
A∞ͷزԿֶͷԠ༻ͷ͍͔ͭ͘ʹ͍ͭͯ

ֿӜ (ઍ༿େֶ ·ཧֶڀݚӃ)

A∞ͱͱH ۭؒͷڀݚʹ͓͍ͯಋೖ͞ΕͨͷͰ͋ΔɽH ۭؒX

ͷੵM2 : X × X → X ͕ϗϞτϐʔ݁߹తͰ͋Δͱ͖ɼͦͷ࿈ଓࣸ૾ΛM3 :

X ×X ×X × I → Xͱॻ͖ɼ(X, {Mi, Ki}i=2,3)ɼK2 :=ҰɼK3 := Iʢด۠ؒʣ
ΛA3ۭؒͱݺͿɽಉ༷ʹͯ͠ɼMi : X i ×Ki → X͕ i = 2, 3, . . . , nʹରͯ͠ఆ
·Δͱ͖ (X, {Mi, Ki}i=2,...,n)Λ Anۭؒͱݺͼɼಛʹͯ͢ͷ i = 2, 3, . . . ʹͭ
͍ͯMi͕ఆ·Δͱ͖A∞ۭؒͱ͍͏ [19]ɽ
͜ͷߏΛԽͨ͠ͷ͕A∞Ͱ͋Δɽࡏݱͷ͞Εͨݴ༿Ͱ͍͏ͱ,

A∞ͱ {Ki}i=2,3,···ͷෳମͷ͖࣍͢ඍʢDGʣΦϖϥουͷදݱ
ͷ͜ͱͰ͋Δͱ͍͏͜ͱͰ͖Δ͕ʢ[16]ࢀরʣɼ۩ମతʹ (A, {mk}k≥1)͕ମ
K্ͷA∞Ͱ͋Δͱ, AK্͖࣍ϕΫτϧۭؒͰ͋Γ,

mk : A
×k → A

࣍ 2− kͷK্ଟॏઢ૾ࣸܗͰ͋Γ, {mk}k≥1͕֤ n = 1, 2, ...ʹରͯ͠

0 =
∑

k+l=n+1

k−1∑

j=0

± mk(a1, . . . , aj,ml(aj+1, . . . , aj+l), aj+l+1, . . . , an)

͕Γཱͭͱ͖Λ͍͏ [20]ɽ ʢූ߸±ʹ͍ͭͯলུ͢Δɽʣ
͜Ε͖࣍ඍʢDGʣͷҰൠԽͱͳ͍ͬͯΔɽͭ·Γ࣍ߴͷੵ

m3,m4, . . . ͕ࣗ໌ͳA∞ d := m1 : A→ AΛඍɼm2 : A×A→ AΛੵͱ
͢ΔDG (A, d,m2)Ͱ͋ΔɽҰൠͷA∞ (A, {mk}k≥1)ͷ߹ʹ (A,m1)

༨ෳମ
· · · m1→ Ai m1→ Ai+1 m1→ · · ·

Λ͠ɼdੵm2ʹؔͯ͠ϥΠϓχοπଇΛຬ͕ͨ͢ɼm2Ұൠʹ݁߹తʹ
ͳΒͣɼͦͷͣΕ͕m3ΛؚΉࣜͰఆΊΒΕ͍ͯΔɽ͜ͷҙຯͰA∞ϗ
Ϟτϐʔ݁߹తͱݺΕΔɽ
্ड़ͷΑ͏ʹɼ ۭؒ X ʹରͯ͠ A∞ߏɼͱͱ X ͦͷνΣΠϯ

C∗(X)ୡͷ্ͷ࣍ߴͷੵߏͱͯ͠ಋೖ͞Εͨɽྫ͑XʹೖΔAnߏͷ࠷େ
ͷ nԿ͔ʁͱ͍͏͜ͱΛ͑ߟΔͱۭؒXୡΛྨ͢Δಓ۩ͱͳΔɽ͜ͷํੑ
ͷڀݚͪΖΜଓ͚ΒΕ͍ͯΔ͕ɼ༗ཧϗϞτϐʔͷൃలͳͲΛػʹΉ͠Ζ
ίνΣΠϯଆʹࣗવʹೖΔA∞ߏʹ͍ͭͯٞ͞ΕΔ͜ͱ͕ଟ͘ͳͬͨΑ͏ʹ
ͷۭؒAࣜܗΘΕΔɽྫ͑Մඍଟ༷ମXʹର͠ɼඍࢥ := Ω(X)ࣗવʹ
d : A→ AΛ֎ඍ࡞༻ૉɼυɾϥʔϜෳମ (A := Ω∗(X), d)m2 := ∧ΛΣο
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δੵͱ͢ΔʢՄʣDGͷߏΛͭ࣋ɽຊߨԋͰɼA∞ͷزԿֶͷ
͜ͷํੑͰͷԠ༻ʹؔͯ͠ओʹҎԼͰड़Δ (a)ɼ(c)ʹ͍ͭͯհ͍ͨ͠ɽ
A∞ΛزԿֶతରͷԿ͔͠Βͷෆมྔͱͯ͠ѻ͍͍ͨ. ͜ͷͱ͖A∞
Λྨ͢Δඞཁ͕͋Δ. A∞ ͷؒͷ A∞ ࣸ૾Λࣗવʹఆٛ͢Δʹόʔ
.͕ศརͰ͋Δߏ A∞ (A, {mk}k≥1)ʹର͠ɼAͷݒਨ A[1]ͷςϯιϧ༨
 (B(A) := T c(A[1]),△)Λ͑ߟΔͱ A∞ߏ {mk}k≥1Λ B(A)্ͷඍ m :

B(A)→ B(A)ɼm2 = 0ʹ্֨͛͢Δ͜ͱ͕Ͱ͖ɼ(B(A),m,△)͖࣍ඍ
༨Λ͢ɽ̎ͭͷA∞ (A, {mk}k≥1)ɼ(A′, {m′

k}k≥1) ͷؒͷA∞ࣸ૾ fɼ
ରԠ͢Δ͖࣍༨ͷؒͷࣸ૾ͱͯ͠ఆٛ͞ΕɼͦΕ࣍Λอͭଟॏઢܗ
ࣸ૾

fk : (A[1])
×k → A′[1], k ≥ 1

ʹΑͬͯߏ͞ΕΔ͜ͱͱͳΓɼಛʹ f1 : A[1] → A′[1]ෳମͷؒͷ૾ࣸ f1 :

(A[1],m1)→ (A′[1],m′
1)ͱͳ͍ͬͯΔɽ

f1͕ಉܕͷͱ͖ɼf A∞ಉ૾ࣸܕͱݺͿɽ͜ͷͱ͖࣮૾ࣸٯࡍ f−1͕ଘ͢ࡏ
Δɽ͔͠͠ɼA∞ΛA∞ಉ૾ࣸܕͰྨ͢ΔͷҰൠʹ͋·ΓΑ͍͑ߟͰ
ͳ͍. f1͕ෳମͷؒͷٖಉ૾ࣸܕͰ͋Δͱ͖, fA∞ٖಉ૾ࣸܕͰ͋Δͱ͍͏ɽ
̎ͭͷ A∞ͷؒʹٖಉ͕૾ࣸܕଘ͢ࡏΔͱ͍͏͜ͱ࣮ࡍಉؔΛఆΊ,

A∞ΛA∞ٖಉܕͰྨ͢Δͷ͕࣮ࡍʹ΄ͲΑ͍ͷͱͳΔɽ͜ͷ؍͔Β
Έͯॏཁͳ࣮ࣄͱͯ͠ Kadeishvili ʹΑΔۃখܕఆཧ [6]͕͋Δɽ

ఆཧ 1 A∞ (A, {mk}k≥1)ʹର͠ɼm′
1 = 0ͱͳΔ A∞ (A′, {m′

k}k≥1)ͱ
A∞ٖಉ૾ࣸܕ f : (A′, {m′

k}k≥1)→ (A, {mk}k≥1) ͕ଘ͢ࡏΔɽ

͜ͷͱ͖ (A′, {m′
k}k≥1)Λͱͱͷ A∞  (A, {mk}k≥1)ͷۃখܕͱ͍͏ɽ

ෳମ (A[1],m1)ͱ (A′[1],m′
1 = 0)ٖಉܕͰ͋ΔͷͰ A′ϕΫτϧۭؒͱͯ͠

H∗(A,m1)ͱಉܕͰ͋Δɽͭ·Γ (A′, {m′
k}k≥1) (A, {mk}k≥1)ͱ A∞ٖಉܕͳ

A∞ͷ͏ͪɼϕΫτϧۭؒͱͯ͠Ұ൪খ͘͞ͳ͍ͬͯΔͷͰ͋Δɽ
ҰํɼA∞ͷ୯Ґ͕ݩదʹఆٛͰ͖, ୯ҐݩΛͭA∞͋ΔDG
ͱA∞ٖಉܕͱͳΔ͜ͱΒΕ͍ͯΔɽ
͜ͷҙຯͰɼA∞ٖಉܕͳA∞ͷ͏ͪɼDGͰ͋Δͷߏ؆໌
͕ͩʮେ͖͘ʯɼۃখ͕ܕʮҰ൪খ͍͞ʯͷͰ͋Δͱ͍͑ΔɽDGͷߏ
༷ʑͳঢ়گͰࣗવʹදΕΔɽDGΛྨ͢Δ͜ͱΛ͑ߟΔͨΊʹDGࣸ
૾Λ͑ߟΔΘ͚͕ͩɼDGࣸ૾ f1ͷΈ͔ΒΔA∞ࣸ૾Ͱ͋Δͱ͍͏ҙຯͰɼ
ҰൠͷA∞ࣸ૾ʹൺͯͱͯগͳ͍ɽ͞Βʹͨͬ͜ࠔͱʹɼDGٖಉ૾ࣸܕ
ಉؔΛఆΊͳ͍ʢରশΛຬ͞ͳ͍ʣɽΑͬͯɼDGͷݍʹ͓͍ͯɼٯ
ॴԽ͢ΔΑ͏ͳ͜ͱΛ͠ہతʹՃ͑ɼͦΕʹΑͬͯࣜܗΛ૾ࣸܕͷDGٖಉ͖
͍ͨΘ͚Ͱ͋Δ͕ͦ͏ͯ͠ಘΒΕΔݍʹ͓͍ͯ̎ͭͷDG͕ಉܕͰ͋Δ͜ͱ
݁ہͷͱ͜ΖͦΕΒ͕A∞ٖಉܕͰ͋Δ͜ͱͱಉ͡ʹͳΔ͜ͱ͕ΒΕ͍ͯΔ
[21],[17]ɽ
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ͭ·ΓDGͷྨ͢ΔࡍʹɼDGΛA∞ͱΈͳͯͦ͠ͷA∞ٖ
ಉྨܕΛྨ͢ΕΑ͍ͱ͍͏͜ͱʹͳΔ. ಛʹɼ͜ͷɼۃখܕఆཧΑ
ΓɼۃখA∞ͷྨʹؼண͞ΕΔɽۃখA∞ͷؒͷA∞ٖಉ૾ࣸܕ
A∞ಉ૾ࣸܕͰ͋ΔͷͰɼۃখA∞ͷA∞ಉྨܕΛྨ͢ΕΑ͍ɽ
զʑ௨ৗزԿֶతରʹର͢Δ DGߏ͋Δ͍ A∞ ͱͯ͠ίϗϞϩߏ
δʔ༗ݩ࣍ݶͱͳΔͷΛ͍ٞͨ͠ɽ͜ͷͱ͖ɼۃখA∞ͷؒͷA∞ಉ
ͷΑ͏ͳͷͰ͋ඪม࠲ܗϕΫτϧۭؒͷؒͷඇઢݩ࣍ݶ͖༗࣍૾ࣸܕ
Γɼྨ͢ΔͷʹखࠒͳͷͱͳΔɽಛʹ

(a) 1-࿈݁ܕDG

(b) ॱং͖A∞ݍ

ͳͲɼͦͷۃখܕͷA∞ߏmnे n͕େ͖͍ͱࣗ໌ͱͳΓɼA∞ಉܕ
ࣸ૾ͷ fn༗ݶͷ n·Ͱʹ͍ͭͯ͑ߟΕΑ͍͜ͱʹͳΓɼྨ͍͢͠Ϋϥ
εͰ͋Δ͜ͱ͕Θ͔Δɽ(a)ͷ߹ʹ͍ͭͯಛʹɼ1-࿈݁ՄDGͷྨΛ
͢Δ͜ͱ༗ཧϗϞτϐʔΛྨ͢Δ͜ͱʹͳΔɽDGͷՄੑΑΓɼର
Ԡ͢ΔA∞ͱͯ͠ՄੑΛͭ࣋C∞ʹ੍͑ߟͯ͠ݶΔ͜ͱͱͳΔ [7]ɽ
ྫ͑ [5]Ͱ Si1 ∨ · · · ∨ Sikɼ1 < i1 < · · · < ik ͱಉ͡ίϗϞϩδʔΛͭ࣋
ۭؒͷ༗ཧϗϞτϐʔܕʹ͍ͭͯɼik ≤ 7ͷ߹·Ͱʹ͍ͭͯྨ͞Ε͍ͯΔɽ
(b)ͷॱং͖A∞ݍɼޙʹ৮ΕΔϗϞϩδʔతϛϥʔରশੑͷڀݚʹ͓͍ͯ
Seidel ʹΑͬͯಋೖ͞ΕͨͷͰ͋Δʢ[18]ΛΈΑʣɽ
ҰൠʹDGݍɼ͋Δ͍A∞ݍC͔Βݍ֯ࡾTr(C)Λߏ͢Δํ๏͕͋ΓʢC͕

DGݍͷ߹͕Bondal-Kapranov [1]ɼͦͷ֦ுͱͯ͠ C͕A∞ݍͷ߹͕ [13]ʣɼ
ΕΔɽ͜ͷͱ͖͞ݱTr(C)ͱ࣮ͯ͠ݍ֯ࡾΕΔओཁͳݺͱݍ֯ࡾతࡍ࣮
̎ͭͷ A∞ݍ CɼC ′͕ A∞ಉͰ͋Ε Tr(C)ͱ Tr(C ′)ݍ֯ࡾಉͱͳΔ͜
ͱ͔ΒɼۃখA∞ݍͷྨΛతݍ֯ࡾͷྨͷͨΊʹԠ༻͢Δ͜ͱ͕Ͱ͖Δ
ʢྫ͑ [10]ʣɽ

A∞ͷͷɼྨҎ֎ͷ༗༻ੑͱͯ͠ɼA∞ࣸ૾͕ʡඇઢܗʡత
ͳͷͰ͋ΔͨΊɼҰݟશ͘ҟͳͬͯΈ͑ΔDG͋Δ͍A∞ߏͷؒͷରԠΛ
ΈΔ͜ͱ͕Ͱ͖Δ͜ͱ͕͋Δɽͦͷయྫܕͱͯ͠

(c) ϗϞϩδʔతϛϥʔରশੑ

͕͋ΔɽϗϞϩδʔతϛϥʔରশੑ [13]ͱϛϥʔରশੑ༧ͷݍతఆࣜԽͱ
ͯ͠ Kontsevich ʹΑͬͯఏҊ͞ΕͨͷͰ͋ΓɼγϯϓϨΫςΟοΫଟ༷ମ M

্ͷਂ୩ݍ Fuk(M) ͱM ͱϛϥʔରͳෳૉଟ༷ମ M̂ ্ͷ࿈ͷ͢ಋདྷ
ݍ Db(coh(M̂))ͷؒͷՁੑͰ͋Δɽਂ୩ݍ Fuk(M)A∞ݍͰ͋ΔͨΊʢ[2]ʣɼ
ͷಉੑͱͯ͠ݍ֯ࡾ

Tr(Fuk(M)) ≃ Db(coh(M̂))
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͕Γཱͭͱ͍͏ͷ͕ϗϞϩδʕతϛϥʔରশੑ༧ͷఆࣜԽͰ͋Δɽਖ਼֬ʹ
͜ΕϛϥʔରM, M̂ ͕ΧϥϏɾϠଟ༷ମͷ߹ͷఆࣜԽͰ͋Δ͕ɼM ͋
Δ͍ M̂ ͕ΑΓҰൠͷέʔϥʔଟ༷ମͷ߹ʹ͍ͭͯఆࣜԽ͕֦ு͞Ε͍ͯ
Δɽ௨ৗಋདྷݍDb(coh(M̂))ଆࣗવͳDGߏΛͪ࣋ɼ͜Ε͕͋ΔDGݍ C ′ʹ
ΑͬͯDb(coh(M̂)) ≃ Tr(C ′)ͱͳΔ͜ͱ͕ظͰ͖ΔɽΑͬͯɼΑ͍ DGݍ C ′

ͱɼඞཁͳΒTr(Fuk(M)) ≃ Tr(C)ͱͳΔA∞ॆຬ෦ݍ CΛͱͬͯA∞ಉ
C ≃ C ′Λࣔ͢͜ͱ͕Ͱ͖ΕϗϞϩδʔతϛϥʔରশੑ͕ࣔ͞ΕΔ͜ͱʹͳΔɽ
Kontsevich-Soibelman [15]Ͱ͜ͷํੑͰϗϞϩδʔతϛϥʔରশੑΛࣔ͢ํ
๏͕ఏҊ͞Ε͍ͯͯɼಛʹͦͷA∞ಉ C → C ′ C͕DGݍ C ′ͷۃখܕɼ͋
Δ͍ۃখʹ͍ۙʢࣹͷۭ͕ؒʣখ͍͞A∞ݍͰ͋ΔΑ͏ʹͯ͠ಘΒΕΔ͜ͱ͕
ͷͱ͜ΖࠓͰ͖ΔΑ͏ͳϛϥʔରͷྫߦ࣮ʹશ͞Ε͍ͯΔɽ͜ͷํ๏͕ظ
গͳ͍͕ɼগͳ͘ͱϛϥʔର (M, M̂)͕ τʔϥεͷ߹ʹͰ͖Δݩ࣍2 [9]ɽ
ҰൠʹA∞ɼC∞ͳͲϗϞτϐʔͱݺΕΔ͕ɼଞʹDGϦʔ
ͷҰൠԽͰ͋ΔL∞ʢϗϞτϐʔϦʔʣͱ͍͏ͷ͋Δɽͭ·Γ
ੵՄͰɼϗϞτϐʔ݁߹తͰ͋Δ͔ΘΓʹϗϞτϐʔϠίϏΛຬͨ͢ɽ
Kontsevich มࢠྔܗԽΛɼ̎ͭͷDGϦʔͷؒͷରԠΛ͚ͭΔͱ
ͯ͠ఆࣜԽ͠ɼ࣮ࡍʹͦΕΒͷؒͷL∞ٖಉ૾ࣸܕΛߏ͢Δ͜ͱʹΑͬͯղܾ
ͨ͠ [14]ɽʢ[3, 11]ͳͲʹղઆ͕͋Δɽʣ
͜ͷΑ͏ʹزԿֶʹ͓͍ͯϗϞτϐʔ͕ࣗવʹݱΕΔݪҼɼ࣮͜ΕΒ
ͷϗϞτϐʔ͕छ̌ͷڥք͖͖ϦʔϚϯ໘ͷϞδϡϥΠۭؒͷίϯ
ύΫτԽͷͳ͢Φϖϥου্ͷදݱͱͯ͠ಘΒΕΔͷͰ͋Δ͜ͱ͕͍ؔͯ͠
Δʢ[12]ࢀরʣɽ͜ͷΑ͏ͳΘ͚ͰɼϗϞτϐʔૉཻࢠཧʹ͓͍ͯɼݭ
ͷͷཧΛߏ͢ΔͨΊͷΈͱͯ͠Ԡ༻͞Ε͍ͯΔɽʢ[8]ͷߟࢀจݙͳ
Ͳʀۙ࠷ͷͷͱͯ͠ྫ͑ [4]ɽʣ

ݙจߟࢀ
[1] A. I. Bondal and M. M. Kapranov. Enhanced triangulated categories. Math.

USSR-Sb., 70:93–107, 1991.

[2] K. Fukaya. Morse homotopy, A∞-category, and Floer homologies. In Pro-
ceedings of GARC Workshop on Geometry and Topology ’93 (Seoul, 1993).

[3] ਂ୩࣏ݡɽγϯϓϨΫςΟοΫزԿֶɽؠॻళɼ1999ɽ

[4] K. Goto and H. Matsunaga. A∞/L∞ structure and alternative action for
WZW-like superstring field theory. Journal of High Energy Physics 2017.1:
22, 2017.

[5] ೭݈ଠɽC∞ʹΑΔ༗ཧϗϞτϐʔܕͷྨ. ઍ༿େֶେֶӃཧֶ
จɼฏ࢜Պमڀݚ 28 2݄.

4

73第64回トポロジーシンポジウム



[6] T Kadeishvili. The algebraic structure in the homology of an A(∞)-algebra.
Soobshch. Akad. Nauk Gruzin. SSR (Russian), 108:249–252, 1982.

[7] T. Kadeishvili. Cohomology C∞-algebra and rational homotopy type. arXiv
preprint arXiv:0811.1655 (2008).

[8] H. Kajiura. Noncommutative homotpy algebras associated with open strings.
Reviews in Math. Phys., 19(1):1–99, 2007.

[9] H. Kajiura. Homological perturbation theory and homological mirror sym-
metry. In Higher Structures in Geometry and Physics, Progress in Math.,
pages 279–292. Birkhäuser, 2009.
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