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த઒ ੐थ (ԬࢁେֶେֶӃڭҭֶڀݚՊ)∗

ୈ62ճτϙϩδʔγϯϙδ΢Ϝ (2015೥8݄6೔ (໦) ∼ 8݄9೔ (೔))

1. ػͷಈڀݚ
1.1. τϙϩδʔͱରশؔ਺

·ͣॳΊʹ, ଟগ௕͘ͳΔ͜ͱΛ֮ޛͷ্Ͱ, ॻ͍͓͖͍͍ͯͨͯͭʹػͷಈڀݚ 1. ͦ

΋ͦ΋τϙϩδʔͱରশؔ਺ͷؒʹ͸͔͘ݹΒີ઀ͳ͕ؔ͋܎Δ. ྫ͑͹, Α͘஌ΒΕ

͍ͯΔΑ͏ʹ, ෳૉϕΫτϧଋͷChernྨ͸ʮ෼྾ݪཧʯΛ௨ͯ͠, ͔͠Δ΂͖ม਺ (͍

ΘΏΔChernϧʔτ) ͷجຊରশࣜͰද͞ΕΔ. ͜ͷ͜ͱ͸ϗϞτϐʔ࿦తʹ͸࣍ͷΑ

:ද͢͜ͱ͕Ͱ͖Δ͍ݴʹ͏ U(n)Λn࣍ϢχλϦʔ܈, BU(n)Λͦͷ෼ྨۭؒͱ͢Δ

ͱ͖, BU(n)ͷ੔਺܎਺ίϗϞϩδʔ؀ 2͸࣍Ͱ༩͑ΒΕΔ:

H∗(BU(n)) = Z[c1, c2, . . . , cn].

͜͜Ͱ, ci ∈ H2i(BU(n)) (i = 1, . . . , n)͸ීวChernྨ, ͢ͳΘͪBU(n)্ͷʮීว

ϕΫτϧଋʯγn −→ BU(n)ͷChernྨͰ͋Δ: ci = ci(γn), c0 := 1. T nΛU(n)ͷ (ඪ

४తͳ)ۃେτʔϥεͱͯ͠, ࣗવͳࣸ૾ρ : BT n −→ BU(n) ʹΑͬͯ, γnΛBT n্΁

Ҿ͖໭͢ͱ, ρ∗(γn) ∼= ⊕n
i=1γ

1
i ͷΑ͏ʹ, BT n্ͷ௚ઢଋγ1

i (i = 1, . . . , n)ͨͪ 3 ͷ௚࿨

ʹ෼͔Ε (෼྾ݪཧ), શChernྨ c(−) =
∑

i≥0 ci(−)ʹ͍ͭͯ, ChernྨͷࣗવੑΑΓ,

ρ∗(c(γn)) = c(ρ∗(γn)) = c(⊕n
i=1γ

1
i ) =

n∏

i=1

c(γ1
i ) =

n∏

i=1

(1 + c1(γ
1
i )) =

n∏

i=1

(1 + xi)

͕੒Γཱͭ (͜͜Ͱ, xi := c1(γ1
i ) ∈ H2(BT n)ͱ͓͍ͨ). ͜ͷ͜ͱ͔Β (͞Βʹ, Α͘

஌ΒΕ͍ͯΔΑ͏ʹ, ρ∗ : H∗(BU(n)) −→ H∗(BT n)͸୯ࣹͰ͋Δ), ֤Chernྨ ciΛ,

x1, . . . , xnͷجຊରশଟ߲ࣜei(xn) = ei(x1, . . . , xn)ͱݟͳͤΔ, ͱ͍͏ղऍ͕ಋ͔ΕΔ.

ͦ͜Ͱ, Λ(xn) = Z[x1, . . . , xn]Sn (Sn͸n࣍ରশ܈)Λରশଟ߲ࣜͷͳ͢؀ͱ͢Δͱ,

Λ(xn) = Z[e1(xn), . . . , en(xn)]
∼−→ H∗(BU(n)) = Z[c1, . . . , cn], ei(xn) &−→ ci, (1)

ͱ͍͏ಉҰ͕ࢹͰ͖Δ. ͞Βʹ, n → ∞ͷݶۃΛ͑ߟΔͱ͖, BU = BU(∞)ͷίϗϞ

ϩδʔ؀ͱରশؔ਺ͷͳ͢؀Λ(x) = Λͱͷؒͷ, Α͘஌ΒΕͨಉҰࢹ

Λ = Z[e1, e2, . . .]
∼−→ H∗(BU) = Z[c1, c2, . . .], ei &−→ ci, (2)
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1ຊߘͰड़΂Δڀݚ͸, 2011೥ͷय़͔ࠒΒ͍ͯͬߦΔ੒੉ ࢯ߂ (෦ڀݚ߹སେֶେֶӃ૯ࢁ) ͱͷڞಉ
.΋ͷͰ͋Δͮ͘جʹڀݚ ͜ͷ৔Λ͓आΓͯ͠, ੒੉ࢯʹ͓ྱΛਃ্͍͛ͨ͠.

2ಛʹஅΘΒͳ͍ݶΓ, ίϗϞϩδʔ͸੔਺܎਺Ͱ͋Δͱ͢Δ: H∗(−) = H∗(−;Z).
3ෳૉࣹӨۭؒCPn্ͷʮඪ४௚ઢଋ (Hopf ͷ௚ઢଋ)ʯΛ γ1 := {(", v) ∈ CPn × Cn+1 | v ∈ "} −→
CPnͱ͠,͜Ε͕ఆΊΔCP∞ ) BU(1)্ͷ௚ઢଋ΋γ1ͱॻ͘͜ͱʹ͢Δ. BTn ) CP∞×· · ·×CP∞

Ͱ͋Δ͔Β, i൪໨ͷࣹӨ CP∞ × · · · × CP∞ −→ CP∞ ʹΑΔ γ1 ͷҾ͖໭͠Λ γ1
i ͱॻ͍ͨ (i =

1, . . . , n).
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͕ಘΒΕΔ (ei = ei(x) (i = 1, 2, . . .)͸جຊରশؔ਺). ͞Βʹ, BU ͸ϕΫτϧଋͷ

Whitney࿨͔Β༠ಋ͞ΕΔੵφ : BU ×BU −→ BUΛ΋ͪ, ͜ΕʹΑΓϗϞτϐʔՄ׵

ͳH-ۭؒͱͳΔ. ͕ͨͬͯ͠BUͷϗϞϩδʔH∗(BU)͸, ͍ΘΏΔPontrjaginੵʹΑ

Γ؀ͱͳΓ, ͦͷߏ؀଄΋Α͘஌ΒΕ͍ͯΔ: ·ͣ, H∗(BU(1)) = Z[c1]Ͱ͋Δ͔Β, ͦ

ͷࣗ༝Ճ܈ͱͯ͠ͷجఈ {cn1}n=0,1,2,...͕औΕ, H∗(BU(1))ͷجఈͱͯ͠, ͦͷ૒ରجఈ

{βi}i=0,1,2,... (β0 := 1)ΛऔΔ. ,ʹ࣍ ࣗવͳࣸ૾BU(1) −→ BU͕ϗϞϩδʔʹ༠ಋ͢

Δ४ಉܕH∗(BU(1)) −→ H∗(BU)ʹΑΔβi ∈ H2i(BU(1))ͷ૾Λಉ͘͡βi ∈ H2i(BU)

ͱॻ͘͜ͱʹ͢Δͱ, H∗(BU)ͷߏ؀଄͸ҎԼͷΑ͏ʹͳΔ:

H∗(BU) = Z[β1, β2, . . .].

͜ΕΛରশؔ਺ͷݴ༿Ͱ͏ݴͱ࣍ͷΑ͏ʹͳΔ: hi = hi(x) (i = 1, 2, . . .)Λ׬શରশؔ

਺ͱ͢Δ. ͢ͳΘͪ, ฼ؔ਺

H(t) =
∞∑

i=0

hit
i =

∞∏

i=1

1

1− xit

ʹΑΓఆ·ΔΛͷݩͱ͢Δ. ͜ͷͱ͖, βiͷఆΊํΑΓ, :ಘΒΕΔ͕ࢹͷಉҰ࣍

Λ = Z[h1, h2, . . .]
∼−→ H∗(BU) = Z[β1, β2, . . .], hi &−→ βi. (3)

͞Βʹ෇͚Ճ͑Δͱ, ্ͷಉҰࢹ (2), (3)͸ Z্ͷ Hopf୅਺ͱͯ͠ͷಉ4ܕΛ༩͑ͯ

͍Δ. ͜ͷΑ͏ʹͯ͠, ྫ͑͹Macdonaldͷຊ [55]ͷୈ Iষʹొ৔͢Δ༷ʑͳରশؔ

਺ ຊରশؔ਺ج) er (r = 1, 2, . . . ), શରশؔ਺׬ hr (r = 1, 2, . . .)ͷଞ, ႈ࿨ରশؔ਺

pr (r = 1, 2, . . .), ୯߲ରশؔ਺mλ (λ͸͍ΘΏΔ෼ׂ 5) ͳͲͳͲ)ʹରԠ͢ΔʮزԿֶ

తͳର৅ʯ͸Կ͔? ͱ͍͏໰͍Λ͑ߟΔ͜ͱ͕, গͳ͘ͱ΋චऀʹͱͬͯ͸ڀݚͷݪ఺

ͩͬͨͱ͑ݴΔ. ͦ͏͢Δͱ, ͜ͷຊͷୈ IষͰ࠷΋ৄ͘͠ѻΘΕ, දݱ࿦΍૊߹ͤ࿦ʹ

ΒΕΔ͑ߟ΋ॏཁͳରশؔ਺ͱ࠷͍͓ͯ Schurؔ਺ (Schurଟ߲ࣜ)ʹରԠ͢ΔزԿ

ֶతͳର৅͸ԿͩΖ͏͔? ͱ͍͏໰͍͕͙͢ʹ͔ු͍ࢥͿ. ͱ͜Ζ͕චऀͷ஌ΔݶΓ,

Schurؔ਺Λѻͬͨτϙϩδʔ (ಛʹ, ୅਺తτϙϩδʔ, ϗϞτϐʔ࿦)ؔ܎ͷ࿦จ͸

΄ͱΜͲͳ͍Α͏Ͱ͋Δ. ͕, ,͠ࡏԿֶతͳର৅͸͔֬ʹଘز ͦΕ͕࣍અͰड़΂Δෳ

ૉGrassmannଟ༷ମͷSchubertྨͰ͋Δ.

1.2. Schubert calculusͷ؍఺

α = (α1,α2, . . . ,αn)Λ, α1 > α2 > · · · > αn ≥ 0 Λຬͨ͢ඇෛ੔਺ͷྻͱͯ͠, ୯߲ࣜ

xα := xα1
1 xα2

2 · · · xαn
n ͱఆٛ͢Δ. ͜ͷ୯߲ࣜʹn࣍ରশ܈Snͷݩw͕,

w · xα := xw·α, w · α = w · (α1, . . . ,αn) := (αw−1(1), . . . ,αw−1(n))

ʹΑΓ࡞༻͢Δ. ͦ͜Ͱ,

aα = aα(xn) :=
∑

w∈Sn

sgn (w)w · xα = det (x
αj

i )1≤i,j≤n

4ରশؔ਺؀ΛͷHopf୅਺ߏ଄ʹ͍ͭͯ͸, Macdonald [55, Examples 25]ʹ؆୯ͳهड़͕͋Δ. ྫ͑
͹, ༨ੵߏ଄͸

∆(hr) =
∑

p+q=r

hp ⊗ hq (4)

Ͱ༩͑ΒΕΔ.
5ຊߘͰ͸, ૊߹ͤ࿦ͷ༻ޠ (͘͝ඪ४తͳ΋ͷͷΈ)ΛஅΓͳ͠ʹ༻͍Δ͜ͱ΋͋ΔͱࢥΘΕΔ. దٓ,
Macdonald [55, I, 1. Partitions], Ԭా [63, §6.1]Λࢀর͍͖͍ͯͨͩͨ͠.
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ͱఆٛ͢Δͱ, aα͸ަ୅ࣜͰ͋Δ. ಛʹ, ρn−1 := (n− 1, n− 2, . . . , 2, 1, 0)ʹରͯ͠͸,

aρn−1 = det (xn−j
i )1≤i,j≤n =

∏

1≤i<j≤n

(xi − xj) (ࠩੵ)

Ͱ͋Δ. λ = (λ1,λ2, . . . ,λn)Λ, λ := α−ρn−1,͢ͳΘͪ, λj := αj−(n−j) (j = 1, . . . , n)

ͱ͓͘ͱ, λ1 ≥ λ2 ≥ · · · ≥ λn ≥ nͱͳΔ͔Β, λ͸௕͕͞nҎԼͷ෼ׂͰ͋Δ. ͜ͷ

ͱ͖, ަ୅ࣜaα = aλ+ρn−1 ͸ࠩੵaρn−1ͰׂΓ੾Ε, ͦͷ঎aλ+ρn−1/aρn−1͸ରশଟ߲ࣜ

ͱͳΔ. ͦ͜Ͱ,

sλ(xn) :=
aλ+ρn−1

aρn−1

=
det (x

λj+n−j
i )1≤i,j≤n

det (xn−j
i )1≤i,j≤n

(5)

ͱఆٛ͠ 6, ͜ΕΛ෼ׂλʹରԠ͢ΔSchurଟ߲ࣜͱ͍͏. ௕͕͞nҎԼͷ෼ׂͷू߹

ΛPn (෼ׂશମͷͳ͢ू߹ΛP)ͱ͢Δͱ͖, :੒Γཱͭ͜ͱ͕஌ΒΕ͍ͯΔ͕࣍

1. Schurଟ߲ࣜ{sλ(xn)}λ∈Pn͸ରশଟ߲ࣜͷͳ͢؀Λ(xn) ͷࣗ༝Z-جఈΛͳ͢.

2. n → ∞ͷݶۃΛ͑ߟΔͱ͖, Schurؔ਺ {sλ(x)}λ∈P ͸ରশؔ਺ͷͳ͢؀Λͷࣗ

༝Z-جఈΛͳ͢.

·ͨ, ྫ͑͹෼ׂ (k)ʹରԠ͢Δ Schurؔ਺ s(k)(x)͸׬શରশؔ਺ hkʹ, ෼ׂ (1k) =

(1, 1, . . . , 1) ʹରԠ͢Δ Schurؔ਺ s(1k)(x)͸جຊରশؔ਺ ekʹҰக͢Δ͜ͱ͕஌ΒΕ

͍ͯΔ. ͷه্ 1., 2.ͱઌͷಉҰࢹ (1), (2)͔Β, sλ(xn)ʹରԠ͢ΔH∗(BU(n))ͷί

ϗϞϩδʔྨ͸, (Schurଟ߲ࣜͷॏཁੑʹؑΈΔͱ)زԿֶతʹ΋ҙຯͷ͋Δ΋ͷͰ

͸ͳ͍͔ͱ༧૝͞ΕΔ. ͱ͜ΖͰ, Gr(n,CN)Λ CN ͷதͷ nݩ࣍ઢܗ෦෼ۭؒͷͳ

͢ෳૉ Grassmannଟ༷ମͱ͢Δͱ͖, ෼ྨۭؒ BU(n)ͷߏ੒ํ๏ͷҰͭͱͯ͠ʮແ

ݶ Grassmannଟ༷ମʯGr(n,C∞)͕औΕΔ͜ͱΛ͢͜ى͍ࢥͱ, Grassmannଟ༷ମ

Gr(n,CN)ͷίϗϞϩδʔ؀H∗(Gr(n,CN))ͷதʹ, Կ͔͠ΒॏཁͳίϗϞϩδʔྨ͕

੗ΜͰ͍Δ͜ͱ͕༧͞ݟΕΔ. ͦΕ͕ʮSchubertଟ༷ମʯͷఆΊΔʮSchubertྨʯͰ

͋Δ. ఆٛΛ෮श͓ͯ͜͠͏ 7. {ei}Ni=1ΛCNͷඪ४جఈͱ͠, ,ض४ͱͳΔج ͢ͳΘͪ

ઢܗ෦෼ۭؒͷྻܥ

F̃• : {0} = F̃0 ⊂ F̃1 ⊂ F̃2 ⊂ · · · ⊂ F̃N−1 ⊂ F̃N = CN

ΛҰͭݻఆ͢Δ. ͜͜Ͱ, F̃i := 〈eN+1−i, . . . , eN−1, eN〉 (i = 0, 1, 2, . . . , N)ͱ͢Δ. ͦ

͜Ͱ,

N − n ≥ λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0

Λຬͨ͢෼ׂλʹରͯ͠ 8, Schubertଟ༷ମ

Ωλ(F̃•) := {V ∈ Gr(n,CN) | dim (V ∩ F̃N−n+i−λi) ≥ i (i = 1, . . . , n)} ⊂ Gr(n,CN)
62અʹ͓͍ͯ, ͜ͷSchurଟ߲ࣜ (ؔ਺)ͷʮීว൛ʯͱݺͿ΂͖΋ͷΛಋೖ͢Δ͕, ͦ͜Ͱͷఆٛʹ߹
Θͤͯ,

sλ(xn) =
∑

w∈Sn

w ·
[

xλ+ρn−1

∏
1≤i<j≤n(xi − xj)

]
(6)

ͱදࣔ͢Δ͜ͱ΋Ͱ͖Δ.
7Grassmannଟ༷ମͷ Schubertྨʹ͍ͭͯ͸, Fulton [27, §9.4], Manivel [56, §3.2] ͩݙຊతͳจج͕
ͱࢥΘΕΔ.

8͢ͳΘͪ, ରԠ͢ΔYoungਤ͕ܗ, ॎn, ԣN − nͷʮ௕ํܗʯʹؚ·ΕΔΑ͏ͳ෼ׂͰ͋Δ. ຊߘͰ
͸, ͜ͷ৚݅Λຬͨ͢෼ׂͷू߹ΛPn,N ͱॻ͘͜ͱʹ͠Α͏.
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ͱఆٛ͢Δͱ, Ωλ(F̃•)͸, ༨͕ݩ࣍ |λ| :=
∑n

i=1 λiͷط໿ͳด෦෼ଟ༷ମͱͳΔ. ͦ͜

Ͱ, Ωλ(F̃•) ͕ఆΊΔίϗϞϩδʔྨΛσλ ∈ H2|λ|(Gr(n,CN))ͱॻ͖, ͜ΕΛSchubert

ྨͱ͍͏. ͜ͷͱ͖, Schubertྨ{σλ}λ∈Pn,N͸, ίϗϞϩδʔ؀H∗(Gr(n,CN))ͷࣗ༝

Z-جఈΛͳ͢. ͦ͜Ͱ, Ճ܈ͱͯ͠ͷશࣹ४ಉܕΛ

Λ(xn) −! H∗(Gr(n,CN)), sλ(xn) &−→
{

σλ (λ ∈ Pn,Nͷͱ͖),

0 (ͦΕҎ֎ͷͱ͖).

ͱఆٛ͢Δ. ͜ͷͱ͖, SchubertྨͷੵنଇΛ༩͑Δ༗໊ͳPieriͷنଇ 9Λར༻͢Δ

ͱ, .Ͱ͋Δ͜ͱ͕ࣔ͞ΕΔܕͷࣸ૾͕؀४ಉه্ ͜Ε͕, N → ∞ͷݶۃʹ͓͍ͯ,

1.1અͷಉҰࢹ (1)Λ, ͞Βʹ n → ∞ͷݶۃʹ͓͍ͯ, (2)ͷಉҰࢹΛ༩͑Δͱ͍͏Θ

͚Ͱ͋Δ. ͜͜Ͱ͸෼ྨۭؒBU(n)ͱ͍͏ “ແݩ࣍ݶ”ͷۭ͔ؒΒ࿩Λ࢝Ί͕ͨ, ຊઅ

Ͱ৮ΕͨΑ͏ʹ, ༗ݩ࣍ݶͷෳૉGrassmannଟ༷ମGr(n,CN)ͱ͍ͬͨʮSchubertྨ

͕ఆٛ͞ΕΔۭؒʯʹରͯ͠, ͦͷίϗϞϩδʔ؀ͱରশؔ਺ͱͷؔ܎Λ௥͢ٻΔ͜

ͱ͸ۃΊͯࣗવͰ͋Δ. ͜ͷΑ͏ͳۭؒͱͯ͠͸, ͍ΘΏΔҰൠضଟ༷ମ, ͢ͳΘͪ࿈

݁ͳෳૉ (൒୯७) Lie܈GΛ, ͦͷ์෺ܕ෦෼܈ P Ͱׂͬͨ౳࣭ଟ༷ମG/P ͑ߟ͕

ΒΕΔ. ྫ͑͹, Macdonaldͷຊͷୈ IIIষʹొ৔͢Δ SchurͷQ-ؔ਺ͱ Lagrangian

Grasmmannଟ༷ମLG(n,C2n)ͷίϗϞϩδʔ؀ͷSchubertྨͱͷରԠ͸Α͘஌ΒΕ

͍ͯΔ (Jozefiak [39], Pragacz [66, §6]). ͞Βʹ͸, ΔίϗϞϩδʔཧ࿦Λ௨ৗͷί͑ߟ

ϗϞϩδʔཧ࿦H∗(−)͚ͩͰͳ͘, K-ཧ࿦K∗(−)΍ෳૉ͓Αͼ୅਺తίϘϧσΟζϜཧ

࿦MU∗(−), Ω∗(−),ͦͯ͠,ͦΕΒͷʮτʔϥεಉม൛ʯͳͲ΁֦ு͢Δ͜ͱ͕,ଟ͘ͷ

਺ֶऀʹΑͬͯ, ͜ͷ20೥΄Ͳͷؒʹਫ਼ྗతʹਐΊΒΕ͍ͯΔ. ؔ࿈͢ΔจݙΛ໢ཏ͢

Δ͜ͱ͸Ͱ͖ͳ͍͕, :͓ͯ͛͘ڍΛ··͍ͭ͘ࢥ Kostant-Kumar [44], [45], Knutson-

Tao [41], Ikeda [35], Ikeda-Naruse [36], Ikeda-Mihalcea-Naruse [37], Ikeda-Naruse [38],

Hornbostel-Kiritchenko [34].

1.3. Lie্܈ͷϧʔϓۭؒͷ (ί)ϗϞϩδʔ

͜͜Ͱ, ͍͔͞͞౜ಥͰ͸͋Δ͕, ༗໊ͳʮ(ෳૉ) Bottͷपੑظఆཧʯʹ͍ͭͯ৮Ε

͓͖͍ͯͨ. ͜Ε͸, Bottͷݪ࿦จ [12, p.314, Corollary]Ͱ͸, ʮແݶϢχλϦʔ܈

U = U(∞)ͷϗϞτϐʔ͕܈पظతͰ͋Γ, पظ 2Λͭ࣋: πk(U) = πk+2(U) (k =

0, 1, . . .)ʯͱ͍͏ܗͰड़΂ΒΕ͍ͯΔ͕, ຊڀݚʹͱͬͯར༻͠΍͍͢ܗͰड़΂௚ͯ͠

͓͜͏: ΩSU Λ, ແݶಛघϢχλϦʔ܈ SU = SU(∞)্ͷج఺෇͖ϧʔϓۭؒͱ͢

Δͱ͖, ʮH-ۭؒͱͯ͠ͷϗϞτϐʔಉ஋BU
∼−→ ΩSU͕ଘ͢ࡏΔʯ. ͜ͷ͜ͱ͔Β,

ΩSUͷ (ί)ϗϞϩδʔͱରশؔ਺؀ΛͱͷHopf୅਺ͱͯ͠ͷಉ͕ܕଘ͢ࡏΔ:

H∗(ΩSU) ∼= Λ, H∗(ΩSU) ∼= Λ.

͜ͷΑ͏ʹͯ͠,զʑͷڀݚର৅ͷதʹLie্܈ͷϧʔϓۭ͕ؒೖͬͯ͘Δ. KΛίϯύ

Ϋτͳ୯࿈݁, ୯७Lie܈, ΩKΛͦͷج఺෇͖ϧʔϓۭؒͱ͢Δͱ, ΩK͸ϧʔϓͷੵ

ʹΑΓ, ϗϞτϐʔՄ׵ͳH-ۭؒͱͳΓ, ͦͷϗϞϩδʔ܈͸ۮ਺࣍ͷݩͷΈ͔Β੒Δ

ࣗ༝Z-Ճ܈ͷߏ଄Λ΋ͭ. ͜ͷ͜ͱ͔Β,ͦͷϗϞϩδʔH∗(ΩK)͸Z্ͷՄ׵ͳHopf

୅਺ͷߏ଄Λ΋ͭ. ͜ͷHopf୅਺ߏ଄ͷࢉܭ͸, ଟ͘ͷ୅਺తτϙϩδετʹΑΓߦ

ΘΕ͓ͯΓ, ຊڀݚͱؔ࿈͢ΔจݙΛ͓ͯ͛͘ڍͱ, Bott [9], [10], [11], Bott-Samelson

9Fulton [27, p.146], Manivel [56, 3.2.8].
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[13], Clarke [19], [20], [21], Kono-Kozima [42], Kozima [46], [47], [48], Petrie [64], Rao

[71] ͳͲ͕͋Δ. ಛʹ, Bottͷ݁Ռ͕࠷΋جຊతͰ͋Γ, ྫ͑͹ΩSU(k + 1)ͷϗϞϩ

δʔ͸, :ͷΑ͏ͳଟ߲ࣜ؀Ͱ༩͑ΒΕΔ࣍

H∗(ΩSU(k + 1)) = Z[σ1, σ2, . . . , σk].

ͨͩ͠, σi ∈ H2i(ΩSU(k + 1)) (i = 1, . . . , k). ͞Βʹ, ͦͷ༨ੵߏ଄͸

∆(σr) =
∑

p+q=r

σp ⊗ σq (σ0 := 1), (7)

ʹΑΓ༩͑ΒΕΔ. ͜ͷ݁ՌΛ, 1.1અͰड़΂ͨରশؔ਺ͷࢹ఺͔ΒோΊͯΈΔͱ, Ίۃ

ͯࣗવʹ࣍ͷΑ͏ͳಉҰࢸ͍ࢥʹࢹΔ:

H∗(ΩSU(k + 1)) = Z[σ1, . . . , σk]
∼−→ Λ(k+1) := Z[h1, . . . , hk]. (8)

Bottͷ࿦จ [11]ΛಡΉͱ, ൴ͷ಄ʹ͸ؒҧ͍ͳ͘ରশؔ਺؀ͱͷಉҰࢹ (8) ͕͋ͬͨͱ

,ΒΕΔ͕͑ߟ ͦͷํੑ޲ΛʮਂԽʯͤ͞Δʹ͸, ΋͏গ͕࣌͠ඞཁͩͬͨΑ͏Ͱ͋Δ.

͢ͳΘͪ, 1970೥୅ʹೖΓ, Garland-Raghunathan [29]ͱQuillen (ະൃද) ʹΑΓಠཱ

ʹ, ΩK͕͍ΘΏΔΞϑΟϯ Grassmannଟ༷ମͷߏ଄Λ΋ͭ͜ͱ͕ࣔ͞Εͨ. ͢ͳΘ

ͪ, KͷෳૉԽΛG := KCͱ͠,

G := {f : C∗ −→ G (ਖ਼ଇ)} ⊃ P := {f ∈ G | f͸ݪ఺΋ࠐΊͯਖ਼ଇ}

ͱ͓͘ͱ͖, Gʹ෇ਵ͢ΔΞϑΟϯ Grassmannଟ༷ମGrGΛGrG := G/P ͱఆٛ͢
Δ. ͜ͷͱ͖, Garland-RaghunathanͱQuillen͸, ΩKͱGrG͕ϗϞτϐʔಉ஋Ͱ͋

Δ͜ͱΛࣔͨ͠. ͜ΕʹΑΓ, Lie্܈ͷϧʔϓۭؒΛ΋ʮແݩ࣍ݶͷضଟ༷ମʯͱݟ

Δ͜ͱ͕ՄೳͱͳΓ, 1.2અͱಉ༷ʹ, ʮSchubertଟ༷ମʯ, ʮSchubertྨʯ10͕ఆٛ͞

Ε, ಉ༷ͷٞ࿦͕ల։͞ΕΔ. ͜Ε͕ۙ೥, ʮΞϑΟϯ Schubert calculusʯͱݺ͹Ε,

͜Ε·ͨੌ·͍͡੎͍Ͱߦ͕ڀݚΘΕ͍ͯΔ. ͜͜ʹৄड़͢Δ༨༟͸ͳ͍͕, ؔ࿈͢

ΔจݙΛ͓ͯ͛͘ڍ··͍ͭ͘ࢥ: Lam [49], [50], Lam-Schilling-Shimozono [51], [52],

Littig-Mitchell [54], Mitchell [58], [59], [60].

͜ΕΒͷڀݚΛԣ໨ʹͭͭݟ, චऀ͸΋͸΍๨ΕڈΒΕΑ͏ͱ͍ͯ͠Δ؍ͷ͋Δ୅

਺తτϙϩδετͷࣄ࢓͍ݹΛݟ௚ͦ͏ͱ͑ߟ, ಛʹ, Clarke [19], [20], Kono-Kozima

[42] ʹண໨͠, ൴Βͷ݁ՌΛԿͱ͔ʮରশؔ਺ͷࢹ఺ʯ͔ΒղऍͰ͖ͳ͍͔, ͱ2010೥

ͷऴΘΓ͔ࠒΒ໛ࡧΛ࢝Ίͨ. ੒੉ࢯͱ͠ྗڠ, ͦͷ໛ࡧͷ݁ՌΛͻͱ·ͣ·ͱΊͨ

΋ͷ͕, Nakagawa-Naruse [62]Ͱ͋Δ. ͜ͷ࿦จʹ͓͍ͯ͸, ௨ৗͷίϗϞϩδʔཧ࿦

H∗(−)Λʮෳૉ͖޲෇͚Մೳͳ (৐๏త)ҰൠίϗϞϩδʔཧ࿦ʯ11ʹ֦ுͯٞ͠࿦Λ

.Δ͍ͯͬߦ ಛʹ, ෳૉ͖޲෇͚ՄೳͳҰൠίϗϞϩδʔཧ࿦ͷதͰʮීวੑʯΛ΋ͭ

ʮෳૉίϘϧσΟζϜཧ࿦ʯMU∗(−)ʹ͓͚ΔఆࣜԽΛ໨ඪͱ͠, 1.2અͰड़΂ͨSchur

ؔ਺ͷʮීว൛ʯͰ͋Γ, ຊߨԋͷ୊໨ͷதʹ΋͋ΔීวSchurؔ਺Λಋೖͨ͠. ͜Ε

ʹ͍ͭͯ͸2અʹ͓͍ͯड़΂Δ͜ͱͱ͢Δ.

,౓͸ࠓ10 ίϗϞϩδʔͰ͸ͳ͘, ϗϞϩδʔʹ͓͚ΔSchubertྨ͕࡯ߟͷத৺ͱͳΔ.
11Adams [1, Part II, p.37], Switzer [73, §16.27].
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2. ීว (factorial) Schurؔ਺
1.2અͰड़΂ͨ͜ͱΛඪޠతʹ͏ݴͱ, ʮෳૉGrassmannଟ༷ମͷίϗϞϩδʔ؀ʹ͓

͚ΔSchubertྨ͸Schurؔ਺ʹΑΓ୅ද͞ΕΔʯ. ͜ͷ࣮ࣄΛ਽ܗͱͯ͠, ͦ͜Ͱड़΂

ͨΑ͏ʹ,ෳૉGrassmannଟ༷ମΛؚΉ༷ʑͳضଟ༷ମͷίϗϞϩδʔ, K-ཧ࿦ͳͲͱ,

Schurؔ਺ΛؚΉ༷ʑͳରশؔ਺ͱͷີ઀ͳؔ࿈͕໌Β͔ʹͳΓͭͭ͋Δ. தͰ΋, ෳ

ૉGrassmannଟ༷ମͷτʔϥεಉมίϗϞϩδʔ؀ͱ factorial Schurؔ਺ͱͷؔ܎

(Knutson-Tao [41, §6], Molev-Sagan [61, §2]) ͓ΑͼτʔϥεಉมK-ཧ࿦ͱ factorial

Grothendieckଟ߲ࣜ (McNamara [57, §4], Ikeda-Naruse [38, §2.4, 9.3])͸औΓ෼͚ॏ
ཁͰ͋Δͱ͑ߟΒΕΔ.

2.1. ීว factorial Schurؔ਺

͜ΕΒͷઌڀݚߦΛ౿·͑ͯ, զʑ͸, ࿦จ [62, §4.5] ʹ͓͍ͯ, ͜ΕΒͷରশؔ਺ͷ

ʮීว൛ʯΛಋೖͨ͠. ͢ͳΘͪ, LΛLazard؀ 12ͱ͠,

FL(u, v) = u+ v +
∑

i,j≥1

ai,ju
ivj ∈ L[[u, v]]

Λ (Ұݩ࣍ͷՄ׵ͳ)ීว܈ࣜܗͱ͢Δ. ҎԼͰ͸,

a +L b = FL(a, b) ,(࿨ࣜܗ) a = χL(a) (ݩٯతࣜܗ)

ͱॻ͘͜ͱʹ͢Δ. ඇෛ੔਺kʹରͯ͠, ௨ৗͷྦྷ৐ tkͷ֦ுͱͯ͠,

[t|b]k :=
k∏

i=1

(t +L bi) = (t +L b1)(t +L b2) · · · (t +L bk), [t|b]0 := 1

ͱ͓͘. ·ͨ, ௕͕͞nҎԼͷ෼ׂλ ∈ Pnʹରͯ͠, [x|b]λ :=
∏n

i=1[xi|b]λi ͱఆٛ͢Δ.

͜ͷͱ͖,

ఆٛ 2.1. ෼ׂ λ = (λ1, . . . ,λn) ∈ Pnʹରͯ͠, ීว factorial Schurؔ਺ sL
λ(xn|b)

Λ, ͷࣜʹΑΓఆٛ͢Δ࣍ 13:

sL
λ(xn|b) = sL

λ(x1, . . . , xn|b) :=
∑

w∈Sn

w

[
[x|b]λ+ρn−1

∏
1≤i<j≤n(xi +L xj)

]
.

͞Βʹ, ͦͷʮඇಉม൛ʯͰ͋ΔීวSchurؔ਺Λ sL
λ(xn) := sL

λ(xn|0) ʹΑΓఆٛ͢
Δ 14.

sL
λ(xn|b)ͷ࡞ΓํͱFL(u, v)ͷʮීวੑʯʹΑΓ, શͯͷai,j = 0ͱಛघԽ͢Δͱ, ௨

ৗͷ factorial Schurؔ਺͕ಘΒΕ, a1,1 = β (͍ΘΏΔʮBottݩʯ), ͦΕҎ֎ͷai,j = 0

ͱಛघԽ͢Δͱ, factorial Grothendieckଟ߲͕ࣜಘΒΕΔ͜ͱΛ஫ҙ͓ͯ͘͠. ͦͷҙ

ຯͰ, զʑͷ sL
λ(xn|b)͸ʮීวੑʯΛ͍ͯͬ࣋Δ.

12Lazard؀ LͱෳૉίϘϧσΟζϜཧ࿦MU∗(−)ͱͷؔ܎Λ࠷ॳʹࢦఠͨ͠ͷ͸Quillen [69, Theorem2]
Ͱ͋Δ. Adams [1, Part II, Theorem 8.2], Տ໺-ۄ໦ [43, ఆཧ 6.30]ͳͲ΋ࢀর.

13 1.2અͷ (6)ࣜͱൺֱ͍͖͍ͯͨͩͨ͠.
14ʮඇಉม൛ʯͰ͋Δීว Schurؔ਺͸, Fel’dmanʹط [25, Definition 4.2]ʹΑΓಋೖ͞Ε͓ͯΓ, ͦ
͜Ͱ͸ generalized Schur polynomials ͱݺ͹Ε͍ͯΔ.
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3. Gysinࣸ૾(४ಉܕ)
3.1. Gysinࣸ૾͍Ζ͍Ζ

͜ͷઅͰ͸ຊߨԋͷ΋͏Ұͭͷओ໾Ͱ͋ΔGysinࣸ૾(४ಉܕ)ʹ͍ͭͯड़΂͓ͯ͘ 15.

,͍͓ͯʹԿֶͷ༷ʑͳ෼໺ز ༷ͦͯ͠ʑͳઃఆͷԼͰ, ʮࣗવͳ͖޲ʯͱ͸ʮ͖޲ٯ

ͷࣸ૾ʯ͕ఆٛ͞Ε, େม༗༻ͳ΋ͷͱͳΔ. ͦͷओͳ΋ͷΛ ڍྻ(ʹ͸৮Εͣʹࡉ࢔)

͓ͯ͘͠ͱ,

(a) ίϗϞϩδʔཧ࿦H∗(−)ʹ͓͚ΔGysin४ಉܕ 16

(b) ϑΝΠόʔ্ͷੵ෼ 17

(c) K-ཧ࿦ 18K(−)ʹ͓͚ΔGysinࣸ૾ 19

(d) ෳૉίϘϧσΟζϜཧ࿦MU∗(−)ʹ͓͚ΔGysinࣸ૾ 20

ͳͲ͕͋Δ.

͜ͷΑ͏ʹ, ҰൠʹʮGysinࣸ૾ (४ಉܕ)ʯͱݺ͹ΕΔࣸ૾͸, ༷ʑͳίϗϞϩδʔ

ཧ࿦ʹ͓͍ͯ, ༷ʑͳઃఆͷԼͰߏ੒͞Ε͍ͯΔ͕, ॏཁͳ͜ͱ͸ʮෳૉ͖޲෇͚Մೳ

ͳҰൠίϗϞϩδʔཧ࿦ʯh∗(−)ʹରͯ͠, વΔ΂͖ۭؒͷؒͷࣹ f : X −→ Y ͔Β,

ʮ͖޲ٯͷࣸ૾ʯf∗ : h∗(X) −→ h∗(Y ) Ͱ͋ͬͯ,

• (ࣗવੑ) ߹੒ࣹ g ◦ f : X
f−→ Y

g−→ Z ʹରͯ͠, (g ◦ f)∗ = g∗ ◦ f∗͕੒Γཱͭ.

• (ࣹӨެࣜ) x ∈ h∗(X), y ∈ h∗(Y )ʹରͯ͠, f∗(f ∗(y) · x) = y · f∗(x)͕੒Γཱͭ.

• (׵ఈมج) ϑΝΠόʔੵ͔ΒͳΔՄ׵ਤࣜ

X ×Z Y
f̃−−−→ Y

g̃

)
)g

X
f−−−→ Z

ʹରͯ͠, f ∗ ◦ g∗ = g̃∗ ◦ f̃ ∗ : h∗(Y ) −→ h∗(X)͕੒Γཱͭ.

Λͭ࣋΋ͷ͕ఆٛͰ͖Δ, ͱ͍͏͜ͱͰ͋Δͱ͑ߟΒΕΔ.

3.2. Gysinͷެ͍ࣜΖ͍Ζ

Gysinࣸ૾ (४ಉܕ)ʹؔ࿈ͯ͠, ༷ʑͳʮެࣜʯ͕஌ΒΕ͍ͯΔ. ͦͷதͰຊڀݚʹີ

઀ʹؔ࿈͢Δ΋ͷΛ͏͓ͯ͛͜ڍ.

15͜Ε·Ͱຊڀݚͷಈػʹ͍ͭͯ௕ʑͱॻ͍͖͕ͯͨ, ຊߨԋʹ௚݁͢ΔʮGysinͷެࣜʯͱͷؔ܎ʹ
͍ͭͯ͸, :Ң͕͋ΔܦͷΑ͏ͳ࣍ Δڈ 2014೥ 10݄ 20೔ʹ, P. Pragacz͕ࢯདྷ೔͞Ε, Ԭࢁେֶʹͯ
.ԋ͞Εͨߨ ͦͷ࣌ͷ಺༰͸, ࿦จ [68]ʹॻ͔Εͯ͋Δ΋ͷͰ͕͋ͬͨ, ͦͷંʹ, ੒੉͕ࢯʮPragacz
ͷ࿦จͷ಺༰͸, ࿦จ [62]Ͱఆٛ͞ΕͨʮීวSchurؔ਺ʯ,ʮීวSchur P , Q-ؔ਺ʯ, ͞Βʹ͸ʮී
วHall-Littlewoodؔ਺ʯʹ΋֦ுͰ͖ΔͷͰ͸ͳ͍͔ʯͱͨͬ͜ڼͱ͕ڀݚͷൃ୺Ͱ͋Δ.

16Fulton [27, Appendix B.1], ෰෦ [32, §8.1], Manivel [56, appendix A.3].
17Borel-Hirzebruch [6, §8].
18͜͜Ͱ͸୅਺ଟ༷ମ্ͷ࿈઀૚͔Βߏ੒͞ΕΔGrothendieck܈Λ͢ࢦ΋ͷͱ͢Δ.
19Borel-Serre [8, §5, d.], Hartshorne [31, Appendix A, p.436], Hirzebruch [33, §23, p.170].
20Quillen [70, 1.4].
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3.2.1. “G/B −→ G/P”ͷܗͷGysinͷެࣜ

GΛ࿈݁ͳ൒୯७ (΋͘͠͸؆໿)ෳૉ୅਺܈, B͓Αͼ T Λ, ͦΕͧΕBorel෦෼܈,

.େτʔϥεͱ͢Δۃ GͷϧʔτܥΛ∆ = ∆+
⊔

∆−, Π ⊂ ∆+Λ୯७ϧʔτͷू߹

ͱ͢Δ. ෦෼ू߹ Θ ⊂ ΠʹରԠ͢Δ์෺ܕ෦෼܈Λ P = PΘͱ͠, WΘ ͓Αͼ ∆Θ

Λ, ͦΕͧΕ PΘ ʹରԠ͢ΔWeyl܈, ϧʔτܥͱ͢Δ. େτʔϥεۃ T ͷࢦඪ܈Λ

T̂ = Hom (T,C×), Sym(T̂ )Λ, ͦͷରশ୅਺ͱ͢Δͱ͖, ඪχࢦ ∈ T̂ʹରͯ͠, G/B্

ͷ௚ઢଋLχ := G ×χ C ͷୈҰChernྨ c1(Lχ) ∈ H2(G/B;C)ΛରԠͤ͞Δ͜ͱʹΑ

Γ, ಛੑ४ಉܕ c : Sym(T̂ ) −→ H∗(G/B;C) ͕ఆٛ͞ΕΔ. π : G/B −→ G/P Λࣗવ

ͳࣹӨͱ͢Δͱ͖, :ͷఆཧ͕஌ΒΕ͍ͯΔ࣍

ఆཧ 3.1 (Akyildiz-Carrell [3], [4], Theorem 1). Gysin४ಉܕ

π∗ : H
∗(G/B;C) −→ H∗(G/P ;C)

͸, Ͱ༩͑ΒΕΔ࣍ 21:

π∗ ◦ π∗ c(f) = c

(
∑

w∈WΘ

det(w) w · f∏
α∈∆+

Θ
α

)
(f ∈ Sym(T̂ )). (10)

Akyildiz-Carrell ([3], [4, Theorem 1])͸, ͜ͷެࣜΛ, ଟ༷ମ্ͷਖ਼ଇϕΫτϧ৔ض

ͷྵ఺Λར༻ͨ͠Gysin४ಉܕͷهड़Λར༻ͯ͠ূ໌͍ͯ͠Δ 22.

3.3. “F*(E) −→ X”ͷܗͷެࣜ

E
p−→ XΛ֊਺nͷෳૉϕΫτϧଋͱ͠ 23, τ = τE : F*(E) −→ XΛ, ෇ਵ͢Δ (શ׬)

.ଋͱ͢Δض ,ଋ্ʹ͸ض ͍ΘΏΔʮ෦෼ଋ͔ΒͳΔීวͳضʯ

U0 ⊂ U1 ⊂ · · · ⊂ Un−1 ⊂ Un = τ ∗(E)

͕ଘ͢ࡏΔ͕, ঎ଋQi := τ ∗(E)/Un−i = E/Un−i (i = 0, 1, . . . , n)Λ͑ߟΔ 24͜ͱʹΑ

Γ, ʮ঎ଋ͔ΒͳΔීวͳضʯ

E = Qn −! Qn−1 −! · · · −! Q2 −! Q1

.੒͞ΕΔߏ͕ F*(E)্ͷ௚ઢଋΛLi := Ker (Qi ! Qi−1)ͱఆٛ͠, xi := c1(Li) ∈
H2(F*(E)) (i = 1, 2, . . . , n) ͱ͓͘ (E ͷ Chern ϧʔτ). F*(E) ͷߏ੒ํ๏ΑΓ,

τ ∗(E) = ⊕n
i=1Liͱ௚ઢଋͷ௚࿨ʹ෼͔ΕΔͷͰ, શChernྨΛ͑ߟΔ͜ͱʹΑΓ,

c(E) = τ ∗c(E) = c(⊕n
i=1Li) =

n∏

i=1

c(Li) =
n∏

i=1

(1 + xi)

21C্Ͱ͸ಛੑ४ಉܕ c : Sym(T̂ ) −→ H∗(G/B;C)͸શࣹͰ͋Δ͔Β, ͜ͷެࣜ͸,

π∗ ◦ π∗(x) =
∑

w∈WΘ

w ·
[

x∏
α∈∆+

Θ
α

]
(x ∈ H∗(G/B;C)) (9)

ͱॻ͚Δ͜ͱΛ஫ҙ͓ͯ͘͠.
22ຊ࣭తʹಉ͡ެࣜΛBrion [16, Proposition 2.1]͕͍ࣔͯ͠Δ. Brion͸, ͜ͷެࣜΛWeylͷࢦඪެࣜ
͓ΑͼGrothendieck-Riemann-Rochͷఆཧͱ͍͏ʮେಓ۩ʯΛ༻͍͍ͯࣔͯ͠Δ. ·ͨ, ͜ͷެࣜ͸
Kajimoto [40, Theorem 2.3]ʹ͓͍ͯ΋ࣔ͞Ε͍ͯΔ.

23ఈۭؒXʹ͍ͭͯ, ಛʹ੍ݶ͸͠ͳ͍͕, ͍ΘΏΔʮϕΫτϧଋͷ෼ྨఆཧʯ͕੒ΓཱͭΑ͏ͳۭؒ
ͱ͢Δ.

24ϕΫτϧଋEͷF"(E)্΁ͷҾ͖໭͠ τ∗(E)΋ಉ͡ه߸EͰॻ͘͜ͱʹ͢Δ.
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͕੒Γཱͭ. ͜ͷ͜ͱ͔Β, F*(E)ͷίϗϞϩδʔ؀͸,

H∗(F*(E)) = H∗(X)[x1, . . . , xn]/(
n∏

i=1

(1 + xi) = c(E))

Ͱ༩͑ΒΕΔ. ͜ͷͱ͖,ࣹӨτ : F*(E) −→ X͕༠ಋ͢ΔGysin४ಉܕτ∗ : H∗(F*(E)) −→
H∗(X)ʹ͍ͭͯ, .ͷެ͕ࣜ஌ΒΕ͍ͯΔ࣍

ఆཧ 3.2 (Pragacz [65], Lemma 2.4, Pragacz [67], Proposition 4.2 (ii), Fulton-Pragacz

[28], p.41). ଟ߲ࣜP ∈ Z[X1, . . . , Xn]ʹରͯ͠,

τ ∗ ◦ τ∗(P (x1, . . . , xn)) =
∑

w∈Sn

w ·
[

P∏
1≤i<j≤n(xi − xj)

]
(11)

͕੒Γཱͭ.

Fulton-Pragacz [28, p.41]Ͱ͸, ·ࣹͣӨۭؒଋ π : P (E) = G1(E) −→ Xͷ৔߹ 25

ͷGysin४ಉܕΛ͠ࢉܭ, ͦͷ݁Ռͱ࣍ͷ෼ղ

F*(E) = F*(Qn−1)
τ ′=τQn−1−→ G1(E) = P (E)

π′
−→ X

Λ༻͍, ֊਺ nʹؔ͢Δؼೲ๏ʹΑΓূ໌͍ͯ͠Δ. ެࣜ (10), (9)ͱ (11)ͷྨੑࣅ͸

໌നͰ͋Δ͕, ͦͷূ໌ํ๏͸େ͖͘ҟͳΔ. ͔͠͠, ԿΒ͔ͷଋͷࣹӨ͔Β༠ಋ͞Ε

ΔGysinࣸ૾͕, ରশ܈ (ΑΓҰൠʹWeyl܈)ͷ࡞༻ʹΑΔ࿨ͷܗͰॻ͚͍ͯΔ, ͱ

,͸࣮ࣄ͏͍ ͜ΕΒΛ౷Ұతʹѻ͑ΔՄೳੑ͕͋Δ͜ͱΛ͍ࣔࠦͯ͠ΔͷͰ͸ͳ͍ͩ

Ζ͏͔? ͦ͜Ͱ, զʑ͸Bressler-Evensͷࣄ࢓ [14] ʹண໨͢Δ͜ͱʹͨ͠. ͢ͳΘͪ,

h∗(−)Λ, ෳૉ͖޲෇͚Մೳͳ৐๏తҰൠίϗϞϩδʔཧ࿦ͱ͢Δ. ͨͩ͠, h∗(pt)͸Ͷ

͡ΕݩΛ΋ͨͳ͍ͱԾఆ͢Δ. ෳૉ௚ઢଋL −→ Xʹରͯ͠, ͦͷh∗(−)ཧ࿦Eulerྨ

χ(L) ∈ h∗(X)͕ఆ·Δ. GΛίϯύΫτͳ࿈݁, ൒୯७Lie܈, T Λͦͷۃେτʔϥε

ͱͯ͠, BorelͷϑΝΠϒϨʔγϣϯ

G/T ↪−→ BT
ρ−→ BG

Λ͑ߟΔ. ∆ = ∆+
⊔

∆−ΛGͷϧʔτܥ, WGΛGͷWeyl܈, ඪࢦ λ ∈ Hom (T, S1)

ʹ෇ਵ͢ΔBT্ͷ௚ઢଋΛLλͱॻ͜͏. ͜ͷͱ͖, ρ : BT −→ BG͕༠ಋ͢ΔGysin

४ಉܕρ∗ : h∗(BT ) −→ h∗(BG) ʹ͍ͭͯ, Bressler-Evens͸࣍Λࣔͨ͠ 26:

ఆཧ 3.3 (Bressler-Evens [14], Theorem 1.8). ্ͷઃఆͷԼͰ,

ρ∗ ◦ ρ∗(f) =
∑

w∈WG

w ·
[

f∏
α∈∆+ χ(L−α)

]
(f ∈ h∗(BT )) (12)

͕੒Γཱͭ.

25֊਺nͷෳૉϕΫτϧଋE
p−→ Xʹରͯ͠, rݩ࣍ઢܗ෦෼ۭ͔ؒΒͳΔGrassmannଋΛGr(E) −→ X

ͱॻ͘͜ͱʹ͢Δ (1.2 અͰ͸ Grassmann ଟ༷ମΛ Gr(n,CN ) ͱॻ͍͍ͯͨ). ಛʹ, ࣹӨۭؒଋ
P (E) = G1(E)Ͱ͋Δ.

26࣮͸, ৗίϗϞϩδʔཧ࿦H∗(−)ͷ৔߹͸, Borel-Hirzebruchʹط [7, Theorem 20.3] ʹ͓͍ͯࣔ͞
Ε͍ͯΔ͜ͱʹචऀ͸͕ؾۙ࠷෇͍ͨ.
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͜ͷެࣜͷಋग़ʹ͸, Becker-Gottlieb [5]ͷҠૹ४ಉܕ (τϥϯεϑΝʔ) Λར༻͠

ͨBrumfiel-Madsen ͷެࣜ [17, Theorem 3.5]͕༻͍ΒΕ͍ͯΔ͜ͱΛ஫ҙ͓ͯ͘͠.

͞Βʹ, Bressler-Evens [14]ʹ͸ड़΂ΒΕ͍ͯͳ͍͕, ఆཧ3.3Λ࣍ͷΑ͏ʹ֦ு͢Δ

͜ͱ͕Ͱ͖Δ: HΛ࠷େ֊਺ (͢ͳΘͪۃେτʔϥε T ΛؚΉ)ด࿈݁෦෼܈ͱ͠, H

ͷWeyl܈, ϧʔτܥΛͦΕͧΕWH , ∆H = ∆+
H 2 ∆−

Hͱ͢Δ. BorelͷϑΝΠϒϨʔ

γϣϯ

G/H ↪−→ BH
σ−→ BG

Λ͑ߟΔͱ͖, σ : BH −→ BG͕༠ಋ͢ΔGysin४ಉܕσ∗ : h∗(BH) −→ h∗(BG) ʹͭ

͍ͯ, :੒Γཱ͕ͭ࣍

ܥ 3.4.

σ∗ ◦ σ∗(f) =
∑

w∈WG/WH

w ·
[

f∏
α∈∆+\∆+

H
χ(L−α)

]
(f ∈ h∗(BH)).

ఆཧ 3.3ͱͦͷܥ 3.4Λ༻͍Δͱ, ઌͷఆཧ 3.1, 3.2͸༰қʹূ໌͢Δ͜ͱ͕Ͱ͖Δ.

ྫ͑͹, ֊਺nͷෳૉϕΫτϧଋE
p−→ X͕༩͑ΒΕͨͱ͖, ϕΫτϧଋͷ෼ྨఆཧʹ

ΑΓ, ෼ྨࣸ૾f : X −→ BU(n)͕ଘ͠ࡏ, :ਤࣜΛಘΔ׵ͷՄ࣍

F*(E)
f̃−−−→ BT n

τ

)
)ρ

X
f−−−→ BU(n).

G = U(n)ͷ৔߹, ϧʔτܥ∆ = {±(xi − xj) | 1 ≤ i < j ≤ n}Ͱ͋Δ͜ͱͱ, Gysin

४ಉܕͷʮجఈม׵ʯʹΑΓ, ఆཧ 3.2͸ఆཧ 3.3 ͔Β௚ͪʹै͏͜ͱ͕Θ͔Δ. ͞Β

ʹ͸, Bressler-Evensͷެࣜ͸ෳૉίϘϧσΟζϜཧ࿦MU∗(−) ʹ΋ద༻Ͱ͖Δ. ෳ

ૉϕΫτϧଋE
p−→ Xʹରͯ͠, ෳૉίϘϧσΟζϜཧ࿦ʹ͓͚ΔChernྨ (Conner-

Floyd Chernྨ 27) cMU
i (E) ∈ MU2i(X)͕ఆٛ͞Ε, F*(E)ͷෳૉίϘϧσΟζϜཧ࿦

MU∗(F*(E))͸,

MU∗(F*(E)) = MU∗(X)[x1, . . . , xn]/(
n∏

i=1

(1 + xi) = cMU(E))

(cMU(E)͸શChernྨ))Ͱ༩͑ΒΕΔ. ͜ͷͱ͖, ࣹӨ τ : F*(E) −→ X͕༠ಋ͢Δ

Gysin४ಉܕ τ∗ : MU∗(F*(E)) −→ MU∗(X)ʹ͍ͭͯ, :੒Γཱ͕ͭ࣍

ఆཧ 3.5. ଟ߲ࣜP ∈ Z[X1, . . . , Xn]ʹରͯ͠,

τ ∗ ◦ τ∗(P (x1, . . . , xn)) =
∑

w∈Sn

w ·
[

P∏
1≤i<j≤n(xi +L xj)

]

͕੒Γཱͭ.

27Adams [1, Part I, §4], Conner-Floyd [22, Corollary 8.3].
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4. ༺ଋ্ͷGysinͷެࣜͷԠض
4.1. ීวSchurؔ਺ͷಛ௃෇͚

3.3અͷઃఆͷԼͰ͑ߟΔ. ෼ׂ λ = (λ1, . . . ,λn) ∈ Pn ʹର͢Δ Schurଟ߲ࣜ sλ(xn)

͸, ม਺ x1, . . . , xnʹؔ͢Δରশଟ߲ࣜͰ͋Δ͔Β, ຊରশଟ߲ࣜج ei(xn)ͨͪͷଟ߲

ࣜͰද͞ΕΔ. ,ࠓ ϕΫτϧଋEͷChernϧʔτΛ x1, . . . , xn ͱ͢Δͱ͖, EͷChern

ྨ ci(E)͸ ei(xn)ͱಉҰࢹͰ͖ͨ. ͦ͜Ͱ, sλ(xn)Λ ci(E) ͨͪͷଟ߲ࣜͱͯ͠දͨ͠

΋ͷΛ sλ(E) ∈ H2|λ|(X)ͱॻ͘͜ͱʹ͠Α͏. ͜ͷه๏ͷԼͰ, ࣹӨ τ : F*(E) −→ X

͕༠ಋ͢ΔGysin४ಉܕ τ∗ : H∗(F*(E)) −→ H∗(X) Λ͑ߟΔͱ͖, ୯߲ࣜxλ+ρn−1 :=

xλ1+n−1
1 xλ2+n−2

2 · · · xλn
n ͷ, Gysin४ಉܕʹΑΔ૾͸, ఆཧ3.2ʹΑΓ,

τ∗(x
λ+ρn−1) =

∑

w∈Sn

w ·
[

xλ+ρn−1

∏
1≤i<j≤n(xi − xj)

]
= sλ(E) (13)

Ͱ༩͑ΒΕΔ (Pragacz [65, Lemma 2.3], Pragacz [67, Proposition 4.4], Pragacz [68,

Example 8], Fulton-Pragacz [28, p.41, (4.1)]). ͜ͷެࣜ͸, Fulton-Pragacz [28, p.42]

Ͱ͸Jacobi-Trudiͷ߃౳ࣜͱݺ͹Ε͓ͯΓ 28, ͜ΕΛར༻ͯ͠, ྫ͑͹Grassmannଋ

Gq(E) = Gn−q(E)
π−→ X౳ʹର͢Δ, ༷ʑͳGysinͷެ͕ࣜಋ͔Ε͍ͯΔ. ఆཧ 3.5Λ

༻͍Δͱ, ͜ͷ Jacobi-Trudiͷ߃౳ࣜ (13)ΛෳૉίϘϧσΟζϜཧ࿦MU∗(−)ʹ௚ͪ

ʹ֦ு͢Δ͜ͱ͕Ͱ͖, :ͷఆཧΛಘΔ࣍

ఆཧ 4.1. Gysin४ಉܕτ∗ : MU∗(F*(E)) −→ MU∗(X)Λ͑ߟΔͱ͖,୯߲ࣜxλ+ρn−1 =

xλ1+n−1
1 xλ2+n−2

2 · · · xλn
n ʹ͍ͭͯ,

τ∗(x
λ+ρn−1) = sL

λ(E) (14)

͕੒Γཱͭ.

4.2. ීวHall-Littlewoodؔ਺

࿦จNakagawa-Naruse [62, Definition 4.1]Ͱ͸, ීวSchurؔ਺ sL
λ(xn) ʹՃ͑ͯ, ௨ৗ

ͷ Schur P , Q-ؔ਺ͷʮීว൛ʯͰ͋ΔීวSchur P , Q-ؔ਺ P L
λ (xn), QL

λ(xn) (͓Α

ͼͦͷ factorial൛)΋ಋೖ͞Ε͓ͯΓ, ͜Εʹରͯ͠΋ಉ༷ͷಛ௃෇͚͕ಘΒΕ͍ͯΔ.

͜Ε͸Pragaczͷ݁Ռ [68, Example 11]ͷ, ෳૉίϘϧσΟζϜཧ࿦MU∗(−)΁ͷҰൠ

ԽͰ΋͋Δ. ,্܎਺ͷؔࢴ Hall-Littlewoodؔ਺ 29ʹ͍ͭͯͷ݁ՌͷΈΛड़΂ͯ, ຊ

Λऴ͑Δ͜ͱͱ͢Δߘ 30. λ = (λ1,λ2, . . . ,λn) Λ௕͕͞nҎԼͷ෼ׂͱ͢Δ. ਖ਼ͷ੔਺

m1,m2, . . . ,md, m1 +m2 + · · ·+md = n, Λ

λ1 = λ2 = · · · = λm1 (m1ݸ),

λm1+1 = λm1+2 = · · · = λm1+m2 (m2ݸ),

...

λm1+m2+···+md−1+1 = · · · = λn (mdݸ)

28චऀ͸ 2014೥ͷ ,Β͔ࠒ10݄ ͜ͷลΓͷGysinͷެࣜʹ͍ͭͯษ࢝͠ڧΊͨ. ͦͷંʹ, ެࣜ (13)
Λ໘ന͍ͱͨ͡ײ. ,Ζ͍Ζͱௐ΂ͯΈΔͱ͍ͯͬࢥ͏ͦ (ຊ࣭తʹ)ಉ͡ެࣜ͸, ਵ෼͔͘ݹΒ, ଟ͘
ͷ਺ֶऀʹΑͬͯಋ͔Ε͍ͯͨ͜ͱ͕Θ͔ͬͨ. ,ͱ͓ͯ͛͘ڍʹͰ·ߟࢀ Damon [24, Corollary 2],
Harris-Tu [30, Proposition 2.3], Manivel [56, Exercise 3.8.3], Sugawara [72, Theorem A]ͳͲ͕͋Δ.

29Macdonald [55, III, §2].
๏ʹ͍ͭͯ͸֓ͶPragaczه30 [68]ʹै͏͜ͱͱ͢Δ.
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ʹΑΓఆٛ͢Δ. ͜ΕʹΑΓ, {1, 2, . . . , n}Λ dݸͷ “۠ؒ” I1, I2, . . . , Idʹ෼͚Α͏:

[n] := {1, 2, . . . , n} = I1 2 I2 2 · · · 2 Id. ֤ i ∈ [n]ʹରͯ͠, i͕ଐ͢Δ “۠ؒ”͕ IrͰ

͋Δͱ͖, n(i) := rͱఆٛ͢Δ. Snͷ෦෼܈Sλ
nΛ, λͷݻఆԽ෦෼܈ͱ͠Α͏. ۩ମత

ʹ͸Sλ
n = Sm1 × Sm2 × · · ·× Smd

Ͱ͋Δ. ,ʹ࣍ ීว܈ࣜܗFL(u, v)ͷର਺Λ l(x)ͱ͢

Δ 31. ର਺ l(x)Λ༻͍Δͱ, ࿨a+Lࣜܗ b = FL(a, b)Λa+L b = l−1(l(a) + l(b)) ͱॻ͘

͜ͱ͕Ͱ͖Δ. ͜ΕΛ༻͍ͯ, ෆఆݩ tʹରͯ͠, [t](x) := l−1(t · l(x))ͱఆٛ͢Δ 32. Ҏ

্ͷه߸ͷԼʹ, :ͷΑ͏ʹఆٛ͠Α͏࣍

ఆٛ 4.2. ෼ׂλ = (λ1, . . . ,λn) ∈ Pnʹରͯ͠, ීวHall-Littlewoodؔ਺ HL
λ (xn; t)

Λ, ͷࣜʹΑΓఆٛ͢Δ࣍ :

HL
λ (xn; t) = HL

λ (x1, . . . , xn; t) :=
∑

w∈Sn/Sλ
n

w ·



xλ
∏

1≤i<j≤n, n(i) )=n(j)

xi +L [t]xj

xi +L xj



 .

,ʹ࣍ ྻ λ = (λ1, . . . ,λn)ʹରͯ͠, ͜Εʹ෇ਵ͢Δʮ(d − 1)-ஈͷضଋʯΛ ηλ :

F*λ(E) −→ Xͱ͠Α͏. ͢ͳΘͪ, ֊਺͕

n−md, n−md −md−1, . . . , n−md −md−1 − · · ·−m2

Ͱ͋ΔEͷ঎ଋ͔ΒͳΔ෦෼ضଋ 33Ͱ͋Δ. ࣹӨηλ : F*λ(E) −→ X͕༠ಋ͢ΔGysin

४ಉܕ ηλ∗ : MU∗(F*λ(E)) −→ MU∗(X)Λ͑ߟΑ͏. f : X −→ BU(n)ΛϕΫτϧଋ

Eͷ෼ྨࣸ૾ͱ͢Δͱ͖, F*λ(E) ͷ࡞Γํ͔Β, :ਤ͕ࣜಘΒΕΔ׵ͷՄ࣍

F*λ(E)
f̃−−−→ B(U(m1)× U(m2)× · · ·× U(md))

ηλ

)
)σ

X
f−−−→ BU(n).

͜Εͱ3.4ܥΑΓ, :ΛಘΔ࣍

ఆཧ 4.3. Sλ
n-ෆมͳଟ߲ࣜP ∈ Z[X1, . . . Xn]S

λ
nʹରͯ͠,

(ηλ)
∗ ◦ (ηλ)∗(P (x1, . . . , xn)) =

∑

w∈Sn/Sλ
n

w

[
P∏

1≤i<j≤n, n(i))=n(j)(xi +L xj)

]

͕੒Γཱͭ.

͜ΕΑΓ, ීวHall-Littlewoodؔ਺HL
λ (xn; t)ͷಛ௃෇͚͕ಘΒΕΔ:

ܥ 4.4. Gysin४ಉܕ (ηλ)∗ : MU∗(F*λ(E)) −→ MU∗(X) ʹରͯ͠, ੒Γཱ͕ͭ࣍ :

(ηλ)∗



xλ
∏

1≤i<j≤n, n(i) )=n(j)

(xi +L [t]xj)



 = HL
λ (xn; t).

31Տ໺-ۄ໦ [43, ఆٛ 6.26], Quillen [69, p.1293].
32௨ৗ, ඇෛ੔਺nʹରͯ͠,ʮn-ྻʯ [n](x)Λ, ʹೲతؼ [n](x) := [n− 1](x) +L x (n ≥ 1), [0](x) := 0
ʹΑΓఆٛ͢Δ. ର਺ l(x)Λ༻͍Δͱ, [n](x) = l−1(n · l(x))ͱॻ͚Δ͜ͱʹ஫ҙ͢Δ.

33Fulton [27, §9.1]ͷه๏ʹै͑͹, F"λ(E) = F "n−md,n−md−md−1,...,n−md−md−1−···−m2(E)Ͱ͋Δ.
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[40] H. Kajimoto, The Poincaré duality and the Gysin homomorphism for flag manifolds,
Hiroshima Math. J. 27 (1997), 189–207.

[41] A. Knutson and T. Tao, Puzzles and (equivariant) cohomology of Grassmannians, Duke
Math. J. 119 (2003), 221–260.

[42] A. Kono and K. Kozima, The space of loops on a symplectic group, Japanese J. Math.
4 (1978), 461–486.

[43] Տ໺ ໌, ໦ۄ େ, ࠲ߨ೾ؠ ୅਺ֶͷల։ݱ 11 ҰൠίϗϞϩδʔ, ೾ॻళؠ (2002೥).

[44] B. Ksotant and S. Kumar, The Nil Hecke ring and cohomology of G/P for a Kac-Moody
group G, Adv. in Math. 62 (1986), 187–237.

[45] B. Kostant and S. Kumar, T -equivariant K-theory of generalized flag varieties, J. Dif-
ferential Geom. 32 (1990), no.2, 549–603.

[46] K. Kozima, The Hopf algebra structure of K∗(ΩSp(n)), J. Math. Kyoto Univ. 19 (1979),
315–326.

[47] K. Kozima, The comodule structure of K∗(ΩSp(n)), J. Math. Kyoto Univ. 20 (1980),
315–325.

[48] K. Kozima, The Hopf algebra structure of MU∗(ΩSp(n)), J. Math. Kyoto Univ. 23
(1983), 225–232.

[49] T. Lam, Schubert polynomials for the affine Grassmannian, J. Amer. Math. Soc. 21,
No.1 (2008), 259–281.

[50] T. Lam, Affine Schubert classes, Schur positivity, and combinatorial Hopf algebras, Bull.
London Math. Soc. 43 (2011), 328–334.

第６２回トポロジーシンポジウム講演集　２０１５年８月　於　名古屋工業大学

78



[51] T. Lam, A. Schilling, and M. Shimozono, Schubert polynomials for the affine Grassman-
nian of the symplectic group, Math. Z. 264 (2010), 765–811.

[52] T. Lam, A. Schilling, and M. Shimozono, K-theory Schubert calculus of the affine
Grassmannian, Compos. Math. 146 (2010), 811–852.

[53] M. Levine and F. Morel, Algebraic Cobordism, Springer Monographs in Math. 2007.

[54] P. J. Littig and S. A. Mitchell, Generating varieties for affine Grassmannians, Trans.
Amer. Math. Soc. 363 (2011), 3717–3731.

[55] I. G. Macdonald, Symmetric functions and Hall polynomials, 2nd edition, Oxford Univ.
Press, Oxford, 1995.

[56] L. Manivel, Symmetric Functions, Schubert Polynomials and Degeneracy Loci,
SMF/AMS Texts and Monographs vol. 6, Amer. Math. Soc., 2001.

[57] P. J. McNamara, Factorial Grothendieck polynomials, Electron. J. Combin., 13 (2006),
no.1, Research Paper 71.

[58] S. A. Mitchell, A filtration of the loops on SU(n) by Schubert varieties, Math. Z. 193,
no.3 (1986), 347–362.

[59] S. A. Mitchell, The Bott filtration of a loop group, Algebraic topology, Barcelona, 1986,
215–226, Lecture Notes in Math., 1298, Springer, Berlin, 1987.

[60] S. A. Mitchell, Quillen’s theorem on buildings and the loops on a symmetric space,
Enseign. Math. (2) 34 (1988), no.1-2, 123–166.

[61] A. I. Molev and B. E. Sagan, A Littlewood-Richardson rule for factorial Schur functions,
Trans. Amer. Math. Soc. 351 (1999), 4429–4443.

[62] M. Nakagawa and H. Naruse, Generalized (co)homology of the loop spaces of classical
groups and the universal factorial Schur P - and Q-functions, arXiv:math.AT/1310.8008;
Advanced Studies in Pure Mathematicsʹࡌܝ༧ఆ.

[63] Ԭా ૱Ұ, ਺ཧ෺ཧγϦʔζ 4 ࿦ͱ૊߹ͤ࿦ݱͷද܈యݹ Լ, ഓ෩ؗ (2006೥).

[64] T. Petrie, The weakly complex bordism of Lie groups, Ann. of Math. (2) 88 (1968),
371–402.

[65] P. Pragacz, Enumerative geometry of degeneracy loci, Ann. Sci. École Norm. Sup. 21
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