
On the topological classification of quasitoric manifolds
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Quasitoric manifoldͱnݩ࣍τʔϥεTn = (S1)nͷΑ͍࡞༻Λͭ2n࣍
,ଟ༷ମͰ͋ͬͯݩ ͦͷ࡞༻ʹΑΔيಓۭ͕ؒ୯७ଟ໘ମͱ͖֯ͭଟ༷ମͱ
ͯ͠ಉ૬ʹͳΔΑ͏ͳͷΛ͢ࢦ. ຊߨԋͰͦ͏ͨ͠ quasitoric manifold
ʹؔ͢Δྨ݁Ռ, ͱ͘ʹ (CP 2#CP 2)-ଋܕͷquasitoric manifoldͷྨʹ
͍ͭͯհ͢Δ.

1. ং
Quasitoric manifoldΒ͔ͳࣹӨతτʔϦοΫଟ༷ମͷҐ૬زԿֶత֦ுͰ͋Γ,

[DJ91]ʹ͓͍ͯಋೖ͞Εͨ. ຊߘͷୈ2અͦͷఆٛͷ෮शʹॆͯΒΕΔ. τʔϦοΫ
ଟ༷ମ͕ઔͱݺΕΔ߹ͤతରʹରԠ͢Δͷͱಉ༷, quasitoric manifold୯७ଟ
໘ମPͱP্ͷಛੑྻߦλͷ (P,λ)ʹରԠ͚ͮΒΕΔ. ୈ3અͰ͜ͷରԠʹ͍ͭͯ
ड़Δ.

τʔϦοΫτϙϩδʔʹ͓͚Δେ͖ͳͷҰͭͱͯ͠, ᐩాװڭतʹΑͬͯఏ
এ͞Εͨ quasitoric manifoldͷ cohomological rigidity problem͕͋Δ. ͜ͷ
quasitoric manifoldશମ͔ΒΔΫϥε, ͋Δ͍ͦͷαϒΫϥε͕, ҎԼʹड़Δҙ
ຯʹ͓͍ͯ cohomologically rigidͰ͋Δ͔൱͔Λ͏ͷͰ͋Δ. Ͱͷͱ͜Ζ·ࡏݱ
ྫ͍͔ͯͬͭݟͳ͍.

Ґ૬ۭ͔ؒΒΔΫϥεC͕cohomologically rigidͰ͋Δͱ, Cʹଐ͢Δۭؒͨ
͕ͪͦΕΒͷίϗϞϩδʔͷߏͷΈʹΑͬͯҐ૬తʹྨ͞ΕΔ͜ͱΛ͍͏. ͢ͳ
Θͪ, ͷ͕݅Γཱͭͱ͖C࣍ cohomologically rigidͰ͋Δͱ͍ΘΕΔ: X, Y ∈ C
ʹର͠, H∗(X;Z)ͱH∗(Y ;Z)͕͖࣍ͭͱͯ͠ಉܕͰ͋ΕXͱY ಉ૬Ͱ͋Δ.

͞Βʹҙͷ͖࣍ͭͷಉܕϕ : H∗(Y ;Z) → H∗(X;Z)ʹରͯ͠ϕ = f ∗ͱͳΔಉ૬
ࣸ૾f : X → Y ͕ଘ͢ࡏΔͱ͖, C strongly cohomologically rigidͰ͋Δͱ͍͏.

͜Ε·Ͱquasitoric manifoldͷྨcohomological rigidity problemΛࢦͱͯ͠ߦ
ΘΕ͖ͯͨ. ୈ5અ͓Αͼୈ6અͰͦ͏ͨ͠ॾ݁ՌͷհΛޙ࠷,͍ߦʹ (CP 2#CP 2)-

ଋܕͷquasitoric manifoldͷ strong cohomological rigidityʹ͍ͭͯূ໌ͷུ֓Λ͢ه.

2. Quasitoric manifoldͷఆٛ
ड़هผͱͯ͠,ຊઅ͔Βୈ4અ·Ͱͷ߸ه๏ޠ༺ [BP02]ʹै͍ͬͯΔ. ҎԼ, T n

ίϯύΫττʔϥε (S1)nͱ͠, CnʹT n ×Cn → Cn : (t1, . . . , tn)× (z1, . . . , zn) $→
(t1z1, . . . , tnzn) ʹΑΔT n-࡞༻͕ೖ͍ͬͯΔͷͱ͢Δ.

ఆٛ 2.1. T n-࡞༻ΛۭͭؒX, Y ؒͷࣸ૾f : X → Y ͕ऑಉมͰ͋Δͱ, ͋Δࣗݾ
ಉܕψ : T n → T n͕ଘ͠ࡏ, ҙͷx ∈ Xͱ t ∈ T nʹରͯ͠ f(t · x) = ψ(t) · f(x)Λຬ
ͨ͢͜ͱΛ͍͏.

ఆٛ 2.2. T nͷ2nݩ࣍ඍଟ༷ମMͷΒ͔ͳ࡞༻͕ locally standardͰ͋Δͱ
, Mͷ࠲ඪۙܥ{(U, f, V )}Ͱ͋ͬͯ, U͓ΑͼV ͕ͦΕͧΕM͓ΑͼCnͷT n-ෆ
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มͳ։෦ू߹, f͕ऑಉมͳඍಉ૬ࣸ૾ͱͳΔͷ͕ଘ͢ࡏΔ͜ͱΛ͍͏.

ఆٛ 2.3. Rn
+ := {(x1, . . . , xn) ∈ Rn | xi ≥ 0, i = 1, . . . , n}ͱ͠, ֤ x ∈ Rn

+ʹରͯ͠
depth (x)Λxͷ0ʹ͍͠ͷݸͱͯ͠ఆΊΔ. HausdorffۭؒX͕n͖ͭ֯ݩ࣍
ଟ༷ମͰ͋Δͱ, ։ඃ෴ {Ui}ͱಉ૬ࣸ૾ͷ {fi : Ui → Vi}Ͱ͋ͬͯ, ֤ViRn

+ͷ
։෦ू߹Ͱ͋Γ, ͞Βʹ࠲ඪม֤͕ʹ͓͍ͯdepthΛอͭΑ͏ͳͷ͕ଘ͢ࡏΔ
͜ͱΛ͍͏.

͖֯ͭଟ༷ମM , Nͷؒʹಉ૬ࣸ૾ f : M → NͰ֤͋ͬͯʹ͓͍ͯdepthΛอͭ
ͷ͕ଘ͢ࡏΔͱ͖, MͱN͖֯ͭଟ༷ମͱͯ͠ಉ૬Ͱ͋Δͱ͍͏.

ఆٛ 2.4. nݩ࣍ತଟ໘ମP ͷ֤ʹͪΐ͏Ͳnຕͷଆ໘͕ू·͍ͬͯΔͱ͖, P 
୯७ଟ໘ମͰ͋Δͱ͍͏.

 2.5. Cn/T n  Rn
+ ͱࣗવʹಉҰࢹͰ͖ΔͷͰ, nݩ࣍ඍଟ༷ମM ͷ locally

standardͳ T n-࡞༻ʹΑΔيಓۭؒM/T nࣗવʹ͖֯ͭଟ༷ମͱΈͳ͢͜ͱ͕Ͱ͖
Δ. ୯७ଟ໘ମʹ͍ͭͯಉ༷Ͱ͋Δ.

ఆٛ 2.6. Locally standardͳT n-࡞༻Λͭඍଟ༷ମͰ͋ͬͯ, ͦͷيಓۭ͕ؒ֯ͭ
͖ଟ༷ମͱͯ͠୯७ଟ໘ମPʹಉ૬Ͱ͋ΔΑ͏ͳͷΛP্ͷquasitoric manifold

ͱ͍͏.

ҎԼ, ͜͏ͨ͠quasitoric manifoldͷྨʹ͍ͭͯͷ݁ՌΛհ͢Δ. ྨͷج४ͱ
ͯ͠·ͣऑಉมಉ૬, ͞Βʹಉ૬, ίϗϞϩδʔಉ (͜͜ͰίϗϞϩδʔ
ͷ͖࣍ͭͱͯ͠ͷಉܕΛ͢ࢦ)Λ͑ߟΔ.

3. ऑಉมಉ૬ʹ͍ͭͯͷྨ
ఆٛ 3.1. ୯७ଟ໘ମP্ͷquasitoric manifoldͷऑಉมಉ૬ྨશମΛMPͱ͢ه.

ҎԼ, Pnݩ࣍୯७ଟ໘ମͰmຕͷଆ໘Λͪ, ͔ͭͦΕΒF1, . . . , Fmͱ൪߸ͮ
͚ΒΕ͍ͯΔͷͱ͢Δ.

ఆٛ 3.2. P ্ͷಛੑྻߦͱ, ͷ n × mྻߦ λ = (λ1, . . . ,λm)Ͱ͋ͬͯ࣍
ͷnon-singular conditionͱݺΕΔ݅Λຬͨ͢ͷΛ͍͏: ଆ໘Fi1 , . . . , Fin͕͋Δ
ͰަΘ͍ͬͯΔͱ͖, detλ(i1,...,in) = ±1. ͜͜Ͱλ(i1,...,in)খྻߦ (λi1 , . . . ,λin)Λ
ද͢.

ҎԼͷΑ͏ʹͯ͠P ্ͷಛੑྻߦ λ͔ΒP ্ͷ quasitoric manifold M(λ)Λߏ͢
Δ͜ͱ͕Ͱ͖Δ. ֤ q ∈ P ʹରͯ͠ qͷଐ͢Δ࠷খͷ໘ΛG(q)ͱ͢ه. ಛੑࣸ૾ $λ
Pͷ֤໘ʹT nͷ෦τʔϥεΛରԠͤ͞Δࣸ૾Ͱ͋ͬͯ, :Ͱఆٛ͞ΕΔ࣍

$λ(Fi1 ∩ . . . ∩ Fik) := im (λ(i1,...,ik) : T
k → T n).

͜͜ͰTR/Zͱݟ၏͞Ε͓ͯΓ, λ(i1,...,ik)ͦΕʹରԠ͢Δઢ͕૾ࣸܕՃ܈ʹಋ͘
४ಉܕΛද͍ͯ͠Δ. T n × Pʹಉؔ∼λΛ࣍ͰఆΊΔ:

(t1, p) ∼λ (t2, q) ⇐⇒ p = q͔ͭ t1t
−1
2 ∈ $λ(G(q)).

M(λ) := (T n × P )/ ∼λ ͱ͠, T n ͷୈҰͷඪ४తͳ࡞༻Λ͑ߟΔ͜ͱʹΑΓ
quasitoric manifold M(λ)͕ಘΒΕΔ. ,ࡍ࣮ M(λ)͔ΒP ͷࣹӨΛπͱ͠, ֤ v

ʹରͯ͠P ͔Β vͷଐ͞ͳ͍ଆ໘Λͯ͢আ͍ͨͷΛUvͱ͢هͱ͖, π−1(Uv)Cn
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ʹऑಉมಉ૬Ͱ͋Δ͜ͱ͕༰қʹ͔Δ. ͜ΕΒʹΑΓඍଟ༷ମͷߏΛఆΊΕ
Α͍.

,ʹٯ MΛP ্ͷ quasitoric manifoldͱ͢Δͱ͖, ҎԼͷΑ͏ʹͯ͠ಛੑྻߦλ(M)

͕ಘΒΕΔ. M ͔Β P ∼= M/T nͷࣹӨΛ πͱ͢ه. ͕༺࡞ locally standardͰ͋
Δ͜ͱ͔Β, π−1(rel.intFi)ͷ֤ݩಉ͡ํ෦܈Λͪ࣋, ͦΕ ͷ෦τʔݩ࣍1
ϥεͰ͋Δ. ͜ΕΛ TM(Fi)ͱ͠ه, ରԠ͢ΔϕΫτϧΛ λi ∈ Znͱ͢Δ. ͢ͳΘͪ,

λi = t(λ1,i, . . . ,λn,i)TM(Fi) = {(zλ1,i , . . . , zλn,i) ∈ T n | z ∈ C, |z| = 1} ͱͳΔZnͷݩ
Ͱ͋ͬͯ, ͞Βʹ֤ͷ࠷େެ͕ 1Ͱ͋ΔΑ͏ͳͷͰ͋Δ. ͜Εූ߸Λআ͍
ͯҰҙʹఆ·Δ. λ(M) := (λ1, . . . ,λm)ͱ͢Ε, ͜Ε͕non-singular conditionΛຬͨ
͢͜ͱ࡞༻͕ locally standardͰ͋Δ͜ͱ͔Β͔Γ, ैͬͯλ(M)P ্ͷಛੑߦ
ྻͱͳΔ.

ఆٛ 3.3. P্ͷಛੑྻߦશମͷू߹ΛΛP , ࣸ૾ΛP → MP : λ $→ M(λ)Λφͱ͢ه.

ิ 3.4 ([DJ91]). P্ͷҙͷquasitoric manifold Mʹରͯ͠, ࣹӨM → Pʹ࿈
ଓͳஅ͕ଘ͢ࡏΔ.

Proof. [Dav78, p. 344]ʹ͓͚Δ “blow up”ͷٞʹΑΓ, ओ T n-ଋ p : M̃ → P ͱ࿈ଓ
ࣸ૾ r : M̃ → M Ͱ͋ͬͯ π ◦ r = pͱͳΔͷ͕ߏͰ͖Δ. P ՄॖͰ͋ΔͨΊ,

p : M̃ → Pࣗ໌ଋͰ͋ͬͯஅΛͭ. ͜ͷஅͱ rΛ߹͢ΕΑ͍.

໋ 3.5 ([DJ91]). P ্ͷҙͷ quasitoric manifold Mʹରͯ͠MͱM(λ(M))ಉ
มಉ૬. ಛʹφશࣹͰ͋Δ.

Proof. ิ 3.4ΑΓಘΒΕΔ࿈ଓͳஅΛ s : P → Mͱ͢ه. ͢ΔͱT n × P → M͕
(t, q) $→ t · s(q)ʹΑΓఆ·Δ͕, ͜Ε͕M(λ) = (T n × P )/ ∼λ͔ΒMͷಉมಉ૬ࣸ
૾Λಋ͘͜ͱ༰қʹࣔ͞ΕΔ.

ΛPʹGL(n,Z)͕͔ࠨΒͷੵʹΑͬͯ, (Z/2)m͕ྻΛ−1ഒ͢Δ͜ͱʹΑͬͯ࡞༻
͢Δ.

ఆٛ 3.6. XP := GL(n,Z)\ΛP/(Z/2)m.

ఆٛ 3.7. {1, . . . ,m}্ͷ୯ମෳମKPΛ࣍ͷΑ͏ʹఆΊΔ:

{i1, . . . , ik} ∈ KP ⇐⇒ Fi1 ∩ . . . ∩ Fik ,= ∅.

KPͷࣗݾಉܕશମͷͳ͢܈ΛAut (KP )ͱ͢ه.

 3.8. Aut (KP )ྻͷೖΕସ͑ʹΑΓΛP .Δ͢༺࡞ʹ ͞Βʹ͜ͷ࡞༻XP ͷӈ
.Λಋ͘༺࡞

໋ 3.9 ([DJ91]). φ : ΛP → MPશ୯ࣹφ : XP/Aut (KP ) → MPΛಋ͘.

Proof. ·ͣφ͕XP/Aut (KP )͔ΒMP ͷࣸ૾Λಋ͘͜ͱΛࣔ͢. λ = (λ1, . . . ,λm),

λ′ = (λ′
1, . . . ,λ

′
m)Λ P ্ͷಛੑྻߦͱ͠, M := M(λ), M ′ := M(λ′)ͱ͓͘. σ ∈

Aut (KP )ͱA ∈ GL(n,Z)͕ଘͯ͠ࡏ

λ′
σ(i) = ±Aλi (i = 1, . . . ,m)
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ͱͳΔͱ͖, MͱM ′͕ऑಉมಉ૬Ͱ͋Δ͜ͱΛࣔͤΑ͍. KP ͷॏ৺ࡉ͕P ͷ୯
ମׂΛ༩͑Δ͜ͱʹҙ͢Δͱ, σ͖֯ͭଟ༷ମͱͯ͠ͷಉ૬f : P → PͰ͋ͬͯ,

֤ଆ໘ʹର͠ f(Fi) = Fσ(i)ͱͳΔΑ͏ͳͷΛಋ͘͜ͱ͕͔Δ. A͔Βಋ͔ΕΔT n

ͷࣗݾಉܕΛψͱ͠ه, f̃ : T n × P → T n × P : (t, q) $→ (ψ(t), f(q))ͱఆΊΔ. ͢Δͱ f̃

f : M → M ′Λಋ͕͘, ͜Ε͕ऑಉมಉ૬Ͱ͋Δ͜ͱ໌Β͔Ͱ͋Δ.

ͷΑ͏ͳMͱM্ʹٯ ′͕ऑಉมಉ૬Ͱ͋Δͱ͢Δ. ͢ͳΘͪ,ಉ૬ࣸ૾f : M → M ′

ͱ T nͷࣗݾಉܕψ͕ଘͯ͠ࡏҙͷ x ∈ Mͱ t ∈ T nʹରͯ͠ f(t · x) = ψ(t) · f(x)
Λຬͨ͢ͱԾఆ͢Δ. ψʹରԠ͢Δ GL(n,Z)ͷݩΛ Aͱ͢Δ. ·ͨ, f يಓۭؒ
P ∼= M/T n ∼= M ′/T n ʹ͖֯ͭଟ༷ମͱͯ͠ͷࣗݾಉ૬ f Λಋ͘. f ʹΑΓఆ·Δ
Aut (KP )ͷݩΛσͱ͢ه. ͜ͷͱ͖λ′

σ(i) = ±Aλi (i = 1, . . . ,m) ͕Γཱͭ͜ͱ༰
қʹ͔Δ. ͜͏ͯ͠φͷ୯ࣹੑ͕ࣔ͞Εͨ.

4. ίϗϞϩδʔ
Quasitoric manifoldͷίϗϞϩδʔʹ͍ͭͯҎԼͷ͜ͱ͕ΒΕ͍ͯΔ.

ఆٛ 4.1. P Λnݩ࣍୯७ଟ໘ମͱ͠, ͦͷ (n − i − ͷ໘ͷຕΛݩ࣍(1 fiͱ͢ه. P

ͷh-vector (h0, . . . , hn)࣍ͷࣜʹΑͬͯఆٛ͞ΕΔ:

h0t
n + · · ·+ hn−1t+ hn = (t− 1)n + f0(t− 1)n−1 + · · ·+ fn−1.

ͷఆཧ࣍ quasitoric manifoldʹೖΔඪ४తͳCWෳମͷߏ ([BP02, p. 66])͔Β
ಘΒΕΔ.

ఆཧ 4.2 ([DJ91]). PΛnݩ࣍୯७ଟ໘ମ, (h0, . . . , hn)Λͦͷh-vectorͱ͢Δ. P্ͷ
ҙͷ quasitoric manifold Mʹ͍ͭͯ, ͦͷϗϞϩδʔ܈ح࣍ʹ͓͍ͯ 0Ͱ͋Γ,

.ࣗ༝Ͱ͋Δ͍͓ͯʹ࣍ۮͨ· ͞Βʹ, Mͷ 2i࣍ͷBettiΛ b2i(M)ͱ͢هͱ͖,

b2i(M) = hi͕Γཱͭ.

 4.3. ͢ͳΘͪ, ಉ͡୯७ଟ໘ମ্ͷ 2ͭͷ quasitoric manifoldΛൺֱ͢Δͱ͖, ͦ
ΕΒͷίϗϞϩδʔ͖࣍ͭՃ܈ͱͯ͠ಉܕͰ͋ͬͯ, ඞͣߏ·ͰݟΔඞཁ͕
͋Δ.

લઅಉ༷, Pnݩ࣍୯७ଟ໘ମͰmຕͷଆ໘Λͪ࣋,ͦΕΒF1, . . . , Fmͱ൪߸ͮ
͚ΒΕ͍ͯΔͷͱ͢Δ. MΛP ্ͷ quasitoric manifoldͱ͠, M͔ΒP ͷࣹӨΛ
πͱ͢ه. ͜ͷͱ͖֤π−1(Fi) (2n− .ͷด෦ଟ༷ମͰ͋Δ͜ͱʹҙݩ࣍(2

ఆཧ 4.4 ([DJ91]). λ = (λi,j)ΛP্ͷಛੑྻߦͱ͠, M := M(λ)ͱ͓͘. ͜ͷͱ͖M

ͷίϗϞϩδʔ࣍Ͱ༩͑ΒΕΔ:

H∗(M ;Z) = Z[v1, . . . , vm]/(IP + Jλ).

͜͜Ͱ vi ∈ H2(M ;Z)ด෦ଟ༷ମπ−1(Fi)ͷPoincaréର, IP ,JλҎԼͷΠσΞ
ϧΛද͢.

IP = (vi1 · · · vik |Fi1 ∩ . . . ∩ Fik = ∅),
Jλ = (λi,1v1 + · · ·+ λi,mvm | i = 1, . . . , n).
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5. ಛఆͷ୯७ଟ໘ମ্Ͱͷྨʹؔ͢Δॾ݁Ռ
ఆٛ 5.1. ୯७ଟ໘ମ P ʹର͠,ͦͷ্ͷ quasitoric manifoldͷಉ૬ྨશମͷू߹Λ
Mhomeo

P ͱ͢ه. ·ͨ, P ্ͷ quasitoric manifoldͷίϗϞϩδʔͷಉྨܕ
શମΛMcoh

P ͱ͢ه. ͜͜ͰίϗϞϩδʔͷಉܕͱ͍͏ͷ୯ʹ͖࣍ͭͱͯ͠
ͷಉܕΛ͍ͯ͑ߟΔ (ͭ·ΓίϗϞϩδʔ࡞༻ૉͳͲͷߏ͑ߟͳ͍). ࣗવͳશࣹ
MP → Mhomeo

P , Mhomeo
P → Mcoh

P ΛͦΕͧΕφ1,φ2ͱ͢ه.

ຊઅMhomeo
P ͷ cohomological rigidity͕͔͍ͬͯΔΑ͏ͳ߹Λ·ͱΊͨͷ

Ͱ͋Δ. Mhomeo
P ͕ cohomologically rigidͰ͋Δ͜ͱφ2͕શ୯ࣹͰ͋Δ͜ͱͱಉͰ

͋Δ͜ͱʹҙ.

·ͣ, .ͷ͜ͱ༰қʹ͔Δ࣍

໋ 5.2 ([DJ91]). nݩ࣍୯ମ∆nʹର͠, #M∆n = #Mhomeo
∆n = #Mcoh

∆n = 1Ͱ͋Γ,

M∆nʹଐ͢Δ།Ұͷྨඪ४తͳT n-࡞༻Λඋ͑ͨCP nʹΑΓද͞ΕΔ.

࣍ [OR70]ͷ݁Ռͷܥͱͯ͠ಘΒΕΔ. m ≥ 4ͱ͠, Pmತm֯ܗΛද͢ͷͱ
͢Δ.

ఆཧ 5.3 ([DJ91]). MPmՄࢉແݸݶͷݩΛͪ࣋,Mhomeo
Pm

ʹଐ͢Δ֤ྨCP 2,CP 2, S2×
S2Βͷ࿈݁ʹΑͬͯද͞ΕΔ. ͱ͘ʹφ2શ୯ࣹͰ͋Δ.

࣍ [CPS12]ͷओఆཧΛ؆ུԽͨ͠ܗͰड़ͨͷͰ͋Δ.

ఆཧ 5.4 ([CPS12]). ୯ମ2ͭͷੵ∆n ×∆m (1 ≤ n < m)ʹର͠, Mcoh
∆n×∆mՃࢉແݶ

.ͭ࣋Λݩͷݸ φ1୯ࣹͰͳ͘, φ2શ୯ࣹͰ͋Δ.

ΑΓଟ͘ͷ୯ମͷੵʹ͍ͭͯ, ͷཱํମ࣍ I3্Ͱͷྨ݁Ռ͕͋Δ.

ఆཧ 5.5 ([H2]). Mhomeo
I3  strongly cohomologically rigidͰ͋Δ.

ର८ճଟ໘ମ্ͷquasitoricʹޙ࠷ manifoldͷྨʹؔ͢Δ݁ՌΛड़Δ. ८ճଟ
໘ମCn(m) (1 < n < m)mݸͷΛͭ࣋nݩ࣍ತଟ໘ମͰ͋Γ, ͦͷରCn(m)∗

mຕͷଆ໘Λͭ࣋nݩ࣍୯७ଟ໘ମͱͳΔ. ࡉৄ [Zie95]ͳͲΛࢀরͷ͜ͱ.

ఆཧ 5.6 ([H1]). n ≥ 4͔ͭm − n ≥ 4,͋Δ͍ n ≥ 6͔ͭm − n ≥ 3Ͱ͋Δͱ͖,

Cn(m)∗্ʹquasitoric manifoldଘ͠ࡏͳ͍.

ఆཧ 5.7 ([H1]). ର८ճଟ໘ମCn(n+ 3)∗ (n = 3, 4, 5)্ͷquasitoric manifoldʹͭ
͍ͯ,ҎԼ͕Γཱͭ.

(1) φ1 : MC3(6)∗ → Mhomeo
C3(6)∗શ୯ࣹͰͳ͍͕φ2 : Mhomeo

C3(6)∗ → Mcoh
C3(6)∗શ୯ࣹͰ

͋Γ,·ͨ͜ΕΒͯ͢ՄࢉແݸݶͷݩΛͭ.

(2) #MC4(7)∗ = #Mhomeo
C4(7)∗ = #Mcoh

C4(7)∗ = 4.

(3) #MC5(8)∗ = #Mhomeo
C5(8)∗ = #Mcoh

C5(8)∗ = 46.

6. όϯυϧܕͷquasitoric manifoldʹؔ͢Δॾ݁Ռ
ఆٛ 6.1. ԼͷΑ͏ͳۭؒͱ࿈ଓࣸ૾ͷྻΛ͑ߟΔ.

Bn
pn−1 !! Bn−1

pn−2 !! · · · p2 !! B2
p1 !! B1 = CP 1
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Bi্ͷෳૉઢଋLi (i = 1, . . . , n − 1)͕ଘ͠ࡏ, ֤ iʹରͯ͠ pi : Bi+1 → Bi͕CP 1-

ଋͷࣹӨP (Li ⊕C) → Biʹ͍͠ͱ͖, Bnn-stage Bott manifoldͰ͋Δͱ͍͏.

͜͜ͰCࣗ໌ଋΛ, P (Li ⊕ C)ࣹӨԽΛද͢.

Bott manifoldཱํମ্ͷquasitoric manifoldʹͳΔ͜ͱ͕ΒΕ͍ͯΔ. T nͷ࡞
༻ͱ Inͷଆ໘ͷ൪߸͚ͮΛదʹऔΓ͑Δ͜ͱʹΑΓ, n-stage Bott manifoldͷಛ
:ॻ͚ΔʹܗͷΑ͏ͳ࣍ྻߦੑ





1 0 · · · 0 1 ∗ · · · ∗
0 1

. . .
... 0 1

. . .
...

...
. . . . . . 0

...
. . . . . . ∗

0 · · · 0 1 0 · · · 0 1




.

ͦ͜Ͱ (CP 2#CP 2)-ଋܕͷ quasitoric manifoldΛ࣍ͷΑ͏ʹఆٛ͢Δ. CP 2ͱCP 2ͷ
ಉม࿈݁ͱͯ͠ͷCP 2#CP 2 I2্ͷ quasitoric manifoldͰ͋Γ, ͦͷಛੑྻߦ

κ =

(
1 0 1 2

0 1 1 1

)
ͱͰ͖Δ͜ͱʹҙ.

ఆٛ 6.2. ཱํମ I2n্ͷquasitoric manifold M͕ (CP 2#CP 2)-ଋܕͰ͋Δͱ, Լͷ
Α͏ͳܗͷ I2n্ͷಛੑྻߦλ͕ଘͯ͠ࡏ, MͱM(λ)͕ऑಉมಉ૬ͱͳΔ͜ͱΛ͍͏:

λ =





E2 0 · · · 0 κ ∗ · · · ∗
0 E2

. . .
... 0 κ

. . .
...

...
. . . . . . 0

...
. . . . . . ∗

0 · · · 0 E2 0 · · · 0 κ




. (1)

͜͜ͰE2୯Ґྻߦ, κ =

(
1 2

1 1

)
ͱ͍ͯ͠Δ.

(CP 2#CP 2)-ଋܕͷquasitoric manifold͕CP 2#CP 2্ͷ iterated (CP 2#CP 2)-bundle

ͱͳΔ͜ͱୈ3અͰͷM(λ)ͷߏ͔Βࣔ͢͜ͱ͕Ͱ͖Δ.

Bott manifoldʹ͍ͭͯҎԼͷ2ͭͷྨ݁Ռ͕ଘ͢ࡏΔ.

ఆཧ 6.3 ([Choi]). 3-stage (resp. 4-stage)ͷBott manifoldશମ strongly cohomolog-

ically rigid (resp. cohomologically rigid)Ͱ͋Δ.

ఆཧ 6.4 ([CMM]). Z/2-ͷίϗϞϩδʔ͕H∗(CP 1;Z/2)⊗nʹಉܕͰ͋ΔΑ͏ͳ
n-stage Bott manifoldશମ strongly cohomologocally rigidͰ͋Δ.

ʹޙ࠷ (CP 2#CP 2)-ଋܕͷquasitoric manifoldʹؔ͢Δྨ݁Ռͱ, ͦͷূ໌ͷུ֓
Λड़Δ.

ఆཧ 6.5 ([H2]). M ,M ′Λ(CP 2#CP 2)-ଋܕͷquasitoric manifoldͱ͠, ϕ : H∗(M ′;Z) →
H∗(M ;Z)Λ͖࣍ͭͱͯ͠ͷಉ૾ࣸܕͱ͢Δ. ͜ͷͱ͖ऑಉมಉ૬ࣸ૾f : M → M ′

Ͱ͋ͬͯϕ = f ∗ͱͳΔͷ͕ଘ͢ࡏΔ. ͱ͘ʹ (CP 2#CP 2)-ଋܕͷquasitoric manifold

શମ strongly cohomologically rigidͰ͋Δ.

ূ໌ҎԼͷΑ͏ͳखॱͰߦΘΕΔ. λ, λ′Λ (1)ͷܗΛͭ I2n্ͷಛੑྻߦͱ͠,

M = M(λ), M ′ = M(λ′)ͱͯ͑ߟΑ͍. ఆཧ4.4ͷදࣔʹ͓͍ͯv2n+i (i = 1, . . . , 2n)Λ
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Xiͱஔ͖͢ͱ͖, MͷίϗϞϩδʔదͳΠσΞϧIΛ༻͍ͯZ[X1, . . . , X2n]/I

ͱॻ͚Δ. ಉ༷ʹ, M ′ͷίϗϞϩδʔZ[X1, . . . , X2n]/I ′ͱॻ͚Δ. ͕ͨͬͯ͠ϕ
Z[X1, . . . , X2n]ͷ͖࣍ͭͱͯ͠ͷࣗݾಉܕͰ͋ͬͯ I ′Λ Iʹࣸ͢ͷͱݟ၏͢͜ͱ
͕Ͱ͖Δ.

Z[X1, . . . , X2n]ͷϑΟϧτϨʔγϣϯFΛҎԼʹΑͬͯ༩͑Δ:

(X2n−1, X2n) ⊆ (X2n−3, . . . , X2n) ⊆ · · · ⊆ (X2n−2i+1, . . . , X2n) ⊆ · · · ⊆ (X1, . . . , X2n).

.ͱͳΔݤͷิ͕ূ໌ͷ࣍

ิ 6.6. (1)ͷܗΛͭಛੑྻߦµͱऑಉมಉ૬ࣸ૾ f : M(µ) → M͕ଘ͠ࡏ, f ∗ ◦ ϕ
ϑΟϧτϨʔγϣϯFΛอͭ.

͜ͷิʹΑΓ, f ∗ ◦ ϕྻߦͰද͢ͱ࣍ͷܗʹͳΔ:

f ∗ ◦ ϕ =





ψ1 ∗ · · · ∗
0 ψ2

. . .
...

...
. . . . . . ∗

0 · · · 0 ψn




.

֤ψiH∗(CP 2#CP 2;Z)ͷࣗݾಉܕΛ༩͑Δ. ࣮, ҙͷH∗(CP 2#CP 2;Z)ͷ࣍
͖ͭͱͯ͠ͷࣗݾಉܕऑಉมࣗݾಉ૬ͱ࣮ͯ͠ݱͰ͖Δ͜ͱ͕͔Δ. ΑΓ͘ڧ,

.ͷิཱ͕͢Δ࣍

ิ 6.7. (1)ͷܗΛͭಛੑྻߦµ′ͱऑಉมಉ૬ࣸ૾ g : M ′ → M(µ′)͕ଘ͠ࡏ, g∗
:ͷΑ͏ʹͳΔ࣍Ͱॻ͘ͱྻߦ

g∗ =





ψ−1
1 0 · · · 0

0 ψ−1
2

. . .
...

...
. . . . . . 0

0 · · · 0 ψ−1
n




.

,ࠓ f ∗ ◦ ϕ ◦ g∗࣍ͷΑ͏ͳܗΛ͍ͯ͠Δ:

f ∗ ◦ ϕ ◦ g∗ =





E2 ∗ · · · ∗
0 E2

. . .
...

...
. . . . . . ∗

0 · · · 0 E2




.

͜ͷͱ͖࣍ͷิΛ܁Γฦ͠༻͍Δ͜ͱʹΑΓ, µ = µ′͔ͭf ∗ ◦ ϕ ◦ g∗ = E2nͱͳΔ͜
ͱ͕͔Δ.

ิ 6.8. µ, µ′Λ (1)ͷܗΛͨ͠ I4্ͷಛੑྻߦ, θ : H∗(M(µ′);Z) → H∗(M(µ);Z)

Λ͖࣍ͭͱͯ͠ͷಉ૾ࣸܕͱ͢Δ. θ͕ྻߦͰ

(
E2 ∗
0 E2

)
ͱ͋ΒΘ͞ΕΔͱ͖,

θ = E4Ͱ͋Γ, ͞Βʹµ = µ′ͱͳΔ.
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Ҏ্ʹΑΓ, ϕऑಉมಉ૬ࣸ૾ g−1 ◦ f−1ͱ࣮ͯ͠͞ݱΕͨ.

M !!!!!!! M ′

g

""

H∗(M ;Z)
f∗

""
!

H∗(M ′;Z)ϕ##

M(µ)

f

$$

M(µ′) H∗(M(µ);Z) H∗(M(µ′);Z)

g∗

$$
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