
༺໘ͷδΣοτͷ෼ྨͱͦͷԠۂӨۭؒ಺ࣹݩ࣍3
Ճ༿ాɹ༤ଠ࿕1

ʢਆށେֶɹ೔ຊֶज़ৼڵձಛผڀݚһPDʣ

ຊߘͷؔ৺͸ ॴతͳੑ࣭ʹ͋Δɽಛʹɼஶऀ౳ʹΑΔہ໘ͷۂӨۭؒ಺ࣹݩ࣍3 ࣍3
ͷδΣοτͷ෼ྨͱɼͦΕΛ༻͍ͨҰൠͷBDEʢbinaryࣜܗ໘ͷMongeۂӨۭؒ಺ࣹݩ

differential equationʣͷ෼ྨͱͷൺֱٴͼۂ໘ͷύϥϝʔλʔ଒ͷ parabolic curveͱ flec-

nodal curveʹؔ͢Δ෼ذͷܾఆͳͲʹ͍ͭͯ঺հ͢Δɽओཁߟࢀจݙ͸ [7, 8, 16]Ͱ͋Δɽ
ຊߘͷߏ੒͸ҎԼͷΑ͏ʹͳ͍ͬͯΔɽۂ໘ͷδΣοτͷ෼ྨͰ͸ۂ໘ͷத৺ࣹӨͷࣸ૾
ժͷ෼ྨ͕ॏཁͳ໾ׂΛՌͨ͢ͷͰɼୈ 1ɼ2અͰͦΕʹ͍ͭͯ؆୯ʹઆ໌͢Δɽಛʹୈ
1અͰ͸ฏ໘͔Βฏ໘΁ͷࣸ૾ժͷ෼ྨ΍ͦͷ൑ఆ๏ʹ͍ͭͯɼୈ 2અͰ͸த৺ࣹӨͷࣸ
૾ժͷ෼ྨͱۂ໘ͷMongeࣜܗͷδΣοτͷۭؒͷ stratificationʹ͍ͭͯઆ໌͢Δɽୈ
3અͰ͸্ड़ͷ stratificationʹ͓͚Δ֤ stratum ʹର͢ΔࣹӨม׵ʹΑΔඪ४ܗΛ঺հ͢
ΔʢδΣωϦοΫͳۂ໘ͷ 2-ύϥϝʔλʔ଒ʹݱΕΔۂ໘ժͷ෼ྨʣɽୈ 4અͰ͸զʑͷ
ͷδΣοτͷ෼ྨʹ͍ͭͯɼasymptoticࣜܗ໘ͷMongeۂ BDEΛ௨ͨ͠ҰൠͷBDEͷ
෼ྨͱͷൺֱΛ঺հ͢Δɽޙ࠷ͷୈ 5અͰ͸ۂ໘ͷύϥϝʔλʔ଒ͷ parabolic curveͱ
flecnodal curveʹ͍ͭͯͷ෼ذਤࣜʹؔ͢Δ݁ՌΛ঺հ͢Δɽͳ͓ɼୈ 3ɼ4ɼ5અ͸ࠤ໺
๺ւಓେֶӃੜʣɼDeolindoݩʢࢯ SilvaࢯʢSanta Catrinaभཱେֶɼϒϥδϧʣɼେຊࢯ
ʢ๺ւಓେֶʣͱͷڞಉڀݚ [7, ɽͮ͘جʹ[16

1 ฏ໘͔Βฏ໘΁ͷࣸ૾ժͷ෼ྨ
ຊઅͰ͸ࣸ૾ժ R2, 0 → R2, 0ͷ෼ྨͱ൑ఆʹؔͯ͠؆୯ʹઆ໌͢Δɽ2ͭͷࣸ૾ժ͕

A-ಉ஋ʢӈࠨಉ஋ʣͰ͋Δͱ͸ɼιʔεʢఆٛҬʣͱλʔήοτʢ஋Ҭʣͷద౰ͳ࠲ඪม
ҠΓ߹͏ͱ͍͏͜ͱͰ͋Γɼ·ͨɼʹ͍ޓͯ͠ࡏॴඍ෼ಉ૬ժʣ͕ଘہʢ׵ Λ׵ඪม࠲
୯ʹҐ૬ಉܕͱ͢ΔͳΒ͹ɼҐ૬తA-ಉ஋Ͱ͋Δͱ͏ݴɽࣸ૾ժશମͷۭؒʹ͓͚Δಉ
஋ྨʢA-يಓʣͷ༨͕ݩ࣍খ͍͞΋ͷ͔Βॱʹ෼ྨΛ༩͑ͨ΋ͷΛࣸ૾ժͷA-෼ྨͱݺ
Ϳ͜ͱʹ͢Δɽྫ͑͹ɼWhitneyʹΑΓࣔ͞Εͨ, ༨ݩ࣍ 0ͷࣸ૾ժ͸ਖ਼ଇ఺ɼfoldʢં
Γ໨ʣɼcuspʢ͘͞ͼʣͷ 3λΠϓͰ͋Γɼ͜ΕΒ͕҆ఆࣸ૾ժʢඍখઁಈͰ҆ఆʣͰ͋Δ
ͱ͍͏݁Ռ͸༗໊Ͱ͋Δɽͦͯ͠ɼ༨ݩ࣍ʢਖ਼֬ʹ͸Ae-༨ݩ࣍ʣrͷࣸ૾ժͱ͸ɼrݸͷ
ύϥϝʔλΛͭ࣋δΣωϦοΫͳࣸ૾଒ʹݱΕΔෆ҆ఆͳಛҟ఺Λҙຯ͢ΔɽJacobiߦ
ྻͷίϥϯΫ 1ͷࣸ૾ժR2, 0→ R2, 0ʹؔͯ͠͸ɼRieger[13, 14]ʹΑͬͯ༨ݩ࣍ 4·Ͱ
ͷࣸ૾ժʹର͢ΔA-෼ྨٴͼҐ૬తA-෼ྨ͕༩͑ΒΕ͍ͯΔʢද রʣɽҰํɼ೚ҙࢀ1
ʹ༩͑ΒΕͨࣸ૾ժ͕෼ྨͷ͍ͣΕͷಉ஋ྨʹଐ͢Δ͔൑ఆ͢Δͷ͸࣮͸؆୯ͳ໰୊Ͱ
͸ͳ͍͕ɼฏ໘͔Βฏ໘΁ͷࣸ૾ժʹରͯ͠͸ͦͷ؆ศͳ൑ఆ๏͕ɼ҆ఆࣸ૾ժʹ͍ͭ
ͯWhitney[22]ɼ༨ݩ࣍ 1ͷࣸ૾ժʹ͍ͭͯࢯ࣏ࠤ [15]ɼͦͯ͠༨ݩ࣍ 2Ҏ্ 4ҎԼ·Ͱ

1e-mail: kabata@math.kobe-u.ac.jp
ຊڀݚ͸Պݚඅ (՝୊൪߸:16J02200)ٴͼ JSPS-CAPES no.002/14 bilateral project in 2014-2015ͷॿ੒
Λड͚ͨ΋ͷΛؚΜͰ͍Δɽ
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ͷࣸ૾ժʹ͍ͭͯ͸ஶऀ [8] ʹΑΓ༩͑ΒΕ͍ͯΔɽྫ͑͹ butterflyͱݺ͹ΕΔ༨ݩ࣍ 2

ͷA-ಉ஋ྨ͸࣍ͷΑ͏ʹ൑ఆͰ͖Δɽ
JacobiྻߦͷίϥϯΫ͕ 1ͷࣸ૾ժ f : R2, 0→ R2, 0 ͕༩͑ΒΕͨͱ͖ɼf ͷ Jacobian

Λ λ(x) = det [df(x)] ͱ͓͖ɼಛҟ఺ू߹ʢλ = 0ʣ্ͷ֤఺Ͱ ker df ΛுΔR2্ͷݪ఺
पΓͷC∞ϕΫτϧ৔ժ η(x)Λ೚ҙʹऔΔɽҎԼͰ͸C∞ؔ਺ g(x)ʹରͯ͠ɼؼೲతʹ
ηkg = η(ηk−1g)ͱද͢هΔɽ͜ͷͱ͖ɼ࣍ͷΑ͏ͳ໋୊͕੒Γཱͭɿ

• j5f(0) ∼A5 (x, xy + y5) ⇐⇒

dλ(0) ̸= 0, ηλ(0) = η2λ(0) = η3λ(0) = 0, η4λ(0) ̸= 0.

• f = (x, xy + y5 +
∑

7≤i+j≥6 cijx
iyj + h.o.t)ͷΑ͏ʹද͢ͱ͖ɼ

c07 − 5
8c

2
06 ̸= 0 ⇐⇒ f ∼A (x, xy + y5 ± y7) butterfly 6

c07 − 5
8c

2
06 = 0 ⇐⇒ f ∼A (x, xy + y5) elder butterfly 7

࣮͸ɼ࠷ॳͷ ηͱ λʹΑΔʮزԿతඍ෼ͷ৚݅ʯ͸ Rieger[14]ͷҐ૬తA-෼ྨͷಉ஋
ྨʹؔ͢ΔॏཁͳδΣοτͷܗΛܾఆ͍ͯ͠Δɽͦͯ͠ޙͷʮTaylor܎਺ͷ৚݅ʯʹΑΓ
A-ಉ஋ྨ͕ܾఆ͞ΕΔͷͰ͋Δɽ্هͷΑ͏ͳ̎ͭͷεςοϓʹΑͬͯଞͷಉ஋ྨʹର
ͯ͠΋ಉ༷ͷ൑ఆ๏Λ༩͑Δ͜ͱ͕Ͱ͖Δɽද 1͸Ґ૬తA-෼ྨʹؔ͢ΔॏཁͳδΣο
τͱزԿֶత൑ఆ๏ͷϦετͰ͋ΔʢʮTaylor܎਺ͷ৚݅ʯʹؔͯ͠͸ [8]ͷTABLE 4Λ
র͞Ε͍ͨʣɽࢀ

Ґ૬త Aʹؔ͢ΔδΣοτ [14] A-ܕ [13] Կత൑ఆ๏ز [22, 15, 8]

regular : (x, y) 1 λ(0) ̸= 0ʢҎԼɼλ(0) = 0ΛԾఆʣ
fold : (x, y2) 2 ηλ(0) ̸= 0
cusp (II3) : (x, xy + y3) 3 dλ(0) ̸= 0, ηλ(0) = 0, η2λ(0) ̸= 0
I2 : (x, y3 ± x2y) 4±2 dλ(0) = 0, detHλ(0) ̸= 0, η2λ(0) ̸= 0
I∗ : (x, y3) 4±k (k ≥ 3) dλ(0) = 0, rkHλ(0) = 1, η2λ(0) ̸= 0
II4 : (x, xy + y4) 5 dλ(0) ̸= 0, ηλ(0) = η2λ(0) = 0, η3λ(0) ̸= 0
II5 : (x, xy + y5) 6, 7 dλ(0) ̸= 0, ηλ(0) = η2λ(0) = η3λ(0) = 0, η4λ(0) ̸= 0
II6 : (x, xy + y6) 8, 9 dλ(0) ̸= 0, ηλ(0) = · · · = η4λ(0) = 0, η5λ(0) ̸= 0
II7 : (x, xy + y7) 10 dλ(0) ̸= 0, ηλ(0) = · · · = η4λ(0) = η5λ(0) = 0, η6λ(0) ̸= 0
III∗ : (x, xy2 + y4) 112k+1 dλ(0) = 0, detHλ(0) < 0, η2λ(0) = 0, η3λ(0) ̸= 0
IV5 : (x, xy2 + y5) 12, 13, (14) dλ(0) = 0, detHλ(0) < 0, η2λ(0) = η3λ(0) = 0, η4λ(0) ̸= 0
IV6 : (x, xy2 + y6) 15 dλ(0) = 0, detHλ(0) < 0, η2λ(0) = · · · = η4λ(0) = 0,

η5λ(0) ̸= 0
V1 : (x, x2y + y4) 16, 17 dλ(0) = 0, rkHλ(0) = 1, η2λ(0) = 0, η3λ(0) ̸= 0
V2 : (x, x2y + αxy3) 18 dλ(0) = 0, rkHλ(0) = 1, η2λ(0) = η3λ(0) = 0
V I : (x, y4 + αx2y2 + βx3y) 19 dλ(0) = 0, rkHλ(0) = 0, η3λ(0) ̸= 0

ද 1: Rieger[14]ͷҐ૬తA-෼ྨʹؔ͢ΔδΣοτͱͦͷزԿֶత൑ఆ๏ɽ2ྻ໨ͷ൪߸
͸Rieger[13]ͷA-෼ྨͷಉ஋ྨͷ൪߸ʹରԠ͢ΔɽHλ͸ؔ਺ λͷHesseྻߦͰ͋Δɽͳ
͓ɼfold, cuspͷ൑ఆ๏͸Whitney[22]ɼI2, II4͸ࢯ࣏ࠤ [15]ɼ࢒Γ͸ஶऀ [8]ʹΑΔɽ
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2 ࣹӨۭؒ಺ۂ໘ͷத৺ࣹӨ
ӨۭؒRPࣹ࣮ݩ࣍3 3಺ͷ׈Β͔ͳʢਖ਼ଇͳʣۂ໘M Λ͋Δࢹ఺ p ∈ RP 3 −M ͔Β

ோΊΔͱ͖ɼM ͷ p͔Βͷத৺ࣹӨ

ϕp : M → RP 2, x )→ [x− p]

͕ఆ·Δʢ[x− p]͸ xͱ pΛ௨Δ௚ઢΛҙຯ͢Δʣɽ͜Ε͸ہॴతʹ͸ฏ໘͔Βฏ໘΁ͷ
ࣸ૾ͱݟͳ͢͜ͱ͕Ͱ͖Δɽx ∈M ʹରͯ͠ࢹ఺ p͕઀ฏ໘ TxM ͷ֎ʹ͋Δͱ͖த৺ࣹ
Өϕp͸ xͰਖ਼ଇͰ͋Γɼp ∈ TxMͷͱ͖ϕp͸ xͰಛҟ఺Λͭ࣋ʢfoldܕҎ߱ͷಛҟͳࣸ
૾ժʹಉ஋ʹͳΔʣɽ·ͨҎ߱Ͱ͸ x ∈M ʹରͯ͠઀ฏ໘ TxM ্ͷ௚ઢͰ xʹ͓͍ͯۂ
໘M ͱ 2ҐҎ্ͷ઀৮Λ͢Δ΋ͷΛ઴ۙ௚ઢͱݺͿ͜ͱʹ͢Δɽࢹ఺ p͕઴ۙ௚ઢ্ʹ
͋Δ࣌ϕp͸ cuspҎ߱ͷ foldΑΓୀԽͨ͠λΠϓʹಉ஋ʹͳΔɽ͞ΒʹࣹӨۭؒ಺ͷۂ໘
ͷ֤఺͸઴ۙ௚ઢͷຊ਺ʹΑͬͯ࣍ͷΑ͏ʹಛ௃͚ͮΔ͜ͱ͕Ͱ͖Δɽ

•ପԁ఺ʢelliptic pointʣ· · · ઴ۙ௚ઢ͕ଘ͠ࡏͳ͍ɽ
•૒ۂ఺ʢhyperbolic pointʣ· · · ҟͳΔ઴ۙ௚ઢ͕ 2ຊଘ͢ࡏΔɽ
•์෺఺ʢparabolic pointʣ· · · ͨͩҰͭͷ઴ۙ௚ઢ͕ଘ͢ࡏΔɽ
•ฏୱ఺ʢflat umbilicʣ· · · ઀ฏ໘্ͷ xΛ௨Δ೚ҙͷ௚ઢ͕઴ۙ௚ઢɽ

ಛʹɼࢹ఺ p͕૒ۂ఺ͷ઴ۙ௚ઢ্ʹ͋Δͱ͖த৺ࣹӨ͸ͦͷ఺ʹ͓͍ͯ IIk-ܕʹɼࢹ఺
p͕์෺఺·ͨ͸ฏୱ఺ͷ઴ۙ௚ઢ্ʹ͋Δͱ͖த৺ࣹӨ͸ͦͷ఺ʹ͓͍ͯ foldɼcuspɼ
IIk-ܕҎ֎ͷλΠϓʢલઅͷ൑ఆ๏ʹ͓͍ͯ dλ(0) = 0ͱͳΔʣʹͳΔɽ
͠܎ؔʹ໘ͱ઀ઢͷ઀৮ͷ৘ใ͸ີ઀ۂΕΔಛҟ఺ͷλΠϓͱɼݱʹͷΑ͏ʹࣹӨه্

͍ͯΔͨΊɼۂ໘ͷࣹӨʹͲͷΑ͏ͳಛҟ఺͕ݱΕΔ͔ͱ͍͏ͷ͸ڵຯਂ͍໰୊Ͱ͋Δɽ
δΣωϦοΫͳۂ໘ͷத৺ࣹӨͷࣸ૾ժͷA-෼ྨ͸Arnold-Platonova[1, 2, 11, 12] ʹΑ
Γ 1970-80೥୅ʹ༩͑ΒΕ͓ͯΓɼͦͷҰൠԽͰ͋ΔδΣωϦοΫͳۂ໘ͷ 1ύϥϝʔ
λʔ଒ʹ͓͚Δத৺ࣹӨͷࣸ૾ժͷA-෼ྨ͸ۙ࠷ஶऀ [8]ʹΑͬͯಘΒΕͨɽಛʹஶऀ
ͷख๏͸લઅͷࣸ૾ժͷ൑ఆ๏ͱ Bruce[3]ʹΑΔԣஅੑఆཧΛ૊Έ߹Θͤͨ΋ͷͰɼ࣍
ʹઆ໌͢ΔΑ͏ͳʮத৺ࣹӨͷժͷ෼ྨʹରԠͨ͠ۂ໘ͷMongeࣜܗͷδΣοτۭؒͷ
stratificationʯ΋෭࢈෺ͱͯ͠ಘΔ͜ͱ͕Ͱ͖Δɽ
Ҏ߱Ͱ͸R3 = {[x; y; z; 1]}ͱͯ͠RP 3ͷ։෦෼ू߹ͱΈͳ͠ɼR3ͷݪ఺ʹ͓͍ͯMonge

ࣜܗ z = f(x, y) ʢf(0) = 0, df(0) = 0ʣʹΑͬͯہॴతʹද͞ΕΔۂ໘ժM Λ͑ߟΔɽ
͜͜Ͱ͸ྫͱͯ͠์෺఺ʹ͓͚ΔMongeࣜܗΛѻ͍ɼ؆୯ͷͨΊ

z = f(x, y) = y2 +
∑

5≥i+j≥3

cijx
iyj + h.o.t

ͱ͢Δʢaij ∈ Rʣɽ͜ͷઃఆͰɼM ͷݪ఺ʹ͓͚Δ઴ۙ௚ઢʢࠓ͸ x-࣠ʣ্ʹࢹ఺ pΛͱ
ΓɼM ͷத৺ࣹӨࣸ૾ͷݪ఺ʹ͓͚Δժ ϕp : M, 0→ RP 2 ʹରͯ͠ද 1ͷ൑ఆ๏Λ༻͍
Δͱɼ͙͢ʹ࣍ͷΑ͏ͳ stratification͕ಘΒΕΔɽ

•ϕp͕ I2·ͨ͸ I∗⇐⇒ c30 ̸= 0 •ϕp͕ III∗·ͨ͸ IV≥5⇐⇒ c30 = 0, c21 ̸= 0

•ϕp͕ V1, V2·ͨ͸ V I ⇐⇒ c30 = c21 = 0

΋ͪΖΜ͜ͷ stratification͸ΑΓਫ਼ີʹ͢Δ͜ͱ͕Ͱ͖Δɽྫ͑͹ c30 = 0͔ͭ c21, c40 ̸= 0

ͱ͍͏৚݅͸ϕp͕ III∗ͱͳΔΑ͏ͳMongeࣜܗͷ stratum ΛఆΊΔɽ͞Βʹ III∗͸ҟ
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ͳΔҐ૬తA-ಉ஋ྨ IIIkܕ : (x, xy2+ y4+ y2k+1)ʢk ≥ 2ʣΛ·ͱΊͨ΋ͷͰ͋Γɼ[8]ͷ
Taylor܎਺৚݅ʹΑΓ൑ผ͕Ͱ͖ΔɽͦΕΒ΋۠ผ͢Ε͹࣍ͷ straification΋ಘΒΕΔɽ

(Πp
c,1) c221− 4c40 ̸= 0ͷͱ͖઴ۙ௚ઢ্ʹ p-focalʢcf. [11]ʣͱ͍͏ಛผͳ఺͕ͨͩҰͭଘࡏ
͢Δɽத৺ࣹӨ ϕp͸ࢹ఺ p͕઴ۙ௚ઢ্Ͱ p-focalҎ֎ͷҐஔʹ͋Δͱ͖ III3ܕɼ
఺ࢹ p͕ p-focal ͱҰக͢Δͱ͖ III4ܕʹͳΔɽ

(Πp
c,2) c221 − 4c40 = 0, c221c50 + 4c12c240 − 2c21c31c40 ̸= 0 ͷͱ͖ p-focal͸ଘ͠ࡏͳ͍ɽͭ·
Γɼ઴ۙ௚ઢ্ͷ೚ҙͷࢹ఺ pʹରͯ͠த৺ࣹӨ ϕp͸ III3ܕʹͳΔɽ

զʑ [8, 16]͸্ड़ͷΑ͏ͳMongeࣜܗͷδΣοτۭؒͷ stratificationΛத৺ࣹӨͷࣸ
૾ժͷҐ૬తA-෼ྨ [14] ʹରԠͯ͠ಘ͍ͯΔʢ[8]Ͱ͸A-෼ྨʹରԠͨ͠ stratification

΋ಘ͍ͯΔʣɽ࣍અͷද 2ɼ3ʹ͸֤ stratumͱͦͷࣹӨม׵ʹΑΔඪ४͕ܗ໢ཏ͞Εͯ
͍Δɽ

3 ࣹӨۭؒ಺ۂ໘ͷMongeࣜܗͷδΣοτͷ෼ྨ
RP 3಺ͷ 2ͭͷۂ໘ժ·ͨ͸ͦͷδΣοτʹରࣹͯ͠Өม͕׵ଘ͍ޓͯ͠ࡏʹҠΓ߹

͏ͱ͖ɼͦΕΒ͸ࣹӨಉ஋Ͱ͋Δͱ͜͏ݴͱʹ͢Δɽྫ͑͹ɼඇୀԽͳ૒ۂ఺Ͱͷۂ໘ժ
͸Mongeࣜܗ

xy + x3 + y3 + αx4 + βy4 + · · ·

Ͱද͞ΕΔۂ໘ժʹࣹӨಉ஋Ͱ͋Δ͜ͱ͸ݹయతʹ஌ΒΕ͍ͯ ʢͨTresse[19]ͳͲʣɽ͜͜Ͱ
΋લઅͷΑ͏ʹR3 = {[x; y; z; 1]} ⊂ RP 3ͱ͠ɼR3ͷݪ఺ʹ͓͚ΔMongeࣜܗ z = f(x, y)

ʹΑͬͯہॴతʹද͞ΕΔۂ໘ժΛ͓ͯ͑ߟΓɼ·ͨα, β ∈ R͸ϞδϡϥΠύϥϝʔλʔ
Ͱ͋Δɽ
ࣹӨม׵Ͱ R3(⊂ RP 3)ͷݪ఺ͱ xy-ฏ໘Λอଘ͢Δ΋ͷ͕੒ࣹ͢Өม܈׵ PGL(4)ͷ

෦෼܈Λ P (4)ɼMongeࣜܗͷ p-δΣοτۭؒΛ Vpͱ͢ΔͱɼP (4)͸ Vpʹ࡞༻͢ΔɽVp

ͷP (4)ʹΑΔ stratificationͰ༨͕ݩ࣍ 2ҎԼ·Ͱͷ΋ͷ͸Platonovaͷ 1980೥ࠒͷࣄ࢓
ʢ[11]ͳͲʣͰ༩͑ΒΕ͍ͯΔ͕ɼ͜Ε͸δΣωϦοΫͳۂ໘ͷδΣοτͷ෼ྨʹଞͳΒ
ͳ͍ʢද 2ɼ3ͷ༨ݩ࣍ s ≤ 2·Ͱͷ΋ͷ͕PlatonovaʹΑΔ࣮ࡍͷ෼ྨͰ͋Δʣɽۂ໘ͷ
ඪ४ܗ͸ඇৗʹ༗༻Ͱɼۂ໘ͷہॴࣹӨඍ෼زԿֶʹؔ͢Δଟ͘ͷ݁Ռ͕Platonovaͷ෼
ྨΛجʹͯ͠ಘΒΕ͖ͯͨʢ[2, 9, 20, 21]ͳͲʣɽ
ஶऀ౳ [8, 16]͸༨͕ݩ࣍ 4ҎԼ·Ͱͷ stratificationͱͦͷ֤ stratumͷࣹӨม׵ʹΑ

Δඪ४ܗΛಘͯɼδΣωϦοΫͳۂ໘ͷ 2ύϥϝʔλʔ଒ͷ෼ݱʹذΕΔۂ໘ժͷΫϥε
΁ Platonovaͷ݁ՌΛ֦ுͨ͠ʢcf. ԣஅੑఆཧ [3, 16]ʣɽਖ਼֬ʹ͸࣍Λࣔͨ͠ɽ

ఆཧ 1 (Sano-K-Deolindo-Ohmoto[16]) MΛดۂ໘ɼU ⊂ R2Λݪ఺ͷ։ۙ๣ͱ͢Δɽ
ΈͷࠐΒ͔ͳຒΊ׈ 2ύϥϝʔλʔ଒ φ : M ×U → P3 ͕੒ۭؒ͢ͷཹ࢒෦෼ू߹O͕ଘ
Λຬͨ͢ɽφ࣍ͯ͠ࡏ ∈ OͳΒ͹ɼ೚ҙͷ (x0, u) ∈M ×Uʹ͍ͭͯۂ໘Mu(= φ(M ×u))

ͷ x0ʹ͓͚ΔMongeࣜܗͷ p-δΣοτ͸ද 2ɼ3ͷ͍ͣΕ͔ͷඪ४ܗʹࣹӨಉ஋Ͱ͋Δɽ
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λΠϓ ඪ४ܗ p s ࣹӨܕ

Πe x2 + y2 2 0 fold

Πh
3,3 xy + x3 + y3 + αx4 + βy4 4 0 II3/II3

Πh
3,4 xy + x3 + y4 + αxy3 4 1 II3/II4

Πh
3,5 xy + x3 + y5 + αxy3 + xφ4 5 2 II3/II5

Πh
4,4 xy + x4 ± y4 + αxy3 + βx3y 4 2 II4/II4

Πh
3,6 xy + x3 + y6 + αxy3 + x(φ4 + φ5) 6 3 II3/II6

Πh
4,5 xy + x4 + y5 + αxy3 + βx3y + xφ4 5 3 II4/II5

Πh
3,7 xy + x3 + y7 + αxy3 + x(φ4 + φ5 + φ6) 7 4 II3/II7

Πh
4,6 xy + x4 ± y6 + αxy3 + βx3y + x(φ4 + φ5) 6 4 II4/II6

Πh
5,5 xy + x5 + y5 + αxy3 + βx3y + xyφ3 5 4 II5/II5

ද 2: ପԁ఺ʢΠeʣͱ૒ۂ఺ʢΠh
∗ʣʹ͓͚ΔMongeࣜܗͷඪ४ܗɽs͸༨ݩ࣍Λҙຯ͠ɼ

༨ݩ࣍ 2ҎԼͷඪ४ܗ͸ Platonova[11]ʹΑΔɽඪ४ܗʹ͓͚Δ α, β, · · · ͸ϞδϡϥΠύ
ϥϝʔλʔɼφr͸Ұൠͷ r࣍੪࣍ଟ߲ࣜɽࣹӨܕ͸઴ۙ௚ઢ͔Βͷத৺ࣹӨͷժͷҐ૬
తA-ܕͳͲΛҙຯ͍ͯ͠Δɽପԁ఺ʹ͸઴ۙ௚ઢ͕ଘͣͤࡏɼ૒ۂ఺ʹ͸઴ۙ௚ઢ͕ 2

ຊଘͦͯ͠ࡏΕͧΕ͔Βͷத৺ࣹӨͷλΠϓΛྀ͍ͯ͠ߟΔɽ

λΠϓ ඪ४ܗ p s ࣹӨܕ

Πp
I,1 y2 + x3 + xy3 + αx4 4 1 I2 (I3)

Πp
I,2 y2 + x3 ± xy4 + αx4 + βy5 + x2φ3 5 2 I2 (I4)

Πp
c,1 y2 + x2y + αx4 (α ̸= 0, 14) 4 2 III2 (III3)

Πp
c,2 y2 + x2y + 1

4x
4 + αx5 + yφ4 (α ̸= 0) 5 3 III2

Πp
c,4 y2 + x2y + x5 + yφ4 5 3 IV5

Πp
I,3 y2 + x3 + xy5 + αx4 + φ 6 3 I2 (I5)

Πp
v,1 y2 ± x4 + αx3y + βx2y2 (β ̸= ±3

8α
2) 4 3 V1 (VI)

Πf
1 xy2 ± x3 + αx3y + βy4 4 3 I±2 , I3(I4)

Πp
c,3 y2 + x2y + 1

4x
4 + yφ4 5 4 III3 (III4)

Πp
c,5 y2 + x2y ± x6 + y(φ4 + φ5) 6 4 IV6

Πp
I,4 y2 + x3 + αx4 + φ 6 4 I2 (I6)

Πp
v,2 y2 ± x4 + αx3y ± 3

8α
2x2y2 4 4 V1 (VI1)

Πp
v,3 y2 + x5 + y(φ3 + φ4) 5 4 V2 (VI2)

Πf
2 xy2 + x4 ± y4 + αx3y 4 4 I−2 (III)

ද 3: ์෺఺ʢΠp
∗ʣͱฏୱ఺ʢΠf

∗ʣʹ ͓͚ΔMongeࣜܗͷඪ४ܗɽφ = βy5+γy6+x2(φ3+φ4)

Ͱ͋ΔɽࣹӨܕʹ͍ͭͯ͸લઅΛࢀরɽ

஫ҙ 2 ༨͘ߴ͕ݩ࣍ͳΔ΄ͲδΣοτͷඪ४ܗʹ͸ଟ͘ͷϞδϡϥΠύϥϝʔλʔ͕
ͷ৔߹΁ͷ֦ு͸ͦ͏୯७Ͱ͸ͳ͍ɽஶऀݩ࣍༨ߴΕΔͨΊɼPlatonova[11]ͷ෼ྨͷݱ
౳͸த৺ࣹӨͷҐ૬త A-ܕʹண໨ͨ͠ɽલઅͰઆ໌ͨ͠MongeࣜܗͷδΣοτۭؒͷ
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stratificationͰɼ֤ stratumʹରࣹͯ͠Өม׵ʹΑΔҰ൪؆୯ͳඪ४ܗΛܾఆ͢Δͷ͕͜
͜Ͱͷओ؟Ͱ͋Δɽ࣮ࡍͷࣹӨม׵ͷߏ੒ʹ͸൥ࡶͳ૊Έ߹Θͤͷ͕ࢉܭඞཁͰɼզʑ
[16]͸MathematicaͳͲͷࢉܭιϑτΛԉ༻͠ͳ͕Βɼͦ ΕͧΕͷ৔߹ʹ͓͚Δద੾ͳࣹ
Өม׵Λߏ੒͠දΛಘͨʢͦΕͧΕͷ৔߹ʹ͓͚Δ۩ମతͳࣹӨม׵ͷܗ͸ [16]Λࢀরͷ
͜ͱʣɽ·ͨɼஶऀ౳ [6]͸ ໘ͷδΣοτͷ෼ྨ΋ಘۂӨۭؒ಺ͷδΣωϦοΫͳࣹݩ࣍4
͍ͯΔɽ

4 asymptotic BDE

ຊઅͰ͸ۂ໘ͷ઴ۙํ޲ʹؔ͢ΔBDE(binary differential equation)ʹ͍ͭͯѻ͏ɽ·
ͣҰൠͷBDEʹ͍ͭͯ؆୯ʹઆ໌͢ΔɽR2ͷ։ू߹ U ্ͷBDEͱ͸

a(x, y)dy2 + 2b(x, y)dxdy + c(x, y)dx2 = 0, (x, y) ∈ U

Ͱఆ·Δඍ෼ํఔࣜͷ͜ͱͰʢa, b, c͸ U Ͱఆٛ͞ΕͨՄඍ෼ؔ਺ʣɼҎԼͰ͸Մඍ෼ࣸ
૾ F = (a, b, c) : U → R3Λ BDEͱݟͳ͠ɼC∞Ґ૬Λ͑ߟΔɽδ := b2 − acͱ͓͘ͱɼ
BDE͸ δ > 0ͱͳΔ఺Ͱԣஅ͢Δ̎ํ޲Λɼδ = 0ͱͳΔ఺ͰͨͩҰͭͷํ޲ΛఆΊΔɽ
ಛʹ δ = 0͕ఆΊΔू߹͸ discriminantͱݺ͹Εɼdiscriminantͷ֤఺ʹ͓͍ͯ BDE͕
ఆΊΔੵ෼ۂઢ͸ҰൠʹΧεϓܕಛҟ఺Λͭ࣋ɽ2ͭͷBDEͷժF,G͕׈Β͔ʹಉ஋Ͱ
͋Δͱ͸ͦΕͧΕ͕ఆΊΔੵ෼ۂઢ͕ͨͪ xy-ฏ໘ͷඍ෼ಉ૬ࣸ૾ͰࣸΓ߹͏࣌Λ͏ݴɽ
্Ͱಉ૬ࣸ૾Λ࣌ͨ͑ߟ͸ɼҐ૬తʹಉ஋Ͱ͋Δͱ͜͏ݴͱʹ͢ΔɽBDEͷ෼ྨ΍෼ذ
ʹ͍ͭͯ͸ [4, 5, 10, 17, 18] ͳͲͦͷଞଟ͘ͷจ͕͋ݙΔɽ

ྫ 3 BDEͷժʹ͓͍ͯ a = b = c = 0ͱͳΒͳ͍৔߹ɼ͜Ε͸ implicit differential

equation (IDE)Ͱ͋ΔɽBDEͰ҆ఆͳ΋ͷ͸ IDEʹͳ͓ͬͯΓɼ෼ྨͱͯ͠͸͕࣍஌Β
Ε͍ͯΔʢDavydov[5]ͳͲΛࢀরʣɽ
(1)discriminant͕ඇಛҟۂઢͰɼ֤఺ͰBDE͕ఆΊΔํ͕޲ discriminantʹԣஅతͰ͋
ΔͳΒ͹ɼBDE͸ہॴతʹ dy2 + xdx2 = 0 Β͔ʹಉ஋ʹͳΔɽ׈ʹ
(2)discriminant͕ඇಛҟۂઢͰɼ͍ͯ͑ߟΔ఺ʹ͓͍ͯBDE͕ఆΊΔํ͕޲discriminant

ʹ઀͢ΔͳΒ͹BDE͸dy2+(−y+λx2)dx2 = Β͔ʹಉ஋ʹͳΔɽͨͩ͠ɼλ׈ʹ0 ̸= 0, 1
16

Ͱ͋ΓɼλʹԠͯ͡ҟͳΔ 3ͭͷҐ૬ܕʹ෼͔ΕΔɽ

ਤ 1: (2)ͷ BDE dy2 + (−y + λx2)dx2 = 0 ઢɽಛʹɼλۂॴతʹఆΊΔੵ෼ہ͕ < 0ͷ
ͱ͖ࠨֆͷ saddleɼ0 < λ < 1

16 ͷͱ͖தԝֆͷ nodeɼ 1
16 < λͷͱ͖ӈֆͷ focus ͷλΠ

ϓʹͳΔɽଠ͍௚ઢ͸ discriminantɼؙࠇ͸ݪ఺Λද͍ͯ͠Δɽ·ͨɼdiscriminatͰݪ఺
Ҏ֎ͷ఺Ͱ͸BDE͸ہॴతʹ (1)ͷ dy2 + xdx2 = 0ͷλΠϓʹͳ͍ͬͯΔɽ
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લઅͷΑ͏ʹہॴతʹMongeࣜܗ z = f(x, y)ʹΑΓද͞ΕΔۂ໘ʹରͯ͠ɼͦͷ઴ۙ
ઢʣ͸ۂͷੵ෼޲ͼ઴ۙઢʢ઴ۙํٴ޲ํ

fyy dy
2 + 2fxy dxdy + fxx dx2 = 0

ʹΑͬͯఆ·ΔɽҎ߱͜ΕΛ asymptotic BDEͱݺͿɽasymptotic BDEʹ͓͍ͯdiscrim-

inant ͸ۂ໘ͷ์෺఺͕੒͢ parabolic curveʢۂ໘্ͷ์෺఺͕੒͢ू߹ͷดแʣͱҰக
͢Δ͜ͱʹ஫ҙ͓ͯ͘͠ɽasymptotic BDEͷू߹͸Ұൠͷ BDEͷू߹ͷ෦෼ू߹Ͱ͋
Δ͕ɼ࣮ ͸༨ݩ࣍ 2·ͰͷҰൠͷ IDEͷλΠϓʢ͜Ε͸δΣωϦοΫͳ IDEͷ̍ٴͼ 2ύ
ϥϝʔλʔ଒ͷ෼ݱʹذΕΔλΠϓͱͯ͠Bruce΍Tari [4, 17]౳ʹΑΔ෼ྨ͕஌ΒΕͯ
͍Δʣ͸զʑͷද 3ͷ์෺఺Ͱͷඪ४ܗʢͭ·ΓδΣωϦοΫͳۂ໘ͷ̍ٴͼ 2ύϥϝʔ
λʔ଒ͷ෼ݱʹذΕΔۂ໘ͷλΠϓʣʹ͓͚Δ asymptotic BDE ʹΑͬͯ͢΂࣮ͯ͢ݱΔ
͜ͱ͕Ͱ͖Δ [7]ɽ

ྫ 4 ஶऀ౳ [7]͸࠲ඪม׵΍BDEͷจݙ [4, 5, 10, 17, 18]ͳͲʹ͓͚Δ൑ఆࣜͷར༻ʹΑ
Γɼද 3ͷඪ४ܗʹର͢Δ asymptotic BDEͷλΠϓΛશܾͯఆͨ͠ɽҎԼ͸༨ݩ࣍ 0,1,2

ͷ IDEͱද 3ͷ์෺ܕͷඪ४ܗͱͷରԠͷྫͰ͋Δɽ

• Πp
I,k(1 ≤ k ≤ 4)ͷ asymptotic BDE͸ dy2 + xdx2 = 0 ʢྫ 3-(1)ʣʹ׈Β͔ʹಉ஋ɽ

• Πp
c,1ͷ asymptotic BDE͸ dy2+(−y+λx2)dx2 = 0ʢྫ 3-(2)ʣʹ׈Β͔ʹಉ஋ɽͨ
ͩ͠ λ = 6(α− 1

4) ̸= 0ɽ

• Πp
c,2ͷ asymptotic BDE͸༨ݩ࣍ 1ͷ IDE dy2 + (−y + x3)dx2 = 0ʢsadle-nodeܕʣ
ʹҐ૬తʹಉ஋ɽΠp

c,1ͱΠp
c,2ͷ۠ผ͸ୈ 2અͰத৺ࣹӨͷಛҟ఺ܕʹ͍ͭͯͷزԿ

ֶʹΑͬͯ΋ಛ௃෇͚ΒΕ͍ͯͨ͜ͱΛ஫ҙ͓ͯ͘͠ɽ

• Πp
v,3ͷ asymptotic BDE͸༨ݩ࣍ 2ͷ IDE dy2 + (xy + x3)dx2 = 0 ʹҐ૬తʹಉ஋

ʢਖ਼֬ʹ͸ɼΠp
v,3ͷ࣍ߴͷ߲ͷ܎਺ʹؔ͢Δ৚݅ΛԾఆ͍ͯ͠Δʣɽparabolic curve

͸Morseܕಛҟ఺Λͭ࣋ʢcf. ਤ 3ʣɽ

·ͨɼฏୱ఺ʢflat umbilicʣͰ͸asymptotic BDE͸ IDEͰ͸ͳ ʢ͍ͭ·Γɼa = b = c = 0

ͷ৔߹ʣɽ͜ͷΑ͏ͳBDEͷ෼ྨ͸Bruce, Tari, Oliver[4, 18, 10]౳ʹΑΓ༩͑ΒΕ͍ͯΔɽ

• Πf
1(±)ͷ asymptotic BDE͸ ydy2 ∓ 2xdxdy ∓ ydx2 = 0 ʹҐ૬తʹಉ஋ɽ

• Πf
2 ͷ asymptotic BDE͸ xdy2 + 2ydxdy + x2dx2 = 0 ʹҐ૬తʹಉ஋ɽ࣮͸͜ͷ
λΠϓ͸ҰൠͷBDEͷۭؒͷதͰ͸༨͕ݩ࣍ 3Ͱ͋Δʢͭ·ΓBDEͷδΣωϦο
Ϋͳ 3-ύϥϝʔλʔ଒ʹݱΕΔʣ[10]ɽҰํɼΠf

2 ໘ͷδΣωϦοΫͳۂ͸ܕ 2-ύϥ
ϝʔλʔ଒ͷ෼ݱʹذΕΔɽ͜͜ʹೋͭͷҟͳΔ෼ྨͷؒͷΪϟοϓ͕͞࡯؍Εڵ
ຯਂ͍ɽ
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5 parabolic curveͱflecnodal curveͷ෼ذ
զʑͷද 2ɼ3 ʹ͓͚Δ༨ݩ࣍ ͼٴ3 4ͷMongeࣜܗͷඪ४ܗ͸δΣωϦοΫͳۂ໘

ͷ ͼٴ1 2ύϥϝʔλʔ଒ͷ෼ݱʹذΕΔۂ໘ժΛද͍ͯͨ͠ɽຊઅͰ͸ಛʹ parabolic

curveͱ flecnodal curveʹ஫໨ͯ͠ɼͦͷ෼ذʹؔ͢Δ݁ՌΛ঺հ͢Δɽ
͜͜Ͱ flecnode఺ͱ͸Ұํͷ઴ۙ௚ઢ͕ۂ໘ͱ 3ҐҎ্Ͱ઀৮͢Δ૒ۂ఺Ͱɼflecnodal

curveͱ͸ۂ໘্ͷ flecnode఺͕੒͢ू߹ͷดแΛҙຯ͢ΔɽδΣωϦοΫͳۂ໘ʹ͓͍
ͯ͸ parabolic curveͱ flecnodal curve ͸׈Β͔ͳۂઢʢ΄ͱΜͲ͢΂ͯͷ఺ͰͦΕͧΕ
Πp

I,1,Π
h
3,3ͷλΠϓʣʹ ͳΔɽͨͩ͠ɼflecnodal curve͸ࣗަݾ ʢࠩΠh

3,4ͷλΠϓʣΛͪ࣋ಘ
Δ͠ɼparabolic curveͱ flecnodal curve͕ 1఺Ͱ઀͢ΔʢΠp

c,1ͷλΠϓʣ͜ͱ΋͋ΔɽͰ
͸ۂ໘͕ ͼٴ1 2ύϥϝʔλʔ෇Ͱಈ͘ͱ͖͜ΕΒ͸ͲͷΑ͏ͳ෼ذΛੜ͡ΔͩΖ͏͔ʁ
લઅͰͷઆ໌ͷΑ͏ʹɼparabolic curve͸ asymptotic BDE ͷ discriminantͱҰக͠

͓ͯΓɼ·ͨBDEͷಉ஋ؔ܎͸ͦͷ discriminantΛอଘ͢ΔɽՃ͑ͯɼδΣωϦοΫͳ
BDEͷ ͼٴ1 2ύϥϝʔλʔ଒ʹؔͯ͠͸෼ྨͱͱ΋ʹͦͷ෼ذ΋Α͘͞ڀݚΕ͍ͯΔ
ʢcf. [4, 17, 18]ʣͷͰɼparabolic curveʹؔͯ͠͸લઅͷΑ͏ʹ asymptotic BDEͷλΠ
ϓΛ͢ڀݚΔ͜ͱͰͦͷ෼ذΛܾఆ͢Δ͜ͱ͕Ͱ͖Δɽ
ҰํɼBDEͷಉ஋ؔ܎Ͱ͸ flecode pointͷ৘ใ͸อଘ͞ΕͣɼBDEͷ݁Ռ͔Β͸ flec-

nodal curveͷ༷ࢠ͸Θ͔Βͳ͍ɽͦ͜Ͱஶऀ౳ [7]͸ද 3ʹ͓͚ΔͦΕͧΕͷλΠϓʹର
ͯ͠ɼMongeࣜܗͷద੾ͳύϥϝʔλʔ଒ͷྫΛߏ੒ͨ͠ɽͦͯ͠۩ମతͳࢉܭʹΑΓ
parabolic curveͱ flecnodal curve྆ํʹؔ͢Δہॴతͳ෼ذਤࣜΛܾఆ͢Δ͜ͱ͕Ͱ͖
ͨɽҎԼɼ1-ύϥϝʔλ଒ͷ෼ذͷྫͱͯ͠Πp

c,2ܕɼ2-ύϥϝʔλʔ଒ͷ෼ذͷྫͱͯ͠
Πp

v,3ܕͱΠf
2 Λऴ͑Δɽߘຊͯ͛ڍΛܕ

ྫ 5 Πp
c,2ܕͷMongeࣜܗͷ 1-ύϥϝʔλʔ଒ͱͯ͠

f(x, y, t) = y2 + x4 + x2y2 + tx2

Λ͑ߟΔɽ͜ͷ࣌ɼflecnodal curve͸

y + 100x4 + 10x3 + (
1

2
+ 20t)x2 + 3tx+ t2 = 0

parabolic curve͸
2y + 20x3 + x2 + 6tx = 0

ͱ۩ମతͳํఔࣜʹΑΓ༩͑ΒΕΔʢ஫ҙ 8΋ࢀরʣɽͦͷ෼ذ͸ਤ 2ͷΑ͏ʹͳΔɽ

ྫ 6 Πp
v,3ܕͷMongeࣜܗͷ 2-ύϥϝʔλʔ଒ͱͯ͠

f(x, y, t, u) = y2 + x5 + x3y + tx2 + ux2y

Λ͑ߟΔɽ͜ͷ࣌ flecnodal curve͸

y2 + 100x4 + 20x2y + 18x3y + u3y + t(u+ 3x)2 + u2(−10x3 + 7xy)− 6u(5x4 − 3x2y) = 0,
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ਤ 2: Πp
c,2ͷ෼ذ ([21, 16, 7]). ӈ͔ΒࠨʹਐΉͭΕͯɼparabolic curveͱ flecnodal curve

͕͍͍͖ۙͮͯʢӈֆʣɼ2ۂઢ͕઀͢ΔΠp
c,1͕ܕ 2఺ͰݱΕΔʢࠨֆʣɽͦͷ෼ذʹ ۂ2

ઢ͕ୀԽͨ͠઀৮Λͭ࣋Πp
c,2ݱ͕ܕΕΔʢதԝֆʣɽ

ਤ 3: Πp
v,3ͷ෼ذ.

parabolic curve͸

12xy + 40x3 − 9x4 + 4t+ 4uy − 4u2x2 − 12ux3 = 0

Ͱ༩͑ΒΕΔʢ͜ΕΒͷৄࡉͳղੳ͸ [7]ͷ 5.3અΛࢀরͷ͜ͱʣɽ෼ذ͸ਤ 3ͷΑ͏ʹ༩
͑ΒΕΔɽ

ྫ 7 Πf
ର͢ΔʹࣜܗͷMongeܕ(+)2 2-ύϥϝʔλʔ଒ͱͯ͠

f(x, y, t, u) = xy2 + x4 + y4 + tx2 + ux3
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Λ͑ߟΔɽparabolic curve͸

6x3 − y2 + tx+ 3ux2 + 6ty2 + 18uxy2 + 36x2y2 = 0

Ͱ༩͑ΒΕΔʢflecnodal curve΋ؚΊͨղੳͷৄࡉ͸ [7]ͷ 5.3અΛࢀরͷ͜ͱʣɽͦͷ෼
͸ਤذ 4ͷΑ͏ʹͳΔɽલઅͰͨݟΑ͏ʹΠf

2 ର͢Δʹܕ asymptotic BDE͸༨ݩ࣍ 3ͷ
BDEͷλΠϓͰɼͦͷ෼ذਤࣜΛܾఆͨ͠จݙ͸͜Ε·Ͱͳ͘ɼͦͷҙຯͰ΋զʑͷಘ
ͨ෼ذਤࣜ͸શ͘৽͍͠΋ͷͱ͑ߟΒΕΔɽ

ਤ 4: Πf
2(+)ͷ෼ذɽ

஫ҙ 8 ྫ 5ͳͲΛؚΉۂ໘ͷ1ύϥϝʔλʔ଒ͷ෼ذʹؔͯ͠͸Uribe-Vargas[21]͕ 2000

೥ࠒʹࣹӨ૒ରͳͲΛ༻͍ͨزԿֶతͳٞ࿦ʹΑΓͦͷ෼ྨΛಘ͍ͯΔɽ͜Εʹൺ΂ͯ
զʑͷࠓճͷख๏͸ flecnodal curveͳͲΛ໌ࣔతͳࣜͰهड़ͦ͠ͷੑ࣭Λௐ΂Δ͜ͱ͕
Ͱ͖Δͱ͍͏ಛ௃͕͋Δɽͳ͓ɼflecnode఺͸Ұํͷ઴ۙ௚ઢ͔Βͷத৺ࣹӨͷλΠϓ͕
II≥3ͱͳΔΑ͏ͳ఺ͳͷͰɼflecnodal curveͷఆٛࣜ͸ୈ 1અͰ঺հͨࣸ͠૾ժͷ൑ఆ๏
ʢಛʹࢯ࣏ࠤ [15]ʹΑΔ൑ఆ๏ʣʹΑͬͯಘΔ͜ͱ͕Ͱ͖Δɽ
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