
Generic linear perturbations
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1. ং
ຊઅͰ, ઌڀݚߦڀݚͷಈٴػͼ֓ཁʹ͍ͭͯड़Δ. ҎԼ, ಛʹஅΒͳ͍ݶΓ, ଟ
༷ମٴͼࣸ૾શͯC∞ڃͱ͠, ℓ, m, nਖ਼ͷΛද͢͜ͱͱ͢Δ. ίϯύΫτଟ
༷ମ্ͷϞʔεؔຒΊࠐΈࣸ૾ʹද͞ΕΔ, ࣸ૾ۭؒʢҐ૬ϗΠοτχʔC∞

Ґ૬ʣͷதͰগ͠ઁಈͨ͠ͱͯ͠ґવͱͯͦ͠ͷຊ࣭తͳੑ࣭อͨΕΔྑ͍ੑ࣭
Λͭࣸ૾, ͢ͳΘͪ҆ఆࣸ૾, ଟ༷ମΛௐΔͱ͍͏؍͔ΒॏཁͳରͰ͋Δ
ͱ͑ݴΔ. ҆ఆࣸ૾ʹؔ͢Δڀݚʹ͍ͭͯ, ΧλετϩϑཧͰ༗໊ͳϧωɾτϜ
(1923–2002), δϣϯɾϚβʔ (1942–2017)ʹΑͬͯ͞ڀݚΕ͓ͯΓ, ҆ఆࣸ૾ʹؔ
͢ΔϚβʔͷҰ࿈ͷจ [11]–[16]ຊ࣭తͰ͋Δ. ͦ͜Ͱ, ͦͷॏཁͳରͰ͋Δ҆ఆ
ࣸ૾, ͨͯࣸ͠૾ۭؒͷதͰີʹଘ͍ͯ͠ࡏΔͷ͔ͱ͍͏ࣗવͳ্͕͖͕ٙ
Δ. ,ϧωɾτϜʹࡍ࣮ ʮ҆ఆࣸ૾ࣸ૾ۭؒͷதͰີʹଘ͢ࡏΔͷ͍͔ͭʁʯ
ͱ͍͏Λఏग़ͨ͠. ͜Εߏ҆ఆੑͱΑΕ͍ͯΔ. ͜ͷ, 1960
.શղܾ͞ΕͨʹϚβʔʹΑΓޙ ҎԼͷఆཧ 1ͷΑ͏ʹ, ҆ఆࣸ૾ͷࣸ૾ۭؒʹ
͓͚Δີੑ, ιʔεͱλʔήοτͷݩ࣍ରͷΈʹґଘ͠, ͦͷݩ࣍ରશʹΒ
Ε͍ͯΔ.

ఆཧ 1 ([16]). N Λ nݩ࣍ίϯύΫτଟ༷ମ, P Λ pݩ࣍ଟ༷ମͱ͢Δ. ࣸ૾ۭؒ
C∞(N,P ) ͷதͰ҆ఆࣸ૾͕ີʹଘ͢ࡏΔͨΊͷඞཁे݅, ରݩ࣍ (n, p)͕Ҏ
Լͷ͍ͣΕ͔Λຬͨ͢͜ͱͰ͋Δ.

(1) n < 6
7p+

8
7 ͔ͭ p− n ≥ 4

(2) n < 6
7p+

9
7 ͔ͭ 3 ≥ p− n ≥ 0

(3) p < 8 ͔ͭ p− n = −1

(4) p < 6 ͔ͭ p− n = −2

(5) p < 7 ͔ͭ p− n ≤ −3

(n, p)-ฏ໘ͷதͰ, ఆཧ 1ͷதͷ (1)͔Β (5)ͷ͍ͣΕ͔Λຬͨ͢ݩ࣍ର (n, p)ͷྖ
ҬΛ݁ྖߏҬ (nice range)ͱΑͼ, ରݩ࣍Ҭͷྖߏ݁ (n, p) Λ݁ݩ࣍ߏର (nice

dimension)ͱΑͿ.

,҆ఆੑߏ ࣸ૾ۭؒͷҐ૬ʢϗΠοτχʔC∞Ґ૬ʣʹΑͬͯఆٛ͞Εͨ҆
ఆࣸ૾͕, ͦͷࣸ૾ۭؒͷதʹີʹଘ͢ࡏΔ͔ͱ͍͏Ͱ͋ͬͨ. ҆ఆੑߏ
ղܾޙͷϚβʔͷจ [17]Ͱ, ,ࠓ ίϯύΫτଟ༷ମ͔ΒϢʔΫϦουۭؒͷ
༩͑ΒΕͨຒΊࠐΈࣸ૾ʹରͯ͠δΣωϦοΫʹࣹӨ, ͢ͳΘͪδΣωϦοΫʹઢࣸܕ
૾Λ߹ͨ͠߹ࣸ૾͕҆ఆࣸ૾ʹͳΔ͔ͱ͍͏͕ѻΘΕ͍ͯΔ.
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ຊߨԋͷओత, ͦͷδϣϯɾϚβʔͷจ [17]ͷओఆཧͷ̍ͭͷ֦ுΛ༩͑Δ͜
ͱͰ͋Δ. ৄ͍͠ओுͷ༰ୈ 3અʹͯड़Δ͕, ֓ཁҎԼͰ͋Δ. NΛnݩ࣍ଟ
༷ମ, π : Rm → RℓΛઢ૾ࣸܕ, L(Rm,Rℓ)ΛRm͔ΒRℓͷઢ૾ࣸܕશମͷۭؒͱ͢
Δ. ͜͜Ͱ, L(Rm,Rℓ) = (Rm)ℓͱ͍͏ࣗવͳಉҰ͕ࢹଘ͢ࡏΔ͜ͱʹҙ͓ͯ͘͠. ·
ͨ, Rm্ͷ։ू߹U্Ͱఆٛ͞Εͨࣸ૾F : U → RℓΛҙʹ༩͑Δ. ͞Βʹ,

Fπ = F + π

ͱ͓͘. ͢ͳΘͪ, ࣸ૾ Fπ : U → Rℓ, ༩͑ΒΕͨࣸ૾ F : U → RℓͷઢઁܕಈͰ
͋Δ. [17]ʹ͓͍ͯ, ༩͑ΒΕͨຒΊࠐΈ f : N → RmͱδΣωϦοΫͳઢ૾ࣸܕ
π : Rm → Rℓ (m > ℓ) ͱͷ߹ࣸ૾͕ௐΒΕ͍ͯΔ. ଞํ, ຊߨԋͰ, ༩͑ΒΕͨ
ຒΊࠐΈ f : N → Uͱࣸ૾F : U → RℓΛδΣωϦοΫʹઢઁܕಈͨࣸ͠૾ͱͷ߹
ࣸ૾, ͢ͳΘͪFπ ◦ f : N → Rℓʹ͍ͭͯಘΒΕͨ݁ՌΛใ͢ࠂΔ.

͢ͳΘͪ, ຊߨԋͷओ݁ՌΛҰݴͰਃ্͛͠ΔͳΒ, [17]ʹ͓͚ΔʮδΣωϦοΫ
ࣹӨʢઢ૾ࣸܕʣʯΛʮ༩͑ΒΕͨࣸ૾FͷδΣωϦοΫͳઢઁܕಈʯʹ·Ͱ֦ுͨ͠
݁ՌͰ͋Δ. ·ͨ, ,Γݶ͢ڐͷؒ࣌ ಘΒΕͨͦͷपลͷॾ݁Ռʹ͍ͭͯ͝հۙ࠷
ͤͯ͘͞.

2. ४උ
2.1. ຊతͳ֓೦ͷ४උج

͜ͷ෦અͷత, (ଟॏ)δΣοτόϯυϧ, ҆ఆࣸ૾, ԣஅੑͷ, ಛҟʹ͓͚
Δૅجతͳ֓೦ͷ४උΛ͜͏ߦͱͰ͋Δ. ৄ͘͠, [2]Λࢀর͖͍ͯͨ͠.

N , PΛଟ༷ମͱ͠, Jr(N,P )ͱ͍͏ه߸ͰN͔ΒPͷࣸ૾ͷ֤ʹ͓͚Δr-δΣο
τશମ͔Βߏ͞ΕΔδΣοτόϯυϧΛද͢. ͢Δͱ, ༩͑ΒΕͨࣸ૾ g : N → Pʹ
ରͯ͠, jrg : N → Jr(N,P ) (q &→ jrg(q))ͱ͍͏ࣸ૾͕ࣗવʹఆٛͰ͖Δ.

C∞(N,P )ΛN͔ΒP ͷࣸ૾શମ͔ΒΔϗΠοτχʔC∞Ґ૬ͷೖͬͨҐ૬ۭ
ؒͱ͢Δ. ·ͨ, ࣸ૾ g : N → P ͕ࣸ૾h : N → P ʹA-ಉͰ͋Δͱ, ιʔεͷඍ
ಉ૬ࣸ૾Φ : N → Nͱλʔήοτͷඍಉ૬ࣸ૾Ψ : P → P͕ͦΕͧΕଘͯ͠ࡏ,

g = Ψ ◦ h ◦ Φ−1

͕Γཱͭ͜ͱͰ͋Δ. ͦͯ͠, ࣸ૾ g : N → P ͕҆ఆࣸ૾Ͱ͋Δͱ, gͷA-ಉྨ
͕ࣸ૾ۭؒC∞(N,P )ͷதͰ։ू߹ʹͳ͍ͬͯΔ͜ͱͰ͋Δ.

ͯ͞, ͜Ε͔ΒଟॏδΣοτόϯυϧΛఆٛ͢Δ. ଟ༷ମNͷ sݸͷੵN sͷ෦
ू߹ͱͯ͠,

N (s) = {q = (q1, . . . , qs) ∈ N s | qi ̸= qj(1 ≤ i < j ≤ s)}

Λఆٛ͢Δͱ, N (s)N sͷ։෦ଟ༷ମͱͳ͍ͬͯΔ. ·ͨ,

sJ
r(N,P ) = {(jrg1(q1), . . . , jrgs(qs)) ∈ Jr(N,P )s | q ∈ N (s)}

ͱఆٛ͢Δͱ, sJr(N,P )Jr(N,P )sͷ։෦ଟ༷ମͱͳ͓ͬͯΓ, ͜ΕΛଟॏδΣο
τόϯυϧͱΑͿ͜ͱʹ͢Δ. δΣοτόϯυϧͱಉ༷, ଟॏδΣοτόϯυϧʹ͓͍
ͯ༩͑ΒΕͨࣸ૾ g : N → P ʹରͯ͠, sjrg : N (s) → sJr(N,P ) ((q1, . . . , qs) &→
(jrg(q1), . . . , jrg(qs))) ͱ͍͏ࣸ૾͕ࣗવʹఆٛͰ͖Δ.

ͯ͞, େҬతಛҟͷڀݚʹ͓͍ͯॏཁͳ֓೦ͷ̍ͭͰ͋ΔԣஅੑͷఆٛΛ͏ߦ.
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ఆٛ 1. ଟ༷ମN͔Βଟ༷ମPͷࣸ૾g : N → P͕Pͷ෦ଟ༷ମWʹԣஅతͰ͋
Δͱ, ҙͷ q ∈ Nʹରͯ͠, ҎԼͷ͍ͣΕ͔͕Γཱͭ͜ͱͰ͋Δ.

(1) g(q) ̸∈ W .

(2) g(q) ∈ W ͔ͭ dgq(TqN) + Tg(q)W = Tg(q)P.

2.2. Ϟδϡϥʔ෦ଟ༷ମ

͜ͷ෦અͷత, Ϛβʔͷจ [17]ͷதͰఆٛ͞ΕͨϞδϡϥʔ෦ଟ༷ମͱ͍͏
֓೦Λఆٛ͢Δ͜ͱͰ͋Δ. ͦͷͨΊʹ, ͍͔ͭ֓͘೦ه߸Λ४උ͢Δ.

ఆٛ 2. ҎԼͷ (1)− (4)ͯ͢Λຬͨ͢ͱ͖, πू߹{1, . . . , s}ͷׂͰ͋Δͱ͍͏.

(1) ∃A1, . . . , Am ⊂ {1, . . . , s} such that π = {A1, . . . , Am}.

(2)
⋃m

i=1 Ai = {1, . . . , s}.

(3) ∀i (1 ≤ i ≤ m), Ai ̸= ∅.

(4) ∀i, j (i ̸= j), Ai ∩ Aj = ∅.

πΛू߹ {1, . . . , s}ͷׂͱ͠, π = {A1, . . . , Am}ͱද͞Ε͍ͯΔͱ͢Δ. Ϛβʔͷ
ఆٛʹै͍, P πΛҎԼͷΑ͏ʹఆٛ͢Δ.

P π = {(y1, . . . , ys) ∈ P s | yi = yj ⇐⇒ ∃k such that i, j ∈ Ak}.

ଟॏδΣοτόϯυϧ sJr(N,P )ͷ෦ू߹W͕ෆมͰ͋Δͱ,

sj
rg(q) ∈ W ⇒ sj

r(H ◦ g ◦ h−1)(h(q)) ∈ W

Λຬͨ͢͜ͱͰ͋Δ. ͜͜Ͱ, ࣸ૾H : P → P ͼࣸ૾hٴ : N → Nҙͷඍಉ૬
ࣸ૾Ͱ͋Δ.

ҎԼ, q = (q1, . . . , qs) ∈ N (s), g : N → P , q′ = (g(q1), . . . , g(qs)), z = sjrg(q) ∈
sJr(N,P )ͱͯ͠ݻఆ͢Δ. Jr(N,P )qiΛ qi ∈ N্ͷ Jr(N,P )ͷϑΝΠόʔͱ͢Δ.

ಉ༷ʹ, sJr(N,P )q (resp., sJr(N,P )q,q′) Λ q (resp.,  (q, q′))্ͷ sJr(N,P )ͷϑΝ
Πόʔͱ͢Δ.

·ͨ, Jr(N,R)qiͷ෦ू߹Ͱ,  qi ∈ Nʹ͓͍ͯফ͑ΔΑ͏ͳؔժͷ r-δΣοτ
શମͷू߹Λmqiͱॻ͘͜ͱʹ͢Δ. ͢ͳΘͪ,

mqi = {jrhi(qi) ∈ Jr(N,R)qi | hi : (N, qi)→ (R, 0)}

. Ͱ͋Δ.

ͦͯ͠, Jr(N,R)qiͨͪٴͼmqiͨͪͷ sݸͷΛͦΕͧΕϚβʔʹै͍ҎԼͷΑ
͏ʹ͓͘.

Jr(N)q =
s⊕

i=1

Jr(N,R)qi .

mq =
s⊕

i=1

mqi .
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ͪͳΈʹ, Jr(N)q࣮ଟݩ, ͦͯ͠mq ⊂ Jr(N)qͦͷΠσΞϧͱͳ͍ͬͯΔ.

TP Λ P ͷόϯυϧͱ͠, g∗TP =
⋃

x∈N Tg(x)P ͱఆٛ͢Δ. g∗TP ͔Βࣸ૾ gͷ
ιʔεͷଟ༷ମN ͷࣗવͳࣹӨΛ πg : g∗TP → N (πg(vg(x)) = x)ͱ͓͘. ·ͨ,

id(N,qi) : (N, qi)→ (N, qi)Λ߃ࣸ૾ժͱ͢Δ. ͜͜Ͱ,

Jr(g∗TP )qi = {jrξ(qi) ∈ Jr(N, g∗TP ) | ξ : (N, qi)→ g∗TP, πg ◦ ξ = id(N,qi)}

ͱ͓͘. ͷࣸ૾ժه্) ξ : (N, qi)→ g∗TP,  qi ∈ Nͷ·ΘΓͰఆٛ͞Εͨࣸ૾ժ g

ʹԊͬͨϕΫτϧͰ͋Δ. ) ͦͯ͠, Jr(g∗TP )qiͨͪͷ sݸͷΛ

Jr(g∗TP )q =
s⊕

i=1

Jr(g∗TP )qi

ͱ͓͘. ͜͜Ͱ, Jr(g∗TP )q Jr(N)q-Ճ܈ͱͳ͍ͬͯΔ. ·ͨ, mqJr(g∗TP )qΛmqͷ
ͱݩ Jr(g∗TP )qͷݩͷੵͷ༗ݶ͔ΒΔू߹ͱ͢Δ. ۩ମతʹදࣔ͢ΔͱҎԼͷΑ
͏ʹॻ͚Δ͜ͱ͕͔Δ.

mqJ
r(g∗TP )q = Jr(g∗TP )q ∩ {sjrξ(q) ∈ sJ

r(N, TP )q | ξ(q1) = · · · = ξ(qs) = 0}.

͜ͷͱ͖, RϕΫτϧۭؒͱͯ͠ҎԼͷಉҰࢹ (∗)͕ଘ͢ࡏΔ͜ͱʹҙ͢Δ. ࡍ࣮
ʹ, ͜ͷಉҰࢹϞδϡϥʔ෦ଟ༷ମͷఆٛʹ͓͍ͯొ͢Δ.

T (sJ
r(N,P )q,q′)z = mqJ

r(g∗TP )q. (∗)

͜ͷಉҰࢹ (∗)ʹΑΓ, ลTࠨ (sJr(N,P )q,q′)zͷ෦ϕΫτϧۭؒΛ, ӈลmqJr(g∗TP )q
ͷ෦ϕΫτϧۭؒͱͯ͠ѻ͏͜ͱ͕Ͱ͖Δ.

͜ͷ͜ͱΛৄࡉʹઆ໌͢Δͱ,ҎԼͷΑ͏ʹͳΔ. WΛଟॏδΣοτόϯυϧsJr(N,P )

ͷ෦ଟ༷ମͱ͢Δ. ͦͯ͠, Wͷҙͷݩ

z = sj
rg(q) ∈ W (q = (q1, . . . , qs) ∈ N (s), g : N → P )

ΛͱΔ. ؆ུԽͷͨΊ q′ = (g(q1), . . . , g(qs))ͱ͓͘. (q, q′)্ʹ͓͚ΔW ͷϑΝΠ
όʔΛWq,q′ͱ͓͘ . ͜ͷͱ͖, ଟ༷ମWq,q′ͷ zʹ͓͚Δۭؒ T (Wq,q′)z, વ
T (sJr(N,P )q,q′)zͷ෦ϕΫτϧۭؒͱͳ͍ͬͯΔ͕, ಉҰࢹ (∗)ʹΑΓ, T (Wq,q′)z
mqJr(g∗TP )qͷ෦ϕΫτϧۭؒͱಉҰࢹͰ͖,͜ͷ෦ϕΫτϧۭؒΛه߸E(g, q,W )

ͱද͢هΔ.

ͦΕͰ, Ϟδϡϥʔ෦ଟ༷ମͷఆٛΛ༩͑Δ.

ఆٛ 3 ([17]). ଟॏδΣοτόϯυϧ sJr(N,P )ͷ෦ଟ༷ମW, ҎԼͷ (α)ͱ (β)ͷ
྆ํΛຬͨ͢ͱ͖, ϞδϡϥʔͰ͋Δ (͋Δ͍Ϟδϡϥʔ෦ଟ༷ମͰ͋Δ )ͱΑ
ΕΔ.

(α) W ෆมͳ෦ଟ༷ମͰ͋Γ, ͋Δׂ π͕ଘ͠ࡏ, Π(W ) ⊂ P πͰ͋Δ. ͜͜
Ͱ, ࣸ૾Π : sJr(N,P ) → P s, Π(sjrg(q)) = (g(q1), . . . , g(qs))Ͱఆٛ͞ΕΔࣗ
વͳࣹӨͰ͋Δ.

(β) sjrg(q) ∈ W Λຬͨ͢Α͏ͳҙͷ q ∈ N (s)ٴͼ, ҙͷࣸ૾ g : N → P ʹର
͠, E(g, q,W )Jr(N)q-෦Ճ܈Ͱ͋Δ.

Ϟδϡϥʔ෦ଟ༷ମͷྫͱͯ͠, ྫ͑, Ϛβʔͷఆٛͨ͠ contact classes (Kr-

.ΒΕΔ͛ڍ͕(ಓي
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3. ओ݁Ռ
ୈ 1અʹࡌهͷͱ͓Γ, L(Rm,Rℓ)ͱ, Rm͔ΒRℓͷઢ૾ࣸܕશମ͔ΒΔू߹Ͱ
͋Γ, L(Rm,Rℓ) = (Rm)ℓͱ͍͏ࣗવͳಉҰ͕ࢹଘ͢ࡏΔ͜ͱʹҙ͓ͯ͘͠.

ຊߨԋʹͯ͝հ͢Δओ݁Ռఆཧ 4Ͱ͋Δ. ͦͷલʹ, Ϛβʔͷจ [17]ͷओఆཧ
.ͼͦͷ༗༻ͳԠ༻Λ͝հ͢Δٴ

ఆཧ 2 ([17]). ࣸ૾ fΛnݩ࣍ଟ༷ମN͔ΒRmͷຒΊࠐΈͱ͢Δ. WΛ sJr(N,Rℓ)

ͷϞδϡϥʔ෦ଟ༷ମͱ͢Δ. ·ͨ, m > ℓͱ͢Δ. ͜ͷͱ͖, L(Rm,Rℓ)ͷଌ0ͷ
෦ू߹Σ͕ଘ͠ࡏ, ҙͷπ ∈ L(Rm,Rℓ)−Σʹରͯ͠, sjr(π◦f) : N (s) → sJr(N,Rℓ)

WʹԣஅతͰ͋Δ.

ఆཧ2ͷԠ༻ͱͯ͠ҎԼͷఆཧΑ͘ΒΕ͍ͯΔ.

ఆཧ 3 ([17]). ࣸ૾fΛnݩ࣍ίϯύΫτଟ༷ମN͔ΒRmͷຒΊࠐΈͱ͢Δ. ·ͨ,

(n, ℓ)Λ݁ݩ࣍ߏର (nice dimension), m > ℓͱ͢Δ. ͜ͷͱ͖, L(Rm,Rℓ)ͷଌ 0ͷ
෦ू߹Σ͕ଘ͠ࡏ, ҙͷπ ∈ L(Rm,Rℓ)− Σʹରͯ͠, π ◦ f : N → Rℓ҆ఆࣸ૾
Ͱ͋Δ.

ຊߨԋʹ͓͚ΔओఆཧҎԼͰ͋Δ.

ఆཧ 4 ([3]). ࣸ૾ fΛnݩ࣍ଟ༷ମN͔ΒRmͷ։ू߹UͷຒΊࠐΈͱ͢Δ. ·ͨ,

F : U → RℓΛҙͷࣸ૾ͱ͢Δ. WΛ sJr(N,Rℓ)ͷϞδϡϥʔ෦ଟ༷ମͱ͢Δ. ͜
ͷͱ͖, L(Rm,Rℓ)ͷଌ 0ͷ෦ू߹Σ͕ଘ͠ࡏ, ҙͷ π ∈ L(Rm,Rℓ) − Σʹର͠
ͯ, sjr(Fπ ◦ f) : N (s) → sJr(N,Rℓ)WʹԣஅతͰ͋Δ.

ఆཧ 2͔Βఆཧ 3Λಋ͘Ϛβʔͷূ໌ͱશ͘ಉ༷ͷํ๏ʹΑͬͯ, ఆཧ 4͔Βܥ 1͕
ै͏.

ܥ 1 ([3]). ࣸ૾fΛnݩ࣍ίϯύΫτଟ༷ମN͔ΒRmͷ։ू߹UͷຒΊࠐΈͱ͢Δ.

·ͨ, F : U → RℓΛҙͷࣸ૾ͱ͢Δ. ·ͨ, (n, ℓ)Λ݁ݩ࣍ߏର (nice dimension) ͱ
͢Δ. ͜ͷͱ͖, L(Rm,Rℓ)ͷଌ0ͷ෦ू߹Σ͕ଘ͠ࡏ, ҙͷπ ∈ L(Rm,Rℓ)− Σ

ʹରͯ͠, Fπ ◦ f : N → Rℓ҆ఆࣸ૾Ͱ͋Δ.

3.1. Remark

1. F = 0͔ͭU = Rm͔ͭm > ℓͷ߹, ఆཧ 4ఆཧ 2ʹ, ܥ 1ఆཧ 3ʹҰக
͢Δ.

2. ఆཧ 3ʹ͓͍ͯ, m ≤ ℓͷ߹, ຒΊࠐΈ f : N → Rmʹରͯ͠, δΣωϦοΫ
ʹઢ૾ࣸܕ πΛ߹ͨ͠ π ◦ f : N → Rℓ࠶ͼຒΊࠐΈͱͳΔ͜ͱ໌Β͔Ͱ
͋Δ. ຒΊࠐΈ҆ఆࣸ૾Ͱ͋Δ͜ͱ͔Β, m ≤ ℓͷ߹, ओுࣗ໌ͱͳΔ.

Ұํ, ,1ͷ߹ܥ m ≤ ℓͷ߹ʹ͓͍ͯओுࣗ໌Ͱͳ͍͜ͱʹҙͯ͠
͓͘.

3. ఆཧ 4ʹ͓͍ͯ, ༩͑ΒΕͨࣸ૾F ͷఆٛҬΛRmͰͳ͘Rmͷ։ू߹UͱҰ
ൠԽ͍ͯ͠Δ͕, ͦͷཧ༝ҎԼͰ͋Δ. ྫ͑, ࣸ૾F : R → R (x &→ |x|)
,ʹ͓͍ͯඍͰ͖ͳ͍ͨΊݪ ఆཧ 4ΛదԠ͢Δ͜ͱͰ͖ͳ͍. ͔͠͠,

U = R− {0}ͱͯ͠, F |UΛ͑ߟΕ,దԠͰ͖Δ. ͢ͳΘͪదԠՄͳࣸ૾ͷൣ
ғΛ͘͢ΔͨΊͰ͋Δ.
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4. ओ݁ՌͷԠ༻ྫ
i, jΛਖ਼ͷ, pi = (pi1, pi2, . . . , pim) (1 ≤ i ≤ ℓ)ΛRm্ͷ, A = (aij)1≤i≤ℓ,1≤j≤m

Λ, Ͳͷ0Ͱͳ͍ ℓ×mͷྻߦͱ͢Δ. ͜ͷͱ͖, ҎԼͰఆٛ͞ΕΔಛघͳೋࣸ࣍
૾G(p,A) : Rm → RℓΛҰൠԽ͞Εͨڑೋࣸ૾ ([5], [8], [9], [10])ͱΑͿ.

G(p,A)(x) =

⎛

⎝
m∑

j=1

a1j(xj − p1j)
2,

m∑

j=1

a2j(xj − p2j)
2, . . . ,

m∑

j=1

aℓj(xj − pℓj)
2

⎞

⎠ .

͜͜Ͱ, p = (p1, p2, . . . , pℓ) ∈ (Rm)ℓ, x = (x1, x2, . . . , xm) ∈ RmͰ͋Δ. ·ͨ, Aྻߦ

ͷશͯͷ͕ 1Ͱ͋Δ߹, ೋࣸ૾ڑ ([6])ͱΑͿ. ͢ͳΘͪ, ೋࣸ૾ͱڑ
.ೋؔΛࣸ૾Խͨ͠ͷͰ͋Δڑ ·ͨ, ,A͕ྻߦ ai1 = −1͔ͭ aij = 1 (j ̸= 1)

ͷͱ͖, ϩʔϨϯπڑೋࣸ૾ ([7])ͱΑͿ. ͢ͳΘͪ, ϩʔϨϯπڑೋࣸ૾ͱ
ϩʔϨϯπڑೋؔΛࣸ૾Խͨ͠ͷͰ͋Δ.

͕ͨͬͯ͠, ҰൠԽ͞Εͨڑೋࣸ૾ͱڑೋࣸ૾, ϩʔϨϯπڑೋࣸ૾
Λแׅ͢Δ֓೦Ͱ͋Δ.

.ҎԼͰ͋Δػͷಈڀݚೋࣸ૾ͷڑʑͷݩ ,͍͓ͯʹԿֶزདྷΑΓݹ ؔ͞ߴ
ͱڑೋؔ, ໘ΛௐΔͨΊͷ༗༻ͳ֓೦Ͱ͋ͬͨۂઢۂ ([1]). Λؔ͞ߴ
ͱ͢Δࣸ૾ࣹӨʹଞͳΒͣ, [17]ʹ͓͍ͯຒΊࠐΈͱࣹӨͱͷ߹͕ௐΒΕ
͍ͯΔ, .Δ͑ݴΛࣸ૾Խͨ֓͠೦Ͱࣹ͋ͬͨӨΑ͘ௐΒΕ͍ͯΔͱؔ͞ߴ ଞ
ํ, ,ೋؔΛฒͯͰ͖Δࣸ૾ڑ ͢ͳΘͪڑೋࣸ૾ʹؔ͢ΔزԿֶతڀݚ
,ͨΒͣݟ ୈҰஈ֊ͱͯ͠, ͦͷࣸ૾ࣗͷੑ࣭ͷ͕ڀݚඞཁͰ͋ͬͨ (ͦͷੑ࣭ʹ
͍ͭͯ [6]Λࢀর͖͍ͯͨ͠). ͦͯ͠, ,՝ͷ̍ͭͱͯ͠ڀݚͷޙࠓ ,ؔ͞ߴ ڑ
ೋؔͱಉ༷, .ԿֶͷԠ༻͕େ͖ͳ՝Ͱ͋Δزೋࣸ૾ͷඍڑ ͦΕ͕࣮
,Ͱ͖Εݱ ؔΛฒͯࣸ૾Խ͢ΔརΛݟग़͢͜ͱʹͭͳ͕ΔͰ͋Ζ͏.

ͯ͞, Λ͠, ຊߨԋͷओఆཧͰ͋Δఆཧ4Λ, ҰൠԽ͞Εͨڑೋࣸ૾ʹదԠ͠
ͯಘΒΕΔ݁ՌΛ͝հ͢Δ.

໋ 1 ([3]). ࣸ૾ fΛnݩ࣍ଟ༷ମN͔ΒRmͷຒΊࠐΈͱ͢Δ. W Λ sJr(N,Rℓ)

ͷϞδϡϥʔ෦ଟ༷ମͱ͢Δ. ྻߦ AΛ, Ͳͷ 0Ͱͳ͍ ℓ × mͷྻߦͱ͢
Δ. ͜ͷͱ͖, (Rm)ℓͷଌ 0ͷ෦ू߹Σ͕ଘ͠ࡏ, ҙͷ p ∈ (Rm)ℓ − Σʹରͯ͠,

sjr(G(p,A) ◦ f) : N (s) → sJr(N,Rℓ)WʹԣஅతͰ͋Δ.

ܥ 2 ([3]). ࣸ૾ f Λ nݩ࣍ίϯύΫτଟ༷ମN ͔ΒRmͷຒΊࠐΈͱ͢Δ. ·ͨ,

(n, ℓ)Λ݁ݩ࣍ߏର (nice dimension) ͱ͢Δ. ,AΛྻߦ Ͳͷ 0Ͱͳ͍ ℓ ×mͷ
.ͱ͢Δྻߦ ͜ͷͱ͖, (Rm)ℓͷଌ0ͷ෦ू߹Σ͕ଘ͠ࡏ, ҙͷp ∈ (Rm)ℓ −Σʹ
ରͯ͠, G(p,A) ◦ f : N → Rℓ҆ఆࣸ૾Ͱ͋Δ.

5. ͦͷଞͷؔ࿈݁Ռ
ճͷओఆཧʢୈࠓ 3અ, ఆཧ 4ʣͰ, ଟ༷ମN͔ΒRmͷ։ू߹Uͷ༩͑ΒΕͨࣸ
૾f : N → U͕ຒΊࠐΈͷ߹Ͱ͕͋ͬͨ, ຊઅͰ, ʮຒΊࠐΈʯΛʮΊࠐΈʯʹ
·Ͱ݅Λམͱͨ͠߹ͷॾ݁Ռʹ͍ͭͯ͝հ͢Δ. ຊઅͷ༰, 2017य़ʹट
େֶ౦ژͰߦΘΕͨຊֶձʹ͓͚Δߨԋ༰Ұ෦ؚ·Ε͍ͯΔ͕, ্ͷؔؒ࣌
հͰ͖ͳ͔ͬͨ༰ؚΊͯͨ͠ࡌه.

RnͷݪΛRℓͷݪʹࣸࣸ͢૾ժͷ 1-δΣοτۭؒ J1(n, ℓ)ͷ෦ू߹X ͕A1-

ෆมͰ͋Δͱ, j1g(0) ∈ XͳΔ g : (Rn, 0) → (Rℓ, 0)ʹର͠, ҙͷඍಉ૬ࣸ૾ժ
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H : (Rℓ, 0)→ (Rℓ, 0), h : (Rn, 0)→ (Rn, 0)Λ߹ͨ͠ͱͯ͠, j1(H ◦ g ◦h−1)(0) ∈ X

ͱͳΔ͜ͱͰ͋Δ. ҙͷA1-ෆมͳJ1(n, ℓ)ͷ෦ଟ༷ମXʹର͠, XΛϑΝΠόʔ
ͱ͢ΔJ1(N,Rℓ)ͷαϒϑΝΠόʔόϯυϧΛX(N,Rℓ)ͱ͍͏ه߸Ͱද͢͜ͱʹ͢Δ.

͜ͷͱ͖, ΊࠐΈf : N → Uʹରͯ͠, ҎԼ͕Γཱͭ.

ঘ, ͜Ε·Ͱͷઅͱಉ༷ʹ, L(Rm,Rℓ)ͱ, Rm͔ΒRℓͷઢ૾ࣸܕશମ͔ΒΔू
߹Ͱ͋Γ, L(Rm,Rℓ) = (Rm)ℓͱ͍͏ࣗવͳಉҰ͕ࢹଘ͢ࡏΔ͜ͱʹҙ͓ͯ͘͠.

ఆཧ 5 ([4]). ࣸ૾ fΛnݩ࣍ଟ༷ମN͔ΒRmͷ։ू߹UͷΊࠐΈͱ͢Δ. ·ͨ,

F : U → RℓΛҙͷࣸ૾, XΛA1-ෆมͳJ1(n, ℓ)ͷҙͷ෦ଟ༷ମͱͯͦ͠ΕͧΕ
༩͑Δ. ͜ͷͱ͖, L(Rm,Rℓ)ͷଌ0ͷ෦ू߹Σ͕ଘ͠ࡏ, ҙͷπ ∈ L(Rm,Rℓ)−Σ
ʹରͯ͠, j1(Fπ ◦ f) : N → J1(N,Rℓ)X(N,Rℓ)ʹԣஅతͰ͋Δ.

ఆཧ5ͷ͍͔ͭ͘ͷԠ༻ྫͱͯ͠, ྫ͑ҎԼͷॾ݁Ռ͕ಘΒΕΔ. ·ͣ, ఆཧ5ʹ
͓͚Δ߹ࣸ૾Fπ ◦fͷλʔήοτͷ1͕ݩ࣍ͷ߹ͷ݁ՌΛઆ໌͢Δ. ࣸ૾g : N → R
ͷಛҟ͕ඇୀԽͳͱ͖, ͦͷಛҟΛϞʔεಛҟͱ͍͏.

ܥ 3 ([4]). ࣸ૾ fΛnݩ࣍ଟ༷ମN͔ΒRmͷ։ू߹UͷΊࠐΈͱ͢Δ. ͦͯ͠,

F : U → RΛҙͷࣸ૾ͱͯ͠༩͑Δ. ͜ͷͱ͖, L(Rm,R)ͷଌ 0ͷ෦ू߹Σ͕
ଘ͠ࡏ, ҙͷπ ∈ L(Rm,R) − Σʹରͯ͠, Fπ ◦ f : N → RͷಛҟϞʔεಛҟ
ͷΈͰ͋Δ.

λʔήοτͷݩ࣍Λͨ͘͠ߴ߹ʹ͍ͭͯ, ಉ͘͡ఆཧ 5ΑΓ, ҎԼͷܥ ܥͼٴ4
5͕ಘΒΕΔ.

ࣸ૾ g : N → R2n−1 (n = dim N, n ≥ 2)ͷಛҟ q͕ϗΠοτχʔͷࡿಛҟͰ͋
Δͱ, ιʔεͷඍಉ૬ࣸ૾ժ h : (N, q) → (Rn, 0)ͱλʔήοτͷඍಉ૬ࣸ૾ժ
H : (R2n−1, g(q))→ (R2n−1, 0)͕ଘ͠ࡏ,

H ◦ g ◦ h−1(x1, . . . , xn) = (x2
1, x1x2, . . . , x1xn, x2, . . . , xn)

Λຬͨ͢͜ͱͰ͋Δ. ͜͜Ͱ, (x1, . . . , xn), .ඪͰ͋Δ࠲ॴہͷ·ΘΓͷݪ

ܥ 4 ([4]). ࣸ૾fΛnݩ࣍ଟ༷ମN͔ΒRmͷ։ू߹UͷΊࠐΈͱ͢Δ. (ͨͩ͠,

n ≥ 2) ͦͯ͠, F : U → R2n−1Λҙͷࣸ૾ͱͯ͠༩͑Δ. ͜ͷͱ͖, L(Rm,R2n−1)ͷ
ଌ0ͷ෦ू߹Σ͕ଘ͠ࡏ,ҙͷπ ∈ L(Rm,R2n−1)−Σʹରͯ͠, Fπ◦f : N → R2n−1

ͷಛҟϗΠοτχʔͷࡿಛҟͷΈͰ͋Δ.

ܥ 5 ([4]). ରݩ࣍ (n, ℓ), 2n ≤ ℓΛຬͨ͢ͱ͢Δ. ࣸ૾ fΛnݩ࣍ଟ༷ମN͔ΒRm

ͷ։ू߹UͷΊࠐΈͱ͢Δ. ͦͯ͠, F : U → RℓΛҙͷࣸ૾ͱͯ͠༩͑Δ. ͜
ͷͱ͖, L(Rm,Rℓ)ͷଌ 0ͷ෦ू߹Σ͕ଘ͠ࡏ, ҙͷ π ∈ L(Rm,Rℓ) − Σʹର͠
ͯ, Fπ ◦ f : N → Rℓ, ΊࠐΈʹͳΔ.
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