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Non-Kahler complex structures on R*

e EHE (T IERER AL W)

1. TEEEEZDE=R
AR TIE, 240 Antonio J. Di Scala (Politecnico di Torino), Daniele Zuddas (KIAS)
& EBIT 1BV THERL L 72 R* (253 [AFH 72 non-Kéhler complex surfaces D135
DD T2 & MBI DWW TR 5.

(LU IZ, Kahler EOEREZMBLTH I D).

# 1. (M,J) % complex manifold &3 %. M EIZ complex structure J & Wi323 %
symplectic form w 3FET D & &, (M, J)I% Kahler THDHEWH. 727EL, wiJ &
WNLT 2 EIILLTFO2005M %Ml 25 ).

(1) AEED O TRWESRY Fbu e TMIZH LT, w(u, Ju) > 02363 (tamedness).
(2) fEEOEANT Mlu,v € TMIZX LT, w(u,v) = w(Ju, Jv) BT (J-invariance).

B ® complex manifold (Z/AFTHYICIX Kahler TH 5006, L complex structure
EWNLT D w DRI A E D0 Th D, TOEMIZEWT, Kahler Ml L
non-Kéahler M£/% complex manifold O Kk HEE TH D (Z Z TF 9 Kahler MEIL[E
& L7- Hermite F&ICBIF % Kihler 70 = & Ti372 <, Kihler FHEOFLE & FET
HDHZLIZERSNIZY) - RS, ANFE[3]-]9], =R [11], Siu[l16]iZ X B LATF OE A
HOENTND.

FE 2. Compact complex surface (ZB§ L C, Kahler Toh 5 Z & & first Betti number
by MEETHLZ LITFETHS.

2%V, compact complex surface DA 10 V) AR B —OFRO AN S Kahler
P, non-Kahler ME3RE->TLE 9. —ROEITITEBWTH, compact Kéhler manifold
D EEIR Betti number byj 1 1TMAETH 2D, &9 Hodge theory 27 b DI 13 8- 7.
& Z AN, non-compact 22 AT HITCZ O LD BRMEEIIE Y SET 20, FEEE, TR
@ connected open orientable 4-manifold {% Kahler complex structure # §F& 95 Z &M
MHNTWD., B KRITOEEIZYH, by DNErE D Stein manifolds NIFET 5 Z
EITCizhbns. Zd X 51T, non-compact complex manifold DHE, D FAm
U —DFHRTZT Tlidnon-Kahler P27~ 9 9 2 TRITNLTZ 2. ME—D TR0 IZIRD
fHETH 5.

R 3. AT Y h I HBAL compact holomorphic curve %5 ¢ complex manifold
IZnon-Kahler TH 5.

REBIIAR S TH S Toh 5. Kahler manifold (M, J) N® compact complex curve C' 1%
J L WNLE % symplectic form w2 L, [ w > 0 &40, ST UMIIHH

*e-mail: nkasuyaBsi.aoyama.ac. jp
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BHTHHEVWITFEITDOZ L ThHD., UL, ZOMELMMEN - OEICBITA1 OO
WL D, T, FxOBEIKROEY THD.

I8 1. R?" L2 non-Kéhler complex structure [Z7FET 50> 2

ZOMEEZn =2DBEOHRKRMERTH ST, ZIUT DWW THBEIZHB Lz
9 n =108%4, &£ TO complex curve | Kahler 72D TE 2 1T I No TH 5.
—77, n > 3D%HEIE Calabi & Eckmann 12X 2T Yes THAHZ EN/RINLTWVA.
1% 5131953 12 2 D O AT IR SLER T O EFE _E D complex structure Z LA F D X 9 72 51k
THERKC L2, £, 250 Hopf 5% h,: S**! — CP?, h,: S*1™ — CP? DE G
hpq: ST x S2tL — CPP x CP1 % & %L, ZHIXT? fiber bundle THH. ZZT
modulus 7 @ elliptic curve S(7) & & 5. CPP x CP? DIFEHER) 72 JEREUT 65 5% {U; x U;}
0<i<p 0<j<q IZHL, UxU; xS(r)#lE0AHEEHZ LI2EoThy,
holomorphic 7?2 fiber bundle & 725 & 5 72 S+ x 524+ | @ complex structure 23K
IND. Znf4 7 Calabi-Eckmann manifold M, ,(7) T&H 5. Z D M, ,(7) P open
subset ZR D X H1ZHLH Z & TR*™ (n > 3) L@ non-Kéhler complex structure 2345 5
NHOTHD. £7, ST x S O BIRBRIESEIZEY, ZORRKKILEMIXE
)9 % M, 4(T) D open subset & E, ,(7) &£ T, B Lbp>0,¢>07061F, E,,(r)i%
hypq DIEE A E D elliptic fiber Z# A THEY, Lovk R2PTHD LGRS, BT
A ULTEAE 3128 Y, non-Kahler T A Z EDED (n >3 WD FEMHEIE, n=ptq+1,
p>0,¢>0nbHRTND).

TIXFEEEIZ L TR £ non-Kéhler complex structure Z 4% C& 5 TlX2n v, &
BODh LWy, ERIRFRETH D, L5 Db My (1) 13 Hopf surface & —2
T 5728, Egi(7) 1L C?* D open subset N HThHDH. o Tn =2D5HEICIE, Bl
TR —FNRBELRD.

LTI THEAPERLEZON, MAERKREFRABERRIZL > TRERAINEZ S 2D
S? ~® genus-one achiral Lefschetz fibration D] T 5. Z % Matsumoto-Fukaya
fibration EFESZ L1ZT 5. ZORNTARIT FARr P—@mliZBWnW T I<monzt o
7273, positive singularity & negative singularity & 129 2>Fpo7=8, —H 325 L EH#H%
i LT BMRN N L S IZBbig. L LFEIE, £ DOME—D negative singularity %
ETed-ball Z IV FRONT L E AL, 20 OFDIER LHIFEFETHY, Lo fibration
D% Z ~DH[R2S holomorphic & 72 % X 9 12 complex structure # AiLd Z ENTE 5.
95 &, % ® holomorphic fibration @ regular fiber & L T elliptic curve 23& £iL5 D
T, M 3 X0 R* L non-Kahler complex structure TH 5 Z & N5, TR E
[ OWREOMETH L. ML, FEHILUTO®BY THD.

THE 4.1 < py < pj ZUWT- TR DO FEDOM (pr, po) IR L, BLFOSMEwM-T
complex manifold E(py, p2) ¥ & O'surjective holomorphic map f: E(py, ps) — CP! 3
FIET 5.

(1) E(p1, p2) X R* L3857 [FIAH.
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(2) £750) 1% f OME—->D singular fiber T Y, node % 1 -DFf -7z immersed holo-
morphic sphere TH 5.

(3) f D regular fiber X 2FEHH ¥, embedded holomorphic torus & embedded holo-
morphic annulus TH 5.

i Z DEFZFE T 5 72 D1Z1% complex manifold E(py, po) 2R L 72 < TiEAR b
RWDT, hARaT i fﬁ%’aﬁ JTIEA+5THD. LarL, ixE D Matsumoto-
Fukaya fibration ® 422> & negative Lefschetz singularity ®irf5% < D ¥a< &9
TATATIZEST, REZ20DE—A~F AP T H LN TX L. 2O
B E(p1,p2) ZHED GETHKRT 2720 DR E 52 T<NLHDTHDL. £LTED
2 O0D B —AZNEIUT complex structure Z A#l, AV I biholomorphic 725 ¥ &-H-18
4 $87E L, biholomorphism (2 & » THEHTHIHE Y GHE21T 9. Z OB, i A i A
7RG, R v U HUZIERE VA )Y Matsumoto-Fukaya fibration & [/ U272 5 & 9
HENZAE Y A fEik 2 FEE L TR IE, #Ak L 7= complex manifold 23 R* & #§43 [FIFHIZ
RHLEIIZA PR —=LTEDLENWHIZETHD. ZOFEMIIONTIE, 2% - 38
T RHZ &L &5,

4 FET(T complex manifold E(py, po) DHEEB L ISHIZHOWTEFEL S ERD. £D
IBLBERLDENS ONETLTRALTEZ )

ET (p1, p2) # (P4, ph) 72 HIE, E(p1, p2) & E(p}, pb) XA biholomorphic T2\,
W) T ENRBETOEND. DT EIE, E(pr,p2) D compact holomorphic curve D4y
HEHWCHERAT 2 2 N TE S, BRE LT, R EICIEIERTEEERRE O non-Kihler
complex structure & % Z & B0 5.

LI ZNERMATIIE, E£ED connected open orientable 4-manifold | 33F A] 5
FRAE D non-Kéhler complex structure Z# AT 5 Z 3005, T EHBR72@Y,
Kahler complex structure DIFFEIZ DWW TIEEI HILTW DD, D HARME 2 J71% CP?
DI OIAFZ Al > T complex structure Z 5| ERETEWNWI D Tho7z. ZHEFLT
ZEEITENE E(p, p2) 1A blow upliZE VM2 TITHDTHS.

BROFFOMEICOWNTHIRRTE I 9. Epy, p2) DEEF T 3 RITER N ZHSy RIFH T
&5 7H3, complex manifold DPHI~D L7ZTHEEI§25 Z LI2 K-> T, strictly pseudocon-
cave boundary (295 Z NIk S, 29 LT TEH= R L overtwisted contact
3-sphere ThH D Z EDRFEFHITRIND. DFEV, E(pr, p2) DEF O 2D LIZTHI
% Z LT, overtwisted contact 3-sphere ™ concave holomorphic filling Z %95 Z &
NTE 5. T overtwisted contact 3-manifold @ concave holomorphic filling @]
&)T@WJ“C“E?)%) SOICRIEM E LT, E(p, p2) I3V 0372 % compact complex surface

CHHDIAENRNE NS ZE B0 D. /e b, overtwisted contact manifold (3
convex holomorphic filling ZFf 7272\ 6 TH 5.

ZD X DITAWIE bR a P — « WA T DL~ b AR OBl S T D 43 B

WCRESHBRTE D LW I RBPAR TR BEATLNIETHD. TLTHE, TOFED
R & 72D E(pr, po) DHERLZF L ATWI 9.

149



He3E NRE Y — AR AR AR 20164E7H S #HE KR

2. The Matsumoto-Fukaya fibration

1980 AEARAT AR E R K EIERBIERITLL T O L 9 2Bl K-> TS s S2 A~
genus-one achiral Lefschetz fibration Z%§ i, L7 [10]. £ Hopf fibration H: S* — CP!
L ZDsuspension YH: St - S EHEL, TOEK fur =HoXH%t2%. 75L&,
furr @ regular fiber 13 2-torus & 720, suspension ® 2 2@ pinched point 2356 & 9 EIE
& A D Lefschetz singularity & 72 5. Z @ torus fibration fyp: S* — S? Z Matsumoto-
Fukaya fibration & FE5.

fur (217272 2 D@ singular fiber 3% 5. EO singularity & £F-2> 45 % Fy, AD sin-
gularity Zff> K% [, & LXK 9. 5 &, ST F| ® tubular neighborhood N; & F,
® tubular neighborhood N, DALY G & LTREDL Z B 5. EEE, S* %
S2 = D,UD, (7751, fupr(F,) € D;, 0Dy = 9Dy) % 250 disk ORI/ L= &
X, Ny = fi0(D1), Ny = f1,(Ds) & EFRTIUITMENICED L S 127> TN D,

fur D N; ~OHIREZ f; LB 9 (1 =1,2). $5&, fi: Ny — Dy ITIED singularity
% 1 D721 FFF genus-one Lefschetz fibration TH Y, fo: Ny — Dy 13 A D singularity
1O TR genus—one achiral Lefschetz fibration T& 4. Monodromy IXZ i€ #U
vanishing cycle {2y 7z right-handed Dehn twist, left-handed Dehn twist & 72 5. #€-
T, ON; & ON, iﬁ%ﬁ (Z A\ M Z orientation reversing diffeomorphic T 5.

WIZ, ON; & ONy IZ E D X 9 72 diffeomorphism THED O I TWDH DN E(IE- X
D IHLH. EOHIZKirby diagram Z L% . Matsumoto-Fukaya fibration @ Kirby
diagram [ZH 1 DY THLHZ LN LB TS (Bl 21X [13], Figure 8.38 &) .

?ﬁﬁ

1: The Matsumoto-Fukaya fibration on S*.

U2H3UH4

Z O diagram B L L 5. £7, 7 L—0OF 71 0-handle (2 2 ->® 1-handle % B
0 & >H 7= once punctured torus £ 72> T 5. ZZ~4250 2-handle 3L FD L H I
VT ons. £, framing 0 @ 2-handle {2 & - T, once punctured torus @ 753
SEIMBITtorus &£ 725, ZAUH torus fibration @ regular fiber IZFHY4 9%, S HITA
o> 1-handle % i@ % /& T framing —1, framing 1 ® 2 ->® 2-handle 23850 117 S 5.
INBIFEENZEIIE & A D Lefschetz singularity @ vanishing cycle (Z%f it~ 3% 2-handle
Thb. %2, AR 1-handle Zi# 5 JF T framing 1 ® 2-handle 2345 0 fFiF Hi 5.
fE R Z @ 2-handle 28 ON; & ONy ZHED G HOEABRICE I DR ->TWnHnERL T
HDOTHDH. fo>T, ZOdiagramNPo bl tazF 0L ROLIITRD. F
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9, 1E & A D singularity (2% L7z 2 -2 vanishing cycle [3—# L T\W5. £ZT%
3T T? fiber D 1 IRAE T ¥ —% meridian & 7.5 Z 2T UL, ON;, & ON, DRE
DAL T? fiber @ longitude (Zi > 72 1[EITOMA Y (EREICIZHBAZRAEY & bE D%
(Z multiplicity-1 logarithmic transformation #4179 &£\9 Z &) THDH. #E->T, ZD
MY EDOEERTET K20 L1225,

N | iy it D N | e -l Dl

X:

2: The gluing of N; and Nj.

ETIDOHEVEDEICE ST, NyUN, = S* &R D 2 Enmgmoiemb, SEF
Ny 7> 5 negative singularity DT X = B* 2V R Z L 2& 2 X ) (X 1Tk
57) . X 1% Dy E® negative singularity % 1-2721F %72 annulus fibration (monodromy
IF1eft-handed Dehn twist) DO4ZE/]72 DT, DT negative Lefschetz singularity Ot
5D standard model TV, B* EMAFEMTHS. LoT, ZOMES N U (N\X)
TR L FIFRIC 22 % .

EZAT, No\X 12T b 1FCsingularity 1Z72V) DT, Dy E® trivial annulus fibration
DARZEH], BB A x D? (Alfannulus) EOFEATH L. ZHITERETIUL, LD
HERFHND.

WE 5. AXD*Z N ICUTOLIICHEVAEES. &t e dD? = -0D; = SHiZxtL,
Ax {tHFE 7 7 A4 23— f1(t) = T? @ thickened meridian & L CH»IAE N, t € ST 23
1JE3 2 IZ T? @ longitude HTHIZ 1JET 5. 56N 5 ZREIT R M FMETH 5.

ZOEIIZLT, R*Z N, E A D2OFE WD B TINS5 Z LA HKRT.
I E(py, po) DEXFIRITHD. F£72, f: E(py,p2) = CPUX MR BNV fur
Z N U(NA\X) IR L7 D THD. & EIXITI D % complex manifold (2 X - TH
BLLTWTIEEWIRTH S
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AT N U(N2\X) = RT O Kirby diagram #30 LCHZ 5. ZHUEIK3 DX 917k 5.
1 gLz & &, BV BR< <& X [T vanishing cycle 22§ framing 1 @ 2-handle,
3-handle, 4-handle DFIZM7 B2V B TH 5.

(1

JUH?’

3: The map f on S*\X = R%

3. E(p1, p2) DIER
BiZ G LN R AR E 2, = O Tl complex manifold E(p;, po) DM AT 5.
BARRIZIE, W85 TELNTZ2OoDE—Z N, & A x D? ~complex structure Z A%,
FIVERUCHEL D A fEIkZ E ISR ET D & WD 2 & &1T9.

UTF, ROXS>RESEZHWD.

Alr)={z€C||z| <r}, A(r,ry):={z€C|r <|z| <r}.

F72, po, prp2 T 0< po < pr <1< py<pt EWVORMEEMTTIEEETD.
FPIIENZENOD E— AT complex structure Z A5 . A x D? O FIZfEH C, holo-
morphic annulus & holomorphic disk DEFE A (1, po) x A(py!) ZBAUL LWV, —TF, N
I% genus-one Lefschetz fibration fi: Ny — Dy O&2ZE[M7Z0 5, Ziuds elliptic fibration
L7025 X 9 72 complex structure 2 AZLAUL L. ZDO72DIZIZLLF D elliptic surface N
® T, M singular fiber DITFET AN LTS, £, A(0, p1) LD elliptic fibration

m:C* % A(O,pl)/Z — A(O,pl)
BEZD. T2 L, neZDOIERIZ
n-(z,w) = (zw",w)

ThHABNTWSD., Za A(pr) BIZIER L, singular elliptic fibration g;: W — A(p1)
2D, ZHDVNEIC L S T M singular fiber DIEFFET LV TH D ([4]) .

ZOW LHEAE AL p2) X Alpy ') ZEFRMITENCEEY G5 Z LI2L > T, E(p1, po)
AT D, EREOFDHIE AL po) x Alpy !t pot) ZHEY AR E LCHi>TL 5.
W D513 AL, p2) X A(pg, p1) & biholomorphic 7285 0 GH A LI TO XL 52 L
THA. ZMERIBIEL o @ Apo, p1) — C* %

o(w) = exp (L(log w)? — %log w)

471
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WL TEDD. T5DH&,
P(re 7)) = e (ré®) = wip(w) &

7T DT, o1 e ZOC ~OEH &ML L, 7@ holomorphic section ZE®H 5.
ZIT, ZTOp&EHWNT

Vo= {(zp(w),w) € C" x Alpo, p1) | z € A(L, p2)}

L, YIZZOERHTARETHY, V :=Y/Z1Zp DED % holomorphic section (T
BT AL, pa) x A(po, p1) & biholomorphic 2258k & 72 5. ZDOV W AOHL YD A4
ST H D, A A iEE(E 1 0 biholomorphism j 3

j Ve A(l,p2> X A(p07p1> — A(17p2) X A(p;17pal); (Zaw) = (Z,U)il)
WZE-oTHZxD. HEiT
E(p1, pa) =W U, (A(Lﬂz) X A(pal))

EERTIILI .

ZHRARNIMDTFEFECTH D Z EIFLLTO LS IR END. BED GHFIRVIZA(L po)
% fiber &% ol Lo THIMLSNIZERTIED G, @ 2N 729504 (1) (2B 310,
wHODEDY % 1JET D7 A(L, p2) iEelliptic curve @ longitude J7 ]~ 1 J&[E] > T
WBZ LRI, LI Db (1)1, oD w O % 2r R & w ORI X -
TEAET B0, ZFIUXA(L, py) 2 elliptic curve C*/Z O H TR D FEARFEIRA~BEN T 5 2
LITHHIET 26 THD (2721, C OfFAITIAD meridian, B1EEJ7 M2 longitude (2
FHELTND Z EIZEER L) . 1EoT, W EA(Lp) x Alpy!) DEED Aotix bR
BYHMIIHE S Db DL —F L TEY, E(pr,p) FRYUHAFEHTEH 5.

BRI f BT DR DD, ZHUTHIZ A(py), A(py ) ~DOHEZE & Xk
v B, W BT g, AL po) x Apy ') LTl 2nd factor ~DOHE E L TEERT S.
Alpr) & Apy ) 1385 Y A-H 58185 D biholomorphism

A(po; p1) = Alprt, pot); wis w™

LS THEV AL IS TCP 27T 0D, f: E(pr,pe) > CPIRERINDIDOTHD.
DX U THEREINTZ E(p1, p2) BEOf DEEHOFMAW L TWDH Z &I

HBITCH LN THA .

4. E(p1, p2) DEEE L UVIGH

I, ZHETITHALNERSTWD E(pr, po) & fOME ([1], 2] &) 1220

TkR5. FFTLLFD X H1Z, compact holomorphic curve # BZ 20T 5 Z £ T

2.

#E%E 6. E(p1, p2) WD compact holomorphic curve i f @ compact fiber Tdh 5.
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Proof. i: C — FE(p1,p2) Z compact holomorphic curve &9 %. BIH, C % compact
Riemann surface, i /% holomorphic immersion & 9%. Zd L&, &k foi: C — CP!
23 constant map TH 5D Z & Z /- IX LV, f oi X compact Riemann surface O] d
holomorphic map T& % 72>5, branched covering map 7> constant map OV VT 417> T
L. L ZAN, ZOFH/IXC — E(pr, pa) — CP & contractible space E(py, p2) = R?
Z#EH LTV 5 72 ® null-homotopic T& Y, branched covering map & 1372 D 15720,
X o> T, foildconstant map ThH 5. O

2F Y, compact holomorphic curve IZ f~(w) (w € A(py)) PHTHD. w # 072
. 1 N
5%, fH(w) iFmodulus 7 5 logw @ elliptic curve Th 5. ZOHRHEEER D &,
i
R* 12k Al R # 0 non-Kahler complex structure 23MF/ET 5 Z EWFEATE 5.

EE 7. (p1,p2) # (P, ph) 72 BIX, E(p1, p2) & E(py, ph) 1Z AN biholomorphic TZ2V .

Proof. xtliZ =9 HIH, biholomorphism ®: E(py, p2) — E(p}, py) BDIFET D LK
ELT, pr=pl, po=py THDHZ E%ZRT. ®ldcompact curve & compact curve (2
BImnb, ¢W)=W'Et7sd. 61T, elliptic curve [ LA U modulus @ elliptic curve
2525006, O W Efiberwise biholomorphism Td& ¥, base map A(p;) — A(p)) I
identity Th 5. £->7T, p =p) THDH. & 5IZanalytic continuation (2L Y, I
E(p1, p2) 2K T fiberwise biholomorphism T& % Z & 2353702 %. > T, annulus fiber
A(1, p) IF annulus fiber A(1, pfy) & biholomorphic & 72V, py = ph, TH 5. O

KRIZ, Picard group Pic(E(p1, p2)) MIERIATHH Z L 2T, 22T, Ocpi(k) i
CP' Eo first Chern class k @ holomorphic line bundle, L, 1ZZ® fiZ L D5 &KL
(E(p1, p2) FIZFHFHE IS4 5 line bundle) &9 5. F7z fIZ X 5 line bundle D5 E R L
\Z L - TEE % Picard group @[] homomorphism % f* THT.

EI 8. f*: Pic(CP') — Pic(E(p1, p2)) I injective TH YV, Pic(E(py1, p2)) 1ZFEA B 72
complex vector space TH 5.

Proof. Ly BEWITH2 = L 2TE LT, Ocp (k) BHIATHS = &2 FEE L. L
? nonvanishing holomorphic section 7 % & %. —J7, Ocpi(k) b A(p1), Alpy!) %
NENO ETIEEBPLROT, o, 0 &9 ER57AY 72 nonvanishing holomorphic section
NeEND., ZNbx fCHIEREREIE, W, := W LE® nonvanishing section f*(oy) &
Wy := A(1, pa) x A(py") E nonvanishing section f*(oy) 1 5. -7, W; ED
holomorphic function 7; (j = 1,2) 2%

Tlw, = 7;f"(0})

WX TEED. EZAN W, = WX compact fibers T foliate SFLTWHNH, 7
I fiberwise constant TdH 25, DF Y A(py) LD holomorphic function uy 23FFE L T,
7= fu) &7 5. @SV =W N WLIZEB W TR

f*(ulUl) = 7'2f*<<72)
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LD SO D, 7 bV EIZEWTIIRIE Y fiberwise constant T#H 5. Z Z Tanalytic
continuation Z AV AUE, 7 13 W, 2K T fiberwise constant, B % A(py ') £ holomor-
phic function uy WFTEL T, T = f*(up) £725. T5H &, uior & g0y 1X Ocpi (k) D
nonvanishing holomorphic section Z#ED 505, Ocpi (k) IZBRAE D, ZHT O
injectivity 237 S FU7c.

F<MmENTWDIEY Pic(CPY) = Z 72D T, Pic(E(p1, p2)) 1L Z &, S 5IZ,
sheaf cohomology @ long exact sequence & RiLIZ,

Pic(E(p1, p2)) = H'(E(p1, p2), OF) = H'(E(p1, pa), O)

ThnHZ ENmnD. HY(E(p, p2), O) iE complex vector space 72725, Pic(E(p1, pa))
t complex vector space & 73, L ZE2 &GO TIHEHBETHS. O

F U L9 7eiamic L0, E(pr, po) EDholomorphic vector bundle Ly, & Ly, ®- - -® Ly,
(ky kg <o < k) IZERTERRDZEDND. I HIZEORZEME L VX R
@ H T biholomorphic T72 V) non-Kahler complex structure 3564105, ZiLH
23 Calabi & Eckmann (2 & > THERK S 4172 complex structure & 72 % Z & (X compact
holomorphic curve D73 % RAVXHA S TdH % ([2], Theorem 4) .

ST, UTOEMZFEHL L.

EHE 9. £ED connected open orientable 4-manifold M* |ZFE v B EE[R{E 0 non-Kihler
complex structure Z7FA7 5.

= N % 72 121K O Phillips O 2B [15] BREE L 725
F¥ 10. M % open manifold &35, ZD &L EMuH%E & 55K

d: Sub(M,V) — Epi(TM,TV); f > df

FFAE FE—[FMETHD. 72721, Sub(M, V)L M 5 V ~O submersion 2A&D
Z2ff], Epi(TM,TV)IZTM 5 TV ~® surjective homomorphism KD ZEHTH 5.

INEHWD EBI A1, M 72 parallelizable 72 51X M 725 R™ (n < dim M) ~®
submersion N TFAET D, W) T ENRGD. HE-T, M* 3 parallelizable open 4-
manifold (open spin 4-manifold & 5> T H [AfE) 72 51X C? ~® immersion g: M* —
C? WIFIET D Z L mD. Z D g &fi~ T C? ® complex structure & 5| & & 1X,
M*|Z Kahler complex structure # A5 Z LN TE 5. M*23—f% D connected open
orientable 4-manifold Th 2%5H1%, 1TE%%E CPPICEE T IULFEEROFERN TE 5.
[, M* o alomost complex structure D #7E 1L Teichner-Vogt [17] 35 & U Gompf [12]
IZEoTRENTWS., ZOZLxEXT, EHIZIENT5.

Proof. M* 7 spin ®i54 (2% ¥ paralleizable 72358) OAGEA%E 52562 L &3 %.
EEL 10 K0, M* 25 E(py, p2) = RY ~® immersion h: M* — E(p1, p2) DMFET
5. ZIZTLULFOESIZLT, h(M?*) A elliptic curve 2 Tr X 9 (2 rescaling LTI 1T
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X, BlERLICK > TELND M* E® complex structure lZ non-Kéhler & 72 %. Al
immersion 727> 5, +43/NE W 4-ball B € M* % L niX, =@ ETembedding &72%.

ZIT, < pr, phy < pp BAWIZT E(p, ph) B LD E, E(py, p3) C E(pr,p2) £722C,
R*NIZ open 4-ball WHEDIAE NI L 72D, h(B) C E(py, p2) & R*ND open 4-ball 72
B, h(B) % E(p), ph) ~53 R* ® diffeomorphism 23 fF7E3 % . Z @ diffeomorphism

L DERE & o Trescaling 325 Z &ITXK YD, jux h(B) = E(p),ph) THDHE LTI

ZOhITEHoT E(pl, p2) @ complex strcutre 5| Z 5 LT M* EIZ complex structure
w AL E, ZZITIX E(py, ph) 7 holomorphic IZHOIAEINL TS, LoT, M* i
non-Kihler complex structure AT 5. (p1,p2) & (P, ph) ZEZHZ L TEHEEND
elliptic curve @ modulus # =2 > k@ —/ /L CX 5/ 5, FEREEREGFEST S 6T
lZbhhd. Fiz, M3 non-spin DHEIZIE, E(py, pe) PV IZZE D 1 A blow up
EHOCNERRORmZIT ) 2 LN TE 5. O

w®EIZ, E(p1, p2) DEFSOMEEIZONWTIRRD.

EE 11. R OE (py, p2) DI 7 —ifHE A ThH>T, I(E(p1, pa)\A) P strictly pseudo-
concave boundary & 725 b ONFIET H. Z DO L X, FH-7e8i (X negative overtwisted
contact 3-sphere &£72%.

IS, E(p1, po) DEERD T 7 —if5 A% H Z £I12X D, overtwisted contact 3-sphere
@ concave holomorphic filling 35 5415 &5 Z & THDH. Z D contact structure |
negative Hopf band {Z%fit> 9" 5 negative contact structure, SV Mz 5 &, S% LD
standard contact structure Z Hopf fiber |23 > T half Lutz twist L7z % DIZ negative
orientation # AL/ b D TH L. ZD I LIE, E(pr, p2) T DR THY Bry 7z
X 73 negative Lefschetz singularity @ ¥1/%® standard model ThH o722 & 25 2 i,
HRZ LI L 6D 7EA 9.

RERADERITI, strictly pseudoconcavity DA & REIT 0 THD. L9 Db, strictly
pseudoconcave boundary (213 complex tangency (Z & - T negative contact structure 73
FHEIND, EWVODITMmTHD L, S HIiZds-invariant & HAUIE contact structure
DHRE FE—HFNRESTLEI DL THD. o T, E(py,p2) NIZEESRD S 2 N1
\ZHEH) L 722 @ concave hypersurface Z{EiUL L. Z ORI OWTIEIA TR CTIEE
ML, FARRY—Y AT Y AOREICEBWTRELS RN Z & & L.
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