
Floer Cohomologies of Non-torus Fibers of

the Gelfand-Cetlin System

∗

1

(X,ω) 2N . X N

Φ = (ϕ1, . . . , ϕN ) : X −→ R
N

, Poisson , Φ . Φ

, Arnold-Liouville

Largange .

Φ−1(u) ∼= TN , ω|Φ−1(u) = 0

. .

Gelfand-Cetlin , Guillemin-Sternberg [9]

F = GL(n,C)/P . Gelfand-Cetlin , Δ = Φ(F )

Gelfand-Cetlin ,

, Δ Lagrange

, . ,

Lagrange Floer .

Lagrange Floer , Lagrange

Morse , Lagrange

Hamiltonian isotopy . , Floer

. , Kähler X

∗ (23740055) .
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( ) Kähler X∨ (

) “ ” ,

.

Floer -Oh-

- [6] . X Fano *1

, X∨(∼= (C∗)N ) W : X → C (

) (X∨,W ) . X = P
1 ,

W (y) = y +Q/y . Q P
1

. Φ : X → R
N ,

Δ = Φ(X) . u ∈ IntΔ , Lagrange

L(u) = Φ−1(u) , .*2

(i) L(u) “ ”

⋃
u∈IntΔ

H1(L(u);R/2πZ) ∼= IntΔ× (R/2πZ)N

PO(u,x) =
∑

v:(D2,∂D2)→(X,L(u))

exp

(
−
∫
D2

v∗ω
)
holx

(
v(∂D2)

)
(1)

, W (y) .

holx
(
v(∂D2)

)
, x ∈ H1(L(u);R/2πZ) L(u) U(1)

v(∂D2) ⊂ L(u) .

(ii) PO , Lagrange L(u)

b ∈ H1(L(u);R/2πZ) (L(u), b) , Floer

.

(iii) X QH(X) Jacobi Jac(PO) =

C[y±1
1 , . . . , y±1

N ]/(∂PO/∂yi ; i = 1, . . . , N) .

(iv) , c1(X) ∈ QH(X)

.

*1 X 1 Chern c1(X) = c1(TX) , K−1
X ample .

Ricci Kähler .
*2 , .
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[6] [7] . ,

(ii), (iii) X dimH∗(X;Q) ,

Floer (L(u), b) dimH∗(X) .

, Gelfand-Cetlin

. , Givental [8],

Batyrev, Ciocan-Fontanine, Kim, van Straten [1]

( - - [10]). (ii)

, Floer Lagrange

. , ,

dimH∗(F ) . - -Xiong [3] Rietsch [11]

(C∗)N ,

. “ ” ,

Gelfand-Cetlin

. , 3 Fl(3)

C
4 2 Grassmann Gr(2, 4) ,

Floer . ,

Floer Lagrange dimH∗(F )

. ( ) .

2 Gelfand-Cetlin
√−1u(n) n n Hermite , F = GL(n,C)/P

λ = diag (λ1, . . . , λn) Oλ ⊂ √−1u(n) . Oλ

λ1, . . . , λn Hermite .

x ∈ Oλ k = 1, . . . , n − 1 , x(k) x k × k . x(k)

Hermite ,

λ
(k)
1 (x) ≥ λ

(k)
2 (x) ≥ · · · ≥ λ

(k)
k (x)

第６１回トポロジーシンポジウム講演集　２０１４年７月　於　東北大学

99



. k = 1, . . . , n− 1 , n(n− 1)/2

(λ
(k)
i )1≤i≤k≤n−1 .

λ1 λ2 λ3 · · · λn−1 λn

≥ ≥ ≥ ≥ ≥ ≥
λ
(n−1)
1 λ

(n−1)
2 λ

(n−1)
n−1

≥ ≥ ≥
λ
(n−2)
1 λ

(n−2)
n−2

≥ ≥
· · · · · ·≥ ≥

λ
(1)
1

(2)

. λi , F

, (2) λ
(k)
i . λ

(k)
i

N = dimC F . Gelfand-Cetlin λ
(k)
i

Φ = (λ
(k)
i )i,k : F −→ R

N

.

2.1 (Guillemin-Sternberg [9]). Φ F

(Kostant-Kirillov ) . , u ∈ IntΔ

L(u) = Φ−1(u) Lagrange .

Δ = Φ(F ) (2) . Δ Gelfand-Cetlin

.

2.2 (Fl(3) ). λ1, λ2 > 0 , Fl(3) λ = diag(λ1, 0,−λ2)

. , Gelfand-Cetlin , 4 u0 = (0, 0, 0)

( 1 ) . L0 = Φ−1(u0)

L0 =

⎧⎨
⎩

⎛
⎝ 0 0 z1

0 0 z2
z1 z2 λ1 − λ2

⎞
⎠ ∈ √−1u(3)

∣∣∣∣∣∣ |z1|
2 + |z2|2 = λ1λ2

⎫⎬
⎭

3 S3 ∼= SU(2) Lagrange .
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λ
(2)
2

λ
(2)
1

λ
(1)
1

1 Fl(3) Gelfand-Cetlin .

2.3 (Gr(2, 4) ). λ > 0 , Gr(2, 4) λ = diag(λ, λ,−λ,−λ)

, Gelfand-Cetlin Δ

λ λ
(3)
2 −λ

≥ ≥ ≥ ≥
λ
(2)
1 λ

(2)
2

≥ ≥
λ
(1)
1

4 . , λ
(1)
1 =

λ
(2)
1 = λ

(2)
2 = λ

(2)
2 Δ . (t, t, t, t)

Lt = Φ−1(t, t, t, t)

Lt =

{(
tI2

√
λ2 − t2P√

λ2 − t2P ∗ (−t)I2

)
∈ √−1u(4)

∣∣∣∣ P ∈ U(2)

}

U(2) Lagrange .

3 Floer

, -Oh- - [4] Floer

. T ,

Λ0 =

{ ∞∑
i=1

aiT
λi

∣∣∣∣∣ ai ∈ C, λi ≥ 0, lim
i→∞

λi = ∞
}
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Novikov . Λ+, Λ

.

(X,ω) Lagrange L (

) , L “ ” , L

H∗(L; Λ0) A∞

mk : H∗(L; Λ0)
⊗k −→ H∗(L; Λ0), k = 0, 1, 2, . . .

([4, Theorem A]). m1 : H∗(L) → H∗(L) “ ” ,

m2 : H∗(L)⊗H∗(L) → H∗(L) “ ”, mk (k ≥ 3) “ ” . m1 ◦m1 = 0

, m1

HF (L,L; Λ0) = Kerm1/ Imm1

L Floer . m1 ◦m1 �= 0 , Floer

.

b ∈ H1(L; Λ+) ( b ∈ H1(L; Λ0)) A∞ {mb
k}k≥0

. Floer mb
1

mb
1(x) =

∑
k,l

mk+l+1(b, . . . , b︸ ︷︷ ︸
k

, x, b, . . . , b︸ ︷︷ ︸
l

).

. b Maurer-Cartan

∞∑
k=0

mk(b, . . . , b) ≡ 0 mod PD([L]) (3)

mb
1 ◦ mb

1 = 0 . , PD([L]) [L] Poincaré

. , mb
1

HF ((L, b), (L, b); Λ0) = Kermb
1/ Immb

1

(L, b) Floer . (3) weak bounding cochain ,

M̂weak(L) . (1) “ ” PO ,

∞∑
k=0

mk(b, . . . , b) = PO(b) · PD([L])

M̂weak(L) .
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, Cho-Oh [2, Section 15], -Oh- - [5, Propo-

sition 3.2, Theorem 3.4] Lagrange

. Gelfand-Cetlin Φ : F → Δ Lagrange ,

.

, . λ
(k)
i θ

(k)
i ,

u = (u
(k)
i )i,k ∈ IntΔ L(u) ,

b =
∑

(i,k)∈I

x
(k)
i dθ

(k)
i ∈ H1(L(u); Λ0) ←→ x = (x

(k)
i )(i,k)∈I ∈ ΛN

0

H1(L(u); Λ0) ΛN
0 .

y
(k)
i = ex

(k)
i Tu

(k)
i ,

Qj = Tλnj , j = 1, . . . , r + 1,

, .

3.1 ([10, Theorem 10.1]). u ∈ IntΔ, H1(L(u); Λ0) ⊂
M̂weak(L(u)) .

⋃
u∈IntΔ

H1(L(u); Λ0) ∼= IntΔ× ΛN
0

PO(u,x) =
∑

(i,k)∈I

(
y
(k+1)
i

y
(k)
i

+
y
(k)
i

y
(k+1)
i+1

)

. , λ
(k+1)
i = λnj y

(k+1)
i = Qj .

3.2. 3 Fl(3) ,

PO =
Q1

y1
+

y1
Q2

+
Q2

y2
+

y2
Q3

+
y1
y3

+
y3
y2

. dimH∗(Fl(3)) = 6 . , Floer

(L(u), b) 6 .

3.3. Grassmann Gr(2, 4) , λ1 = λ2 > λ3 = λ4 ,

PO =
Q1

y2
+

y2
y1

+
y1
y3

+
y3
Q3

+
y2
y4

+
y4
y3

第６１回トポロジーシンポジウム講演集　２０１４年７月　於　東北大学

103



, 4 . Floer (L(u), b) 4

. , dimH∗(Gr(2, 4)) = 6 , 2 .

2.3 U(2)

.

, Fl(3) Lagrange S3 L0 .

H1(L0) = 0 , Floer m1 . 2.2 , Fl(3)

diag(λ1, 0, λ2) .

3.4. L0 ⊂ Fl(3) Novikov Λ0 Floer

HF (L0, L0; Λ0) ∼= Λ0/T
min{λ1,λ2}Λ0

. , Novikov Λ Floer :

HF (L0, L0; Λ) = 0.

Fl(3) , Λ Floer Lagrange

Δ .

Gr(2, 4) U(2) Lt (−λ < t < λ) .

2.3 .

3.5. b ∈ H1(Lt; Λ0/2π
√−1Z) ∼= Λ0/2π

√−1Z , (Lt, b) Floer

HF ((Lt, b), (Lt, b); Λ0) ∼=
{
H∗(L0; Λ0) t = 0 b = ±π

√−1/2,

(Λ0/T
min{λ−t,λ+t}Λ0)

2

. , Novikov Λ Floer

HF ((Lt, b), (Lt, b); Λ) ∼=
{
H∗(L0; Λ) t = 0 b = ±π

√−1/2,

0

.

, Λ Floer (L, b) , Gelfand-Cetlin

6 = dimH∗(Gr(2, 4)) .
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