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ຊߘͷؔ৺ ॴతͳੑ࣭ʹ͋ΔɽಛʹɼஶऀʹΑΔہ໘ͷۂӨۭࣹؒݩ࣍3 ࣍3
ͷδΣοτͷྨͱɼͦΕΛ༻͍ͨҰൠͷBDEʢbinaryࣜܗ໘ͷMongeۂӨۭࣹؒݩ

differential equationʣͷྨͱͷൺֱٴͼۂ໘ͷύϥϝʔλʔͷ parabolic curveͱ flec-

nodal curveʹؔ͢ΔذͷܾఆͳͲʹ͍ͭͯհ͢Δɽओཁߟࢀจݙ [7, 8, 16]Ͱ͋Δɽ
ຊߘͷߏҎԼͷΑ͏ʹͳ͍ͬͯΔɽۂ໘ͷδΣοτͷྨͰۂ໘ͷத৺ࣹӨͷࣸ૾
ժͷྨ͕ॏཁͳׂΛՌͨ͢ͷͰɼୈ 1ɼ2અͰͦΕʹ͍ͭͯ؆୯ʹઆ໌͢Δɽಛʹୈ
1અͰฏ໘͔Βฏ໘ͷࣸ૾ժͷྨͦͷఆ๏ʹ͍ͭͯɼୈ 2અͰத৺ࣹӨͷࣸ
૾ժͷྨͱۂ໘ͷMongeࣜܗͷδΣοτͷۭؒͷ stratificationʹ͍ͭͯઆ໌͢Δɽୈ
3અͰ্ड़ͷ stratificationʹ͓͚Δ֤ stratum ʹର͢ΔࣹӨมʹΑΔඪ४ܗΛհ͢
ΔʢδΣωϦοΫͳۂ໘ͷ 2-ύϥϝʔλʔʹݱΕΔۂ໘ժͷྨʣɽୈ 4અͰզʑͷ
ͷδΣοτͷྨʹ͍ͭͯɼasymptoticࣜܗ໘ͷMongeۂ BDEΛ௨ͨ͠ҰൠͷBDEͷ
ྨͱͷൺֱΛհ͢Δɽޙ࠷ͷୈ 5અͰۂ໘ͷύϥϝʔλʔͷ parabolic curveͱ
flecnodal curveʹ͍ͭͯͷذਤࣜʹؔ͢Δ݁ՌΛհ͢Δɽͳ͓ɼୈ 3ɼ4ɼ5અࠤ
ւಓେֶӃੜʣɼDeolindoݩʢࢯ SilvaࢯʢSanta Catrinaभཱେֶɼϒϥδϧʣɼେຊࢯ
ʢւಓେֶʣͱͷڞಉڀݚ [7, ɽͮ͘جʹ[16

1 ฏ໘͔Βฏ໘ͷࣸ૾ժͷྨ
ຊઅͰࣸ૾ժ R2, 0 → R2, 0ͷྨͱఆʹؔͯ͠؆୯ʹઆ໌͢Δɽ2ͭͷࣸ૾ժ͕

A-ಉʢӈࠨಉʣͰ͋ΔͱɼιʔεʢఆٛҬʣͱλʔήοτʢҬʣͷదͳ࠲ඪม
ҠΓ߹͏ͱ͍͏͜ͱͰ͋Γɼ·ͨɼʹ͍ޓͯ͠ࡏॴඍಉ૬ժʣ͕ଘہʢ Λඪม࠲
୯ʹҐ૬ಉܕͱ͢ΔͳΒɼҐ૬తA-ಉͰ͋Δͱ͏ݴɽࣸ૾ժશମͷۭؒʹ͓͚Δಉ
ྨʢA-يಓʣͷ༨͕ݩ࣍খ͍͞ͷ͔ΒॱʹྨΛ༩͑ͨͷΛࣸ૾ժͷA-ྨͱݺ
Ϳ͜ͱʹ͢Δɽྫ͑ɼWhitneyʹΑΓࣔ͞Εͨ, ༨ݩ࣍ 0ͷࣸ૾ժਖ਼ଇɼfoldʢં
Γʣɼcuspʢ͘͞ͼʣͷ 3λΠϓͰ͋Γɼ͜ΕΒ͕҆ఆࣸ૾ժʢඍখઁಈͰ҆ఆʣͰ͋Δ
ͱ͍͏݁Ռ༗໊Ͱ͋Δɽͦͯ͠ɼ༨ݩ࣍ʢਖ਼֬ʹAe-༨ݩ࣍ʣrͷࣸ૾ժͱɼrݸͷ
ύϥϝʔλΛͭ࣋δΣωϦοΫͳࣸ૾ʹݱΕΔෆ҆ఆͳಛҟΛҙຯ͢ΔɽJacobiߦ
ྻͷίϥϯΫ 1ͷࣸ૾ժR2, 0→ R2, 0ʹؔͯ͠ɼRieger[13, 14]ʹΑͬͯ༨ݩ࣍ 4·Ͱ
ͷࣸ૾ժʹର͢ΔA-ྨٴͼҐ૬తA-ྨ͕༩͑ΒΕ͍ͯΔʢද রʣɽҰํɼҙࢀ1
ʹ༩͑ΒΕͨࣸ૾ժ͕ྨͷ͍ͣΕͷಉྨʹଐ͢Δ͔ఆ͢Δͷ࣮؆୯ͳͰ
ͳ͍͕ɼฏ໘͔Βฏ໘ͷࣸ૾ժʹରͯͦ͠ͷ؆ศͳఆ๏͕ɼ҆ఆࣸ૾ժʹ͍ͭ
ͯWhitney[22]ɼ༨ݩ࣍ 1ͷࣸ૾ժʹ͍ͭͯࢯ࣏ࠤ [15]ɼͦͯ͠༨ݩ࣍ 2Ҏ্ 4ҎԼ·Ͱ

1e-mail: kabata@math.kobe-u.ac.jp
ຊڀݚՊݚඅ (՝൪߸:16J02200)ٴͼ JSPS-CAPES no.002/14 bilateral project in 2014-2015ͷॿ
Λड͚ͨͷΛؚΜͰ͍Δɽ
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ͷࣸ૾ժʹ͍ͭͯஶऀ [8] ʹΑΓ༩͑ΒΕ͍ͯΔɽྫ͑ butterflyͱݺΕΔ༨ݩ࣍ 2

ͷA-ಉྨ࣍ͷΑ͏ʹఆͰ͖Δɽ
JacobiྻߦͷίϥϯΫ͕ 1ͷࣸ૾ժ f : R2, 0→ R2, 0 ͕༩͑ΒΕͨͱ͖ɼf ͷ Jacobian

Λ λ(x) = det [df(x)] ͱ͓͖ɼಛҟू߹ʢλ = 0ʣ্ͷ֤Ͱ ker df ΛுΔR2্ͷݪ
पΓͷC∞ϕΫτϧժ η(x)ΛҙʹऔΔɽҎԼͰC∞ؔ g(x)ʹରͯ͠ɼؼೲతʹ
ηkg = η(ηk−1g)ͱද͢هΔɽ͜ͷͱ͖ɼ࣍ͷΑ͏ͳ໋͕Γཱͭɿ

• j5f(0) ∼A5 (x, xy + y5) ⇐⇒

dλ(0) ̸= 0, ηλ(0) = η2λ(0) = η3λ(0) = 0, η4λ(0) ̸= 0.

• f = (x, xy + y5 +
∑

7≤i+j≥6 cijx
iyj + h.o.t)ͷΑ͏ʹද͢ͱ͖ɼ

c07 − 5
8c

2
06 ̸= 0 ⇐⇒ f ∼A (x, xy + y5 ± y7) butterfly 6

c07 − 5
8c

2
06 = 0 ⇐⇒ f ∼A (x, xy + y5) elder butterfly 7

࣮ɼ࠷ॳͷ ηͱ λʹΑΔʮزԿతඍͷ݅ʯ Rieger[14]ͷҐ૬తA-ྨͷಉ
ྨʹؔ͢ΔॏཁͳδΣοτͷܗΛܾఆ͍ͯ͠Δɽͦͯ͠ޙͷʮTaylorͷ݅ʯʹΑΓ
A-ಉྨ͕ܾఆ͞ΕΔͷͰ͋Δɽ্هͷΑ͏ͳ̎ͭͷεςοϓʹΑͬͯଞͷಉྨʹର
ͯ͠ಉ༷ͷఆ๏Λ༩͑Δ͜ͱ͕Ͱ͖Δɽද 1Ґ૬తA-ྨʹؔ͢ΔॏཁͳδΣο
τͱزԿֶతఆ๏ͷϦετͰ͋ΔʢʮTaylorͷ݅ʯʹؔͯ͠ [8]ͷTABLE 4Λ
র͞Ε͍ͨʣɽࢀ

Ґ૬త Aʹؔ͢ΔδΣοτ [14] A-ܕ [13] Կతఆ๏ز [22, 15, 8]

regular : (x, y) 1 λ(0) ̸= 0ʢҎԼɼλ(0) = 0ΛԾఆʣ
fold : (x, y2) 2 ηλ(0) ̸= 0
cusp (II3) : (x, xy + y3) 3 dλ(0) ̸= 0, ηλ(0) = 0, η2λ(0) ̸= 0
I2 : (x, y3 ± x2y) 4±2 dλ(0) = 0, detHλ(0) ̸= 0, η2λ(0) ̸= 0
I∗ : (x, y3) 4±k (k ≥ 3) dλ(0) = 0, rkHλ(0) = 1, η2λ(0) ̸= 0
II4 : (x, xy + y4) 5 dλ(0) ̸= 0, ηλ(0) = η2λ(0) = 0, η3λ(0) ̸= 0
II5 : (x, xy + y5) 6, 7 dλ(0) ̸= 0, ηλ(0) = η2λ(0) = η3λ(0) = 0, η4λ(0) ̸= 0
II6 : (x, xy + y6) 8, 9 dλ(0) ̸= 0, ηλ(0) = · · · = η4λ(0) = 0, η5λ(0) ̸= 0
II7 : (x, xy + y7) 10 dλ(0) ̸= 0, ηλ(0) = · · · = η4λ(0) = η5λ(0) = 0, η6λ(0) ̸= 0
III∗ : (x, xy2 + y4) 112k+1 dλ(0) = 0, detHλ(0) < 0, η2λ(0) = 0, η3λ(0) ̸= 0
IV5 : (x, xy2 + y5) 12, 13, (14) dλ(0) = 0, detHλ(0) < 0, η2λ(0) = η3λ(0) = 0, η4λ(0) ̸= 0
IV6 : (x, xy2 + y6) 15 dλ(0) = 0, detHλ(0) < 0, η2λ(0) = · · · = η4λ(0) = 0,

η5λ(0) ̸= 0
V1 : (x, x2y + y4) 16, 17 dλ(0) = 0, rkHλ(0) = 1, η2λ(0) = 0, η3λ(0) ̸= 0
V2 : (x, x2y + αxy3) 18 dλ(0) = 0, rkHλ(0) = 1, η2λ(0) = η3λ(0) = 0
V I : (x, y4 + αx2y2 + βx3y) 19 dλ(0) = 0, rkHλ(0) = 0, η3λ(0) ̸= 0

ද 1: Rieger[14]ͷҐ૬తA-ྨʹؔ͢ΔδΣοτͱͦͷزԿֶతఆ๏ɽ2ྻͷ൪߸
Rieger[13]ͷA-ྨͷಉྨͷ൪߸ʹରԠ͢ΔɽHλؔ λͷHesseྻߦͰ͋Δɽͳ
͓ɼfold, cuspͷఆ๏Whitney[22]ɼI2, II4ࢯ࣏ࠤ [15]ɼΓஶऀ [8]ʹΑΔɽ
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2 ࣹӨۭؒۂ໘ͷத৺ࣹӨ
ӨۭؒRPࣹ࣮ݩ࣍3 3ͷΒ͔ͳʢਖ਼ଇͳʣۂ໘M Λ͋Δࢹ p ∈ RP 3 −M ͔Β

ோΊΔͱ͖ɼM ͷ p͔Βͷத৺ࣹӨ

ϕp : M → RP 2, x )→ [x− p]

͕ఆ·Δʢ[x− p] xͱ pΛ௨ΔઢΛҙຯ͢Δʣɽ͜Εہॴతʹฏ໘͔Βฏ໘ͷ
ࣸ૾ͱݟͳ͢͜ͱ͕Ͱ͖Δɽx ∈M ʹରͯ͠ࢹ p͕ฏ໘ TxM ͷ֎ʹ͋Δͱ͖த৺ࣹ
Өϕp xͰਖ਼ଇͰ͋Γɼp ∈ TxMͷͱ͖ϕp xͰಛҟΛͭ࣋ʢfoldܕҎ߱ͷಛҟͳࣸ
૾ժʹಉʹͳΔʣɽ·ͨҎ߱Ͱ x ∈M ʹରͯ͠ฏ໘ TxM ্ͷઢͰ xʹ͓͍ͯۂ
໘M ͱ 2ҐҎ্ͷ৮Λ͢ΔͷΛۙઢͱݺͿ͜ͱʹ͢Δɽࢹ p͕ۙઢ্ʹ
͋Δ࣌ϕp cuspҎ߱ͷ foldΑΓୀԽͨ͠λΠϓʹಉʹͳΔɽ͞ΒʹࣹӨۭؒͷۂ໘
ͷ֤ۙઢͷຊʹΑͬͯ࣍ͷΑ͏ʹಛ͚ͮΔ͜ͱ͕Ͱ͖Δɽ

•ପԁʢelliptic pointʣ· · · ۙઢ͕ଘ͠ࡏͳ͍ɽ
•ۂʢhyperbolic pointʣ· · · ҟͳΔۙઢ͕ 2ຊଘ͢ࡏΔɽ
•์ʢparabolic pointʣ· · · ͨͩҰͭͷۙઢ͕ଘ͢ࡏΔɽ
•ฏୱʢflat umbilicʣ· · · ฏ໘্ͷ xΛ௨Δҙͷઢ͕ۙઢɽ

ಛʹɼࢹ p͕ۂͷۙઢ্ʹ͋Δͱ͖த৺ࣹӨͦͷʹ͓͍ͯ IIk-ܕʹɼࢹ
p͕์·ͨฏୱͷۙઢ্ʹ͋Δͱ͖த৺ࣹӨͦͷʹ͓͍ͯ foldɼcuspɼ
IIk-ܕҎ֎ͷλΠϓʢલઅͷఆ๏ʹ͓͍ͯ dλ(0) = 0ͱͳΔʣʹͳΔɽ
ؔ͠ʹ໘ͱઢͷ৮ͷใີۂΕΔಛҟͷλΠϓͱɼݱʹͷΑ͏ʹࣹӨه্

͍ͯΔͨΊɼۂ໘ͷࣹӨʹͲͷΑ͏ͳಛҟ͕ݱΕΔ͔ͱ͍͏ͷڵຯਂ͍Ͱ͋Δɽ
δΣωϦοΫͳۂ໘ͷத৺ࣹӨͷࣸ૾ժͷA-ྨArnold-Platonova[1, 2, 11, 12] ʹΑ
Γ 1970-80ʹ༩͑ΒΕ͓ͯΓɼͦͷҰൠԽͰ͋ΔδΣωϦοΫͳۂ໘ͷ 1ύϥϝʔ
λʔʹ͓͚Δத৺ࣹӨͷࣸ૾ժͷA-ྨۙ࠷ஶऀ [8]ʹΑͬͯಘΒΕͨɽಛʹஶऀ
ͷख๏લઅͷࣸ૾ժͷఆ๏ͱ Bruce[3]ʹΑΔԣஅੑఆཧΛΈ߹ΘͤͨͷͰɼ࣍
ʹઆ໌͢ΔΑ͏ͳʮத৺ࣹӨͷժͷྨʹରԠͨ͠ۂ໘ͷMongeࣜܗͷδΣοτۭؒͷ
stratificationʯ෭࢈ͱͯ͠ಘΔ͜ͱ͕Ͱ͖Δɽ
Ҏ߱ͰR3 = {[x; y; z; 1]}ͱͯ͠RP 3ͷ։෦ू߹ͱΈͳ͠ɼR3ͷݪʹ͓͍ͯMonge

ࣜܗ z = f(x, y) ʢf(0) = 0, df(0) = 0ʣʹΑͬͯہॴతʹද͞ΕΔۂ໘ժM Λ͑ߟΔɽ
͜͜Ͱྫͱͯ͠์ʹ͓͚ΔMongeࣜܗΛѻ͍ɼ؆୯ͷͨΊ

z = f(x, y) = y2 +
∑

5≥i+j≥3

cijx
iyj + h.o.t

ͱ͢Δʢaij ∈ Rʣɽ͜ͷઃఆͰɼM ͷݪʹ͓͚Δۙઢʢࠓ x-࣠ʣ্ʹࢹ pΛͱ
ΓɼM ͷத৺ࣹӨࣸ૾ͷݪʹ͓͚Δժ ϕp : M, 0→ RP 2 ʹରͯ͠ද 1ͷఆ๏Λ༻͍
Δͱɼ͙͢ʹ࣍ͷΑ͏ͳ stratification͕ಘΒΕΔɽ

•ϕp͕ I2·ͨ I∗⇐⇒ c30 ̸= 0 •ϕp͕ III∗·ͨ IV≥5⇐⇒ c30 = 0, c21 ̸= 0

•ϕp͕ V1, V2·ͨ V I ⇐⇒ c30 = c21 = 0

ͪΖΜ͜ͷ stratificationΑΓਫ਼ີʹ͢Δ͜ͱ͕Ͱ͖Δɽྫ͑ c30 = 0͔ͭ c21, c40 ̸= 0

ͱ͍͏݅ϕp͕ III∗ͱͳΔΑ͏ͳMongeࣜܗͷ stratum ΛఆΊΔɽ͞Βʹ III∗ҟ
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ͳΔҐ૬తA-ಉྨ IIIkܕ : (x, xy2+ y4+ y2k+1)ʢk ≥ 2ʣΛ·ͱΊͨͷͰ͋Γɼ[8]ͷ
Taylor݅ʹΑΓผ͕Ͱ͖ΔɽͦΕΒ۠ผ͢Ε࣍ͷ straificationಘΒΕΔɽ

(Πp
c,1) c221− 4c40 ̸= 0ͷͱ͖ۙઢ্ʹ p-focalʢcf. [11]ʣͱ͍͏ಛผͳ͕ͨͩҰͭଘࡏ
͢Δɽத৺ࣹӨ ϕpࢹ p͕ۙઢ্Ͱ p-focalҎ֎ͷҐஔʹ͋Δͱ͖ III3ܕɼ
ࢹ p͕ p-focal ͱҰக͢Δͱ͖ III4ܕʹͳΔɽ

(Πp
c,2) c221 − 4c40 = 0, c221c50 + 4c12c240 − 2c21c31c40 ̸= 0 ͷͱ͖ p-focalଘ͠ࡏͳ͍ɽͭ·
Γɼۙઢ্ͷҙͷࢹ pʹରͯ͠த৺ࣹӨ ϕp III3ܕʹͳΔɽ

զʑ [8, 16]্ड़ͷΑ͏ͳMongeࣜܗͷδΣοτۭؒͷ stratificationΛத৺ࣹӨͷࣸ
૾ժͷҐ૬తA-ྨ [14] ʹରԠͯ͠ಘ͍ͯΔʢ[8]ͰA-ྨʹରԠͨ͠ stratification

ಘ͍ͯΔʣɽ࣍અͷද 2ɼ3ʹ֤ stratumͱͦͷࣹӨมʹΑΔඪ४͕ܗཏ͞Εͯ
͍Δɽ

3 ࣹӨۭؒۂ໘ͷMongeࣜܗͷδΣοτͷྨ
RP 3ͷ 2ͭͷۂ໘ժ·ͨͦͷδΣοτʹରࣹͯ͠Өม͕ଘ͍ޓͯ͠ࡏʹҠΓ߹

͏ͱ͖ɼͦΕΒࣹӨಉͰ͋Δͱ͜͏ݴͱʹ͢Δɽྫ͑ɼඇୀԽͳۂͰͷۂ໘ժ
Mongeࣜܗ

xy + x3 + y3 + αx4 + βy4 + · · ·

Ͱද͞ΕΔۂ໘ժʹࣹӨಉͰ͋Δ͜ͱݹయతʹΒΕ͍ͯ ʢͨTresse[19]ͳͲʣɽ͜͜Ͱ
લઅͷΑ͏ʹR3 = {[x; y; z; 1]} ⊂ RP 3ͱ͠ɼR3ͷݪʹ͓͚ΔMongeࣜܗ z = f(x, y)

ʹΑͬͯہॴతʹද͞ΕΔۂ໘ժΛ͓ͯ͑ߟΓɼ·ͨα, β ∈ RϞδϡϥΠύϥϝʔλʔ
Ͱ͋Δɽ
ࣹӨมͰ R3(⊂ RP 3)ͷݪͱ xy-ฏ໘Λอଘ͢Δͷ͕ࣹ͢Өม܈ PGL(4)ͷ

෦܈Λ P (4)ɼMongeࣜܗͷ p-δΣοτۭؒΛ Vpͱ͢ΔͱɼP (4) Vpʹ࡞༻͢ΔɽVp

ͷP (4)ʹΑΔ stratificationͰ༨͕ݩ࣍ 2ҎԼ·ͰͷͷPlatonovaͷ 1980ࠒͷࣄ
ʢ[11]ͳͲʣͰ༩͑ΒΕ͍ͯΔ͕ɼ͜ΕδΣωϦοΫͳۂ໘ͷδΣοτͷྨʹଞͳΒ
ͳ͍ʢද 2ɼ3ͷ༨ݩ࣍ s ≤ 2·Ͱͷͷ͕PlatonovaʹΑΔ࣮ࡍͷྨͰ͋Δʣɽۂ໘ͷ
ඪ४ܗඇৗʹ༗༻Ͱɼۂ໘ͷہॴࣹӨඍزԿֶʹؔ͢Δଟ͘ͷ݁Ռ͕Platonovaͷ
ྨΛجʹͯ͠ಘΒΕ͖ͯͨʢ[2, 9, 20, 21]ͳͲʣɽ
ஶऀ [8, 16]༨͕ݩ࣍ 4ҎԼ·Ͱͷ stratificationͱͦͷ֤ stratumͷࣹӨมʹΑ

Δඪ४ܗΛಘͯɼδΣωϦοΫͳۂ໘ͷ 2ύϥϝʔλʔͷݱʹذΕΔۂ໘ժͷΫϥε
 Platonovaͷ݁ՌΛ֦ுͨ͠ʢcf. ԣஅੑఆཧ [3, 16]ʣɽਖ਼֬ʹ࣍Λࣔͨ͠ɽ

ఆཧ 1 (Sano-K-Deolindo-Ohmoto[16]) MΛดۂ໘ɼU ⊂ R2Λݪͷ։ۙͱ͢Δɽ
ΈͷࠐΒ͔ͳຒΊ 2ύϥϝʔλʔ φ : M ×U → P3 ͕ۭؒ͢ͷཹ෦ू߹O͕ଘ
Λຬͨ͢ɽφ࣍ͯ͠ࡏ ∈ OͳΒɼҙͷ (x0, u) ∈M ×Uʹ͍ͭͯۂ໘Mu(= φ(M ×u))

ͷ x0ʹ͓͚ΔMongeࣜܗͷ p-δΣοτද 2ɼ3ͷ͍ͣΕ͔ͷඪ४ܗʹࣹӨಉͰ͋Δɽ

111第64回トポロジーシンポジウム



λΠϓ ඪ४ܗ p s ࣹӨܕ

Πe x2 + y2 2 0 fold

Πh
3,3 xy + x3 + y3 + αx4 + βy4 4 0 II3/II3

Πh
3,4 xy + x3 + y4 + αxy3 4 1 II3/II4

Πh
3,5 xy + x3 + y5 + αxy3 + xφ4 5 2 II3/II5

Πh
4,4 xy + x4 ± y4 + αxy3 + βx3y 4 2 II4/II4

Πh
3,6 xy + x3 + y6 + αxy3 + x(φ4 + φ5) 6 3 II3/II6

Πh
4,5 xy + x4 + y5 + αxy3 + βx3y + xφ4 5 3 II4/II5

Πh
3,7 xy + x3 + y7 + αxy3 + x(φ4 + φ5 + φ6) 7 4 II3/II7

Πh
4,6 xy + x4 ± y6 + αxy3 + βx3y + x(φ4 + φ5) 6 4 II4/II6

Πh
5,5 xy + x5 + y5 + αxy3 + βx3y + xyφ3 5 4 II5/II5

ද 2: ପԁʢΠeʣͱۂʢΠh
∗ʣʹ͓͚ΔMongeࣜܗͷඪ४ܗɽs༨ݩ࣍Λҙຯ͠ɼ

༨ݩ࣍ 2ҎԼͷඪ४ܗ Platonova[11]ʹΑΔɽඪ४ܗʹ͓͚Δ α, β, · · · ϞδϡϥΠύ
ϥϝʔλʔɼφrҰൠͷ r࣍੪࣍ଟ߲ࣜɽࣹӨܕۙઢ͔Βͷத৺ࣹӨͷժͷҐ૬
తA-ܕͳͲΛҙຯ͍ͯ͠Δɽପԁʹۙઢ͕ଘͣͤࡏɼۂʹۙઢ͕ 2

ຊଘͦͯ͠ࡏΕͧΕ͔Βͷத৺ࣹӨͷλΠϓΛྀ͍ͯ͠ߟΔɽ

λΠϓ ඪ४ܗ p s ࣹӨܕ

Πp
I,1 y2 + x3 + xy3 + αx4 4 1 I2 (I3)

Πp
I,2 y2 + x3 ± xy4 + αx4 + βy5 + x2φ3 5 2 I2 (I4)

Πp
c,1 y2 + x2y + αx4 (α ̸= 0, 14) 4 2 III2 (III3)

Πp
c,2 y2 + x2y + 1

4x
4 + αx5 + yφ4 (α ̸= 0) 5 3 III2

Πp
c,4 y2 + x2y + x5 + yφ4 5 3 IV5

Πp
I,3 y2 + x3 + xy5 + αx4 + φ 6 3 I2 (I5)

Πp
v,1 y2 ± x4 + αx3y + βx2y2 (β ̸= ±3

8α
2) 4 3 V1 (VI)

Πf
1 xy2 ± x3 + αx3y + βy4 4 3 I±2 , I3(I4)

Πp
c,3 y2 + x2y + 1

4x
4 + yφ4 5 4 III3 (III4)

Πp
c,5 y2 + x2y ± x6 + y(φ4 + φ5) 6 4 IV6

Πp
I,4 y2 + x3 + αx4 + φ 6 4 I2 (I6)

Πp
v,2 y2 ± x4 + αx3y ± 3

8α
2x2y2 4 4 V1 (VI1)

Πp
v,3 y2 + x5 + y(φ3 + φ4) 5 4 V2 (VI2)

Πf
2 xy2 + x4 ± y4 + αx3y 4 4 I−2 (III)

ද 3: ์ʢΠp
∗ʣͱฏୱʢΠf

∗ʣʹ ͓͚ΔMongeࣜܗͷඪ४ܗɽφ = βy5+γy6+x2(φ3+φ4)

Ͱ͋ΔɽࣹӨܕʹ͍ͭͯલઅΛࢀরɽ

ҙ 2 ༨͘ߴ͕ݩ࣍ͳΔ΄ͲδΣοτͷඪ४ܗʹଟ͘ͷϞδϡϥΠύϥϝʔλʔ͕
ͷ߹ͷ֦ுͦ͏୯७Ͱͳ͍ɽஶऀݩ࣍༨ߴΕΔͨΊɼPlatonova[11]ͷྨͷݱ
த৺ࣹӨͷҐ૬త A-ܕʹணͨ͠ɽલઅͰઆ໌ͨ͠MongeࣜܗͷδΣοτۭؒͷ
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stratificationͰɼ֤ stratumʹରࣹͯ͠ӨมʹΑΔҰ൪؆୯ͳඪ४ܗΛܾఆ͢Δͷ͕͜
͜Ͱͷओ؟Ͱ͋Δɽ࣮ࡍͷࣹӨมͷߏʹࡶͳΈ߹Θͤͷ͕ࢉܭඞཁͰɼզʑ
[16]MathematicaͳͲͷࢉܭιϑτΛԉ༻͠ͳ͕Βɼͦ ΕͧΕͷ߹ʹ͓͚Δదͳࣹ
ӨมΛߏ͠දΛಘͨʢͦΕͧΕͷ߹ʹ͓͚Δ۩ମతͳࣹӨมͷܗ [16]Λࢀরͷ
͜ͱʣɽ·ͨɼஶऀ [6] ໘ͷδΣοτͷྨಘۂӨۭؒͷδΣωϦοΫͳࣹݩ࣍4
͍ͯΔɽ

4 asymptotic BDE

ຊઅͰۂ໘ͷۙํʹؔ͢ΔBDE(binary differential equation)ʹ͍ͭͯѻ͏ɽ·
ͣҰൠͷBDEʹ͍ͭͯ؆୯ʹઆ໌͢ΔɽR2ͷ։ू߹ U ্ͷBDEͱ

a(x, y)dy2 + 2b(x, y)dxdy + c(x, y)dx2 = 0, (x, y) ∈ U

Ͱఆ·Δඍํఔࣜͷ͜ͱͰʢa, b, c U Ͱఆٛ͞ΕͨՄඍؔʣɼҎԼͰՄඍࣸ
૾ F = (a, b, c) : U → R3Λ BDEͱݟͳ͠ɼC∞Ґ૬Λ͑ߟΔɽδ := b2 − acͱ͓͘ͱɼ
BDE δ > 0ͱͳΔͰԣஅ͢Δ̎ํΛɼδ = 0ͱͳΔͰͨͩҰͭͷํΛఆΊΔɽ
ಛʹ δ = 0͕ఆΊΔू߹ discriminantͱݺΕɼdiscriminantͷ֤ʹ͓͍ͯ BDE͕
ఆΊΔੵۂઢҰൠʹΧεϓܕಛҟΛͭ࣋ɽ2ͭͷBDEͷժF,G͕Β͔ʹಉͰ
͋ΔͱͦΕͧΕ͕ఆΊΔੵۂઢ͕ͨͪ xy-ฏ໘ͷඍಉ૬ࣸ૾ͰࣸΓ߹͏࣌Λ͏ݴɽ
্Ͱಉ૬ࣸ૾Λ࣌ͨ͑ߟɼҐ૬తʹಉͰ͋Δͱ͜͏ݴͱʹ͢ΔɽBDEͷྨذ
ʹ͍ͭͯ [4, 5, 10, 17, 18] ͳͲͦͷଞଟ͘ͷจ͕͋ݙΔɽ

ྫ 3 BDEͷժʹ͓͍ͯ a = b = c = 0ͱͳΒͳ͍߹ɼ͜Ε implicit differential

equation (IDE)Ͱ͋ΔɽBDEͰ҆ఆͳͷ IDEʹͳ͓ͬͯΓɼྨͱ͕ͯ࣍͠Β
Ε͍ͯΔʢDavydov[5]ͳͲΛࢀরʣɽ
(1)discriminant͕ඇಛҟۂઢͰɼ֤ͰBDE͕ఆΊΔํ͕ discriminantʹԣஅతͰ͋
ΔͳΒɼBDEہॴతʹ dy2 + xdx2 = 0 Β͔ʹಉʹͳΔɽʹ
(2)discriminant͕ඇಛҟۂઢͰɼ͍ͯ͑ߟΔʹ͓͍ͯBDE͕ఆΊΔํ͕discriminant

ʹ͢ΔͳΒBDEdy2+(−y+λx2)dx2 = Β͔ʹಉʹͳΔɽͨͩ͠ɼλʹ0 ̸= 0, 1
16

Ͱ͋ΓɼλʹԠͯ͡ҟͳΔ 3ͭͷҐ૬ܕʹ͔ΕΔɽ

ਤ 1: (2)ͷ BDE dy2 + (−y + λx2)dx2 = 0 ઢɽಛʹɼλۂॴతʹఆΊΔੵہ͕ < 0ͷ
ͱ͖ࠨֆͷ saddleɼ0 < λ < 1

16 ͷͱ͖தԝֆͷ nodeɼ 1
16 < λͷͱ͖ӈֆͷ focus ͷλΠ

ϓʹͳΔɽଠ͍ઢ discriminantɼؙࠇݪΛද͍ͯ͠Δɽ·ͨɼdiscriminatͰݪ
Ҏ֎ͷͰBDEہॴతʹ (1)ͷ dy2 + xdx2 = 0ͷλΠϓʹͳ͍ͬͯΔɽ
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લઅͷΑ͏ʹہॴతʹMongeࣜܗ z = f(x, y)ʹΑΓද͞ΕΔۂ໘ʹରͯ͠ɼͦͷۙ
ઢʣۂͷੵͼۙઢʢۙํٴํ

fyy dy
2 + 2fxy dxdy + fxx dx2 = 0

ʹΑͬͯఆ·ΔɽҎ߱͜ΕΛ asymptotic BDEͱݺͿɽasymptotic BDEʹ͓͍ͯdiscrim-

inant ۂ໘ͷ์͕͢ parabolic curveʢۂ໘্ͷ์͕͢ू߹ͷดแʣͱҰக
͢Δ͜ͱʹҙ͓ͯ͘͠ɽasymptotic BDEͷू߹Ұൠͷ BDEͷू߹ͷ෦ू߹Ͱ͋
Δ͕ɼ࣮ ༨ݩ࣍ 2·ͰͷҰൠͷ IDEͷλΠϓʢ͜ΕδΣωϦοΫͳ IDEͷ̍ٴͼ 2ύ
ϥϝʔλʔͷݱʹذΕΔλΠϓͱͯ͠BruceTari [4, 17]ʹΑΔྨ͕ΒΕͯ
͍Δʣզʑͷද 3ͷ์Ͱͷඪ४ܗʢͭ·ΓδΣωϦοΫͳۂ໘ͷ̍ٴͼ 2ύϥϝʔ
λʔͷݱʹذΕΔۂ໘ͷλΠϓʣʹ͓͚Δ asymptotic BDE ʹΑ࣮ͬͯͯ͢͢ݱΔ
͜ͱ͕Ͱ͖Δ [7]ɽ

ྫ 4 ஶऀ [7]࠲ඪมBDEͷจݙ [4, 5, 10, 17, 18]ͳͲʹ͓͚Δఆࣜͷར༻ʹΑ
Γɼද 3ͷඪ४ܗʹର͢Δ asymptotic BDEͷλΠϓΛશܾͯఆͨ͠ɽҎԼ༨ݩ࣍ 0,1,2

ͷ IDEͱද 3ͷ์ܕͷඪ४ܗͱͷରԠͷྫͰ͋Δɽ

• Πp
I,k(1 ≤ k ≤ 4)ͷ asymptotic BDE dy2 + xdx2 = 0 ʢྫ 3-(1)ʣʹΒ͔ʹಉɽ

• Πp
c,1ͷ asymptotic BDE dy2+(−y+λx2)dx2 = 0ʢྫ 3-(2)ʣʹΒ͔ʹಉɽͨ
ͩ͠ λ = 6(α− 1

4) ̸= 0ɽ

• Πp
c,2ͷ asymptotic BDE༨ݩ࣍ 1ͷ IDE dy2 + (−y + x3)dx2 = 0ʢsadle-nodeܕʣ
ʹҐ૬తʹಉɽΠp

c,1ͱΠp
c,2ͷ۠ผୈ 2અͰத৺ࣹӨͷಛҟܕʹ͍ͭͯͷزԿ

ֶʹΑͬͯಛ͚ΒΕ͍ͯͨ͜ͱΛҙ͓ͯ͘͠ɽ

• Πp
v,3ͷ asymptotic BDE༨ݩ࣍ 2ͷ IDE dy2 + (xy + x3)dx2 = 0 ʹҐ૬తʹಉ

ʢਖ਼֬ʹɼΠp
v,3ͷ࣍ߴͷ߲ͷʹؔ͢Δ݅ΛԾఆ͍ͯ͠Δʣɽparabolic curve

MorseܕಛҟΛͭ࣋ʢcf. ਤ 3ʣɽ

·ͨɼฏୱʢflat umbilicʣͰasymptotic BDE IDEͰͳ ʢ͍ͭ·Γɼa = b = c = 0

ͷ߹ʣɽ͜ͷΑ͏ͳBDEͷྨBruce, Tari, Oliver[4, 18, 10]ʹΑΓ༩͑ΒΕ͍ͯΔɽ

• Πf
1(±)ͷ asymptotic BDE ydy2 ∓ 2xdxdy ∓ ydx2 = 0 ʹҐ૬తʹಉɽ

• Πf
2 ͷ asymptotic BDE xdy2 + 2ydxdy + x2dx2 = 0 ʹҐ૬తʹಉɽ࣮͜ͷ
λΠϓҰൠͷBDEͷۭؒͷதͰ༨͕ݩ࣍ 3Ͱ͋Δʢͭ·ΓBDEͷδΣωϦο
Ϋͳ 3-ύϥϝʔλʔʹݱΕΔʣ[10]ɽҰํɼΠf

2 ໘ͷδΣωϦοΫͳۂܕ 2-ύϥ
ϝʔλʔͷݱʹذΕΔɽ͜͜ʹೋͭͷҟͳΔྨͷؒͷΪϟοϓ͕͞؍Εڵ
ຯਂ͍ɽ
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5 parabolic curveͱflecnodal curveͷذ
զʑͷද 2ɼ3 ʹ͓͚Δ༨ݩ࣍ ͼٴ3 4ͷMongeࣜܗͷඪ४ܗδΣωϦοΫͳۂ໘

ͷ ͼٴ1 2ύϥϝʔλʔͷݱʹذΕΔۂ໘ժΛද͍ͯͨ͠ɽຊઅͰಛʹ parabolic

curveͱ flecnodal curveʹͯ͠ɼͦͷذʹؔ͢Δ݁ՌΛհ͢Δɽ
͜͜Ͱ flecnodeͱҰํͷۙઢ͕ۂ໘ͱ 3ҐҎ্Ͱ৮͢ΔۂͰɼflecnodal

curveͱۂ໘্ͷ flecnode͕͢ू߹ͷดแΛҙຯ͢ΔɽδΣωϦοΫͳۂ໘ʹ͓͍
ͯ parabolic curveͱ flecnodal curve Β͔ͳۂઢʢ΄ͱΜͲͯ͢ͷͰͦΕͧΕ
Πp

I,1,Π
h
3,3ͷλΠϓʣʹ ͳΔɽͨͩ͠ɼflecnodal curveࣗަݾ ʢࠩΠh

3,4ͷλΠϓʣΛͪ࣋ಘ
Δ͠ɼparabolic curveͱ flecnodal curve͕ 1Ͱ͢ΔʢΠp

c,1ͷλΠϓʣ͜ͱ͋ΔɽͰ
ۂ໘͕ ͼٴ1 2ύϥϝʔλʔͰಈ͘ͱ͖͜ΕΒͲͷΑ͏ͳذΛੜ͡ΔͩΖ͏͔ʁ
લઅͰͷઆ໌ͷΑ͏ʹɼparabolic curve asymptotic BDE ͷ discriminantͱҰக͠

͓ͯΓɼ·ͨBDEͷಉؔͦͷ discriminantΛอଘ͢ΔɽՃ͑ͯɼδΣωϦοΫͳ
BDEͷ ͼٴ1 2ύϥϝʔλʔʹؔͯ͠ྨͱͱʹͦͷذΑ͘͞ڀݚΕ͍ͯΔ
ʢcf. [4, 17, 18]ʣͷͰɼparabolic curveʹؔͯ͠લઅͷΑ͏ʹ asymptotic BDEͷλΠ
ϓΛ͢ڀݚΔ͜ͱͰͦͷذΛܾఆ͢Δ͜ͱ͕Ͱ͖Δɽ
ҰํɼBDEͷಉؔͰ flecode pointͷใอଘ͞ΕͣɼBDEͷ݁Ռ͔Β flec-

nodal curveͷ༷ࢠΘ͔Βͳ͍ɽͦ͜Ͱஶऀ [7]ද 3ʹ͓͚ΔͦΕͧΕͷλΠϓʹର
ͯ͠ɼMongeࣜܗͷదͳύϥϝʔλʔͷྫΛߏͨ͠ɽͦͯ͠۩ମతͳࢉܭʹΑΓ
parabolic curveͱ flecnodal curve྆ํʹؔ͢ΔہॴతͳذਤࣜΛܾఆ͢Δ͜ͱ͕Ͱ͖
ͨɽҎԼɼ1-ύϥϝʔλͷذͷྫͱͯ͠Πp

c,2ܕɼ2-ύϥϝʔλʔͷذͷྫͱͯ͠
Πp

v,3ܕͱΠf
2 Λऴ͑Δɽߘຊͯ͛ڍΛܕ

ྫ 5 Πp
c,2ܕͷMongeࣜܗͷ 1-ύϥϝʔλʔͱͯ͠

f(x, y, t) = y2 + x4 + x2y2 + tx2

Λ͑ߟΔɽ͜ͷ࣌ɼflecnodal curve

y + 100x4 + 10x3 + (
1

2
+ 20t)x2 + 3tx+ t2 = 0

parabolic curve
2y + 20x3 + x2 + 6tx = 0

ͱ۩ମతͳํఔࣜʹΑΓ༩͑ΒΕΔʢҙ 8ࢀরʣɽͦͷذਤ 2ͷΑ͏ʹͳΔɽ

ྫ 6 Πp
v,3ܕͷMongeࣜܗͷ 2-ύϥϝʔλʔͱͯ͠

f(x, y, t, u) = y2 + x5 + x3y + tx2 + ux2y

Λ͑ߟΔɽ͜ͷ࣌ flecnodal curve

y2 + 100x4 + 20x2y + 18x3y + u3y + t(u+ 3x)2 + u2(−10x3 + 7xy)− 6u(5x4 − 3x2y) = 0,
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ਤ 2: Πp
c,2ͷذ ([21, 16, 7]). ӈ͔ΒࠨʹਐΉͭΕͯɼparabolic curveͱ flecnodal curve

͕͍͍͖ۙͮͯʢӈֆʣɼ2ۂઢ͕͢ΔΠp
c,1͕ܕ 2ͰݱΕΔʢࠨֆʣɽͦͷذʹ ۂ2

ઢ͕ୀԽͨ͠৮Λͭ࣋Πp
c,2ݱ͕ܕΕΔʢதԝֆʣɽ

ਤ 3: Πp
v,3ͷذ.

parabolic curve

12xy + 40x3 − 9x4 + 4t+ 4uy − 4u2x2 − 12ux3 = 0

Ͱ༩͑ΒΕΔʢ͜ΕΒͷৄࡉͳղੳ [7]ͷ 5.3અΛࢀরͷ͜ͱʣɽذਤ 3ͷΑ͏ʹ༩
͑ΒΕΔɽ

ྫ 7 Πf
ର͢ΔʹࣜܗͷMongeܕ(+)2 2-ύϥϝʔλʔͱͯ͠

f(x, y, t, u) = xy2 + x4 + y4 + tx2 + ux3
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Λ͑ߟΔɽparabolic curve

6x3 − y2 + tx+ 3ux2 + 6ty2 + 18uxy2 + 36x2y2 = 0

Ͱ༩͑ΒΕΔʢflecnodal curveؚΊͨղੳͷৄࡉ [7]ͷ 5.3અΛࢀরͷ͜ͱʣɽͦͷ
ਤذ 4ͷΑ͏ʹͳΔɽલઅͰͨݟΑ͏ʹΠf

2 ର͢Δʹܕ asymptotic BDE༨ݩ࣍ 3ͷ
BDEͷλΠϓͰɼͦͷذਤࣜΛܾఆͨ͠จݙ͜Ε·Ͱͳ͘ɼͦͷҙຯͰզʑͷಘ
ͨذਤࣜશ͘৽͍͠ͷͱ͑ߟΒΕΔɽ

ਤ 4: Πf
2(+)ͷذɽ

ҙ 8 ྫ 5ͳͲΛؚΉۂ໘ͷ1ύϥϝʔλʔͷذʹؔͯ͠Uribe-Vargas[21]͕ 2000

ࠒʹࣹӨରͳͲΛ༻͍ͨزԿֶతͳٞʹΑΓͦͷྨΛಘ͍ͯΔɽ͜Εʹൺͯ
զʑͷࠓճͷख๏ flecnodal curveͳͲΛ໌ࣔతͳࣜͰهड़ͦ͠ͷੑ࣭ΛௐΔ͜ͱ͕
Ͱ͖Δͱ͍͏ಛ͕͋Δɽͳ͓ɼflecnodeҰํͷۙઢ͔Βͷத৺ࣹӨͷλΠϓ͕
II≥3ͱͳΔΑ͏ͳͳͷͰɼflecnodal curveͷఆٛࣜୈ 1અͰհͨࣸ͠૾ժͷఆ๏
ʢಛʹࢯ࣏ࠤ [15]ʹΑΔఆ๏ʣʹΑͬͯಘΔ͜ͱ͕Ͱ͖Δɽ
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