (L′),π(p0))Ͱ͋Δɽ

͜ͷ݅ੜతͳ݅Ͱ͋Γɼಛʹ S.P+-ϧδϟϯυϧ҆ఆͰ͋ΕΓཱͭɽ

·ͨ W (L) ͱ W (L′) ͕ S.P+-ඍಉ૬Ͱ͋Δͱඍಉ૬ Φ : (Rn × R,π(p0)) → (Rn ×
R,π(p′0)), Φ(x, t) = (φ1(x), t+ α(x))͕ଘͯ͠ࡏ Φ(W (L)) = W (L′)Ͱ͋Δɽ໋ 3.3ΑΓ࣍

͕Γཱͭɽ

໋ 3.4 i : (L, p0) ⊂ (PT ∗(Rn × R), p0) ͱ i′ : (L′, p0) ⊂ (PT ∗(Rn × R), p0) Λେϧδϟϯ
υϧ෦ଟ༷ମժͰ π ◦ i,π ◦ i′ ݻ༗͔ͭਖ਼ଇू߹͕ີͰ͋Δͱ͢Δɽ͜ͷͱ͖ iͱ i′ ͕

S.P+-ϧδϟϯυϧಉͰ͋Δඞཁे݅ (W (L),π(p0))ͱ (W (L′),π(p′0))͕ S.P+-ඍ

ಉ૬Ͱ͋Δɽ

4 άϥϑܕϧδϟϯυϧ։ં

άϥϑܕϧδϟϯυϧ։ંʢ·ͨɼάϥϑܕϧδϟϯυϧ෦ଟ༷ମʣͱେϧδϟϯυϧ

෦ଟ༷ମͷಛผͳΫϥεͰ͋Δɽେϧδϟϯυϧ෦ଟ༷ମ i : L ⊂ PT ∗(Rn × R)͕άϥϑ

4
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ϧδϟϯυϧ։ંͱܕ L ⊂ J1
GA(Rn,R) ͱͳΔ͜ͱͰ͋ΔɽW (L) = π(L) Λ L ͷάϥϑܕ

໘ͱ͍͏ɽ͜͜Ͱ π : J1
GA(Rn,R) → Rn × Rඪ४ࣹӨͱ͢ΔɽJ1

GA(Rn,R)্ͷ৮ࣜܗ
 θ = dt− Σn

i=1pidxi Ͱ༩͑ΒΕΔɽΠ : J1
GA(Rn,R)→ T ∗Rn Λ Π(x, t, p) = (x, p)ͱ͢Δͱ

Π(L) T ∗Rn ͷϥάϥϯδϡ෦ଟ༷ମʹͳΔɽ

L  PT ∗(Rn × R) ͷେϧδϟϯυϧ෦ଟ༷ମժͰ͋ΔͷͰɼؔ F : (Rk × (Rn ×
R), 0)→ (R, Δɽ͢ࡏॴతʹଘہ͕(0
L ⊂ J1

GA(Rn,R) = Uτ ⊂ PT ∗(Rn × R) ͳͷͰɼ ݅ (∂F/∂t)(0) ̸= 0 Λຬͨ͢ɽٯʹ

F : (Rk × (Rn × R), 0) → (R, 0)ΛେϞʔεۂ໘ͱ͢ΔɽF ͕άϥϑܕϞʔεۂ໘Ͱ
͋Δͱ (∂F/∂t)(0) ̸= 0Λຬͨ͢͜ͱͱ͢Δ. F Λ LF (Σ∗(F))ͷάϥϑܕؔͱ͍͏ɽ

άϥϑܕϞʔεۂ໘ F ʹରͯ͠ɼӄؔఆཧΑΓ F : (Rk × Rn, 0)→ (R, 0)͕ଘͯ͠ࡏ
⟨F(q, x, t)⟩E(q,x,t)

= ⟨F (q, x)− t⟩E(q,x,t)
ͱදͤΒΕΔɽ

໋ 4.1 ([22]) F : (Rk × (Rn×R), 0)→ (R, 0)͕ ⟨F(q, x, t)⟩E(q,x,t)
= ⟨F (q, x)− t⟩E(q,x,t)

Ͱ

͋Δͱ͢Δɽ͜ͷͱ͖ F ͕άϥϑܕϞʔεۂ໘Ͱ͋Δඞཁे݅ F ͕ϞʔεؔͰ

͋Δɽ

ͯ͞ɼF(q, x, t) = λ(q, x, t)(F (q, x)− t), λ(0) ̸= 0ͱ͢Δͱ

Σ∗(F) = {(q, x, F (q, x)) ∈ (Rk × (Rn × R), 0) | (q, x) ∈ C(F )},

C(F ) = ∆F−1(0)Ͱ͋Γϥάϥϯδϡ෦ଟ༷ମժ L(F )(C(F )) ⊂ T ∗Rn,

L(F )(q, x) =

(
x,
∂F

∂x1
(q, x), . . . ,

∂F

∂xn
(q, x)

)

ͱͳΔɽҰํ F άϥϑܕϞʔεۂ໘ͳͷͰେϧδϟϯυϧ෦ଟ༷ମժ LF (Σ∗(F)) ⊂
J1
GA(Rn,R) LF : (Σ∗(F), 0)→ J1

GA(Rn,R) = T ∗Rn × R,

LF (q, x, t) =

(
x, t,−

∂F
∂x1

(q, x, t)
∂F
∂t (q, x, t)

, . . . ,−
∂F
∂xn

(q, x, t)
∂F
∂t (q, x, t)

)

ͱͳΔɽLF : (C(F ), 0)→ J1
GA(Rn,R)Λ

LF (q, x) =

(
x, F (q, x),

∂F

∂x1
(q, x), . . . ,

∂F

∂xn
(q, x)

)

ͱ͢Δͱ ∂F/∂xi = (∂λ/∂xi)(F − t) + λ∂F/∂xi, ∂F/∂t = (∂λ/∂t)(F − t) − λ ͳ

ͷͰ, (∂F/∂xi)(q, x, t) = λ(q, x, t)(∂F/∂xi)(q, x, t), (∂F/∂t)(q, x, t) = −λ(q, x, t),
(q, x, t) ∈ Σ∗(F) ͱͳΔɽΑͬͯ LF (C(F )) = LF (Σ∗(F)). ఆ͔ٛΒ Π(LF (Σ∗(F))) =

Π(LF (C(F ))) = L(F )(C(F )) ΑΓ LF (Σ∗(F)) = LF (C(F )) ͷάϥϑܕ໘  F |C(F ) ͷά

ϥϑͰ͋Δɽ͜Ε͕άϥϑܕͱ͍͏ཧ༝Ͱ͋Δɽ

5 ಉؔͷؔ

ఆཧ 5.1 ([13, 16, 20, 21]) F : (Rk × (Rn × R), 0) → (R, 0) ͱ G : (Rk′ × (Rn × R), 0) →
(R, 0) ΛάϥϑܕϞʔεۂ໘Ͱ F(q, x, t) = λ(q, x, t)(F (q, x) − t), G(q′, x, t) =

5
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µ(q′, x, t)(G(q′, x) − t) ͱ͢Δɽ͜ͷͱ͖ɼ ϥάϥϯδϡ෦ଟ༷ମժ L(F )(C(F )) ͱ

L(G)(C(G))͕ϥάϥϯδϡಉͰ͋Δඞཁे݅άϥϑܕϧδϟϯυϧ։ં LF (Σ∗(F))

ͱ LG(Σ∗(G))͕ S.P+-ϧδϟϯυϧಉͱͳΔ͜ͱͰ͋Δɽ

άϥϑܕϧδϟϯυϧ։ં LF (Σ∗(F))ͷϧδϟϯυϧಛҟͷू߹ π ◦ L(F )ͷಛҟͰ

͋ΔͷͰɼ άϥϑܕ໘ LF (Σ∗(F))ͷಛҟ L(F )ͷίʔεςΟοΫ্ʹ͋Δɽ

ఆཧ 5.1ͱ໋ 3.4ΑΓ͕࣍Γཱͭɽ

ܥ 5.2 F : (Rk × (Rn × R), 0) → (R, 0)ͱ G : (Rk′ × (Rn × R), 0) → (R, 0)ΛάϥϑܕϞʔ
εۂ໘Ͱ F(q, x, t) = λ(q, x, t)(F (q, x) − t), G(q′, x, t) = µ(q′, x, t)(G(q′, x) − t) ͱ͢Δɽ

π ◦ LF ,π ◦ LG ݻ༗͔ͭਖ਼ଇू߹͕ີͰ͋Δͱ͢Δɽ͜ͷͱ͖ϥάϥϯδϡ෦ଟ༷ମ

ժ L(F )(C(F ))ͱ L(G)(C(G)) ͕ϥάϥϯδϡಉͰ͋Δඞཁे݅W (LF (Σ∗(F))) ͱ

W (LG(Σ∗(G)))͕ S.P+-ඍಉ૬Ͱ͋Δɽ

ఆཧ 5.1ͷܥͱ͕ͯ࣍͠Γཱͭɽ

ܥ 5.3 F(q, x, t) = λ(q, x, t)(F (q, x) − t) ͕άϥϑܕϞʔεۂ໘ͱ͢Δɽ͜ͷͱ͖

L(F )(C(F )) ͕ϥάϥϯδϡ҆ఆͰ͋Δඞཁे݅ L(Σ∗(F)) ͕ S.P+-ϧδϟϯυϧ҆ఆ

Ͱ͋Δɽ

6 ϥάϥϯδϡ෦ଟ༷ମ

ir : L×Rr ⊂ T ∗Rn͕ rܘϥάϥϯδϡ෦ଟ༷ମͰ͋Δͱ i|L×{s} : L×{s} ⊂ T ∗Rn

͕ҙͷ s = (s1, . . . , sr) ∈ Rr ʹରͯ͠ϥάϥϯδϡ෦ଟ༷ମͰ͋ΔɽF : (Rk × Rn ×
Rr, 0)→ (R, 0), (q, x, s)→ F (q, x, s)Λ rܘϞʔεؔͱ͢Δɽͭ·Γɼҙͷ s ∈ (Rr, 0)

ʹରͯ͠ Fs(q, x) = F (q, x, s)Ϟʔεؔͱ͢Δɽ

༨ଋ πr : T ∗(Rn × Rr) → Rn × Rr Λ͑ߟΔɽT ∗(Rn × Rr) ͷ࠲ඪΛ (x, s, p, u) =

(xi, sj , pi, uj)ͱ͢Δ (i = 1, . . . , n, j = 1, . . . , r)ɽT ∗(Rn×Rr)্ͷγϯϓϨΫςΟοΫߏΛ

ωr =
∑n

i=1 dpi ∧ dxi +
∑r

j=1 duj ∧ dsj Ͱ༩͑Δɽඪ४ࣹӨΛ π̃r : T ∗(Rn × Rr) → T ∗Rn ͱ

͢Δɽ

F : (Rk × Rn × Rr, 0) → (R, 0), (q, x, s) -→ F (q, x, s)Λ r Ϟʔεؔͱ͢Δɽ͜ͷͱܘ

͖ F ϞʔεؔͰ͋ΔɽΑͬͯϥάϥϯδϡ෦ଟ༷ମժ L(F )(C(F )) ⊂ T ∗(Rn × Rr)

͕ఆٛ͞ΕΔɽ͞Βʹɼπ̃r ◦ L(F )(C(F )) ⊂ T ∗Rn  r ϥάϥϯδϡ෦ଟ༷ମժͰ͋Δɽܘ

L(F )(C(F ))Λେϥάϥϯδϡ෦ଟ༷ମժͱ͍͏ɽ

ir : (L × Rr, (x, 0)) ⊂ (T ∗(Rn × Rr), p) ͱ i′r : (L′ × Rr, (x′, 0)) ⊂ (T ∗(Rn × Rr), p′) Λେ

ϥάϥϯδϡ෦ଟ༷ମժͱ͢Δɽir ͱ i′r ͕ r ϥάϥϯδϡಉͰ͋Δͱɼඍಉ૬ܘ

σ : (L× Rr, (x, 0))→ (L′ × Rr, (x′, 0)), σ(u, s) = (σ1(u, s),ϕ(s)), γϯϓϨΫςΟοΫඍಉ

૬ τ̂ : (T ∗(Rn×Rr), p)→ (T ∗(Rn×Rr), p′), ඍಉ૬ τ : (Rn×Rr,π(p))→ (Rn×Rr,π(p′)),

τ(x, s) = (τ1(x, s),ϕ(s))͕ଘͯ͠ࡏ τ̂ ◦ ir = i′r ◦ σ, πr ◦ τ̂ = τ ◦ πr ͱͳΔ͜ͱͰ͋Δɽ

6
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F,G : (Rk × Rn × Rr, 0) → (R, 0) ͕ r-P -R+-ಉͰ͋Δͱඍಉ૬ Φ : (Rk × Rn ×
Rr, 0)→ (Rk×Rn×Rr, 0), Φ(q, x, s) = (φ1(q, x, s),φ2(x, s),ϕ(s))ͱؔժ α : (Rn×Rr, 0)→
(R, 0)͕ଘͯ͠ࡏ G(q, x, s) = F (Φ(q, x, s)) + α(x, s)ͱͳΔ͜ͱͰ͋Δɽ

ఆཧ 6.1 F : (Rk × Rn × Rr, 0)→ (R, 0), G : (Rk′ × Rn × Rr, 0)→ (R, 0)Λ r Ϟʔεؔܘ

ͱ͢Δɽ͜ͷͱ͖ L(F )(C(F ))ͱ L(G)(C(G))͕ r ϥάϥϯδϡಉͰ͋Δඞཁेܘ

݅ F ͱ G͕҆ఆ r-P -R+-ಉͰ͋Δɽ

7 άϥϑܕϧδϟϯυϧ։ં

r େϧδϟϯυϧ෦ଟ༷ମܘ i : L × Rr ⊂ PT ∗(Rn × Rr × R)͕ r ϧδϟϯυϧ։ܘ

ંͰ͋Δͱ L × Rr ⊂ J1
GA(Rn × Rr,R) ͱͳΔ͜ͱͰ͋ΔɽW (L × Rr) = πr(L × Rr) Λ

L× Rr ͷ r ໘ͱ͍͏ɽ͜͜Ͱܕάϥϑܘ πr : J1
GA(Rn × Rr,R)→ Rn × Rr × R ඪ४ࣹ

Өͱ͢ΔɽF : (Rk × (Rn × Rr × R), 0) → (R, 0), (q, x, s, t) → F(q, x, s, t)Λ r ܕάϥϑܘ

Ϟʔεۂ໘ͱ͢Δɽͭ·Γɼҙͷ s ∈ (Rr, 0)ʹରͯ͠ɼFs(q, x, t) = F(q, x, s, t)άϥ

ϑܕϞʔεۂ໘ͱ͢Δɽ

i : (L×Rr, (p, 0)) ⊂ (PT ∗(Rn×Rr×R), p0), i′ : (L′×Rr, (p′, 0)) ⊂ (PT ∗(Rn×Rr×R), p′0)
͕ r-S.P+ ϧδϟϯυϧಉͰ͋Δͱɼඍಉ૬ Φ : (Rn × Rr × R,πr(p0)) → (Rn × Rr ×
R,πr(p′0)), Φ(x, s, t) = (φ1(x, s),ϕ(s), t+α(x, s))ͱඍಉ૬Ψ : (L×Rr, p0)→ (L′×Rr, p′0),

Ψ(u, s) = (ψ1(u, s),ϕ(s))͕ଘͯ͠ࡏ Φ̂◦i = i◦ΨͱͳΔɽ͜͜Ͱ Φ̂ : (PT ∗(Rn×Rr×R), p0)→
(PT ∗(Rn × Rr × R), p′0) Φͷ৮্͛ͪ࣋Ͱ͋Δɽ

F ,G : (Rk × (Rn × Rr × R), 0) → (R, 0) ͕ r-s-S.P+-K-ಉͰ͋Δͱɼඍಉ૬ Φ :

(Rk×(Rn×Rr×R), 0)→ (Rk×(Rn×Rr×R), 0), Φ(q, x, s, t) = (φ(q, x, s, t),φ1(x, s),ϕ(s), t+

α(x, s)) ͕ଘͯ͠ࡏ ⟨F ◦ Φ⟩E(q,x,s,t)
= ⟨G⟩E(q,x,s,t)

ͱͳΔ͜ͱͰ͋Δɽ

ఆཧ 7.1 F : (Rk × (Rn ×Rr ×R), 0)→ (R, 0)ͱ G : (Rk′ × (Rn ×Rr ×R), 0)→ (R, 0)Λ r

ϧδϟϯυϧ։ંͱ͢Δɽ͜ͷͱ͖ܕάϥϑܘ LF (Σ∗(F)) ͱ LG(Σ∗(G))͕ r-S.P+-ϧδϟ

ϯυϧಉͰ͋Δඞཁे݅ F ͱ G ͕҆ఆ r-s-S.P+-KಉͰ͋Δɽ

8 rͷಉؔͷؔ

r Δɽ͑ߟΛͷؔϧδϟϯυϧ։ંͷಉؔܕͷ߹ͷϥάϥϯδϡಉͱάϥϑܘ

ఆཧ 8.1 ([24]) F : (Rk× (Rn×Rr×R), 0)→ (R, 0)ͱ G : (Rk′× (Rn×Rr×R), 0)→ (R, 0)
͕ r ϧδϟϯυϧ։ંͰܕάϥϑܘ F(q, x, s, t) = λ(q, x, s, t)(F (q, x, s)− t), G(q′, x, s, t) =
µ(q′, x, s, t)(G(q′, x, s)− t)ͱ͢Δɽ͜ͷͱ͖ rܘϥάϥϯδϡ෦ଟ༷ମժ L(F )(C(F ))ͱ

L(G)(C(G))͕ rܘϥάϥϯδϡಉͰ͋Δඞཁे݅ rܘάϥϑܕϧδϟϯυϧ։ં

LF (Σ∗(F))ͱ LG(Σ∗(G))͕ r-S.P+-ϧδϟϯυϧಉͰ͋Δɽ

7
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i : (L×Rr, p0) ⊂ J1
GA(Rn ×Rr,R)ͱ i′ : (L′ ×Rr, p′0) ⊂ J1

GA(Rn ×Rr,R)͕ rܘάϥϑܕ

ϧδϟϯυϧ։ંͱ͢ΔɽW (L× Rr)ͱW (L′ × Rr)͕ r-S.P+-ඍಉ૬Ͱ͋Δͱɼඍಉ

૬ Φ : (Rn × Rr × R,π(p0))→ (Rn × Rr × R,π(p′0)), Φ(x, s, t) = (φ1(x, s),ϕ(s), t+ α(x, s))

͕ଘͯ͠ࡏ Φ(W (L× Rr)) = W (L′ × Rr)ͱͳΔ͜ͱͰ͋Δɽ

ఆཧ 8.1ͱ໋ 3.4ΑΓ͕࣍Γཱͭɽ

ܥ 8.2 F : (Rk × (Rn × Rr × R), 0) → (R, 0) ͱ G : (Rk′ × (Rn × Rr × R), 0) → (R, 0) ͕
r ϧδϟϯυϧ։ંͰܕάϥϑܘ F(q, x, s, t) = λ(q, x, s, t)(F (q, x, s) − t), G(q′, x, s, t) =

µ(q′, x, s, t)(G(q′, x, s) − t)ͱ͢Δɽπr ◦ LF ,πr ◦ LG ༗ࣸ૾Ͱ͋Γɼਖ਼ଇू߹͕ີͰ͋ݻ͕

Δͱ͢Δɽ͜ͷͱ͖ɼr ϥάϥϯδϡ෦ଟ༷ମժܘ L(F )(C(F ))ͱ L(G)(C(G))͕ r-ϥά

ϥϯδϡಉͰ͋Δඞཁे݅W (LF (Σ∗(F)))ͱ W (LG(Σ∗(G)))͕ r-S.P+-ඍಉ૬Ͱ

͋Δɽ

ఆཧ 8.1ͷܥͱ͕ͯ࣍͠Γཱͭɽ

ܥ 8.3 F(q, x, s, t) = λ(q, x, s, t)(F (q, x, s)− t)Λ rܘάϥϑܕϧδϟϯυϧ։ંͱ͢Δɽ͜

ͷͱ͖ɼL(F )(C(F ))͕ r-ϥάϥϯδϡ҆ఆͰ͋Δඞཁे݅ L(Σ∗(F))͕ r-S.P+-ϧδϟ

ϯυϧ҆ఆͰ͋Δɽ

9 ϥάϥϯδϡ෦ଟ༷ମժͷذ

ϥάϥϯδϡ෦ଟ༷ମժͷذΛ͑ߟΔɽͭ·Γɼ̍ ɼrܘ = 1ͷ߹Λ͑ߟΔɽఆཧ 8.1

ͷԠ༻ͱͯ͠ɼݩ࣍ͷ߹ͷ̍ܘϥάϥϯδϡ෦ଟ༷ମժͷੜతͳྨ͕ɼ̍ άϥϑܘ

ϧδϟϯυϧ։ંΛ༻͍Δ͜ͱʹΑΓಘΒΕΔɽؔժܕ F : (Rk × (Rn ×R×R), 0)→ (R, 0)
̍ܘͷ̍ܘΛ͑ߟΔ͜ͱʹͳΓɼূ໌ [3, 10]ͱ [27, 28, 29]ͷख๏Λ༻͍Δɽ

ఆཧ 9.1 ([24]) 1 ≤ n ≤ 3ͱ͢Δɽ̍ܘϞʔεؔ F : (Rk ×Rn ×R, 0)→ (R, 0)ʹର͠
ͯɼੜతͳ̍ܘϥάϥϯδϡ෦ଟ༷ମժ L(F )(C(F )) ࣍ͷ̍ܘϞʔεؔͷ̍ܘ

ϥάϥϯδϡ෦ଟ༷ମժͱϥάϥϯδϡಉͰ͋Δɿ

n = 1;

(1) q1

(2) ±q21 + x1

(3) q31 + x1q1

(4) ±q41 + α(x1, s)q
2
1 + x1q1, ∂α/∂s(0) ̸= 0, ∂α/∂x1(0) = 0,

n = 2;

(1) q1,

(2) ±q21 + x1q1,

(3) q31 + x1q1 + x2,

(4)1 ±q41 + x1q
2
1 + x2q1,

(4)2 ±q41 + α(x1, x2, s)q
2
1 + x1q1 + x2, ∂α/∂s(0) ̸= 0, ∂α/∂x1(0) = ∂α/∂x2(0) = 0,

(5)1 q51 + α(x1, x2, s)q
3
1 + x1q

2
1 + x2q1, ∂α/∂s(0) ̸= 0, ∂α/∂x1(0) = ∂α/∂x2(0) = 0,

(5)2 q51 + x1q
3
1 + α(x1, x2, s)q

2
1 + x2q1, ∂α/∂s(0) ̸= 0, ∂α/∂x1(0) = ∂α/∂x2(0) = 0,

8
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(6) q31 ± q1q
2
2 + α(x1, x2, s)q

2
1 + x1q1 + x2q2, ∂α/∂s(0) ̸= 0, ∂α/∂x1(0) = ∂α/∂x2(0) = 0,

n = 3;

(1) q1,

(2) ±q21 + x1q1,

(3) q31 + x1q1 + x2,

(4)1 ±q41 + x1q
2
1 + x2q2 + x3,

(4)2 ±q41 + α(x1, x2, x3, s)q
2
1 + x1q1 + x2, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0 i = 1, 2, 3,

(5)1 q51 + x1q
3
1 + x2q

2
1 + x3q1,

(5)2 q51 + α(x1, x2, x3, s)q
3
1 + x1q

2
1 + x2q1 + x3, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0,

(5)3 q51 + x1q
3
1 + α(x1, x2, x3, s)q

2
1 + x2q1 + x3, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0,

(6)1 q31 ± q1q
2
2 + x1q

2
1 + x2q1 + x3q2,

(6)2 q31 ± q1q
2
2 + α(x1, x2, x3, s)q

2
1 + x1q1 + x2q2 + x3, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0,

(7)1 ±q61 + α(x1, x2, x3, s)q
4
1 + x1q

3
1 + x2q

2
1 + x3q1, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0,

(7)2 ±q61 + x1q
4
1 + α(x1, x2, x3, s)q

3
1 + x2q

2
1 + x3q1, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0,

(7)3 ±q61 + x1q
4
1 + x1q

3
1 + α(x1, x2, x3, s)q

2
1 + x3q1, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0,

(8)1 ±(q21q2 + q42) + α(x1, x2, x3, s)q
2
1 + x1q

2
2 + x2q1 + x3q2, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0,

(8)2 ±(q21q2 + q42) + x1q
2
1 + α(x1, x2, x3, s)q

2
2 + x2q1 + x3q2, ∂α/∂s(0) ̸= 0, ∂α/∂xi(0) = 0,

i = 1, 2, 3.

ؔ αΛؔϞδϡϥΠͱ͍͏ɽਤߨԋதʹ͓͍ͨͤ͠ݟɽ

ҙ 9.2 ίʔεςΟοΫಉʹΑΔੜతͳྨܘ̍ ([1, 2, 31])ͰؔϞδϡϥΠಛผ

ͳܕʹͳ͍ͬͯΔɽྫ͑ɼίʔεςΟοΫಉͰ͋Δͱɼఆཧ 9.1ͷ (7)1 ͷؔϞδϡϥΠ

α(x, s) = sͷΈͰ͋Γɼ(7)2 ͱ (7)3 ίʔεςΟοΫಉͷੜతͳྨʹݱΕͳ͍ɽ

ݙจߟࢀ

[1] V. I. Arnol’d, S. M. Gusein-Zade and A. N. Varchenko, Singularities of Differentiable Maps

vol. I. Birkhäuser (1986).
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