
Kontsevich-Kuperberg-Thurston

∗ ( )

Kontsevich-Kuperberg-Thurston Kontsevich Chern-Simons

3

1

1989 E. Witten Chern-Simons

3 ( )

([14]) Witten 3

Chern-Simons M. Kontsevich [5], S. Axelrod

I. M. Singer [2] propagator 2

2

propagator Kontsevich

Kontsevich [5] Chern-Simons

3

G. Kuperberg D. Thurston Kontsevich

LMO [7] 3

([6]) Kontsevich-Kuperberg-

Thurston

V. A. Vassiliev ([12])

Vassiliev

( ) 3

[10]

∗ shimizu@kurims.kyoto-u.ac.jp
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LMO n Jacobi

n An(∅)
Kontsevich-Kuperberg-Thurston LP-surgery

3

D. Moussard ([9])

2 Kontsevich-Kuperberg-Thurston

Kontsevich-Kuperberg-Thurston zKKT

3 A(∅)
n A(∅) degree n An(∅) zKKT n

zKKT
n n zKKT

n

2.1 Jacobi An(∅)
zKKT
n An(∅)

degree n Jacobi diagram 2n 3n

3 simple loop ( )

Jacobi diagram 3n 1, · · · , 3n 2n

1, · · · , 2n edge

oriented labeled Jacobi diagram degree n edge oriented labeled

Jacobi diagram En

En = { degree n connected edge oriented labeled Jacobi diagram}
Jacobi diagram 3

oriented Jacobi diagram degree n Jacobi

diagram R AS, IHX 2 relation

An(∅)

An(∅) = {degree n oriented Jacobi diagrams}R/AS, IHX.
Γ ∈ En orientation An(∅) [Γ]

2.2 3

3 3

S3

Y
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AS, IHX

( )

3 ∞ ∈ Y N(∞;Y ) ⊂ Y Y ∞
N(∞;S3) ⊂ S3 = R

3 ∪ {∞} S3 ∞
ϕ : (N(∞;Y ),∞) → (N(∞;S3),∞) ϕ

N(∞;Y ) N(∞;S3) N(∞;Y ) \ ∞ R
3

2 (Y \ ∞)2 \ Δ = {(x1, x2) | x1 �= x2} C2(Y )

Fulton-MacPherson Δ =

{(x, x) | x ∈ Y \ ∞} B ⊂ A B�(A,B) B

A blow-up B�(A,B) = (A \ B) ∪ SνB

νB A B SνB

Y 2 ∞2 blow-up B�(Y 2,∞2) blow-down q1 : B�(Y 2,∞2) →
Y 2

C2(Y ) := B�(B�(Y 2,∞2), q−1
1 (∞× (Y \∞)) 	 q−1

1 ((Y \∞)×∞) 	 q−1
1 (Δ \∞2))

C2(Y ) 6

([8] ) q : C2(Y ) → Y 2 blow-down

∂C2(Y )

∂C2(Y ) = q−1(∞× (Y \∞)) ∪ q−1((Y \∞)×∞) ∪ q−1(∞2) ∪ q−1(Δ \∞2).

( (a) (b) (c) (d) )
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2.3

C2(Y ) propagator 2

Y

Kontsevich, Kuperberg, Thurston framing

Watanabe

Morse

∂C2(Y ) 2 ∂C2(Y ) \ q−1(Δ \∞2)

2 q−1(∞ × (Y \ ∞)) q−1(∞ ×
(Y \ ∞)) = ST∞Y × (Y \ ∞) → ST∞Y

ϕ∞
= ST∞S3 = S2 S2

anti-symmetric volume form ωS2 2

∂C2(Y ) \ q−1(Δ \ ∞2) 2 ωY q−1(Δ \ ∞2) 2

zKKT

blow-up q−1(Δ \ ∞2) = SνΔ\∞2

νΔ ∼= TY SνΔ\∞2
∼= ST (Y \ ∞)

ST (Y \ ∞) (ωY ) 2

∂C2(Y ) 2 2 C2(Y ) ( )

2 propagator

propagator (Y \∞)2n\Δ = {(x1, · · · , x2n) | xi �= xjif i �= j}
edge

oriented labeled Jacobi diagram Γ ∈ En i ∈ {1, · · · , 3n}
Pi(Γ) : (Y \∞)2n \Δ → C2(Y ) s(Γ; i), t(Γ; i)

i Γ Pi(Γ)(x1, · · · , x3n) =

(xs(Γ;i), xt(Γ;i))

q−1(Δ \∞2) 2

framing (Kontsevich, Kuperberg, Thurston )

τ : T (Y \∞)
∼=→ (Y \∞)× R

3 framing

τ |N(∞;Y )\∞ = τR3|N(∞;S3)\∞.

τR3 : TR3
∼=→ R

3 × R
3 τ

ST (Y \ ∞)
∼=→ (Y \ ∞)× S2 p(τ) : ST (Y \ ∞)

∼=→
(Y \∞)×S2 → S2 S2 volume form ωS2 2

p(τ)∗ωS2 ∈ Ω2(q−1(Δ \ ∞2)) framing ωY p(τ)∗ωS2

2.1. ω0(τ) = ωY ∪ p(τ)∗ωS2 ∈ Ω2(∂C2(Y )).

第６１回トポロジーシンポジウム講演集　２０１４年７月　於　東北大学

124



Y 3 H2(C2(Y );R) →
H2(∂C2(Y );R) C2(Y ) 2 ω(τ)

ω(τ)|∂C2(Y ) = ω0(τ)

2.2 (Kuperberg, Thurston [6]).

(1) zKKT(Y ; τ) =
∑

Γ∈En

(∫
(Y \∞)2n\Δ

∧3n
i=1 Pi(Γ)

∗ω(τ)
)
[Γ] ∈ An(∅) τ

(2) Y τ δn ∈ An(∅)

zKKT(Y ) = zKKT(Y ; τ) +
1

4
σ(τ)δn ∈ An(∅)

τ Y σ(τ) τ N(∞;Y )

Y framing signature defect *1

(1) An(∅) AS,IHX

( )

2 ST (Y \ ∞) 3

(normal bundle ) Thom 2

a1, · · · , a3n ∈ S2 1 γ1, · · · , γ3n Y \ ∞

γi|N(∞;Y )\∞ = ai.

ai R
3 ai

�γ = (γ1, · · · , γ3n)

cγi :=

{
γi(x)

‖γi(x)‖ ∈ STxY

∣∣∣∣ x ∈ Y \ (∞∪ γ−1
i (0))

}closure

⊂ ST (Y \∞)

STY → Y cγi
cγi γi ( ) S2 3

c−γi cγi

2.3. c(γi) = cγi ∪ c−γi ⊂ ST (Y \∞) *23

*1 signature defect [8], [1] τ 3 Y framing τ signature

defect σ(τ) ∈ Z Y bound 4 X TX

TX ⊗ C Y τ X 1st Pontrjagin

X p1(τ : X) σ(τ) = p1(τ : X)− 3SignX Hirzebruch

X
*2 ∞ ∈ Y 1
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c(γi) Thom 1
2

2 c(γi)

ωY
*3 1 ωγi

2.4. ω0(γi) = ωY ∪ ωγi ∈ Ω2(∂C2(Y )).

C2(Y ) 2 ω(γi) ω(γi)|∂C2(Y ) = ω0(γi)

2.5 ([11]). �γ *4

(1) z̃(Y ;�γ) =
∑

Γ∈En

(∫
(Y \∞)2n\Δ

∧3n
i=1 Pi(Γ)

∗ω(γi)
)
[Γ] ∈ An(∅) �γi

(2) �γ Ĩ(�γ) ∈ An(∅)

z̃(Y ) = z̃(Y ;�γ)− Ĩ(�γ) ∈ An(∅)
�γ Y

2.6. (1) Ĩ(�γ) Watanabe [13] Y 3

anomaly term

Watanabe Y

3

(2) γi framing τ : T (Y \ ∞) →
(Y \ ∞) × R

3 framing τ (Y \ ∞) × R
3

ai τ ∗ai Y \ ∞
τ ∗�a = (τ ∗a1, · · · , τ ∗a3n) Ĩ( ·∗�a) δnσ( · )

*3 ωY S2 volume form ωS2 {ai,−ai} ⊂ S2

*4 (1) z̃(Y ;�γ) ω0(γi)
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framing 3

framed cobordism Ĩ(τ ∗�a) = −1
4
σ(τ)δn

Ĩ signature defect

γi τ ∗ai c(γi) = p(τ)−1({ai,−ai})
Ĩ(τ ∗�a) = −1

4
σ(τ)δn

2.7 ([11]). Y z̃n(Y ) = zKKT(Y )

3

3.1 Watanabe

Morse ( ) 3

([13]) Watanabe 3 A(∅)
3 2

Morse 3 ([3]) Watanabe

A1(∅) Fukaya

Morse ([4]) Watanabe

n

Watanabe modify n zFWn

zFWn 3 An(∅) zFWn Jacobi

(broken graph) Moduli

zFWn zKKT
n z̃n 2

(propagator)

Morse fi propagator ω(fi) C2(Y )

fi

a1, · · · , a3n ∈ S2 1 fi : Y \∞ → R Morse-Smale

Morse

fi|N(∞;Y )\∞ = qai .

qai : R
3 → R qai(x) = 〈x, ai〉R3 ai 〈·, ·〉R3

fi Crit(fi) = {pi1, · · · , piki , q1, · · · , qiki}
ind(pij) = 2, ind(qij) = 1 fi Q Morse-Smale

∂ : H2(Y \ ∞;Q) → H1(Y \ ∞;Q) ∂[pik] =
∑

l ∂kl[q
i
l ] Y 3

, ∂ g : H1(Y \ ∞) → H2(Y \ ∞)

g([qik]) =
∑

l gkl[p
i
l]
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{Φt
fi
: Y \ ∞ ∼=→ Y \ ∞}t∈R gradient-lile −gradfi

1 ϕ : (Y \ ∞) × (Y \ ∞) × (0,∞) → (Y \ ∞) × (Y \
∞), ϕ(x, y, t) = (y,Φt

fi
(x)) M→(fi) = ϕ−1(Δ) Aqik

qik
Dpij

pij
Watanabe propagator Poincaré *5 4

M(fi) :=
1

2
(M→(fi) +M→(−fi))−

∑
k,l

gkl(Aqik
×Dpil

+Dpil
×Aqik

).

*6 gradf1, · · · , gradf3n, a1, · · · , a3n

zFWn (Y ; �f) =
∑
Γ∈En

�

(
3n⋂
i=1

Pi(Γ)
−1M(fi)

)
[Γ]

3.1 (Watanabe [13]). grad�f = (gradf1, · · · , gradf3n) grad�f

I(grad�f) ∈ An(∅)
zFWn (Y ) = zFWn (Y ; �f)− I(grad�f) ∈ An(∅)

Y

3.2 z̃n

Watanabe [13] Kontsevich Chern-Simons

z̃n

*5 propagator Poincaré
*6 gradf1, · · · , gradf3n, a1, · · · , a3n
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3.2 ([11]). zFWn (Y ) = z̃n(Y ).

Outline of proof. M(fi) (Y \ ∞)2 4

M(fi) \ Δ C2(Y ) (C2(Y ), ∂C2(Y ))

4 MC(fi) 4 ST (Y \ ∞)

1

2
c(gradfi) +

∑
k,l

gkl(Aqik
∩ Dpil

+Dpil
∩ Aqik

)

2 Aqik
∩Dpil

Dpil
∩Aqik

∂C2(Y )\q−1(Δ\∞2) fi q−1(∞×(Y \∞)) =

ST∞Y × (Y \∞) ∂MC(fi) ∩ (ST∞Y × (Y \∞)) = 1
2
({ai,−ai} × (Y \∞))

∂MC(fi) Poincaré ω(gradfi)

z̃n(Y ; grad�f) = zFWn (Y ; �f) Ĩ

Ĩ(grad�f) = I(grad�f)
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