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େईزԿֶͷෆมྔͰ͋Δۙݩ࣍ͷجຊతੑ࣭Λ֓આ͠, ͦͷແݩ࣍ݶ
ੑʹ͍ͭͯ, Ґ૬ݩ࣍తཱ͔Βհ͢Δ.

େईزԿֶ (large scale geometry, coarse geometry)Ͱ, (ඇ༗ք)ڑۭؒͷہॴ
తใແ͞ࢹΕ, ͦͷେҬతߏ͕ٞ͞ΕΔ. ײతʹ, ԕ͔͘ΒோΊͨͱ͖ͷ
Δ͍ͯࣅΓํ͕͕ 2ͭͷۭ͕ؒಉ͡ (ૈಉ 1)ͱΈͳ͞ΕΔ. ྫ͑, ϢʔΫݩ࣍1
ϦουۭؒR, શମͷͳ͢Rͷ෦ڑۭؒZ ͱૈಉͰ͋Δ. ·ͨ, ༗քू߹
, 1ू߹ͱૈಉͰ͋Δ.

༗ݶੜ܈Gͷ༗ݶͳੜܥS ʹରͯ͠ఆٛ͞ΕΔG্ͷڑޠ

dS(g, h) = min{n : h = gσ1σ2 · · · σn for some σ1, . . . , σn ∈ S ∪ S−1}, g, h ∈ G,

(ͨͩ͠, S−1 = {σ−1 : σ ∈ S})ͷ, ੜܥ SͷͱΓํʹґଘ͢Δ. ͔͠͠, Gͷ
2ͭͷ༗ݶͳੜܥSͱS ′ʹରͯ͠, ͦΕΒͷڑޠʹΑΔ 2ͭͷڑۭؒ (G, dS)ͱ
(G, dS′), ૈಉͰ͋Δ. ैͬͯ, ༗ݶੜ܈ʹؔ͢Δૈಉʹ͍ͭͯෆมͳੑ࣭,

.ͷੑ࣭Ͱ͋Δ܈ ͞Βʹ, ༗ݶੜ܈G͕ଌڑۭؒX (ྫ͑, ͦͷCayleyάϥϑ)

ʹ༨ίϯύΫτ͔ͭਅੑෆ࿈ଓͰతʹ࡞༻͢Δͱ͖, ΛͭGXͱૈಉڑޠ
Ͱ͋Δ (Milnor-Švarcͷิ). ͜ͷํ๏Ͱ, .Կֶతʹѻ͏͜ͱ͕Ͱ͖ΔزΛ܈

ۙݩ࣍, Gromov [15]ʹΑͬͯಋೖ͞ΕͨେईزԿֶʹ͓͚Δجຊతͳෆมྔ
Ͱ͋Δ. Yu [34], ,ରͯ͠ʹ܈ੜݶͳ༗ݶ༗͕ݩ࣍ۙ(ʹؔ͢Δڑޠ) ૈBaum-

Connes༧͕ਖ਼͍͜͠ͱ, ैͬͯNovikov༧͕ਖ਼͍͜͠ͱΛূ໌ͨ͠ 2. ͜ͷYuͷ
,ʹػΛڀݚ ,ۭؒڑ ಛʹ༗ݶੜ܈ͷۙݩ࣍ͷ͕ڀݚେ͖͘ਐలͨ͠.

͞ΒʹYu [35], HilbertۭؒʹૈຒΊࠐΈՄͰ༗քزԿΛͪҰ༷ࢄͳڑۭ
ؒʹରͯ͠, ૈBaum-Connes༧͕ਖ਼͍͜͠ͱΛূ໌ͨ͠. ·ͨ, Hilbertۭؒʹૈຒ
ΊࠐΈՄͳڑۭؒͷੑ࣭ͱͯ͠, ੑ࣭AΛಋೖͨ͠. ੑ࣭A܈ͷैॱੑͷҰൠԽ
ͱͯ͠ಋೖ͞Εͨ֓೦Ͱ͋Δ͕, ͕ۙݩ࣍༗ݶͰ༗քزԿΛͭڑۭؒੑ࣭AΛ
ຬͨ͢ (Higson and Roe [20]). ͜ͷҙຯͰ, ੑ࣭Aۙݩ࣍ͷ༗ੑݩ࣍ݶʹ͍ۙແݶ
.೦ͱଊ͑Δ͜ͱͰ͖Δ֓ݩ࣍

ۙݩ࣍, (Ґ૬)ݩ࣍ʹ͓͚Δඃ෴ݩ࣍ͷେई൛ͱͯ͠ಋೖ͞Εͨ֓೦Ͱ͋
Δ. ԿͷରԠ͕Dranishnikovز࿈ଓࣸ૾ͷ֦ுཧͷେईݩ࣍ [7] ʹΑͬͯ໌
ࣔతʹ༩͑ΒΕͯҎ߱, ڀݚͷݩ࣍Δ͜ͱʹΑΔۙ͑ߟΛࣅʹ͓͚Δఆཧͷྨݩ࣍
͕ਐΊΒΕ, .ຊతͳఆཧ͕ূ໌͞Ε͖ͯͨج ຊߨԋͰ, ·ͣ, ۙݩ࣍ͱͦͷجຊత
ੑ࣭Λ֓આ͢Δ. ͦͷޙ, ۙݩ࣍ʹؔ͢Δ͍͔ͭ͘ͷແੑݩ࣍ݶΛհ͠, ؔ࿈͢Δ
Λݩ࣍తཱ͔Β͑ߟΔ.
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1ఆٛ 1.1Λࢀর.
2େईزԿͱૈBaum-Connes༧ʹ͍ͭͯղઆͨۙ͠࠷ͷจݙͱͯ͠, [22], [25]͕͋Δ.
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1. େईزԿͱۙݩ࣍
1.1. ૈಉ

ຊઅͰ, େईزԿͷجຊ߲ࣄΛৼΓฦΔ (cf. [22]). ҎԼ, ۭؒΛ୯ʹXͰද͠ڑ
ͨ߹, ڑ dXΛͭͱ͢Δ. ۭؒXͱxڑ ∈ X, R ≥ 0ʹରͯ͠, xΛத৺ͱ͢
ΔR-ดٿ {y ∈ X : dX(x, y) ≤ R}ΛB(x,R)Ͱද͢. ·ͨ, ෦ू߹A ⊂ XXͷڑ
ʹΑΔ෦ڑۭؒͰ͋Δͱ͠,

diamA = sup{dX(x, x′) : x, x′ ∈ A}

ͱఆΊΔ. ,ۭؒX͕༗քͰ͋Δͱڑ diamX͕༗ݶͰ͋Δͱ͖Λ͍͏. Nਖ਼ͷ
શମΛ, |A|ू߹AͷೱΛද͢. ಛʹஅΒͳ͍ݶΓ, ࣸ૾ʹ࿈ଓੑԾఆ͠ͳ
͍. ૈಉ࣍Ͱఆٛ͞ΕΔ.

ఆٛ 1.1. ۭؒڑۭؒX͕ڑ Y ͱૈಉ (coarsely equivalent)Ͱ͋Δͱ, ͷ࣍
(1), (2)Λຬͨࣸ͢૾f : X → Y ͕ଘ͢ࡏΔͱ͖Λ͍͏.

(1) ,−Λຬͨ͢2ͭͷؔρ࣍ ρ+ : [0,∞) → [0,∞)͕ଘ͢ࡏΔ:

(i) ҙͷx, x′ ∈ Xʹରͯ͠, ρ−(dX(x, x′)) ≤ dY (f(x), f(x′)) ≤ ρ+(dX(x, x′)).
(ii) limt→∞ ρ−(t) = ∞.

(2) Y =
⋃

y∈f(X)B(y,R)Λຬͨ͢R > 0͕ଘ͢ࡏΔ.

্ͷ݅ (1), (2)Λຬͨࣸ͢૾ f : X → Y Λૈಉࣸ૾ (coarse equivalence) ͱ͍͏.

·ͨ, ݅ (1)Λຬͨࣸ͢૾ f : X → Y ΛૈຒΊࠐΈࣸ૾ (coarse embedding)ͱ͍͍,

X͔ΒY ͷૈຒΊࠐΈࣸ૾͕ଘ͢ࡏΔͱ͖, XY ૈຒΊࠐΈՄͰ͋Δͱ͍͏.

ҙ 1.2. ఆٛ 1.1ͷ (1)ͷ ρ+, ρ−͕ڞʹఆ߲ 0ͷҰؔ࣍Ͱ, (2)ͷR͕ 0ͱͯ͠औ
ΕΕ, XͱY ϦϓγοπಉܕͰ͋Δ. ·ͨ, (1)ͷ ρ+, ρ−͕ڞʹҰؔ࣍ͰऔΕΕ
, XͱY ٖͰ͋Δ.

ྫ 1.3. ࣮ઢR, શମͷͳ͢Rͷ෦ڑۭؒZͱૈಉͰ͋Δ 3.

ྫ 1.4. ༗քڑۭؒX, 1͔ΒͳΔڑۭؒ{p}ͱૈಉͰ͋Δ 4.

ྫ 1.5. ۭؒXڑ (·ͨ, ͦͷڑdX)͕Ұ༷ࢄ (uniformly discrete)Ͱ͋Δͱ,

͋ΔR > 0͕ଘͯ͠ࡏ, ҙͷҟͳΔx, y ∈ Xʹରͯ͠ dX(x, y) ≥ R͕Γཱͭͱ͖
Λ͍͏. ҙͷڑۭؒX, Ұ༷ࢄͰXͱૈಉͰ͋ΔΑ͏ͳ෦ڑۭؒΛ࣋
ͭ 5.

ૈಉ͕ڑۭؒͷΫϥεʹ͓͚ΔಉؔͰ͋Δ͜ͱ, ҎԼͷ໋1.7͔Β֬ೝ
Ͱ͖Δ. ͦͷͨΊͷ༻ޠΛ४උ͢Δ.

3ࣸ૾ f : R → ZΛ, ֤ x ∈ Rʹରͯ͠ xΛ͑ͳ͍࠷େͷ (x)ʹରԠͤ͞Δࣸ૾ͱ͢Δ. ྫ͑,
ఆٛ 1.1ͷ (1)ͷ ρ−, ρ+ : [0,∞) → [0,∞)Λ ρ−(t) = (t), ρ+(t) = (t)+1Ͱ༩͑, (2)ͷRΛR = 1Ͱ
༩͑Ε, f͕ૈಉࣸ૾Ͱ͋Δ͜ͱ͕͔֬ΊΒΕΔ.

4 pʹΛͱΔఆࣸ૾ f : X → {p}ૈಉࣸ૾Ͱ͋Δ. ,ࡍ࣮ ఆٛ 1.1 ͷ (1)ͷ ρ−, ρ+ : [0,∞) →
[0,∞)Λ ρ−(t) = max{t− diamX, 0}, ρ+(t) = 0Ͱ༩͑, (2)ͷRΛR = 1Ͱ༩͑ΕΑ͍.

5ҟͳΔ 2ͷڑ͕ 1Ҏ্Ε͍ͯΔ X ͷ෦ू߹શମͷͳ͢ू߹ʹแؚؔͰॱংΛೖΕΔ.
ZornͷิΛ༻͍ͯ, ͜ͷॱংू߹ͷۃେݩDΛऔΕ, D͔ΒXͷแؚࣸ૾ૈಉࣸ૾Ͱ͋
Δ.
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ఆٛ 1.6. XͱY Λڑۭؒͱ͢Δ.

(1) ࣸ૾ f : X → Y ͕bornologousͰ͋Δͱ, Λຬͨؔ͢ρf࣍ : [0,∞) → [0,∞)

͕ଘ͢ࡏΔͱ͖Λ͍͏: ҙͷx, x′ ∈ Xʹରͯ͠, dY (f(x), f(x′)) ≤ ρf (dX(x, x′)).

(2) 2ͭͷࣸ૾ f1 : X → Y , f2 : X → Y ͕͍ۙͱ, sup{dY (f1(x), f2(x)) : x ∈ X}͕
༗ݶͰ͋Δͱ͖Λ͍͏.

໋ 1.7 (cf. [17, Lemma 2.2]). ۭؒͷؒͷbornologousͳࣸ૾ڑ f : X → Y ͕ૈಉ
ࣸ૾Ͱ͋ΔͨΊͷඞཁे݅, bornologousͳࣸ૾ g : Y → X͕ଘͯ͠ࡏ, g ◦ f
ͱ idX, f ◦ gͱ idY͕ڞʹ͍ۙ͜ͱͰ͋Δ. ͜͜Ͱ idXXʹ͓͚Δ߃ࣸ૾Λද͢.

ྫ 1.8. GͱHΛ༗ݶੜ܈ͱ͠, SͱS ′ΛͦΕͧΕG, Hͷ༗ݶͳੜܥͱ͠, dSͱ
dS′ΛͦΕͧΕS, S ′͔Βఆ·Δڑޠ 6ͱ͢Δ. ͜ͷͱ͖, ࣸ૾ f : G → H͕܈४ಉܕ
ࣸ૾ͳΒ, f : (G, dS) → (H, dS′)  bornologousͰ͋Δ 7. ಛʹ, G͕HͱಉܕͳΒ
, ໋1.7ΑΓ (G, dS) (H, dS′)ͱૈಉͰ͋Δ.

ҙ 1.9. ༗ݶੜ܈ͷڑޠ, ༗քزԿ 8Λͪࠨෆม 9ͰҰ༷ࢄͳڑͰ͋Δ.

Ұൠʹ, Մ܈ࢉʹ, ༗քزԿΛͪࠨෆมͰҰ༷ࢄͳڑ͕ଘ͠ࡏ, ͦΕΒͷڑ
͍ޓʹૈಉͰ͋Δ (cf. [22, Example 1.4.7]). ͜ͷ͜ͱ͔Β, ҎԼ, Մ܈ࢉ, ͜ͷ
ੑ࣭Λͭڑۭؒͱ͑ߟΔ. ಛʹ, ༗ݶੜ܈ڑޠʹΑΔڑۭؒͱ͑ߟΔ.

1.2. ۙݩ࣍

·ͣ, .ͷఆٛΛৼΓฦΔݩ࣍ʹ͓͚Δඃ෴ݩ࣍ ू߹X ͷ෦ू߹ U , V ʹର͠
ͯ, U͕ VΛࡉ͢Δ (U ≺ V)ͱ, ֤U ∈ Uʹରͯ͠U ⊂ V Λຬͨ͢ V ∈ V͕ଘ
.Δͱ͖Λ͍͏͢ࡏ ·ͨ, m(U) = sup{|{U ∈ U : x ∈ U}| : x ∈ X} Λ, U ͷॏෳ
(multiplicity)ͱ͍͏ 10.

ఆٛ 1.10. ਖ਼ۭؒن 11X͕࣍ͷ݅Λຬͨ͢ͱ͖, Xͷඃ෴ݩ࣍ (covering dimension)

 nҎԼ (dimX ≤ n)Ͱ͋Δͱ͍͏: ʮX ͷҙͷ༗ݶ։ඃ෴ U ʹରͯ͠, V ≺ U
͔ͭm(V) ≤ n + 1Λຬͨ͢X ͷ༗ݶ։ඃ෴ V ͕ଘ͢ࡏΔ.ʯ·ͨ, dimX ≤ n͔ͭ
dimX -≤ n− 1Ͱ͋Δͱ͖, Xͷඃ෴ݩ࣍n (dimX = n)Ͱ͋Δͱ͍͍, ҙͷn ∈ N
ʹରͯ͠dimX -≤ nͰ͋Δͱ͖, Xͷඃ෴ݩ࣍ແݶ (dimX = ∞) Ͱ͋Δͱ͍͏.

,ۭؒXͷ෦ू߹Uʹରͯ͠ڑ

meshU = sup{diamU : U ∈ U}

ͱ͓͘. ෦ू߹U͕Ұ༷༗քͰ͋Δͱ, meshU͕༗ݶͰ͋Δͱ͖Λ͍͏. ඃ෴࣍
,nҎԼͰ͋Δͱ͕ݩ ҙʹ༩͑ͨ༗ݶ։ඃ෴ΑΓʮ͍͔ࡉʯ༗ݶ։ඃ෴Ͱ, ॏෳ
͕ n + 1ҎԼͷͷ͕ଘ͢ࡏΔͱ͍͏͜ͱͰ͋ͬͨ. ͜ͷఆٛͷ ʮ͍͔ࡉʯΛʮૈ
͍ʯʹସ͑, ։ඃ෴ͷ༗ੑݶΛআ͍ͯҰ༷༗քੑΛ՝ͨ֓͠೦͕ۙݩ࣍Ͱ͋Δ 12.
6ংจΛࢀর.
7ఆٛ 1.6 (1) ͷ ρf : [0,∞) → [0,∞)Λ, ρf (t) = max{dS′(eH , f(s)) : s ∈ S} · t Ͱ༩͑ΕΑ͍.
8Ұ༷ࢄͳڑۭؒX (·ͨ, ͦͷڑ dX)͕༗քزԿ (bounded geometry)Λͭͱ, ҙͷ
R > 0ʹରͯ͠N(R) ∈ N͕ଘ͠ࡏ, ֤ x ∈ Xʹରͯ͠ |B(x,R)| ≤ N(R)Ͱ͋Δͱ͖Λ͍͏.

ڑG্ͷ܈9 d͕ࠨෆม (left-invariant)Ͱ͋Δͱ, ҙͷ g, h, γ ∈ Gʹରͯ͠ d(γg, γh) = d(g, h)
͕Γཱͭͱ͖Λ͍͏.

10m(U) ∈ NͰ͋Δͱ͖, ҙͷ x ∈ Xߴʑm(U)ݸͷUͷϝϯόʔʹؚ͔͠·Εͳ͍.
11ඃ෴ݩ࣍Λఆٛ͢ࡍʹ, ௨ৗ, Ґ૬ۭؒʹਖ਼ੑنΛԾఆ͢Δ. ۭؒίϯύΫτͳHausdorffۭڑ
ؒਖ਼ۭؒنͰ͋Δ.

ʹࡍ12࣮ Gromov͕༩͑ͨఆٛ, ͜ͷޙʹड़Δఆཧ 1.16ͷ (b)ͷ݅Ͱ͋Δ.
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ఆٛ 1.11 ([15]). ۭؒڑ X ,ͷ݅Λຬͨ͢ͱ͖͕࣍ X ͷۙݩ࣍ (asymptotic

dimension)nҎԼ (asdimX ≤ n)Ͱ͋Δͱ͍͏: ʮXͷҙͷҰ༷༗քͳ։ඃ෴Uʹ
ରͯ͠, U ≺ V͔ͭm(V) ≤ n + 1Λຬͨ͢XͷҰ༷༗քͳ։ඃ෴V͕ଘ͢ࡏΔ.ʯ·
ͨ, asdimX ≤ n͔ͭ asdimX -≤ n − 1Ͱ͋Δͱ͖, Xͷۙݩ࣍n (asdimX = n)

Ͱ͋Δͱ͍͍, ҙͷ n ∈ Nʹରͯ͠ asdimX -≤ nͰ͋Δͱ͖, Xͷۙݩ࣍ແݶ
(asdimX = ∞) Ͱ͋Δͱ͍͏.

ҙ 1.12 (cf. [2, Propositions 22 and 23]). ۭؒYڑۭؒX͕ڑ ૈຒΊࠐΈՄ
ͳΒ, asdimX ≤ asdimY . Αͬͯ, X͕ Y ͱૈಉͳΒ, asdimX = asdimY .

ैͬͯ, ۙݩ࣍େईزԿֶʹ͓͚ΔෆมྔͰ͋Δ.

ྫ 1.13. ,ۭؒX͕༗քͳΒڑ asdimX ≤ 013.

ྫ 1.14. asdimR = 114. ैͬͯ, asdimZ = 1.

ྫ 1.15 (cf. [2, p.1270]). αΠΫϧΛͨͳ͍࿈݁ͳ1ݩ࣍୯ମෳମΛ (tree)ͱ͍͏.

, 1ลͷ͞Λ 1ͱ͢Δลڑ (edge-length metric)Λͭͱ͢Δ. ͜ͷͱ͖, 
ҙͷͷۙݩ࣍ 1ҎԼͰ͋Δ. ֊nͷࣗ༝܈FnͷCayleyάϥϑͰ͋Γ, Fn

Zͱͳ෦ڑۭؒΛؚΉͷͰ, ͦͷۙݩ࣍1Ͱ͋Δ.

ҎԼ, ۙݩ࣍ͷجຊతੑ࣭Λ, .ͷఆཧͱൺֱ͠ͳ͕Βհ͢Δݩ࣍ ৄ͘͠ [2],

[3]Λࢀর͞Ε͍ͨ.

ਖ਼ͷRʹରͯ͠, ,ۭؒXͷ෦ू߹U͕R-disjointͰ͋Δͱڑ ҙͷҟ
ͳΔU,U ′ ∈ Uʹରͯ͠, inf{dX(x, x′) : x ∈ U, x′ ∈ U ′} ≥ R͕Γཱͭͱ͖Λ͍͏.

ʹ͓͚ΔOstrandͷఆཧݩ࣍ (cf. [14, Theorem 3.2.4]) ͷྨࣅͱͯ͠, .Γཱ͕ͭ࣍

ఆཧ 1.16 (cf. [3, Theorem 2.1.2]). ۭؒXͱڑ n ∈ N ∪ {0}ʹରͯ͠, ಉͰ࣍
͋Δ.

(a) asdimX ≤ n.

(b) ҙͷR > 0ʹରͯ͠, ͷ࣍ (1)–(3)Λຬͨ͢n+1ݸͷXͷ෦ू߹U0, . . . , Un

͕ଘ͢ࡏΔ.

(1)
⋃n

i=0 UiXΛඃ෴͢Δ.

(2) ֤UiR-disjointͰ͋Δ.

(3) ֤UiҰ༷༗քͰ͋Δ.

ʹ͓͚Δݩ࣍ countable sum theorem15ͷྨࣅͱͯ͠, .Γཱ͕ͭ࣍

ఆཧ 1.17 ([1, Finite Union Theorem]). ,ۭؒXͷ෦ू߹A,Bʹରͯ͠ڑ

asdim (A ∪ B) ≤ max{asdimA, asdimB}.

ఆཧ1.17 ʹ͓͚Δ෦ू߹ͷΛ୯ʹՄࢉແݶʹ͢Δ͜ͱͰ͖ͳ͍ 16. ͔͠͠, Ҏ
Լͷ݅Λຬͨ͢ू߹ʹରͯ͠, ఆཧ1.17 ΛҰൠԽͰ͖Δ.
13V = {X}͕Ұ༷༗քͳXͷ։ඃ෴Ͱ͋Δ͜ͱ͔Βै͏.
14RͷҰ༷༗քͳ։ඃ෴UΛҙʹ༩͑, S = meshUͱ͓͘. ྫ͑, ։͔۠ؒΒͳΔू߹
V = {(3(n− 1)S, 3(n+ 1)S) : n ∈ Z}, ॏෳ 2ͷRͷ։ඃ෴ͰU ≺ VΛຬͨ͢ͷͰ, asdimR ≤ 1
ΛಘΔ. asdimR -≤ 0Rͷ࿈݁ੑ͔Βै͏.

15ਖ਼ۭؒنXʹ͓͚Δҙͷด෦ۭؒͷྻ {Fi}i∈N ʹରͯ͠, dim(
⋃

i∈N Fi) ≤ sup{dimFi : i ∈ N}
(cf. [14, Theorem 3.1.8]).

16ҙͷn ∈ Zʹରͯ͠ asdim {n} = 0͕ͩ, asdimZ = 1Ͱ͋Δ.

第６２回トポロジーシンポジウム講演集　２０１５年８月　於　名古屋工業大学

130



ఆٛ 1.18. ۭؒXͷ෦ू߹ڑ {Xα}α∈Aͷ͕ۙݩ࣍Ұ༷ʹnҎԼͰ͋Δͱ,

ҙͷR > 0ʹରͯ͠, Λຬͨ͢S࣍ > 0͕ଘ͢ࡏΔͱ͖Λ͍͏: ҙͷα ∈ Aʹର͠
ͯ, ͷ࣍ (1)–(3)Λຬͨ͢n+ ͷXαͷ෦ू߹Uαݸ1

0 , . . . , Uα
n ͕ଘ͢ࡏΔ.

(1)
⋃n

i=0 Uα
i XαΛඃ෴͢Δ.

(2) ֤ Uα
i R-disjointͰ͋Δ.

(3) ҙͷ i ∈ {0, 1, . . . , n}ʹରͯ͠, meshUα
i ≤ S.

ఆٛ 1.19. ྻ߹ۭؒXͷ෦ूڑ {Xi}i∈N ͕ coarsely disjointͰ͋Δͱ, ҙ
ͷR > 0ʹରͯ͠, ू߹{Xi}i≥i0͕R-disjointͱͳΔΑ͏ͳ i0 ∈ N͕ଘ͢ࡏΔͱ͖Λ
͍͏.

ఆཧ 1.20 (cf. [1, Theorem 1]). ྻ߹ۭؒXͷ෦ूڑ {Xi}i∈N ͕ coarsely disjoint

Ͱ͋Γ, ͦͷ͕ۙݩ࣍Ұ༷ʹnҎԼͰ͋Δͱ͢Δ. ͜ͷͱ͖, asdim (
⋃

i∈NXi) ≤ n.

ʹ͓͚ΔCartesianݩ࣍ product theorem17 ͱಉ༷ͷఆཧ͕, ۙݩ࣍ʹ͍ͭͯ
Γཱͭ.

ఆཧ 1.21 ([8, Proposition 5], [3, Corollary 14], [5, Theorem 2.5]). 2ͭͷۭͰͳ͍ڑ
ۭؒX, Y ʹରͯ͠, asdim (X × Y ) ≤ asdimX + asdimY 18.

ྫ 1.22. asdimRn = n19. ैͬͯ, asdimZn = n.

ʹ͓͚Δݩ࣍ theorem on dimension-lowering mappings20ͷྨࣅͷఆཧͱͯ͠, ࣍
͕Γཱͭ.

ఆཧ 1.23 ([5, Theorem 4.11]). ۭؒͷؒͷbornologousڑ ͳࣸ૾ f : X → Y ʹର͠
ͯ, asdimX ≤ asdimY + sup{asdim f−1(B) : B ⊂ Y, asdimB = 0}.

Մ܈ࢉͷ֦େʹରͯ͠, .Γཱ͕ͭ࣍

ఆཧ 1.24 ([10, Theorem 2.3], cf. [5, Theorem 5.4]). Մ܈ࢉK, G, Hͷؒͷશྻ
0 → K → G → H → 0͕༩͑ΒΕͨͱ͖, asdimG ≤ asdimH + asdimK.

2. ۙݩ࣍ͷແੑݩ࣍ݶ
2.1. ༗ੑݩ࣍ݶʹ͍ۙແੑݩ࣍ݶͱ, ͦΕΒͷؔ

ংจͰհͨ͠Yu ͷੑ࣭A, Ͱఆٛ͞ΕΔ࣍ 21.

ఆٛ 2.1 ([35]). Ұ༷ࢄͳڑۭؒX͕ੑ࣭A (property A) Λຬͨ͢ͱ, ҙͷ
ε > 0ͱR > 0ʹରͯ͠, ͷ࣍ (1), (2)Λຬͨ͢S > 0ͱX × Nͷ༗ݶ෦ू߹͔Βͳ
Δ{Ax : x ∈ X}͕ଘ͢ࡏΔͱ͖Λ͍͏.

(1) dX(x, y) ≤ RͳΒ |Ax/Ay| ≤ ε|Ax ∩ Ay|22.
(2) ֤x ∈ Xʹରͯ͠, Ax ⊂ B(x, S)× N.
17 2ͭͷۭͰͳ͍ڑۭؒX, Y ʹରͯ͠, dim(X × Y ) ≤ dimX + dimY (cf. [14, Theorem 3.4.9]).
18ͨͩ͠, X × Y  dX×Y ((x1, y1), (x2, y2)) = dX(x1, x2) + dY (y1, y2) Ͱఆ·ΔڑΛͭͱ͢Δ.
19 asdimRn ≤ nྫ 1.14ͱఆཧ 1.21͔Βै͏. asdimRn -≤ n − 1 dim[0, 1]n -≤ n − 1Ͱ͋Δ͜ͱΛ
༻͍ͯࣔͤΔ (cf. [22, Example 2.2.6]).

20ਖ਼ۭؒنX͔Βڑۭؒ Y ͷ࿈ଓͳดࣸ૾ f : X → Y ʹରͯ͠,
dimX ≤ dimY + sup{dim f−1({y}) : y ∈ Y } (cf. [14, Theorem 3.3.10]).

21ੑ࣭Aͷجຊతੑ࣭ʹ͍ͭͯ [31]͕ৄ͍͠. ύϥίϯύΫτੑͱରൺͨ͠ڀݚͱͯ͠ [6]͕͋Δ.
22ͨͩ͠, Ax/Ay = (Ax \Ay) ∪ (Ay \Ax).
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ఆཧ 2.2 ([35, Theorem 2.2]). ੑ࣭AΛຬͨ͢Ұ༷ࢄͳڑۭؒ, Hilbertۭؒૈ
ຒΊࠐΈՄͰ͋Δ.

ຊઅͰ, ۙݩ࣍ͷ༗ੑݩ࣍ݶΑΓऑ͘, ੑ࣭AΑΓ͘ڧ, ૈಉͰෆมͳ 2छྨ
ͷੑ࣭ʹ͍ͭͯ͑ߟΔ. 1ͭ, ʹ͓͚Δੑ࣭Cݩ࣍ (property C)23 ͷେईزԿ
ֶͷରԠ֓೦ͱͯ͠Dranishnikov [7] ʹΑͬͯಋೖ͞Εͨۙతੑ࣭CͰ͋Δ.

ఆٛ 2.3 ([7]). ۭؒX͕ۙతੑ࣭Cڑ (asymptotic property C)Λຬͨ͢ͱ, 
ҙͷਖ਼ͷͷྻR0 < R1 < · · · ʹରͯ͠, ͷ࣍ (1)–(3)Λຬͨ͢༗ݸݶͷXͷ෦ू߹
U0,U1, . . . ,Uk ͕ଘ͢ࡏΔͱ͖Λ͍͏.

(1)
⋃k

i=0 UiXͷඃ෴Ͱ͋Δ.

(2) ֤UiRi-disjointͰ͋Δ.

(3) ֤UiҰ༷༗քͰ͋Δ.

ఆཧ 2.4 ([7, Theorem 7.11]). ۙతੑ࣭CΛຬͨ͠༗քزԿΛͭڑۭؒ, ੑ࣭
AΛຬͨ͢.

ҙ 2.5. ఆཧ 1.16ΑΓ, ͕ۙݩ࣍༗ݶͳڑۭؒ, ۙతੑ࣭CΛຬͨ͢. ۙ
,ۭؒͷྫڑͰۙతੑ࣭CΛຬͨ͢ݶແ͕ݩ࣍ Radul [24]ʹΑͬͯ༩͑ΒΕͨ.

2ͭ ଟ༷ମͷҐ૬త߶ੑͷڀݚʹ͓͍ͯ Guentner, Tessera and Yu [18]ʹΑͬ
ͯಋೖ͞Εͨ༗ݶղෳੑࡶͰ͋Δ 24.

ఆٛ 2.6. ۭؒXڑ ͷ 2ͭͷ෦ू߹ E , F ͱ R > 0ʹରͯ͠, F ͕ E Λ R-
ׂ͢Δ (E R−→ F)ͱ, ҙͷE ∈ Eʹରͯ͠, E =

⋃
(F1 ∪ F2)Λຬͨ͢R-disjointͳ

F1,F2 ⊂ F͕ଘ͢ࡏΔͱ͖Λ͍͏.

ఆٛ 2.7 ([18]). XΛڑۭؒͱ͢Δ. F0 = {X}ͱ͓͖, ϓϨʔϠʔA, B ʹΑΔ࣍ͷ
ήʔϜΛ͑ߟΔ.

ϥϯυ i ϓϨʔϠʔA  (Fi−1Λͯݟ) Ri > 0Λ༩͑Δ. ϓϨʔϠʔB  (RiΛݟ
ͯ) Fi−1ΛRi-ׂ͢ΔXͷ෦ू߹FiΛ༩͑Δ.

{X} = F0
R1−→ F1

R2−→ F2
R3−→ · · · Ri−→ Fi

Ri+1−−−→ · · · .

ϓϨʔϠʔB͕, ͋ΔϥϯυkͰҰ༷༗քͳFkΛ༩͑Δ͜ͱ͕Ͱ͖ͨͱ͖, Bͷউ
རͱ͢Δ. ͦ͏Ͱͳ͍ͱ͖, ϓϨʔϠʔAͷউརͱ͢Δ.

͜ͷήʔϜʹ͓͍ͯϓϨʔϠʔB͕ඞউ๏Λͭͱ͖, X༗ݶղෳੑࡶ (finite

decomposition complexity, FDC) Λͭͱ͍͏.
23ίϯύΫτڑۭؒX͕ (Haverͷ)ੑ࣭C [16]Λຬͨ͢ͱ, ҙͷਖ਼ͷͷྻ ε0 > ε1 > · · · > 0
ʹରͯ͠, ͷ࣍ (1)–(3)Λຬͨ͢༗ݸݶͷXͷ෦ू߹U0,U1, . . . ,Uk ͕ଘ͢ࡏΔͱ͖Λ͍͏.

(1)
⋃k

i=0 UiXͷඃ෴Ͱ͋Δ.
(2) ֤Ui͍ޓʹૉͰ͋Δ. ͢ͳΘͪ, ҟͳΔU,U ′ ∈ Uiʹରͯ͠U ∩ U ′ = ∅Ͱ͋Δ.
(3) ҙͷ i ∈ {0, 1, . . . , k}ʹରͯ͠, meshUi < εiͰ͋Δ.

,ۭؒڑͰද͞ΕΔίϯύΫτࢉͷՄۭؒݩ࣍0 ಛʹ༗ݩ࣍ݶίϯύΫτڑۭؒ, ੑ࣭CΛຬ
ͨ͢. ੑ࣭CΛຬͨ͢ίϯύΫτڑۭ͕ؒہॴՄॖͰ͋Ε, ANRͰ͋Δ [16, Proposition 4]. ͜
ͷ͜ͱ͔Β, ੑ࣭C࿈ଓࣸ૾ͷ֦ுʹؔͯ͠ॏཁͳੑ࣭Ͱ͋Δ.

24ྫ͑, Εͨ͞໌ূ͕࣍ [18, Theorem 4.12]: ʹ໘తดଟ༷ମMٿΛͭඇੑࡶղෳݶ༗͕܈ຊج
ରͯ͠, Λຬͨ͢n࣍ ∈ N͕ଘ͢ࡏΔ: Mͱดଟ༷ମN͕ϗϞτϐʔಉͳΒ, M ×Rn ͱN ×Rn

ಉ૬Ͱ͋Δ.
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ఆཧ 2.8 ([19, Theorems 4.1 and 4.3]). ͕ۙݩ࣍༗ݶͳڑۭؒ, FDCΛͭ.

FDCΛͪ༗քزԿΛͭҰ༷ࢄͳڑۭؒ, ੑ࣭AΛຬͨ͢.

ҙ 2.9. FDCՄ܈ࢉͷ෦܈Մࢉ,͓Αͼ֦େΛͱΔૢ࡞Ͱด͓ͯ͡Γ,ैͬ
ͯ,ॳैॱ܈ 25FDCΛͭ [19]. ैॱ͕܈FDCΛ͔ͭ,ಛʹ,ॳैॱ܈Ͱͳ͍ै
ॱ܈ͷྫͰ͋ΔGrigorchuk͕܈FDCΛ͔ͭ, ະղܾͰ͋Δ ([19, Question 5.1.3]).

Ҏ্ͷ͜ͱ͔Β, ༗քزԿΛͭҰ༷ࢄͳڑۭؒʹରͯ͠, .Γཱ͕ͭ࣍

FDC
!!!!!!!!!!!

!!!!!!!!!

͕ۙݩ࣍༗ݶ

"""""""""""
"""""""""

#######
#####

ੑ࣭A

ۙతੑ࣭C

$$$$$$$$ $$$$$$

ҙ2.9ΑΓ, ܈ZͷՄࢉ
⊕∞

i=1 ZFDCΛͭ. ͜͜Ͱ, ܈
⊕∞

i=1 Zʹ͓͚
Δ (ҙ1.9ͷ)ڑ, .Ͱ༩͑ΒΕΔ࣍

d((xi), (yi)) =
∞∑

i=1

i|xi − yi|, (xi), (yi) ∈
∞⊕

i=1

Z.

ҙͷn ∈ Nʹରͯ͠Zn
⊕∞

i=1 ZૈຒΊࠐΈՄͳͷͰ, ҙ 1.12ͱྫ 1.22ΑΓ
asdim (

⊕∞
i=1 Z)ʹ∞Ͱ͋Δ.

⊕∞
i=1 Z͕ۙతੑ࣭CΛຬͨ͞ͳ͚Ε, FDCͱۙత

ੑ࣭CҟͳΔ֓೦Ͱ͋Δ͜ͱ͕ࣔ͞ΕΔ. ͜ͷ͜ͱ͔Β, Dranishnikov and Zarichnyi

[11] , .ͨ͠ىͷΛఏ࣍

 2.10 ([11, Question 4.3]). ܈
⊕∞

i=1 Zۙతੑ࣭Cຬ͔ͨ͢.

2.10ʹରͯ͠, .ఆతͳղΛಘͨߠ

ఆཧ 2.11 ([33]). ܈
⊕∞

i=1 Zۙతੑ࣭CΛຬͨ͢.

ఆཧ 2.11ʹΑΓ, ͕ۙݩ࣍ແݶͰۙతੑ࣭CΛຬͨ͢Մ܈ࢉͷଘ͕ࣔ͞ࡏΕͨ
͜ͱʹͳΔ (cf. ҙ 2.5). Ұํ,  ,ఆతͰ͋ͬͨͷͰߠ2.10͕ ະղܾͷ··Ͱ࣍
͋Δ.

 2.12. FDCΛͪۙతੑ࣭CΛຬͨ͞ͳ͍Մ܈ࢉ (·ͨڑۭؒ)ଘ͢ࡏ
Δ͔ 26.

ҙ 2.13. ܈Zͷۙݩ࣍ 1Ͱ͋Γ, ֊nͷࣗ༝܈Fnͷۙݩ࣍ 1Ͱ͋Δ
(ྫ 1.15). ͔͠͠, ֊ 2ͷࣗ༝͔܈ΒͳΔՄࢉ

⊕∞
i=1 F2͕ۙతੑ࣭CΛຬͨ͢

͔, ͔͍ͬͯͳ͍ 27. ·ͨ, ۙతੑ࣭C܈ͷ֦େͰด͡Δ͔͔͍ͬͯͳ͍. ಛ
ʹ, ZͷwreathੵZ 1 Z = (

⊕
n∈Z Z)" Z͕ۙతੑ࣭CΛຬ͔͔͍ͨͬͯ͢ͳ͍.

ҙ 2.9ΑΓ,
⊕∞

i=1 F2ͱZ 1 ZFDCΛͭ. ͠, ͜ΕΒ͍ͣΕ͔͕ۙతੑ࣭C

Λຬͨ͞ͳ͍͜ͱ͕ࣔ͞ΕΕ, FDCΛͪۙతੑ࣭CΛຬͨ͞ͳ͍Մ܈ࢉͷଘࡏ
͕ࣔ͞Εͨ͜ͱʹͳΔ. Ұํ, Z܈ 1 Z

⊕
n∈Z ZΛ෦܈ͱؚͯ͠ΉͷͰ, ͦͷۙ࣍

.Ͱ͋Δݶແݩ ͠, Z 1 Z͕ۙతੑ࣭CΛຬͨ͢͜ͱ͕ࣔ͞ΕΕ, ͕ۙݩ࣍ແ
.Εͨ͜ͱʹͳΔ͕ࣔ͞ࡏͷଘ܈ੜݶͰۙతੑ࣭CΛຬͨ͢༗ݶ

25༗܈ݶͱՄ܈ΛؚΈ, ͱ֦େΛͱΔૢ࡞Ͱด͡ΔՄ܈ࢉͷΫϥεͷதͰ࠷খͳͷʹଐ͢Δ܈.
26ʮۙతੑ࣭C -⇒FDCʯʮੑ࣭A -⇒FDCʯʮੑ࣭A -⇒ۙతੑ࣭Cʯ͔͍ͬͯͳ͍ͱࢥΘΕΔ.
27ఆཧ 2.11ͷূ໌Ͱ, Zʹ͓͚ΔҟͳΔ͞ͷ۠ؒΛͣΒͯ͑͠ߟΔ͜ͱʹΑΓ, ΊΔू߹ͷྻٻ
Λߏ͍ͯ͠Δ. ͜ͷํ๏͕F2ʹద༻Ͱ͖ͳ͍.
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2.2. Higsonίϩφͷݩ࣍ͱແੑݩ࣍ݶ

,ԿΛө͢ΔίϯύΫτͳHausdorffۭؒͱͯ͠زۭؒͷେईڑ Higsonίϩφ͕
Α͘ΒΕ͍ͯΔ (cf. [26, Section 5.1]).

ఆٛ 2.14. ۭؒڑ༗ݻ 28X্ͷ༗քͳ࿈ଓؔ f : X → R͕࣍ͷ݅Λຬͨ͢ͱ
͖, fΛHigsonؔͱ͍͏: ҙͷ ε > 0ͱR > 0ʹରͯ͠, Xͷ༗քू߹B͕ଘࡏ
͠, dX(x1, x2) < RΛຬͨ͢ҙͷx1, x2 ∈ X \ Bʹରͯ͠ |f(x1)− f(x2)| < ε.

,ۭؒXʹରͯ͠ڑ༗ݻ Δ͢ࡏͷ݅Λຬͨ͢XͷίϯύΫτԽhX͕ଘ࣍ 29: 
ҙͷ༗քͳ࿈ଓؔf : X → Rʹରͯ͠,

fhX্ͷ࿈ଓ֦ؔு͞ΕΔ ⇐⇒ fHigsonؔͰ͋Δ.

͜ͷ hXΛXͷHigsonίϯύΫτԽͱ͍͍, ͦͷڥք (༨) νX = hX \ XΛXͷ
Higsonίϩφͱ͍͏.

2ͭͷڑۭؒXͱY ͕ૈಉͰ͋Ε, νXͱ νY ಉ૬Ͱ͋Δ (cf. [26, Corollary

5.12]). ,ͱݩۭ࣍ؒͷۙڑ ͦͷHigson ίϩφͷඃ෴ݩ࣍ʹ, Δ͕͋ͷؔ࣍ 30.

ఆཧ 2.15 ([9, Theorem 1.1]). ,ۭؒXʹରͯ͠ڑ༗ݻ dim νX ≤ asdimX.

ఆཧ 2.16 ([7, Theorem 6.2]). ,Ͱ͋Δͱ͖ݶ༗͕ݩۭ࣍ؒXͷۙڑ༗ݻ asdimX

ͱdim νXҰக͢Δ.

Dranishnikov [7], .ͨ͠ىͷΛఏ࣍

 2.17 ([7, Problem 1]). ҙͷݻ༗ڑۭؒXʹରͯ͠, asdimX = dim νX
Γཱ͔ͭ. ͘͠, asdimX = ∞͔ͭdim νX < ∞Λຬͨ͢ݻ༗ڑۭؒXଘࡏ
͢Δ͔.

͜ͷະղܾͰ͋Δ. ྫ͑, X͕ੑ࣭A, ۙతੑ࣭C, FDCͷੑ࣭Λຬͨ
͢ͱ͖ʹ, asdimX = dim νX ͕Γཱ͔͔͍ͭͬͯͳ͍ 31.

ҎԼ, dim νX < asdimXΛຬͨ͢Xͷ݅Λ͑ߟΔ. XΛ͕ۙݩ࣍ແݶͰҰ༷
.ۭؒͱ͢Δڑ༗ݻͳࢄ ·ͨ, X͕ۙݩ࣍ n (∈ N)ͷ෦ڑۭؒ Y Λͭͱ
͢Δ. ͜ͷͱ͖, Y ͷ hXʹ͓͚Δดแ clhXY , Y ͷHigsonίϯύΫτԽͰ͋Δ [9,

Theorem 1.4]. Αͬͯ, ఆཧ2.16ΑΓ͕࣍Γཱͭ.

n = asdimY = dim νY = dim(clhXY \ Y ) ≤ dim νX32.

ैͬͯ, .ΛಘΔ࣍

࣮ࣄ 2.18. asdimX = ∞͔ͭdim νX = n < ∞Λຬͨ͢ݻ༗ڑۭؒX, ۙݩ࣍
͕༗ݶͰnΑΓେ͖͍෦ڑۭؒΛͨͳ͍ 33.

͜ͷ͜ͱ͔Β, Dranishnikovͷ2.17ΑΓऑ͍ͱͯ͠, .ΒΕΔ͑ߟ͕࣍
28ҙͷ༗քดू߹͕ίϯύΫτͰ͋ΔڑۭؒΛݻ༗ڑۭؒͱ͍͏. ༗քزԿΛͪҰ༷ࢄͳڑ
ۭؒݻ༗ڑۭؒͰ͋Δ.

29hX ͷߏʹ͍ͭͯ, ྫ͑ [21, Section 1]Λࢀর. ෳૉHigsonؔશମͷͳ͢C∗ʹର͠
ͯ, Gelfand-NaimarkͷఆཧΛ༻͍ͯఆٛ͞ΕΔ [26, Section 5.1].

30Higsonίϩφͷඃ෴ݩ࣍ͷಛ͚ͱͯ͠, [4, Corollary 6], [13, Corollary 7.2]͕͋Δ.
31ؔ࿈͢Δڀݚʹ [12]͕͋Δ.
32ਖ਼ۭؒنXͷҙͷด෦ۭؒF ʹରͯ͠, dimF ≤ dimX (cf. [14, Theorem 3.1.3]).
33ҙͷڑۭؒX , Ұ༷ࢄͰX ͱૈಉͰ͋ΔΑ͏ͳ෦ڑۭؒΛͭ࣋͜ͱʹҙ͢Δ (ྫ
1.5).
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 2.19. ͷ࣍ (1), (2)Λຬͨ͢ݻ༗ڑۭؒXͱn ∈ Nଘ͢ࡏΔ͔:

(1) asdimX = ∞.

(2) Xͷҙͷ෦ڑۭؒY ʹରͯ͠, asdimY < ∞ͳΒasdimY ≤ n.

ҙ 2.20. ҙͷn ∈ Nʹରͯ͠ZnΛ෦܈ͱؚͯ͠Ή
⊕∞

i=1 Z, Z 1 Z, Thompson܈
F,  2.19ͷྫͷީิʹͳΒͳ͍. ҙͷn ∈ Nʹରͯ͠ZnGrigorchuk܈ૈ
ຒΊࠐΈՄͳͷͰ [29], Grigorchuk܈ީิʹͳΒͳ͍.

ҙ 2.21. άϥϑͷ࠷ͷαΠΫϧͷ͞Λ, ͦͷάϥϑͷप (girth)ͱ͍͏. ҙ
ͷ i ∈ Nʹରͯ͠, प i + 2ͷ 3ਖ਼ଇάϥϑXi͕ଘ͢ࡏΔ [28]. ͜ΕΒͷάϥϑ 34Λ
coarsely disjoint ʹฒͨू߹

⋃
i∈N XiΛXͱ͢Δͱ, Xੑ࣭AΛຬͨ͞ͳ͍ [32].

ैͬͯ, Xͷۙݩ࣍ແݶͰ͋Δ. ͜ͷX͕ۙݩ࣍ 2ͷ෦ڑۭؒΛ͔ͭ,

͔͍ͬͯͳ͍ͱࢥΘΕΔ 35.

ҙ 2.22. Walsh [30], ͷ࣍ (1), (2)Λຬͨ͢ίϯύΫτڑۭؒΛߏͨ͠.

(1) dimX = ∞.

(2) Xͷҙͷ෦ۭؒY ʹରͯ͠, dimY < ∞ͳΒdimY ≤ 0.

͜ͷੑ࣭Λຬۭͨؒ͢, Ҩతແۭؒݩ࣍ݶ (hereditarily infinite-dimensional space)

ͱݺΕΔ.
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