
Braid܈ɾࣸ૾ྨ܈ͷpositivityͱτϙϩδʔ

ҏ౻ɹ (େࡕେֶཧֶڀݚՊֶઐ߈)∗

1. Introdudction:Positivity

ɹ͑ߟΔର͕ʰਖ਼ɾ̌ɾෛʱͷΑ͏ʹ۠͞ΕΔͱ͍͏ঢ়گֶͷଟ͘ͷͰසൟʹى
͜Γ 1ɺ͜ͷʰਖ਼ʱ(̌ɾh ෛʱ)ͱ͍͏ੑ࣭ศརͳԠ༻Λͭ࣋͜ͱ͕ଟ͍ 2ɻ͍ͯ͑ߟΔର͕
Ұޱʹʰਖ਼ʱͰ͋Δͱ͍ͬͯɺΘΕΔঢ়گʹΑΓͦͷ༰ఆٛɾҙຯେ͖͘ҧ͏ɻྫ
͑ɺͷP = (n,m) ∈ Z2ʹ͍ͭͯʰP͕ਖ਼Ͱ͋Δʱͱ͍͏ࡍʹ

• n > 0͔ͭm > 0 – “શ͕ͯਖ਼”

• n > 0ɺ·ͨɺn = 0͔ͭm > 0 – “ओཁ߲”͕ਖ਼ʢࣙॻࣜॱংͰਖ਼ʣ
• ͋ΔఆNଘͯ͠ࡏn2 +m2 > N – “ेʹਖ਼”

ͱ͍ͬͨΑ͏ʹɺࣗવͰ͋Γ͔࣮ͭʹࡍ༻͞Ε͍ͯΔఆٛෳଘ͢ࡏΔɻҰൠʹʰ**͕
ਖ਼ʱͱ͍͏͜ͱʹ͍ͭͯɺҙຯͷ͋ΔఆٛҰ͚ͭͩͰͳ͘ɺ͍ͨ͑ߟঢ়گʹԠ͍ͯ͡Ζ͍
Ζͳఆ͕ٛ͑ߟΒΕΔɻ
܈໘ͷࣸ૾ྨۂ Braid܈ʹ͍ͭͯɺଟ͘ͷҟͳΔ “positivity”ͷ֓೦͕ఆٛ͞Ε͍ͯ

Δɻݩ࣍ࡾʢ৮ʣଟ༷ମͷΦʔϓϯϒοΫղɺclosed braidͷߏΛհͯ͠ɺͦΕΒͷ
positivityτϙϩδʔɾزԿͱີʹؔ࿈͍ͯ͠Δ͜ͱ͕ΒΕ͍ͯΔɻ͜͜Ͱۂ໘ͷࣸ૾
Կͱؔ࿈ʹ͍ͭͯड़ͯزΕΔ“positivity”ͷ֓೦Λཧ͠ɺτϙϩδʔɾݱʹ܈ɾBraid܈ྨ
͍͘ɻPositivityͷ֓೦ͱτϙϩδʔɾزԿͷରԠΛ۩ମతʹؔ࿈͚Δࡍʹ৽͍͠ΞΠσΟ
Ξ͕ٞඞཁͱͳΔ͜ͱଟ͍ɻ͜͜Ͱओʹ

• ɹ“Positivity”Λఆٛ͢ΔʹͲͷΑ͏ʹ͢ΕΑ͍͔ʁ
• ɹ࣮ࡍʹఆٛ͞Εͨ“Positivity”͕ͲͷΑ͏ʹτϙϩδʔɾزԿͱؔ࿈͢Δͷ͔ʁ

ͷೋΛΠϯϑΥʔϚϧͳܗͰड़ΔʹͲͱΊɺpositivityΛزԿͱؔ࿈͚Δ۩ମతͳٞ
ʹ͍ͭͯ͋·Γ৮Εͳ͍͜ͱʹ͢Δ 3ɻࢴ໘ͷ߹্ɺ͜͜Ͱ্͛Δpositivityͱτϙϩ
δʔͱͷؔ࿈ͷ͘͝Ұ෦Ͱ͋ΓɺචऀͷڵຯΛөͯ͠ዞҙతʹબΜͩͷͰ͋Δɻಛʹɺ͜
͜Ͱ ͱͷؔ࿈Λத৺ʹड़ɺLefshetzݩ࣍3 fibrationͱ͍ͬͨ ͱͷؔ࿈ʹ͍ͭͯ৮ݩ࣍4
Εͳ͍ɻ·ͨɺݩ࣍ࡾͷʹͯͬݶɺ͜ͷߘͰड़ΔࣄฑࡏݱΒΕ͍ͯΔ͜ͱͷ͘͝͝
͘Ұ෦Ͱ͋ΓɺΔ͔ʹଟ͘ͷؔ࿈͕ΒΕ͍ͯΔ͜ͱΛҙ͓ͯ͘͠ɻڵຯΛͨ࣋Εͨํɺ
Etnyre,Van Horn-MorrisͷαʔϕΠ [9]ͳͲΛదٓࢀরͯ͠΄͍͠ɻ

2. ͷPositivityݩͷ܈

ͷCayley܈Gͦͷͷʹ͍ͭͯʰਖ਼ɾ̌ɾෛʱͷ֓೦Λఆٛ͢Δʹ͋ͨͬͯɺ܈ graphΛ
ۭؒڑΛ܈Δ͜ͱͰ͑ߟ (ͷquasi-ismometryྨ)ͱରԠͤ͞ɺڑۭؒͷۂͷ͑ߟΛҠೖ
͢Δͱ͍͏ख๏͕ΒΕ͍ͯΔ 4ɻΑΓҰൠʹɺ͕܈దͳۭؒʢCAT (n)-ۭؒͳͲʣʹྑ͍

∗˟ 560-0043ɹେࡕ๛தࢢ݉ࢁொ̍-̍
e-mail: tetito@math.sci.osaka-u.ac.jp
web: http://www.math.sci.osaka-u.ac.jp/~tetito/index_j.html

1ྫ͑ۂͷਖ਼ɾ̌ɾෛͳͲɻ
2ྫ͑ɺ͠ೋͭͷۂઢʢҰൠʹ෦ଟ༷ମʣͷަ͕ࠩͯ͢ਖ਼Ͱ͋ͬͨͱ͢ΔͱɺతަʹزԿతަ
ͱͳΓɺతͳใ͔ΒزԿతͳ͜ͱ͕Θ͔Δ͜ͱʹͳΔɻ

3͜͜Ͱड़Δ݁ՌͷதͰɺචऀʹΑΔͷͷଟ͘ͷࣨࢯࢠܓʢIowaେֶʣͱͷڞಉ͍͍ͯͮجʹڀݚΔ͕ɺ
ख๏Ͱ͋Δڀݚ open book foliation[18]ʹ͍ͭͯ৮Εͳ͍ɻ·ͨɺ͜ͷࣄهචऀͷݸਓతͳํݟΛ͘ڧө
͍ͯ͠Δɻ

4ྫ͑Gromov܈ۂͳͲɻ
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ʢࢄతɾతͳͲʣ࡞༻Λͭ࣋ͱ͖ʹɺ࡞܈༻Λհͯ͠࡞༻͢Δۭؒͷੑ࣭Λ܈ʹҠೖ͢
Δ͜ͱ͕Ͱ͖Δɻ͜ͷΑ͏ͳํ͑ߟزԿֶత܈ͱͯ͠Μʹ͞ڀݚΕ͍ͯΔɻ
͜͜Ͱɺ܈Gͷੑ࣭ͱͯ͠ʰਖ਼ɾ̌ɾෛʱΛఆٛ͢ΔͷͰͳ͘ɺGͷ֤ݩͷੑ࣭ͱͯ͠

GͷͦݩΕͧΕʹʰਖ਼ɾ̌ɾෛʱͱ͍ͬͨ֓೦Λఆٛ͢Δ͜ͱΛ͑ߟΑ͏ɻͨͩ͠ɺGͷݩʹ
ਖ਼ͰෛͰ0Ͱͳ͍͕ݩଘͯ͠ࡏΑ͍ͱ͢Δ 5ɻ

2.1. ෆมྔʹΑΔఆٛ

҆ʹ͑ߟΔͱɺGͷ֤ݩʹʰਖ਼ɾ̌ɾෛʱͱ͍ͬͨ֓೦Λఆٛ͢ΔʹGͷݩ gʹର࣮ͯ͠
͋Δ͍ʹΛͱΔෆมྔΘ(g)Λ͑ߟɺෆมྔͷΘ(g)Ͱ gͷʰਖ਼ɾ̌ɾෛʱΛఆٛ
͢Ε͍͍ɻ͋Δ͍ɺh ෆมྔΘ(g)͕ेʹେ͖͍ʱͱ͍ͬͨܗͰ positivityΛఆٛ͢Δ͜
ͱͰ͖Δ 6ɻͪΖΜ͜ͷఆٛෆมྔΘͷੑ࣭Λөͨ֓͠೦ʹͳΔ 7ɻ

2.2. ΑΔఆٛʹ༺࡞܈

ʰ࡞܈༻Λར༻ͯ͠ਖ਼ɾ̌ɾෛͱ͍ͬͨੑ࣭Λ܈ʹҠೖ͢Δʱͱ͍͏ΞΠσΟΞΛ༻͍ͯɺ܈G

ͷݩʹpositivityΛఆٛ͢Δ͜ͱΛ͑ߟΑ͏ɻh ਖ਼ɾ̌ɾෛʱ͕ࣗવʹఆٛ͞ΕΔҐ૬ۭؒͷ࠷
جຊతͳͷ͕࣮ઢRͰ͋Δ͜ͱ͔Βɺ܈GͷRͷ࡞༻Λར༻࣍͠ͷΑ͏ʹpositivity

ΛఆΊΔ͜ͱࣗવͩΖ͏ɻ

Definition 1. Θ༺࡞Λอͭ࿈ଓ͖ʹG͕R܈ : G→ Homeo+(R)Λͭ࣋ͱ͢Δɻ[Θ(g)](0) >

0Λຬͨ͢ͱ͖ g͕positiveͰ͋ΔͱఆΊΔɻ

͜ͷఆٛɺجͱͯ͠ݪ0 ∈ RΛͱΓͦͷ૾ͷൺֱͰpositivityΛఆٛͨ͠ɻݪ0
తʹಛผͳݩʢʣͰ͋Δ͕ɺزԿతʹͨݟ߹ɺԿ͔ಛผͳࣄ͕ͳ͍ݶΓRʹ͓͚
Δ࠲ඪܥ ʣͷجࣗવʹఆ·Βͳ͍ɻͦͷͨΊ͜ͷఆٛͰ0ʢ(ΛͲ͜ʹͱΔ͔ج=0)
औΓํͷҙੑ͕ݱΕΔɻ
͜ͷΑ͏ͳҙੑΛআͨ͘Ίʹɺ࣍ͷΑ͏ʹ͑ߟΔɻ·ͣɺg͕ਖ਼ͳΒɺg−1ෛͱͳͬͯ

͍Δͱظ͢Δͷ͕ࣗવͩΖ͏ɻͦ͏͢Δͱɺ୯Ґݩ 1ਖ਼ͰෛͰͳ͍ʢ͋Δ͍ਖ਼͔ͭ
ෛͷʣݩͰ͋Δ͖Ͱ͋Δɻͦ͏͢Δͱɺ୯Ґ̍ݩ“0”ʹରԠ͢Δͱ͑ߟΔͷ͕ࣗવͰ͋Δɻ
͜ΕΛ౿·͑ͯɺ୯Ґݩ (= 0)ͷ࡞༻ͱͷൺֱʹΑΓ࣍ͷΑ͏ʹఆٛΛ͢Δɻ

Definition 2. Θ༺࡞Λอͭ࿈ଓ͖ʹG͕R܈ : G → Homeo+(R)Λͭ࣋ͱ͢Δɻ͜ͷͱ
͖ɺ[Θ(g)](x) > [Θ(1)](x) = x͕ͯ͢ͷxͰΓཱͭͱ͖ g͕positiveͱఆΊΔɻ

͜ͷΑ͏ʹఆٛͨ͠positiveͷ֓೦ͪΖΜ͍ͯ͑ߟΔ࡞܈༻Θͷੑ࣭Λ͘ڧө͍ͯ͠
ΔɻͦͷͨΊɺΘ͕Կ͔زԿతͳ༝དྷΛ࡞ͭ࣋༻Ͱ͋ΕɺτϙϩδʔɾزԿͱԿΒ͔ͷؔ
͕͋Δͱ͍͏͜ͱ͕ظͰ͖Δ 8ɻ
ͯ͞ɺ্ͷఆٛͰɺRͷ࡞༻Λͨ͑ߟɻΑΓҰൠʹɺRͰͷʰਖ਼ɾ̌ɾෛʱͷ֓೦ج

 0ΛҰͭݻఆ͢ΔͱͦΕͧΕx < 0, x = 0, x > 0ͱ͍͏ෆ߸ɺͭ·ΓॱংͰهड़͞ΕΔɻ
ैͬͯɺRͷΑ͏ͳҐ૬ۭؒͰͳͯ͘ɺҰൠͷॱংू߹ͷ࡞༻Λհͯ͠ʰਖ਼ɾ̌ɾෛʱͷ
֓೦ΛఆΊΔ͜ͱ͕Ͱ͖Δɻ

Definition 3. ߹G͕ʢʣॱংू܈ (O,≺)ʹॱংߏΛอͭ࡞༻Θ : G → Aut(O,≺)Λ࣋
ͭͱ͢Δɻ͜ͷͱ͖

5͜Εผʹົحͳ͜ͱͰͳ͍ɻ͜Ε͔Βɺ܈ͷݩͷதͰԿ͔ྑ͍ੑ࣭Λͭ࣋ͷΛఆٛ͠Α͏ͱ͍ͯ͠Δͷͩ
͔Βɺh Δ͜ͱΉ͠ΖࣗવͰ͋Δɻ͢ࡏʱ͕ଘݩͳ͍ͨ࣋Λશ࣭͘ੑ͍ྑ͍ͨ͑ߟ

6͜ͷΑ͏ʹɺh **͕ेʹେ͖͍ ͱɦ͍ͬͨྨͷఆٛɺྫ ”ʢ“randomݩgͷҰൠͷ܈Λআ͘ͱ͖ɺگΔঢ়͜ى͕֎
ʹબΜͩݩʣΛ͑ߟΔࡍʹศརͰ͋Δɻ[17]Ͱɺh “random”ͳࣸ૾ྨ܈ͷݩͷFDTCेʹେ͖͍ʱͱ͍
͏͜ͱΛ༻͍ͯɺ“random”ͳ ͭ࣋ʹࡍ͞Ε͏Δੑ࣭Λ࣮ظʹత֮ײͱ͍ͬͨੑۂଟ༷ମ݁ͼ͕ݩ࣍3
͜ͱΛࣔͨ͠ɻ

7ͪΖΜɺෆมྔΘΛͲͷΑ͏ʹߏ͢Δ͔ʁͱ͍͏͜ͱ͕ͩɻ୯७ͳΞʔϕϧԽͷG → H1(G;Z)Ͱ͢
ΒɺศརͳใΛͭ࣋͜ͱ͕ଟʑ͋Δʂ

8ͪΖΜɺ࡞༻ΘΛͲ͏ͬͯߏ͢Δ͔ɺͱ͍͏ʹ͔͔ͬͯ͘Δͷ͕ͩɻ
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• ͋Δجo ∈ Oʹ͍ͭͯɺ[Θ(g)](o) ≻ o͕Γཱͭͱ͖ g͕ʢoͰʣpositiveͱఆΊΔɻ
• [Θ(g)](x) ≻ x͕ͯ͢ͷxͰΓཱͭͱ͖ g͕positiveͱఆΊΔɻ

2.3. ੜܥʹΑΔఆٛ

ɹ܈ͷ࡞༻Λߏ͢Δ͜ͱɺ͋Δ͍ͦͷ࡞༻Λ۩ମతʹॻ͖Լ͢͜ͱ༰қͰͳ͍ɻ܈ͷ
ݩ༩͑ΒΕͨʹࡍΒಘΒΕͨͷͰ͋Δͱ͖ʹɺ࣮͔ߟԿతͳز͕༺࡞ g͕positive͔Ͳ
͏͔Λܾఆ͢Δͷ༰қͰͳ͍͜ͱଟ͍ 9ɻ·ͨɺ܈࡞༻ͤ͞ΔۭؒʹΑͬͯɺ࡞༻͕
΄ͱΜͲͳ͍/ಛผͳͷ͔͠ͳ͍ͱ͍ͬͨ͜ͱ͜ىΔ 10ɻྫ͑ɺ༗܈ݶͷRͷ͖Λ
อͭΑ͏ͳ࡞༻ࣗ໌ͳͷ͔͠ͳ͍ɻ
ͦ͜ͰɺɾΈ߹Θͤతʹpositivityͷ֓೦Λ͑ߟΔ͜ͱΛ͑ߟΑ͏ɻ܈Gͷੜݩͷ

ू߹S = {si}(ແݶͰΑ͍)ΛҰͭݻఆ͢ΔɻSੜܥͳͷͰɺͯ͢ͷ g ∈ GSͷݩͱ
ͦͷݩٯS−1 = {s−1

i }ͨͪͷੵͰ͔͚Δɻ

Definition 4. g ∈ G͕ S ͷݩٯΛΘͣʹɺS ͷ͚ͩݩͷੵͰ͔͚Δͱ͖ɺgΛ (S-word)
positive ͱఆٛ͢Δɻ

ͨͱ͑Z = {tͰੜ͞ΕΔແݶ८ճ܈} ʹ͍ͭͯɺ௨ৗͷʰਖ਼ͷʱͱ͍ͬͨ֓೦
{t}-word positiveͰ͋Δͱཧղ͢Δ͜ͱ͕Ͱ͖Δɻ
͜ΕੜݩSͷऔΓํʹΑͬͯҙຯΛͳ͞ͳ͍ (ྫ͑ɺS = S−1ͱͳ͍ͬͯΕ͢

ͯͷ͕ݩpositiveͱͳͬͯ͠·͏ʂ)ɻ͔͠͠ɺ͠ੜݩS͕Կ͔زԿత͋Δ͍తʹҙ
ຯΛͪ࣋ɺ͔ͭSͱS−1ͷަ͕ࠩখ͚͞Εɺ(S-word) positiveͳݩੜݩSͷੑ࣭زԿ
తͳҙຯΛ͘ڧө͍ͯ͠Δͱ͑ߟΒΕΔɻ

3. ͷpositivity͍ͯͭʹ܈ࣸ૾ྨ܈໘ͷBraidۂ

Section 2Ͱड़ͨख๏Ͱۂ໘ͷBraid܈ࣸ૾ྨ܈ʹ͍༷ͭͯʑͳpositivityͷ֓೦Λಋೖͯ͠
͍͘ɻ͜ΕΒͷఆٛͲΕࣗવͳͷͰ͋ΓɺSection 4Ͱड़ΔΑ͏ʹOpen bookɾclosed

braidΛ௨ͯ͠ʢ৮ʣ3ݩ࣍ଟ༷ମɺ(transverse)linkͷੑ࣭ͱີʹؔ࿈͍ͯ͠Δɻ

3.1. ܈ࣸ૾ྨ܈໘ͷBraidۂ

FΛҰͭͷڥքΛͭ࣋ ໘ͱ͢ΔɻPۂ͚ՄίϯύΫτ͖11 = {p1, p2, . . . , pn}Λ༗ݸݶͷ
Fͷͷू߹ͱࣸ͠૾ྨ܈MCG(F, P )Λ

MCG(F, P ) = {φ : F → F | φ(P ) = P,φ|∂F = id}/isotopy

ʹΑΓఆ·ΔɻಛʹP = ∅ͷ࣌୯ʹMCG(F )ͱॻ͘ɻ
·ͨɺۂ໘F্ͷn-Έͻ܈Bn(F )Λ

Bn(F ) = {γ : {p1, . . . , pn}× [0, 1]→ F | γ(pi, t) ̸= γ(pj , t) (i ̸= j)}/homotopy

ͱఆΊΔɻBn(F )ͷݩ [γ]ࣸ૾γ : {p1, . . . , pn}× [0, 1]→ F × [0, 1], γ(pi, t) = (γ(pi, t), t) ͷ
૾ͱݟΔ͜ͱͰɺF × [0, 1]ʹຒΊࠐ·Ε͍ͨޓʹབྷΈ߹͏nຊͷͻͱΈΔ͜ͱ͕Ͱ͖Δɻ
Fͷࣸ૾ྨ܈ͱΈͻ܈࣍ͷBirman exact sequence [3]Ͱ͚ؔͮΒΕΔɻ

1→ Bn(F )
p→MCG(F, P )

f→MCG(F )→ 1

͜͜Ͱ p : Bn(F ) → MCG(F, P ) point pushing mapͱݺΕɺBn(F )ͷݩΛ nݸͷ P

ͷيͱͦͨݟͷಈ͖ΛFશମͷಉ૬ࣸ૾ͱ֦ͯ͠ு͢Δͱ͍͏ૢ࡞ͰಘΒΕɺf forgetful

mapͱݺΕɺPͷใΛΕΔ͜ͱͰಘΒΕΔɻ
9ྫ͑ɺ3ݩ࣍ଟ༷ମM ͷ taut༿ߏ͔Β π1(M)ͷ universal circle S1(֤ leafͷແݶԕڥքΛ౷߹ͨ͠ԁ
प)ͷ࡞༻͕ಘΒΕΔ͜ͱ͕ΒΕ͍ͯΔ [5]ɻ͔͜͠͠ͷ࡞༻Λ۩ମతʹॻ͖Լ͢͜ͱඇৗʹ͍͠ɻ

10͜ͷΑ͏ͳݱ rigidityͱݺΕΜʹ͞ڀݚΕ͍ͯΔɻ
11؆୯ͷͨΊʹ ∂F ͕࿈݁ͳ߹Λड़ΔɻҰൠͷ߹దʹઃఆɾमਖ਼͢Ε΄΅ಉ༷ͷ͕ٞͰ͖Δɻ

35第64回トポロジーシンポジウム



3.2. ͖ͭcurveʹ͍ͭͯͷॱংͱpositivityج໘্ͷۂ

ɹSection 2.2ͷΑ͏ʹMCG(F, P )ͷదͳॱংू߹ͷ࡞༻Λར༻ͯ͠positivityΛఆٛ͢
Δɻࣸ૾ྨ܈ͷఆ͔ٛΒɺۂ໘Fͷ࡞༻Λར༻ͯ͠Rॱংू߹ͷ࡞༻ΛಘΔ͜ͱΛ͑ߟ
Δͷ͕ࣗવͰ͋Δɻͱ͜Ζ͕ɺۂ໘F2ݩ࣍Ͱ͋ΓɺॱংͷΑ͏ͳߏͯ͑͜ݟͳ͍ɻେ
ͷΑ͏ʹೋ࣍తͳରͰ͋Δɻͦ͜Ͱɺݩ࣍ɺRͷྫ͕ࣔ͢Α͏ʹॱংू߹Ұͯͬݴʹ͔·
͢ΔɻߏΛ༺࡞ΊΔٻͱͰ͜͢௵ʹݩ࣍ͷͷΛҰݩ࣍

(A) ೋݩ࣍ͷڥքҰݩ࣍Ͱ͋Δ͜ͱʹணͯ͠ڥքͷ࡞༻Λར༻͢Δ͜ͱΛ͑ߟΔɻ
(B) ʷݩ࣍໘Λ1ۂ ۂͷͷͱͯ͠ղͯ͠ɺͦͷݩ࣍ͱΈͯɺfoliationͷΑ͏ͳҰݩ࣍1

ઢͷ࡞༻Λར༻͢Δɻ

3.2.1. ීวඃ෴ͷແݶԕڥքͷ࡞༻͔ΒಘΒΕΔpositivity

·ͣʢ̖ʣͷΞϓϩʔν͔Βઆ໌͠Α͏ɻࣸ૾ྨࣗ܈ମۂ໘ͷڥք ∂F ͍ͯ͠༺࡞ʹ໌ࣗʹ
ΔͷͰɺ∂F ͷ࡞༻Λͯݟҙຯ͕ͳ͍ɻ͔͠͠ɺߏۂΛར༻ͯ͠ɺແݶԕڥքΛ͑ߟ
Δ͜ͱͰ࣍ͷΑ͏ͳඇࣗ໌ͳ࡞༻͕ಘΒΕΔɻ

Definition 5. FP := F \ P ʹߏۂΛҰͭ༩͑Δɻ͜ͷͱ͖ɺϦϑτΛ͑ߟΔ͜ͱͰ
MCG(F ;P )ීวඃ෴ F̃P ͷແݶԕΛ͚Ճ͑ͨ ք∂F̃Pڥ12

∼= S1ʹඇࣗ໌ͳ࡞༻Λͭ࣋ɻ
ͱͳ͍ͬͯΔ૾ٯʢ∂Fͷͭ࣋ఆΛݻ༺࡞ఆ͍ͯͨͨ͠Ίɺ͜ͷݻ∂FΛ༺࡞ͷ܈ྨ૾ࣸ
Δ͜ͱͰɺ͢ࢹքΛRͱಉҰڥԕݶΓͷແఆΛҰͭऔΓআ͖ɺݻఆͰ͋Δʣɻݻքͷڥ
Θ༺࡞ͷRͷ܈ྨ૾ࣸ : MCG(F, P )→ Homeo+(R)͕ಘΒΕΔɻ͜ΕΛNielsen-Thurston

Ϳɻݺͱ༺࡞

Nielsen-Thurston࡞༻͔Β࣍ͷΑ͏ʹpositivityͷ֓೦͕ఆٛͰ͖Δɻ

Definition 6 (Nielsen-Thurston࡞༻ʹΑΔpositivity (= right-veering)[11]). g ∈MCG(S, P )

͕શͯͷx ∈ Rʹରͯ͠ [Θ(g)](x) ≥ [Θ(1)](x) = xΛຬͨ͢ͱ͖ɺg right-veering (Nielsen-

Thurston ਖ਼)Ͱ͋Δͱఆٛ͢Δɻ͍ͯͭʹ༺࡞

·ͨɺNielsen-Thurston࡞༻͔Β࣍ͷΑ͏ʹࣸ૾ྨ܈ͷෆมྔΛߏ͢Δ͜ͱ͕Ͱ͖Δɻڥ
քʹԊ͏Dehn twist T∂F MCG(F, P )ͷத৺ͷݩͰ͋ΓɺΘ(T∂F )(x) = x+ 1ͱͳΔΑ͏ʹ
Nielsen-Thurston࡞༻Λਖ਼نԽͰ͖Δɻ͜ͷ͜ͱ͔ΒɺNielsen-Thurston࡞༻ͷ૾S1ͷಉ૬
ͷϦϑτͷͳ͢෦܈ ˜Homeo+(S1)ʹೖΔ͜ͱ͕Θ͔Δɻ͜ͷΑ͏ͳԁपͷ࡞༻ͷϦϑτͱ͠
ͯಘΒΕΔRͷHomeo fʹ͍ͭͯ࣍ͷ translation numberͱݺΕΔෆมྔ͕ఆٛ͞ΕΔɻ

τ(f) = lim
n→∞

fn(x)− x

n
∈ R (x ∈ R)ɹ (ɿτ(f)xͷऔΓํʹΑΒͣʹҰҙʹఆ·Δ)

Definition 7 (Fractional Dehn twist coefficient). φ ∈ MCG(F ;P )ͷFractional Dehn twist

coefficient (FDTC)Λ c(φ) = τ(Θ(φ)) ∈ Q ʹΑΓఆΊΔ 13ɻ

ෆมྔFDTCΛ༻͍ͨɺ࣍ͷΑ͏ͳpositivityΛ͑ߟΔɻ

Definition 8 (FDTC ͷpositivity). φ ∈MCG(F ;P )ͷFDTC͕ c(φ) > NΛຬͨ͢ͱ͖ɺφ
ΛFDTC N -positiveͱݺͿɻʢ࣍SectionͰओʹFDTC 1-positiveΛओʹѻ͏ɻʣ

ఆٛΑΓFDTC 0-positiveͰ͋Ε right-veeringͰ͋Δ 14ɻRight-veeringɺFDTCͱ͍ͬͨ
֓೦ [11]Ͱ͜͜Ͱ্͛ͨͷͱগ͠ҧ͏ ํ(ͷNielsen-ThurstonྨΛ༻͍ΔͳͲ܈ྨ૾ࣸ)
12ͭ·Γɺීวඃ෴ F̃P ⊂ H2ͱΈͯɺແݶԕڥք ∂H2ͷݩΛ͚Ճ͑ͯίϯύΫτԽͨ͠ͷͱ͍͏͜ͱɻ
13͜ͷఆٛͩͱ c(φ) ∈ R͕࣮ࡍʹ༗ཧʹͳΔ͜ͱ͙͢ʹΘ͔Βͳ͍͕ɺNielsen-ThurstonྨΛ༻͍ͨ
ͷఆٛݩ [11]ͱͷಉੑ [19, 25]͔ΒɺFDTC༗ཧͰ͋Δ͜ͱʢΑΓ͘ڧɺͦͷ͕༗քͰ͋Δ͜ͱʣ͕
Θ͔Δɻ

ɺright-veeringͱࡍ14࣮ FDTC 0-positiveʰ΄΅ʱಉͳ֓೦Ͱ͋Γɺirreducibleͳࣸ૾ྨ܈ʹ͍ͭͯ͜ͷ
ೋͭಉͰ͋Δ [11]ɻ
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๏Ͱఆٛ͞Εͨɻ͜͜Ͱ্͛ͨͷ [19]ʹΑΔఆࣜԽͰ͋ΔɻNielsen-Thurston࡞༻ͷߏ
FͷߏۂͷऔΓํͳͲ͍͔ͭ͘ͷҙੑ͕͋Δ͕ɺ͜͜Ͱఆٛͨ͠positiveityFDTC

ͱ͍ͬͨͷͦΕΒͷͱΓํʹΑΒͣʹwell-definedͰ͋Δɻ

3.3. Curveͷ࡞༻͔ΒಘΒΕΔpositivity

ʹ࣍ (B)ͷͮ͘جʹ͑ߟpositivityʹ͍ͭͯઆ໌͢Δɻڥք্ʹج∗Λݻఆ͢Δɻ∗ͷۙ
∗͔ΒԆͼΔઢ (foliation)ͱͯ͠ղͰ͖ɺͦͷΑ͏ͳઢશମͷͳۭؒ͢ԁ∼= Rͱ
ΈͳͤΔɻ͜ͷԁ∼= Rͷ࡞༻Λ͑ߟΔ͜ͱͰॱংΛఆٛ͠Α͏ɺͱ͍͏ͷ͕جຊతͳ͑ߟ
Ͱ͋Δɻ
ͨͩ͠ɺࣸ૾ྨ܈ isotopyͰׂ͍ͬͯΔͷͰwell-definedͳ࡞༻ΛಘΔͨΊʹ͑ߟΔઢ

 isotopyͰׂΔඞཁ͕͋Γɺ࣍ͷΑ͏ʹఆٛ͢ΔɻRay(∗, ∂)Λج∗Λ࢝ͱ͠ɺ∂F্ʹ
ऴΛͭ࣋ 15Fͷoriented simple arcશମͷ isotopyྨͱ͢Δɻ

Definition 9 (Right-veering ordering ≺right). [γ], [γ′] ∈ Ray(∗, ∂)Λද͢arc γͱγ′ΛزԿత
ަ͕࠷খͱͳΔΑ͏ʹஔ͘ɻ͜ͷͱ͖࢝∗ͷۙͰγ′͕γͷӈଆʹ͋Δͱ͖ɺγ ≺right γ′

ͱఆٛ͢Δ (ਤ 3.3 (1))ɻ

≺rightʹΑΓɺRay(∗, ∂)શॱংू߹ͱͳΓɺࣸ૾ྨ܈Ray(∗, ∂)ʹॱং≺rightΛอͭΑ͏
ͷ͍ͯͭʹݩͷ܈ྨ૾ࣸͯ͠༺Λར༺࡞Δɻ͜ͷ͢༺࡞ʹ positivityΛ࣍ͷΑ͏ʹఆΊΔ͜ͱ
͕Ͱ͖Δɻ

Definition 10 (≺rightʹΑΔ positivity (= right-veering) ). φ ∈ MCG(S, P )͕શͯͷ [γ] ∈
Ray(∗, ∂)ʹ͍ͭͯ [γ] ≼right φ([γ])ͱͳΔͱ͖ɺφΛ right-veering(≺rightʹ͍ͭͯਖ਼)ͱఆٛ͢
Δ 16ɻ

ਤ 1: (1) γ ≺right γ′: ∗ͷۙͰγ′γͷӈଆΛಈ͘ɻ(2)ج γ ≪right γ′: γ ≺right γ′′ ≺right γ′

Ͱ͋Γɺγ ∩ γ′′ = γ′′ ∩ γ = {∗}ͱͳΔΑ͏ͳarcγ′′͕औΕΔɻ

ۂۂ໘ͷଌઢ࠷ʹ͍ޓখަΛ࣮͢ݱΔ͜ͱΛ͍ࢥग़ͦ͏ɻarcͷදݩͱͯ͠ଌ
ઢΛ͑ߟɺීวඃ෴ͷ্͛ͪ࣋Λ͑ߟΔ͜ͱͰɺ≺rightNilesen-Thurston࡞༻Ͱͷେখؔ
Γཱͭɻ͕࣍ʹΛarcͷҐஔʹ༁ͨ͠Ͱ͋Δ͜ͱ͕Θ͔Γɺಛ

Proposition 1. ఆٛ6ͱఆٛ10ͷೋͭͷ right-veeringͱ͍͏֓೦ಉͰ͋Δɻ

ॱং≺rightۂઢͨͪͷൺֱʹ͓͍ͯ୯ʹ࢝∗ۙͰͷҐஔؔͰఆ͕ٛͨ͠ɺॱং≺right

ʹ͞ΒʹزԿతͳ੍ΛՃ͑ͨ࣍ͷॱং≪rightΛ͑ߟΔɻ

Definition 11 (Strong right-veering ordering ≪right). [γ], [γ′] ∈ Ray(∗, ∂)ʹ͍ͭͯ

γ = γ0 ≺right γ1 ≺right · · · ≺right γn = γ′, γi ∩ γi+1 ∩ (Interior of S) = ∅
15͜ͷఆٛͰɺऴ ∂F ʹ͋Δͷͱ͕ͨ͠ɺ݅Λ؇Ίͯऴ͕ ∂F ∪ P ʹ͋ΔΑ͏ͳ oriented simple arc
Λ͑ߟΔ͜ͱଟ͍ɻ͜ͷΑ͏ʹͨ͠߹ɺఆٛ͞ΕΔ positivityʹඍົͳҧ͍͕ݱΕΔ͕ɺزԿͷԠ༻্
ಉ༷ʹѻ͑Δ͜ͱ͕ [21]Ͱࣔ͞Ε͍ͯΔɻ

16ͪ͜Βͷఆ͕ٛ [11]ͰͷݩͷఆٛͰ͋Δɻ
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ͱͳΔΑ͏ͳγ1, . . . , γn͕ଘ͢ࡏΔͱ͖γ ≪right γ′ͱఆٛ͢Δ (ਤ 3.3(2))ɻ

P = ∅ͷͱ͖≺rightͱ≪rightಉ͡ॱংͰ͋Δ͕ɺP ̸= ∅ͷͱ͖≺rightͱ≪rightҟͳΔɻ
ಛʹP ̸= ∅ͷͱ͖≪rightશॱংͰͳ͍ɻh ≪rightʹ͍ͭͯ negativeͰͳ͍ʱͱ͍͏͜ͱ
Ͱ࣍ͷΑ͏ʹ right-veeringΑΓऑ͍֓೦ͱͯ͠positivityΛఆٛ͢Δɻ

Definition 12 (Quasi right-veering ordering≪right). φ ∈MCG(S, P )͕શͯͷ [γ] ∈ Ray(∗, ∂)
ʹ͍ͭͯφ[γ]≪right [γ]ͱͳΒͳ͍࣌ɺφΛ quasi right-veeringͱݺͿɻ

3.4. ಛघͳੜ͔ݶΒಘΒΕΔpositivity

ɹޙ࠷ʹੜݩΛར༻ͨ͠positivity ͷ֓೦Λఆٛ͢ΔɻΑ͘ΒΕ͍ͯΔΑ͏ʹɺࣸ૾ྨ܈
୯७ดۂઢʹԊͬͨDehn twistͨͪͰੜ͞ΕΔɻDehn twist࠷جຊతͳࣸ૾ྨ܈ͷ
Δ͜ͱࣗવͩΖ͏ɻ͑ߟͷΑ͏ͳpositivityͷ֓೦Λ࣍Ͱ͋Δ͜ͱ͔Βɺݩ

Definition 13. φ ∈ MCG(S)͕ positive Dehn twistͷੵͰ͔͚Δͱ͖Dehn-positiveͱఆٛ
͢Δɻ

Braid܈BnnݸͷP = {p1, . . . , pn}͖ͭԁ൫ͷࣸ૾ྨ܈MCG(D2, P )ͱಉҰ͞ࢹΕɺඪ
४తͳੜݩ σi piͱ pi+1Λ݁Ϳઢʹ͍ͭͯͷ half Dehn twistʹରԠͨ͠ɻ͜ͷΑ͏ʹɺ
Braid܈ʹ͓͍ͯɺҟͳΔೋΛ݁Ϳ embedded arcʹԊͬͨhalf Dehn twist͕ࣸ૾ྨ܈ʹ
͓͚Δ simple closed curveʹԊͬͨDehn twistʹରԠ͢Δɻ·ͨɺσiΛΈͻͱͯ͠ΈΔ
ͱɺσi i൪ͱ i+ 1൪ͷͻΛͭͳ͙ຒΊࠐ·Εͨɺਖ਼ͷͶ͡Εόϯυͷڥքͱ࣮ͯ͠ݱ
͞Ε͍ͯͨɻ͜ͷΑ͏ͳಛఆͷੑ࣭Λͭ࣋ੜݩΛ͑ߟΔ͜ͱͰ࣍ͷΑ͏ͳBraid܈ͷݩʹͭ
͍ͯͷpositivityΛಘΔ [30]ɻ

Definition 14.

• β ∈ Bn͕σiͷڞͷੵͱͯ͠ղ͞ΕΔͱ͖ʢβҟͳΔೋͭͷPͷΛ݁Ϳembedded

arcʹԊͬͨpositive half twistͷੵͱͯ͠ղͰ͖Δͱ͖ʣβΛ quasipositive ͱݺͿɻ
• β ∈ Bn͕σi,j = (σi · · ·σj−2)σj−1(σi · · ·σj−2)−1 (1 ≤ i < j ≤ n)ͷੵͱͯ͠ʢຒΊࠐ·
Εͨਖ਼ͷͶ͡Εόϯυͷڥքͷੵͱͯ͠ʣղ͞ΕΔͱ͖βΛ strongly quasipositive ͱ
Ϳɻݺ

Bn(F܈໘ͷBraidۂ )ʹ͍ͭͯquasipositive, strongly quasipositive ͷ֓೦͕͜ΕΒͷఆ
ٛͷ֦ுͱͯ͠ఆٛ͞Ε͍ͯΔ [22, 14]ɻ

4. Positivity ͱ topology/geometry

4.1. MCG(S)ͷpositivityͱʢ৮ʣ3ݩ࣍ଟ༷ମͷؔ࿈

φͷݩ໘SͱMCG(S)ͷۂք͖ڥ (S,φ)Λ (abstract) open bookͱݺͼɺφΛopen book

ͷϞϊυϩϛʔͱݺͿɻ
Open book (S,φ)ʹ͍ͭͯɺφͷmapping torus S × [0, 1]/(x, 1) ∼ (φ(x), 0)ͷڥք∂S × S1

Λ {point} × S1͕ԁ൫ΛுΔΑ͏ʹ solid torusΛுΓ߹ΘͤΔ͜ͱͰ͖ͷ͍ͭͨด ݩ࣍3
ଟ༷ମM(S,φ)͕ಘΒΕΔɻ֤ “ϖʔδ”St := S × {t} ⊂ M(S,φ)ͷۭؒ TSt͔ΒಘΒΕΔฏ
໘Λઁಈ͢Δ͜ͱͰM(S,φ)ͷ৮ߏ ξ(S,φ) ͕ఆ·Δ (Thurston-Winkelkemperߏ [31])ɻ
(M, ξ) = (M(S,φ), ξ(S,φ))ͱͳΔͱ͖ (S,φ)Λ (M, ξ)ͷΦʔϓϯϒοΫղͱݺͿɻ
ΦʔϓϯϒοΫղʹΑΓɺ৮ݩ࣍ࡾଟ༷ମશମOpen bookશମΛ stabilziationͱ͍͏

ΕΔ͜ͱ͕ΒΕ͍ͯΔʢGirouxରԠ͞ࢹͰׂͬͨू߹ͱಉҰ࡞ૢ [13]ʣɻ͜ΕʹΑΓɺhʢ
৮ʣݩ࣍ࡾଟ༷ମͷੑ࣭ͱࣸ૾ྨ܈ͷੑ࣭ͱͷରԠΛௐΔʱͱ͍͏͕ੜ·ΕΔɻԼʹड़
ΔΑ͏ʹɺ·͞ʹpositivity͕ʢ৮ʣݩ࣍ࡾଟ༷ମͷੑ࣭Λө͍ͯ͠ΔͷͰ͋Δɻ
MCG(S)ͷpositivityͱʢ৮ʣ3ݩ࣍ଟ༷ମͷؔ࿈ʹ͍ͭͯʢͦͷ͘͝Ұ෦ʣΛ࣍ͷਤͰ

·ͱΊΔɻ
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MCG(F)

Dehn positive

Right-veering

(Contact) 3-manifold

Stein fillable

Tight

FDTC > 1
periodic

reducible

pseudo-Anosov

Seifert fibered

Toroidal

Hyperbolic
(Nielsen-Thurston) type Geometric structure

(ii-B)

(ii-C),(ii-D)

Open book

(i-B)

(i-A)

(ii-A)

(iii)

ਤ 2: MCG(S)ͷpositivityͱτϙϩδʔ: ௨ৗͷҹ implicationΛද͠ɺઢͰͷҹ
దͳԾఆͷԼͰͷ implicationΛද͢ɻ

(i) ৮ଟ༷ମ (M, ξ)͕Steinଟ༷ମXͷڥքͱͳΔͱ͖ɺ(M, ξ)ΛStein fillable ͱݺͿɻ

(i-A) φ͕Dehn-positiveͳΒ (M(S,φ), ξ(S,φ)͕Stein fillableͰ͋Δ [7, 13]ɻ
(i-B) (M, ξ)͕ Stein fillableͰ͋ΔͳΒɺ(M, ξ)ͷΦʔϓϯϒοΫղ (S,φ)Ͱ φ͕

Dehn-positiveͳͷ͕ଘ͢ࡏΔ [7, 13, 24]ɻ͞ΒʹɺS͕planar17ͳͯ͢ͷΦʔ
ϓϯϒοΫղ (S,φ)ͷϞϊυϩϛʔφDehn-positiveͰ͋Δ [33]ɻ

(ii) (M, ξ)͕ overtwisted diskͱݺΕΔ͋Δԁ൫Λؚ·ͳ͍ͱ͖ tightͱݺͼɺؚΉͱ͖
overtwistedͱݺͿɻOvertwistedͳ৮ߏͷྨฏ໘ͷྨʹؼண͞Ε [6]ɺ༩͑
ΒΕͨ৮ߏ͕ tight͕൱͔ผ͢Δ͜ͱ͕ॏཁʹͳΔɻ

(ii-A) (M, ξ)͕tightͰ͋Εશͯͷopen bookղ(S,φ)ͷϞϊυϩϛʔφright-veering

Ͱ͋Δ [11]ɻ
(ii-B) ,ɺ(Mʹٯ ξ)ͷશͯͷ 18open bookղ (S,φ)ʹ͍ͭͯφ͕ right-veeringͰ͋Ε

M tightͰ͋Δ [11]ɻ
(ii-C) S͕planar19ͰφͷFDTC> 1ͷͱ͖ (M(S,φ), ξ(S,φ) tightͰ͋Δ [20]ɻ
(ii-D) ∂S ͕࿈݁ɺφ͕ pseudo-Anosov͔ͭ FDTC> 1ͷͱ͖ɺΓ (M(S,φ), ξ(S,φ)

tightͰ͋Δ [12]ɻ

(iii) φͷFDTC> 1Ͱ͋Δͱ͍͏Ծఆ 20ͷԼͰɺM(S,φ)ͷزԿߏͱφͷNielsen-Thurston
ྨ͕ҰମҰʹରԠ͢Δ [19]ɻ

17S͕ non-planarͷͱ͖ʹ Stein fillableͳ৮ଟ༷ମͷΦʔϓϯϒοΫղ (S,φ)Ͱ φ͕Dehn-positiveͰͳ
͍ྫ͕ΒΕ͍ͯΔɻ

18ಛఆͷҰͭͷ open bookͷϞϊυϩϛʔ͕ right-veeringͰ͋Δ͔Βͱ͍ͬͯɺ(M, ξ)͕ tightͰ͋ΔͱҰൠʹ
͑ݴͳ͍ɻ

19 [32]ʹ͓͍ͯɺplanarͷԾఆ͕ͳͯ͘Γཱͭͱ͍͏͜ͱ͕Ξφϯε͞Ε͍ͯΔ͕ɺূ໌·ͩग़൛͞Εͯ
͍ͳ͍ɻ

ք͕ଟ͋Δͱ͖FDTCڥ20 > 4ͱ͏গ͍͠ڧԾఆ͕ඞཁʹͳΔɻ
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4.2. Bn(F ),MCG(S, P )ͷpositivityͱ (transverse) linkͷؔ࿈

Braid β ∈ Bn(S)ΛS × [0, 1]ͷnຊͷͻͱΈͯɺͦͷS × [0, 1]→M(S,φ)Ͱͷ૾Λ͑ߟΔ
͜ͱͰɺ(M(S,φ), ξ(S,φ))ͷ transverse link (৮ߏʹਖ਼ʹԣஅతʹަΘΔΑ͏ͳབྷΈ) β̂

Λ closed braid (βͷ (S,φ)Ͱͷ closure)ͱݺͿɻ
શͯͷ transverse link దͳ braid β Λ༻͍ͯ β̂ ͷܗʹ͔͚Δ [26, 27]ɻBirman exact

sequenceΛ༻͍ͯBn(F )ͷݩβٴͼφ ∈ MCG(S)ͷݩΛͱʹMCG(F, P )ͷݩͱΈͯͦͷ
߹Λ͑ߟΔ͜ͱͰ 21ɺopen bookͱ৮ݩ࣍ࡾଟ༷ମͱͷGirouxରԠͱಉ༷ʹɺ৮ݩ࣍ࡾ
ଟ༷ମ (M(S,φ), ξ(S,φ))ͷ transverse link LΛMCG(S, P )ͷదͳݩ f ∈ MCG(S, P )ͱର
Ԡͤͯ͞දࣔ͢Δ͜ͱ͕Ͱ͖Δɻ
Bn(F ),MCG(S, P )ͷpositivityͱ (transverse) linkͷؔ࿈ʹ͍ͭͯԼʹ·ͱΊΔɻ

MCG(F,P),B (F)

quasipositive

Quasi positive

Bennequin inequality

Right-veering

closed braid

(i-B)

(Transverse) link

is sharp

Slice Bennequin 
inequality is sharp

Strongly

Heegaard Floer  
invariant is non-zero

FDTC>1
Nilesen-Thurston

Type
Geometric structure
of link complement

right-veering
Quasi Non-loose

(i-A)

(ii-A)

(ii-B):conjecture?

(iii-A)

(iii-B)

(iv)

(v-A)

(v-B)

(v-C)

n

ਤ 3: MCG(S, P )͋Δ͍Bn(F )ͷpositivityͱτϙϩδʔ

(i),(ii)Ͱ؆୯ͷͨΊݹయతͳ braid܈ͱඪ४తͳ৮S3ͷ transverse knotʹ͍ͭͯड़
Δ 22ɻ(iii),(iv)ͰҰൠͷopen bookͷ closed braidΛ͑ߟΔɻ

(i) ඪ४తͳ৮ߏͷೖͬͨS3ͷ transverse knot Kʹ͍ͭͯෆࣜ

sl(K) ≤ 2g(K)− 1 (Bennequinෆࣜ [2, 8])

͕Γཱͭɻ͜͜Ͱɺg(K)K ͷछͰ͋Γɺsl(K) self-linking numberͱݺΕ
Δ transverse knotͷෆมྔͰ͋ΔɻK ͕ closed n-braid β̂Ͱ༩͑ΒΕ͍ͯΔͱ͖ʹ
self-linking numberβͷ exponent sum e(β)ͱBraidβͷͻͷຊnΛ༻͍ͯ

sl(β̂) = −n+ e(β) (Bennequinެࣜ [2])

Ͱ༩͑ΒΕΔɻ
ࡉ21ৄ ෦ʹ͋·ΓਂೖΓ͠ͳ͍ࡉরɻ͜͜Ͱࢀ[19]
22దͳԾఆΛՃ͢ΔͳͲ͢Δ͜ͱͰɺҰൠͷ open bookͷ closed braidʹ͍͕ͭͯٞͰ͖ɺҰ෦ͷ݁Ռ
Ұൠͷ߹ʹ֦ு͞Ε͍ͯΔɻ
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(i-A) BennequinෆࣜٴͼBeenquinެࣜΑΓβ͕ strongly quasipositiveͰ͋ΕBen-

nequinෆࣜࣜͱͳΔɻ
(i-B) (i-A)ͷٯਖ਼͍ͩ͠Ζ͏ͱ༧͞Ε͍ͯΔɻ[15, 10]Ͱ fibered knotʹ͍ͭͯٯ

ͷཱ͕ࣔ͞Ε͍ͯΔɻ[22]Ͱ FDTC > 1ͱ͍͏ԾఆͷԼͰɺٯͷཱΛࣔ͠
ͨ 23ɻ

(ii) ඪ४తͳ৮ߏͷೖͬͨS3ͷ transverse knot Kʹ͍ͭͯɺΑΓ࣍͘ڧͷෆ͕ࣜ
ΒΕ͍ͯΔɻ

ɹ sl(K) ≤ 2g4(K)− 1 (Slice Bennequinෆࣜ [30])

͜͜Ͱɺg4(K)Kͷ sliceछͰ͋Δɻ

(ii-A) Quasipositive braidʹ͍ͭͯγσiγ−1Λ ribbon singularityΛͭ࣋Ͷ͡Εͨbandͱ
ͯ͠ immersed Seifertۂ໘Λߏ͢Δ͜ͱͰʢribbon singularityB4ʹԡ͠ࠐΉ
ͱղফͰ͖ΔͷͰʣSlice BennequinෆࣜࣜͱͳΔɻ·ͨɺquasipositive braid

ͷ closureͱͳΔ linkC2ͷ complex curveͱ unit ballͷ intersectionͱͯ͠ݱ
ΕΔ linkͰ͋Δ͜ͱ͕ΒΕ͍ͯΔ [4, 29]

(ii-B) (ii-A)ͷٯਖ਼͍ͩ͠Ζ͏ͱ༧͞Ε͍ͯΔʢͱ͏ࢥʣɻ

(iii) (M, ξ)ͷTransverse knotʹ͍ͭͯ−M ͷHeegaard Floer homologyʹΛͱΔෆม
ྔ θ(K)͕ఆٛ͞Ε͍ͯΔ [1, 23]ɻ

(iii-A) θ(K) ̸= 0ͳΒKΛදͯ͢͢ͷbraid right-veeringͰ͋Δ [1]ɻ
(iii-B) (ඪ४తͳ৮ߏΛͭ࣋S3ͷ߹)ٯʹK = β̂ͱͳΔbraidβͷFDTC> 1ͳΒ

θ(K) ̸= 0Ͱ͋Δ [28]ɻ

(iv) FDTC> 124ͷͱ͖βͷNielsen-Thrustonྨͱ β̂ͷิۭؒͷزԿߏ͕ҰରҰʹରԠ͢
Δ [16, 19]ɻ

(v) Transverse knot Kͷิۭ͕ؒ overtwisted diskΛؚΉͱ͖KΛ looseͱݺͼɺͦ͏Ͱͳ
͍ͱ͖non-looseͱݺͿɻ

(v-A) K͕non-looseͰ͋ΕɺKΛදͯ͢͢ͷbraidquasi right-veeringͰ͋Δ [21]ɻ
(v-B) ɺKΛදͯ͢͢ͷbraidquasiʹٯ right-veeringͳΒɺKnon-looseͰ͋Δ

[21]ɻʢैͬͯɺquasi right-veeringͪΐ͏Ͳ open bookͰͷ right-veeringͷ֓೦
ʹରԠ͢Δʣɻ

(v-C) S͕planarͰ͋Γɺ͔ͭFDTC> 1Ͱ͋Εclosed braid β̂non-looseͰ͋Δ [21]ɻ
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Ramifications 19 (2010), 617–629.

[16] T. Ito, Braid ordering and the geometry of closed braids, Geom. Topol. 15 (2011), 473–498.

[17] T. Ito, On a structure of random open books and closed braids, Proc. Japan Acad. Ser. A Math.
Sci. 91 (2015), 160–162.

[18] T. Ito and K. Kawamuro, Open book foliations, Geom. Topol. 18, (2014) 1581-1634.

[19] T. Ito and K. Kawamuro, Essential open book foliation and fractional Dehn twist coefficient,
Geom. Dedicata, 187 (2017) 17–67.

[20] T. Ito and K. Kawamuro, Overtwisted discs in planar open books, Internat. J. Math. 26, 1550027
(2015) 29pages.

[21] T. Ito and K. Kawamuro, Quasi right-veering braids and non-loose links, arXiv:1601.07084

[22] T. Ito and K. Kawamuro, The defect of Bennequin-Eliashberg inequality and Bennequin surfaces,
arXiv:1703.09322
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