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We consider the three dimensional Navier-Stokes equations for viscous incom-
pressible flows

aU — AU + (U,V)U + VP =0 t>0, z€R3,
(NS) V-U =0 t>, x€R3,
U(0,z) = Uy(z) r € R3.

Here U = (U1, Us, Us) T is an unknown velocity field, P is an unknown pressure
field, A = 522 92 and V = (81,82,83)". In this talk we consider the velocity

=1 ">
U of the form
(0.1) U=u+u
where
1 1
u = (_5*/1;17 _§x27w3)T

u(x,t) = (ur(x, t), uz(x, t), us(z, t))T.

The velocity @ represents the (axisymmetric) background straining flow. In the
dynamics of fluid flows its vorticity field plays important roles. Since @ is rotation
free, the vorticity field 2 of U is given by

(0.2) N =VxU=Vxu= (82U3 — 83U2,83U1 — 81'&3,8111,2 — 82U1)T.

The equation for €2 is obtained by taking the curl of (N.S) and by expressing
the velocity u by the Biot-Savart law:

Q= AQ+ (G +u, V)Q — (Q,V)(a+u) =0 t>0, z € R3,
(V) u =V x(-A)TQ  t>0, xeR3,
Q(0,2) = Qp(x) T € R3.

For (V') there is a family of exact stationary solutions. Let G be two dimen-
sional Gaussian, i.e.,

03) Glan) = exp(—0) o = (@ra0)
. = — X —_ = .
h ppe P R h 1,22
Set e3 = (0,0,1)". The velocity field associated with Ges is given by
_ x x
ulo) = Vx (=8)"'Ges = (— v (lanl), o (len]), 0) T
|| ||
1 2
w9 (r) = (I—e"7), r>0.
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Then direct calculations show that {aG},cr is a family of stationary solu-
tions for (V'), and aGes is called the axisymmetric Burgers vortex which was
discovered by Burgers [1]. The number « is called the circulation number or the
vortex Reynolds number which represents the magnitude of the vorticity of the
Burgers vortex. The Burgers vortices have been used as a simple model of the
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vortex tubes observed in numerical simulations of the three dimensional turbu-
lent flows, and their stability has been investigated by many researchers. As for
the mathematical researches, the stability with respect to purely two dimensional
perturbation flows (in this case w = (0,0,ws(w1,72,t))" in the above equation)
was firstly studied by Giga-Kambe [5] and their results were extended by Carpio
[2], Giga-Giga [6], Gallay-Wayne [3], and [7]. Especially, in [3] it is proved that the
Burgers vortex is globally stable with respect to two dimensional perturbations
for any circulation numbers. In this talk we discuss the three dimensional stabil-
ity of the Burgers vortex. The most important step is to analyze the linearized
equation around aGes as follows.

(0.4) Ow — (L —aT)w=0 t>0, z€R3

Here w = (w1, w2,w3), v =V x (—A)"lw, and

1
(0.5) Lw = Aw— (Mz,V)w+ Mw, Mzx= (—iwh,xg)—r,
(0.6) Tw = (U V)w— (v, V)u® + (v,V)Gesz — Gdsv.

Let us introduce the function spaces.
1
LE(RY) = {f € L*(R%) | G™2f € L*(R%)},
TolR%) = {f € 3R | [ | flan)dan =0}

Xy = L*(R; L4 (R?)), X0 = L*(R; L o(R?)), Xz = Xs x X3 x Xap.
Then we have

Theorem 1. Let a € R. Then for any wog € Xo with V-wg = 0, there is a unique
solution w(t) € C([0,00);X2) to (0.4) satisfying the estimate

(0.7) lw®llx, < Cllwollx,, >0

Here the constant C' depends only on |a|.

The more detailed estimates will be shown in the talk. From these results we
can prove the existence of time-global solutions to the full vorticity equations (V')
near the Burgers vortices. Especially, these solutions remain large for all time if
the circulation number is large.
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