
ϔοηϯόʔάଟ༷ମͱฏ໘ஔ

ງޱɹୡʢେࡕେֶେֶӃใՊֶڀݚՊɺେཱࢢࡕେֶֶڀݚॴʣ

1. ংจ

෦ۭؒͷྻܗଟ༷ମFℓ(Cn)Cnͷઢض V1 ! V2 ! · · · ! Vn = Cnશମ͔Βͳ
ΔۭؒͰ͋Δɻ͜͜Ͱɺ֤ Vi iݩ࣍ઢܗ෦ۭؒΛද͢ɻ

X : Cn → CnΛႈྵͳઢ૾ࣸܗͱ͠ɺX Ͱݻఆ͞ΕΔض V1 ! V2 ! · · · ! Vn =
Cn(͢ͳΘͪXVi ⊂ Vi (i = 1, . . . , n)Λຬͨ͢ͷ)શମͷͳۭؒ͢εϓϦϯΨʔ
ଟ༷ମͱݺΕɺ1970ޙ͔ࠒΒରশ܈SnͷزԿֶతදݱͷ࣮ݱͱͯ͠εϓ
ϦϯΨʔʹΑΓಋೖ͞Εͨ ([32, 33])ɻεϓϦϯΨʔ͜ͷଟ༷ମͷίϗϞϩδʔͷ
্ʹରশ܈Snͷ࡞༻Λߏ͠ɺͦΕΛ࣍ߴ࠷ͷίϗϞϩδʔ܈ͷ্ʹ੍͢ݶΔ
ͱɺSnͷطදݱ͕ݱΕΔΑ͏ʹߏͨ͠ɻରশ܈Snͷͯ͢ͷطදݱز
Կֶతͳ͜ͷߏͰ࣮͢ݱΔ͜ͱ͕Ͱ͖Δɻ·ͨɺεϓϦϯΨʔଟ༷ମͷίϗϞϩ
δʔͷ໌ࣔతͳදࣔ [13, 34]ͰௐΒΕ͓ͯΓɺ[6, 19]ͰಉมίϗϞϩδʔ
Λௐ͍ͯΔɻ
ϔοηϯόʔάଟ༷ମ 1980ޙࠒʹಋೖ͞Ε ([14, 15])ɺεϓϦϯΨʔଟ

༷ମΛҰൠԽͨ֓͠೦Ͱ͋ΔɻX : Cn → CnΛઢ૾ࣸܗͱ͠ɺh : {1, 2, . . . , n} →
{1, 2, . . . , n}Λٛ୯ௐ૿ՃؔͰ h(i) ≥ i (i = 1, . . . , n)Λຬͨ͢ͷͱ͢Δɻ͜
ͷͱ͖ɺҎԼͰఆٛ͞ΕΔضଟ༷ମͷࣹӨ෦ଟ༷ମ

Hess(X, h) := {V• ∈ Fℓ(Cn) | XVi ⊂ Vh(i) for i = 1, 2, . . . , n}

Λϔοηϯόʔάଟ༷ମɺhΛϔοηϯόʔάؔͱݺͼɺh = (h(1), h(2), . . . , h(n))
Ͱද͢ɻϔοηϯόʔάଟ༷ମͷزԿɾτϙϩδʔ [1, 2, 3, 11, 16, 20, 25, 26, 35]
ͳͲͰ͞ڀݚΕ͓ͯΓɺ༷ʑͳଞͱؔ࿈͕͋Δ͜ͱ͕ΒΕ͖͍ͯͯΔൺֱత
৽͍͠ڀݚରͰ͋Δɻ
ຊߘͰɺઢ૾ࣸܗX : Cn → CnΛɺਖ਼ଇͳႈྵࣸ૾N(δϣϧμϯϒϩοΫ͕̍

͚ͭͩͷႈྵͳઢ૾ࣸܗ)·ͨਖ਼ଇͳ୯७ࣸ૾ S(ର֯ԽՄͰݻ༗͕ͯ͢
ҟͳΔઢ૾ࣸܗ)ͱͨ͠ϔοηϯόʔάଟ༷ମͷτϙϩδʔʹؔ͢Δڀݚ ([4, 5, 9])
Λհ͢ΔɻHess(N, h)ਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମɺHess(S, h)ਖ਼ଇͳ
୯७ϔοηϯόʔάଟ༷ମͱݺΕɺ͜ΕΒಛผͳଟ༷ମΛؚΜͰ͍Δɻ࣮ࡍɺ
ϔοηϯόʔάؔΛ h = (2, 3, 4, . . . , n, n)ͱͨ͠ͱ͖ɺHess(N, h)ضଟ༷ମͷྔ
ίϗϞϩδʔͱؔ࿈͢Δϐʔλʔιϯଟ༷ମͰ͋Γࢠ ([22, 27])ɺHess(S, h)Weyl
cambers(Aܕ)Λઔͱ͢ΔτʔϦοΫଟ༷ମͱҰக͢Δ ([14])ɻ
ਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(N, h)ͷίϗϞϩδʔͷ໌ࣔతͳදࣔ

Mbrika-Tymoczkoʢ[23]ʣʹΑΓ༧͞Ε͍͕ͯͨɺ[4, 5]ʹ͓͍ͯίϗϞϩδʔ
H∗(Hess(N, h))ͷ໌ࣔతͳදࣔΛ༩͑ (ຊߘͷఆཧ 2.7)ɺMbrika-Tymoczko༧͕
ਖ਼͘͠ͳ͍͜ͱ֬ೝ͞Εͨɻ͞ΒʹɺH∗(Hess(N, h))ͷ໌ࣔతͳදࣔΛ༻͍Δ͜
ͱʹΑΓɺ[5]ʹ͓͍ͯਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(N, h)ͱਖ਼ଇͳ୯७
ϔοηϯόʔάଟ༷ମHess(S, h)ͷίϗϞϩδʔͷؒʹ࣍ͷΑ͏ͳಉ͕ܕΓ

1
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ཱͭͱ͍͏ڵຯਂ͍݁Ռ͕ಘΒΕͨ (ຊߘͷఆཧ 2.13)ɿ

(1.1) H∗(Hess(N, h)) ∼= H∗(Hess(S, h))Sn

͜͜ͰɺίϗϞϩδʔH∗(Hess(S, h))্ͷରশ܈Snදݱ TymoczkoʹΑΓఆٛ
͞Εͨͷ ([36])ͰɺH∗(Hess(S, h))SnSnෆม෦Λද͢ɻ
ͷ݁Ռه্ (1.1)άϥϑཧͷԠ༻͕͋ΔɻShareshian-WachsH∗(Hess(S, h))

্ͷ TymoczkoʹΑΔରশ܈Snදݱ ([36])͕άϥϑཧͱ៉ྷͳରԠ͕͋Δͱ͍
͏༧Λཱͯͨ ([29, 30])ɻ͏গ͠ৄ͘͠ड़ΔͱɺTymoczkoʹΑΔ Sn දݱ
H∗(Hess(S, h))ϔοηϯόʔάؔ h͔Βఆ·ΔάϥϑGhͷ࠼৭ରশؔͱҰக
͢Δͱ͍͏͘ڻ͖༧Ͱ͋Δɻ্هͷ݁Ռ (1.1)Shareshian-WachsʹΑΔ͜ͷ༧
ͷҰ෦ʢࣗ໌දݱͷ෦ʣ͕ਖ਼͍͜͠ͱΛ͍ͯͬޠΔɻࡏݱɺShareshian-Wachs
༧Brosnan-ChowʹΑΓϞϊυϩϛʔͷࢹ͔Βղܾ͞Ε ([12])ɺͦͷ͙͢ޙʹ
Guay-PaquetϗοϓΛ༻͍ͯShareshian-Wachs༧ͷผূ໌Λ༩͑ͨ ([17])ɻ
͞ΒʹɺShareshian-Wachs༧ͷղܾ໘ന͍Ԡ༻ΛͨΒ͢ɻͦΕάϥϑཧ
ʹ͓͚Δ Stanley-Stembridge༧͕H∗(Hess(S, h))্ͷରশ܈Sn࡞༻ͷ;Δ·͍
Λਂ͘ௐΔ͜ͱʹΑΓղܾ͞ΕΔͱ͍͏͜ͱͰ͋Δ ([29, 30])ɻ
ϔοηϯόʔάଟ༷ମҰൠͷ Lieܕͷضଟ༷ମͷࣹӨ෦ଟ༷ମͱͯ͠ఆٛͰ

͖ΔͨΊɺಉܕ (1.1) AܕҎ֎ͷҙͷ LieܕͰΓཱ͔ͭͲ͏͔ͱ͍͏
͕͑ߟΒΕΔɻ[9]ʹ͓͍ͯɺฏ໘ஔΛܦ༝͢Δ͜ͱͰ͜ͷ͕ղܾ͞Εͨ
(ຊߘͷܥ 4.7)ɻີݫʹɺҰൠͷ Lieܕʹ͓͚Δਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମ
ͷίϗϞϩδʔ͘͠ਖ਼ଇͳ୯७ϔοηϯόʔάଟ༷ମͷίϗϞϩδʔͷ
Weyl܈ʹΑΔෆม෦͕ɺฏ໘ஔͰΜʹ͞ڀݚΕ͍ͯΔରతಋΛ༻͍
ड़Ͱ͖Δͱ͍͏݁Ռ͕ಘΒΕͨهͯ (ຊߘͷఆཧ 4.5ɺఆཧ 4.6)ɻ
ຊߘͰ·ͣAܕϔοηϯόʔάଟ༷ମͷτϙϩδʔʹؔ͢Δ݁Ռʹ͍ͭͯ 2 અ

Ͱհ͢Δɻͦͷޙɺ3 અͰฏ໘ஔʹؔ͢Δ͍͔ͭ͘ͷݴ༿ͷઆ໌Λ͠ɺ4 અ
ͰҰൠͷ Lieܕϔοηϯόʔάଟ༷ମͱฏ໘ஔʹؔ͢Δ݁Ռʹ͍ͭͯհ͢Δɻ
͜ΕΒͷڀݚɺѨ෦ࢯʢେཱࢢࡕେֶֶڀݚॴʣɺѨ෦ࢯʢभେֶʣɺ
େֶʣɺଜҪཱࢢࡕʢେࢯװʢϚΫϚελʔେֶʢΧφμʣʣɺᐩాࢯժ͙Έాݪ
Ͱ͋Δɻڀݚಉڞॴʣͱͷڀݚେֶֶཱࢢࡕʢେࢯࢤܟ౻ࠤେֶʣɺࡕʢେࢯ૱

2. Aܕϔοηϯόʔάଟ༷ମ

Aضܕଟ༷ମFℓ(Cn)ҎԼͷCnͷઢܗ෦ۭؒͷྻશମ͔ΒͳΔۭؒͰ͋Δɿ

V• := (V1 ! V2 ! · · · ! Vn = Cn)

͜͜Ͱɺ֤ Vi iݩ࣍ઢܗ෦ۭؒͰ͋ΔɻAܕϔοηϯόʔάଟ༷ମضଟ༷ମ
Fℓ(Cn)ͷࣹӨ෦ଟ༷ମͰ͋Γɺઢ૾ࣸܗͱϔοηϯόʔάؔͷ̎ͭͷσʔλ͔
Βఆ·Δɻ·ͣϔοηϯόʔάؔͷఆ͔ٛΒ࢝ΊΔɻ

ఆٛ 2.1. [n] := {1, 2, . . . , n}ͱ͢Δɻؔ h : [n]→ [n]͕ϔοηϯόʔάؔͰ͋
ΔͱɺҎԼͷ̎ͭͷ݅Λຬͨ͢ͱ͖ʹ͍͏ɻ

(i) h(1) ≤ h(2) ≤ . . . ≤ h(n)
(ii) h(j) ≥ j for j = 1, 2, . . . , n

ϔοηϯόʔάؔ h֤Λฒͨͷ h = (h(1), h(2), . . . , h(n))Ͱද͢ɻ

139第64回トポロジーシンポジウム



ྫ 2.2. n = 5ͱ͢Δɻh = (3, 3, 4, 5, 5)ϔοηϯόʔάؔͰ͋Δɻϔοηϯόʔ
άؔ hΛ֮ࢹԽ͢ΔͨΊʹɺ֤ jྻʹ h(j)ݸͷശΛฒͨശͷू·ΓΛ͑ߟΔɻ
ྫ͑ɺϔοηϯόʔάؔ h = (3, 3, 4, 5, 5)ҎԼͷശͷू·ΓΛද͢ɻ

Figure 1. ϔοηϯόʔάؔ h = (3, 3, 4, 5, 5)ʹରԠ͢Δശͷू·Γ

ఆٛ 2.3. ઢ૾ࣸܗX : Cn → Cnͱϔοηϯόʔάؔh : [n]→ [n]ʹରͯ͠ɺϔο
ηϯόʔάଟ༷ମHess(X, h)ҎԼͰఆٛ͞ΕΔضଟ༷ମFℓ(Cn)ͷࣹӨ෦ଟ༷
ମͰ͋Δɿ

Hess(X, h) = {V• ∈ Fℓ(Cn) | XVi ⊂ Vh(i) for i = 1, 2, . . . , n}

X͕ྵࣸ૾O·ͨ h = (n, n, . . . , n)ͷͱ͖ɺϔοηϯόʔάଟ༷ମHess(X, h)
શମͷضଟ༷ମ Fℓ(Cn)ʹҰக͢Δ͜ͱ͕ఆ͔ٛΒ͔Δɻ·ͨɺҙͷՄߦٯ
ྻ g ∈ GL(n,C)ʹରͯ͠ɺ

Hess(X, h) ∼= Hess(gXg−1, h);V• '→ gV•

Ͱ͋ΔͷͰɺXΛδϣϧμϯඪ४ܗͱԾఆͯ͠Α͍ɻ
ઢ૾ࣸܗX ͷੑ࣭ʹԠ͡ɺରԠ͢Δϔοηϯόʔάଟ༷ମ Hess(X, h)ͦͷΑ

Ϳɻྫ͑ɺXݺʹ͏ ͕ႈྵ (i.e. ∃k,Xk = O )ͷͱ͖ Hess(X, h)Λႈྵϔοη
ϯόʔάଟ༷ମͱݺͿɻႈྵϔοηϯόʔάଟ༷ମʹ͓͍ͯϔοηϯόʔάؔ
Λ h = (1, 2, . . . , n)ͱऔΔͱରশ܈ͷදݱͱؔ࿈͢ΔεϓϦϯΨʔଟ༷ମͱͳΔ
([32, 33])ɻ

X ͕ਖ਼ଇͳႈྵࣸ૾N ͱX ͕ਖ਼ଇͳ୯७ࣸ૾ Sͷ̎ͭͷ߹1 ʹ͓͚Δϔο
ηϯόʔάଟ༷ମHess(N, h)ͱHess(S, h)Λ͍ͯ͘͠ߟɻ͜͜ͰɺXδϣϧμ
ϯඪ४ܗͱԾఆͯ͠Α͍ͷͰɺ

N =

⎛

⎜⎜⎜⎜⎜⎝

0 1
0 1

. . .
. . .
0 1

0

⎞

⎟⎟⎟⎟⎟⎠
, S =

⎛

⎜⎜⎜⎜⎜⎝

c1
c2

. . .

cn

⎞

⎟⎟⎟⎟⎟⎠

ͱऔͬͯΑ͍ɻͨͩ͠ɺc1, c2, . . . , cn૬ҟͳΔɻ

1X ͕୯७Ͱ͋ΔͱX ͕ର֯ԽՄͷͱ͖Λද͠ɺX ͕ਖ਼ଇͰ͋ΔͱX ͷδϣϧμϯඪ४
δϣϧμϯϒϩοΫ֤͍͓ͯʹܗ Jiʹଐ͢Δର֯Λ ciͱͨ͠ͱ͖ʹ ci͕ͨͪ૬ҟͳΔͱ͖Λද
͢ɻ
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ҙ 2.4. ҎԼͰϔοηϯόʔάଟ༷ମͷίϗϞϩδʔ2ʹ͍͍ͭͯͯ͘͠ߟɻ
Hess(S, h)ͷίϗϞϩδʔSͷݻ༗ c1, c2, . . . , cnʹґଘ͠ͳ͍ͷͰɺSͷ૬ҟ
ͳΔݻ༗ͷऔΓํؾʹ͠ͳͯ͘Α͍ɻ

2.1. ਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(N, h).
h = (2, 3, 4, . . . , n, n)ͱ͢Δਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମ Hess(N, h)ϐʔ

λʔιϯଟ༷ମͱݺΕɺضଟ༷ମͷྔࢠίϗϞϩδʔͱؔ࿈͍ͯ͠Δ͜ͱ͕ΒΕ
͍ͯΔ ([22, 27])ɻضଟ༷ମFℓ(Cn)h = (n, n, . . . , n)ͱ͢ΔHess(N, h)ͱ͔ͨ͑ࢥ
Βɺਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମϐʔλʔιϯଟ༷ମPetͱضଟ༷ମFℓ(Cn)
Λࢄతʹͭͳ͙ͷͱ͑ࢥΔɻ·ͣɺਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(N, h)
ͷزԿֶతੑ࣭ʹ͍ͭͯड़Δɿ

ఆཧ 2.5 (Insko-Yong [20], Kostant [22], Sommers-Tymoczko [31], Tymoczko [35]).
Hess(N, h)Λਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମͱ͢Δɻ͜ͷͱ͖ɺཱ͕࣍ɻ

(1) Hess(N, h)ҰൠʹಛҟΛͭɻ
(2) Hess(N, h)ͷෳૉݩ࣍

∑n
j=1(h(j)− j)Ͱ͋Δɻ

(3) Hess(N, h)ෳૉηϧׂ3 ΛͭɻಛʹɺHess(N, h)ͷح࣍ίϗϞϩδʔ
ফ͍͑ͯΔɻ

ҙ 2.6. ఆཧ 2.5 (2)ʹ͓͚ΔHess(N, h)ͷෳૉݩ࣍
∑n

j=1(h(j)− j)ɺϔοηϯ
όʔάؔ hΛശͷू·Γͱ͑ࢥɺର֯ઢΑΓਅʹࠨԼʹҐஔ͢ΔശͷݸΛද
͢ɻྫ͑ɺϔοηϯόʔάؔ h = (3, 3, 4, 5, 5)ͱ͢Δਖ਼ଇͳႈྵϔοηϯόʔά
ଟ༷ମͷෳૉݩ࣍ 5Ͱ͋Δɻ

Figure 2. h = (3, 3, 4, 5, 5)ͱ͢ΔHess(N, h)ͷෳૉݩ࣍ͰΧϯτ
͞ΕΔശͷू·Γ

,ɺਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(Nʹ࣍ h)ͷίϗϞϩδʔʹ͍ͭͯ
հ͢Δɻضଟ༷ମFℓ(Cn)ͷίϗϞϩδʔ

(2.1) H∗(Fℓ(Cn)) ∼= R[x1, . . . , xn]/(ei(x1, . . . , xn) | 1 ≤ i ≤ n)

2ຊߘͰίϗϞϩδʔ࣮ͷಛҟίϗϞϩδʔΛද͢ɻ
3͜͜ͰͷηϧׂτϙϩδʔͰΑ͘ΘΕΔҙຯͷ๔ମׂͱҟͳΔ͕ɺͦΕʹ֓ͨࣅ

೦Ͱ͋Δ complex affine paving Λද͢ɻ
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Ͱ༩͑ΒΕΔ͜ͱ͕ΒΕ͍ͯΔ4 ɻ͜͜Ͱɺxiͷ࣍ 2Ͱɺei(x1, . . . , xn)࣍
 iͷجຊରশࣜΛද͢ɻਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(N, h)ͷίϗϞϩ
δʔʹ͍ͭͯɺҎԼͷ݁Ռ͕ಘΒΕͨɻ

ఆཧ 2.7 (Abe-Harada-H-Masuda [4, 5]). Hess(N, h)Λਖ਼ଇͳႈྵϔοηϯόʔάଟ
༷ମͱ͢Δɻ͜ ͷͱ͖ɺแؚࣸ૾Hess(N, h) ⊂ Fℓ(Cn)͕ಋ੍͘૾ࣸݶH∗(Fℓ(Cn))→
H∗(Hess(N, h))શࣹͰ͋Γɺ࣍ͷಉ͕ܕཱɿ

(2.2) H∗(Hess(N, h)) ∼= R[x1, . . . , xn]/
( j∑

k=1

( h(j)∏

ℓ=j+1

(xk − xℓ)
)
xk | 1 ≤ i ≤ n

)

͜͜Ͱɺh(j) = j ͷͱ͖
∏h(j)

ℓ=j+1(xk − xℓ) = 1ͱ͢Δɻ·ͨɺ(2.2)ʹݱΕΔ xi
ΕΔݱʹ(2.1) xiͷ੍૾ࣸݶH∗(Fℓ(Cn))→ H∗(Hess(N, h))ʹΑΔ૾Ͱ͋Δɻ

ҙ 2.8. ϐʔλʔιϯଟ༷ମͷίϗϞϩδʔͷ໌ࣔతͳදࣔ [16]ʹΑΓ༩͑
ΒΕ͓ͯΓɺදࣔ (2.2) [16]ͷදࣔΛؚΜͰ͍Δɻ

ಛʹɺ͜ͷදࣔ (2.2)͔ΒՄͷҰൠΛ༻͍Δ͜ͱͰ͕࣍ಘΒΕΔɻ

ܥ 2.9 (Abe-Harada-H-Masuda [5]). ਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମ Hess(N, h)
ͷίϗϞϩδʔϙΞϯΧϨରͰ͋Δɻ͢ͳΘͪɺm := dimC Hess(N, h)
ͱ͢ΔͱɺϖΞϦϯά

H2k(Hess(N, h))×H2m−2k(Hess(N, h))→ H2m(Hess(N, h)) ∼= R
ඇୀԽͰ͋Δ (0 ≤ ∀k ≤ m)ɻ͜͜Ͱɺ࠷ॳͷࣸ૾ΧοϓੵΛͱΔࣸ૾Λද͢ɻ

2.2. ਖ਼ଇͳ୯७ϔοηϯόʔάଟ༷ମHess(S, h).
·ͣɺਖ਼ଇͳ୯७ϔοηϯόʔάଟ༷ମHess(S, h)ͷزԿֶతੑ࣭ʹ͍ͭͯड़

Δɿ

ఆཧ 2.10 (De Mari-Procesi-Shayman [14]). Hess(S, h)Λਖ਼ଇͳ୯७ϔοηϯόʔ
άଟ༷ମͱ͢Δɻ͜ͷͱ͖ɺཱ͕࣍ɻ

(1) Hess(S, h)ඇಛҟͰ͋Δɻ
(2) Hess(S, h)ͷෳૉݩ࣍

∑n
j=1(h(j)− j)Ͱ͋Δɻ

(3) Hess(S, h)ෳૉηϧׂ (complex affine paving) ΛͭɻಛʹɺHess(S, h)
ͷح࣍ίϗϞϩδʔফ͍͑ͯΔɻ

(4) ϔοηϯόʔάؔh = (2, 3, 4, . . . , n, n)ͱ͢ΔHess(S, h)ɺAn−1ܕWeyl
cambersΛઔͱ͢ΔτʔϦοΫଟ༷ମͰ͋Δɻ

ҙ 2.11. ఆཧ 2.5 (2)ͱఆཧ 2.10 (2)ΑΓɺҙͷϔοηϯόʔάؔ hʹର͠
ͯɺHess(N, h)ͱHess(S, h)ͷෳૉݩ࣍ಉ͡Ͱ͋Δɿ

dimC Hess(N, h) = dimC Hess(S, h)

4දࣔ (2.1)Ͱཱɻ
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ҙ 2.12. ఆཧ 2.10 (4)ΑΓɺਖ਼ଇͳ୯७ϔοηϯόʔάଟ༷ମ Hess(S, h)
An−1ܕWeyl cambersΛઔͱ͢ΔτʔϦοΫଟ༷ମͱضଟ༷ମΛࢄతʹͭͳ͙
ͷͱ͑ࢥΔɻ

,ɺਖ਼ଇͳ୯७ϔοηϯόʔάଟ༷ମHess(Sʹ࣍ h)ͷίϗϞϩδʔʹ͓͚Δݱ
,ड़Δɻਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(N͍ͯͭʹگͷঢ়ࡏ h)ͷͱ͖ͱҧͬ
ͯɺHess(S, h)ͷίϗϞϩδʔͷදࣔΛ༩͑Δ͜ͱқ͘͠ͳ͍ɻͦͷཧ༝ɺ
แؚࣸ૾Hess(S, h) ⊂ Fℓ(Cn)͔Βಋ͔ΕΔ੍૾ࣸݶH∗(Fℓ(Cn))→ H∗(Hess(S, h))
ҰൠʹશࣹͰͳ͍ͱ͍͏ͱ͜Ζ͔ΒདྷΔɻ͢ͳΘͪɺH∗(Hess(S, h))ͷR-
ͱͯ͠ͷੜݩΛ͚ͭݟͳ͚ΕͳΒͳ͍ͷͰ͋ΔʢH∗(Hess(S, h))ͷੜݩͱ͠
ͯH∗(Fℓ(Cn))͔Βདྷͳ͍ͷ͕͋Δʂʣɻۙ࠷ͷ݁Ռͱͯ͠ɺϔοηϯόʔάؔ
h͕ h = (h(1), n, . . . , n)ͱ͍͏ಛผͳ߹ʹ͍ͭͯH∗(Hess(S, h))ͷੜݩΛͭݟ
͚ɺ͞ΒʹίϗϞϩδʔH∗(Hess(S, h))ͷ໌ࣔతͳදࣔಘΒΕͨ ([7])ɻࡏݱɺ
Ұൠͷϔοηϯόʔάؔ hʹ͍ͭͯH∗(Hess(S, h))ͷੜ͢ݩΒಘΒΕ͍ͯͳ
͍ঢ়گͰ͋Δ5 ɻ
ҰํɺTymoczkoGKMཧΛ༻͍ͯɺίϗϞϩδʔH∗(Hess(S, h))ͷ্ʹର

শ܈Snͷ࡞༻Λߏͨ͠ ([36])ɻ͜ͷSn࡞༻ϔοηϯόʔάؔ h͔Βఆ·Δ
άϥϑGhͷ࠼৭ରশؔͱҰக͢Δʂͱ͍͏͘ڻ͖ରԠ͕͋Δ ([29, 30, 12, 17])ɻ
͞Βʹɺ͜ͷάϥϑཧͱͷՍ͚ڮʹΑΓɺάϥϑཧʹ͓͚ΔStanley-Stembridge
༧͕H∗(Hess(S, h))্ͷରশ܈Sn࡞༻ͷ;Δ·͍Λਂ͘ௐΔ͜ͱʹΑΓղܾ
͞ΕΔ͜ͱ͕ΒΕ͍ͯΔɻҰํͰɺ͜ͷSn࡞༻ʹؔ͢ΔH∗(Hess(S, h))ͷෆม
෦͕ɺਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମͷίϗϞϩδʔH∗(Hess(N, h))ͱҰ
க͢Δʂͱ͍͏ڵຯਂ͍݁Ռ͕ಘΒΕͨɻ͜ΕΒͷ݁Ռʹ͍ͭͯ࣍ͷ 2.3અͰհ
͢Δɻ

2.3. Hess(N, h)ͱHess(S, h)ͷؔ.
ਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(N, h)ͱਖ਼ଇͳ୯७ϔοηϯόʔάଟ༷ମ
Hess(S, h)ͷੑ࣭ʹ͍ͭͯ·ͱΊΔʢHess(N, h)ͱฏ໘ஔͷؔʹ͍ͭͯ࠷
ͷޙ 4 અͰड़Δɻʣɻ

Hess(N, h) Hess(S, h)

h = (2, 3, 4, . . . , n, n) Pet XAn−1

h = (n, n, . . . , n) Fℓ(Cn) Fℓ(Cn)
ಛҟੑ (Ұൠʹ)ಛҟ ඇಛҟ
ෳૉݩ࣍

∑n
j=1(h(j)− j)

∑n
j=1(h(j)− j)

ෳૉηϧׂ (complex affine paving) ͭ ͭ
ίϗϞϩδʔ PDA PDA
૾ࣸݶଟ༷ମͷίϗϞϩδʔ͔Βͷ੍ض શࣹ (Ұൠʹ)શࣹͰͳ͍
ଞͱͷؔ࿈ ฏ໘ஔ άϥϑཧ

• Pet: ϐʔλʔιϯଟ༷ମ
• XAn−1 : An−1ܕ Weyl cambers Λઔͱ͢ΔτʔϦοΫଟ༷ମ

5h = (2, 3, 4, . . . , n, n)ͷͱ͖Hess(S, h)ඇಛҟͳࣹӨతτʔϦοΫଟ༷ମͳͷͰɺίϗϞϩδʔ
H∗(Hess(S, h))ͷ໌ࣔతͳදࣔ۩ମతʹॻ͚Δɻ
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• Fℓ(Cn): ଟ༷ମض
• PDA: ϙΞϯΧϨର

h = (2, 3, 4, . . . , n, n)ͱ͢Δਖ਼ଇͳ୯७ϔοηϯόʔάଟ༷ମHess(S, h)An−1

Weylܕ cambersΛઔͱ͢ΔτʔϦοΫଟ༷ମXAn−1Ͱ͋ͬͨɻ͜ͷઔͷ্ʹରশ܈
Snͷ࡞༻͕ࣗવʹ͋ΔͷͰɺτʔϦοΫଟ༷ମXAn−1্ʹSn࡞༻͕༠ಋ͞Εɺίϗ
ϞϩδʔH∗(XAn−1)্ͷSnදݱΛಘΔ6 ɻKlyachkoίϗϞϩδʔH∗(XAn−1)
ͷSnෆม෦H∗(XAn−1)

Snͷ໌ࣔతͳදࣔΛ༩͑ͨʢ[21]ʣɻͦͷදࣔͪΐ͏
Ͳ [18]Ͱ༩͑ΒΕͨϐʔλʔιϯଟ༷ମͷίϗϞϩδʔH∗(Pet)ͷ໌ࣔతͳදࣔ
ͱͪΐ͏ͲҰக͍ͯ͠ΔͷͰɺಉܕ

H∗(Pet) ∼= H∗(XAn−1)
Sn

͕ಘΒΕΔɻ͜ͷಉܕҰൠͷϔοηϯόʔάؔ hʹରͯ͠ਖ਼͍͠ͷ͔ͱ͍
͏ͷ͕ࣗવͳͰ͋Δɻ࣍ͷఆཧ͜ͷͷղΛ༩͍͑ͯΔɻ

ఆཧ 2.13 (Abe-Harada-H-Masuda [5]). ҙͷϔοηϯόʔάؔ hʹରͯ͠ɺ࣍
ͷಉ͕ܕཱɻ

(2.3) H∗(Hess(N, h)) ∼= H∗(Hess(S, h))Sn

͜͜ͰɺίϗϞϩδʔH∗(Hess(S, h))্ͷରশ܈Sn࡞༻ TymoczkoʹΑΓߏ
͞Εͨͷ ([36])ͰɺӈลH∗(Hess(S, h))ͷSnෆม෦Λද͢ɻ

ҙ 2.14. h = (n, n, . . . , n)ͱ͢Δ Hess(S, h)ضଟ༷ମ Fℓ(Cn)Ͱ͋Γɺ͜ͷ
ͱ͖ H∗(Fℓ(Cn)) ্ͷ Sn ࣗ໌Ͱ͋Δɻఆཧ༺࡞ 2.13 ʹ͓͚Δಉܕ (2.3) 
H∗(Fℓ(Cn))͔Βͷ੍૾ࣸݶͱՄਤࣜΛͳ͢ͷͰ͋Δɿ

H∗(Fℓ(Cn)) H∗(Fℓ(Cn))Sn

⏐⏐.
⏐⏐.

H∗(Hess(N, h))
∼=−−−→ H∗(Hess(S, h))Sn

ϔοηϯόʔάଟ༷ମҙͷ Lieܕͷضଟ༷ମͷࣹӨ෦ଟ༷ମͱͯ͠ఆٛͰ
͖Δʢ4 અʣɻͰɺAܕʹ͓͚Δ͜ͷ݁Ռʢఆཧ 2.13ʣҰൠͷ LieܕͰਖ਼͍͠
͔Ͳ͏͔͕ࣗવͱؾʹͳΔͰ͋Δɻࠓճɺฏ໘ஔͱؔ࿈͚Δ͜ͱͰҰൠ
ͷ LieܕͰਖ਼͍͠ͱ͍͏݁ΛಘΔ͜ͱ͕Ͱ͖ͨɻ3 અͰฏ໘ஔʹ͍ͭͯ
հ͠ɺ4 અͰࠓճಘΒΕͨओఆཧʹ͍ͭͯհ͢Δɻ

3. ฏ໘ஔ

V Λ R্ nݩ࣍ϕΫτϧۭؒͱ͢ΔɻA͕ V ͷதͷ༗ݸݶͷฏ໘͔ΒͳΔͱ
͖ɺAΛ V ͷதʹ͋Δฏ໘ஔͰ͋Δͱ͍͏ɻ

RΛ V ͷରۭؒ V ∗ͷରশ Sym(V ∗)ͱ͢ΔɻV ͷݩ V ∗্ͷઢؔܗͰɺ
R্ͷಋʹ֦ு͢Δɿ

v(fg) = v(f)g + fv(g) v ∈ V, f, g ∈ R
6Ұൠͷϔοηϯόʔάؔ hʹରͯ͠ɺTymoczko H∗(Hess(S, h))্ʹ Sn දݱΛߏͨ͠

([36])͕ɺh = (2, 3, 4, . . . , n, n)ͷͱ͖XAn−1 ʹରԠ͢Δઔͷ্ͷରশ܈Sn࡞༻͔Β༠ಋ͞ΕΔ
͜ͷSn දݱͱҰக͢Δɻ
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R্ͷಋશମ͔ΒͳΔRՃ܈Λ

Der(R) := R⊗ V

Ͱఆٛ͢Δɻಛʹɺx1, . . . , xnΛ V ∗ͷجఈͱ͢ΔͱɺDer(R) :=
⊕n

i=1 R(∂/∂xi)ͱ
දͤΔɻ

ఆٛ 3.1. ฏ໘ஔAʹରͯ͠ɺAͷରతಋͷRՃ܈D(A)Λ

D(A) := {θ ∈ Der(R) | θ(αH) ∈ Rαh, ∀H ∈ A}
Ͱఆٛ͢Δɻ͜͜ͰɺαH ∈ V ∗H ∈ AΛఆٛ͢Δઢࣜܗܗͱ͢Δɻ

ྫ 3.2. Rnͷฏ໘Hi,j(1 ≤ i < j ≤ n)Λ

Hi,j := {(x1, . . . , xn) ∈ Rn | xi − xj = 0}
Ͱఆٛ͠ɺฏ໘ஔ

A := {Hi,j | 1 ≤ i < j ≤ n}
Λ͑ߟΔɻ͜ͷͱ͖ɺR = R[x1, . . . , xn]Ճ܈Der(R) :=

⊕n
i=1 R(∂/∂xi)ͷݩ

θk := xk
1

∂

∂x1
+ xk

2

∂

∂x2
+ · · ·+ xk

n

∂

∂xn
(k ≥ 0)

D(A)ͷݩͰ͋Δɻ

θ ∈ Der(R) ͕࣍ dͷ੪ݩ࣍Ͱ͋Δͱɺθ =
∑ℓ

k=1 fk ⊗ vk (fk ∈ R, vk ∈ V )ͱ
ॻ͍ͨͱ͖ʹɺྵͰͳ͍ͯ͢ͷ fkͷ͕࣍ dͰ͋Δͱ͖ʹ͍͏ɻ

ఆٛ 3.3. ฏ໘ஔA͕ࣗ༝Ͱͦͷࢦ͕ (d1, . . . , dn)Ͱ͋ΔͱɺD(A)͕ࣗ༝
RՃ܈Ͱ͋Γɺdeg θi = di (i = 1, . . . , n)Ͱ͋ΔΑ͏ͳ੪ج࣍ఈ θ1, . . . , θnΛͭͱ
͖ʹ͍͏ɻ

ఆཧ 3.4 (Saito’s criterion, Saito [28] ([24]ࢀর)). AΛฏ໘ஔͱ͢Δɻθ1, . . . , θn ∈
D(A)Λ੪ݩ࣍ͱ͢Δɻ͜ͷͱ͖ɺ࣍ͷ̎ͭಉɿ

(1) θ1, . . . , θn͕D(A)ͷRجఈΛͳ͢ɻ
(2) θ1, . . . , θn͕R্ઢܗಠཱͰɺ

∑n
i=1 deg(θi) = |A|Ͱ͋Δɻ

ྫ 3.5. ྫ 3.2ʹ͓͍ͯɺఆཧ 3.4ΑΓ θ0, θ1, . . . , θn−1D(A)ͷ RجఈΛͳ͢ͷ
ͰɺAࣗ༝ஔͰͦͷࢦ (0, 1, . . . , n− 1)Ͱ͋ΔɻࠓɺQ := x2

1 + · · · + x2
nͱ

͓͖ɺR = R[x1, . . . , xn]ͷΠσΞϧ aΛ

a := {θ(Q) | θ ∈ D(A)}
Ͱఆٛ͢Δɻθ0, θ1, . . . , θn−1D(A)ͷRجఈΛͳ͢͜ͱ͔Βɺa = (p1, . . . , pn)Ͱ
͋Δ͜ͱ͕͔Δɻ͜͜Ͱ pkႈ pk := xk

1 + . . .+ xk
nΛද͢ɻ(2.1)ΑΓɺಉܕ

H∗(Fℓ(Cn)) ∼= R/a

ΛಘΔɻ

ͷ࣍ 4 અͰɺྫ 3.5ʹ͓͚ΔߟΛϔοηϯόʔάଟ༷ମʹ֦ு͢Δɻͦͷ݁
Ռͱͯ͠ɺAܕϔοηϯόʔάଟ༷ମͰड़ͨ݁Ռ͕ଞͷ Lieܕʹ֦ுͰ͖Δͱ
͍͏݁Ռ͕ಘΒΕΔɻ
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4. ҰൠͷLieܕͷϔοηϯόʔάଟ༷ମͱΠσΞϧஔ

GΛ֊ nͷ C্ͷ୯७ઢܗ܈ͱ͠ɺͦͷϘϨϧ෦܈ BΛ̍ͭݻఆ͢
Δɻ͜ͷͱ͖ɺ࣍ͷσʔλ͕ఆ·Δɿ

• T : େίϯύΫττʔϥεۃ
• W : ϫΠϧ܈
• t ⊂ b ⊂ g: T ⊂ B ⊂ Gͷ Lie
• Φ: ϧʔτશମͷू߹
• Φ+: ਖ਼ϧʔτશମͷू߹
• ∆: ୯७ϧʔτશମ α1, . . . ,αnͷू߹
• gα: ϧʔτ αʹਵ͢Δϧʔτۭؒ

̎ͭͷϧʔτ α, β ∈ Φʹରͯ͠ɺʮα ≼ β ⇐⇒ β − α ∈
∑n

i=1 Z≥0αiʯʹΑΓɺΦ
্ʹॱংΛఆΊΔɻ

ఆٛ 4.1. I ⊂ Φ+͕ԼํΠσΞϧͰ͋ΔͱɺҎԼͷ݅

α ∈ Φ+, β ∈ I,α ≼ β ⇒ α ∈ I

ΛΈͨ͢ͱ͖ʹ͍͏ɻ͢ݴΔͱɺI ͷݩͰࣗΑΓখ͍͞ͷશͯ I ʹೖΔͱ
͍͏͜ͱͰ͋Δɻ

ԼํΠσΞϧ I ⊂ Φ+ʹରͯ͠ɺH(I) = b⊕ (
⊕

α∈I g−α)Λϔοηϯόʔάۭؒ7ͱ
Ϳɻݺ

ఆٛ 4.2. X ∈ g, I ⊂ Φ+ΛԼํΠσΞϧͱ͢Δɻ͜ͷͱ͖ɺϔοηϯόʔάଟ༷
ମHess(X, I)ΛҎԼͷضଟ༷ମG/BͷࣹӨ෦ଟ༷ମͰఆٛ͢Δɿ

Hess(X, I) = {gB ∈ G/B | Ad(g−1)(X) ∈ H(I)}

ఆٛ 4.3. I ⊂ Φ+ΛԼํΠσΞϧͱ͢Δɻtͷதͷฏ໘ஔ

AI := {kerα | α ∈ I}

ΛΠσΞϧஔͱݺͿɻʢI = Φ+ͷͱ͖WeylஔͱݺΕΔɻʣ

ਖ਼ϧʔτ α ∈ Φ+Λ α =
∑n

i=1 ciαiͱ୯७ϧʔτͷઢ݁ܗ߹Ͱॻ͍ͨͱ͖ɺαͷߴ
͞ ht(α)Λ

∑n
i=1 ciͰఆٛ͢Δɻm := max{ht(α) | α ∈ I}ͱ͢Δɻij := |{α ∈ I |

ht(α) = j}|ͱ͠ɺIͷ͞ߴΛਖ਼ͷྻ (i1, i2, . . . , im)Ͱఆٛ͢ΔɻIͷ͞ߴ
ͷରஔDP(I)Λ

DP(I) := ((0)n−i1 , (1)i1−i2 , . . . , (m− 1)im−1−im , (m)im)

Ͱఆٛ͢Δɻ͜͜Ͱɺ(a)bඇෛ a͕ͪΐ͏Ͳ bճݱΕΔ͜ͱΛҙຯ͢Δɻ

ఆཧ 4.4 ([8]). ΠσΞϧஔAIࣗ༝Ͱͦͷࢦ Iͷ͞ߴͷରஔDP(I)
ͱҰக͢Δɻ

7Aܕͷͱ͖ɺ͜ͷϔοηϯόʔάۭؒϔοηϯόʔάؔʢശͷू·ΓͱಉҰͨ͠ࢹͷʣʹ
ରԠ͍ͯ͠Δɻ
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R := Sym t∗ͱ͢ΔɻQΛW -ෆมͳඇୀԽͳೋࣜܗ࣍ͱ͠ɺ

a(I) := {θ(Q) | θ ∈ D(AI)}
ʹΑΓRͷΠσΞϧΛఆٛ͢Δɻ

ओఆཧͷ༰
ϧʔταʹରͯ͠ɺαʹਵ͢Δضଟ༷ମG/B্ͷઢଋͷୈҰνϟʔϯྨΛରԠ
ͤ͞Δ͜ͱͰɺ४ಉ૾ࣸܕ

(4.1) ϕ : R := Sym t∗ → H∗(G/B)

ΛಘΔɻBorel͜ͷࣸ૾͕શࣹͰ͋Δ͜ͱͱKerϕ = (RW
+ )Ͱ͋Δ͜ͱΛূ໌ͨ͠

([10])ɻ͜͜Ͱɺ(RW
+ )ఆ߲͕ 0Ͱ͋ΔW -ෆมͳRͷݩͰੜ͞ΕΔΠσΞϧ

Ͱ͋ΔɻҰํɺWeylஔAΦ+ ͔ΒಘΒΕΔΠσΞϧ a(Φ+) (RW
+ )ͱҰக͢Δ͜

ͱ͕ΒΕ͍ͯΔ ([9, Theorem র)ɻࢀ[3.9
ɺ͜ͷ݁ՌΛϔοηϯόʔάଟ༷ମʹ֦ு͢ΔɻNࠓ ∈ gΛਖ਼ଇͳႈྵݩɺS ∈ g

Λਖ਼ଇͳ୯७ݩͱ͢Δɻਖ਼ଇͳႈྵϔοηϯόʔάଟ༷ମHess(N, I)͔Βضଟ༷
ମG/Bͷแؚࣸ૾͕ಋ੍͘૾ࣸݶH∗(G/B)→ H∗(Hess(N, I))ͱ (4.1)ͱͷ߹
ࣸ૾ɿ

(4.2) ϕI : R := Sym t∗ → H∗(G/B)→ H∗(Hess(N, I))

Λ͑ߟΔɻ

ఆཧ 4.5 (Abe-H-Masuda-Murai-Sato [9]). (4.2)ͷࣸ૾ ϕI શࣹͰ͋Γɺͦͷ֩
a(I)ͱҰக͢Δɻಛʹɺಉܕ

(4.3) H∗(Hess(N, I)) ∼= R/a(I)

ΛಘΔɻ

Aܕͷͱ͖ͷ [36]ʹΑΔਖ਼ଇͳ୯७ϔοηϯόʔάଟ༷ମHess(S, h)ͷίϗϞ
ϩδʔH∗(Hess(S, h))ͷ্ͷରশ܈ͷ࡞༻ͷߏͱಉ༷ʹͯ͠ɺҰൠͷ LieܕͰ
H∗(Hess(S, I))ͷ্ʹϫΠϧ܈W ͷߏ͕༺࡞͞ΕΔɻI = Φ+ͷͱ͖ɺHess(S, I)
શମͷضଟ༷ମ G/B ͱҰக͠ɺͦͷͱ͖ͷ H∗(G/B)্ͷ W ࣗ໌Ͱ͋༺࡞
Δɻ੍૾ࣸݶH∗(G/B)→ H∗(Hess(S, I))͕W ಉมͰ͋Δ͜ͱ͔Βɺ४ಉ૾ࣸܕ
H∗(G/B)→ H∗(Hess(S, I))W ΛಘΔɻ͜ͷࣸ૾ͱ (4.1)ͱͷ߹ࣸ૾ɿ

(4.4) ψI : R := Sym t∗ → H∗(G/B)→ H∗(Hess(S, I))W

Λ͑ߟΔɻ

ఆཧ 4.6 (Abe-H-Masuda-Murai-Sato [9]). (4.4)ͷࣸ૾ ψI શࣹͰ͋Γɺͦͷ֩
a(I)ͱҰக͢Δɻಛʹɺಉܕ

(4.5) H∗(Hess(S, I))W ∼= R/a(I)

ΛಘΔɻ

(4.3)ͱ (4.5)ΑΓɺ࣍ͷܥΛಘΔɻ

ܥ 4.7 (Abe-H-Masuda-Murai-Sato [9]). ཱɿ͕ܕͷಉ࣍

H∗(Hess(N, I)) ∼= H∗(Hess(S, I))W
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