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We consider the semiclassical Hartree equation

ieOus + %Auf = M|z 77 # [ P)eE,  w(0,2) = ap(x)ei %, (1)

where (t,z) € Ry x R", A € R\ {0}, v > 0, and ¢ is a positive constant
corresponding to the Planck’s constant. We would like to seek the WKB-type
approximate solution of the form

L (t,z)

u(t, ) ~ e E (bo(t @) + byt @) + 2o (t, @) + ) 2)
as ¢ — 0. One way to obtain this approximation is to employ a modified
Madelung transform u¢ = afe? /¢ and solve the system for (a%, ¢°):

1

Ona® + (Vo© - V)a + Sa"A¢" = igAai a*(0,z) = ao
(3)

1

at<z>5+§|V¢€\2+A(|x|‘w la%[?) =0, ¢°(0,z) = ¢o.

The expansion a® = a + o(1) and ¢° = ¥ 4 e1b1 + o(e) yield the desired WKB
type estimate u® = e™¥/¢(ae’¥* +0(1)). The system for (a®, V¢°) can be reduced
to a symmetric hyperbolic system with semilinear perturbation. It is shown in
[1, 2] that, if n > 3 and v € (n/2 — 2,n — 2], then we can solve this system for
an initial data in a Sobolev-type space, and obtain the expansion of (a®, ¢¢) in
powers of . We consider the principal part a = lim._,g a® and ¢ = lim._,¢ ¢°.
If (a,1) becomes singular then the WKB estimate (2) ceases to be valid. We
put (p,v) := (|a]?, Vo). Then, it solves hydrodynamical equations

pt + div(pv) = 0, ve+v-Vo+ AV(jz|™7 *p) = 0. (4)

If the solution of (4) breaks down in finite time then (a,¢) becomes singular
at the same time. We restrict our attention to the case v = n — 2. Then, the
Hartree equation corresponds to the Schrédinger-Poisson system, and (4) to the
following compressible Euler-Poisson equations:

pe + div(pv) =0, v +v-Vo=-AVe, A® = p. (5)

In this talk, we discuss global existence/finite-time breakdown of the clas-
sical solution of (5)) under the radial symmetry. We concentrate on the multi-
dimensional isotropic model:

"y 4+ 0.(r" L pu) = 0; p(0,7) = po(r), (6)
v + 000 + A0 P = 0; v(0,7) = vo(r), (7)
O (r" 1o, ®) = r"~1p. (8)



Here, r > 0 denotes the distance from the origin. We define a function space
D™ := C([0,00)) NC™((0,00)) for m > 1 and D} := D™ N L*((0,00), 7" dr).
Theorem 1 (Corollary 1.17 in [4]). Suppose A > 0 or n > 3. Suppose py € D;
is not identically zero and vy € D? satisfies vo(0) = 0 and vg — 0 as r — oo.
Then, the solution of (6)—(8)) is global if and only if X > 0 and n > 3, and the
initial data is of particular form

2 " .
vo(r) = \/(71—2)7""_2/0 po(s)sm~1ds.

Moreover, if py € D} then the above vy belongs to D™ with vo(r) = O(r)
as v — 0 and vo(r) = O(r'=™'2) as r — oo, and the corresponding global
solution p € C?([0,00), D}") N C>=((0,00), D) and v € C*([0,00), D) N
C>((0,00), D™*Y) are given explicitly by

—1 -1
p(t, X (¢, R)) = po(R) (1 + MSJ(%R) t) (1 ’ mt) ’

o(t, X (t,R)) = vo(R) (1 + ”USI(%R) t) o

where X(t,R) = R(1 + %}Pt)wn, Furthermore, the solution is unique and

also solves (B)) in the distribution sense.

The key for the proof of Theorem 1 is a reduction of the radial Euler-Poisson
equation in [3, 4]. We set m(t,r) = [ p(t,s)s" 'ds and define characteristic
curves X by 4X(¢,R) = v(t,X(t,R)) with X(0,R) = R. Then, (6)-(8) is
reduced to an ODE for X

)\mo(R)
X"t,R) = —————, X'(0,R) =vo(R X(0,R)=R 9
(’ ) X(t,R)nfl, ( ) ) UO( )’ ( ) ) ) ( )
where mg(r) = m(0,r). Another point is that one necessary and sufficient

condition for global existence is that dgrX (¢, R) > 0 holds for all R > 0 and
t > 0. We check this condition by an analysis of (9).
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