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STABLE BERNSTEIN PROBLEM AND ;-BUBBLES*

QING-MING CHENG

ABSTRACT. In this talk, we give a survey on recent new progresses on stable Bern-
stein problem on minimal hypersurfaces in the Euclidean spaces and its general-
ization by making use of u-bubbles. Especially, the volume bounds are discussed
in details.

1. PRELIMINARIES

Let X : M™ — R™"! be a hypersurface in the Euclidean space R""!. X : M™ —
R"! is called a minimal hypersurface if the mean curvature H = 0. On the other
hand, in view of the variation of volume functional with compact support of two-
sided hypersurface X : M™ — R""!, we know the first variation formula of volume
functional is given by

dVol(t) o
o= - | Hfdv, V€ Cx(M®)

Hence, X : M™ — R™"! is a minimal hypersurface if and only if X : M™ — R"*!
is a critical point of the volume functional. The second variation formula is, for
minimal hypersurfaces,

d*Vol(t
d—(;?w‘toz /W(IWJ‘II2 — Sf?)dv,Vf € C(M™),

where S = ||Ay]|? and Ay denotes the second fundamental form of hypersurface
X : M™ — R™1. A minimal hypersurface X : M"™ — R"! is called stable if

/ ||Vf||2dv2/M S f2dv, Vfecx(M™).

2. BERNSTEIN PROBLEM

For a graph, H = 0 if and only if

iv| ———=|=0
V14| Vul]?
It is well-known that Bernstein proved

Bernstein theorem. A minimal entire graph in R? is the plane R2.
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Hence, for n = 2, Bernstein theorem means that « is an affine function. The
so-called the Bernstein problem is

Bernstein problem. Are n-dimensional minimal entire graphs in R**! the hyper-
plane R"?

For the Bernstein problem, Fleming [21] gave a new proof for the Bernstein the-
orem. De Giorgi [24] resolved the case n = 3, Almgren [1] resolved the case n = 4,
Simons [40] resolved all cases for n < 7. Namely, they showed

Theorem 2.1. Minimal entire graphs in R™™ are the hyperplane R™ for n < 7,
that is, u is an affine function.
Thus, one only needs to deal with the case n > 8 in order to resolve the Bernstein
problem. Bombieri, De Giorgi and Giusti [5] proved
Theorem BGG. There exists a minimal entire graph in R? which is not hyperplane.
Hence, the so-called Bernstein problem was resolved completely. In fact, Bombieri,

De Giorgi and Giusti constructed a minimal entire graph in R***! for n > 4.

3. STABLE BERNSTEIN PROBLEM

Since a minimal hypersurface X : M"™ — R""! is a critical point of the n-volume
functional, the second variation of the n-volume functional is given by

d*Vol(t
—dtQ( )‘t:OZ /M (|Vg0|2 — S(pQ)dv, p € CX(M).

A minimal hypersurface X : M™ — R"*! is called stable if, for any ¢ € C°(M),

/|V<p|2d112/ Sidv.
M M

Since minimal entire graphs are stable, it is natural to ask the following:

Stable Bernstein problem. Is any complete two-sided stable minimal hypersur-
face in R"™ (n < 7) a hyperplane R"?

For stable Bernstein problem, Bombieri, De Giorgi and Giusti [5] proved

Theorem BGG1. There exist 7-dimensional complete two-sided stable minimal
hypersurfaces in R®, which are not hyperplane.

For 3 < n <5, Schoen-Simon-Yau [33] made an important breakthrough. They
proved

Theorem SSY. The hyperplane R" is the only complete two-sided stable minimal
hypersurfaces with Fuclidean volume growth:

Vol (Bgr(po)) < AR"

in R"*! for 3 <n <5, where Br(py) denotes the geodesic ball with radius R in the
hypersurface.

For n = 2, do Carmo and Peng [19], Fischer-Colbrie and Schoen [20] and Pogorelov
[31] resolved the stable Bernstein problem, affirmatively, that is, they proved



Theorem 3.1. The plane is the only complete two-sided stable minimal surfaces in
R3.

In order to resolve the stable Bernstein problem for 3 < n < 5, according to the
theorem of Schoen-Simon-Yau, one can consider the following problem:

Problem. Do n-dimensional complete two-sided stable minimal hypersurfaces in
R"*! for 3 < n < 5 have Euclidean volume growth?

Up until very recently, Chodosh and Li [13] have resolved the stable Bernstein
problem for n = 3, that is, they proved

Theorem CL. 3-dimensional complete two-sided stable minimal hypersurfaces in
R* have Euclidean volume growth.

Very dramatically, Chodosh and Li [14] have found the second strategy to re-
solve the stable Bernstein problem for n = 3 and at the almost same time, Catino,
Mastrolia and Roncoroni [8] have developed a new strategy to resolved the stable
Bernstein problem for n = 3 by the technique of conformal transformations.

Ideas of the second strategy of Chodosh and Li [14]

(1) For a minimal hypersurface (M,g) in R"™' one considers the Gulliver-
Lawson conformal metric § = r~2¢, where  denotes the Euclidean distance
function from the origin.

(2) To prove that the scalar curvature R is uniformly positive in the weak spectral
sense:

~ 1 -~ 3
—A+-(R—=)>0.
+B-5)=
(3) According to the theorem of Fischer-Colbrie and Schoen, there exists a pos-

itive function w such that

1. 3
—Aw+§(R—§)w—0.

(4) Consider functional A(2) defined by, for a special function h,

A(Q) :/ wdAg—/whdvg,
“Q Q

where 0*Q) is the reduced boundary of €2. There exists a domain €2, with
finite perimeter, which minimizes the functional A and 0*Q, = ¥ # () is
smooth, which is called a p-bubble.
(5) Because the second variation formula is non-negative, one proves the scalar
curvature of ¥ is uniformly positive in the weak spectral sense. Making use
of Gauss-Bonnet theorem, one obtains the upper bound of the area of X.
(6) One proves

vol {Bgr(po)} < AR®.

By making use of ideas of the second strategy of Chodosh and Li and bi-Ricci
curvature,



Chodosh, Li, Minter and Stryker [16] have been able to resolve the stable Bernstein
problem for n = 4, that is, they proved

Theorem CLMS. 4-dimensional complete two-sided stable minimal hypersurfaces
in R® have Euclidean volume growth.

Essentially in the frame of the second strategy of Chodosh and Li.

Main idea:
In the step (2): In place of the scalar curvature, to prove the bi-Ricci curvature
with respect to g is uniformly positive in the weak spectral sense.

In the step (5): To prove the Ricci curvature of p-bubble is uniformly positive in
the weak spectral sense and to give the upper bound of the area of y-bubble.

Furthermore, by following the second strategy of Chodosh and Li and using the
weighted bi-Ricci curvature, Mazet [29] has been able to resolve the stable Bernstein
problem for n = 5, that is, he proved

Theorem M. 5-dimensional complete two-sided stable minimal hypersurfaces in
RS have Euclidean volume growth.

Essentially in the frame of the second strategy of Chodosh and Li.

Main idea:
In the step (2): In place of the scalar curvature, to prove the a-bi-Ricci curvature
with respect to g is uniformly positive in the weak spectral sense.

In the step (5): To prove the Ricci curvature of p-bubble is uniformly positive
in the weak spectral sense and to give the upper bound of the area of u-bubble by
making use of results of Antonelli and Xu [3].

Thus, the stable Bernstein problem for 2 < n < 5 are resolved affirmatively.

For the last case n = 6, the stable Bernstein problem is still open. Bellettini [4]
has obtained the following;:

Theorem B. If X : M — R""! (3 < n < 6) is complete two-sided proper, stable
minimal hypersurface with the volume growth condition

Vol (M N X Y(BETH(0)) < AR™,
then X : M™ — R"™! is a hyperplane.

Very recently, E. Florit-Simon [22] have generalized the result due to Schoen-
Simon-Yau to n = 6. The following is proved

Theorem F-S. A 6-dimensional complete two-sided stable minimal hypersurface in
R” with Euclidean volume growth

Vol (Br(M,p)) < AR®

is the hyperplane RS.

— Vol (BR<M7 p))

Vol (M N X~YBE™P(0))
Rn '

Rn

Define Vi (M, p) and V¥ (M,0) =



Main ideas for proof.

(1) To prove, for complete minimal submanifolds X : M™ — R"™?, ry(X) =
dn(p, X), Ry > Ry

Vi, (M, p) — Vi (M, p)
|X | X
(ra(X) = |X|) +—-
Br, (Mp)\Br, (M,p) (X )"“

(2) To prove, for complete minimal submanifolds X : M™ — R"*?  given ¢ €
(0,1), there exists 0 = d(g) such that if

dv

Vsr(M,p) = Vi(M,p) <6
then,
[X| < ras(X) < (1+ €)X,
(3) To prove
lim VA(M,p) = lim VF(M,O).
R—o0 R—o00

Problem. Does any 6-dimensional complete two-sided stable minimal hypersurface
in R” have Euclidean volume growth:

Vol (Bgr(po)) < AR°

4. 0-STABLE MINIMAL HYPERSURFACES

As a natural generalization of the concept of stability, in order to study the total
curvature of embedded minimal disks, Colding and Minicozzi [17] introduced the
concept of d-stable as following:

Definition. An n-dimensional minimal hypersurface X : M"™ — R" in R""! is
called J-stable, 6 > 0 if

/ IVl2dv > 5/ Se*dv, o € C(M)
M M
holds.

Remark 4.1. (1) In our definition, we do not assume ¢ < 1.

(2) It is easy to know that stable is §-stable if 6 < 1 and 1-stable is stable.

(3) &-stable minimal hypersurfaces in R™ are closely related to anisotropic min-
imal hypersurfaces in R,

On d-stable minimal hyperusfraces in R"*!, Tam and Zhou [39] proved that n-
dimensional catenoid is ”T_Q—stable. Anderson, Fu and Li, and so on proved that an
n-dimensional complete two-sided d-stable minimal hypersurface X : M"* — R
with finite total curvature is a hyperplane if § > "2 and is either a hyperplane or
a catenoid if § = 22,



Kawai [28] proved that a complete two-sided d-stable minimal surface X : M? — R?
is a plane if § > %. Very recently, Hong, Li and Wang [27] have studied J-stable

minimal hypersurfaces. They have proved

Theorem HLW. For n > 3 and § > max{%2 ,4(n 1)

plete two-sided d-stable minimal hypersurface in R"*! satisfying the volume growth
condition

} an n-dimensional com-

vol (M N X YBE1(0)) < AR"
is a hyperplane.

In my joint work with Wei [10], we prove

Theorem 4.1. For 3 <n <5 and § > 61(n), an n-dimensional complete two-sided
d-stable minimal hypersurface X : M™ — R™ in R™ is a hyperplane, where

5.(3) = 3/8, 61(4) = 2/3 and 6,(5) = 21/22.

In order to prove our theorem, we need to extend the results of Schoen-Simon-Yau
to d-stable minimal hypersurfaces, that is, we prove the following

Theorem 4.2. For an n-dimensional complete two-sided d-stable minimal hyper-

surface X : M™ — R"*1 in R with § > 4 nin— 2)), if

vol {BR(pO)} § AR,

holds for sufficient large R > 1, X : M™ — R"™! is a hyperplane, where Br(po) is
a geodesic ball of radius R centered at some point py in M™.

Secondly, we need to prove the following:

Theorem 4.3. For an n-dimensional complete two-sided d-stable minimal hyper-
surface X : M™ — R"™™ in R"™ with 3 < n <5 and & > dy(n), the geodesic ball
Br(po) of radius R > 0 centered at some point py in M™ satisfies

Vol {Bgr(po)} < AR",

where A is constant and

1 1 21

0 =—, 0p(4) ==, 9 = —.
0(3) % o(4) =5, %(5) =5
In order to prove the theorem 4.3, essentially in the frame of the second strategy
of Chodoch and Li, by making use of the method of the moving frame, introducing

the Bi(,,g)Ric curvature

i(a,pRic, = Z Ry + Z Ryjo;.

Main ideas
(1) For a minimal hypersurface (M, g) in R"™| we consider the Gulliver-Lawson
conformal metric § = r~2¢g, where r denotes the Euclidean distance function
from the origin.
(2) To prove the P:i(a, gRic curvature with respect to metric g is uniformly
positive in the weak spectral sense.

6



Theorem 4.4. For an n-dimensional complete two-sided d-stable minimal
hypersurface X : M™ — R"*' in R*™, with 3 <n <5 and § > dy(n), there
exist an e(n) > 0 and a smooth function V' such that V> e(n) — A, p) and

b [ 196Rdny > [ Virdn, for o ecz),
N N
where N, gy is the minimum of the (v, B)-bi-Ricci curvature of N = M\
X~1O) at each point.

(3) According to the theorem of Fischer-Colbrie and Schoen, there exists a pos-
itive function w such that

—bAw + Vw = 0.
(4) Consider functional A(2) defined by, for a special function h,

A(Q) :/ wqug—/wqhdvg,
9 Q Q

where 0*€) is the reduced boundary of €2. To prove that there exists a domain
Q, with finite perimeter, which minimizes the functional A and 9*Q, = X # ()
is smooth, that is, y-bubble X exists.

(5) To prove that the Ricci curvature of p-bubble ¥ is uniformly positive in the
weak spectral sense, that is, we prove.

Theorem 4.5. There exists a domain ). such that V > % — X and
L0 [\ 2dey > [V dv, ¢ CHE
1_qa 2‘ flzdvg > . frdvg, for fe€C.(¥),
where ¥ = 0, § is the induced metric on ¥ and X is the minimum of Ricci

curvature at each point in ¥ and o, 5 and £(n) are constant.

(6) By making use of the Gauss-Bonnet theorem for n = 3 and theorem of
Antonelli and Xu [3] for n = 4,5, to prove

(n—2)a
e(n)

The isoperimetric inequality for minimal hypersurfaces in R"*! yields

Areag(X) < ( )anlArea(Snfl).

Voly(Bg(po) < (M)%VOl(B”)(zR exp(iﬂ))".

e(n) Yo
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Manton’s exotic Vortex Equations

Takashi Ono*

Abstract

This is a report of [17]. In [17], we study some aspects of the vortex
equations defined by Manton in [16]. In this report, we discuss the existence
of solutions and dimensional reduction.

1 Introduction

We first recall the definition of the vortex equation.

Let X be a compact Riemann surface with a Kéhler form w. Let (L,d;) be a
holomorphic line bundle over X and h be a Hermitian metric of L. Then by [22],
there exists a unique connection Vj, which is called the Chern connection such that
V}, is unitary (i.e. dh(-,-) = h(Vj-,-) + h(-, V) and the (0, 1)-part of V}, is Oy
We denote by Fj, the curvature of V.

Let 7 be a positive constant. We say that the triple ((L, 1), ¢, h) satisfies the
T-vortex equation if

1 T
V—=1ALF), + 5|¢|i -5=0 (1.1)

Here A, is the contraction with respect to the Kahler form w. The vortex equation
was originally introduced in physics [11], and studied mathematically in [19, 5, 10].
We note that in [5, 10], the vortex equation was considered on a higher-dimensional
manifold. The vortex equation and its suitable generalization are related to many
other mathematical concepts and are studied intensively in [3, 4, 6, 10].

In [16], Manton deformed the vortex equation. In particular, he considered the
equation

1
VEIAE, + Coglélf = Cig =0, (Co.Cre{-1,0,1}).  (12)

We call equation (1.1) the classical vortex equation, and equation (1.2) Manton’s
exotic T-vortex equation. In this report, we focus on the latter equation. Before
we present what we have done, we note that out of nine possibilities, only

(007 Ol) = (17 1)’ (_17 1)’ (_170)’ (_17 _1)5 (07 1) (13)

can occur. We outline why (Cp, Cy) = (1, —1) cannot happen, for example. Sup-
pose

1
V=IALE, + 519l7 + % = 0.

*Research Institute for Mathematical Sciences, Kyoto University, Kyoto, Japan
takashio@kurms.kyoto-u.ac.jp
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We assume that ¢ is not the zero-section and therefore degL > 0. Then

1
/ (\/—mth + = lolh + T) >0
X 2 2

while this contradicts the equation.
We now go back to the five cases (1.3). The

(Co,C1) = (1,1)
case was studied in [19, 5, 9] and the
(Co,C1) = (0,1)

case is a Hermitian-Yang-Mills equation, and it is studied by many others (See [15]
for example). The remaining

(00,01) = (_171)’(_170)’(_17_1) (14)

cases are what we are interested in. Although these three cases are studied in
physics, they are relatively unexplored in the math literature. The (Cy,C1) =
(—1,1) case was studied in [1, 2], the (Cp, C1) = (-1, 0) case was studied in [12, 13],
and (Cp,C1) = (—1,—1) case was studied in [18, 20].

Recall that the equation which we are interested in is (1,2) with (Cyp,C1) =
(-1,1),(-1,0),(—1,—1). We also recall that we assumed 7 > 0. Since C takes
value in —1,0, 1, the equation we are interested is in fact

1
V=IALF), — 5|¢|ﬁ - g =0, (reR). (1.5)

We now introduce some part of the result of [17]. The first result is as follows.

Theorem 1.1 (Theorem 2.2). Let X be a compact Riemann surface with a Kdhler
form w. Let (L,éL) be a holomorphic line bundle over X, and let ¢ be a holo-
morphic section of (L,0r). Then, for a suitable choice of T € R, there exists
a Hermitian metric hy, on L such that ((L,0r),$,hz) satisfies Manton’s evotic
T-vortex equation, namely

1 T
V1AL Fy — §|¢|i —5=0

We prove this result by using a result of Kazdan and Warner [14].

Theorem 1.1 assures us that, after a suitable choice of the parameter 7, there
exist solutions to Manton’s exotic 7-vortex equation for a broad class of holomor-
phic data. Thus, the corresponding solution space is nonempty in a systematic
way. This makes it natural to construct the associated moduli space and to ask
what geometric structures it carries. In [17], we prove that the moduli space carries
a symplectic manifold structure on the smooth part. This can be proved by using
the Kuranishi map or using symplectic reduction. However, we do not discuss this
in this report.

Another main result presented in this report is a dimensional reduction theo-
rem, which shows that Manton’s exotic vortex equation arises from an equivariant
pseudo-Hermitian-Yang-Mills connection.

1



A central theme in gauge theory is to study solutions of equations arising as
Euler-Lagrange equations of natural functionals. Dimensional reduction is the phe-
nomenon in which, by imposing suitable symmetry, solutions of a gauge-theoretic
equation on a higher-dimensional space yield solutions of a gauge-theoretic equa-
tion on a lower-dimensional base. In this way, it explains how equations arising
from apparently different natural functionals can be related. It also provides a
useful method for constructing examples via reduction and lifting.

In [10], Garcia-Prada proved a dimensional reduction result for the classical
vortex equation. More precisely, let M be a compact Kéhler manifold. He showed
that the classical vortex equation on M arises from the SU(2)-invariant Hermitian-
Yang-Mills connection on M x P'. Here P! is the complex projective line. Using
this dimensional reduction, Garcia-Prada gave a construction of solutions to the
classical vortex equation and discussed conditions for their existence.

In [8], Contatto and Dunajski observed a dimensional reduction phenomenon for
Manton’s exotic vortex equation. In particular, they showed, in a local-coordinate
formulation, that the exotic vortex equation arises from anti-self-dual connections
with structure group SU (1, 1), invariant under a suitable group action on a certain
four-dimensional manifold.

Motivated by their observation, we give an intrinsic formulation of this reduc-
tion. We identify the underlying equivariant holomorphic bundle and write down
explicitly the corresponding connection and invariant indefinite Hermitian form.
With these geometric data specified, we show that Manton’s exotic vortex equa-
tion is obtained as the dimensional reduction of the pseudo-Hermitian-Yang-Mills
equation.

We now introduce the notation needed to state this dimensional reduction re-
sult. Let (X,w) and (L,dz) be as above. We denote by

(QX xP1s gX ><]P’1)

the trivial holomorphic line bundle on X x P!, where dx yp1 is the canonical Dol-
beault operator. Let

p: X xP' = X, qg: X xP' - P!

be the projections. Let O(2) be the holomorphic line bundle of degree 2 on P!,
and equip p*L ® ¢*O(2) with the product Dolbeault operator

OpLogro2) =P 0L ®1d +1d ® ¢* 0o (2).-

Let (E,0g) be a holomorphic bundle extension of (Cyypi,0xxpt) by (p*L ®
q*0(2),5p* Leg-0(2))- Namely, there exists a holomorphic bundle short exact se-
quence

0— (p*L & q*0(2)75p*L®q*(’)(2)) — (EvaE) — (QXxPlvéXXPl) — 0.

Theorem 1.2 (Theorem 3.1). If (E,0g) is an SU(2)-equivariant holomorphic
bundle, then there exists a holomorphic section ¢ of (L,0;) such that

9 = p*5L®Id+Id®q*50(—2) \/;'}?*Qﬁ@q*a .
0 6X><IP1
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Let hg be a non-degenerate Hermitian form of signature (1,1) on E. If hg is
SU(2)-invariant, then there exist Hermitian metrics hy, on L and hx on Cx such

that
hp — (Co -p*(hxhr) ® ¢*h(=2 0 >
0 Ch-p*hx
where (Cy,C1) = (1,-1) or (—1,1).

Let hg and (E,0g) be as above, and V1, be the connection compatible with
hg and V?{; = 0. If hg is a Hermitian-Einstein form of (E, ) with respect to
Q. , or equivalently, if Vi, is a pseudo-Hermitian- Yang-Mills connection, then the
triple ((L,0L), ¢, hy) satisfies Manton’s exotic T-vortex equation.

Acknowledgements

The author is grateful to Oscar Garcia-Prada for his comments on this work and
for giving the author a print of [20].

2 Existence of Solution

Let X be a compact Riemann Surface with a Kéhler form wyx. We normalize wx

so that
/ wx — 1.
X

We fix this notation throughout this section.

Let (L,01) be a holomorphic line bundle, ¢ be a holomorphic section, and
hr be a Hermitian metric of L. Let 7 € R. Recall that we say that the triple
((L,01), ¢, hr) satisfies the Manton’s exotic T-vortex equation if

1
V—1Auy Fp,, — §|¢|ib -5 =0 (2'1)

T
2
The question we pose and would like to answer is as follows.

Question 2.1. Let (L,01) and ¢ be as above. When does there exist a Hermitian
metric hy, on L such that, for some T € R, ((L, L), ¢, hy) satisfies Manton’s exotic
T-vortex equation?

We give the answer to the question by using the result of Kazdan-Warner.
Before we proceed, we prepare some notations. Let k be a Hermitian metric of L
and V}, be the Chern connection with respect to 9y, and k. We denote by Fj, the
curvature of V. We define a constant ¢y, as

e = 2/ (x/—mwak — ;) — 4rdegL — 7.
X

Let v, : X — R be a smooth function that satisfies

—A'Uk = \/_1AwXFk — % — C;’T.

Here A is the Laplacian. Such vy, exists by the classical Hodge theory (See [21]).
Let w € C*°(X,R). Then
hp =k - ect2vr

is also a Hermitian metric of L. Then the following can be proved after some
calculations.
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Proposition 2.1. The triple ((L,0z), ¢, hr) satisfies the Manton’s exotic T-vortex
equation if and only if

—Aw + |p|Ze** eV —cp., = 0. (2.2)

The equation (2.2) is exactly the type of equation that Kazdan and Warner
studied. Now we recall the result of [14].

Theorem 2.1 ([14, Theorem 5.3, Theorem 7.2, Theorem 10.1]). Let (X,w) be
a compact Riemann surface with wa = 1. Let ¢ € R be a constant and h €
C>®(X,R). We consider the equation

—Aw+ he¥ —c=0. (2.3)

The existence of solutions to equation (2.6) depends on the value of c. We therefore
distinguish several cases according to the value of c.

e ¢<0. Ifh € O®(X,Ryq), then the solution does not exists.
e c>0.

(a) A necessary condition for the existence of a solution to (2.3) is that h
be positive somewhere on X.

(b) If h is positive somewhere, there is a positive constant c(h) > 0 depend-
ing on h such that (2.3) has a solution w € C*(X,R) if 0 < ¢ < ¢(h).
Moreover there exists a constant B which does not depend on h but pos-
stbly depends on X such that

B < c(h).
See [14, p. 21-25] for the details of B.

‘We obtain

Theorem 2.2. Let (L,01) be a holomorphic line bundle over X, and let ¢ be a
holomorphic section of (L,0r). Then, for a suitable choice of T € R, there exists
a Hermitian metric hy on L such that ((L,0r),¢,hr) satisfies Manton’s exotic
T-vorter equation.

Proof. Let k be a Hermitian metric of L, and w € C*°(X,R). Then, by Proposition
2.1, the triple ((L,dr), ¢, k - €2"++™) satisfies Manton’s exotic 7-vortex equation if
and only if w satisfies

—Aw + |p|7e*r eV —cp., = 0.
By Theorem 2.1, such a solution exists when
0<ecpr=4ndegl — 7 < f.

Hence, if we take 7 appropriately, there exists a Hermitian metric Ay, on L such
that ((L,0r), ¢, hr) satisties Manton’s exotic 7-vortex equation. O
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3 Dimensional Reduction

Let X be a compact Riemann surface with a K&hler form wx. We normalize wx

so that
/ wx — 1.
X

We fix this notation throughout this section.
Before we state the dimensional reduction, we prepare some notations and re-
view some facts.

Definition 3.1. Let F be a complex vector bundle over a manifold M, and h
be a non-degenerate Hermitian form of E. We say that h is of signature (p,q)
(p + q = rankE) if h defines a U(p, q)-reduction of GL(E). Here GL(E) is the
associated frame bundle of E.

Remark 3.1. If a non-degenerate Hermitian form h is of signature (r,0), then h
ts a Hermitian metric.

Let (F,0r) be a holomorphic bundle over a complex manifold M and h be a
Hermitian metric of F. Then the Chern connection Vj is the unique connection
such that 1. h is flat with respect to Vj,, 2. The (0,1)-part of V}, is Or. Since the
construction of the Chern connection only uses the non-degeneracy of h, we have
the following.

Lemma 3.1. Let (F,0r) be a holomorphic bundle over a complex manifold M,
and h be a non-degenerate Hermitian form of E of signature (p,q). Then, there
exists a unique connection Vy such that 1. h is flat with respect to Vy, 2. The
(0,1)-part of Vy, is Op.

Definition 3.2. Let (F,0r) be a holomorphic bundle over a complex manifold M,
and h be a non-degenerate Hermitian form of E of signature (p,q). Let wyr be a
Kdhler form of M. We say that h is a Hermitian-Einstein form on (E,dg) if there
exists a constant A such that

V1A, Fy = \dg.

In this case, we also call V}, a pseudo-Hermitian- Yang-Mills connection.

We next review some properties of O(n). We denote by O(n) the unique degree
n holomorphic line bundle over P!, and gO(n) the holomorphic structure of O(n).
The special unitary group SU(2) acts on P! holomorphically (i.e., every element of
SU(2) defines a holomorphic automorphism of P!), and we are able to lift the action
to O(n). With respect to this action, (O(n), do(n)) becomes an SU (2)-equivariant
holomorphic line bundle. Tt also admits an SU(2)-invariant Hermitian metirc 2(™).

We denote by A%1(O(—2))%Y®) (resp. AM0(0(2))%V(?) the space of SU(2)-
equivariant O(—2)-valued (0, 1)-form (resp. SU(2)-equivariant O(2)-valued (1,0)-
form). Then both spaces are one-dimensional, and we denote the generator of
A% (O(=2))5Y@) as o and AM0(O(2))5V?) as 8.

Let (L,dr) be a holomorphic line bundle over X and (Cyp1,0xxpt) the triv-
ial holomorphic line bundle on X x P!, where dxyp1 is the canonical Dolbeault
operator.

Let

p: X xP' = X, g: X xPt P!



be the projections. Let (E, Or) be a holomorphic bundle extension of(C y 1, Ox xp1 )

by (p*L ® ¢*O(2), 0pLgq-0(2))- Namely, there exists a holomorphic bundle short
exact sequence

00— (p*L X q*0(2), 6p*L®q*O(2)) — (E, 8E’) — (QXXHM s BXXHM) — 0.
Here ép* Leq0(2) 18 the product Dolbeault operator
ép*L®q*O(2) = p*éL @Id+Id® q*éo(g).

We assume that SU(2) acts on X x P! trivially on X and by the standard action
on P'. Since E is a holomorphic bundle extension, the underlying smooth vector
bundle splits. Hence

E~p'L®qOQ2)®Cxp-

as smooth bundles.

Through this identification, we endow E with the smooth SU(2)-equivariant
structure induced by the standard SU(2)-equivariant structure on O(2) and the
trivial action on p*L and Cy ,p1.

Let 7 > 0. We fix a Kihler form on X x P! given by

T & *

Q, = <P WX) @ q" wrs.
8

Here wpg is the Kihler form of P! associated to the Fubini-Study Kihler form.

The dimensional reduction is then stated as follows.

Theorem 3.1. If (E,Jg) is an SU(2)-equivariant holomorphic bundle, then there
exists a holomorphic section ¢ of (L,0r) such that

Oy = p*OL @ Id+ 1d ® q* 0o (-2 \/;-_p*qS@)q*a .

Let hg be a non-degenerate Hermitian form of signature (1,1) on E. If hg is
SU (2)-invariant, then there exist Hermitian metrics hy, on L and hx on Cx such

that
o (Co -p*(hxhy) ® ¢*h=? 0 >
B 0 C1-p*hx
where (Cy,C1) = (1,-1) or (—1,1).

Let hg and (E,0g) be as above, and V1, be the connection compatible with
hg and Vg’; = 0. If hg is a Hermitian-Einstein form of (E,Ogr) with respect to
Q. , or equivalently, if Vi, is a pseudo-Hermitian-Yang-Mills connection, then the
triple ((L,0y), ¢, hy) satisfies the Manton’s exotic T-vortex equation.

Proof. We divide the proof into three steps. First, we determine the possible
SU(2)-equivariant holomorphic structures on the underlying smooth bundle. Since
E is an extension, as a smooth complex vector bundle it is identified with

P'L®qO(=2)®Cxypr-

With respect to this smooth splitting, the Dolbeault operator of E has an upper
triangular form. The diagonal part is fixed by the holomorphic structures of L,
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O(—2), and the trivial line bundle. The off-diagonal term is a (0,1)-form with
values in
p*L®q*O(-2).

Using the SU(2)-equivariance and the fact that SU(2) acts trivially on X and in
the standard way on P!, this off-diagonal term is forced to be the tensor product
of a holomorphic section of L and the SU(2)-invariant generator a on P'. Hence
there exists a holomorphic section ¢ such that

5, _ (PRIt 109 ¢ 00 s (/L peega
0 Dx xpr
Second, we describe the SU(2)-invariant non-degenerate Hermitian forms of
signature (1,1) on E. By the SU(2)-invariance, the two summands

p*L®q*O(—2) and @XXHM

are orthogonal with respect to any SU(2)-invariant Hermitian form hg. Moreover,
the restriction of hp to the first summand is the product of a Hermitian metric
on L, a Hermitian metric on the trivial line bundle over X, and the standard
SU(2)-invariant Hermitian metric (=2 on O(—2). Therefore there exist Hermitian
metrics hy, on L and hx on Cy such that

. Co - p*(hxhr) ® ¢*h{=2 0
B 0 Ci-p*hx)’

where (Cyp,Cy) = (1,—1) or (—1,1), according to the choice of signature.

Finally, let V},, be the connection compatible with hg and satisfyingvg’; = 0p
(See Lemma 3.1). We assume that hg is a Hermitian-Einstein form. Using the
above expressions for dg and hg, we can compute the curvature of Vy,, explicitly.
The condition that hg is a Hermitian-Einstein form, equivalently that V;, is a
pseudo-Hermitian-Yang-Mills connection, reduces exactly to Manton’s exotic 7-
vortex equation for

((La 5L)7 ¢7 hL)
Thus the triple ((L,dz), ¢, hz) satisfies Manton’s exotic 7-vortex equation. O
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HERBEZRE & D DHRESRE DL XITOWT

RE HA] (HARRFSCEER)

BE

KEHTIIEEELRERDOER L LTHA S 00 EBELHEDO R NI OWTHAT 3, #
WX DHERR 72 2 T2 DB 4R TN ETIASN TV LD B FELLBRZ, =
DD EBEMEE G X 2N ERAHETERWEEDHNZOWTRHENT 3, RHONFIZR
T =M E O H) A K & SRR O BIBER & ORI HE S <,

1 EA

BRESHREITa 7 MM —HOMEROBIE L L TRON S ZRIET, a7+
THEELREEr — 5 — 2Rk 725, Hicar o FBERESE 7 — 5 — ZRHRIEREZ A
TH2ZIeDPHMLENTNWS, 7 — 37—k KIEAEEREZ RO EE R E S OMEF R 1ER
Reminzg, HEBRZRAEE D 23087 PERMY —HOMHEEROBELE Rz 212, 20
Y —BEOXEIH D 5 EREZHRADO KIFAGHWERZEMG LN, ZORERESGE L
THEEZRAEIE SN L Z 2T L ALNTV S,

FERE RN T2 5 75 v P 2 G 2REOFIE 52, XEIERMERDP LTI TN S, [7]
TREZREZHREORNRIGETH 2N a Y 7 F o)L I — PRI LT, Z2D%E
FEDHEWTINICZ D B (OF D HEINICRE D B) R HIXZ DR XIFTIL I — P RIFFZERA O EES
EIMHEN DRI BES LB I ERL TV, MEEAE. AN THEVEEID X RWERICDH
DEHDEFE DT, ZOEEIX 2-number WS AREETH B, 2-number a2 > 87 PRI )L
I — PARZER DG E Zo REDAER Y —DRILE =T 2 eI TVWS, £, [4] T
COMRE T T IT Y7L T —RERY —DFHBEISHALTED ., KX DOEHAHIZE M D&
WREEZEIEHLTVWE Z DX %,

[3] T X DA ERBEZRANDO HWVICEF L IZR 520 DD EEL IO R X & 2 DIHH
WOWTHRLTWS, LI, ZODEMERARZED 2 _OOMNEGNHCFMA U 2XXNEE
ECAMHULICTE 2 £ 5 RIBEIC. RXHPBEEBINICR 2 720 D&M EHIRL — b RPLEREN =
= O EHE TR L, BERIN RS PERELZ RN OMIES TH 2 Z e ZRL TS, &
BT, ORI R RN H 2OV A VEOMETH L Z L RLTWVWS, ZORMREIGHL
T, 1O 3EREZRRARNOEEZ A KRN XA P THB e EZRLTWVWS,

SE O L DFERIEZ OO EDAHYLATREM DS EH L. RN DHEBINC 2 2 720 D5&MF%
EOBEBEICHRR-Z v v, B RRZX DR H 2OV A VEOHEYL LTHLON2 e ERLES
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ETHb, ZOMRE UTHEIHI R X DITOMEED 2 DDONEDPHIRE 285 5 2 DL EDERLL
ke hbh b, ZOMPE[2] L LTHEFTDH 2,

2 FEERA

ROMHLERBEZRIAL LTCP ¥ P2, Zhud CCP NOFRREZELZ HREROEF
DTHb, C?OBEBEHEE —DORDZ T ICHBEOBETEEI NI EREHROEED LT
RP! »f85h 5, ZHUX CP OB TH%, CP RERFir ARk Lzt & RPLIZAKME %23,
EREAND 2 DDOKMEA2L D 20D TRD D, ROV TH 2 & &, 2t {z, —x}
DIEOHELEL LTHNS, —x 13 x OB MEN25HTH 5,

CP! ¥R LTHEBT 2 HIEDO—22 LT, SURQ) OMERBONELE X 2 TIED D
%, 5u(2) TSUR) 0V —R¥z2RTL, TAHEPL =D 0D 2 XRDETIL I — MK
ThHs, ¥V U7ERCH L THERE Ad BEZRBETHD ., X € su(2),g € SU2) ixt
LTAd(g)X = gXg ' TH2BN2, 0 TRV X IZOWTZOHIE Ad(g)X 1 CPT x5
FIHTH H N2 ERZ RS T 2 CP! O RIFAIZ M ANEELIIZ, su(2) DEEILE
01(X) =X (X €5u(2) ® —1 52858 Ad(G)X ~NOHIRL7=BEHRTEZ 5N S, ZHiF su(2)
KBTS 0, © -1 FEHEZEME e #HE Ad(SU(2) X OERIIC—RT %, 0, HIET 5 SU(2) D
HERBBFEILRES 0, TRT I TR -0, KEBEERESIZ G ITBIT 2 6, DEERDK
TRE F(01,SU(2)) OHLEIL—HT %, ZOHA F(61,5U(2)) 1 SO(2) 1Ic—H T %, g € SU(2) i<
LT, 60 :=Ad(g)01Ad(g) ' EBW &, FRICLT 6, © —1 EHZM e #E Ad(SU(2))X
DIEH S 2 LT gSO(2)g~ ! DEHOHENFEF L LTX 515,

L7etio T, 2hb 2 DOFEFEORNIE, FEHBHEMNICET 2 2 D055 EE SO(2) & gSO(2)g™!
OHEDO B 2N B Z 2 KRB S, THUFRMEMTIKHDO LR Gt 1his
T 5,

3 BE

EEEDENE & D — BRI CTHIET X %, G % compact #AGHA Lie Bt L. 20 Lie lR%
g £RT, GITHHAIZ Riemann 318 (, ) Z ANTHE<L, (G, K) & compact MFpffe L. g D
BHENREZ g=tdp LT 5, z€p— {0} IfL. M = Ad(G)z ZEREZHKE. L =Ad(K)x
ERESHREC VS, 2L, AdK) 3G olifEREZ K CHIRL 225D TH 2, M ZFHFE
=7 —ZkotEr b b, LI M OFERICTIZ S,

(G, K1) ¥ (G,K3) & —D® compact Mt §5, bbb, G LiIZZ2oD0E 0, (i =1,2)
PIFEEL T, F(0,,G)o C K; C F(0;,G)e G D LieF g % 0; IC& b Z5HD ITEEHESEL T,
g=8dp LRT, BREZRENICZOOEBEZREORXEFEZZD T, p1 Np2 # {0}
ERETE S, mg € prNpy— {0} & L. BEBEZRE M = Ad(G)xg NITZDODEMZHE
L == Ad(K;)zo C M ZEZ %, xo Z&T p1 N py NOMKAIRE D2 %Z a0 T2 &,
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dima>1, a € alHL, g DEHRL g¢ DEHZEM g(a, o) &

gla,0) ={X eg | [H,X]=V-1{a, H)X (H€a)}

YEDZ Y, [a,8(0,0)] Cgla,a). — Tgt D gBTIHEEELRTYL, g(a,a) = g(a, —a)
gla,a) 12 0; ¥ O DBEIK 6100 TRETH S, a DENES Y %

Si={aca—{0}|g(a,a)#{0}}

YEDD, D a BEIEL— FRICKZZEDHISEN TV S,
SEgDalZBTAHBEL— FREIER, X DOEDS Weyl B2 W(E) LT, a8 gD
AT DBt 22D, gD t 1T 2 Weyl B2 W(t) £73,

4 ERER
Theorem 1. Ly, Ly C M ZEEZRIKE T2, ROFEMHE (1) 26 (4) XFETH 5,

(1) Ly N Ly DSEEBIT S .

(2) L1 N Ly & M OMBHEATH 5, $7%bb5. [LiN Ly, LN Ly = {0}
(3) [p1 Np2, L1 N Lo] = {0}

(4) py Npo FATHEED 22T H %,

RN -
L1 N L2 =MnNa= W(t)xo Na= W(Z)JL‘U (*)

DD D, FHZ, r=dima B, #(LiNL) >r+1>20mMDD,

Remark 2. (4) = (3) = (2) = (1) GBS TH 5, [3] T (1) 25 (3) »fEbhz by, d
BAGEME 010, = 020, DIRD IO L &, (%) BRD IO L om Uiz, 2. (1) 5 (4) BR L.
F ARG R ITEE T () B8 Lz,

FAGROGEHOME. 1] DR S L, Loy IZHIET 2 G & ZD 2 DODMEDM (G, 01, 02) 53 TH:
B IR D LT DEE D, (G,0,02) PEENICHNS &\ 01,0, DABDER 72D [6] D
RS g BMINL DETE S, TOMBEAVD L pp Npe BAHFRTRIFIUE L1 N Ly 28 ST %
B ehbrd, ZOMR (4) = (1) OMEIRINZZ LTk 5, O

5 4l

G DHMME L IMARIC X 2 08H 5. (G,01,0:) TR LT, 6, & 0 pAjHicTERIFIE, A
B 010 DMBUT 3 24 882 K5ICTES, 2T 610, DALED 3 DEEZHAT %,
G =Spin(8) ¥ L. Z®d Lie K¥% 0(8) ¥ £ T, 01 = Ad(I35) B 2L, I35 IE0AMD
W2 =123 D155 DUMALNAITITDH 2, 0, & RAMRIZA 2 & 51 3 DAERE AR &
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EWBZENTED, EBE THOEEEZHWT R 2EBH TN TE S, 6y =rbir ' &
B, TOYE 0160y =k DAENE 3 TH D, 0,0, THEIZE SN 2EARENIFERL 2 DFISE Lie
KRE g ERIBITH 2, (G,01,02) 1% [1] OBEEKTHEENTH 2 ZehBbh 5, p1 N py ORI
ERZEMH a 13 2 KL T, X G MO — FRTH 2 T L ibir b,

XTC, abb 0 TRWIT g 2 L RITRBHEZHE M = Ad(G)zo = Ad(G)/Ad(H) 2315
SNz, —~MHHG S, KDLS5ICAAH) BEDEShlirbr s, akate g ORARHEY
RELIZOVWTD gDL—FRAZEZD, ADHIAL—MIADT 4 VFUNFEOKTES
KRGS %, 19 L EXTZHMAL — FOTEMEZRL, 25 THRVHEML— FOTHEHMAZHLLED
DIz E, BWEHAOELIXKFEIE Ad(H) OFBMEFET 0T+ v v RIBEe 5, XoT. H
DY —REDHEL. Ad(H) Bbb b, 2FED, MDAV - Hidzo & g=0(8) D
N—FRDER»PSEFE D, WE, tIZ4RILT, gl Dy DL— bRERKD, 2D Dy OHl
N— % ay, a9, a3,04 & k(1) = az, k() = ag, k(az) = ag, k(ay) = o 2T LN
5 $HL, 29 ZIEDNL— b DHNBENIFAICRLZESIRtDIANEEIOE o/z Lz &
(o, a1) = (w0, a3) = (To,q) DD ILD, TDZ DB, MIIHET 2RI obNT 4~
FUMBEeAY ba—R HIZRO IEEE 2222500 b, (A PabE—=2GIZ¥DLS
WCHDIAEN TV S 3HIRFERDSILETH 5 Z L ITHEET %, )

AdH) = UL)* Ad(H) 2 UQ1) x SU(2)? Ad(H) = U(1)? x SU(2)

g Z aPHLoTWVWBEDT —0; ¥ —0, TM ZEAFAETHD., L; = Ad(K;)zo (i = 1,2) 3%
NoDEEREALLTEONS, K1 & Ky 3V B LTHABTHD, LidoT L) &
Ad(K,)/Ad(K1 N H) & Ly =2 Ad(Ky)/Ad(Ky, N H) 3B e LTZRAMTH B, L L,
Ad(G) DIERITIEDES 22138V L1 ¥ Ly D5 b —2% Ad(G) DIT Ad(g) TEi L CHERW
KRN TBNEIDEEZD, X callfLTg=exp(X) 723 g DAEZIUTTHTHZ L
Mohrd, EH 1556, L & Ad(exp(X)) Lo DEERINICZZ D 27201213 p1 NAd(exp(X))p1 = a
LB ZEDREF T THIEDNS, TOLIHR X OEED a, T TFELRDE ST — FREHW
THERTES, LOEVL— ORTHEEE S, TET,

6, ={Xca|\X)¢&nZ ()\efl)}ﬂ{XEaH/\,X>€ig+7rZ (A€ )}

TH3, a, TTFELDEIICFEH EICH e BnTE S,
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Xea DL E L ¥ Ad(exp(X))Lo BEEINCRE D2, ZORIE o B2 L D74 LED
WUBEICE LV, 20O, ¥ 5 G oA, AdH) = UD)Y(EHE) or 12, zh
LA (FE#E) o X 6l K2, FRIC#(L1NLy) >6>3 =7+ 1DMHILo TV,

L1 2 Lo WFBEZEM e LCREITH 2 Z 2 IE ETHRARZD, Ly 25 Ly % Ad(G) ODFEFTEID L
ToEBEZRAE L] & M NTARBENIZERZVBEIZHZ Z D THDO LI LTbrbd, Ly & L
DRI [3] OFERICEENS, ZOBE. S By Mor— 1 RekD, Ly ¥ L) HEEEITNCER
DILEORN DT ANVHFHOWEL LTHRLN, mofudzhzih Ad(H) = U(1)* 0355 48
i, Ad(H) = U(1) x SU(2)3 o%& 1218, Ad(H) 2 U(1)3 x SUR2) o%H 243, Zh
HIE Ly & Ly DEGEDRFBENTRB R - TV,

BE K
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MERAER *(Takumi MATSUKA)
HETESFEMER #ER P

BE

AT & S ARBRIR N R T D 2 HE 2 R EZRNICEN T 2 0B TH 5. BHERMNBRIL,

DEBATHORBEICTHEH T2 I IBARR I TH 23D, BAFHNCAT TRV okt
RATHASD. Morse BirEt L stable BRI EHIRMEMNICDH 2 RNVEHZ D o 7B 0B D
75 ATH5. AWFETIE, Abbott-Martinez-Pedroza 12 & D A X172 coset intersection
complex ZFIAL T, ZHbDOMEN—BT 2542 N, FEONEIEARER (HKE
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Haoyang He X (Memorial University of Newfoundland) & ®:FHFSE (arXiv:2603.29158)
WHEo L

1 BA

REFHEER & IRBAVLNRT D 2 B2 RAEANSGRAR 2 7B TH 5. £3, BHIIHLT, 20
BEDSRAFAANCIER 3 2 FEBEZER (F12 Cayley 79 7) & 2 5. Z OEEBEZEM ORMEHREE %
N, ZTHhHIEHT 2BOREN S X CHEEIHE 2 EH LTV L. ZDEKRIE Dehn 12 X 2
FROMEDOITICE DI 5. FROME L, ARAERE G IIHLT, ZOEMUTI X5 LTH
PN 2 ODTERHE LWL E I DERRETE7LIY R L%2E52 L WS RETH 3. Dehn (ZHIE
DEABR L, FEOREZ HEMNCHRR L7z, Z OB T O FEARFE DA N R 20N /E
5 EHL, EORME R W FE OB ERN IR EE 2 NS L ilmE S ¥ . FEoREIEE
DAL EBHIFET D 25, ZAUIRMENZHRZRBIAL Z 12X o THEIZER SN,
ZAUERMEARERD 1 DOBBEERTH S, ZDHF 2 J71E Gromov I & » Tk hHEIC XN,

Gromov & Riemann ZH-A & IXIR & 2 WEEREZSRENICN LT T2 ECHid o TWw 5 w5
2xERE L, Gromov WHHZERIZE A L7=. Z L T Gromov WHHZEENRM2ZANHER T 282 L
T, WHB 2 ER L. ZUIEHMRZ O ARELZDDTH L. ZORIIZ ORER, HE
BISHEZ DS, RIFLOEOMED D7 7 ATHIT 2 Z e BHISN TV S, WEHB IR MEIEE
AOHDI IR e U THRAIHE SR, BZ L OWAOE-EBFET 5.

RAEHREROMERICHEY, HORMYNRMEZABEGENRETIMELDHOLLNTER. &
BREMME 2 S o BN ED X 5 ML EZ DD, LWV THETEREEHDE Z
HTHEHZIA TS, HOMEEZFANSRC, BoHOMEICTEHT 2 LIFEARHRTHS. £
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T, BHTBVTERMZINC TRV BB 2 7 28130720 iRATH S 5. JI4E, Morse
ER3BE L stable BiREE L 5 2 DOBEEMAEA SN, TRV B0#tO 2 72 LTS ATY
%. AW TIE Abbott-Martinez-Pedroza 1] 12 & D B A 417z coset intersection complex &\
SWRZELT, T0200B@RP BT 2R ER L.

2 BEDEAFML CINehEE

BATEEERICBVTE, HERMANRNRE LTS . ZOBRIITBE OB S % )i L
7= Cayley 777 78 WS bDEFEICEZ S,

Definition 1 (Cayley 77 7). ARARH G ic L, ZO0HRERRE S$5. SBT3 G
D Cayley 772 7 Cay(G,S) L3 TD &5 LRHEFES V(Cay(G, S)) LUEE E(Cay(G,S)) &
bDTTTTHS.

e V(Cay(G,S)) =G
o E(Cay(G,S)) ={{g,95}| g€ G, s€c SUS™1}

728, Cay(G,S)ICix 1 U0EE% 1 £ LElE VLS.

Cayley 7’7 7 3B OHEBEMEZ UOMEICKM L7277 72 WA 5. BAFEHIEGRICB VT,
Z D Cayley 7'Z 7 OZMZFER MG Z 8 U TH 2T L.

Gromov & Riemann ZHA & EIR & 22 WFRREZLRICN LT T2 o TWwa ) v S
RZEENMEL, Gromov WHIZEMZEA L7z, ARAEREE G D Cayley 775 7 Cay(G, S) 23 Gromov
WHZETH 5 & =, B G ZWHMBEL VWS . EBRNCWZIE, M G © Cay(G, S) izl
M=AmEEr&E 27z &, ZAUINEFEE OB =MD X 5 1wy, e Cay(G,S) Lok
AN EFIC Lo TERSI NS DT, —RAZOMRIFEREMSR S OED FIKFET 5 & 512AH
250, WHIETH 2 Z LIFARERROEID T2 X 56720,

3  Morse B93EF & stable B89 8%

BEOMEZER T A0, ZOWOEHICHEEH T A L 3EELRHAATH . 2 2 TlE, SBAZEMNIC
TRV HHD 7 7 2%EZT-\W. BEMWEEHETHIHTH > T, BEIPORD XS &MHh%r
AETH0% TRV oL EZ 3.

(1) ZDFHIEEOME I L2IRDEEDEMRDELD HIZ X 5720,

(2) 2O BEIEEROBEDORMAH R MEE KL TW5.

WHIERIC BV T, ZO X5 REDEED 7 7 AFH 5N T WS, ZADBOERETH 5.
G ZHABAERBEE L, S 2 Z0EBERRE T5. £/, G OEDEE H % Cay(G,S) OO HES
¥ 5% N(H;C) T Cay(G,S) icBW}3 HD C-EfFERERT.

Definition 2 (BENEl 0 8E). ARARMAE G DFEREE H 23 S ICEAL TROABSECTH L 1X, H &



Cay(G,S) DEAEA L AL EIZ, ROZMGEHLETI RV,
HLERC PEIEL, H EOEED 2 55 hy, hy ¥ TN E/HER Cay(G, S) LOEEORHIR Y v
WRL,
Im(y) € N(H;C)
i A RYASS

HoRE H % Cay(G,S) DEDEE L AL 212, ZOWMIPEENEROMEAEZHLTHERTDH
52 ZRLTWA. Cay(G,S) LOBRMYERLEMFICEDERIN TV 0, —fRITIEZOMER
FERAERSR S OB D HIKFET 2R TH 2. 2L, 2RO WIHOGE BV TIERD
D LD,

Proposition 1. G ZXWHhEtr 35. H %= SIS 28N 0EE e 352, LIRHHRIIT 3.

(1) G DEROERERSR S 12OWT, HiZ S BT 25 EETH 5.
(2) H ZWth#rcdH 5.

Thbb, BHGHPWHEETH L X, WMoH H PEMHORCTHZ Z 1k G OEBFRDOED i
Eohwv, i, BB H DN e 22200, ZHUEE G ORMEZRIRILTY
BIEDNTND. IBHIZ, ZOLE HIZARERTHD GAOUEGERIIFERMDIAL LS.

LoL, &) —BOBHICBOLTIXEME ARSI LY TRV SR XS 22V, H24ER
KL TR TH > Th, RUZERKR TG TROHIDTFET 5. 2070, WWihHf
IO ROBEICH LT, ERRD2EMeAT L% TR MDY 57 228 AT 2ilA03 70 &
7z, Morse B3 HE L stable B BEEZ DHITH 2. Morse HiHHIE Tran [7], Genevois [4] 1T &
h ZNFIMNICEA Xhiz.

Definition 3 (Morse #708f). ARAESRE G OFERTHE H 25 S ICBL T Morse fi38 TH 2 13,
ROZMEIZTZ RN,

MNekWCIRTFET2H2EB M = M\ k) BEEL, H EOEED 2 5 by, hy E 2L ZHHER
Cay(G, S) EOEED (k)-SR ~ (<HHL,

Im(y) € N(H; M)
N AIRVASS

Morse S BEE BN DB L D WEERTH 2. 2RO NHBETH 2 £ 2 OEIMER D EE L [F
FRIZRD Z e DINNT T 5.

Proposition 2. G ZHREMEEE 55, H%Z ST 2 G D Morse S0 35 &, LIRDRK
T 5.

(1) G DIEEDERERSR S 122OWT, H 1% S 1ZB$ % Morse i #ETH 5.
(2) H3HRERTHD, RED»D GADWEEERIIFERMDIAHL LS.

Durham 3 X O Taylor [6] IZEASEEH OGO BEOE 25T 2T, XD stable Fi A OB
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ZEALT.

Definition 4 (Stable #i70#f). HRAMHE G OFTHEE H 29 stable B0 8TH % L 13, H BHR
HlpD G NDABEBPFERIMDIAAL LR, ROFKMFEHTT 2N,

Sk CHKTET 2B 2EM L = LIS\ k) BEEL, H L 2 A& ISAOMA L § 3 Cay(G, S)
LD 200 (N k)- B D v, TR L,

dp(Im(v), Im(n)) < L
BDILD. L, dy BT R R THlEE T 5.

Remark 1. {778t H 73 stable S0t TH 2 2 b F7, 2RO G DERROWMD HIck o Xk
W, 7272, H Dstable SO ETH 2 & &, 2RO G ORMEMRMEEICE ST, 2 H 1T
it 2 5.

4 FFEIE

I ICB VT, BEMEE9#E, Morse 58778F, 3B L O stable Sl OBERE— 3 5. 72721,
D —ROBICBVWTIE, TS DMEORIZEDLD L. BEZ? = 7 x Z B TIZRw. Z2
& Z? BH D Morse S BETH %43, stable f BT\, Morse S B & stable 7B 0 BIfR
WOWT, —BNRROMED Tran 1] IZX > TURINATWVS.

Theorem 1 ([7]). G #HEAERBL L, G O H 2 MERE L T2, KEABTH 3.

(1) H & stable Hi#HTH 5.
(2) H & Morse &Rt DO MHEFCTH 5.

stable HR7BEIZH I Morse S0 EETH 5. Tz, B G OHRIEEER 7 EEIZHE T Morse Hi7#ET
H 20T, ARIEEER#EZ HIHZR Morse FRTHREL K&,

TiE, O X5 RKMICBWT, IEEAL Morse B0 AE L stable S BHIE—H T 272550, F
7bHB, WoOIEHIAZ Morse Fi7 BT stable B TRHICR 2725 5 5. ZORBEIBAL T, (2], 6], B
LU [0 Ok 5 REGHEDB 5.

Fx B IEIhsOETHIADEM ZEIZ L, Abbott-Martinez-Pedroza 0] \Z kX D EA X/
coset intersection complex OWER% FWT, JEHBAZR Morse S0 HEAS stable Hi RIS 72 5 564 %
L7z, ARAEREE G I LT, P& G OETHOARBEL 35, #Xf (G,P) &id, #EG il
DEOBRE P OOz TH 5.

Definition 5 (Coset intersection complex). #Xt (G,P) IZBH3 % coset intersection complex
K(G,P) &i&, UTND XS RHBIKNEIRTD .
o 0-H{Kk: gP (g€ G, PeP)

T

o r-HE: {goPo,..., 0P} & () giPig;  PIERAECTH B L E Bk 725

=0
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coset intersection complex (I HE P DB G ODFTED IS IZHHLTWE0ERLTWVWS.
AHFEFFEO EEHIILI T TH 5.

Theorem 2 ([3]). B0 (G,P) WAL T, UFZRET 5.

(1) FED P e P ELT, G NOUSFERIFERMDIAAL LS.

(2) P X quasi-syllabic T %.

(3) EED PePITNLT, QK PH P D Morse HN#HTHL X, QIFERELLIIEFIPOD
BRI IR TH 2.

(4) BEXF (G, P) @ coset intersection complex K (G, P) (&##E 5D Gromov WHIITH 5. %
7z, GIEK(G,P) D 1-Bigicaa > 7 MHEHT 5.

DY E, G OERIEBESEE H 7 Morse B THIUL, H 13 stable EPETH 5.
ZOEHEIEAT 2BORIEY e LT, XBELNT-.

Theorem 3 ([3]). ARAEME G IZHEAEKY Y —icaary 7 VEHT2dD T35, %7, X
NelES 2.

(1) RO LT, ZDEEMIBIIERIETDH 5.
(2) EEDOTESOBEIEIHLIECEL T, G NOEEEHRIFERMDIAAL 5.
(3) EEOTHEFIIH LT, ZDEEDEHIIEEIZR Morse i #EZ B 727200,

D E, GOEREEE7EE H 25 Morse fi B THIUX, H 13 stable fi7#ETH 5.

BE 3k
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SIX-DIMENSIONAL PSEUDO-RIEMANNIAN FLAGS AND TOTALLY
GEODESIC SUBMANIFOLDS

MATEO ANARELLA

1. NEARLY KAHLER GEOMETRY

The study of nearly Kéhler geometry may have its origins at Tokyo Metropolitan university.
In 1930, Schouten and van Dantzig [SvD30] introduced the concept of Kéhler manifolds, which
sit at the crossroads between symplectic, complex and Riemannian geometry. That is, a smooth
manifold M with a complex structure J and a symplectic form w that satisfy g(JX,Y) = w(X,Y)
for all X,Y € X(M) (or equivalently VJ = 0). Prior to that, in his PhD thesis, Riemann already
studied what are known today as Riemann surfaces, which were probably the first known examples
of Kéhler manifolds, albeit for trivial reasons. It was in a later work by Kéhler [K33] that his name
became associated with these spaces, and the term was probably coined later on by Weil [Wei58].

Knowing that the complex space forms carried such structure, a question arose quickly: which
of the other classical manifolds admitted a Kahler structure? For topological reasons, it was clear
that spheres, except for S?, do not admit a symplectic structure, and hence not a Kihler one.
However, it was not clear whether spheres carried a complex atlas or not. This question was first
posed in 1948 by Hopf [Hop48]. There he already gave a negative answer for S* and S8. Just a year
before that, Kirchoff had already answered negatively the question for any sphere of dimension
n # 8m+ 6 by noticing that if a sphere carries a complex structure, then the sphere one dimension
higher is parallelizable, which by Eckmann [Eck43] and Whitehead [Whi46] was known to be of
dimension 1, 3 or 8m + 7. Later on it was shown independently by several authors that the only
parallelizable spheres are S, S* and S”. The existence of a complex structure on S remains open
and is known as the Hopf problem. For more information about this problem see [ABG™18].

Kirchoff also noticed that S® does carry an almost complex structure induced by the octonions
(also known as Cayley numbers), namely J,X = p x X, where X is the cross product of R7.
However this structure does not arise from a complex atlas, since J is not parallel. Nonetheless,
Fukami and Ishihara [FI55] noticed that VJ is actually skew symmetric, and as a consequence the
Hermitian connection and the canonical connection coincide. The first mention of nearly Kéhler
manifold as a general concept was in 1959 by Tachibana [Tac59] who introduced them as K-spaces.

Later on, Gray took interest in this concept and in a series of papers [WG68, Gra70, GraT72,
Gra76, GH80] he coined the term nearly Kahler and showed the relation between homogeneous
nearly Kéahler manifolds and 3-symmetric spaces.

Definiton 1.1. An almost Hermitian manifold (M, g, J) is said to be nearly Kdahler if VJ is skew
symmetric. If moreover VJ is non-degenerate, M is said to be strict nearly Kdhler.

From a simple computation it follows that 2- and 4-dimensional nearly Kéhler manifolds are
automatically Kahler. Moreover, Gray showed that any nearly Kahler manifold is the Riemannian
product of a strict nearly Kéhler manifold and a Kahler manifold. As a consequence, in dimension
6 a non-Kéahler nearly Kédhler manifold is strict nearly Kédhler. In 1968 Gray and Wolf [WG6S|
mentioned the first examples of strict nearly Kahler manifolds that were not S6. Moreover, in there
we find the four standard six-dimensional homogeneous examples: S¢, CP3, S? x 3, F(C3), the
last three with non-standard metrics. In 1972 Gray [Gra72] shows that any 3-symmetric space with
its naturally reductive metric is homogeneous nearly Kéhler. The converse however, was unknown
at that moment.

Together with Hervella [GH80], Gray divided almost Hermitian manifolds in 16 different classes.
The division was made based on four different properties, 207, Wy, W3, Wy, that Vw can satisfy.
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What the properties are is outside the scope of this abstract, but we emphasize that the properties
do not have non-zero intersections and they span the space of all possible covariant derivatives Vw.

In Figure 1 we see how the more classical classes of almost Hermitian manifolds distribute with
respect to these properties. Here, Vw belonging to the intersection of two classes 20;, 20, does
not mean that it satisfies both properties, but rather that Vw is the sum of two tensors that each
satisfy one of the properties. The classes G; and Gs were studied in more detail by Hervella and
Vidal [HV76, VH79).

Kéhler

W3
Special
Hermitian

Wo

Almost
Kahler

Almost
Hermitian

Quasi
Kahler

FIGURE 1. The 16 classes of almost Hermitian manifolds.

Nearly Kéahler manifolds are not just interesting because they have a neat structure. Later on
new properties were found outside of the almost Hermitian realm. In 1976 Gray [Gra76] showed
that six-dimensional nearly Kéahler manifolds are Einstein with positive scalar curvature. Friedrich
and Grunewald [FG85, Gru90| realized that a six-dimensional Riemannian manifold admits a
Killing spinor if and only if it is nearly Ké&hler. In 1987, Bryant [Bry87] completed the list of
exceptional holonomies of Berger, finding that the cone over the nearly Kéhler six-dimensional
homogeneous flag manifold has holonomy Gs. Later on, Bryant and Salamon [BS89] proceeded
to construct complete examples with holonomy in Gy as the cones over the homogeneous six-
dimensional nearly Kahler manifolds. In fact, Bar [B§3] showed that having a Killing spinor is
equivalent to the holonomy of the cone being included in Gs.

In 2002, Nagy [Nag02] showed the splitting properties of nearly Kahler manifolds: A strict nearly
Ka&hler manifold is a Riemannian product of six-dimensional nearly Kéhler manifolds, homogeneous
nearly Kéhler manifolds, and twistor spaces over positive quaternionic Kéahler manifolds.

In 2005, Butruille [But05] showed the converse of Gray’s theorem: Any homogeneous nearly
Kéhler manifold admits a 3-symmetric structure. Using the classification of 3-symmetric spaces,
he showed that the only (complete, simply connected) homogeneous strict nearly Kahler manifolds
in dimension six are S%, S3 x S, CP? and F(C?). He also conjectured that these were the only
compact strict nearly Kéhler manifolds, but this was disproven by Foscolo and Haskins [FH17] in
2017.

In the pseudo-Riemannian setting, that is, when the metric has signature, not much is known.
So far, there is no classification for homogeneous pseudo-Riemannian nearly Kéhler manifolds.
Besides Gray’s classification [Gra72] for 3-symmetric spaces, Kath [Kat00] and Schéfer [Schl17]
provided lists of analogues of the homogeneous Riemannian spaces.

Note that in a pseudo-Riemannian setting (in dimension six), we have two possibilities for the
behavior of the almost Hermitian structure. On the one hand, in the same way as the Riemannian
case, g(JX,JY) = g(X,Y) and J? = —Id. In this case the signature of the metric is (++++——).
On the other hand, g(JX,JY) = —g(X,Y) and J? = Id. In this case the signature of g is
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(++ + — ——). If we assume that the covariant derivative of J is zero (or skew-symmetric), we
will call the first kind pseudo-(nearly) Kéhler, and the second kind (nearly) para-Kéahler.

Here we will focus on the flag manifold and its analogues, shown in Figure 2. The space F? (V)
consists of all the flags (¢,II) in V', with £ of causal character € and the complement of £ in IT with
causal character d.

su, _ .
F(C3) — % =FH(C}) = F (C)) nearly Kahler

SU(2,1)
SO(1,1)xU(1)

nearly para-Kéahler

Rfl;(sg(’)R()z) nearly Kahler
SL(3, .
®F XRJrL)(j(ﬁ), ') = F(D?) nearly para-Kéahler

FIGURE 2. The analogues of F(C3).

In particular, Kath realized the analogues as twistor and reflector spaces over pseudo-Riemannian
quaternionic Kahler spaces, as seen in Figure 3.

s? Tegm = F(C?) —— CP?
S? —— goeinn = Fr (C3) —— CP2
83 —— wisuty = Fi (€ —— CP?
st 30(811,}1()2;11}(1) CPy
s3 R eo) DP?
S — ErErarsE = F(D?) — DP?

F1GURE 3. The twistor and reflector fibrations of the flag manifolds.

2. SUBMANIFOLDS

An almost complex submanifold ¥ of an almost Hermitian space (M, g, J) is a submanifold that
is invariant under J, that is JTY = TX.

A submanifold ¥ of M is said to be totally geodesic if any geodesic of X is also a geodesic of M.
Equivalently, the Levi-Civita connections of M and of ¥ coincide. Note that if the the submanifold
3} is degenerate, it does not carry a canonical metric, torsion-free connection. Thus, we say that a
degenerate submanifold ¥ is totally geodesic if any geodesic of M that starts in 3, with direction
tangent to X, stays in X for short times. Equivalently, ¥ is totally geodesic if T'Y is autoparallel,
that is VxY € TY for all X,Y € TY, where V is the connection of M.

Cwiklinski and Vrancken [CV22] classified all non-degenerate almost complex totally geodesic
submanifolds of F(C?) and F (C?). Totally geodesic almost complex submanifolds of the remain-
ing nearly Kéahler space of Figure 2 were classified in the following theorem.
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Theorem 2.1. [ACDV26] Let f : ¥ — %3&% be a totally geodesic almost complex surface.

Then, f(X) is homogeneous and congruent to one of the following orbits.
(1) The orbit S3(3) through [1d] of a subgroup SL(2,R) C SL(3,R),

(2) The orbit S*(1) through [Id] of a subgroup SO(3) C SL(3,R),

(8) The orbit S3(1) through [Id] of a subgroup SOT(2,1) C SL(3,R),

(4) The orbit R3 through [Id] of a subgroup R? C SL(3,R),

(5) A degenerate orbit through [Id] of a subgroup R? C SL(3,R).

Note that according to the following theorem, non-degenerate four-dimensional almost complex
submanifold do not exist.

Theorem 2.2 ([LVW20]). Any non-degenerate almost complex submanifold of a pseudo-Riemannian
nearly Kdahler manifold of dimension 2n, is of dimension strictly less than 2n — 2.

Therefore, the following theorem completes the classification of almost complex totally geodesic
submanifolds of SL(3,R)/R x SO(2).

Theorem 2.3 (A. 2025). A totally geodesic almost complex 4-dimensional submanifold of %

is congruent to the degenerate orbit of the subgroup AN through [Id], where AN is the solvable
subgroup of SL(3,R) from its Twasawa decomposition.

In a recent unpublished article [LNRV24], the authors classified all totally geodesic submani-
folds of the Riemannian nearly Kéhler six-dimensional manifolds. All examples are either almost
complex or totally real (JTY C TE1). So far there is no proof for this statement in general. If any
counterexample exists, it would definitely be in the degenerate realm. The intention is to further
study the spaces of Figure 2 and find all exceptional examples within totally geodesic submanifolds
and/or isometric actions.
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Koszul-Vinberg & & Poisson & D %

IR AR (LR AR VR —)

E

Abougqateb, Boucetta, Bourzik [3] 1% Hesse Z kiR DIERILM: %2 % & U 7-—#AL
T# % Koszul-Vinberg Z#kik % 2% L. Koszul-Vinberg Z#k{K (M, V, h) 8% D
BNy ROV D478 112 Poisson #i&E % #5895 Z & 2 /R U7z, Koszul-Vinberg ##
TE XA 12, Poisson #iE 1% Lie #iAE Bz —ffb X 5 H3, Poisson 1#
EIXEET Jacibi #i& 12, Koszul-Vinberg ##i& 13 FIARIZ Jacobi-Koszul-Vinberg f#
BIZ— BTN g [1], AFEEHTIE, ANFREARE LD Koszul-Vinberg #§i&E AL K
Lie Hi{U# LD Poisson &% iFE 4 5 Z &, HIZZ D Jacobi-Koszul-Vinberg
& L Jacobi BED XM IEIZ L TE 22 e R 2N T 5, T OIS HEEER
KEDANEGTK & OHLFAMETH 5,

1 Koszul-Vinberg #3i& & Poisson #8318 D XT ity
Koszul-Vinberg &1k (M,V, h) &, 77« VIR (M, V) & 5&AF
(vhﬁah)(ﬁvv) = (Vhﬁﬁh)(avq/) (a7577 € Ql(M))

7SR 2-7 YV h OFITH D Hesse ZRIED b TH 2. 77« v Ekk
KR (M, V) EOXFE 2-7 >V VG h 138Ny FVO2%EM TM £ 2-~_27 hLg 11k
ZHETL, TOEIRPRY LD EPROoNTNS:

Theorem 1.1 ([3]). 77« Y&k (M, V) ED h € T(S?TM) (3t U CXIZFRET
H5:

(i) (M,V,h) : Koszul-Vinberg % kkiA

(ii) (TM,1I") : Poisson % kkfk

7 7 4 VAR ED Koszul-Vinberg #3132 W AL B2 —fb b, LK

* kt13676@ns.kogakuin.ac.jp
AWgEIE JSPS Bt JP23K12977, 26K16988 Dk x %7725 DTY,
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M EOERIEAB L 1Z. X PNV RV A T(A) EOREIEIRE -4, M LDV R
VEG pa: A—TM O3 DT, REWZTHDTHS: TED XY, Z'(A), f€
C>®(M) izx LT,

(X,Y,Z2)=(Y,X,2), (1.1)
Xa(fY)=fX-aY)+(pa(X)N)Y,  (fX)-aY =[f(X-4Y). (1.2)

ZZT(XY,2) = (XaY)aZ—-X-a(Y-aZ)ThHb, 771 VERIK (M, V) E
DNV RV (TM)y = (TM,V,idry) & BIFEENTHERBTH 5,

FERFRAEARE A = (A,-4,p4a) ED Koszul-Vinberg #iE & 1%, [h,h]a = 0 Zifi7z
T hel(S?A) DZeThb, ZIT, EED heT(S2A4) 2L T,

[h, k] a(er, B,7) =pa(h*a)h(B,7) — pa(h*B)h(c,y) + (a, h*B -4 hiy)
— (B, hia " hﬁ’Y) — (v, hia " hﬁ@ _ hﬁﬁ ‘A hﬁa).

T 74 VERK (M, V) TN LT h e D(S2TM) »3/EMFRHEAE (TM)y EO Koszul-
Vinberg #i&Tdh 5 Z & & (M,V,h) » Koszul-Vinberg Z K TH % Z & IL[F{ET
H5,

—Ji. ZFRIK ED Poisson f§iE 1 Lie R Lz —fifb s, L8k M LD Lie
BRICE IE. R27 FLAY EIL A, T(A) EO Lie 8Bt [,]a, M LDy KGR
pa:A—=TM O3 DT, IRZ&WZTEHEDTH5:

(X, [Y]a = fIX,Y]a+ (pa(X) )Y (XY €T(4), feC®(M)).

SRR M OENY RVIE TM = (TM,|[-,],idrar) £ 81X Lie HAETH 5,

M E® Lie i3 A = (A,[,]a,pa) £ Poisson #x&E L 1%, [r,7]a =0 %272 T
TeT(N*A) DZeTh3, 22T [, ]Ja: TN A) xT(N'A) > TN T A) ik %
BRI MVGEROZERICERZRI NS SO LFARKIZERZIND A ED Schouten 5N
Th5,

ABEHTIEET, 2O MBEINZHEIZDOWTE Theorem 1.1 & [FIBED IR A3E
MDOEWD Z L EBNT D, LMK ED Poisson ik, Lie A TH 2NNV N
@ Poisson Hid& & 7w Z A TE S, HH, Theorem 1.1 @ Poisson £ Ek{KIZ Lie
HRE TTM L0 Poisson #iE & Rt s, M ED7 7« VS TTM % HE [
V(M) LAV H(M) ODERIZAEST 20, ZORIZ8WT, V(M) & H(M) 2»8
MY 2DNY RLTHBIEIZE>T h e D(S2TM) 75 I e T(N* TTM) A3k
INd, EXFEA A OFEANY RV TA HE|EFHHEAKEAHOENI RS 503,
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— Bz NnNoDT U ZIF—H LBV, T & IFAENHEARBOIEE Lie ifkr ©FH <
LB EIZE-oTHEINS,

Definition 1 ([4], [6]). pg : E — M TXZ MUV RV E OREEERT LT 5, /£
SFRAAEL (A, -4, p4) KRHLT, ZOEREIE A EOXRTZ MLV RV LA T, &%
& BB Tpa: TA—TM D pa IZE25ERLOEZEM, b,

LA :={(b,v) € AxTA|pa(b) =Tpa(v)},

Wi pea : LA — Al pea(b,v) == pra(v), (bv) € LA THERZLNEEHEDT
Hb, £12 4 BASYZ2DONY FLANDHE LA = V(LA) @ H(LA) ZFH L,
D(V(LA)),T(H(LA) & T(A) Ot X Ofb EIF XV, XM 2o TEhZThERI N
%, ZOLE LA LD Lie BREEEE ([, )24, pca) FXRTEZ SN S:

pea: LA—=TA, pra(bv):=wv,
XV, YV ea=0, X2 Y] a= (X -4Y), X" Y14 =[X, V)% (X,Y €T(4))

ST Lie HiREZE I3 2 & T, SEMADE A L FBKIC h € T(S2A) X TT € T(A\® LA)
RFET LI L, KEHD,

Theorem 1.2 (ARM-N. [2]). ZWFRHEIEL (A4, 4,p4) EOXIFR 2-U)lr h € T(S%A4) 12
XN UTRIZFEET S %:

(i) h: ZESFREEAREL (A, -4, pa) D Koszul-Vinberg i

(ii) " : % Lie 8% LA E® Poisson it

(M, V,h) » Koszul-Vinberg Z#IATH 5 Z & & h HAEMFRHEARE (TM,V,idra)
E® Koszul-Vinberg #i&T&H 2 Z L IZFAMETH . (TM,II") A Poisson % kkik T H
52 &y I A Lie R TTM 1® Poisson & ThH 5 Z L IXFAETH B, HIC
L(TM)=TTM %0 22D T Theorem 1.2 & Theorem 1.1 D—f#{LTH 5,

2 Jacobi-Koszul-Vinberg #i& & Jacobi #5& DX s

Lie #if# D Poisson it i Jacobi #REL LD Jacobi #§i& [5] ~, A XIFRHEAE L
@ Koszul-Vinberg #§iti 1% Jacobi & MR D Jacobi-Koszul-Vinberg f##i& [1] ~
LHIZ-RILI NS,

Z kK M E® Jacobi EBRE (A,¢9) & iE Lie R A = (A,[,]a,pa) &
(60, [X, V1) = pa(X)i0,¥) — pa(¥)do, X) 2¥i7F o € D(A") OHTH 5.
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SZRA M TR UT TM @R :=TM & (M x R) IZIXERIC Lie HABOHEED A S,
ZorE (0,1) € T(TM & R)*) = QLM) x C(M) £ &>T (TM &R, (0,1)) &
Jacobi HifAE & 725,

Jacobi HAEL (A, do) LD Jacobi #&E L IE. [r,m]ag, =0 Zii7zd m e D(\* A)
DIl eThsd, ZIT

[Wyﬂ]A,% = [m,7]|a + 27Tﬁ¢0 AT

SRk M E® Jacobi #%& (A, E) L1, [AA] = 2EAA[E,A] = 0 &Hli7=3 A €
X2(M),E € X(M) OMiTH 5, 2hid (A E) € TAATM & R)) = X2(M) x X(M)
7% Jacobi HAEK (TM ® R, (0,1)) E® Jacobi #iETH B Z & LFAMETH 5,

Jacobi HLAREL (A4, ¢o) 12 A x R E®D Lie HARBHEEZFEL. (A, ¢o) LD Jacobi #
& A xR LD Poisson #i&i & #E 9 5, Tz Jacobi fi& D Poisson 1t & I8,

—J%i. M E® Jacobi EXHFRERE (A,¢9) & ITLEMNENAL (A,-4,p4) &
pa(X) (60, Y) — (b0, X A Y) BHFE B L 5% ¢ € T(A*) DMITH B, 77425
BAR (M, V) EOXRZ MUY RV TM @R EICIFERICAERNFRERBOMER A S,
B2 (TM @R, (0,1)) I% Jacobi ZxFREifAE L 72 5,

Jacobi =X FRHEAEL (A, ¢) D Jacobi-Koszul-Vinberg #55 & 1%, [h, h]%° = 0
ZWi7=9 he(S?PA) oz Thb, TIT,

[h, h]%° (v, B,7) = [, h]a(er, B,7) + h(do, @)h(B, ) — h(¢o, B)(ar, 7).

Jacobi ZE X FRELAREL (A, ¢0) 1 A x R EOEMHEMABEEZFE L. (A ¢) ED
Jacobi-Koszul-Vinberg ##i& X A x R £ ® Koszul-Vinberg f§i& 2 #8345, Tz
Jacobi-Koszul-Vinberg #i& ® Koszul-Vinberg 1t & .53,

Theorem 1.2 % Jacobi Z&XHFRHAEL D Jacobi-Koszul-Vinberg fi& (2 #HT 5 Z &
TIR%2135:

Theorem 2.1 (A#-N. [2]). Jacobi Z&NFRHIEL (A, po) LOXNFR 2-LIlr 1 € T(S?A)
XU CTIRIZEE TS %

(i) h : Jacobi ZERFREAREL (A, ¢pg) ED Jacobi-Koszul-Vinberg ##i&

(ii) II" : £ Jacobi HEL (LA, ¢)) ED Jacobi &
LU a € T(A*) i LT, o € T((LA)*) X (o, XV) = 0, (o, X1) = (o, X) o pa
(X €eT(A)) TEHRIND,

Koszul-Vinberg % bk{A 7)Y Koszul-Vinberg it % £ D /e FRHAEK (TM)y L FfET
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HhbILESHIZ, (M,V) LD Jacobi-Koszul-Vinberg #i&5% (TM ¢ R, (0,1)) E
D Jacobi-Koszul-Vinberg #ig & UTEFRT 5 Z &£ 12 & 5T Jacobi-Koszul-Vinberg
kA (M,V,hE) DEFHEE2HB5 [l 22T h € T(S?’TM),E € X(M) TH 5,
Theorem 2.1 % (TM @& R,(0,1)) E® Jacobi-Koszul-Vinberg #&IZ#H L, £ %
NEREOEFETEEZET Z & T, Theorem 1.2, Theorem 2.1, Koszul-Vinberg {k.
Poisson {LDEDIRD & 5 2 Bf% %2155

Theorem 2.2 (ARHF-N. [2]). Jacobi-Koszul-Vinberg Z k& (M, V, h, E) (X U TIX
DHNIZAHTH 5

—_——

(M, V,h, E) Koszul-Vinberg 1t (M X R, 6, (h, E))
Jacobi-Koszul-Vinberg % fk{k Koszul-Vinberg £ #f{A

Theorem 2.1 lTheorem 1.2 (Theorem 1.1)

(TM S R7A; E/) Poisson 1t (T(M X R), (A7 E’) — H(hvE)>
_—
Jacobi 2 Ffk Poisson ZHk{K

S 3k
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2UIC & 2 IERIFISR S EFAKDRE"

R HEET

B =
Buclid 2fIC ER] (HEAOHEE L > THONE) BEA LHERAGEAShEL S Zh
o O EHZBBUZ IHE & T 2 B AR ROYIEREOMZ VT, TN o 0EL WY 5 Y
Y5,

1

Ak, FE L HLBRRK (RBRY) & OHLFEMSE [7) O —HOHTH D, EL ULTSRT
5 e ATEEIE, [3, Theorem 4] T/ & 117z Hot Potato Kugel E¥ 2 TH %, potato kugel & I3,
VY HAE - R 3F - WEHioaX VYR TH S, TDOL UK [6, pp. 137-138] 221t
&. Hot Potato Kugel WHI DML, TEMWNIZ—RRICRDSNIZEAHD 2 DDV ¥ HA
ENGERIONZLE, TNOLSMELIEEAVT, ZNODRELWRE I PHETESN?] T
Ho, BRI, DR —HADPKELRSIE, TEE] THD, YN HOMELEDI—ETIT
F0, G2 HREREAET 2HMEX LIXUIK (24V7) Bl caRIh s, Mz,
matzoh ball soup 2% %, ZIIIDWTIX, HlZIX, [5] & [10, Section 10] Z St &,

Hot Potato Kugel & % [EHEIZIR R 2 7212, G5 & FHEEZ HEf3 5,

j/? n
G(z,t) = (i) exp <_Zt> , (x,t) € R™ x (0, +00) (1.1)
B, feLYRY) T 5, 727zAIAA
G(t)x flx) = | Gz —y,t)f(y)dy, (x,t) € R" x (0, +00)

Rn
W, RYIZBI2RGRADOMTH S, T0bH, LED (1,t) € R x (0,4+00) IR LT,

0
((% - A) G(-,) * f(2) = 0
MDD, f Az THER SIF,
lim G(-,t) * f(z) = f(x)

t—0t
WK D SLD, BIBUE {G( 1) * fHe0400) & f DERE NS,

ACR" DEFEBEZE ya &<, ACR"HPERIFAEETHDE LI, A=clint AD KDL DZ
EEWVWD, ACR" DMK (body) TH D & id, ADVERLIEAAEAETHLILE VDS, ACR"H
Y)Yy RTHBEIE, AVKTH Y, 2D ADHEGI»EFETH D Z &%\ 5, Hot Potato Kugel
EHD [25[] LIERY, [y HA4E] LIER" OV Iy Re L, [—RRIZROONZI Y I E
K 2o bRt 128 50E x DB LI1X G(t) * xx(z) TH 5,

Hot Potato Kugel &EHil % [EHEIZR N5,

REERIL - BT TR O BOH AR O BITAER & 2 0h S BN 5 MKDEFOME ] (20K14320) D)

EZIFTWS,
PR L2280, E-mail: sakata@hosei.ac.jp
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EH 1.1 ([3, Theorem 4]). X C R*" %2V VYUv K, B C R" %z niXHitke 95, HHHES
OCR'\ (XUB)PFELT, EED 2z € OITXL T,
lim "2 (G- t) * xx(z) — G(-, 1) * x5(z)) =0 (1.2)

t—-+o0
NN DERET S, ZDE&E X =BTbhb,
(1.2) DR, KRz, BB/ OB R R T 5, F o c RMICHLUT,

(47t)"2G(z,t) = 1 — ‘ZE +0 <t12> (t = +00) (1.3)

DO D, KCR"%2EKEd 5, (1.3) &0, HExeR"IZHLT,
(At)"2G (-, 1) % xx () = Vol K — it/ o —y[2dy + O (;2) (t—400)  (14)
K

DO D, £oT, (1.2) 1%, [K=X& U7/ (14) 2 K=B&U7 (1.4) OFE 1 HLE 2 HH»N
TNENFELW] 2EKT S, ZOEKRT, X £ BREoEbLEEHNTWS,

AROHKIZ3DH B, 1 2DDOHMIL, EH 1.1 ODRETH B, (NEEFH T, [HUKHRZ R
T, 2D0ODOHMNIE, EFH 11 2D ULEA-EHEZRT I THS, BIROMTIER L, ByRDRAK
BEZIFEPZHCT, BAHOY ¥ T EZHKEDOY ¥ HA1 €& (CETBEIOZE % R\VWT) HE
T2, 3D2HDOHMNIE, EH 1.1 O —ETH S, p:R" x (0,+00) - R &L, G(-,t) * XK
Zp(,t) * xx WRATZER 11 OWR & ETNELEZTZEDBEONLD72OD p D+ M4E G 2
%, IREILAFE, 300, 128, 2 D DIEIZERS,

2 DEBRREETO—KRIE

Fourier Z2#Z X 2 R" IZB T 5B HHEAD—be LT, 2BERFEXAVPH SN T VWS, %
NEZOMZDOWT, [1] & 8] #BFIZ, BHLTERR S,
a € (0,1] &35, Fourier £#1% FH\WT, fFHZKR (—A)* %

1

A\ _ 2a 77 V—1z-€
(A1) = e [ JEde T e
_ 1 20 —VTIYE gy oV 1€
e L1 [ o Ty ag
TEXRT % .
_ —t]g>® v/ Tag n
Go(z,t) = G /"e Hel™ e d¢, (z,t) € R" x (0, +00) (2.1)

B, G =G Thb, §8-bE, a=1U7% 21) OHLIFFHETET, (1.1) IZF LW,
feL'R") T 5, (LTED (x,t) € R" x (0, +00) IZx LT,

(5 +(-87) Galt.0) ) =0
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M OLD, F7z, f o THERZR S,

WD SED. BIBUE {Gal-,1) * flic400) & f DOBBERIE L35

0<a<lD&Z, (21) DHDOERPHSNT WS, [4, Section 5.4] ZBHEIZ, ZNIZDWTHH
HUZ7R X Hot Potato Kugel EHIZMH S G, DMWEZHMBT 5, UF, 0<a<1 &9 5,

B3 g (0,400) X (0,+00) = [0, +00) BELEL T, IRDE D LD,

(a) fEED t € (0, +00) IR LT, no(-,t) 1% (0, +00) T TH 5,
(b) FEFED (t,\) € (0, +00) x [0,400) (TR LT, e = / N (s, t)e ™ ds AL D 31D,
0
ZD 1, DEFEDFEIX, FlZIX [9, pp. 259-262] % A X, Fubini DEH L O LED (z,t) €
R™ x (0, 4+00) 12X LT,
Gal(z,t) :/ Na(s,t)G(x, s)ds (2.2)
0

MECD 3D,
FR(22) ZHVWD L, G, D2 DDOEELMEZ RT3, 121, G, DABOMHEETH 5, &
FUZIHRU T, Go = Gap 5K, i€ {0,1} & L,

o « 7t n
Ga,iv1(z,t) = /0 ?2§;i+3G(x, s)ds, (z,t) € R" x (0,+00)

B, [2,(14)] L0, MEED (z,t) € R™ x (0, +00) IZH LT,
VGai(z,t) = / Na(s,t)VG(z,s)ds = —Gqit1(z, t)x
0

PR D LD,
£ 5 1 DOEELMEIL, [VGai(z,t)| © 2 IZBIL Tk B2 S OFHiiTH 5.

N (8, 1)

7ilt) = 2n+1/2+z\/%/ s(nt1)/2+i

EBL, EED (2,t) € R" X (0,400) IZH U T, |[VGq,i(x, t)] <i(t) D LD, [2, (10)] & [2,
(1)) &V, t = +00 DEE, Goyi(0,t) ~ t=(F20/(20) (1) ~ ¢~ (H1H20)/(20) 2385 0 37D, HFIT
70(8) = 0(Ga1 (0,8 /71(£)2), 71 (1) = 0(Ga1(0,)), G (0,8) = (G (0,1)) AR Y L2,

0<a<1DEEIZ, Gy, DAlLE ZDFHiZELRE Lz, Gi =G b, (1.1) P SiEEE, FUME
kWD 5ND, “ns RISE A WEHRZT p: R x (0,+00) > REEZ 3,

ds, t € (0,4+00)

RZE 2.1. p: R" x (0,400) = R, p1 : R" x (0,400) = R, N € (NN [2,+00)) U {o0}, 70 :
(0, +00) = (0,400), 71 : (0,+00) = (0,+00) £F 5, BEIZIEL T, p=py &H<,

(i) FEED t € (0, +00) ITH LT, pi(-,t) IER* TCN #TH %,
(ii) fERED (x,t) € R™ x (0,+00) IZX U T, |Vpi(x,t)| < vi(t) TH 5,
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(iii) ERED (z,t) € R™ x (0,400) IZN LT, Vp(z,t) = —p1(z,t)z TH 5,
(iv) R™ x (0,+00) Tp1 >0 TH Y, (0,+00) Tp1(0,-) >0 TH 3,
(v) B D (2,t) € R" x (0, +00) 12X LT, pi(z,t) < p1(0,t) TH 3,
(vi) 70(t) = o(p1(0,)*/11(t)?) (t — +o0)
(vii) 71(t) = o(p1(0,t)) (t = +00)
(viii) fERD t € (0, 400) 1K LT, p(0,t) #0 TH 5,
(ix) p1(0,%) = o(p(0,t)) (t = +00)

Go & GIFHIZR OZBUZEA L TIRNFTH 5, KE 2.1 AT p T, R® DEHKUTE L TEK
MR THEVEDPFLET D, ZHNIE—BLDRDRELRFETH S (B, MEBEOHEE T, Z DM
BT D),

3 Hot Potato Kugels
EH 11 Z2WRL, TNEPUER BB 2RO, il5 2 5, (e (0,+00) &L,

ri@) = {re st @) [ ilrmlay < oo}

B <l %5, Ly (R") D Ly (R") TH 5. ¥z, L'(R™) D Li(R") D Ly(R") TH %,
feLi(R") T, / f()dy £0&2HA=TEDIZH LT,
Rn

m= [ sowan [ [ sy

LB, FHIFEA K CR" T, yx € LI(R") AT HDIINUT, my,, =mi LT 5,

3.1 2RE—AVMILZERHIFEESEFHKRORE

WHEER (1.4) &0, 2H L1, FRE 2IE—A Y b |- 2% K(2) :/ = yPdy = & Bk
K
CEHBRDEITE EWIRZ 5N S, T I T, ANEIZABENZ, 2IRE— AV b OWE % H(iid 5,

fiRE 3.1. k:(0,400) - R, BC R" % nXJufEK, K C R" Z EAIFAEG L 35, Kk IZHEFHEM
THYH,VolK =VolB, k(|- |) * xx(mp) & k(| -]) * xg(mp) FHIZHARTH 2 LIKET D, ZD
& & IHED SO,

(1) k(- ) * xx(mp) = k(| - |) * x(ms)

(2) T HIT kAPRFZHFIEIN A 51F, FSHLD D DBENIEMEIT K =B TH 5,
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EAA. B D2 % R & B, kIFHFMEZD S

k(D) *xi (ms) — k(- ]) % xp mB=</K\B /B\K> (Ims — o)) d
> k(R) (VolK \ B — Vol B\ K)

aul

TH%5, VoK =VolB &Y, VolK\B=VolB\ K T»h5, O

i 3.2. k, B, K i 3.1 0D L T5, HDEcR"DPIFELT, k(|-|) * xx (&) IXERTH
LERET S, TDEE, WA D LD,

(1) k(1) *xx(&) = k(|- |) * xB(mB)
(2) & 51T k AR 51F, FEBIO-DDOBE+HEMEEL K — =B —mp TH5,
FEEA. K — &+ mp iR UT, il 3.1 2 HW 5, O

FR 3.3. fe Li(RY) T 5, fly)dy #0 LIRET S, ZOLE LED 2z c RPITHLT,

Rn
|-\2*f<x>:rx—mf2/ F)dy+ |- 2+ f (my)
Rn
N AIRVAON

% 3.4. BCR" % n WOiliBk, K C R" 2 EHIB%A LT3, VolK = Vol B, xx € LL(R") L1k
ET D, TOLE WA LO,

(1) FEDO 2z e RIZHLT, |- |2+ xx(x) > |- |> % xg(mp) BEK YLD,
(2) 22 e R"PEFIELT, |- P« xk(z) = |- [**xp(mp) BRO LB SIE, 2 =mg TH 5,

(3) | . |2 *XK(TTLK) = ’ . |2 * XB(mB) T@%f:@@%‘g+ﬁ%{¢6i, K — mg = B — mp VC?) 50

3.2 Hot Potato Kugel EEDH R
EM 11 2WRT 5, £7, HOHEZFERESHT L, IRD 2 20 br5,
(1) X OffifEAIFEE TR EE LV, T2bb, €M 1.1 13K X 2Bk B L HET 5,

(2) BFHEA O X R\ (X UB) L& ENDIHREIR, ThbE, HEHES O C R PFELT,
EED 2 € OIZHUT, (1.2) B2 6, X = B Th b,

AT, ESIRD2OOHBEINAZ 5,
()T X, 2ME— AV M E2ERTEDROIE, FRTHREE LW,

(2)" affine MNZ72 n + 1 5T (1.2) DO SLTIE LW,
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BERTHRVEHIFSES X 20R 3574012, WHEEH (1.4) 2WERT5 (TX3),
8 3.5. fC LIR") &5, (LEDz c RMITHLT,

p0) 5 5@) =p0) [ fway =G p@) 400 (1 +00)

P DN D,
DITOREAL L ME3s NS E2EZS] Thb,
%% 3.6. f,gec Li(R") £ T 5,

p(, 1) * f(z) = p(, 1) * g(w)

, (z,w,t) € R" x R™ x (0, +0c0

L(z,w,t; f,g) =

£5<,

(1) WIZFAETH 5.
(a) 5 (z,w) ER® x R* BIFEL T, t — +oo D& E L(z,w, t; f,g) IFNKT 5,
(b) fEED (z,w) ER" x R IZK LT, t — 400 D& E L(z,w,t; f,g) FIKT 5,
() Rnf(y)dyz/ 9(y) dy

n

(%AJGR\W}&?éO/iﬂmdy—/‘ﬂm@rﬁw&6ﬁ16%®(QMEﬁWxR"Kﬁ
R» R»
L,

2 (2 = mgf? = o = myf?) +1- [ £ (mg) = |- P g ()
lim L(z,w,t; f,g) =—

t—+o0 2
N AIRVASN
FEEA. (1) i&dniE 3.5 15, (2) IdAmE 3.5 LTER 3.3 164D, O

B 3.7. LEME 36 DEDLT5, BC R % nikiHEK, X c R* 2 FEHIFAEA LT 5,
xx € LIR™) LIRKET B, 5 (z,w) € R* x R* BFLEL T, |z — mx| > |w— mp| 2D
lim L (z,w,t;xx,xB) =020 DR5IE, X —mxy = B—mp Thb,

t—+o00
HWE 3.8, f, g, LEME36DLEDET D, REKET 5,
(a) 5 x1,...,0p11 € RPDMFLEL T, IRAEK D 32D,

(a-1) z1,...,ZTny1 V& affine L TH 5,
(a-2) 5 c e RVFAELT, ERED j e {l,...,n+ 1} ITXHLT, tlgrn L(zj,xj,t; f,9) =c
NERRVACH

(b) Rwﬂwdy#Oﬂﬁ WQ@MM#O
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ZDEE, mp=my THD,

BEER. t — 400 D& & L(xy,x1,t; f,9) FPERT 2025, (2,w) = (z1,21) & U7l 3.6 (1) &V,
f(y)dy:/ g(y)dy THb, Tz M &EL, IRELXD, M #A#0TH5b, FEDz € R"

LT, (5,0) = (2,2) & U7 KM 3.6 (2) £ D,

lim L(z,z,t; f,9) = M (my —my) - <a: -

t——+o0

"W‘%"%><_’W2*f0nf)_"P*90nﬁ
2 2

WK DD, £oT,

(mr=m) (5= o mmaan ) =(0 0 0)
MED LD, (N PIVIFMERZ bV & UTEMR U TZ,) O
EIE 3.9. LEME 36D, B, X 2@ 3.7T0LD LT B, RENET 5,
(8) 3 x1,..., 0041 € R BFEL T, AR D 32D,

(a-1) z1,...,ZTny1 V& affine L TH 5,
(a-2) B c e RMVFELT, EEDj e {1,...,n+1}ITXHL T, t_1}+m L(zj,xj,t;xK,XB) =cC
NERIRVACH

(b) 5%z € R*" BMFELT, t_lbrm L(z,x,t; xk,xB) = 0 DD LD,
IOLE X=BThb,

FERR. (f,9) = (xx,xB) & UMl 3.8 XD, mx =mp TH B, Tz mEHBL, (2,w) = (v,7)
EUL7mE3 7LD, X—m=X-mx=B-mp=B-mTdb, O

%3.10. B, X 2@ 370 DL T 5, 5 (v1,...,7041,T) ER" x -+ x R" x (0, +00) D3F
FEUT, IRDEKDNLD L RET 5,

(a) x1,...,7peq (& affine 2 TH 5,

(b) FEED (j,¢) € {1,...,n+ 1} x [T, 400) 1T LT, p(-,t) * xx(x;) = p(-,t) * xp(x;) DD
HASN

IDLE X=BTh?,

3.3 mA{E%ZF\V - Hot Potato Kugel £

BUROMETIE R L, ByR O XETIERIPAE S 2Bk & [T 5, Hot Potato Kugel 8L, %
RIZHB T BB OMLERZ W TRI Nz, FRRIZUT, ByRORKMEDHEHEEFE G605,
ITNEHNWS L 2IRE— AV N2 ERTE L EHIAEAZHKREFAETE 5,
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& 3.11. f € LI(R"), ¢ : (0,+00) = R", £ e R* & F 5, tgglm¢(t) = ERET D, 2D
& xE,

p(,t) = f (p(t)) = p(0,t) - fy)dy — pl(g’t)l P f (1) + 0 (p1(0,1) (£ — +00)
ME D LD,
W 3.12. f, g, LEME36DED, o1 (0,+00) = R ¢ : (0,+00) 5 R &3, [ fly)dy #

Rn
0, /n 9(y)dy #0, lim () =my, lim ¢(t) =m, CIRET B, ZDEE R LD,

(1) t — 400 DEE L(p(t),¥(t),t; f,g) BPRT B 72D DBEA43 51X,
. fly)dy = /ng(y) dy

-C\‘%éo
@ [ rwa- / oly) dy 7512,
. RS — |- Prg(my)
tli-ri-nooL (‘p(t)¢¢(t)ata fa g) - 9
Thb,
SERR. (1) 16 3.11 505, (2) I3 3.11 1R 3.3 25055, O

8 3.13. B, X @@ 3.7 DB D, p: (0,+00) = R", 1 : (0,+00) = R* & F 5, tggl o(t) =
ma, Jim () = mp LES B lm L (o(t), 0(0), 6 xxc xp) = 0% 5, X —mx = B—mp
Thd,

BERR. ¢ — +00 D& & L(p(t), (1), t xx, xB) BT 225, (f,9) = (xx,xp) & L7fl@ 3.12
(1) &9, VolX =VolBTH 2, (f,9) = (xx,xp) £ U7-fli# 312 (2) &, K =X L L7-% 3.4
(1), (3) &b, KamzE5, -
EIE 3.14. f € L}(R") & § 5, / fly)dy >0 ERET B, ZDEE, KRB LD,

Rn

(1) 5T € (0,+00) BIEFEL T, (EED t € (T, +00) X UT, p(-,t) * f DEKMDME— DIEAE
T 5,

(2) t >+ DEE, p(-,t) x f D (H—DD) BARFRIF mp IZPERT 5,

% 3.15. B, X 2@ 3.7TDED LT 5, K € {B, X} IZHUT, p(,t) x xxk DIRAMD 1 D%
hi(t) &<, TDEE, IRDBED LD,

(1) tilgl L(hx(t),hB(t),t; XX7XB) =07 ‘Bdi, X — mx = B — mp VC%%O

(2) 5 T € (0,+00) BFAHEL T, fERED t € (0,+00) IZX LT,
t >T = maxp(-,t)*x xx = maxp(-,t) * xB
MR DL D EIRET 5, Z@K%,X—mX:B—mB’C“Zééo
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3.4 9 7%MAVz Hot Potato Kugel £

RIROMETIEAR <, RO D TIERIFES 2K FE T 5, RFOME & BGRO B MEOHNHE
JRBH & [FRRIZ, BAROMED O RFAbFoNE, TNEHVWS L 2IRE— AV F2ERTED
ERIFSE A 2R AETE 5,

R 3.16. fi, o€ LAR") T35, ZDLE,
[ vt s i@ fale) da
—50.0) [ filw)dy [ pla)d

Rn Rn

MR D NLD,

D [ 1P e fi)fate) e+ o r(0.0) (0 +o0)

ﬁ% 3.17. f17 f27 g1, 92 € L%(Rn) aj—éo

/ p(-1t) % f1(2) folx) d — / p(-1t) % g1 (2)ga () da
n Rn
p1(0>t)

E(t;fl)f27gla.92): E(O,—I—OO)
<,

(1) t = 400 DEE L(t; f1, f2, 91, 92) PRS2 728D D BB 73 ST

[ [ p@de= [ awa /n92

(2) My, M, GR\{O} 95,

([ rwan [ o) = ([ awa [ ) =06

. 1
tl}+mooﬁ(t; f1, f2,91,92) = —§[M1M2 <|mf1 — mf2|2 — |myg, — m92|2)
My (|- 25 i (mg) = |- o gr () + My (- fa (mpy) = |- 5 g2 (my)

"G%éo

‘t“%éo

ANCYES

SERA. (1) 1EME 3.16 205, (2) XM 3.16 LVER 3.3 05485, O

fRE 3.18. B, X 2mE 3.7D, L 2FEH 3.17TDEHED LT B, tLier L(t;xx,Xx,XB,XB) =072
BCf,X—mX:B—mB'C“ﬁ)éo

SERA. t — +oo DEE L(Exx, Xx:XB: XB) BEKET D25, (f1, f2,91,92) = (xx,Xx:XB:XB)
U7 3.17 (1) &0, Vol X = Vol B TH» 5. (f1,[2,91,92) = (xx,Xx,XB,XxB) & U 7=fi&
317 (2) &, K=X &U7=% 34 (1), (3) & v, iz 155, O
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%3.19. B, X 2@ 3.7TDHDL T3, 5T € (0,+00) BWFHEL T, EED t € (0, +00) ITXF
LT,

t>T = /Xp(-,t)*XX(m)dx:/Bp(-,t)*XB(:z)da:

MDD ENET D, TDEE, X —myxy =B—mp Th5,

BT

B3 VR A TCHFBEOEZ WEE bR 5 T3, #HEN
T2 WA R 2RI RBELD AL ThE BRO W WA IE#E - L T,

£ 3Rk
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SRR L SRR R

FALRAREER A A R v & — HRELE

B #IZ Section 1 725 Section 3 THE L 72 2 FHMDFHAH%E T 5. Section 1 725 Section 3 ICARHEEZDOF VS F VT 41—
g Enizwn. 2ok, RO % Section 4 2> & Section 7 TIT 5.

1 FEHE
1.1 SRR

CZ2#H#VH, D CCE2ZoEEHEEL T 2. D LOFHIED L I3 —co ITfEZ & 28 u: D — [—o00,00) D% FAFBIEK
(cf. [15,30]) TH 2 &1, u B L HEHRBEKTH > T, 2 TDae D LT r > 0IIML, a ZHLE T2 r ODFKD D I
END L EFE UTOFEEOARERNNKD IO xRV

2m
u(a) < %/0 u(a +reV=10)de.
w: D — [—o00,00) BHFRBIT, HEINZ —co TIERWV (P75 b —fHula) # o0 %% ac DWFETE) DL T3, =
DE =, uw i FRATAEDBEIET, LT OAREX L2 DMOEKRT (B5WVEKT) iliZz3 Z EH 6TV S (cf. [15, 30)):

V—=100u > 0. (1)

22, u BAER (1) ZAMOEKT (JVEKT) i3 21X, 2TOWEL2Ray .y 2RO D LOIEAMHEBEE ¢ XL,
[puV/=100¢ > 0 B DD Z L & E S . £, AER (1) 2/ 3 L @ el o BT S ARMBIRIC 72 5 2 & 23]
LRTWVW3. V—100u ZBHARIC D E® Borel HIE#FEE S 5. T72bb5, D LD Borel fllE v TH-T, Ip uy/—1900¢ = Jpov B
E2TOD EOay 7 b HR—- M EROEL2ZRBEBICOVWTHRILT 2 D DDME—DFET 2 Z e H SN TWS (cf. [15, 30]).
v ERIRE U Lo & p, EEE, ZHE u D Riesz fIE L IR

Example 1. fi,...,fx: D — C ZIEHIBAE, aq,...,ay ZIEOFEKE T2 & = log(|fi|* + -+ |fn]o) IZHFAMEEETH 5.
FFZ, a € DITX L log |z — a| IZHFARBEETH D, Z D Riesz JEIX a ICDAHY K — b %E£iD Dirac #HIE 6, TH 5.

YU EoEFR%E C OFED» 5, LED Riemann LIRS 2 Z L IXBEHTH 5. 7272 L, #EEEA Riemann MDA, HFA
REEE, B Z X BRI DO B AR AR E W2 &, EBBER LR e RIS, % 2T, ERL 7ROk Z AT D X 5
WHET . X % Riemann i, L — X % X LOERIERKRE 55, DT, L LOFIEERE Hermite FHE & WHOBREZERL
720D, B S 3 X512, 24X X A6 Riemann HDHE 2L, B L 72HFMBEE e HEMQWEFE LD DTHS. iEoT
Riemann HZFf Riemann HICREL THRWVWODED, BREZNSDFR L TH S Z e 2T 3BICEN LR X512, ZLY72-T
Riemann HIFHCEICIIRE LR WZ T 5. h, & L LOBELPRBIETELE L, ¢ X — [—o0, 00) Z L5842 Rl 75
BI¥T, JRATRNCHIRAIBAE L I & D B OM TR T Z e TELHDL T 5. ZDL E, hy, == e ?h, ZHE Hermite 5HEL
PR, RS Hermite tE1Z, HFAMBIE L [FHIC, M OEKE (55WVEK) TZOHEHAIL VP EZMTO XS ITED S e HTE S:

Fh(p = Fh* + 65(,0

T ZIZ, Fy, & h, OilEOERTORET, 305 —JHZHHFNBEKD & & L FRC, Mo 2O TERT b0 T 5. Kk
Hermite 31 & h, OHIFRBFIETDH % L1, ETOWESILRA T Y R— ]‘%TTO;EQ{ B g I L, HES fX (O —1Fy, +
©V/—100¢) DIFAMTHZ Zr r LTEDS. 21U, SHEEITEOECHIIMKFELEWVERTH 2 Z v ITHEEE &. EHEI“P%EEEE
DFi5 Hermite 7t & %2 FIEERF R Hermite 518 (cf. [15]) L FEX. X 35 Riemann H D% &, Z2Et@ & L CHHREHREZE#

WX, hy, DEIEMERFE Hermite 3T R TH 2 Z 213, B o 235 FMBIETH 2 Z ke 5720, HFABEBO%E & Rk, #E
{EF 52 Hermite sHEOMIHRA L >+ /—1F,, 13 X £® Borel HIEZFHET 5.
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Example 2. L — X % Riemann M _EDIERIERRR T, deg(L) > 042D 5 5. sc HO(LV) % LN oFHIYIMiE 5. 2
DrE L NI s DFAITBWTE{L L 72 Hermite 318 hy BT D X 5 IHE XN :

he(u,v) = (82, u)(s2,v) (v € X,u,v € (LN)m)'

T, ) BERR S TV I THE. IO E, by B LICHEET 3 s DBACBVTRMT 25 Hermite 518 by /Y 1%
FIEfEFF R Hermite SR TH 2. ZOHMEBHIL > PO KR— M iX, s DFEHESIT—HT 5.

1.2 TFERAECTEE

a8 & Riemann [ FOFEHIE & FEFHR E WO MR OERZHNT 2 2 e HARNMIOEETH 5. F (equilibrium) &
BEN¥ORMFETH 2. FEREE, ZOREIZH Y AHREE L -HEBEROHOMEIHE2 £ ShhTwd (cf. [30, 31]). D
FIRTH 2 RT > v Vil Th <, NERPHERRPMERRE 2 L L OFH THIEI R I N T ELIER ICHREOIEET
H5.

X ZF Riemann fi& 5. X OEDEEE C X L TUTOHGERZERT 2 2L bhhd 5. E D (JAAT) &S (cf. [16]) T
HHLIFMMREOrc EXNLT, 2 DD 30K U C X & U FOBTREE pu : U — [—o00,00) BIFHEL T, ENU C ¢, (—0)
ERBZeRWVWS. {2, ARESEEE (R MEETH 5. Josefson DEM (cf. [16]) IZXk - T, Ll L2ERIZE, FiTK
BINCHESTH L Z e LA, $hbE, (R MES B L TEIR, X EOH 2 ¥ IEER R Hermite 51 & e vh, TH o T,
O FTEHNC —00 TS, EC o (—0) B2BDELBIENTEL ISR TVWS. X OFEINES K C X LT,
Mg THE= D K IZEENS X572 Borel ERHIERADOEMERT Z 2T 2. UFANZEL T, K 3MEEATIERL
CIRETS. L — X % deg(L) = 1 OIERIERRK, h, % L LD 577 Hermite 18, DR Z 245 1 1ITHBLLZdD
RPw=Y1F, LEDDE. Mg FONBERE, % pe Mg ZHLTUTO L S1TED 3 (cf. [3, 7)):

1 C
Ey,(p) = §/Xd<pwd Pu-

ZZIZ,de = 2\/;“ D-0)THD, ¢, & ddp, = Y200, = p—wd (B) RTH 5. X WERFFERO L 21213, K128
FNRVIRZID 2R U, w ZTRZEICOAY K- 2d D74 7 v 7 H L ¥ MTENE (BEICE, h FESH2R
Hermite fH &Y U GEAZDTED & 54D DITESFIUR), ZOIBEEIEET > v Vit BT 2 RN R T H 2 M=
FLE— (cf. [30, 31]) & (EBMEOEEZMMAL C) —HT 3. ZONMEEK E, 1359 «- (A L T F R0, BRI ALF—D
Borel fELHIE2ADOH THEMERICKR 2 Z e ZHEPDZ D TES (cf. [3,7, 30, 31]). #E->T ¢ ZEHEKYE Lz %, E,

W p BT % —ROIEZE B L LU T DOIRLBIRL

Bulp)+ [ o

E My OHFICHE—D I =< AP —%HE, Zh% (K, ¢) IS 2 FERIE MR, DD, FHEHIED, BT v v Limic Bl
5 B IE R AL U 22w & DER T H o 7228, T Pt E & MHIN 2 Rl 72 FIEEREE Hermite SHEDEIE S L
¥ FHEEE S 5 Borel HERHIE Y L TEHRT 2D TE, FHEENT2MATEL LA ZDERZHEMIVICHN2 DT, LITZ
OIFNE L2V, ERUREEZZOEERET 2. X LD p: X — [~o0,00) T, AFTINICHE & 272 % » HFAMBEK O TE
FTZENTE, e ¢h, OHIERIFIEICKR 2 SO %, HFAMBEHY 1 FEKREUTIER. X FOH#MY = 4 KR KROES
SH(X)TRT. 2ot % JEliar 7 MES K LEREEK ¢ O (K, ¢) BT 2FEITA b poq (K, ¢) LT D X SIZ5E
DB

Yeq(K, @) =sup{p € SH(X) | ¢ < ¢ on K}". (2)

T 2T, i EPRERREANL (cf. [15, 30]) KT, K ABESTRVWEWS HIEICXD, X (2) 0HLO LR FEEE TICHIR
fE1272% (cf. [16]). @eq(K,¢) DEIHIMY = 4 MRS, ZOFEY = 4 2 HWTE X % FIEERE Hermite 3t &
heq = e~ $ealloO) n, % EEIEHE (cf. [3, 7, 15, 34]) L. Frostman D (cf. [30]) ZHWW 2 &, SEHFEE e, WTHET 2 K7 >
SxNp,, ELTHHEY = 4 PRI ENTEDS (Y = A P dd°peq(K, ¢) = fieq —w DIFICIRZ) T ERTILTE
. OEWHEZ TR, FEEIROMES L >+ SEE X NS Borel IERRMESFEIGFEHIEICHR S, 2 WS T2 E2RT I LD
TE%. ZOEKT, bR LR T U v v 5 HFET 2 5E TR 2R T 5 2 & & TE 5. AN DRI TR P
G EOBMAEGZ B THRD D 720, LU % Example 413, BARTEZIAMEICHI S Z & AT Z 28D WEBEFHIOND—DOTH 5.

Example 3. K = X T, e %h, ZD b DI IEHEIMEEZ RO L &, e h, I FHEEIEICR . o THRIC, BIZRIED Hermite 7
&=, B 2 \EEBFHZER LD Fubini-Study st &2 5755 X1 5 Hermite FF &I K = X X5 2 ERIETH 5.
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Example 4. X ZEZGHZERCP! ¥ U, L Z@VFHEMRRE $5. s € HO(L) %, s(c0) = 072 2 ERIYIKiE U, byt = e~ loglslnap,
sk hFEIND L EOFIEfERE Hermite it R 5. K=S'={2€C||z| =1} L E®D, HiEEK ¢ 2 C LOEKBEE
WKWHLS., ZOr &, Py =4 M

Peq(S", ¢) = max(0,log |2|).

he DVERETHREL TW2 D THEZIIZ E TR 2L FEICTIRZVWDEDS, 2OV o4 FEBSERETHEMLTED,
ZFNSHF v AL TCP oG FHEETENEE S, MIHT 2 FEHIER, LUTD L5124k 3%:
1
1 e
/ch(S a¢) - Qﬂ_do

22T, dOVEHE Lo—EIERETH 5.

1.3 FHEAE CFEHAE00EE

SEHTIEE R R TR, AR, RTINS R IR PR RIS X 2R DR 4 7 IR CIFZE S T & 72, Bl 20K, R S1F5R (of.
[30]), 7 ¥ X LATHIOEHME (5 SHRI N ZHE) (cf. [1]), 7 ¥ X LZHEAP T ¥ X LYW DEH (cf. [35, 36]), Bergman &
L (cf. [3, 4, 8,9, 37, 38]), BEXZIHADZE (cf. [31]), Fekete FLE (cf. [6, 30, 31]) R TH 3.

Example 5. FiRL72dDZNZN 2T 2720 ORWIIHR VD, fliHRd O TEMOFEMKAEZHET 2. f(2) = 2% (d > 2)
DOEE S CP LOERIECER» SR 28RN FEREEZS. s € HO(L) 2@ FHIEFR D IEHIYINT, %O)%ﬁ#}?)ﬁ“@%ﬁ%
FRET S W, I ZFEMHAONT CTRA»HEFEDLIN/Ie 2A18H2bDL T 5. hi=h' % s DFRITBOVTHERT 58F
T EARR_E P IE(EARF 22 Hermite ftE E 32, f THDIELIIZRL, 5IZRLABDZIERLT 2 Zic kb, B FHERKRD
P IEfERE B Hermite ST ((f7*h)V 4 ey HEFBNDB . kDIKE L 725 2212, 45 Hermite FHEDFERT 2 4, i AL > +
DY R— b OFEEIIEZ TVE, TREMNSHMID 5LV TWL .k — oo DMERT, Ll U7z Example 4 DR RETHEICICR
L, $7fiRA L > 0 68 SN 2 MERFIEOFI A E Lo —HREIEZICIER S 5.

2 SEleddfEtE
2.1 FE&HY Li-Mochizuki OFIE

Li-Mochizuki [20] DEFONEZHAT 2 Z L BIANIOHBETH 5. X 2387 b 23R S R0iEkS Riemann [, Kx — X
X OREHER Y 55, RO R/ KV - X (K20 KY® ~ Kx) 2—2@EL, X LOBKr > 2 OFEAINY M VE
K, — X%

K, = éK;—@j—l))m _ KU g RO g g I g D)2
j=1

LEDS. 2, Hitchin [18] ICX DBEAZIN/ZD DT, A1 BID Weyl X7 MU ZDERDPHKT 5. ZOERINT FLEHD
1z, B LA ARIEA LTHATO Hormite 3t A = (h,... 1) HERBNTNELT 5. COLE, BERAOEEL S
itk b, Ki' Bz r — 18 Hermite 5H8A% H; = h; ' @ h;1 L EE 5. Hermite gt h H5EH (cf. [20) THB LW L%,
IS r — 1D Hermite 31 &2 HFFE XN 5 Kihler st EDETHMICR 2 2 LTERT 5. ZOFMMEL VI BERIEX
Bk [20] TRAONCEA I N D DTH 503, BEICIX, [20] TiE, XIAED Hermite it & h = (hy,...,h,) THo> T, HBIET SITIANR
% Hitchin AREADIZIR 5TV 5 HDIZDOWT, 5EfHf# (complete solution) £ WIS FWHEMELNT VWS (X HIHEHEKRI L%
21X, [20] T, Hermite 5fBZDH D WS K D b, MATK DS Hermite 5t &% —D[EIE L7z 5 2 T, MAED Hermite &t &
RO e F—H L, 2Tk U TR WS FHEEXIMEDLNT VWD), JLOFL & D b FEDOMHNGHD LILWD, ARfE% U
TZDXIREVHET ST 3. MAKO Hermite i BB G2 6N 2 L, FlRLzX 51 r — 1D K' E® Hermite &t
BEH2ZEATEEH, X612, Ky — X OGN g € HOKY) B—052bhTWwa T2, MFDX51C, ¢ DB
BWTEL U7z Hermite M & H, = Hy B—D2EF %:

H,=Hy:=h"®h; ®h,.

T 21T, hy ld Example 2 D X 512 g 6 EE N5 K" LD ¢ DFERICEWTERILL 7z Hermite st & TH 5. DL EDFLS O
DFT, K, LOXAED Hermite & h = (hy, ..., h,) NT 2T OBAREAREAZEA L, (K[E Higgs D) Hitchin 518
o [17]) &S

V—1Fy, +vol(H;_1) —vol(H;) =0 for j =1,...,7r — 1. (3)



22T, vol(H)) & H; OB ERT. ER LB L T 220/E%R Lz, £73, Higes 3= Hitchin /72,
Hitchin [17] % Simpson [33] I &K D BEA XN/ XD EWBERTH b, 12X (3) 1F, Bl Higes e FRHEN 5, [2, 17, 18] TEHA X
A7 Higgs RO Hitchin SR TH 3. Higgs H=P Hitchin ROV ERIAF T THbiRW. FEX (3) IEFHT
BROZETHZ e IRMEL bV ~—2F 5 (cf [14, 20]). Hitchin SRR OIZ—BICRAMFE L DI N 3 (cf. [10]).
77123 (3) DR, 3 7%H 5 SEMsAAIFH &I LT, Li-Mochizuki & T O E M % #ESL L 7z

Theorem 6 ([20]). IERIYINT ¢ 1%, X 2SMHHEITRWEBEICIZ 0 TRV EIRET 2. 2ok &, HERX (3) DM T det(h) =1
2% DHME—DTFET 5.

EARUEHOBE ROV TIAR Ttz v ([20) 2SR X). £/, ZEHTROWIEDOZFICE S 281583 Li-Mochizuki 1
XbhazhTnsg [21).

2.2 Hitchin 512D 2 FEiED HEHAR

Bl Higgs R Hitchin 523 (3) 1213 2 FHO B (IRINCE S Ze BN TE5) BFET 5. ZhUd, K<HAIshTWwS
HETEH 200, K\ Higgs FICEHE T 2 CHICBW T I L XHICHAIND ZLIFLAERVWI L THS. LrLENS,
SEOWRDEGD 51X, TOHFEERE BoEELRBEEZELDIDTHEDT, TROAR—ZAZEHNTELALHENE LV,

EARU2 X5, MAKO Hermite 3H& h = (hy, ..., h) 225, (r— 1) D K' £ Hermite #H8& Hy, ..., H,_; DI
505, D Hy,...,H 1 WEBEHZ T2, FERXB) IUTOLIICEZE TN TE S:

V=1Fy, + 2vol(H;) — vol(H;_1) — vol(H;41) =0 for j =1,...,r — L. (4)
FRZ, r=222¢=00 Z12iF, &K (3) & (4) ZADERE Kihler st &EICBIT 2 U T O SRR —E T %!
V—=1Fy + 2vol(H) = 0. (5)
22, HER (5) off HiZ Ky' — X ED Hermite sHETH 2. ZD L &, KA D 3LD:

o b g DBBEELBihrott T2, Hy= = H,_| = h!” £ BOTHEBN S Hermite FHRIZHER (4) OMTH
3. KRS, hy!" AS5EAE Kahler 3B 25T 2 72 512, WAHEMCEONZHARGEHRE h = (hy,... h,) 3ZHTH 3.

o FRLZASGELIZRIMIC, ¢=0THo 2. UTOXIIZFEBA,... . \o1 ZED S:

1

A=2) (M) =4 = ). (6)

\3
|

>
Il

22, AN 1E A Bl Cartan [T OWATHITH 5. HHENX (5) DR H &, (6) TEEZFEH ,...,\ 1 ZAWVT
Hermite 3t & Hy,...,H,_1 % H; = \;H (j=1,...,r = 1) LE® 2 &, ZHIHER (4) OTH 2. Kz, X HIAHH
Riemann T, H 25t Kahler S @& 0FE XN DTH o2 T3, Hi,...,H_1 ZWEREBRTRELTES
NBFFGE L = (hy,..., h) BERTDH 5.

ERU & 5102, sEiifEt &id, 2 0Rilasa e LT, JFESZME®R Kihler it &2 &L b0 TH 2. WlhFtERL 22—V v
FEHRIZZNZN, ¢ BBEEERLBLRVEE (T, by BEBHEBE) b, ¢ MESFICEOBRA L WS, 2 DOMRASE
WS . Hitchin 51230 (3) 13, BHANCIE, 20D 5, HMEBRNET 2d D, LA, FHEHENEL2HD, £/ L L
3, EY 27 A MBS L B OMPRRET 26D, LW R THRENS ZEDBIEL ALY TH o0, REAEER
zorhtdixl, AKX (3) O5EffEz, WhstE e 2—2 U v FEHROFENIOET 21 2R T2 D (KT, ¢ DFROE
BeZ I Ta—2 )y FetE2 o R Tl - 70 Z2RMH 5 2 6 D) L DRTERBINC LT, KT > > v ovamhy « @RI
5026 D LWIFRDMETADH D /2D TIR RN WS T 2EZTED, FRIOEELTIEIZNEBEAT LI HHNTDH 3.

3 Hh/ ZHhIS%H
3.1 Hh/ Z=hIS%H

AT 1T BT B, ARAEGRO S 2 = A5 (cf. [19]) ICBIE ST 2 HEEOMINMZ2 T 5. Q% (I 70 REEZIRLT )
ARES, F: Q- RU{oo} & (BIREIZZDZXNF —Z0ISSE5) ERS L IZERRITEZILS K E T%. i e QITBY



3 E0fiz B, bEL. (MREICHIST 2) EOEH 2 —2W 3. 2O %, Q EOLTOMRD M (p;(8))icq ZH/ ZHILSY
e PES:

e PEi

2jen e P
7272 U, E DMEFEINC co DBEFHERSMII—FRAMTH 5 KT 5. LR LERSMICB T 2 LRF %2 Z(8) TXL,
paliHE kS QA LIEN

pi(B) = (i € Q).

Z(B)=> e PP

jeo
F2X 502, FEREBOMNBERD, AF -1/ 2R L-dDEBHIRILF— MY, F(B) TRT:
F(B) =~ 1og Z(9).
oI, IVMAOE—ZUTOESICED S:
S(B) = BUE)™" — F(B)).

T (E)™ =3 cq Eipi(B) BB E O 7 = A0 2 FHETH 2. ZoL EFtHE» 6, Pldlzzy by —
S(B) IFZ AT OTEHRMERICH T 5 Shannon T FOE— [32] L =T 2 Z b 5:
S(8) == _ (8 logp; (5).
JEQ
IR U 7@ BV TSRS S 2 EE B IFIEL L7eds, E BERA % & 6 210U, MECAINCIE 8 BEDGENDHLR
HHRETH 5.

3.2 Shannon I FOE—® Schur Mk

Shannon = > + B ' — {21 Schur M4 & MHEN 2 EERMHE DD - T, FEHDIAHIIBWTH ZNEZHWS DT, ZDRITD
WTTHEL filifn 7z, Schur MR X, BEB R ERIZ LRWA, D2 HEICE - THRSHEA DM OTIHED Y, EAKE
BB VWHWETH 2. Kz, BUT OfHiliase b 320:

0<S(8) <log|Q].
2, QUIFERES QOROEBTH 5. BNEERT 20, pj(8) =125 % j € QITDWTHRD Lo TWTHI2 2T 0 D
Ba, b5 j A OREE IR TZHRNF DR KT j OAFEROEGE, RKZIERT 2D p;(8) =1/|Q DIRTD j€Q
WOWTH D VIO E, BETHUEE : Q - ROBTHERDOGETH 3.

4 SElEAMEtE0InE
4.1 &EO—ROLIFAMY 1 FEEADILE

B IERIYINT ¢ € HO(K%) 120 L, Hermite 3t & hy & ¢ DFRUTHB WV THET 2 FHER Lo EfER R Hermite 31 & h;l/r T
H3 5. (23, 24] ITBWT, ZDEEDOIEER O IEERF S Hermite & e~ h, NOILRZEA L 72:

V—=1Fy, +vol(H;j_1) —vol(H;) =0 for j =1,...,7r — 1. (7)
Z 212, Hitchin &R & [RIC K, LOXNMAED Hermite H& h = (hy,...,h,.) DHERX (7) O TH->T, Hy,...,H,_1 &
Hitchin SR DBELFARIC H; =h ' @hj E&j=1,...,r — 1SN LTEEZDDTH 2. H, = Hy iZATD L 51TER
T 5:

H.=Hy=h'®@h ® (e %h,)""
=H'® @ H ' @ %h)".

LAY = 4 MBI o D o = ¢y = Lloglgl THABND L&, TR (7) 13KF Higgs o Hitchin /72 (3) 12t 57200,
LAY = A P @ = ¢gy = + loglan|i L2 L E, (7) IE—RIC X ODIBHE LORNGRESZ 5. X —KD o1&

(¢gn ) Nen DIEDILTHUTE 2 Z e DBRHNTWE DT (cf. [15]), RN (7) IHEKBIRRAMIR, & L < 3ZFR oM %
RRICHEPLTHRONLGMBRTH 2 & R 2.
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4.2 2BEOERARE

Hitchin X OEHE L R, X (7) 128 2 BEO BHMBSTFIES 5. h= (h,...,h) 2D Hy,..., H._ \[TEEZEH %2
T2k, AEX (N EUTOXISCEEMZ 220 TE5:

V—1Fg; + 2vol(H;) — vol(H;_1) — vol(H;41) =0 for j =1,...,r — L. (8)
RHIL D ALD:

o B L e h, WIHE o/ T 2, Hy = = Hy_y = (e %h,) " ZHER (8) DIETH 5. BT, e?h ! D5EM% 613
Hy,...,H,_ ZHEBEBLTRLTELNS FEKX (7) ODBIITHTH 5.

o LMY = A4 FEBMBHEEMNZ —c0o THo/2T5: o= —0c0o. ZDEE, HFER (8) 1 Hitchin HFER (4) D ¢ = 0 DS
CRICAERTH S, o T, HEKX (5) D H BB N =j(r—j) WL, Hyj=XNH (j=1,...,r — 1) 3AHEX ) D
fECH 5. K2, H W5 51X, Z0fh oiF8xh 3 R (7) O h = (hi,..., h) EEMHTH 5.

4.3 SERBOGFEC—EMHEMUCOWVT

FE (7) 1e0fF %, Li-Mochizuki OSEHFHFIGH R DIEE L —BEEDOEHOIERICE L T, AFRPERLATRERL TS Z 2
Fo@EDTH2E. ROEMEEEZS:

() e?h;' @ H ' 32 TD j=1,...,r — 1IN L THMTR 2.

Theorem 7 (FEffRDTFIE, [27, 28]). ¢ 1& X DSMHNIITINE HIE, —c0 TERVWERET 2. 2ok &, HFER (7) DR
h=(h1,...,h) Tdet(h) = 1 2DO5M (x) 2T DIEET 5.

Theorem 8 (SEfREDO—EM, [27, 28]). HIERK (7) DFEMMBE TR () i/ TDOEME—DTH L. THIT, e?h 1 DD da Y
R MESOIMIITHER R 51X, B TOEMIRIESN (x) 22T 2 2RT 2 e TE, WX ITEMARIEHE—D L.

Theorem 9 (SEffEDITML, [27, 28]). (€7 P<h)eso &, F e KN LI D, = {2z € C| |z] <1 — ¢} DIFHER L OIE S 7P IEE
Hermite 5H&TH 22, D LIEETD e I L C DEHER L DIWF &5 IEE Hermite SFIETH 208500 THE T 5. MY
T OHFNEE IR ZIE T %

o Fe>ed >0, po <0 DEDILE, (0c)eso WEHFFT = A BB 01T e 0 TIRT 5.

ZOLE LT B 50 RIEMRDIE (he = (hie, ..., hre))eso W&, € \ 0 T @ ITNBET 580 h = (he,... he) TR (x) &
5725 H DITIHT .

M (x) AT TR BN OEEDHEL L TRV, AT AR OF5H I3 258 Liouville M0 EH %, /2K
() X L CGHAT & 2 TARAEE D 0 X ERMETETVRLLLTH .

5 IvhOF—¢YBHIXILFX—

PUF, &T Hy,..., H, 13 Section 4.3 128 2 BN (x) il 377K (7) OME—D ORI LRI N2 b DL T 5.
Section 3 ICBWTEHHA%E L7-GRES LD /) =HN5fhi% Hy,...  HWHEHAL, LTOZo0BMEEAT 5:

Definition 10 ([25]). & j=0,1,...,r — 1 LIEOFEE BT L, BB p;(r,B,¢) : X = [0,1] ZLTD XS ITED %:
vol(H;)?
Sy vol(H; )P

T 2T, vol(Hj)P /3" ~ o VOl(H;)P 138 % BEHR H. (vol(H;)/vol(H,))?/ Z;;é(vol(Hj)/vol(H*))B DEDZ LT, ZHUT H, D
WO AIKS NI EEHL»TH S, ZNZHOT, LToIY rOE— WO BMEERT %:

p;(r, B, ) () = (x) for each j =0,...,r — 1.

S(r,B,¢) = ZP;T57 )log p;(r, B, ¢)-



Section 4.2 TibN7= 2 FEOHAMOGEIEE DB 5D, T bR —REBRICRE Z L IWCHEET 5. e Ph, DIIHT, e?h ! 23
FHTHDETD. ZOLE Hy=---=H, 1 =eh L 272D, WZIZ, S(r,B,¢) =logr DL D LD, K2, X HMHH Riemann
HTp=—00MWHIDOL TS ZDL X, Section 4.2 DFLEZE VUL,

r—1

S(r,B,—00) == > _Pp;logia,,

=1
N

TN
BEG=1,...,r—LIZOWTHALT 5. S, 5 TEBS(r, B, —00) = — Y71 pp,jlogps,; ERT LT3

Definition 11 ([26]). 3 ZIEDQER, H. % K" LOSEGRL 35, LITOBEB F(r, 3, ¢, H.) ZBAIRILF—LITAR:

r—1

1
F(r,B,0,Hy) = ~3 IOg(Z(VOI(Hj)/VOI(H*))B)~
j=0
FUSHEIEZEALR, BHZLF —DERGZISHEEOWMD FickohnwZ v icEER L. EARLAZERETEIB>0 L
M, B<0DFECD, oD —co B IACHMYNICERZIZELY e Y- HHI AL F -2 ZNPNERT 5 Z 2 1EA]
BETH 3.

6 O—7

Bk & 7 KB C, SR E IR RIS X DIEBlE NS WS EFE R Section 5 TEA LY b —r HHZI X LX —% [
WTH LWEEDL O EZ LW, = b — HFHI A LX -0 5 5 % ) Riemann H OEHER O FIFERFE Hermite
R L TERINIZEHMTH 70T, &b —ROERK ITER XN LIEEFFE Hermite 312 %, 225D Riemann H_E
DIEHER O PIEfERF R Hermite FHEICHIE R T, L WHEED, Bl L7122 e 275 2H /2> TRHEICKR 5. Fiig, CP ETiE X
%Ztl3, CP icE% & 2 ERIFIEGR E ASDOETEE T ILEND 5. AHITIE, ZOLDITHLWVEEELEATS. L - X
%% % Riemann [ X FOIFHIERFE 35, Y 25D Riemann HT, Ky — Y ZZOEHER Y 55,

Definition 12 (7'&— 7 (probe), [29]). (X, L) W32 FO—T &, FRIBIK F: Y - X B2 m,n > 0T 2L
78 KL

ffL™~ Ky
THoT, fAL™ LOETOFIE(ERE Hermite 31 &% K FOFIEERE Hermite sIEICE T DD L T 5.

Example 13. X 2 g > 2 D> %7 b Riemann Hi, L — X 22X d > 1 OIEHIERRR 35, 2ot %, EHEER
id: X = X CWlOrBAY FARB L2972 ~ K& (X, L) KNT 270 —7TH5.

Example 14. 7:Y — X ZEFRZRZBROVIERHIES 32, 2o r &, BARAMER Ky ~ Ky & (X, Kx) X357
0—7TH5.

Example 15. X %f Riemann M, Kx — X ’E@Eﬁ?ﬁ?‘% 5= (81782) % K¢ oAU OMTHEE 2Rz Rwbor §

fs(@) = [s1(x) : s2(x)] for z € X.

L — CP! %@ FHEMRRE T5. f, LBRRAER fL~ K$ & (CPLL) 32T a—71cks.

7T FEE
7.1 FEFEIE
BN, T2 FuV—r HEI LE—1CBT 2 A5 RN, U2 2 OFMHRADREE 23RN 2. OB ED 5, [25, 26]

B ER 2L TRl T 5.
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Theorem 16 ([25]). e %h, & Kx — X O IEERFE Hermite 5t & T, ¥ = A MBI o 3MEFAVNC —00 T3, e ?h, 1
2—27Vy REIEPSFEINZDDTHIRVETS. ZOLE, T brE— S(r,B,0) IR L TUTO—REHiiA L h 32D0:

Srg < S(r,B,¢0)(x) <logr for any z € X. (9)
X 5IT, ToDFHICBVWTESHWRILT 5 DIE, o(z) = —co 22 r=2,3 DFAIIRS.
Theorem 17 ([25]). L3R L7z Theorem 16 ®—#EFHfid TR & LFUCEI LT, T OMHLARAK D 70:

T—00

lim (S, 5 —logr) = 2ds _ log(cg),
s
T2, 5 dg BUTOXSITERSNDZERTH %:
1
c ::/ sP(1— )P ds,
0

dg = /01 s7(1 — 5)? log s ds.

Theorem 18 ([26]). e %h, £ e ¥ h, % Kx — X FOYIEEFR Hermite iR L 5. o & o ST BUTORMEEZ 5.

(i) &2 e X TR p(z) > ¢ (x) BBILL, DL 2 DH—mHT p(z) > ¢ () B D LD,

(i) &z e X 1T L, V/=100p(z) > v/—100¢' () DR D 3.
i, B L X 27V T 4 KOWTHEYIRIRER ¢, ¢ Fii7ed L35, 2oL, RO D:
(a) p & @ DBFEMF () 2z, £r=2300Tnre 35, 2O E HHZ LF—IX T 23

0< F(r,B,¢, Ho)(z) — F(r, 8,0, H.)(z) for z € X.
(b) ¢ & ¢ DM (i), (i) 2T LT 5. DL X, RHWDLD:
0< F(r,B,¢, Ho)(x) — F(r, 8,0, H.)(z) < r(p(z) — ¢ () for z € X

Theorem 19 ([26]). r = 2,3 DWFIH LT 5. e %h, & e ¥ h, & Kx — X EOVIEMERFE Hermite iR E T 5. ¢ & ¢ 23
T Zifi75 L5 5%:

(i) o e XITRL p(x) > ¢ () BBOLL, PR L DT p(z) > ¢/ (x) DD VLD,

(i) &z e X ITRL, vV=100p(z) > /=100 (x) B D 3LD.
Fe, HREL L X 250 F 4 KOWTHYIRIES ¢, ¢ BT 32. SO E T brv—@dREiRET:

S(r, B, ¢)(x) > S(r, B,¢") () for all z € X. (10)

X %Pf Riemann [fi, L — X ZIEOEMKRE §2. e ?h, & L — X FOHE% Hermite 318, K C X Z2IEMia > 7 FES
T3, o 2BH#MNY =4 FEBTsupg(p —¢) <0R2DDEFT5. 2D E AR (cf. [5])

sup(p — ¢) = sup(p — eq (K, 9)),
K X

DB, supx (P — Peq(K, ) < ODD LD, 0 D peq(K,¢) EE—HLRBRVWERET S. £/, 1Y - X &2 (X, L) ITNT2H5
T =TT B IEAIERE TS, fp & ffoeq(K,¢) T, Ky - Y LIZFFEINZ Y =4 MR ERTHOL T 3.

Corollary 20 ([29]). r=2,3 3 %. ZO& X, XA D LD:
F(r, B, f o, H.)(x) > F(r, B, f*poq, Ho)(x) for all z € Y.
DI, 0 — g (K, Q) DIEET [*poq B froDLF 27V 7 4 LHERMEICET 2 WY AE 272 818, KA D 2D:
F(r, B, f*o, Ho)(x) > F(r, 3, f*peq(K,¢), H.)(z) for all z € Y.
Corollary 21 ([29]). 7 = 2,3, ¢ — peq(K, ) EBT, f*eq & fro BV F 2TV 7 4 L ERMEICHET 2 BYI R RE Z -3 &
T3, 2D E RPEDILDO:
S(r, B, [ peq(K,0)) (@) > S(r, B, frp)(x) forallzeY.

DEFERISMSPDFKRTEZY b a - HHI AL F —AERS N &, 20 o= PGS FIHED CIFE KR E
{, HHZAAF —ZFEEDIFE/ NS 25 L WHEBE PR LRBPEESLTWS e BIERICHKENRTH 5. Bl
1, B U7 @B e RICOWT, fiIR A L 2 P OZITHT LD 0 U E LIRS WEREHZ R L 5 E DRk e, 2 D Bergman £%
HPANDIFEFEZERLTED, #EHTIEIDODHLDDI L RRTEITETDH 5.
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7.2 FETFEEODIEBICOWT

FEHEDFFATIX, Dai-Li O [11, 12, 13] & Li-Mochizuki DFi [20] THIF X Nz KMEFIESC 7 77V 7 U G-l o £t %
JRHRL Ty brE— HHIZAALF IR U CEA L7z, #l21F, il L7z Theorem 16 D& FICIX, [11, 12, 20] THR X 1L/2
LIT ©FHiD3®H - 7=

Theorem 22 ([11, 12, 20)). q % K% — X OIERIIC, HEMIC 0 T4, hy/" H2—2 Vv FHRASEE 2 DD L —8
TH5ZEFRVEIRET S, 2ot = Effdaflet &2 HiFE XN % Hermite it & Hy, ..., H. (ZAT OFHfiZ #7235
Ai-t _ (G =Dr—j+1) 1 .
_ . ; <
¥ =) <Hj1®@H; <lforal2<j<|[r/2]
H,® Hy <1.

Z OFHMiE LT = 4 +BEUCHEIE L= 5 2T, Shannon T b B ¥ —® Schur MM 2 HAEDHLE S, 25 DA, Theorem
16 DFFHOMIETH 5.
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HRZFANEROBHE DRICOWVWT

S IERR (AR TESFEEMER)

AFHETIX, BRI SBRME, BRE2» S 77 2~ 2K, BI UM
TCRUGT 2R S EFE T T A~ U SRR DB Z S BAR DAL &
DHICOWTIRE T 5.

FAMEBHE, =X F—FBEROBERS Y L TERI N, IR, W
/N, T — 7 — 2RO IERIBR, f/NED 2R REDOHZ &
HERHANRTDH L. L L, FANEGROHERIIERFICK S
O, —RANCIE, TRTOMEIET 2 Z LI3IEFICEH Luv.

Z D7, FHER Z R oM E, BERIZFR BER OMER R 77 FHI T Bk
HWEETH b, IFFEfThbTE 2. BRI S™ 22 SEREAD SO(m+1)
FEZFAMBEHBORIMICOWTIE, [1], 9] K& bFHIsRTWS. Fiz,
[7] TU&, EREZER P(C™H) » HEBELERAD SU(m + 1) [
ZIAMEGOMMIGEH I TWS. X512, [211ciX, BfEAZ DD
R BBROMBITIEI WL DhiERSRT WS,

BRE S™ X, SO(m + 1) BN D HERINCIER 5 % SO(m + 1) DHF
DEHERDH B ZePHIONTEDY, 25T TITHEEIATWS. L
ML, NSO 2RIZEFAMBBRO IR TH 72, &K
55T, 79 A~ ¥ ZRRAANOFMBHICEE T 2 85 5] ZICH T %
T, INSDRHICES 2EKIE D S IR A DRIZFHMEBR D 7%
fI52eMNTEL6]. 25612, FHlILEHERICOWT, RE» 577
A=V EZRREANOBERIZEFMER, WnSE2Ef» 677 A~ %
BRIEANDRERIZ B RO BB SN THET 5 ([3],[4]).

AFFIHE B K JUNEEKRY), BRFEITR (GRS T
E OH[FIFZETH 5.

1. Y

TR, AKIERZERIECERT. WEHE (K=CDr XXzl
M) () BEOK LD N KLY M AVERE T 5.

ZRAEM FORZILERV - MIZEHEL L Z20HEBZHOH
MVHBEZONTWEEE Thx (V,hV) eFEL BEWETT
(V= M,h, V) eEL. BB, VIEHEXRTZ MLEDOE 21X, iR
LTI I—EEEZS.

EE 1.1. 220D MUK (Vi, by, VY, (Va,hy, VHIZH LT, GtEE
B RO PLVHRE LTORBEER ¢ . V) — Vo BRET 5 & &,
Vi e VL iZEE WS,
EE 1.2. (V) TRZ MLVERV - M OYIMLEELRST. re M &
te(V)iznfL, Hig

ev: MxT(V)=V, (x,t)—t()
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% FHEEAR (evaluation map) & FESR. ev % T'(V) OHERIT ZEHNCHIRE L
725 DBFHEE /R L, ev EEL.

Gr,(W) %2 W WD p RICERD 2B/ &5 % 77 A<V ZHk e
W — Gr,(W) T, Gr,(W) LOBBHK Gr,(W) x W — Gr,(W) %32%
3. S = Gr,(W) TREEREREZEXT. 25618, Q — Gr,(W) TE&E
FRERT. Zorx, 2R

0S5 WSHQ—0

DHET 5. W OWNESS S ¥ Q DFt gs, go HEEENG. T,
Gr,(W) OER TGr,(W) 13 S* ® Q EA—HEN 5D T, Gr,(W) I
% Fubini-Study 24D V) — < VBt & 9o DibEIN5.

E#E 1.3.scI(9), tel(Q)IXLT, #Hhit VS, Ve %
Vs =i*d(i(s)), VO =rd(r*(t))
YEDD. BEAFERXH cQ(S*®Q), KcQ'(SeQ") %
Hs = md(i(s)), Kt=1d(n*(t))
LIEFRT .

M%ZmILY) —<YZ R L, B f . M — Gr,(W)%2EZ 3.
FIERLUE S, f* QDO ERLEIER g/+5, 970 £ L, 5l
xR LEGE VI, VIR 33, BoREAERICOWTIREILES
HY KZHW3
EE 1.4 MEmMIILY —< Y EKe L, B f: M — Gr,(W) I
MLUT, FHHMEBERAR A e '(End(f*Q)) &

A= i H. K.,
i=1

YIERTD. ZIIT, e, e ET,M OIFHEREETH 3.

fﬁ@/\@@d\%ﬁﬁﬁ@ﬁ&kﬁﬁ?%i@ 8] & "5 2~ ¥ ZAHRAD
BAGIZHER U 7= [5) A5 5.
EE1.5. B M — Gr,(W)IKRHLTW CT(f*Q) £ A%3. Z
DEZERD2FEMFEIHVICFETH 5.
(1) f: M — Gry(W) 3#MEETDH 2.
(2) FQOECHEM AFELT, FEDLte W IIHLT,
(A+A)t=0

TH5.
ZOrE, AXTIMREAR A L —BL, TALF—HEMBE
e(f) = —traceA (K =R D& Z), e(f) = —2traceA (K =C D& %)
Thzohs.
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75 A ¥ ZRRIRANDBARDRERIEE B B

Vs M%EZXZILVREL, WCT(V) %2V OUWO R THREXT
R 2EM 5.

R7 MLVEOM¥EFRE ev - W — VBRRETHZ L X, RZ MLE
Vo MEWIZEoTKREBHICERIND WS,

EE 1.6. V- MAWIZEDKBHNZEREATVWE LTS, 20
EEF f M — Gr,(W) (p=dimW —rankV) %

f(z) :=Kerev, = {t € W|t(z) =0}

YERT D, ZOFE[E (VW) ICXAFEERE VS, RXT MUKV
DHL L BIGEIWIE W I L 2FEEBRE BV,

EEOBER [ M — Gr,(W) &, (fQW)ICX2iFEERL AT
ZENTES.

E&E1L7. X7 VR (V = M,h, V) Z2—2@EET 5. B f: M —
Gr,(W) I LT, (f*Q,g50, V! *@) & (V,h, V) DAL ¢ &, Bif
FRE(V A V) ICET 27— MMZzRmlzdewns.

75 A YERIR (Gry(W), ggr) 133 2827 MEDHFRZERTH D,
BT 3 a 8y Pkt R (G, K) THRT. 7270, GRERHERE
kL =X VL 5 2.

EE LS. BR fi: M — Gr,(W) (i=1,2) THRHLT, HB¢c G »
HoT, fo=vof ZiliTLE, AL LIXEABTHZ LS.

COBEEEICED, f2—frRBDT, B S — SN REH
ZEE P(RNY) ADOEBRYE LTEZ 5.

EEL19. [ M — Grp(W) TN L THESINIHEERF - W —
D(f*Q) DHHTH2L %, BRfIRBETHI2L 0.

B f R TRV E, KerF O W B 2ELMZEM W &2 &
2, fIEGr, . (W)NDEBREABRTZENTES. ZIZT, r=
dimKerF TH 5. ZD7d, ZDERIIFEHOERECEZFHZEE D
SEIE, HHNRERTOTRRE L —BT 5.

EE 1.10. RZ MLVHR (V = M, h,V) 2EZ 5. W c I'(V) i&U1Wr
EROEEOERITTH DM e L, WX L2NEEZE5X 5. 2ok
X, (VW) ICX2FEER fo: M — Gr,(W) RIZEERE WS, T2
7ZL, p=dimW —rankV TH 3.
) —< U EHEZEM G/K 2% 2 5. g, ¢ Z2ZhEn G, KD
V—REE L, g=t+m % K AL T 5.
EFE 1.11.
e Hrlg € GIZBWVWT, m DEBENC X 218 L,m & K557 22

PLTEDDIET, FRG - G/K XERPERIND. Z
NIRRT WD
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o K ORBZEM VL ZHWT,V = Gxx Vi TEEDEHRG — G/K
WKHEELERZ FLVHEFBRT MLREWVWS., 2D %, V
WIEGOPERT 5. £/, R OFEINLFERS b
VIR DIZEW 57 & RHERE e & PR,

o FHHZEMD HFEHEMANDER [ G/K - G /K'\THLT, G
Mo G ANOHERBIE/R ¢ : G - G BFEL, TED g € G,
reG/KIZWLT, og)f(z) = flgr) B DILDOE X, B f
ZGREZEE/HREVS.

o TH G - G/KIZHFELTZ200FERY FILVE (Vi, g1, V),
(Va, g0, V) B2EZ 5. [EEDge GIIXLT, FlREEEREHR
DGHEERBER ¢ Vi - Vo BFETIEE, V& VL, EE
BRI MLERELTARETHSZ WS,

S, QIXGITHTAHENY MAKTH D, gs, gold GALEFET,
VS, VO IIEERE R — BT 5.

2. BRIHIZ» & BRI D FERI 2R 55

HAERTENE, RD X5 RFEEZEM G/K £ LTORREED Z & H]
HNTW5.

e 5™ =80(m+1)/SO(m) = Spin

o S¥m+l = QU(m +1)/SU(m) =U

o SUm*3 = Sp(m +1)/Sp(m) = Sp
= Sp(m +1) x Sp(1)/Sp(m)

o S8 =G,/SU(3)

e S7 = Spin(7)/G>

e S5 = Spin(9)/Spin(7)

ZDHITIE, G%ZSU(m+1), Um+1), Sp(m+1), Sp(m) x U(1),
Sp(m) x Sp(1), G, Spin(7), Spin(9) DWIFhr e L, BKiHG/K »
5 BREIAN DR Z TG DOV TR S AER 2R 3 [6).

H* 2K S™ _EOEEBUEBIRBICIER T % 7 77 AMEHZEOEHE
k(k+m—1) OEHFZEME 3 5. HF1ESO(m+1) RIZERET, SO(m+1)
AL EERR 2R HE b D, HEZT 77 RERZR D FBERE LD &
72 B [EH 222 5.

F/o, HR O LPNFEICED, HE & HE RRE—HT 3.

[ BRI FINF —HEREK—ERFANERZ X, f: 5" - PRY)
LT, EIEIEEROERE (8] 225, H5 kMIEELT, RV c HE
LIRBIeNbRrs. ZOtE, B f 2Rk OFMEHE WS,

vo & SO(m) RE R HE DHAIRZ MLT 5. ZOrE, HEICKS
TR fr - S™ — P(HE) &

fe([9]) = gRvy, g € SO(m +1)

1) x U(1)/Sp(m) x U(1)

rRING.
G RIZERFTEFHAMEHBDEY 2 7 4 ZZRNILTD X 5 1R T 5.

EE 2.1, f: 9" =G/K — PRN*TY) 2XREk D G [FAZEFFAR 545
3%, §5, N+1<dimHR TH5.
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MG T G/K 26 P(HR) NOXRE k@ G RIZERITHGA GG DB
HICKBEY 274 EMERT. M{IIROESLR—HIN 5.

{Tw;&m@(HQWJﬂ>0,amem):1}
MEIZIZ End 1y, @ L2 EED S it 2 vwh 3. ME OBEE ME
L3 U,
MG = {T € Symg (H) | T 2 0, (T, Two) = 1}
b, ZOrE, TIHIETS fid
f(lg]) = TgRuvy
TH5.

B2 T 5. KRB (p, q) DIMZIHEKXDES T HP & RT. G =
SU@2) &5 5. HF D SUQ)BEINRIEH: =@, HP1 272D, HPe
CHYC Eprqg=p +¢ D ERMERRTH 2. Mnd 2 ERH
HE DBERIDRIZIG T T, k=210t %,

ail | @12 | v a121+1

A1 | Q22 | * - 22141
T =

ap | Q2 | v | A2i4120+1

ti%é h%) Z CT, Q5 &i Q5 = Qjj %ﬁf:j%ﬁ‘(‘, Q5 = aideH%,q
ZRT. 7, k=2+10L FZHP ZIPTEE T, J, K 255,
HP B FERBIZEM e AIRT L

aj; | Aig |- A11+1

A21 Qoo | - A2l+1
T = :

An Al2 | Qr41i41

Zﬁ\é ﬁ% Z :T, (077} bi CLZ'Z'Id'Hp,q %ﬁb,
Aij = aideHp,q + bZ][ + CijJ + din, aij, bija Cija dij € R, Aji = AZ]

ThH5.
L, G =U(2) OBEIZBHIZE Hra 3 Y 0RZ 5 20 b FAET
RO, ZOBECEROREHEETE 3.

%R 2.2, B 2.1 ORECMAT, HE O GBI #

Hy = Bl W,
ICBWTi#jROEW, & Wik G REZEM e LTRETRVE T 2.
ZDrE, MGIFOELH—HTE 3.

I
{(:vo,:cl,... ,xl)ERl’xjio delW T; —dlm’Hk}
i=0
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ZorE, EM21DTIX

2| 0 ---]0
0 |z]|---10
(2.1) T=|"—T-. )
010/ |x

YRINDG. ZIT, 1 3FEHT, vldy, BRT.

G =SU(m+2), Um+ 1), Sp(m + 1) x U(1), Sp(m + 1) x Sp(1)
(m=1), Spin(9) D& ZXZDRVIEHAETD 5.
TDZehs, B aTA EEDORITHKE .

EE 2.3. (1) G=SU(2Q) DL X,
dim M$) = dim MS;_; = (2] + 3)

(2) G=SU(m+2), Um+1), Sp(m+1) x Sp(1) (m = 1), Spin(9) D
L&,
dim M, = dim M, =1

(3) G=Sp(m+1) Dt %,
@nMg:&mWﬁH:éMF+EHJﬂ

(4) G=Sp(m+1)xU(1) DL FE,

!
2
HE X SO(m+1), Spin(m+1) BEITH 2 DT, SO(m+1), Spin(m+1)

A ZE AR GARIIAEHE A% » AR FEIC 72 % ([1],[9]). G = Ga, Spin(7) D
rEHHE TGN TH 20T, FAROHREES.

EI 2.4. G5/SU(3), Spin(7)/G, D &, G [AZEFHMBHIIIELES G
EFEETH 3.

HE D SU(m+2) BEIDIRE, mickoFH =, H L7253,
m21DEE TIX(21) e RSINZZ D, RO—BOEHZRS.

fERD C° C C™H IS LT, SU(m + 2) DFFTEESU(3) 237270
RE 5. ZOSUB) IS HNC 2 LTELN S P 2SS
DERRIR SPITER T 5.

IR 2.5. SU(m + 2) MZFRMEAG f . S2m+3 5 SN (m > 1) % LFio
SPITHIBR U 7= BAR flss 1& SU(3) MZFAMEIRTH 2.

%72, SU3) MZFAMBBRIZ—EMIC SU(m + 2) AEFHMER f
S2mEs — SN THRRE NS .

S BIT, FER SU(m + 2) FIZFRFIELR f; - 5243 — SN (i =1,2)
WXTUT, fi & fo DMEFEMEY 72 2 72D DRAEA 7R, filss & falss
DGFREE 2252 TH 5.

dim M§ = dim M, = =(I + 3)
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FREO—HOEHS G =Um+1), (m=1) D& XHHIID.
H %2k $2. RO H? c H"MH ISR LT, Sp(m+1) O
DEESP(2) W22 —DRE S, ZDSp(2) X S NH? E LTELHN
% SAm+3 DR ZRRMA ST IHER S 5.

EIE 2.6. Sp(m + 1) RZLHRMER f: S 5 SN (m > 1) & Lo
STATHIRR U7 515 fs7 13 Sp(2) FIATFERTH 5.

E 72, Sp(2) AZEFMEEE—EMNC Splm + 1) FAZEAREE f -
SAm+3 —y SNAZHRE NS

X 5IC, FEiR Sp(m + 1) FAEMAMER f; - S35 SN (i = 1,2)
ICKUT, fi & fo DRFEB Y 725 7= D DB, filsr & folsr
PREEE 25 2 TH B,

FERED—EDEHD G = Sp(m+1) x U(1), Sp(m+1) xSp(l) D&
LR WRVASS

3. BRMiD2 & 775 A~ ¥ ZRRIRAN DRERIZ N 55

ZDEITIE, (G, K) % (SO(m+1),S0(m)), (Spin(m+1), Spin(m)),
(Spin(7), Gy) F721& (G2, SUB)) £ F5%. ZOr %, HifficHAZLS I
BRI 22 & BRI D R Z M BRIIAEREERIBFEETH 5. DR
ERIRDI T T 2~ VAR DIGETHRR T 5.

Al ev : S™ x HF — C £7zldev : S™ x HE — RDETE
EROXIICH:, HE W L2 NEEED S, (R, HE) 1T X B EEER
fe:S™ = PHR)E [ ICXDFAMESLTHD, EEX»O GRZETDH
%. [ARRIC (C, HF) 1T & 2 HBFHEZEM P(HY ) NDEEEBRD f &
T5E, ROTEHEMED IO,

EIE 3.1. (C,HF) Ik 2 1FHEE R
fr: 8™ = P(H")
FHAM D O2EREHRTHY, GRETH .
EF 3.2. BERZ MEHK =5"xK' ' #E2%. GOK ~OIEH
g(x,v) = (gz,v) g€ G, zeS" veK"
ZEEE KT NOIZEMNBRER L WS,

W ZEREMN O Hy FE o H 235, (K,W)»5EES

3B/

fo=fix x % fi, : 8™ — [[P(HR) € Gramw—r (W)

i=1

A

fo=foo X0 X fi 0 S — [[PHY) € Gramw—(W)

=1
LY, EH15006 GRERFANBEHRTHS. Zhor, Thth,
O HE 72 @ HR I X BIEEBR MR Z 2 ICT 5.
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EIE 3.3, f: 9™ — Grp(RFM) 238074 G RIZRNEBR E T5. g<m
B51E, fIROL HE X B EEER Y RRAMETH 5.

EI 3.4. f: 5™ — Gr,(CPM) 27872 G [RIZHMNER e 55, ¢b
DTFOARERZ AT X, fIXEAR oL HY 12X 2 EEEBR B
FETH 5.
(1) G=S0O(m+1), Spin(7) (m =7) £72i& Spin(m + 1) (m = 7)
DEZE, g<m.
(2) G=Gy, (m=6)DE =, q<3.
(3) G=Spin(m+1)&3%5. m=34DZqg<2, m=56D&
X g < 4.

EM33 L EM3412BT 5 ¢ DAEFEREEZICT 2, EHOEE
B 1385 GREBBPFEET . 22T, GHEEHRL L TR
2% 20X, GRAEBBOKIBICBT 3 GIERPREL 2 Z v ZEKT 5.
FHENZ MK E LTHRBETRWEERY LK Z DY 22/ 5
HlX, B3 GREBGFEINS.

qDFEEDPRETHD X, ROEHEH3I5 R 206E6N1S.

T 35 2 KORBZERME L, V=Gxg Vo35, T(V)IZ
V= SmAD GIER» OFEINS GIFR%EEZ%. W CTI(V)IZ&E
BELOEHFRIHATDHD, 2oV ZRBINCAEKT S35, 2oL
%, (VW)X 3F8FBITFANEHRTD 5.

DIFDZF 1, 2D Vo DEIFERZ LR E ZOUIRTOZER- W 5 5358
SNDFERIIEM 35 XD GRZHMERTHS. DFbh, EM 3.3,
34D T IAEANRRERERD I ERTIENTES. ZIT,
Sk (SE) & Spin(k) @ () R VEREERT. ROV, DRHERZ T
VHEOFIIZHHAER A2 DD H 2305, 0D G ERIIEHER 2k
FTidzwn.,

1. K=RDt =&

G K Vo | W
SO(m+1) | SO(m) | R™| g
Spin(m + 1) | Spin(m) | R™ | g
Spin(7) G R" | g
#2:K=CODtZ
G K Vo w
SO(m+1) | SO(m) | C™ g€
Spm(?) Gg C7 gC
Go SU@i3) | C? C’
Spin(4) Spin(3) | Sz | Sy &Sy
Spin(5) Spin(4) | St S°
Spin(6) Spin(5) | S5 | ST &Sy
Spin(7) Spin(6) | Sg S7
Spin(m + 1) | Spin(m) | C™ a©
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4. VTCEE R 2D © 7T A< ¥ ZRRIAAND Sp(m + 1) RIZEFAM B

Z DOEITI [4] OFSR, PITBSEE HP™ 26 75 X~ 2Rk
AD Sp(m + 1) FAEFAMEL D, HMEEREZ AR5,

HP™ % Sp(m + 1)/Sp(1) x Sp(m) £ £ L, X2 hLHH — HP™
%f H= Sp(m + 1) XSp(1)xSp(m) C2 ti%?é 727z L, C2 ¢ Sp(l) @D
BRI TH 2. £/, H— HP" O ELXFMER%Z SP'H — HP™ &
x7.

w; ) —REBsp(m+1) DEARY =4 P e L, F,(w) 2 XEHE
rf bwEREYLA T 5Sp(m+1) DI XY ERHL 3
5. FHZ By (ko) +lws) & F(k,1) LHEFLT 5.

18 4.1. S'H — HP™ QYUMo ZEM I'(SPH) o, fZE¥ERi» 55 2
L5N3 777 ZMERRDEHZEMIC X 2 iR

D(S*H) = & F (k1)
Y45, 22T F(k ) EEAME2{mk +1(k+1+2m+1)}icxfd 2 [E
BREMTH 5. HEHZEMEEBHIRRZEET, CORRZ2O0HHL
WZEE TR0,

[(S*H) @ L? WfE% F(k, 1) IZHIR LT Sp(m + 1) FENEZ 5 X
XBEMEERY T, W =0!_F(k,l;) & U TEESHDE

fo=Ffrx X fr: G/K = [ [ Grp(F(ki, 1:)) € Gry(W)
i=1
Z @l (SMH, F(ki, ) T X 21 FEE/R NS,
EE 4.2. V - HP™ % rankV < 2m OEFEXRZ MLEE T3, VA
FHANT MLVHRE BIE,
V =o,_,S"H

ThY, FTEEHUIIEEERICR .
EIE 4.3. f:HP™ — Gr,(CP9) (¢ < 2m) Z % Sp(m + 1) FZH
ME{Re S5, ZorE, flder, (S5H, F(k,l;)) i< X 2 5HEF KL
55,

fIREZEBERDGIERUIFFEARZ PLIRTH D, sFEEZHIE
PEETHL., Lo TEM42 XD, ffQ=0_SFHT®DYH,
BEREGIIEETH D, O b4, 15 L) T
RENS.
T 4.4. f:HP™ — Gr,(CPH1) % (SYH, F(k, 1)) 12 X 2 FHEE R
£35.

kDFETHZ %, pldBETH Y, f OBIE Gr,(CPH) 2
IR 2R T D BIITTI Y 5 A~ Y S RA Gry (H™2 ) ICB EN 5.

EMEBTH 2 L &, f OB Gr,(CPre+l) o 2RI Z kR IK T
HBRT T AT VERRIKGr,(RFF) IZEENS.
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Z 2T, Gr,(RPH) R Gr,(HPH) NORZFMEGEEEZ 5.
EDEBTHD e E, SFH - HP™ IXEMEEF>. EfMEFER
SFH OEF D HE SFHr — HP™ £ £, T'(S*H) 12 d EfENFE
SN, F(k,l) OEWERERFERBZEMZ F(k,)r &5 5.
DUROEHTIE, ki 3MEEERL, K BaezRkiboL 35,

TIE 4.5. f-HP™ — G?”p(Rp+q) (q < 4m) o R A Sp(m—|— 1) 2
MEHr T2, Zorx, fiX

®i_y (S"Hg, F(ki, l)r) ® & <S’“§H7F(;g;,l;)>
W R BEREEGRY 5. 2720, SHH — HPMIZERY MUK E A%
INTWVA.

EIE 4.6. f: HP™ — Gr,(HP™) (¢ < m) Z it 7% Sp(m + 1) [FIZ#
MEM{Er T2, ZorE, fiX

Ly (SHLF(ki, 1) @ @7, (SH, F(K,1)))
WX BEHEERY IS, 1272 L, SHHe SHH — HP™IZid Sp(m+1)
PETTERE T EAL, F(ki, 1) ® F(k;, ;) ZVUTTEANR 7 S VZER] ¢
ABELTWS.
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Principal twistor models and asymptotic hyperkahler metrics

4 ek CRERIEERSE D3)

BmE

AFEHETIZZ T, WA E 2ROl — 7 —5tR Y VA R X —EROE 2 L.
FVARAZ—FETN (PTM) MHINLZERZHRAEZEANT 2, HiT. PTM OEiEEICE
TEHREEHE, TORTHDIEY 274 ZEHADILHERN T2, FEHICBWTURINSH
EEONBIILLTOMD TH 2, NS> TV I T 4y VZRRIK X BR7 LY MEHE Y ZFF
DrT3, ZOLE, X OIFRFERES Loy —5 —#iE g KHNET 2 Y FOEEoR
B — 7 —dtm g LT, Zhe s 5y 4 R X2/ PTM 28Ih 32
FoT—RBIEILEIN 2, #HOBYETIX. HBRY Y VEFOEmICHESE PTM MK
L. Z0EEEDINC OW TGS %, ARG arXiv:2603.03923[1] 1255 <,

1 #HENET -8V A —ZE[H0ER

WL — 7 — Rt BIZBEEPVBLORR & 08 (B2 2 7 A 22, K. RERMERY)
ZRIBT L THRCHN O WNRTH 5, £, AR TERONRE T2 ZRLOREZMMNT 5 !

BE 1.1. (X,wx) ZHERS TV 7T 49 ZZRIK (conical symplectic variety) &3 %, T2
bbh. X IZRW CEH Ax BRI Y T L2749 7B wx 2RO 7 7 4 Y ZRIETH %,
(C*EH M\x & X QIR Z IEICIRZAF O, wx WIEOBEATIEHT %,) /. X 1T G
) ZULAUMEHf:Y - X 2RO IRET %, (Thbb, fIZ Ky = f*Kx & Oy %l
TREAMHETDH 5,)

1.1 #nERET —Z—FtE (Asymptotic hyperkihler metric)

RIZ, AFRTEREONR L T 2HE0@E T — 7 -5t EDEREMNT 5,
E& 1.2. X OIFRRES X LD (REW7ZR) 8 — 7 —ifatE g0 ZEET 5, (22T,
FrEY X r gy =290 BWLTHEDOZIETHS,) 2O E, Y Lo (REWKR) Br—7—3F
& g BEREICBNWT go IKHNET B L3, FED 1 € Xieg C Y WM LT R D LD L FiZ
W9 L
TILI& Hg - gOHgo(r-x) =0.

(GE: 87— —sEIRBTH 2 2 L DERIIBADOTE 1.4 THINT %.)

X: tangent cone at

)

1: #nEfE s — 27— RO

IFRRES Xiep ZHARIZY OFIE

GeAilL, Br—7—it&g,90 %

E: exceptional set Xreg L THET 2, 7 — 7 —ZHA

& ~ ~J (Y, g) @ “SERRET D 1Z (X, g0)
Y: crepant resolution A I
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B&F . (RER) WENE s — 7 —stROHIZ 2T 5,
e ALEENAVARV LY HREICBWT, 774 VRSB RFORMZERM X = C?/T, (T <
SU(2)) Lo BRI HHEHEICHRE S 251 &TH %,
e QALE B7—5—§&*: ALEOEXITRDEERTHD. X =C*/G, (G < Sp(n)) T
Hb, (FIEIREITHE L BRET %, )
o MEMBIKIE. F—UyIBTr—5—3E . Hr—7—-BICXOMRIN2FETH
%o (*E—A Y NEMBICHET B HIIENBETDH 5, )
JEF : LUR OB, RFEOEETOMRIZER 2R 2 WHITH %,
e ALFEHAYRAV LY 1 FEIMBIITRWEITSH 2,
o ALG, ALHENAVREV Y . BT 74 VERKE RO WHITH 5,
1.2 VA XAEZ—ZEf (Twistor Spaces)
(REM ) 8 — 7 —51H &% RBERMINCHE X 2 A Y 4 R X =22/ TH %,
EE 1.3 (VA RX—2E/). Z & 2n+ 1) KLERERAE L T2, LT (T1)~(T4) Ziilz¥
M (Z, 1w, {l:}) ZYARZ—ZERB & XN,
(T1) ERIZ 74 TV —>ay n: Z - P ERRD, (bbb, n 3 EARLDIALTH 5,)
(T2) Wi 7: Z — Z (RIERINE), ZAUIEZER P FIC antipodal map 4y : u— =1/ %
HET 5,
(T3) HXERS > TLr T 4927 28X wel(Z,N*T; @ 7*0(2)). ZHUI 75w =T 27T,
(T4) EAn RILERE M ICX 5 TRTRX T4 XNV A REZ—ERDIE {0} e ZFFD,
TROBE l IFEYIWT (10l, = lpo004) THD, ZOERIE N,/ = O1) &/,
—fiz, A SN LTS (T4) OV A A X —EHMROGEEFEEF v 7552 21
WHTH 2, T/, AT (T4) ZEH L. (T1)~(T3) DA ZILITH (Z,7,w0) ZY1
AR—FETILLIFL, BERONMEL T 5,
VA X —HIG E AR DOENE
X {H1 507z Hitchin—Karlhede-Lindstrém-Rocek (1987) [2] DY 4 A X —fbEHIC X b,
r—o—Hil (M,g,1,J,K) £V A4 ZAR=2EW (Z, 7,0, {ls}eer) F 1R LIBT3, (RFET
. ZOMICOMEEIEL T, IR g &Y A RX =2 Z 6T % L Kl %.)
EE L4 B — 7 R RIRBINTH B 213, MIBT 2V A RX—ERABY A RX—EFLE L
TREMNTHE L L ERT S, Thbb, ZOETFT—ZBPREICERINZ B0V,

| Z: twistor space

(M, I) (M, 1)
4 O

r e  ~| |¥,: twistor line
Pl

0 u

2: YA RA—EEOBEIR . Br—7—ZHEAMI3) —~< YERE P TIRZAFOF 6N % H
RIZEFREE DI { [} yem ZFD. FEBZRIK (M 1,) 27 7 A N=1ZKDIERI7 7 4 7L —
avPVAAR—LEETH b, VAARAXR—EIR L L. Hax e MO “EROHH TH 3,

FRAROE (I Z) LB — Z —FHR IS T 5V A RZ—ZfD, V18—
ETI ELTOBEZREICRET B L TH 2,
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2 FVAREZ—EFI (PTM) L IFE
AR OEHEICH O X, EVALAREZ—FEF ALV H LSRR EAT 3,

EE 2.1 (EFVAREX—FETN). P% 2n+d+1) RILBEREZRIEK n>1,d>0) &35, LT
D (P1)~(P3) Zi7=3# (p: P = C(2),wp,7p) EEVAREZ—FETIL (PTM) M-,

(P1) FHIZ 74 7L —>a V8 o P — C(2) 2FfD, ZZT. C & d RITEFENZ b ILVZER
Thh, EKEHE P FOXZ ALK C(2) :=Co0(2) TH5,

(P2) M58 7p . P — P %40, ZAUIKZEM LICEME 00 : C(2) — C(2) ZiFET %,

(P3) MXIERIS > T VL2 T 19 27 28K wp € T(P, AT @ np0(2)) BFIEL T, Tpwp = Wp
Zii/z g, (ZZTy mp BHARHY PP TH3,)

H:d=0 DFE. TOERITIFEEDOVARARXR—FTILOERII—HNT 5,
PTM D& d AR MEE X, EUIMIck 25| xR LBIETH 5,

i 2.2. PTM (p: P — C(2),wp,7p) DIEZEM FOEREDOEYINT s € HO(P,C(2))72 (ThbH
0208=2800,) WAL, FIZFRL my :=s*¢: Z, > P ZWWT 20 TES, O,
BINBER ws = wplz, BEOEWE 7, :=1plz, £EDET, 8 (Z;,75,ws) VI RXEZ—F
TIERD, (of K3)

FEE
D EDHERD R T, AROERIREDND, (X, wx) ZHNS TV I T4y 72K Y — X
B LRy MRS, g0 & Xueg LOBY — 7 i RE T 2,

EIE 2.3. (1) (PTM®DERL): &7 — 7 —ifiitE g0 13, Y OWERT Y Y ERHEZEH L T,
—REICHARR PTM (P — C(2),wp,7p) ZIRET 5,

(2) (PTM OE&EE): GtE go ICHERETHERES 2RO (REH) &7 — 7 —dt&E g 1T L
T, ThEeMIBT VA AR =2 Z 1Z, YMTREZ—ETINELT 22 Z, Y, 22
T Zs 3. H2—EWNREYIM s € HO(PL,C(2)) &> TPTME5|IERLTEONZET
WTH 5,

ZOEHIT, EVARZ—FETN (PTM) 23, Ll — 7 —dtE&eXEd 5V A4 A 2 —28f
D, VA RR—HHRDBELIOMEZ TRITIRET 5 Z L 2 EKT 2,
EHIC, ZOFEHDORELT, By —7—MEDEY 2 7 4 ZZHICET 2 HRIE 5N 5,
% 24, A& — 7 —FtERZFOE S — 7 —WEDEY 2 7 1 22
M :={(Y,9,1,J,K) | g — go asymptotic at oo on Y}/ (isom)
BEZ D, FEM (2) 0FEYK e ORI kD, TEEHE M — RPQH?(Y;R) ~ HO(P!,C(2))7
MEoNS, FHZ. X PWMINIRRERZ2FO%EE. ZOFBRMNHEHRICZR S ZedREh b,

FFEIEDIAD A&

EH (1) OBICOVWTIE, KREL 220DR Ty FWXhhrh b, F3XE §3 12T, lgood triple]
VWO BREREAL, TADEERT Y YEWEZFEH LT PTM 2ED 2 2 s %, X
12, i §4 ICTHERT R go Y good triple ZED B Z e Z@HT %, U EZRZEDOLE T, FEHAXIE TS
%, F7z. EH (2) OFEEHEDFEHICOWTIE, §4 TR ZIAXR 2,
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3 PTM DM (good triple "5 PTM HEX3 &)

E#E 3.1 (good triple). (X, wx) ZH#M> > FL 7 T4y 7Z2HKE T2, X LD CEH Ax.
RIS YTV T7 49 7 2R wy. BEUBETEEE jx (ThbDB j% = M\ (-1) 2l TK
IERIER) s, IFTOBEHZH-3T 8 =2, ZO#l% good triple ¥ M3,

(BEMH): MNwx =Nwx, jiwx =wWx, JjxoAx =Axojx.

X = C? ITHEMEPERE (2,y) ZHL - 72358 OREHERIAH (M\scat, dx A dy, j(z,y) = (3, —T)) .
FZEf X = C?/G (G < Sp(n)) EICEHENZAHZHE L LTE SN triple 2% good triple Dt
BFITH 5,

Step 1: THER T Y VZER & (Universal Poisson Deformation) & good triple M35k
FXERIS > TV T a4y 27 2T MR 7 FERIERAIE X — B 2 R7Y DERERL TS, 3R
TORT Y VEREDRZ 65 ERLTEONS &V EEE 2RO EEBRT Y V&
oL 05, A (2011) 3]k b, $EIS Y T L2 F 4y I SHIAX L 2D I LY MEE Y
WKARLT, ZhZhoERRT Y VA X — B, Y — C BFEL. LNORHRMA 273,

Yy X —s X

L

c——C—1>B
2 ZCEZEM C WS EE LT H2(Y;C) RBICR D, X = ¢ X I3ERI v 7H7E ¢ 1<
XB5IERL. v iZ Y O7 7 4 MUBEHTH 5,

Tt e R AR 7 Y VERICHE T 2FmEHWA 28T, X ED good triple (A\x,wx, jx)
W TEARTY VAR Y LD “good triple” (\,w,j) IC—ERICILERTES Z e 2vnad (C*-
PRI DL KL W (2008) [4] 15 2)e DY X, Y LD CEF A ¥ IUEEREE j 1%, K
ZEW CITRLTZERENY =4 b 2 DR D T — G EEHEEFET %,

Step 2: C*-gluing construction &'V X X —iff

MR OmEERE L LT, CAEHZHWEED 58 (C*-gluing) 2175, CEH N ZHoEHE
ZRIE M ITHL, MxCD22o0av—2HEL, BB ¢ : (z,u) — (v z,ut) ZHVT
BibEbES, ZACEIDIERTZ 7 4 N=FH M(1) = P! Eo0 5,

X512, M EORIERIE f DEZESZE f(N-2) = - f(z) 2T H51E. ZOMDEDLE
ZELT M(1) FOREMER f(z,u) = (—ut flz),—u ) ~eHRRENE, ZOLE, fH
MTHBETHEL L [ HIRIBETH B LIIAMY 25,

DEDOFIEEELDHZ L, X LD good triple & Y LD triple (A, w,j) NEIRRE A, 242
C*-gluing ZHHT 22T, HNE T2 PTM (Y(1) — C(2),wp, 7p) VRIS (FIHEEIX
Tpi=] ¥R B). BB, LD X Lo triple 1% L THEE CH-gluing 217> THSGNZE YA AKX —
EFL (X(1),0x,7x) YA A= LIER, (cf. [X4)

4 PTM OB DEEH

Step 1: B7—Z5—#HED Y1 XX —ERHDIEE
FEHE (1) OFFHD =0, HEHE go BT BV A REX =22 (Z — PLw, 7, {(,}) OfEEER
ET D, THROB, g0 5 X LD good triple BEE D, Z 13V A4 AX—8 X(1) V4 A& —
EFALLTCHANCRZ ZERT, (E: 20L&, 3ONELALE T, EEMH (1) M5, )
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twistor model 7, (resolution of)
‘ c(2) twistor cone

]P>1
C
-
real 1 c )
section s o Poisson
deformation )
X 3: PTM OHFDYAXZ—FETI X 4: PTM @ 3 DOME

AEHDE—E R LT, Z ORFTEEN 2R T 2, BEMOWE P =CtuC iy, v
AAR=2E% Z =207~ LR T D, go DR THZ 20, ZWZE 774 —% R
SO RT-EHDFEIN S, HEETY VAR X — B O%EE» S, H 254 st :CE - BOE
0, RE-FAERAR 2% ~ (s5) X BEh 5, LEdoTst =0 TRFUERL T, K7V Y
e LT 25~ X xCt r HILxh 3,

T, ZOHMALZHWT X £ good triple ZM T %, EMIE 7 ZHIDL T 7 4 N—I1ZHil
R 22T, KIEAIE® jx : X — X 8603, —H. X LD (\x,wx,jx) I& C*-gluing
EHEMALTEONE 7 74 N—H X(1) L RIEAIBAR jx 25X %, Z,X(1) LOFEME 1, jx %
X xCrHoR7Y VEH{r AL, TERMRY Y VA ETEEST 22, ZhohH%Th
BZEMNRENS, LEhoT jx DEMETHE 05 jy MWUTEEETH 2 Z L BHES,
D BDEEBBIZONWT B FARROEZMEDITRE N, BfEIIC (A\x,wx,jx) 2% good triple & 72 %
2. BXOVAREZ—FETNLELTORM Z ~ X(1) DEEHE L %,

Step 2: EFIE (2) DA
R, FERRIET go ICHHAS 2 Y Lol —F —5tE g IS LT, C(2) DEUIM s B —RITE X
D VARR—=FT N LTORA Z ~ Z; .= s*Y(1) BELNE Z L ZRT,

Step 1 XAk Z=2ZYUZ™ RT3, Zorx)y oFatickd, KZEHCQ2) o—F
BEYW s PFEIEL. BT Y VAR LTORM 7+ ~ ZE BEoN2 Z e B ITREIN S,
KB RABZ R 72D, Z BEY Z, D& 7 74 NN=%T7 74 MLLIBRETI 7/, Z,
REZ D, TOLE 2T~ ZIF T 7 4 VERE X x CF ICHARCHDAENG Z L ICHEET
%, (2T, X EEERT Y YAUHY O affinization TH %, )

FERE (z,u) € X' x C* ZHOWTY A RX - OHEER1T 5, MIREICB T 2WHa5H 9 — g0
. 7 Ok BEORER ¢ L EMEE 7 BT AROEMFICEVIRZ NS (X oA C*-
TEH & TS §' &2 v,

, 1 1
Vo = (5o ),
/ L, —— 1
o) = (3 @)+ ol ).
ZZT. f,gld|z] 500D E flg— 0 W0O5MEZMT X xC LOERIERTH S, Ti
b [l 3BERERBBRTDH 200, f=9g=087%2%, 2RI BB/RY 7 2 Z, DI EHOEE
BeIME—HTIIEERL, FREYVARZX -7V LTORE Z/ ~ Z! 5D 30D,

BRI, FFRAWE Z - 7 OBINEEDPRIZC 2 I ETHE Z 2 ICFEEL, 2V E—=27 XD
TREEZEHA T2 8T, YVARX—EF AL LTCOER Z ~ Z, E61 5, Q.E.D.
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Rigidity of the Borell-Brascamp-Lieb inequality
Rongkai ZHANG  (the University of Osaka)

In this talk we discuss some aspects regarding the rigidity of the Borell-Brascamp-
Lieb inequality on weighted Riemannian manifolds, based on the recent work [1]. As
an extension of the rigidity result of the inequality on Riemannian manifolds in [2],
we show results on the rigidity of curvature and measure of the inequality on weighted
Riemannian manifolds (M, g, m) satisfying Ric,, v > K. We show that equality of the
Borell-Brascamp-Lieb inequality can be attained only if the sectional curvatures are
constantly % and the measure admits a certain behaviour on the region between the
supports of the functions:

Main Theorem (Theorem [2). [I] On a weighted Riemannian manifold (M, g,m =
e"¥voly), satisfying Ric,, n > Kg where n < N < oo and K € R, equality of the
Borell-Brascamp-Lieb inequality implies that the N-Ricci curvature along the geodesic
of transport y(t) := Fy(x) equals K and the sectional curvatures along the geodesic ~y are
identically % The measure behaves as an (N — n)-th power of a linear combination
of trignometric functions along the geodesic (t) when K > 0; as an (N — n)-degree
polynomial of t along ~(t) when K = 0; and as an (N — n)-th power of a linear
combination of hyperbolic functions along v(t) when K < 0.

We will explain the key idea of the proof, which is the analysis of the interpolation
inequality and the Riccati equation on weighted Riemannian manifolds. We will also
discuss some aspects regarding the Brunn-Minkowski inequality, the inequality that is
closely related to the Borell-Brascamp-Lieb inequality. We also present a few further
open problems related.

1 The Curvature-Dimension condition

Throughout the talk, we will be considering a smooth weighted Riemannian mani-
fold (M, g, m) of dimension n, where m = e~%vol, satisfying the condition Ric,, y(-) >
Kg(-,-), N € [n,00) and K € R, where the N-Ricci curvature Ric,, y is defined to be:

Ricpy,(v) — % for N € (n,0),

Ric,, v (v) := Ric,, (v) for N = oo,
Ric(v) for N =mn, ¢ = const.

where Ric,,(v) = Ric(v) + Hessy (v, v).

By the theorem of Brenier-McCann, given two measures on (M, g,m), po = pom =
poe ¥vol, and py = pym = pre~¥vol, in P*(M) absolutely continuous with respect to
m, there is a unique optimal transference plan from fg to pq, given by Fy, p1r = (F) #fto,
the push-forward of py by Fi(z) := exp,(tVf(z)), and f : M — R is a %—convex
function.

The weighted Jacobian J{ () := e?@~¥F @) (DF,(z))| along the geodesic y(t) :=
Fi(z). By a similar computation as in the proof of Theorem 1.7 of [4], the following
concavity condition on the weighted Jacobian can be deduced:

z|~

TH@) ¥ = (1 - )8k (d(x, Fu(@) ¥ + By (d(z, Fi (@) ¥ I (0)x (1)

%



for pp-a.e. x such that F; is differentiable at 2 and all ¢ € [0, 1], with the function S y

being defined as:
‘ _ (sEN(tr)\ N
6K7N(T) - (tSK,NOa))

where

N-1
sgn(r) = r if K =0,

~Ybsinn (r\/55) K <.

%Sin (r L) if K >0,

2 The Borell-Brascamp-Lieb inequality

We will be focusing on the Borell-Brascamp-Lieb inequality in the talk. The Borell-
Brascamp-Lieb inequality was proved on Riemannian manifolds by Cordero-Erausquin,
McCann and Schmuckenschléger in 3], and on metric measure spaces by Bacher in [5].
On a weighted Riemannian manifold, it takes the same form as in [3]:

Theorem 1. [1] Let fo, fi,h > 0 be functions on a weighted Riemannian mani-
fold (M, g,m) satisfying Ric,, y > Kg. Assume that for Borel subsets A,B C M,

[ fodm = [, fidm =1 and
h(=) ™% < (1= O)Bj (@, )~ folw) ™™ + 1B y(d(x,y) ¥ folw) ™~
for all (x,y) € Ax B,z € Zy(z,y), where
Zi(z,y) = A{z € Mld(z, 2) = td(x,y),d(z,y) = (1 - t)d(z,y)}
15 the set of t-intermediate points between x and y. Then fM hdm > 1.

This theorem is a rather straightforward consequence of the iterpoaltion inequality
. By the same proof of the main result of [5], we consider the optimal transportation
problem from the measure pg := fo|a to p1 := fi]a induced by a map F; that satisfies
the Monge-Ampere equation

I () - pro Fi(w) = po(x) = fo(x) for m-a.e. x € A,

where p; is the density of p;. It can be shown that h o F; > p; o F;, and the result
follows from the comparison of the integrations of h and p; on M.

3 Equality in the Borell-Brascamp-Lieb inequality

Suppose that for some ¢y € (0, 1), the Borell-Brascamp-Lieb inequality on a weighted
Riemannian manifold as in Theorem |[1| attains equality. We will have that on A,
ho Fi, = pi, © F, almost everywhere and the interpolation inequality attains equality
at ty:

T (@)™ = (1= t0) B 8 (d(, Fi (@)~ + tofie y(dw, Fo(@) ¥ J (@)¥. (2)
Towards the rigidity result, we will show first a lemma:

Lemma 1. [1] If the weighted Jacobian sz satisfying attains equality at some
to € (0,1), then equality of the inequality holds for all t € [0, 1].
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With the lemma at hand, we will show main result:

Theorem 2. [1] Rigidity of the Borell-Brascamp-Lieb inequality on weighted Rieman-
nian manifold (M, g,m) satisfying Ric,, n > Kg implies, for a.e. x € suppfy, letting
v(t) := Fi(x), the following hold:

1. For allt € (0,1), the N-Ricci curvature Ric,, y(7'(t)) equals Kg(v',~'), and the
sectional curvatures along the geodesic v are identically %

2. The measure behaves as an (N — n)-th power of a linear combination of trig-
nometric functions along the geodesic v(t) when K > 0; as an (N — n)-degree
polynomial of t along y(t) when K = 0; and as an (N — n)-th power of a linear
combination of hyperbolic functions along v(t) when K < 0.

The result on the sectional curvatures are deduced from the property of the Riccati
equation, and the result on the measure follows from the result on sectional curvatures
and the expression on the N-Ricci curvature. The exact form of the measure is, as

shown in [I]:
N-—n
[O() sin (@ /%rt) + (' cos (« / %rt)] when K > 0,

B_woft(x) = (C()t + CI)N—n When K = 0,
N—n
[C’o sinh (, /]Q—flrt> + (1 cosh <, / A’,—f(l'r’t)} when K <0

where 7 := d(v(0),7(1)), Co and C; are constants determined by the initial values
e ¥ and 9, e ¥

_ “O¥(@) sue —u(a)

n 1:€N—n'

C
0 N —n )

We will also discuss the possibility of the existence of singularities. With the ex-
pression above, the density function e=¥°*(*) may take the value of 0 (if the range of ¢
can be extended beyond [0, 1]). Nonetheless, as discussed in [I], this does not lead to a
contradiction: on a smooth weighted Riemannian manifold M, the initial value e~%(®)
is nonzero and the point at which the density e~¥ vanishes is not on the geodesic F;(z)
for all ¢ € [0,1] for a.e. = € suppfy, hence the 'could-be’ singularity must be outside
the support of fy, fi and h, thus can be resolved by mollification.

4 The Brunn-Minkowski inequality

We will also discuss in the talk the Brunn-Minkowski inequality on Riemannian
manifolds with Ric,, y > Kg, established in [4] is closely related to the Borell-Brascamp-
Lieb inequality. We will consider the Brunn-Minkowski for compact, convex sets with
positive and finite measures.

On weighted Riemannian manifolds, the Brunn-Minkowski inequality can be proved
from the Borell-Brascamp-Lieb inequality, by setting the functions fy, f1,h to be the
indicator functions on the respective sets.

We get the same rigidity result for the Brunn-Minkowski inequality as in [2].

Theorem 3. [1] Rigidity of the Brunn-Minkowski inequality on weighted Riemannian
manifolds such that Ric,, n > 0 implies that for a.e. x € A, the sectional curvatures

™



along the geodesic of transport from A to B starting at x are identically 0, and the
weight behaves as a polynomial of degree N — n along the paths of transportation.

In the situation where K > 0, if compact convexr sets A, B C M with finite and
positive measure satisfies equality of the Brunn-Minkowski inequality for some ty €
(0,1), then A = B = Z;(A, B) for allt € [0,1] up to a set of null measure.

Equality of the Brunn-Minkowsk: inequality cannot hold for compact convex sets
when K < 0.

5 Further questions

To conclude, we will discuss briefly a few further questions that arise from the main
result.

1. We will discuss, in addition to the dimension bound N being positive and finite,
the situation when N is infinite or negative.

2. We will also dicuss the possible directions towards which the rigidity result can
be generalised into.
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HIGGS PAIRDEZ 251 ERICOWVWT
ea R (BERPEAY D2)

ABSTRACT. 2237 b+ Riemann [l M ¥, D LEDIFEONREHRNY FLVE E &[E
FEF 5. Bradlow(2] IZ & - T#E A X417 holomorphic pair @ Higgs RAD—f{tx L
T Higgs pair 25EFH T X, 8 7120 LT, Higgs pair ® T-ZEWNEATES. K
FHETIX, B T IS BREGEH LS 2T, 7-&5E Higgs pair DEY 2 A 22
DI RLERZRAROREZ DO L 2Ry, Fherank B =2 DGHIC, €Y a7
A 22D S-EH & Morse-Bott Bz % Z & T, £ Betti BEFHET 5. K
AT (9] 1T L.

1. Hicas PAIR & KOBAYASHI-HITCHIN Xt

M %2 >>%27 b Riemann [, E% M EDWEOPRERERNT MLVRE L, gy B M
D Kahler gt & & 3 5.

Definition 1.1.
Higgs pair &, fl (D”,s) THo T, U T Zii7zTHDDI 2V,
(1) (E,D") X Higgs [ RTH 3.
(2) sIT EDWEo»ZRYUMITH - T, D's =0 %l .

Higgs HUFIERINRZ MUV RO—bTH 5. K - T, Higgs pair & Bradlow [2] I &
h 38 A 17z holomorphic pair D—f%{b ¥ & X 5415 . holomorphic pair IZ8f L THE
B ITHAFE T 2 EMEDER T Z 5D E[ABRIC, Higgs pair 120 LT b Rk L EM
DERTED.
Definition 1.2.
(D", s) % Higgs pair & U, 7 ZFE KL T 5. (D", s) Br-LETHDLE, LTFD2
e AR Y R AL N
(1) fEE D (E,D") ® Higgs 7 F 2L T, 0 < rankF %2 51F, u(F) <
VA9 - e v
(2) EED (B, D") ® Higgs BB F 12X LT, 0 < rank F' < rank E 2»D s €

HO(F) 72813, 11 (E/F) > WT EiT

Higgs pair 1%, M. Mehta 12 & D 2005 B A XNz (7). #iE, 7-ZE 7% Higgs pair
DEY 27 4 ZEH D smooth locus NIZEENIHEEVFET S22 RLTVWS
M, BT 274 ZEEPRBINIE S TH S Z 2 IR L TWARW, KFHEETIE, X7 b
WREY T c RIZEHERT LT, BY 2 7 4 PR RLERZHEOMELE %
FOZe %Y. 7, rank E =2 DHHIT, B 2T 4 2RO Betti BIZFHHET 5.

¥ 7z, Higgs pair 1&, Alvarez-Consul ¥ Garcia-Prada [5] 12 & » CTEA X7z quiver
WOEMBITH 5. LD Higgs pair iZx13 2 ZEMELE, quiver HITH L TERI NS

ARIFLIRFE (FBEES: 25KJ1222) OB EZI7-dDTH 5.
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ZEM % Higgs pair DIGEICEZXTNLEZDDTH S, quiver KITH LT, ZDLEEN
&, 7 — YRR RIS T % & W 5 Kobayashi-Hitchin X IGA3 D 32D,
Z DXt h% Higgs pair I L TEHEZX NI ELITND L1k 5.

Theorem 1.3.
(D", s) % Higgs pair £ L, 7 € R % generic iZ& 5. 2D X LINIFETD 5.
(1) (D", s) & T-BZETH 5.
(2) E @ Hermite st & h T, (D", s) BT OTTBEROME L 722 b DB —EITHIE
5.

VZIA(R(V) + [0 A 67) + %5 05" = L idp.

72720, A (M, gyr) @ Kihler FER wy 1IC X 2569 TH 2. £72, D" : QY (E) —
QL (E) D (0,1)-57, (1,0)-BA DR D" = 0F +0 1B LT, V IZ1EH] Her-
mite X7 FVH (E,0% h) @ Chern#EHiTH 5. ZDFHEAD Z & % 7-vortex
HERE WS,

2. BV 27 A 2B
- E 7% Higgs pair DTN, EDF —IBBUTDO X5 > /EHT 5.
(D",5)-g:= (97 0oD"0g,g7"s).

COEHTEl - TS o N 2R % # & FH =, 7-% € Higgs pair DEY 2 7 1 22
W9,

E @ Hermite gt & h Z[EE L, 7-ZE % Higgs pair (D", s) 120 LT, XDOEMAE
KeEZ 5.

di

I 02(End (E)) @ Q! (E) —2

—2L02(E) .
(2.1)
7272 LGt dy - QF(End (E)) @ Q1 (E) — QM1 (End (E)) @ OF (E) @ TFTE 2 5

ns.
ay Dgnd(E) 0 o
i (77) o (—ev (s) =D")J\n)"

BUEHERIC KD, R [D",s] € 4%, ZOBEKDORE 2XDaAKREQY —FEDBHA S
¥ %2 smooth point £72%. FiX, (D", s) DREMED S, 0 RaAtER Y —HDBHZ
LIEDTIEBIND. XoT, B a7 AZMDPIFRETH 2 Z & 2RI 72DITI,
2RDARERY —FMHZA S Z e eREIX L0,

Gothen & King [3] {2 & D, quiver ROZEBEMRD 2 K€Y —REDHRETIED
MENTWS. 1 HIT, Higgs pair 1% quiver RO EBARFITH 2 & i R7=DT, 5D
T T2ROarERY —HZEAETIUI IV EBbNE0d LKW, 7
RN DHFERMES Z 213 TERV. 5EiX, Higgs pair 1XEHERI 2 quiver T
1372 <, quiver RICEMRR 0s = 0 SFREINTWBEHDTH S, ZDEWIIMD CEE
TH 5. 128746, Higgs pair DEEERKIZOWTEZ 5 %, ZOBBRAERD LS
12 Higgs pair ZZF LTI RSN S THSE. 22T, HlOFIET2RDak
ERY-HEitHET 5.

0 (End (E)) —2~ Q! (End (E)) & Q° (E)
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M FOTFRIRZ " AEREN S22, UTNOEKEZEZ 3.

End (E) —2~End (E) ® Ky & E —2~ E® Ky .

7272 Ut do, dy lEAFCTH 2 55,

— D/I f — Oé/

d = End(E) d = —a (s) — D"n.

()= (el ) () o= o) - D
ZOrE BERERD 2 XD arER Y —BHX, EOBEEKD 2RO NA —aKkER
S—MH2TEZ BN, %72, ARY MVRHI{EP1} T, EPd = HP L7225 % D2
TIET 20T, ZhEFET2 e B2 = B0 By 213%. ERBICH->TZhe i E
3 N abel

{( fwu, o) € H'(End (E)) © H' (E)

aEnd(E)f _ 07
H(f(s)wu+0NQ") = 0}

Byt =
B € H'(End (E)) }

[(H@or8).~H(E )

Y%, L HIZANSHETH 3. Ei2id Hemite B A ZEELTWEDT, &

OFHEICBELT, foy E H(OAB"]), " & —H (8" (s)) D L>-NEZFHET 2 &,
aEnd(E)f _ 07 [9*7 f] _ 07

Byt =< (fwa, o) € H' (End (E)) @ H' (E) o ®s" =0,

H(f(s)wm+0ANQ")=0

£72%. ZZT, L Higgs K (E,D") BHEFMTDH D, X70IWr s BFEYIMrcRITI,

SRt 0PN f = 0,07, f] = 0 & Dy f* = 00SAMETH 2 Z L2, By = 024

5. FZTC, RZMEELTeRIZEHLT, XROLKEEHRT.

Assumption 2.1.

Vol (M, g

o deg ¥ rank E\ZHWIZERTH 5.
ZDIRED T, U TFOMEDL D VLD,

T < piy :=min < pu(F

FlZ E DWESIREDR,
p(F) > p(E)

Lemma 2.2.
(E, D") I3&5E Higgs RTH D, s IFBYIM TR,

COMEX, 3 DIRED S (B, D") DYLEWEDNED, E DIRED & LZEED
PED. F£7z s BEYUIMI TR W Z k13, Kobayashi-Hitchin XS0 H40E 5 . %7€ Higgs R
FEMROT, Lo#E@wr S, By =0%185.

B =0TH5Z2%, B3P HY (FQ K) Dl LTiEohs e,
KOMDERDPBIZBITHS. THHED H? =0L7R2DT, €Y 274 %M .«
IR RRER LSRR 12 5.
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3. Y 271 ZEMD BETTI &L

Biswas & Schumacher [1]12& D, quiver RDE Y 2 T 4 ZZ/-] D smooth locus 21
Kéhler 5t @B A2 Z DR EINT WS, ZDZ b, - %7€ Higgs pair DEY 2 7
A 220 ./ 1% Kihler 5HEAS. €Y 2 7 4 22D Betti MEFHE T 2BEO# & 72
D%, RCEREND M ~D S"TEAITH 2.

[5}3,9,5] czo= [5E,z0,5} .

O SYERZIER], FR, NIV THD, LT 2EFHEFR 1 4 — RIFKT
Y (Y

72720, 0 D L2 7 Vv AR T BRI, Kobayashi-Hitchin X572 & #5E X 415 Her-
mite FF&EZ HAWS. r-vortex HIERD 7 7V A VFHIIC X D, plXEH, $TROBEE
DEAXBDEIER LY A Da>v 7 VERE RS,

MR, rank E =2 & L, HifiidD Assumption 2.1 5[ XM XRET 5. TP 271 2%
[H @D Betti 1%, Morse-Bott Blimz FHIWTEHRE T 5. TR, Hitchin [4] DVE
Higgs D E Y 2 7 £ 22 D Betti B2 KD 7BV R RERICFE T TH 5.

HERZHEA T 272012, u DERRES, $hbb SLEAEREEZRKD S, K
[0F,0,s] € D0 =0, 2% ZORIIHASHICS-EERTHS. 0 =0
B M DETEESE Ny &5 5. Ny, 7-Z5E holomorphic pair DEY 27 1 2
B RE S 5. (Hitchin D XHRTIX, Ny & ZEERIEDEY 2 7 4 BRI G T
%.) [0%,0,s| € M %, S-EERTHoT, A0 RDZHET S ZOLE AED
z=eV e SUTH LT, URZIT EDF — D% g (t) DBIFET 5.

g(t) Tt odFoyg(t) = 0", (3.1)
g(t) obog(t) = exp(v/—1t)6, (3.2)
g(t) s =s. (3.3)

M (3.1) &b, (B,0°) OIERIFR DR LT, E=L® (L' @ det E) L IEANCHET 2
bDODFIET 5. (rank E =272DT, LIFERKRTH 5.) &M (3.2) XD, 013U TD
FoikEzaeohs.
0 0
- (0 0).

7272 L € H'(Hom (L, L' @ det E)) TH 3. &M (3.3) D, sIE L7 @det E DIE
AT £ 72 5.
0£0KRDTe£0THYH, £725s#£07KRDT,

1
deg L < min {degE,g— 1+§degE} =m

7%, 72720 glda v %7 b Riemann [l M OB TH 2. £/, L'QFIZ (E,0%,0)
O Higgs TR TH D, s € H' (L' @ det E) 2 DT,

Vol (M> gM)

= T <degL
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v %, ?%ﬁd%}wf<dgm%?ﬁ%f:?%®k L.

N, = HE:L@ (L_l®detE)v<g 8) , (2)1

£35 COLE EY2TAEMAD S MEHOEEREEE, NoU N &R 5.

deg L = d}

d

B X%, No, Ng D Betti B FERD R EAUL, £ 2 T 4 ZZH D Betti BIIFIHETE

5. Ny & 7-%7€ holomorphic pair DEY 2 7 4 ZZfTH D, Z D Betti #lZ Muioz,

Ortega, Vazquez-Gallo [§| IC X DRI TWVWSE. £/ N, D50 THS. N, D
Betti 1%, LU RO & MacDonald [6] DFEER» HEIHTE 3.

Proposition 3.1. Ny & Sym 2" 2972\ x Sym* M ¥ WEAITH 3. (k = degE.)
BA% f - Sym2R2972 N1 SymF M — Pick (M) %
J(D,D') =[O (D) @ Oy (D)™ & K

CEDDBE, Ng& fDOT T I7PMNERITH B Z D05 o EOMERNES.
Ny DIEIE, X7 PAVKR EAND S AEHOEADPATH 5 Dh 57425, Higgs pair
DEENR (2.1) DEDEED 1 RarkEn Y —BHOEIITIC—HT 3. ZDEIKIX

Q0 (Hom (L, L' ® det E)) —2= Q0 (Hom (L, L' ® det E)).

THEZLNZDT, NyOIEEIZ22d+g—k—1) 275, ZNH XD, rank E =20
& D m- &€ Higgs pair DEY 2 7 A 2% A O Betti UL TD XS5 125260 5.
Theorem 3.2. .# ® Poincaré ZIHR P (1) 1, LFOBEHEZIHA D 2F29y529 DR
BchEzons.

sl L (L (Lt (70 e

X

1-)(1-2)(1—tx) \1-t22  1—th
+ i {22 kg—k=1) 2042, d~2g (1+ ta:)Zg (1+ ty)29 |
d=|T]+1 (1—2)(1—y)(1—12)(1 - t%y)
\ Vol (M,
FRELT = MT@%_
T
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O—1 YUY wZRILZHEIEY REHEARSR

ARH 5 (RERRFHEAFER A I D2)

1 O-LYYIEZEBeO—L>YNIIRILZAE

RN EE G NICERZ Y —< Y ZREROPCR OIS K CHRZER » L CHN 2 HE
FREEZE M ORI K ERREE BT BE, RREPmEfIEdon—1L vy S
1K (LURREZE) 0% O A CHEBROERAEM I TV E. v—1L v VilEZER (LUF
LpLS) 22 O FEREZERGR Y 2 —fMRILTH D, PO T 222 DFOMR & L THA 5 2 22
TH 5 [6]. AFEHETIFIED LpLS ORMZEDOBE ¥ 3EHE 1 & > TEA SN H7=/RAT
S DIRE & AR ERIT OV TIAR S .

EE 1.1 (m—L Y YillRZEM). (X, d) ZHEZEMe 35, X o ZHBER <, <, B
7: X x X = [0,00] 1ZROFEHZHMT-T LT 5.

(b1) 71& d 12DV T R te

(b2) z £y = 7(z,y) =0

(b3)z <y < 7(z,y) >0

(al) < I3HERBHIAD SSTHY
(a2) < 3HERH
(a3) < X < IZEFENS

((bd) z <y <z=17(2,2) > 7(2,9) + 7(Y, 2)

IO E(X,d, <, <, 7)Eu—L Y VilRZER (LpLS) & &, 7 <, < 2% 4 KRR
(causal relation), FFfEIEE{R (chronological relation), 7 % KFfEIRIFE (time separation) & X3

P22 DR CEERBER T & 2 RIRAHE72 & O RIRMEE S LpLS FTERINTE
D, AL XN FREAEHOERZ IO 230 — L ¥V EAZEO—RLAE D f Eh
T3, E-HEREZEH OGS L Rk, At =MATE 0 L s X O RowimE i % Vv CMmh
EBEV v FHEIERL LpLS ERINTE D [2], Alexandrov ZE[H, CAT Z2f, F7-
(R)CD ZEfd v — L ¥V B EDOPHHA T OBEMEIM O HER TV 5.

HER DA 72 LpLS IC B 2 HERIETHSE e LT, Wi 2G5 72 LpLS O3 #EH
DEH ) v FHIRNPEH 7 LpLS £ TO Bishop-Gromov A ERDEHNE T O NS, /-
) —< URAACBIT B 70T 7N 2 RV ZIEICHY 3 2 R522 2 LpLS OUHEMEZ D #
R, a—L I RAZEOVFHATD Y KL 7 T OWZENHEA TV S,

PRAEZLHE LTS 5Ny A RV 7RIEDEE 5. ZAUIFEEEZZRI L TRITTO
REEDBIED, N ARV ZHEICERT 2 2 2 THEOE MDD &8 i E
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HAEHXNE. N ZRALTZHIED LpLS IZBI 32X LTr—L Y INT XA FL7
AIEEDEFR S, LpLS OFMFEE & ORGRAMFES TV S [8].

& 1.2. (X, d)ZLplStlre XT3 ZDLZErORHENARES X CRERAKE
KA I () ={yveX |y}, JT(z) ={ye X |z <y} LERTZ. FFRICz DFH
A I~ (2) BLOCHERIEE T (2) 2% 4 KIRER, KREGRZ KIESE 5 I TERT
5. 72 J(p,q) = JT(p) N J (q) (causal diamond), I(p,q) = I (p) N I (q) (chronological
diamond) £ E® 5.

EE 1.3 (—L Y YNTRRILTZHIE). (X,d,<,<,7) %2 LpLS, A% X O NnEAEL T 5.
DY ENXITOT—L YNy X L 7HIER

1=1

Vi (A) = lim [inf { ZPN(J(% bi))

a; < bi, diamd(J(ai, bz)) < 5, A - U J(ai, bz)}]

EEDD. TR Linfl=c0F5 ZIT,J =
DRI LT, pn(J(p,q) = wt™(p, q) (7(p,q) > 0)
I 5.

{Jp,q) | p<qgyu{dl L, pn%2 J L
, 00 (T(p,q) = 00) BXRUpY () =0 &

O—L YYNYZRLZHEZRVAHETSH D, EEEEZEHE Lo Ny 2 Fov 7 JIE & [ERk
DHEZZ < D, FlZIE LpLS B X UPZ DB AEAITH L TRILE 5 X, £72 LpLS LD
B D 5 BRI EEER . XI3Nh 3 & DIZOWTHRBFRIC L > THI o 2E L HD 1
RIEDB—L I NT R RV TREN—HT 5. £ 5072 N ZTORZEIZENT, K
HlEra—L Y YHEBLIE) - VEH»OEE 2 N XTOR —L I ANY R KL 7 JIE
H—HT 5.

2 O-LYYsREFERAEFR

N R RVTZREDY T2 v Y B HOTAREREAER e UCRABEANEK (3] 23281
5. ZOARERIIHATESDONTY A RV 7RIEICHET 2882 Y 7> v VEBROENE
BOREMMEIZ K o TFHllis 2 D DTH D, A EEF = FREE 2L O A2 BV THEAR
H72bDTH 5. Bl ZIXEEREZENICEH T 2 B R LB OIR 2 F VO B W TEHE %
EEHo7 n—L YAy Z R 7RI LT RO REREASERAEH X [5).

N Z RV 7R 52 REEANEFEROENICIZY 7> v Y EGRE W AELE,
7 2 ROV 7RI U THREOHE ZHEANOFHIR, 5 5 HEEMED = O AREINICERET
H3. A—LYINYRRLTREEAT R L7 RIEIEAEEOG EICHERITERIZ
W, Bi&Z W AREHE 21T 558, BRICE D ZLOEEZRIBEDLD .

E2& 2.1 (Uniformlly d-controlling B4 [4], [5]). (X,dx, <x,<x,7x) & (V,dy, <y, <y, Ty)
ZLplS 3%, COLEFRU X - VRREBERTFTZ2ILEp e X TH-T
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p<x q 27 ITEED 2 W LT U(p) <y U(q) BBILT 2 Z L LED S, F-KRBEF
ZRET AEMR U : X — Y 23 uniformlly d-controlling TH 2 Z &%, H 5% n: (0,00) —
(0,00) TH5T, n(s) = 0 (s = 0) BERET3/NE72 s > 0120 LT diamg, (J(p,q)) < s =
diamg, (J(U(p),U(q))) < n(s) Zi7z T b DBFHET LI L LED .

72U X = YR T2y ERTHZ Z %, HEHN > 0 FE LEED
P,qEXTHoTp<xqZmilTdDIINLTr(Up),U(q)) < Arx(p,q) BT BT &
CEDD. £ U DKREY 72y Y EBERD LS ITED 5.

TLipU = inf{\A > 0 | v (U(p),U(q)) < Arx(p,q) for any p,q € X with p <x ¢}

NG X RILTZREIZONTDY 7y Y BB W AREEEAER & FRRICREN Y 7
v Y 23D uniformly d-controlling 72 BRIZ X 2 AHELLEIE STV 5.

EIE 2.2 (Volume comparison by timelike Lipschitz maps [4]). (X, dx, <x, <x,Tx) & (Y, dy, <y
Ly, Ty) ZLpLS, ACX 3%, ¥$712RERET 3.

(1) Ac ETU DKEINY 7> v VERTHS. 22T A={r € X|dx(r,A) < e} TH 3.
(2) U 23 uniformly d-controlling T 5.
ZDrE, VY (U(A)) < (TLipU)NVY (A) HIRILT 5.

AFR 2.3 (Uniformly d-controlling map D). LpLS ORIOBAR U : X — Y 23 uniformly
d-controlling TH 27D DTS5 LTRYET NS,

(1) U DB O—FRE#EFHTH D, pg e X THoTU(p) < U(g) Zifi7=F b DITONWT
p < qMDMILT 5.

(2) U —EECcH D, Y LT diamy (J(p,q)) < C -dy(p,q) BKILT 3. ZDXS5KDHD
Y LU TCLpLS TEE D, ZROHREMEIC X > TEL DIRZFWDHIEI X 2 XL
(7T BT 5N 5.

(3) U D —HaHft TH D, Y A generalized cone structure [1] & % D.

—D LpLS IZBWT, Causal diamond @ 5 fFILKICH Y T 2 #1EIIITA T, /€- T H 15K
BRI LW, 2D 728 Causal diamond (2B 3 2 5 fE#EMEY EH T 5 72012 RIC
IR 2 RPN 72 S 2 RE S 5.

EE 2.4 (local causal enlargement property). (X,d, <, <, 7) Z LpLS &3 5%. z € X IR L
THERE U, D3RO % Wi7- 3 & & U, % causal enlargement neighborhood TH % &3 %:
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EBCT,C2 > 1DFEL, EED J(p,q) CUWHLTHS J(p,§) THo>T
W) I3, ) 2| J{T € T 1 TnJ(p.q) # 0, diamy(J) < 2diama(J (p, q))},
(2) diamg(J(p, ¢)) < Cidiama(J(p, q)),
(3) 7(5,q) < C57(p, q).
BT b OMEET B, 722D X5 7% J(5,§) % J(p,q) D causal enlargement ¥ X 3%,

EE®D 2z € X 120 LT causal enlargement neighborhood 23FfE3 % & X, X 23 local causal
enlargement property Zii/z 3 L ERT B.

—fED LpLS 12BN\, HDEADO —L >INy 2 R THIERFET 2 BICHE 2%
BICHIR S 2 Z 2 TERWV. RISER B [T 28RS O & 5 REE DOFREEAD
HRZFFTHDTH 5.

EH&E 2.5 (causal estimation property). (X, d, <, <, 7) % LpLS £ 35. z € X 1&xf L THik
5V, RO 2723 L & V, % causal estimation neighborhood TH 2 ¥ 3 3%:
(1) EEDZETR N I(p,q) C U, ¥ diamy(I(p, q)) = diamy(J(p, q)) Zifi7= 3
2) J(p,q) CU, THDE FEDe > 1BXL e > 01T LTH S chronological
diamond, I(p,q) TH > T
J(p.q) € 1(p,q),
diamg(1(p, q)) < €1 - diamq(J(p, q)),
7(0,4) < 7(p,q) + €2
Zii7= 3D DPFET 5.

TR D 2 € X 1Zx LT causal estimation neighborhood 231F#ES % ¥ &, X A3 causal en-
largement property Zii/z3 L EFRT 5.

s vt —L Y Y RABAER LB 7DD LTRITRT HDHRE N5,
& (A) (X, dx, <x,<x,7x) & (V,dy,<y,<y,7v) ZLpLS L, U: X Y £3%. Z0

SE(A) ZRDESITED B
(1) U %3 uniformly d-controlling 35 & O timelike Lipschitz Z{iti7z L, ¥ 72#HiEHRTH 5.
(2) Y 2% local causal enlargement property % {7z 3
(3) Y DEE D causal diamond 2SHEETH 3.
(4) dx B & dy 73 proper TH 3.
(5) Vi, BWNEEAIAIETH 5.
(6) Vi, DSHMERIERIFIEE D 0 BIRTH 5.
(M pgeY THoTp< gD p L qZhils 2RI LTY (J(p,q) =0HMILT 5.
(8)

\ 8) X 23 causal estimation property % 7= 3
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EIE 2.6 (Lorentzian coarea inequality [5]). (X, dx,<x,<x,7x) & (V,dy, <y, <Ly,Ty) %
IpLS e L, 0<t<s<o0,U: X =Y 35 (A)ZRELILEEECXIINLT

tws—twt

AﬁﬁyaflwwwEmu;@0s<TmpU> Vi (E),

s

DKLU, Gt > TERED V5 -AJHIBEE g : X — [0, 00] 1K LT

/"(/‘ gm@:)dV&@os(TLmUYﬂiﬁ?/}mva
Y U—1(y) Ws X
PR

AR 2.7. R X BEXUY 2% AN, M RITD strongly causal FfZ22 U, s=Nt=M & L
7o & Z5M4 (A) DS BZEMIZOWTORE, (2) 226 (8) MilileINd I bbb,

SE Xk
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Fano #FAZ AR DMREL & k] Y U k>
R FERES  (ORBRRY)"

1 EA

R Vb e, KA (6] TEA L Fano ZARK E D EHE Kéhler FH& D —
STHDH, Kahler-Einstein st E2D—#&{tTH 3. X % n Xt Fano 2K L, G %
Aut’(X) ofika >y 7 VSR T35, /2, wE X LD G-AZ Kihler KT
2me1(X) ZREFT2d0LT5. ZDL ZF Ric(w) 2w D Riccd B T2 &, dd-fliE
&b, h, € C®(X,R)“ T

wTL

1
Ric(w) —w = éddchw, / (1—e™) == =0

X n!
a7z T ORI —OFHET S, TD h, % w D Riccd KTV v L 2R, w DGR
VIURYTHZ I, grad, (1—e) 2 X EOEIERIRZ "B THZ 20, [TE
@ Kahler-Einstein FH&IXH YV b > TH S, £/, kY VU + > 28 Kahler-Einstein
ARETHL2ILE X ODTARAZEDHKT 5 Z EIZFETH 2 ([6, Section 1]).

TR U Y DR L CEmHER E M 2 EESFI SN TWS. wiad 3
Killing £5 > > v LO%M%E P, ¥ L, C2(X,R)¢ B3 P, O w IcHF 3 [2-4f

Wkl TRT. oL
My = m)z(xxl‘[f(l — M)

Fw €2 (X)Y OBEVFICEST—RHICEE S ([6, Section 2]). 2D My % X O
HEBE MY, X D3R YV b 2 Z2FFE T 2 II3HRHERD 1 R TH 2 0EPDH 5.

AT, FFEZHRIE ([1, Section 1)) &MEEN 2 7 T RIBT % Fano ZHAITNT
T IGHEB OB L EH Y U b Y OIFEREIC O W TN S, ERERIILULTFD 35
TH5.

L fAERADS 1 ARG C HAUIRHR Y VU b O DFET 5 2 L ZRT.
2. Fano #FAEZHIADMKER DR AR Z R
3. RS2 LD Fano FFEZRRIETHKY V b2 2RO DE2ET 2.

L IZ2WTIE, F—VY v Fano ZHEDHE ICFERRDMERIN SN TWS ([11]. [9]
bEZREI W),

2 Fano SFBZ K

2 2T [1],[2] dELibIZih o T Fano FAEZSRRIKICEIE T 2 BER D EHRZHHT 5.

*e-mail: 1126708Ced.tus.ac. jp
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& 2.1. FASKRE L IHE R Py(Ey @ Ey) = Y TROFZMG 2T HDOTH 5.

o Y O mMEZEMIE, FUEAERE 2d, Kora v o7 b Kahler Z8:4K (Y, g4, wa)
DEFEY = [, 4 Ya(AC Zog, #A < 0) THD, H g, L w, Y LOF ¥y
BeATY LOT VI NG5 XRLTH 5.

e By BAUW Ey 3EOZTNY OB dy+ 1 BXY doo + 1 OFHEHFEHZIEH
Hermite X7 PARTH Y, g, € {—1,1}(a € A),wy = e 4EawWq IR LT

a(Bx)  alfy) [w_‘/}
doo -+ 1 do + 1 2

DI D AT,

X =Py (Ey® Ex) ZEFAZREE, eg=Py(Ey®0),e0o =Py (0B EL) 2L, X %
eoUex ICIR272 X D70 =7 v T3, £z, 6,0 L €, o0 DEIINA T2 L,
A={ac AU{0,00}|d, >0} ¥ F 3.

EE 2.2. X ® Kihler 8 Q 2B Kihler TH2 1%, ce Rog & 0 < g1, < 1(a €
A) BT 2, e R\ {0} BEUP 2= 1,20 = —1 THLTQD X ~DF[EREL

¢ (Z [5‘;%] + :)

ae./i

YRINZLERVS. HLU 2 27[é) + éoo] D Poincaré WA TH 3.

QZHBREHE X =Py (Ey® Ey) DFFE Kéhler i 5. 2O & Ey FORA
7—f5E X Lo S'ER%ZFEEL, E, & E, ® Hermite 5t &I1X 7 7 4 N—HOHEE &
B z: X — [-1,1] 251 &RIT. 22TX Lo S-EHOER/NER T2 T 2 £ L,
0 AT A =), jeawa,0(T) =1TH2 LT 5.

EE 2.3. X O Kahler B w € Q FA Kahler R TH 2 2 1d, X\ (egUes) ET

1+ 242 dz? 9 B L+ xz,2
gc(E:—zj—@%+zﬁ54(X@9), wC(E: . %MﬁchAH)

~ a ~
acA acA

rRINDZLERVS. HL 0 1FFAXME [—1,1] Eo O KK TU T2l T b DT

H5.
O(z) >0 (z € (=1,1)), O(£l)=0, ©O(£l)=F2.

T 2.4. X = Py(Bo @ Bux) % n RITHFESHIAL L, Q% X O Kihler ¥ ¥
5. 2O =

po(x) = [[ (e + car)™ = (1 4+ 2)* (1 = 2)™ [ [ (Na + €0z)™ ( A, = 2)

acA acA
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ZHRMZSEN WV D.

%, & a € AL g, 2 Ricei IED Kahler-Einstein gt &, 37450 % Ric(w,) =
EaSaWa(Sq € R) TH 2T 5. 2O X, X 3Y LOBERK LITLED X =
Ppn (O H) @ (L @ OFctD))) ¥ RXNZ. TIT LI (L) = [cawa/27] 725
Y, FOEMHKE L, 1TED L= QRueuly ERINDZDBDTHE. ZDOLE, X H Fano £
HMETHs, Fac AIINLT

Sq > dy+1 (ca=1 DY Z),
S < —(dow+1) (6,=-1 DL X)

DD D Z L IXFfETH % ([2, Theorem 3.1]). Z DM %Ti/z3 X % Fano 8%
BRIK L PEA.

3 FEHE

ZIZTE B IEDEZFERBEREZANS. 1 OFRIE, Fano sFAZHEKICB W TIE
WHAERBIC K o Tkl Y U b Y OFIEDTERICHETE LI 2T HDTH 5.

I 3.1 ([8, Theorem 1.1]). Fano FFAZIA X 1R LT, XD 2 DD FET
»H5.

L X &k v b v 2Fo.
2. Mx < 1.

EF 3.1 & D Fano FFAEZRRIMITHB T 2% Y U b > D1 R E 2 il R E B D A
THIEST 2 Z LD AREE 2 5. Z 2T, RIZ Fano AFAZRAROMMEH 2 H T 5.
Q=2mc;(X) &F5%. ZOrZE&Kaec AITHL

dptde 42
N 2Sa+doo—d0’

a

da
pa(z) = (1 + 2)%(1 — z)% H (E—a + eax>
TH3. &ie{0,1,2) 1ITHL

1
b; ::/ r'po(z)dx

1
328, dy=ds =0 DHEIIE by, by, by ZHW My OIRARDEZ 6N TVWD
([6, Theorem 6.5]). 2 2 DFERIX, THZRD K5I D Fano FFEZRIKICILR L
72bDTH .

dp — deo

EIE 3.2 ([8, Theorem 1.2]). w = m

E$BH. Dk x
_ b0|bl — 'll)b0| — b1<bl — U}bo)

M
X boby — b2
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i A RVASS

3 OERY LT, HEFEEM P Lo Fano FEZHEKEE X2, 2D ELTOH
WYV by DFEMECOVWTHLE %, P LD Fano fFAZHIA X 3 k € Z(k >
12D n+1>k(dy+ 1)) ZEFHWT X = Ppn (O%%H) @ O(k)®=tD) v RXNZ.
DY EEM 31 BLWER 32 ZFHOVTRIRENS.

EIE 3.3 ([8, Theorem 1.3]). X D3 Y VU + > 2H2DIX (k,dy) = (1,0) 721
(n,k,do,ds) = (1,1,0,1) DIFETH D, »OZDHECRE. 2SN OHEEITIE
Mx > 125D 3D,

4 FEPADHEIES

BRANZEM 3.1 OFMEEZHAT 5. MR Y Y P UDBHFEET L ERET L. 0D
¢ % [6, Theorem 3.1] & b {#ikIELE

_ G(1 _ huy _ he
Mx—m)?xﬂw(l e m}z{mx(l ") <1

TH5.

W Mx <1 TH2RELT, MWHY Y+ OFEERMHRY U b2 —b L7 o-
YUty (3] 22K) oA ZHWTHAT 5. 2ot %, Calabi DMIIEIC X D H
WMo HERXOEFYERIEICRE T2 2 TE 5. BRI v € C°([-1,1],Rsg) %
v(z) =1-M%1 —eM) TEDD &

(vF)'(2)
(vpe)(2)
F(£1) =0

= —(do + doo +2)(2 — w),

YEXFTILNTE, ZOWMIHERIEERD. T8 0= F/pg 2 QBT
7P Kihler TWR w 28D, THMlHY U > TH 5.

Xz, EH 3.2 OMHERDIHARAXZEL . £3 d Xt Fano AFBEZHRIK X =
Pp. (02W@0+) g (£ @ O2=+D)) () 1= ey (X) 1T LRD D 320

fa8 4.1 ([1, Proposition 6],[7, Theorem 9.1]). a, 8 € R T X OFFA Kahler [T w € Q
WAL

91 —e™) =az+p
L75% b DHFIET 5.

COr EZEREBE 25 X O Killing KT YL THBIenbd

d d
ho\ ¥ e
/X(l—e )d!—O, /X(z w)e d!—O
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%ﬁﬁh\é & Oébl + ﬂbo = O, (Ibg + Bbl = bl — wb() e E%@VCHHZT_\‘./A\K

b0|bl — wb0| — bl(bl — wbo)
bobs — b2

My = max(az + f) = |a| + 5 =

2195,

&IC, EM 3.3 OB Fano FFAZHARITH T 250K Y U + > OFFERE D H
EiExE5Z 5. P" ® Fubini-Study #F &3 Ricci 1E & 72 % Kahler-Einstein 5t &T»H D,
P" FOFFEZHEAIZ

X = Ppn (0%t g O(k)PtD)y (k€ Zsy)
rRIND., ZOrE, [2, Theorem 3.1 12 & D KDMEAAL D 31D,

8 4.2. X »3Fano ZRRATH 2D k(dy+1) <n+ 1 DHFETHD, »D2OZDHE
IR 3.

AZ1REETHD,

Tx do + doo + 2

ey, fFEZHEN
Dorei (X) (x) = (>\ + flf)n(l + x)d()(]. - l’)doo

E%. 2 TTEM 32 o TukERZREST L, X3 b —wh >0THD,

b0|b1 — wb(]] — bl(bl — wb0> bo(bl — wbo + U)bl — bQ)
My = =1
X bobs — 12 * -

WL My <1ThsrZtl

1
by — wby + wby — by = / A+ 2)(142)%(1 —2)%(z — w)dr < 0

-1

HEETHD Zeh 5, n,k,dy, do Dliti7e T NERIFDHE 2N, EH 33 DRSNS,
5 REMCDOREE

EM 33 BEEMDBRIOBRZ Z e bARETH S. K< HN T Yau-Tian—
Donaldson TAEDFALLY LT, Fano ZAEAKICBIT 218 V) b ¥ OIFEIX—HAEXT Ding
WELENE L FIN 2 ZEMO—REFETH 2 Z e B s T WS ([11],[9],[10],[5],4])-
%7z, [10, Theorem 1] 1T & D #H%f Ding FZE 7% Fano ZRKOHIER T 1 AT TH
2o TVS. DEOHEZEM 33 LHlAELEL LLIN21E5.

% 5.1. X RN Ding ¥R ETH % DX (k,do) = (1,0) £721F (n, k, do,ds) =
(1,1,0,1) DF{ETH Y, 22ZDHEEICRS. T2, Z2H SO X 13N Ding REE
TH5.
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PR & 72T D 27 7 2D Bloch-Ros principle @i H

GREAE - (KASAO Shunsuke)
BIRKFARF G HARENIER BRIERHIL

1 FX

Picard ®/NEHES Carathéodory—Montel DEBICH SN2 L 512, BHABEMOED i & EHR
EFER O N3O ENTFE S 2 (Picard D/NEH, Carathéodory-Montel DEH D FiRIIAF 3
#22H). Bloch [Bloch, p.84] 3 Zhz (H2MHE P b > C LoRHABIMAIEHEEIIR S5 h
2%, ZOWHE P A3 EOEEABEBIRIZIERGE 25 L PELEL. 20 K5 REHIZ
Bloch (heuristic) principle & MZ#1 3. LA L, Bloch principle 1213 < 20D KB ([Zal9s,
p.224)) BHIHNTWS. Z5 L7z, Zaleman [Zal75] 1%, €D & 5 MEIH LT Bloch principle
DD SLODH, HERENMLEG Z 7.

ZDENLICHE D E, Ros [Ros| E/NHE RSBV THHELOERLE G 2 /2. 2 Tl
HEFIZBWTIX, Heinz A5 curvature estimate % W T Bernstein OB (CEHE R? 2 EHKE 35
R3 NOKNT 5 713 IR %) ZEFHL, BEA [Fuji] RIS curvature estimate 2° 5 Gauss 5.
BROBRIMERDS 5 MU ETH 2 R? NOZEHM/NHEIEFEICE 2 (0% D, FHETHRWIEHE/N
D Gauss EARDORIMER DI AEEIE 4 THB) Z e ZAL. RosiE, Gauss BARD Y D &
SHMEN NS —HORERDPE L 72 2 curvature estimate ZE < O ZHET 3 TREPES A
DEMORFEIAZ 5 2 7. ARFETIE, B0, ERREER, SUMImmRoMc®d2 2o X5 7%=
NM—{EDB % % Bloch-Ros principle ¥ FEX.

— /T, BEARTOEBIEH/ NI - 25Tl i, JILE [Kaw] 1 L2 NOMKES R A O
FEEE T 7 7 4 VIR & W o 7z Weierstrass BHO RN K THR I N 24 R0 7 5 21240 L
T, AR OFIRZE . BAEME, ER1EX fd: @ GFEAEK g AV TRERLEHE
ds® = (14 |g]*)™ | f|? |dz|? (m FIEOEER) »ERIN 2 Riemann M SIS LT, g DERIMEEL
DEREBE m+21Tk82 e 2nmli. 2OXk57% 32 (%, fdz, g)  Weierstrass m-triple
EIERZ LT 5.

AHEO HANZ, [KK] IS %, Ros i Xk 2HIiEE % Weierstrass m-triple N & —f{L L, f/h
HEZIIUDH ET2ARAO 2 7 212BWT, ED &5 2MED m-curvature estimate % & 7=
TOLEHET MM BPHAZIERT 2 2 TH 5. Frg, BRI, BRIMECE T2 HEICZ,
EHTOBR Kas| & LT, ERDMEICES 2 HE S m-curvature estimate 2 A7%=3 2 &, T4b
5, Gauss FARICEHT 2 B 2T BIEDOBFOMKRES, Zo—bIhHmARICHAAEN S Z
CEWETS.

*ZHBRCEARESIIVELRES, XOT RLRAETBRURICZEE 72XV, kasao150390gmail . com
ARFFE, JST REERGNA 7 R—> a VAT 2 RE 7 = v — 3y FRIZEER JPMIFS2116 KT JST RIEACHH
REER T 027 4 JPMISP2135 OXREZIF b DTT.
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2 Bloch—Ros principle
2.1 Bloch principle

T ZTIE, WEMATICE T 3 ERIBROM i & ERTEHEROMIC S 2 XHEOMGRE L 5.
¥ %7 Riemann i, C:=CU {co} #2EHRTFHETS. DL ¥,

ML) :={g:> — C: EAEHK}
YED B, M(E) DML LT, SHOa Yy MENES Fo—HIGREHE V3

M(EVITBNT, {9,150, 23 g IR T 3
— C OBRALIME B LT, ¥ E {22, & g \CRAT—HEIH T 5.

2512, FHIERDH 2MHE PiexfL T,
PE)={ge A(X): g3 LTHEP ZmMIT }.
E& 2.1 [Ros, p.3] IEAIEMROME PITH LT, ROFMHZEZS !

(P1) E£E® 2 5@ Riemann H X,Y, JIKFOLWMEEDIEAIGER ¢ : ¥ — X 1THL T,
ge PX) bl gogpe ZA(X).

(P2) X% Riemann i, g € #(X) L 55, ¥ HNOEEOHE DY <2 MERQISHL glo € 2(Q)
7o, ge 2(2).

(P3) {EE® Riemann [ L WL T, 2(%) 1 4 (X)) OMEIEETH 5.

(P4) EE® Riemann [ L Zxf LT, Z(X) 3Efa> 7 2 Th3.

MWE P 2% (P1),(P2),(P3) AT %, P % closed property X \5. F7z, MWHE P 2%
(P1),(P2),(P3),(P4) Z &7 § & %, P % compact property £\5.

BAMRZE D:={z€C:|z| <1} 2iF. P 2 compact D& %, ROERDPHKD IO :

8 2.2 [Ros, Lemma3] P % compact property £ 3%. ZDYX % RHEHILD :

(A) 2(C) BEBFELPEEH N,

B) ge 2D\ {0}) 55iF, z=01F g DEMFEATIERY, 2%D g3 D »5 C ADEHIE
BTH3s.

Q% CHOHEBE T5. VR oy - C —» 52 WX LT, 7y og @ Q _ED Euclid gradient ®
EX% |Vgl. 327, 22T, EEMEERIEGR g 1okt LTI,
_ 2V2]g/|

L+ g’
EMEES g I LTI |Vygle =0 725, RDOFIRI Zaleman ORI & FEIN 245K T, property
3 compact 5 & 5 »EHET HBRICfFbi 5.

Vgle

*1 2 FEE C B HHE oy : C — S2 %@L T S2 tA—MaEhd. ko7, 21,20 € C OFfE*
N (21), TN (22) € S? @ Euclid BERED 5> £ 8D, ZhZIREKER TR Z 22T 5. ik S? LD Fubini-
Study FHEA S EE 2L FE Y 72 5.

2 EHEMTIE, 20 &5 RENEE S EOERE L .
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EIE 2.3 [Ros, Theorem 1],[KK, Theorem 2.12] P % closed property £ 35%. ZD& %, XD (1)
F720% (2) BKALT B -

(1) P & compact property T 5.

(2) ge Z2(C) BE-T, |Vgl(0)=12DC ET|Vygl.<1%AKT.

2.2 HHE® Gauss map DIEDFARADIGHA
Z 2T, 2.1 HiTH#E{R L 7= Bloch principle ®Blia%, R ]NoM/Nhm, L3 AoMkHE, R N
DIEEH T 7 7 4 VK% E " G0k 4 O 2 5 ANICH T 2720 DERLZITS.
EE 2.4 ¥ 2HEHE
ds? = (1+ |g*)™ [ f|? |d2|?

(HL, fdz% Y FLoFERI1ER, g3 LOBFMBBE, m € Zvy) AP L 72B8 Riemann [ &
T5. DL E, (3, fdz, g) Z Weilerstrass m-triple & -3,

AR 2.5 WUNHHE O ERIZGAEOHGR L AT LT, R2REND :

0< 1+ g)™|fPP < +oo <= (fd2)o=m(9)eo,
7272, (fd2)o & fdz DBERDHEF, (9w & g DMORFEEKT. 7z, Weierstrass m-triple
(3, fdz, g) ® Gauss B3R K2 1

2m g2
K 2 = — . 1
a5t = Ty [gB) e | @)

EFE 2.6 P % compact property, m € Zsg £ 5 5. ZD& X, P m-curvature estimate
BHTEE, 5 C=C(P,m)>00E>7T, ge P(X) &ATHEED Weierstrass m-triple
(3, fdz, g) RLT, UTFTORERDBEDIOZETHS !

|dez|% < % on X.

ZZT, Ky FET& ds? = (14 |g]?)™ | f]? |dz]? «<BEF 3 Gauss i, d1% X OBAAORBMIEE
HETH 5.

EE 2.7 P 2 m-curvature estimate &7z L, ds® = (14 |g|*)™|f]? |dz]? »* ¥ LDl ED
LE, Ko =020 D, X512, (1) LAbES Y, gh Y FOEMEGEICRS L b5,

RDFEFRIE, compact property A% m-curvature estimate A= 33 0 EHET ZERTH 3.
EH 2.8 [KK, Theorem3.4] P % compact property, m € Z~q £35%. ZO %, XD (i) £/
(i) AEK D 32D0:

(i) P X m-curvature estimate % A7

(ii) MUFo (A), (B), (C) A7 F Weierstrass m-triple (D, fdz, g) BFIEST 3 .
(A) g BIFEMERIERT, ge (D) AT
(B) ds*=(1+1g]>)™|f|?|dz|* 1& D LoFfHzTE.
(C) |Kge2(0)| = 4 BEUD E|Kype| <1 EAET.
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i 2.2(A)

Normal Family ‘ Meromorphic Function on C
Carathéodory-Montel O EH SEFE 2.3 Picard ®/NEH

ER 2&

Minimal Surface in R?
Maxface in L3
Improper Affine Front in R3 FRAMEDME B 5

AR EHO—i Bloch—Ros principle

3 Bloch—Ros principle H'p% D ILD property Dl

B 2.3 ¥ EH 2.8 12K D IR D property & m-curvature estimate % #47:3 compact property
THEIeWREND

i 3.1 [KK, Proposition 2.13] L > 0 £ 3 %. {£&® Riemann i ¥ KO EAIEE f: 2 — C 2
MUT, HE P %

|fl<L onX or f=/ (constant) onX
CED DY, Pr i m-curvature estimate % #4723 compact property TH 2. B

# 3.2 [KK, Theorem 2.14] X ¢ C ¥ ¥ 3. {E&® Riemann i & K AEAEE f: ¥ — Cioht
LT, HE Px %

f(Z)C(AZ\X or f = (constant) on X
LEDD. TDLE,

FRAMESES X OITOMERA #X > 2 DY &, Py & compact property 12721,
EHICH#FX >m+2DE E, Py i m-curvature estimate %4723, W

il 3.3 [Kas, Theorem 3.3] q € Zso, a(q) := {1, -+ ,a,} ZRL 3 q D C DM, i, g €
ZsoU{oo} &3 %. fEED Riemann [ X NFFAIEE f: X — CuihtLT, He Py %

B oy IR py A ED g DFERDTIEME or g = (constant) on X
LEDDB. ZOLE,

weight OFFID v := 3.:1 (1 — /%) >20DL &, P, & compact property 272D,

Y=39 (1 - ﬁ%) >m+20DLE, Py & m-curvature estimate = A7-3. W
Bl 213, compact property Px (¥X > 2)ixfLC, @@ 2.2(A), (B), EH 2.3 ZIHICHW3 &,

o 3 HZEIRIMEICD D C LR TERS N2 HHAERIIEBBIBICIR 2 (Picard O/NEEE).

o EAITM g: D\ {0} — C & 3HEMIMECS D% 5IE, 2 = 0 BEMBRATARL
(Picard OKEH).

e a,b,c e CERIMEIC S SBIRIRIZERE (Carathéodory—Montel O EH),
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4 PRRGEHEODY 5 ANDGHA
41 R* RO NHEADIGH

Weierstrass DRBAX2 S, R WO ERI/NITEEX m = 2 D2 5 2D Weierstrass m-triple &
bbb, FERE 27 Py (X > 2+ 2) 2 2-curvature estimate % A7%2 3 Z 25, BARDEMEHIGE
505 .

EE 4.1 R3 NOFHETHRWIEM A IERIM/NHTE O Gauss EARDOFRIMER D ERIE 4(=2+2) T
B3, oL, ZOMBRIEIRRTHS.

42 R*ADEET 7 71 VREANDIGH

Martinez (& [Mar] I2BWT, JFEEH7 7 7 4 VI & &8 507 C2 ANDOFk Lagrangian 1%
AADEDOXIEE B, XHWKIEEEY 774 YEREICRHESRZHFLLIEEEY 7 7 4 VB
OW@EEEA LK., 22T, FEET 7 7 4 YERZE & FIEN 2R REZFF L2 7 2ol
WKiBZeDBbhrded, KN TRIFER7 7 74 ViRE EMATWS. JEEH 7 7 7 4 Y JEIH
12d, REARXDLDD, FFicm =1 D7 5 2D Weierstrass m-triple TH 2 Z 2 B SN TWS.
Px (¥ X > 1+ 2) 2 l-curvature estimate #A7=3 2 h 5, ROFERMEFLNS !

EIE 4.2 37 7 7 4 V%M R® NOFIEMARIEER 7 7 7 4 Y IKHE O Lagrangian Gauss 514
DIEEMZ 51F, ZORIMERDO LRIZ 3 (=1+2). 51, ZOBRIIRRTH 3.
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{EAiam BT 2 A S OEmiITHE

SR (Bt B R R A Z TR AT SR

1 F

ARFHETIIE S fam (Weyl-Ahlfors HER) ICBWT, AAEDLERNABEESHHAT 2 2 2[NAL, 20D
A, HRICH 2 FHICOWT, HE#EEHENEZTWS Z 2B L LW, Nevanlinna 5§ © 13X 1EH|
HIFRDIE D 2 TR DAL TH 2. O OFAIIERBEEGEHC BT 5 XD Picard DEHTH 5.

Theorem 1.1 (Picard @ (/]v) I, 1878). IEELHEHARAL f : C — CU {oo} = P! OFRIMEIEE %4 2
MTH2. Thbb fAP OFE 4 2 HEREL2H 25,

Picard ®OE#IZ Nevanlinna #EC BT 2 B _FEFEIE (SMT) 258005, Z D] (Gauss-Bonnet
DEIEAND) 26, BRIMED 2 20 5 BEFERM A2 1E Riemann EKE P @ Euler B IR TZ 3.

Nevanlinna Hii % B 3 2 FIEERE L SN T W35, RiEHTIE Weyl-Ahlfors ¥55 ¥ MEIX N 5 1 i
HECEHT 5. 24U Weyl KFARHIL [20], #12 L. Ahlfors 28 [1] TR S ELFEHNLHERTD 5.
Ahlfors B&, Z DD “tour de force” TH 2 LR TW3. K#HEICBIT 2 HASOEHRIEEZHE T
2IZ 207 70 —FHWSE Z R RENTD 5, £z, ZOFEOEEKEOAIL, Vojta [18] Ik b A X
A7z, Diophantus JTGH & OFLMICH 5. FHZ Picard O EBICIZRDE S Roth OEHED TG 5.

Theorem 1.2 (Roth OFEIE, 1955). a € R 28 2 L EOREHIEE 5, ¢ > 01Rt L, A5

1
'a p’<

Zii7z3 pEeZ, q € L~o,ged(p,q) = L FARMBETH 3.
A G DB 2RSS, Diophantus TBEROXARTIZ Y 5 HB T 20200V TH %R T 5 (58 6 fi).

2 Weyl-Ahlfors IBzm & |3
AHITIEE HIC Weyl-Ahlfors BEm % HiH T 2. ZAUIERGFF2EM Pr NOIERIHEROESHRTH 5.
ZDEIRIRMEFD TR > 7=D13H 5 L E. Borel TH D #IT A. Bloch, H. Cartan S 203FEXH7-.

x:CoP" z0x(2) = (2o(2) : x1(2) -+ 2p(2))

HIEAIMIRTH 2 L 13, & 2,(2) 2 C LOERIBITH % Z £ 2 5. Nevanlinna Haw Tl x 2 AR D(r)
WCHIBRL, B x(D(r) @ r — oo I X 2MROEF 225 Z LT, x DESMEZHET 5. & xi(z) 5@
FrEREERE CrHL\ {0} 12 lift L7z x D—DDERB Xpeq : C — C*F1\ {0} % x OBHIRE L WS, BE
HRBUNIFB R 2R VBEBGORVERE —EMNEE 2. UK CH\ {0} N\OEBEE X 3 & 2I3H
WEERIRB xp0qa 2EZ 52 21CL, RILERS x ZHWVWS. HIZ, x IJMFIBERIETH 2, T70bb x DEL P
DEDBFEHIZDEENRNZ 2 BRET 5. Weyl-Ahlfors BFmDE L 22 74 771, LR TERI NS,

* AL RIS BRI (PR S :24KJ1283) DMK EZ I 72bDTH 3.

Email: shuhei.katsuta.e6@math.nagoya-u.ac.jp
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x IAFHE T 2 R ERR O (X} 10 2 £ 2 5 2 e icd 5. ERR
P -
X =[x AX' A AxPY]C— Gr(p,n+1) = P (/\(C”“) ~ ()1

Zp ROERMIME VS, BRI XO) =1 2EDZ. ZOERICONVT, 5P LFELLHALLS. &
2 € CITML, [x(2)AX (2)A - AXP V()] E p—1BEETOMATEE 52 b x(2),x/(2),...,xP 1 (2)
TIRONZ WM FA—HTE 3. 24U C ND p KT D 2R 2R D22 M T b % 5% Grassmann %
BRIK Gr(p,n+ 1) DmZEDZ. KLHISNATWS X 512, HFE Grassmann ZFERIX Pliicker ¥ iAAZ S
U CHZEIclbIAL C e N TE S, WEDHA, xP0<k<p—1) 2URTTE3 n x pfHHOLTD
px p MIFIRE RS & L mpspem () ofein, cApsBoAsE525. COBRICE > T
EE % IEAIERD XP) TH D, ZHRBERB O 512 & &°F well-defined 125 % 5. Weyl-Ahlfors ¥
DEARBANL, SROEMBEREHVS 2T x BT 2 & DitBERET 2 H A, L WA 3.

Nevanlinna HiH Tl (WITHD7 7R —FIZBWVWTH) HAL K2 3 O0MBNELT 2. 04 a=
(ag,ai,...,ay) € (CP*HY* ZEEL w = (wo, wy,...,w,) € CPTLIIHL, a-w = aqwo+ajwy +- - -+a,w,
CEFT D, ZORIKOT, x ORGERE, B, (HERE e e KD X5 ITERT 5:

m(r,a) = /277 log —|a||x(reﬁ9)| @
Tl Plaxre o) 20

N(r,a) = /T Z v(z,a)?,

0 |z|<t
T(r) = N(r,a) +m(r,a) — m(ro,a).

ZZTro> 0 d T/ EVIER, v(z,a) IZERIBI a-x D 2 IZBF 2FBROMMTH 5. BaoEE, L3
Buxzheh, @FmE {a-w =0} ~NO x O, FEZEHEEN->Tws. XP) izonwTd Lo
BORBICERTES. Z5E my(r, AP), Ny(r, AP) (AP e (NPCH)*) [ T,(r) &EHZ 5. (EBI%L
DEEIROE—FEFIE (FMT) 1H 5.

Theorem 2.1 (§5—FFEH (FMT) [20, 1]). Tp(r) 120 # A® € (A\PC"1)" WD ATk &%,

FMT & k) REEZ —FMORme ARBIZIET L7 b C L THRAEMmPBHTE 3, LERTE
3. ROBMFHRIRSEETH 2 (I EMEBEBOERICTZ 220,

Theorem 2.2 (;7K—Ahlfors &3} [15, 1]).

T dt 1 T dt X(p—l) V—=16\|2 X(p-‘rl) V—16\|2
Tp(r):/ 7/ (X(p))*OJFS:*/ 7/ | (se )] (se )l sdsdf.
o t D(t) T Jro t D(t) |X(p)(seﬁ9)‘4

n+1
p

22T wrs = Y100log [w]? (w e () 1) 1@ P("5) 1 12513 5 Fubini-Study FHETH 5.

Fbb, MRS X P (D(r)) @ Fubini-Study 3-8RI 3 2 ER DI TH 5. BHEDII {T,(r)} 15,

ZHAEDEBRNLHRD OFTANRDS, 205 OHPRHADIIHTH 5. 2 ZTHEBQ,(r) ZRD XS ITER
T 5:

) = /2”1 X0 (reV 1) X (e T | df
) X0 (rev=17)[2 2

RN D Q, & T, 5DRRIX, KBRS 5 H A7 Plicker 23K ([7] Z2R) o7 Funy—%252%.
Theorem 2.3 (Pliicker 233 [20, 1]).

Tp-1(r) = 2Tp(r) + Tpia (1) < Qp(r) — Qp(ro).
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F72, Q, RROERT (8 KHGT5 L HEETH 3.
Theorem 2.4 (€, & small term [20, 1]). 4 x > 1 & C € RICH LRAAIL.
Q,(r) <2 S log T,(r) ~ logr + C //.
ZZTHRE // 1E R @ Lebesgue MEARDH B NEEEREREENBIIT 5 L R ERT 5.

FE2O0DEHENPS, T, D _[E#%71E (O(logT(r)) Z modulo IZLT) ATHS I epbh b, Zhid
{T,}n 5 “concave” TH %, LIFRTE 2.
- FEEHR RS T AW TEILT 3 2 & T, BRaO BT part O Z1E 2 W8S O#ERE (LLD)([1]
§5 #ZR) MR o4 5. Plicker A e LLD OAEHEIZ X DRXD SMT 215%.

Theorem 2.5 (5= FFEH (SMT)(OFHEHE) (1)), {AV ), 2RO D 2 HRATRER p X2
FLOBRRES LT 5. 2O EXRHPHTT 5:

(pf 1>Nn+1(r)+2d:mp(nA§p)) < (n;1>T( )+ 0(og T(r)) //.

j=1
Z 2T Npy1 1 Wronskian X"+ 0B % (RO ER L A A ET2b0TH 5. £ T,(r)
BT, 12 X 0By 0HERMCHT UL LITBEKER LD TH 2.

Kig,p=1n=1233%%

d
No(r) + Zm(r, a;) <2T(r)+O(logT) //

Jj=1

%18, defect d(a) == liminf, "}(Tz)i) ZEATLL, E 10(a) <2 & HIF S (defect relation). & L
M(ag:a1) €EP*23x:C — Pz (z0(2) : 21(2)) @K?&Hl_ff)ﬂbi (OoFD L PHEEBBEE f = 1> D
FRAMET HAUL) FMT &9 6((a1: —ap)) =1 £ 2DT, 2OREXDL SFIMEIEE 42 2 D LEDFRWV
Z e eV, Picard OFEEDGFEX LS. DL DY Weyl-Ahlfors HERD L2KMETH 5.

3 Weyl @ peculiar relation

Weyl RF DR [21] 1213, “peculiar relation” I N7zbTH 3 HOADMDWGdLH 5. Z0D
REHLERRDHAEDEREAD A (K570, FFELERDELERL LS.

WEIERIEES X € — PP ) i 3IBE LT 2 L RET 3. cob E, XP) OEBEMYE L D Z0
wedge % ¥ 5 2 2T, XP) 2t LT ERMAER SN L. Lo TXP) oM Qb EHRTLL
BTEBH, ZRZA T{XP (1), Q{XP}(r) B/ 2 LIcT 3. ERDPLHELHIICT, = TL{XP} TH
5. Weyl LT DBESRANKRDESRANKR ) 2T OERRD 7 — X Ttk 3 2 lADHTREET-.

Theorem 3.1 (Peculiar relation [21]).
Tpor + Tpr1 = To{XP}, max(Qp1, Qpy1) < Q{XP}

Weyl 13 Z D BRI DWW T “a strange relation of which we are not aware whether it is known even
for rational and algebraic curves.”([21], p. 162 X D 5[H) LR TWS. £/, Zh o OPRAIEFRRIZ
TAXPY (i > 3) KW LTEBOL LRV Z E SERSA TV S, 22T i > 3 DHAEI T{XP} 28 {Tp )4,
DF—=REFAVTED XD ICFHETE 22, LWIMWAHRICEZ HNS. dEE X, ZOMEICHDHT
HIC peculiar relation D 5=ICiE Young KIEDMHAG LRI H D, ZOHEIRENTH 5 2 2 ITKRHT
Wiz, F72, i $ 3 X 512 peculiar relation (¥ SMT OHi[A & DAEREZEZTWS Z 2ICHY T 3 & @R
T% 5. DUF peculiar relation O—# b %2R 2% 72912, AFHETHW 2 Young RFZICEE ST 2 WL DD
FEE, BLiEZERL & 5.
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4 Young Kz L 124ERE

BB n D p ADOIEABBADTE I n =X+ M+ + X1 (N €Z50, A0 > A >+ > X)) &
A= oAl Apet] EBZS (A= Ay = = Ay OEEE EHT A LB n HOR%
HEL, 88 TSz Ny 8 (EWZHiR) RTTE2XEZ Young B2 W, FILELS A TR, 2
7% Young KBl @ TERL, A DFOE%E |\ £ EF L. Young KIFIZERBG % 13 Uik L R ICHI 5%
BbERONRTHZ. 2 ZTHEE ([n:u)’ ([nzl])(s) ERD XD ICEHRT 3.

1 1 1
([n+ ]> ={px(n—p+1)-BEAMICEEN S Young K¥ }, ([n+ ]) = {)\E ([n—i— }>’)\| :s}.
p p (s) p

Young K A € ([";1]) % R? FICRROD &5 IR iciivizd 0i3#ERD Young K & FEIZNS.

A= e ()

(3.0) ’

CITHRHOUDEZZ V2 e R2E5ICRAr—) Y Z7EN TV, liHE Young MFEO R SIS
K2 EXDWHBEBINSDD, TITIE (p,0) ICFZAIES 5. Young K \ € ([";”) WL, A TR
ny:{1,2,...,n} > Z>o %

ny(k) =R2LETHEIR 2 =k L XD 2NDEH KO

YEETS. BHizny, EHWT
Ty =Y na(k)(The1 — 2Th + Thi1) + T,
k=1

CEET L. COBBMBUTOHM THEEREE 2 RT. ZHEDE T8 KHFET 200, Th IFIECD
BIZHD S5 ICHEET 5. LD X5 BENXTHE L 7 Young MED (LMID) Bt % profile £ 5.
profile D& & NI EF 2 x BIEE R HICHANT (21 <y1 < -+ < yp—1 < zp) &0 [8] DFFEIIEV LR EE
e KIXS. 22Ta B3R, vy BUNTHEd 5. FLofloBE (0<2<4<5<6) eHITF5. XROHEIZ
Ty ZEtE T 2BCERNTD 2 (Ty = Thpq = 0 KEEE X). ZORAEMBER—EAECHZ TV,

Lemma 4.1 (T) DHIIFEH [13]).
T r—1
Th=> Tu,— Y Ty
=1 =1
CIT(ry<y1 < <Ypo1 <) EXNDILBEIETH S.
BT\ (M) 0 ECTSICH LTV S S B RT OBROBDEVHIARTH 5.

Proposition 4.2 (#1h &WLHIAR [9]).
Y =0
()

CITIEhEV e TR CHFEGTIRTH S AT Tyt — 2T+ T (DIR) &, IEIXHFG T8 T,
8 (M) RETITEMLS S S 2BIKL TS, H THITI (T} ae(rny OATIE & DFHICHND.

RICKEER O S EEAT 5. Young KB A (|\| =n) OFFHEIC 1 226 n STOEREE, HH1A, THM
ENZIUTHRERFENME 22 L ICHZAARL S DE N 2RI OBEB L WS . L T E2HEICROESE
WO Z LT, fr DFITFEEL LTRAILSHMSATWS.
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Theorem 4.3 (hook B2 [4]).
Al

i jyeah(i, 5)

Z 2T h(i,j) & (i,§) TIRERT LNHOE, FicdH2 N OROREBTH 3 ((i,7) Db 1 LR 3).

=

f>\ WA DM AGORIERS 5. px (n—p+ D)-EAE [(n —p+ 1)P] IZ&ENS Young KIFEE2ED

BREEHEREEIEFE LTRERT. Ik Young RE X Y pi1ye) 22K, Yi_pi1)p] & Hasse

R LCRRLE 5,0 e (M) KL 026 A DR T (BRMY £3) c OREE £ a:Jﬁw‘a
Z AU Hasse RUZBWT, A OFEICE ZIAF MBI o 72 BIFIHAT A LR T 2 2 bbb b

5 —f&1t Weyl @ peculiar relation
AT DFCE%E W T Weyl @ peculiar relation 3XD & 5 12—fk{bxh 3.

Theorem 5.1 (—f%{t Weyl @ peculiar relation [9]). 1 <i <p(n —p+ 1) I L TRIKLT 5:

1—1 [
> omax Ty <THXP}+0(1) //, max ZnA O | < {XP}
s=0 )‘e([n:l])(s) /\G [ﬂ+1] (i) k=1

ZIT, H-RIERDERT sharp TH 5: € > 01x L, A% (1 - )T{XP)} v EEHZ 25 v FEXE0
% & 5 i RE IR LIE IR x 25FEET 5.

3, ZOFEMHM Theorem 3.1 D—(Lr EX N2 BEENMBBEROGSICHERL LS. i=1,2DL &,
F-Rxzhzh

Tp < Tl{X(p)} + O(l) //, Tpfl + Tp+1 = (Tpfl - 2Tp + Tp+1) + 2Tp < T2{X(p)} + 0(1) //

725, (FRFERUTIE7R 0 TV 2 HY) FEHDITAEZTE A D peculiar relation ICEH L B&AHTETNS. 8
HICHBHS % & 512 24U sharp BRAGRTH 206, F0ICES T % Young KEZ ¢ OF O Z LI IIAHE
HTH3. 7272,i >3 D & LORFEREREFRICKET 203 ETEE LV LS 1B 3.
ZOEHOF -AEFRXDIEAE, - AFK L stationary index & FEEH 2 IERIHFROEMRENZEI 3 25
HEMABRDELZLICE>ThRENS. 22T, 22T U {XP V12T 25 =A% O OB % 3t
W5 5. FrzUTo@mmcE (") 2588 (o, i1, ip1) €27 |0<ig < iy < - <ipy <n} L
T2 ((0 = (igs i1, s0p—1) = AN0) = [ip—1 =P+ Lip_o —p+2,...,41 — 1,ip]) DEHEHFEEZ 2).

N0 ) WL
Theorem 5.1 DFEA DAL, XP) 2 EAIHER X®) o i B 2§ 5. Young KIEIE XP) 2 KD X 510 1#
T 2IBETHNS:

(4) (@)
)ép) = Z f)x(a) Xg)

UGUkZD—l ([k:”)(i)

ZZT ()%p) = x00) Ax) A AxE-1) o = (Gg, iy, .. yip—1) TH 3. FEAHIE Leibniz rule 12 & %. Young
KA IS % Maya KT, MORIEICHIEL, BkE 1 DFIREDITRETERIBR T2 b3 WVWiEs 5.
EZ 05 DERMR OERMR) 7205

XOA K0 A



RIS 2 HENDH B, FDT=DIT, Frenet BHEZ WV, & 2z € Cl2BVT, x,x/,...,x" %
x(z) = (20,0,...,0)
x'(z) = (*,xil),O, ...,0)

X(n) (Z) = (*7 *7 e *7 xS’Ln))

@) i nt1
L ERRT 5. XY = ((S&p’)me(m 2 ) Lo X2 ommERy 35 v, FROSHE BV TRAR
5

1X®)A (X) A }ép > [X®)A ()1()(19) A A (iil)(p)|2 3 ff(g)\(()%p))a|2~
a2
ZZT
S |X (P=1) 2| X (p+1)|2 §k{X(1’)} _ X @) A ()1()(17) Ao A (k)_(Q)(p)|2‘X(p)/\ ()1()(17) A A (X)(p)|
|X(p)|4 7 |X(p)/\ ()1()(17) A A (k)zl)(p)|4
rBL.ZOrEQ, 0g SPIL (XM} = [T log SH{XP ) T 2. FIAEREERD LA

i ©
. 8,
HSk{X(P)} > Z f)\(g)i‘x p)|2
k=1 o’€<[";rll)( )

25 AUEFELES. 37 X0 = [zl 2P V| Th B, coms, BraRRR

XODXCH| _ fof?)

(XOPE ) ol
PELND. WE k <ip <niIXL, 7f#
@ “>|2 ol vl G
k+1 L L — Gkt1gk+2. .. Gik
S el W P
B2, EoT, 0= (ig,i1,...,ip-1) € ("H) iHL, |()3, Jol = i al™ ol Vs 2 ¢,
( (lo (ip—1) 2 -1
I(ng )o” |3 .”xip—l :h§k+1§k+2_”§ik
|X(P)‘2 |1‘0£C(11) . "I;(pp—_ll)P
Y75, FiE, 2 THEDE [ (SF)m@®) v ELnz ehREND. FHOMBREEE LD TRERS:
H SEIX P > Z ff(a) H S0 ()
k=1 ge([n:u)(i) k=1
34D log #E D D TIUSEHMNME SN, O

6 —MEEDE_REEDZOBSTEA

BHIHEZ 5Nt &, Zd (log-)concavity [3MHAE D EERANCHIED H 2 HETH % (Alexandrov—
Fenchel R, matroid OFMHEZERXOFE LR Y). Z 2T, 2 UEEI®ERN, YD concavity & WD Bl
5, FEDFHEDN S F IHEREL AT DOVWTE R B, (—i{t)Weyl @ peculiar relation DFEATIENZE
% () HETH D, WD log ZHLS Z & T, FAEZREZED, Hild—FE2E7D i 572, T 2T, Diophantus
ILER (Minkowski QD) MITIXZ OREEDI LD L S5 1ICEN 2B L L5 (19 2BFITLk).
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Definition 6.1 (ZX&/)). K C R"M ZFAMMTHRAZNMRE LTaLMAL 32, K ZMELHEKR (H
2 WVIEEDN) LTHID T 0 LANDIE T (Z0 T D) 2 B80[HEER N 28 1 BRR/M VS, Thbb,

A= inf{\ > 0| AK N (Z"\ {0}) # @}.
FIRRIC AK 239 C i DR HAL RS TR B OHEE N, 28 i BRENE WS,

R B R BRI A EAREE 2 RIS F O n + 1 HOMYEI K Li(x) = a, - x = X1 aijjz; 2%
. IERIHHR 058 & AR wedge FIZHLS 2 2T XP € APR"H offBHER

1
LU(XZ’J) = (aio /\ai1 A= /\aipfl) 'Xp, g = (Z'(),’Lbl,...,lbpfl) S ([n+ ])
p

PEBRIND. Y i =0%3F e R E Q> 0IEHL, FEROR

Lo (XP)| < Qo ten™ T o = (ig,iy,...,0p-1) € ([n; 1])
134 p icBnT APR ~ RO 1051 2 B2 1T (Q) %i@é ZOYE ANy A, >< plP) B
HHENTNG. 22T A = A(Q) BIL(Q) 0% i xdEvh, i = 1{)(Q) X 11,(Q) D% 1 BREVINTH D,
LE > g BERCLCo > 0DFEL Cilg| < |f| < Colg| 2 2 2EH®T 5. Lo T, ROXEIG5:

ugp—l) (p+1)

A
L s 22 (22T < 13 Q RIKIFELARW).
() A

Roth OEHDERTTAD—BALTDH % Schmidt DEEPHEMEIE [14] IRD X 5 KHAZZ HN5:

Theorem 6.2. €D R" ™ ND p KITHAZEM (p < n+1) b, Q > 0 T73KT, 11 (Q) D N\, XET 248+
Mg = 8:(Q) TRONB 5% Spang (g1, 82, ..., 8y) L —BLUAWERET 3. Co ¥ 28 {uP)n |
% (O(log Q) % modulo 12 L T) log-concave TH %: log ,ugpfl) 2log u(p) + log ,u(pﬂ < O(log Q).

Z U Pliicker 223 (Theorem 2.3, Theorem 2.4) OEGRHICB T 2 MG 7Z L E X S 5. Vojta [18] (D
6 %) 12 & % LLD OBGERELUC LU, B E/MIHIES 27 RUXERAIER Oy (=# LWwikzlED
HU0E) WIS L TWwWa e EZ 5N 5. RICHARTEE D ZEREHOE XM ZIZ I DMMEEENTDHD,
Nevanlinna #i & QL OHAAAZ HHAT 5 ETEHEL L2 R EbN 5.

7 Theorem 5.1 MIEEAM

Theorem 5.1 AN D LATHIUE, ZHEIHPERZAEFERN e ZoTLES. Lo L, HAELERNEF
B XD EBRCIEHPERARERNTH 2 Z e hbh b, ZHIBNIINRERZI»O3brERNWIETHS.
Theorem 7.1 (Theorem 5.1 DIFHIAME[9]). 0<e<1&F2. ZOLEZ1<i<pn—p+1)ITRLX
DIRSLT B

(1 —€e)min(Ty, Th—pt1 <Z max Ty //.

n+l
s= 0)"E P (s)

ZHERDEHMEHDEVHLRK, L ORETH 2.
Theorem 7.2 (EAMNZH D GVHIAR [9)]).

p(n—p+1)

> Yo A= > AKED =0

=0 (), A1)

ZZTAEpX (n—p+ 1)-EHFEHD A O Young [KIKTH 3.
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FEFRICIE Young R EDZ FIF & hook BT (Theorem 4.3) Z 2. FHIIIFEHANCHA L 72\,

Remark 7.3. %5 4 §i® Proposition 4.2 ¥ AHiD Theorem 7.2 3fHA S ORI FER Tl XN 23 729
T, BB F o WEEMATHHILT S (L zg=2,41=087F3).

ZDOEMZFSH T Theorem 7.1 ZFFFHL £ 5.

Theorem 7.1 DFEMH. {Ty )7t PRS2 T#) TH 5 (Theorem 2.3, Theorem 2.4) 2 & 55 i = p(n —
p+1) ODEENAENTH 2 (FlIL (9 BH). YUTi=pn—p+1) DEEEEZS. frf; 13 Young K
Yin-pt1p] LD @25 [(n—p+ 1P| AND X 21l 2 BIMEHDALL & FF L7z, Theorem 7.2 D%z AN

>

AT

p(n—p+1)

> Y. Ty =0

ce{@—[(n—p+1)P]} s=0
2135, ZZTH DI Y|;_pi1)r) @ Hasse UITBWT, @ 225 [(n — p+ 1)P] NOR TN c &b
72D, c(s) id e ks HEHDTERMICH B Young KIEZRT. KT, 2D LT T, o) LBDOMMBIFE LR D X5
BIFIH ¢ = co DR 8D 1T ARIFEL,

p(n—p+1) p(n—p+1)
0< Z Teo(s) < Z max Ty
5=0 s=0 ’\e([n: ])(s)

5. L, (I

» )(p(n—p-‘rl)) ={[(n—p+1)P]} THY Lemma 4.1 1ZED Ti—py1)r) = —Tp—pt1 &

BB,
p(n—p+1)—1
Th—pt1 < Z max 1)
s=0 ’\E(MZU)(S)
R DEAERAMTET T 5. O

8 Peculiar relation DBAIFEHNAFRNADIGH

Z DHEITIX, —f%{t Weyl @ peculiar relation [2B W T, EHIEHR x & U TR ZE - 72 215 6h
%, MEAFBORRICET 2 FRMALNBRAEFRE/N TS, 72, R? LORVAREBERERZLITLD
Theorem 5.1 ® sharp &M% 5 X 22K TE 2 Z L ZHHT 2. w; = a; —/—1b; (0<i<n) ZHRE
RAHEFERE T, 2O ZEHIHR e(2) = (eW0? : ew1? ¢ ... 1 e¥n?) RIBREIIR X V5 . ZAUIREIER L
TH5. e D p KL EC) tEZS. W R2 LOSEA Y, = {Zi;é(aik,bik)}
DOADEER L, <. ZOLE, KBHLT 3.

(if)silyv“gipfl)e([n:l])

Proposition 8.1 (¥EEHMROEBIE [1, 21)).

L
T,(r) = 527+ O(L).
727U, T TR EC) oK TH 5.

MR RO SIS LT, V, WO i B0 ROMTEE 2 4% 2T R?_EIC plot 5. 20ME0
FE% LV vBZ5. 2orx Weyl ® (41 9F10D) peculiar relation 7> & XA :

Ly1+ Lyt = Lgp)~
THEME A, B CRZ I LTSN

ADREE +BDEE = A+ B ORE.
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DOFRPIRGETH S, ZIZTHILID A+ BlX A B ® Minkowski f1TH 5. FRICL T, —f{k Weyl @
peculiar relation (I RDOAEFEXEE 2 %

Corollary 8.2 (IMZAFORRICET 2 &M AERX [9)).

L, < max (Z nx(k)(Li—1 — 2Ly, + Liy1) + Lp> <L
k._

Soe(h),

@)
#12, Theorem 5.1 @ sharp RFHli %15 2 \IFFE _AFEXANES R 2 L5 RAREY Ao Ui kv, Z

L CTZAUIEBRCRORRZBLE TER S NS, T OIERIMIFRIZTC 4 13EA 5] 23 truncated defect relation
@ best-possible il LTRELZ3DTH 3.

Proposition 8.3 (Theorem 5.1 ® sharpness [9]). RECE {(a;,b;) = (,0) | 0 <4 < n} & Corollary 8.2
KB ZHE_AEXTEELERT 5. RS, ZOMRREICHIGT 2 680IR (2 EP) IR Ly 723 X
SO TPIEH X B2 D) IX Theorem 5.1 @ sharp RiHliz 5 2 5.

9 SMT B4
Theorem 5.1 DFE—RIIRD LS5 ICHFEIT 5:

i—1 n

ZA (?lfﬁ) (Z (k) (Ti—1 — 2T, + Tk+1)> +iT, < T{XP} +0(1) //.

s=1 260" ) \k=1

ZICEAOHE-RET Y1k T8y v AR LI RBTHo. —F, HoRMET T, ZECHS
T5. 207D T, 2l 5k & ZONERZAARBEFRKE 5. —77, Weyl-Ahlfors BEwIC BT 5
NS XA BN BED S, FED ¢ > 01K L,

T{XP} < (i+T,//

PEBNG. Z 2Tt Weyl @ peculiar relation 1& iT), ¥ Ti{XP)} OLEEH Y %5 DBHATH 5 &
SilEbng. X0y bz e & XP) & (EREREIRZ MR LTo) EAHfRE AL, 221K
HE D Weyl-Ahlfors HimZ#H T 2 2 2 T, FROARFEREZRD IS CWET LI LD TES.

Theorem 9.1 (iT, & T,{XP} otiE [9]). EHIHRR x : C — P oEskihir X & (EAIfRE L
T) MIBIBRML L ARET 5. h= (1Y) — 1 eB <. B2 <i < (M) L, —Rofificd s, 0 ThW
SIRRTAE (i — 1)-~2 b rofiREs (BY V), c A e ) £%2B. COYSEAD > 01HL

T,{X® +Z< - )ml{X (r,BY ™ +§: @ ,iflle’”{x@)}(r,Bgi—”)) < (i4+€)Tpy(r) //.

z’—2 k=1 1 1 k)
AR 5. 22T m{XP}r,BY ) ¢ MPIX@(r, BUTY) 12 X0 1cB$ 3 (5 2H0) #EMEIT
5. R, p=1t33r.2<i<n+11IxL,
i—2

+Z< 2)m1TB< D)3 Ly, B ”>)<<z‘+e>T<r> //

el Gy

BT B, —Ti = (") A, ~MONMBICD D (BT LB NMATAETEL) 0 TR p-RT LD
fRES (AP c (APerth st B =+ AP e APeUS) e LT T 2 Z v T) KRR B

Ny (X ) +Zmp r, AP) {(":1> +6}Tp(r) /).
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FenlZe3a e LTE oz m%E o, Ahlfors 12Xk % SMT (Theorem 2.5) BAEXTH D, U Borel D
EH (p=1), Picard DEH (p =1, n = 1) B 505 (GriffithsLang T OBIfRIZ [9] (8 ) 2SI
N0, BuT, TAXPY < (i + )T, BoA%ERF SMT HoBHRZ R TV Zick s, MICE X, (—
f1t) Weyl @ peculiar relation (& SMT 0¥ DAERITHIET 2 EZHNS. ZOHANEINFTHE
REINTWEP-> XD CBbLNE. ZZFTRAEXIIC, ZOERICIE Young KO X EIFOBAEKT
Hole. (FRaTidfh s hig 75107;7§))Wey1 Ahlfors ¥l A D (Dynkin RIFEIZHIGS 2) B EZ S

N, ORI ENRBGROBIAD» HBRINIRETHS 5. &R, SMT HE S Young KFICHER
EUTEBRDPOIAHATE 2200 LR, EWSREREEZ 25 SMT LREOANERZ 5 X TAHIZIRZ 5.
AEAAE SMT (Theorem 2.5) 1IZ#) D EWHIATN (Proposition 4.2) Zi@H L AZEH T K.

p(n—p+1)

n d
> X (Zﬁmmm0+zmmA?demm
k=1

Ae (1) j=1
(s)

10 STERRBAY

Weyl-Ahlfors #iEwD 25113 Ahlfors DR (1] 12D 223, HFETH 2. Weyl A —HORNZRZITE LD
7oA [21] 1%, Weyl 5 LWEEDDH 25T HINTHETDH S (TMAGZR LT 3!). B0 SR 7257
B & O Wu [22], Cowen—Griffiths [3], Kobayashi [10] %23% %. HAGETH® 5 b DIZiE, Chern ®
RE 2] D 9 FE AR 6 [T DH 5. Fie, ZEE Weyl-Ahlfors BamlE Stoll [16, 17] i< & b BthE 7.
Weyl-Ahlfors ¥ L 1358742 2 7 70— F12 & 2 22 Nevanlinna HEROBRIEFE L LTiE, /ME[11] k3
L2 F v —/—1»bH%. Diophantus LG & OBAFRIZOWTIZ Vojta [18] BEARKZZETH D, HAGE
TR S N7 BRECE O [12] 233 5. Weyl-Ahlfors BEm O8N R O JSFHIIHEA [6] 228 X.
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3 7 OBERBICEIT /e v F G
RS (KRR BT e

Bx

1 BA 1

2 EE 2
21 X7 OBEKRETORAR—-FZEEZEN ... ... ... 2
22 WEBL UL . 3
23 WEHEINI—bF VY UINXEFE ... 4

3 FER 5
3.1 ERROTEE ... 5
3.2 EFRHOBEWG . . . . 6

1 EA

ERIRZ S VHRIZEZREMY S X CREBEER BN TEERNRO—DTH 5. Ik
AIRZ PRI L TERS NS EBELNEHO DI A0 - T ZEWDHS. Th
BRI TH D |, [EHIR S R LRIZERWRAZZIHI 2313, Z oflo
—D ¥ L TRD Bogomolov-Gieseker NMEXRBR L HIHNT W5

Theorem 1.1 ( [Bog78], [MR81], [Don85], [UYS86]). 2> %27 + 7 — T —ZHEIK
(X, w) LD {w} -0 —FZELEZIEAIRZ VK E & Bogomolov-Gieseker A~
FX

BG(E) - {w}" % := (2rcea(E) — (r — Dey(B)?) - {w}™2 >0

72T, FREEDPMITEZI e EXGFHEMNTHTH 2 Z L IXFAETH 5.
K- B8R 7 7 7 2D —B LEBIE Theorem 1.1 OBEERICHO UV DOTH 5
[GKP22]. Z® Theorem 1.1 &RD/MMAE v F ML ERNZIFHETH %:

Theorem 1.2 ( [Don85], [UY86]). 2> %7 b —F —ZHK (X, w) LDOIERIRZ
MUREBS{w}) - 2Au—TFE2EEZETHEI e EDPw-TLI—F - P INX
SEEROZIIFAMETH .

AT — 7 =T/ v F UHIE (Theorem 1.2) % 3 7 -0 BEAREIC
P8R (Theorem 3.1) L, Z Dl & LT — 7 —4T D Bogomolov-Gieseker 57
2 DFEFHALSEM (Theorem 1.1) & % 7 DB AR —fRIL T % (Theorem 3.2).
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Theorem 1.1 % % 7 22 OB KEIZ— AL T 2EEES 1T & 72 2B 248 U CTAHEi & 1%
Zb.

Example 1.3 ( [Jin26]). 7: X - CP* Z—ripeCPPTO7u—7vy L, X
LR THOEREE o =17c;(0(1)) TEETS. EOEH >0 LT X E
Dy —7—f% w. =a—¢[D] LEDSD. ZTZTDIFr OHNAFTHS. X &
DIEAIRZ FVIR E %2 E:=0x®O(D) LEDD. 2D TRHWILT 5.

(1) EED ¢ >0 LT E & wr-Au—FPERETIERL.

(2). FED ¢ > 01N LT E 1F w. 1IZ2WT Bogomolov-Gieseker T DS
Z iz IRV BG(E) - w, = ¢ # 0.

(3): E & X ESHEREHTIE R W,

—J7 e — 0 LMfRE L 3 L RHMILT .

(1)o B & o> 2A0n—TFZELZETH 3.

(2)0 E & a iIZ2WT Bogomolov-Gieseker FERDEE ZHi723: BG(E) -a = 0.
(3)0 B & X\ D ECHENFHTH 3.

Z DHNEF 7 50 B KETD Bogomolov-Gieseker TET & Z DEF AL Y]
IR XN S 2 Z e BRBLTWS.

2 TEE

27 OBEKETO/NME v F U ERLT 2 IEF A2 70 OB RHETO AR —
TLZERENE, BEHIL YN, BMEZLI—b VY INIFHEZH L ERET 2D
ERH5. AHTCIEINODERLEELRMHEZHNT 3.

2.1 RI7hOBERETORO-TZEREM

n KILAVNT =7 2K X Lox 73— 7 —HoR I (5 —
7 —ift) OB T 2 aRERY —Ha THD, BT [ a">0 LRI ERT
DPOBERTHZ V5. 270 OBERBICBI 2 A0 - FTZLELENRDEREN T —
7RI T BEREITRR L L ITHEET 5!

Definition 2.1 ( [Jin26]). (1) X EDIEAIRZ FAH E 25 a"-2v =7 ()
HETHD eid, EEDOIFERLEITEEE F C E IR LT po(F) < (<
yresp)ia(E) DD IIDZETHSE. TIZT pa(F) = a(F) - a"t/1kF T
H5.

(2) X EOEHIRZ MLVIR E B o - 20— FZELETHS 21X, X LD o -
20— FRERIGHEEE £1,...,5 T pa(&) = po(E) E22BDTHD
Elx\B @) = (1D DE)|x\Boga) EHRDODBFEETZILTH5.

1z



ZZT Eyk(a) 13 a DIEr — 77— FHIN 2 BT EETH D, 2 7D E
KEDOGEIRD X S 1CididEh s Z e FHshTnd [CTLH):

Enx(a) = U 1%
VCX: BT EE, adimV[V]=0

ORI E D o R - RERE T -7 v FIiho I ERE LI L TH
ETH5ZeWNrh5 [Jin26, Lemma 2.11]. L7223 T E, k(o) \FHATIERZ 2K
T TH5RETES. LINOHNX Definition 2.1(2) @ & 72 bh a DIET —F —ih
ECEENEROZEERLTVS.

Example 2.2. a % X LD 70 DEKREE U D = B, k(o) IZHEMIERIZRFT
HHLTH. spk DOERYIMETZ. 2O EHERS

sp,0
0— O(—D)’X\D g) Ox ® OX|X\D — OX‘X\D —0

WEX\DETHHTZ. X512 41, (O(=D)) = 110(Ox) = 1o (Ox ®Ox) =0 TH 3.
20— FHEMEIROBERTHENTH 5.

Lemma 2.3 ( [Jin26], [[JZ25] 8 ZH). (X, wo) Z 27 br—F—ZRKL L o
X EoxT7poBREE TS, X EOIERINS FLIR E 2 o -2 0 — 7 RER
HIF (a+ ewp) - RB =T LRETH 5.

— A Tam - 2u—7ZELEMRIFATIIRNZ 8 ITHERET % (Example 1.3).

2.2 BE/HALVE

F—7 IO TIEEMERE Y — 7 —ftETRERINS. — AT 7020BEKRHE
PRET 2HRLEHEL B x(o) NTRERZRBIEEMETH RV, —fIcZ o
EOBFRF BTN EB RS Z I 3EHICNEETH L. ZZTHEIL VP E
MENZBDEREATE. IR 70 2BEREEZRETZHED S By — 55—t
BICEZRWELZFHS D TH L. 270 0B KEDIEr — 5 —PRNIEMIERA
ZTHDHERETESZ LITHERET S (section 2.1).

Definition 2.4 ( [Jin26]). (X,w) 22> 7 b r—5 —Z8RKE L, a 21X 70D
EXBEE T2 spld D =E k(o) DERYIMETS. COLZEEILY T €
DPEEH L Y M TH 2B LIIROFMZ =T TH 5:

(1) 2 m > 01K LTT > |sp|wy 725,

(2) Be> 0L THELIRT—F —i& w. € a+ cwy DFEELT
e w XTI X\ D L C>®local DEBRTIRT 3.
« BHp>1IHLT [, (£) o <C %3,

CDw. % TOEELLLE IR

13



UTOMENRT X, AREORETHIUITVOTHEAI L ¥ N DEEZIRE
TZ5:

Proposition 2.5 ( [Jin26]). X 22> 7 br—5 =2k La% X LD 7
DPOEREL T2 2O E o ERRTIZEEHL Y b THFEET 5. HIZIEHER
BV Va7 YR=NFERX (T =elwy (f € O®(X)) OFET € o W FEEHL > b
TH5 ([BEGZIO| LD ZDEI R TIFVWOTHIFET S). T2 T(T") IXIEMHE
ALY b DIELEMEE (nonpluripolar product) TH % .

WAL Y PIQIWEREREYF—9— - 74 VY a X4 VERDETN TV AS:

Example 2.6 ( [CCHSTT25]). Y 2 kit FRFZ2Hoa 7 +r—5 —ZkkiKkL
LwxkpZ2Y FORRY —S5— 740 a4 VHBET S 20X X oY
Y OFRAMBIEL T2L rmrwrp 3EEHIL Y FTH B,

2.3 BEIINZ—F VYOIIXEE

INI=1F - VY INZHFEROBO—ENEZE 270121, ZOMDJET 2 BIE2
il (FRICEGEE T % regularity) Z@EUNTED R IFIUIR SRV, BREK LD —F —
FFEDE S TH 285G ([Donss|, [UYS6], [BS94] [Chen25]) 4 —E 7 4 — )L R}
REZRO%HE ([Fu22], [CGNPPW23], [KO25)) (iR D L2 AJfES MDA T4
TH2. AFORETITEEHIL Y MCEHTZI LI - YU IANIHFEEE
25, r—7—stBREHBLTCHEHED L Y MIIEEICRREE R, oz kicks
THIRD L2 (O HEOATEIAR TS, ZZTHAETLI—F - Y INVXET
BrWLWOIBDEREATE. CAEZLI—1 - YV IARXEBOREMICEE 2R
ML7dDTHD, /IMhe v F UL E R EE 2 DI+ kiHHAE 52T\,

Definition 2.7 ( [Jin26]). X 22> %27 b r—7—=ZKL L a 22 70 2BEKHE
Y55 . TeaZ@EAILY 2T 5. spld D = E, (o) DERYIME T 5. (E,ho)
X EOEHIZ VI — MR MLRE TS, ZOLEE ELOT-HETZLI—F-F
VINREREWE Elx\p LOWORINI— iR A = bV THD, LIFD%
ez TbDDI L TH5:

(1) B2EBNERDIFMAELTX\D ETROT-TAI =1 - ¥ ILXHER
iz g
V1A F, = \idg

(2) h DHIER F), IZRDEIRT L? A[fEDTH 5:

X\D

(3) 2k >0DFELThH, TbH U, 1Tk ODEANETHRAL 5!

sup |85, ene < 00.
X\D

ZZThpldOD) LOWLDIRTILI - HETH 5.
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(4) BZ1>0DBFELThH, TROE U, O—EMT OVl 1 st DEANF & T L2
A TH5:

/ |55, Vho VI3 el < 00
X\D

T-HETNLI—b YV INRGFIRIIROBEHKTHRICENS: E%2 o -2 —
TEHELTS. T5H5L ElX(a+ew) A0 —7LEL %S (Lemma 2.3). fILHY
/e v F RIS Theorem 1.2 1I2& D Fldw.-z)LI—bh - YU IVLXEIE R &
$D. ZIZTw T DHEEIMTH % (Definition 2.4). T-HEFTAI—b - ¥

INAFEICEFBIN DM, he D e — 0 DR 723 regularity 1IZ1EH 72 5
72,

Remark 2.8. % 72 DBEKED/IMAE v F > XFIt Theorem 3.1 DFERHD 72 D
‘H I, Definition 2.7 (3), (4) Tk & NEREMZF 72T 5. FEM Theorem 3.1
DREFEE LT k=11l=m+1TNITATHEIePbrb. ZZTm>01F
HEH LY+ DEZME Definition 2.4 (1) DD TH 5.

3 EHEE

3.1 FRHROEE
U EDEEFEDTR, 2 7 DEKETO/PMME v F U MIBIERD & 512505

Theorem 3.1 ( [Jin26]). X 2287 b r—F5—=ZRKke La%x X LOXRT7HD
EREE 32 TeaZ@ah LY be$5. E% X LOIERIRZ ML E T 5. C
D ZRO_FLMIFEETDH 5.

(1) Eda* - 2n—FZEEZETH 5.
(2) EXT-#HETLI—F - YV ILXGREERD.

X5 "R —TFRERZ FMIVED T-HETIILI— b - ¥ INLEFHEITEK
BT —2ENTH 3.

Theorem 3.1 i & L TRD Bogomolov-Gieseker NER & Z DEF AL S:FD31E
SYARAE

Theorem 3.2 ( [Jin26]). X a7 b r—F—=ZRK La%k X LD T7HD
EREC T2 EZ2X LD 2An—FZELEEANRZ PLRETZ. Ot
%, B3 o 1ZB L T Bogomolov-Gieseker N5

BG(E)-a" %= (2rcy(E) — (r — Der(E)?) - a2 >0

EAFT. ELIEERHETEE B3 X\ By(a) FTHEPEHEY 752

1S



Remark 3.3. E 2% o" -2 10— FH¥LEDK S Theorem 3.2 & HHLIOSF S ML
HFDERALS % [Jin26]. 7z X DEREARBE A & EHRIEZRE, (57 L3R5 7%
W) B KB o 1I2BH L T Bogomolov-Gieseker NEADIKILT 2 [[JZ25]. DL ZIFA
R of ZEIHIRE AR (oF) ICEZRZ 20 ED D 5. S HICERE o 29EHY Y
R X 5R%ZRFD & &1 Theorem 3.2 & [FBDFSHOLEMAFDF 5N S [Jin26]. €D
JOH & U TSR ERZGABERAR D U —R(UEB A NALT %

Theorem 3.4 ( [Jin26], [1JZ25] HZM). X & KIFER T — Kx BEKTIHE S 27
MERBERALE T2, (X, —Kx) 2= K-ZELTS. ZOLZROERY VA
FADILT 5:

(20 + Des(X) = ner(X)?) - {ea(~Kx)"2) > 0.

SHICEEDVRILT 2L %, (X,—Kx) ODRFEET IV (Y, —Ky) (3EZ5 5220
CP" DEERBET ICX 2R TH 3. YV ~ CPY/I (ZORITHIUR [Xu23] 12k - T
(X, —Kx) DRIE#EE TNV (Y, -Ky) IZTFET 3).

3.2 EERAODEIES

AREDOFED T/IMAE v F 2Nt Theorem 3.1 DFEBHDHEHE 2 BN 2 .

(1) = (2): D = E.x(a) ZHMERZEZRNFETS. EZ o - 20— TLZELT
5. T2 ER(a+ew) " '-AR—FLETHS. @WEHLV Y T € a DBEEIEPL
w2 d2, Eldw-TI—F - YYINVZGtE I = U2 TdetV, =1 &4
3 DRI —D1FET 3.

Step1: ¥ h. DC° /L% L' 7V AKX >TELSFHET 3.

Lemma 3.5. H25EHMC > 0BFEL T, FED e I L TRHBMILT 5.

suplogsp¥elnpen, < C (1 +/ | log !SD‘Ifa|hD®ho|w?) :
X

AL DG, det U, = 1 TH B DT {log|sp¥.| = —c0} = D TH 2. £oTa>0
ERELE DY Q= {log|spP.|+a >0} & X\ DOETIEHRNMENI > T b
BBEATHS. EoTQ ETw. BT ITHBLITIKRL, T2 Q, LIEEETH 3.
EoTa>0WKELIZEDERC, > 0 DBTFE L TR D 3LD:

A, log [spPe* > —C,.
$ 5% ¢ [GPS24, Lemma 2] OFIEIAERIC X T Lemma 3.5 28615, O

Step 2: DFIC L Vv AO—RAEFMEZIAT 5. FEHIEEENEIC K 5. Lemma 3.5
DEAD L' Vv ir% 671 eBZ e 20T 20 hdE L&D T2&N
BRFAEY VINBEBOBERSTHE e ZHWS L, [Simss] D#MICLD, H 3
Uoo € L2(X\ D, T) BPFEL T 5. log U, F ue KIEBEDI Y RZ MEEK C X\ D
F L2 docal IKINRT 2. ZD uy € L2(X \ D,End(E)) & E|x\p OFEARRS %
DD

Uoo © Uso = Uso, (1 — Use) 0 OPus = 0.
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Uhlenbeck-Yau [UY86] 12 &2 T ue [ZFB7EEEE F C E|x\p ZEDS. T2 Fid
E OEEEE D E F C ENOYRRZEH D, E O RNZERIEZED D Z e B30 5:
poF) > pa(E). (Z30UF, ZTDIRIAD Chern-Weil 2 NOHLEE [Jin26, Proposition
3.11] DIFHETH 3.) L7eh o T Lemma 3.5 DHEBII—HERTH 5:

sup log [sp¥.| < C. (3.1)
X\D

Step 3: h. = hgU2 I T-HE TV I — b - Y ¥ IVRGHE he = hoV2 WKIURT 5
CCERT. Bhldw-TNI—1 YU INZIHEROMTHY, w ZTITX\D
EC®local \IZIXHKR T 2. £72(3.1) &V h Z X\ D DK 0 VEG EL—HF
ﬁf%é & Ofﬁéiﬁgﬁ)tgfé hoo = hoqjgo i)§E|X\D J:GT_T?EL'C v, =8 W iz
CY(X \ D)-local \ZUUR T 5. —HEFH (3.1) IS X 2T he B E LD T-HEH L >~
NTHZI DD,

(2) = (1): hp Z EQOT-HETNLI—F - YV INLRGFRETE. ZOLZEIX
A"l 2AR - TFZETETH D Z L DFFHOBIEE RN S. FC E% v - 2n—7
LEERATET p1o(F) > po(E) £722dD T2, DD F ZRFTEHAL L X
5. (1) = 2 WRE>TF RET-HETIAI—F - YV INRGRhr BdD. REGE
B AU v

Proposition 3.6 ( [Jin26]). @& F = E & Visanyt =0 ZH%L 6 (F) = pa(E)
L85,

Proposition 3.6 \2& o T E & hp BT 2ER0 Elx\p = (F® E/F)|lx\p &b
B lo(E/F) = uo(E) ¥ 7%, X5 hg ¥ hpld E/FICT-HETLI—F - YV
INAFHBEEZVEBIT. ko T ALI %2 E/FICHEDBEREIED " - 20—
TLEREENE OIS, ET, D =FEx(a) 2L, hp ®Z OD) D T-HETIL I —
F Y UINIHBLELED. \g, \p EEBXUOFOT-ZVI—}F ¥ 3INX
ERE T 5.

Proposition 3.6 DFEFHOME. hy & hp 3 T-ZVI—F « Y2V INVAXT1: F - F
biJ‘_EEIJti@VC AT‘L’}QL}(@}LE = ’vh}®hEL’i2L}®hE — ()\E — AF)lL’%L}@hE YA, WldE T
TS % e /8001785 e PIHFEN, ZHUC KO T Viren,t =0 & Ap = Ap
PEONZEHAMGTE S, ZAUIEBIIZELL RV, EWODBEE hy, hp, T 3
Do TRERZFOLDMANAET L EE AR WAL TH 5. (BIICIERe
PABASTENDHDD) 74 F7IEMTH 2. TH2DE L OPDYIC, THKE
WI>0I7WLT, ROABHEEZT, LEEORA =V —%2EX4tT2D0TH 5.

Sl
shovt: 5% E 2 E@O(D).

WEALY FTRT-HEETNLI—b « Y INVZXGE hg, hp D D IR 2R
Zsh BENIZZETHELTWADT, ek hZ5ThHb.

Step 1: FEAIRZ PARGIIHLT, ZOT-ZLI— b - ¥V IALIXEH A\
WBRTidRE D Z e BRT:

17



t<kAD_ot&é.:m@ﬁ®Pmmmmm37®%%T%5(ﬁ%@—%ﬁ@
FRELNARY). B G EOT-HETZLI—b - YV IAXGHE hg BAET 2
det(G) E@FHR det(he) &, (1) = (2) 1< & DIFIET 2 det(G) o THHAZIL I —
b oYY IVRER haey(o) TNEND T-T)V I — b+ ¥ ¥ IVRER% Proposition
3.7 FWTHE T U X,

Proposition 3.7 ( [Jin26]). hy £ hy # G D T-HATALI— b - YV ILXGEHEYE
T2L, ZOF v —VEHIE BT 3: Vi, = Vi,

Step LICED Mg —Ap <0 ERD, EBITsh 0t 3RZEWT2T Zenbh b
AT|5lDL’i}®hE®th = ‘vh}®hE®thSlDL|}2ﬁF®hE®th —(Ag — )‘F)|SZDL|2;®hE®th' (32)

Step 2: [y, AT|5!DL|Z;®;LE®MDT” =0 2Ry, ZHUE, BHEILY FRES L

I—=F YU INRFEDLEALD KR TML RN e e, 2RI S, %#I‘U’

TV Z e ZERITAUIGEHTE 5. Step 1 & Step 21T &> T (3 2) DA% T T
iU

(1) 0= vh}@h;g@thSlDL = SZD(Vh}cahEL) + (VthSlD)%

(2) pa(E) = a"Ap = a"Ap = pa(F)

PELND. Ko TRERBIZGHIKDS. bbb

Step 3: thSD =0 %ZT_\";_ O(D) O)T—i@é‘l\lﬂ/i — ]‘ Y3 /]/f§+§ hD = h()\IJZD
WXL TROIERIR S 2E X 5.

Ox 2 (O(D),0”) =2 (O(D),8%7),

ZZTVp=UpoV,, oV, 1%5 § % ¢ bRt e FLlOMERE Ypsp WZEH LT
th@hmvsD - 0 75)1?6#16 T htrlv &i OX O) aﬁﬂtﬁﬂ“ifﬁ %) .
—EBM: e h % a”fl_xu—ffﬁ/\w MLKRE FO—ODOT-HETLI—F -
YYINREFIRELETD. TDLE L =ahy, a € Rog 2725 & DR DS % R~
L. ROTEHENPEEY . Iy — 7 —HHICHET 2 20— RERY FILEMN
HUITH2 (0% ) HEFREDSERL2RV) 2 O—LTH 5:

Proposition 3.8 ( [Jin26]). ED " L-2A0—=TLEL 5. D= E,x(a) lFHHIE
HREZRTFE T2, 2o % EAIYIN g € HY(X \ D,End(E)) 2% % k > 012X}
L Tsupx\p |shgln, < o0 Ziii7zg & &, g=aid,a € C 7% %. ZTIThold E D
EPRINI—ERTH S,

hy = hag £22K. T B8 by BST-TETRDT supy p [shgln, < 00 &7 %. Proposition
3.8 £ 0F®F g =0 ZREIX X\, Proposition 3.7 & D

0= Vh1 - vh’z = g_lav}q@h{ga
FoTo Moy =0TH%. hpk OD) DTHETIALI—1F « ¥ ILIFEL
TBE sp:Ox = O(D)IZDWVWT Vyenr sh =001F56405 ((2) = (1) Step 3).
IheZHWS L (32) bABRICLTRERS.

AT|SZD9|}211®h*®hD |8E®E ®O(lD)SDg|h1®h *Qhp

[>0Z2REL > TBIFIEMAL T ITOWTAES L2 Y ELORETD 0 L 7% 5
e hG. XoTIPRE g=0090%. (]
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2 281 RHABEED 2 R TR USAIRES 2 2R D
RN

JRES R VTR —
takeuchi-k@hiroshima-u.ac.jp

AFHEEIZ [4] 1THEOK<.

1 A

WK (M,D) id, Bo»RERE M 2D VVR TM OFIHR D OMTH 2. m =
dim M, r :=rank D ® ¥ &, RFANCIE, KT 1 K% 1-form wh, ..., 0™ " ZHWT, 9 H D 22X
DEICEET LD TES: D ={w = =w""=0}. 7%, 2 20WHR%K (M, D:), (M, D>)
ZH LT, R ¢ - My — Mo %5 (M, Dy) %5 (Ma, Dy) ~ORAEETH 2 L1, ¢.(D1) = Do B
DIMDZETH2 (R TIE Z ORI EBGRZHERIZER L FEX).

J? (RQ,R) = {(z,y,2,0,q,7,8,t)} & 2 B 1 RHBEKD 2-jet Zfr L, J? (RZ,R) E o 1-form
@?, wl, w2 BRDEIWZEDS: w’ = dz — pdx — qdy, w' :=dp — rdx — sdy, @w? :=dq — sdy — tdy.

RD & 5 e — 72D 2 285 1 RABED 2 BRI oW TE R 5:

F(z,y,2,p.q,7,5,1) = 0. (1.1)
772U, Fid J? (R%,R) LOWL»RBMTH 2. X512, FI3RD regular %735 %:
Vgo € M, (F(q0), Fs(q0), Ft(q0)) # 0 (1.2)

ZIT, MB3BXRTERING J? (R%R) O 7T RIEHBAZRIATH S: M = {F(z,y,2,p,q,7,5,t) =0} C
J2(RER). E512,0: M — J2(RER) 2@E5He L, D= {a’ =o' = r'w? =0} £HL. ZoL
% (M,D) 3R s, 20 (M,D) 37 ER (1.1) 1HES 2R e X 5.

EE 1.1 HOPREBF OHAR A ZRODESICEDS: A= F,F, — FTSQ. ZDEE pg€ MITHLT,
A(py) < 0 D& =, py & F O hyperbolic point, A(pg) =0 D& =, py & F D parabolic point, A(pg) > 0
DL E,F D elliptic point W 5.

W AR (1.1) W5 29 XR (M, D) ofEE X OBEERICBE L T, XROEEBHA SN TV S:
(1], (2], [3])

TE 1.2. ppe M &L, U % py DTN E T 5.

e fEED qp € UKL T, go & F @ hyperbolic point TH2 T3, 2Dk %, U LD coframe
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(6°,6',602%, wh,w? II' T1?) DIFIEL T, ROV D D D ={°=0' =62 =0} TH D,

dg® =—0' Aw! — 02 A WP
dot = ' A w! mod 6°,6%, 6>
do? = I Aw? mod 6°,6%,62%
o« FED gy € UKL T, g & F @ parabolic point TH 2 & F3. 2D &, U LD coframe
(6°,6%,0% W, w? I T1%) BMEIEL T, KOS D2: D={0" =0 =6> =0} THD,

de® =—0* Aw! — %2 AW
dot = ' Aw? mod 6°,6%, 602
de? = M Aw! + 112 Aw?  mod 02,61, 62,
o« FED qp € UKL T, g & F D elliptic point TH2 & F3. 2D E U LD coframe
(6°,6%,6% w!,w? I T1%) BMEIEL T, RS D7D0: D={0" =0 =6> =0} THD,

do® =—0' Nw! — 0% A w?

dot = T Aw' + T2 Aw? mod 6°,60%, 67 (1.3)

do?> = T2 Aw! —II' Aw? mod 6°,6%, 62
AR 1.3. hyperbolicity ¥ ellipticity (% open condition T®» 3. & - T, pg € M ?% hyperbolic point % 7=
13 elliptic point TH 2 & ZH, pg DTN WVIEHFHIIH LT, EH 1.2 23 D 2D, —77, parabolicity (&
open condition TIX\WDT, &5 LIRS 2.

AT, EH 1.2 THRANZMEE SRR OBMER % FB S 2 /T coframe (6°,01,6%, w!,w? 111, 11%) %
BART 3. E5IT, pg € M 23 parabolic point ¥ 72 2355 12B LT3, &8 1.2 DHGRIZH 72 2 FHETE 2N
T5.

2 R
U % py DTN ikBEFHEE L, D = {wo =w!l=w?= 0} WRBLT, RO K RBREWEEZ 5:
0._ 0 12y (1 _2 _ (1 [fe
0= (6 0%) = (=) @) A, A= (gl gz). (2.1)

7eIEL, EED qo € U X LT, det A(qo) = f1(q0)92(q0) — f2(90)91(q0) #0. SDLE,

92 )
f192 — fa01 fig2 — fag1

_ 91 bil
fig2 — fog1 f192 — fon

b,
1 2 92 fa g1 fi )
= dr — d — de + ———d
(w w) <f192—f291 ’ fig2 — fag1 Y fig2 — faon v f192 — fagn Y

B, d’ = -0 Aw! — 02 Aw?,
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po EM &T5. ZDY E, regular 5 (1.2) £ D, F.(po) # 0 £721% Fs(po) # 0 £721& Fy(po) # 0. 7272
L, Fi(po) # 0 DHEIE, RTEHRS N2 HMLHE V3 2 LT F(py) £ 0 DBEIRETE 5

(z,9,2,p,q,7,8,t) = (T:=y, y:=m, 2:=2, p:=q, q:=p, 7:=t, §:=8, t:=71).

£oT, F(po);éoojj% ZF(p())—O F(po)?éo@i’% PEZNTI IV X5, F (p()) S(po)#o

D E, Alp) = _Fslpo)” (ffo) <0 &7%%5DT, pg & hyperbolic point TH 2. Ko T, F.(pp) =0, Fs(po) #0
DEGEEZEZDT20, KDIEWT T ATH D Fy(py) # 0 5D py A hyperbolic point O E":T’F:%KZ) 7272 L,
AR TIEIR=VBOHE L, RD 2 DDJFEWTODNWTDHIBRS (ZDMMDIFE [4] ZH):

o F.(po) # 0 2D py 3 parabolic point DHE (§2.1)
o Fyi(po) < 02D pg » hyperbolic point DEFHE (§2.2)

2.1 F.(po) # 0 DD py H parabolic point DIFE
Fopo) 2023 %. 20k &, ROMEARL D 70

RE 2.1, f, g RWOPREBEL, 0 = fol +go? BL. B, e U T3 ZOLE XD (1)D
5 (3) IEEWVICFAETH 5:

(1) (df)g, A (dB)g, =0 mod 920,6;0, 930

(2) Fi(qo)f(q0)* — Fs(q0)f(q0)9(q0) + Fr(q0)g(q0)* = 0.
(3) 2 XK F,(q0)h* — Fy(qo)h + Fi(qo) = 0 DfE h HFEL T, g(q0) = hf(qo)-

% T, po \& parabolic point TH 2 & L, h:= 21;_, LZDEE A(py) =0 XD, h(p) & 2 XX

F.(po)h? — Fs(po)h + Fy(po) = 0 DEfREL 725, Z 2T, WS 72BE f1, fo, g2

Vo € U, f1(q0) # 0, h(qo)f2(q0) # 92(q0)

i3 L, 0 = fiw' + hfiw?, 62 := fow!' + gow? £ BL T, ROEEBBE LN S:

EE 2.2.
== 0':=fiwt +hfiw?, 67 := fow! + g’

1._ g2 fa 2. h _ 1
S Yy A R Sy e .

dy, =
Y hfs — g2 hfs —

2(hfy — go) dF F
— Wdywl ¥ fi(hfa—go)ds+ fr ( }fz’ B h92> dt,

fifo (hfs — g2) dF
F. dy

2 .=
F.

w' +2f (hfz — g2) ds + <th22 - 93) dt
B ZorE, (00601607 W W 1T 11?) & U Lo coframe TH D, KA D 3LD:
de® = —0* Awt — 02 A WP
do' = F2f1 dt Aw' +TI' Aw?  mod 0°,6%, 62
de? = I Aw! + T2 Aw? mod 0°, 601,62
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FRZ, Alq) = 0 2ifi7z3 qo e U I LT,

0y __ gl 1 2 2
(d9 )qo ——9q0 A Wg, — 9q0 A W,

1y _ 1 2 0 gl p2
(d9 )qo = Uy, Awy, mod 8,6, 07

2y _ 1 1 2 2 0 gl p2
(do )qo = I, Aw,, + 15 Awy, mod 6, ,0, .0, .

2.2 Fi(po) < 0 DD py B hyperbolic point DIFSH

Fy(po) < 0 2D pg %% hyperbolic point TH 2L F5. ZDL X, F.(py) # 0 DHFE L FBRIC RO @K
YRYAST

WRE 2.3, f,gRWEOLREBEL, 0= fol +gu? £BL. EBI, el T3 . ZOLE XD (1) &
(2) 1ZFMETH -

(1) (d8)gy A (dB)g, =0 mod 62 .6 62

qo’ 4o’ "qo"

(2) Fi(q0)f(90)* — Fs(q0)f(q0)9(q0) + F(q0)9(q0)* = 0.
X BT, KD 3 DDMHEDAL D ILD:

W 2.4. 0 B 2.3 L FEICED, g0 € U I Fo(q) £ 0 73 v 35, cor s, Ko (1) & (2) 13F
HTH5:

(1) Fi(q0)f(q0)* — Fs(q0)f(q0)9(q0) + Fr(q0)9(q0)* = 0.
(2) 2 KFHEK Fr(q0)h® — Fs(qo)h + Fi(q0) = 0 D h BFEL T, g(g0) = hf(q0)-

HRE 2.5. 0 ZHIE 2.3 LFRRICED, qo € U X Fy(qo) #0 %ifiZz3255%. 2O &, XD (1) & (2) EFA
fHETH%:

(1) Fi(q0)f(q0)* — Fs(q0)f(q0)9(q0) + Fr(q0)9(q0)* = 0.
(2) 2 XK Fy(qo)h? — Fs(qo)h + Fr(qo) = 0 Dt h FIEL T, f(q0) = hg(qo).

#HRE 2.6. 0 W 2.3 L[FERICED, qo € U X Fr(qo) = Fi(q) =0 2ifi/z323%. 2O & XD (1) &
(2) EFAETH %:

(1) Fi(qo)f(g0)* — Fs(q0)f(q0)g(q0) + Fy(q0)g(q0)* = 0.
(2) f(qo) =0 £72% g(q0) = 0.

Z T, po & hyperbolic point TH 2 ¥ L, b, :==F,+2V—-A, h_ = F, —2V/-A 2B, DL X,

> hlJr(qO) hL(qO) 5 7 —p 2 _ ==} Kk o7
Fr(qo) #0512, 2 (a0) r o (a0) 13 2 KK F(q0)h? — Fs(qo)h + Fy(qo) = 0 D572 2 FER,

Fulao) #0751, 220) o P00 1o st By (o) — Filgo)h + Filao) — 0 MR 5 S8R
2Fi(q0) — 2F(qo)
BB EBI2, Fr(g) £0, Fi(q) #0518,

W\ (q0) h_(q0) _ h (q0) P (qo) _
2F.(q0) 2F,(q0)  2F:(q0) 2Fi(q0)

ZZT, Fs(po) <0 &L, 60885 fo, go A
Vgo € U, fo(qo) # 0, go(qo) #0
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BT 35 20 E, 0= 2F fow! +h_fow?, 0% = h _gow' + 2Fgow?® L BL T & T, ROEHD
Bohs:

EIE 2.7.
0° ==, 0! :=2F, fow! + 1 fow?, 0% :=h_gow' + 2F,gow?,
2F: 1 1 2F,
1 t 2 T
= dr — dy, w* = — dr + dy,
M o/ B dfoy/ A dgov/ =D T g/ =B
2
—_ AW fRgoV A or dF y dF e 8Fr2fg\/—Adr+ 2 () f‘?mdt
‘ F, dr ' dy F, F, ’
2
2 PSogbV A (L dE L dEY o 2(0) VA 8FG YA
. FS d ‘ dy FS Fs

Bl zorE, (096602, wh w? I I12) 13 U EO coframe TH D, KA D 370:

e’ =—0' Aw! — 02 AwW?
dot = I A w! mod 6°, 61, 9>
de* = I Aw? mod 6°,0%,62.

3 SRORE

SEOFHRTH LN U LD coframe (0°,60',60%, w!, w? 1T 11?) ORR KD, MO HER (1.1) 1ff
BS 2 RNROMEA BALEREZER TN TES. flZF, W77 ER (1.1) 2% hyperbolic 2 % 721
parabolic BITH % ¥ D D @ Monge ROMEEZHANDE Z e BN TE 3.

BE R

[1] R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt, and P. A. Griffiths. Exterior differential
systems, Vol. 18 of Mathematical Sciences Research Institute Publications. Springer-Verlag, New York,
1991.

[2] Elie Cartan. Les systémes de Pfaff, a cing variables et les équations aux dérivées partielles du second
ordre. Ann. Sci. Ecole Norm. Sup. (3), Vol. 27, pp. 109-192, 1910.

[3] Thomas A. Ivey and Joseph M. Landsberg. Cartan for beginners, Vol. 175 of Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI, second edition, 2016. Differential
geometry via moving frames and exterior differential systems.

[4] Takahiro Noda, Kazuhiro Shibuya, and Koichi Takeuchi. A normalization of the structure equations
for implicit second-order PDE. Bull. Kyushu Inst. Technol. Pure Appl. Math., No. 73, pp. 1-29, 2026.
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FET 7 74 VIDIAADHET R OHR/NE & v EDRY
RIZOWT

BHRENIRY: REGE TN B - SRS LA HIN
\LINEA (Yata YAMAUCHI) *

T

AFETIE, BB IERSR VT 7 7 4 Y IZDIABIIHR T 2 Mt 2RO &/ME 2 MED
BIfRICOW TR S, Koike [4, 5] I2& D, —RRXITTOERT 7 7 4 VIEDRAAIZDOVTD
Chern-Lashof BIAERXBE LN TWS. AT, HEXNESHENIR/IME 2 2L 2 & EHHHT
(n+1) X7 774 UEBRERICEEND Z e E2RL, IOKMEIHAITHS 2 L FEMHEICK
W FERICOVWTHENT 5.

1 i

n,r BIEOEHY L, f:(M,V,0) — (R"",V,0) 2SS 272 n KLLKD& 5
MEE AT (n+1) RLT 7 74 VEBANDT 7 74 VidDirA e T2, SLHENEKEN &, N k
DORFEER 0+ BFEELT, M EOFRME (V,0) 25 (N,04) »oiF8xhs o, [ 2EE7
T7A2EHAH LR, FRT 7 7 4 VI3DIAAIIH LT, Koike [4] i& Lipschitz—Killing #fi=
ot a2 EA Uz, Mt e, 13DIABDIZ DZER O HT RN & 72 T ild 5 52 Hl
5RTHD, MMPAHIER S DRI > TRELCALS. Chern & Lashof 1& [1, 2] IZBWVT,
22—V y FEFAND I YT F ZRAED DAL DM RSBy FROBHMUETH S Z &,
FANEHMER 2 ZHE LWy, B EVTT 0HB (n+ 1) KILT 7 7 4 VD 2EEICHE DA
FNEHETH 2 e DFAETH 2 Z e Zm L7, Koike [4] IZFFHET 7 7 4 Y IIDIAAITH L
T% Chern-Lashof BUIDEHPK D IO e ZRLTWS. BB, FHE7 7 74 VIIDIAADEHE,
Aot R IE— I HEAEE S WD FIKEFET 2729, IFNTIEZDREFEEZRL T 75(f)
L EF (FL < EIEE 2.3 2 B0R).

EE 1.1 ([4). M 2ASMNISRE n XTLa >y FEREKE L, f: M - R % (n+7r) X
TLT 7 7 A VIEMANOERT 7 7 4 Y EDABE TS, T2, S BEEORMEME LT 5.

(1) BAFEME S 1B 2 f offtatiR rs(f) &

k=0

* E-mail:yamauchi-yuta-hj@ynu.jp
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Zi/z 3. 72720 b (M, F) &, (EEOREIR F 12BT2 M O kRD Betti %K 7.
(2) B 75(f) <3 BBIE, M & n KICHE & FETH 3.

LAL, [4, 5 BT, ntefRof/ M X2/, & imtte ofRIEHS 2T
37ro Tz, ARTRE, MoeteliRoR/MEL MEOBIRIERT 7 7 4 YIZBWTHEHIIOZ L
AT 5.

2 FEE

AETIERINC [4, 5] 126V, —fRRATTDGEDFHERT 7 7 4 Y idDiAA L, ZRHNET 2
Lipschitz—Killing fiBREZEDOBEZICOWTHEN TS, —BBRRITOEET 7 7 4 VIZDIAADWL D
POMEEX, [6] D Notes 1,2 IZHBRRENT NS,

ARTIE, BTDO7 774 VERIZFEAORVBOLRET 2. f: M - (R, V,0) &, %
R (V,0) 2277 7 74 Y208 RV ~AD, n RILEHEE M »o07 7 7 4 VIZDAAL T
3. (N,01) % f oW N FORBEERL 32, ZorE M EO7 774 VRV 2K
RO ZRTEDD .

Vxdf(Y) = df(VxY) + a(X,Y),
__(D(df()(l)v"' 7df(}(n)a£17"' ufr)

0(Xq,--, Xp) = AN (X1, , X, € TM)

ZITX,) Y 3Z M OEXRZ PAGTHD, (&, ,&) ENDIL—LTHD. £/, —DHD
IR T e N AR L72dDTHY, ald N IEZONMT Y I AEGTHE. V 2FEE
IS, 0 % (N0 KL VBESNEFEER LR, (V,0) 2 M OFHEME (T4bb
VO=0) £5%. dLIEDIAA f: (M, V,0) — (R, V,0) 28 (V,0) FET 2 (N,0) 28
ORBIE, [ EET I A VIEHIRASZ LR LBEDO LS (N, 0L 2EET 3. NIiHEzd
ONFRT >V N

a(X,Y) :=Vxdf(Y) —df(VxY) (X,Y € TM)

Z(f,N) 07 7274 >EFXER R, @HEOHE (r = 1) T, 056 =1 & LTHFFR (0,2)
BTV IV o %

ag(X,Y)E = Vxdf(Y) —df(VxY) (X,Y € TM) (2.1)

TEDD. ZD ag & (f,&) OF 774 VEXER L IEX.
?S ¢(7é 0) S /\nﬁ%r_1<fzn+f &:jﬂ‘Lq ¢ = U1 A\'-'ﬁxvn4qu,1 k:%%[/, (D(Ul,"' 7Un+4d =1 %fﬁﬁjt
T Vpyr ER™TT ZWMB. ZOLE ¢ OETEBK by ®
pry, ., (V) = hs(v) - vnir (v € R™Y)
TEDD. ZIZTpr &

Vpypre

Span{vy,- -+, Vpir_1} @ Span{v, .} = R"*"
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WS R LT Span{v, 4.} NOEEERT. TOERD ¢ ODRLFTKS KW LIIAEHIC
Sad. NV RV o BGIHSHE S 2 —oEE TS, ZAUET 7 7 4 VERER (21, Togr)
CELTY a2 =1 v REh, »od' (2, -, -2 ) =1 ZilidHErT%. 22T 3

dzy " By
O(v1, yUpgr) =1 DRT
O (01 A AUpgry - 01 A v e e Abpyy) = (—1)(FMntr=1)/2
CEDEDSZ AN RV FoBRBEESRETHS. v NN ARV %
in(n) = df(ex) A== Adf(en) A

TEDS. ZTIT (€1, ,en) &Eb(er, - ,en)=1%07T TM O7L—26t35 5. [ OEERFE
M@ER %

TEDS. HllR v:=in|p: B —S % (f,N,0+,8) ® Gauss Bif LIS,
E#& 2.1 ([4]). neBwxL, G:B—-R*%

G(n) = (-1)" dgt(ﬁn o)

TEDS. 2T detg(hyoa) & b(er,---,e,) =1 % TrpyM D7V —24 (e, ,e,) X
LTATE [(hy 0 @)(eis e)|1<ij<n DITFIRZET. G % (f,N,0+,8) @ Lipschitz—Killing BiZE ¥
SN,

Bt S hofffEESREEzZhETh wp & 0s £ T2 (4 BH). O %, wp & wg DEICIEX
ML D 32D [4, Proposition 2.2] :
(V'ws)y =Gn) - (ws)y (n€ B). (2.2)

FHT 7 74 Y 3DAA D 2RI RTERSNS.

& 22 (4)). M zrEMISRzar 2 e n RLSHAL 35, 77 74 Y i3DHirsk
f:(M,V,0) = (R"",V,&) OEAHEME S 12T 2 0ethE ro(f) %

1
7s0) = gy 1
TEDS. ZZT vol(§"T=1(1)) I&HNERMA ST —1(1) DifkfExE £ T .

ERE 2.3, Moot 2Eh® ro(f) &, MWK 2 0RBEEROM (N,01) OB HITIZKRFE LRV [5,
Theorem A]. —77 T, HAAEME S OWD HI3MKEFET 2. 2L, 75(f) »d 2 HAEHmE S
WX LT M @ Betti BIOMBANCELWARLIX, ZOEXMEEDHEMFEMEIIN LTHDIZD., L
T2y o T, oot 2= o i/ M 1 BT RS FITH O HRICHRTE L2,

CCB%Gauss B v: B — S OFFRROESEL T 2. Sard DEH LD, & v(C) FHIE O
TH2. 5T, f OEESEM hy =hgof: M — R Morse TRWI Lt ¢ € v(C) IZFEMET
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B3, oT (2.2) &b, EHEHRE rg(f) 13, @SR hy = hy o f OESFAOEROFLNC S

LW
1 . -
7s(f) = S CEET)] /s\y(c) # crit(hg) 0g. (2.3)

T ZT #crit(hg) & M _ED hy DEFRFAOEKERST. M 1Za> 7 bTHE05, ¢ ITHLT
M BB b ZODBREANEFEET 5. o T 15(f) =2 1&, FEED ¢ € S\v(C) iITHLT
GBI hy BB D ODEAREZ DO L LAMETH 3.

T’ 2.4 ([7). M ZEEFSNIzar "y ben Rk e L, f: (M,V,0) - (R, V,d)
REET 774 VIEDIAARE TS, bL f ORIED 2 KE LRSI, B f(M) & R
DH3 (n+1) K7 7 7 A4 YEAZEECHDAEN BB TH 5. F/z, HH DD,

AEZ, R ICHDAFNAMBHIETH 2 22 d, —ROBRITICHBT 2 KB R4t
W Eo TR I3 Z e 2Ry,

3 #

AEITIE, RPN THET 7 74 VIZDAADRZEZ 2. ZONZ, 7774 vEA
BRI T 2 RS2 s omiiETchd 2. 515, ZoMEIRWEER OB ERZMZ S 2
EEIRT.

Bl 3.1. X 27774 % R® 2B 2 L,
Si={(z,y,2) € R’ | (z — Va2 + ) + (z + V22 + y?)* = 16}

TEDD. COLEXET 774 YEMICBI2NMHETHL. 77 74 Y EAEKNORRLIES
Sing(X) &
Sing(X) = {(cosv,sinv,+1) € ¥ | v € [-7, 7|}

TH26N%.
S ORFTEERTE fo [~V )Y x [-m,0] - RP 2 LT

fx(u,v) := ((u — (1 =uH"Ycosv, (u— (1 —uH)YH) sinv, +(u+ (1 — u4)1/4))
ThzZohs. LR fL 22 5. B E(u) & F(u) %
E(u) = u— (1 —u*)?, F(u) :=u+ (1 —u*)/*

TED,

(u) == /(E'(0))? + (F'(u))?
eBL. 22T R u kM rERT. XTI MG EE

&(u,v) == 5(1U)(F’(u) cosv, F'(u)sinv, —E'(u)).
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TEDD. ZOLE FFRBBBMNIANT "B THE. 77 74 VEAER ag 751G (of.
(2.1))

6u?
§(w)2(1 — ut)13/4

det oy = =+ (1—u? VAV (21 4o 4 u(1 — u)3/4
¢ ( ( ) ( )

-1+ w1 —uh)V fu(l — u4)3/4)

THE2H6N5. 51T C° MBI : [—(3)Y4, ()Y = R BPHFEL T detag = A2 B D D,
MHoTANu)=01Fu=0 L AETHS. SVHEIZL, detag D0 ITRZDIF u=0 DL IR
5. XoTH f(0,v) lESing(X) & —8T 5. £/ N(0) 120 TEARWV. ZDEZF ag 1& Kossowski
metric DM 2T (3] ZH).

ZoBNE, 7774 VEIERMNBILT 25ETHERD D 2R MMENTFELEFS Z L 2RL, JHR
2 BATT 7 7 4 YWD 7725 A2 RR S 5.

£

1 3.1 1282 MihE X B X RESES Sing(B) (FVHER. X 0 7774 VEAE
MFHEEMETD 5.

BE Xk

[1] Chern, S. S. and Lashof, R. K., On the total curvature of immersed manifolds, Am. J.
Math. 79 (1957), 306-318.

[2] Chern, S.S. and Lashof, R. K., On the total curvature of immersed manifolds. II, Mich.
Math. J. 5 (1958), 5-12.

[3] Hasegawa, M., Honda, A., Naokawa, K., Saji, K., Umehara, M. and Yamada, K., Intrinsic
properties of surfaces with singularities, Int. J. Math. 26 (2015), 34.

[4] Koike, N., The Lipschitz-Killing curvature for an equiaffine immersion and theorems of
Gauss-Bonnet type and Chern-Lashof type, Result. Math. 39 (2001), 230-244.

[5] Koike, N., The total curvature of an equiaffine immersion, Result. Math. 42 (2002), 81-106.

[6] Nomizu, K. and Sasaki, T., Affine differential geometry, Cambridge: Cambridge University
Press. (1994).

[7] Yamauchi, Y., Minimal total absolute curvature for equiaffine immersions, preprint, arXiv:
2604.00384.
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Comparison theorems in

centro-affine differential geometry

RERASHE =

Milman [9] (&H00 affine 0 %M 2 FH W T2 BT 2 BEZ M L7z, 207 7 v —F T, Levi-
Civita ##t L ZRL 2 WL D20 affine RV EA I NS, —77, BAM 22K HEEM O RTIE,
Wylie-Yeroshkin [13] A3, Z® Ricci #iR23 1-E AN & Ricci iR & —3F 2 affine HHiz EE L. AHER
TlX Milman 12 & b EA X7z affine #H5iD—D53, Wylie-Yeroshkin ##t & —3 32 Z & 2R L, LLRE
HD—DTH 5 Cheng DIERABELFEHICOWVWT Milman [9] DFEICB VT T 5. AFELIX preprint [4]
WED L AREBEL T, n > 2 LIRET .

1 LERGER
Cheng ORKREREHIZLINDED TH % (Cheng [2, Theorem 3.1]):
EE 1.1 ([2]). (M,g) & n XIt5ElH Riemann 2K 35, k> 0L T,

Ricy > (n —1)kg, diam(M,g) = —=

}r}

RRETS. COLE, (M,g) 3k E 1/ Vk ORAL SR TH%.

id Cheng DIRABEREHIIEAR LOZRHEKICBIT 2D TH S0, ZOEBIZEAN 2ZREDGE
ANERENTWS. IR TIRE T, HAN EZ2REDHEBEMICOWTHENT 5. (M, g) 2 n XIC Riemann
ZRAL L, f € C°(M) ¥ 5. %72, v, % Riemann KEHE L T2, =2 (M, g,e fv,) ZEAN =
Riemann ZFfAX V5. N € (—o00,1] U (n,00] 1IZXf LT, N-EA = Ricci HIREZLATD & 5 ICTEHRT 5:

Ricjg\ff := Ricy +Hess f — %

722U, N = +oo D& REDHEIZO 2T 5. N = oo DA, Lichnerowicz [7] B & Of Bakry—
Emery [1] & DEAZN, N € (n,+00) DHEE Qian [11] 12X D BEAZINE. N € (n,00) KHNLT,
Ric); > (n— 1)k g %ifi7z FEAM & Riemann 2K HLESEFAIEH LB, Ricg > (n — 1)kg D
dim(M) < N %iifi7z= ¥ Riemann ZHAEOMEE L HEL TW5S. Ny € (—00,1) BEL Ny € (n, +00) 124
LT,

Ric)® < Ricg?; < Ric)'} < Ricy
BILT %. 6T, Ricy ; O PRI Ric)? O FREMF LD FORATH 5. E, N € (—oo,1] O
BIFBAIR I N TE . £ <, Ohta [10] 3 X Kolesnikov—Milman [5] & N € (—o0,0) D5E Z 5%

L7z, X512, Wylie [12] 1& N = 1 O#A1C Cheeger—Gromoll B O HEE #1872, 2Dk, ¢ € C°(M) IZ
Xt LT, Wylie-Yeroshkin [13] 13X D affine #E#i 2 E 5 L 7=

VLAY 1= VY — dp(X)Y — dp(Y)X.

* HUE KR EGRPIRI A PRl yasuakifujitani@g.ecc.u-tokyo.ac. jp
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Z 2T, VI1E g D Levi-Civita ##iT»H 2. Affine ##Hi D I LT, IR T > V1t Riccl MIBEZLTD &S
WCERT 5!
RP(X,Y)Z :=DxDyZ — DyDxZ — Dixy)Z, Ric](Y,Z):= g(RP(E;,Y)Z E)).
=1
ZIT B, B g ERERHTH 5. Ric) ofRbDIC Ric” £#< 2235 %. Wylie Yeroshkin [13] 1%
pi=Mn-1)"1forx,

. . V9P
RIC;f = RicV (1)

MDD Z e R L. V9?2 IZ VI LGHERIETH % & 5bh, SEREEREIEE S ofseshTns.
Wylie-Yeroshkin [13] &, V9 & V¢ ORI T X — X ZFRIFITHIRE LT—HFT 205 Weyl O
RS R (B 213 Eastwood [3] ) & Wz, [13] IcB W T, affine £t V97 ORMIFREZE 2 2 Z 212
&b,

Ric;’f >(n— l)mef% g (2)
%7 3 E AT X SRR T % Bishop—Gromov {KFELLESEE, Bonnet—Myers EH, 3 X ¢ Cheng B D
RREREHZG2. 206 OEMIZOWTIE Lu-Minguzzi-Ohta [8] # & UF Kuwae—Sakurai [6] & ZHi X
Nk, 2T, N =1 055D Cheng DERKNEREZ BN S 72812, Lu-Minguzzi-Ohta (8] % Kuwae—
Sakurai [6] IZin> CRliEER M T 2. 0 € UM :={0 € T,M | 10|, = 1} LT, vp0 & 7p,0(0) = p 22D
¥p,.0(0) = 0 &7z T RADEEMIRE T2, 510t > 08K 0 € UM TR LT,

b 25(vp0(8)
Sppolt) == / o T e (3)

YEHFETS. N =1 DEFEICBIFS Bonnet-Myers 5 X ¢ Cheng DR KEZXEHIILLTO®ED TH
% (Wylie-Yeroshkin [13, Theorem 2.2 and Theorem 4.16], Lu-Minguzzi-Ohta [8, Theorem 3.6] & & ¥
Kuwae—Sakurai [6, Theorem 3.3 and Corollary 3.4]).

EHE 1.2 ([6,13]). (M,g,e Tv,) & n KLFEMEANT E Riemann 2K T2, k> 0 R LT,

. _Af
Rlc;f >(n—1ke »1g

YIET D, Gime itig B, TOLE,

diam(M, §) < %
DD LD, X BT f(p) =020
™
dg(p,q) = N

iz T p,g € M PEFHETZEIRETS. 2O E, MIZS" LFMETHD, fidpCBILT radial TH Y,

)
200p.00) sin”(VE s7p,6(t))
KR

20 <t <dy(p,q) THHILD. TIT, (t,0) & p DD ORHMEFETD 3.

g=dt’ +e

gsn—1 (4)
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2 RO H affine 5 2e(a]

z: M — R % embedding ¥ §%. 22T MIZC® ZHATHZ. iz, RV OB D

TRT. 2 KR 7RD SRR T ML E DRBEMIINTH 2 L I3MEED pe M I LT,
&p & v (TpM)
DD DZ BV, BEWTRZ bLE € iIcxt LT, S € D(T*M @ TM), 7¢ € QY(M), TM _EOXFRAAR
IR ¢¢, B & O torsion free 72 affine $##i V¢ D1EE L T, XD Gauss-Weingarten B R 2 75
Dx(2.Y) = 2.(V§Y) = g (X,Y)E, (5)
Dx¢ = —z.(S°X) + 8 (X)E.
(BN Z M & (p) i= x(p) BTN Z MG TH 2 2 &, Vo b affine #fi 2 W5, ¢ BIEBELTH
% &, SRR (VO ZROBRIC K D ERT %:
X(¢°(Y.2)) = ¢ (VXY. Z) + ¢* (Y, (V)X 2).

Huls affine #EHEZ A0 affine 2D D L TARETH 5. KR, RO T 5:

B8 2.1. 2: M — R" % embedding ¥ §%. 22T, M1iEn Xt O ZHIKTH 3. &, = x DK~
M TH 5 LIGET 5. A GLIR™) ISHLT, 7= Aoz LB, COY &,

Vi — v&’ gﬁz _ gii-
DD 3D,

LIRTIE, [9) Ko C, HFEERZEATS. EZR ED (n+1) KR Z MLVERYE $5. AT E % R
YRR 3. %72, B* 2 ZOXOHZER L 3 5. {2 Buclidean AfEZEEL, LIELIEE* d E L HE—HT
5. EBXUOE* TBI2HENERAEZZNZNS BXUS* TRT. K 2FEAEHEFHICEOLMARKOES
LK ZKIZEL, C° g ohzER e EOMhREZ & OMEA2ARDEEL T2, K € KL T, XFHH
BERTERT 5:

hi(x*) = Iznea}}(((x*,x).

2REL, 2 € B*THY, ()X E Y E* OBMOERRRTZ VY72 KT, e S ITHMLT, el :={z €
El{e,z)=0} 2BE P, :E— E®%0%EM et ~OHELT 2. HIRTZZ2I12&D, hg & S* Lo
B s s L ICEET 5. K € K2 IOHLT, fiBNRZ bLE
ng(P) =P

TRYT. TIT,pedK TH3. g/, MIET 2900 affine #it & WEREE R % VIE BX U 69X T£7.
K*:={a* € E* | hx(z*) <1} £BL. M € Mg :={S,S$*,0K,0K*} 2%t LT, Milman [9, Section 4] 13
M;, Mj € Mg W35 28O RMEEE T M 2 My — M; 2L, oM .= TM=0K vz, TS 13
Gauss G —HT 2L KFERTS. 22T, UFO@BOHBEERT %:

gi = (@) g%, Vi = (@i VEE.

EE 2.2. My, My € Mg IZHLT,

O O N R OO R

DMILT 5.
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RIZ R DK TIEDEE L affine Ricei Hi# % H D (I 21X [9, Subsection 3.10] ZH4):
e 2.3. Ke K 9%, MeMgliZonTg,
RicV¥ = Ric(VK)" = (n — 1)g¥ (6)
DDNLD. 22T, (V) & g Wtk TH 5.
LIRTE, hie ® D I12BF % Hessian % D hx TEL, D hx ® TS* ~O#IR%E D2hy THET. R
FAIRD & 5 IHHRINICE T 5 ([9, Proposition 4.2]):
HE 2.4 (9). KEKX T35, ZOLE,

«  D?hg Hessg.hk
g?{ = = &~ +gS*7
hi hx

(V)XY = VLY — (X loghg)Y — (Yloghg)X

DRALT %, T gs- 13 S* DFEHE Riemann sHRTH Y, (VE)* & Vi, @ gf AHERHTH 5.

3 FEER
MR EOEAMTEMELZEATS. Ke K 2L, n: 0K — S* % Gauss 5t 3%, 5% Riemann it &
gsx BEUOn T 25EEZRD LS ICEATS @
gok *=0"gse, horx :=hgon, frg:=(n—-1)loghx, forx:=(n—1)loghsxk.

X5,

s* _4AfK R _4dfok
gk ‘=€ ""lgs+, gok ‘=€ "7l goK

EBL. XA LD ([4, Proposition 4.1]):

W 3.1 KeKyY 3%, ZoLE,
(VRE)r = oot ™
DD LD, TTT, (VIO 13 VIE @ K IR TH 5. X5,
Ric;ak,faK = RicV&)" = RicVK = (n—1)gok (8)

DMILT 5.

it o T, Hl affine Ricci BiIZRIX 1-EH AR & Ricei iR e U THRTZ 2. ARERICBT 2 FHERIZLTOE
D TH5 ([4, Theorem 4.5)):

EE 3.2 KeKP 33, £>01I0LT,

4fok
.1 _
Ricy, o fore = (n—1)ke ™1 gsr

PREL, X 51T,

dﬁax (1'7 y) =

S

Tz S zy € OK DIFET D EIRET 2. 2o %, KX
0eS*ITxL T,

JE=1

N RREFIRTH 5. FHZ, e :=n(x) BXU

hi(0)? = hi(e)*(0,e)* + khx(e) 2| P10
DD LD,
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3 ¥RJt isotropic ZE[EIPA O F pUA] & 2585 i = i

FEH BEIA (Riku Kishida)*
RERIZEREE TSI T b

e
BEH (0++) OBLU NS L 72 3 IRTTENRY MV2Efl%, 3 Rt isotropic AL W 5. AR
T, 3 UL isotropic ZEMNOE LRI IZH 2MORREMEZFBELZ2 T AIZDVWTHNT S, ZOIGH
eUT, BALLIZ TR L, it K CEREMRIZET 2 H 550 T T, Osserman BARE A ELAE
LNBILIZDPVWTIHERS. TNSDAREFERADEGRILEMAE, T2 FOWNEREIICERIZHRTS. £/, E5
SIS R 2 THI R WL O BNT S, A, REHONAL (2] c&Eo<.

1 e
3 MILDERY bIVZER R? IR L 72 AR
((t1,21,91), (t2, T2, Y2)) = 2122 + Y1y2 ((t1,21,31), (t2, 22, 2) € R?)

DIFRE L 7222 % 3 JRT isotropic 2R (isotropic 3-space) £\ I3 2 KT, ZD
2O—lL LT, Strubecker 512 & D < 25 %% < OFFEMRENE (18, 7, 20
D 4 ¥Rt Lorentz-Minkowski Z2fi] L* NGB H &, RO & S IZFA—H{TE 5.

il Cayley-Klein #{n]
ML, B (—+++)

,—'—»
D2
D7

P>ty «— (tzyt)e{(tzyz)el;t—2=0}.

P, ZOF—-#EWDRHWS. 72, -5 () 2HWT, L* LOFEHERL Lorentz WHiE KRS, B2
% Riemann H& U, f: 32 — [P 2%M0IEORAAT, B—HEAWMR ds? = f* (-, ) KBELTHBHE TS, EXR
2 hbpi=(1,0,0) € P 2ZHWT, L* OHHES

P = {’UGL4; (v,v) =0, (v,p) =1}

EFERD. ZOLE, WoHLREK v: X2 P T, (v,df) =0 27T O BIWIZFEL, f OXH Gauss
B>, £/, hi=—(df,dv) & f OBEZEFZHRL VW, ds? IKETE hDOML—2D 1/2 5% H B
T, f OFHHMEEHE VS, K H PEENCETHE5E, [ 2 P NOSELHHMRHEmE WS, B NOFF
VAR 12 U T, Welerstrass BUEBHARXDMHM SN T WS, EEE, ¥2 FOERBEK g 2 ERA 1-ER w ASEH
Stk MGG LTWD & &,

f(z) = Re/(g7 1, —i)w (z € ¥?)

ko TEEXZEHR f:X2 - B IEEHMFHETHS. M (g,w) 2 f ® Weierstrass data £\, ¢
% f ® Gauss B\, ZORBEARNZTIC, P NOFEFHRIMEICET 2MENRE < BEhTnD
[2,8, 8, 6,6, R, 01, 15 7. KOFIE, T2 AOFFhRITO -G TH 2.

Bl1 (A7 748). 22:=C\{0}, (g,w) := (1/2,dz) DHE, Wit 2FEEIRIMNEIE, KO (a) &SRS
n5. ZoiEE 2P NOAT /4 R (catenoid) &\ 5.

* kishida.r.1632@m.isct.ac.jp
AWFgei%, JSPS Rttt JP25KJ1223 OB A Z I -0 TH 5.



2 ZMC-HDESE

FATRZETIE, I3 WO MR IR R 2 RO Z e AVRIBI N T WA [, ). #lZ 1, C LD Weierstrass
data (g,w) := (1/z,zdz) SR 6N2FFIMEIMEIE 2 =0 TRXEFRERZRD (MO (b)).

v >

(a) (b)
1 ()P HOAT /AR (EMIEERTY R, FHIEEAT Y R). (b) % SUIHFH 5 % 55278 i i .

KBTI, H2MORRLEHEL B TEEMEMED 2 522 LT, ZMC-HEEATS. BB, 2077
2 IRABAT (BB [21]), CMC-1 0 (% [a), MUNE (@66 [20] - A8 1) ORTH 5.

£ 2 ([7). X2 2 Riemann fi& L, 7: ¥2 — X2 2 WEWEEGRE 5. EHIZDAA F = (FO,F' F?): ¥2
C3 H, (dFY)? + (dF?)? =0 &%7zL, F' (£ F?) »EETRWEE, FiE (0++)-type null £\ 5.
(IZDRAALIFES 2N WS REME f: 52 5 P IZHLT, (04 +)-type null ZIEAIZHRA F: ¥2 5 C? T,
for=Re(F) 2Mli=F & DWEIET 5 L %, f |3 ZMC-H (ZMC-face) £\ 5. Kz, F i f OERIY 7
(holomorphic lift) &\ 5.

EE 3. T, FANZDAAR F = (FO, F', F?): 2 - C* %, (dF°)%2 4 (dF')2 + (dF?)? =0 %z ¢ &, F
iX Euclidean null ¥ \"5. — /7T, —(dF°)? + (dF')? + (dF?)? =0 #i#7-3 & &, F ¥ Lorentzian null &
WS, 2D, (04 +4)-type null i&, Th oDy e AnE 5.

FE 4. (dFPY2 + (dF?H?2 =01%, dF' —idF? =0 £721% dF' +idF? =0 CAETH 5. BEHEOER 27
THE, F2% 153522 T, fiza0FR 202386 0RETES. ZOBER, f:=Re(F) T8V,
te-FH CTOFEMIZNIGT 5. SBOHEMZMBIZT 5720, FHZiEELRWEY, ZMC-H f OEHY 7 b F X
dF' —idF? =0 2= LTWBIER%2 %X 5.

DML, ZMC-TIZN$ % Weierstrass FIRIFENXNTH 5.

R 5 (ZMC-1ii D Weierstrass BERIAN, [[7]). g & w 2ZNZT N X2 EOFMEEBEKE FAl 1AL T 5.
72720, gw IEIERIT, w & gw FIBDEHE RS, X2 EOLEOBiR v oL, Re%gw =0 7{(,0 =0
v 2

B LT VAL TS, COLE, fim Re/(g,l,—i)w Ik oTHREHEME [ Y2 o P 1k IMC-HTH 5.
12, [EED ZMC-HIZZ D&k S HEETRIND.

[P NOZERKEHE X, ®2FOIEERFFD [9). Rz, 13 NOZEYMREmEIE, 20 Rtihm 2%
2RO, f=(f0fL %) 22 = % ZMC-li& U, (g9,w) % f ® Weierstrass data £ 3 5. Sy C X% % f OFf
KDL T3, T2 EOEMMEE g = f'+if? = /w Y, HEE 1R w, = dg A ERB. DL E,
B X2\ Sy -1 %,

fe = Re/(g*,l,i)w*

ZEoTEDD L, fo FEABIETHEEAMEMEHTH 5.
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%% 6 ([12]). ZMC-i f: 52 —» P (i L, LDk > B HETHONEEE f.: 2\ S, - P & f ORHE
Be L. M (ge,ws) & f ORI Weierstrass data £\, g, % f OWF Gauss B L L3

EE 7. M, ZMC-EORCHESIE ZMC-H & 1R 5 72\, FEEE, 22 = C ETEH S N7z Weierstrass data
(g,w) = (2%, dz2) 5B 525 ZMC-H O X G4 1E ZMC-TH T\,

ZMC-ii f: C — I® A, ®» 2B o(x,y) ZHWT, flz+iy) = (o(z,y),r,y) DS TFTT72L
TRINDYGEEFZZD. f D Weierstrass data 1% (g,w) = (2¢,,dz) TH 5728, Wx Weierstrass data 1%
(G, wi) = (2,2¢,.d2) ERIND. oT, BEEERIE, fo= (20 +ypy — 0,00, py) LAETE, ZORIE
9] THZ 50T\ SRl ORI —Ed 5.

3 ZMC-EODOF5HME & FREMmEMYE
KT [21] 2 FIBC, ZMC-T D J95E0HHE: & AR 2 RO & 5 158D 5.

T 8 ([12). f: X2 - 13 % ZMC-i& L, F = (FO,FLF?) % f ®EHIY 7 b, (g,w) & f ® Weierstrass
data £9%. ¥? LOIEEMEEE dsf %,

A3 = (2 + |g2)|wl? = A + [dF*? + |dF?P

LD, fIizBTHY T MR (lift-metric) &\ 5. U7 Mt ds) EMTHL L E, fIEIBRME VD, X
7z, V7 bEHR dsp BWEMAEEREZRFO L &, fIIERE (finite-type) &1 5.

el OERMTH S ZMC-HIZEL T, RO & 5 2R 5.

W 9 ([[2]). ZMC-H f: X% — I3 §EMr>aME L35, 2ok E, 53> /87 b Riemann [ DR
EEREDE pr,....pn € AL, Y2 i Y \p1,--,pnt EXEHIFAMBE 5. £7z, f O Weierstrass data
(g,w) &S EOAFRIEIE A 1 BRIHETE 5.

Bpl,.. e & fOIVE (end) WD, 5/ A NIZRZDELHNETS 2 OO0y R2FD (KD (a).
FTIT, MOEIBEHELZEANT .

T 10 ([17)). f: X2 > P 2W5Er>ERMD ZMC-Hie L, p%& f DTV RT3, HF-HAEN ds? 25 p
THERMTHHLE, p FIEKRITY R (expanding end) & W\, £S5 ThWe Efg/hT > N (shrinking end) &
W,

FOIYVE pIZHLT, p OBER UCS BFELT, f O U\ {p} LORBEISHDOAATSHS L E, p 3B
HAFNT Y K (embedded end) &5, ZDOEIZRTVFEDD, JWIREGHNVETHHDLELT, RO &
> REHEBAT 5.

EE 11 ([12)). f: 22 - B 2F\aMro6WM0 ZMC-HE U, p 2 f OHDAEhEZTY RT3, p 2l
LT AEBIRER 2 &, B [ {2eC; 0< |2 <1} - B ML, fIXFEH (resp. #T /A4 F) O—IT,
GRZH - MU - TR IR E B L2 B DT, limao(f(2) — f(2)) =0 ZiELTVWE LT 5.
ZDrE, TV pidFAEE (planar) (resp. A7/ 4 R (catenoidal)) &\ 5. Kz, #5/ 4 PRV R
CBLTIE, ARAT /A RBEBMIT /A REIOD 2 IS 5N 5.

/T > RIZE U TiE, 3 kot Euclid 22/ E2 WM, 3 ¥t Lorentz-Minkowski 228 L3 Ptk ith
M EIFRRDHERMNEL B, KB, Weierstrass data (g,w) = (1/22%,2dz) 22613605 ZIMC-lixEA2 5L, 2=0
THT /A ROM/NT Y RIZHET 258, HDRAATHRY., TOXIREENS, MOLSLEHEZ2EANT 5.

EE 12 ([2)). f: 22 - P 28551 2RO ZMC-iie 5. f DTV R pH, €H OB 50N T
A4 RNBOEME, p WHDIAATHEZ LE2RVWTHTZTLE, p XFEHRNMNNIT /1 FE (layered shrinking

137



catenoidal) &\ 5.

4 ZMC-E® Osserman BIARZEK

AHficix, ZMC-HDGHE LT, BEMH»OERITH S & &, Osserman MAHEADEREONDE Z L i2Oo0
T RS, W/NHEIZN T 2 Osserman AERIFILTO LBV TH 5.

FEE 13 (Osserman DAER, (1)), f: 2?2 —» E® 2%Hr >AREMRLFOMNITE 5. Z0rE, fo

Gauss 544 g 1%,
2deg(g) > n — x(2?)

Zli7= 9. 72720, deg(r) WEHE, n Ty FO, x(-) & Euler Hiz£7. ZOARERDESHIEMIZL, |
DHELY FHRHDRAENTVWE I ETHD.

/NI IZ B WTIE, TV RAMDIAATHE I, TV RAVEHEAE/ZIEAT /1 NEIZEY T 5 2 &K A fE
ThdIeMMonTNWS (10, 16].

[:32 5 P 2HEMr2>ERED ZMC-Hie §5. (g,w) % f ® Weierstrass data & U, g, % f OX
Gauss Gt L 95, 72, n 2TV NOT, p1,...,pn 2 f DTV RET B, 617, k 2ILRKT Y RO L,
Dl o BIEKRT Y R, pevr, .. pn BHUNT Y R 2T 5. MR ENETY RICERLESE, KOSk
Osserman BIAREADF LS.

EIE 14 (38— Osserman MAEFERX, [[2)). LFELOBRED T T, RO LS LAREFEADVEILT 5.

k
— Zordpj (W) + Z ordy, (w) > 2k.
j=1

j=k+1

ZDOAREROEGHEEME, [fOBFEZY RAMDIAENTVWEI L THS.

—75, FER - LRI T A RN T ) A RRIT Y RICEH U784, 3 RoT R 42 R P o0 S 3H i i 12 g
% Osserman BURSER (3] ICHMT 5, RO LI WEHABFOND.

EI 15 (= Osserman BAER, [12]). LELOBECMZ, Sf={q,...,qm} & [ ORRIABEOESELL,
dj :==ordg,(w) (j=1,...,m) £BL. ZDLE, Gauss B g LI Gauss B g, 1,

deg(g) + deg(g*) >n+4+di+---+dny

Ziid. ZOREROESHAIEMZ, [ OB/TY RAHDIAAT, FHEM - ShkHT /A REL - /b5 /A4 R
BOWTNPIZHEYTEIETHS.

— 4T, BUNHEIZHT % Osserman A%RD & 512, Gauss B g DEHEDAZ WAL EREE5N5.
EHE 16 (5= Osserman B A%, [12]). EFLOFHED FT, Gauss G g I,
deg(g) > k — x(2?)

Zii7- 3. ZORFEROESENIERMIE, [ OKFT Y NHPEEE - JERKAT /4 Rl - Z&EMNAT 7 14 REOWS
NPZHYTEZLTHD.

5 FEMIFKMZmICTH

%12, Osserman BIAREXDE S LM% 723 ZMC-THOH1% W < D05 FN T 5.
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Bl 17 ([12)). X2 :=C\ {0,1} E® Weierstrass data

(g, w) := <(Z2 T 12)2(2 1) 22; 1d2)

NoBoNDEEMPOERAD ZMC-H f 1%, 2 =0 TEHEMIT VR, z2=00 TIHARIT /A4 FMIT UK, 2=1
THINAT /A4 RBIZ Y RE2FD., £oT, ZOHNIE— - B - F= Osserman BARERDE 5 KT 5% 7~
3 (M B(a)).

Bl 18 ([12]). 2:=C\ {0,1} E®D Weierstrass data

(g,w) = <(zz - f)Q(z -1) Z2z; 1dz)

M oROoNDIEMPDOERMED ZMC-H f &, 2=0 CTFHMITYF, z =00 THRAT /A FRZVF, z=1
TEEMNIT /A RBT Y NE2FED. FZ, fidz=1 THODIAATRZVWZ Y RE2FD. koT, ZOHIXE=
Osserman BAERD AEFSHFMA 20729 (K2 (b)).

Bl 19 ([2)). T:=C/(Z+Zi) I E/Fh—F AL, p(z) 2 T LD Weierstrass p Bt 45. 7z, ceC %
e L,

/

2 ©? wp—c
EBWVWT, ¥2:=T) {the poles of w or gw} LED 3.
c=0 DHAH, ZO Weierstrass data 2585125 ZMC-Hi f: T\ {0, (1 +4)/2} =2 I%, 2=0,(1+i)/2 T
WKk T /74 BTy REFD (K2 (c)).
—J, c=p(1/4) DA, IO Weierstrass data 225135025 ZMC-H f: T\ {0, (1 +14)/2,—-1/4,1/4} — I3
i, 2 =0 THANT /A FBMIY R, 2= (1+1)/2 TERHUTY K, 2= —1/4, 1/4 THAAT /4 RRZ Y K
Z2Fo (M B (d)).

/ "o /\2 d
w::d<g>:—@@ (¢') dz, g::—z L4

B (0] T, BERAT /A Ry ROAZRFOFIZH LT, Welerstrass data O—fE2 52 T\W\W5. M
De=0DHIE, TO—BILICEINTWS. flMA L FIMADc=0BLV c=p(1/4) OHNL, EHGIZHDRE

BRI,

(a) (b)
() (d)

2 (aypim (b)#HIME. (c)HIME@Dc=0DHE. (d) HIMEDc=p(1/4) DHE.
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Gromov-Hausdorff 22 & SEFEREEH DIAAIZDOWNWT

aY WE (BERERER EIAER)

1 Gromov-Hausdorff ZERS

£E XY Ol o2 R 2 MEG2REZEENIC GHC(X,Y) e EHL 2 2icT %, HEE
22 (X, d) DZETRVEHDES A, BICHLTROEIEZ 5N,

B — nf inf — i d(a, b
Hd(A, B) = max {(sllelgggBd(a,b),iggérelAd(a,b)} ReGIli%(AB) ilelA}? (a,b)
beR(a)

25 LTEDSNSME Hd 13 Hausdorff Bl & FEIXN., X OZETRWERBAES
ROEEH ZHEEERICT2, ERICBOVTRIEZAL BRAESIBTWE2EREL,
supd(a,b) DEFTZOUPEREEZBELLZDDEZRoTWVS,

sup inf d(a,b) 4 g supinfd(a,b)

acA beEB beB acA

1 Hausdorff JEEEDEZ

TRV CHBEZEHE X, Y OBICRD X 5 RENEGZ 505,

dGH<Xa Y) = (Z7idr)laf<;’ﬂ/1 Hd(@[X]7¢[Y])

ZZTinf OZER (Z,d) 3MEEDOHREZR-. o, ZZRZNX 26 Z,Y 226 Z ~NDF
FRREFR L 72 o T B, ZHFRZH VL ERD LS ITHEZEYR 5,

1
deu(X,Y) = zinfdis(R), dis(R)= sup |dx(z,&) —dy(y,n)|
2 R zeX,yeR(x)
§eX,neR(§)

Hd(A,B) i3 A B STV a2z, BIRDOMNZHERAZ b ERLLES
ZZTVEDIIMNLT, deg(X,Y)IF X &Y ZELABEDLES Z LT, JBIRIZOWTDA
DUEEGEBEN L2 D > TWVW5,

*e-mail: k241344@kansai-u.ac. jp
AWFFEIE 2026 5 BEPE R ARG L2 sehl S EAHEE S BIC X - TIT o 72,
2020 Mathematics Subject Classification: 30L05, 54E35, 53C23
*— 7 — F : Gromov-Hausdorff Z2f], FEEEZZR DDA A
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R

2  Gromov-Hausdorff BEEED EFH

Gromov-Hausdorff FERfIE Nt DAFERZ 725,

| diam(X) — diam(Y)|
2
ZLTERLDHASLIICIEIZEZ & D, ZHBARDHFEBIC X > THFMEDR D D, ZAfiE
BROEBRIC X > TE=AFREREZR 2T, HIDPETHROWERAESESEKOEE DITH LT
FRBEZ ED 5 X D12, dan dDFiAlRES TR % E . Gromov-Hausdorff EEEf ¥
N5,

< dgu(X,Y) < max{diam(X), diam(Y")}

Gromov-Hausdorff ZZfE & 13, Z OFRiil7ZZBEREZER (M, dgn) ZWVW 5. TD M iFa
Vo7 MR RO R F D 2 FHERRIATH o R E 2R T, BUEIIIRD 2 &
il TH_RETDH 2,

(1) M DICIFLET (BTRWV) a v 7 FEHZERTH %,
(2) FEEDa > %2 M ERREZER X 120 LT, FIREERMR Y € M DM 1 DFET %,

B Z 12, & TOA S EEEEZ2 R 3505 228 0°° ISR DIAAT X 3 DT, (™ DY 7%
PR ERDPO M ZHERTE N TE S,

oR

2 Gromov-Hausdorff ZZERID 4B
a o8y EEREZER] (X, d) OER % dam X £ B< .

diam(X) = sup d(zo,x1)

T0,r1€X

Fla oy MEREZEM X BIEE TS U2 FEREEmE X 35
tX = X7 (td)(ilfo, xl) = td(flfo,&}l)
a %7 MRBEZERT X, Y 123 LT Gromov-Hausdorff FEEEIZRD & 5 EX 2723,

(1) 1 #EEA 1128 LT den(1, X) = 27! diam(X)
(2) dau(sX,tX) = 271|s — t| diam(X)
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(3) dgu(tX,tY) =tdeu(X,Y)
IhoDFERE M OETHRE
Bs = {X € M|diam(X) = s}, B<s={X € M|diam(X) < s}

WEHEHT % &, [5] TlX Gromov-Hausdorff Z¢[HI13X 3 DB EZ L TWE e EZ HN
TW3, U< [B] T Gromv-Hausdorff ZZ DE RN HHTD 2 Z LRI NT

1

3 Gromov-Hausdorff Z¢f DR

diam

W5, %7 (6] TIERABEAROER AR 4. [3] TIEHABIR ERAREEARD 2 Z &2
RENTWVW S, FFIZ Gromov-Hausdorff ZEEIZEIIKEAS & 72 > TV, flliZdH, M IZ
B3 2 EREMEMEROEEVFEMABEES (LT MIEAD) THEZ LR
Gromov-Hausdorff ZEED5EHTH 5 Z & BRI LTV S,

3 Gromov-Hausdorff ZEfE] & SFEEEE IR 6D IA &

[4] Tl AEE OB RIEEMEZER A Gromov-Hausdorff Z2fIC EFEREEDIAATE 2 Z 2
RENTze FHTZOFEAD & > FElfE (max FERE) 28 A L7z R” OFFES S Gromov-
Hausdorff ZZICFHEREH DIAATE 5 Z & bt %, [AFmTIE Gromov-Hausdorff 22
BORMBRIEL L TR E LTS,

BIRE 1. R a7 b EEEZERIE Gromov-Hausdorff 2212 25 FEEEH & IA AR RE 5>
Z ORI LT, [1],[2] TROEFEEFEH L /20

T 1 EEM 0 Y IEMr SH LT, o ERBEEZER (B,)" & Besy, 1S BBET DA
BTES DEB S, (Be) — Begn BIFLEL,

dan(Srn(Xi)i—1 ©rn(Ye)j1) = . 1{12ax dan(Xk, Yi)

EIE 2. IORETHREL ¢ = Y 1y (r = (ra)32) (R LT 0> MREEREZERH B, = [ ra

n=1 n=1
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1% Besoesr, (CHFIMHEDAALTE 2 BIR S, : B<y — Besgesr, DEE L.

dGH(Gr(Xn)OO 67’<Yk>$to:1): sup dGH(XﬂnYn)

n=1»

n=1,2,...
EH 25, WHRIEHEHE c = > ry WHLT {(2,)0,[0 < 2 < 1} DBE LK
n=1

Bl 22 1> OER2ERT S Gromov-Hausdorff ZEICHDIAD B3 Z L b5,

TH1,213K 4,505 B-HOBE{EZ#HKE L, THEZZEHICHWARLRLEET
T~ L7

4 FEHICHW: 6,, DEFRDOIEX

X, X, X
3r(, = 6¢ 3ry 3r 3rl, = 24c
Xemmmmmomoos ez olen s Xemmmmm oo oo 2t
60—37"1

5 FFEHICHW: &, DEFDIEX

COFRTIZ, ZOREHDOERR D70, HHEEZEM (7, dy) 2B A FITRDIEZ MO
BEZER X = |, , X., Y =|],., Y. @ Gromov-Hausdorff JEiZ515H S 2, 272 L 20
PRREZER (X, dx) DEBEZ dx|x.«x, = dz(2,() (2 # () 2T DTH %,

ZDrE, ZBEUIRStEEiz L Tuiud,

deu(X,Y) = inf maxdgu(X.,Y.)

c€lsom(Z) 2€Z

DD TD, ZTZ T, Isom(2) 13 Z OFERMHZIET, I Z e LTUHOEA ¢ E —
ROEFRENTF7 G = (V,E) il e L7z 02 HWTEHHREZ1TS

dz(v,w) = inf{ Z O(VkVk11)

0<k<n

(vp)pgld v & w %fﬁ?ﬁﬁiiﬁ} , v,w eV (v#w)
BEX

[1] T. Byakuno. An Isometric Embedding of the £>° product space of two bounded subspaces
of the Gromov-Hausdorff Space into the Gromov-Hausdorff Space, arXiv:2502.19746

144



2]
3]

[4]

T. Byakuno. A sequence of compact metric spaces and an isometric embedding into the
Gromov-Hausdorff space, Topology and its Applications, 384, 2026. arXiv:2507.07449v2

Y. Ishiki, Branching geodesics of the Gromov-Hausdorff distance, Anal. Geom. Metr.
Spaces, 10, 109-128, 2022. DOI: 10.1515/agms-2022-0136.

S. Iliadis, A. Ivanov and A. Tuzhilin. Local structure of Gromov-Hausdorff space, and
isometric embeddings of finite metric spaces into this space, Topology and its Applications,
221, 2017, pp.393-398. DOIL: 10.1016/j.topol.2017.02.050.

A. Ivanov, A. Tuzhilin, Isometry group of Gromov—Hausdorff space, Matematicki Vesnik,
71: (1-2), pp.123-154, 2019.
A. Ivanov, N. Nikolaeva, A. Tuzhilin, The Gromov-Hausdorff metric on the space of

compact metric spaces is strictly instrinsic, Mathematical Notes, 199, pp.883—-885, 2016.
arXiv e-prints, arXiv:1504.03830, 2015.



RIELOER & D%

PR RFREEGEF AT FER]
5H % (Runa Shimada)*

BE
FROFERIDS5DONPLTVIE (RXTT) CHEAZINTED, —HBDHOoDLAPLTWRER
DRIZDH 5D T VR R ISR R A O HBRHBISIS T 2 £ 57, BARD 1 NF X —X—%

FBlilhobhdbDTHE., LizDoT, REAZFHARZIBIEILEEETEDTEZLDBHEHRT
B2, REHETIE, ERBUC 1 7 X—ZEBMLRREESOEFIIH L THRBROEREHBD A

ERVERRRES R, 2O RBAFNREESZINC S &b SHRATOVTHAS.
1 A

AR, R R 2 b D ARt O W 7 BRI 23 8% A AT b T . IERIEHE O R EH 22 M55
BATAZERITH v AR L SFEIgHRENH D, O RAEE I A S oROEEZ D &
WKE LR INTE L. HEPREAZ D OHE, ChOOARERIGEHREBL, ERTERWV. Lk
2o T, RS & RO dhE O M R E % BN 3 720 D FFEM R WVIREBIC 2 5. Zh O LiED
—DWBIBOEREBRD A% HWARRK (SO(3)-normal form) 25 HEND 5. REN R
RN LTI ZORTADEGZ 5N TED, kxR RAEESHRE IR TNS. 220, Zh
5DFRRANEEE S NIRRT 20 TH 2. FRAZDSOIAPLTVIHCHEI LI TE
D, —BHSOLIPTVERADRIIH &b T WRER IR O HERS MBI IS T 2 & 5 72,
BERDO1RIA=Z-ERBIZHOLONE Z 00, RFHTIE, B ETEDLFFERDBIHOER
BEfDAERNERRRAEEG X%, ZhEHWT, RESOZKOMD &M E 2 EET 5.

AFHHETIE, BRORANEIRZ D AITEH T 270, BBRIEKD O WR D $XTEGIF L
LT3, FELWERIT [4, 3 E] [6, 8 E]| HE2 SR,

FE 1.1, 2 00E&IF f,g: (R™,0) - (R",0) 7 ARMEL 7= 3EERBETH 3 i3, EHROLE
K2R o v SR R ) DFTELT g = o fop  BRD DL EH WS,

Z D FRMERIRIZ BRI D EFIR L RO EEZEE, O F D MAFHERTHED A DD ITRTE
LWeARTHDTH D, BARORMNIZEEZR S IG5 BARLbDTH 5. ZOFRIERFRTE
25, M OB BRRKE %o TV 3 ROEB/RIFITTNTHEIICRS. L > T, EHT2DIEX
TERTIFREETH 3.

* E-mail:231s010s@stu.kobe-u.ac.jp
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EE 1.2. ZREBOER f: M - N2pe M IZBOWTHRERTDH 5 i, rankdf, < min{m,n}
B EREVS. L, dmM =m, dimN =n Th3. 512, S(f) T fORESESE
=T

T 1.3. 583 f: (R%,0) — (R*,0) KBWT, ERBONZ ML PBEART RILIBTH B &
&, pe S(f) mold, n D kerdf, DEBITTTH S EF2 5.

HHEICHRD K< HOHDONDLZDIEFERA Y FZ—DRLMENZFREMAT, (u,v) — (u,uv,v?) LK
T A-FEIC 22 F5EFDOZ 20 5.

REACBOWTIREEEAERR 2 PAPERSINT, ZODICHEHOMEEZELL Tv 5 %M
FHRIEKRZ KD . 2D X5 B5EDENLTTED—22% normal form (IEAEIZIX SO(3)-normal
form) EMHINZHDTH 5.

EHE 14, [1] G [ (R20) = (B%,0) B4 v F=—0RET 2. ZOLE, MEREOM
FIMESIE ¢ : (R?0) — (R*0) & T € SO(3) BFELT

N |

Tofop Y u,v)= (u, uv + O(3), = (azou® + 2a11uv + agev?) + O(3)> (1.1)

*EFS. 7‘:?.71:2[/, 20,011, ag2 € RTH%.

2 FEADEH
AFHHETHEHT 2D, REEOEETH L. L2 ->T, TOHITIE, BFICOWTHLBRS.

EE2.1. 543 f: (R°xR,0) = (R®,0) 23 g : (R*,0) — (R?0) DEFTH 5 L 13, f(u,v,0) =
g(u,v) & f(0,0,s) = (0,0,0) i/ & TH 5.

COERICBWT, ERBUTENM L7 s € RPFEBROERZRT NI A—X—THHERINTFTX—
R—r V5. BERFEOEMIN L TIER ARSI X — X — 2 ROLERMEEZEZ 2 DLHEYITH 5. %
7z, MREEFOFITH 5.

fo: (R* X R,0) 3 (u,v,s) — (u,v?,v(u?® 4+ v?) + sv) € (R?,0)

T foy, Wi fo, A fy
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EE 2.2. 2°00F4H f1, fo: (R* x R,0) - (R?,0) % g: (R*0) - (R®,0) D&KL ¥5.
DEEf1 2 fHr PERELTRMBETHS 1E, o frop Hu,v,s) = folu,v,s) &2 2WMAFHEE
%% o : (R*x R,0) —» (R*x R,0) ¥ ¢ : (R*,0) —» (R*0) BEET L2 WVS. =FEL,
o(u,v,8) = (p1(u,v,5), p2(u,v,8),ps3(s)) DIETH 3.

CZTERBOE 3WMADEH TR =X —=THD, o3 B s TULPEKFELRVEI I ITERINT
W5 DI, B8 T X —X—BEROZILIIFFTH, BT R =X =D 5 X =2 =28 e 5
ABNVWEDITT 272D THE. DAL IDERIIEENRTIXA =R =2 ROL IR AFMETH 5.

SEE 2.3, [5] 5L f: (R%,0) = (R%,0) IBWT, rankdfy = 1 ¥R 2FHHFED 2- = v M,
(u,v2,0), (u,v?, wv), (u,uv,0), (u,0,0) D 4 FHEOWTIL L A-FHEICZS.

REHETIE 2-Y = v b2 (u,0%,0) F721F (v, 02, w) & A-FAEE B2 DICOAFEHT 3. /2,
BRI E 2 AR N D, ROERETEDT SOB)FHEBZEAT 5.

T 2.4. B&%¥ f: (RPx R,0) — (R*0) % g: (R*0) - (R*0) 0&FLT5. 7L,
729 & (u,v2,0) £ (u,v?,uv) & A-FMETH 2. ZOL =, EF 2.2 DA =2 ROMHFMEE
B3 o : (R®X R,0) - (R*X R,0) ¥ T € SO(3) L BAMK fo1, fa1 € C®(1,1), fou, f33, f3a €
C>(2,1), f3o € C*°(3,1) BFELT,

fo®=Tofop  (u,v,s)
= (u,u® a1 (u) + v* + us foa(u, ), (2.1)
u? f31 (1) + 02 fao(u, v, 8) + v faz(u, s) + usfzs(u, s))

DD ILD. 72721, f32(0,0,0) = f33(0,0) = 0 TH 3. j2g H (u,0v%0) & A-FEZ 51F,
(f33)u(0,0) =0 TH Y, (u,v?,ww) ¥ A-FMERSIE, (f33)0(0,0) A0 TH 2. 7=, FHT ST K
A ((u, v, 03 +u0) 1T A-FEZR D D) % D OREA5EME (£32)0(0,0,0) # 0, (f33)uu(0,0) #0
Th5.

ZOE/R f,° ORELES S(f.°) &, S(f°) = {(u,v) |v =0, f33(u,s) =0} TH5. ZOEM
KBWTHGx6h f e f,° 3B LTRIETH D, X 5 IBROMH FRMEMRIZ, SO3) DILT
b2 fr [, FRURAANZEEEZ DD, 2512, ZOROFRE fi; FTXNTERBOMD T
HEBLGED SO3) DIEFHTAZETH D, GIROERMANBRMEEEZRIATE 2. 2 HAWTEE
FTEDIREAONE LIRS,

3 FELOELORMFNEE

ZITIE ST BBREOEFICHESEH TS, E512, SO(3)-normal form ZHW5 Z T, WD
P OBMAFEINE 2 BN, ST HBREOEHOLMEEEET L, (2.1) NOD fu & fa3 13,

f32(u, v, 5) = ufso1(u, v, s) + v faga(u,v,s) + sfaes(u, v, s),

fa3(u,8) = s +usfaz(s) + u®faza(s) + u’ fazz(s) + u' faza(u, s),
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rEEMZIOND. X 512, f332(0) >0 %1&EL, f332<0) = f32320 eBL. f332(0) < 0 DHEZ
f332(0) = —f2,0 EBL ZE THKRICEIHETE 2. X518, S(f,°)#0 TH2Zr ¥t s <0 XFAMHE
ThHhr7ed s=—-5 tBK.

3.1 FHEIDER

EE 3.1. (u,v) € S(f,°) BBIEv=0THD, T, ulFSKKETS. 2D u % u(s) &ESL
C PR R D R,

1 1
u(E) = 5+ 5 (fu01(0) o — fa(0))
b (fhno (20 + 455(0)) (3.1)
8f3320

— 2f3350(3£331(0) f333(0) + 2f334(0,0)) + 5f333(0)2>§3 + O5(4)
&eib.

§#£07%51F £,° 1385 (u(£5),0) THA v FP=—ZTH 3.

3.2 2RDAZEE focal set
72, R v b =—DEDORMENAZL R LTURBHISNTWS.

I 3.2. [3] B8 f: (R%0) — (R*0) kA4 v b =—DRTH B LT 5. kerdfy = (9,) TH
% (u,0) I LT, | fu, fuvs foo] > 07251F (1.1) NORZERIILTD X S12F T 5.

20 = e o Fu Dol 4 1 Fues Sl o Fu o)
= 1 fu : fu fu ' fuv _ 9
= o s TP (2 T Fr for b Fo ) o fu fo)
toy = Wullfu X Joul®
|fu7fuv7fvv|2

){—:_'; (U(g),()) B3 a0, a11, ap2 %%K)_% Z, il s @Bgﬁkﬁtﬁ?: EPTES. I
ago(é),all(é),aoz(é) k%< . Z :_VE\, 11m§_>0 |fu,fw,fw\(u(§),0) =0 Ztié Zrk 0:(_‘{%?5 t, Z
o DRIENE—RICIE ST HRAICBVWTHKT 2. LT, MToEMz25 5.

EE 3.3. (2.1) DEFRRZHobNLE KA v b=—DED (3.1) B 2 FEE as, a11, a2 \FLART
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2 2f31(0 1(0 0) — 2 1) (0) — f321(0,0,0)f21(0))) _
a0(3) = §12<£3f];?$3 ~ 2/31(0) (f51(0) f333(0) f332;§§§§ )'(0) = faan( )fa1 ( )))S+O§(2))
a11(8) = ;<£};2222 _ 2f333(0) f31(0) — f3320(3(2JZ%))22(0) — f321(0’0’0)f21(0))§+ O§(2>>
a02(3) = 512(%;320 + 05(1))

EE 3.4. BAEH 1 (R, (uo,v0)) = R’ W& rank df(uy vy =1 £F 5. f D (ug,v0) KB 3 focal
set 1%, PHAE 2 FBIKL D®(u,v) = S|z — f2ITHL T,

{z € R’|D}(ug,v0) = D (ug,v) = 0, D, (ug, v0) Dy, (ug, vo) — Dk, (ug, vo)? = 0}
DZLTH5.

8 3.5. [2] B&IF f: (R%,0) » (RP0) ARA v h=—DRETHH LT 5. ZHIIHL f D
focal conic 1%, AFD X 51272 5.

(1)agaaz < 0 < F&H

(2)agaaz > 0 < A HhHR

(3)azo = 0 & IR

ST RREDERICH &b s focal set IZOWT, U FDHR%2H 5.

% 3.6. f31(0) A0 TH3 ST HERADEFITBVT 5 — 0 DL X focal set 32 THHHETH 3.

3.3 HIRBEL 3XRODARE=S
TIT,s=0DZ2EZ5. $4bb, (21)ITBVWT
Fnl = (u, u? for (u) + 0%, u? 31 (u) + 02 fa2(u, ) + v f33(w)) (3.2)

EFEITB. f33(0) =0 XD, faz(u) =ufsz(u) £BL. [2) 18&>T, (u,v) = (rcosh,rsinf) 5%
Y, (r,0) OB Y LTRESEZBRZ TR "APERTZ 2 ZeHI6NTWS 0, LIFD X
SICHIRREEZ LN TES. E,F,G 2 —HARR, L,M,N 2HE_REARL L,

wie = (LF — EM)du* + (GL — EN)/2dudv + (MG — FN)dv?,

ZEZD. X =20, +y0y EL wie(X, X)=0DLE X % w DBEEWVD. w (X, X)=0% X2
FHATHZ Z L EFRETDTHS. 61, a=LF —EM =ag+air+0,(2) £ BL &,

ag = — cos 6 sin 0((f§31 (0) — 3(f32)v(0, 0)) cos 20 + fé31 (0) + 3(f32)y(0, 0) + 2(f32)u(0, O) sin 29)

YHETEZ. O E ap=08%30 LTr— 00 %, THMENL(9,,0)) THD, ag £ 0 7%
%20 LTr—00t% FHMENX (0, —4cos0f331(0)0, + apdy) TH 5. @21, PERGMNE ag 53
0 BEPIHIFET 2. 72, a0 20D %, 1,00 3 ROBHEWRE H .



Z 2T, IR D & 512 adapted, strongly adapted, most strongly adapted X2 b LI5%ELS D
DPERTH 2. BARIE f W Ef xnnf 2T T35, 20L& (R?0) LoxZ MLGOM (€,n)
2 adaptd &1, JRE TR OD (a), (b) 2723 Z & Z W, strongly adapetd & 1%, JRF T TFD
(a), (b), (¢) ZHi/zF Z &2\, most strongly adapted &1, JERTUTD (a), (b), (¢), (d) %
TedZeEwno.

(a)n DIBILRZ PG TH %
(b)E 13 7 L BEMTIT B 2
(©&f-mf=0TH%
(Anéf =&nf TH%
v,

1

23
3| fell foml?
¥ adapted X7 FLIGOED IS 7200,

3| fes fams fenl(fe - fnn))
| fel?

f32n -

(’ffafnmfnnn‘ -

Fove = | fes foms Jen] (\f&\g\fgﬂfnmfsnn’ _ 2fe - fen
32¢ —

|fnn|2|f£’% | fe> frms fen] ’f&‘%
+ ’fd%’f&fénvfnnn‘ _ 2|f§’%‘f£vf77777f&fo&fnmemn‘
3|f£>f77177f§77’ 3|f§7fnn:f£n‘2

42’f£7f77n7f777l7l‘ X>
3’f§|§’fnn‘2‘f§vfnn7f£n|2

I strongly adapted X2 R UG OHELD 712K S 72 0.

f?gl/g _ 2%‘f§7f77777f£?7| (|f§7fnmf£§n| _ |f£’fnn’f5§||f§’f§77’f77nn|
|fnn’%|f£|3 |ff’f?7nvf€n| 2|f£afnmf§n|2

. 31 fe; fums Jeellfes Foms fenm| | (fe - fen)lfe, fam feel

2| fes foms fenl? " | fel?| fes fams fenl
+ |f£afm7afnnn”f&vfnmf&&P + |f£’f£n7f§nn| _ fe - fee
2‘f£afnn7f£n|3 |f£»fm77f£n| |f§‘2
_ ‘ffvfnmfnnﬂ X2
2|f£’4|f77n‘4‘f£7f17777f£77|3
N 3 X(\fd%fg,fm,fgnnl _ 2fe-fen
| el3 | fom 2 [ fes Fnms fen |fes fans fenl |fel3
| Wel5fes fen Famal _ 2AFel3 1S foms Seellfes Fons Sonnl
3‘f£vfnmf£n| 3|f€7f77n7f€77’2

42|f§7f77’r]af777777| X))
3\ fel 31 fan? 1| fe, Foms fenl?

¥ most strongly adapted X2 bV DELD IS 700,
722 L,
[fel> fer fen

X =2[fe, fens fom] Jum - Je Jom - fen

- |f£ X fnn|2|f£vf££vfnn’
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TH5.
BB f 2 (3.2) o TEIATVWS L,

Fam = (F32)n(0,0),  faze = (f32)¢(0,0),  faare = (faz1)e(0)
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Gromov DY 7 I v KOEM & 77

BRI GRALRFRABEEVITR) -

T

Gromov 1, HEOEHBGE b L ICHIEEREZER (UUF, mm ZE/H) 0o H 3o fE
MRMRE LTI Iy FRBEAL. BF Iy FIE, RITHERRICHMT 5 £ 572 mm 2%
S OWHAN 2R E 2% T 2 L TEELMRTHS. R#EHTIE, ¥7 Iy FOFLOMK
HIETHZBEACOVTRNT 5. mm ZEOALLERY LT, HEOEFOESGVERT AT
P ANTUVEBEPHI LN TVEH, ¥F Iy ROEMEE 7 — N TLERPEER KIS
% mm ZEEFOMRZ LA T 2 72 DI ELMRTH 5. ERRL LT, FEOEI Iy I
RAREZ Iy F X EARBA T —ANTVEFEZDHOET Iy FLbOBENIHRINS
CEANT S, RBEHONFIZTL TV b 5] ickEoKl.

1 AEOEFIRR

HEOEPHRRIL, FEERIIE M1-Lipschitz PARDMED Z O FREIEF LTV BRTH
%. ZZ°T, l-Lipschitz B & &, Lipschitz €83 1 U FOEBUERBKTH 5. %3, Lévy I
K BERENCA T 2 MMEORPHRZHENT 2 GELIE, [2,4] 228, S™(1) 1 n XoTHAEKH
T, BEEERZ Riemann 5t &2 5 € ¥ 2y, [EH{L X7z Riemann AFEHIE o” 22TV 5
bDr3T 5. 2O X, fEFED 1-Lipschitz B% f : S"(1) > R & fEED r > 01 LT,

o ({|f —myg| > r}) < 2e” (V2 (1.1)

DDA (IR, (2, 31.19] #BHD. 22T, mp & o"({f = my}) > 1/222 o™({f <
myg}) > 1/2 & AHRFEET, fOPIMELIFIZNS. Gromov I3 OHEDERHFE S LI,
I B2 R A 22 ) O3B 7= 7 (R B 22 B L 7.

2 REEREZER, ESI VR

AHEIT mm ZZHEPY 7 Iy FORANLEEL2ELD 5. TRBEXHNL (2, 8, 10] TH 5.

el DR 772 BEEE 22 (resp. HRREEREZERED) (X, dx) &, D LD Borel MERHE nx O
(X,dx,px) Z mm ZER (resp. ¥k mm ZERE) 5. T IT, HREAEZEMEX, 2Ok
BAELHS [0, 400] ICMEZ L 2D DD ZED.

*

miyamoto.toshiaki.s2@dc.tohoku.ac.jp



f 2.1. (i) B Riemann ZHRIK M 12X LT, Z® Riemann FEBEBIEL dyy & EFLE N7

Riemann FFERIEE 1ps = vol (M)~ vol DM (M, ds, piar) 1& mm 22 TH 5.

(i) R £ 1 RITHEHEIERI N v it LT, T = (R,|-],v) & 1 XIt Gauss ZR & MXh 3
mm ZCHS. 2T, |-| R LD Euclid /L ATH 3.

(iii) mm ZE# X, Y i LT, X xY £ C il dxxy &, px & py OBERBEIE px @ puy O
(X XY, dxxy, px @ py) i Fmm ZEHTH 2. DT, FIZ X xY TRT. 51, mm
22 X IS LT, X" = X x X" L n>2 T X" #Ehsdr, hdmmZElTh2.

(iv) #1251 DIEDFR E 72 1 WREFN k% A, TKRF. (a,)); € A1, N € N:=NU
{+oo}, ¥ mm ZERIFI (X, )N wewtLc, |0, X, LooRsEd ¥ RIE Lk,

N )dx, (z,2") ifz,2’ € X,, n€[N] o al
d(z,2") = {+OO otherwise y M= ;an(bn)*ﬂXn
TEDD. TIT, 1y Xn = [0, X, BEEEET, [N & 1ML N UFoBgek
(N = 400 DBAEE 1 U EOBKSME) 2%5. corx, Y xo = (N, d, p) &
Y55k mm ETH Y, (a,))_, ZEBEHL TS {X, )., OEHM IR,

250 mm ZEH X, Y 12 LT, FRFAERER f:suppux — suppuy THoT, fiux = py
iz TODORGFETAEE, XY i dmmRBEETHEL WS, ZIT, suppux (& ux DA,
Fapx & fI2&2 ux O LHELHEIETH 2. mm FEAIE mm EZESEOES EORERBZRTSH
D, mm FAE2AROEEZ X TRT. mm 24 X & mm 22/ (supp px, dx, px) 1& mm [FH
THHZLIWEETS. DUF, mm 2 X LT X =suppux ZRET 3.

Gromov (%, mm ZZHICH U TROAERZEA LR ([2]): mm 2R X £ 0 <k < 1IIRLT,

ObsDiam(X ; —k) := sup inf{diam (I) | I C Rwith fuux(I) >1—k}
fELip1(X)
X ODr-FTHF=NTILERE WS, ZI7T, Lip(X)1F X 25 RAD 1-Lipschitz B2k
DEATHZ. A T7H—NTNVERE, IOVTHFAIEENTHS.
BRI 3 2 HEOEPHE (1.1) 226, XS FED 0 <k < 1IZXHLT,

2 2
: n1Ye ) < 9. 2\
ObsDiam(S™(1); —r) < 2 — log </~€>

FRz, S™(1) @ k-F 7HF =TV ERX, n— oo DRT 0IWIERT 2. 2D X5, TXTOD
0 < k < 1T limy,— o ObsDiam(X,,; —k) = 0 £ 722 mm ZZf45] {X,,}5°, & Lévy fRz\ 5.

Gromov 1, 220 mm Z¢H X, Y OB OF TH—/NTILERE deonc (X, Y) ZEA LT, mm %
M OUCRIERZ B L7z ([2]). 2 2Tl Nakajima [6] 12 & 2 FfERERLEHFNT 5

deonc(X,Y) = inf (dip)u(pi Lip1(X), p5Lip1(Y)).

m€ll(px, py)

ZZTC, Uux, py) & pux & puy OEDOH Y 7V 72EOERE, dip FHIE 7123 % Ky Fan
PEEE, (dip)um (& dip (2B % Hausdorff BEBE, p1 : X XY — X, po: X XY = YV I35, 2L T



piLip1(X), psLipy (V) 1EZENZR p1,pe 1K 2 Lip)(X), Lip1 (V) DILOFIZFRLEKZRL T
W, BEL I [10] BELTIELY. BHICES L, 20 deone(X,Y) 13 Lipi(X) & Lipy(Y)
DT 2o TWVD. deone B X LICFHEET 2 MHZERMUMEE W, EFAHTO mm 22/
DURZERE VS . mm ZEHF] {X,}00, 28 1 o mm 20 « KEFFT 22y, {X,}2, A
Lévy BTH 2 Z L 3FAETH 2 ([2]).

E 51T Gromov &, BRMMHD a2 7 MEzR 2720187 Iy F2EALL ([2). 22T
ERBEREZEN T 5. 200 mm 22 X, Y 120 LT, 1-Lipschitz B8 f: Y — X TH->T
folty = ix AT HODRFHET I E, X <Y 2RL, Y I X 2XEETH S,

EE 2.2. BEBEP C X BUTNERALTLE, PZESIYREWS:

(i) X <Y,Y€P BB X € P
(i) fEED X, Y e PITHLT, $2 Z e POBFELT, X <Z, Y < Z.

22T, Ry ZAMKE LI, Gromov 2] 1Tk D X RICEA IRy I AGHBICE S 2 A%
BEWVWIHIEKRTHS. ZOFRMI, Y7 Iy NEARDZEMICHREZ AN DI ERFMNTH S
(Ry 7 ZAMIZOWT, FELLIE (2, 10 ZZLTIELW).

i 2.3. (i) X F¥IIvEK
(i) ([2, 7]) #E3E mm 22/ X WL T, Px ={Y € X |Y <X} ZEF3Iv FT, X IZ(IKE
LEEESIYE, £, X ZIERETBRESTI v RIS,
(iii) ([1, 3]) #A2Y 1 LR CHFAIEEMAR EDOHR £ 1 I MBEI K% A TRT. A =
(@) €A NeN, iTHLT,

N
Py = {X IS X‘ﬁ{%f: [N] = X T,ux > Zanéf(n)%&fzﬁ'%@ﬁﬁﬁ?é.}

n=1
BEYI7Iv R, PhAADPERTIEST Y REMFINTWS. 22T, 7hakld, E
DUEZHOFRDILTH .

Yoy FeEADOBRICOWT, XOEENPEETH 5.
EIE 2.4 ([8]). ¥73Iv FEROES 1L LR p T, XD (1), (i) 23D OBEFLET 5:

(i) (IL, p) W& > 2 b rpEZeR;
(i) B ¢ 1 (X, deonc) 3 X = Px € (I, p) IZAIMHIEEDAALT, o(X) & (I, p) THHETH 2.

ThOL, (ILp) EEFNHO a7 MEEEZTWS. 73y KOFID p B LTI L
TV E, GBPRETZ2 WS, DT, RIS WERD, B 1c&bh X & Px 2F—HT 3.

Bl 2.5 ([2, 8]). mm ZEH X LT, {X"}2, EFPCRYITH 2. ZoOMRE X v &HL. f
ZUX, T IZEBRTIRIBIEE Gauss ZR TIN5 Iy R T, '™ ¢ (X), 2% b, I™



WETERAIC mm ZZR 2R RV e AHISNTWS ([8, Proposition 7.37], fiic [10, % 6.41] &
ZH).

iz, WEOEFHR L ERMOBEREZHENT 5. mm 225 {X, 152, 25 X ICHHICRT % &
= {X, 100, BEREE TS vS. BRI, B Riemann 2K M & R KICHET 2 E
Gl {t,}o R LT, {t, M}, ZEREHYITH2 (BIZIF, [10, ] 7.44 (1)] 25H). HR
HEUE Gromov [2] IZX DEBAINMET, ARE AL -2 a VlEREZ o TERIND D, L
DENMMLEFETH 2 Z e o TWS ([2, 8]). {X,}100, »HERHEEHT 22, IXRTO
0 <k <1IMLT, lim,yo ObsDiam(X,,; —k) = +o0 &7 5% Z L IXFMETH % ([10, EH
7.53]).

3 ESIyYyROEMNEEES I Y ROEMNSHEE

HBKITOWT, k-FA TP = NTOVELEPERKICHET 2 £ 5 7 mm ZZ[E5 O 55CR MR %
FLb 212, ROV T Iy ROEMBKRETH .

EE 3.1 ([5]). (@), € AL EZ Iy FOH{PIN_, LT, (a))_ | ZEHICHD
{P. N OEMERTEHRT %:
ITARTOn LT, 2 X, € P, H5 1-Lipschitz 5%

P ={ X eX al _—
Z fon: Xy > XDHFELT, ux = Zan(fn)*,uxnz’ﬁﬁkbio.

n=1
& 3.2 ([5, Theorem 1.1]). (a,)Y_; € A1 ¥ ¥F I v FOFHI{P,})_, LT, 2521 Pin 1
IvRFTH5.

§13.3. () (an)) € A & mm ZZHF] {X, 10, 1SHLT, Pyn  xan = Y00, PY

(i) A= (an)N_; € AWHLT, Py=x1 14 L SN pon s b 310, ZOBERS, ¥
73y FOEME7? FAPERTIET7 Iy RO~k Wz 3.

(iii) ([5, Corollary 4.5]) —=2®D n-b—=F &2 T™ := S1(1) x SY(1) x --- x S1(1) % 1 A THED
BbERZEME T VT 2L, : (T U (T")y — TV T 2BEH 35, 27201,
(T"); ETr D=o5Dat—TH5. T"VIT" &, HWRRE . (1/2umn), +1/201n),) &
ANBZ 8T mm ZRICHED, n— oo DR TER (T)/2 + (T>°)V/2 15K T 5.
{T"V T}, D k-FTHF=NTNERE, 0<k<1/20D ZMERICHERT 5.

B EZEN T 20112, Ozawa-Shioya [T ICKDEAINZE T Iy FOF THF - T ILE
FBIZOVWTHAT 2. 0<k<1&¥IIv FPIIMLT,

ObsDiam(P ; —k) := sup ObsDiam(X ; —k)
XePpP

ZPORFTHF—NTILVERE VS, ATF—NTNVERZFZ < KEHLTHRAEMNTDH 2729,
mm ZZf X 12xf LT ObsDiam(X ; —x) = ObsDiam(Pyx ; —«) DD LD, HE->T, €7 I v



RDF 7% — " TOLVERIE mm ZEE DG E DILFRICE > TWwd., TRTD 0 < k < LIINLT,
ObsDiam(P; —k) < 400 DD &, P DA TH —NTNVERIBREFERZ LITT 5.

Bl 3.4. (i) mm %R X O THF ATV ERIIHERTH 5.
(i) ([7, Example 3.13]) ObsDiam(I'*; —x) = ObsDiam(I'; —k) 23T RXRTD 0 < kK < 1 THK
DATD. FRHZ, T DA TH—NTIVERIIERTH 3.
(i) 0 < a < 1WHLT, ¥Z Iy FOEM P+ Q1= O 7H — NI VEFRIBRTIZR.
(iv) X OF THF—=NTNVERZARTERVL. FIZ, IXTDO0 < vk < 1IZHNLT,
ObsDiam(X ; —k) = +o0.

o3Iy ROF ITHF—ANTNERKIZONVTIE, ROMREARBH SN TWS

EE 3.5 ([7,9]). 739 FOFI P}, BT Iy FPRFNKLTWE TS, Ok %,
ITARTDO< k < LITHLT, RO DILD:

ObsDiam(P ; —k) = lim limsup ObsDiam(P,, ; —(k + 9))

=0+ nooo

= lim liminf ObsDiam(P,, ; —(k + 9))

=0+ n—oo
SR T %2 mm ZEfH) { X, }20, D k-F TH—ANTNVEEDDH S 0 < k < 1 THEERICHEIL
TW2r T3, 7 NTVERDOWRARD S Z DFFNHRMIR D 4 79 — N 7L EEIHIR
TRWEDDD. FDEIRET Iy RIZOWTIE, ROBEMSRICE D ZoMiErsHExh 3.

TEI2 3.6 ([5, Theorem 1.2, Theorem 1.3]). fTEDOEY I I v RPIIHLT, 2% A= (a,))_, € A
YERZA T ANTNVEREDSOE T Iy KOS {P, N BFEELT, RHDILD:

N
P =x1-l4h 4 37 pan.

n=1

X5, ZOBEMDHRIITEYREFRT—EELD 3.

EAMSRIE, F T ANTNVEREDD S 0 < ko < 1 ZRICERKD» LHRICED S L 57
t7:ybkﬁLT$E%k%%#%é CITHERT 5.
m%IZ, EH 3.6 DAFHOWMIEZHEN T 5. EEICEIIVv R P RS, t > 011N LT,
tP = {(X,tdx,ux) | X € PHICTED PORTy —NEMEERT I, t 20+ DL EtPIEH 3
AT —=AAERET Iy K QREIKT 2 ([5, Lemma 5.3])). 22T, QBRT—ILFRETH?
i, IRTOt>0RXMLTIQ=0DHhiioEr W0 ([1,3]). RF—ILAERELT Iy
FOREEIZ DOV TIERPH HN TV 5!

EI 3.7 ([3, Theorem 1.7])). ¥'5 I v R PHRRAT —AARETHZDLETHEMEZ, B AcA
PFEELTP=Ps RDILTHS.

£oT, B2 Ac ADPHFHELT, Q="Pas. TITROHEHE (5, Lemma 5.6) HEETH %:
739y FRIZDOVWT, ATH—NTVEEPERTHZL L, tRDPt— 0+ DL E P, ITH



INKHT2Z L IEXAETHZ. ZOZehd, tPDt— 0+ TOMRE QIXHNZ T A, POF
TH—NTIVERPERZE DD 1 S « CENZDDEEZLNS. Z0 1 fIZENEHY
ZEILTH LT, POEMIENIEONS. BENPEO—EMEIIOWTIE 5] 2L TIZL V.

BE X
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5RITSNC ) —BOHiE

HH gl (AR

1. #X

TR TOHEEAMREE ) — < V2R, D2 EARLFBEFOEMSIRY —Bfy %ﬁﬁmztﬁ
22 eMHILNTWS., 22T, BMRNEE OB —#0 ) —8% SNC U -8 L EX
T3, mﬁ:SNC ) —BIZOWTIRE S AISRTED, 4 KT SNC U —BHZOWTIE [1] THEEL
7z. Jil, 5 RIT SNC V —IRO DR 2157 [5]. ¥ 7, Heintze [2] IZ K %, SNC UV —ERDNFRZE
F'aﬁummb@ﬂﬁl%ﬂ%mf 4 IR 5 RILSNC V —EROHF T2 & 722 D DEIEL
7z, BIZ, 4 RILSNC V) — IE‘ODEF"CifTﬂWFﬁZ&%%O)O)U <~ VHRF UV ARHEL, V-8R
v LCRBITIE RN Y —< v 2K Y L TR 3 4 J0ESNC ) —BOME R L.

2. AfIREHY —~ VSR
ARG A MRS ) —< VBRI DWW T, Wolf[6] & Tf Heintze[2] 22 5 RDHFEEDHI ST NS,

Proposition 2.1 ([6],[2]). M ZESEEHRET) —< VZHRAEL T2, 0L %, H5AEY —#F
GeZDELOEAZHBEDN DT, M & GEFERNIIRS.

ZOMED S, EAGEMEREE ) -2 Y ERRONEEE X D L X, LR ROARY —
BrzEZNUITITHEZ D005, V—HG LOLEAE n+£5i%0)])“‘)ﬂgji@|j‘]f§¢:i’)f
EFEDDT, EAZEHEZRFD GHEMETHS b =, 00T %Y —RgoahRENEZROLE
5. ZZT, RDXIITERT 5.

Definition 2.2 (SNC V —2g). V —R g pEMRNEZFO L &, SNC U —
(a Lie algebra of strictly negative curvature type) £\5.

R LTY —RgPAMERANELZRE O X, gl 722 Z 2SN TWA. Z 2T Heintze
DGR %Z SNC V) —BREHW TN 3.

Theorem 2.3 (cf.[2]). AJfEY —B g IZDWT, XD (1), (2) X [FH.

(1) gl&SNCV—BRTH 5.
(2) ¢ &g DERIRE T2 RHBMILT 5.
(2.1) dimg = dimg — 1.
(2.2) adAolg' : ¢ — ¢ DEIFEOERNITRXTIEL RS Ay gD 5.

3. 4RICSNC V —RD 4
Z DHITIE 4 XIESNC VU —BRD 5 HEKER (1] 2N T 5.

Theorem 3.1 ([1]). g Z 4 XLSNC VY —IRT, n = [g, g] DIAHREARE T 5. €1, €9, 63 Z n DIERIC
ﬁbf:E%ﬁEi%Etj—% ZD %, €1,€2,€3,€4 i))g @E%ﬁ@i%@tﬁé €4 € g\n %, J;{‘F
DVWTNPVEDZLTEIIICED LI EHNTES.

(1) [ea,e1] = zeq, [es, e9] = yea, [es,e3] =e3, 0 <z <y <1

(2) [eq, 1] = zeq, [es,e0] = €2, [es,e3] = ea+e3, 0 < 2.

2020 Mathematics Subject Classification. 53C30.
Key words and phrases. Homogeneous manifold, Lie algebra, negative curvature, Ricci curvature.
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(3) [64,61] = €1, [64,62] =e1 + €9, [64, 63] = ey + e3.

(4) [eq, €1] = aey + Bea, [eq, 0] = —Pe1 + aeq, [eq,e3] =e3, 0 < a, 5.
ea B3, (1)~(4) D5 bR 2502w THERERMTHD, (H)ITBWTERS 2,1y, (2) IZBWV
THRRD 2, (M) ICBVWTERS o, BIIHIGT 255D IEAATH 5.

Theorem 3.2 ([1]). g Z 4 XKJTLSNC V —ER8T, n = [g,g9] DIEHEREIE €1, €9, 63 23 [e1, €3] =
e3, lea,e3] = [es,e1] = 0 27T EIRET S, TDE X, e, e9,e3,e4 03 g DIEFEREKE 125
es €g\nZ, LFOVWTIDL VD% TIIICEDL I ENTES.

(1) [eq, 1] = weq, [eq, 0] = (1 — x)eq, [eg,e3) =€3, 0 < < %

(2) les, 1] = %el, leg, €2] = €1 + %62, leq, €3] = e3.
(3) [es,€1] = %61 + aeq, leg, 2] = —ae; + %62, leq,e3] = ez, 0 < a.
e B3, (1)~(3) D5 bR 252w THEFIERMETHD, (1) ITBWTERR S 2, (3) ITBNT
Bd o lIMET 255 IFRMETH 5.

4. 5XILSNC VY —BRD ¥

g5 RILSNC VU —ERDEE, [g,0] = nlZ4XTHEBY —RTH D, [ ERWT 3EHICKR S
ZEPHILATWS. ZRE D IR OEREST-.

Theorem 4.1 ([5]). g Z 5 XL SNC VU —3RT, n= [g,g] DAHRERET 5. €1,e,€3,64 Z n DIE:
%&:ﬁbchiﬁﬁigﬁtj—% Dk %, €1, €2, €3, €4, €5 717‘9 @IE%EIEQ%EZZI% es € g\n
Z,LROWTNNO D2 T LOICEDL I EDTES.

(1) [es,e1] = xreq, [es,e2] = zaeq, [es, €3] = T3es, [e5,e4] = €4, 0 <2y <29 <23 <1

(2) [es,e1] = yien, [es, 2] = yaea, [es,e3] = €3, [e5,e4] = €3+ e4, 0 <y1 < yo.

(3) les, e1] = yie1, [es, ea] = yaea, [e5,e3] = e3 + Bey, [e5,e4] = —Pes+€4,0 <11 < 1o, 0 < .

(4) [es,e1] = ze1, les,ea] = ea, [e5,e3] = ea+e3, [es5,e4] =e3+e4, 0 < 2.

(5) les,e1] = zeq, [es,ea] = e1 + zeq, [es,e3] = €3, [e5,e4] = €3+ €4, 0 < 2.

(6) [es,e1] = ze1, [es, ea] = e + zea, [es,e3] = e3 + Pey, [e5,e4] = —Pes+e4, 0< 2, 0 < 5.

(7) [65,61]/: aey + fes, les,ea] = —fer + aes, les,e3] = e+ ey, les,eq] = —fles +e4, 0 <
a’ /8’/8

(8) [es,e1] = e1, [es,ea] =e1+eq, [e5, 3] =ex+e3, [e5,e4] = €3+ ea.
(9) [es,e1] = e1+Pea, [e5,e2] = —Per+ea, [es,e3] = e1+es+[eq, [e5,e4] = ea—es+eq, 0 <

8,5

Theorem 4.2 ([5]). g # 5 XILSNC Y —IRT, n = [g,g] DIEHERHEIE ey, €9, €3, 64 D3 €1, 9] =
e3, ler,es] = eq, M0 XML TEIRET 5. ZDE X e, 69,03 64,05 0 g DIEFHERHEK Y 725
es €Eg\nZ, LROWVTNRV DR TIIICEDE I ENTES.

(1) [es, 1] = €1, [es,€2] = xea, [e5,e3] = (1 4+ x)es, [e5,e4] = (24 x)eq, 0 < z.

(2) [65,61] = é1, [65,62] = e + eg, [65763] = 2es, [65764} = 3ey.

(3) [es,e1] = e1 + Bea, [es, 2] = —Ber + e, [e5,e3] = 2es, [es,e4] = 3ey, 0 < .
Theorem 4.3 ([5]). g Z 5 KILSNC YV —3RT, n = [g,g] DIEFERIE e, e, €3, 4 D3 [e1, €] =

eq, B30 27z T EARET S, TDE X, e, e9,e3,64,65 03 g DIEFHBEREIE L 2D e5 € g\ n %,
UTROWTND VD% T EIOCEDSL I ENTES.

(1) [es,e1] = €1, [es, e2] = mieq, [e5, €3] = aes, [e5,e4] = (1 + x1)eq, 0 < 1, 22,

(2) [es,e1] = eq, [es,ea] = e1 +ea, [e5,e3] = wes, [e5,e4] = 2e4, 0 < .

(3) [es,e1] = e1 + aey, [es,ea] = —aer + e, [e5,e3] = Tes, [es,e4] = 2e4, 0 < 7,00
(4) [es,e1] = e1 +es, [es, 2] = wea, [es5,e3] =e3, [e5,e4] = (1 +x)ey, 1 <.

(5) [es,e1] = e1 + aes + €3, [e5,€0] = —aes + €2, [e5,e3] = €3, [e5,e4] = 2e4, 0 < .
(6) les,e1] = xeq, [es,ea] = ea+e3, [e5,e3] = €3, [es,eq] = (1 +2)eq, 0 <z < 1.
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e1 + ey, les,ea] = —ae +eg + €3, [e5,e3] = e3, [es5,e4] = 2e4, 0 < .
e1 +e3, [es5, 2] = €1+ eq, [es5,e3] = €3, [e5,e4] = 2e4.

€1, [65,62] = €1 -+ (&) + €3, [65, 63] = €3, [65, 64] = 264.

e1 +e3, [es, 0] = €1+ eq+e3, [e5,e3] = e3, [es, eq] = 2e4.

Tey, [es, ea] = ea, [es,e3] = (x+ 1)es + eq, [e5,e4] = (x + 1)ey, 0 < .
se1, les,e] = €1 + ea, [e5,e3] = €3+ €4, [e5, 4] = ey

= lei + aes, [e5, 6] = —aer + 3ea, [es, €3] = €3+ €4, [e5,e4] = e

5. SNC V — g & hfFRz2Ri
Heintze[2] I & o TRDEMAIR S Tz

Theorem 5.1 ([2] Proposition 3). g Z SNC UV —¥¥ L, Ay € g & Theorem 2.3 (2.2) D Ay & F
3. 2D ERD(1),(2) XFMHE.
(1) VR=0
(2) a) g=RAg+a; + ap XEXRBEMIET, g =a; +ag, [¢,0] =as X [¢g,a5] =0 &7
727,
M&M—J%%%%ﬁﬁﬂ 3 BRI ANDAIRE T 5 L & Dyla; = i-Aid (i = 1,2)
T So i3 g DEMNMEITTH 5.
c) Zy, ..., Zy % ag DIEMIER ﬁFXL,EﬁﬁQ@J M —a,i=1,..t 7

[ngf2A§:X¢qu@&Yeaﬁ
=1
TERINDIETH. DL X,
a) JiP = —id,
B) Jidi = —JiJi ( 7”6)
’7) J;J. X € {Jl JtX} (X €ay,t 7’é If),

DAL D ATD.
512, SNC U —BROBGE, MM TDH % Z & KU Theorem 5.1 (1) D273 2 L IZFE
f%é@f3%f“ﬁbt mﬁ%mv F@¢fﬂﬁwﬁtaé%®%%&5:zﬁfga
/j_\’jt SNC U FT%E‘Q}R%)S\E«[@@ ,ﬂiiﬁlg AO = €4, - {61762763}7 Ay = OJ g, =

{e1,€9,e3} THH, Theorem 5.1 (2) a) %(ﬁﬁ_?‘ £z, a0 = O“C%E)@“C“ c) Ziti7z 3 Z L IZHAT
»b. LoT,b) ZililzTh%E ﬁ«hu+\f@5 b) Ziili7z 5 H DIFLLTD 2 @Y 75T 5.
* Theorem 3.1 (1) TLA RN &7z 535

(1) [647 el} = €1, [647 62} = €2, [647 63} = €3.
* Theorem 3.1 (4) TUA R Zifi7z T4HE
(ii) lea,e1] = e1 + Bea, [es, 0] = —PBer + ez, [ea,e3] = €3, 0 < f.

(i) DG, adey|g’ = Dolay = Dylg’ =id 72 DT, A = LM LT b) Ziilz 3.
(11) O)iﬁzm, ade4]g = D[) + So ((i D0|Cl1 = D0|g =id 7;1:0)( A=1 &:jﬁbf b) %2%7’:_
;jU\_ /7\'7'[] SNC U“Ff%*fgi)‘gﬁjﬁo)i’% ﬂii?ﬁ’fo Ao €4, O] = {61,62} gy = €3, g/ =
ay + ag, [g ,ClQ] =0T» b, Theorem 5.1 ( ) ) %f(l%lf\_j‘ b) %(ﬁt?’%@biﬂ?@ Qﬁbﬁfj—é
» Theorem 3.2 (1) TN &7z $HE
1 1
(iii) les, 1] = 2€1 €4, €2] = 562 le4, €3] = e3.
* Theorem 3.2 (3) TUA R 27z T4HE

. 1 1
(IV) [64761] = 561 + Bes, [64, 62] = —fBe; + 5627 [647 63] =e3, 0<8.
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(111) O)j;/zilzl, ade4|g = DOVC% b Do‘al = ld D0|Cl2 =2- —ld Zﬂo)f A= 1 c\-j‘j‘bvc b) %(%7:_
iv) D&, adeylg’ = Do+ So TH D, D0|a1 = 1id, D0|a2 =2-1id 720)‘( A=21ZHLTh) %C
i 7z ?‘
FRIC o) BT o L R RERT 5.
a; = {61,62}, ay = e3 f%%@f, éjﬁ%g{ggj 10— 0y 72 €1, €9 @Cﬁvgj'éi'%ﬁﬁﬁ”i?’u—l:%(ﬁfc
TEIIWTEDS.
0 1
(53)

t=1720DTpB) MU ~) Zii7e$ Z L IZAATH D, J2=-id THBDTa) Ziiid. £oT (i),
(iv) 1ZHFRZERTDH 5 .

PECEDROEHZIGS.
Theorem 5.2 ([5]). 4 XJC SNC V —BRDIEHEIIIE €1, €9, €3, 64 ZLA TR OWT D 272 T &
IICEDT & ENMZERE 725,

( ) [64’ €1

L

€1, [64’62] €2, [64’63] = €3, {‘mﬁi 0

] =
(2) [64, 1] = 61 —+ 662, [64,62] = —ﬁ@l + e9, [64,63] = e3, 0< 6 ﬁﬁiﬁ 0.
(3) [64» 1] = 617 [€4a62] - %627 [64763] - 637 [61,62] = €3, ﬂij‘i))
(4) [eq, e1] = 2e1 + Bea, [eq, e2] = —Per + Lea, e, 3] = €3, 0 < 3, A3 0.

F#IZ, Heintze[2] @ Proposition 4 7> & Theorem 5.2 @ (1) & (2) THX 642 WFFZERNIE RHY T
HY, Theorem 5.2 D (3) & (4) THZA SN2 CH? TH 5.

¥ 72, 5 XIC SNC V —ERDHE, Theorem 4.2 1277 E N5 SNC V —IRIZFEH a) 27X,
Theorem 4.3 IZ778HE 15 SNC U —BRIISEMH o) ZiMilz IRV e, Theorem 5.1(2) 5MH%
723 b DIFERERA AR DG EITR 2 D TR D 1L

Theorem 5.3 ([5]). 5 XL SNC Y —BRDIEMEA R e, €9, €3, €4, €5 ZLA N DWNT N 2725
EOWED- e TN 72 5.

(1) [es,e1] = e1, [es,e2] = ea, [e5,€3] = €3, [es,es] = €4, fBAIO.

(2) [es,e1] = ex, [es,ea] = ea, [e 5,@3] = e3 + fey, [es,eq] = —Bes +eq,0 < 3, A0,

(3) [es,e1] = e1+feq, [es,es] = —Per+ea, [es,e3] = es+ Feq, [es,eq] = —F'es+es, 0 < 3,5,

ftt2s 0.
F#1Z, Heintze[2] D Proposition 4 2> 5 Theorem 5.3 TH 2 5 5 X M2EHIZ RH® TH 5.
KT, Theorem 5.2 THZ 6N WMZEMD VY —< VIR T > Y T OWTEE S 5. Milnor[4]

#aTmmme()fﬁxghéﬁﬁwﬁu%X LOEMBE R ZePHIGNATVWS. F/z,
Theorem 5.2 (2) TH Z 542 NFRZEM D IEME R I €4, €9, €3, €4 1B L TRDIL D 3LD.
R(e1, e2)es = R(ea, e3)er = Res, e1)ea = R(ey, ea)eq =0,
R(ea,eq)er = Rley,e1)es = R(eq,eq)es = R(ey,e3)e; =0,
R(es,e1)ey = R(eq, ex)es = R(eq, e3)eqs = R(es, eq)es =0,
R(eq,e0)er = ea, R(eq,e3)er =es, R(ey,eq)er = ey, R(es,eq)es = ey,
R(es, e3)es = €3, R(es,eq)eq = ey, Rles,e1)es = eq, R(es, eq)es = ea,
R(es,eq)es = ey, R(eyq,e1)eq = €1, R(eq, e0)eq = €9, R(ey, e3)eq = e3.
BT, R(X,Y)Z = —{(Y, 2)X — (X, 2)Y} 275 OTHH —1 0 EMBMHem e ks, T,
Cartan-Ambrose-Hicks theorem [3] & D, Theorem 5.2 (1) & TF (2) OXFRZEMNIZ Y —= > ZREK &

LTHERNTH .
ZKIZ Theorem 5.2 (3) R (4) THZ 6N 2 WFRZEFNITOWTEET 2
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Theorem 5.2 (3) THZ 61 2 MIZEM D IEMEAIEE €1, eq, €3, e4 ITBH U TRHLD LD,

1
R(e1,ez)er = eq, R(ey,e3)er = 16 R(e1,eq)e; = 160 R(es,e1)eq = ey,
1
R(es, e3)es = 16 R(eq, e4)e = 1 R(es,e1)es = 1 R(es, ex)es = 1%

R(@g, 64)63 = €4, R(647 61)64 - Zela R(e47 62)64 == 1627 R(€4, 63)64 = €4,

1 1 1 1

R(elan)GS = —564; R(€27€3)€1 = 164, R(€3,€1)€2 = 1647 3(61762)64 = 563,
1

R(€27€4)61 = —163; 3(64,61)62 = —163, R<€1’€3)€4 = 1627 3(63,64)61 = —562,
1 1 1 1

Res, e1)es = 1% R(eg, e3)eqs = VRS R(es, eq)es = 56 R(ey, e2)es = e

Theorem 5.2 (4) TH Z 55X 2EH D IEFIERELK e, e, e3, €4 IZBI L TR D ILD.

R(€1>62)€1 = €2, R(61;€3)61 = 163, R(€1>64)€1 = 1647 R(€2,61)€2 = eq,

1
R(€27€3)€2 = 163, R(€2,€4)€2 = 164, 3(63761)63 = 1617 R(€3,€2)€3 = 162,

R<€3, 64)63 = €4, 3(64, 61)64 = 161, 3(647 62)64 = 162, R(€47 63)64 = €4,

1 1 1 1

3(61,62)63 = —564, R<€2>€3)€1 = 164, R(€3,€1)€2 = 164, R(€1,€2)64 = 563,
1 1 1 1

R(es, eq)e; = % R(eq, e1)es = e R(eq,e3)eq = 1 R(es, eq)e; = 5
1 1 1 1

R(eq; e1)es = 1% R(ez, e3)eq = Ve R(es, eq)es = 561 R(ey, e9)es = —1er

ZDZ D5, Theorem 5.2 (3) XTF (4) THZ H N2 M-I EHBTIER V. &K ICE
F2) =< HRTIAPEFEL NI &5, Cartan-Ambrose-Hicks theorem [3] & D, Theorem
5.2 (3) MU (4) DXHRZERIZY —< 2K LTERINTH 5.

REFERENCES

Gotoh, H. Sugai, SNC-algebras in dimension four, Yokohama Mathematical Journal Vol. 68, 2022, 79-91.
Heintze, On homogeneous manifolds of negative curvature. Math. Ann. 211 (1974), 23-34.

Hicks, A theorem on affine connexions. Illinois J. Math. 3(2) (1959) 242-254.

Milnor, Curvatures of left invariant metrics on Lie groups. Advances in Math. 21 (1976), no. 3, 293-329.
H. Sugai, Classification of SNC-algebras in dimension five. arXiv: 2604. 24593v2 [math.DG]

J. Wolf, Homogeneity and bounded isometries in manifolds of negative curvature, Illinois Journal of Mathemat-
ics 8(1964), 14-18

1] T.
2] E.
3] N.
4] J.
[5]
[6]

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND TECHNOLOGY, TOKYO UNIVERSITY OF SCIENCE,
Noba, CHIBA, 278-8510 JAPAN
Email address: 61257020ed.tus.ac. jp

163



Almost splitting and quantitative stratification for
super Ricci flow

W T (AR E0ISER)”

AFE Tl Ricci RO BT H % 8 Ricci it (super Ricci flow) DEMIAETIZDOWT
BiL$ 5. FICEIIERK (EESKY) & oEFEME 30 TH LN, & Ricciiic
X3 % Bamler [4] OB E 2N T 5. ATHFTIX, £ Ricci RO BT D
BB X OEMREORE (Buzano [10)1C X DEA X7 D-&M) ORFICERTESL.

1. A
iR 3 % Riemann 518 %2 i 2 7218 S D IR 2K (M, (g1) 1) XL, Hamilton [23]
I Riccif (Ricci flow) MEINZEHRICHT 2 FEHFEK

3tg = —2Ric

ZIBA L. ZOEMFFIZ Perelman [40], [41], [42] 1 & % 3 XIT Poincaré TR D fi#
PIZBOCTHODI AR 2R L 2 e THEmW. LIS Brendle-Schoen [8] 12 X % AJ
P o7 BRI E BE%° Bamler-Kleiner [5], [7]12 & 5 —f&{t. Smale PAR & W o 7z, Ef#I2H
24 OREDRICELTE D, BIEDRBRELHITI TN,

Riemann §F &S Ricci M BRRDODEMRTH 2 & =, TROBFAEFER

atg 2 —2Ric

Ziilz 38 = (M, (9:)er) (3B Ricciift (super Ricci flow) &IN5, FEE Riccifh
RO (RFENITHKIF L2 W) Riemann 2RI E Ricci TR TH D, FHIE Ricci TlE Z D
& 972 Riemann ZFHADREIFER & L TOMIEZ D, # Ricci it OBERIE McCann-
Topping [37) 12 & DA X7z, 1 51X Ricei iPHim & LB im0 BFREICEH
L, HEEEGERICH - 72 L2-HEa i X D & Ricei iRz R 7. Z OFERIE von
Renesse-Sturm [43] 12 & % Ricci IR O IEEVEDRHEAM 1T DIRFEIIKIFR  RIgE 2. )
5O ZEE L LT, B Ricel TIZHIEFEREEAT, $F12 Sturm [44], [45], Lott-Villani
[36], Ambrosio-Gigli-Savaré [1] 512 & D FEE L 7z Ricci BIZR D T 722 6 OF O BER
FroMIEE AT = PRtz (AT, AEEEEZEME) OBEmIIBI 2R Ko TV o,

—77, & Ricci{fild Bamler [2], [3], [4]1Z & D M7 S 7z Riced IS 2 #r 7z 720K
HEMICB W T HHERNE 2R, BIUCRicd MORRRET V2T 5 205
B2 5, Bamler [3] 1 Ricci it % & D INWBIAH» ST 2 A Y U CHERER, X
HIZZEDINIINT 2 F-PRE WHBERZEAL, [4] 1I2B W TIEFE Ricci fRDF D F-
fR D IERIMEZBH & 202 L7z, Z4U& Cheeger-Colding [14], [15], [16] DBFZEI I % F
3 % Ricci MIBRZE[HE] (Ricci 1353 T I2H 572 Riemann ZH-ADF D Gromov-Hausdorff
MR Z2R) OREEEER QR EKFERE L ToflEzHi-> T\ 5.

2. {8 Ricciiit
ARHITITHTET TR T8 Ricci TRO BRI OWT, Al TIIIEFERER A OB 0
5, BPTIICREEROB A S Z AN S .

* T 338-8570 R IR X\ 7z F AKX T ARALR 255

e-mail: ysakurai@rimath.saitama-u.ac. jp
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2.1. AIEEERE AR DEH =
FIERD (ZEMPREKREFTRWIEED) HIERBERMCOWTHRICIRD IR .
Cheeger-Colding [14], [15], [16] 12 & % Ricci MERRZE[H O FHERDOHELLIK, F9WEKTD
Ricci HIZR D T 22 5 OF T MO E AIE R T IC B T 2 FOEEED—DTH - /.
Sturm [44], [45], Lott-Villani [36] 13337 1 Fod ARG & FREN 2 FikE AW, #ll
FEFRBEZERICON T 2 BIRRTRE CD(K,N) EWH HHEEEA L. ZoMEIZIES
7% Riemann 284 ETEEDEKRTO RiccilHEDO T o6 0E R FHETH D,
72 HIE ) & Gromov-Hausdorff IR T TZEE & WO BERTHEYRERLEEZTWVW3.
X 51T Ambrosio-Gigli-Savaré [1] 1%, Finsler 22 2RIV T 2 &\ 5 EIRT, #HIZRXIT
2112 Sobolev ZERIIZ %3 2 #EPR/y Hilbert BY & FE XA 2 EE 2 ik L 72 Riemann B9
HRZMH RCD(K,N) L WO WHEEEA L7, BfETIZRCD 22X Ricci HIFED T2 &
DOE RO Z RO ZER L CoMYILRHREL L TLL BRMIhTwAa.
AR D D, McCann-Topping [37] 1&3HEEGERITID o 7o L2-6k R & b #
Ricci IROFHENS I &2 5 2 7. 2 D%, IEE Ricci BRI L THISNL TV 2 4 DF;
BT DR RRAF DG AR X 4, RFEFEE S 2 I FEREZZ R 003 5 8 Ricci D
ERLDHAFRN BN > TV o Tz, 2 2 TERicd MO I 22729, 5%
BAT 5. WRHEFHET 2 Riemann 3t 2 Z M X 723 287 b ZRRIR (M, (g,)ier) WXL,

1
h = —§8tg, H:=trh

EBL. BL (M, (g)ter) D Ricci e 61X, h & HIZZNZN Ricci 7V Y IVERA
F—WRTHB. Fizd,m, A\ B ZFNEN g BT 5 Riemann FEEEREEL, AFEHIE,
72753735 (RFLIHEEEART 2) . BERES L UCEBRBERED

O:=0-A, O=-0,—-A+H

WEDEES. FREO K (2,t),(y,s) € M x I (s <t)ITHL, Gz, t;y,s)ITLDE
B, SROBE_ER(y,s) e M x [ REELL &

DG(',';y,S):O, %I\I‘DG(vtayas) :531

WEDREZLBDERT. ZITHE L (2,t) e M x I ZEE LGS, G, t;-,)
EHERAGERDOEABTH S Z L ITHERET S !

D* G(QZ’t’ K .) = 0’ ll;‘I%G(xvt7 ) S) = 53(7

ifCH%%@}{—i (._'E,t) eMxI Kj(ﬂlb, ﬁ?ﬁ%ﬂ'&fﬁurg (V(x,t);s)se(foo,t]ﬂf 8
Vs = G, t-,8) ms (s <t), Vg = 0s

WZ & DIEF % Borel lERHE (DR TH5. X5 u e COM) IIERT 285
P, B X U Borel HERHE € P(M) IERT 2 RGER P2

Pt,su ::/ Udy(~,t);su / Pt,SUdM :/ Ud(ﬁt,s,u)
M M M
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WEDEE S, REEEERICBIA2BERE LT, pell,o0)icxfLP(M) LD (K
tiz2Br %) LP-Wasserstein EEEfDS

1/p
Wyl i=nf ([ attogantonn))
M x M

™

WEDEESE. ZZTTIFREpEvORDh Yy 7V T n 2k ->Te %. Borelfif
REE e P(M) XL, Boltzmann T FOE—2LI T TEX S :

/ plogpdm; if = pmy;
Ent,(p) := < J{p>0}

400 otherwise.
& Ricci IR ORI O —E %2 U T IciED 3 .
EIE 1 ([37], [46]). U TIXFMETDH 5 :
(SRF 1) (M, (g¢)eer) 138 Ricciii ;
(SRF2) WELFHE : FED s,t €1 (s <t)BXUue C®(M)ITRL,

VP, qul* < P, |Vul*;

(SRF 3) Winkalfli : EED s, tel (s<t)BXUp,veP(M)ITHL,

W27s(ﬁt,sﬂ’> ﬁt,sy) S WQJE(M) V);
(SRF4) =¥ rat—oMtE EED L € I3 KT Wa, -HIBER (1) nepo, 1S L,
1
0, Ente(p-) — 0, Ente(por) > =3 Oy Wiy (1o, ).

FHEAHT (SREF3) 1& McCann-Topping [37]12 & 4. Sturm [46]1Z P(M) Eo=> b n
Y — BRI X 2R T (SRF4) 215 T4, 24U von Renesse-Sturm [43] 12
& % Ricci HIFROIFEM DT > b o ¥ — DI X 25K T OIRFRHKFIR & e 5.
% 7z Haslhofer-Naber [24], Li-Li [34] (3 W ECEHiiiC X 2 K0T (SRF2) % log-Sobolev
A, Poincaré AEFER & WV o Z2BIBAERIC L 2R8I 2 52 T0w 5.

FHESHT (SRF4) 1230 =, Sturm [46] (FRFREIFEE S 2 B FEREZER (X, (dy)er, (W) ier)
W0 U T Ricei ROBERZEFR L7z, 2 2 TXIUZ Polish 2%, (d;)ser 13 X _EORFREIFERE
3 2 HTEEBERIE T X DN Z AR T 2 b D, (my)ie; 13X _EORFEFEE S % Borel #ll
ETHWZHHEBI TH 2 b D% RT. X 51T Kopfer-Sturm [28] 13 (X, (dy)ser, (My)er)
KL, UTFOEAMICET 3 ED S £ T, 2P, B X OB D, OFEN
—REMEAAL, FEloER 1 2R OPHAIC TR L TWS ¢

o (di)ier B (my)ser 23 “—HFklog-Lipschitz FFAMli” 2 73 ;
o BN A Z A4 2 (X, d, m) BRCD(K, N) 5k % 723
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FROBED S & [29], [27] TiX, log-Sobolev A%, Poincaré A3\, Harnack 5
R, % AAZF Brown EHOINHEMIC X 2K T 52 o Tn5. FREFHATI
B3 2 W58 DIE A, Li [33]1C & D IEFER S 2 T FEREZEEIC B W T, Perelman [40],
Ni B9 HDOW-=> b rE—RAPELNTNWS.

BRI T BB Ricei ROMIFE 2 2N, REHFERES 2 HIREEREZZRIN L T Ricci it
DR ERET A BINT VS (=1 [19) 2 Z) . %3 Haslhofer-Naber
[24] 13FREIFEE § % Riemann ZERAIINT L, WERMBATICI T 5 Wiener Il % i 2 7218
D2 ORI ERIC X D Riccd MOKRHAIT 252 TWw5. Erbar-Li-Schultz [18]
GFRFEFE T 5 I FEEEZE ISR U, 88 Ricci it 2 8 Ricci fith* D% Ricci it & W 5 5&
IZE DED TS, T ZTH Ricei il Ricci RO S Rz B L, REFEES 2 HIE
FEEEZEHICB VTR Y ba v —oBIMIM I K D ERSI NS . Ko NREFHES
% Riemann ZHARIZEWT, 55 Ricci it & #H D Ricci RO FEMEMEZ R L TWS. —77,
Flaim-Hupp-Sturm [21] 1&[F U < KefFERE S % HIEE 2SN L, /M8 Ricciift &
WIHELZERMEELGZTWS. B Ricci RBIMUVNTH 5 21X, & D5 Gaussian FE7)
BEOMIIHZR B —THIFIEE Vo 7ZETH 5. ZHULEA Riemann ZHk(A LT Ricci *F-3H
PEDIIEE Ricci BIZR DDA A 7 —MIFRBE D OIEIEM E[FMETH D, A5 —iFRETIE
Gaussian BT EDFIAR B — S TRIND L WVWIBEIZE DL, HHIEF U S RFHFE
JE 3§ % Riemann ZHRIZBWT, M/ME Ricei it & 1@ D Ricci MDD FEMENEEZ R L, £
7= BRI b CMUME Ricel TROBI Z WL L T\ 5. B Riccl ROERIE T 8% 273,
Lakzian [31]  FI#{IC Ricci RO ERLD—D % 52 T\ 3.

Kleiner-Lott [26], Bamler-Kleiner [6] 1& 3 RTTDH55 12 Perelman OFAi = Ricci fiiD
HHEOLRIR L B 2452 Riccifit (singular Ricci low through singularity)
PR L (B Z XTI RIS 3 2 — Bkl 2 o) , Aiffio 58T - —K
{t. Smale FPAHDOERFISH L TV, KFERZEENTH T 2 Ricc OBER D E L% i
A5 Z T, mAItRicc itz W7 A ARRAIRRE R OB HFEA DR TG SN 5.
2.2. INRIBSHRDE =

Xz Bamler [2], (3], [4] 1T X 2 HEERZ MBS 2. £3 1 C R LOEEER (metric
ﬂOW) & &imo%ﬂ (Xu t) (dt)tEIa (VX;S)XEX,SE(—oo,t(x)]ﬁI) wa J;{T%Zﬁf:j— bDTHD .

o YIXES, t . X —» [ 3EB/RTHYRZBAREIEIENS. /2%t € Tl
X =t () ZFRRA A XL MIEN S

o Kt e ITHL (X, d) d5elMrl 77 BERE 2T D 5 ;

o EEDx € X BEUs € (—00, 4(x)] N TITH LT, € P(X) 5 vy = 0x T
D HIGBZAE & TIN5 ;

o [EREDt ty,ts €1 (t1 <ty <t3), X € X, 1L, ROBEXRXDHKD IO :

Vx;ty :/ Vot AVxity;
X

t2

o HFLEHI : EED s, t el (s<t), T>0BXUWu,: X, — (0,1) TH2 T2
Lipschitz B% ¢, : X, = RICED uy, = Po g, & RED D DTN L, RHAAL :

up - Xy — R, xr—>/ Us dVx;s
Xs
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&H 5 (t—s+T) /2% Lipschitz B ¢, : & = RICE Dy, =Pog, b RKES. Z
ZTP:R — (0,1) & Gaussian D3 TH 5.

XBHITH >0 L, BEERXIIMEEDs,tel (s<t)BXUx,ye XXl
Var (s, Vys) < d7(x,y) + H(t — s)
iz T e E H-ERTH D 20D, EIFHERRE v, & vy OFODEBERT. C
D H-E£FRMICE D, BIZIREEDx € X 1R LR DR s 1281 3 FRBUEHIFE D
H-RDEDFEIMRAEE N 5.
Bamler [3] 13 Ricci iRICOWTRER LT ¢
EIE 2 ([3]). nXota > %7 ME Riccilit (M, (g¢)er) (& H,-SRHPEEEER & R 5. 72
ZLUH,:=(n—1)7?)/2+4Td5%.
TR 1L EH2TIE, RDOLIWXBLZET (M, (g)wr) ZHBERE AL TV3 :
X :=MxI, t:=proj, d :=d, Vit)s = G(x,t; -, 5) ms.
F72 2] TlEnXota > %7 ME Ricei fRICH L, BEEEROERICB T 2 G EA D
WX 2 AELEHE & H,-RHR I RENTE D, EH2IEZNL X DEBIINED.
RIZF-PRIZONWTIENZ. XHE T C R THRAEL = max ] ZFOd DL, #M
(X, (j1e)ees ) WEZAT OS2/ 8 2 T LORERERRT v @
o JCIIX|I\J|=0%kiET;
o XX J LOHHHRTH % ;
o (1 € P(X))ies \IHIZER, THROBEED s, teJ (s <) LRZWMLT !

e [ it
X

HALBDR (11 € P(X)) 1y EF-BORICBWT “Hi & L ToRE 2R -5, XET Lok
HERAR 7 D “SERFEREDI O 28K ERF, TR (HEKlt, TIF—HITERINT
W53 %). Bamler [3]13F; FICF-EEBEdr Z B AL, (Fr, dp) D3TEIRPEREZSR & 72 5
ZexRmL7e (dpl3ERRKOFTAT 2) . HElde OFFNIEIE ST 20, ZOWERCEE T
BIRPNFE AR TORKDKRLIR Z A X (X, dy, pii) D L'-Gromov-Wasserstein
INREZEL L5 1IERbENn S (HIEERERM D XART “L2”-Wasserstein EEEEAYF W
SNZDEIIMIBINTH 2) . X512 [3] TE(Fr, de) NDGEYI a2 > %7 MEGDEA
ANz, FEBHV >0,r>0BL00:(0,1] — (0,1]10 L, LUF 272 3 HEER<
T(X, ()ies) CREESN D “ERBHEENP SR 2EBERF(H,V,b,r) CF, TET :

o YITH-HEHFTH ;
o (X, du, 11ry) € M (V1) (ie., Var(ju,) < V2 mro ptlodioro) > 4y

Z zep Mot (0, 1) — (0, 1 W IIEEEREEZERT (X, dyy, 1) DR —Ibr > 0 O
ERHEABLEMTEIN25DTHD, M, (V,b)Z L -Gromov-Hausdorff BEEfE % fiii 2 7= (e
R) HEEMEEOERBESERIORIZEENDA LRI VEETH 5.

Bamler 3] 1ZXDa > 7 MMEEMZEEA L7 -
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EIE 3 ([3]). Fi(H,V,b,7) & (F;,dp) DA > RT MR HEETH 5.

EH 2 3ZMHAEDE S Z T, BRicciiiINT 27 ar 7 MEBFELNS.

T ayoy MECES E, Bamler [4] 1ZIEFHEE Ricci fR D D F-MiBR o [ERI4: % BH
LI L7z, JEFEMIE Nash > brE—DFHETERLEINS. FERET 251&
Zli ATz n-Roea ¥ %7 R ZRRIR (M, (g1)ier) XL, WZED R (20,t0) € M x I Z[#]
ET D, DT > 0T [ty — 7,80 C I 27T HDIIXL, NashIT> bOE—73

zoto / f AV to)sto— r_g
TEED. TITfeC®Mx((—o0,to) NI IFBOEERBE LTUTTEES !
G (o, to; -, t) = (4n(to — t)) ™"/ 2100,

Bt & n ot a > 82 b Ricd DI (M, (g))ie(-1i 0, (2),0)) (TF = T) ZE Z
5. I5RHH0>0BXU k> 01U, FHBERMEN, 0)(0) > -k 2IET 5. E
H3XbEnHEL 58T, %5Hﬁ%¢E%MXkﬂL

i i F
(M ) (gt)te(—Ti,O]’ (V(xg,o);t)te(—Ti,OO - (X7 (on;t)te(—Too,o])

i——+00
ELTEV. MRXY OMEEHO—HZ LI TICHED S

EE 4 ([4]). Lo EDD &, XY I LIEAIEA R BIUREER ST X 2 0f#
X =RUSHIFEL, UFHEH D :

o RIX RiccilZEDME R R D, X LOBRBRAMMHCEL THETH 2 ;
o [EEDERMIIMHEY VY > TH 5 ;

o dimy S < (n—4)+2;

o SITHMLEEMENFETS :S'CcSlc---Cc8?2=8, dimy St <k.

R 2. EF 413 Ricci MRZZENCN T 2 MEHO 7 Fny - BfiE 2. H—IHHIC
DWW, RicciMKFZE (Ricci low spacetime) 3 Kleiner-Lott [26], Bamler-Kleiner
6] 1 X D BEAZINIMRT, EBDFFE Ricci ROR—R 5. H IHHIZOWT,
Jim&mgmmmm)@m%mUX7 VT2 7a -7y SF-MREERL,
EEBEY Y k> (metric soliton) FFEREFROMHAITI T 2 i/ Ricei Y U b ¥ D—f
B TH 2. FE=IHHIZOWT, dimy IXBR Hausdorff Rt % £ 3.

3. BRicciiDeHBdUV X
AREHITIE Buzano [10]1C & DEAIN /B RicciiRD E H 2 7 7 AZHNT 5.

3.1. D-%&f%
RfRE T 25T REZ M A 722 > %7 P ERRIR (M, (91)ier) IR L, Buzano [10] 130470 &

D(V) := OH — AH — 2|h|* + 4div h(V) — 2(VH, V) + 2Ric(V, V) — 2hn(V, V)
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PEAL, KD > 0%z TRMALROMEZ TRz, Hl ZIE Ricci iR L, AA
I — R OREHFER L MRS — BianchifEER XD DIXHZA 3. /258D >0
7257 5B Ricci TR TH 5. EFEN > 0w L, DOIEFXMEICHEET S &

0 < A?D(AV) = X2 (OH — AH — 2|h]?)
+ A7 (4divh(V) — 2(VH, V) + 2Ric(V, V) — 2n(V, V)

THD, N> o0l T2LERIcARDITERNGONS. #D2AEHGR
{{Ricciiit } U { (RFREMKAFTHW) Ric > 0} € {D > 0} C {# Ricciiit }

PEONS. S&MED > 0 %7z 58 MFEROB & LT, IEE Ricei BIZ D Riemann %
R B X O Ricci MU TR TRHIS N TWS .

e Riccifiie BAFERDEATR (List [32]) ;

e Ricci it & M BEAGTRDOIES TR (Buzano [11]) ;

o JEEIMTHIHTZR D Lorentz ZHAAR N O Z2IRVEE TN 03 2 IR ;
o 1R Kéhler-Ricci .

Perelman [40] 1Z Ricci FlZiG o 7= W-INEIE B & AR5 2 BLERMES Harnack
A & BEFE L7228, [10], [23], [22], [13] ZFITBWTERMED > 0 &z 3% AT HER
I 7z, 7 Topping [47], Lott [35] IX Perelman [40] O L-flfZ 2 R b &3 2 L-TRiE
EXZEA L7z, Ricci il U [47) Tl L-Wasserstein BERED LM, [35) Tld=> k
O —DMEIREINT VS, I D 23] Tk D —OBMERICHIR X iz,

Bl Flaim-Hupp [20] 1350 D > 01CBE 3 2 CFEIIIRZE 21TV, & DR DRI/
fRIe B NICET 242 ORI 2 52 T0wa. A/NHIDOED TENL ZHFT LT
WL A, (Bl 213 Perelman [40] @ L-3ff] & [FFRIZ) & & ClEdfia R 7 X —&Z— 7
ZRRAT 5. WNREFERET 2R ZMA T2 n KoTa > 87 b ZRRIK (M, (9:)re(r,m)c0,00))
L, Perelman [40] 13X (n + 1 + L)-2X7T Riemannian 285 (M, ) ZEA L7

M =M x (11,7) x S*, G := (g,)ij da’da’ + (H + Z) dr? 4 7(gst)ap dy*dy”.

E BT (M, (g7 )re(r m)) DIHIAZE Riccl D5 E, L — 00 LT (M, §) L FFHERIZ Ricci
VHTH 2 Z e REML TV, ZOEESB XU (M, §) _Ed Bishop-Gromov D HFAH:
ZRBEIZ, Perelman [40) (3R AMEOBFRMEZEH LTV 5.

ZMED > 0129V T, [20] Tl “EFR T Riemann 284 (M, §) L0 Ricci HiR o
HHERIIEEEE WO BB EZ 5TV ¢

#pE 5 ([20]). A TMIIFAETH % :
o (M, (97)re(ri,m) 3D >0 LY,

o (M,§)1ERic > O(L™") &¥i7=5 (L — o0) .
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VEEE 3. “JEBRUT” Riemann 2R (M, §) 1I20WTIE, SEEW < Db BBRIEWIIZLAS
fTbNLTWS. Cavezas-Rivas-Haslhofer [12]1& (M, §) 1%f LT Naber [38] 1€ & % Ricci
HiE OMAIEFHEORHE I 2@ T 2 Z 12k D, JEihd Haslhofer-Naber [24] 12 &
% Ricci TORHAT 28 LTV 3. 7 Bustamante-Reiris [9]1& (M, §) 120 LT,
FEE Ricci IZR D Riemann Z 8K _E D Green BAEUIZ XT3 % Colding [17] @ B M 2 E H
THI LD, W-INIEKEROBREZEH L T\,

NI TH 205, Jobd L-BEWEADEETEZA 6N D, L-HBERRICEE S % ARG
ZFEIHRDIES. KEFES 25t B2 MM A 72n ot 37 b 2K (M, (97)resco,00))
EZL. Wy [r,0] > MIZHL, LAMRIERTEZHNS :

L) = [ VA + ) dn
REZED K (2, 7), (y,0) € M x J (T <o) XL, £ L-EEE#ED
L™ (x,y) := inf L(y)
Y

WEhEREINS., L LUTRIEEREYy : [r,0] > M T, =2 BXSEy, =y AT
HDORRICE - TL 5. S HITHERHE v € P(M) WXL, L-Wasserstein FEE#D’
Wiee(uv) i=int [ L7 (a,y) dnla.y)

MxM

T

WEDEHREEINS., CZTCFRIEp e vOBDH Yy 7V T 2RiciE-Tl 5.
FEH 1B 2T, Flaim-Hupp [20]135:E D > 0120 LROFHET I 2R L7z !

EE 6 ([20]). UTEFEMETDH 3 -
(D2) ABCEHE  ERD r,0€ J (1 <o) BEUPue C®(M)IZHL,

VP, pul> = 2rAP, yu — 7°H < Pr, (|[Vul> — 20Au — 0*H) + g(d —7);

(D3) ®nkaHii - EEDr,0€J (t1<0), pr e PIM)BXKa > 112X L,
\/aWLO”"O“’ (ﬁr,arﬂ> ﬁo’,aay) < WL"»G(,U, V) + TL(OC — 1)(\/_ — \/;),

(D4) > truab—omt  EED 0 € J (1 <0), pr, fto € P(M) BEXEWro-H
HIAR (1) nepro] R L, UFEZEH V21200 THTH S -
1

20

n Ui
0 Bty (1) — Bty (si7) + 5= =Wiea(jir, 1) + - log (1)

2 T

3.2. XFEROBE

Bamler [4] 12 & % IEAAEE Ricci DA D F-#R D IERIMEDFEH D E R D —21%, Nash T
Y he b —0HFEICET 2 RIERFENSZ 2 TH S, BIIK L OHFEHFL [30] T
&, 00 OBRIMEEIE &M D > 0 B TRMAETICSN UTHRR Lz, £72 41
B2 EET 29T, Ricc I LTHHLVAEIRE LT, 2Ah T —ghFIciE
D2 HIEPEOMESEE G2, ZAE 4BV TZ 7Y AV BsAZ LA
HEENRINTWAEFRTH S, #BEHTIZZNLOFMEARNE TETH 5.
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On the Classification of Vaisman Manifolds with
Vanishing First Basic Chern Class

Lucas H. S. Gomes

INITNES 2

1 A

(M, J,w) Za >y s pOoEfERTLI— 2R L, dime M > 22 RET . H 5
1 REAM A TER O(Lee TERE WD) Tdw = 0ANw Z AT HOONPFET 5 & Zid, (Jw,0) D
LCK(locally conformally Kéhler D) #id & MHIN 5,

FE5EE Lee BT E D a )2 P2 LCK ZHIKIE T — 7 —FtEZ R LW L A5
NTW2, Lo TS —7 —KMAFO—HTHZ, V9 =0TH2 L& LCKHER
Vaisman #i& & FHIN 5, ZDHEE M DSEHARR foliation idx D, U =07 ¥ V = JU
b, Uk VIZIEAN) —< > foliationX ZEDH 5 Z W70 %, Z D foliation IXFEARTE
R w 2T R IRT 5. DM IIHERN R —F - Thr 2 ed
Mo TWBDT, foliation fREE 2 % Z & T — 7 —%%% X D #E & 72 FED Vaisman %
FRIRIZIGH T % %, Vaisman ZHADHAIR 724 ¢ L TIX Hopf & /NE-Thurston Z kA3
Db,

o — 7 —ZRRR LTI, Calabi-Yau 5&f425 1 X Chern $H ¢ (M) DiHEEE L TRIHAT = 5,
Z DM K D Beauville & Bogomolov([1, 2]) (&0 EEB 21572, ZDEMIZL % &, Calabi-
Yau ZRRICEBI LT, 3R b — 5 X & G R 2RO T & 2 AR IERI 2 4078 22 B D3 FAE
T3, FHT, TR ER 1R Betti 80, 130 L T, Calabi-Yau ZERARIFHEE + — 7 ZIWIEA]
THZZEDWRE3, IEr—F —ZRRIKICBOT, (M) =0 DEFEZD & S RofRiER%E
132 D12, T TIE7R W, Vaisman ZRIKICIE T, Istrati([4]) 1EZHEAED 1 X Bott-Chern

Chern O HIKT 5 2 & & 2 T, FRRODEMRZ R L7z, FHS, by BT RZF VL &,
Vaisman Z K13/ N E-Thurston ZHK & SUERITH 3,

Z D TIIMWTAY 72 1 2R Chern H ¢y (M) (basic 1 X Chern &\ 5 ) D3HIK T % Vais-

man ZHEAEZE 25 Z 12T %, Istrati £ B2 2 FEZHWT, RORZ1E7 (3])o

Theorem 1. (M, J w,0) Z dimg M =2n+2THYH, (M) =2n+ 152D ¢ g(M}=0
2723 Vaisman 2K 325, 2D =, MIZ/NE-Thurston ZREAR MO FRIETH D |
JWIEARETH B, X512, BB foliation LIV F 27 —THH, XD MIEIMD
Albanese b= A ED T 7 A NX=RTH B Z D7D %,

T? — M 22 Alb(M)

DL E T7AN=—DYDE (BFEF—F R WER) TH 2544 a,, \& Albanese BHT
D5
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ap(M) =0D%HEDTRT, foliation DarERY — EDH ZHIFINC L > T, 1K Betti
Bmon+1Tzens,

RDOZDDBEFEITT T, FEEZHT 5,

F 313, — &R Vaisman ZHEKD Albanese b — 7 X & Albanese EAf% % X %, Albanese
FBEMERDORIIN L TRAZ Y72 b0k &, i foliation 2IZLF 27 —THH, M IF
FRRDEST7 7 A N=_E D ZEIRE D,

RIZ, M & /NFE-Thurston ZRK & O FIMHENSZ15 272012, by =2n+ 12D M D
FTARTD 1K basic AMERDP—EDR I 2D DGEEE X b, 1 XK basic FaFIZEE D R 22
fMZ#& 2T, ZOZEMORHRIEEE UL, IRED B4 T % foliation FEEANDFRWHIFTIZ
b, R MAGORNEH VT, ZD/NE-Thurston ZHE L ORIEEGR GO E, #
DIRED R T, Albanese BERIIMEEDRIIN L THRATZ V7% b DO LRt 5,

BRIz, M7 Calabi-Yau BH L ¢ (M) = 0 DFMAEHWT, $XTD 1 X basic i
HIERDP—EDRE % H D Vaisman S22 £ 912, RAIOWEZEE T %, ZZ T, [5]
T Ornea & Slesar 2358/ L 7= Vaisman 2wz I0H T %,

2 1E# foliation H5FE I NS basic AREOD —

COHITIX. AREZE L THWS basic aRERY —IZOWTHHT 2, ZOakED
O —ilE Vaisman ZHEKDIEME foliation R IC X > CAE XN BZ I KRERY — T, ZOHRE
Wb HEYZaRERI —ThH b, RIZ, basic MR TEAZEEE 2 EERT 5,

Ap(M) :={w e A" (M) | txw =0 and Zyw =0VX € TY}

dp = d| a4, ZERTIUX, (A5(M),dp) PaF =4 YEEKL LD W TH Db, ZDaF =
A KD aRER Y — Hy(M) := {292 A basic ARER Y — L IFHIN 5,

Y —< Y ZRRIAD Hodge BEHD & 5 12 basic  Laplacian Agp BVEFRTZ %, ZDHAEIX.
Hy(M) = ker Ap % basic FFMITTERZEM & W05, [FABRIZ, basic  Dolbeault #77 E 22
R EDEE B, Vaisman ZHEK LT, Hy(M) = Hy(M) 23KIL L. basic 7% Hodge 73 f#E
BBHEH IO ERHBENT WS, RIS, HE(M) = H (M) @ HY (M) DSBS %,

M @ Chern##t & D M @ Chern-Ricci [Ek p 25 X %, ZD L EF, w & p X ROMEWI Y
I DND ZE DD B0 w=wo+ONJTO, p=pot+pso ZTDE X, py,wy € AL(M)
ER D po BRI R T — F — B wo 1TBE S B #ilHY 72 Chern-Ricci JER & FEIZANL 56 po (&
PR 72D T, ROERNTE

Definition 2. M % Vaisman Z8KE T2, ¢ 5(M) := [po]p € HEZ(M) Z M @ 1 X basic
Chern iﬂkwgo

3 Vaisman ZF{ED Albanese k—F X

M % Vaisman 2K 35, QOP(M) % M ED p RIEAEAZER & L, BRERA o -
H{(M) = (QYM))* ZRD X S ITEFRT %,

o) = /

1 (M)
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Definition 3. fiAHZ2f Alb(M) := (QI(M))*/QO(Hl(M)) Z M @ Albanese b —J A& W5,

AIb(M) BERF—F A2 ED 5 T EIFERDP HH LTI, FEXRT MV e LT
D (M) 12 (Hy (M) BB FRED 2 Z L BRI IV, M Aar Ry M —5—%4k
KDBE. Alb(M)IZFERTLH by (M) DIEZR M —F XA TH 5 Z e HHIHNTWS, Vaisman %
BRAKIZH LT FIRRRERDME 55, HH & Vaisman 73 Vaisman 28K BT, HY(M) =
HL(M) @RI DD LD Z & ZFH L 72 & BT, HHED TR TO 1 KIEHFEKAS basic
FIEATHZ 2R LIz, ZHUTE D, ROBERPEFSND,

Theorem 4. M % Vaisman ZHk e 55, 2D Z, Alb(M) 3 dimg AIb(M) =b, —1 %
ﬁf:?@?‘é F“"?Xf%éo

FD —1 OFF EEL OMHE-Vaisman @ 1 RaRE0 S —HO0RE D, Lee BRHERKD
HDTH 5,
AIb(M)BEHR =T R TH 2 ZHAWT, Albanese GARHMEFRTZE 2,

Definition 5. 7 € M #FEE T %, L FD XS ICERINDIE R a,, : M — Alb(M) X
well-defined T M @ Albanese B & MEE 5,

Qg (1) = [/Ij

7 — 7 —ZRKD Albanese BB L [FFRIC, DRz, e M2t 58, AIb(M) LDH 21k
BEILT, ap, =0Lo Qgy DIE D 31D,

Theorem 6. M % Vaisman 2RI 3%, b (M) = dimg M — 1 DSKILS % 5D Albanese
AR oy PMERED U L TIRAR T V22D BINET %, 2D &, 12U foliation
SWRELF2T7—THDH, XD XSIZ MIZ Albanese y —F A D7 7 A N—HWTH 5,

T? —s M 2% Alb(M)

IDEE, 0, D77 AA—DTOE (HEL—5 2 WEHD) TH5,

4 RIED—FED1XRbasicilFIAZN%Z H D Vaisman ZFk{EK

F 313, /D E-Thurston ZREEDEFR L A X > & — F Vaisman tEz B VWH L TEL,
2n + 1 RILD Heisenberg V —Hf Hy,y ZRXOTHIO ) —REE L TERT %,

1 x =z
Hypyy = Id,, yT
1

CHUMETDFEET 5 LR 2R T v THBEY —HTH 5, AIREMIK M = T\G 138
ﬁlﬁiLfﬁfi_fﬁﬂn ) —HOTTIICLK2a2 %7 VNREZHBAEADZTH D, GHEETDH
256, M EREBZRAREIER, G =R x Hy,\y D 21X, M %Z/NFE-Thurston ZHE{K &
W,

x,yeR”,zeR}
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/NFE-Thurston 24K M = T\(R X Hypi1) ZEZ %0 g% R X Hyypy DV —REE T 5,
ZDOLE (X, =Z2DOT  ZBHDDILL 25 &I RBNZ MV X, Y, T, Z MEALE L.
g =RT & spang {X;,V;, Z}; DD D, JX; =Y. JZ=-Tr55%. M LT, EFE
BREHENE T PERTE S, ST RDEIS M ETERSNZEAERAEZE Z 5,

wi=Y X;AY=T"ANZ"  0:=T"

(J,w,0) DFHIE M DA LK > & — ¥ Vaisman #id & XN 2 Vaisman W& 2 E 8 5,

Definition 7. fEE D basic [E a & |o|, DEBEABDO L 2, RSP —ETH D LI,
(M,2,9) 3T RTD a € HE(M)IZH L, REDVP—ETH2LE, BEZ—ED 1 X basic
#FAMERZ B D2V,

» % Vaisman ZHEAEDI R X —E D 1 X basic fAFfIERZ 2 2 IRE T HUX. MfbiEZERIC
Lo T, FED DD 1 XK basic HHTERDERANEL —ETH 5, Lizh> T, H(M)D
FEHREREEEZEZ T, ZOHEOINEL 22, /J—<ARN = (TX)r OF R THIEM
SLBRRBYUIMWORE L 725, HY (M) = H5(M)® R[] TH 2056, by > dimg M — 1 23D
oY &, dimg HE(M) = dimg Hy(M) > dimg M — 2 £722 23, dimg N <2n KD, ZhH
WEHHERV, by =dimpg M —1 2752 ZE, ZOKBYUIMOEESN N ORETHE L
Wb, FOEEDORT MUIGE U LV oliihveHWT, ROEEMPELNS,

Theorem 8 ([3]). (M, J,w,0) ZRE—ED 1 R basic#FFEAZ & DFERIC2n+2 D Vaisman
ZRRRE T2, bi(M)=2n+18RET 5, ZDL Z. MII/NFE-Thurston ZHK & 77 [F]
HTHD, JIBRR X — NEAEBRBRMEBEL 725,

5 Vaisman ZH
KW 72 Calabi-Yau EHEAZEWH L TH L,

Theorem 9. (M, F,wy) %= MR —F — foliated ZFIKE T2, ZDL X AEED p e
c1p(M)WTXH LT, —RICHIM R — 5 =B w; € [wlp DIETEL. p i w OHEKIHIZR
Chern-RicciTER & 72 %,

ZDIIFEDRETIE. 1, 5(M) = 0 %D THMIHIZ Riced 7 7 v b 2Bk 7 — Z —JE
KA DF 515, Bochner FED foliation i FWT. ROFEERIRE B,

Proposition 10. (M, F,g) ZHEWHI72 Ricci 7 7 v MR —~< ¥ foliated 2K 55, %
DEE, FTXRTD 1 X basic HFERIIBWEITTH 5, Fiiz, REWEF—ETH 5,

EFIZHWTE o2 w DX M FEDH 3 Vaisman g DN 27— —FERe 5 2
R T DREDND D, ZDTDIT. Ornea-Slesar([5]) D Vaisman HEETE ZENT %,
(M, J,0) % Vaisman Z4{A e LT, LLFDOXRZ FAVKROZERINEE Z 5,

TM
T

0=>TX—>TM — Q := — 0
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JI3Q FLOEFERME JITHEEIhE, ROEEERERT S,
V(J,w,0) := {Vaisman #i& (J,0',0) [0 =0,U' =U,V' =V and J = J}

C(M, J,wy) :={¢ € AR(M)| wo(X,JX)—d¢(X,JX)>0forall X € N}.
V(J,w,0) DIL% Vaisman 2 L FER, ZD - DDEAEDITIX 10 LISHET % Z L 2VRE 5,
Theorem 11 ([3]). LU TFD K512 C(M, J,wo) & V(J,w,0) DEIDEHFHEFRT X 5,

C(M, J,wy) «— V(J,w,0)
J=J—(oU—(Cod)@V
¢
w=—dJO+0NJ0O
Cim J0— JO = (T, 0)
iz, EoxticzHWT, EED w; € [wolp DMEDD Vaisman 58 D HATE X O KT
DEDIEHIRED, EHIT. ROMERIFATE 5,
Theorem 12 ([3]).
(1) Vaisman#5E (Jo, g,0) D Vaisman 25 & D18 S NIEEME T 13 J, OEFEMEDO KR
WA TH %,
(2) M %&/NE-Thurston Z8kKk e Uy (J,w,0) 2 M EIZBF 2 EALEZR J %2 H D Vaisman
MiEL 5, ZOL X, (Jw,0) D Vaisman 2 X D13 5 NIEBZEEIIENETD 5,

FoFER L #WAY 72 Calabi-Yau % FHWT, FEMMIHTE %, #KRY72 Riccd 7
v MeEEBEZEEZH . FO XD Vaisman EZ L T2 2, EXHD—ED 1 XK basic
FFER 2 H D Vaisman #iE 215 %, EHHRIC K o T, ZOHEiE Kk b /NE-Thurston ZHEAK
LOWDEMENRTET, EHI12ED, BYID JDBEAREL 5, ®%KIZ, Albanese GARH
BECRAT Y22 b0 L BRTRELSBD, EREREZHEE b O/NE-Thurston %
FERT. Dolbeault 2 RE R Y EROFKEMMAFEZ 2, 5528, FAIIHMLT, Mk
D 1 RIEAERORIEZHE T, ZOREDOIRNZHWT, a,, OWMIZEEFAET L. T
RTOFEICHLTRAT V272D DOZ Rt b,
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HH-HIgIC & o T—f&fb Z 17z Hurwitz Radon 280D
s AL EA A= ROV

B RN (RERFERFEGCER TREAI IR -

1 HAROER
Hurwitz—Radon #%, —XERXOEMMEEICERZFH OB TH D, IEOEEM N %
N =2%%22c + 1) (a,c € Zsp, 0 < b < 3)

ERTLE,

p(N) = 8a + 2°
TERINS. Adams &, IKH SV LR TR RART I VG DRAARES
p(N)—1TH3Zr%mR3 & T Hurwitz—Radon 0% M2 NSRS I 72 [1].

A, BB & Hurwitz-Radon %, Effify) —# e 2 0 EEXRBOMHHAT
—fAL L7z [3]. AT, (g,¢) ZHEMEHY —RE g & ZDRHFEKB L : g — gl(N,C) O
5. 1(g) 1, B2 CV EOIEEMIA I — MBI T 3BT LTV 2 L RET 3.
Zorx MEHCHRO: g5 g TH-oT

(L X)v,w) = —(v,1(0(X))w) (X €g,v,weCY)

72T DVREET S, 0 DEHEMDEEZ g=tDp EL. 22T, tepldzhnz
NEEME 1 —1 1SS T2EEZEMTH 2. g LML SI1E, g b ZDOIEEDRER
B R oIRERTEZL, 0 3L RUNETH 5.

FH 1 (H sl 3)). LROBEOD LT, B ) (g,0) (i = 1,2) &, KEMET R-
BIVES [ R - p BFETS L5 RIERD n & LTERT 3.

. pW(g, 1) EED v e RTIZH LT, o(f(v)? = ||lv||* Iy 2K DILD.
. P (g,0): EED v € RN\{0} IR LT o(f(v)) DRAHTH 3.

BH & 212
pP(g, 1) < p@(g,1)

DI D ALD.
Bl 2. 1:50(N,N) — gl(2N,C) #fZH#ERBr §2. ZOL X,
pP(s0(N, N),1) = p? (s0(N, N), 1) = p(N)

*e-mail: miyajimuneto@hiroshima-u.ac.jp
This work was supported by JST SPRING, Grant Number JPMJSP2132.
2020 Mathematics Subject Classification: 57R25, 22F46
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i AIRVASN

Lo T, pW(g, ) BET pP(g,1) & Hurwitz-Radon BO—ffb e AT 2D
T2, B HEIEHIEAY) — ¥ g L ZOBHERB LN L TZIALDEZREL T
BD, g£s(2N +1,D) (D=R,C,H,N > 1) % 51Z,

pP(g, 1) = p@(g,0)

DI D AL,

oz, H-BERE, FEOMMZER G/H e RB L - g — gl(IV,C) iR L T,
Spin(n,1) 25 G/H 1 proper C{EFTE 2 X5 REBKD n ' pW(g,1) THZZ L %
ANV

Hurwitz-Radon ZUIEKE EDX 7 N VFIZ K o TREUS I &7z, X612, Hi-Hf§g
FRBGR OV A T Hurwitz—Radon 8z —f{b L7z, 22 CHARBEE LT, X%
PPERI 72 PHAT pM (g, 1) & pP(g,1) ZEERLTERVD L VWSBEDIEZ BN S,

R#HEHTIE, ZOMEY G-ZHREOMHHATEZ 5. £7, G-2RIEK LKA T—H
SERHEAND MG ORAREE RTALER pos(M,0) ZEAL, pP(g,1) BT DARZE
BORARGAETHZ e 2N T 2. ZAUC kD, p@(g, 1) 1ZFHT—IH 2 EEAN
7 MG ORRARE LTEKRMNITIONS.

Rz, 77 4 YHEf M AT G-EZRIBICHL T, AER p5,(M,0,V) ZEHAL,
pW(g,0) B Pas(M,0, V) DRFRZIGETH 2 2N T 5. ETBIT, piy(M,0,V) &
BEREECUTEEED — ML LTHISGN T2 ) =2 Y ERIE LDV 7 4 — FI§
i DRERICOWTHIBAT 3.

2 p¥(g,.) DEBAFHILEDE(T T

ZOHITIE, G-ZRRIRITH LT pos(M,0) ZERL, pes(M, o) 2HHP-— G
Ko TERIN pP(g,1) DILERTH 2 Z e 2NT 2. ZHUTE D, pP(g,1) DKl
HRERNINEGZ 60 5.

GZV—8 M%GZWHIK o ZZ2DEER Y T5. $7, 5 C g=Lie(G) ZHRR2
MLVZER 5 5.

EE 3. AcglINLT, R MU X, € X(M) %
Xa:M—=TM, p—(doy).(A)

TERL, ARMLNT 2EAXRT MBFEMER. 22T,0,: G — M, g+ o(g,p) TH
5. FHZ, Aecs D &I, X4 % (G,5)-FEART PG LIRS,

G-ZHRITN LT RO 2 B+ T 5.
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BT AT T
sl ) o= ma {n . N‘ M EQFST—IHAIR n KO }

(G, 5)-EARRY FPIVGDBFEET 2
R, N>22L,¢:SL(N,R) = GL(N,R) # LK 3 3.

il 5.
psLvR)si(vR) (RV\{0}, ) = p(N).

ZDkoT, st(M 0) & Hurwitz-Radon BZFRHELGEL LTEL. IZH WD
Lkt vepl

Bl 6. sUNR)=t@p ZAINRYEETE. ZDLE,

N
psrvr)p(RY\{0}, ¢) = (5>+1.
ZIT, NPEFHDeEp(5) =0 LT3,

7.
psr(vR)sivR) (RPY 1 ) = p(N) — 1.

Bl 8. sIINR) =t D p ZANRUDRETEH. DL X,
psrvr) s (RPY ! @) = 0.
FHERO—Dr LTUT%21E 5.

EIE 9. G 2EMEY -8, o: G — GL(N,C) 2V —FHERT Y L, o = (dp). DSHEHT
Hdr35. Fl, g=tep POEXIEFEMOMBE TS, DL E,

pG,p (CN\{O}7 %0) = p(2) (97 L)
i AIRVASN
% 10. FOEMDONEDH LT, ne NIIHL, RXFETH 3.

(1)  n<p@(g,0).
() CV\ {0} EOBMT—IHITT n KD (G, p)-HANY FUBHEET 5.

Lo T, pP(g, 1) IEEmMT—RBILRIEARNR Y FAGORFHAI X > TEERMT S
ns.

3 pW(g, 1) DBMAFEHARELRTT
ZOHEITI, G-ZRKRE ZD T 7 4 Y EFUN LT pf (M, 0,V) ZEEL, p~ 2

H-BIc k> TEFRS N pW (g, 1) DILETHZ Z e 2N T 5.
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G%Y—E s Cg RNy NAZERM % G-2HIK o 2Z0RMEA L T3, $7-,
V:x(M)x X(M) = X(M) % M EO77 4 VG 5. E512,

VMs := {VX4 | A € s} C Endee ) (X(M))

eB<L.
G-ZHRE ZDT 7 4 YHEHUIH L TRD &S5 ICHEBZERT 5.

EE 11, c € {£1} XL, p5(M,0,V) &, X%ifilz3 R-REERE f . Cl; —
Endoe ) (X(M)) BEET 2 L5 RBRD n & LTERT 2.

° fle;) e VMs (i=1,...,n).
ZZT,Clh=Cl, Cl, =Cly, £355.
FRERO—D LTUTF%215 5.

TE 12. G 2 EWNY —BE ¢ : G — GL(N,C) 2V —BEERBI L U, o = (dp). HIHG
ThH3r35%. %/, V:X(CV\{0}) x X(CV\{0}) — X(CM\{0}) & CM\{0} Lotz
ST 74 VERE L, g=tDp B 1 DOEFIEEEMIRE TS, O &,

pep(C\{0}, 0, V) = pV(g, 1)
N RIRVASN
% 13. FOEHDONEDH LT, ne NIZHL, XIFHETH 3.

(1) n<pW(g,0).
(2) » 5 R-'fﬁ;&@lﬁjﬁg f : Clom — Endcw(@N\{O})(}:(CN\{O})) ﬁ)ﬁﬁbf, %Z S
{1,...,n} IR LT, fle;) € VE MOy 23 b 370,

L7zo T, pWD(g, ) & G-ZRIKE 207 7 4 YEFROMHAI X > TEKRAMT S
5.

4 27 #4—FBEC DR

Z DOHEITE, A CER L pas(M, o, V)27 1) 75— FHdEe OBRZHENT 5.
(M,g) %V —< > %Kk 3. AcEnd(TM) &, {EE® p e M, v,w € T,M 1=kt

LT,
9p(Av, w) = —g,(v, Aw)

Zifil2 5 L FICEMHTH 5 L. End(TM) OEMNHLITTEIEE End ™ (TM) &4
EE 14 ([5). (M, 9) Lo > 27 r D27V 74— FEE (B, h,p) 1%, M LD EAF
BN r D=2y RRZ MUK (E)h) £ 270 74— FE{LEIhE Y oE
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(T RWRBEHER o - CI(E, h) — End(TM) OIT®H T, o(E) C End~(TM) %
-3 bDEED.

G%xV)—8 M%GEZ2HEKe L, Z0MEHZ o 255, ¥/, 9% M LD G-AZER
)—<UEMEY L, V% gD Levi-Civita #5t & § 5.
FHREO—D L LTURZES.

EIE 15. n e NIIH LT, L FIXFMETH 3.

(1) 0 <Moo, V)
(2) 2727 ndDrV 74— NHE (E h, @) BEELT, et/ 7.
e EWZHMHKTH?.
o BB hEMBERW s1,...,5, e T(E) BFELT, &Fie{l,..,n} NLT,
pos; € VMs Zli/=3.

L7ehioT, ph (M, 0, V) 3B 2HED 2V 7 + — FEEDFERZIRETS 5.
BE A
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The Iwasawa factorization with rotationally
symmetric parts and the Lamé equation

Tadashi Udagawa
Department of Applied Mathemtics, Waseda University

1 Introduction

The Iwasawa factorization of loop groups has been applied in the DPW
method for obtaining a harmonic map into symmetric spaces. The DPW
method was introduced by J. Dorfmeister, F. Pedit and H. Wu (1998 [4]).
For a certain (Asl,C),-valued 1-form & on C, the Iwasawa factorization of a
solution ¢ to d¢ = ¢€ leads to a lift of a harmonic map into the symmetric
space, and also provides a method for constructing constant mean curvature
(CMC) surfaces and a solution to the sinh-Gordon equation
W = eQw o e—Qw.

A fundamental difficulty in this theory is that the Iwasawa factorization is
generally not globally defined. In the compact case, the factorization exists
globally [4], whereas in the noncompact case it is defined only locally near
the identity. For n = 2, J. Dorfmeister, M. Guest, and W. Rossman showed
that a global radial solution of the sinh-Gordon equation is obtained from
a Smyth-type DPW potential [3]. In [2], D. Brander, W. Rossman, and N.
Schmitt [2] studied the Delaunay-type DPW potential

. C )\71a+>\b 1
f—(_)\_lb_)\a e )dz, a,bceR, e S". (1)

and showed that the corresponding solution admits a local Iwasawa factoriza-
tion near z=0. Moreover, the associated CMC surface in R*'has rotational
symmetry.
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In this talk, we discuss translationally invariant solutions of the sinh —
Gordon equation obtained in [11]. Since the solution depends only on the
real part x of z = x + iy, it cannot be defined smoothly on all of C. Conse-
quently, there is no smooth Iwasawa factorization on all of C. Nevertheless,
the solution admits a meromorphic extension, and the Iwasawa factorization
exists on C away from countably many lines. The main result is as follows.

Theorem 1 Let p,(, 0 be the Weierstrass functions with the periods wy,ws €
C satisfying
64 512

(9)? =4p — 5 (4E* — 3)a’b*p — o (9~ 8E?)Ed®h?, (2)
w1 8 Wo 4ab 8
- = = E = 5 (—) = — — E — ,

@( 5 ) 3ab e, o (5 T 3ab ey

wy + w 1/ a b
@( 12 2)2—(€1+62)=163, EZﬁ(@‘g‘g);

K 4+2Bk+1=0, |kl <1,

and zy € C a solution to p(z0) = 4a* + SabE. Then, ¢ admits the Twasawa
factorization

B c Ala+ b\
¢_6Xp(z(—x1b—m —c ))_FB’

onC\{z=z+iy| z,y € R,z + 20 € LZ+ wyZ}, where F € (ASUy ), and
B € (ATSLyC), is given by

V2a , 0
B = (p(z+z0)—e€1)4 . 557
0 (p(z+20)—€1)%
V2a

. < Lz, \) INDL(z, \) )

B = )\Tflbil ([/(:177 )\) . p’(z—'—go)L(I,)\)) i—/(x7 A) - gp/(m+zo)f1($,)\)

2(p(z+20)—e1) 2(p(z+20)—e1)

L(z2) = — 20 {“(“” 20 = 1) cune fWW/J‘A)e—«m)z}

- 20(z + 20) o(z0 — pa) o(zo + pa)
16X2abc  o(z0) {a(x—i—zo _“/\)eC(m)w B U($+ZO+MA)6<(M)I}
9 (1) 20(x +20) | o(z0 — ) (20 + ) ’

o) —elm) o) [olet 20— i) e 0@t 204 m)
LN === a(x+zo>{ o(0 — ) oz + 1) }

and p(py) = SabE — 4X%ab.



The B-factor in the Iwasawa factorization ¢ = F'B is governed by the
Lamé equation. The fundamental solutions of the Lamé equation are explic-
itly described in terms of the Weierstrass functions p, ¢, and o [5]. Since these
functions are meromorphic on C, it follows that the Iwasawa factorization
exists on C away from the set {z =z+iy | v,y e R w42 € G7Z +w2z}
which is a union of countably many isolated lines.

By substituting the F-factor in the Iwasawa factorization ¢ = F'B, we
obtain an explicit parametrization V(F') = (21, z2, x3) of the resulting CMC
surfaces associated with the Delaunay potential. From this parametrization,
we see that the surface (x, 2, z3) can be described in terms of a family of
isometries R; of R*!. The function R(z) has singularities along the lines
z=9m+wn+iy (y € Rym,n €Z).

Corollary 1 For anyt € R, we have

R(z)
5 I (a+b,0,c) = (\I/(F)(x,y) —

where Ry € SO(2,1) is given by

R(z)
2H

W(F)(2,y +1) — (a+ b,O,c)) R,

1 c*cost — (a+ b)? csint (a+Db)c(cost — 1)
R =— —csint cost —(a+0b)sint
"\ —(a+b)c(cost —1) —(a+b)sint & — (a+b)?cost

We can compute that W(F') = (21, x2, 3) satisfies

(a+ D) S ( c )2 ~ L(x)?
(xl 5H R(z) | + x5 x3 2HR(:L’) = 1 (H)
Hence, for any fixed (x), the resulting surface W(F') lies in the plane
passing through the point %(a + b,0,¢) with normal vector n = (a +

b,0,—c), and the corresponding curve W(F') in this plane is an ellipse or a
hyperbola. We illustrate this below.

If time permits, we will also discuss a higher-rank generalization corre-
sponding to the n = 3 Delaunay-type potential [11]. In this case, the Gauss
— Codazzi equation reduces to the Tzitzeica equation, whose solutions can
be described explicitly in terms of Weierstrass elliptic functions. As an ap-
plication, we obtain translationally invariant hyperbolic affine spheres and
classify them according to their slice curves.
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Figure 1: The intersection of the plane and W(F) (¢* > (a + b)?), where
v=(a+b0,c).
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Figure 2: The intersection of the plane and W(F) (¢* < (a + b)?), where
v=(a+0b,0,c).
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a v b EEZEHE OME R i & SRR AT

HH WX (RERE)

1 A

BIRFHEZEMPZD—RILTH % a 37 FEEZEM TN AR TZ, Peter-Weyl @
FEHS Plancherel OEM, BAAAEME Wo BEERMEDKDILD [3]. £/, AREHE2
MORDO—BALTHZERY V> T —> a ¥ 2AF— L THRABICHTHMMBHPEETE 2 (1, 2].
AHEHTIE, ZNOORCHSNLFFITOVWTIRDIBR- 721, Z0s 2 FAD—Bbzifi—m
WKHRAZ DAL LTay X7 v 7Y ST —2a Y Ax—L%EDS. I6IZ, Affilkar
N7V T a Y AF—LD LT Peter-Weyl OEHS Plancherel OEH, B AAAEIHHK
DD eREEMNTS. ARTEIAVY I b7 YT T2 a vy AF—LDERL, MHT 2
Bose-Mesner REDOWE X CEANREE ETEZARNRS. 2B, R#EONEIT/DIEA K
(RERY), BEHE=IR (REKRY) L OEFEHRICHE IS DTHS.

2 #EbikRD

2.1 IYNY FFEZM EOREMENR

ZO/NEITIE A v o8y +EEE R OFRFIENTIC BT 2 BRI BRI T 5.

G %2> %7 b Hausdorff (itHEFE 55, AFRZEL T, TRV Y 7 + Hausdorff 22
TdH o Tl ORI GIFAZHA 2 02V NT NEE G ER LA

X%E2arv7  VEEGERET2. 2o s, X Lo G AL Radon JIE px 2—EIF
f£L, G EOWER Haar JIEOEMER LM LHLE —HT 2. X512, X Lo ux BT 2HEEHK
il L? BB ER DR $ Hilbert 22 L2(X) 3 G 02 =% VIEAIERB 2%, ZZT, X ® Hecke
¥ (FRIERHO BORERZSERORTRED o LA(X) NOEHZBNNRT 2 252 5.
LUR Hecke REDAHIRIBEDAEZ D, FHARTIX, Hecke REM Az &, av Ry
MNEEZEME X ZABRTH L ES. AHfia oy MEE G 22 X 1T LT, KD Peter-Weyl ®
B Y Plancherel RO EHEAK D 7D, Hecke [REDA LD T, L3(X) ~NOIEFH OB 7R L
[FRFEEZZE IR CTH 2 2 e IHERT 5. J 2RNEAHEOREL T5. 37405, Hecke

ARFZ2I% JSPS BHr g 23KJ1641 OB 2 Z 3-8 DTH 3.
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REA 25 DORBEERIE j: A — C LT LT,
L2(X) = {ve A(X) | YT e, Tv=j(T) v}

LiEw, J = {j: % C|j: RECERR, L2(X) £ 0} vk 3.
EXE 2.1 (Peter-Weyl OFIE) nAlffia> 7 MEEZEM X LT, R DILD.

Lj#7 %% j,j € TWCHMLT, LI(X) & L}(X) 3 L*(X) O#p%EH L LTEWIZERT 5.
2. fEE®D j € JITHLTdim L3 (X) < oo & L}(X) C C(X) AR H LD,

3. Y jes LX) CcO(X) @3—H/ VAL THETH 5.

X2 ANONf G EREE X, TOWEZRM X2 /diagG % T r&EZ, BEH%E R: X? - T
eFEL. Zorx, Tixar 2 b Hausdorff ZEITHY, T LORE ur ZEHAE uxy @ px
D RCEZMLHLEZAVT puz = Ri(ux ® px)/px(X) EDZ. %72, J LOWE py
Z pg({j}) = my = dimL}(X) TE®D 3. 51T, & j € J THLT, LIX) OFEK
K; e C(X?) 25EF 5. M L%MHWT Plancherel RO EH % RN 3.

EX 2.2 (Plancherel 22OFIE) Ao 7 MEHEZER X 1T LT, RO ILD.

1. BjeJITHNLT, QjoR=K;7%% Q; € C(Z) —RITFET 5.

2. {Q;/ ﬁmj}jej 12 [2(T) O ERELRE KT
3. % fel2(T) LT, J oMK%

~ 1
f: J — (C, J = E(Qj|f>m(z)

YEDE. COrE, fel}J)ThHB.
4. (Plancherel B1EH) Fourier 24 L2(T) — L2(J), f+— [ 3EERNEGTH 2.

22 BREAZT7ZYVYII—3VAXAF—L4L

ZO/NFHITIE 7Y 2= a Y AF - LDERE HMWRERELENT S, 7Y —2a v
F—Lrld THRFEZEM > S HEHZ MDD, MFMEIEZ TWE 2] THD, BARNLRE
FIXTHZLNS.
& 23 X, I2HBESLL, R: X? 2T 2W542 3%, ZZTRDIDOBPWHIIDOL X,
RETFYVYII—3 > RAF—L (AS) 2L,

(AS1) R7ip) = {(z,2) € X? |z € X} 8% ig € L DFAET 3.

(ASQ) EED 11,19,k € T L:;@LVC, H5 pfhiQ S ZZO BEELT, [TED (.’L‘,Z) S R_l(]{}) -

LT
pfl,iz = #{y €X | R(:L‘,y) =11, R(ya Z) = iZ}

DD ILD. ZDpk EREBEITA.
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(AS3) fFE®D i € ZiwHLT, R = R7'(0)" = {(y.2) € X? | (z,y) € R7'(i)} & 3
i € IDFET .
XBHIZ, KD (AS4) (resp. (ASH)) DD OE F, RIIAHE (resp. X)) TH2 LS.
(AS4) FERED iy ig, k € TR LT pk ,, = pl;, 2SRHILO.
(AS5) FED i € TIWTHLT, i =i A HILD.

AR 2.4 NFR ASEAHRTH 3.

B12.5 ASOfzRIcLibD%E 3D%E TS, zhzh, IT2BOESLARL, R: X? 1%
FAWT X2 %58 - RO LEKTH 5.

K1 X AS X2 WNFEFTHEVARL AS X3 ®HRTHRVLAS

BT, ASR: X? = T12¥ - T®D Hecke RELTH % Bose Mesner U ZEHRT 5. X2 Lo
BEERBERRRRAR DK 322/ % Mat(X) & EL. ZOEBOTIE X THRAFT SN zIEHTT5
AHRED. Fie TIWIIHLT, R7(i) C X? OfRBEEE A, € Mat(X) &L, Zor &,
{Ai}cr B—THLTHB. 2T, {Ai},cr 23RS Mat(X) DEEDZEH Z AS R D Bose-Mesner
KE (BMA) & FELF, 2A 2 EF <. Bose-Mesner 0B A 1ZRXOMHE Z 72 5.

1. (a) Ay, WHGATHI 1125 L,

(b) Yicz Ai FTRTORITD 1 DITH JIZFEL W,
2. AXTHIFETEAL 5.
3. AIIETEAL 5.
X512, AS RA[#E (resp. XfFF) 26, XD 4 (resp. 5) DD ILD.
4. A LOITHREIZARTH 5.
5. fEED Ae AL TAT = A LD,
EHICAS RS, A WBTHIRICH T 2 FRRSTh 62 BE {E;}, , 2RI
FEL, RDD 0.
1. #XE;)=J7%% joe T BFET 3.
2 Vs B = TH%.
3MEDj e JRNLT, B5=FE;%% j€JMPHFETS.
4. ERD je JWHLT, Ef = E; HED LD,
¥ 72, Peter—Weyl ZUIDEM & Plancherel B D EMAIL D 32D,
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EIHE 2.6 (Peter-Weyl 2DFEIE) X FOBRBUEBIKRIAOR T 2EM % Vec(X) tFHL. ¥
7o, % j € JITHLT, Vec;(X) & mj % Vec;(X) = {Ejv | v € Vec(X)} & m; = dim Vec;(X)
TEDS. ZOrE, HER? 5,7 € JIHLT, Vee;(X) & Vecy (X) IFEENFEICOWTH
WICER T 5.

FIE 2.7 (Plancherel BOEIE) (£}, 75 (A}, ~OBELHITIEISER L WS, P
P# OED A = X0, PULI)E; BED IO & S ICHER P R ED 5. SO ICERT S
v, HERRIG L R

l——_ X —_— .
EP(]IJ)PO?’Z) - # 5j11j27 E :mjp(]ﬂzl)P(]722> = #théilﬂ'z
1€T J1 JjeET
DI D LD,

3 ANV I—232RAF—L4

COEITIRaAY R TV I - a v AX— A2 ZFD Bose Mesner Rz ED, ZHbHDE
BRBERHERANT 2. £F, avRXI T YS I -2 a Y RF-LEERTE. ERWLR T4
T TSGR E p: ko ((in,02) = P 4,) 8V 12 EORie 523 5% Ak L, I LoRkE
#5225 p: T — Meas(Z?) IT— b33 ThH 3.

& 3.1 X, Z%2a>,%7 b Hausdorff 25 L, R: X? - 7T @54 35%. ZZTRD3D

HEDVIDOEE REZAVNIMTYII—2a Y AF¥—LEITS.

(CAS1) R7'(ip) = {(z,2) € X? |z € X} 125 iy € L DFIET .

(CAS2) % X Lo¥ksKIE Radon FIE px 25FEL T, EED Borel 85 W, W, C T EER
DkeTITNLT, B3 ply, w, € Roo BFEELT, EED (r,2) € R7(k)ITHLT

P, = 1ix({y € X | R(z,y) € W1, R(y, 2) € Wa})

DI D LD,
(CAS3) FEDic TWHLT, RIU(i") =R %% i c IHHFHET 5.
X512, RD (CAS4) (resp. (CASH)) MDD &, RIIAIH#E (resp. XI¥) TH2LE 5.
(CAS4) fERE®D Borel & Wi, Wo CZ Y EED k € TISNLT, piyw, = Pivyw, 2SR D LD,
(CASH) EED i € ZIINLT, il =i Db ILD.

EE 3.2 #3282 b ASICBWT, (CAS2) 2l ¥ uy ZEQEHEERVT—HTH 3.
SEE 3.3 AR b AS BARTH S,

Rz, av7 + AS R: X% — T @ Bose-Mesner XEZED 5. X? EOEBRBEEBREEE
PRAIA S 22 Mat(X) SITFURE & AR, 1T5IRE « &l o, il — T, EEAR — 0liE %

192



ATV, L, 175 * &
AxBlaz) = [ Alw.y) Bly. ) dux
Y

EEDTNWS. 2T, C(I)DRIZEB5IZFRL A= R (C(1)) % R D Bose-Mesner f{£ & i
A 203 (Mat(X), 0, —, || — |l ) DEAK CHERTARETH D, XROWEZMLT.

(BMA1) (a) 54> b (In)nv CAMFIELT, (In)n & Banach fE (Mat(X), *, ||—||.) ©

PG TH 5.
(b) AxJ CCITHS. 7L, JIHE 1 OFHEKTHS.

(BMA2) 2013475 THL 5.

(BMA3) 20 13EETHL 5.
EHIZ, a7 b AS R 23AMHR (resp. MFR) 725, XD (BMA4) (resp. (BMAS5)) 23D 32D,

(BMA4) A LOITHIEIEARTH 5.

(BMA5) FED Ac AL T, AT = AP DD

ZZTIEay k7 b ASIZHN LT BMA ZEDH, Fidar 7 M ASE52 %52 BMA

#5223 3EMTHB. X612, a7 b AS ontE (resp. M) ¥, WIS E 2 BMA
DR (resp. XFE) EFEMETH 2. ZAUIER AS DA L AKORERTH 5.

MEDERICED, av 87 b ASIFERAS tav 7 VEFEZEMOHEO— b 72 5.

Bl 3.4 (BRRBT7YV>I—>3>yRXF—L) ARASWEFaY 27 MASTHS. X IEMEICHEN
22, ARASIZaV I PASR: X2 5T THoT, X L IDEREETHZ2IDICHL LY
SIET 3. T/, AP RAMEDBEENICERIN TN,

Bl 3.5 ANV MEEEM) X 2ar 7 b EE G EMe T3 2o E, HESR
R: X? = X?/diagGlda > 7 b ASTH 3. %7, BMA & Hecke RE( L A TH 3.

SE X

[1] E. Bannai, E. Bannai, T. Ito, and R. Tanaka. Algebraic combinatorics, volume 5. Walter
de Gruyter GmbH & Co KG, 2021.
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R D Dy FE R D&

(LR 7N

1 KEOD Dy HERE SO(3) 1B/

EE 1.1. MOATEEERIE f: (R%0) —» (R 0) 27AY2ILTH 5135 % v: (R*0) - R®
DIFEL T

vl =1, dfp(X) v(p)=0
DEED p € (R?,0), X € T,R? KNLTHDIUDLER WS, TITv % f OBAAR
RIKLEWS. 7ar &l f: (R%0) — (R0) K@ (7AY L) TH 2 & IZHAER
RZ Vv IR LUTER (f,v) : (R10) - R*x S?2 BRDHIATHELER VS, 22T
S?2={zecR||z|=1} TH 3.

EH A f:(R?0) — (R 0) IZHAEMARZ ML v ZEREIKATH S 2 hibhrs. 13

CATHRLS THHENMBRRZ bV v B NBGEENRHZDT, 702 X)L « HHEIE—RICRERS
HO.

& 1.2. X (u,v) = (u,0%,0%) TERSINZEHROFEFCBIT 2 FLFITERBOM I FMEE
B3 - BEROWITFRMEEBRF TS DD H 5 (A-BHEE WD) D% HRXTFT (cuspidal edge) &
VW, (u,v) = (u, 40° 4 2uv, 3t + w?) 18 A-EERD DE D DEYINADRE (swallowtail) &
W,

IhooREREAOERIELEN {(u,v)|v = 0}, {(u,v)]602 +u = 0} THbH, FET
rankdfo =1 TH 2 (REF 1 2 5). Cuspidal edge 1ZBE bt — 2 1T L TZD 3 ZHD

Morse BE%%
H(t,z,y,2) =t> +x+ty

DHHIEE
Dy ={(z,y,2) | 2 t FEL T H(t,2,y,2) = H(t, z,y,2) = 0}
DT R—=R—FRTH 5. Swallowtail 1ZBIE h(t) = t* ® Morse BIEU%

H(t,z,y,2) =t* + o+ ty + 22

ARWFZEICH 72D, BIFE 22KK0034, 25K07001 O % 513 7-.
R ORY - KERBTHETSERL, sajitmath.kobe-u.ac. jp
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DHRIES Dy DANTA—R—FRTH L. WHISH LTS =3V v 7 RRRA (ZORERD A
% b DIRANI I 2RO THIE - BAT»H %) 1 cuspidal edge & swallowtail TH D, 1-2357 X —
R—TEETHWHEIH LTI =2V v ZRREAII IS e MONWL O ORER 1 ORERA
YT 3 D BRETH 5.

T 1.3.

(u,v) = (u* — v u? + 0% u® +0°) (+ DL &),

(u,v) = (u? — v, uv,u® — 3u?) (DY %)
I A-FMETH 2 D% DY BFREAL VS,

ZHBEER (u,v) D DI B
u uv
+
6 2
@ Morse BAEUE

U3 UU2

H(u,v,:v,y,z):E:I:7+xu+yv+z

DHFIEE Dy DRI RX—X—FKRTH5 (K 1). F, FFRLZ SO - dhim oo st

| D} R (K) & Dy RS (4)

D ANATOINT VB0, RS 1 DBADHLTH 2. REANUIDH»Z £ 518 DF BEAIR
B 2 TH 2. RIEE 2 DR R[N L TR E DT 5 ASHS 2 it & AR % 537, i
AR RIEE 1 OB EICANTDH o 2FEENT V. 20 & 5 LR R SEE O M E %
NI NGE, AR R A E 2 R1F LRV, XD K 572 SO(3) 1FER L Fidh %
TR TS 2 5D H 5.

EE 1.4. 5BHF f,g: (R?0) — (R 0) 28 Diff 4 (2) x SO(3)-FMETH % & 131A % 2 HoMD
FIMES s - (R?,0) — (R%0), A€ SO3) BFELT

Aofost=yg

DR DIIDOE XER NS,



EFH B Diff  (2) x SO(3)-FHER GAGF EWD ERMANCFE L TH 5. » 2 FHIFO Diff | (2) x
SO3)-FfEICET 2 ARTTHEORVS OZ ZDEBRIFD SO3) BHEY (£ 7-13RHER) &
Wwo,

2 Df BEHED SO3) 1ZHER

R D LD,
#E 2.1. (1) D B&EA f:(R%0) — (R?,0) WX LTERE (u,v) & ¢©1(0,0) ¥ 2(0,0) 25—
T TH B LD 01,00 (R%0) = R BIHELT

fu :U§01(U,U), fU :'UC,OQ(U,U)

DI DILD.

(2) Dy REE f: (R?0) — (R?0) 10t L THRE (u,v) ¥ ©1(0,0) & ©2(0,0) 25T
TH2E57 o1, 00 (R?,0) = R® BFELT

fu = UgOl(’U/, U) + 'UQDQ('LL,’U), fv = _WPI(U; U) + U‘PQ(Ua U)

DI DALD.

IOV ERHBRES.
THE 2.2 ([4,5]). (1) #i#E 2.1 © (1) Oz AT LS %70y K03 [ (R0) — (R,0)
WHLTace R, by,b3,c1,c3 € 000(1’1)7 ba, co € 000(2,1), s € lef+(2), Ae 50(3) DIFETE
LT

Ao f(s7H(u,v)) :(u2 —v? a(u? +v?) + by (u) + u?v?be(u, v) + v3b3(v), (2.1)

udeq (u) + u?v?ey(u,v) + U303(0)>

DD D. 72720 a >0, ¢1(0) >0, c3(0) >0 TH3.
(2) HiRE 2.1 @ (2) DfFRE AT X570y 2L [ (R 0) — (R%0) 1L Tae R,
a,b,c € C>*(2,1), s € Diff . (2), A € SO(3) BFEEL T

flu,v) = ((u2 —0%)/2 4 a(u,v), auv + b(u,v), c(u, U)), (2.2)
J2al0) = 72b(0) = 2c(0) = 0
DD LD. 772U

a1 (u?,v?) 4 uaz(u?,v?) + vas(u?, v?) + wvay (u?, v?),
b(u,v) = by (u?,v?) + uby(u?, v?) + vb3(u?, v?) + uvby(u?, v?),

1(u?,0%) F uca(u?, v?) + ves(u?, v?) + uveg(u?, v?)

Q
—~~
£

<
~—

Il
9}
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tBLlL,

(d1)u + (d1)o =0, (2.3)
(u’v):(tv_t)

do — QU((dz)u + (dg)v) =0, (24)
(uzv):(tv_t)

ds + 20((ds)y + (ds)s —0. 2.5

5 +2v((d3)u + (ds) O (2.5)

dy)y + (dg)y = 2.6

(da)u + (da) ()t (2.6)

AT L, d=a,b,c.

INBIE—EME A ZRVH 3-jet TTOEREET—BEMNEALTDONENS.
I 2.3 ([4,5)). B8F f: (R*0) — (R0) 13 Df BEAL T2, O %, RFEE (u,v)
¢ Ac SO(S), a > 0, bzg, boz, c30,Co3 € R c39 >0, cg3 >0 PEFELT

(u? — 02, a(u? + v?) + bygu® + bozv?, c30u® + cozv?) (+)

-3
J°(A0 £)(0,0) = (u? — 02, auv + bzou® — bozu?v — byguv? + bozv?,
030u3 — 603U2U — 030uv2 + 0031}3) (—)

L5,

ZORDELE flabsoboscsocos) B TEWRTBEEBIRMPMD LD, Df FEN
Fasbaobos.csocos)s (@l bhg boaschyschy) DVETHRDERRAIR L AGIRD SO(3) 12 & BEHRT 3-jet ¥ T
P—BTHEICTELRLIP

! / / / /
(a,b30,bo3, c30, co3) = (a’, b3y, bys3, €50, Co3)

5. ZZRBNLBEIE TR THARMYAERETDH D, 52X oNLEEHRIFITH L T—ENIC
EEZDT, BHROMER2EVWRITLODFEL LTHWSA N TES.

3 Df BESOHMAF

ZITWEM 23 &Y b D BRAOHEEEDBNRS.

31 D HER

B f & Df FRAL L, TORTIRX—RX—FREEH 23 DbDLT 3. ZOLE f OFF
BEBLEE {w=0} THD, YRR K 1

_ 1 <Co3030+0<1)>

wv \ 1602

b, BEAZER i(t) 1%
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¥i2%. WA, HORZDD 2HBE A Y AMBELHICATDH 5. 51T {v =0} LoFREih=xR
ke(w) (HHEHERICAFS Z BN O d 0) &

1 b3o
i) =+ iy g + 00 )
©7#2%. FRRAEOEKMZEMER [7, Theorem 1.17] 205, bagbos DFFHIC & D RFE M DUTITD
cuspidal edge DI D JFIEK 2 DX ST 2 Z ehbHh 5.

X 2 bsgbos >0 D = b3obos <0 Dk &

NIV v R f ORMERRZ bLr T3, FARES PH oL REFEEE VS, ¥,
A1 (v) = f(0,0), 42(u) = f(u,0) EBL L INHIIHREEED ST X—X—FRTHY, 4/(0)
(i=1,2) 3—XHTTHBZeabhrsd. ThoTERIN2EHEREKROERE VU (K
4), HE DD 2N D NS D HENREFRE VS . FOROEPHTHEAZES b 0% ET
ErwS. hbdty v(0) CAKRENZ FREEFEAL VS (K 3). XKdibrs.

3 1RV, FovmE, EE

T’ 3.1. 543 f: (R%0) —» (R*0) 13 Df BBRALT5. BHRFH T € O2) BFELT
0€ R DEAHEL LT Tof(U)=fU) ZAFL, T BMESEBRTHRVEE, T 1X
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4 DR (RAR) & RFREIRO IR (FEHR)

(1) BFEICET 247 DIEL,
(2) FFEICBT 23 DIEL,
(3) FRDBICEIT 2 o [

DENITHS. X5 f HEH 2.3 DIETH D, N THIUR,

(4) FEED (1) ORBE+TFEME b(u,v) = b(—u, —v), c(u,v) = —c¢(—u, —v) TH 3.
(5) EEED (2) DREA LM b(u,v) = b(v,u), c(u,v) = c(v,u) TH 3.
(6) EFLoD (3) DREATTZEMZ b(u, v) = b(—v, —u), c(u,v) = —¢(—v, —u) TH 5.

<

<

DR R HDONFMEICOVWTIX [2] 2B E.

32 D HER

FBF f 2 Dy BERLL, 2O XA - K2 EM 23 DbDLF5. ZOLZ f OF
RORGREROATH D, FU AR K L FEihR H X

1 30 + 33
K:u2+v2<_ 4o +O(1)>’
1 a? -1
= u2 n 1)2 ( % (030u + 003’1)) + O(2)>

TH5. ¥/, ZOXDORELNHETH Y AMRIZAOWBRICHNT 2 Ldrbrd. 61
SEEHBELIFER LB WDICE a =1 THEIRBEDNDH 5 Z &5, Weierstrass BRI

(1—g*)h
k= Re/ i(1+ g%)h | dz.
2gh
THEZ oM/ k& g.h, #0 D X Dy REFRZHDZEDHONTWVS (3] 23, ZDM

INHHEDOEH 23 ICHLDLDNEINTER a DfEIE a=1THE2ZehBbhrd. —H k DRD 2-jet
PEFBLTEE a=1%2R322dTES. REAMBETH Y AHERFICATHEL D,
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Dy FESHECEHNORI IS 5. BATERARZ bLve v e L, v 2 6E ¥ 25 _EAEAD
N = fp-v

M:fuv'ya

L:fuu'ya

iz

v L, (0,2) fFER
Was = L du® + 2M dudv + N dv?
BEZD. RZ IV X € X(R?,0) 25 was =0 DRTHB LT waes(X, X) =0 DL XL ERL,

Wes =0 DEDBERE1F wes = 0 DO DHIRD Z L T 2. Kd3DH 5.

—vdu® — 2ududv + v dv?.

T 3.2. B [ 13 Dy BHRMLTS. 0L SER (u,0) BEELT was 1

jl(q)*was)

AT,
2 ZWENT (0,2) SFERICH LT —vdu? — 2ududv +vdv? = 0 23ED ZERE [1] 1Tk -
TEZLNTED, K5 DEICHRE. ZIT, wes & X OHMAICHET 2 - XHER-TH

-
/
/ /
_7 s
- p /
/
\
—— \
-, A \
~fao S
\,
3, \
<
~. \
\, \
N\ \
\

5 D FELAMNEOHNLIR, EF/E () L& (f)

D, ZOHFADFE AN TIXIETH 2720, JFR AN TIE ML 2 DDH WD wes = 0 DFF
FARBZZEMTE S,

YiB. FD2O0HMBOMEE ST THWTH 3.
R 2.1 OWEZED ML THRWARETT DI BRA%

N N S EANYNGS W
M ZEEMF SR =BlimE e 3 2.
T 4.1. 5% f: M — R® PRASLTRELKE TH % L1
v:M— 8% (S?={zcR’||z|=1})
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HBIFELTIERD pe M, X € T,M 1L T
dfp(X)-v(p) =0 22 (f,v):ZDHIH
DD VDL &RV,

HE 2RI BAIERRAR 7 PLRRER SRR X TIRRATEER D D &2 WV 5. RIA = AT RE
UG L 1ZZF DHEAEIRNZ bAS M SERICHRATEER S O TH 5. RIA (A HE2
f:M— R ICHLTpe M\ S(f)  + OEBBRTH 2 i3 v M O EFFICH L TED
HATHZ &2V — QEAIETHZ2L1E v 2 M DAEHFICH L TADHATHZ L &%
Wi, My % £ OEERIHOESE L T 5.

TR 4.2, REEAIARERE f: M — R® 3R AY LT rank=1TH Y, 4 peak TH 3
bOr D BREHOARFEOLT2. oL X

27rx(M):/ KdA+2/ ks ds
M S(f)

+ Y (4 (P) = 2m) + 278(S - (f))
PiESDI(f)

2deg (v) = x(My) — x(M—) + #(Py) — #(P-) + #((Dy)+) — #((Dy)-)

ARD LD, ZIT, Spa(f) & f @ Dy RENOKS, (D)« BHAMS £ OEALRTH 2 L5
% Dy MRERERT. 72, L+ (p) & D HEA p 1o LT, HRBROBROLTAHERT.

ZhUE Dyt BEREDRVBEDOREDONR [6,7] 1T DI BEEDESIMb - K% LTV
([5]). £ZC rankdf =1 THAREMIOVTOREE ks ITRERIMFETH D, PL 13 £ D peak
%K. 1272 L peak ODERE GO LML 6,7 2B N

BE 3 H
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