
TQFT K3 Seiberg-Witten
1

1 —–

1.1

G Lie g = (TG)e G Lie P X G

P A P G

P P = X ×G A g

1-form a a = {ax}x∈X A

(u, v) ∈ (TX)x⊕ (TG)e ax : (TX)x → g

au+ v = 0

A

X

P A P ′ P ′ A′ (P,A)

(P ′, A′) φ : P ′ → P A′ = φ∗A
(P,A)

P

P BP P GP P

g P ′ = P (P,A′)
(P,A′) g g∗A′ = A

1 3,4

” ”
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A A′ 2

BP BP P AP

BP = AP/GP .

P P = X ×G A,A′ a, a′

g g : X → G P = X × G (x, p) �→ (x, g(x)p)

A′ = g∗A

a′ = g−1ag + g−1(dg)

G R R

d+ a′ = g−1 ◦ (d+ a) ◦ g
d a R

R k-form Ωk(R)

R (k + 1)-form k 0

d + a P A

dA R̂ := P ×G R form

dA

dA : Ωk(R̂) → Ωk+1(R̂).

1.2

GP Lie Lie ĝ

(TGP )e = Ω0(ĝ).

GP A ∈ A GP (A) GP A

•∗A : GP → A, g �→ g∗A

GP Lie Ω0(ĝ) P

Ω1(ĝ)

(TAP )A = Ω1(ĝ).

A dA

d[•∗A : GP → A] = [dA : Ω0(ĝ) → Ω1(ĝ)]

2 G G = SO(3) X 1-skeleton
g
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a

da+ a ∧ a = 0 (a ∧ a :=
1

2
[a ∧ a])

A′ = g∗A A′ a′ da′ +
a′ ∧ a′ = g−1(da+ a∧ a)g da′ + a′ ∧ a′ = 0

da+ a∧ a Ω2(ĝ) well-defined

A A FA
3 FA A

F• : AP → Ω2(ĝ), A �→ FA

AP F• AP

Ω2(ĝ)

A ∈ AP

d[F• : AP → Ω2(ĝ)] = [dA : Ω1(ĝ) → Ω2(ĝ)]

FA = 0 MP

MP := {A |FA = 0}/G ⊂ BP .

[A] ∈ MP MP

0 −→ Ω0(ĝ)
dA−→ Ω1(ĝ)

dA−→ Ω2(ĝ) −→ 0

1 4

• GP A 0

• •∗A 2

MP

3FA d2A : Ωk(R̂) → Ωk+2(R̂) g R

FA : Ωk(R̂) → Ωk+2(R̂)
4 GP (A) F• d2A = FA
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X
5

FA = 0 A ĝ

de Rham

2 X 2

MP X

G

MP

[MP ambient space BP

FA = 0

MP

MP

FA = 0 X G

Lie MP X g G = SO(3),

w2(P ) 	= 0 MP 6g − 6 6

0 2 1 6g − 6 MP

g = 1 MP [MP ]

0 1

FA = 0

MP

MP

G Lie 7

1.3 2 3 4

4 8

• X 2 Riemann , G Lie , FA = c⊗ω

(ω c g P c P

)

5 X
x ∈ X x (TX)x ξ ∈ (TX)∗x

x (TX)x eiξx•

0 → ĝx
iξ∧→ (TX)∗x⊗ĝx

iξ∧→ (∧2(TX)∗x)⊗ĝx → 0
ξ 	= 0 exact

6 2
7 Lie 2 Hitchin SL2(C) Higgs

Witten Taubes SL2(C)

8X (Donaldson-Thoma)
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[Atiyah-Bott 2 Riemann Yang-Mills

MP Ambient space

MP

MP∫
X
||FA||2ω Morse Morse

G

MP Betti
9 AP

Kahler

]

• X 3 Riemann , G Lie , FA = ∗dAψ
(ψ Ω1(ĝ) ∗ Hodge star operator.)

[Taubes Casson
10 FA = 0, dAψ = 0 G = SU(2) X

A ψ = 0 A

M∗
P MP 0

ambient space 0

Z Casson 2

Taubes ]

• X: 4 Riemann , G Lie , p+FA = 0

(p+ 4 Riemann 2-form 2-form

Hodge star operator ∗ p+α = (α + ∗α)/2 )

[Donaldson 4

G = U(1) Hodge

G = SU(2), SO(3)

4

Donaldson

hyperkahler Atiyah-Bott

hyperkahler projective Kahler
11

bubble ]

• X: 4 c , G = U(1) p+FA = σ(φ), DAφ = 0

( P c U(1) φ DA A

9Mehta-Seshadri Betti Torsion free
Atiyah-Bott

10Bianchi dAFA = 0
11Projective Teleman Donaldson
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Levi-Civita Dirac σ

2-form )

[Witten Seibeg-Witten monopole

Kronheimer-Mrowka, Fintushel-Stern

Seiberg-Witten G U(1)
12 ]

X 4 b+(X)

b+(X) M(X)

” ”

1.1. X 4 b+(X) ≥ 2 Donaldson

Seiberg-Witten

b+(X) ≥ 1 b+(X) ≥ 2 up to

homotopy

Taubes 3 4 p+FA = 0

4

3 3

Seiberg-Witten

1. TQFT : Floer

[ G = SU(2) 3 Riemann Y

X = Y × R X p+FA = 0

R 3

Taubes

Y B

flow flow Y B

Chern-Simons

cs(B) =

∫
Y

tr(
1

2
b ∧ db+

1

3
b ∧ b ∧ b) mod 4π2

Z

S1 b B

mod4π2

Morse

Floer

Morse

12Donaldson Seiberg-Witten Feehan-
Leness
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3 Y

Floer

Floer 4

B

Morse

]

2. 3 Heegaard Floer Hee-

gaard Lagrangian

[Ozsvath-Szabo Heegaard Floer

TQFT 3+1

SW Taubes SW

]

3. SW

[Taubes 4 Seiberg-Witten

Taubes

Weinstein ]

2 —

2.1 TQFT

4 X

1 Y X = X0 ∪Y X1

P M(X)

X X0 X1 Y

Y B(Y )

X0 M(X0) π0 : M(X0) → B(Y )

π1 : M(X1) → B(Y ) M(X) π0 : M(X0) →
B(Y ) π1 : M(X1) → B(Y ) M(X)

B(Y ) M(X0) M(X1)

X Y Y × [−R,R]

XR Riemann R

R

Y × R

Floer Y × R Morse

[−R, 0] [0, R]
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X0∪(Y × [−R, 0]) M(X0, R) X1∪(Y × [0, R])

M(X1, R) M(X) π0 :

M(X0, R) → N (Y ) π1 : M(X1, R) → N (Y )

M(X0, R) M(X0) R

M(X1, R) M(X1)

R

M(XR)

M(X)

Morse

M(X0) B(Y ) Morse [CM(X1)] M(X1)

B(Y ) Morse [M(X1) M(X)

[M(X)] ∈ Z Kronecker

[M(X)] = [M(X0)] · [M(X1)]

B(Y ) Morse( ) ”Floer( )

” X0, X1 Floer( )

[M(X0)] , [M(X1)]

Y Floer( ) X

2.1. X 4 X = X̄0#X̄1

b+(X̄0), b
+(X̄1) > 0 X Donaldson SW

ambient space B

b+(X0), b
+(X1) > 0

2.2. aCP 2#b(−CP 2) Donaldson SW a, b ≥ 2

3 X 3 Riemann X

G P M(X)∗

X X = X0 ∪Y X1 G = SU(2) X

3 Y = S2 X0 X1

X̄0, X̄1 X

M(X)∗ ∼= (M(X̄0)
∗ ×M(X̄1)

∗)
∐

M(X̄0)
∗∐M(X̄1)

∗
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M(X̄0) X1 X → X̄0

M(X) X1

M∗(X1) M(X)∗ M(X̄0)
∗

X X0

M(X̄1)
∗ X̄1 S3

X 4 X Donaldson SW

X̄1 −CP 2

13 −CP 2 blow-up

2.3. Donaldson SW blow-up blow-up

2.2 K3 Seiberg-Witten

K3 Seiberg-Witten

c ( )1

c

Seiberg-Witten Riemann

X = T 4 c U(1) P

c

DAφ = 0, p+FA = σ(φ)

Weitzenbock
∫
(φ,D2

Aφ) =

∫
X

(|∇Aφ|2 + (φ, FAφ))

14 σ (φ, σ(φ)φ) = |φ|4. 4

φ = 0 p+FA = 0 FA closed

form 15 FA = 0 U(1) A φ = 0

M(T 4) = Hom(π1(T
4), U(1))

Seiberg-Witten X Weitzen-

bock M
13 2-form ” ” P

14∇A A Levi-Civita X X
15Bianchi
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T 4/{±1} {±1}
T 4 = R

4/Z4 ” ”

T 4 {±1}
{±1} U(1)

M(T 4) = Hom(π1(T
4), U(1)) 4

24 = 16

M(T 4/{±1}) = Hom(π1(T
4), {±1})

16 T 4/{±1} S3/{±1} 16

K3 SW K3

T 4/{±1} 16 blow-up

−CP 2 [z0, z1, z2] → [−z1, z1, z2] {±1}
−CP 2/{±1}

−S3/{±1}
16 T 4/{±1} 16

blow-up SW

−CP 2/{±1} 16 M(K3) M(T 4/{±1})
K3

M(K3) = { }.

M(K3) B(K3)

g U(1) (A, φ)

(A, φ) �→ (g∗A, gφ) φ φ = 0 g

U(1) (A, φ) b+(K3) = 3 ≥ 2

B(K3) up

to homotopy M(K3) ⊂ B(K3)

H → 〈i, j, k〉 , q �→ qiq̄

0 H

〈i, j, k〉 2-form

U(1) U(1)

16−CP 2/{±1} −S3/{±1}
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M(K3) 0 H U(1)

U(1) Lie iR

0 → iR → H → 〈i, j, k〉 → 0

ε > 0

H → 〈i, j, k〉 , q �→ qiq̄ − ε2i

U(1)

{q ∈ C | : |q| = ε} U(1)

M(K3)′ = {( ) }.

K3 c

SW c 1

c

2.3

SW

Donaldson

K3 blow-up 4 K3#(−CP 2)

4j 19CP 2#4(−CP 2)

Freedman

2.4. K3#(−CP 2) 19CP 2#4(−CP 2)

Proof. K3 SW blow-up K3#(−CP 2)

SW 19CP 2#4(−CP 2) SW

SW

2.5. K3 H2(K3;R)

Proof. SW

H1(X);R H2(X;R)
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SW

c

K3

c

c SW

2.6. K3 X̄0#X̄1 X̄0 X̄1

S4

Proof. b+(X̄0) > 0 b+(X1) > 0

SW b+

17

2.7. X Z 2E8 ⊕ aH

H S2 × S2 a ≥ 3 18

Proof. a = 2 SW

c φ = 0

U(1)

H → 〈j, k〉 q �→ π(qiq̄)

π : 〈i, j, k〉 → 〈j, k〉 U(1)

c Seiberg-Wittten

involution

H j

M
1

M
1 1

19

3 — 4 3

Donldson Floer

• 20

17 Rokhlin
18 2kE8⊕aH (k > 0) 2k+1 ≤ a

19 Kronheimer
20 Manolescu Pin(2)
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• 21

• 22

• 23

• 24

• 25

3 4

4
26

27 4

3 exact

Kronheimer-Mrowka Thruston

Riemann

c

exact Gabai sutured manifold

taut foliation

tight conact structure Gabai

Thruston taut foliation Kronheimer-

Mrowka taut foliation Euler monopole class

Seiberg-Witten

Taubes Tight contact structure

taut foliation

4

(Donaldson-Auroux) 4

4 28 4

21 Feehan-Leness
22 Donaldson Chern-Simons Riemann

SW
23 Khovanov
24 Floer Floer
25 sutured maniofold Floer
26Jongil Park Betti
Betti

27 Froyshov, 4
28 4

Taubes
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Taubes Seiberg-Witten

4 29

2

Heegaard

Ozsvath-Szabo 3 2
3031 3 sutured manifold foliation

3

5 Witten

Taubes Witten 3

Khovanov

Khovanov

3 4 2 5

3
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29 3 4

30 Atiyah-Floer 2
31Heegaard-Floer Seiberg-Witten Floer Floer

Kronheimer-Mrowka
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