
The joint spectral flow and localization of the indices of
elliptic operators

( )∗

joint
spectral flow

index

1.

M E Γ(M,E)

D Fredholm

indD = dimker(D)− dim coker(D)

Dirac

Hodge- Riemann-Roch

Atiyah-Singer

localization

multiplicity

Lefschetz

Witten

Poincaré-Hopf M X

Euler χ(M) = ind(d+ d∗ : ∧evenM → ∧oddM)

multiplicity E. Witten

[Wit82] Morse gradient flow Morse

Witten - - [FFY10]

Dirac

Dirac

1.1 (Andersen [And97], Fujita-Furuta-Yoshida [FFY10]). (M,ω)

T
n → M → B Lagrange L → M

prequantum line bundle Riemann-Roch RR(M,L)
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0
t

1 = 0

•

•

•

•

•

•

•

•

1:

λ1/2⊗L Dirac /D
λ1/2⊗L

RR(M,L) = #BS

Hermite h Hermite ∇L

c1(∇L) = −2πiω BS ∇L π−1(x)

x ∈ B ∇L

π−1(x) Bohr-Sommerfeld

K

2.

{Dt} t ∈ S1 Fredholm 1

Riesz D �→
D(1+D2)−1/2 {Dt}

0

spectral flow

Atiyah Lusztig

Atiyah-Patodi-Singer[APS76]

Dt

ind(
d

dt
+Dt) = sf({Dt})

S1

Dirac {Dt} 0
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(A1, ..., An) n

(joint spectrum) R
n

{(λ1, ..., λn) | ∃ξ ∈ H Aiξ = λiξ}
2.1 ( ). n Fredholm

n commuting Fredholm n-tuple,

0

jsf {D(x)}
H (D1(x), . . . , Dn(x)) Clifford

C�n c1D1(x) + · · · cnDn(x)

D(x) Dirac
∑

c(ei)∇ei

(D1, . . . , Dn) Dirac

2.2.

ind(π∗ /DB +D(x)) = jsf({D(x)})
Atiyah-Patodi-Singer

V v1, . . . , vn
c(v1)Dv1 + · · · + c(vn)Dvn well-defined

”twisted”

5

Poincaré-Hopf . Spinc

X Clifford c(X) 1

〈X, e1〉 , ..., 〈X, en〉 Dirac ind(DdR+c(X)) =

jsf({〈X, ei〉}) X∑
νX(p) DdR + tc(X) t

ind(DdR)

1.1 . J Dirac

∇Je1 , ...,∇Jen Dirac

ind( /DB+
∑

c(ei)∇Jei) = jsf∇Jei

M Dirac ∇Jei

0 Bohr-Sommerfeld Bohr-Sommerfeld

1
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3. K

K

Fredholm K−1 1

K Kapsarov KK ([Kas80],

[Bla98]) KK(A,B) C∗ A, B

A K-

B K-

KK(A,C) A K- KK(C, B) B K

A B ∗- ϕ : A → B

KK(A,B) KK(A,B)⊗KK(B,C) → KK(A,C)

K- KK(A,C) K- KK(C, A)

KK Clifford C�n
C0(R

n)

KK−n(A,B) ∼= KK(A⊗̂C�n, B) ∼= KK(A,B ⊗ C0(R
n))

KKn(A,B) ∼= KK(A,B⊗̂C�n) ∼= KK(A⊗ C0(R
n), B)

Clifford KK

Bott A = C B = C(X)

n ≤ 0 [AS69] K−n Fredholm

K+n

3.1. Hilbert C�n- H⊗̂C�n Fredholm FC�n(H) Kn

K

Segal H∗ H∗

connective cohomology h∗

1. h∗ → H∗

2. h∗(pt) ∗ > 0 0 ∗ ≤ 0 H∗(pt)

H∗ K K

1 spectrum
spectrum spectrum
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(1) configuration space X Hausdorff A

X (X,A)

configuration space F (X,A)

X \A S S Hilbert

{Vx}x∈S x �= y

Vx Vy (S, {Vx}x∈S)

1. x, x′ x′′ x′′

Vx ⊕ Vx′

2. x A

F (X,A) S Ffin(X,A)

3.2 (Segal[Seg77]). Ffin(A, ∗) → Ffin(X, ∗) → Ffin(X,A) quasi

F (Sn, ∗) → ΩF (Sn+1, ∗)
F (Sn, ∗)

(2)

3.3.

(1) Hilbert H (n+ 1) {Ti}i=0,...,n

Fn(H)

1. T 2 :=
∑

T 2
i id : H → H

2. i j Ti Tj .

3. Ti i = 1, 2, . . . , n T0 − 1

(2) Hilbert H n (T1, . . . , Tn) Fred-

holm n bounded commuting Fredholm n-tuple .

1. T 2 :=
∑

T 2
i 1 +K(H) .

2. i j Ti Tj .

Fredholm n Fn(H) .

(3) Hilbert H n (T1, . . . , Tn)

Fredholm n unbounded commuting Fredholm n-tuple

.
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1. D2 :=
∑

D2
i Fredholm

(1 +D2)−1

2. i j Di Dj dom (D2)2 .

Fredholm n Fn(H) .

(D1, . . . , Dn) �→ (D1(1 +D2)−1/2, . . . , Dn(1 +D2)−1/2)

Riesz

(1) Sn ∗ (2)

Dn Sn−1 (3) R
n

R
n → (Dn, Sn−1) → (Sn, ∗)

Fn(H) → Fn(H) → Fn(H) (T1, . . . , Tn) �→ c1T1+ · · ·+ cnTn ∈
B(H)⊗̂C�n Fn(H) → FC�n(H)

(3)C∗ ∗- Hausdorff 0

C0(X) ∗
∗- sup C∗ C∗

∗- ∗- ∗-
Hom(C0(X),K(H))

Hausdorff Y C∗ A

Hom(C0(X), C(Y )⊗ A) ∼= Map(Y,Hom(C0(X), A))

A K(H)

[X,Hom(C0(R
n),K(H))] ∼= [C0(R

n), C(X)⊗K(H)]

→ KK(C0(R
n), C(X)⊗K(H)) ∼= Kn(X) (3.4)

([DN90])

(1) F (Sn, ∗)
(2) Fn(H)

(3) Hom(C0(R
n),K(H))

(1) (3) 3.2 (3.4)

K

(3.4) K K

3.5.

[X,Fn(H)] ��

��
�

[X,Fn(H)] ∼ �� [X,Hom(C0(R
n),K(H))]

��
[X,FC�n(H)] ∼ �� Kn(X)
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4.

F (Sm, ∗) P (X,A)

X \A S S

{nx}x∈S F (X,A)

P (Sn, ∗) S Pfin(S
n, ∗)

(Sn, ∗)
Dold-Thom [DT58]

[X,P (Sn, ∗)]
X Sn ∗

X

n [X,P (Sn, ∗)] Hn(X;Z) ∼= Z X Sn

∗
F (X,A) P (X,A)

j : (S, {Vx}x∈S) �−→ (S, {dimVx}x∈S).
j∗ : k̃∗ → H∗(·;Z)

4.1. n X

Fredholm n {D(x)} jsf({D(x)}) := 〈j∗(Φ[{D(x)}]), [X]〉 {D(x)}

Fredholm n F (Sn, ∗) ∗ Fredholm n

0

0

h∗

Chern Chern-Dold [Dol] h∗(X) →
H∗(X, h∗(pt)⊗Z Q)

4.2. j∗ ⊗Z idQ n Chern-Dold chn

. Chern-Dold

kn(X)⊗Z Q
ch

��

j∗
��

�

Hn(X; k∗(pt)⊗Z Q)

id⊗j∗
��

Hn(X;Q) ∼
ch=id

�� Hn(X;H∗(pt)⊗Q)

B n Spinc Z → M → B B E M

TM = TVM ⊕ THM /SC(B) :=

Spinc(M)×c C�n C�n-Dirac /DB π∗ /DB

π∗ /DB :Γ(M,π∗ /S
E
C
(B))

d−→ Γ(M,π∗ /S
E
C
(B)⊗ T ∗M)

pT∗
H

M−−−→ Γ(M,π∗ /S
E
C
(B)⊗ T ∗

HM)
c−→ Γ(M,π∗ /S

E
C
(B)).
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Tπ(x)B ∼= T ∗
π(x)B {e1, . . . , en}

π∗ /DB =
∑

h(π∗ei)∇π∗ /SE
C (B)

π∗ei .

{D1, . . . , Dn} E 1 n

1. i j Di Dj

2.
∑n

i=1D
2
i

{D1(x), . . . , Dn(x)}x∈B L2(Zx, Ex) Hilbert

Fredholm n L2(M,π∗ /S
E
C
(B))

π∗ /DB +
∑

ciDi(x)

2.2

2.2 . B S1

Bott Kn(X) K0(X)

Fredholm {∑ ciDi(x)} Kn(X) [indD]2 Bott

K0(X) [[indD]] B Dirac

K [ /DB] KK Kasparov

[Kuc97] ind(π∗ /DB +
∑

ciDi(x))
〈
[[indD]], [ /DB]

〉
Chern-Dold

〈
[[indD]], [ /DB]

〉
=

〈
ch([[indD]]), ch([ /DB])

〉
= 〈ch(Φ {D(x)}),Td(B) ∩ [B]〉
= 〈chn(Φ({D(x)})), [B]〉 = jsf {D(x)} .

kn Chern-Dold n

Todd 0

5.

Fredholm n

GL(n;R) F (Sn, ∗) Fn(H) Hom(C0(R
n), C(X)⊗K(H))

.

g · (T0, T1, . . . , Tn) :=
(∑

g1jTj, . . . ,
∑

gnjTj

)
.

V B GL(V ) ×GL(n;R) F (Sn, ∗) resp.

Fn(H) FV resp. FV (H) GL(n,R) Fredholm n

Fn(H) resp. Fn(H) FV (H) resp.

FV (H)

2 Fredholm K index
bundle

第６１回トポロジーシンポジウム講演集　２０１４年７月　於　東北大学

54



T = T (x) ∈ Γ(X,FV (H)) (resp. Γ(X,FV (H)) resp.

Fredholm n V V -twisted family

2 Vx {v1, . . . , vn}
Dirac c(v1)Tv1(x) + · · ·+ c(vn)Tvn well-defined

Γ(X,FV ) Γ(X,FV (H)) HomC(X)(C0(V ), C(X)⊗K(H))

GL(V )×GL(n,R)Gmod
k K twisted

reduced connective K-group k̃V (X) [AS04] 3 j j :

FV → PV j∗ : Γ(X,FV ) → Γ(X,PV ) Γ(X,FV ) k̃V (X)

Γ(X,PV ) HV (X;Z) j∗ V

K

V Spinc V K

j∗ K

HV (X;Z) Z 4
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