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ΩM

Pontryagin ΩM

ev0 : LM → M γ �→ γ(0)

H∗(LM) → H∗(M)

Cohen-Godin inboundary

p outboundary q q ≥ 1 g 2

p qg

H∗(LM×p) −→ H∗+mχ(LM
×q)

χ 2

S1 H∗(LM) 2

2

2 ([3]). H∗(LM)

H∗(LM × LM) → H∗−m(LM), H∗(LM) → H∗−m(LM × LM)

Chas-Sullivan

Cohen-Godin

Tamanoi

3 ([12]). 2 1

( ) ◦ ( )

4 ([12]). M m Hm(LM)

m
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Félix-Thomas Gorenstein

3 Gorenstein

Cohen-Godin Félix-Thomas

Gorenstein

K

3.1 Gorenstein

Gorenstein

5. ([5, §6 p.69]) A DG A- (P, d) A-semifree

P A-

P (0) ⊂ · · · ⊂ P (k − 1) ⊂ P (k) ⊂ · · · ⊂
⋃
k≥0

P (k) = P

P (0) P (k)/P (k− 1) A cycle

A- (M,d) semifree (P, d)

A- ε : P → M (M,d) A-semifree

semifree A “ ”

semifree

A A semifree

A- L , A- M N

Ext∗A(M,N) := H∗(HomA(P,N))

ε : P → M M A-semifree [4, Ap-

pendix] Gorenstein

6 ([4]). M m K-Gorenstein

Ext∗C∗(M)(K, C∗(M)) ∼=
{

0 (∗ 	= m)
K (∗ = m).

C∗(M) M K

Gorenstein

Gorenstien

7. (i) K-Gorenstien Gorenstein

6 Ext

K-

K-Gorenstein
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(ii) Lie G BG K-Gorenstein BG Gorenstein

− dim G

(iii) S1 S2 Borel ES1×S1S2

K-Gorenstein Gorenstein 1

7(ii) Gorenstein

7(ii) (iii) Gorenstein

Q Félix-Halperin-Thomas([4])

K Murillo([9])

8 ([4], [9]). F → E → B E, B K

F K E

K-Gorenstein B F K-Gorenstein

dim E = dim B + dim F

7(ii) BG G G → EG → BG Gorenstein

EG 0 Gorenstein

BG − dim G

K Q Félix-Halperin-Thomas

9 ([4]). X π∗(X) ⊗ Q

Q-Gorenstein

n∑
i=1

deg xi −
m∑
j

(deg yj − 1)

{xi}ni=1 πodd(X)⊗Q {yj}mj=1 πeven(X)⊗Q

3.2 Gorenstein

Félix-Thomas Gorenstein ( )

Gorenstein

10 ([6]). M m K-Gorenstein K

K

Ext∗C∗(M×2)(C
∗(M), C∗(M×2)) ∼= H∗−m(M ;K).

C∗(M) M → M×2 C∗(M×2)-

∗ = m

ExtmC∗(M×2)(C
∗(M), C∗(M2)) ∼= H0(M ;K) ∼= K.
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1 ∈ K ExtmC∗(M×2)(C
∗(M), C∗(M2)) Δ! : P → C∗(M×2)

Δ! m C∗(M×2)- ε : P → C∗(M)

C∗(M) C∗(M×2)-semifree

11. M Δ!

H(Δ!) : H∗(M) ∼= H(P ) −→ H∗+m(M ×M)

H∗(M) 10 Gorenstein

( )

Δ! H∗(LM)

Dlp : H∗(LM)
H(Comp) �� H∗(LM ×M LM)

EM1
−1∼=

��
H∗(P ⊗C∗(M×2) C

∗(LM×2))
H(Δ!⊗1) �� H∗(LM×2).

LM ×M LM = {(γ1, γ2) ∈ LM × LM | γ1(0) = γ2(0)},

LM ×M LM

ev0

��

inclusion �� LM × LM

ev0×ev0

��
M

diagonal map �� M ×M.

ev0 : LM → M evaluation map ev0(γ) = γ(0) EM1

Eilenberg-Moore x ⊗ a ∈
P ⊗C∗(M×2) C

∗(LM×2) EM1(x⊗ a) = ev∗0ε(x) · (inclusion)∗(a)
Comp : LM ×M LM → LM

Comp Δ!

H∗(ΩM) Pontryagin H∗(M)

Dlcop : H∗(LM×2)
H(inclusion) �� H∗(LM ×M LM)

EM−1
2

∼=
��

H∗(P ⊗C∗(M×2) C
∗(LM))

H(Δ!⊗1) �� H∗(LM).

EM2 Eilenberg-Moore

LM ×M LM

ev0

��

Comp �� LM

l

��
M

diagonal map �� M ×M,

l γ l(γ) = (γ(0), γ( 12 )) .

Gorenstein

M Cohen-Godin ( )
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4 Gorenstein

Gorenstein

4.1 ( ) Frobenius

Gorenstein

Frobenius

Gorenstein

Frobenius

12 ([11]). m Q-Gorenstein M Dlp

Dlcop

(i) Dlp ◦ (Dlp⊗ 1) = (−1)mDlp ◦ (1⊗Dlp) ,

(ii) (Dlcop⊗ 1) ◦Dlcop = (−1)m(1⊗Dlcop) ◦Dlcop ,

(iii) Dlp ◦Dlcop = (−1)m(Dlcop⊗ 1) ◦ (1⊗Dlp) Frobenius

= (−1)m(1⊗Dlcop) ◦ (Dlp⊗ 1).

DG

semifree [11]

( )

( )

4.2 Lie

Lie G BG

BG

Félix-Thomas ( ) Chataur-Menichi([2])

BG

13 ([6]). BG

4

BG

Kuribayashi-Menichi([8])

14 ([8],[10]). BG Lie G

H∗(BG;Q) ∼= Q[x1, x2, · · · , xn] ,
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H∗(LBG;Q) ∼= Q[x1, · · · , xn]⊗ Λ(sx1, · · · , sxn) (deg sxi = deg xi − 1)

Dlcop
(
(ω1 ⊗ sx(I))⊗ (ω2 ⊗ sx(J))

)
=

{
(−1)εω1ω2 ⊗ sx(I∩J) ({1, · · · , n} = I ∪ J)

0 (otherwise).

I, J ⊂ {1, 2, · · · , n} I = {i1 < i2 < · · · < ik}
sx(I) = sxi1sxi2 · · · sxik

I sx(I) = 1 ω1, ω2 ∈ Q[x1, · · · , xn]

ε = ε1 + ε2 + #(J − I ∩ J) ε1 ε2 Koszul

sx(J) = (−1)ε1sx(J−I∩J)sx(I∩J),

sx1sx2 · · · sxn = (−1)ε2sx(I)sx(J−I∩J).

4.3 Borel ES1 ×S1 S2

Gorenstein

Gorenstein

S1 S2 = {(z, r) ∈ C× R | |z|2 + r2 = 1} t · (z, r) = (tz, r)

S2

Borel ES1 ×S1 S2 ES1 ×S1 S2

Q-Gorenstein

15 ([10]). M Borel LM Q

H∗(LM ;Q) ∼= A1 ⊕A2,

A1 = Q〈1, xi, sxj , yi, syj | i ≥ 1, j ≥ 0〉,
(deg xi = deg yi = 2i, deg sxi = deg syi = 2i+ 1),

A2 = Q〈vn, wm |n ≥ 2, m ≥ 1〉, (deg vn = 2n− 2, deg wm = 2m+ 1).

Q〈a, b, · · · 〉 a, b, · · · Q

Dlcop(z ⊗ z′) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

xi+j+1 ((z, z′) = (xi, sxj) or (sxj ,−xi)),
−sxi+j+1 ((z, z′) = (sxi, sxj) or (sxj , sxi)),
−yi+j+1 ((z, z′) = (yi, syj) or (syj ,−yi)),
syi+j+1 ((z, z′) = (syi, syj) or (syj , syi)),
−w1 ((z, z′) = (sx0, sy0) or (sy0, sx0)),
0 (otherwise).
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Dlp(A1) = {0}, Dlp(w1) = 0.

Dlp(wm) =(m− 1)w1 ⊗ wm−1

+
m−2∑
i=2

(−1)i+1
( (m− 1)!

(i− 1)!(m− i− 1)!
wi ⊗ wm−i

)

+ (−1)m(m− 1)wn−1 ⊗ w1.

Dlp(vn) =nw1 ⊗ vn−1

+
n∑

i=2

(−1)i+1 n!

(i− 1)!(n− i+ 1)!

(
(n− i+ 1)wi ⊗ vn−i

− (i− 1)vi−2 ⊗ wn−i+2

)

+ (−1)n+1nvn−1 ⊗ w1.

Sullivan LM

C∗(LM ;Q) Sullivan

Q DG ( )

Sullivan

Borel ES1 ×S1 S2

Gorenstein
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