
Մඍࣸ૾ͷಛҟͷఆ๏ͱͦͷԠ༻

ଠ݈࣏ࠤ (ਆށେཧ)∗

1. ং
ຊߘͰࣸ૾, ଟ༷ମͯ͢ C∞ .ඍՄͱ͢Δڃ M , N ΛͦΕͧΕ m,n ଟݩ࣍

༷ମͱ͢Δ. ࣸ૾ f : M → N ʹରͯ͠p ∈ M ͕ f ͷಛҟͰ͋Δͱ

rank dfp < min{m,n}

ΛΈͨ͢ͱ͖Λ͍͏. 2m ≤ n Ͱ͋Εҙͷ f : M → N ΊࠐΈͰۙࣅͰ͖Δ.

ͭ·Γ, ΄ͱΜͲಛҟΛͨ࣋ͳ͍ࣸ૾Ͱ͋Δ. ͠ 2m > n ͷͱ͖Ұൠʹͦͷ

Α͏ͳۙࣅΛͱΔ͜ͱ͕Ͱ͖ͣ, ςΩτʔʹࣸ૾ΛબΜͰಛҟΛ͍ͨͯͬ࣋߹,

ಛҟΛѻ͏ඞཁ͕ੜ͡Δ. ຊߘͰओʹಛҟͷೝࣝͱͦͷԠ༻ʹ͍ͭͯͷ࠷

ۙͷ݁Ռͱؔ࿈ʹ͍ͭͯड़Δ. ಛҟہॴతʹఆٛ͞ΕΔ֓೦ͳͷͰ, Ҏ߱

ࣸ૾ժͷݴ༿Ͱड़Δ. C∞(m,n) = {f : (Rm, 0) → (Rn, 0)} ͱ͢Δ.

ఆٛ 1. ೋͭͷࣸ૾ժ f, g : (Rm, 0) → (Rn, 0) ͕ӈࠨಉ (·ͨA-ಉ·ͨRL-
ಉ)Ͱ͋Δͱඍಉ૬ࣸ૾ժ σ : (Rm, 0) → (Rm, 0), τ : (Rn, 0) → (Rn, 0) ͕ଘࡏ

ͯ͠ g = τ ◦ f ◦ σ ͕Γཱͭͱ͖Λ͍͏. ͜ͷಉؔΛ ∼A ͱ͔͘.

͜ͷಉؔఆٛҬͱ૾Ҭͷඍಉ૬ࣸ૾Ͱ͏ͭΓ߹͏ͱ͍͏ҙຯͳͷͰେมࣗ

વͳಉؔͰ͋Δ. ͜ͷಉؔʹରͯ࣍͠ͷೋͭͷجຊతͳ͕͑ߟΒΕΔ.

• (ྨ) C∞(m,n) ͷʮΑ͍ʯ෦ू߹S ʹରͯ͠ S ʹଐ͢Δࣸ૾ժΛ ∼A

ͰྨͤΑ. ֤ྨͷදݩͰ, ʮΘ͔Γ͍͢ʯͷΛͦͷඪ४ܗͱ͍͏.

• (ೝࣝ) ͋Δࣸ૾ժ f ʹରͯ͠ g ∈ C∞(m,n) ͕ f ʹ A ಉͰ͋ΔͨΊͷඞ
ཁे݅ΛٻΊΑ. ͦͷΑ͏ͳඞཁे݅ͷ͏ͪͰʮΘ͔Γ͍͢ʯͷΛf ͷ

ఆ๏ͱ͍͏.

͜ΕΒ͞ڀݚʹൃ׆Ε͍ͯΔ. S ͱͯ͠, ҆ఆ, ༨͕ݩ͍࣍, ୯७, ༗֬ݶఆ 1

ΒΕ͍ͯΔ͑ߟ͕ ([33, 34, 45]). ೝࣝ, ྨͷख๏ʹԊͬͯࣸ૾ժΛಛผͳܗ

ΒΕ͍ͯΔ͑ߟͯ͠ʹ ([35, 36, 45]). ·ͨ, Ұൠʹ༩͑ΒΕͨೋͭͷ K ಉͳࣸ૾
ժ f, g ͕f ∼A g ͱͳΔඞཁे͕݅༩͑ΒΕ͍ͯΔ ([39]).

͜Ε·ͰͷڀݚͰఆ๏ͱݺΔͷ΄ͱΜͲແ͔ͬͨ.  p ͕ f : (Rm, p) →
(Rm, f(p)) ͷಛҟͰ͋Δͱ͖, f ͷఆ๏Λͦͷ··ಛҟ p ͷఆ๏ͱ͍͏.

2. ఆ๏
͜͜Ͱۙ࠷ಘΒΕ͍ͯΔ༷ʑͳಛҟͷఆ๏Λड़Δ.

Պֶڀݚඅิॿۚج൫ڀݚ (C)26400087ͷิॿΛड͚͓ͯΓ·͢.
∗ e-mail: sajiOamath.kobe-u.ac.jp
1͜ΕΒͷ༻ޠ [11, 14, 18, 19, 41] Λࢀর.
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2.1. Ϟϥϯࣸ૾

ࣸ૾ժ f : (Rm, p) → (Rm, f(p)) ͕

(x1, . . . , xm) &→
(
x1, . . . , xm−1,

k−1∑

i=1

xix
i
m + xk+1

m

)
(k ≤ m)

ͷݪʹ͓͚Δࣸ૾ժʹ A ಉͰ͋Δͱ͖, p Λ k-Ϟϥϯಛҟͱ͍͏ ([35])2. ͜ͷ

ಛҟجຊతͰ͋Γ, δΣοτۭؒͷू߹ͷԣஅੑ ([18, 41])ࡏతඍΛͬ

ͨͷ ([14, 43])ͷಛ͚͕͋Δ. ͜͜Ͱ༩͑ΒΕͨࣸ૾ժͷδΣοτͷใͷ

ΈͰॻ͚Δ͜ͷಛҟͷಛ͚ (ఆ๏)Λड़Δ. ·ͣఆ๏ͷͨΊͷجຊ

σʔλʔΛड़Δ. ༩͑ΒΕͨࣸ૾ժ f ʹରͯ͠࠲ඪܥ (u1, . . . , um) ΛͱΓ, ϠίϏ

Λλࣜྻߦ = det(fu1 , . . . , fum) ͱ͓͘. ಛҟ p ͕ඇୀԽͰ͋Δͱ dλ(p) '= 0 ͷͱ

͖Λ͍͏. ඇୀԽಛҟ p ʹରͯ͠, p ͷۙ͘Ͱ S(f) ༨ݩ࣍ 1 ͷ෦ଟ༷ମͰ͋Δ.

·ͨ, rank dfp = m − 1 ͕ै͏. Ұํ rank dfp = m − 1 ͷͱ͖, ҙͷ q ∈ S(f) ্Ͱ

ker dfq = 〈ηq〉R ͕Γཱͭ (Rm, p) ͷϕΫτϧ η ͕ଘ͢ࡏΔ. ͜ͷϕΫτϧΛୀ

ԽϕΫτϧͱ͍͏ ([26]).

ఆཧ 2 ([55]). ࣸ૾ժ f : (Rm, p) → (Rm, f(p))ʹରͯ͠, p͕ k-Ϟϥϯಛҟ (k ≤ m)

Ͱ͋ΔͨΊͷඞཁे݅࣍ͷೋ͕ͭΓཱͭ͜ͱͰ͋Δ.

• ηλ(p) = · · · = ηk−1λ(p) = 0, ηkλ(p) '= 0,

• rank dp(λ, ηλ, . . . , ηk−1λ) = k.

Ϟϥϯಛҟʹؔ͢Δଞͷڀݚ [7, 10, 47, 48, 53, 60, 61]Λࢀর.

m ≤ 3ͱ͢Δ. mݩ࣍ଟ༷ମؒͷࣸ૾ f : M → N ҆ఆͳΒҙͷಛҟ p ∈ M

 k-Ϟϥϯಛҟ (k ≤ 3) Ͱ͋Δ. m ≥ 4 ͩͱଞͷಛҟ͕͋ΒΘΕΔ. ͜͜Ͱໟ৭

ͷগ͠ҧ͏ಛҟͷఆ๏Λͻͱͭड़͍ͨ.

ࣸ૾ժ f : (R4, p) → (R4, f(p)) ͕

I+2,2 : (x1, x2, x3, x4) &→ (x2
1 + x2x3, x2

2 + x1x4, x3, x4),

I−2,2 : (x1, x2, x3, x4) &→ (x2
1 − x2

2 + x1x3 + x2x4, x1x2 + x1x4 − x2x3, x3, x4)

ͷݪʹ͓͚Δࣸ૾ժʹ A ಉͰ͋Δͱ͖, p ΛͦΕͧΕ I±2,2 ಛҟͱ͍͏. 4 ଟݩ࣍

༷ମؒͷࣸ૾ f : M → N ҆ఆͳΒҙͷಛҟ p ∈ M k-Ϟϥϯಛҟ (k ≤ 4)

͔ I±2,2 ಛҟͰ͋Δ. ࣸ૾ժ f : (R4, p) → (R4, f(p)) Λ rank dfp = 2 ͱ͢Δ. ͜ͷͱ

͖, ઢ૾ࣸܗ L ͕ଘͯ͠ࡏL ◦ f = (g1, g2, g3, g4) ͱॻ͍ͨ࣌, d(g1)p = 0, d(g2)p = 0 ͱ

Ͱ͖Δ. ·ͨ, rank dfp = 2ΑΓ, (R4, p)ͷϕΫτϧ ξ, η Ͱ͋ͬͯ, 〈ξp, ηp〉R = ker dfp

ͱͳΔͷ͕ͱΕΔ. ҎԼཱ͕͢Δ ([52]).

p ͕ I+2,2 ಛҟ (I−2,2 ಛҟ) Ͱ͋Δඞཁे݅

• detHess(ξ,η) λ(p) < 0 (detHess(ξ,η) λ(p) > 0),

• d(ξg1), d(ξg2), d(ηg1), d(ηg2)  p ͰҰ࣍ಠཱ

21-ϞϥϯಛҟંΓ, ϑΥʔϧυͱ͍͏. 2-ϞϥϯಛҟΧεϓ, ϗΠοτχʔͷ᧣ͱ͍͏.
3-ϞϥϯಛҟεϫϩʔςΠϧ (ͷΓޱ)ͱ͍͏.
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͕Γཱͭ͜ͱͰ͋Δ. ͜͜Ͱ, Hess(ξ,η) λ ϕΫτϧ ξ, η ʹؔ͢Δ λ ͷϔοηྻߦ

(
ξξλ ξηλ

ηξλ ηηλ

)

Ͱ͋Γ, ξ, η ͕ ker df Λு͍ͬͯΔͷͰ͜ΕରশͰ͋Δ. ͜ͷಛҟ4ݩ࣍ଟ༷ମ

ؒͷ҆ఆࣸ૾ʹ͋ΒΘΕΔ།ೋͷ༨֊ 2 ͷಛҟͰ͋ΔͨΊ, ͞Ε͓ͯΓ, ͍Ζ

͍Ζͳੑ࣭͕ௐΒΕ͍ͯΔ ([7, 8, 44, 52]Λࢀর).

ଞͷಛҟͷఆ๏ [49, 53, 64] Λࢀর.

2.2. ໘

M Λ m ,ଟ༷ମݩ࣍ (N, g) Λ m+ 1 .ϦʔϚϯଟ༷ମͱ͢Δݩ࣍ ࣸ૾ f : M → N ͕

໘తࣸ૾Ͱ͋Δͱ, ҙͷ p ∈ M ʹରͯ͠ p ͷ։ۙ U ͱL = (f, ν) ͷܗͷࣸ

૾ L : U → T1N ଘͯ͠ࡏ, ҙͷϕΫτϧ X ∈ TqM ʹରͯ͠

g(df(X), ν) = 0

͕ q ʹ͓͍ͯΓཱͭͱ͖Λ͍͏. ·ͨ, L ͕ΊࠐΈͰ͋ΔΑ͏ʹͱΕΔͱ͖, f Λ

໘ͱ͍͏. ໘ͨͱ͑࣍ͷಛҟΛͭ. ࣸ૾ժ f : (Rm, p) → (Rm+1, f(p)) ͕
(
x1, . . . , xm−1, (k + 2)xk+1

m +
k−1∑

i=1

(i+ 1)xix
i
m, (k + 1)xk+2

m +
k−1∑

i=1

ixix
i+1
m

)
(k ≤ m)

ͷݪʹ͓͚Δࣸ૾ժʹ AಉͰ͋Δͱ͖, pΛAk+1-ಛҟͱ͍͏ 3. ͜ΕΒಉݩ࣍

ؒͷࣸ૾ͷંΓ, ΧεϓͱͨࣅͷͰ͋Γ, ಉ༷ʹجຊతͳಛҟͰ͋Δ ([1, 19, 22]

Λࢀর.). ͜ͷಛҟͷఆ๏Λड़Δ. ໘తࣸ૾ f ʹରͯ͠࠲ඪ (u1, . . . , um) Λ

ͱΓ, λ = det(fu1 , . . . , fum , ν) Λූ߸͖໘ੵີؔͱ͍͏. ඇୀԽಛҟ, ୀԽϕ

ΫτϧϞϥϯࣸ૾ͷͱ͖ͱಉ༷ʹఆٛͰ͖Δ ([26]).

ఆཧ 3 ([26, 55]). ໘ f : (Rm, p) → (Rm+1, f(p))ʹରͯ͠, p͕ Ak+1-ಛҟ (k ≤ m)

Ͱ͋ΔͨΊͷඞཁे݅࣍ͷೋ͕ͭΓཱͭ͜ͱͰ͋Δ.

• ηλ(p) = · · · = ηk−1λ(p) = 0, ηkλ(p) '= 0,

• rank dp(λ, ηλ, . . . , ηk−1λ) = k.

ଞͷಛҟͷఆ๏ [9, 22, 23, 50, 51] Λࢀর. ໘ͷಛҟʹؔ࿈͢Δڀݚ

[17, 21, 25, 32, 37, 38, 40, 56, 58, 59, 63]Λࢀর.

3. Ԡ༻
ҎԼͰఆ๏ͷԠ༻Λड़Δ. ҎԼͰݟΔΑ͏ʹఆ๏ࣸ૾ͷδΣοτͷใͷΈͰ

ಛҟΛಛ͚͍ͯΔͷͰௐ͍ͨಛҟ͕֘ͷͷ͔Λ͙͢ʹνΣοΫͰ͖

Δ͚ͩͰͳ͘, ಛҟͷੑ࣭Λߋʹਂ͘ௐΔ͜ͱ͕Ͱ͖Δ.

3A2-ಛҟΧεϓล, A3-ಛҟεϫϩʔςΠϧͱ͍͏.
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3.1. ಛҟͷ A-Πιτϐʔ

ࣗવ r ʹରͯ͠, ࣸ૾ժ f ∈ C∞(m,n) ͕ r-֬ఆͰ͋Δͱ, ҙͷ jrf(0) = jrg(0)

ΛΈͨ͢ g ͕ f ͱ A ಉͰ͋Δͱ͖Λ͍͏. r-֬ఆͰ͋ͬͯ A-ಉͳೋͭͷࣸ૾ժ

f, g ͕A-ΠιτϐοΫ (∼iA ͱ͔͘)Ͱ͋Δͱ࿈ଓۂઢσ : I → Diffr(m) ⊂ Jr(m,m)

ͱ τ : I → Diffr(n) ⊂ Jr(n, n) ͕ଘͯ͠ࡏ, σ(0), τ(0) ߃ࣸ૾ͷ r-δΣοτͰ͋Γ,

jr(g)(0) = jr
(
τ(1) ◦ f ◦ σ(1)

)
(0)

͕Γཱͭͱ͖Λ͍͏. ͨͩ͠, I = [0, 1]Ͱ͋Γ, Diffr(m)ඍಉ૬ࣸ૾ժ (Rm, 0) →
(Rm, 0) ͷ r-δΣοτͷू߹Ͱ͋Γ, ϢʔΫϦουۭؒͱಉҰͯ͠ࢹҐ૬Λ͍Ε͍ͯΔ.

ͭ·Γ, f ∼iA g ͱ jrf(0) ͱ jrg(0) ͱ͕A-يಓͷಉ͡ހঢ়࿈݁ʹଐ͢͜ͱͱ

ඞཁेͰ͋Δ. ͞Βʹ, Λอͭඍಉ૬ࣸ૾ͷ͖ r-δΣοτͷू߹ Diffr,+(m) ހ͕

ঢ়࿈݁Ͱ͋ΔͷͰ, +Λอͭඍಉ૬ࣸ૾σ͖ : (Rm, 0) → (Rm, 0) ͱ τ+ : (Rn, 0) →
(Rn, 0) ͕ଘͯ͠ࡏ jrg(0) = jr(τ+ ◦ f ◦ σ+)(0) ͕Γཱͭ͜ͱͱඞཁेͰ͋Δ.

ఆ๏ΛԠ༻͕ͯ࣍͠Θ͔Δ. ࣸ૾ժ f ∈ C∞(n, n)  n-Ϟϥϯಛҟͱ͢Δͱ͖,

• n = 4i+ 1, i '= 0 ͷͱ͖, f ∼iA

F 4i+1
ε :=

(
x1, . . . , x4i, ε

(
t4i+2 + tx1 + · · ·+ t4i−1x4i−1 + t4ix4i

))
, ε = ±1.

͞Βʹ, F 4i+1
+1 '∼iA F 4i+1

−1 .

• n = 1 ͷͱ͖, f ∼iA F 1
ε := εt2. ͞Βʹ, F 1

+1 '∼iA F 1
−1.

• n = 4i+ 2 ͷͱ͖, f ∼iA

F 4i+2
ε :=

(
x1, . . . , x4i, x4i+1, ε

(
t4i+3 + tx1 + · · ·+ t4i+1x4i+1

))
, ε = ±1.

͞Βʹ, F 4i+2
+1 '∼iA F 4i+2

−1 .

• n = 4i+ 3 ͷͱ͖, f ∼iA

F 4i+3
ε :=

(
εx1, . . . , x4i+2, t

4i+4 + tx1 + · · ·+ t4i+1x4i+1 + t4i+2x4i+2

)
, ε = ±1.

͞Βʹ, F 4i+3
+1 '∼iA F 4i+3

−1 .

• n = 4i ͷͱ͖, f ∼iA

F 4i
(ε1,ε2)

:=
(
ε1x1, . . . , x4i+2, x4i+3,

ε2
(
t4i+1 + ε1tx1 + t2x2 + · · ·+ t4i+2x4i+2 + t4i+3x4i+3

))
, ε1 = ±1, ε2 = ±1.

͞Βʹ, (ε1, ε2) '= (ε̄1, ε̄2), ͳΒF 4i
(ε1,ε2)

'∼iA F 4i
(ε̄1,ε̄2)

.

1-Ϟϥϯಛҟʹؔͯ͠ [2, 3] Ͱ, A .ௐΒΕ͍ͯΔ͕ܕಓͷϗϞτϐʔي ଞͷ

Ԡ༻ʹ͍ͭͯ [52, 64] Λࢀর.

3.2. Χεϓลۙลͷ༷

ࣸ૾ժͷ A-ಉ૾Ҭͷඍಉ૬ࣸ૾Λ༻͍ΔͷͰ, ಛҟͷඍزԿతใࣦΘ

ΕΔ. ۙ, ಛҟͷछྨΛݻఆͯ͠, ಛҟͷۙ͘ͰඍزԿతੑ࣭Λ͢ڀݚΔ͜ͱ

͕ΜʹߦΘΕ͍ͯΔ ([6, 12, 16, 42]). ͜͜Ͱఆ๏ͷҰͭͷԠ༻ͱͯ͠, Χεϓล

ۙลͷزԿత༷ͷڀݚΛใ͢ࠂΔ. ఆ๏Λ༻͍ͯ, ΧεϓลͷϞϯδϡඪܗͱݴ

͏͖͕ͤࣔ࣍Δ.
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ิ 4. [30] ໘ f : (R2, 0) → (R3, 0) ʹରͯ͠ p Χεϓลͱ͢Δ. ͜ͷͱ͖, ఆٛ

Ҭͷඍಉ૬ࣸ૾ͱ૾ҬͷϢʔΫϦουڑಉܕʹΑΓ f 

(
u,

a20
2
u2 +

a30
6
u3 +

1

2
v2,

b20
2
u2 +

b30
6
u3 +

b12
2
uv2 +

b03
6
v3
)
+ h(u, v)

a20, a30, b20, b30, b12, b03 ∈ R, (b03 '= 0, b20 ≥ 0)

ͷܗʹͳΔ. ͨͩ͠ h(u, v)  4 .Ҏ্ͷ߲Ͱ͋Δ࣍

Χεϓลͷۙ͘ʹ͓͍ͯ௨ৗͱಉ༷ʹ

(EM − FL) du2 + (EN −GL) dudv + (FN −GM) dv2 = 0, (1)

Ldu2 + 2M dudv +N dv2 = 0, (2)
(
L(GL− EN)− 2M(FL− EM)

)
du2

+2
(
M(GL+ EN)− 2FLN

)
dudv

+
(
2M(GM − FN)−N(GL− EN)

)
dv2 = 0, (3)

(ͨͩ͠, (u, v) ࠲ඪͰ͋Γ, E = 〈fu, fu〉 , F = 〈fu, fv〉 , G = 〈fv, fv〉 , L =

〈fuu, ν〉 , M = 〈fuv, ν〉 , N = 〈fvv, ν〉 Ͱ͋Δ.) ʹΑΓ, ্͔ΒͦΕͧΕۂઢ, 

ۙઢ, ಛੑۂઢʹΑΔ༷͕ఆٛ͞ΕΔ. ͯ͞, ai du2 + 2bi dudv + cidv2 (i = 1, 2) ͷఆ

ΊΔ༷͕ಉ͡ͱҐ૬ಉܕ (R2, 0) → (R2, 0) ͱ {v '= 0} Ͱ 0 ʹͳΒͳ͍ؔഒͰ

྆ऀ͕ҠΓ߹͏ͱ͖Λ͍͏.

δΣωϦοΫ ݩ࣍ͷۭؒͰ༨) 1)ͳ༷ a20, a30, b20, b30, b12, b03 ͷΈ

Ͱఆ·Γ, ͷΑ͏ʹͳΔ࣍ ([31]).

ઢۂ ৗʹ du2 − dv2 ͷఆΊΔ༷ͱಉ͡ (ਤ1ࠨ).

ۙઢ b20 '= 0ͳΒ udu2+dv2 ͷఆΊΔ༷ͱಉ͡(ਤ1ӈ). b20 = 0, b30−a20b12 '=
0, ∆ '= 0, 4b312 + b203b30 '= 0 ͷͱ͖, ਤ2ͷͲΕ͔ͱಉ͡.

ಛੑۂઢ b20 '= 0ͳΒ udu2+dv2 ͱಉ͡ (ਤ1ӈ). b20 = 0, b30−a20b12 '= 0, ∆ '= 0,

4b312 + b203b30 '= 0 ͷͱ͖, ਤ2ͷͲΕ͔ͱಉ͡.

ਤ 1: ༷ͦͷ1

ҙ 5. b20 Χεϓลͷ๏ۂͰ͋Γ, b30 − a20b12 ͦͷඍͰ͋Δ. ݅ 4b312 +

b203b30 '= 0 Χεϓลͷฏۂߦ໘͕εϫϩʔςΠϧʹͳΒͳ͍ͱ͍͏݅Ͱ͋Δ ([62]).

ΧεϓลҎ֎ͷಛҟۙลʹ͓͚Δ༷ʹ͍ͭͯ [5, 13, 15]Λࢀর.
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ਤ 2: ༷ͦͷ2

3.3. ࿈ଋͱͦͷಛҟ

͜͜Ͱ໘ͷతͳఆࣜԽͰ͋Δ࿈ଋͱͦͷԠ༻Λड़Δ.

ఆٛ 6. m ଟ༷ମ༗ݩ࣍ M ্ͷ࿈ଋͱ,

(1) E  M ্֊ m ͷ༗ϕΫτϧଋ,

(2) 〈 , 〉  E ্ͷྔܭͰ, D ͜ͷྔܭʹద߹͢Δଓ,

(3) ϕ : TM → E 

DXϕ(Y )−DY ϕ(X) = [X, Y ] (X, Y ∈ X(M))

ΛΈͨ͢ଋ४ಉܕ,

ͷ (E, 〈 , 〉 , D,ϕ) ͷ͜ͱΛ͍͏ ([54, 57]).

.ຊతͰ͋Δجͷೋͭͷྫ࣍

ྫ 7. (1) M Λ m ,ଟ༷ମݩ࣍ (N, g) Λ m ,ϦʔϚϯଟ༷ମͱ͠ݩ࣍ f : M → N Λಉ

.ͷࣸ૾ͱ͢Δؒݩ࣍ Ef = TN |f(M) Λ TN ͷ f(M) ͷ੍ݶͱ͠, 〈 , 〉 Λ g ͕ Ef

ʹ༠ಋ͢Δྔܭͱ͠, g ͷϨϏ-νϏλଓͷ੍ݶΛ D ͱ͢Δ. ϕf = df : TM → Ef ͱ

͢Δͱ, (Ef , 〈 , 〉 , D,ϕf ) ࿈ଋͱͳΔ. ͜ΕΛಉؒݩ࣍ͷࣸ૾f ͔Β༠ಋ͞Εͨ

࿈ଋͱ͍͏.

(2) M Λ m ,ଟ༷ମݩ࣍ (N, g) Λ m + 1 ,ϦʔϚϯଟ༷ମͱ͠ݩ࣍ f : M → N Λ

໘తࣸ૾ͱ͢Δ. Ef = ν(p)⊥ ⊂ TN |f(M) Λ ν(p) ͷަิۭؒͱ͠,

ϕf (X) = df(X)

ͱ͢Δ. D Λ g ͷϨϏ-νϏλଓͷ f(M) ͷͷ੍ݶ, 〈 , 〉 Λ g ͔Β༠ಋ͞

Εͨྔܭͱ͢Δͱ, (Ef , 〈 , 〉 , D,ϕf ) ࿈ଋͱͳΔ. ͜ΕΛ໘తࣸ૾f ͔Β༠ಋ

͞Εͨ࿈ଋͱ͍͏.
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 p ∈ M ͕ ϕ ͷಛҟ (ϕ-ಛҟ) Ͱ͋Δͱ, ϕp : TpM → Ep ͕ kerϕp '= {0} Ͱ
͋Δͱ͖Λ͍͏.

ఆ͔ٛΒ, ॴతʹࣗ໌Խہ (ͱࣗવͳجఈ)ΛͱΔͱ ϕ M ্ͷ m×m Λʹྻߦ

ͱΔؔͱΈͳ͢͜ͱ͕Ͱ͖, λ Λ͜ͷྻߦͷࣜྻߦͱ͢Δͱ, ϕ-ಛҟλ = 0 ͱͳ

ΔͱҰக͢Δ. ·ͨ, ϕ-ಛҟͷ༨֊Λ͜ͷྻߦͷ༨֊Ͱఆٛ͢Δ. ༨֊͕ 1

ͷ ϕ-ಛҟ p ʹؔͯ͠ p ͷ͋Δۙ U ͕ଘͯ͠ࡏ, U ্ͷϕΫτϧ η ͕ଘͯ͠ࡏ

q ∈ U ∩ S(ϕ) ্Ͱৗʹ

kerϕ(q) = 〈η(q)〉R

͕Γཱͭ. ϕ-ಛҟ͕ඇୀԽͰ͋Δͱ, dλ '= 0 ͷͱ͖ͱఆٛ͢Δ. ఆ๏Λߟࢀ

ʹ, Ak+1-ϕ-ಛҟΛ࣍ͷΑ͏ʹఆٛ͢Δ.

ఆٛ 8. ࿈ଋ (E, 〈 , 〉 , D,ϕ) ͷಛҟ p ͕ Ak+1-ϕ-ಛҟͰ͋Δͱ

• ηλ(p) = · · · = ηk−1λ(p) = 0, ηkλ(p) '= 0,

• rank dp(λ, ηλ, . . . , ηk−1λ) = k

͕Γཱͭͱ͖Λ͍͏.

ఆ๏͔Β,ྫ 7 Ͱߏ͞Εͨಉؒݩ࣍ͷࣸ૾ (໘) f ͔Β༠ಋ͞Εͨ࿈ଋ ϕf

ʹରͯ͠, p ͕ Ak+1-ϕf -ಛҟͰ͋Δ͜ͱͷඞཁे݅ p ͕ f ͷk-Ϟϥϯಛҟ

(Ak+1-ಛҟ) Ͱ͋Δ. m = 2 ͱ͢Δ. ͜ͷͱ͖, ඇୀԽͳ ϕ-ಛҟͷۙ͘Ͱಛҟͷ

ू߹ਖ਼ଇۂઢͱͳΓ, ͍Ζ͍ΖͳඍزԿతෆมྔ͕ఆٛ͞ΕΔ. p ΛඇୀԽͳ ϕ-ಛ

ҟͱ͠, p ͷۙ͘Ͱͷϕ-ಛҟͷू߹ͷύϥϝʔλʔදࣔΛ γ(t) ͱ͢Δ.

κs(t) = − sgn(ηλ)
〈Dγ′n,ϕ(γ′)〉

|ϕ(γ′)|3

ΛಛҟۂͱݺͿ. ͜͜Ͱ, n  µ(ϕ(γ′), n) > 0 ΛΈͨ͢E ͷ୯ҐஅͰ͋Γ, µ 

p ∈ M ʹରͯ͠Ep ͷਖ਼نަ e1, e2 ʹରͯ͠µp(e1, e2) = 1 ͱͳΔରশઢܗܕ

ࣜͰ͋Δ.

M+ = {p ∈ M |λ > 0}, M− = {p ∈ M |λ < 0}

ͱ͢Δ. p Λ A3-ϕ-ಛҟͱ͢Δ. ͜ͷͱ͖, ఆ͔ٛΒ ηηλ '= 0 Ͱ͋ΔͷͰ, η  S(ϕ)

ʹରͯ͠ೋ৮͢Δ. η ͕ M+ Λࣔ͢͠ࢦͱ͖, p  + ͷA3-ϕ-ಛҟͱΑͼ, ͦ

͏Ͱͳ͍ͱ͖, − ͷ A3-ϕ-ಛҟͱΑͿ. ͜ͷͱ͖࣍ͷΨεɾϘϯωܕͷఆཧ͕Γ

ཱͭ.

ఆཧ 9 ([54, 57]). S(ϕ)  A2, A3-ϕ-ಛҟͷΈΛͭͱ͢Δ. ͜ͷͱ͖,

χ(E) =
1

2π

∫

M

K dÂ = χ(M+)− χ(M−) + S+ − S−,

1

2π

∫

M

K dA = χ(M)− 1

π

∫

S(ϕ)

κs dτ.

͜͜Ͱ, S+, S− ͦΕͧΕਖ਼, ෛͷ A3-ϕ-ಛҟͷΛ͋ΒΘ͠, K  D ʹؔ͢ΔΨ

εۂ, dÂ, dA࠲ඪ (u, v)Λͱͬͨͱ͖ʹͦΕͧΕdÂ = λ du∧dv, dA = |λ| du∧dv
Ͱఆ·Δͷͱ͢Δ.
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ܥ 10 ([28, 27, 54]). M Λ༗ ,ଟ༷ମݩ࣍2 N Λ༗ ,ଟ༷ମͱ͠ݩ࣍3 f : M → N

Λಛҟͱͯ͠ΧεϓลͱεϫϩʔςΠϧͷΈΛͭ࣋ͷͱ͢Δ. ͜ͷͱ͖, Γ͕࣍

ཱͭ. (ͨͩ͠, S+, S− ͦΕͧΕਖ਼, ෛͷεϫϩʔςΠϧͷ)

1

2π

∫

M

K dÂ = χ(M+)− χ(M−) + S+ − S−,

1

2π

∫

M

K dA = χ(M)− 1

π

∫

S(ϕ)

κs dτ.

ܥ 11 ([46]). M,N Λ༗ ,ଟ༷ମͱ͠ݩ࣍2 f : M → N Λಛҟͱͯ͠ંΓͱΧ

εϓͷΈΛͭͷͱ͢Δ. ͜ͷͱ͖, .Γཱ͕ͭ࣍ (C± ਖ਼, ෛͷΧεϓͷ)

deg(f)χ(N) = χ(M+)− χ(M−) + C+ − C−.

ܥ 12 ([29]). M Λ༗ ,ଟ༷ମͱ͠ݩ࣍2 f : M → R2 Λಛҟͱͯ͠ંΓͱΧε

ϓͷΈΛͭͷͱ͢Δ. S(f) = C1 ∪ · · · ∪ Cn Λ୯७ดۂઢͷඇަͱ͢Δ. ͜ͷͱ

͖, .Γཱ͕ͭ࣍
χ(M)

2
= R(C1) + · · ·+R(Cn).

ͨͩ͠, R(Cj) ∈ Z/2  f(Cj) ͷճసͰ͋Δ.

໘ʹ୯Ґ๏ઢϕΫτϧ͕͋Δ. ୯Ґ๏ઢϕΫτϧ࿈ଋΛ༠ಋ͢ΔͷͰͦ

ΕΛྀߟʹೖΕΔͱೋͭͷ࿈ଋ͕ఆٛ͞ΕΔ. ໘Λ୯Ґ๏ઢϕΫτϧΛࠐΊͯ

తʹఆࣜԽͨ֓͠೦ಘΒΕΔ. ͦΕΒͷ࿈ଋʹରͯ͠, ఆཧ 9 Λద༻͢Δͱ,

ܭ߹ ͷ͕ࣜಘΒΕΔݸ4 [57]. ͜ΕΒͷதʹΒΕ͍ͯͨͷ͋Δ͕, ৽͍͠ެ

ࣜ͋Δ. ྫ͑͏ै͕࣍.

ܥ 13 ([4, p287]). M Λ༗ดۂ໘ͱ͠, f : M → R3 ΛΊࠐΈͱ͢Δ. f ͷ୯Ґ๏

ઢϕΫτϧ ν : M → S2 ͷಛҟંΓͱΧεϓͷΈͰ͋Δͱ͢Δ. ͜ͷͱ͖,

2χ({K < 0}) = C+ − C−

͕Γཱͭ. ͨͩ͠, {K < 0} ⊂ M Ψεۂ͕ෛͷ෦Λ͋ΒΘ͠, C+, C− ͦ

ΕͧΕਖ਼, ෛͷν ͷΧεϓͷݸΛ͋ΒΘ͢.

ܥ 14 ([57]). f : S2 → R3 ΛತΊࠐΈ (୯Ґ๏ઢϕΫτϧ ν ͕ಛҟΛͨ࣋ͳ͍

ΊࠐΈ) ͱ͠, ft = f + tν (t ∈ R) Λ f ͷฏۂߦ໘ͱ͢Δ. ft ͷಛҟ͕Χεϓลͱε

ϫϩʔςΠϧͷΈ͔ΒͳΔͳΒ,

2χ({Kt < 0}) = S+
t − S−

t

͕Γཱͭ. ͨͩ͠, {Kt < 0} ⊂ M  ft ͷΨεۂ͕ෛͷ෦Λ͋ΒΘ͠, S±
t 

ਖ਼, ෛͷεϫϩʔςΠϧͷݸΛ͋ΒΘ͢.

R3 ͷۂ໘ͱͦͷ୯Ґ๏ઢϕΫτϧʹରԠ͢Δ֓೦͕, ϛϯίϑεΩʔۭؒͷٖ

໘ʹؔ͢Δϧδϟϯυϧରੑͱͯ͠ۂ໘ͷٿ [20] ʹΑͬͯඋ͞Ε, ༷ʑͳڀݚ

.ΘΕ͍ͯΔߦ͕ ͜ͷͷ্Ͱྫ͑, f : M → LC∗ ⊂ R4
1 Λۭؒతۂ໘ͱ͢Δͱ,
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ରۂ໘ fl : M → LC∗, fh : M → H3(−1), fs : M → S3
1(1) ͕ಘΒΕΔ. ͜ΕΒͷಛ

ҟ͕ΧεϓลͱεϫϩʔςΠϧͷΈͰ͋Ε, ఆཧ 9 ͕ f ͱશͯͷରۂ໘ʹର͠

ཱͯ͢Δ.
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[60] E. Szabó, A. Szücs, and T. Terpai, On bordism and cobordism groups of Morin maps, J.

Singul. 1 (2010), 134–145.
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