
Chain level operations in string topology via de Rham
chains

ೖߐɹܚ ∗(ॴڀݚ౎େֶ਺ཧղੳژ)

1. ετϦϯάτϙϩδʔ
ετϦϯάτϙϩδʔ͸ɼChas-Sullivan [2] ͕ଟ༷ମ 1ͷࣗ༝ϧʔϓۭؒͷϗϞϩδʔ

ҬͰ͋Δɽྖڀݚͨͬ·࢝ग़ͨ͜͠ͱ͔Βݟ଄Λߏͷ্ʹBatalin-Vilkovisky୅਺ͷ܈

ຊઅͰ͸·ͣ͜Εʹ͍ͭͯड़΂ɼຊߘͷओ୊Ͱ͋Δ࠯ෳମϨϕϧͷ୅਺ߏ଄΁ͱ࿩Λ

ਐΊ͍ͨɽ

1.1. Chas-Sullivanϧʔϓੵ

ॳΊʹɼ࠷΋جຊతͳԋࢉͰ͋Δ (Chas-Sullivan)ϧʔϓੵͷఆٛΛઆ໌͢ΔɽMΛ d

ดଟ༷ମɼLM޲༗ݩ࣍ := C∞(S1,M)Λͦͷࣗ༝ϧʔϓۭؒͱ͢Δʢͨͩ͠ S1 :=

R/ZʣɽҎ߱͠͹͠͹ LM Λ Lͱུ͠هɼ·ͨH∗( · ) := H∗+d( · )ͱ͓͘ɽධՁࣸ૾
e : L → M ; γ "→ γ(0)ʹؔ͢ΔϑΝΠόʔੵ

L e×e L := {(γ, γ′) ∈ L× L | γ(0) = γ′(0)}

Λ͑ߟɼj : L e×eL → L×LΛแؚࣸ૾ɼc : L e×eL → LΛϧʔϓͷ݁߹(concatenation)

ʹΑΓఆ·Δࣸ૾ͱ͢Δɽϧʔϓੵ ◦͸ҎԼͷࣸ૾ͷ߹੒ͱͯ͠ఆٛ͞ΕΔɽ͜͜Ͱ
Ұͭ໨ͷࣸ૾͸Ϋϩεੵɼೋͭ໨ͷࣸ૾͸ jʹؔ͢ΔGysinࣸ૾Ͱ͋Δɿ

◦ : H∗(L)⊗2
×

!! H∗+2d(L× L)
j!

!! H∗+d(L e ×e L) H∗(c)
!! H∗(L).

೚ҙͷ఺ p ∈ M Λ p্ͷఆ஋ϧʔϓʹҠࣸ͢૾ i : M → LM ʹΑΓ୯ࣹ H∗(i) :

H∗(M) → H∗(LM)͕ఆ·Δ͕ɼH∗(M)্ͷަࠥੵΛ∩ͱॻ͚͹

H∗(i)(x) ◦H∗(i)(y) = H∗(i)(x ∩ y) (x, y ∈ H∗(M))

͕੒Γཱͭɽ͜ͷҙຯͰϧʔϓੵ͸ަࠥੵͷ֦ுʹͳ͍ͬͯΔɽϧʔϓੵ͸݁߹త͔

ͳΔɽʹݩຊྨʢͷH∗(i)ʹΑΔ૾ʣ͕୯ҐجͳੵͰ͋Γɼ·ͨMͷ׵਺෇Մ࣍ͭ

1.2. Batalin-Vilkoviskyߏ଄

L΁ͷS1࡞༻ r : S1 × L → LΛ r(t, γ)(θ) := γ(θ − t)ͰఆΊɼ∆ : H∗(L) → H∗+1(L)
Λ∆x := H∗(r)([S1]× x)Ͱఆٛ͢Δɽ༰қʹΘ͔ΔΑ͏ʹ∆2 = 0͕੒Γཱͭɽ·ͨɼ

ϧʔϓׅੵހ{ , } : H∗(L)⊗2 → H∗+1(L)Λ

{a, b} := (−1)|a|∆(a ◦ b)− (−1)|a|∆a ◦ b− a ◦∆b

Ͱఆٛ͢Ε͹ɼ{ , }͸࣍਺෇LieੵʹͳΓɼ͞Βʹ◦ͱͷؔࣜ܎

{a, b ◦ c} = {a, b} ◦ c+ (−1)|b|(|a|+1)b ◦ {a, c}
ຊڀݚ͸Պݚඅʢ՝୊൪߸ 25800041ʣͷॿ੒Λड͚͍ͯΔɽ
∗ e-mail: iriek@kurims.kyoto-u.ac.jp
1ͦͷޙͷڀݚͰଟ༷ମͱ͸ݶΒͳ͍ۭؒʹରͯ͠΋ཧ࿦͕֦ு͞Ε͍ͯΔ͕ʢࡢ೥౓ߨԋ [12]Λࢀর
͞Ε͍ͨʣɼຊߘͰ͸ઐΒC∞ଟ༷ମ্ͷϧʔϓۭؒΛ࡯ߟͷର৅ͱ͢Δɽ
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͕੒ཱ͢ΔɽҰൠʹɼ࣍਺෇ϕΫτϧۭؒ 2V ্Ͱఆٛ͞Εͨԋࢉ◦, ∆, { , }͕Ҏ্ͷੑ
࣭Λຬͨ͢ͱ͖ɼ(V, ◦,∆)ΛBatalin-Vilkovisky(BV)୅਺ɼ(V, ◦, { , })ΛGerstenhaber

୅਺ͱ͍͏ɽಛʹɼBV୅਺͸Gerstenhaber୅਺ͷߏ଄Λͭ࣋ɽ

BV͓ΑͼGerstenhaber୅਺ͷఆٛ͸ɼΦϖϥουͷݴ༿Λ༻͍ͯهड़͢Δ͜ͱ΋

Ͱ͖Δɽࣗવ਺ n ≥ 1ʹରͯ͠ɼ୯Ґԁ൫ {z ∈ C | |z| ≤ 1}্ͷ͍ޓʹ disjointͳ n

ͨ·ͷখԁ൫ͷ഑ஔۭؒΛD(n)ͱ͓͖ɼݸ fD(n) := D(n)× (S1)×nͱ͓͘ɽD(0)͓

Αͼ fD(0)ΛҰ఺͔ΒͳΔۭؒͱ͢Ε͹ɼD = (D(n))n≥0͓Αͼ fD = (fD(n))n≥0͸

ࣗવͳҐ૬తΦϖϥουͷߏ଄Λͭ࣋ɽDΛখԁ൫ΦϖϥουɼfDΛ࿮෇খԁ൫Φϖ
ϥουͱ͍͏ɽ͜ΕΒͷϗϞϩδʔΛͱΔ͜ͱͰɼ࣍਺෇ϕΫτϧۭؒͷΦϖϥου

H∗(D)͓ΑͼH∗(fD)ΛಘΔɽ

೚ҙͷ࣍਺෇ϕΫτϧۭؒV ʹ͍ͭͯɼV ্ͷGerstenhaber୅਺ͷߏ଄ͱH∗(D)ͷ

V ΁ͷ࡞༻ʢH∗(D)͔Β V ͷ४ಉܗΦϖϥου (Hom(V ⊗n, V ))n΁ͷࣹʣ͸ҰରҰʹ

ରԠ͢ΔʢCohen [3]ʣɽಉ༷ʹɼV ্ͷBV୅਺ߏ଄ͱH∗(fD)ͷV ΁ͷ࡞༻͸ҰରҰ

ʹରԠ͢ΔʢGetzler [6])ɽH0(D(2)), H1(D(2)), H1(fD(1))͸શͯ1ݩ࣍ͷϕΫτϧۭ

ؒͰ͋Γɼԋࢉ◦, { , }, ∆͸֤ʑͷੜ੒ݩʹରԠ͍ͯ͠Δɽ

1.3. ෳମϨϕϧͷετϦϯάτϙϩδʔ࠯

͜Ε·ͰͰࣗ༝ϧʔϓۭؒͷϗϞϩδʔ্ͷ୅਺ߏ଄ʹ͍ͭͯड़΂ͨ 3ɽຊߘͷओ୊Ͱ

͋Δ“Chain level string topology” ͱ͸ɼ͜ΕΒͷߏ଄Λ࠯ෳମͷϨϕϧ·Ͱ໭ͬͯఆ

ٛ͠ͳ͓͢͜ͱͰɼΑΓਫ਼ີͳ৘ใΛಘΑ͏ͱ͢ΔࢼΈͰ͋Δɽ͜ͷςʔϚʹؔΘΔ

ॏཁͳจݙͱͯ͠ ΒΕΔɽ͛ڍ͕[14]

୅਺τϙϩδʔʹ͓͍ͯɼ࠯ෳମϨϕϧͷ৘ใ͔ΒಘΒΕΔෆมྔͱͯ͠جຊతͳ

΋ͷʹɼMasseyੵ͕͋Δɽ͜Εʹ͍ͭͯA∞୅਺ͷ؍఺͔Β෮शͯ͠Έ͍ͨɽҰൠʹ

Ґ૬ۭؒXʹରͯ͠ɼͦͷಛҟ༨࠯ෳମC∗(X)͸ cupੵʹΑΓdga(differential graded

algebra)ͷߏ଄Λͭ࣋ɽͨͩ͠ຊߘͰ͸ɼdgaͱ͸ෳମͱͦͷ্ͷ݁߹తͳੵͷ૊Ͱ͋ͬ

ͯLeibnizଇΛຬͨ͢΋ͷΛ͠ࢦɼੵͷՄੑ׵͸Ծఆ͠ͳ͍ɽҰํɼ࣍਺෇ϕΫτϧۭؒ

V ্ͷA∞୅਺ߏ଄ͱ͸ɼ֤ࣗવ਺k ≥ 1ʹରͯ࣍͠਺2− kͷઢ૾ࣸܗµk : V ⊗k → V

͕ఆٛ͞Εɼ೚ҙͷࣗવ਺m ≥ 1ʹ͍ͭͯ

∑

k+l=m+1
1≤i≤k

±µk(v1 ⊗ · · ·⊗ µl(vi ⊗ · · ·⊗ vi+l−1)⊗ · · ·⊗ vm) = 0

Λຬͨ͢΋ͷͰ͋ͬͨɽಛʹµk = 0 (∀k ≥ 3)ͳΔA∞୅਺ͱ͸dgaʹଞͳΒͳ͍ɽA∞

୅਺ͷҰൠ࿦ʹΑΕ͹ɼC∗(X)ͱʢA∞୅਺ͱͯ͠ʣϗϞτϐʔಉ஋ͳH∗(X)্ͷA∞

୅਺ߏ଄ (µk)k≥1Ͱ͋ͬͯɼµ1 = 0͔ͭµ2͕ cupੵͱͳΔ΋ͷ͕ఆ·Δɽ͜ͷͱ͖µ3

Λ༻͍ͯMasseyੵ͕ఆٛ͞ΕΔʢͨͩࣸ͠૾µ3ࣗମ͸Ұҙʹ͸ܾ·Βͳ͍ʣɽҎ্ʹ

͍ͭͯৄ͘͠͸ [11] Section 9Λࢀর͞Ε͍ͨɽ

MΛ༗޲ดଟ༷ମͱ͢ΔͱɼPoincaré૒ରʹΑΓH∗(M)্ͷ cupੵ͸H∗(M)্ͷ

ަࠥੵʹରԠ͢Δɽϧʔϓੵ͸H∗(LM)্ͷ݁߹తͳੵͰ͋ͬͯɼͦͷH∗(M)΁ͷ੍

଄ߏ͸ަࠥੵͰ͋ͬͨɽͦ͜ͰɼH∗(LM)্ͷA∞୅਺ݶ (µk)k≥1Ͱ͋ͬͯ࣍ͷ৚݅Λ

ຬͨ͢΋ͷΛఆٛͤΑɼͱ͍͏໰͕͑ߟΒΕΔɽ

2ຊߘͰ͸ɼ࣍਺෇ϕΫτϧۭؒͱ͍͏ͱ͖ZͰ࣍਺෇͞Εͨ΋ͷ͚ͩΛ͑ߟΔɽ
3ͨͩٞ͠࿦ͨ͠ͷ͸ग़ྗ͕ 1ͭͷૢ࡞ͷΈͰ͋Δɽෳ਺ͷग़ྗΛ࡞ૢͭ࣋͸ຊߘͰ͸ѻΘͳ͍ɽ[12]
͓Αͼͦ͜Ͱ͛ڍΒΕ͍ͯΔจݙΛࢀর͞Ε͍ͨɽ
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• µ1 = 0͔ͭɼµ2͸ϧʔϓੵʹҰக͢Δɽ

• ೚ҙͷ kʹ͍ͭͯµk(H∗(M)⊗k) ⊂ H∗(M)Ͱɼ(µk)k≥1ͷH∗(M)΁ͷ੍ݶ͸༨࠯

ෳମC∗(M)ͱA∞୅਺ͱͯ͠ϗϞτϐʔಉ஋ɽ

͜Ε͕ʮετϦϯάτϙϩδʔͷԋࢉΛ࠯ෳମͷϨϕϧ·Ͱ໭ͬͯఆٛ͢Δ͜ͱͰಘ

ΒΕΔ৘ใʯͷ࠷΋؆୯ͳྫͰ͋Ζ͏ɽ͜ͷ໰ʹର͢Δղ౴͸ɼओ݁Ռͷ݁ؼͱͯ͠4

અͰઆ໌͢Δɽ

ͦͷલʹɼετϦϯάτϙϩδʔͱؔ܎ͷਂ͍࿩୊Ͱ͋ΔʢγϯϓϨΫςΟοΫزԿ

ͷʣFloerϗϞϩδʔ͓Αͼ݁߹୅਺ͷHochschildίϗϞϩδʔʹ͍ͭͯड़΂ɼ͜ΕΒ

ʹ͓͍ͯ΋࠯ෳମϨϕϧͷ୅਺ߏ଄͕ࣗવͱ໰୊ʹͳΔ͜ͱΛઆ໌͍ͨ͠ɽ

2. FloerϗϞϩδʔͱετϦϯάτϙϩδʔ
MΛC∞ดଟ༷ମͱ͢Δͱɼͦͷ༨઀ଋͷશۭؒT ∗M :=

⋃
q∈M T ∗

q M͸ࣗવͳγϯϓ

ϨΫςΟοΫଟ༷ମͷߏ଄Λͪ࣋ɼFloerϗϞϩδʔHF∗(T ∗M)͕ఆٛ͞ΕΔɽ·ͣ͜

Εʹ͍ͭͯ؆୯ʹઆ໌͍ͨ͠ɽ

πM : T ∗M → MΛࣹӨͱ͠ɼT ∗M্ͷ1࣍ඍ෼ࣜܗλMΛ

λM(X) := p((πM)∗(X)) (q ∈ M, p ∈ T ∗
q M, X ∈ T(q,p)T

∗M)

Ͱఆٛ͢Δɽ͜ͷͱ͖ dλM͸γϯϓϨΫςΟοΫࣜܗʢͭ·ΓɼඇୀԽͳดࣜܗʣʹ

ͳΔɽҰํɼC∞ؔڃ਺H : T ∗M → RͰ͋ͬͯT ∗MͷΤϯυͰे෼ૣ͘૿େ͢Δ΋

ͷΛͱΓ 4ɼHamilton൚ؔ਺AH : C∞(S1, T ∗M) → RΛ

AH(γ) :=

∫

S1

γ∗λM −H(γ(t)) dt (γ ∈ C∞(S1, T ∗M))

ͰఆΊΔɽ൚ؔ਺AHͷྟք఺͸ɼHͷHamiltonϕΫτϧ৔ͷपيظಓͱରԠ͢Δɽ

AHʹରͯ͠௚઀ม෼๏Λల։͢Δ͜ͱ͸ࠔ೉Ͱ͋Δ͕ɼAHͷMorseϗϞϩδʔʹ͋

ͨΔ΋ͷΛఆٛ͢Δ͜ͱ͸ՄೳͰ͋Δɽ͢ͳΘͪɼAH ͷྟք఺ʹΑΓੜ੒͞ΕΔ࣍

਺෇ϕΫτϧۭؒΛ͑ߟɼͦͷ্ͷڥք࡞༻ૉΛࣸ૾C× → T ∗Mʹର͢ΔFloerํఔ

ࣜʢHΛ༻͍ͯCauchy-Riemannํఔࣜ 5Λมͨ͠ܗ΋ͷʣͷղͷݸ਺Λ਺͑ͯఆٛ͢

Δɽ͜ͷ࠯ෳମͷϗϞϩδʔ܈ʢHʹΑΒͳ͍͜ͱ͕ࣔ͞ΕΔʣΛT ∗MͷFloerϗϞ

ϩδʔͱ͍͍HF∗(T ∗M)ͱॻ͘ɽ

C×͸CP 1 \ {0,∞} ͱܗڞͰ͋Δ͕ɼCP 1 \ {0, 1,∞} → T ∗Mʹର͢ΔFloerํఔ

ࣜͷղͷݸ਺Λ਺͑Δ͜ͱͰ݁߹తͳੵ ◦ : HF∗(T ∗M)⊗2 → HF∗(T ∗M)͕ఆٛ͞ΕΔ

ʢpair-of-pantsੵʣɽ·ͨɼC× → T ∗Mʹର͢ΔFloerํఔࣜͷ଒ʢڥք৚݅Λಈ͔͠

ͯS1্ͷ଒Λ͑ߟΔʣΛ༻͍ͯ∆ : HF∗(T ∗M) → HF∗+1(T ∗M)͕ఆٛ͞ΕΔɽ͜ͷ

ͱ͖ (HF∗(T ∗M), ◦,∆)͸BV୅਺ʹͳΔɽ

஫ҙ 2.1 Ҏ্ͷߏ੒͸༨઀ଋʹͨͬݶ΋ͷͰ͸ͳ͘ɼLiouvilleଟ༷ମͱ͍͏ΑΓҰൠ

ͷ։γϯϓϨΫςΟοΫଟ༷ମʹରͯ͠ 6ʢූ߸ͷ໰୊Λআ͚͹ʣՄೳͰ͋Δɽ[13]Λ

র͞Ε͍ͨɽࢀ

4ྫ͑͹MͷRiemannྔܭΛݻఆͯ͠H(q, p) := |p|2ͱ͢Δɽ
5T ∗M্ͷ֓ෳૉߏ଄ͰγϯϓϨΫςΟοΫࣜܗ dλM ͱ੔߹తͳ΋ͷΛ༻͍ͯఆٛ͢Δɽ
6Liouville ଟ༷ମʹରͯ͠ɼ͜͜Ͱड़΂ͨͷͱಉ༷ͳํ๏Ͱఆٛ͞ΕΔ Floer ϗϞϩδʔΛɼಛʹ
symplectic (co)homologyͱ͍͏ɽ
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଄͸ɼετϦϯߏͷ݁Ռ͕ࣔ͢Α͏ʹɼ༨઀ଋͷFloerϗϞϩδʔ͓ΑͼͦͷBV࣍

άτϙϩδʔʹ͓͚ΔBVߏ଄ͱ౳ՁͰ͋Δɽ

ఆཧ 2.2 M͕εϐϯߏ଄Λͭ࣋ͱ͖ 7ɼBV୅਺ͷಉܗHF∗(T ∗M) ∼= H∗(LM)͕੒ཱ

͢Δɽ

ϕΫτϧۭؒͷಉܗHF∗(T ∗M) ∼= H∗(LM)͸ॳΊViterboʹΑΓൃ͞ݟΕɼͦͷޙ

Salamon-Weber, Abbondandolo-SchwarzʹΑΔผূ໌͕༩͑ΒΕͨɽϧʔϓੵͱpair-

of-pantsੵͱͷରԠ͸Abbondandolo-SchwarzʹΑΔɽεϐϯߏ଄΍͖޲Λͨ࣋ͳ͍৔

߹·ͰؚΊͨऔѻ͍͸ɼKraghʹΑΔڀݚΛͯܦAbouzaid [1]ʹΑΓ׬੒ͨ͠Α͏Ͱ

͋ΔɽҎ্ʹ͍ͭͯৄ͘͠͸ [1]Λࢀর͞Ε͍ͨɽ

༨઀ଋʢҰൠʹLiouvilleଟ༷ମʣʹରͯ͠ɼͦͷFloerϗϞϩδʔ͸BV୅਺ͷߏ଄

Λͭ࣋ͷͰɼಛʹ݁߹తͳੵ΍ Lieੵ͕ఆٛ͞ΕΔɽ͜ΕΒͷԋࢉ͸࠯ෳମͷϨϕϧ

Ͱఆٛ͞ΕΔ͕ɼͦ͜Ͱ͸݁߹ଇ΍Jacobi཯͸ϗϞτϐʔΛ๏ͱ͔ͯ͠͠੒ཱ͠ͳ͍ɽ

͜͜ͰϗϞτϐʔ͸ɼCP 1͔Β4఺ΛऔΓআ͍ͨRiemann໘্ͷFloerํఔࣜʢͷ଒ʣ

Λ༻͍ͯఆٛ͞ΕΔɽ͞ΒʹCP 1͔Β k఺ΛऔΓআ͍ͨRiemann໘্ͷFloerํఔࣜ

ʢͷ଒ʣΛશͯͷࣗવ਺k ≥ 2ʹରͯ͑͠ߟΔ͜ͱͰɼFloerϗϞϩδʔ্ʹA∞͓Αͼ

L∞୅਺ͷߏ଄͕ఆٛͰ͖ΔͱࢥΘΕΔɽ

4અͰɼओ݁Ռͷ݁ؼͱͯ͠H∗(LM)্ʹA∞͓ΑͼL∞୅਺ͷߏ଄͕ఆ·Δ͜ͱΛ

ͷԆ௕ʣɼ্Ͱड़΂ͨHF∗(TੵހΔ͕ʢ֤ʑϧʔϓੵ͓Αͼϧʔϓׅݟ ∗M)্ͷA∞͓

ΑͼL∞୅਺ߏ଄͸ɼ͜ΕΒͱϗϞτϐʔಉ஋ʹͳΔͱ༧૝͞ΕΔɽ

3. HochschildίϗϞϩδʔͱετϦϯάτϙϩδʔ
Gerstenhaber [5] ʹΑΔ࣍ͷݹయతͳ݁Ռ͸ɼετϦϯάτϙϩδʔͱ΋͍ؔਂ͕܎ɽ

ఆཧ 3.1 ೚ҙͷ݁߹୅਺Aʹ͍ͭͯɼHochschildίϗϞϩδʔHH−∗(A,A)͸ࣗવͳ

Gerstenhaber୅਺ͷߏ଄Λͭ࣋ɽ

͜ͷ݁Ռ͸ɼA͕dgaɼΑΓҰൠʹA∞୅਺Ͱ΋੒ཱ͢ΔɽετϦϯάτϙϩδʔͱ

ͷؔ܎Λઆ໌͢ΔͨΊʹɼଟ༷ମ্ͷඍ෼ࣜܗͷͳ͢dgaΛ͑ߟΑ͏ 8ɽMΛdݩ࣍༗

ดC∞ଟ༷ମͱ͢Δɽ੔਺޲ jʹରͯ͠M্ͷ j࣍ඍ෼ࣜܗશମͷͳ͢RϕΫτϧۭ
ؒΛAj

Mͱॻ͘ͱʢ0 ≤ j ≤ dͰͳ͍ͱ͖͸Aj
M = 0ͱ͓͘ʣɼA∗

M͸֎ඍ෼ͱ֎ੵʹ

ΑΓdgaʹͳΔɽ͜ͷͱ͖ɼ൓෮ੵ෼ʹΑΓࣸ૾

I : H∗(LM) → HH−∗(AM ,AM)

͕ఆٛ͞ΕɼM͕୯࿈݁ͳͱ͖͜Ε͸ಉܗʹͳΔɽޙड़͢ΔΑ͏ʹʢ஫ҙ4.2ʣɼࣸ૾

I͸྆ลͷGerstenhaberߏ଄ΛอͭʢࠨลͰ͸ετϦϯάτϙϩδʔɼӈลͰ͸ఆཧ

3.1ʹΑΔGerstenhaberߏ଄Λ͑ߟΔʣɽ

ఆཧ3.1ͷ࠯ෳମϨϕϧͷਫ਼ີԽͱͯ͠ɼ࣍ʹड़΂Δఆཧ3.2͕஌ΒΕ͍ͯΔɽͦΕ

Λड़΂ΔͨΊɼҎԼͷݴ༿Λ༻͍Δɿ࠯ෳମͷݍʹ͓͚ΔΦϖϥουΛdgΦϖϥουͱ

͍͏ɽجຊతͳྫͱͯ͠ɼ࠯ෳମCͷ४ಉܗΦϖϥουEnd(C) := (Hom(C⊗n, C))n≥0

͕͋Δɽ࠯ෳମCͱdgΦϖϥουPʹ͍ͭͯɼPͷC΁ͷ࡞༻ͱ͸dgΦϖϥουͷ

ࣹP → End(C)ͷ͜ͱΛ͍͏ʢ͜ͷͱ͖CΛdgP୅਺ͱΑͿʣɽPͷC΁ͷ࡞༻͕͋

Ε͹ɼϗϞϩδʔΛͱΔ͜ͱͰH∗(P)ͷH∗(C)΁ͷ࡞༻͕ఆ·Δɽ
7M͕εϐϯͰͳ͍ͱ͖͸ɼLM্ͷ͋Δہॴܥ θM ʹΑΓHF∗(T ∗M) ∼= H∗(LM : θM )ͱͳΔɽ
8͜͜Ͱ͸ಛҟ༨࠯Ͱͯ͑ߟ΋Α͍ͷ͕ͩɼ͋ͱͷઅͱͷؔ܎Ͱඍ෼ࣜܗΛͯͬ࢖આ໌͢Δɽ
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ఆཧ 3.2 dgΦϖϥουOͰ͋ͬͯɼ࣍ͷ৚݅Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

(i): ਺෇ϕΫτϧۭؒͷΦϖϥουͱͯ͠H∗(O)࣍ ∼= H∗(D)ɽͨͩ͠D͸খԁ൫Φ
ϖϥουɽ

(ii): ೚ҙͷ݁߹୅਺Aʹ͍ͭͯɼHH−∗(A,A)্ͷGerstenhaberߏ଄͸Hochschild

༨࠯ෳମCH−∗(A,A)΁ͷOͷ্͕ͪ࣋ʹ༺࡞Δɽ

஫ҙ 3.3 ৚݅ (i)ΑΓ͘ڧɼO͸C∗(D)ʢDͷಛҟ࠯ͷͳ͢ dgΦϖϥουʣͱٖಉܗ

Ͱ͋Δͱͯ͠΋ఆཧ͸੒ཱ͢Δɽ

͜ͷఆཧ͸ɼDeligneͷखࢴʹ͓͚Δ໰ʹ୺Λൃ͍ͯ͠Δ͜ͱ͔ΒɼDeligne༧૝ͱΑ͹

Ε͍ͯͨɽࡏݱͰ͸ଟ͘ͷূ໌͕஌ΒΕ͍ͯͯ(McClure-Smith, Kontsevich-Soibelman,

Voronov, Tamarkin, Berger-Fresse, Kaufmann)ɼಛʹKontsevich-Soibelman͸ɼҰൠ

ͷA∞୅਺ʹ͍ͭͯରԠ͢Δ݁ՌΛূ໌͍ͯ͠Δɽʢจݙʹ͍ͭͯ͸ [11] Section 13.3.15

ΛݟΒΕ͍ͨɽʣετϦϯάτϙϩδʔʹ͓͍ͯఆཧ 3.2ͱྨࣅͷ݁Ռ͕੒Γཱ͔ͭͱ

͍͏ͷ͸ࣗવͳ໰Ͱ͋Ζ͏ɽຊߘͷओ݁Ռ͸͜Εʹର͢Δߠఆతͳղ౴Λ༩͑Δɽ

4. ओ݁Ռ
ຊߘͷओ݁Ռ͸࣍ͷఆཧͰ͋ΔɽD͓ΑͼfDΛখԁ൫͓Αͼ࿮෇খԁ൫Φϖϥουͱ
͢Δʢ1.2અࢀরʣɽ

ఆཧ 4.1 ([7], [8]) dg Φϖϥου fPͱͦͷ෦෼ΦϖϥουPͰ͋ͬͯɼҎԼͷ৚݅
Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

(i): Φϖϥουͷಉܗ H∗(P) ∼= H∗(D)ͱH∗(fP) ∼= H∗(fD)Ͱ͋ͬͯɼ࣍ͷਤ͕ࣜ

Մ׵ʹͳΔ΋ͷ͕ଘ͢ࡏΔʢॎͷࣸ૾͸ɼแؚࣸ૾ʹΑΓಋ͔ΕΔʣɿ

H∗(P)
∼= !!

""

H∗(D)

""
H∗(fP)

∼= !! H∗(fD).

(ii): ೚ҙͷ dga Aʹ͍ͭͯɼHH−∗(A,A)্ͷGerstenhaberߏ଄͸Hochschild༨࠯

ෳମCH−∗(A,A)্ͷdg P୅਺ͷߏ଄ʹ্͕ͪ࣋Δɽ

(iii): ೚ҙͷ༗޲ดC∞ଟ༷ମMʹ͍ͭͯɼdg fP୅਺CLM
∗ ͓Αͼ

• BV୅਺ͱͯ͠ͷಉܗΦ : H∗(LM) ∼= H∗(CLM)

• dg P୅਺ͷ४ಉܗJ : CLM
∗ → CH−∗(AM ,AM)

͕ଘ͢ࡏΔɽ͜͜ͰH∗(J) ◦ Φ : H∗(LM) → HH−∗(AM ,AM)͸ɼ൓෮ੵ෼Λ༻

͍ͯఆٛ͞ΕΔࣸ૾Iʢ3અࢀরʣͱҰக͢Δɽ

(ii)͸ఆཧ 3.2ͷdga൛Ͱ͋Δ͕ɼ͜Ε͸৽͍݁͠ՌͰ͸ͳ͍ʢલઅͰड़΂ͨΑ͏ʹ

A∞୅਺൛͕ࣔ͞Ε͍ͯΔʣɽఆཧ4.1ͷओཁͳओு͸ (iii)Ͱ͋Γɼ͜Ε͸ఆཧ3.2ͷε

τϦϯάτϙϩδʔʹ͓͚ΔྨࣅͰ͋Δɽ
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஫ҙ 4.2 ఆཧ 4.1ͷܥͱͯ͠ɼࣸ૾ I : H∗(LM) → HH−∗(AM ,AM)͕Gerstenhaber

ΘΕΔʢগͳ͘ͱ΋ࢥ଄Λอͭ͜ͱ͕ಋ͔ΕΔɽ͜Εࣗମ͸৽͍݁͠ՌͰ͸ͳ͍ͱߏ

M͕୯࿈݁ͷ৔߹Merkulov, Tradler౳ʹΑΔ͕͋ࣄ࢓Δʣɽ

ϧʔϓੵ͸H∗(LM)্ͷ݁߹తͳੵͰ͕͋ͬͨɼ͜Ε͸CLM
∗ Γɼdgaͷ্͕ͪ࣋ʹ

ܗ଄ΛఆΊΔɽ·ͨɼdgaͷ४ಉߏ ι : A−∗(M) → CLM
∗ Ͱ͋ͬͯਤࣜ

H∗(M)
∼= !!

H∗(i)
""

H−∗
dR(M)

H∗(ι)
""

H∗(LM) ∼=
!! H∗(CLM).

͕Մ׵ʹͳΔ΋ͷ͕ଘ͢ࡏΔɽ͜ΕʹΑΓH∗(LM)্ͷA∞୅਺ߏ଄ (µk)k≥1Ͱ͋ͬͯɼ

µ1 = 0͔ͭµ2͸ϧʔϓੵͱҰக͠ɼ͞ΒʹH∗(M)΁ͷ੍͕ݶA−∗(M)ͱϗϞτϐʔ

ಉ஋ͳ΋ͷ͕ಘΒΕΔʢ1.3અͷ໰ʹର͢Δղ౴ʣɽ

ϧʔϓׅੵހʹ͍ͭͯ΋ಉ༷ͷ͜ͱ͕੒Γཱͭɽ͢ͳΘͪɼH∗(LM)্ͷL∞୅਺

଄ߏ (lk)k≥1Ͱ͋ͬͯ l1 = 0͔ͭ l2͸ϧʔϓׅੵހͱҰக͠ɼ೚ҙͷ k ≥ 1ʹ͍ͭͯ

lk|H∗(M)⊗k = 0ͱͳΔ΋ͷ͕ಘΒΕΔɽ

5. ূ໌ͷ֓ཁ
ఆཧ 4.1ͷূ໌ͷओཁͳ෦෼͸࠯ෳମCLM

∗ ͷߏ੒Ͱ͋Δɽͦͷࡍͷຊ࣭తͳ࿦఺Ͱ͋

Δԣஅਖ਼ଇੑͷ໰୊ʹ͍ͭͯ5.1અͰड़΂ͨ͋ͱɼߏ੒ͷ֓ཁΛ5.2અͰड़΂Δɽ5.3અ

Ͱ͸ɼCLM
∗ ্ͷੵߏ଄ͱΦϖϥουͷ࡞༻ʹ͍ͭͯઆ໌͢Δɽ

ຊઅΛ௨ͯ͡MΛdݩ࣍༗޲ดC∞ଟ༷ମɼL = LM = C∞(S1,M)ͱ͓͘ɽ

5.1. ԣஅਖ਼ଇੑͷ໰୊

ετϦϯάτϙϩδʔʹ͓͚Δԋࢉ͸ɼධՁࣸ૾ʹؔ͢ΔϑΝΠόʔੵΛͱͬͯఆٛ

͞ΕΔɽྫ͑͹ϧʔϓੵΛఆٛ͢Δʹ͸ɼϑΝΠόʔੵΛͱͬͯಘΒΕΔϗϞϩδʔ

্ͷࣸ૾H∗(L)⊗2 → H∗+d(L e×e L) ͕ඞཁͰ͋ͬͨɽ
ϑΝΠόʔੵΛ࠯ෳମͷϨϕϧͰఆٛ͠Α͏ͱ͢Δͱԣஅਖ਼ଇੑ͕໰୊ʹͳΔɽ͜

Ε͸ަࠥੵΛ͑ߟΔஈ֊Ͱ͢ͰʹݱΕΔɽ࣮ࡍɼM্ͷಛҟ࠯x ∈ Ck(M), y ∈ Cl(M)

ʹରͯͦ͠ͷަࠥx ∩ y ∈ Ck+l−d(M)Λఆٛ͢Δʹ͸ɼxͱ y͕ԣஅతʹަΘ͍ͬͯΔ

ඞཁ͕͋Δ͕ɼ͜Ε͸ඞͣ͠΋੒Γཱͨͳ͍ɽ༗ݩ࣍ݶଟ༷ମ্ͷަࠥੵͷ৔߹͸ɼ࠯

ෳମC∗(M)ͷସΘΓʹ༨࠯ෳମCd−∗(M)Λ͑ߟΕ͹Α͍͕ɼϧʔϓۭؒͷ৔߹͸ʢແ

Ͱ͋ΔͷͰʣ͜ͷํ๏͸͜ͷ··Ͱ͸ద༻Ͱ͖ͳ͍ɽݩ࣍ݶ

5.2. ෳମCLM࠯
∗ ͷߏ੒

্Ͱड़΂ͨ໰୊఺Λղফ͢ΔͨΊʹɼ[7]Ͱ͸de Rham࠯ͱ͍͏ಛҟ࠯ͱඍ෼ࣜܗΛં

஭ͨ͠΋ͷΛͨ͑ߟɽ͜Ε͸ɼFukaya [4]ʹΑΔ“approximate de Rham chain”ͱ͍͏

ΞΠσΞΛߟࢀʹͨ͠΋ͷͰ͋Δɽ[7]ͷ΋͏ҰͭͷΞΠσΞ͸ɼ఺෇͖ϧʔϓͷۭؒ

Λ૊৫తʹ༻͍Δ͜ͱͰ͋ΔɽҎԼͰ͸ɼ࠯ෳମCLM
∗ ͷߏ੒Λɼ࢛ͭͷεςοϓʹ෼

͚ͯઆ໌͢Δɽ

εςοϓ 1: ఺෇͖MooreϧʔϓͷۭؒLk
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M্ͷC∞ڃMooreϧʔϓͷͳۭؒ͢L0MΛ͑ߟΔɽਖ਼֬ʹ͸

L0M := {(γ, T ) | T ∈ R≥0, γ ∈ C∞([0, T ],M), γ(0) = γ(T ),

γ(m)(0) = γ(m)(T ) = 0 (∀m ≥ 1)}

Ͱఆٛ͢Δɽ͜͜Ͱ γ(m)͸ γͷm֊ಋؔ਺Ͱ͋Γɼޙ࠷ͷ৚݅͸C∞ڃϧʔϓͲ͏͠

ͷ݁߹ʢconcatenationʣΛͱΔͨΊʹඞཁʹͳΔɽ·ͨɼ೚ҙͷࣗવ਺ k ≥ 1ʹର͠

ͯɼkݸͷඪࣝ఺Λͭ࣋Mooreϧʔϓͷۭؒ

LkM := {(γ, t1, . . . , tk, T ) | (γ, T ) ∈ L0M, 0 ≤ t1 ≤ · · · ≤ tk ≤ T,

γ(m)(tj) = 0 (∀m ≥ 1, 1 ≤ ∀j ≤ k)}

Λ͑ߟΔɽ೚ҙͷ j ∈ {0, . . . , k}ʹରͯ͠ɼධՁࣸ૾ ej : LkM → MΛ

ej(γ, t1, . . . , tk, T ) :=

{
γ(0) (j = 0)

γ(tj) (1 ≤ j ≤ k)

Ͱఆٛ͢Δɽ·ͨɼ֤ p ∈ Mʹରͯ͠ p্ͷ௕͞ 0ͷϧʔϓΛରԠͤ͞Δ͜ͱͰɼࣸ

૾ ik : M → LkMΛఆٛ͢ΔɽҎ߱ɼLkMΛ୯ʹLkͱॻ͘ɽ

εςοϓ 2: Lk্ͷϓϩοτ
9

֤ࣗવ਺nʹ͍ͭͯRnͷ༗޲෦෼ଟ༷ମશମͷͳ͢ू߹ΛUnͱ͓͖ɼU :=
⊔

n≥1 Un

ͱ͓͘ɽU ∈ U͓Αͼࣸ૾ϕ : U → Lkͷ૊ (U,ϕ)Ͱ࣍ͷ৚݅ (a), (b) Λຬͨ͢΋ͷΛ

Lk্ͷϓϩοτͱΑͼɼϓϩοτશମͷू߹ΛP(Lk)ͱॻ͘ɽ

(a): ϕ͸C∞૾ࣸڃɽͭ ·Γɼϕ := (γϕ, tϕ1 , . . . , t
ϕ
k , T

ϕ)ͱ͓͘ͱtϕ1 , . . . , t
ϕ
k , T

ϕ ∈ C∞(U)

Ͱɼ͔ͭ{(u, t) | u ∈ U, 0 ≤ t ≤ Tϕ(u)} → M ; (u, t) "→ γϕ(u)(t)͸C∞૾ࣸڃɽ

(b): ೚ҙͷ j = 0, . . . , kʹ͍ͭͯɼϕj := ej ◦ ϕ : U → M͸௜ΊࠐΈɽ

೚ҙͷ (U,ϕ) ∈ P(Lk), (V,ψ) ∈ P(Ll)͓Αͼ i ∈ {1, . . . , k}ʹ͍ͭͯɼ৚݅ (b)ʹΑ

ΓϑΝΠόʔੵ U ϕi×ψ0 V := {(u, v) ∈ U × V | ϕi(u) = ψ0(v)}͸࠶ͼUͷݩʹͳΓɼ
ϧʔϓͷ݁߹Λͱͬͯϕ ∗i ψ : U ϕi×ψ0 V → Lk+l−1͕ࣗવʹఆ·Δɽ

ϕ(u) ψ(v)0

1 i− 1 i

i+ l − 1i+ lk + l − 1

ϕi(u) = ψ0(v)

(ϕ ∗i ψ)(u, v) :=

ࣸ૾◦i : P(Lk)× P(Ll) → P(Lk+l−1)Λ

(U,ϕ) ◦i (V,ψ) := (U ϕi×ψ0 V,ϕ ∗i ψ)

Ͱఆٛ͢Δɽ

9ϓϩοτ (plot) ͱ͍͏ݴ༿͸ɼK.T. Chen ʹΑΔ Differentiable space ͷཧ࿦ɼSouriau ౳ʹΑΔ
Diffeological spaceͷཧ࿦Ͱ࢖ΘΕ͍ͯΔ΋ͷͰ͋Δɽ͔͠͠ɼ͜͜Ͱఆٛͨ͠ू߹P(Lk)͸͜ΕΒ
ͷཧ࿦ͷެཧΛຬͨ͞ͳ͍ɽ
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εςοϓ 3: Lkͷde Rham࠯ෳମ

ϓϩοτΛ༻͍ͯϧʔϓۭؒͷϗϞϩδʔΛ͢ࢉܭΔͨΊʹɼϓϩοτͱඍ෼ࣜܗ

Λ૊Έ߹Θͤͨde Rham࠯ͱ͍͏΋ͷΛ͑ߟΔɽ੔਺Nʹରͯ͠ɼRϕΫτϧۭؒ

CdR
N :=

( ⊕

(U,ϕ)∈P(Lk)

AdimU−N
c (U)

)
/ZN

Λ͑ߟΔɽୠ͠A∗
c(U)͸U্ͷίϯύΫτ୆ඍ෼ࣜܗͷͳ͢RϕΫτϧۭؒɼZN͸

(U,ϕ, π!ω)− (V,ϕ ◦ π,ω)

ͷܗͷݩͰੜ੒͞ΕΔ෦෼ۭؒͱ͢Δɽʢ͜͜Ͱ (U,ϕ) ∈ P(Lk), V ∈ U , π : V → U͸

C∞ڃͷ௜ΊࠐΈͰ͋Γɼπ!͸ϑΝΠόʔʹԊͬͨੵ෼Λද͢ɽʣ࣍਺෇ϕΫτϧۭؒ

CdR
∗ (Lk)্ͷڥք࡞༻ૉ∂Λ

∂[(U,ϕ,ω)] := [(U,ϕ, dω)]

Ͱఆٛ͢ΔɽϑΝΠόʔʹԊͬͨੵ෼͸֎ඍ෼ͱՄ׵ͳͷͰ͜Ε͸well-definedͰ͋Γɼ

໌Β͔ʹ∂2 = 0Λຬͨ͢ɽ͜ͷΑ͏ʹͯ͠ఆٛ͞ΕΔ࠯ෳମCdR
∗ (Lk)ΛLkͷde Rham

Λdeݩෳମɼͦͷ࠯ Rham࠯ͱ͍͏͜ͱʹ͠Α͏ɽde Rham࠯ෳମͷϗϞϩδʔ͸࣍

ͷิ୊͔Β෼͔Δɽ

ิ୊ 5.1 (i): ೚ҙͷk ≥ 0ʹ͍ͭͯɼඪࣝ఺Λ๨ΕΔࣸ૾

Lk → L0; (γ, t1, . . . , tk, T ) "→ (γ, T )

͔Βಋ͔ΕΔ૾ࣸ࠯CdR
∗ (Lk) → CdR

∗ (L0)͸ɼٖಉܗͰ͋Δɽ

(ii): ಉܗH∗(CdR
∗ (L0)) ∼= H∗(LM : R)͕ଘ͢ࡏΔɽͨͩ͠ӈล͸LMʢC∞Ґ૬Λೖ

ΕΔʣͷಛҟϗϞϩδʔɽ

੔਺1 ≤ i ≤ kͱ l ≥ 0ʹର͠ɼ૾ࣸ࠯◦i : CdR
∗+d(Lk)⊗ CdR

∗+d(Ll) → CdR
∗+d(Lk+l−1)Λ

[(U,ϕ,ω)] ◦i [(V,ψ, η)] := ±[(U ϕi×ψ0 V,ϕ ∗i ψ,ω × η)]

Ͱఆٛ͢Δɽ͜ΕʹΑΓɼCL := (CdR
∗+d(Lk))k≥0͸ʢඇରশʣdgΦϖϥουʹͳΔɽ୯

Ґݩ͸ [(M, i1, 1)] ∈ CdR
d (L1)Ͱ͋Δ 10ɽ͞Βʹ Z/(k + 1)Zͷ Lk ΁ͷࣗવͳ࡞༻͸

CdR
∗ (Lk)΁ͷ࡞༻Λ༠ಋ͠ɼ͜ΕʹΑΓCL͸८ճ (cyclic) dgΦϖϥουʹͳΔɽ

εςοϓ4: ෳମCLM࠯
∗ ͷఆٛ

·ͣɼੵΛͭ࣋Φϖϥουͷ֓೦ 11Λఆٛ͠Α͏ɽ

ఆٛ 5.2 O = (O(k))k≥0ΛʢඇରশʣdgΦϖϥουͱ͢Δɽµ ∈ O(2)0Ͱ͋ͬͯ∂µ = 0,

µ ◦1 µ = µ ◦2 µΛຬͨ͢΋ͷΛ Oͷੵͱ͍͏ɽ·ͨɼε ∈ O(0)0 Ͱ͋ͬͯ ∂ε = 0,

µ ◦1 ε = µ ◦2 ε = 1OΛຬͨ͢΋ͷΛੵµͷ୯Ґݩͱ͍͏ʢͨͩ͠1O͸Oͷ୯Ґݩʣɽ

10ਖ਼֬ʹ͸MͷEuclidۭؒ΁ͷຒࠐΛͱͬͯM ∈ UͱΈͳ͢ɽ
11͜͜Ͱड़΂Δͷͱগ͠ҧ͏ܗͰGerstenhaber-VoronovʹΑΓಋೖ͞Εͨɽ
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ʢඇରশʣdgΦϖϥου O ͱͦͷੵ µʹରͯ͠ɼÕ∗ :=
∏∞

k=0O(k)∗+k ͱ͓͍ͯ

∂µ : Õ∗ → Õ∗−1Λ

∂µ(xk)k≥0 := (∂xk)k≥0 +

( k−1∑

j=1

±xk−1 ◦j µ+
2∑

j=1

±µ ◦j xk−1

)

k≥1

Ͱఆٛ͢Ε͹ɼ(Õ∗, ∂µ)͸࠯ෳମʹͳΔɽجຊతͳྫͱͯ͠͸ɼAΛdgaͱ͢Δͱͦͷ

४ಉܗΦϖϥουEnd(A)͸ੵΛͪ࣋ʢA͕୯ҐݩΛͯ࣋͹ɼEnd(A)ͷੵ΋ఆٛ5.2ͷ

ҙຯͰ୯ҐݩΛͭ࣋ʣɼẼnd(A)͸AͷHochschild༨࠯ෳମʹଞͳΒͳ͍ɽ

ͯ͞ɼεςοϓ3Ͱఆٛͨ͠CL΋ੵͱ୯ҐݩΛͭ࣋ɽ࣮ࡍ

µ := [(M, i2, 1)], ε := [(M, i0, 1)]

ͱ͓͚͹Α͍ʢµ͸CL(2)΁ͷZ/3Zͷ࡞༻ͰෆมͰ͋Δʣɽͦ͜Ͱ

CLM
∗ := (C̃L∗, ∂µ)

ͱఆٛ͢Δɽk = 0੒෼΁ͷࣹӨ CLM
∗ → CdR

∗+d(L0); (xk)k "→ x0͸ٖಉܗʹͳΔ͜ͱ͕

ิ୊5.1 (i)ͱ؆୯ͳ୅਺ͰΘ͔ΔͷͰɼิ୊5.1 (ii)ͱ߹ΘͤΔͱ

H∗(C
LM) ∼= H∗+d(C

dR
∗ (L0)) ∼= H∗(LM : R)

ΛಘΔɽ͜Εͷ͕ٯఆཧ4.1(iii)ͷಉܗΦͰ͋Δɽ

Ұํɼ೚ҙͷk ≥ 0ʹ͍ͭͯJk : CdR
∗+d(Lk) → Hom−∗(A⊗k

M ,AM)Λ

Jk([(U,ϕ,ω)])(η1 ⊗ · · ·⊗ ηk) := ±(ϕ0)!(ω ∧ ϕ∗
1η1 ∧ · · · ∧ ϕ∗

kηk)

ͰఆΊΕ͹ɼ(Jk)k≥0 : CL → End(AM)͸dgΦϖϥουͷ४ಉܗͰ͋ΓɼੵΛอͭɽ͜

ΕʹΑΓఆཧ4.1(iii)ͷ४ಉܗJ : CLM
∗ → CH−∗(AM ,AM)͕ఆٛ͞ΕΔɽH∗(J) ◦Φ͕

൓෮ੵ෼ʹΑΓఆٛ͞ΕΔࣸ૾IͱҰக͢Δ͜ͱΛݟΔͷ͸೉͘͠ͳ͍ɽ

5.3. CLM
∗ ্ͷੵߏ଄

OΛඇରশdgΦϖϥουɼµΛͦͷੵͱ͢ΔɽÕ∗্ͷੵ◦͓Αͼ∗Λ

(x ◦ y)k :=
∑

l+m=k

±(µ ◦1 xl) ◦1 ym, (x ∗ y)k :=
∑

l+m=k+1
1≤i≤l

±xl ◦i ym

Ͱఆٛ͠Α͏ɽ͢Δͱ ◦͸ (Õ∗, ∂µ)্ʹ dgaͷߏ଄ΛఆΊɼ{x, y} := x ∗ y ± y ∗ xͰ

ఆٛ͞ΕΔੵ { , }͸ dg Lie୅਺ͷߏ଄ΛఆΊΔɽO = CLͷ৔߹ɼ◦͓Αͼ { , }͕
H∗(LM) ∼= H∗(CLM)্ʹఆΊΔੵ͸ϧʔϓੵ͓ΑͼϧʔϓׅੵހʹҰக͢Δɽ͜ΕΒ

ͷԋࢉ͸ɼ࣍ͷ໋୊ʹ͓͚ΔdgΦϖϥουPͷ࡞༻ͷҰ෦ͱͯ͠ཧղͰ͖Δɽ

໋୊ 5.3 dgΦϖϥουfPͱͦͷ෦෼ΦϖϥουPͰɼఆཧ4.1 (i)͓Αͼ࣍ͷೋͭͷ

৚݅Λຬͨ͢΋ͷ͕ଘ͢ࡏΔɽ

(a): (O, µ)ΛʢඇରশʣdgΦϖϥου͓Αͼͦͷੵͱ͢ΔͱɼP͸ෳମ (Õ∗, ∂µ)ʹ࡞

༻͢Δɽ
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(b): (O, µ, ε)Λʢඇରশʣ८ճdgΦϖϥου͓Αͼͦͷੵͱ୯Ґݩͱ͠ɼ͞Βʹµ ∈
O(2)0͸O(2)΁ͷZ/3Zͷ࡞༻Ͱෆมͩͱ͢Δɽ͜ͷͱ͖ɼPͷ (Õ∗, ∂µ)΁ͷ࡞

༻͸fPͷ࡞༻ʹͷͼΔɽ

஫ҙ 5.4 ໋୊ 5.3͸ [8]Ͱূ໌͞Ε͍ͯΔ͕ɼ͜͜Ͱड़΂ͨఆࣜԽͱ͸ҟͳ͍ͬͯΔɽ

·ͨɼΑ݁ͨ͘ࣅՌ͕ΑΓҰൠతͳ࿮૊ΈͰ [15]ʹ͓͍ͯূ໌͞Ε͍ͯΔɽΦϖϥου

P͓ΑͼfP͸Kaufmann [9], [10]͕ಋೖͨ͠૊߹ͤతαϘςϯʢcactiʣΦϖϥουͱ

ͳ΋ͷͰ͋ΔɽࡶΔ͕΋͏গ͠ෳ͍ͯ͠ࣅྨ

໋୊ 5.3(a)Λ End(A)ʹରͯ͠ద༻͢Ε͹ʢA͸೚ҙͷ dgaʣɼHochschild༨࠯ෳ

ମCH−∗(A,A)͸ dg P୅਺ʹͳΔ͜ͱ͕Θ͔Δɽ·ͨɼ(b)Λ CLʹରͯ͠ద༻͢Ε
͹ɼCLM

∗ ͸ dg fP ୅਺ʹͳΔ͜ͱ͕Θ͔Δɽ͜ΕΒ͔Βఆ·ΔϗϞϩδʔ্ͷߏ଄
ʢHH−∗(A,A)্ͷGerstenhaberߏ଄͓ΑͼH∗(LM)্ͷBVߏ଄ʣ͕ط஌ͷ΋ͷͱҰ

க͢Δ͜ͱΛνΣοΫ͢Ε͹ɼఆཧ4.1ͷূ໌͕ྃ͢׬Δɽ
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