
1

An−1

C
n Fl(Cn) C

n

Fl(Cn) = {V0 ⊂ V1 ⊂ · · · ⊂ Vn | Vi C
n dimC Vi = i}

SLn(C) n T ⊂ SLn(C)

SLn(C) Fl(Cn) T

X

Fl(Cn) n Sn w Cw

X X ∩Cw X X ∩Cw

X Xw Xw [Xw] X

H∗(X;Z) =
⊕

w∈Sn
Z[Xw]

[Xu][Xv] =
∑
w∈Sn

cwuv[Xw]

cwuv ∈ Z cwuv

H∗(X;Z) [Xw]

cwuv

w ∈ Sn w(i) > w(i+ 1) i ∈ [n]

w(i)

w(i)

4 1 5 3

[Xw]w =

(
1 2 3 4 5

4 1 5 3 2

)

5
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2
1 (C×)n

(C×)n (C×)n-

R
n σ Z

n

σ ∩ (−σ) = {0}
R

n Δ

(1) σ ∈ Δ σ Δ

(2) σ, τ ∈ Δ σ ∩ τ σ, τ

1 1

1:1

R
2

CP 2

Hirzebruch

1: R2

X(Δ)

Δ

• Δ R
n ⇐⇒ X(Δ)

• Δ Z
n

Z ⇐⇒ X(Δ)

1
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• Δ n = X(Δ)

3

En n Φ ⊂ En W

Φ Π = {α1, · · · , αn} Φ

Π∗ = {ω1, · · · , ωn} (En)∗

ωi(αj) = δij ωi

σ0 : = {f ∈ (En)∗ | i = 1, · · · , n f(αi) ≥ 0}
= {c1ω1 + · · ·+ cnωn ∈ (En)∗ | i = 1, · · · , n ci ∈ R≥0}

u ∈ W σu := uσ0 Weyl W (En)∗ En

σu Weyl

σu (En)∗ u ∈ W σu

(En)∗

N := ⊕n
i=1Zωi(∼= Z

n) Δ(Φ)

3.1. Φ A2 Δ(A2)

α1

α2

ω1

ω2

E2 (E2)∗

Φ ⊂ En (En)∗ Δ(Φ)

X(Φ)

X(Φ) Weyl

X(Φ) 1 X

X(Φ)

X(Φ) Klyachko [6]

Batyrev-Blume [2]

Δ(Φ) W Δ(Φ) X(Φ) W

W H∗(X(Φ);C) Procesi [8] Dolgachev-

Lunts [4] Stembridge [9]
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Φ An X(An) CP n

([8]) Losev-Manin [7] Batyrev-Blume [2] X(An)

1 1 1 1

Δ(Φ)

1

Φ∗ := ∪u∈W{uω1, · · · , uωn} ⊂ (En)∗

Δ(Φ) X(Φ)

Δ(Φ) X(Φ)
2

X(Φ)

X(Φ)

C
Φ∗

Φ∗

C
Φ∗

= {(zx)x∈Φ∗ | zx ∈ C} C
Φ∗

z 0

Φ∗(z) = {x ∈ Φ∗ | zx = 0}

U(Φ) = {z ∈ C
Φ∗ | Φ∗(z) Δ(Φ) }

= {z ∈ C
Φ∗ | Φ∗(z) ⊂ {uω1, · · · , uωn} u ∈ W }

X(Δ(Φ)) = U(Φ)/ ker ν (1)

ν : (C×)Φ
∗ → (C×)n ; t = (tx)x∈Φ∗ �→

∏
x∈Φ∗

(t〈α1,x〉
x , · · · , t〈αn,x〉

x )

n (C×)Φ
∗
/ ker ν ( ν (C×)n )

X(Δ(Φ)) X(Φ)

4 X(Φ)

Φ X(Φ) X(Φ)

Δ(Φ) 1 Φ∗ = ∪u∈W{uω1, · · · , uωn} 1

(1) x ∈ Φ∗ x

1 Dx ⊂ X(Φ) Dx

2
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τx := [Dx] τx ∈ H2(X(Φ);Z)

([5]) X(Φ)

H∗(X(Φ);Z) = Z[τx | x ∈ Φ∗]/I

I Z[τx | x ∈ Φ∗]

(i) τx1 · · · τxk
xi = uωi (i = 1, · · · , k) u ∈ W

(ii)
∑n

i=1〈α, x〉τx (α ∈ Φ)

u ∈ W X(Φ) Xu

Xu :=
⋂
i∈[n]

uαi∈Φ−

Duωi

[n] = {1, 2, · · · , n} Φ− Xu

[Xu] H∗(X(Φ);Z)

Dx1 , · · · , Dxk
[Xu]

[Xu] =
∏
i∈[n]

uαi∈Φ−

τuωi
∈ H∗(X(Φ);Z) (2)

4.1. (De Mari-Procesi-Shayman [3]) [Xu] X(Φ)

H∗(X(Φ);Z) =
⊕

u∈W Z[Xu]

[Xu][Xv] =
∑
w∈W

cwuv[Xw] (cwuv ∈ Z)

cwuv ∈ Z cwuv H∗(X(Φ);Z)

{[Xw]}w∈W cwuv
3

X(Φ)

μX(Φ) ( , )

X(Φ) Y w, Xu, Xv

Iwuv := (μX(Φ), [Y
w][Xu][Xv]) ∈ Z

3
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Y w := w0Xw0w w0 ∈ W |W |
I Iuv = (μX(Φ), [Y

u][Xv]) cwuv Iwuv

Iwuv =
∑
w′∈W

Iww′cw
′

uv

I Z

cwuv =
∑
w′∈W

(I−1)ww′Iw
′

uv

cwuv Iwuv
4

cwuv Xu, Xv, Y
w Iwuv

I

Iwuv

5

An

B,C,D

u ∈ Sn+1 Xu ⊂ X(An) [Xu] (2)

uαi ∈ Φ− u(i) > u(i+ 1) An

[Xu] =
∏
i∈[n]

u(i)>u(i+1)

τuωi
∈ H∗(X(An);Z)

[Xu] 2d(u)

d(u) := |{i ∈ [n] | u(i) > u(i+ 1)}|

[Xu] τuωi

An Φ∗ = {uωi | 1 ≤ i ≤
n, u ∈ Sn+1} [n+1](= {1, 2, · · · , n+1}) uωi �→
{u(1), · · · , u(i)}

u(i) > u(i + 1) i

u(1), u(2), · · · u

u(1)u(2) · · · u(n)
4 1 5 3

[Xu] = τuω1τuω3τuω4u = 41532

4 I I
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1 τuωi
uωi {u(1), · · · , u(i)}

[Y w] = [w0Xw0w] u(i) < u(i + 1) i

u, v, w ∈ Sn+1 λw
uv d(u) + d(v) =

d(w) Xu, Xv, Y
w

λw
uv λw

uv = ∅

5.1. n = 4 u = 31254, v = 12354, w = 35421

3 1 2 5
X31254 =

1 2 3 5
X12354 =

3
Y 35421 =, ,

{3}, {3, 1, 2, 5}, {1, 2, 3, 5}, {3}
{3} = {3} ⊂ {3, 1, 2, 5} = {1, 2, 3, 5}

u = 31254, v = 12354, w = 35421

λw
uv

λ35421
31254,12354 =

λ n

n λ s

s = |{i ∈ [n] | λi > λi+1}|+ 1

{i ∈ [n] | λi > λi+1} ∪ {n} = {i1, · · · , is}

i1 < i2 < · · · < is is = n λ r

λr := λir 1 ≤ r ≤ s λs+1 := 0 r = 1, · · · , s

ar := ir − ir−1 − 1, br := λr − λr+1 − 1, cr := λr + ir − n− 1

0 ≤ y ≤ x
(
x
y

)
= 0

2 λ r

ar br

cr
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cr

ar

br
cr

s = 4 λ .

λ

2: ar, br, cr

r = 1, · · · , s

yr :=

(
ar
cr

)(
br
cr

)

I(λ)

I(λ) := (−1)n−sy1 · · · ys

5.2. ([1]) u, v, w ∈ Sn+1 X(An) Y w, Xu, Xv

(
μX(An), [Y

w][Xu][Xv]
)
= I(λw

uv)

μX(An) X(An)

5.3. A4 5 S5 Y 35421, X12354, X31254

5.1

(
μX(A4), [Y

35421][X12354][X31254]
)
= 2

λ35421
12354,31254 =
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