
( )∗

1.

f : Cn −→ C B ⊂ C f

C
n \ f−1(B) −→ C \ B (1)

C∞- C

B Bf , f f(Singf) Bf

Bf f (bifurcation point) f

Bf ,

Bf ⊂ {z ∈ C | |z| < R} R � 0 CR = {z ∈ C | |z| = R}
C

n \f−1(Bf ) −→ C\Bf CR

CR f−1(R) Φ∞
f : f−1(R)

∼−→ f−1(R)

Φ∞
j : Hj(f−1(R);C)

∼−→ Hj(f−1(R);C) (j = 0, 1, . . .) (2)

CR

Φ∞
j f (monodromy at infinity)

Broughton [5] Siersma-Tibăr [57]

Φ∞
j Dimca-Némethi [11] Φ∞

j

C
n \ f−1(Bf ) −→ C \Bf C \Bf

π1(C \Bf , c) −→ Aut(Hj(f−1(c);C)) (c ∈ C \Bf ) (3)

[39] Denef-Loeser [8] [9]

f−1(R) (R � 0) ( )

“ ”

Hodge f f

([15], [39], [64]

) , Bf ([6],

[62])

2.

f : Cn −→ C Φ∞
j : Hj(f−1(R);C)

∼−→
Hj(f−1(R);C) (R � 0, j = 0, 1, . . .)

∗ e-mail: takemicro@nifty.com
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f

2.1 ([33]) ∂f : Cn −→ C
n x �−→ (∂1f(x), . . . , ∂nf(x)) 0 ∈ C

n

B(0; ε) (ε > 0) (∂f)−1B(0; ε) −→ B(0; ε) f

(tame at infinity)

Milnor [42]

2.2 (Broughton [5]) f f

f−1(c) (c ∈ C\Bf ) n−1 Sn−1∨· · ·∨Sn−1

Hj(f−1(c);C) = 0 (j �= 0, n− 1)

Siersma-Tibăr [57] f

( ) Φ∞
n−1

ζ∞f (t) =
∞∏
j=0

det(id− tΦ∞
j )(−1)j ∈ C(t). (4)

ζ∞f (t)

Gusein-Zade-Luengo-Melle-Hernández [25] [26] Libgober-Sperber [35]

Garćıa-López-Némethi [18] Siersma-Tibăr [58]

ζ∞f (t) f Libgober-Sperber [35]

2.3 f NP (f) {0} ∪NP (f) R
n
+ := R

n
≥0

f (Newton polyhedron at infinity)

Γ∞(f)

2.4 ([33]) f(x) =
∑

v∈Zn
+
avx

v 0 /∈ γ Γ∞(f)

γ (C∗)n {x ∈ (C∗)n | fγ(x) =
∑

v∈γ avx
v = 0}

f (non-degenerate at infinity)

Γ∞(f) R
n f

f

Broughton [5] f

{1, 2, . . . , n} S

R
S = {v = (v1, v2, . . . , vn) ∈ R

n | vi = 0 (i /∈ S)} 
 R
�S (5)

ΓS
∞(f) = Γ∞(f)∩R

S S ⊂ {1, 2, . . . , n}
0 ∈ R

S ΓS
∞(f) �S − 1 γS

1 , γ
S
2 , . . . , γ

S
n(S)

γS
i 0 ∈ R

S dSi > 0 γS
i R

n

Aff(γS
i ) γS

i ⊂ Aff(γS
i ) Z

n ∩Aff(γS
i ) 
 Z

�S−1

( (�S − 1)! ) VolZ(γ
S
i ) ∈ Z>0
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2.5 (Libgober-Sperber [35]) S ⊂ {1, 2, . . . , n}

ζ∞f,S(t) :=
n(S)∏
i=1

(1− td
S
i )(−1)�S−1VolZ(γ

S
i ) (6)

f

:

ζ∞f (t) =
∏
S �=∅

ζ∞f,S(t). (7)

[38] [64] 2.5

f f C
n

XΣ D = D1 ∪ · · · ∪Dm = XΣ \Cn (D1, . . . , Dm

) D ∪ f−1(0) D ⊂ XΣ

f XΣ

XΣ 2

:

C
n � � ι ��

f

��

X̃Σ

g

��

C
� � j

�� P
1,

(8)

(g ) P
1 ∞ h ∞ = {h = 0}

R � 0

Hj
c (f

−1(R);C) 
 Hjψh(j!Rf!CCn) 
 Hjψh(Rg∗ι!CCn) (9)

ψh : D
b
c(P

1) −→ Db
c({h = 0}) = Db

c({∞}) (10)

Deligne nearby cycle g

[10] 2.5

[38, Section 5] C
n

{f1 = f2 = · · · = fm = 0} F : {f1 = f2 = · · · = fm = 0} −→ C

f1, f2, . . . , fm F

[48] [49]

3.

f C
n

XΣ

[39] Denef-Loeser [8] [9] Guibert-

Loeser-Merle [24] ,

f−1(R) (R � 0) “

” Hodge f

,
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3.1 λ ∈ C 0 ∈ R
n Γ∞(f) γ

dγ ∈ Z>0 λdγ = 1 γ λ

1 γ ≺ Γ∞(f)

n(γ)λ = VolZ(γ)− �{λ γ 0 } (11)

VolZ(γ) ∈ Z+ γ

Γ∞(f) 0 Int(Rn
+) q1, . . . , ql

Γ∞(f) 1 Int(Rn
+) γ1, . . . , γl′

qi γi 0 ∈ R
n di > 0 ei > 0

Φ∞
n−1 1

n

3.2 ([39, Theorem 5.4], [15]) λ ∈ C \ {1}

(i) Φ∞
n−1 λ n

�{qi | λdi = 1}

(ii) Φ∞
n−1 λ n− 1∑

i : λei=1 n(γi)λ

∂Γ∞(f) ∩ Int(Rn
+) 1- Πf Γ∞(f) γ

0 /∈ γ γ l∗(γ)
1 Φ∞

n−1 n− 1

3.3 ([39, Theorems 5.6 and 5.7])

(i) Φ∞
n−1 1 n− 1

Πf

(ii) Φ∞
n−1 1 n− 2

2
∑

γ l
∗(γ)

∑
γ Γ∞(f) 2 γ

Int(Rn
+) 0 /∈ γ

0 ∈ C
n ,

f 0 ∈ C
n Γ+(f) ⊂ R

n
+

[40]

Φ∞
n−1

[40]

Varchenko-Khovanskii [67] [55]

Steenbrink Φ∞
n−1

([39, Theorem 5.11]) Γ∞(f) γ 0 /∈ γ
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3.4 Γ∞(f) γ 0 /∈ γ k ≥ 1

Jγ,k = {0 ≤ r ≤ dimγ | n− 2 + k ≡ r mod 2} (12)

r ∈ Jγ,k dk,r ∈ Z+

dk,r =
n− 2 + k − r

2
∈ Z+. (13)

λ ∈ C \ {1} Γ∞(f) γ 0 /∈ γ 0 ≤ r ≤ dimγ

e(γ, λ)r = (−1)dimγ+r
∑
Γ≺γ

dimΓ=r

{∑
Γ′≺Γ

(−1)dimΓ′
VolZ(Γ

′)λ

}
(14)

Γ′ ≺ Γ∞(f) λ VolZ(Γ
′)λ Γ′

VolZ(Γ
′)λ = 0

3.5 ([39, Theorem 5.9], [15]) λ ∈ C \ {1} k ≥ 1

Φ∞
n−1 λ k

:

(−1)n−1
∑
γ

⎧⎨
⎩

∑
r∈Jγ,k

(−1)dk,r
(
mγ

dk,r

)
· e(γ, λ)r +

∑
r∈Jγ,k+1

(−1)dk+1,r

(
mγ

dk+1,r

)
· e(γ, λ)r

⎫⎬
⎭ .

(15)∑
γ Γ∞(f) γ 0 /∈ γ γ

R
n sγ mγ ≥ 0 mγ = sγ−dim γ−1

λ ∈ C , f Φ∞
j : Hj(f−1(R);C)

∼−→
Hj(f−1(R);C) (R � 0) λ Hj(f−1(R);C)λ

f ,

Broughton Hj(f−1(R);C)λ = 0

(j �= 0, n − 1) [64] [64] ,

, ,

f , Φ∞
j

[41] ,

) [15] ,

C
n {f1 = f2 = · · · = fm = 0}

F : {f1 = f2 = · · · = fm = 0} −→ C

1 ,

,

4.

f : Cn −→ C Bf ⊂ C

([27], [30], [33], [43], [51], [69] ) Γ∞(f)
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Bf f Γ∞(f) n

f , f ,

Bf = f(Singf) f

R
n ( u ∈ R

n Γ∞(f) γu ≺ Γ∞(f)

γu =

{
v ∈ Γ∞(f) | 〈u, v〉 = min

w∈Γ∞(f)
〈u, w〉

}
(16)

R
n ( ∼ , u ∼ u′ ⇐⇒ γu = γu′

γ ≺ Γ∞(f) (n− dim γ)

σ(γ) ⊂ R
n {σ(γ) | γ ≺ Γ∞(f)}

R
n , ([17], [47] ).

Γ∞(f)

4.1 (cf. [64]) γ ≺ Γ∞(f) , 0 ∈ γ, dimγ ≥ 1 Γ∞(f)

γ σ(γ) ⊂ R
n

R
n

R
n
+ , atypical

γ1, . . . , γm Γ∞(f) atypical Ki ⊂ C f γi-

fγi : T = (C∗)n −→ C (17)

fγi(Singfγi) ,

Kf = f(Singf) ∪ {f(0)} ∪ (∪m
i=1Ki) ⊂ C (18)

Némethi-Zaharia [43] , f Bf

Bf ⊂ Kf Ki ⊂ C , f

( f )

n = 2 Bf = Kf ,

, Zaharia [69] f ,

[62] ,

, Zaharia

b ∈ Kf \ [f(Singf) ∪ {f(0)}] ⊂ ∪m
i=1Ki

Ti = Spec(C[Aff(γi) ∩ Z
n]) 
 (C∗)dimγi , fγi Ti

4.2 (cf. [62]) 1 ≤ i ≤ m Ti 
 (C∗)dim γi f−1
γi

(b) ⊂
Ti , f b

f n = 3

4.3 ([62]) n = 3 f b ∈ Kf \ [f(Singf) ∪ {f(0)}]
b ∈ Bf
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, n = 3 f

Kf \ {f(0)} ⊂ Bf n ≥ 4 , Γ∞(f)

[62]

f = (f1, f2, . . . , fk) : C
n −→ C

k (2 ≤ k ≤ n)

Bf ⊂ C
k . Kurdyka-

Orro-Simon [34] Bf Lf ⊂ C
k

[6] Nguyen [45] , Némethi-Zaharia [43]

, Bf Kf , K
′
f ⊂ C

k

Kf , Bf = Kf

, [6] Minkowski

Γ∞(f) := Γ∞(f1) + · · · + Γ∞(fk) n

R
n \Rn

+ R
n \Rn

+ = ∪m
i=1σi σi

, γi ≺ Γ∞(f) γij ≺ Γ∞(fj)

(1 ≤ j ≤ k) , γi = γi1 + · · ·+ γik 1 ≤ i ≤ m

Pi = {1 ≤ j ≤ k | 0 /∈ γij}, Qi = {1 ≤ j ≤ k | γij = {0}} (19)

P c
i �= ∅, Qi = ∅ 1 ≤ i ≤ m ,

Fi := {(fj)γij}j∈P c
i

: Zi = {x ∈ T = (C∗)n | (fj)γij(x) = 0 (j ∈ Pi)} −→ C
�P c

i (20)

πi : C
k −→ C

�P c
i

Ki = π−1
i {Fi(SingFi)} ⊂ C

k (21)

Qi �= ∅ 1 ≤ i ≤ m

Ni = {z = (z1, . . . , zk) ∈ C
k | zj = fj(0) (j ∈ Qi)} 
 C

k−�Qi ⊂ C
k (22)

Kf ⊂ C
k

Kf = f(Singf)
⋃

(∪Ni)
⋃

(∪Ki) ⊂ C
k (23)

4.4 ([6]) fj (1 ≤ j ≤ k)

, f = (f1, . . . , fk) : C
n −→ C

k

Zi ⊂ T = (C∗)n

Bf ⊂ Kf

5. A-

, [16]

A-

, A-

([3], [16], [60])
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