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£ Gorenstein ZfEI LEOR F) U5 bARAS—DERS

MRS
FORZPR PGB AR FHETER

1 FX

NARZER M o BV —722/ LM 1%, ME St b M ~oig G482 Ko k40
WHZEMOFETHSH. A MV 7 bR v—Ei%, Chas-Sullivan 12X > CAGG S LB H
N—TEOREr U—ICEAT LR TH D, HOHIEE (1] 128\ T, ArZEkED
i HhL— 72 W@T%m/%ﬂm M)(LDEI—THREOD—LIES) BIT, AR
T & REEE, ¥ 21X Batalin-Vilkovisky fREREEZ B AL L T\ D, ZOREREZ HH A
L LT, \_zh“Ci'C xR NY 7 RAR v U—ICET e T TE 2. RS,
Cohen-Godin([3]) I & » T (REMLITTAFFZ220N) 2 ROTALFRI & 755 PR OGS0,
Godin([7]) IZ&X > THREr V—MIELGOHEGR & W o T EER B LI TV D

—J5, ANV T bR — O RITIERER & TR S W22 kb\f%%i?ﬂh

T&7-. Hlzx1E, Chataur-Menichi([2]) 12 & 5, =237 i Lie ﬁ%ﬁﬁﬁﬁi@’\*ﬁ
ZZERIOANY 7 FAERR Y =305, AR TER LIZWwoid, Félix-Thomas([6]) (&
% Gorenstein ZEfH] FOA N 7 bARu vV—0HER THD. Z Z T Gorenstein %Fﬁﬁk
%, AIPAZERECHERS Lie BEO 0 FHZEM], Borel #k & W o IofFHEMZ G 7 7 A
ZR L TE Y, Félix-Thomas @ Gorenstein 22 ED A VY 7 bR o O—OHHIL,
Chas-Sullivan (2 £ 2 2K EOBEROJRIEIZ 72 > TV D . AT, 2K EDO X R
Y7 hARrY—0HE, EFIZL o> THE LN Gorenstein ZEf] EOAX N >/ RAR R
U —OEFRIZET DRI OV TR Lz,

ﬁ%@%ﬁiMT@@@f%é 2 #ETIT, %%WL®XLJ/7BTH/ DERF,
KON D% DI HOW TS L, Félix-Thomas 7% Gorenstein 22[]_EO PR IZHE5E L &
9 EEZ TR OWTHIT TS, 3ETIE, Gorenstein ZEH D A &, Félix-Thomas

XV PRk &7 Gorenstein 28] DA U U TYEAFEORERICOWTEEL S 5.
4%’6‘!1, EHICLH->TE LN, AE Gorenstein ZE[l] LD A b U o FHYERZEOME e,
BARB R RBUZ SOV TR T 5.

2 AMYVT rROD—

ZDOETIE, ZHAEALEORA N 7 PR —OHRIZOWTHRIT S, 1999 4EiC
Chas-Sullivan (Z £ W RO EEA /R S 17z,

T8 1 ([1)). M % m REOFMBEER, H(LM) = Hyp(LM) &+ 5. 20O,
H, (LM) AT #a7e i & B % 55>,

FRZ Z O EEEZ L— TR E MRS, IEMICIE, 1% 513 Batalin-Vilkovisky 1% ¢
FERALTWDN, AT —THORIIERT L. V—THIF, ARMAZSEKRE M O

* tnaito@ms.u-tokyo.ac.jp



EFr Y- LICERSINDZERME, BAMEL—T72M QM OFEr V— LRITERIS N
% Pontryagin &, O£ 0 QM OF v FZEMOBENOFHFEINLRER U — EORE A
B3IV LOTHD. K, V=T DlaREXISEE D5 evg : LM — M, v+ ~(0)
Zxt L, FHEINDG Ho (LM) — Ho (M) 13Vv— 7 EE R Z2FEIC D DT

N—7F41%, Cohen-Godin I X » T—fb iz, % 56I1%, T X 972 inboundary
2 p {E, outboundary 73 q ffl (¢ > 1), & L CTHED g ® 2RILARIARNLT £ AL

Wkt L, TIUHRET D —T7REen o— EOERZE
H, (LM*?) — H, 4 (LM*9)

B L. 22T IE520NE2RTIRALT 4 RLDEA T —EHTHD. 2D
ERFEZRA M) UOEAREMS. 0k oz, R STICx LT H(LM) &S L, 2
WILARNT 4 ALK LT, FRRORRIERERISSND SO (EMEICIED LSRN
(<A %, 2 RoTONHEI R4 OB & FE5.

TE 2 ([3]). L—FRER O~ H(LM) 13, (RERTEEEERV) 2 KIEOR AN
TR OIS L .

Kz, RO LEHR2o0aR/NLT 4 XL

TR LTI, RS A
H,(LM x LM) = H,_(LM), H.(LM) — H,_,,(LM x LM)

NENENEZ N5, KD F1E, Chas-Sullivan D/L—7fE —4 5. ZOFEK
TA MU U ITERFBIINV—THEO L TH D, 0L, WL—TRELFEINS.

Cohen-Godin OfEHEIC LD, L—TFKREFT P— FICITENRABEERN KR INT-.
L7, Tamanoi |2 K> CTROEH NP RI 1T,

FE 3 ([12]). 52BN 2 RIEIRLT 4 RLOFH 1 YLD, 2B 5 =
MU IERFBIZERTH .

ZHUE, AR (V=T ) o (V— TR DAL RDFLFEETHD. ZORERIE
WROFEHNSENND.

TE 4 ([12]). M 2%T m OFABSEBIKE 5. 20— RE, Hy(LM) Lo
BCHHBETH 5. T m BEROME, L—7RBIEHTHS.



DFY, ZEREEOLV—TRBEIIFEEARICRDLLE NI ETHD. ZOFREEZITT,
A NY CTVEREZENEZSNDNAAZEM D7 T A%, AP GIRT 5 EN RN e
HARICHE S . 2DRBD 1 97 Félix-Thomas (2 L 0 #k & 472, Gorenstein Z2[# E o
AR R AR Y—0HE®mTHD.

3 Gorenstein ZEEIEDA MY U5 bAROD—DIEG

ZoE T, Cohen-Godin 23k L7- /L — 7R VNL— 7 RFfE %, Félix-Thomas 3
Gorenstein Z2[{] FICHTIZ U THEIR LN O W TR 2T 5. -2 0= DIRRIL, %
oot s 201, 2K K L9 5.

3.1 Gorenstein ZEfH]
FFHDIC Gorenstein ZEDEZE H 2 AL DVEEIT D .

% 5. ([5,86 p.69]) A% DGR¥E LT 5. AMEE (P,d) 7% A-semifree METH 5 &
%, P O A-MEEDS

P(0)yc---cP(k—1)cP(k)c---c|JPE) =P
k>0
<, P(0) RU% P(k)/P(k — 1) BSE i A MBET, 7O cycle Thd L5 7 b 07
HET 5 DO ThD. £7- AN (M, d) 5t L, semifree NIEE (P, d) B OBERRCoH %
AMEEDS e : P — M % (M,d) ® A-semifree R L IFE5. Z Z CTHEFB &1, KE
7 Y— BICFHFESNTEWHBRERIZR LD TH 5.

DF Y semifree NMEE L 1L, Mo E SN HE ANMETHY, £Z2IC “MEORV 14
IREZENTNWDHEDTHS. Lo Tsemifree it & 1%, AER V—NEAICRD LD
ZREWANBRCES B D FEEERL TS, £EEO A MBI L, £ O semifree
IR MTHIET 2 FEEZFE L TEBL.

EAMBEL & 4 A-EE M & N iZxfL,

Exty (M, N) := H*(Homyu (P, N))

CEERTDH. ELe: P> M % M O A-semifree 53T 5. FEL <IX [4, Ap-
pendix] # A TH HW ). ZHx HWT Gorenstein 2D EFRAIRTH 2 5.

EE 6 ([4]). NLAHZEM M 3RO ST Z0 723K, kot m @ K-Gorenstein ZEfH &
M5

B 00y ={ § 12

ZOEFZTIE, HEIEMIZ ED X 9 7222 Gorenstein ZEH 7R DI EWV. 2
T Gorenstien 22l & 72 HATARZE ] DO F| 2 o) ZET 5.

Bl 7. (i) ArPAZERET K-Gorenstien 22 T 5. FFlC Gorenstein ZE[# & L TO
WICIE, ZARIRE LToOWILE —8T 5. £72EE 6 O Ext IZBT &M%, £
RIEDART I VICHEDN BEND . Ko TR, K-R7 2 LBGEH2ER &
K-Gorenstein ZZ[H] T 5.



(i) #AE Lie B G 0¥ M BG 1 K-Gorenstein 2] T&H %. BG @ Gorenstein %2
& LTokTiE, —dim G THS.

(myﬂmzﬁmwﬁﬁAmﬁa@wm oL, ZAUCHRET % Borel fi ES! x g1 52
I% K-Gorenstein ZZ[H] T ¥, Gorenstein ZZfE] & L THO®ILIT 1 TH 5.

B 7(ii) &% &, Gorenstein ZEH OWITIZIED b D7E1T Tlidie < ADWILZ B D FH

GG, Fiz, B 73, (i) IFROERIZ L > T Gorenstein ZEH] ThH L FENRRIND.
ZOERIY, FEEE Q AT Félix-Halperin-Thomas([4]) (2 L 0V o/ fEH <
by, TORMRZAEREOE K EIZHEER L7202 Murillo([9]) OFERTH 5.

EE 8 ([4], [9]). HEfEzEMO7y AT —va v F - E - BT, E, BizK k=

REQ—NABRATCFIZK Farktse P —RRKRERLOET 5. ZOK, E N

K-Gorenstein 21 T HHE L, B & F 7 K-Gorenstein 2 TH 5 HFIIFETHSH. K
TEAIZ DWW TIEER

dim F = dim B + dim F
N AVAC R

ZOEHAEHWIIE, #73G) @ BG X, %iE G R G — EG — BG 5 Gorenstein
ZEMTHDZENREIND. £To EGIIFMERZERTH L0 6, 0KILD Gorenstein 22
MThsd. ZoFENS, BGOWILN —dim G ThHDHLENTND

IR K 3 Q DFE, Félix-Halperin-Thomas (2 K > TROEHINREN TN D,

B 9 ([4]). H#AERMHZER X ©, FEAE MR m.(X) @ Q BARKITZR L O
I£ Q-Gorenstein ZZff] TH 5. K2, EDORITIL

Zdeg xl—z deg y; — 1)
j

THXOND. 22T, {2}y E Moaa(X)@Q DHEETH Y, {y;}7) 1F Teven(X) @ Q
DK THS.

3.2 Gorenstein ZREIEDR ) V5 ERE

Z OffiTiE, Félix-Thomas (2 X% Gorenstein Z2[H] LD /L—7 (4) FOMERIZHOWT
LIRS, ETROEEEHENT 5H. 2L, Gorenstein ZEfi] ETA MU 7 Rk
HY—Z RO ODHRLRLERTHD.

EX 10 ([6]). M % HaER; 2% m @ K-Gorenstein Z2[#] ¢, K Eaktw U—nFR
MThorbDETDH. Zok, K BT MLVZERE L TKIZFER TS S -

EXtE*(sz)(C*(M), C* (MXQ)) = H*_m(M, K)

DIT O M) I, RHAER M — MX2 IS NI LD OF(MX2) Bk &
7
COEHD « =m OBEEERD L, ROFAMSHLND :

Ext&. arxzy (C*(M),C*(M?)) = H°(M;K) = K.



BT 1 € KASHHET %, Extf. ey (C* (M), C*(M?)) ®e%k A': P — C*(M*?)
LEL. oFED AL, Wm0 CF(M2)- R TH D, ZZTe: P — C*(M) I
C*(M) @ C*(M*?)-semifree D TH 5.
EE 11. M DA RBASZHEEOR:, A NFE+T 5 aktnv—Ho5H4

H(A"): H*(M) = H(P) — H**™(M x M)

X, "ERY— H (M) LOZERBOBS 2%, DF D EH 10 275, Gorenstein 22 [H]
WEBWTHAZER (DL RbD) KM EbND.

oA EZHNWT, akstrY— HY(LM) LBt —TEE ORI —TREL E
#£TD., FTIHINV—THEROEGHR TERT S :

H(Comp)

Dlp : H*(LM) H*(LM x5y LM)

ZlEMl_l

H*(P ®c- gy CF (LM *2)) &2

H*(LM*?).
ZZC LM xp LM = {(y1,72) € LM x LM | 41(0) = 2(0)}, 2 koF| % 7 LK
AR ELND -

LM Xy LM —2ctusion _ror o 1M

evo l/ l evo Xevp
diagonal map

M x M.

evg : LM — M 1% evaluation map, 2% Y evg(y) =~v(0) TERINLHTHS. EM;y
X B sl & R LKA BE$ 5 Eilenberg-Moore AR G4 THDH. 2F D 2 ®@a €
P @c(amx2y C*(LM*?) 1Zxt L, EMi(z®a) = evie(x) - (inclusion)*(a) TEHES12.
F72 Comp : LM Xy LM — LM [3NV—7 %8548 THD.

ZOERNOSND LI, T REEIARENICEH Comp & A A BERE T
H. DF 0 2FETHIRARZ, H,(QM) © Pontryagin fi & H, (M) ORZZAEFREORE L=
BRL—THThS.

WICFN— T REE RO B TEERT D

H (inclusion)

Dlcop : H*(LM*?)

H*(LM x5y LM)

ElEM21
H(A'®1)

Z 2T EMy 13k D5 & & LKXIZARET 5 Eilenberg-Moore [FIF G4 TH 5 -

Comp

LM Xy LM LM
evo l/ ll
M diagonal map M x M,

B LI —7 y I LT, U(y) = (7(0),7(3)) TERS D,

PLEIc XY, Gorenstein 2D/ — 7 akREr ¥ — FIZPOIV— T FE K OB V—7
SREAAER T DHEN R, FRIC M A MAZERE DR, Cohen-Godin O/L—7 (4%)
FEOXW e & —H T 5.



4 HIE Gorenstein BRI LDORX YUY FARADS—DESR

AREETIL, —OERTIT 2 AR FETOERTKY, A Gorenstein 22 o =
N7 b ARe Y —OMmIZET 2 FEHEOREEZ 3 DO/ 3T TR L.

41 Wr—T (&) EOREH, KU Frobenius EZ 5

A% T, Gorenstein ZEf] EIZHxL—T7FH, KONV — T RIEL2 EFRT 2 FHDHR
7. FTIERLDIE, ZOMERBEORATESCAT LY, Frobenius 155534 72 97723 Rl &
272 %. Ziubid, Gorenstein ZE[M] DR ITIZRET 2 EEAME 2 FRUVN T, fE A0 AT L,
Frobenius [HEZE & W o 7o E 2 /e T HDA TR SN TV D DN RRBETH D . FAIX
REBURDHE IR DL, ROFERZMGD FENRHET-.

EE 12 ([11]). BLEEZ2 Kt m @ Q-Gorenstein Z2[H M 1Zxt L, & O Rk —7F4 Dlp
K OBkt v— 74348 Dleop (3K & w723 -

(i) Dlpo (Dlp® 1) = (—1)™Dlp o (1 ® Dlp) (BkfA—TFEDOREEM) |
(ii) (Dlcop ® 1) o Dlcop = (—1)"(1 ® Dlcop) o Dlcop OWxf/L—T7RFEDFEEME) |
(iii) DIp o Dlcop = (—1)"(Dlcop ® 1) o (1 ® Dlp) (X} Frobenius %)
= (—1)"(1 ® Dlcop) o (Dlp ® 1).

FEHOGEHDOT A T TIZOWTRAR =N E B . BEERNEEEROGS, fFilaTF =
A UREDOKRDVIZ, HAHWES & A DG R¥E L 2 FENRH RS, Z ok 4 fd
VY, EF< semifree NRAZIRHHET, THOSXZFHT2HENHREZ. FELLIE, [11]
ZHEBLTIELL.

&N, ZOEHREFR CAEHOFE#TIE, Wk —7" (&) O T#EIZ OV T
RTEFEEHRZR. L L, BERFEIOFHEZITY &, Eoflt bt E2REZ L Tun b EN
D, Ko TERT, FEER EOSAL, PO —T () BOAHEICON T, [F
BROFER N SEOFEEZIAFL TV D,

42 ANy MERE Lie BONEZEMEORX ) U TERR

2Ry bEfE Lie B G O ZEH BGWERL, TOA MY U IZERZICHON
TEEZITH. FXTHLRRZN, BG LOA Y 7 bR P—0RHIC OV T,
Félix-Thomas DX xf/L—7 (42) FOMERLLATZ, Chataur-Menichi([2]) (2 &> THE %
SR TW=., BT S1E, BG OL—7RED P— FICREr O—LES R OIS b
FERL TS, FIDIZ, A2 EOI N —TFEICET 2RO ER RN T 5.

FE 13 ([6]). FEENEEEAEOEHEE, BG O —7HIZHNTHS.

ER 4 TIE, ARASERERONL—TRENEEEHATH L FEIB . 2F 0, HHH
ZARIR & ¥AZER] BG X, A B U U ZHERFRITHR LTI 72 BHR TH 2 ER 000 5.

WIZ, BRI —TREOEEICERT D, SHZEBOL— 7 RBEOREIZSW T,
Kuribayashi-Menichi([8]) IZ L » TitHE LT\ 5. —J7, FATHEEEE LoSGEIC, B
HAERE—FEWVIED L 13E S FIECTROEMEEZE L ER K.

FIH 14 ([8],[10)). BG % =2/57 R Lie B G ONMZER L L, O BURHK =R E
nY—RE H'(BG;Q) = Qry, @2, ,ap] £ 2. ZOK, BA—7EHO kTR



U—BRIT
H*(LBG;Q) =2 Q[z1, -+ , x| @ A(szy, -+ ,s2,) (deg sz; = deg x; — 1)
ThY, BxP—TREITREZWT-T

chop((wl ® sz(1)) ® (W2 © sx(J))> _ { (—=1) wm%@ sty ({1, .} =TUJ)

(otherwise).
2T, LJCcA{L2,--- ,n} THY, IT={i1 <ig <-- <ig} DI,

ST([) = STi, ST, - - - STy,
EEERT. LI BEREORTL, svny=18T2. o wy, wy € Qlry, -+, zp).
Bile=e1+ea+#J—-INJ) TV, e & ex ITRDEXZR 727 Koszul 5T
H5H

sy = (1) 82 (—1n7)5T(1nJ)5
5T18% - 8Ty = (—1)25T(1)ST(1—1nJ)-

4.3 Borel #85 ES' xo1 SPMDA ) VT EAZE

Gorenstein Z5fi] DO A N Y U J1EHZEZ LV BT 58108, SRRSO FEZER LIS
OEARB 723 BB L, Lo, — B A N U U 7 VERFE OS2 BARICHE T
HOIINEETH Y, ZEEIATIZZ VS Gorenstein ZZMTA Y U ZYEAZENHE STV
HENE, AFEZEMUSMIR S 7 6720, REICIE, FieicBG o3 e 2B Lz,

St 52 ={(z,r) eCxR | |z2+r? =1} ~DIEH%, t-(2,7) = (tz,r) LEDD.
SF Y FROERIS, ftfc L S?2 2 1 FiSE5EHATH 5.

S

ZHICAHTRET D Borel # i ES! xg1 S2 2 E 2 5. £/ ES' xg1 8?2 1%, Rt 1D
Q-Gorenstein ZEfH] TH 5.

1 15 ([10]). M % L3 Borel B &+ 5. LM OFFERE AT R O—1F Q L~V
vzEfll LTIREFRITH S -
H*(LM;Q) = A1 ® Ay,
A =QQ, my, sz, yi, sy; |21, §>0),
(deg z; = deg y; = 2i, deg sz; = deg sy; = 2i+ 1),
As = Qvp, Wy In>2, m>1), (degwv, =2n—2, deg w,, =2m +1).

22T, Qa,b,---) 1%, ab,-- BEEET D Q BT FAERTHD.
RO IV— T RIEITIR 2T T2

Titj+1 ((2,2") = (i, s25) or (swj, —x;)),
—STitjt1 Egz,z:% = Esxi, sa:)j) 07(’ (sa;j,sx)i))),
DI N — —Yitj4+1 z,z2 ) = \Yi,SYj) or (SY;, —VYi)),
cop(z @ 2') SYitjt+1 ((2721) = (syi,5y;) or (sy;,sYi)),
—wq ((z,2") = (sxo, syo) or (syo, sxo)),
0 (otherwise



Rt v — 7 FE TR i 727« Dlp(Ay) = {0}, Dlp(wy) = 0.

Dlp(wm) =(m — D)w1 @ wy,—1
m—2

(m—1)!

* - (_1)i+1((¢ “Dlm i wm*i)

+ (—1)m(m — 1)wn—1 X w1 .
Dlp(v,) =nwi ® vp—1

. i1 n' ]
’ ;(_1)Z+ (i—1)(n—i+1)! ((” — i+ 1w ® v

— (=1 2® wn7i+2>
+ (=) v, @ wy.

Z OFEIIZIE, Sullivan Of/NETVEHWS. ZhaHWD &, BHAL—7%EM LM
DEIRER R T = 1 U C*(LM; Q) 1%, (f)s Sullivan €7V EMEEN D) FHE
AlRe7e Q EREST & Al DG RENCE S X 2 F0 RS . IV —7 (k) Ex
i)y Sullivan €7 VO FHEIZ L HFEIREITV, ENEHWT ERROB 2155 FHNHIkT-.

Borel #ii% ES x g1 S? 1%, SRS ER O, VW—THEL—TRBOLEL 5
DHBFRE B L WO R TG TIE R, V—THEN— 7 REN I IER R ER
BEFOBTHL Z ENgnDd. heliExs s, AN U ITIERBIISZHEKD 7 F A
X0, Gorenstein 25DV 7 ANMBIZ T HNEBWOTIZEEFITEZTND.

Z5 X Ek
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Infinite-dimensional manifolds and universal spaces
B A (R AR E R LA )

B! =
KT, o-JafTa v 37 FEEBES VT ATREZRE D 6 % % 7 T A 13 %2
DEGT 7 7 AN 2 EIEZRE & Zie €T IVER & T 5 MRIOTL A
DAAHIRF AT IS O WTRES T 2, £/, RRdOEm 22 & RIS 2 2 i
TEAHZEE DM EEIT D W TN %,

1.

R TIE, ZEEIETRTAT ARV 7%/ E L, BRIZ TR CHEEHRE T 5, %
M EICX LT, ERBE DD HHES ERMALGEEZR>/87 a2 v 87 P22 %
E-SHR LW, EZETAEME V), E-SIREDEIRRITGEHKRETH 2 L1X, €
TOVERR B IS EIRRIGZER D & E 2\ ), MEED T D)L R 22 (1) £ &L
JEIZT 5, HIG,

to(r) = { = (@(1)yer ERT

Zw(’y)Q < oo}.
y<T

T, BV PR E Q LT, 1960 D 6 BEAACIIZE S T & 7o R
TLERERICE VT, INH RIS KREDE T LM E LT, mbRENZD
DTH D, 19804F, 1981 4FiCiE, H. Toruticzyk [21, 22] IZ & 5T, fy(7)-Zhklk & Q-
SRR DO U 235 & e,

BARVIVEEE BICH LT, #od B-22f L 12, 20 %z &0 a0 MR T2 o
MTBHEALEDZLDE V), EILL P E/IE, Huon G- e %375 A2, Hl
Y SEOMERRENT AR 2L & 7 B 7 T AICKIT A ME 2 Th B, T T, 22X
MY T ACIINT R TH 5 L3, COEBDILY X ITAHMICHIOAL Z &
MTEDELEER V), WETIFL  DIFEEZIC X > T, FESEM Mt B L IVZERD &
57T ACKT BEER L, FEETIVEME T 2 HRRICL AL S N
T3, M. Bestvina & J. Mogilski [7] I k> T, &RV IVEEEICEET 5, w4 R
LOVZER O 2L DS, Al e oL ~0L b ZBRIOE 2R L L THET 5 2 EDNEHE
N7z, 7. K. Sakai and M. Yaguchi [20] %> K. Mne [18] 12 & > T, FEr[orifaxf A L
WVERNIZOWTHFEERD Z E B IO LB SN TW5S,,

ELAOL 22 £y (1) OEEHEIE AT IS TR 6 N B el % of(r) TRT I L &
5, B,

6(r) = {x € ta(r) | HEMHDy < 72 BT La(y) = 0},

TS T 3N ITEE L\ & &, A ELOL b2 4,(Ry) & 2 DERIIZERT 65 (Ry) % BT
Oye 05 LR, 2 () & B LOL BT TR Q DRG0 (1) x Q& #ukt F,-22H] A
5%%7 7 A, MG, o-Jafra v 7 FERBEN D ATBEZERI D 7 5 21250 2 ¥ ok 22 [H]
ThHabIEBHMENTWVS, 22T, ZHPREHa Y 7 FMBTEGOTENTES
NBEE, o-fAfTavy 7 b THLEV, FRay 7 MBOEADOERITERI



NBHA, o-RWFia v 2 bThb I, —H, H(r) i3, 2OEI T 5 ATH B
HELRIC o-Jagft 2 v % 7 S RN RIRB 22 0 7 7 2k 22T h 5, AR
KICHEGOMEAITE SN %M %, MABEXILTH 5 L), AT, 6(1)
R0 (1) x Q& T TILVZERM & T B MERIITH ARV R, 20 s LM
7% BRI ZE R D IMEE AT D W T, GEIEE MR AR 2 PO ISR 5,

2. ERRITTSRIE DM (T

ERRTCL MR DR T IS B VT, RO OO IE PO 25 2 F - L
T3,

EBER 1 (Z-5E6). ZHXOMEAAVBZFEETH S L3, X DIEREOHBFEU IR L
T, X DEFEGHROU-ER f: X - X T, ZORF(X) DA LELDS LW DHHFAAE
T22E2V), TIT, fIX)DMEBALEDSRWE S, AR Z-HEE LS,

EE 2 (MPEN:). BRX 237 7 A CICR L UREErE 2R L3, ROFEM 27
TIETHS:

o ZHHANCIIBLTELET S, 57, BZADHESL, [ A XZ AL X
NDEBRT, BOBRF(BY XD ZHHEBHbDETE, ZDLE, XDIER
DEIBEBU IR LT, fOUMIRg: A — X T, ZDOBg(A) DB ZHEETHD,
BANDOHIRIZOWT glp = flp &7 TS DVHAET 5,

CIT, X DOBEUICH LT, BBRg: Y - XD f:Y - X DUERITH
L, Y DEEYIZOWT, f(y) Egly) BEDICUDHZTRICEEND T LRV,
1984412, J. Mogilski [19] 12 & o T, 65-ZhRIE & (6] x Q)-Z R LT, KD &
5 IR AR A 235 2 5 T,
B 2.1 (J. Mogilski [19]). HASZ2M X 23 0] - % BATH 2 BB 050, K2~
TIETHA:

(1) X 1FAHERIG, 0-a 287 bR ANRTH % ;

(2) X it HRKIEA > 87 MR O ATREZER 2> 5 4 B 7 9 R 1ok L CIRipE k%
o,

(3) X DABRXRIGa v 87 MR Z AL K 5,

EHE 2.2 (J. Mogilski [19]). B2 X 23¢) x Q-%IkETH 2 BEA-5AM 13, K%
T eThs:

(1)
(2)
(3) XDav 7 MR EAIIHRZ-EE LR S,

FEHXDBANRTH 5 E1d, X ZPHEA L L CETTRE OB nTRE 22 Y 120}
LT, XDBYDHLEHEDLFZ7 7 Mhrltmz vy, FRZ, XY DL FF 7 b
K2 EE, XZAR L V), EH 2.1, 2.21F, 2003412 K. Sakai & M. Yaguchi [20]
IZ& > T, FEATDGEICIRR S N,

X, 0-av 87 b2 ANRTH 5,
X &, 3> 87 MEE O AIREZEH D 6 %2 % 7 7 2k LTk 2 o
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EEE 2.3 (K. Sakai and M. Yaguchi [20]). fERDMIREE 7 18 L <, 524 X 23
0(1) x QAT H B B IEMZ, KEWLTIETHS:

(1) X 3AERTT, o-mfra v 37 F T, MEENT D ANRTH Y, MZ-EHD
AIEAITESINS;

(2) X V&, WAEAKGE. R 87 b T, D DT O EER 1 T2 o
%7 7 AR LT = Ko,

Efﬂ 2.4 (K. Sakai and M. Yaguchi [20]). fEE DR 7 12X LT, 524 X 23
(1) x Q-ZHEETH 2B+, KETMLTIETH D!

(1) X &, o-@Ata v 87 ¢, MEERTDANRTH Y, W Z-ELEDWEAITE

IN5;
(2) X i&, I3 L2 b, FAEEED T DT OB TR & 2 5 2 9 AU
S U TR % 1o,

—fIc, KO RE LR 7 7 AT M2 R 2 S IFEEL Vv, FEEEE
Z D Sakai & Yaguchi DFHEAHT O E BT 2 & 2550 T, X DEHL LTV
R 2527, 22T, XOMEZ2EAT 5,

EE 3. IREn <Ng, 718 L T, 220 X 23 7-BEH n-cl ik 2 KD & 1d, ROFEM%
729 & E 2\

o [, Dy = X ZnSHRDAAMND S X NDERET S, ZOLE, X OfF:
BOBBEUICKN LT, foUu-itly: @, . D, - X T, £HE{g(D,) |y <7}
DRI E 72 2 b DDVHLET 5,

ZOMWHEEM 6(7)-BRREISR D X ) AR T 2 5 2 7,

EE A (K. Koshino [16]). {EEDMERBEEE 7 1o LT, HfEZ2H X 230) (r)-%hkfk &
7% 5 BT ITSMIE. Rehwilz§ I EThb:

(1) X FBASRIC, o-Rffa v 87 b T, WHEENTDANRTH %;
(2) X &, TRTOIFEFES 0 IS LT r-Jn -Gk %2 R

(3) X. BRIyt v 87 MEEEA I ATEEZER 2> & 72 2 7 7 A lont L O m it %
o,

(4) X DFRXIa v 37 FEEAIImZ-EA LR D,
(t(7) x QLMD VT, FMOFEREIES 1L,

I 2.5 (K. Koshino [16]). {EEOMBRIE 7100 L <, #GEM X 236 (1) x Q-%
BRik & 75 2 A3 S IZ, R2WiT T2 ETH S

(1) X &, o-Afra v ,37 b T, WEHEENRTDANRTH %;
(2) X &, TRCOIFEEEL 0 IS LT r-BEB n-aLik %2 R
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(3) X. BRXyta v 87 FEEEAH ATEEZER 2 & 72 2 7 7 Aloxt L O %
Ffo;

(4) X OBBRKTE ¥ R 2 MRS EA R ZEE L 5D,

FEOZODEBIZE VT, R X 2SARDEA, EFIVEHD (1) R (1) x Q
Z0H0EFAMICKE S,

3. ERRTTSHRIEDIE

M X 2o aZEMY OffliE, (X,Y) EFHS I ET5, ZEH (X, Y) 28 (X, YY)
EHMHTH B EIE, X206 X' ~NOFEMHER f: X - X' TFY) =Y 25l TdD0
FET 2 EER\VY, 2 X O o2EEY ONHN DA EFN T2 HEZ 5 L &, %2
R (X, Y) DSBERI o 22 [fH & iR &9 22 iR % 2 L3 ERITH %, M (2, F)
IR LT, 287 a v 87 PEBMOM (X,Y) 23 (B, F)-ZEHTH 2 LIk, X DK
Wiz, EQHHHEAV LRMEBHERE U DHFEL, (U,UNY)2(V,VNF) L[HEHE
m&%a%%maoRDAmmmnmu\%%m@ﬂg\%ijbwymﬁLf\
f.d. cap-Bty & cap- BB EMENIWERIC L o T, HAVHNFEN 2527, 2D
Z &%, T.A. Chapman [8, 912 & 5T, (by, &)-ZHEMEHL & (0, x Q, 6] x Q)-S k(KA
DR ICIRR S 7z, 512, M. Bestvina & J. Mogilski [7] (&, l-Z Bk L Q-%
&wmwwmﬁéam5W@%§xu\_n@iW%@ By i PR (=3
7213, 6] — /7. J.E. West [23]1Z 197041, FETSy (Lo(7), 05 (7))- AR O AR s
W25 27,

EE 4. ERHL(X,Y) ISR LT Y 238 MJ(X)-RINTH 2 &1, ROKM 27
TILETHSD:

o A X DFEMRILa v 7 FBEGLEL, BEY ILHGEN ADHEARLT
5, COLE, XDEBDOHBEEUIINL T, ADEFEGHROUELf A — X
DEEL, fIZY NOHDIAZRTH D, BADHIRIZOWT flp =idp Zi7 T

IR 3.1 (J.E. West [23]). {EREXO MR 7128 LT, 2L (X, Y) 23 (a(7), £5(7))-
SR T H 2 B FHAMIE, X2l T ETH 5!

(1) X &, lo(1)-ZkkiETH 5 ;
(2) Y IFmAHERIG, o-Riiav 87 b Th b,
(3) Y iZ, 59 M(X)-WINTH %,

I OMRIITTLHEAMIEH 2N — B2 R>Z L6, HRXILH R o
— B TERIOUS RO I EE R MEE Lo 5, P12, (L(r), 64 (1)-
LRI AT P E—RITaEE NG,
IR 3.2 (J.E. West [23]). JERRBIEE 126 LT, (X,Y) & (X, Y7) 23 (bo(7), 64 (7))-%
A THZ2ET 2, COLE, X EX. $LBY LY BFEE—FAfELR S
(X,Y) & (X, Y)IZFHTH 5,
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(o(7) x Q, 64(7) x Q)-ZRARLIZBAIL TH ., D Z LK D 37,

—fic, BEH(X,Y) L (B, F) G526l &, X2 E-ZRIE, Y 2 F-Z Rk
ThHhotttLTH, (X,)Y)D(E, F)-ZHREHTH 2 LIZRS v, 22T XD L)
ZRIBHRICITONS,

IRE 1. 22l (B, F)I2oW T, E-SRk X & F-AREY OfL(X,Y) X, W2 (B, F)-
SRR E R D 155002

(Lo (7), L5 (7))- BRI (Lo (7) x Q, (1) x Q)-ZHAHLICBIL T, LoRwvicxtd
HRD & RS N,
EE B (K. Koshino [16]). {EE DML + (2R LT, 2R (X,Y) 23 (0o(7), £ (1))-
LRARLTH 2 72 D DB 3EMF. X 230, (1)-S A TH V. Y 230L(r)-%kkfkT
b, POYVBXDHTHRENE—ELERZILETH B,

EE 3.3 (K. Koshino [16]). fEEDOMREREE 7 12X LT, 22 (X,Y) 25 (by(7) x
Q, (1) x Q)-ZIAHITH 5 7= D DBLBEAIIEMEIE. X D3o(7) x Q-FHRRIETH b,
Y 30 (1) x Q-HIRIETH D, DOYBXDHTHREFE—HEELRZZETH S,

IT, X OWAEEY BEREFE—ETHL L, XDFEIE—h
X x[0,1] = XPBHFEL, XDFKEH IO Th(z,0)=2THH, (X x(0,1]) CY
BT ETHD, TDI EIF, MLDETINVERTIIIRY L7720,

ER Qxly &L BFAMTH Y, (—1, 1) xt] & loxt ZAMTH Y, 72, (—1,1)0 %]
I Q x 6, DHTHE FE—METHZ, Lo L, ZERI(Q x by, (—1,1)% x €f) 1%
(0y X Ly, by x O3)-ZARIRRL & 1372 5 72\,

4. REARZERDOOES

IR TGS iR 3. SRR Z2R O EE A DAY IS BE - 2 012810 D . 21l
BUETHMRAIICE AR L —IZB W THEZFED—D2TH %, V. Klee [15]. T. Do-
browolski [11]. H. Torutczyk [12, 13] 6 DWIZEERD 6. KD Z &K D 32D,

I 4.1. O ZHIEMMHEROMES L T%, 2D EE, OW04r, SefmiElEs o mr
B2 ARTH 57261, [0,1]"x[0,1)™ x (0, )k LFMICRS, 22T, 0<n,k < N,
0<m<1THs, Ko, CHERIICTa V7 FDEA, BV FHEKEQ &
FMICZR D, mATa v 87 B Thoelgt, g el~0L b2 6 EFRMHEICZ 5,

SEMREAEER ) W RE 2 RFTARIE A A ZZ o 2 L 2. 7Ly o o ZEM L MR, HEFRK
L7 Ly o BRI, PEEOE L »EL L R ER EEHIC RS 2 EBHS T
% [1, 14, 22], F7z, Dugundji DIREEHIC L 5 &, 7Ly ¥ 2 2R OMEAIT AR T
H5, FRLOER 4.112MZ, T. Banakh & R. Cauty [5] DWZEREIED2 S, 7Ly > =
22 DOPAMEA 1T 2, R MHNDERGZ 65,

EI 4.2 (T. Banakh and R. Cauty [5]). C %7 L v ¥ = ZZHOMEGET 2, 2D

EE. CUE[0,1]" x [0,1)™ x by(r) EFMIZRS, 22T, 0<n <N, 0<m <1,
0<7TH2, FRICODEITa >y 37 b Thoiga, FEEOEL »E L)L b2
EMHICR B,

D. Curtis, T. Dobrowolski, J. Mogilski [10] i%, #IEAAHZEH D F,-MEAITOWT
W7 L. ROKEREE 7,
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EIE 4.3 (D. Curtis, T. Dobrowolski and J. Mogilski [10]). C % 5efiFERER VAT HE 72
TEAIMHZEE D o-a v 87 MMEGE T2, 7, COPHACHARTH Y., o2
VR RTROET S, TOLE, COEAERIGA &1, 22 (C, 0) & (0, £5) E [
Mz b, COMERXICRT 2> 87 MWEAZ &G 512, 2R (C,C) 13 (6, (5)
EHICZ: 5,

A 13, I Banakh & T. Banakh & OIEFWEIC K > T, ZORIRVIEA 7 D5E
ICH BRI D 2D Z E#FFHL 72,
EHE C (I. Banakh, T. Banakh and K. Koshino [4, 17]). C%Z 7 L v ¥ = 22[H] D, HE
Eﬁ7>mf%%mﬁﬁnyﬂﬁb&%é&ﬁéo6%0@%@&?50:@ké
COMRAERICTH 5 2 & &, ML (C, C) 23 (0y(7), 6 (7)) LM 72 2 2 & I3 FIfE
Thb, £/, CELV LR EFAMZEIETEGEZ G L L, 22 (C,0) v
(o(T) X Q, 0(7) x Q) LM 2 2 LIZFAETH 5.

COFERDIGH E LT, RiEAREERDOMHIC O W TR 72 v, SEFRIEEE 7 125 L
T, ROMIBZERZEZ 5:

04 (7) :{xERT

Z lz(y)| < oo}
YET

22T, BB L (7) L (ol = 2, 2() TEE S/ VLIS k5T, Ny
iz 7% 2 aﬁﬂ@mfmé YoT, 6(r) = (), ||-])E7 Ly > 2 Th 5,
TR DRSS T O HBRER K IZBIL T, K OTEM & £, (1) DHFAR 7 b L& 512k
JEIE B ETRON D K ORMYFEBLZ R L IR L WO, |K], ERT L
%, ZITIK|plE () D/ VA - o B SN 2 RF>, HNORED
T DRIRAEE L 1Z, EALGRMEOTR O HEZIKRS L) BEETH D, A(T) &
F3INs, TOA(T) DIEEBEMAHZEAEICEI L T XA D 3L,

% 4.4 (K. Koshino [16]). fERE O MR 7 12BIL T, 2R (JAT) [y |AT) ) 1&
(bao(7), (7)) ERAMITH 2, 22Ty [AM) | 2 |AT)], DB EF 2,

SE 3R
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N— b EZMWBTEED b—V v 7 ZERIED
SRER UL YL S

BT
RBRINLR A SEETFERT

1 ZEA

FPIIL— FERR A, HOBEOEIZEFANT, E0 X5 7MEEHR S hEHHT 5. E
HFRY R LZER Cr DIESARIR FI(CY) 1% C" ORIBIE S22 OF DO+ Z2EM T 5.

FICY={VocViC - CV,| ViixC" OFELE/ 22/ T dime V; = i}

GL,(C) Z nIRO—BIEEEL L, T C GL,(C) XAy DB B DR E T 5.
ZDEE, GL,(C) ITEZERIK FI(CY) IZERIZMEAL, F—F A TZZDHIRE LTE
M35, Z0O N7 ZAMEHO—BELEDHMIX h—V v 7 ZEETH L Z ERMBLATH
5. UTF, 20Uy 72 KLY X LEL.

EZARR FI(C™) 1 n IREHEES, Ot w Z &2y 2—Yb Mak O, LI 5 iz
bHh, X EOWEHYXNC, 2EZDEINLIEX ORESEEE25. 4, XNC0, D
XIZBTME%E X, LELLE, X, ORT ULV (X 1 X X OFfRarenv—
DIIEZELT : H(X;Z) = B e, ZIXu]. £ T, By THOREH

(XX =) el [X)
weGy,
IZRBWCEBRE v, € ZRBNDN, ZOBEITEDL I ICRBEIND IS 9 ).
ZHUTHONWTE R W, ZOMELZSHEICENTZS 2T, ZOTHRTIEaRtEr P—&R
HY(X;Z) & v ZROBHRIZOWTEHIT 5. R, & [X,] 27 ZTRITRT HIER,
G ER Y, LAMERETHLIRXEZ 2DV o FKTEET 5 FIEIC W Tk~ 5.

ZITE, BAEBSTRBEEDL SRV I MEBZ L TET R~ TELS. FEKET
THiabiuF LB, @fiw e &, icxt L, w(i) >w(iE+1) &ZHz7 e [n]ICEHL, £
DIFRE S LICY L TREES. 2L TED LD 2 w(i) DERBEDARNE S ICY e/
MO Iz w(i) EEWRD. flziE

4153

w:<1 234 5) 72 BT [Xo] 1 | cxsh3
4 1 5 3 2

EWVWOHETHL FELWHEIEIL S HiTHAT2) .
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2 b—=UvYSEIK

F—U w7 SRR L1, ERYRBEESHEERTHOREN F—TF 2 (C)" 2ZDW Y Ax—
BIESICH D, (C)" OFEEEIET 5 L 9 72 (C)"fERHZFFOZEMD Z L THDH. h—
U 7 BRRRNBIR 2 R 2T D E2B R, 20RO AR e U—%F EMEIX 5
HE DR BEEANTCRBRT A ENTEDHENI R THD.

F—U v 7 ZRERIIREAVTERESNDD, ZZTEETHEIZEDL I RHETH
LD, Fio, BOWEE =V v 7 ZEEOKMIMEE N ED X 2 ITHEODN TN D %
BT 5.

RUIZCE T 5o N EEBMPBEMETHD &1L, #HE L TCOEMTE Z" OFR@EO T
LRSI ENTE (FEME) , oo n(—o) = {0} GRMME) Nl snsLxrn).
R (2B 2 A EMMNZ DR THES A TROFHZHIETLOERE V).

(1) ce ADEZ, o DIEEDEHILZA DT
(2) o,7 € ARRBIFEDIEHT D oNTIX oy ENENDE TH 5.

2 TIEEEIE D, B b=V v 7 ZBREELMKNT D 2 LRSS, KRS, HO
[FRFHE b=V > 7 2RO RBREIL 13t LSS T 5 2 ER TN 5.

1:1
RORMIE <— b=V v 7 ZRERORREE

RZIZBITDHOBE LTLUTFOL IR 0ORH 5. EAORITERF R Vm CP? (2%
L, AMOFILS 5 Hirzebruch Hi iz st ied 5.

T

ZZTEUMSTHEZWIZ EIE, ZOMEDTT, b=V v 7 ZERE X(A) DKM
FRBEY—=PRADEETEVVIONDITHAI EWVWH ZEThD. EEE, XKD
KO BRRIENH 5.

7 &

1: R?2IZHT D DOH)

o ADHDEFVNR" BEE2E) — X(A) BNz "7 b

o ADKnRTHDAER TN Z DZ LOREKEIZEND — X(A) IFIERFR

VEBIMEZE LRWERD RS RN TH D2, ZO TR TIXERELZ ERIAND.
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o HADnRITHDK = b—V v 7 ZHEE X(A) DAL T —4K
TR bR R U — LA G DEmROMMAE R TE D ENTE 5.

3 L—FRDOEFD VI ZHKIEF

ErZEnkoea—27 Vv REMEL, PCE"Z21V— %, WEZDODUANLEELET 5.
ONE b=V v I ZREEBRLELED. T={a, - ,a,} & P DE (F/2ITHEML— FD
H£E) LTDE, TOMHBEEI = {wy, - ,wy} BHEHZEM (E")* OHFIZRED. KT
wi(a) =6 THY, w TR T oA FEIND. ZDEX

oo :={fe(E") [i=1-- ,niZxL flo) =0}
:{clw1+-~-+cnwn€(E")*\izl,--- ,nG:JX‘:J‘L/CZ'ERzo}

EBE, FueWITH Lo, :=uoy EEDD. 727121, WeylBEW O (E™)* ~DOIEHIL E™
~OVEROBGHEM TE A 5. 4 0, 13 Weyl OFE & TS,

B o \Z(EMIZBITLH#THY, BTCHhOue WIZHoWTHo, LZDm (Zh /-8
ThHo) OEFVEZZLLZNT(E") IZBTDRERY. 2L, #Frlday=Ah
o N =0l Zw(RZM) 2L > ThHx5., ZOBLNEEZ A(®) EEL ZEIZT 5.

Bl 3.1. L— RO ARDOLE, Fox DR A(A) 1FRD X D272 5.

s\
I
7

ST, Fxl—FR O C E" 9 HEOBRZER (E") 120 D5 A(®) M L7z, 2
DRICKIET 5 b=V v 7 SHE%E X(0) L EL 2 L0 5. BHEHICS 3

X(®) X Weyl DFf R E 2D = A MEFORRTRICHIET D F—1V v 7 LK)

D, T R— v BEE X(D) B LEICIHTE S b—Y v 7 B X 20 b0
BROThHD. Tirbb, X(0)IF—Mlb SN ESERIRA~DOERER 72 s —F Z{EH O —%
BLEOAE E LTRIRTHZEHTE D, X(O) O— IR MEEIZ SV TliE Klyachko [6]
X Batyrev-Blume [2] ZZ M S L7z 0.

B A(D) DM, U%wﬁ%ﬂwx):W%L,@iﬂX@ﬂUWﬁE%KW%?
L. ZHUEW S HY (X (®);C) BlcRBZFF>Z L2 EWKT 5. Procesi [8], Dolgachev-
Lunts [4], Stembridge [9] 5723 Z ORBLAZFEL <RI TN 5.

AN
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FTo, FIZIENV— RO A, OGS, X(A,) TERFFEZEW CP™ OF X TOERE
A ZERNZIR > TRICLDIEN S DN BIEIZ T 0 —A 77 » 720 K L TR b5 ZE2[H]
ToH % ([8]). Losev-Manin [7] <° Batyrev-Blume [2] 72 &8 X (A,,) DT HOWTHIZE L
Tnb.

FRICF W THEIS L el b — T AR CRZRMESRRIOT 1 DR AR & 15 ISk
JEL, F—=U v 7 ZRRERDBML bR e P —EF T 5 ) A TEETH D, Fx DR A(D)
DYE, LIRGTGHEOERTTRRIT AT =1 FORTHES

Q" 1= Uyew{uwy, -+ ,uw,} C (E™)”

ThH2 b5, BA®) OMWENDL, b=V v 7 2K X (D)X "7 N TIRRR F—
Uy 7 ZRIKTHD Z DD, A(P) DHEREBIEA S TIEZRW A, FEiL X(P) 135
HLRIETH 52,

Ak, b=V v I EEERIFOT—ZEHNTT 742 b=V v 7 ZEEDEY &Y
ELTERT OOV —KDERTH LN, Fxr D =T v 7 2K X (D) TR )D 2
YNT NRDT, ZDE IR b=V v 7 ZEREITK L TTES 2 & DO TE DHOFRIC K
D X(@)ZEHRLTEBL. C¥ 20" DL LICHDEFOBEHEZT MVORKRET S,
72bbH, C¥ ={(2)ecer | 2 €C} THD. C¥ DLz L, IR 0IT/2>TWDJE
BOEFVZ O (2)={red |2, =0} LBX, ZNEZHWNT

U®) = {2z € C* | &*(2) 13H A(P) IZBWTHZED }
= {2 C* | ®*(2) C {uwy, - ,uw,} £ 5 u € WIIFELZRW )

LEDD. ZDEX,
X(A(®)) =U(P)/ kerv (1)
=z,

PC) S (O 5 b= (Laca o [ (0, o)

xX
zed*

R D, nRTEORE b—F & (C)® [/ kerv (ZAUTHEREL v (2 X 0 (C)™ & [FA) 23
X(A@)ICHBRIZERAL, ZOEAICEY X(@) 1T h—V v 7 Efk L.

4 F=UvIOBBKAKXO)DIRERD-IR

OEN—FREL, X(O)ZHECHRLE F—Y v 2 2Bk T 5. X(O) 2Rk T5
B A(D) D1 IRITTHEDAERITCDEE D O = Uyew {uwr, -+ yuw,} THDHZ LIX1EHTT T
R, A (D) ICBWTKr e d* TLI, FHaoBFEHOEBENER L) K CTEE L HE
RIRTC 1 DEF LR D, C X(O) BDEE D (FHEHDZRIKEFHIND) . D, DRT

TEZ R OEB B L HKICIGT 2 IRRINEA b=V v 7 ZRETH L ERMBN TN D.
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NV % 1, 0= [D,] £EL L, 1, € H(X(P);Z) ThDH. 237 Mo h—
Uy 7 SO R aREr V—RBEZHEAREOME L TRR T2 HET IS mbh TR
v ([5]), Fex D b=V 7 ZEE X(O) DLAITITRD L H ICFRIND.

HY(X(®):Z) = Zlr, | & € *]/1
ZZT, IIFROEOITLTERSND ZT, | x € D] DA FTTIVTHDH.
() Toy -+ T, 2Ly =uw; (i=1,--+ k) E72D X D70 u € WITHFIEL W

(i) >y (0, 2)7e (a € @)

T, UANAEOITRu e WIZxL, X(®) DEDEERER X, BRO L IICLTEES.

i€[n]
uo; €L

72720, [n]={1,2,- ,n} THY, & IFAL— P DOEATHD. X, DRT B LBt
(X ) EZaREno—8 HY(X(9);Z) DILEEDD. 2DV NZETRWVFAE: D Rkl 0%
BRAK Dy, s - oo, Dy, I3BEBTRIICAZ DD DT, [ X, IFKDEHITEFES ZENTED.

[Xu} = H Tuw; € H*(X(q)); Z) (2)

i€[n]
uo; €9~

difd 4.1. (De Mari-Procesi-Shayman [3]) [X,] 21X X(®) D amREr U—HOEEZ KT :
H*(X(®);Z) = Dyew ZIXul-

FIT, v 7RO

PGIPG) = ) anlXu] (¢, €2)
weW

BV TEBERE Y, € ZRBND. ZORM Y FahEn U8 I (X(D);Z) » (&
I { [ X bwew (2B 2) BEEREFING. FiiThLENA, MEEER B DX
HNTFR S B DA P20,

D UBBEICIZ AR B3, —2OHIEL LTRXEE VD HERHH. X(9) DAER
U EAEE pxe) EELLE, RERY—LakER Y —OXRT VT () EHNT
X(®) 2B Y", X, X, DXXE%

Iy, = (ux@), Y[ Xu][X0]) € Z

3 OMBIIESARMERS T T A~ VKDY 22—~V b IIVF 2T 2D b= v 7 ZARKIZ 1T 21
LS > TIWERS N, METHIIAICRDZLLH 5.

21



ICEDEDD. L, YU = woXypw THY, wy € WITRETLTHS. 1 208 |W|
DITINT % Ty = (ix (@), [YV][X,]) TED D &, WIEEL Y, & ZXBY, ORI O BR
WD ENED.
Ly = Z Iww/C%
w'eW
RIS TIIZ EOFHTHIITH Y, WECHIIRZXEIZ L > TRk S 5.
Cup = Z (Iil)ww’I%
w'eW
ZDOE DT THERER ¢, & 28X TY 1T AR TN TE DY, ZoEK
THWHITIFMRETHLEEAD.

EXATHN T

SR E 0 U B OHEE ¢, X, X, YO OREH Y,

v I R% TR IR, &R ET B T EIC SV TRETTIE 5.

5 VYUJHICLARXBOEE

ZOWMTIEY > I E AW Z O FEICOWTHAT S, A, BIZOW T O fiEw
T50, oI )L— R B, C, D HMOBGE S RERREm 2 ED TN ZENRTE 5.

By e S, TR LTX, C X(A,) ORT B VB [X,] Ol (2) TH 7223,
ua; € @7 LWV ) FIF u(i) > u(i+ 1) ERMEZRD T, A, MOLGAIZITRO L D225,

(X = I 7w € H(X(4):2)
u(i)i>€1[j(%+1)
B2 [ X, O%EIE 2d(u) TH 2 BbRDE., 22T
d(u) == [{i € [n] [ u(i) > u(i + 1)}

H (X JIZEDL D72 7, DFEIZI2 S TNDENEWNITFERTIRES-TEY, ZOEHEY
VIBRTRETHI L EEZEZD. A MOLEITa oA FPOES P = {uw; |1 < i <
nu€ Syt & n+1)(={1,2, - ,n+1}) DZETRWEESES OIRTHES % R uw; —
{u(1), - u(@) L > TR—HT BN TED. ZAEERLELET, KOL Ity
IREED. £, uw@) >u(i+ 1) ZWM2TH i BBEITOROETHL LI Ry 7N %E
ED. 2L TCEOYY 7O B2 u(l),u(2), - #EE ZOIETIERS . Eiftu % OfED
Flu(Du(2)---u(n) TEL L&, X

u = 41532 7LcE % 6i\ [Xu] = Tuwi Tuws Tuw, [ | T% éﬂé .

UTHN T Z E=ATH LS LN TE, RBERLY{TIEZ I OSETREMICEZTIILLTED.
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DFEY, Y TEDBATN L DOD 1y, R L, EOWZF uw \ZHIET D {u(l), -+, u(i)}
NH L HEZOITOEICESEIICLTHEDOTHS.

FEEIZ LT, [VY] = [woXuge] 1 u(i) < u(i+1) 277 %Ki 27 —2 L LTESTF
VIRIZE o TRRTHIENTED (TS TOHIZR) .

B w0, w € Sy ITKTL, YT ZROEIICLTEDD. b Ldu)+dw) =
d(w) T, 22X, X,, Y Z2RKT VY 7HOEITO LIZSEFOEEDN (EHF 2512
AN Z2TC) WEFER L TNDRBIE, TNENOES ONEE LTI 5 X
INCHRTHELND Y T RE N &L, TRLUADEEITN =0 EEDD.

Bl 5.1. n =40 L X, u=235421,0=12354,w = 31254 &+ 5 &

313ﬁ| 1235 3
X31254 = ) Xiogsa= [T 117 > Y3542t — ]

WEFNEIR L TNDDE D D HHEAGFNE{3},{3,1,2,5},{1,2,3,5}, {3} TH D, B
M2 {3} = {3} € {3,1,2,5} = {1,2,3,5} LW IHIEEFNERT (bEbIELGEEEZTX
2 THY U7 ME RAVTT ITHEND HILD) . Lo Tu = 35421,v = 12354, w = 31254
I L TEED PN L TFRIO L S I272 5.

)\35421 —
12354,31254 —

RIBOHEDOOIZ, Yo ITRIEEZ EL2BEEE25. S X Enfthbidb vy
TREL, FITOHROEIIIn LT THDLETH. NOMRADKE s LEL. ThbH
s={ien|X>N N} +1. WRAEGZHITOESOEEEZRD L HITEL.

{Z € [TL] | )\Z > )‘H-l} U {n} = {il,"' ,is}

L <ig<--<ig &8T5, BilZig=n. N\OrEZEHOMNRALZE 2 DITICBITAHD
BaN =)\ TKRT 1<r<s). ZZTX:=0. ZORFEHNT, Fr=1,---,s
IZxL, WMOXHIIZEDD.
A=y —ip_1—1, b= =XN"1—1 ¢ =XN+i—n—1

ZIT, 0<y <o TR () =0 LHRT D, b OO EIRIT BRI B
MiThsd (X2 . EE, Yo7 AD (5FErD) rZEBOMNRAOKEZ R B->TEL
Lo FBEFE L0 HNCH A2 AE TOMICH 2O THY, b, 1XEBEH &2 DM
WZHAHMARAETORICHIFOETHY, o 1TTAKE DR E L BEOBICH DD
BThsd., ZNOOITY TR E R ARE ZBICETIXMEICEX D Z ENTE .

23



s=41I VY 7\ DR DK

2: a,, by, ¢, DXIERI72EIR

A, Fr=1,-,slZx LT

IA) = (=1)""yr--ys

T 5.2, ([1)) Blfu, 0,0 € S, (KL, X(A,)1280% Y, X, X, DEXIITRTE
265,

(x(an, YUIX[X]) = T(X,)
22T, pxan) 1L X (A,) DIEAFTHD.
Bl 5.3. BIZIX A TRID L X (VA NEHLS IROBEHEE Gs5) , Y32 X 9354, X31954 DO TE
FHVY U HIEH 51 TTTIZEZTEY, TEHNPORXENFEIND.

(1xag)s [V [ X235 [ X31254] ) = 2

)\35421 —
12354,31254 —

S5 X Hk
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BAHDT L 7Y v ¥ —%IHAD
FROEEIZD\WT

T RS (bR LA
W2 (FEv R

B® =
fBAH, FRCHEOHIZOWT, 207 L 79y ¥ —%HAOZ M % EHE
Riz7ay P LT EBBRFEGBIRDS L S5, AGEETIEF X [6],[7] 1<
o THROMA, T EIEH, FROMEICE T 2 N2 EE§ 5 751k,
FRZZEIZOWTHHL, REDIEICL > TRONLKRZIRET 2.

1. EA

fAHDOT L 7Y v ¥ —% IR 1928 4512 JW. Alexander 12X > TEBAI N, 2
DEIFAAZRICOVTIE, B, BN atks 2R (FHER) Va3, £
TRRA IR b ITONTw S, Ziucinz, 7LV 273 vy —=2HEAUTEFEOH, A
HOMEDS S F KT Z2IRMDBEHACEINTED, MZEHEEE L Cok i3
kv, SzonZHAICOWT, ZNH5ECHPEAHO 7L 7Y ¥ —%
HRIC R 20 E ) DIIRERICHETE 228, HBOHD 7 7 2% (Bl 2 IZRREEH S,
THEROHID) BELEES, 2027 7 A0HOUTHEIC L > THEHEINELELD
REIGARZICHETH D, BRL2 BEIZIN TS,

AR TIE, TVLI2H v —ZHADRELD D, L LAZOERNODMHICHERT
5228125, TRV OPOFBOHEZDOT7 L 7Y v ¥ —%HAB I OFERDO 71y
FTH B, MIFHEMFIETH D, FR L ONEBIRIREEICZ 5.

3, 2_t+1=0 éE;;;b
4, : 2_3t4+1=0 é%?f;b

AN AN AN DN

8y 1— 30432365434 — 365 41 ﬁﬁdg

8

7o 1 — 5t 4+ 92 — 53 + ¢4 >

NN VN VAN

AFFE IR (FER5:25400086) DR ZZ T 72 b DTH 5,

2010 Mathematics Subject Classification: 57M25, 57M27, 26C10

¥ —7 — I ! knots and links, Alexander polynomial, distribution of zeros

*L T 466-8555 Atk i BRI AHIERATHT 44 i | TR AR AR 5 oA
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2. 7LOY VT —Z2EXOELADKE L, KHAEDLEMKE
2.1. ERICLZP2ZEMDEREER
TV 7Y=L IHADER o DM EICh 2 & Eicix, B Eob 9 —>
DEF a ENICHRD, aDPERDOLEZIZHNIH>THNS, o BEETHRL, HiT
FEEICZWEZICIE a lclMA T, 1/a & 1/a ZEoT>Tc—fick-> TN 5,
ZHUIT VL 7Y v —LIHADRBONTEIC LD a 23FRHZ 61X 1/a bFERITK S
PHThH S,

WAHARH L O7VLI7Y vy =% AL(t) OFROEEIC LD, RO ZFEHOZENE
ZERT 5.

T 2.1 f&AH L 1%, Ap(t) DFROMEIC)GEC TROKIETNS,
(1) B2 TOFERDFEBD L Z, real stable (r-stable).

(2) B COFER[MBHAME LIcdH 5 & Z, circular stable (c-stable).

(3) BTOFERVELTH 50, B EICH 2 & ZE, bi-stable.

fEAHDOER, TV 73 v ¥ —%HANILEETEZ 2 FETE HDT, stability b LA
TORHATRZ 515, L LBHR TR 22O TR E 721300 T
H 2 (BEBLEAD stability 122 Tl D.G. Wagner Dt [16] 255 L), H c C
ZEF PN O CHEBE R Z G0 D E T 5, nZBLHEX f(z1,...,2,) €
Clz1, ... 20) 3 H NWOEEDRI {ag,..., 0} ITHLT flag,...,a,) #0 THBH L
Z, H-stable TH D V9, FIZ H 4P {a € C| Re(a) > 0} THBLEE, f
\& Hurwitz-stable L\ s, 7z H DB {a € C| Im(a) >0} DEZ, f I
stable polynomial &EWHEI, FHI f DEEBELTNXTH % & Z, real stable & WIXN
5. EEPOHEIRIS, fOE-BHRLHAD L E, f B real stable TH 5 &1E, f
DERDPETCHYETHAH I LTHDY, f I Hurwitz-stable TH 5 L 1X, f DRTDE
Hall2wT, Re(a) <0 A28 THS. <% <IKHEZWMA SN2 L Z strongly
Hurwitz-stable £\>9, ZOBERIES AT LOZEEEBRL T, HIHlLERETHH
W55, strongly Hurwitz-stability DHIEICIE 7 7 R « 70 E y Y DIHIARY) 77
J 7 DEEWBEROEDN S,

MOHD TV 7% =% T 287054 7OPHE L TRBET o5,

Hoste F18 (2002). ZIFECH K o7 L 73 v ¥ —=ZHAUIZOWT, LREDOFEMRD
FEIE -1 XD RE W, AL, Ag(—(t+1)) & strongly Hurwitz-stable Td 5.

V777 7 DLEEERERIC K 5 &, KDWY LD,

EIE 2.2 M 2ELHA f ORETIIE T2, 20O L EXRIZFAMTD 5.
(i) f 7% strongly Hurwitz-stable & 72 %.
(ii) EIEEMETI VW DEEELT, VM + MV =-W &7k 5.

JEHE LTSN TW 5, [10] TIE% K O ZMEfS O H S Hoste FRZ G729 2
EDVRE, F 7 stability ICBIT 2 EH S W OFEHIN TV 5,

EIE 2.3 [10] MGk AH (BEOH) o7 L 79 v ¥ —ZHEADTEDOER o 1220V,
—3 <Re(a) <6 &% %,
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2.2. ERDEEE

Hoste D PRT 2ZEOETDO TR —1 120 L, FEED LRIZAEE L 2 v, EERICT
BOEFIIH L, FBROFEEPZNLIDREL B2 RMNEOCHZWR T 2 {FNTEL
(3.1i2M) . 1.D.Jong 3% 2 DRXMRAENHICOWT, 7L 7H v ¥ —LIHADBRE

EREOHFG SIS T 2 A% Z2AHL T3 3. 206 bilEAR, KREECHIZOWT
BRI X B2 FEEOEIBD Lo Dl THI NS,

TR OHIZ W, ZWEECHTOLH D, 7L ry—LHEADRNA b L]
ODPAENTVRBICHEb ST, 7L 7Yy ¥ —%HADBMANT I3 RMBRIIET H
3. BRBOMEE L TE, FERRNRL, RESHERO fFicnh, @B0E R/AME
BIFA 72NV HAZT7T 292D 79IV TRLEEEDT7 LY A A FDEED
WA (OffRHiE) 125, B TORRZ B P Hartley [4] 12X > TRIN,
HHPE-Suketa [13] DATERXD LD 7D,

. MR HD 7V 79 vy =LA 2 R &

THRIZ20REETO MEHEOHO T L 7Y v ¥ —ZHAD0E N Z 70y F LD
Thb. FBD D LWICHIEZ G503, Pk iRofOHTHHENS, L
L EHOBED S b S 2pDEMAHINTE 2 EWIFFL 720,

Fins

TSR OHOW, O 7 AMNE LRHDA D OGRS 3O IR IG
T20E59. PIZE K =102,2,---,2,-2,-2,---, =2 £$2LE, n OHIMIfE-

CTEAIZ PO = HAMOHICHA A>T & L BEIN D,

T HEREOVH 29 real stable % c-stable (272 5 35BN E 0o TETW508, 3
B CHRRBERICZ N2z 72 { T stable 1272 2 EEE 2 BID D> TE D 584

PWEIZIER > T,
FIRE. real stable X% c-stable 72 A&#SE O H 2 Rfh) k.
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COEDFED TIRZEN L, BOHBEGRD WL D2 ol& t DR HEZ B3,
2.3. EESET LIV VY —ZIEXOFREOER

BRFEOHD 7V 79 v =L IHR AL (1) = 350 (=1 et? T 1220 T, ROBHT
BOBIRIZITRIBRTDH 5.

BEFE. ZKREECHDO 7L 7% v ¥ =L IHADREIIRDORICEEZ 757,

Co<Cp <+ < Cp=Chy1 == Con—f > Cop—ft1° " > Cop

B TPRIE AR OH [4] % K ORMRIREGE O H [12) 2w GEHI N Tw 3
DELZRENTDH 5. FORRICKR 2801 % HIE (unimodal) & b\9), [17] 12k 3 &,
real stable 2 7 L 7 ¥ v ¥ =% IER I B FEZH -T2 L0300 5,

77 7 BT b ML TEHADEIN 2 23, 20124RI12137K S PRI N T RIIR S LT,

FE 2.4 [5]. 777 OBESHERDFEGNINIETH 3,

24. LIPS —Z2BERXOER EECERSORFK
i VH IS DWW TERF S L LEMEICBIRD D 5.

IR 2.5 real stable Z#iOH K Off5 o(K) 130 &% 5,

SAF—DOFER 1] 12X D, oK) %0 THRIFIUFHEMHE Licdil b 2200
FREs, BAMHE EO BES%E 1o -1 FTEHIETS, wlfEE 0 £ LT,
HAZFE EOER A2 A 2 £2 ZIHEWZ D> To-oT, —1ICHFEL 7 L E DMl
DBo(K) &ks, Ll LOEMOBIIED izewv, ZEHOHTOHBH 5. %
7oAEAEICOW T EB R D 32727\, 2 2 TilbR7z 3L —DJE T c-stable
BEEOHZRET 2 & EICH A0,

2.5. REH EFEVOEHEED bi-orderability DR

TL 7Yy T —%IHAD real stability (ZF5OHAE (5 O H 22 D IEARE) @ bi-
orderability & HEI# L T2 (Clay-Rolfsen [2] M) . MBEIEFES G B3 left-
orderable TH % L1 G DEEDIC f,9,h ITXL, f<g ol hf<hg &£75Z
ETHD, IoIhHEDPS h 20T THIEFIR7ZI S & E G & bi-orderable TH % &
9. Rolfsen & DFFRICZ K > THERE DK NHEBE X left-orderable £ %5, K #7741
N—{EOHET S, 2D L E K Ddreal stable TH D, 2 OFRBETIEZR S IXFEOH
#f G(K) & bi-orderable (27 % [14]. #Z G(K) %% bi-orderable D & &, Ag(t) (&b
ZIEDFEHZFERELTHD [2]. K D7 — Y F{iT bi-orderable ZIEARFEIEL 5 &
ELERTH S 2] L2LESD, ZN6DFRFRICTIE 7 7 A NN—FOHTH S Z L3
T, IET7 7AN—FERHIZOWTIEFERLS DS RWIRILTH 5. 29 LRI %E
FEL K HLA 71T 3B E 7 IF IR ZAIE 7 7 A N —HEUH T, real stable 72 b D %
RBRIZH->TEL LR, KMATRZDORELDZEBET 275252 T0w5,. ©
A, ZREEOHD & ZITIIRBDFTF TN T 5 2 L9 6, FEDOFERIFATIEIC
%5,
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3. BEREOH DB
3.1. ZBHUHIEDWT

2a,
m:odd
2a,
m:.even

2(12

OO I

2a; > 0 2a; < 0
THEREOH (A H) 1% EREORABIER 2 F b, 120 ORI FHEN k5T
RIEns, Hl2E 3 =224 =[2-2 Ths. _iEEIHORNERS A 7 x
Lk i BRI D 08D S03h W35 08, FICTHOb 02w S L, FA
7 2V NS M RO LN, T LIy S — SR LRI L,

a; 1 0
0 ay 1
0 as 1
M = 0 ag 1 A (t) = det(tM — MT).
0 apm_q 1
00 --- 0 ap |

GEE I THERE O H IO LTI TR T B B |

e 3.1 f50°H K 2851 204,204, . ..,2a,,2b,] TET L &,
(i) Va;,b; > 0 = K & c-stable.
(ii) Ya; > 0,b; < 0 = K (X r-stable.

Lo LiE D 32729, ROWBH 5, 2 2T K B strictly bi-stable TH 5 & 1Z,
bi-stable T®H > T, HICHEHDFEF &EFMMTH EOFR 2T L bR W) T ETH
5, EEROHPMNERD b7\ E Z, totally unstable £\,

find 3.2 [7 Propositions 8.1, 8.3] a,b,c >0 &£§ 5,
(i) [2a —2b,2c] IZXF L, be > 2a(c+ 1) = K & r-stable.
ii) [Qa Qb —2b,—2a) 12X L, a>4b< K & r-stable.

find 3.3 [7, Proposition 12.2] K = [2,2k, -2, -2] D & &,
(i) k <0< K & strictly bi-stable.

(ii) £k =1,2,3 & K (& totally unstable.

(iii) £ > 4 < K & c-stable.

EIE 3.4 [7, Theorem 13.1] K = [2ay,2aq, . .., 209, 2b1, —2¢1, . .., 2b,, —2¢,), 7272 L
% oaj,bj,c;>0 T 5, ZDLEEK X bi-stable TH D, EFN% 2p 6 & ¥l %
2m i H O,
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3.2. Y=L LT 74 /\—$E0H

bi-stable ZAE N H DM, BIRFEOWH DICH—L A7 74 N—FEOCHH 5. I,
bi-stable TH > T, 2OEFEHRB2O7ZITE VI BDTH S, ZOLEICIFEOHD
Mahler measure 23 KFEMRTHILZI 11 %, Mahler measure (FZFE DM D ENZ T
B B ST w50 2i5t> T, 7L Y 2O H P(—2,3,7) I3 —L A
77 AN—FERHT, 2O7 V7Y vy —LHERDORKEN (DFfHE) 1.1762... 2°
Mahler measure DFAMETH % &L PRI LT3 (L—<—TH [9]).

RS OHORTIIEBINDERIED 2 LHE—DD 2 oM EbDIEY—L AT 7
AN—FECHICA 228, ZRDSHIIERICHTH 2, 8] TR vVE2— KL -
T2OD GV — L A7 7AN—HOHPHREIN TV S, [2,2,---,2,-2, -2, -2] &

5

2.2,,2,-2, =2 THB, SASSIEDREOT L, (2,2, ,2,-2,2,-2,-2],

5

2.2, 2.-2 -2 29, 2,2, ,2,-2,-,—2,2,2,7] 125 Ch %,

4 6 5
4. BEWEOB DB
4.1. real stable 350 B DERK
FOHDYA 7 2V bl M Z2ffio77 L 7% v 8 =S IHADFR 2 RO T 5.
Aﬂﬂ—¢ﬂm4—MU—&mw@wE—M*Mﬁ.ﬁ%&aﬁﬂa;N:M4MT
DEGLIERE ALY 5, b L N BWUFMTIITHIUI R TOREFEHEIERBIZ LD, %2
NP2 K IF real stable (272 %, M DMEEMD 70 vy 7 LEEED 70 v 712300
BARDLTIERDIR D 32D,

SE 41 M AROWOELEATIE T, 77U A REEMSHTI, B 3 Esef
SHFRT A, Huﬁ%eﬁé.leﬁg]aﬁa.%@ag,MlMTuﬁﬁm
¥ > THEMNHFTINCTE 5.

SN RZFHET IS E D 7 GRS O H 1L, IR 2 8 L CTHEBIS WSO T
N5 HD o HHEROH (rational knot) & HIEFIIN S, stable ZFEOHD 7 7 A%
WS % 72912, quasi-rational knots (link) ZE# L7z, FTMHOEL LR IZZNZE N
FICHICIEZDH S W7 =7 %5 &, D7 =4 F%EL . quasi-rational f5O'H & 1%,
FIRIC 7 = 712> T =4 bR 723y FEI) fHF T S 1 3 i o Bist
ET %, ZAEREOH X quasi-rational £ NH Offj iz 512 %> T 5, quasi-rational
WOHOHIE LT, TROKRICT — 27 25 Wi HEZEZ 3,
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7z A PEHOTRORICETLT 2. K = X (2a1,2a0,- -+ ,2a, | 2b1,2by, - ,2b,,).
K Z EMEGOMRIICR S, Ttz X-type EMES, HlE LT, X(2 | —2) I3 44,
X(2,2] =2,-2) & 85 LT X(2,2,2| —2,-2,-2) & 1240105 TH 3. 7= A b
ETHEBEDLE, K DBT77AN—FEOHICREZER3ETDT 24 342 THBZ
LIFfETH D, RIcBREGEIC L D RDTFE S,

& 4.2 2TD a; DK, b; DAL SR, X-type 13 r-stable A CHICAR D, &
BV 277,

JE1Z [10] DFERT HERHOHDES o IV TIE —3 < Re(a) < 6 TH 2 2k &2ibX
7203, X-type D NHDZFEROERICIE BIRIZFAEL 2w, X(2,...,2]-2,...,-2)
ZOWT, FEUICIB U THENDRAFIREZ 70y b §25 ERDERIZKRS.

4.2. c-stable 350 B DR
M Z#HOH K ¥4 72V MIAlEd5 L, M+ MTIZFERNFTITHY, ZDOFF
T oM+ MY) 1ZHA 7 2V MIAIDECTIZL v K OAEREICKR S, Jalcih
N7z Milnor DFERICE D, o(K) < #(HAZMA EDOFER) L5, 20, oK) =
deg Ak (t) I 3UE, K & c-stable 127 %, JEIC quasi-rational i OH OB & L TZ
F7z X-type I22WT, X(2,2,2]2,2,2) & c-stable 127 57, strictly bi-stable T&% %
D3, X(4,2,2|,2,2,2) 1 c-stable (27 5,

o(K) OWHE%Z M TheA 7% c-stable % VH ZHEIRTE 2. FHEREOYA 7 =
NI 2> & R DOERIZ LT e-stable %4 NH DR IZHE 511 5.

EIE 4.3 F ZHiOCHOEERY A 7 2V Mlfi & U, rankH (F,Z)=n 9%, T35
EF B2 n ROBYNHEDIAEFNTHVICEDL SR WT =7 ay,...,a, T, F\ Uy
DN 2 b DDWND. HDLEARM N BEEL T, F %% a; IKH->T N [
FEoTHonsiiEE F 32 L, F OBERIZcstable Zf50HICR 2, BHO F
D /INEBUITI T2  TH, F I/ VERIC 2 5.

YA 7 2V PHEIONY RS T E7 L 7 v ¥ =2 HADREBUIH L K &
EL T DED, FEREFHH SN TREL TOE, L3 TR LIl Shk
TPAVE L=V ERICK > THERTES, 2O LB Y, TLIZH VY —%IHR
DRBIZT 2 A 5DTIEERL, FROLEBERT LI EVHOHOMEEZMRNS1CH 7>
THHEELZEEDLDNS, —MD reciprocal %% IHAIZDOWT, TR THRTHAL
M I3 C & LR [15] THEA SN TV, K2 OBURTI E 250
HOWIZE I 13l Z 28 Tn g,
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4.3. bi-stable RFEOEH DB

TLIH VI —LIHKX Ag(t) 1L, #iEZHEN F(r) ZXRORICHEK T2, £7
Ap(t) 12t DEREEDIT L & 1/t TOMEDEL L 2 2RI T 5. KT 2 = t+% v
BEEEZT e DEEAEZSS. Zuia vy 24 SHER (22 OFHENX) iTB8WLT, 22
Z (r—2)" IWESHWA D% >TwS, Bl A=t -3t°+2t* =3+ 2t -3t +1
=3 =3 42-1421 3L+ L =84+ L -3+ L) +20t+H) —1=(t+1)P -3+
HD=3(t+1)?*=2)+2(t+1)—1=a*-32—2+5

Z TRV 72,
EE 4.4 K 7 bi-stable & F(x) 2% r-stable. ZD & &, #(A OERDOEE)= 2N, 7-
RLUN=#F(x) DER a Tla|>2 t425D).

ZOEMITE D, FIZIXFICaE ST TR, (2, 2k, —2, —2] DREEDTEA
WCIRETE 5.

5. ZDODZEXDTRNREICI IR
2 ITIE, oL HADOFE FDE RO ECRAICESRIUCTER T 5, 2
DMWHE % interlacing property & W5,
5.1. 15 —L—XDEHKS
B Z X R DI T,
EE 5.1 2CDa; >0&,L, K=[_2a,—2ay, - ,(=1)12a, -+, (=1)"12qa,], K' =
[2a1, —2ag, -+, (=1)"22a,_1] £ T 5. ZDLEAg(t) A (t) FHFERDOAT, Ag(t) &
A (t) DFERIFHERE FTRAITES,

REBHIE n 1ICBT 2 dRNE 2y, =00 L HAZFERF IS . ISR 5D1E, KD
K OERIZ DD interlacing BHHRXD 77 70%LbH & L TE-DLHXDHZE N %
interlace ¥ 52 LICH 5.

o zeros of f,_o

® zeros of fr—1

m zeros of f,
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Ui 2 > T, real stable %% HAD 7 7 2 U —DRAFE Rz KO TT
CHELHRS, IcHEUC X 2RARFERD 26 D2 PR L7205, 2037 74
N—FEOHIZ K> THEBEINLRIE DN BRI D 5.

5.2. D3 \\ interlacing property ZH DfF 0 HCE

FoiEimIE R Z OO HENEAT 25D TH -7, HERZ D7D b T IR
T3 EZA%ZAHIEL T interlacing property ZimlU % Z £ HTE %, 3.1 T quasi-
rational FENHDHIE LT, X-type D7 7 U —ZfNML7D, 90 ED YV-type
D77 IV—%EATS. Y(2a1,2a, -, 29,41 | 2b1,2by, -+, 2bypy1) (& FRAED &
T =7 &G THRONE 773 —Thb. HAlICiEn=3DEEDF AL 7 )L}
iTH 2 8 7.

K b]i,'2b2 ,: : 1: , : 2bn

coo—ROoO
COoORREFREHO
O R R
e e
R RO
ORRR~R~,OO
corR—OoOoO

by

Y(2]-2) i 41, Y(2,2,2] 2,2, -2) I 1201100 TH . 2TD a; BIET, by 78
172 51X Y -type (I real sable A O H TR FREZ 72 7.

128 E TORMEENH T, FROIRKRIGRD 6 ZHA 2 S DIET72 2D, 1240105
& 12,1104 TH D, X-type & Y-type ZZ N6 2 ELIN R T 28RkIC/E-72b DT
b5, s z2flio TR H THERDRKRIFIZGBOIFEI T 2 PR T E 72,

interlacing property % {i> T bi-stable Zf5 O HZMKT 2 2 L HTE 5. FBUOHKTS
Difeam 2 >, HAZHE R EE B DFERDH 5 2 L 278 L, interlacing property
o T, BHDFELIEMEICHD ZEERTHIEICKS,

6. &

MOHDO 7L 7% v —%IHADEBEROREICERT 2 2 £ T, R4 ZIAWERY
Hohot, FHOWEREOHMGROML et 5 B0 >wTw3, T
20DF L WTFEDNHIETE, S5ICAEWT IABRA BRI >TETHS, &
DML ELIBE S 7IED D TH Y, HICHELT 2 EHIFLTw3,
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WM ZEEDORE MY =& T DEU
IZDOWT

1 =

A ZRRARIE, WO ETHRLK, MHERAFES X OB RMFIIE W
ThiD CHEREH ZRZTHENRTH L, ULPLURDBS, MR - KRR
CBELUTHUTOWAWE WS HENS S A THND & 512, w#HT LRI
DE BRI 2R NP L WA RTH L. AGEH T S0 2201
LR DBEREDZD LI B A HI ZMRET 2720 %)\é%?‘:@%ﬂ&@
—DThH, SBROBEVPMFHEINDIMAENRTH S, 1977 412 Chen[l]

& o T EM ORI & 72 %57 Chen space” BHEN I N-DHEFE D TH
D, 1980 T Souriau[8] 1T & » THA RO TER I Nz, T DI,
Zemmour[6] Z 13X U HZ < DWFEHIT & o T, 853 220 D FEMEL i < 1
Tz. & KIZ, WA ZEMITADEREE —BIL L 22E/TH D, AfHZEMH L
DENTIFTRECERER D 5. £72, o 2=E OB DIff (MR - R 2B
LTEHULTHY, THLVIABTH S Z EPHMoNTNS

ST, fitHZER OB Top FAERAERETIVEE ZHRD [5] 226N T
WA M, B Top L &EAIZEE S 28 DIff AET VHEZRFDZ L I3H5
nTWaWn, BIIHIAKE OHEFEMZNIC KD, B DIff 136 RAERE TV
ExFrs, B DIff & Top OZFNZNDE TIVREE DKL Quillen B
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ETHEZ Lzt U7 [4]. X7z, Mo 2Em & BERBE Rz R DO BUEN A
FRZEf & KN B MHEEMEERT 5. BUERERZEM D 572 5 Top @
RS EE NG &35 %, B NG 3R - KRIGHRCEHCTE Y, 774
VINHBETH L Z o nTWS [7]. B NG IZEHARERE T VG Z
BAT I eNTE, B Top OFMRAEKE TIVIEE L Quillen FETH 5
Z X AR [3].

AFHE T, FI2HE Diff THRE MY -Gz BT 27201 BB L 51
22 D EEARIN IS MEE 2 /s 5 L FIFIZ, B Top & OBIRMEIZ DWW Tl

2 2B

ZDOHiITIE, MM OIREARNMEEIZ D \WTHIAT 5. EMIE [6] 125
HINTWVWAB.

T 2.1 ([6, 1.5]). X #4842, Dy 2#31—2 Vv REHOHESH 5
X ~NDEEHS52EAEL, Dy Ok X OF0y hE LS. Dy K
D 3ODKMEMET L X, (X, Dx) ##52M, Dx % X OB
£

D1. 2—2 1) v RZEM R 225 X OEED I 2 ~NDEMER C,: R* —
X%, Dx IZ@3 5.

D2. =27V vy REMOBEES U 6 X NOEEDEHL%E2 P: U — X
95, UDEEDTriZRUT, »20EEEV, BFHELT, R
BB PV, W Dx ZE@T 546X, PH Dx IZJET 5.

D3. Dx DEED T P: U - X &, 2—271) v RZEHMOBES DM DT
ROMBPEBAOAEGHR Q: W - U IZRLT, 5K PoQ X
Dx IZjg9 5.
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Bl 2.2, 2—2 Y v FZEH R" OEEBIHE Dre 22 —2 V) v N2
MDOMEEDHEEDLS R" NDEONPRERL2EKN SR I2ELALED D
&, D1. ~D3. ORI EE, HONTHS. Z O =M
(R™, Drn) % EEHER 22/ & K 5.

T 2.3. X Y 2WMHEMeTs. B X - Y DPESNLTHD L
X, XOHFEEO Ty b P:U = X IZHLUT, AREMS foP: U =Y A
Y OTay MIRZEEE WS, X512, fBEOEMTHS I, 2%
HHCHER f~L Lo REHRTHLEEER VD,

ZZT, NREWozE, HegorRGEa8TcED 5B % Diff £ 9 5.
DFoZ ehro, B DIff 3R - RERICBEE LT TW5.

MR A WO X OMNESEL TS P:U— AN, AD71vy
FNThdEE, BE85Hj: A X POERER joPHRX DT
Oy MIkdEEEND.

BfE X\ 2WMAEMET S, P:U — [[icp X) PEM [[cp X0 D7
Hy bTHBEIE, EREDNe A EHE pr: [[on X = Xo 1TH
LT, B4 p o P X\ DT By MIHRBEEEWND,

B X\ 2WMAEMET S, P:U — [[cp X) PEA [[ o0 X0 D7
Oy hCThd el EEOrcUIZHLT, r DFLHEV, 55 X,
DTV FQ:V, = X\ DPFELT, PV, =jro0Q Zmil=3 & &%
WS, 722U, ga: Xo = [aen X0 2285 HE T 5.

R MaozE (X, Dx) "o BB Y ~OEHNLE/ R E . X - Y
L35, nIZEoTEBEINDE Y DEMINHEE m.(Dx) & U,
(Y, m.(Dx)) ZRaMnEMe X, ©m 2@E54%e L3 P:U - Y
M. (Dx)ZBET2Y o7ay hThsd e, £EDr e Ul
HUT, rOFEEV, & XDO7ay b Q:V, - X BFEHELT,
PV, =moQ Zifilzd&E 2.
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S8 2.4 (6,151]). m: X > Y 2054, f: X - Z 2EOREHELT
5. ZOLE, gon=fEMETEIREH Y > Z ZBODPAREEY
%%,

X, Y 2N ERET5. X 5 Y ~NOEOSPREBRERPSRIES
C®(X,Y)235. RDEX3I1ZLT, C®(X,Y) IZE4MAHEE Do
ZEATE. P:U = C®(X,Y) D Do ZET 2 C°(X,Y) D7y N
THd2lE, XDEZDOTay b Q:V = X Iz LT, &EMH

UxV 2% 0o, Y)x X &Y
DY O7ay MIgdeEazWwS. 72720, ev: C*(X,)Y)x X - Y %
ev(f, z) = f(z) LEDD. £/, WX (X, (X)), (Y, (Ya)) IZXHLU
T, 2N OB DWE S PR EHREMEP SR E5EEG O (X, (X)), (Y, (Yr)))
ECR(X,Y) OBAEREZ2 5. ZOLE, KOWBEEDZLHS,
/& Diff 137 77V MAETH 5.

EHE 2.5 (6, 1.60). X,Y,Z 2MHEMe T 2L, 5HERN
C®(X, C=(Y, Z)) & C®(X x Y, Z) 13RIz 72 5.

3 WMOEEORENE—EF

ZOHiTIE, MAoZEROFE MY —fHEeERL, MRAEEIZOWTHN
. FNE 4] CEHRELTWS. T=[0,1] 2HEMEME TS, R2S I A
DS PRERT, A (Coo,00(t) =0, A1,00)(t) =1 THH, (0,1) LTH
FEMTH B XD BEBN: R — I WFETD. NTEoTEMINLIES
I DFEWAHEEE A\ (DR) £ T 5. ZORMSZEM (I, \.(Dgr)) % I TH
9. F, BHEMOZEM R OWMAREME LTI 2FZA58 &, BIZT &
*7.
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X, Y Z2WnEEeds. BOPRER fo, L2 X Y ITXALT, fi&
fiMBEERNEYITHD L, HEAFEIMNE—H: X xI =Y BFHEL
T, H(x,0)= fo(x), H(z, 1) = fi(x) ZhzFT & E2 W0\, fo= fL &H
. WODPRE/R f- X =Y, g0 Y - X DFELT,

fog~lx: X - X, gof~1ly:Y =Y

AT s, X LY IR EMN —RMEL LY, X ~Y &L, T T
WA EMETIEZR WD, FEME—[FEERSE. X517, ROMEEES.

i 3.1, fo, fi: X oY 2o REHRELTE. Z0LE, RD3I DD
FMERFAETH 5.

1. 52WoPREHR F: X xR - Y BEFELELT, Fz,0) =
fo(z), F(x, 1) = fi(x) Zimi’=7.

2 fol fLIIFENY Y2 THS.

3. 55WOoRER F: X x1 - Y PMEHLELT, Flz,0) =
fo(z), F(x, 1) = fi(z) Zim’=7.

fo X AORENC—F F:XxI Y, LY f DEENE—%
G: XxI—=Y &da., ZOokE, FxG: X xI—Y %
Pz, A(31)) Ogtg%

F+«G(x, t)=
Gz, A3t —2)),

YEDDZE, FxGRBOMREHBERS. LENoT, ~ i C®(X,Y)
BT AAMERRE LS. b, BRI SREHERE MY —HE
FO, C¥(X,Y) ZBII5FE ME—HOLAKRE (X, Y] &FEL. 7z, W
A2 (X, (X)), (Y, (Ya) 128 LT, CF((X, (X)), (Y, (Ya)) i2$
I BRE P E—HOLKE (X, (X)) Y, (Y))] 2 &<,
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EFE 3.2, WOZEM X Oz, ylTHLUT, v(0) =z, v(1) =y 27T &
IILBONKREB v I - X DFETDHEE, x ~y TERT. BFE~ T X
ZBY S AMERBIfR 2 72 5.  OFEMERIGRIC K B RMEMD 2k Z 10X & F <.

TEH2512LoT, ROMmEZGS.

S 3.3, MAERN (X, (X)), (Y, (Ya) EXHLT, £84ELT
X, (X)): Y, (Y2)] & moC=((X, (X)), (Y, (Y1) ERAMTH 2.

T, Bl mogE s OBk D, RSP 2D b, AEOD
n> 025U T, D" & ¥4 n RERTE S™ c R o EPEERE & U,

Dn — {(Ul7° t 7vn—|—1) € ST | Un+1 Z 0}
LERT. 2RnEG g, D" x R — D"t %
qn(v1, -+, Upa1, t) = (v1, -+, Vpa1, cOSTA(L), sinTA(t))

YiED B, qi(t) = (costA(t), sinmA(t)) TEX B 2P 755 ¢1: R — D!
IZ&oT, ERINZFEMOMEE DY IZBATS. 2ok, TX DX
WAEMIZRS. 22T, B quo1: D" 1 xR — D" I2&oT, HEX
NHEWAHEE DY IZRMIIZEAT . X512, B4 57112 D" O
DO KEE 2B AL - %E Sv 1 TR, ¢, 2 D" x {0} = D" 12 IR
TE3E{IFAETHE D — Dt v =T B bbb, FD—HTq,
& D" x {1} = D" IzHIRT 2 5408, S O F Bk

D™ = {(v1, - Ungp1 € S™ | Upy1 <O}
IZBY. BISAT, DN D" = St AEK D SO,
& 3.4. D" £ D" \Z D" AOWSHREML NS N TH .
EF 3.5, HADEMWHEM (X, xg) D n RILHE M= 1,(X, 29) %

7Tn(-Xa xO) - 7TOC©<)((Z~)n7 S’vn—l)’ <X7 xo))
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vz s, AREIC, HEOSMAEREL (X, A, 10) ® n KIEHRE N E—RE
ﬂ'n(X, A, .’,Eo) 72

(X, A, 20) = mC=((D", §*=L, D1, (X, A, o))

LEDD., k7, EEOBSDEEE [ (X, A z0) — (Y, B, yo) 1&, B

HE [F] B B
fo: mn (X, A, ) = (Y, B, yo)

ZiFET S, ZIT, WHaZEEoOMOBmo N ESR - X Y B, £n>0
2 LT, e

f*: Wn(Xa l’o) — 7Tn(Yva f(xO))
ZBETHEE, AT M —RMETHE K.
(X, A, xo) ZEmD S LR &9 5. HERBGH
iw: Tn(A, x0) = T (X, x0), je: Ta(X, o) = (X, A, z0)

%@@E‘{%&Z (A, 330) — (X, 215'0), ] (X, xo, 33'0) — (X, A, $0) IZ&oT
FEINDIEHETEH. n>11ITHLT,

A mo(X, A, 20) = mn_1(A, o)
% ¢: (D", S"1 DY 5 (X, A, x) DFRE P —Hi%E, ZOHIK

¢ D" (D", 8772) = (A, )
DHEEINE—FHABITEHRELTE. Aldn>20L SHERMTHD. #
B34 2HWT, MHEMOE ELHEBIZTEE, ROMEREHS.

W 3.6. (X, A, xo) 2RO EHApZERN LT 5. ZDEE, ROTBER
I etes.
o= a1 (X A, x) 2, (A, x0) EEN T (X, x0) ELN (X, A, z9) —

e 7T1(X7 A, lEo) i WO(Aa CUO) Z—> 7TO(X7 550)
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4 WOZEREOBEDETIVEE S ABEZER, BEMLE
FXZERDE D ETIVEE & OFEFRME

MAHZEMOBEIX, ETIUVEEZED 2] 2o TWE. ZOHiTI,
BUB I A K221 [7]) B 5 72 B AR OB O i o B2 EH% L, ZoBEo
ETIVHEEEZRBN S S 3. 51T, WA EHOBIZET VIEEEZEAL, B
Top DE T IVHEEDREFRMEIC DWW TN S.

Mo 22E O Diff & 2R OE Top ORIOEF2ED 5. (X, Dx)
WA ERET S, X OMOES AN D-FAEETHDI LIE, X DIEED
Juay b P:U — X IZHLUT, 3 P HA) »U OHEE IR L E%
W5, D-BIREED SR BIk%E T(Dx) £T 5%, ZIIAHIO AR % -
T. Z0rE, (X, T(Dx)) 2 D-AiMZERE O, Zhid TX 2L, &
7, WODPRER f: X 5 Y IZHLUT, T(f): TX — TY \HESEE4IZ 75
5. URoT, MmZEi X #M%EM TX 2% 3BF T: Diff — Top
2135,

(X, Ox) ZAHZEBE T3, 2—2 1) v REFOLEOEESHS X A
DTSR 5358 E8% D(Ox) £ 358, WOREDAHZ -
¥. ZorE, (X, D(Ox)) % D-MnEfe £, Zht DX en<.
MEH f: X > Y IZHUT, D(f): DX — DY 3O REHIZRS.
o T, fiFHZEM X 20 2EM DX 2B 3BF D: Top — Diff 2155.
TS OBEFORNIZIIRD & 5 BEE1EH 5.

fid 4.1 ([7, 3.1]). BF T: Diff — Top (ZEF D: Top — Diff O/
HEFTH 5.

RIZBEMERZEMEZERT S, v=TD £9%. fMHZEH X 2 vX
CRMETH D & &, X 2 BUERERZER & &8, BUERAE R ZE R 2 5 7
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% & Top D7l B2 NG TXRY. X 2MHZEMETLLE, vX &
v(vX) ZFEIZR S 720, BF v: Top - NG 2155, ZoeE, 4iH
Fi: NG — Top 1FBTF v OLMHEETFIZR 5.

@ 4.2 (7, 4.4]). 2D OW GHIKIE, BRERERZER & 72 5.

n > 012 UT, nRoeEkm S* 1 225 n RKITERIK D ~NDOAE B 4L
Krom2EE6%2 1 &35, 1=[0,1] ZHEMXEEZL, n >0/ LT,
I" x {0} o I X [ NDAEEBL2EN G 28E6% J &35, AfHZEM
DOEDOHEFGEEHR f: X - Y IE, Fn>01xLT, &HH

fio: (X, 29) = (Y, f(x0))

ZAETLLE, HAEME-FAMEERTHL LW, §KE Y —FEE
BOFDI T 2% Wrep €T 5. ZDEE, ROFMEBHSNTND.

EIE 4.3 ([5, 2.4.19]). B Top 1%, I' & generating cofibration, J % gen-
erating trivial cofibration, Wrep % weak equivalence DR DT 7 A &4 %
HIRAERKTE TIVHEE (cofibrantly generated model structure) % % .

KIZ, BING DETIVHEGEZBNT 5. mdEd2 &0, Hor5 A1, J
X, BING IZ&FEN5. SSICBMEMEREMIZEE N -2 EHETE
5. BUERERZER OB O ST M E—[AEGHBRDOHD 2 7 A% WNng &
T3, ZDEE, ROERE2ES.

EIE 4.4 ([3,3.3]). BING &, I’ % generating cofibration, J % generating
trivial cofibration, Wing % weak equivalence DHI D 27 7 A &4 268 4E
RE TG ZFFD. X612, (1, v): NG — Top & Quillen FfEIZ725.

Diff DETFIUEEIZDOWTHRRS, £ n > 0128 LT, S* 1 725
D" NDAGGEHREEN SR EES R I, &L, D" 75 Dl ADEaEE
Bekroh2EE5% Jp 295, HAEMNE—AMEERDODHD I 7 A%
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Wpig £55. ZD& X, ROFERE2ES.

T 4.5 ([4, 5.1]). B Diff 1%, I, % generating cofibration, Jp % gen-
erating trivial cofibration, Wpig % weak equivalence DF D7 7 A &4 %
ARRAERE 7 IVHEE 2 FED.

fid 4.6. (T, D): Diff — Top (& Quillen adjunction TH 5.

£ X Hk
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The joint spectral flow and localization of the indices of
elliptic operators

ZEH B CRERF)”

B B
AGEHTIX, ART MVIROBESD —BILTH 545EEH AT bILiK (joint
spectral flow) ZE# L, TNZHWTH LD () LK EOBEMHE/EA
FOHEE (index) DFAMLIIR %Gl 3 538 HE DL DOVWTHENT .

1. #88 & 2 DBATE
M ZEZHZEK, E2ZD EOXRT MVRETE, 2oL &, YIMOEMT(M, B)IZE
9 2 EMBMERSE D IR LT, %O Fredholm $858 (A 1OFE %0

ind D = dimker(D) — dim coker(D)

FERROFE Y- UMK S WAL R Z 5 X 5. Rl 7 Dirac BRI
XUTIE, ZOEEIE Hodge-/NED R % /v U TR SEC Riemann-Roch 272 & O EH #
AL EFENII 5N 5. —F, Atiyah-Singer DFEEEHIZ X > T, ZOHEHIELH
LSO (MAHRTEED) LHTMITons.

Rl 72355602 T DB IR T 558172 FE e UT, BBDFEAME (localization) 7A*
H5. X, R0 (2, Z0OETOmultiplicity) 28X E1F5 Z & THEK
REIETHI N TEDHE Mz XL, HlAIX Lefschetz D ANE) s E ML e EHEEAIZ
EAEREREALEDONEIHONT WS, AL TIEEN L IXEZR S, WS 1EH
F D Witten ZIIZ & 25Tk z2 k5.

e H BRI 22 f51%, Poincaré-Hopf DM TH 5. BAZHRIKM O LOXRZ MV X
TZDERPHEBHI 2 E DI LT, Euler 8 x(M) = ind(d + d* : A~ M — A°4M)
X Z DAY N VDK T multiplicity 2 2 UH 1T 726D & —EHT 5. E. Witten IZ
[(Wit82] T, 27 hILIEAY Morse BIELD gradient flow DEE1Z, MBI 1EHFE % Morse
B# 2 W CHEENC K > T2 OFHEEFHIEH L.

Witten DT & B D [t OFiEIE, BEH-HH-5H [FFY10] 12 & o THER
RICDE Z 6Tz, T, 77 AN—HKD 7 7 A /N—=J5[AD Dirac fEARMIE L A
EDRTHHFIZRSTWAZEDRDRoTWAE S, ZNWERT VY YIILIHEEST
222 D Dirac (EHZE 2 BH T2 Z L TG 7 7 4 N—DJE D I8 % FEtd 5,
EWSHETHD. ZOHEEHANT, YTV T4y ZEMFIIBIT BT OEM
ANCE R e g A
M 1.1 (Andersen [And97], Fujita-Furuta-Yoshida [FFY10]). (M,w) 2> >~ 7L
IT 4w 7E%ERIR, T" — M — B % Lagrange 7 7 1 N—®H, L — M %Z @& {bLH
(prequantum line bundle) &3 5. TNHIZXN L, Riemann-Roch# RR(M, L) % #3&

AWFEIERIFEE (BREFE S : 267081) DOBIREZ 26D TH 5.
* T 153-8914 HEHRHRXETE 3-8-1 HEUAF R FBeBELR AT 7eR
e-mail: ykubota@ms.u-tokyo.ac.jp
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X 1: ARZ MLO#E

NI RVEN2 @ LTIR D 507 Dirac eI Y "F oy LTED 5. oL,
FA
RR(M, L) = #BS

NI ARVASR

Z 2T, BimEAbE L 1T Hermite 5H& h & Z 29 % Hermite £56t VE DMFAEL C,
(VD) = —2miw 2723 K 5 EHEGRDOZ L 28T, F72, BSLIE VI A1 1(2)
FIZHIR T 2 & AR PG b L5 e e BORTEAT (EFELD, VEIEE
D7 7AN—=ETHPHERIZR>TWD) , TD XD 7% r ! (x) 1F Bohr-Sommerfeld
77 A N— LTINS,

AKFEHTIE, ZOXSRERNRY Ju—FZ2areEny—W, KHERKIZEZS
FEE UT, REITHN TS ART MLVROBEED — bz BN 5.

2. ARY MV EED—IE
{D;} 2t € S' THRAFOT S5 N7H DR Fredholm fEHZE D72 1 /8T A — X
e 5. 22T, il Riess ik (BSAHEAERZED /L LM HEEH YL D —
DA+ D)) V2 THERLEZHD) CHTIZEDETE. ZOLE, {DIDART ML
(EAME) & FERICHNTBYD, MO BRRWVRITIEARYZ LA 0%2 £72<
50 % EEEAATHA LT 2N TES. ZOBIZARY LR (spectral flow)
CIEENS S DT, Atiyah & LusztigiZ XK D EA I N7z,

ORISR NBERADH D, TD—fl& U T Atiyah-Patodi-Singer[APS76] T3,
D, 3% 5% R EOWAEHRTER I NS GG, AXT MVROBEHEAR

ind( %+ D) = sE({D.})

MDD Z EAEHHI N, 2Tk, EZH S EOIXITZDDMERTRT MILK
DT & > TR U 5N 7z Dirac fEFZ DI, {D,} DARZ DD 0 &350 5 5D
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AV IZEAMEL, P O&RTOEREEIFEAEZERORITE XX DA ST L > THRE X
NTWs. ZoRNZE, KEMP—BROHASHREDGEIZ-BILL LS T LF
HRTH 5.

(Ay, .., Ay) ZHWIRHT 2 HAREERAZOnflE T5. 2ok E, ThoDE
FZITFEREE O (kD —f&i2i, FRARZ MUVOR) 520N TE, HBEAR
2 MV (joint spectrum) & FEIEN2Z R" DS EGZED L. Zhid, FARFEAEOE
B{O, A | FE€H Al = NEF D, FRERRITAR Y MIVERIZE 5 — b THh 5.

& 2.1 (BHELER). n ROCBAZSRIK TR AT DT o N7zl X9 % Fredholm
n#l (commuting Fredholm n-tuple, EHEIXRHTHZ %) DFEIZHF LT, ZTOHEA
R PIH0 &R DM EBEBEEAATHZ EIF72BE#EEART MV LI,
jst{D(z)} £&EK.

HANMIAMS 5 H EOFEHZRITMEZ IS B (D (2), ..., D, (x)) I LT, Clifford
BRCL ZHWT, ZHIINBESTSEAR e Di(x) + - cuDy(2) €T DI LMW TE 5.
ZOERAFZEEMBHEIZ D(x) £ EL. 2, DiraclEHEY c(e)V, DT FHY—TH
D, (Di,...,D,) ZfBET % DiracfFHZLIERZ & & T 5.

ZDREGANRT FIVRIZH LT, PAFO LS 2EMZ R LU 7=,

EIE 2.2, DUFORBUEHAEL D 32D,
ind(m*® 5 + D(x)) = jsf({D(x)})

Z DEHIEIEITHAT U 7= Atiyah-Patodi-Singer (2 & % AR N VRO FEEGEEL D —fik
fbTH5b. 7=, AifiCTHH L ZHBBORALIZET 2 Z>DHfli%, ZOHREEH %
ARIZEAT L2125 0 kL2 DIz ko TSI N 5.

HBHENRT MVRV BREZ o 22, ZORIANBREREBERIEE v, ..., v, Z[EE
5281, c(v1)Dy, + -+ c(vy) D, B well-defined 127225 & 572, H\WIRKH#T S
HOBRERAZD twisted” k2 Z Z 5. ZNIXFEAIZESR S Wi /EHEZEREE -
HRRT MVEOEHERIZ L > TR Ho TV BRI TH 5 (IEREAR T E 13 5
THZ2)., ZOEI BRI U THEEARY MUVKEZEBETLHZENTE, LDIE
BOEPASE D LD,

Poincaré-Hopf DEHLDFEH. RO 72D LKL Spin“ fEEZ2 RO L RET 5. X7
MV X @ Clifford B o(X) &, 1RGfEHZE (L72hi> THBIZEWIR#HS %) DOiff
(X,e1), .y (X, e ) IS 2 Dirac/EZEZ S &, EHIZ X > Tind(Dgr+c¢(X)) =
sf{(X,e)}) Lonb. 22T, ZOFHKROMOKEART ML eI~ i X
ZTDEDIRDT, HGIHIFERLD Sux(p) &—ET 5. —FH, Dar+te(X)IFtizks
THMMUTH B0, ROKRE DY —FREMEH» S £ DIRind(Degg) & —HT 5. O

EFR 1.1 DA, BHEERE T 2BEELTEL. 774 13—0D b —F5 A0 LD Dirac {E
%%, BV #ms 2 IEAZEOM V., ..., Ve, (ZAHT % Dirac fEfFEZ & 8
5L, EHIZE>Tind(@Dp+> c(e)Vye,) =jst Ve, M5, 22T, KUOIERZE
XM D LD DiracfEfIEZ LRI U ERE 2 /HOOERIZT T 5. —FH, V., OfEE
AT NIVD0 &R B i Bohr-Sommerfeld 7 7 1 23— & —# L, Bohr-Sommerfeld
T 7AN—DEEDEED —EEPSZNTND T 7 A NN—DHFHIT—FRIZ1THD
ZENEIRTES. O
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REITIL, ZDFEE AR MVIRD IEfERE L & FERE B O DWW TGRS 5.

3. &G K I

FEA AR MVRZBEIZERET 57-0121F, IR #T 5 H A RIERAZE DO 341
FHZEMDARE N -T2 BRET 2 HERDH S, ZD LS 72%EMIX, KHEmEOREUD
DR, R H A% Fredholm fEFIZE D BRI K DO AR I LT
TED, TOHEFART PVKDOER & HEHEHDOIEHIZAENTH 5.

TEFIR D% & K FEmDBIGRIZ, (EFRERRIZE T % Kapsarov D K K B ([Kass0],
[Blad8)) 12 & > TEtH T 2 & FBUARW. KK(A, B) 1Z3722D C* B A, BIZXL
TEHBEINDT —RUEET, AITHLUTK-FEO Y-z (BBHEERZED X S512)
RZ2E\, BIZHUTK-IAREOY—IZ (RZPMIVEDXSIZ) IRDEES. FiZ
KKAC)IZFADK-FxEuY—t, KK(C,B)IZBD K#fEHIZRE. —FH, 2D
FEHIADS BAD— LI N B 7Z e ZEZ 2223 TEL. HlIZIE«-HRAp: A - B
T KK(A,B)Ot&ED5. £72, A KK(A,B)® KK(B,C) - KK(A,C)&\5
HENFMET S, ZhiE, K-RERY—KK(AC) & K-3KEQY—KK(C,A) DX
TV IO~k imoTW5.

KKHRIZBWT, XEEEDAAIZT 5T Z 2341 Clifford BB Ce, 27 > V)L
T2, HEIWVIFLEMICEEEZ LS (CuRYZTVVIVTE) 2T b, D
0,

KK ™(A,B) 2 KK(A®C/,, B) =2 KK (A, B® Cy(R™))
KK"(A,B) =2 KK(A, BoCl,) =2 KK(A® Cy(R"), B)

EWS BRI D Lo TWA. I Z T Clifford B2 & SR HDA U EI 2 B2 Z W KK
BHERI7 Bott MMEINIE LT WA, ZOBURE A=C, B=C(X)DBAIHEAT
2%, n <ODHHITIE[ASCI T LD K DAY T LD Fredholm fEFHFEIZ &
LB EONE. IHIT, TOKMEBHZBITAMIEYME L TROZ ERbNs.
378 3.1. Hilbert CL,-MEE HRCL, ED Fredholm /EFZED %3 281 Fop, (H) 1, K"
DARZ NI LEIE>TWD,

fia AT MVIROERITIE, G K MG L IPENns akeEn Y —HEHo A~ b
T LD Segal iIZ& BEidEH WS, 22T, ~fatsEnY—H I LT, H N
b4 %k 2R E 0 Y — (connective cohomology) h* L IZLA R 2729~ 3 K€D
V-—DIrEZS.

1. HRZEH L — H* BFAET 5.

2. h*(pt) ld*x > 0DEE0, * <0D&E FLOHAREHIZE > T H*(pt) &R
A,
ZIZTE, FOH*PRKBEOBESIZOVWT, ZOHEKBHDO AR NITLDWL D
MORRONIEZE HEZETHEARY MUz ER L CHRECHE ZEHT 5 Z &
MTEB, LWHEDORNEZBE T 5.

IARFBHETIIANBROH A L FEDOERT spectrum £ WO SERH WS NE D, T Z CIHEHEZED
spectrum % [ A2 hL ], IHRETY—Dspectrum % AR FT L] EENTEHIT 5.
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(1) B2EZME (configuration space) X %Zi#fh7 3> %2 N Hausdorff 25, A%
X O ¥EAE IR BRI T, EEEMNLV NI 7 RN THEEDLT D, DL E, (X, A)
D LD dH BHLEZER (configuration space) F(X,A) ## Z 5. ZDZEMIE, EHEL
TIE X\ ADHERGHAZEM S &, SDILTHRAT DI oNi=d 5 FEE X N7z Hilbert 22
] (BERRKOTER R 7 V2R ORBRRTTEHD ZROBE{V,},c T o #yIiZx LT
Vo, LV, WERTLE DD (S, {V,},cq) D7D, 222X, BAFO =D DME % i
723 KD ITHARBRMMHB A>T NS,

1. =20z, o BRU K IR T 2 L5 I2Bwz e &, BEZEBEDICIE " BT

EFZEME V, & Vy D3> TWAITIZPURT 5.

2. e MNADTUIZIRT S X5 ICH W& &, BEEMOIGIZZFDEINLET S &
D HRITIZPERT 5.
F(X,A) 1%, SHAEREA LS TVWEILD O R DM [, (X, A) L FRE ME—H
BTHb. £/, AFOEHMNKD LD,

EI 3.2 (Segal[Seg77]). Fin(A, x) — Fan(X, %) — Fn(X, A) l& quasi 7 74 7L — =
VTHA.

IOHENS, HABGEF(S", «) — QF(S™ %) R E N -2 525, O
EDEBES" «) D2 —HIFERY—HERDART NI LK ->TVWBE I Ldb
n5.

(2) EWIK T 2EAFROERB HWIIRET 5 X5 R FHHE» S 2 5B 0L %
WL ONHET 5.

E# 3.3.

.....

723 DDEEIZ IV ARHE ANTZH D% F,(H) £ FL<.
1 FHFET? =Y THIEGFEHAREId: H — H EELW.
2. ERD i L JITRHUTERET, & T 13#1d 5.
3. fEAET;, (i=1,2,...,n) &Ty—1Ea > "7 MEAZTH 5.

(2) Hilbert Z#fH EOHRZHAHEIEHZD Ml (11, ..., T,) WERBRHET % Fred-
holm n#f (bounded commuting Fredholm n-tuple) TdH 5 &%, Rajii=zd %25 5.

L EHRT? =Y T?IE1+KH) ITEEN5.
2. FEDi L JIZHUT, EHRTIXT; L HWIIRHRT 5.

B 57 23S B Fredholm nflOEEIZ / )V AifHE ANz D% F,(H) L EL.

(3) Hilbert 22 H EDOIEE TR0 EH AHEIERFZEDO nfll (Th, ..., T,) PEERLZIT S
Fredholm n#f (unbounded commuting Fredholm n-tuple) T 5 &1, REW-3Z
A=)
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1. fEHZE D? .= D? I3WB L0 22 MO ETEZR S NS Fredholm fEHET, O
YR RULYNRY M ERED. DFD, 1+ D) HEary Ay MEHETH .
2. EEDi & jIZHN LT, D; & D;lddom (D?)? EEWIRIT 5.
AR ZMWT B Fredholm nflOEE % 7, (H) L EHL . ZOEEITE, ARLOES
@%“wD@H(QO+D%W%“J%Q+D%ﬂﬁﬁﬁﬁﬁﬁéi5@%%ﬁbﬁ
Ml (RieszfifHOT7F B Y —=ThH5) ZANTWVS
ZDe&E, EDFMIIBWTHLENTNOEHFES IFFAKEAGEEMATE, /Ko
THEIEAME (FaAR7 b)) CEAZEFOERE —N—WER52oNnsd. ThT
NOZEBDIEHZRE S DOEAEIZ, (1) TESTIZHH L —RK«IZOAERL, (2) TR
DA LB D S* MO AERIL, (3) TR ICHEERINIZ AT 5. /> T, [EHE
A DB DM OERFELE R — (Dr, SP71) — (S™, %) 1k, T4 5 OZERI ORI Hi 54
Fn(H) = Fo(H) = Fu(H) 28T 5. 72, WAa(Ty,...,.T,) = caTi+-+c, T, €
B(H)®CL, (2 & > T, BKEEHRF,(H) — For, (H) PEE > TWVW5.
(3)C*IRD +-#RBDZER fFAr 2 > /32 b Hausdorff 22l LD, MR T 0 1ZIPUR
I % i AR D 7 2] Cp (X)) 12, BRTOME, FIE L ERIEKIT X D « Mgz A
Nz« REEZEZDH., ZORBILsup / VLAIZEALTCHEBRIZE>TWAS., DD C*
BROMOME, FiE, +-#EE2EODGEHRE R LIER, 5, U D 73 22/
Hom(Co(X), K(H)) 1&, SREMIC Lo TRMZERE 2> TWS. £/, RO VN
N Hausdorff ZEf] Y & C* Bg A 2% U TRk Y 37 D[ FH
Hom(Cy(X),C(Y) ® A) = Map(Y, Hom(Cy(X), A))
i, FHZ AT U NT MERARERK(H) D & S HEHER T
[X, Hom(Co(R"), K(H))] = [Co(R"), C(X) @ K(H)]
— KK(Cy(R™),C(X) @ K(H)) & K"(X) (3.4)

%525 5 ([DN9O)).

ITC, TZTETHNMLUTEZMMEEMD S 5,

(1) F(S", %)

(2) Fu(H)

(3) Hom(Co(R™), K(H))

THEWZHEMETHS. /o T, (1) & 3)Dx s EH 322X (34) 285bE5L, Z
NS DZEMMPHESRE K HIRDARY NI LBEDD I EDROND.

ZZTC, AB4A) Lo TEEZHEM KNS K FEANDOBHREHIE, AWVIZR#HT
LERAZDOBRTIEUATO LD IRk NG Z L ZFEH L 7=,
i 3.5. L FOXRNIER T 5.

(X, Fo(H)] —— [X, Fu(H)] — [X, Hom(Cop(R"), K(#))]

| |

(X, Fee,(H)] = K"(X)
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4. EEARY MU E ZDIRHEE

FEOART MVROERICRS. £, F(S™, *) LRI, SEIXMOREZER P(X, A)
ERODELIICEHRT S, ZOEMIE, EALLTEX\ ADHBERHZEMS &, SOt
THRAFEDOT SNz EOBBDNE {n,}, o 757D, F(X,A) LRBDOAAHAA STV
5. ZDLE, P(S" )L SOARES LR DTN SR DI EE Pau(S™, +) &7k
EME—FAETH DA, T DML E 2/ (S, ) DM FHE L AThd 5. L
72735 T, Dold-Thom OEH [DT58] 12 &b, ZDZERADELGEEHRDFE b E—H
(X, P(S™", x| IR RIFER Y- AMIZARS. ZZTIORME LS HS L, (B
202 LD EWIBEITIE) X 25 S DO BERREDGARH « DXFPi e XX U7z
MR ZEELELEY A 7N EHEIELED LR > TS, R X HYEfE R = 1) ARk
R RIEERAD & &, [ X, P(S™, %) & HY(X;Z) = Z1Z X 905 5™ ~O R D B4
Dk LRI U7 % BEEAATHEA ET7250LR>TW05.

5, F(X,A) 56 P(X, A) 2> THEAZEROE#REZ CRotzR\WT) Bhd v

HAG

g (S, {V;C}xES> — (5, {dimvx}xes)-
WEZD, ZOBEJHIFIFED Y —HROMDOERER ), - k* —» H (L) 2 ED 5.
EFE 4.1, dEiEA SN TRE L 0 JOTHZ A X TRAF DT o izl a2y %
Fredholm n#lO#E {D(2)} 23 U T, jst({D(2)}) == (. (®{D(2)}]), [X]) % {D(z)} D
FEEANRT MVIREERT B.

Fredholm n#fl& F(S™, «) DBIfRZ WHT &, « DXHA & 1% Fredholm n D A<
Z MVDZETIFOITIGLTWS. LoEmeHEd s, ZOEHRFMENIZARY
MU0 ERNTHRAMEBRATZHEDLR>TNVWE I bbb,

ABUEH OFEIIZH L TIE, UTNOHENAENTHS. —aFsEOY— 1 (1
i, Chern fEEED—ftTd 2 HELEA (Chern-Dold #8515 [Dol] £ IEXN5) h*(X) —
H*(X, h*(pt) @z Q) BFET 5.

R 4.2. HHEFRIA j, ®7idg 1%, nR Chern-Dold 6% ch, & —37 5.
AERA DR . Chern-Dold 8D E&ED &, PAFDX K
F'(X) @20 —= H'(X: k*(pt) ©5 Q)

Jx l O id®j*l

H™(X5Q) =5 H'(X; H(pt) © Q)

DT D D05, O

RIZ, ZOFEEGART MVROBEBEHRIZOWTHIAT S, T I38MAFZN LY
FAVIMSIEDS.

B % nRocH Spinc %44k, Z - M - B# B EDT7 7y A NN—H, E% M LD
ERZMVHET B, 5, HEHODETM = TyM & TyM 2EET 52, Ge(B) =
Spin®(M) x.Cl, ED Cl,-Dirac{EFFE D D T EEL] 7Dz H,

Dy T(M, 7 &e (B)) % T(M, 7@ (B) @ T*M)

Prx M

T D(M, @ (B) @ T M) S T(M, m* &5 (B)).
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SIEHTES. TN, ToB 2 T, BORE fer,...,e,} VT

W@B—Zhw e;)V ﬂ‘%C(B).

ERRTED.
{Dy,....,D,} 2 E LD 1BED T 7 A4 N—=F OB EARD nfll T, ROFEM%
73D LT 5.

L ERDi & jizxUT, fEHERD,; & D; I35 5.
2. MY T DXEIT7 7 AN LICHEMEITH S.

ZDeE, {Di(x),...,Dp(x)},cp5 & (774 =% [2(Z,, E,) &3 % Hilbert ZE[AH
AT 2 L) EARLLHT 5 Fredholm nflz2EDS. £/, LM, v (B))
ZAERT DA ERZ D + > o Dyi(z) IFMEMETH 5.

LED XS0 LT, TH22DMLT 5.

mﬂzzwﬁ%®W% B aBBCRTGET 5 (W DEE R ST 2 B L THEBCK
DL EILRETS) . 0L E, Bott AMEIC LD KM(X ﬂn@()iﬂ@f%é.
HMMMﬂﬁﬁHZ@&@Hﬁ%@%K%@@E%mﬂDRI%m%%%ﬂiofl
DGR T 6 KO(X) Dit% [ind D) £ FL &9 5. £7z, [EZEH B O Dirac fEHFEN
EHDHKKERY % [P 2EL. 20O E, KK MBI %A R Kasparov
B [Kued7] 2 W5 Z & T, #8ind(m*Dp + > ¢;D;i(x)) 1347V 7 ([ind D], [P g])
ko TERHETERZ b nd. —HIZDORTY 7%, Chern-Dold fifE% /7 LT

(lind DI, [D5]) = (ch([ind D]), ch([Dz]))
= (ch(®{D(2)}), Td(B) N [B])
{chn(@({D(2)})), [B]) = jst {D(2)} .

YEETE S, 22T, k"#ED Chern-Dold fHEIZ & B3 n XA ED I REDR Y —IT
L& ENHN20 Todd DO HF 5RO RDIELN L 1525 Z L RAERTH 5. O

5. XY MUVRICK > TIRL kDG E
BBIZ, 9 5 Fredholm nfld, X7 MVHKIZE > TIRU SNZRE ZTDARY b
IVFIZ D W T HIHT 5.

9, GL(n;R) D F(S™, %) (B2 F,(H)*® Hom(Cy(R"),C(X) @ K(H))) ~D
ER%Z, ROXDIZEHRT 5.

g (To, T ) = (D Ty D guiTy)

5, V& BLEDERIIVHRET D, 77ANN=HGL(V) Xgrmr) F(S" %) (resp.
F,(H)) % Fy (resp. Fy(H)) &£&L. FAKIZLT, GL(n,R)F5H#3 % Fredholm n
FHDZEM F (H) (resp. Fo(H)) IZHEHATSH. XIndd7 714 3—H % Fy,(H) (resp.
Fyv(H)) LELZE 95,

ZDFELIE, Fredholm EHAZENED B K BEOTCHERT MIVEZFAWZERMLOE & THEEE (index
bundle) IZXHIGLTWE Z 2N 56KTWS.
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S, YT =T(x) € T(X, Fy(H)) (resp. T(X, Fy(H)) ZH 57 (resp. IEARZR)
R #3 % Fredholm nflD VIZ X > THRU SNz (V-twisted family) LRI & &
T5. Toy, offichihiE & 512, V, OERELHEE {vy, ..., v,} DI HIZHKS T,
A3 % Dirac ffﬁﬁﬁﬁ c(v1) Ty (@) + - - + c(vy) T, 2 well- deﬁned THdILhbhrs.

FEN NG ﬁbf%%iff&éhﬁ%ﬁﬁ ZDGEIZE FRRIZE D 2D,
if,%éNXJw,NijH»Ihmq /(Co(V), C(X)® (»iﬁm [FfHTH
5.:%6@@%&%@,£%GMWX@WRnmcﬁﬁﬁéﬁME#Kﬁ(mmm
reduced connective K-group) kV(X) 23 ([AS04]) . 3HID j ICHIET 254 j
Fy — Py idj. T(X,Fy) = T(X, Py) 283 5. 4, T(X, Fy) DEFERDHDEY (X)
&, (X, Py) DEFER AN HY (X;Z) LAITHEZ o, jEVICE->TRE S
Ni-EAE KR aRER Y — ORI Z2ED 5.

5, VOSpin“HE 2R IEL &S, Z0rE, VAEDS KE, IRERY—
BOBNIXEHIZR 5. fE>T, T4, XRNhORVERE K I RER Y —FOM
DH¥EFRBIL 720, FHZ HY (X, Z) IFARIZZ L RABIICZ 5. 4HioiEmE FAKIZLT,
:@%ém FEEANRT PIVIRPERTE 5.

IZHRUT, 48 FAOSMEDS & T, FREEM 2.2 0 LD, GEHIE, XD
_O®ZT/7kﬁiTﬁi T, HNDBRWEAEDARY MVIROEHREH % %
BRAKDSPH T 72056 @ Callias MO EUEHE ([Cal78], [Bun9s]) (Z—#fbd 5. Zox
HDOFEHIZ, Gromov-Lawson [GL83] DFHXHEEUE D FEH TH W & 3172 A5F G D
TFaY—%HWAZ L TIIATE 4. £ LT, N Thom FAMIZ X > T, JeDZERM
DIFBEHZ R T MVRV O EO Callias BIHCEHIZIRE T 5.
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An extended Steinberg group

A tool to detect non-singular closed 1-forms which are
non-isotopic

Carlos MORAGA FERRANDIZ (The University of Tokyo)*

1. Motivation:
The isotopy problem of non-singular closed 1-forms

The problem we are concerned with is the next one. Consider M™™! a connected
compact smooth manifold without boundary, of dimension n + 1. Pick a de Rham
cohomology class 0 # u € H*(M;R) and denote by Q" the topological space of closed
1-forms « in the class v with the C*-topology. We suppose that u contains non-singular
representatives; in other terms, that the space

Vg = {a € Q" | The set of zeroes Z(«) is empty}

is non-empty. Such an u can always be chosen if we suppose that M fibres over the
circle, as it is shown in the brief paper [23]. We want to study Q% up to isotopy.

Two closed 1-forms ag,a; € Q" are isotopic within the class u if there exists an
isotopy (¢¢)iefo,] of M preserving the class u such that ¢i(ag) = ai. If ag,aq € Q"
are isotopic, they are clearly homotopic. The converse is also true if we restrict the
attention to non-singular elements of (2*: we can integrate the homotopy to an isotopy
by using a Moser type argument — see [20] — as it is done in [11, App. I]. We are so
interested in my(2%g)-

This 7 is in general poorly understood. The more significant result is maybe that of
[11]: Q% is always connected in dimension 3. This is a very strong statement which
has the difficult theorem of Cerf [4] about the nullity of I'y as a corollary. However,
Laudenbach proved in [12, Th.1] that my(Q2% ) is infinite in the case of rational co-
homology classes on the torus T™,m > 6; also in those dimensions and for rational
classes, [9] gave a collection of three obstructions to isotopy. Both papers deal only
with rational classes u so that they can represent it by the homotopy class of a sub-
mersion M —5S"; the dimensional constraint arises because those papers make use of
the crucial work of Hatcher and Wagoner [6] applied to the so called pseudo-isotopy
group of F':=p~'({x}). We sometimes refer to the work of [6] as the ezact context.
The pseudo-isotopy group of a compact manifold F' is in bijection with the set of con-
nected components of &, the subspace of Fr := C®(F x [0,1],[0,1]) consisting on
functions with no critical points. Remark the analogy between the pairs (Q%, QY% ¢)
and (Fp,Er). The set mo(Er) carries indeed a group structure; Hatcher and Wagoner
proved that there exists an exact sequence of abelian groups

Whi_(ﬂ'lF,Zg X WQF)L>7T0(8F>L>W}12(7T1F) — 0 , (].)

This work was supported by a JSPS Postdoctoral Fellowship.
2000 Mathematics Subject Classification: 57R52, 19J10, 19MO05.
Keywords: Non-singular closed 1-forms, Morse-Novikov theory, Pseudo-isotopy theory, Low degree
algebraic K-theory.
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if dim(F') is 6 at least. The outward part of the sequence (1) are groups related to
the K-theory of the group ring Z[m F]. This sequence is indeed presented as in [8,
Th. 8.a.1], where an error on the initial proof — involved with the map j of (1) — was
corrected. The result of Hatcher and Wagoner is remarkably profound: if we suppose
F simply-connected, we retrieve the pseudo-isotopy theorem of Cerf [3].

Rather than employing the theorem of [6], we adapt their approach to define a map

(% g) iWhg(u) similar to the map ¥ on (1); this is done on [16] for every pair
(M, u) as before — u rational or not — when n > 6. We perform this under the same index
assumptions that appear on theorem 1. As in the exact context, Why(u) comes from a
Steinberg group; the purpose of this note is to present the u-extended Steinberg group
St(u) as in definition 2, the algebraic structure that gives rise to Wha(u). Moreover,
theorem 1 motivates the geometric reasons which lead to St(u).

1.1. Approach to define ¥,

The more natural algebraic object we can associate to a closed 1-form « is the Morse-
Novikov complex (Ci(a),d¢) which is defined when « is regular enough, namely of
Morse type. The modules C,(«) are freely generated by — a bijective lifting to the
universal cover M of M of — the zeroes of a over the ring A,, which is the Novikov
completion of the group ring A := Z[my M| by the morphism m M — R induced by
u € H'(M;R) ~ Hom(m M,R); the map J¢ depends on a contractible choice of an
a-Lyapunov vector field £, that we call equipment. If ¢ is regular enough, say Morse-
Smale, the stable and unstable manifolds of £ relative to the zeroes of € — which coincide
with Z(«) — intersect transversally. We denote by 2" the whole set of a-equipments,
and by 2,5 the subset of Morse-Smale ones. By choosing orientations of the unstable
manifolds, we obtain the map 0, which assigns coefficients in A,, to any pair of zeroes of
consecutive index. This map results to be a differential, and the associated homology
independent of the choices we made. The unfamiliar reader can consult the source
reference [21] or [5], [22] for further information on Morse-Novikov theory.

Fix ap € Q}¢ from now on. Since Q" is convex, so contractible, we have a bijection
7 (0, Q% g5 ) —— mo(Qrg)
1867, 3y g5 Qo 0Bing

which associates the connected component of a; to paths (at)te[o,l] based on «y.
Morally, if m(Q% ) was trivial, we could deform any path to another one where there
is no significant modification along time. In order to follow the evolution of a path, we
provide it with an equipment (& )icp,1]. Roughly speaking, ¥, reads bifurcations that
occur in (ay, & )eoa], consistently up to homotopy of the path; we are so led to study
generic 2-parameter equipped families on .

The generic property concerning (c)scp,1] is similar to that of a generic path of func-
tions on F' x [0, 1]: as in the exact context, the path is made up of Morse closed 1-forms
except for a finite amount of death/birth times, where the 1-form presents a cubical-
type zero and the Morse-Novikov complex de/stabilises with a pair of Morse zeroes of
consecutive index.

The main difference with the exact context resides on the equipment part since the

property for (& ):ecp0,1) of being Morse-Smale everywhere but in a finite amount of times
— which holds on the exact context — is not generic at all for (a;)-equipments: the set
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A C [0,1] of bifurcation times where (& )ic[o,1] is not Morse-Smale is infinite in general.
The reason for that is the same that makes 0 to have coefficients on the “series-like”
ring A, rather than on the “polynomial-like” ring A: the orbits of an a-equipment &
tend to wrap around themselves. In order to elude this problem, we introduced the
L-transversality condition (L > 0) in [17, §2.1.5]. This condition is a truncated version
of the Morse-Smale one:

By fixing a base point on M and a path to each zero of o, we can determine an
element g € m; M each time we find a £-orbit between zeroes of a. The L-transversality
condition asks that every &-orbit inducing such a ¢ € mM and verifying u(g) >
—L, comes from a transversal intersection of the un/stable manifolds concerned with
the orbit. We denote the set of L-transverse equipments by 2. Clearly we have
N L>0%L = Zus. An L-incidence matrix can be still defined for these vector fields:
their coefficients belong to the L-truncation of the Novikov ring AL := try(A,) (see
subsection 2.1). An equipment (& )cjo,1] is generically L-transversal everywhere but in
a finite amount of bifurcation times, where we say that the equipment is L-handle-slide;
these vector fields verify the condition of 2" except for a single orbit — between zeroes
of same index — whose coefficient also verifies u(g) > —L. We denote them by 2.
The generic (a;)-equipments just described take so values on 2 U .27, and are called
L-generic.

Bifurcation times are called L-handle-slide because they have an homological effect
similar to that of the operation described on [14, Th. 7.6]: if we denote by AT the
L-incidence matrices respectively before/after crossing such an accident concerning a
couple of points of index i, there exists an u-extended elementary matrix E — as in
subsection 2.2 — involved with the coefficient g € m M associated to the orbit such
that:

AF = A ifjAii+]
AF = EAT (2)
Al = A BT

up to L-truncation, as it is shown on [17, Prop. 2.2.36]. The map X, counts handle-
slide bifurcations in a convenient way.

A second complication not happening on the exact context, is a special type of
handle-slide that we call self-sliding: an orbit from a Morse zero to itself appears.
These bifurcations accidents were mentioned on Latour’s paper [10], where he found
an algebraic characterisation of classes 0 # u € H'(M;R) such that Q%4 # @. We
interpret his theorem as a sort of s-cobordism theorem (consult the short note [19]),
where the vanishing of a torsion 7(M, u) appears as an obstruction for Q% ¢ being non-
empty. This torsion lives in a Whitehead-type group: employing the notations of our
section 2, this group is Why (u) := %. Unfortunately, Latour omitted the
analysis of self-slidings: “ .. This replaces a long study of homoclinic bifurcations in
an earlier version which had the advantage of indicating the geometric reason to divide
Ki(A,) by trivial units...” '. In fact, the equalities in (2) explain Latour’s words: in
the case of self-slidings, the matrix E is an u-elementary matrix as in our definition
1. These matrices are elements of GL(A,) \ E(A,) and survive on K;(A,) = %
To calculate the torsion, one needs to choose a Morse-Smale equipment £. Near a
self-sliding accident, we can find two different such choices &g, &; such that the related

torsions would differ by 7(£), and would not coincide on % Latour needed hence

! This is a translation of a comment on the third page of [10].
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to mod out by the trivial units 1 4 (u < O). These accidents deeply enrich the theory
and play a fundamental role on the geometry of the extended Steinberg group.

2. The algebraic framework of the (non-exact) isotopy problem

We recall the definition of the standard Steinberg group St(R) associated to an asso-
ciative and unitary ring R. For more details, consult [13, §5].

For n any positive integer, let GL, (R) denote the set of n x n invertible matrices with
coefficients on R. We denote the direct limit induced by the natural sequence of inclu-
sions GL,,(R) — GL,41(R) by GL(R). The subgroup of elementary matrices E(R) is
generated by the set {e;’j } i#j €N, re R} where e;; = Id+t}; and t; denotes the
matrix whose only non-necessarily zero term is r on the (4, j) component. We define
the Steinberg group associated to R by presentation. The generators are given by the
set {a:;"j } 1#7€eNre R} and the relations are the so-called Steinberg relations:

(RSy) = Ty = xffs
(RSy) = [afj,xyl=1 ,ifi#lLj#k (3)
(RSs) = [f;, %Sl] =y Lifi#L

Sometimes they are also called the trivial relations of elementary matrices: one can
easily verify that they hold true if we replace the symbol x® by e®. Thus the map
¢ : St(R) — E(R) given by zj; + ej; is a surjective group morphism and the Stein-
berg group becomes a relevant actor on low algebraic K-theory due to the next exact

sequence:
0 — Ky(R) — St(R) —> GL(R) — K,(R) —=0 (4)

where the second and first K-groups of R are seen respectively as the kernel and
cokernel of ¢. The group Why(m F') appearing on (1) is in fact a quotient of Ks(R)
for R = Z[m F]; at each bifurcation time ¢ = t, of a generic equipment (& )¢cpo1] of a
generic path of functions (f; : F' x [0,1] — [0, 1])sc(0,1), we find an orbit of &, from p;
to p;, two Morse critical points of f;, of same index; a signed element ¢ € m F" — the
bifurcation coefficient? — can be associated to this orbit in a similar way to that one
explained in subsection 1.1 and hence a generator xiijg of St (Z[mF ]), the magic fact is
that, in the absence of birth/death singularities, the relative homotopy of generic paths
(fe: &t )iepo,1 starting at a function fy with only > 3 critical points of same index and
a Morse-Smale equipment &y, is governed by the Steinberg group:

m (G,B; (fo,fo)) ~ St(r, Z[m F). (5)

The reader can find the isomorphism of (5) in [6, Ch.II, §1] and is aimed to compare
it to Theorem 1 of this document.
In simpler terms, when a deformation of (f;,&):cp,1) permutes the order in time of bi-
furcation accidents, we see the Steinberg relations appear. The map > on the sequence
(1) is just a wise combination of the a:j?g associated to bifurcations in order to have a
well-defined map up to a homotopy of (f;,&)icpo,1)- But our work is naturally involved
with Novikov rings. ..

2As a remark and by following [15, §9], a self-indexing Morse function f on F x [0, 1] allows to
determine the torsion of the cobordism F' x [0, 1] — thus trivial in this case — by means of a free
Z|my F)-complex (C*, af) induced by f. The modification suffered by this complex when crossing

a bifurcation time is exactly described by equations (2), where E = @(x;tjg ).
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2.1. Searching an u-extension of the Steinberg group

We will denote 7 the fundamental group of our manifold M, as well as A := Z[r| for
the sequel. A series A € Z7 is written ) _ A,g where A\, = )\( ) € Z. The support of
such an element is given by supp(A) := {g € 7 | A\, # 0}. Recall that the Novikov ring
associated to u is given by:

Ay :={X€Z" | supp(\) Nu"'([L,00)) is finite for every L € R}.

Each L € R defines a truncation map, try, : A, — A, given by A\ — deu 1([Lo0)) 99

which clearly factors through the inclusion A < A,. Denote AL := Im (try) the L-
truncation of the Novikov ring. Indeed, AL and the quotient @ <“L) are isomorphic as
abelian groups®. However, AL does not inherit the ring product structure from A,:
the set (u < L) is clearly not ideal of A,. In other terms, the map try is not a ring
morphism, as we easily see by taking any L > 0 and g € m such that —L < u(g) < —%,
clearly tr_7(g%) = 0 # ¢* = tr_r(g9) tr_1(g). We can still define a product operation j
on AL by setting A j p = trp(Ap).

Knowing Hatcher and Wagoner’s theory, and having L-transversality at hand, one is
tempted to define a map X by employing St(AL), the L-truncated version of the
Steinberg group, and verbatim copying the definition of the map ¥ on sequence (1);
then trying to prove that this hypothetical $L results on a well defined map, up to
homotopy of (o, & )icpo,1). This approach results to be catastrophic for many reasons:

e The main headache of this tentative is that the L-truncation ring (Aﬁ, +, z) has
a bad behaviour due to the fact that try is not a ring morphism: suppose ™ ~ Z
generated multiplicatively by (t); take the morphism u given by u(t) = —2 and
L = —3. Remark that try(¢*) = 0. In this example, A, are Laurent series on ¢
with bounded negative exponents and AZ are Laurent polynomials on ¢ having
exponents lower or equal to 1. Consider the products:

(I+t)p(tit™) = Q+t)fl=1+t
(A+e)pt)itt = titt=1 ‘

We observe that the ring AL is not associative® in general! And St(AL) is even
not defined since the Steinberg group makes sense only for unitary associative
rings.

e We encounter an even deeper problem if we pretend to mimic the strategy of
[6] to define ¥,,. We need to associate a symbol to each bifurcation, say of an
L-generic equipped path (a¢, & )sejo,1). Keeping the notations of the explanation
just before the beginning of this subsection, the subscript part of the Steinberg
element in the case of functions depended on the numbering of the critical points
of fi,. The subscripts related with the bifurcation were always different because
the f-Lyapunov condition implies fi,(p;) > fi,(p;); returning to the context of
closed 1-forms, the ay,-Lyapunov condition implies that &, -orbits are transverse
to the foliation induced by «y,; typically, these orbits will revisit the leaves of
the foliation. A generic one-parameter family (& ):cpo,1) Will thus contain self
sliding bifurcations, and the subscripts of an hypothetical Steinberg symbol a:
representing it should verify ¢ = j. There is so no reasonable symbol to represent
self-slindings on any standard Steinberg group!

3The notation (u < L) refers to the subgroup of elements whose support is included in = (—oo, L).
4 Even worse, also non-unitary if L > 0 because u(1,) = 0.
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Remember that we are trying to distinguish equipped paths (a,&)ico,1) up to
homotopy. A new dilemma arises now: there is no a priori reason to think that self-
slidings should vanish up to homotopy; in other words, there is no a prior: reason to
positively answer the question:

Can we deform a generic (o, & )iepo,1, fixing its extremities, into
a generic (aj, & )iepo1] containing no self-sliding?

The author has been working on giving a positive answer when the generic condition is
L-genericness. The best we obtain is that self-slidings of (ay, & )sejo,1) can be replaced
by self-slidings whose bifurcation coefficients have a lower u-value®, until we obtain
a path with no L-self-sliding. Even after this effort, a map >, well-defined up to
homotopy, should be invariant up to raising the value of L as much as we want; however,
by choosing higher values L' we would have to push again L’-self-slidings, and this
procedure may not end into a trivial operation up to homotopy. The more reasonable
attitude to take is trying to construct an algebraic model bearing the existence of
self-slidings: this is the aim of the u-extended Steinberg group.

2.2. The group of u-extended elementary matrices.

The subset (u < O) C A, is multiplicative. For any \ € (u < O), the series AT :=
>0 At belongs so to A, and 14+ AT turns to be the inverse of 1 — \. For every such
a A, we denote A\~ := —\ so that 1 + A" and 1 + A~ are mutually inverse. For every
1 € N*, denote by tf‘f the matrix having A\* on the (4,7) entry as only non-zero term.
As AX = GLy(A,), the mutually inverse matrices e := Id +¢2" belong to GL(A,,); we
call them wu-elementary matrices. The matrix e}} denotes either e} or e} .

Definition 1. We denote by E(u) the subgroup of GL(A,) generated by the matrices
{aa | Lol b ©)

Ae (u<0), feA,
We call E(u) the group of u-extended elementary matrices.

Clearly, usual elementary matrices E(A,) form a subgroup of E(u).

Lemma 1. The following relations are verified on E(u):

( (RS))i=123 = Asin (3)

(RSY) = el = et

(RS3,) = [eh el =1 Cifi

(RS54) = leyepl =1 | Cifit Ak A

(RS3,) = [en ef] = B?jj A

RS3,) = e gl =€ Cifi# ]

(RS} ,) = egi’\“) (ei_jAe?i)e%)‘) = eé-‘iei_f Jifi# 7 and A € (u < O)
[ (RS},) = e%‘)‘)_ (e;j’\e;‘i)ez(»?“yr = e?ie;ﬁ cifi#j and Ap € (u<0).

5This self-sliding replacement is somewhat elaborate geometrically: a self-sliding with bifurcation
coefficient g entails the gain/loss of a periodic closed orbit on the conjugacy class of ¢ as [7, Rem.
3.12] mentioned (consult [1, §5.6.12 and Fig. 5.6-7]). The extremities of two self-sliding paths
starting form (g, &) and creating closed orbits of respective class g and g2, can be joint by a
generic path containing an Andronov-Hopf (period-doubling) bifurcation, where the orbit related
to g doubles its period to become the orbit related to g?; this bifurcation is outstandingly well
explained on [2, §34.C and Fig. 141].
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Proof. We concentrate on the new (RSy)-relations concerning u-elementary matrices.
The first one is trivial, as well as the relations of second type (2 € e) since non-trivial
coefficients are on the diagonal and they do not interact when computing the products
thanks to i # j. We can safely suppose than ¢ = 1,7 = 2 from now on; relation
(RS3,) is an straightforward calculation, but a slight subtlety is needed for (RS3,):
we have [e’\i el] = (1+/\ﬂE . ) ( 1 ?)(HH ) ) ( 1 —10) — (1+/\i 9+i\i0) ( IS —9—1)\;9). After

i 1 Cij
— +
simplification, this product equals eij(A¥+/\ AT

Notice that A and A\~ commute; if we consider their product:

AAT =220 == " N=—(A+1), (7)

i>2

we conclude that the superscript on the elementary matrix we just found equals A*4.
The fourth-type relations are of new nature since there were no trivial relation over
standard elementary matrices concerning the elementary generators ef;, €3;. These new
relations say that the just mentioned standard elementary matrices of the Novikov
ring commute up to u-elementary matrices. The (4, b)-relation can be deduced from
(4,a) just by moving the wu-elementary terms to the other side of the equality and
changing the roles of the actors on the pairs (i,j) and (=, ). Focusing on relation
(4,a), let us call X,Y the products inside the parentheses and on the right-side of
the equality respectively. After calculation, we find the matrices X = (1_#’\“ _1’\),Y =
(}L 1:2‘A). Since A\ € (u < 0), the same happens to puA and the terms different from
1 on the diagonals of X,Y are invertible. We easily see that multiplying X with the
mentioned u-elementary matrices will provide a matrix with the diagonal terms of Y.
The element p on the (j,4) entry remains unchanged in doing so, and the (7, j) term

becomes — (1 + (Au)™) (A — ApA). Remark now that:

(M)A = A + (Z(Au)i) A=A+ (Z(AM)H) M = Mpd + (M) . (8)

i>2 i>2
Using (8) while expanding the product we just found, one easily ends up with —A. [

The geometric raison d’étre of E(u) is, as we mentioned before, equations (2) de-
scribing how the map 0; counting flow lines of & on an L-generic equipment changes
when crossing the finite set of time bifurcations. Since we are interested on paths
(o, & )icpo,) up to homotopy — say depending on s € [0,1] — bifurcation times may
vary their order of appearance on t for different fixed values of s; in other terms, for
some isolated values of (¢, s) two orbits of L-handle-slide type appear. This situation is
unavoidable on 2-parameter families of equipments. We call L-crossing the equipments
concerning these isolated values and denote them by %LC At L-crossing parameters,
an interaction between the involved bifurcations can take place. These interactions are
precisely described by the relations of the u-extended Steinberg group of definition 2. In
the converse terms, the group St(u) is geometrically realized by the relative homotopy
classes of — some — generic paths (o, & )icpo,1): this is the content of theorem 1. The
condition about A\ on generators z7; of St(u) is explained by the fact that any generic
self-sliding bifurcation, comes with a bifurcation coefficient g € w,u(g) < 0, a sign +
and a dichotomic character (-)*. Once the coefficient g has been determined, there
exist — up to sign — two geometrically non-equivalent generic bifurcation behaviours:
if we study the accident with dichotomic character (-)™ on the universal cover M,
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the traces after the bifurcation of a lifting of the unstable manifold concerned with
the accident on subsequently lower levels of M, are an iterated connected sum of the
(¢°,1 > 0)-translated copies of the trace before the accident, as figure 1 suggests®. The
mentioned unstable manifold is W*(p"; &;). This explains the presence of terms (4¢)*
on the definition of the u-extended Steinberg group St(u).

N~ (g°PF)

Figure 1: Situation before/after a (g)*-self-sliding of orbit £ and dichotomy point x.

Moreover, when an unstable manifold slides over itself twice simultaneously at ¢ =
to, say with coefficients g, h € 7,u(g) < 0 > u(h), we cannot circumvent the appearance
of a resonance phenomenon — of coefficient gh — at the same time ¢t = t,. This resonance
factor is detected by relation (RS}) of lemma 1.

3. The u-extended Steinberg group St(u) and its geometry

Definition 2. Let r > 3,7 € NU {oo}. We define the u-extended Steinberg group of
order r as the group having a generators-relations presentation where generators are

6The interested reader may consult [17, p.51, 2°¢ case: k = I].
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given by the set:

i,je{l,...,r}, i#j
M€ {(£g9)" | gemulg) <0}u{0}, oA, [’

A AFptAp 0
{:1:'“, x5 Ty

and relations appearing on lemma 1, after replacing “e” with “z”. We denote this
group by St(r,u).

Remark 1. As it happened in the usual Steinberg group, the elements z; represent the
identity element because xozxo = 2, is verified thanks to relation (RS}). The same re-
latlon tells us that 2" and )\~ are mutually inverse because 2"z}~ = 2\ A HATAT —

the last equahty coming from (7).

’L’L’

We introduce and motivate the remainder necessary notions to state theorem 1.

Definition 3. For a € Q" of Morse type, denote r;(«) the cardinal of Z;(«), its set
of zeroes of index i. Any (rq,...,71) € N*™2 such that S/ (—1)ir; = 0 is called
admissible. For admissible (n + 2)-tuples we denote:

QQ(LTO,...,rnJrl) = {Oé € a | Ti<a) - ri}'

In addition, for every % C 2", we denote by Q“’@

(ot the space of pairs («a, ) such
that £ € % is an a-equipment, with a € QY

(royeesn1)”

Remark 2. Of course the zero element of N2 gives QE‘O )= Q% g. Any non-admissible
(n+2)-tuple of non-negative numbers provides the empty set: since Q% ¢ is non-empty,
we know that the Novikov complex is acyclic. In particular, its Euler characteristic
must be zero. This is exactly the condition for admissible tuples.

We explain now the index condition (9) of theorem 1. The bijection of the theorem
should reflect the simplest relation (RS;) in the geometrical side. One finds homo-
topical obstructions to that relation if there are zeroes p;, p; having index or coindex

lower or equal than 2. Suppose that a path (at, & )sejo,1) has two consecutive accidents

corresponding to xw, ng ; one can construct a loop v inside a level F' of M , that is

nulhomotopic by a disk D? C M. If we are able to push D? into an embedded disk on
the level F', we can then construct a Whitney isotopy of (a¢).cjo,1) leading to another
generic path which does not contain any more the mentioned accidents: we have un-
knotted the product x? Ty -9 to :c . Here, the index and dimension conditions appear:
in order to push D? to F Wlthout introducing new accidents, we should continuously
deform D? by following the flow lines of &. If there exists a ¢ € Z;(a) contradicting
the second condition appearing on (9), either the stable or the unstable manifold of ¢
intersects D? by a basic general position argument” and we cannot push our disk into
F. We further need D? to be embedded in F to construct the Whitney isotopy; this
is not true in general, but we can suppose it for granted if 5 < dim(F') = dim(M) — 1
thanks to the Whitney embedding theorem. Compare to [6, Ch. II, §1, Lemma 1.2’(a)].

Remark 3. The second condition on (9) requires the dimension of M to be at least 5.
But at this dimension there is no r; different from zero and there is nothing to prove.
Dimension 6 only allows r3 to be non-zero, which is impossible for admissible tuples of
this length. We hence require dim(M) > 7.

"This can be summarised by saying that i, : 71 (X ~ A) — 71(X) is an isomorphism if codx (A4) > 3
when A and X are smooth.
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There is another unavoidable accident on 2-parameter families of equipments, called
L-exchange, that we had not yet mentioned: & has, for isolated values of (¢, s), a single
orbit from a zero of index i — 1 to another one of index i, whose coefficient verifies
u(g) > —L. We designate them by 23"

Definition 4. A 2-parameter family (£7) of equipments is said to be L-generic if there
exists a finite set Ay C (0, 1) such that for all s ¢ Ay, the path (&;)¢co,1] is an L-generic
path and for every s € Ay, there exists an unique ¢, € (0, 1) such that & € %LCU %Le

Remark 4. Truncations are useful to realise the analysis and to construct parameter
families (v, &;); but this does not mean that an isotopy obstruction should have a
“truncated type”; even in the situation without parameters of Latour’s paper, the
torsion obstruction 7(M, u) naturally lives in a quotient of K7 (A, ) and not in a algebraic
object based on the truncations AZ of the Novikov ring.

Another clue telling us that a truncated isotopy obstruction is not plausible, is the next
simple argument: after inspection, one realizes that the homotopy relations of the exact
context (the usual Steinberg relations) are still verified when considering homotopies
of paths (ay, & )icjo,1)- In particular, the relation (RS3) concerning the accidents z7;, m?l
where u(g), u(h) € (=L, —%) holds. But X cannot detect the resulting interaction 29
because u(gh) < —L.

Theorem 1. Let (ro,...,m41) be admissible as in definition 3. Suppose that:
ri>3 or r; =0 ifie{3,...,n—2} (9)
r; =20 otherwise.

Fiz (ap, &) € Q?;f?ifnﬂ). There exists a bijection:

u . w, 2 w, 27 . =~
X T (Q(ro,...,rn+1)’ Q(TOV{\iin-&-l)’ (ao’ 50)) - @ St(ri’ u)
ri#0

Idea of proof. We briefly explain the proof that will appear on [16]. The property of
definition 4 is proved to be generic and open for 2-parameter equipments, and this for
every L. > 0. The intersection for every L € N* of L-generic 2-parameter families,
that we denote by Zy12 is thus a residual set in the Baire space Z°; we can thus
approach the equipment of any homotopy class by a family on (2012, Zus), where
we understand the occurring bifurcations. The map x* collects the L-handle-sliding
bifurcations for increasing L. Accumulation of bifurcations do not create a problem
because we can rearrange bifurcations in time in such a way that accidents concerning
different subscripts (7, j) are not mutually mixed in time! This was not possible in the
context case, but here, relations (RS}) allow one to do so. This ends with a well-defined
element of St(r;, u) for each critical index 4. O

In order to define the map %, : mo(QY% ) — Whay(u) that we mentioned on section 1,
we need theorem 1. The index hypothesis is indeed not so restrictive: the first condition
can be achieved by introducing as many trivial pairs of zeroes of consecutive indexes
as needed. For the second condition, we can always deform (o )scpo,1) with non-singular
extremities to another such a path verifying rg = 0 = r,,1: this is the main result of
[18]. As most of the lemmas of [18] easily generalise to any critical index, we expect
being able to deform any path (o, & )sejo,1) With no singular extremities to another one
verifying the hypothesis of theorem 1; even further, the non-trivial index rank should
be shrinkable to two consecutive indexes 7,7+ 1, as it was the case in the exact context.
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1<i,j<n(i#£j)00000E; D (;,7)-0002000000 10000000
00 000000000001<i<nO00000F 0 (5,4)-000 —1000000
00000 1000000000 00000000T,(») 0 E;0 FFOOOOOOO
00 Wall O McCarthy-Pinkall [15] 00 0000000000000 Ty(n) 0000
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Theorem 1.1. n > 1000000, (n) 0 E; 0 F,000000000000000O
1. F?,
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Lefschetz 7 7 A 7N—ZE[ANDF ¥ — F DIRHIZDOWT
R ABH R TR

Lefschetz 7 7 A4 /N—22[1%, Hhifiz 7 7 A N— & § 58 LD 7 7 4 N—2E[ETH
D, /—FoOZMHZRE7 74 N=L L TE&Y. Lefschetz 7 7 A /N—2E[E]D b A
¥ —1Z, S. Lefschetz IZ & % ‘Lefschetz pencil’ OWFZEICIR £ 1, FEHEHEO b o P —
VTV I T 4y 7 EREOMTE R L L BB L TREL TE.

—J7, Fx— MM EDFRUVOSHRT 7 7THH, 2RG7 VA F2ididd 5
72 DI —KIC XK > T1992 FWICEA I Nz, 2L, F v —F 2w 20t
7L A Felififg s H OB A IITbITW» 5,

2000 FARAI D ITIMASER G & SR IZ, BIRD 2 X 9 ITR A 2 236 2D DRRD3,
T/ FuI—L0nIitlERZN L TR ZE2 /B LA %5321} T, Lefschetz
7 7 A N=ZREDOIEICT ¥ — F ZICH T 2 FH3 0 o0 ds, 203 E 7D
F DL WLEIXE AR\, AT, Lefschetz 7 7 4 N—2E2~DF v — + DIGHIZEST
LI DERZ HET 5.

1 Fyr—hEZFDO—HEH

Fr—rEbELE2RILT LA FRFRT 2 48:E LT [Kal| CHAS L. 20
%, FicHhmtg A H & OBRD o k4 s 23N, —fba EbERINL. &
JINOSERD F ¥ — + o—fGEmE, K [Ka2] & ERIINEK [Ha2] i X o> TEb S
7o, 22T, B [Ka2) IKfE>TF ¥ — P OERZIR DK S.

XzHEAGE L, B GmbimE 74, ve BITHRL, v DD 2 IRFHR D 12
1T 2/ AR m, 2, 0 DX Y T4 7 ). BOKS by &, m, LD 15
MH by \DHEnZ ED. by "I ETEBNDOLV—=T0, =n"t - m, - nZ, vD1DOD
AYF 4 T7UN=TE ) (K1),

n
bo\/\GDmv
1 XAUT 7N —=7"14,

I'%BLEOARTZ7 7L, TOFLIZAEITSNTED, DX DILH T )L &
LChzeonT0w3 LT 5.

EFEL1 T OLEMKINICRDSEn: ] - BZ#&Z 5. nhiEmz s L ks
ICEZFTIC, T EHERED S by, by, ..., b, TIDIERICKD D ET S, Fi(1<i<n)
L, b ICBB Ty ERXDLETDUD TRV E 1, T 5. b BT, T DUy D
THEZIAP > TEPSAENEIET 2 EZe, = +1, AL ENEHBRT L EE e = —1
LEDDL. ZDOLZE, XUX DI XFLET BEkwr(n) =223 x5r &2, TR
5nDRXEEE ) (K2). o

* T 152-8551 WA HARCRM I 2-12-1 AT TIRY: RPEBLBE TEIFERE Bt tiax
e-mail: endo@math.titech.ac. jp
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| |
n
Y
@ b
2: RESGE wr(n) = ab™ta~teb

a

{ oy
L

o—<——

R, SZXUX DI XFETHHEOELRLEL, C:=(X,R,S) L L. £/, R
(XR)YICE->TEEFAMEGLETS. 2F ), X LoHmMZ F(X), F(X)IcBT 3
ROIEBAEEZ N(R) T2 L& G:=F(X)/N(R)ThH 5.

EEL2 IBROEM(), (2), ) 2ALTEE TZBEOCFr—hEiwn:

(1) TOHEROEEZ, H\IIZD 5 20 22080 EA (BEROEA L BIEROE
f) DMELETH %;

2) BT OHEMDEE, XV T4 7Y m, DI T BRELFED W wr(m,,) " 1,
RUR'DH 270r ORKFIEIATH S (DL E, vl rTHE EVD));

B)v B TOREMDEEZ, XV T4 7Y m, DTN T 3L iEwr(m,) 1X, SOH S
TLs DKAEHLTH 5 (ZDELEZ, vIdsBTHSH L),

BEIZCFx—bD EHRb ZFICEZZ EEIX by ¢ T ZKETS. o

F1.3DCF *— FDHHEKIC L > TEAINZITROF ¥y —FTHDH, 2XL7 L
A FEBBEICBERT 2. HICFr—F EWIGHRIIZIDCFr— 21T £03% .

B1.3 (EfliF v — 1 [Kal]) m>3&EL,C=(X,R,S)ZRDEIICED 5.

X = {0-170-27 L 70-771—1}7

R = {Uigj0;10;1 (i +1<j), Uz‘Uz‘HUz’U;_llJ;lU;_ll (i=1,...,m—2)},
S = {afcl, O'étl, . ,0$£1

ZOLE GEmR7VLA F#EB, THY, (X |R) X B, D Artin 12 X 2 HRERT
HD. HEMIIZAMDOLD L 6D DBH D, 4flid b DERX, 6flind b D% HIE
REMOITT 5. RIERITTRTUTH % (K3, 7)o, 20 LIERED). ©

J i 7 i i i+1
*—>—
>< = >< i+1 %z
i Jjoot J i i+1
3 HiffiF v — FORIEN, X, HIEN

Fr—brEE/ FR I —DFRICOWVTIERS.

EE14 TZ2BEOCFr—tEL, byeBZEIMEENETE. £/, TORENROE
hZ2 Ar EEL by ZHERETZ2BOL—=7 2L, nDOT IR 28X iEwr(n) 2%
25T LIk, MR pr (B — Ap,by) — G 2 [n] = [wr(n)] BFEZSERI N
5. ZN T PO ELELHERBE VL) . o

EE15 A%Z BOAREDEEGEL, by € B-A%ZMELHEETZ. HER )
m(B—Aby) -Gz, G-E/RAS—FKRL V). ROFMfz2ARTGE €/ Fus—
R p D% M(B,Aby;C) LEL: MEEDve AL, by Z2XHET 5 0DERD
AT TN —=TL AL, p([,]) IFGIEBWTSDH 50 (BRET 5 G D) I
% chs, . BEOCFr—FTICHL, pr € M(B,Ar,by;C) TH 5. o
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EMH 1.6 (Kamada [Ka2|, Hasegawa [Ha2]) fEEDp e M(B,Aby;C)ICRL, H 5
C-F¥—bFIDHFELT, pr=pWRDID. o

I ["Z2BLEDODC-Fr¥—FE&T 5.

EEL7T XD(1), (2), (3), @) DEFEOHRBIDOEKZ C-ER L V).

(1) WBIZER, . D% B — {bg} NOME L, DDOEIROD T, TV O & BEWHIIC 5L
H5ETH. TNDENDBEBICRIERZEEZT, IN(B-Int D) =1"N(B—1Int D)
ThHharEE, T2 (HHVIEDZD) I EZ 5. HilF v — FDOBEIRCI AR L
MENS. F vy 2L F vy (K4A(a), 7—7DHEREHEE (K4(b)), ATER O
R E IR (K 4(c)) 72 EDETEIREN 2B TH 5.

><73/\ Qﬁéemmyé

X 4: W BIZTE

(2) BBER : s,/ SOILEL, wZ XUX ' OILELFETLHELET S, /L
wsw ' BGDOE LIz RET 5 kﬁiﬂi@‘%. FsMORERZ & L E, JRTNICK

DEWEITO, TZT (BB ED)ICEZS. EL, 7V T OO0
EHHERDOAZEGE. BT v — b OEGEARENIC CII AR & CITZBISN7 5

)

5: WA

(3) HEEW : iy DAV ICA) T4 7V T 7 =72 MA LW, BEXU%

DEWTH 5 (X6).
- 0 RRC)

HARZIE

4) by ZIEDEBDOTAY FE—. o

EEL8 p:m(B-Ab) — G p:mB-Abk - Gz2220G%E/F
0DI—KBLETE GONTACHE, : G - G &, BOME %2> H MM

79



h:(B,A)— (BAN)DBFELT, o =1opoh,' THY, hddb 21D Tidglc 74 Y
FEY 7 THDETEH. ZDEE plipICAETHS LY. o

EIE 1.9 (Kamada [Ka2|, Hasegawa [Ha2]) B EDOC-F v —FT, IVIZAL, XD
(1), (2) EFfTH 3

(1) T, IV DED % HEF pr, pp DXE\ICAETH % ;

QT EDMCEWBIZE->TIONED . o

EH 1.6 EEM1.9ICK D, M(B,Ar,by;C) DRMEIC X 2FEE L, B EDC F v —
FDCEGICEHT 2 REED 2R EDS, I LITHINT 5 2 EBbD 5.

2 Lefschetz7 7A/\—2E[E&EE/ RO —FKRK

Z 2T, Lefschetz 7 7 A /N —22[BIC B¢ 2 HHERH 2 i HLICEE L Tk . [GS,
Chapter 8] ICFE L WEHAH 5 .

EE2.1 M, BEEFETHE O SN 4, 2R aE kA E L, gZ 0Bl LD
BRETD. WD ER [ M — BD 1% g D Lefschetz 7 7 1 IN—ZEMTH % & I,
FRDEME (1), (2), 3) AT ETH%:

(1) f DEFEFUEEA A C BIZBERTH Y, fO (B — A)~DOHlRIZ, gD Z
DI SN S, 27 7AN—ET27 7 A N—HTH 5;

(2) HFve AICHNL, BEIZ7AIN—F, .= f(v) LICHE 1 D DEEFS p BSFLEL T,
p,v 2D ET BRFTMERIER (21, 20), w ICX ST, fldw = f(21,22) = 2120, 721
Zizg ERANIND (ZDL ERMIERERIIM, BOMZ LM TH2HD% L 5);

(3) R 7 7 A N—IFHOR X L1 DRI Z &L 2\, o

AR EF2.112EBIT 5 Lefschetz 7 7 A /N—22[11%, % < DXHRD T ‘achiral Lef-
schetz fibration” EFFENTVLEHDTH 5. ¢

Sy DEGEEE M, EFH . M, DREDEGLZRD X ) ITKIHRT % ¢y, € M, (1T
LT lFET Y ZHEL THORIC Y, ZHET I E2BERTZ2HDET S,

f:M — B%EF2.1D Lefschetz 7 7 4 N—22[] L §5%. Helibye B-A L, &%
ROWATFMG G 0o : X, — Fyi= b)) 2 L. by ZERET V=70 ] - B-A
ISR L, o ZHRR L CTHA o I xS, —» "M — MEZHET LI E0TES. oD
{1} x Sy ~DHlRZ o1 : By — Fy EELSLE, fD @ icBAT2E/ RAS—FRHA

p:ﬂl(B—A,bO)ﬁMg:[E]f—)[(p&lo(pl]

DFERSCEREIND. RIS, 0 e ADAXY T4 TV —T0,Z/ L, p([t,]) 1FS, ED
H 5 HHEHIMAL c 12 ) Dehn VA A M tE L 2 T LIS NTWL 5 (T2 ME (%)
EWER). c 2R 7 7 AN—F NS 2HBYA I E V). B, — cddifiTH s &
E, PGS 2R T7 7 A N—13FEDBEBITH 2 L\, 3T, ZFEEL R, g — h DERSY
M) 2 L& cRRIBT 2RR 7 7 A N— 3 ORBBCTH 2 L V). T,
EF2.1(2) B VT, pDIEETD fORRDVw =220 TH B L E, pEGURRT7 74
N—ZIETHBEVW, w=72ThrLE BThHs L. IF, ADIJEHERIE R
7 7 AN—DEEE 0 (f) & L, IE, ADOFEE L DFHIIRR 7 7 4 83— (1 < h < [g/2])
DABZE S ([)ET2. 2B Lg=1DLE, NHRER7 7 4 N—3FEL 0. %
7o, M OFF 5% o(M) TET.

80



B=S*t L, ADREZnE TS, hZREHETLADHDRAY) T4 7V IV—TD
M (01,0, ..., 0,) TH>T, T by DA ZHLAF L, by DY 2 )IFEHRI D 1ISiEd & &
BFONIVIEFICHEA T2 HDZ2EZ 5. Z06ldm(B— A b) DEBILOES
DEERERE LG22, ZDEE, (plty), p(ly),...,p(L,) % f D Hurwitz VAT L L
W Hurwitz P AT L2525 &, p1DICEE 5.

EE22 [:M—>B,f: M — Bz gD Lefschetz 7 7 A N—22[l] & T 5. 1
ERMEOMORMESRH : M — M, h:B— BWHFELT, f'oH = ho f23E 1T
DLE, fIZFICABTH B E ). KRS, h s b & 1o THEHEGKidg 274 Y b
Evy 7 ThaEE, fIFfICERICARTHE LV . o

EHE 2.3 (Kas [Ks], Matsumoto [Ma]) ¢ >2?D & &, g D Lefschetz 7 7 A4 /N —2¢
[ f: M — BOMREOFBED M E W (x) 2 A7 THERIBIGE p . 7 (B-A, by) —
M, D (EFE 1.8 DFEIRD) FEHDO AKX TN LITHIGT 5. o

20® Lefschetz 7 7 A N—=22[D 7 7 A N—H 2 EEKT 5.

EFE2.4 HE gD Lefschetz 7 7 A N—2E f: M — B, f' - M' — B %%z 5.
f, ffOIEAEDy € B, b, € B % ED, Fy:= f b)), Fjy:= f () £BL. f, f'D
IEHED A% &R D, D' % Z 0LZ 1 by, by DT IS, [ E Z RO Moy MGG
D : Fy — Fj LA E 22§ 2 AMHEEROD — oD Ik >T, M — f'(Int D) &
M — N Int D) ZWIFDT7 7 A N—RGEEEO ) ICHEATZ 8k, fikigD
Lefschetz 7 7 A /N—22[8] f#f : M#pM' — B#B' B2 605, ik f&fD(PIC
EB)77ANN—FE V). OREMT 5 L T, fHF % fHof EBFL.

0] E 2 R OWIT MG R 0o : 2y — Fo,0p: 2y = F{2ED L f, [T Do, op ICBHT
52/ FRI—FBp p)BZNETNZIO6ND. Popy2BEZDHI EILLD, fHDE
J Fa S =R p#p DR Z 1, p,p) £ DBIRD BAAICES T T ENTES. ©

3 Lefschetz 7 7 1 I\—ZRADF v+ — kDIt

FBLENCE T 5 C 2 BB OLRNICERT 2 L) IESZ EICKD, B1IiEH2
fiiDREDID 7DD | Lefschetz 7 7 A /N—2E[M O FRBIZBI§ 2% F v — F DEFD
FIREICEIER T 2 Z EDHRE & 2 5. DUN T, Lefschetz 7 7 4 N—22[H~DF v — b D
JIEHIZBE S 2 W O OEEZILD LI 5.

Sy EOHBIEHIIRR co, 1, .. ., cog, Cogi1s 15y Sjgy ZRITDEIITED | ¢, 5, 1T
fAHE Dehn VA A b2 ZNEN(, 0 EFL. T2, 5,139 >2D 8 F ldg>3
DEZNWDHEZDL. M,DILE L Top = (G Cop)? THD Z EITTHERT .

0 FARICKZD5E
C=(X,RS)%EXDLIICL S,
X ={(, G} Re={rn=000G"¢ G r=(00)"} S={G"g"}

CDEZE (X |R)YIBTF—F7 ADEHEREG = My 2 SL(2,Z) DARERTHS. D
CIZR L, s amEAtm B Lo C-F v — D C- 2RI &k 3RO &KX, B ED
FHEL1 D Lefschetz 7 7 A /N =22 OO RIBRSHD A L 16 1IZHIET 5.
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) C2g+1

@@ @@

Cop i C2h+2 C2g

7: X, o> BRI #

RDFEFNIINAR TR - INARTEAR - GREHEE— - B RDARIC L 2 HDTH D, Lefschetz
7 7 AN—EEOMEICF v — P ZAH LB DSDTH 5.

EHE 3.1 (Kamada-Matsumoto-Matumoto-Waki [KMMW]) %1 ® Lefschetz 7 7
KRS M = B, - M — B2Sng (f) £ ng (f) R BT L E, R0 (1), (2) 13
[AfETH %:

(1) f & fIFHVICHERETS 5;

(2) ng (f) = ng (f"). ©

AEFHDET L, B EOMERD C-F * — P B3C-EIIC &L > THEANLC-F v — FDw
(ODPDAE—DIFLNNCGIRT 5, &) M BHETD 5. nd(f) #ng (f) £
IREBARENTH Y, ng (f) = ng (f) DEEIR, KT 7 A N —OARETRBHD IR
£ 5 B WHIDEET 5 CHliE— X, F'HEIE%”E%@ETJLZIPJ?’) %). %7, Baykur & HtHK
[BK] > FEFHUS S [Hy] (&, [AIRRDEEL 2 1 D ‘broken Lefschetz fibration’ 12X L T
fT>TWw5,

o FARDHIE

C=(X,R,S)ZXRDEHITLS.

X = {1, G, G5, (s G5 1
R = {ri(i,§) == GGG G i = g1 > 1), (i) == GG GGG G (i = 1,2,3,4),
r3 = (C1C2C3C4C5C5C4C3C2C1)27 Ty = (C1C2C3C4C5)6,
rs(i) == CzClC2C3C4C5<5C4C3§2C1§71(C1C2C3C4C5C5C4C3C2C1)_1(i =1,2,3,4,5)},
S i {CEL G GEL L CEL (16) )

ZDEE, (X |R) L2 OPHIA O GAGSERE G = My @ Birman-Hilden /8 TH 5.

ZOCIT L, HEEZEREANE B EOC-F v — bDC EMIC L B EBEO 2RI, B

D2 D Lefschetz 7 7 A /N—22MORFE DO FIB DK L 156 LITHIGT 5.
ST, Chakiris [Ch] ¥ X O'FE# [En2] &, FHE2 D Lefschetz 7 7 A /N—28[] fo : Mg —
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S? fpr: Mpr — S?ZRERR L 72. 245D Hurwitz & A7 & Q, PI %

Q: ((0162)°% (01G2) (Gi1¢2)?, (G1¢2) 2Ga(61G)?, (G1G2) P Cal(Gite)?, (Gi6a) " ¢a(¢ida)?,
(3, 25 Ca, G35 G5, Cas G35 C2, G5 €1, G2 G35 Cu G5,
PI = (C1,Cos Gy Cas G5 Cas Cos Gy Gy G5 Gty G G35 G G (G162)°, 6 1G5 ' (3G
GG GG, GG G Ga)

TH5. fo, frr £ SIFTHERORFR 7 7 A N—% 18K, DHIIORR7 7 4 N—% 1
RO, MARERKDODEFFZE [Ma] 2z 25 &, o(Mg) = o(Mpy) = —11 £ 75 5.
Freedman DEMD 6 Mg & Mp; D3R TH 5 2 L1302 503, 26 DMIT RS
D, B B\IE fo & fpr BRI GRDEHEZ T3 DD 6 ) o 72 (Chakiris (3K > T 7z
DTH»9I). TOMEIFZTEEZKIC X > T2009 FDORIHR S 17z

EIE 3.2 (Hikino [Hi]) fo & frr ZHWICHETH . o

EH3.213, fo & frrlMIBT5C-F¥—F2fiE ZNOVCAEFTIDONDH) C
EREARINICRT Z EICk DEFHEI NS,

© FLTEDIEH
g>2EL,C= (X, R.S)ZRDEI L.

X ={C, ¢ Cogt1},
R = {ri(6, ) == GGG i — gl > 1), ma(i) = GG GGG Gt (1 < i < 2g),
3= (GG Cogr1C2g 41 <2<1)27 Ty = (GG C29+1)2g+27
15 = GGG GogriGagr - GGG (Gl Gogralagn - GG) T (L < i < 2g+1),
S = {C1i17 2ﬂ7 T 7C2igl+l7 (G- - C2h)4h+2 (1<h<l[g/2])}

ZDEE, (X |R) 3L g DERMNEGEHER G = H, D Birman-Hilden #73TH 5.
ZDCITRL, S2EDCF v —bDCERIC & ZEBSED2ERIZ, S? Lol gDk
T Lefschetz 7 7 A 7N —22[] 0 SEAG Y 22 R O SRFEORIBIEHO 2K L 135112
I 5.

EC, 2 ko Fr—rTICHL, TICEENS 7L ri! OHTEB OO ME %
w(l') € Z/2Z £ B . RO 1D,

EHE 3.3 (Kamada-E. [EK2]) ¢»&HED L Z, w) ZCEBTALETHS. ©

g3 DT HEL, f: M — S? ZH% g DG Lefschetz 7 7 4 /N —2E[H] &
5. fOE/ P I—FBlp: m(S?— A by) — Hy iU, EFH16ED pr=p2H
TS EDCFr—bIDEET L. ZOEEEMIIID, w(f) :=w) I foH
M BER O REO R T 2 AL R TH 5.

AL w DM 2 RIS S TE L H, 13 29+ 2 50 EBRIAI O GAGHHRE Mo 240
DHRLHERTH 5. —J5, BRIl ED 2g+2 K7L A FHEByy12(S?) b Mo ggro DHFILIERT
H%. AR 2H By yo(S?) — Moaggro DEEDERITH ry ISHIET 2I0TH D, Dirac 7'
LA REMENZME 20T TH S, €/ Fa I —KBn (S2—A,by) — Hy — Moagio
WCNTET % Dirac 7L A FZ2 2% E LT A BT ED wicfhZ & 7.
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3.4 GETHEERR S 7 7 4 N—D A% S OH [Enl, En2, EN|Z) ¢% 3D LD
FEE L, XD Hurwitz & A7 b Oy, I ISRIG T 2% g DFBFE Lefschetz 7 7 A
/Q‘_%Fﬁﬁfcl . MCI — 52, f[g+1 . M[g+1 — 52 %%Z).Z)

G RN (CHCHNN ) L AN LA (CN O CHT I CHT I CHC) ka

Joo, fron ED 29+ 1)(29 + 1) KOFFRT7 7 A N—%2 b L TXTHIEGEERTH
5. Mey, Mpon (3 ES 5 HHERTTH D, RTS8 [Enl] DitE» S, o(Me,) =
o(Mp+1) = —2(g+1)2ThH 5. > T, Freedman DEI L D, Mo, & Mg IZH NI
FHTH 2. LeL, WET5C Fr—bEHCZEIRED, w(fron) =0, w(fe) =1
THDLIEBDODPDLDT, flon & fo, 1FEEMNLERD REORBTIE AR (FF
HEDOBEROFAB TR VLI L bbb 5).

Jron 3 fpD(g+ )22 =D 7 7 A N=HITH D05, fron & fo, DIABIT
Wl e, 77 A N—HOMWEIZEY T % Stipsicz—Smith D ERES® Usher DEED 5 B
€9 (BZEMDE I M TR Ebbnd). 22, ShoDEHIZ vy 7L 7
T 4 7 RN 2 TR D, ALERwIC K B HEDIZ ) BHWENTH 5. o

B3.5 (ERRER 7 7 4 N—%E&0H] [En2]) g% 3D EDOFEE L, XD Hurwitz
AT L Q, RICHIET K g DG Lefschetz 7 7 4 /N—28[H] fo : Mg — S?,
fr:Mp— S?2%EZ5.

Q : (Cgralgis - CQgCQgHC{gl - 'C;Jrlgfgjrlza PNCICREE CgCg+1C;1 GG
GGz -+ Cg-1Gy ;_11 GG (GG Gy ) (GG ),
(Cogats - -5 Ca, 1)7F2)
R:((C1yCores Coga)TH Curaaus - -+ CagCogi1 G+ CoitaCoian - - -
CICERE CgCg+1Cg_1 GG GG Cg—ngC;_ll GGG Gy )
(€l Gm1)¥, Cogits - -, G2, C1)
fo, fr & BIFTHEHORFR 7 7 A N—%2(¢* + 49+ D) AK, THBLOR R 7 7 4 N—%
1ARS D, Mg, Mpld &6 6 S HUHETTH | W54 [Enl] DFtED 5, o(Mg) =
o(Mg)=—(g+1)2TH 5. ft>T, Freedman DEH L D | Mg & My lZH\WICFHMHT
H5H. LpL, T 5CFr—rzi< 2D, wifg) =1, w(fr) =0THsZ
EBDDDBDT, fo & frld BN EKRD REDRIETIE v (FIF@EE O ZIR
DRAMTHR G L b DD 3). TN IEIERDITTETIRXATE LR > 7HTHS. o
0 771N—FICLBREIL
g>3&L,C=(X,R,S)ZRDEHICLESD.

X = {00, C1s -+, Cog )

R:={r(i,j)|1<i<j—1<29g—1}U{ri(0,5)]j=1,2,3,5,...,2g}
U{ra(i) |1 =0,1,...,29 — 1} U{rs,ry4, 75},

S:={6()*'i=0,1,....20  U{ly(W)* |h=1,...,[g/2]},

foE L, Tl(’i,j), T‘Q(i), r3,T4, 7"5761(2.),62(}1) Li\dh\@ J: 3) G:%&) %
i, g) = GGG 72(0) = GGGl G TG
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ro(1) = Cz‘Cz‘+1§iCijrl1Ci_1§i_+11 (i=1,...,29 1),
ry = (GGO) GG GGG GG G UGG GRGLG T

ra = 03C1CGmmly T T ey Ty G

15 1= Gag e (GGG Caglglag o G5 G GG G Gy 0y

0(0) =G (i=0,1,...,29), Lo(h) = (GG~ Con)™™* (R =1,...,[g/2)),
7= (C3C1Ce,  Ti = (2iCai-1C2i+1C2i,

vi= GG GGG G G G0CaCs6aC Gals e, v = vy Y,

pn = GGG (G GG e = Gaiaiea CairaViCoit 1 Cor Caria Cainas

by = M;—ll . /‘2_1#1_14“1#1#2 g

DL E, (X|R)IFHEE g DA RPHIMH O GEEREG = M, D Wajnryb ZRTH 5.
ZDCIT L, Mk 2B mEHE B EOC-F v — b D CEWIC L B EBEHEDO 2RI, B
EDOREE g D Lefschetz 7 7 4 N—22RDORFE DO RO LM L 1 1ISHRINT 5.

EFE3.6 THE gD Lefschetz 7 7 A N—=2E[H f: M — S2DTXRTORER T 7 4 /N —
DIEFHERLD>DIETH D, RD (1), (2), (3) Z AT A 7 v ag, ay, . .., asy DEAE
TH5LE fEEETHL LV

() EEDie{1,...,29 — 1R L, a; & a;q 131 FTHEBINICED 5

(2) ag & ay 131 KCTREWTINIC RS D 5

(3) Z DD (i, ) ITR L, a; & a; DB A, o

N

3L DEE DL g 1o/t U, #iE g D Lefschetz 7 7 A /N—22[] fy : My — S% 23
HIET S, Z2DEIH s fok1DL 3.

EIE 3.7 (Hasegawa-Kamada-Tanaka-E. [EHKT]) #%( g @ Lefschetz 7 7 4 /¥ —
R f M — B, f': M — BIZX L, XD (1), (2) IZFAETH %:

(1) & 2 EQBEN DIFHEL , FHN fo & [HN fo EHIZAMTH 5

(2) ng (f) = ng (), i, (f) = n, (f) (L < h < [g/2]), o(M) = o(M). ©

ER3.T X, Auroux PRAPIK [Hal, Ha2] 1T X 2 ZEEH DI 72 5. K
FETR L EH I X 2R 5 B0 [EN]) & BR)IK O [Ha2] 25EHICE VTR
BITH 5. M2 DGE [Ka3)], BEMNZGE [EK IO HLOR RN Z 5 Twv 5.

$513.8 T g D Lefschetz 7 7 A N—22[] f - M — S f - M — S2%2EZ 5.
£ [P OIERIE b, by € S2% &V, Fy = fHby), Fj:= f7 (b)) £BL. MEZHEOHK
DRGSO, U [y — ko> T, fEfDHBODT7 7 A N—HIf1 = f#af
foi=fHof' BRERING. QEIBTAYVFEY ITRHRVWEE fi L fHIZHTLOHHE
BT, L L, fiftfo & foftfo A WICHAITH 5. HZ1F, Fintushel-Stern (Z
X D FEOH Fi % B O TR S 1172152, Matsumoto—Cadavid-Korkmaz 7 7 A4 73 —2g
M7 74 X=H7e &, 7 74 =HD O ) BA %4 2 TR S 4172 Lefschetz 7 7
AN=ER7=B 1L, ff ED1IMDT7 7 A N—HANZ X > THWICFHEMIZZR S,

TH3.7T XD, Lefschetz 7 7 4 /N—=2E[D 7 7 A N— L IRZEE O ZEET 5 &£ &,
RE7 7 A N—DR T L OARE L 2EROFF RIS ZERHDO BN LR E 5 2 5.
iE>T, 7 7 A N—=RNBH L TIEN ARG EHENIC N DAZERETHRES>TL
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£9. 22T, 77ANN—HUCBH L TIREN TR OALZEIEE L %22, Lo L, HHD
HEIAD LD E LT, £/ Fa s —REOG L HHRARKIC X 3 A£25 [No| @
flic, 2o k) BpliFAcN TR VWX ITlbNns.

BE 6N PR - Vv RY T LAREBHETIVE L, ANEARK (HACRE), KEfE—K (K
BREE), RIBALER G (RER A EBRRTIIZERT), N —Z K RERE) 1L St L EiF 3. 4
B ZHAN T 20 K DO, SR (KRBTSR, BRI (JEA 57814, Hp LR (R
ZRY) & DILEWIRICIED VT E T 18T, BIEANTEERIBI® - BHROIE (C), SUEE 7 21540079,
25400082 12 X 2#EYZZ T TV £ 7.
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% T A BUG D IR BT 5
KRR £/ Rr I —

T R (R

1. [ZC®HIC
LGB f.C" — C&®EZXD. ZOLXHRADES BCCHNFELT, fOD
Il PR

C"\f'(B)—C\B (1)

N C®-T 7 AN—HIZ72DH &1, L<MbNTWD., 2D XD REMaNi-4 C ®
B/ANOESHES B % By R, EREL VBSOS, f OBFEES f(Singf) 1% By
IZEEND. By ORE% f O4rI s (bifurcation point) & FES. 52 Btz flxfL
THIERES By il 42 Z &%, AARBTELSEHELOWKRRAIE TH 5. 2 2 TEMF
By C{z€C||z| <R} Zlilcd+oRERR>0%2LV, Cp={2€C||z|=R} &
B T7AN—RC\ fY(Bf) — C\ By OMJE Cr L~DHIREZEZ 5. $+5&H
Ji Cp e —JH¥ 22 L TEST DT 7 A4 3= fTY(R) DHCFRE oF: f(R) — f'(R)
BLOZNCLVFEIND aRER V—FFORM

&% HI(f(R);C) 5 HI(fM(R):C)  (j=0,1,...) (2)

PEoNns. ME Cp 1ITEREREZ AT L2 H0/hE0r—7L B2 50T, #F
B 0 % f OBREAICEIT 5T/ Fr I — (monodromy at infinity) &5,
FEARICHR Broughton [5], Siersma-Tibar [57] 72 & OBIGLIKE, ZHEA GG O MR &
WZBITLE/ Fr =L, ZORFHEICIVERIEIN, TFESHICHE L.
ZOHET, WHMRIVT—F FrI-0MRs HRICKEELZbDTHY,
B oIk 2 2R b AT EEAICEAT LTS, BRERICKIT5E/ P
I — O [ IHFBI AR HEME A RO, F AT Dimea-Némethi [11] 1%, & N7 7 A /A=K
C*\ fYBy) — C\ By XV EE5 C\ By DIERREDOFKIL

m(C\ By, ¢) — Aut(H'(f7'(c);C))  (c€C\ By) (3)

ZOERIZIELTLE D Z AR L7z, Tl [39] I8V T, Denef-Loeser [8], [9]
i, REESREOET—70BEICBIT 5 f7YR) (R>0) OXISY (inmest) %
HALL., SHICZ0“ERERICBITLEF T4y 7 INT—T 574 3=" OFRIZEE
A Hodge % f O==a— FRFICLVFER L. 2 kY, [ OERELICBT
BE) RRI—DVa LA S ARET S 2 L SRS B ([15], [39], [64] 72 ¥
2 M), AR TIE, ZORRB LN RES By Ok 2 flr OHERE ([6],
[62]) (Z2WT TG L7zu.

2. EEEAICBITAE/ FOI—DEAIE
ZHAEG [: C* — C ODERERTBILE/ FrI—0r: H(f'(R);C) —
HI(f~Y(R):C) (R>0,j=0,1,...) OWFEICEELTIE, RBFILF—F/ FrI—on

*e-mail: takemicro@nifty.com
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B A OISR E S &0 9 REICKHET 5, f OEERRE SIS T D0 600 BUVWHE %
RETLHONEBRTHD.

EE 2.1 ([33]) B of: C" — C", z+— (O1f(x),...,0uf(x)) DK 0 C™ DT
% B(0;¢) (e > 0) E~DHIR (0f)'B(0;e) — B(0;e) BEAGHIT D & &, [
HERRE U BV THENA (tame at infinity) THh D & 9.

WOFERIE, Milnor [42] ICX D INTFT—7 7 A N—OHGROKRILHI L TH 5.

EH 2.2 (Broughton [5]) fIFERESIZBWTHIETHL LT 5. ZDLE fO—
X7 7 A 3= f~Yc) (c € C\ By) IZABRMED n—1 Rk 7 —47 Sntv...v st
ERERNE—FAETHD. FFIZ HI(fHc);C)=0 (5 #0, n—1) DALY LD,

Siersma-Tibar [57] 1%, S HIZFIWVRET T, FRORREAZFEH L TS, f HEER
ERIZBWTREEZR AL, (ME—DIEBEBZR) &, OEAMEZRD H720DI1E, KO
BIREMICB T DE/ Fr I —E—2EKEaE Tl

¢ (t) = [ [ det(id — t03) V" € C(2). (4)
=0
ZOR=FZBE (P(t) 20T, BEWICERIDO R > BB O AKX HLoA T
%. #il 21X Gusein-Zade-Luengo-Melle-Hernéndez [25], [26], Libgober-Sperber [35],
Garcfa-Lopez-Némethi [18], Siersma-Tibar [58] 72 ENREHRFERTHDH. Z 2 T
(P(t) &2 f OLLFED==2— b2V TRLE T % Libgober-Sperber [35] ¢ Hi
EREITL LD,

E&E 2.3 fO==a2— oZHEEE NP(f) 527, {0 UNP(f) ORY =R, (2381
Ll f ORI SIZEIT 5D =2 — h X (Newton polyhedron at infinity) & I
O, Too(f) &7eT.

EE 2.4 ([33]) f(z) = Zvezgl ax’ L FTH. TDOEEFRMN0¢ v T Doo(f) O
TARTOmE y (ZX L, (C)" No@HE {2 € (C)" | fi(z) = 3, apr” =0} BIED
IO e & &, f TR IV TIEIRIE (non-degenerate at infinity) Toh 5 &
W9,

Too(f) 2 R™ OKEFEEOEDT Iy EZDo>TNDHEE, flFaryb=x N Th
HEWS., fHEOD, UHIOE T fidare=xy F CERESIZBWTIER
b THD ERETH. ZDE X Broughton [5] OFERIC IV, [ ITHERRE RIZIB W THRE
JETHD. {1,2,...,n} OEKEOIES S ITx LT

RS = {v=(vi,v,...,0,) ER" | ;=0 (i ¢S)} ~R¥ (5)

BEOTL(f) =T(f/)NRY LB, ZETRWFEOESS C{1,2,...,n} ITXLT,
B0 € RS 2B ERNTL(S) O 1S — 1 KFEDWE 15,75, ... 95 £T 5. LT
VS DFAE 0 RS OO THELE d5 >0 L8<. £ 45 OETAIR OF 7 4
VEY R A AfF(7Y) L L, 4Y C Aff(7P) DR Zh N A (7)) ~ ZF5 L ICBE T S IEM
LIRS (T 72 b Ll OERFED (1S — 1)! fi5) % Volz (1)) € Zwy LFET
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EH 2.5 (Libgober-Sperber [35]) 22 TRWEHDES S C {1,2,...,n} IZXL T

n(S)
(Fs(r) = [T — eyt (6)
i=1
ERL. ZoLE f OEBEAICBITASE P —B—¥EEIIRkoXTHEZLDL
nob:
¢ =T] ). (7)
S£0
Fox 1 [38] BEO[64] ICBWTER2.5 OF LWEEN] ARSI 287+ 2) %
5z, fmMarye=x FeWIREEIN L. T f OIREZHNT C* D5
b=V 27 a7 MeXs ©, INFD=DyU---UD,, = X5 \C" (Dy,...,D,, I%
BEKIRK D) BEODU f~1(0) 8 D C Xy O TIERRZX THDL L OZMERT H. 2
DLEFIT Xy FOFBRBEKZED DN, TOFEMEBOEEANZED D EFTICA
EERNAET D, 2T Xy ZRIRIL 2 OFGZERIZI > THEINT a—T v 7'
HZ L2k, OGO PR A 2R LT

Cre— Xy, (8)

1

c— P!,

(g IXEAGH). =2 TP OFERES oo IZB 5 ERIZRBETEEL Too={h=0}
AT b0r L DL, +HRER R> 01k LCRA

HI(f(R);C) ~ H'¢y(jiRfiCcn) ~ H'tpy,(Rg,t:Cen) 9)

Un: De(PY) — DY({h = 0}) = Dg({o0}) (10)

IZ Deligne {2 X 0 EF& S47- nearby cycle T TH 5. EHAH g (THEKATRERE 22
T5%F/ FeI—B—4EHo—xHm ((10) 2825 2@EH+252 L TE# 2.5
IF 5N 5. 51T [38, Section 5] Tk, ZOEHE C* O57EEZ XTI LR
(fi=fom = =0} DOOBERGIEF: {fy= fo= - = frn =0} —> C DI
RIS BE ) Fo 2 —lc—fBb L7 ST f fore o o BEGF O=a—k
YO DIRG R EZ2 N TERRTE LS. ZIRITE/ Fr I—086
Ol OELR [48], [49] DRI TH 5.

3. ERZERICEITSE/ FOS—D Y3 )LY VRER

UTF fikare=xr b TEREMICBWTCIERMETH D ERETDH. ZoLx Cn
DO b=V v 737 Mb Xy Z2RKT 252 12X, AT o&MFARN
PFHNG. Fxld [39] (2B WT, Z ORI Denef-Loeser [8], [9] 3 X TF Guibert-
Loeser-Merle [24] HIZ X DEFEF U4y 7 INF—T 7 A N\ —D8GmzmH L, REZEE
EOEF—7OEIZBIT S fHR) (R>0) DX EMRER LT-. 20 “MERiESICE
JHEFT T 47 INF—T 7 A NRN="DORERA Hodge 8% f OD=a— N XE%
ANWTCRR T 52 28D, LFOMERES .
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EE31NeC &5, FE00eR" ZEFERN T(f) Ol v (2% L TEDJF RN
OOWFIERE d) € Zoo WERMEXD =1 2HT-FTLE, v TN ICHEEGLTNDEND,
LRIED Z DX 5720 v < Too(f) IZRL T,

n(y)x = Volz(v) — H{A ICEAET D v @ 0 RocDi } (11)

LB, ZZTTVolg(y) €EZy 1Ty DK TFESITHD.

Too(f) @ 0 WIEDPEH TH->T Int(RY) ICEENDHDF qu,...,q LT 5. Fi=
Too(f) ® 1 WIEDH TH > TEDOMKNEN Int(RY) ICEEND D% y1,..., 0 &
T5. g v PIFR 0 e R DT HEEEZ TN TN D, >0, ¢,>0 LB, £/ F
2 —ERIC LY, EREAICBITOE FreI—902, ofo 1 PUSOEAHEIZK
THYa L RO A X n BN EICERETS.

EH 3.2 ([39, Theorem 5.4], [15]) fEED A € C\ {1} ITK LT, WY L.

(i) B, DROEAIE N KT B Y 5 A F AT AR KA X n 2o b 0
DB g | A =1} Th 5.

(i) &, OHOEAME N 1xtT 2V a L F U HIATHA X n—1 2o b 0@k
(B Zz Aei=1 n(r)/l))\ /CB% 5.

Os(f) NINt(R™) O 1-BHD O TS0 AE T, LY. £7- Too(f) O 4 T
GME 0 ¢ v BT LKL, v OISO EOKFEOKE *(v) L7t H
A 1LICHLTIE, £/ FueI—FHZOX, OFOY a LA ROV A Xixn—1
EBARNI L EEELTVS.

£ 3.3 ([39, Theorems 5.6 and 5.7])

(i) @, OFOFEAME 1 I 2T a v UMl TRIRE/RR IR KA An — 1 ZFFD
LOOEEIL I, THD.

(i) @, OFOEAME 11264952 a LE AT HA 2 n—2 ZHob 0D
F2Y () (BB ) Tho. ZITH Y 13, Tu(f) 2 WILOH v
TZDOMXPERD Int(R}) ICEENRM 0 ¢ v /T b DT XTUTHIES.

FRO0eCIiZBITARMINT—F )/ FaI—0Y a )y ARERZONTYH, £
HX f OFA0ecC it b =a2— b B T, (f) C R? Z M- RgEOR 135S
Hs ([40]) . FEFEDI/NE YA XDV a vV Z U HROMEEE TED T, MR
ROEDLYDE FrI— 0, OV a /L RN, JFAIZBT 2RI v —E
J RBE =0V a )V AEER L FERIIAT LIZRRiR 2 Fr> 2 L 2%, [40] IZBWCEE
STV %. FFIZ Varchenko-Khovanskii [67] 35 J OVEERESZ [55] 12 &L 0 iRk 7z
Steenbrink 4RO KIKAI 2B AY, HERESIZHBITHE FrI—902 , T2V THkK
V7> ([39, Theorem 5.11]). BAFLoo(f) O v THRIE 0¢ v 3723 HDIF 3T
HiTho EINETH.
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EE 3.4 Uoo(f) O v TERA 0 vy 2372 T bOBLV k> 11Tk LT
Jyp={0<r<dimy|n—-2+k=r mod2} (12)

LB F¥2Kre J%k lZ %t LG, ;Eﬁ%;& dk,r € ZJr %Yj’("(ﬁ%ﬁ‘é .

- n—=2+k-—r

dk;m 2 E Z+. (13)
HWHFERE N e C\ {1}, Tw(f) Ol v TEHEOE v 22T HOB LU0 <r < dimy
LT
(3, N) = (1) 3 {z<—1>dimf'vOlz<r'>A} (1)
d'F_f“’l IV<T

EBL. ZITH IV < Too(f) 23 X ITHEEG LTWD & & Volg (1Y), 13T OIEFULEFE
L, ENUSAOHEII Vol (), =0 & BV,

EH 3.5 ([39, Theorem 5.9], [15]) A € C\ {1} BLUO k>1¢95. ZoLx
Qx| OFOBEFMEN (X2 a V& T A XD b LLEDO S O DOEEITKR T
Hxbhb:

<—1>n12{ RS (el RECEVRED SISV )-ew)r}

r€Jy r€Jy ki1 is1,r

(15)
ZITMY 1, Too(f) Dl v THRIEO ¢ v 2l bOT~TUITbd. oy &
e R" NOR/NOPEFEFE ORI s, 2 W THAEH m, > 0 % m, = s,—dimy—1
TEDT.

~

Ae Cz2HEFHEL, f OEREFAIZKTLE/ FuI—0*: H(f'(R);C) —
HI(f~Y(R);C) (R > 0) OEATE X 57 5 IREEAZM % HI(f~(R);C)\ &7d. T
LE fRare=xry FTRWES S, (ERESICBWOERLE VI RED S & T)
& 5 R 72 EA LM DU TiE Broughton OWEBEEO—# b HI(f~1(R);C)y =0
(j # 0, n—1) &FTZEBHKD (64 2BH) . Riifhx i [64 (KB T, 2
DOERER L HWT LR a P = FTRWSHEAICIEE L. KEiTH
HEHIC, arE=my hTARWSIENIC L B EMIL, BRI R R O LD
BUKZE KR TH 5. [ SEREAUICS O THIMETRVESE, 0 OV a sy
BRI 23 E T 5 DIBIED & ZARE#H L (41] Tk, 20X 5 RGAEDOY a v
MR DY A ZREI D — i 72 BIRE 5 2 72). F72Fm3 [15] T, Z OHOHKE
Fr C" OREZXMIREEHEE{fi = for= - = fn = 0} POEOLHEANXEH
F:l{fi=fa==fn=0} — C OEREABTDHE/ FuI—0fFAIc &t
Lo, T2 LEAE 1ISkT 52 a v & OB DW T, £ 72 8dirh 72 Kk
DY, FEEOREREZGDITE S T RL,

4. ZIHABEBRO D IEREES DR
LI G f: C — C OYIEAEES By € C 1% < OMEHIC L > TSz
([27], [30], [33], [43], [51], [69] 72 L& BM). == Tild==a— b RIFTL(f) &AE
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By DRtk EEZ LS. L fITERE RSBV TR T Too(f) I n KT TH S &
RETDH. ELIZfNarye=xy hTHIUZL, fITERESIZBWTRIETSH D, 25
X By = f(Singf) BV LD, LIRS TIZ T f Barb=xr hTRVWEAEE
W, R (OBEF_T RVZEM) DIt u € R O Too(f) (2B 2 X FfH v, < Doo(f) &

wElso (f)

= {0 € Tal) [ tu0) = pin (u0)} (16)

TIEDD. ZDLER (DI MVZER]) O EORWERISE ~ 73, u ~ v/ <= v, = Y
TEED. T2&%M0 v < Te(f) EXUETDREFEDOAME LT (n— dim~y) &Koo
FAMEE o(y) C R BMEBNRD. 29 LTHELNEZHMEDTE {0(7) | v < Teol(f)} &
R" O3EIZED, b=V v 7 8B DREONE LT ([17], 47 72 EESR).
IE T (f) OMEES & FES.

EE 4.1 (cf. [64]) M v < Too(f) 1E, &0 € 7, dimy > 1 &7z LT oo (f) DOBKERID
BTy EXDET DN o (y) CR™ 28 R” OF—RIR R} IZ& 720 & & atypical
ThobHEwn.

Yooy Ym & Doo(f) @ atypical 22iiE LE S, K; CC % f O -5
fo i T =(CH" — C (17)
DERFERE [, (Singf,,) & L,
Ky = f(Singf) U{f(0)} U (UL, K;) CC (18)

L. Z? & & Némethi-Zaharia [43] 1%, f OO RES By O LS OFHM
By CK; %L, ZZCTK;, CCIE, f OF 7 A "—ONAHAMERRE T TELL 2 %
B(T72bb f ORRIEAICET 2/REERDHY 5 2.8) OEEV THDH. HHIZIHIT
n=2 DOHREIEN By = Ky ZaE# L, MRT THRBROERNY 2o & TR,
ZOTPEOFEIITEE L <, Zaharia [69] 23 f 2B 2 IR MRE D T TRE L 724,
SHETIEEALERZ RE TRV, Flfx X [62] I2BWT, FFREALZFD h—
U v 7 S0 EORIBEZI D Z L1250, Zaharia D54 E DR VEED D Z L3 H
Hio. ZORRELFICHEHBEICRALE Y. mbe K\ [f(Singf)U{f(0)}] cur,K;
REET 5. T, = Spec(C[Aff(y,) NZr]) ~ (C)dmy L f % T, LOMKE A
727

EHE 4.2 (cf. [62]) FEED 1 <i <m X LTT; o~ (C)imw ;yoER#iiE f1(b) C
Ty W2 NI R A RO L &, f 138 b B CEEIRE SISO CINIRF R A A FFo L
AR

TOFMET 2R v I REER FICH LTRYT B Z LICHEEY L. n=23 0
BRDFERBE LN

THE 4.3 ([62)) n=3 THY f I3 be K\ [f(Singf) U {f(0)}] ETHLRESIH
WCINR S E O L GET B, ZOLE be By BV o
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COFEBICED, n =3 OBA [ TR B IERICHVSMED T O E 0a S IF
K \{f(0)} C By BEBAT. n>4 OHA b, =2— kP RIE To(f) ORI
BAT & i OIED FCRBEOBEANTES. 2L [62] #BRE AL,

KIZH =5y EBRERTEDEZENGE f = (fi,feo - o) : C* — CF 2 <k <n)
EEZ LS. ZOGEBRBRICHIERES By ¢ CF MERSD. £7 Kudyka-
Orro-Simon [34] IZ& Y By # EnbRHlid 2484 Ly ¢ CF szl TERSh
7o WICF % [6] B8 LT Nguyen [45] 1%, Némethi-Zaharia [43] OfERZ k75 2
LT, By & Lin bl 25 0%EE Ky, Ky € CF 2 X0 BRIICHER L7z, Fox @
EHLIES K B LTI, 5 By = K; BT 5078 BITE 5 Thino T
WZRWHY, BUTIC [6] THRLARREZMITLEL S, ==2— F IEO Minkowski 1
Poo(f) =Too(fi) -+ Toc(fi) I E n RIETHD EWET D, ZDEETOIRFE
R*\RY & (B &R G20 $E~DOSEI R \RY = U 0, ZEDD. K8 o DA
SNENC B X7 FAOIFFRZBZD Z LICE Y 1y < Too(f) BEV Y < Toolf5)
(1<j<k)BHRIZERESN, FXy =y + -+ BPEYVID. £ 1<i<m il
*FLT

P={1<j<k|0&;}, Q={1<j<k]|~;={0}} (19)

L. SBICEME P AD, Q=0 AT 1<i<mIZRHLT, 54
Fyi=A{(fi), tjeps  :Zi={x €T =(C)" | (fj)y,(z) =0 (j € P)} — C** (20)
BLOARRHE m,: CF — C 2N
K; = 7; "{F(SingF;)} c C* (21)
EEL. FEAM Qi AD BT 1I<i<mlITxL
Ni={z=(21,...,2) €CF | z; = £;(0) (j € Qi)} = C" @ c CF (22)
LELS. ZLTCINLOENE L VENES Ky Cc Cr %
K; = f(Singf) | JUN) | JuE;) c C* (23)
TEDD.

EHE 4.4 ([6]) 2HA f; (1 <j<k) OI>BAelitb—DIarv=x KTk
<, 2HAGH f=(f,..., fr): C" — CF TR SICBWTIERRE (T72bb k
D Z, CT = (C) 2HNT_RTELNTREERLN) ThDHERETH. ZDLE
By C Ky D3RV 3L,

5. ARE A-BREAEHRA~DICH

ULDZEXGEDOE ) Fu I = GG OETlibnz h—Y v 7 a3y
MEDFIER, ZEBOBEMBEAEDOIIFE TS RUVINTELD. EEEF 2 13 [16] (280
THIA A-MBBMEOE T REIED Z EBHK. & SICE O % RRi%
KON UNARED D—ICHT 2R UIE— AR Z AV TR L, A8 A-H %R
O MR SIZB T 2 REMB KO 2 M I —%RD7= ([3], [16], [60]).
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Floer Cohomologies of Non-torus Fibers of
the Gelfand-Cetlin System

B e

BIRE: B0 540

1 F
(X,w) 2N Rev TV I T4 v 720K ET 5. X LD N HOBE DM
D= (p1,....,on): X — RN

DABEELAITARNT. T, H T Poisson A A CTH L L &, & A EELAIEHRTHLE V). P
D7 7 AN—=Pnar Ry MNaek & Arnold-Liouville ® E#IZ LY — D 7 7 A /X —Z
Largange h—7 A Th 5. T7bb

O M u) =TV, wlp-1(u) =0

L. ZOMBFIO—2N =V v 7 ZERELEO N—F Z{EHDOEBHEFH TH D.
FRAIZH 5 Gelfand-Cetlin 5% & 1%, Guillemin-Sternberg [9] 12 X V8 A S L7z jEZ IR
F = GL(n,C)/P FO5%4AT AR THS. Gelfand-Cetlin HiE, =0 A = (F) 7
Gelfand-Cetlin Z itk & JIENHMMZHEEIZ/R D70 L, b=V v 7 2K LoED 8545
E I EEZRF > TWDHN, A OB EIZ h—F XA TiEAv Lagrange 7 7 A N —%
FonE, b=V v 7 ZRAEOGE LITRRLEGHD. ZOMFHTIE, 20X 5 R —
Z A Lagrange 7 7 A /N—® Floer 2RE 8 ¥ —(Z DWW Tik_720.

Lagrange #5248 D Floer @£ 1 ¥ — & 1%, =@ Lagrange #B5y ZRE AR i %
FromDZEM Eod 2 BEIC x4 5 Morse vE 1 ¥ —T®H Y, Lagrange 5 ZHE KD
Hamiltonian isotopy (2R3 2 AR E &% 52 %. £72, Floer aFRE v U—|L3 7 —*IFrE
WCBWCHEERIRTHD. I 7 —kFELIL, Kihler 28K X O TV 7T 4 v

* Bt (23740055) OB Z =T T 5.
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7 3% (b L <ITHEFKM) LBl Kahler 286k XY OEBRKM (T Vo T4 w7
Befi]) D “FEIME” D Z & TH Y, AR ZR AR b B 22 FENE £ TIEE IRV NS %
G TND.

ZZTIE MU v I ZERIE OSSO Floer ¥ & X 7 — %MD BIFRICEI T 2 E4A-Oh-
i(EH-/J\%T’ 6] Dk RO—E A FHICEWE LT, X 28 h—1V v 7 Fano 4k

:i%@‘”~ﬁiX“((@7)&%®L®E%%ﬁﬁVuX%C(x—ﬂ—ﬁ

T/V?”kﬁiﬁé) O (XY, W) &7es. HlziE X =P OFEIE, A——KT
T MEIW(y)=y+Q/y THABND. tﬁb@:ﬂ@@yyfv7%4y&%ﬁ@
K& STHIGET DT AL ThHD. &: X - RN 2 F—F 2 EHOEHERGH L L, &
HEZHEEZ A=d(X) &35, ENM v e Int A I3 L, #D Lagrange h—7 X7 7
AR —% L(u) =& Hu) 2EL ZLITT DL, RABRLY 2072

(i) L(w) ICERZHOENIMMEE M2 5" - LICk 0 EEREND

U H'(Z(uw);R/27Z) = Int A x (R/27Z)N
u€lnt A
FoRT UL v ILESK
PO (u,x) = Z exp (—/ v*w) hol, (v(0D?)) (1)
D2

v:(D?,0D?)—(X,L(u))
X, WY R EREROL L TA—N—FRT YL W(y) &—8T5. =KL
hol, (v(8D?)) %, © € H*(L(u);R/2rZ) % L(w) LD U(1) #fe & Rie L
Tz & D v(0D?) C L(u) IZiholodhnr ) I—Th 5.

i) X7 ¥ VEHK PO oA A%, Lagrange 7 7 A /N — L(u) &
b € HY(L(u);R/27Z) ®#A (L(u),b) T, Floer 2Rt Y —2"EHAHR DL
DIZHIET D,

(i) X ORFarEno— QH(X) HHEF v v ABIM® Jacobi B Jac(PO) =
Clyit, ...,y )/ (0BO/dy;;i=1,...,N) LRETHS.

(iv) KT ¥ VEEOEEIL, ¢(X) € QH(X) O&ETFI v 7HOEAE L —E
T5.

*1 X % 1 Chern i ¢1(X) = c1(TX) BIE, $72b bR K ' 75 ample 228ED L. #5
i1 Ricci thENIED Kahler ZAR(K.
2 HEENCZ L DD L BB L TVWADT, ERER EIRETIE A,
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FEE 6] R0 [7]) BB E NIV, FHIRT Vv v VIR OB R AT R CIER LR HIE
(i), (i) £ ZOfEET X O amEr o— ORI dim H*(X;Q) 12— L, Lti)lo
T Floer aRErm v—23EEM7 (L(u),b) 7 dim H*(X) EFAET 5.

BELZEEIR EOGAEE, b=V v Z7iBfbE WA Z L2 XV Gelfand-Cetlin 2D —F
AT 7 AN—DRT oy VEABEHET LI LN TE S, I, £ Givental [§],
Batyrev, Ciocan-Fontanine, Kim, van Straten [1] {2 XV 52 B2 ES KD I T —
DA—=IN=IRKT ¥ BT 5 (HEM-EE-AEE [10]). 20566 Eo (ii) 235k 52
ODT, RT3 v )VEE D Floer 2T P—n33EH 7L Lagrange h—F A7 7 A
N—=%RDDHZELHTED., Lnl, F—U v 7 ZREOHE LITE R, 20T
2 dim H*(F) X v/h&wv. LA-i-Xiong [3] X° Rietsch [11] IZEZERED I 7 — %X
B =72 (CHY oy ar 7 MeE LTHRL, 2O ETA—R—KT Iy
PDIELWEOERRZRFOZ 2R LTS, Z 2 THEZICEND “HERIE" ORISR,
i & 22D E W% T Gelfand-Cetlin ZHEAAEDER FICHHIER—F R T 7 A "= Lt LT
WD EMIRFT 2 2 LIZARRZ LI B D, O TIX, 3 WIEMEEARL F1(3)
& C D 2 ot 22 D723 Grassmann ZHER Gr(2,4) OHBAIL, =T 27 7
AX—=0 Floer aRERY—DFEEZBMN LIV, ZORERE LT, 2O OHAITIE
Floer =t Y —23 4 272\ Lagrange 7 7 A /X—OfEEK 2 dim H*(F) (o —#3 5% 2
LR ZHTRE AR (RIKT) & OILFEIFFRIZ XL 5.

2 Gelfand-Cetlin %

vV—1u(n) % n A7 n 5 Hermite {75 &KDZEM &+ 25 &, EEZHRIK F = GL(n,C)/P
138 51750 A = diag (A1, ..., \y) OREFEELE Ox C vV—1u(n) EFE—1T& 5. Ox
IZEAMD A, ..., N\, THD X7 Hermite 1780572 525 THDH Z LITIEET H.
#rxeOx k=1,....,n—11cKHL, 2P % z OELED k x k #WBy75E+ 5. )
1 Hermite ﬁﬂfiz’))%, S [E A

M @) 207 @) 2 2 N (@)
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BRFO. INETRTOE=1,...,n—1IZHLTEZDHZEICLEY, n(n—1)/2 [HDOE
$Of (M) 1 cichan1 PEBND. TS OEFAEL HIE

A Ao Az A An
NER/ZN T NI
g o
Q T T
A Ny (2)
Q T
Q T

1
A

LV BIREMET. N RHORICELVLOBH S E X, Tabb FSsEikSEk
TEHAVEAR, (2) Lo —mo AP seEgssmice s, wcen AP omizb e e
N =dimc F 125 L2 L2390 5. Gelfand-Cetlin iz Esczan AY =501

&=\ F—RY
TEZIND.

8 2.1 (Guillemin-Sternberg [9]). LD X 92 LTI S iz @ XESZERIK F Eo
(Kostant-Kirillov JERUZBET %) 5SeR2 ARG ARTHD. £72, KRR ucIntA O7 7 A
N—L(u) = & !(u) 1T Lagrange h—F A TH 5.

B A =d(F) 131%L(2) TERSNLDNEZHEEL 2D, 2D A z# Gelfand-Cetlin
SEKL L5

Bl 2.2 (FI(3) DEA). AL de >0 250, FI(3) & A = diag(Ay, 0, —\y) OREHEBLE &
[f—9 5. ZD&x, Gelfand-Cetlin &%, 4 KOWLBEE > TWDHTEA up = (0,0,0)
(1 TRENCHDTEHL) THLN TR, ZOEOT 7 A4 3— Lo = & (ug) 1x

0 0 Z1
L0{<O 0 2 )6\/_111(3)

Z1 Za AL — A2

|21 % + |22]? = >\1/\2}

ThHz bhd 3WocEkE S2 = SU(2) L [FtH7Z: Lagrange ¥y Z4kATH 5.
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1
A

2

1 FI1(3) ® Gelfand-Cetlin Z k.

5l 2.3 (Gr(2,4) OELAE). A >0 ZEEL, Gr(2,4) 2 X = diag(A\, A, =\, =) ORELEER
WL A3 5 L, Gelfand-Cetlin ZmiA A 1%

A AP —A
Q RN 1,
)\gQ) )\g2)
Q 1
A
TEHRSND ARTMBEEL 2D, ZOBE, h—F2TRVT 7 48— AP =
AP =\ = AP cEEs A 0 EICENS. ZOW DA (Lt Et) EOT 5 A 85—
Ly =®71(t,t,t,t) 1%
B t1 VAZ — 2P
Lt_{(x/mlj* (=) ) SRV 1u(4)‘PeU(2)}
Thxzbivd U(2) LIFAHZ Lagrange Hi 2K TH 5.

3 RTUIvILEEE Floer A/ kERD—

G RA TR D 7010, TEA-Oh- K F- N [4] 12 £ 5 Floer B % fii B4C O LTH
T ZBRMRAT A—H L LIk &,

Ao = {i (IiT)\i

i=1

1— 00

a; € C, \; >0, lim )\izoo}
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TERINDRTE%Z Novikov B2 E W5 . ZOWMKA T 7V EFEEKEZNEIL AL, A &
BLZ LT 5.

YT VI T 4w 7 SRR (X, w) ® Lagrange #y ZARA L (& ZHUCHEET 50 <
ONOT—Z) XL, L ICHERZROBEAINEZ Wz LF2” 2L T, L oakEen
Dt H*(L; No) FIT Ao HEE

my s H*(L; Ag)®* — H*(L; Ay), k=0,1,2,...

MEE D ([4, Theorem Al). my : H*(L) — H*(L) I “i4%” L5t DTHDY,
my : H*(L) © H*(L) — H*(L ) S my, (k> 3) 13 “EKOR THhb. myomy =0
DEE m OEDLARERL T —

HF(L,L,A()) = Kerml/Imml

Z L O Floer aRkEnY—L\0 ). —iZiEmomy #0 THY, Floer 24T R ¥ —d
EFRIND LIRS 220,

be HYL;Ay) (BVIRILTIX b € HY(L; Ag)) & T Aoo HEEDZET {mb heso %
W52 EMTE L. FIZITER SN Floer #4 mb |

——
k l

b
.’17): mk+l+1(b,...,b,l’,b,...,b).
2 Mttt
THz2b615. b2 Maurer-Cartan AR
ka =0 mod PD([L]) (3)

EizL b tEmboml =0 &7 5. 2721, PD([L]) (325448 [L] @ Poincaré
THDH ZortE mE OEDDHABFERV—
HF((L,b), (L,b); Ag) = Kerm}/Imm?

Z (L,b) ® Floer aARERI—L 9. (3) Dfif% weak bounding cochain & LT,
FOHEEE Myear(L) EEL Z 22T 5. (1) T “ER LRTF Vv LS PO X
IERELT I

ka = PO(b) - PD([L])

ICE > THEESIND Myear(L) EOBKTHS.
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N—V v 7 ZEEROEE121E, Cho-Oh [2, Section 15], HE4A-Oh- K H-/N# [5, Propo-
sition 3.2, Theorem 3.4] IZX Y Lagrange h—7 AHLE DR T > v VBIENFHE &
T35, Gelfand-Cetlin 2 @ : FF — A ® Lagrange h—7 A7 7 A N—{Z% L TiX
FHJyﬁﬁm%%wé;&T$7/v¥w%ﬁ%ﬁ%¢6;&ﬂféé.%@ﬁ%%m
RBEDIC, H LAFOERET 5. A AP osstcb s aks 0 L L, Mk
w=(u)r eIt A EDO7 7 15— Lu) Ik L,

Z x§k>d9§’“> € H'(L(u); Ag) +— = = (xz(»k))(i,k)ef e Ay
(i,k)el

2k HY(L(u);Ay) & AY ZFRA—1H14%.

k)

k) _ 5’“>Tu(

Qi =T, j=1,...,r+1,
e SERNR/ /A A/ BVASH
EHE 3.1 ([10, Theorem 10.1]). % W& uw € IntA, &% L HY(L(u);Ay) C
Muear(L(w)) T 5. K7 v VB

U H'(L(u);Ao) = Int A x AY
uclnt A

FoOREE LT

y(kJrl) (k)
PO(u, x) = Z ( (k) + (k+1))
(i,kyer \ Y Yit1

THEAbRD. 2770, AT = sEsoseiE Y = Q; L1 5.

il 3.2. 3 WITHESHER F1(3) OGS, AT v v VBT

Q1 Q2 Y1 Y3
O = —+—+—+—+—+—
ks Q2 Q3 Y2
THZLND. ZOBRASOKIIBLErH E dlmH*(Fl(B)) =6 Thd. LTn->T, Floer

aREr U—nEARRM (L(u),b) b 6 DFET 5.
il 3.3. Grassmann ZHR{E Gr(2,4) OEE, TROH AN =X > A3 =\ DEE, BT
>y VR

PO = &+—+£+£+%+%
Y2 1 Q3 Y4 Ys
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LD, A OO A ERD. L5 T Floer 2aREw U—233E@M 7% (L(u),b) b 4
Sbh%. —7, dim H*(Gr(2,4)) = 6 275, ZOHAITEREN 2 220 720,

ZORBELTWDEEFR GRS T 2 ]G LI R2006] 2.3 TR UQ2) 774
N—Tbh 5.

ZhERSENC, £9° FI(3) WO Lagrange S® 7 7 A /N— Lo %2 5. ZOHA
% HY(Lo) = 0 f;@f, Floer #045 my DIEHBIZRERIT 2. 2.2 &KL FI(3) %
diag(A1,0, Ao) OREfELE & [F—#7 5.

FH 3.4. Lo C FI(3) ® Novikov 8 Ay L0 Floer =K% 1 Y—%
HF(Lg, Lo; Ag) = Ag/T™inAvA2d A
725, LT=23-» T, Novikov f& A E® Floer 2Rt u Y —(ZHHETH S:
HF(Lg, Lo; A) = 0.

¥riZ F1(3) D% & I2i%, A 23D Floer = A€ 1 P —{H 2 72\ Lagrange 7 7 A 73—
X A @Wﬁmlfﬁhé N=FADH LD,

Wix Gr(2,4) NO U2) 77 A NR—DE Ly (A<t <\ OBFAETHD. Z 2 TIEH
23 LR CIRIEEZXD.

EH 3.5. b e HY(Ly; Ao/2m/—17) = Ao /2m/—17Z 125k L, (Lt,b) @ Floer 274k n
U—I%

H*(Lo; Ao) t=0 > b=4m/—1/2,

HFE((L¢,b), (L, b); Ag) = .
(( t ) ( t ) 0) {(AO/Tmln{)\—t,)\+t}A0)2 ZH LAk
ThHzxbnd. Liin> T, Novikov (8 A 2458 & 3% Floer @kt nm ¥ —I

H*(Lo; A) t=0702b=+m/-1/2,

HE((Lt,b), (L, b); A) = {0 ZnLst

Eh.

DFEV, AMRED Floer @kt r I—723EHBZAH (L, b) 235, Gelfand-Cetlin Z fifkd
NEDT 7 AN—HDETH L) L 6=dim H*(Gr(2,4)) EFEL TN D
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77— HE D\ < DO

FRUR BB 2 AR SR o i

B =
B2 — VHER QAN A Z I L, B2 — VHERO W DOl % B
K72 3 DDk EHI & UCTHIAT 5, BiEORA ¥ ML, SRS OB ETH > T
AIRGTH S RIZIREATRETH DIRMDBEICH 5, BETEY L5201, (1) HIK
ZMD0H5 TQFT & LCofifi, (2) K3 D Seiberg-Witten AZREDER, (3) 4
IR RRD AN REE 2 FARBEE L L TOMWLDOH, TH5, 1,

1 T—YBEHmET — EHREOZEBOE DNFRME

1.1 fEfe. B

G % Liekt. g=(TG). 2 G D Lie Bk, PEEMIKX D LD G EHRET D,

P EOHEHE A L, ERP O ED [ GAEL [KEFMSHI OZ L Th-
2o BHZ PO HMHLR TR P =X xGTHhdLE, Bl AL LTINS g
fill 1-form a lZ K> THRRE N7z, TIZT Ta = {a,}eex DR A DEHILATH 2 |
it THERZ MV (u,0) € (TX),® (TG), DAEME] 25, 5K a, : (TX), — ¢
I2&-oT

au+v =10

EUTHEM T ONE Z e ThH o7z,

7— VB DB E DR G A T BRI RN Z DD ZERITH 5,
=77, DR DEMEBR I U TR0 D & 5 7, R iR E2E 25, ik
X I TEEST 5,

P e ADMIZ, FRP & PO LEDER A BRGZoNTeT5, X7 (PA) &X
7 (PLA) LARTH D X, T[ERMOHLFEM G: PP — PIZL>TA =¢*A
LiBHZY ] THDB, X7 (P,A) DT RTOAGERARIEE ZLT 5121, FH—IT,
FRPOERE U CORBBEDOAREN,E 2O DT Oy 77y L, B ZZTns
ETOPIZHUTIRD Bp 2B 20k, POHCHEBEEGp 1L [P O — Ik
LIEEN, ZOER gl [7F—I&H) LIENnS, PP=PikbrE, X7 (PA)
ERT(PA) EWFABIL DD, HET—VEMMgIZE-T, gA = ALhk?

VEEDHRBIZE 0, WHL L BIGRU 2300, £7- 3.4 T E Mk & U T OBAE DKL IZE D RTHRIZ DWW
TIREEL EDLNBEZ L TH-o>TH I ITIERR TV, ZOFHTIFIARM RFHIEIZE - 7= AMM 722300 %
HiEir 325, b, ZOXRFOHOEH X, WINbBELCLIZ2DTIERZRL, BETRLI{MSNEZFHET
H B,
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LETHB, COLEF AL ARAL [F— VR 25252052 F—UH
ERRDEAE By £ B, Bplk P LOBHIRKO%EM Ap ORI TH 2,

Bp = Ap/Gp.

PPEHMLERP=XxGThdLE, AARBERERE o,d IZ&oTRIN,
TV g5/ g: X - GIZLd P =X xGOHCRAE (z,p) — (z,9(x)p)
YUTET S, 2Or SHFERA — g Al

a =g 'ag+ g '(dg)

CEMETH 5, Tibb, G ORBEM R ZEEICEET 5 2. RMEEK-ZHD 1
NDIEHZEE LT

d+ad =g lo(d+a)og

DERIZH D, 72770, EFHZdB I P aDEESIT. REBBOZER., 50
—f LU T, RAE k-form OZE[/M OF(R) TH 5, LU TEEKIZ. XDV & DKE
7% R (k+1)-form TH b, TI T, kIZFOMU LORKTH 5,

EHZd+a DEHBIF—MHOTEHRP O LOER AT LU THEEI NS, T
FI3E dy DRESHIE & EikIE, FLER2Z FIVR R = P x¢ R $fi% £ D form D% T
HY. dyld THENES ] LIEENS,

da: QF(R) — Q"FY(R).

1.2 =T BEHEOZER. B&E L TORMYAER
= VREGp BHERIRITTD Lie BEE WAL T 576, D Lie REUX g DY &4k
N A
(TgP)e - QO(@)
TG DIFFIC L B8 A c ADHIER Gp(A) L BL, ZDGpHED A
B EEEMEE RS, Thbb, IRDEMA

o'A:Gp — A, g—gA

DILEB =D DETH 5, BT, BANZER 21T .

T—UREGp @ Lie fREUZ, Q°(g) TH o7z, F72 P DEMDIEET 5 HifHIZ
BWTREMIZRRZE RS L., IT=DDEKD [ ] 5191@) CETLLPNB, Lo
T—#RIZ

(TAp)a=(a).
ZDrE, LOMBIEM=MHIIE AITOWTOIE ) W5 dy ZHWT

dle*A:Gp— Al = [da:Q"(g) — Q'(d)]

ZGEITG LT, G ORI X2 AMERREZE A 5, BED G = SO(3) DEHAIE. X D 1-skeleton L THHAE
BfEFENEY I THEE5 g DO BWOHEEZD (Z2D%W),
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AR
ST, EIIT AR AR TH - T, 7= IEBHZ Lo TRz S S
DEHATN, 020412 LT, RfrEIEZMH > TERER a1l2Xk>T

1
dao+aNha=0 (a/\a::i[a/\a])

LEINDHRERADDH L, EEE, A =g ADr &, A OERHERN o 128 L Tdd +
adNd =g Hdat+ana)gBPEILL, &> T EORBAHERNIE dd +ad Ad =0 &
A5 TH 5,

FELDRFER da+aAald, Q*(g) DEZHEE LT KT well-defined TH D,
ADHIREEIEND, ADHEEZ Fy LELS3, Fuld ADHREMIINZ, FA7
WD F I 1 & S S S IRO IR EFETH 5,

F,ZAP—>Q2(g), Al—>FA

ZZT. Ap ZEERIRITTOZ K L AL T, F, ZERIGTDO LR Ap D> 5 FEFRIK
JTLDRY FIVZER] Q2 (g) ~NDIF S PR EHE RN TTHAS, T U TIHEMIBRMD1E
HFED, Aec Ap BT 2L =M1

dlFe: Ap = Q(9)] = [da:Q'(g) = Q*(g)]
ZEoTEZH6NB,
FRERX Fy =0 DD r — D EMEED RRDER %2 E 272\, ZDZ%E/M%Z Mp &

%< t\
Mp Z{A|FA:0}/QCBP
ThHD, ¥12. [A] € Mp T8I D Mp ODEEMIE EOEENS, Dl L EHBRA
Iz iE
0 — Q°(g) % Q'(3) = Q*(§) — 0

DIXDAFERY—IZLoTEHEZRONS Y 612, EARAKRIZIX

e G TEHMN ADHE FTHHTHD L I 0RDaFET Y —AEH

o Gl e AV O THS L EIZIX2DaFETY -

A

(— 7R FEEE) Mp BERIRTTOWE S P REHRIKTH 5 LIRGEST D DT E
ARG E TP, DI LB ERRIRITEVRNTH DR 2R EL WL T D, TD
DIZIF, EOEFIZE DL, LOBEKDOEZEIFREDY —DRHRIRTGCTH 5 Z L0345

PPy BIRDFHEOT 2 60, G d - QF(R) — QFT2(R) 13, AMiB L g D R LD EARME CHERTIC
55 Fy - QF(R) — QFF2(R) & —5§ 5,

LZDFIPERIZIR D Z 2 IE, Bl Gp(A) D ETHIR F, WHEICERIZREZENE6H5, HDEWE, d4 =Fa
»oBHES,
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grfEang, ZOABRITMER. B2 X BEEHBETH D, B Iz EoEE
D THEMHAEL] LIEEN 25223 & ITKLT 55

(5D5GE) LOBKRDOEGEIXE S, Fy=0Thd e S AlL g =T
ROMEZ 525, EOEKRIZ, ZORFTREZFEE TS de Rham #iK %, R
QFTTHY MLEEDTH S, ZND THEHAM] THEIBEFHEMEIZ, X A2
WICLA R THDZ L TH D, MEBETNLDEELSBRBEERHKNLTHSE, Mplx X
FOEAREDN S G ADUERTLO LI DT a7 VEEDENES L LTHS
AENS,

(—iR72E%) Mp BERRIEATH D BT, 512 L, a7 M A%
FRIATHNIE, ZDFEAK [Mp IX, ambient space Bp DH 2 HFEQ Y-z 5 2
%, ZHIINMHALZEETH D06, AN (SOBEG1EF,=0) 2EEHLTH, Z
DAZEFIEDLSRWETTH D, £7/2. MpHED IV FTlEREH, %
D ] DIROERDI D> TWIE, BAEYIIZHIRSWzay 1 7L %
Mp ETHEA L, AEEEBLZLENAGRETHA S,

(5DGE) HARERX Fy =0D5EICIE, 722 21X BESRA. Gar 30
N Lie BECHIIE Mp lE T VN0 M b, X HFEE g AR, G = SO(3),
wa(P) £0DEE, Mpld6g—6IRITTDHAZHIAL 5%, ZOHITIE EDOEED
IFRERY—IX0IRE 2IRTIFE R 2D, 1IRDIRICIZ 69 —6 72D, Mp DIX
TLE—HLTWS, FiZg=1D2 & Mpld—m&ab, TOERE [ Mp] 25
ERIND [REE] X, WBODFERY—FHELTD1LRh5B,

(—Mi72EL5E) —ORTD—DGEITRS &, AN Fy =0 D&M %2 %
Z5 &, WENE D EWGEIZEEHEORNMBEAL LES, TDL E, Mp 13k
B OLRADHE R D, Mp IZRALDRDFHWERTD I V87 MNEE K
7-857-012, GILEFEIZI VNI N Lieffz 257

ZD &SR EIRIZHIRT B,

1.3 2R3t 3RIT. 4 RITDHI
KD 4 DDIRMPREK R EDTH D, &% DEROBIEE BRI LTSS,

o X :2kstAMEA Riemann 8K, G : 3> /%27 b Lie B, iR : Fy =cQuw
(WIIABEER, cldgDHDLDESE, TRPORMHE L TcldPIZk-TH
zohbd, )

SR RO R TH 5, THHE L1k, ¥REOBOMEE LTERIND, LOBIKE X D&
2 € X D TEAD, z DFFEE (TX), DYODEHEL AT 5, (KEXDIHAER) &¢ c (TX): 2EX
B, o« OB B BYMICTH-T, (TX), OB i€ OIBOmEE% T 2 Ul 725 16 LT, BRI BN %R

WAMEFIEDIEEE 2 5, 50BE. TRRROBIENING, 0 4, =5 (TX):®8, = (A2(TX)5)@§, — 0

b, TNVERD TERR] THDH, HEPBHIIUTHD LIX, (A£0DL EZDERENPHIT exact 1272
5Z¢ThbB,

S 2 20

a2 XT b Lie BEOZELR L LTI, 2Rt Hitchin (2 &% SLy(C) FOMEREE £ DEE DB L)Y Higgs
Lk HWTREI Nz, BaiD Witten DFEFIZHD < Taubes DFHETEIET VT M SLy(C) HVW ST W
%,

SX ATHRMBNER A > TWWD & &, & 0 @ERICICHIRIICHERR % iR (Donaldson-Thoma) £t & 5,
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[Atiyah-Bott 2 & % 2 ¥XICH Riemann ZHAAD LD [Yang-Mills ¢ | 0):5
VadAEEOIRERT Y —DREANDT Tu—F, ZOHED IR
Mp OFf % DRFHESE7-H DIEHR L [FFETH 5, Ambient space D (77— /ﬁﬂ’ﬁ
Y B) AELIFREDY =5 Mp D AKED Y —ADHIREEITFEH

THDIEDVRIN, Mp DIFERY —EROREDOEHRE FHEMIZ XS X
5N5, TOFEIIX. [, ||[Fall*w & Morse BIE & A 72 3 HER KT D Morse H
MW S NG, ZESHRIRITIBIRITCIZD, NEESHRIRITE R, GO
R DM HE S TR B IR 72 385m 12 K D Mp @ Betti O IRMIA X3 5
No% Ap BTV o Tay OEe S, ERKTY YTV I T v 2K
fal, FEFRYXIT Kahler ${if & FANL T2 Z e TE S, RECKTE DD2RH 0 A
N,

o X :3WitAMEA Riemann 2k, G : 2> /%327 b Lie#f, GRER : Fy = xda)
(P 13 QY (g) DEFR, FEFHZE « 13 Hodge star operator.)

[Taubes {2 & % Casson AZEEDEALIZBEWTHWS N7z, WHZIXER LT
BOTOMRE Fy = 0,daty — 0 %1723, G = SU(2) THH X hikEDY—
BRED & &, AVHPAREGR TRIINE, v =045, ZOLE, TD AN
HIF TR WRDO RO 2K E My B & & Mp IFERIIRITH 0 KT
THO, DIV 7 N THbDH, £oTAZEIL ambient space D 0 KA EH
VT bbb ZIiE b, ZOBRBIEAZED Casson FEED 2{5TH
% Z &% Taubes (TR U7z, |

o X: 4t A MEA Riemann ZRkA, G+ 3> 327 b Lie #t, AN p Fu =0
(py 1&. 4RJC Riemann Z KD 2-form DZE[ 6, H A 2-form D ZEH]
ANDERSF, Hodge star operator * Z W2 & pra = (a + xa)/2)

[Donaldson (213U £ 5. 4 IRTEHAE LD H AP ERDEY 27 1 2 W
T A RS TN T SRR R, G = U( ) D& E I HEATH D, Hodge
B S IRED Y —DERIZIFE, @%ﬁGzSW@ﬁM&T%%K
SN EZ DD, 4R 571‘%4211@7?7”&53\%556: D2WTHR o N5 IHERIX
ZDGENRAREHNTHB EEZONTWS, AL EIE Donaldson A% %Kﬂ? g
N3, 4IRTELERARD hyperkahler TH 5 & Z121E, LD Atiyah-Bott Bl D
hyperkahler hit, 4 IRJGZHRIAEDY projective Kahler Tdh 5 & (1T iﬁ%ﬁlxﬂ%ﬁ &
DO RN, UL, — RO WD ZREICHN U TERTRTDH 5,
fROEY 27178 Wif%mﬂ/n?kﬁj%%% %E#b®ﬁﬂ5@@%
Va7 T, bubble DEERBED, |

o X: 4IRTAY Y cHZIMA, G =U(1), @XL AR : p, Fa=0(¢), Dagp =0
(FRPIE. AEY e RBUIMNET S5 U(1) H, ¢ IZIEAE IV, Dyid AL

9Mehta-Seshadri (2 & > T Betti A RIFARBERATH 7 70 —F iz L > THIS T Wiz, —J5 Torsion free TH
% Z & Atiyah-Bott Ot CTm S V72,

0Bianchi DIEHER dyFy =012 & 5,

HProjective TV & ZIZH HLD Teleman DfEHEA B 5, Donaldson H G 0D 1 3 il T 8 fa] ~ o s FA
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Levi-Civita #: 2 FHWTEZE I NS Dirac fEHZE, o IXIEAY /LD ZERN S
H A 2-form DZEMAND R T MV L ROV TD B % FEHER) IR G4, )

[Witten 232/R L 72\ ) 5 Seibeg-Witten T2 (monopole HFER & £ IFIX
NnN3d) OOEY 274 % HWT, Kronheimer-Mrowka, Fintushel-Stern % ®
DA %IZ & > T, KE B EERIC & 23k & AT U 7= i 0 aus 2 i,
A Seiberg-Witten AZEE EIE XN S, G (KREMIZ) U(l) TH5BZ
EMEYaTAEROIVRT MUIZE > TRER 12, |

X D AWGEA R EHZRADEE bH(X) 2. KXERDEADH T DIRTE T 5,
bH(X) &, BV 2T 20 M(X) O TR ESES DD DI RIRGTITHY
U, ZODIERSIESAERZEH T2 L REAZ LTI eNTE S,

EE 1.1. X 24 AMAZMKRIEE T2, 5L 0T(X) >2ThHNIX, [Donaldson
A&, [ Seiberg-Witten AR ] DA HED AL RE L TEHRI NS,

WREN BT (X) > 1 TEARL V(X)) > 28 HoTW0WEHDIE, TXIF A 28 up to
homotopy T—ETHD I L2 RILTH7-2HDTH 5,

2B AR 7z Taubes 12 & % 3¥ReD HREAIX, 4D A p, Fy=0%, [IX
LR UTREZEMNTE S, FARIZE S —HD 4Rt DffEN%E TR
UCHIFED 3D iR 2L 2L TES, TNIIHNIRT 2 AL REIF 3RS
FRK D Seiberg-Witten RE& L IEIXN S,

INSZRDELSEEDRNE UTIRDO 3 DOEHZFIFTH L,

1. BRDOBZLHRIKDAZERL, ZORY GHOEIZET S TQFT HFEE : Floer
FERY—, MNAZLE
[ fliHD728 G = SU(2) Z2IKET 5, 3siA M Riemann ZEK Y 12X L
T X=YxRoHBE, XLEOHEAp Fi=00%2Ex5, BLZTOD
fRE UT R AMDFITBENZ L > TAEREDEFZZ D76, LD 3WTD
Taubes (2 & 5 HRERITFET 5, Zhdt IRl offETchH s, LrL,
L OREEIL, BEOMEZZZ 561X, TN Y Lo B 2ARDZEHO E
D, H5flow IZih->7-EE L TORZEZ LD, D flow X, YV EDEHE B IZ
% U T*% ® Chern-Simons A2 &

1 1
cs(B) = /Ytr(éb A db+ §b A b A b) mod 477

EXRS X2 SHEBBO AR TH 5, T ZTh ki B O#EHGERTH 5,
B A2 EET 5720 EREROHEIOID HOREMEH, moddr?
DAREMIZHIE L TWD, Z DAL % Rt D ZE [ D _E T Morse ¥ G % &
BIL., FEOY—HIZHY T 22 D2 EET SDH Floer DHEEwTH S, ZD
Morse HilGi i, ZELIRK L RLELRIBRDIRTHI VTN D MR KIZHRD XA

2Donaldson D FFEA & Seiberg-Witten BEaD AFEADWTNE DILIRIZR>T WD AFERXH H . Feehan-
Leness IZ & o TS N2, €YV 2T DI 2T MEDITNDEEFINIZE D EEL W,
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TOMETH D, MR AE OMEDBIND, STERAR Y 12X L TER
INBZD IFETY—#] [EFloer FER Y —LIEEN S,
Floer RE R Y — I3, 4IRICEHAEDY D {ED DEIEIZ X 2 AL B DD B
DRGRIZFAV SN B, EBIZIX, B O — VAMEEDZEM T — /ﬁ@%k
LR RS E RO 728, Morse BlEmld 1 — U RIE T AT H > THZELT
TERW, LU, ZORY GHbEDOFEMEKII LR LD HERNIENTH
AL T 5, 2D THIFDH 25R0 GHLEAR] IZDOWTITIRETHHT %, |

2. 3IRILE AR D Heegaard 3RIZZFIFH L TEFR I 15 Floer FE T Y — : Hee-
gaard HRIZAES 2 [ TV o5 109 7L RRRAD Lagrangian 22 | %
WTEHEIND
[Ozsvath-Szabo (Z & % Heegaard Floer #ig, Z ik RIZiRR7z X 5 REEHED
i m tb’CEﬁﬂ:éMé%@’C X2, UL TQFT A Z £ D34+ 11K
TTOMEIZHE S N, SWHER L FETH S Z & D Taubes IZL B SW & TV
R MEGEE DBEREEFEE U TCRINDDH S, £7/2, BARNLEIERLP
T, SWIE M HRBE Y —ADEVILHIEZ < H 5, |

3. SW e, YTV o Ty skE, avx s MEide Ok
[Taubes IZ& 5., 4RICY v TV 7T 1y 7% L HH) X 17z Seiberg-Witten
HRROME DR, /-2 enl7z3koca v X7 Mk & DR, ¥
VIV I Taw 2EMF, 2RI NRMFEADIGHADH S, Taubes 12X B
Weinstein FRDMFERR L, |

2 T—IVEmOERHE — W< DHDHIIC & A

2.1 FIMRGEOEZDTQFT

T, LO4@EYDBEDVEDEEZDL I LIZT S, X ITHDIAENZRIR
7t 1 OEFEA FEMMA SRR Y 12X >T X = XoUy X) &R L7ZE T 5, BAFL
EoLEEro PEEE, TV 712 M%E M(X) EL,

X EOf#iE, Xo EOffe X| EOMETHH->T, Y ETRVASHDTH S, £,
WHTFA—TICEZBILILT 5, Y EOBEFUEOAIGEERIRDOELE B(Y) £ <,
X, FOEOFREREEARE M(X,) & EE, 5% & 2544% 1o M(X,) — B(Y)
LB, AT M(X)) = B(Y) 2ED5, 2OLE M(X)IE w9 M(X,) —
BY)&m: M(X)) = BY) eD7 74 NN—fFELH—FHINBTHhbb, M(X)
EBY) DHIZBEIT S M(Xy) DEE M(X,) DBEED (7] TH D,

EOFRIZBWT, X 2YBYDLIAIZ, Fa—TY x[-R R AL
LED% Xp 2B, Riemann it EE ZTOTIOMEKZETS, T5&, RBVKREL R
L&, Fa—TDWHDMEDHE R T LITEIE, EYRT 7 =V RED S
T, ZOHDOHSZFIE, Y x ROFRIZED bbb,

SEIZEBH U7z Floer A" EBT Y=L, Y x R D LD H 5 Morse WEEIZ & %
ARRIZE > TR EINE L \WI 2 Tho7z, TOAMGE [-R, 01 & [0, R] &I
DITEAD L, ROl L5,
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XoU(Y x[=R,0)) ®_LEDOMOFREHEDES E M(Xy, R) £ B E, X,U(Y x[0,R])
D EOMEOFEREDESL%E M(X,R) LB e, IZFELHERIIM(X)IE 7
M(Xo,R) = N(Y) & m : M(X1,R) > NY) EDT7 7 A N—REFA—BI N5,
BIpBHDIE, M(Xo, R) DB, M(Xo) DB%E. HEFICZ > TR R 7215
L7zbDIZES DY, FRIZ  M(Xq, R) DB M(X,) DB %, ALHRIZZ
THHERZTEINDIF-ZEDICEZDOEZ L THE, T, MHED KX
THaHM(Xp)ld, BLEZPINERT 27256, ARROERE TS, W OOk
FtRUTERE S & 2 PR 5,

I, TRY ) M(X) DIRTEHREBRTH S & &, LLEOHMGIE, BB
Jjind B Morse () AEBY—Z2HWT, BRWIZIFMD LS izEgbEIns :
M(X,) DEDFED S BY) D Morse KE B Y —Hi% [OM(X,)] £ BE, M(X,) D
G ED D B(Y) D Morse I HRER Y =K% [M(X)) £ B L E KXAMX)D
flilZ M(X)] € Z 1%, FEYNIEA B 72 5 Kronecker B

(M(X)] = [M(Xo)] - [M(X3)]

IZEkoTHEZONS, ZOMBIZENT, B(Y) D Morse(3) REB Y —3, "Floer(3)
REHR ‘/‘\*‘” EIFENDEDTH o7z, i, BEHRNEHK X, X1 D, Floer(3) &
THY—IHE L BAZER [M(Xo)], IM(X)] & THXAZE] LI5S,

H U ZOHEAELITNIE, Y O Floer(3) AE0Y—2¥uThhi, X DR
ZRIFIEX A TR TRZSR, EBREROEHD ALV SN T NS

EIE 2.1, X DA RGEHZRIKTH D, #EFH X = Xo#X, D2z L TWwWb T
%, H LT (Xp),bT (X)) >0 ThHE, X D Donaldson FZEE, SW AZ®EIZE T
TH b,

UL, EBRIZIE EDF A —TRfBIE, FH—iza 287 ;M UDGRME) A RE
Iz L EJZ_L‘@.‘T BT EYaTAM4 F'E,WJ’ ambient space B DR E HERDH D
(X IR iof@ﬁ%kb#%ib&b Eogs %3/A7b%i7UYé
Na5N, EREREIEEPLETH D, FEEBZDHDDE & & [ARRIZ
DiFEMm CRRNEMDP O DFEVR RN L 2 RIET 5720, ﬂim b+(X0) b*(Xl) > O
MhEER5,

5l 2.2. aCP*4#b(—CP?) @ Donaldson A& &, SW AL &L, a,b>2ThdL &
Youths,

FRRADPED LS IZHEG LIRS 2 L NOHITHHY %,

HIERED 3IRTTDGEEZEZ D, X % 3IRtDAEME Riemann ZHKE 95, X
DGERPIIHHTH S, 72, BHLEGIIHINT 52 RVW7-H5 %2 M(X)*
LELZEIZT S,

XﬁX’;%U%&tﬁ%b#ZTéoé%K\G:SWQ\Xﬁﬁ%EV—
3ERM. YV = S2DEEZUTEET L, X & X D& 4 DEAEZODRLLED%
Xo, X; &8 L, Xiﬁ%@ HIEFICTH D, ZDLE

M(X)* = (M(Xo)" x M(X1)") [T M(Xo) [ M (X0
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EWSFA RIS B, 728 ZIEM(X) DEREIE, X, EZOITEHR X — X, 12
LB ERVERIZE>TM(X) DEREAD, T5& X, D LETIIEHZERE
LTEEINS,

BT, M* (X)) DEEATH B L &, MX)* & M(X)* LIRA—EE N5, Lo
TXDAEEYL Xy DAL R IZFAFDOFEHREGZTWEEEDLNSE, 72720,
M(X ) PEIZZR B RPUE, X1 B SP THIGEELIMNIITRE LW e Bbhb,

U U, X DYAIRTEEHRIATH 2R TIE. X 12X 5 Donaldson A2 &, SW
REBIZBWTIX, EERXSUVLBRRKTH Y, DOHEAPREREEZTD ZENT
5, TNE X RN -CP*Thr5E. HHWVIFTED KRz, ACHEOEXER%E
L OLRIKTH BIGETH D B, —CP? L DEFEMNIL, (fiAHK7) blow-up &I
EN5, BN ST VILRELRIZ L DR D)5,

EI 2.3. Donaldson N R, SWAZEEIZXN U T, blow-up DA H V. blow-up
DFIE T, B REHIZBWTAZEIIAETH S,

2.2 K3HME®D Seiberg-Witten ~Z &

K3 T @D Seiberg-Witten AZEEAEHIHTH 5 Z & 23T 5, fhamld AL
BEIZHIRT DALY cBEIZEVWTIEAERIE (S22 EHT54056)1 TH D, i
DAYV & IzbWTidto e,

A7 v 71+ Seiberg-Witten /552 % fEHER) 72 SEIH 72 Riemann 31 &% D
X=T*OETHRb, AV &L UTIEEBERUQ) K PHPHETZ2ED, T
BOLHEACUREENOH/FONE ALY Y chiiliz L NE 2 5,

Da¢ =0, p+Fa = 0(9)
SEHHEFEIZR L TL Weitzenbock ARIZ & - T
J(0.D30) = [ (Va0 + (6. Fa0)

b, 72, o DWEDS (¢,0(0)9) = |p|*. THH, ThH 420006, H
FNZ ¢ = 0D 72712H1200 %, £oTp Fy =0 THBN, e Fy H closed
form THBHZ LB N6 Fy=0bD, $7ab5, RIIUQL) FHER AL ¢=0
EDRT DRIREIRD,

M(T*) = Hom(m (T*),U(1))

Seiberg-Witten AFERIZH U Tldk, —RDAZHK X I2HWTH, X1 D Weitzen-
bock ANRZEFHWZHEMIZE > THDEY 2714 MDAV NI MEPRI NS,

B a8 2-form 721 & J 2 HRRTIZACMEH D R LW Z e NRA v b ThHD, 2P PIldEtice 3
BERD 5,

My 4 13 A & Levi-Civita 86812 & 2 HEW0y, —f0O X TIEE 512 X ORI —fhRz2 ELEAMH T INb 5,

5 Bianchi 1HERNIZ & %
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ATy T2 WIZA—ET ANV RTH{EITH U TERTHAS, 72720, {+1}
X T =RYZH IZHIIBECTIERT 0L T2, "A—EY T4V R"EE XD LI,
Zoga. T Lo /iR {£1} 2 ) 7 b L, TOERHICBELU TALRREE Z 5
TN T B, TAHE, LOBLICLD, fEIZ {+1) O TARER U1) SEAEE
MOEKTH D, M(T) = Hom(m (T*),U(1)) IE537272 0 4IRGTEh—F ATH Y,
ZDIEFTARZ R FIZIRD 24 =16 H5d 5,

M(T*/{£1}) = Hom(my (T*), {£1})

16 fHDME%E, T/ {+1} OFRREDY > 27D S3/{£1} IZHIBT 2L, 16D S 5,
O EDIFHZ R L 20 XA TARWEHER TH 5,

AT7v 73 K3HHEODO SWAZEDOE DDRD k5, K3k
AN IEA =T AV R T1/{£1} D 16 fHDR 5 % blow-up $5Z &Ik oT
Bonsd, 3hbb —CP?IT (2, 21, 2] — [—21, 21, 2] I & o T {£1} ZEHESE 3
. W —CP*/{+1} Z— S OARCEFRSEE DA - 74V ROME%R D, *
DRE[MDOIEFEZIRS &, =53 /{£1} ZHH & 518 5 72 RS EME L AR T
HbH, ZIND 16D —%, TH/{£1} D 16 DFEFRFESIZBEWTIR) &b, Z
D blow-up DEIEIZ X > T, BHRD & S IZEARWIZIZSW AR R IIAZETH D, 72
ZU, VY ZIZBEWTHEHTRWERMAE L 2581, TheRbEbEohnsdE
R —CP?*/{£1} D EIZHFEEL RV, KoT, M(K3) 2% 5325 M(T*/{+1})
DERFEHFRPHEHR O L DDATH D, T74bb, KIHHEHDOFEZEY IZL
575 (DOHEROWEYZ2EHOL & T)

M(EK3) = { EB PRI RIS T 5 5 ).

ATy T4 ETKRDE M(K3) DRIE. B(K3) OHT, 7 — VHEEH DK
BEDOEZ#EH-T WS, =V g 12U EEKTH D, (A o) ~DIEAIX
(A, ¢) — (g*A,gp) TH O, ¢ IZIFHTIEHAT S, £oTop=00D& ZITIE, g#
U) fEEBBIBDIEH T (A, ¢) IXEESIND, UL, bT(K3)=3>2D& X
F. ARAZEE L THZE B(K3) ORREEGPONT I eRTE, LA up
to homotopy T—EMTH o7z, ZOEE %2, M(K3) C B(K3) DEAT\S—x
@ﬁ%ﬁ\ﬁ&ﬁwﬁﬁmﬁﬁM%?»%&iz ’$of%mbiio:®%?
Wik TEEET V] LIEENS, fiazds e, 5056, HREADETIVIEIR
DEHIZE>THZONG,

H — (i,7,k), q > qiq

ZDEM/{TORLY NTHHEDDMMTHD, ZZTCHIZMNTEIKTHD, IEAY )
WVDYIW DZEMDELITH B, (1,7, k) 1&. H B 2-form DZE/DEMLTH 5, Hi
FFUQ) BB IS T 5 U(l) OBERBADS O ETEHA LTV

6_CP?/{+1} ® EDOA =Y 7 47 FOEKO FHEERIZ, FRADY v o 53 /{+1} (HIRT 5 & {HI%F
EEEY TRRAAE S R S [P A
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BENIEHPIEAT S, MK3)1Z, 02y M2 HDOREERE UL /EHAT
Ho-ml eI N, BB, EOGHEOMA L. U(l) D Lie k& iR DR
IMEF 2 & DY 5 & IR

0= iR—->H-—= (,j,k) =0

2195, B0 &OHOMOMESEHKITWTIhbEYaThh, arsEn Y-k, HY

ZTOEKIZE->THEZONS, EITHZ, aF-ERY—2HWVWETEY 2T 1 2

D—HDEFHEDET IV E L THERINZEDODD TAHETIV] THD,
LOBHETIVOEHE, NSKe>0%2HWT

H_)<iajak>7 quuj_EZL

UM EREFALLFFEETS, 2o EYoXEAMEEZ 2D, ¥aizky bT
5D {geCl: g = THO, UNERIZLZMEIE (RDS5NR) —MERb,
Tabb, ZOETIVOEIK->THEDOABEAZEET S L,

M(K3) = {(728 5h7) — 1 ).

YIBZEMRES, T, K3IMHEDOITRTOALY Y ckitizBbdTERIZE
. SWARZEIZ, DALY clEEIZBEVWTHA 1 THY, TS TlEER T
HHZLEEWRTS, ¥ ELOWEEAD L, TOALY Y cED, A VEEIZ
WIRTH2EHEDTHD I EEARBIHD,

2.3 HHPBEENDIGH

SW AL &EZHAWTAHOMEDHEE ZHN5FEZ2HZHACTHENT 5,
I E . Donaldson (2 & > TRINZREINZEHTH S,

K3 il % — & blow-up UTTE % 4RIt BHZ A K34 (—CP?) 1%, H
HEETH D, TORXERILR L0 BHEEAT D 72 4] IRGT L HRIK 19C P?#4(—CP?)
DRXFEAREFTH D, Freedman DEHIZ L B &, ZD& I, WHIXAAHAIZ
FHtHTH 5,

EIE 2.4. K3#(—CP?) & 19CP*#4(—CP?) &1 FMH TR\,

Proof. K3H#iED SW AL EIZIEHHTH -7z, &> TZN% blow-up L7z K3#(—CP?)
DSW AEEDIEHFPTH 5, — . 19CP*#4(—CP?) O SW REEIFX T TH -
7zo SWAZRFAMMAEEDOALZETH S0 0, MHFEFMAFEMETEZY, O

EIE 2.5. K3HHHEID H 3 HE DM FEMHED H?(K3;R) O EEMEIZFHELET 2
B, ZOELMETT DM E ZRED,

Proof. SWAZ B Z T E5EHIADTERT DI EDAHETH S, TDHITIE, EVa
T4 EMOmEEEETVEIV, HY(X);R & H*(X;R) DEEMEERD & OEF
DIFENEY 274 EHORE EMIGTEZ EBNEGIZONS, L, 20 [HE)
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EWIZT B LD BREHOMAORMPIEFEET 5706, TIE SW RAZENHFEF %2 52
THERILUTHEI L 2ERT S, 7270, ZXATWBEAY Y ciiED EH WD nm
WEoTRZZHDIZHIDERS, ZNIMABIERE G2 TV, K3 D%
G, (WFRHD) A VEEEICHIET 5 A Y cliEIZ - TH D, E M FEM
W&o TRZNSG, TOALY ciEED SW AL EBNEHHTH L Z 205, ED
TEIMNHE S, O
EIR 2.6, K3 HHHEAEFEH Xo# X, DA FRMATHZ L &, Xy 221X X, 00
IR —HIE S EHEUFEME—RIZE D,

Proof. EBE, £ UKD Z L TWBE2 561K, bH(Xy) >0 2207 (X)) >0Th
N, SWAZRIIEXHDIET THo7z, ZNEFETHS, EoTWINhLd bt
Z¥ueThs, b#b\;Mti®*ﬁfﬁi®mﬁém?;iﬁbmhoE@@
FEEMIC R WATREME 2 TR THER T 2 720012i%, ROEEL YT 2 B+ Ths, O

EIE 2.7. X BPAVY VLK TH > T Z LORXERD2Es @ aH DRE 572
5, Z71EFUHIZS?xS?DORXEARTHS, ZDLE a>3NHIT 518,

Proof. a =2 UCFHFEZREETDTHS, SW ARADMRZ, A UHEDS
KBHBAE Y eREEICH U TERT S, HRZREHER L o =013 E 05, 2Dk
FFEOETIVIE, U(l) NERER

H— (j,k)  q+ 7(qiq)

THhb, TITy m:(i,5,k) = (k) FEZXHETH S, $o&. ¥Yroihz U(1)
TEIZ L, Hmuzhie T 2520 EMPROND, LIAT, AL VHEENS
KBAE Y cHEEIZXR U TIL, Seiberg-Wittten AR RDRWFMEZEZ DT &0
HMohTwg, TNET7r —UBMERIZ X 2R822[1IZ X 512 involution & U CTHEA T
5, EOETFVIZEWTIK, HEZA»PSD jOBIIEE UTERT S, ZOEM
LD, STDDHERE. OLDODYEMRE LD, T ETORIE. MDY, —
MO T 25201 (RHEMEZEO0B L) ZMATHLZ 2 TH S,
MIFIAVRT I THolz, ZOEE, HEAZDULEFHTL L, [—HDkiEH D,
VXD N 1L IRTTERRR) DMRZER L 725, FD & 574 1 IRTCERRIZTEAE L 72
W, Ko TFETHB Y, O

3 ®=BIC — 4RITE3RTT

=MD ZNE TOIHEIZIZTN DDA EDDH 5, Donldson A2 &, Floer
RERY—=HHBLL 72 2 A DFEOE A & X F 72O, 2o kgD h
IZHR N5,

o F— VHUERIFEA AN S N R T Y AL AIEER % 4 HhH S A Bk o B 20

178 X ¢f Rokhlin O fE#

BT OREA%, APEE T IVORELEHWTHERET 5 &, —D 2kEs@aH (k > 0) DHBHIIAEX 2k+1 < a
=185,

197 O #F# T Kronheimer 12 & 5,

204 : Manolescu IZ & 2 = A B 58] O EERFRPIZ W S 7z Pin(2) SFREDTEH
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FREAOME L RDE Y 2T 112D\ T DRI 25 2

o F—VHERINAZRZ DL ODOMWE, 77— VMR A O M H g 22
7 — VL D NN DD P A0 EL o B £ 2

MR YR TT 8 & LT OBSK DR

{RIRTCRATF IR 2 D H DIZIR - T- Rt R D JE B 2°

REIZ, EOEEFFHZOWT, F—=YVHERIZEIT A 3Rt AR Y —A& 47R5T b
A0 Y —~OIEHOMRE ORILEHEE U, BIRAICE T 2R E RS,

4UTE M ARB Y —IZBEWTIEE 1T, BREOMAHEE %2 £ DAMEZHRIATH -
T, MROY—OffHREDEHERT 2 —HDOMLELH S 26, Tk, 5 FVHE
DT o=y 7 EEHETE] LI EROWMETH S, -, HEIZ, HHFEDON
FAZARARIZIZ A EER T VW SN WS —HDOMEFELRH S 27 L L, 41858
WZBITEHE B D7 Iu—FIIRRL5A(ENCDOEDTHY, TOREZDIEK
ERAN

—/iv 3IIE b ARV Y —IZBEWTIE, B4 exact OO BFERPH SN TN S,
HAY 13 Kronheimer-Mrowka (2 & % Thruston / )V A DE J R —)VEIZ X B FHEO
Thbd, ZZTE/HR—IVELIX W75 Riemann gt 2IZHFLTHEE/F—I A
BANEEE DL LAY Y cifdE (OFMHE) 239,

Z D & 572 exact RAEMASATHE & 72 o 72 KA > Ml Gabai iZ & 5 sutured manifold
DHERE, 7 —VHERE DMALEDEIZH B, MAGDOEDEAIZIE, taut foliation
B L U tight conact structure 3% 5, §720 5 Gabai 1& (FfiIKEDE & T)
Thruston / )V @D, taut foliation IZ & 2 REUff 17 %2 5 2 72, — . Kronheimer-
Mrowka I&, (FANKIZRKEDE & T) taut foliation D Euler ¥84% monopole class T
HBZrERUE, TITIHARTDY VTV T 149 2 %HAED Seiberg-Witten
TR DFEIZ DWW T D Taubes DGR 2 AERIZFH W5, Tight contact structure X
taut foliation 2% 3IRITCEFRIKGRD R TH BFED53HH - B D L N)VIZE Wb
TW3,

Wlo TAMITITB VTR, YV TV T 1w ZFEEDITN 2 720 DA AHI) 72 R
DIHBHI SN TWS (Donaldson-Auroux), ¥ ¥ 7L 27T 1w Zhde & D 41ko6%
BRARE — D ARTEE AL DX vy TOKREIE, ENP TR B ARITLOY Vv
TV I T4y 7 ERRIED 255G IR AEETH D, * 2 TIIMER IR O

2L : Feehan-Leness 12 & 27 —NI)LHE ) R—ILDEY 2 T 1 DI O5E

224 : Donaldson i Tl% Chern-Simons RE R DA —E D& E % L7z L. i Riemann FEIZE 5T
#IND, SWHERTORNBYNLES 12 TRV,

234 : Khovanov R E R Y — & D%

240 : Floer RER Y —DHETH DR E Floer FE b —RBIZEZED 2O DIEEIRCHEA D EE

250i] = sutured maniofold DL & ZNIZHET % Floer A ET Y —

26 Jongil Park (Z & o CTH KDY 5 N7z, BdEETHE T Betti AN BRI X Y F v VMO EEDOHEK, HUE
“ Betti ¥ 0 DGR T E X4 IRTCAO R T v AV FROSENBIRTH D, UL, 4t FY
F v ZEREOIEEH LML EZ BRSO L XHIT 27O DAREENHIED & Z AR I N TR,

2T ]I T Froyshov, AT & 2 JEBEHE 2R 4 TS RRMAIZ W T 25 LW iEmmdid 5.

BfED A IRTCERRIL, DIFEORREMEEZ L DOV T L 7T ay 2GR TEMONTEY, ZOFEEE2H
WCT7 70 —FFB574F 1477 Taubes IZ & o TIREENTWAS,
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EFHVWTCHEEEZESTLES ZEDNKRA Y N THB, TLUT, DL BESRH
MRDOBEDIFAED 72T, Taubes DFEFRZ M L T, Seiberg-Witten /iF2 XD H DMHE
PENELSGELH D, LrL, TOAMMEIERENREDTHD, FLTP—
WD 4 IRTTLBRAIRD D FHIZ 3R 20

QIRTEDZFFIRE, T2 )RV T T T ARTRGREZBLCC, (AT7TVH
Ve BHWR5) REM G L B WALEIZH 5, 7 —VHEERIZEWTH, Heegaard 43
fift % FH\ B Ozsvath-Szabo BEwIZ K o T, SIRICERMKRDEEHR & U THN S 21t
AR 2 B ER D RIS IZH N7 3938, 3IRITD sutured manifold & % WM foliation
7% EDRAMFRINEG 7 Fl W3R L. STUOLERIAZ DR D%, RIiED (AT TV
ANEBNZDL) REBIVEHEE N BENEZIT> TWDS &S iIZflbn s,

—H. R, SIROTTIT U NY MEEREERE L T 57 — YRR D Witten (2 &
HEREDDH D, ZDJEILIZ Taubes D it DIFSEH D B, Witten DEIEE L 3 ¥Roc%E
BINDOKEOH - ABHIZHT 5 ALAZEETH S Khovanov RET Y —D 7 — UHERIZ
LBERRIZHBHE VD, Khovanov FEB Y =%, (AFTV AL VWR5B) R
sk cdH 5,

3UOL L ARG MFUIMEM BRI DM, TN 6 DHALET E LT, 290G, 5
WICDOMFRFTHERBRTOTr = VHGRDO O L DODOWHE LTRA, #iED50k5

IZES,

S 3k
D 3 fEZEITTHL,

] EaEE r—yHme bFRey— |
a7 U —BREFE YY) — X 1995

[2] S.K. Donaldson, ”Floer Homology Groups in Yang-Mills Theory”
Cambridge Tracts in Mathematics, 2002.

(3] P.B. Kronheimer and T. Mrowka, ”Monopoles and Three-Manifolds”
Cambridge University Press, 2007

DEABFOM D F2AREMZ T 2 ATH, 3UGLOMR L 4 POLOMRNP K E HHET 2 Z & iEd Bz X <K
5NTWS

30 T Atiyah-Floer ¥4] (28WTH 2 RGIFHENT W=,

31Heegaard-Floer iR D&% € 7L & L T Seiberg-Witten #i D Floer m €1 Y —DH GG (€ / A —) Floer
BREBY—) » Kronheimer-Mrowka 12 & > TR I TW3,
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BEB Y — 3B D Kontsevich-Kuperberg-Thurston A2 &
D RIFERL & Z DG

WK SRR * (RO BT 5 T

Bz

Kontsevich-Kuperberg-Thurston A~% &% Kontsevich ® Chern-Simons E&EjiHD O & DD N
V=230, HAEDY - 3HREDOHEARUFLEEEZEZ L. ZhOREkEEA, ZD
I RS,

db
1 B

1989 4 E. Witten 1%, Chern-Simons ¥ % Z7 7507 v & T 5508 FimD
SECBEEDY, 3IRTERRIR (L DA ENMEOCHD) MHARERE 5 R 57255, &
RIS U 72 ([14]). Witten DRIEZ LI, WANZA RV —RBRIT &K - T 3 RouLhkik
DEFAZENWO I N, TheiFHoAre UT, HitEDr < TOEEREMM
2K o TAZEZE D {9, Chern-Simons EE)EwA M. Kontsevich [5], S. Axelrod
& 1. M. Singer [2] IZ & o THNZICEB T N7z, Wi# & propagator & KX 5 2 sl
EZEE EOWs 2 A ZEUNICHAS LY, ZLHAORESEM ETHE2T 52 L Tidd
INBN, %D propagator I[ZFRI NDEMENEZL D, Kontsevich O HIETIE D 5l
OXNFMEEFFOZ L &, MIRATH S Z L UhrERI .

Kontsevich (% [5] T Chern-Simons #E#iwDN) T— a3 & LT, D& K€D
V=3 HKHEIIHNTEALEREEZEZA TS, HeiIEROHHLTHS. TN T—
¥ 2 Vi G. Kuperberg & D. Thurston (2 & > TH#DH S 7z, 5 1 Kontsevich O 7
1T T 2L EEZBEHREEZHNZHETHTERL, THEFMHAREZHTHARNSEZ L
T, ZOARZEENLMO AZ& [7) LA AERY — 3REDOEREAZEIZH LT
HEHEOYEMEEZE DI L Z2 R UK ([6]). PAEZ DAL E% Kontsevich-Kuperberg-
Thurston AEREEIERZ LI2F 5.

ARBUARZEEIL V. A, Vassiliev (2 & o THRIOCHDO AL &EITN L TERS 1z ([12)).
Vassiliev A2 & E HIFIENS. ARBEAZEILHLAONTWEMETHDE T
AEEZ V> WIIRASHMAZ (R UV RBMIELAEZ. FEuY—-3KEOA
PRESCAZ S IXRM JUE [10] IZX o TEZRI N, PRV ETFAEEZRA DM AIZ
HoTWa., ARMAZREIDHZ2ERTELHAD T F Y- >TWT, REN

* shimizu@kurims.kyoto-u.ac.jp
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EHIND. LMO AZRIE, n IROARBMAZERDZER & Jacobi B & KN d 7
Z77DDL 5RED n IRDOEBIT A, (0) & ORNIHIEZE DT ZBRICHEE 5. FHRRIC
Kontsevich-Kuperberg-Thurston A& &%, LP-surgery iZ X > CTEZI NS HHEFE
0y — 3EKHEOFRUALRDERME, 50T 7 DEMOMIZNIRZEDIFE I &N
D. Moussard (Z& > TRENTWD ([9)).

2 Kontsevich-Kuperberg-Thurston "ZE DK & Z D B

Kontsevich-Kuperberg-Thurston A2 &, ZZ T XKT 2t wWH G BE2HWS Z &
295, FREAER Y- 3REDOMHEALET, A(D) &\ 5 RS S REUTEZ I
. BREBn Iz L. AD) @ degree n D% A, (0) EFE, XK1 O n kiln %
ARET B ZLIZT 5. LR n 2021k T, XK X ) U F VoL = 0l
MR 2R RS,

2.1 Jacobi IDZEE A, (0)

COBETHEDIALE KT 375 70 TREBA,0) 1ffizd>. £FTHZOR
BEEHT 5. degree n @ Jacobi diagram & 1%, THF DD 2n, LDOEH 3n O
3 i 5 7T, simple loop (A TH>T, TOWMURMRUIEHMATHDED) % FF
727\ HDTH 5. Jacobi diagram @ 3n fHDOIIZ 1,--- ,3n DT )%, 2n fHD
JHAIWZ L - 2n DI RV EZNENMNL, S HICKLIZME 2 ANTZE D% edge
oriented labeled Jacobi diagram & \»9. degree n ®#fE 7% edge oriented labeled
Jacobi diagram DEAE% £, & <.

&, = { degree n connected edge oriented labeled Jacobi diagram}

Jacobi diagram O &K ENIZIET 5 3 D2DLADHY A7) w I F—R—%FTRXRTDH
MTOEDTDOIDZE D%, oriented Jacobi diagram &\ 5. degree n @ Jacobi
diagram 2"HHIZAEKT S5 R X7 bVZEE%Z AS, IHX &\ 5 2 DO relation TE| -
7228 A, (0) TH B.

A, (0) = {degree n oriented Jacobi diagrams}R/AS, THX.
Le& L, I0vEEN, #7242 orientation 2 A5 Z & T A,(0) Dt [T] A
EED.
22 FREQY—IHK@ICET 2%HE

ZOFMHT, FEAERY— 3BRMEEIIME DT o ainr 3 ROtk % R
T, FHEZVO D5 260, AHEFERY MR S LREZRLDOTHS. FHEPN
SRAZROEBPIZHWEDN, HR ER > A EBEBMMEAZEE LS. Y 24
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RN AS, THX (ZFEFATHIZ RO THhrNE5DTH 5.
AS IHX

ZIT, READEE (A2 )y oA —X—) ZKREHE D 1252 5.

HAERY— 38KMA, co e Y 2HHETS. Noo;YV)CY 2 Y IZEITS 0o DI
%, N(00;8%) C S =R3U{cc} & SPI2BITD co DEEL TS, MIEZ2EDWA
FIFEGHR ¢ : (N(0o;Y),00) = (N(00;S3),00) Z—D L DEETE. UFpllkoT
N(oo;Y) & N(o0; S?) ZH—HT 5. ZOR—FIZL>T N(co;Y) \ oo ¥ R? D
DEALLUTRALGNDG 2 2ERLTHL.

Wz, 2 MEEZEM (Y \00)? \ A = {(z1,22) | 1 # 22} D237 MME Co(Y)
ZEFHT S. ZHiE Fulton-MacPherson I >822 MEDFMTHS. ZITA =
{(z,z) |z €Y\ oo} THB. —f&IZ, HAEHIEBC AIZHL, BIU(AB)IEBIZ
ho7z ADEblow-up 2H oD LT 5. T74bb, BIAB)=(A\B)USvg T
H5. ZIT, vgld AITBITS BDIER, Svp lFZDRMAIKAEHRZD 5D

Y2 D 00?1281 % blow-up BA(Y? 00%) @ blow-down G4 % ¢, : BU(Y?, 00?) —
Y2E9d, ZokE,

Cy(Y) := BUBL(Y?, 00%), q; (oo x (Y \ 00)) gy ((Y \ 00) x 00) U g H(A N\ 00?))
LEDD. Cy(Y) IZADE 6 RILI VN MERKTH B, & 512 BRI

XY
Se ~__ \>\
- —
(a) (d)
m blow-down K m blow-down m A m
—_— —_—
(b) blow-up blow-up
V (<) - (°°r w)
—~—
1. :
e Y

q(blow-downE{&D&EE)

DAL ([8] 2IR), WM ZRkkL 5. ¢: Cy(Y) — Y? % blow-down GARD A &
5. 90, (Y) IFU TSP 6725 ¢

0C(Y) =g~ (00 x (Y \ 00)) Ug™ (Y \ 00) x 00) U g " (00") Ug (A \ 00?).
(Brsh 7 (@) (b) ©) @ )
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23 AEEDHEK

REREERT 2720, £73 Cy(Y) IZ propagator & XN 2 B 2 TR % Mk
T5. ZDEEIILY IIREMGHEEZEAL, TEMBIICHWS. [REHaHEE]
1% Kontsevich, Kuperberg, Thurston ® A4 Y ¥ F )L DR Tl framing %, F % Dl
R CIXERE O R MVig%E, BOFE TR S Watanabe O ANZS & T IXEBUE O
Morse B#z FHH\W 5.

ETNE00,(Y) RICBA2 R Z2MEKT 5. 0C,(Y)\ ¢ H(A\ oo?) ETIE, EFME
EHOCCH 2 BRAZMEKT 5. 728 218 ¢ oo x (Y \ ) ETI, #5% ¢ (oo x
(Y \ 00)) = STRY x (Y \ 00) = SToY 2 STo.S% = S? k5T S2 Loz
anti-symmetric volume form wg: 25| ERT I & TH 2 B FoNnd. HERKIZUL
T, 0C,(Y)\ ¢ H A\ o0?) RIZH2 R wy WEED. BED ¢ (A oo?) LICH 2
BREESEZHD, FEE XK OBROBTHY, TOHEDABETHILAD
BURBR DRI 7= 2 EEEA TH . blow-up DEHD S, ¢ (A 00?) = SV
THB. HARAM vy = TY 2BLT, Svane = ST(Y \ o) ThEHS, B2l
ST(Y \oo) EiZ (wy EHEDH S K5 H2EAZ5EANIXE W, 25LTTES
IC,(Y) EOB 2 BRI 2 AL LT Co(Y) ICWDOBIRTE 5 (k). Z DHkiE
X 7-FA 2 X propagator TH 5.

B2 1FIRIT propagator ZBLEZEH (Y \00)* \A = {(z1, -+, Ton) | 2; # xjif i # j}
FIZHIERL, BUICHEZN> THA T 5. BISRLDAEZBRET 2 DN edge
oriented labeled Jacobi diagram O&#ITH 5. T' € E, & i€ {1,---,3n} XL,
B P(T) : (Y\00)"\A = Co(Y) BRD L DIZEE S : s(154),t(T;4) 2ZNENT
R i DNV T OIDMER DTN T L. ZDLE P(D) (v, ,T3,) =
(@s(rsi)» Tersi) )

PR, ¢ NA\ 00?) LICHI 2 Bka M2 Jik% BT 5.

framing % A\’ % (Kontsevich, Kuperberg, Thurston ® 7 ) ¥ FILDFE)

7 T(Y \ 00) = (Y \ 00) X R3 %L FDZ&M% 723 framing & 3 5.

TN (o )\oo = TR | (00:5%)\00-
ZIZT, e TR S5 R x R® REEMEM A EWTH S, 7128 >T, WOFEM
ST(Y \0o) = (Y \ 00) x S2 BEEIND. ZnEHEOER p(r): ST(Y \ 00) =
(Y\oo) x 8% = S22k o THRIZEH VT S? D volume form wge &5 EREIE, B2
R p(r)*ws: € V(1A \ 00?)) BRSNS, framing DR S, wy & p(7)*ws:
FHED B 5.

EE 2.1. wo(7) = wy Up(T)*'ws € Q2(0C,(Y)).
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Y "EBAEO V- 3ERETHE I Lh s, MREHE H(C(Y):R) —
H2(00,(Y);R) AR TH 2 Z L iph 5. LihioT, Co(Y) O LD 2 KR w(r)
TH 5T w(T)|ocyy) = wo(7) THHLDWEET 5. TNEV L DOW5.

@ 2.2 (Kuperberg, Thurston [6]). A EDOFEED R,

(1) #5T(Vi7) = T, (Jompma A B)@()) [T € Au(0) 1 7 1205k
73 %.
(2) 5 Y ® 1 725IC X SRVER S, € A, (0) 2B - T,

ZKKT(Y) _ ZKKT(Y; 7—) + }10'(7')(571 S »An(@)

FrIiZLoRVWY OfHAERE LS. 22T, o(r) &7 % N(oo;Y) BT
H DR RE DI B TH/SND Y O framing D signature defect *! T
5.

(1) DAEFIZ BT, A, (0) O ASTHX BIRAEE 2% 41 % H7- 3.
RO NVBERWS (B4 DF5E)

BxFEHE 2 X2 E5DTIFRL, £9 ST(Y \ 00) D 3 WILEHZhkik%E D <
v, ZTOERER (normal bundle & [A—4i9 %) @ Thom #Hz2RET 3 2 EA %25
5.

A, a3, €SP ZRI T DRI MVET B, v, 73, Y \ oo DR bV
T, WrO&RMG2THi-TEDET 5.

Vil N ooy N\oo = @i
ZZTa TRPDOHLDENTa; THITHERI MGEDHSDT.
FEEOEEDZD F = (v, ,y30) EHKFLT S.

closure

L Yi() . 5 -1 50
Cyy 1= {H%( T €ST,Y |z €Y \ (coUn; (0))} C ST(Y \ )

YE B, FEREHY STY Y O, ~ORRPAEEEHEOLSIC5A5. s,
ey, 1y DEEE (FISLATH B) DFHEIC 2 ¥ FMABRE 2 3 Wi RIETH
5.a%iawa@u%maﬁ%%%oﬁ ZOMEFENCHII R >T VWS, L
Mo TUL R ORBEASES |

8 2.3. () = ¢, Uc,, CST(Y \ 00) IEBESR & R 727023 IGLE AT H 5.

*1 signature defect & fiIBLIZHIAT 5. FFMIE (8], [1] 2B, 7 % 3 UGTL MK Y ® framing £ 5. 7 @ signature
defect o(7) € Z I FRD LS IZEHEINS. Y 2 bound 53287 b 4 i E Mk X 2 —DM5. TX O##L
TXQCIRY ETritkos THWERGERAONT WS, IhE X IHHRT 25 —FifEE, 374405 1st Pontrjagin %
X ETHMALTHRONEBEE pi(r: X) £95. o(r) =pi1(7 : X) — 3SignX. Hirzebruch OFFSHEHA S Z
MiE X OBPUT K S0,

200 €Y fILIZTY FE& 1 28D,
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N(oo;Y) \ 00

c(v;) DEREED Thom D £ (52 522 2R TH > TAD c(y,;) DFRD/NE
WERERIZAD, 512 wy ZEED%’)*?’J:O&%O)% 1280, w, &6,

#F 2.4. wo(yi) = wy Uw,, € Q*(0Cy(Y)).

Co(Y) @ LD 2 X w(v) TH > T wvi)locs,vy) = wol(y) THDHDEVED
%,

T 2.5 ([11]). AEDOFED R, 721/ S i ine &,

(U%Yﬁ%:ZK&O}W%mA%P()(%DFMAMMHi%K@&Wﬁ
+5.
(2) 7 IHkFT BHI(F) € A (D) B - T,

(V) =2(Y;9) — 1(7) € A (0)
FAIZESRVY ONHALEE 5.

EE 2.6, (1) I(7) & Watanabe 7% [13] TY 2 RER Y — 3ERE D & FIZEA L
7= anomaly term EMEENBIEZIZIZFZOEFHVCT WS, 72720, FHx DL
I¥ Watanabe Dz P LEFLTWS. ZOZ 22k, YV L UTHEKE
Oy — 3EREZINS Z & PRI o 7.

(2) RZ bV £ UT framing 2o EE25BD%2F A5 :7 : T(Y \ 00) —
(Y \oo) x R® 25k d & 5 7% framing £ 95. 712&>T (Y \oo) xRD
HAHZR W a; 25| ERLUTHROND 770, 1Y \ oo DIEEXRT VG THS.
TR = (TFay, - Trag,) EWELT B, ZOLE, I(*d) & So( ) IRE HITHK

*3EEICI, wy BIED 2 EICHWV S? ED volume form wge % {a;, —a;} C S? OEMHICAZFEOL DI # X T
BABENDD.
25 TRNEES (1) 0 H(Y;7) 1 wolys) 725 OB 5.
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DA T framing 2352 57z SIRTEERIKD AL ETH L. TN DH SHEED
¥ framed cobordism (2B T 2IRBWMNEFARD Z LIz kb, [(77d) = —20(7)b,
WD, T OFERT I I signature defect DHEETH 5 L V2 5.

v & UT, EEXRT MY 50, 2D, BEEDS () =p(7)  ({ai, —a;}) TH

BIYBRNB. Tk [(rd) = —to(r)s, HDED T L TUTFORIARES .
T 2.7 ([11]). FHED Y ITH L, 2,(Y) = KET(Y),

3 oA
3.1 Watanabe DFRZLE

I Uz 13 Morse BABUEEUE 2 fiBIIC WS Z & T, (FB) AEn Y — 3 KH D
ALEZFEH LUK ([13]). Watanabe DAL R IFZFER Y — 3KHDOALET, A(D)
2B D, B e LIFER BIBD 3 IR HRK LD RS 2 D DR O 78 A28
8%, Morse BI£ 3 D2 MBI FIWTHERR L 72 ([3]). Z41i% Watanabe D A& T
XA (D) 1Tz & BTN S, L, K BEIZK > T Fukaya O Tl
Morse BEDEIRDBEE X D3> T\ 5 Z L 2MER I 17z ([4]). Watanabe (&5 %
ZHWT, RODITHB XA TOMEHEZMA S Z & TAERZEKL, 512
D n AZHEER U 7.

PR Tl Watanabe O % 4 U modify U7z ARZERED n iR 2EW ORER OB
B UTAN

AW EARER Y- 3EREOAREET, A, (0) fliEE D, 2EW i Jacobi KD
WL DDA % Y5722 5 7 (broken graph) @& % Moduli %X % Z L TEHE X
NTVWED, HREFRIZE ST IV L KT B 7 LBk, fl&E2EM Ecf 2
X (propagator) ZMlAHHLETHITEIHMATEEZET I LN TES. T4bb,
Morse BI%L f; % FI\ T propagator w(fi) & Co(Y) ® Eiz5 %, RiEZEMTHES LT
"o EHEHE, f OBEROBEKS 2HTHOMTENNS.

ap, -+ ,a3, €SP ZRI 1 DRI MLET 3. fi: Y\ oo — R % Morse-Smale 544:
%723 Morse BAEL T, UMDz HD LT 5.

fi'N(oo;Y)\oo = Ga;-

ZIT, o R RIE, q1) = (v,a)ps THhDH a; FANDEETHS. (-, )ps
FEENTTH 5. f; ORRENESZ Crit(f;) = {pl, - .0, a1, . q,} £55. C
2T, ind(p}) = 2,ind(q}) =1 TH 5. fi D Q FREK Morse-Smale #{AD B 5 HERF T
5 0: Hy(Y \00:0) - (Y \ 00:Q), Olpl] = X, dulgl] £ 55, ¥ KkEDY—3
HKIE72 DT, 0 EFABEHTH D, MEER g: Hi(Y \ 00) = Ho(Y \ 00) BHEET 5.
9(la]) = 32, gulpi) &5 %.
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{@f 1Y\ o0 5 Y\ coler % gradient-lile X2 bV —grad f; (2 B9 2 #45 [F A
BBRDO1INITA=ZHEETS. p: (Y \oo) X (Y \oo)x(0,00) = (Y \o0)x (Y\
00), p(z,y,t) = (y, ¥ (x) &T2LE, M, (fi) =9 '(A) LEET 2. Ay % qi O
LWL IRIR, D, % Py DARLELHEL 5.

Watanabe & propagator @ Poincaré MU OEM™ & U TRD & 5 7 4 IRTT L FRAK
DEADEMNEZEHRL .

MU = SO () + M= £) = 3 gl Ay, % Dy + Dy x Ay,
kil

— 107 gradfy, - - -, gradfs,, ar, - -, az, LT,

Zﬂ(ﬂP 1Mfz)u

Te&, i=1

i SE

a8 3.1 (Watanabe [13]). gradf = (gradfy, - - Jgradfs,) LW 5. gradf 120
BHAFT BH I (gradf) € A, (0) BB b,

AW(Y) = WYY f) — I(gradf) € A, (0)
XY OFHAEEE 5.

32 Z, DA

Watanabe (% [13] I28WT, EDAZE & Kontsevich @ Chern-Simons #E#E)&fi T4
SNBAREREOMIZRASPOEBEYH D EFHL TV, 2, ZHVWTIOFHIC

*5 propagator @ Poincaré AU & § 3I213HBFED IV 87 MEDABETH B, 7270, ALEEOTHITITBLEL .
*6 7 gradfr, - - -, gradfan, a1, -, azn 0L CTHLD R ZEIHEMINIZ 22 5.
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BENRRE G A 5.
EE 3.2 ([11]). V(YY) =Z,(Y).

Outline of proof. AEMHDBE 2B 2Z. M(f;) 1 (Y \ 00)? D 4 IRTLE KD EAD
ERTHom. M(f)\A D Co(Y) NTOBEEIS Z LT, (Cy(Y),0C5(Y)) ®
4¥ AN Mo(f) WRohsd. ZO4H A4 7VDERDSE ST(Y \ o) 125 5
A,
Selemad ) + 3 gulAy Dy + Dy A
k,l

7%, H2HND ApNDy & DyiNAg (&, MIEDOERIZED F ¥ 2L d 5 eh
bird. £z, 00,(Y)\¢H(A\oo?) T, f; DEMNS, 728 21E ¢ Hoox (Y\o0)) =
STY x (Y \ oo) BT, OMe(f;) N (STLY x (Y \00)) = $({ai, —a;} x (Y \ 00))
Y55, NEDERIZED, OMc(f;) @ Poincaré A& LT w(gradf;) A& 3
ZenbrB. koT 5,(Vigradf) = ZEV(Yf) BRES. 512 T OEHD S,

~ — —

I(gradf) = I(gradf) 373 7r5. O
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Laver Tables: from Set Theory to Braid Theory
(Based on joint work with Patrick Dehornoy)

Victoria LEBED (OCAMI, Osaka City University)*

Abstract

Laver tables A, are certain finite shelves (i.e., sets endowed with a bi-
nary operation distributive with respect to itself). They originate from
Set Theory and, in spite of an elementary definition, have complicated
combinatorial properties. They are conjectured to approximate the free
monogenerated shelf F7, this conjecture being currently proved only un-
der a large cardinal axiom. This talk is devoted to our dreams concerning
potential braid and knot invariant constructions using Laver tables, and
to some real results in this direction, such as a detailed description of 2-
and 3-cocycles for the A,,. The rich structure of the latter, as well as spec-
tacular applications of F; to Braid Theory, promise interesting topological
consequences.

1. A Laver table is...

We start with a formal presentation of the main characters of our story:

Definition 1.1. = A shelf is a set S endowed with a binary operation > satisfying
the (left) self-distributivity condition

a>(b>c)=(arb) > (a>c). (1)

=> The free shelf generated by a single element is denoted by Fj.
=> The Laver table A, is the unique shelf ({1,2,3,...,2"}, »,) satisfying the initial
condition
ar, 1=a+1 mod 2". (2)

When working modulo N, we will systematically replace the element 0 with N,
which is a less conventional representative of the same class. Further, all formulas
in A,, will only hold modulo 2", which will be often omitted for brevity.

While the first two notions regularly appear (under different names) in Low-Di-
mensional Topology, Set Theory and Hopf Algebra Theory, the last one is much more
exotic. In this preliminary section we will discuss its origin, explain why it is well
defined, and present some of its (rather astonishing) properties.
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Laver tables were discovered by Richard Laver ([Lav95]) as a by-product of his
study of iterations of elementary embeddings in Set Theory. Concretely, for any set S,
the set of its self-embeddings Emb(S) :={ f : S < S} can be endowed the following
shelf structure:

Fog— fgf~" on the image Im(f) of f,
97 1 on the complement of Im(f).

Laver took as S a certain limit rank V) and supposed it to admit a non-bijective
elementary (= preserving all the properties definable in terms of operation €) self-
embedding f,. This is the famous Aziom I3 in Set Theory, which can be neither
proved nor refuted in Zermelo-Fraenkel axiomatic system. Under this assumption,
Laver showed that

=> fo generates a copy of the free shelf F; in Emb(V));

= this copy admits finite quotients of size 2", which are precisely our A,;

=+ the A,, form a projective system whose inverse limit contains a copy of F;, and

can thus be viewed as finite approximations of Fj.

These results are represented in the upper half of Figure 1; the dotted lines stress that
everything holds true only modulo the unprovable set-theoretic Axiom 13.
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Figure 1: Set-theoretic origins and topological applications of Laver tables

Later, Richard Laver found the completely elementary definition of Laver tables
given above. In particular, he proved the following

Theorem 1.2. 1. For any n € N, conditions (1)-(2) define a unique binary opera-
tion on the set {1,2,3,...,2"}.
2. Laver tables form a projective system of shelves, via the projections
Pn An — Anflv
a+—a mod 2" L.

The approximation result mentioned above now appears as

Conjecture 1.3. The inverse limit of the shelves A,, contains a copy of Fi.

Much effort has been directed to a proof of this conjecture which would not be
based on set-theoretic axioms (see for instance [DJ97, Deh00, Deh14| and references
therein), so far without satisfactory results.
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A Laver table A, is presented by its multiplication table, containing the value
of p >, ¢ in the cell (p,q). One can thus talk about the columns and rows of A,.
Figure 2 contains the smallest examples. Note that >; is nothing else than operation
“implication” from Logic (under the identification 1 = False, 2 = True).

Let us now state some combinatorial properties of Laver tables. The last two
properties, although elementary-stated, are currently established only under Axiom I3.

=+ The rows of any Laver table A, are periodic. Concretely, for every 1 < p < 27,

there exists an integer 2" satisfying

p+l=ppr,1 < pr,2 < - < pb,2"=2"

and the subsequent values p >, ¢ then repeat periodically. The number 2" is
called the period of p in A, and is denoted by m,(p).

=> In particular, everyone in the pth row is larger than p, except for the last row.
=+ Certain rows and columns of A, are particularly easy to describe:
2n[>nq:(Ja (Qn_l)bnq:2na
Py, 20 =27, P, 27 = 2" if p £ 27,
The periods of some rows are also easy to determine:
m(2") = 2", (2" —1) =1,
(2 = 2" (2" —2) = 7, (2" — 3) = 2.

However, one does not know any closed formulas either for p >, ¢, or for m,(p).
=> Any Laver table is generated (as a shelf) by the single element 1. More precisely,
A, is the quotient of the free shelf F; (generated by an element 1) by relation

(- (A Dy 1)) 1 =1,

where the term 1 is repeated 2" 4 1 times on the left.

=> All other finite monogenerated shelves can be obtained from the A, by certain
canonical procedures described by A. Drapal (cf. [Drd97, Smel3)).

=+ m(l) = .

=> For all n, one has m,(1) < m,(2).

All these properties are evidences of the rich combinatorics behind Laver tables.

Ao | 1
111
A1
112
2 11

SRV

Akww)—tl:\}

— e o ho| =

MO B AN

Lo o o | o

NSO I
RS N I R
— 00 ~1 O Ul W N —
MO 00 00 00 O 00 W | b0
W oo~ O~ O W
W~ 00 00 00 00 00 00 00| W
G oo ~1 O U1 i o L] Ot
R R = e I S FON
q 00 -1 O 1A~ O ]
00 0O 00 0O 0O 0O 0O 00| 0o

Figure 2: Multiplication tables for the first four Laver tables
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2. Dreams: braid and knot invariants based on Laver tables

We now turn to the lower part of Figure 1. We will describe how the arrow on the
right works, and how we would like the arrow on the left to work; the dashed line used
to draw the latter stresses its partially imaginary character. This section can be seen
as motivation for Section 3, and as a presentation of some related open questions.

Shelves have gained recognition among knot theorists due to coloring techniques.
Concretely, a coloring of a positive braid diagram D by a shelf (S, >) assigns an element
of S to every arc of D in such a way that a b-colored strand becomes (a > b)-colored
when it over-crosses an a-colored strand, as shown on Figure 3@.

b a a atb
\/k AN

/ @ \
a ab>b a

Figure 3: Coloring rules for positive and negative crossings

Now, we want colorings to say something about the positive braid [Sp represented
by D. Therefore, we want Reidemeister 111 move to induce only local coloring changes,
keeping fixed all colors outside the small ball where the move is realized. Figure 4
shows that this happens if and only if operation > is self-distributive.

b
/>a
b//ﬂ-o/a\-»abb
a-/

Figure 4: Reidemeister IIIl move <= self-distributivity

ar> (b>c)

Hence invariants of positive braids can be obtained by counting the number of
(S,)-colorings of their diagrams, or by fixing the colors of all the leftmost arcs and
considering the induced colors of the rightmost arcs:

i — . colorings
positive braid invariants — <~ shelf

These ideas extends to
=> arbitrary braids if (S,>) is a rack — that is, admits a second binary operation &>
with is the left inverse of i, in the sense that

ab(a>b)=b=ar (abb); (3)

in this case, the coloring rule from Figure 3(B) completes that from Figure 3@;
=> and to knots if (5,1) is a quandle (= a rack where every element is idempotent:
a>a = a); only counting invariants are relevant in this case.
Such shelf/rack/quandle invariants turn out to be extremely powerful and well adapted
for actual calculations.
Laver tables and JF; are shelves, and thus yield positive braid invariants according to
the recipes above. However, they are not racks, except for the trivial Ag. Nevertheless,
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Patrick Dehornoy managed to refine the above analysis of Fj-colorings and to extract
invariants of arbitrary braids out of them (cf. [Deh92, Deh94, Deh00, Kas02]). Let us
give some details. To deal with arbitrary braids, one should extend the (S, >)-coloring
rule from Figure 3@ to negative crossings so that Reidemeister 11 move induces only
local coloring changes. For this, the color propagation map

c: 8 x8— 9%,
(a,b) — (a>b,a) (4)

(see Figure 3@) should be invertible, which is equivalent to (S,>) being a rack. For JF;
the map o is not surjective but is injective, hence partially invertible. Thus one can
apply the coloring rule from Figure 3 if one has sufficient control on the colors
that appear on the left. This control is attained by using a normal form for braids,
which, roughly, presents a braid as a negative part followed by a positive part, in a
way optimal in some sense. Dehornoy showed that for two braids § and (' taken in
this normal form, one can always choose some colors @ = (ay, ..., a,) on the left which
can be propagated all the way to the right along any of the two braids, and that the
resulting colors on the right, denoted by @8 and @', us the same if and only if g ~ 3’
Moreover, Dehornoy proved that the left division relation

al b = b= aw c for some ¢ (5)

induces a total ordering on F7, still denoted by |;. For any & € N, this ordering extends
to F;* in the lexicographical way. Now, relation
p<p = aplap

turns out to be a well-defined total left-invariant (i.e., 5 < (' implies aff < af’ )
ordering of braids. Note that the same ordering can be obtained in a number of ways,
algebraic as well as geometric (cf. for instance [FGR199, SW00, Kas02]). Since its
discovery, the braid ordering has been extensively used in the study of braids ([MNO3,
Mal04, Ttolla, Itollb, Itol4]). In particular, it is the base of very efficient algorithms
for distinguishing braids ([Deh97, Mal01, Dyn03]).

Recall that a Laver table is a quotient of F; by (2). This relation destroys the
injectivity of the map o. Since the structure is finite, the map is not surjective either.
Therefore Dehornoy’s methods do not apply here. However, since at least conjecturally
Laver tables are finite approximations of F;, and the Fi-colorings distinguish all braids,
it is natural to expect that A,-colorings can also say a lot about arbitrary braids.
Moreover, because of the finiteness, they are well adapted for computations. The
following question thus seems very promising;:

Question 2.1. How can Laver tables be exploited in the investigation of arbitrary braids
and knots?

A deeper understanding of A,-colorings of positive braids could give a clue to the
case of arbitrary braids:

Question 2.2. What topological or algebraic properties of positive braids can be ex-
tracted from A, -colorings of their diagrams?

See [Deh14] for an extended discussion of these questions.
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3. Reality: 2- and 3-cocycles for Laver tables

In order to simplify the adaptation of A,-colorings to new contexts — in particular to
arbitrary braids, with Question 2.1 in mind — we propose to add more flexibility to
their construction. To do this, we use an idea classical to self-distributivity: colorings
are enriched with weights. These weights are calculated in a special way using some
integer-valued functions on AX? or A3 which are in fact 2- and 3-cocycles for the
renowned rack cohomology theory for A,,. In [DL14], P. Dehornoy and the author gave
a complete description of these cocycles, and showed that they capture all essential
combinatorial properties of Laver tables. This section is devoted to details.

We start with recalling the basics of cohomology theory for self-distributive struc-

tures, as developed in [FRS95, CJK*03].

Definition 3.1. For a shelf (9,r), its rack cohomology HE(S) is defined as the coho-
mology of the complex (Hom(S** Z),d*), where

k+1

(dﬁf)(al, Cey ak+1) = Z(—l)iil(f(al, ey A1, G4 > Aig1y -0 > ak+1)
i=1

= flay, ... a1, a1, Qi)

The 2-cocycles from this theory — that is, maps ¢ : S x S — Z satisfying
blan bav )+ ¢(a,c) = da,b> ) + o(b, ) (6)

— are of particular importance. Evaluate such a 2-cocycle on the colors adjacent to
each crossing of an (S, >)-colored positive braid diagram as shown on Figure 5, and sum
up the values obtained. The result is called the (Boltzmann) weight of the coloring.
Figure 5 proves that the multi-set of the weights of all possible (S,>)-colorings is an

invariant of positive braids.
c b b

/l)

—

v v 4 v ¥ [
o(a,b)+¢(a,c)+p(arb,arc) o(b, )+ ¢(a,b> )+ ¢(a,b)
Figure 5: Two-cocycle ¢ ~~ Boltzmann weights for colored diagrams

These cocycle invariants sharpen the shelf invariants obtained by a simple counting
of colorings: the latter appear when ¢ is any constant 2-cocycle. A slight modification
of this method involves region coloring and rack 3-cocycles; see Figure 6, where region
colors are put in boxes, and only relevant colors are indicated for the sake of readability.

! | ! | |
Y(a,b,c>d)+i(a,c,d)+Y(a>bavc,a>d) ¥(b e d)+(a,brc,br>d)+p(a,b,d)

Figure 6: Three-cocycle ¢ ~» Boltzmann weights for colored diagrams
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One can thus extract a whole system of invariants out of a single shelf:

positive braid invariants

colorings &
PN

weights

shelf & 2- or 3-cocycle

In order to feed Laver tables into the machinery above, one should first explicitly
calculate their 2- and 3-cocycles. This was done in [DL14]:

Theorem 3.2.

1. For every n = 0, the 2-cocycles for A, make a free Z-module

of rank 2", with a basis consisting of the constant cocycle and of 2" — 1 explicit
{0, 1}-valued coboundaries defined for 1 < q < 2" by

Pgnla,b) = {

0 otherwise.

1 if q occurs in the column b, but not in the column a >, b of A,,

2. For everyn > 0, the 3-cocycles for A, make a free Z-module of rank 2** —2" +1,
with a basis consisting of the constant cocycle and of 2°™ — 2" explicit {0, +1}-

valued coboundaries.

The value tables for ¢, 3 are presented on Figure 7; the cell (a,b) of such a table
contains the value of ¢, 3(a,b), and notation - replaces 0 for a better readability.

P13 12345678 o3| 12345678 ¢33 | 12345678 ¢u3 | 12345678
111 1] -1 111-1-1--- 11 ---1---.
20 1. 20 11--1--- 20 .1 2 .. 1.
301 30 11--1--- 31 1-1-1--- 3 .1-1-1-
411+ 4] 1+« 41 -1+ ... 40 1. ..
11w 5011--1--- 511-1-1- 5 .1-1-1-
6l 1----... 61 11--1--- 61 1-1-1- 6 -1-1-1--
Tl 7(11--1--- 711-1-1- 711111111
81 « v v vt 81 « v v vt 8 « v v vt 8 | v v v i

Os3 | 12345678 g3 | 12345678 73| 12345678
11 1---1--- 11 -1---1-- 111-1-1-1-
21(1- 1 20 .1---1-. 20 o
311 1 3| 111-111- 311-1-1-1
A1 <o 41 - 41 -
51 1- 1 5 1---1 511-1-1-1
61 1- 1 6l -1---1-- Gl -«
711 1 7T 111-111- 711-1-1-1
81 « v v v 81 « v v vt 8 « v v vt

Figure 7: Two-coboundaries for A

It turns out that 2-cocycles capture a lot of combinatorial information about the
structure of Laver tables — certainly a promising feature in view of potential applica-
tions. We give one example here; see [DL14] for other illustrations.

Proposition 3.3. For every n, the 2-cocycle ¢on-1,, encodes periods in A,, in the sense
that, for every p < 2", the value of m,(p) is the smallest q satisfying ¢on—1 ,(p,q) = 1.
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Compare in particular the value table for ¢, 3 and the periods for Az, which can be
read from its multiplication table (Figure 2).

We showed that 2- and 3-cocycles for Laver tables yield rich families of positive
— and potentially arbitrary — braid invariants. However, a deeper understanding of
these invariants is missing. Question 2.2 can thus be upgraded as follows:

Question 3.4. What topological or algebraic properties of positive braids can be ex-
tracted from A, -colorings of their diagrams, weighted using rack 2- or 3-cocycles?

4. Bonus: right division ordering for Laver tables

Our description of 2-cocycles for Laver tables (Theorem 3.2) contains an explicit {0, 1}-
valued basis. Being {0, 1}-valued is extremely important for combinatorial interpreta-
tions. In particular, the Boltzmann weight associated to such a cocycle simply counts
crossings colored according to some patterns. A study of these patterns is thus the only
ingredient missing for understanding the invariants produced. Now, the construction of
this {0, 1}-valued basis in [DL14] heavily used a (quite surprising) new partial ordering
on Laver tables, which is also of independent interest. It is discussed in this section.

Recall the left division relation (5), which can be defined for any shelf. As mentioned
above, it induces a total ordering on the free shelf F;. For Laver tables this relation
is less interesting, since its transitive closure is the trivial relation: 2" >, ¢ = ¢ and
p by 2" = 2" imply p |, 2" |; q for all p,q. However, the right division relation

al,b = b = c > a for some c

is much more profound for the A,,, as was shown in [DL14]:

Theorem 4.1. For a Laver table A,,, consider relation |,.
1. This relation is a partial ordering.
2. This ordering can be alternatively defined as follows:

al,b = Column(a) 2 Column(b),

where Column(x) is the set of all elements contained in the xth column of A,.
3. The minimal and mazimal elements w.r.t. |, are, respectively, 1 and 2".
4. Any two columns of A,, have different contents.

Note that a thorough study of the columns of Laver tables was initiated earlier by
A. Drapal with a completely different motivation ([Dra95, Dra97]).

Hasse diagrams for the ordering |, on the first Laver tables are presented on Fi-
gure 8. In the top two diagrams, each node is accompanied with the content of the
corresponding column. One notes that the ordering is linear for n = 2, and not linear
for n = 3,4 since for instance 2 and 3 are not comparable. For n < 4 one gets lattice
orderings, since any two elements admit a least upper bound (and a greatest lower
bound); however, this is no longer the case for n > 5.

138



©
®)
®©
®

1234 234 24 4
g;\ N
(©) @ ®
12345678 2345678 @/ 468 48 8
34678 4678

@D
O——@
O~~~ 1)-1©
D Ou®

Figure 8: Partial ordering |, on A, for n < 4

For completeness, let us discuss the right division relation |, for F;. Consider the
depth function d : F; — N, recursively defined by d(g) = 1, where g is the generator
of F1, and d(a > b) = d(b) + 1 for all a,b. One checks that this function is well-defined.
Now, a |, b implies d(b) = d(a)+ 1. Hence relation |, is not transitive, but it induces a
partial ordering on F; which in some sense sharpens the depth function. This ordering
is not total: for example, the elements a, = (--- ((g > g) > g) - -+ ) > g with k occurrences
of g are pairwise distinct but not distinguishable by d, since d(ay) = 2 for all k > 2.
As for now, we are not aware of any applications of this ordering on Fj.

The properties and applications of the two division relations for Laver tables and
for F, are summarized in Table 1. The most interesting cells are highlighted in grey.

al.bifb=cra aljbifb=arc
is a partial ordering induces a trivial relation
A
~ a good base for 2-cocycles
R induces a partial ordering induces a total ordering
! ~ ? ~» an ordering of braids

Table 1: Different orderings for shelves

5. Dreaming once again: rack cohomology for Laver tables and
other shelves
Independently of topological applications, rack cohomology calculations for the A, are
instrumental for a better understanding of their structure. In [DL14], we treated only
small degrees. Here we speculate about what one expects in higher degrees.
Theorem 3.2 implies that H¥(A,) ~ Z for all n and for & < 3. Preliminary
computations confirm that it still holds true for £ = 4. However, calculation methods
for general k are still missing.
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Conjecture 5.1. For all Laver tables A, and integers k, the rack k-cocycles for A,
form free modules over Z of rank 0(2"), where 0y is a degree k — 1 polynomial with
integer coefficients. Moreover, one has HE(A,) =~ Z, with (the equivalence class of) the
constant cocycle f(ay,...,ar) =1 as generator.

It would be particularly interesting to find explicit formulas for the polynomials )
and to study their properties.

Further, as follows from the work of A. Drapal ([Dra97, Smel3]), all finite shelves
with a single generator can be regarded as “interpolations” between Laver tables and
cyclic shelves C, (i.e., sets {1,2,3,...,m} endowed with the operation a o, b=0b+1
mod m). Like for Laver tables, first cohomology groups for the C,, turn out to be
isomorphic to Z.

Conjecture 5.2. For all finite mono-generated shelves S, one has HY(S) ~ Z.
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