On the standing wave solutions for
some nonlinear Schrodinger equations
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KREH TIE, RT v Uy VIS T2y = VT 1 T —
0 = —Au + V{z)u — |uPu, (t,z) € RM*™ (NLS)

DFELEW (standing wave) f# e“td,(z) DY ¥/ 7 DERTOREMEIZONWTER, 200 04
12426 HICRASH CIThbNciffiEs O HRAOKEHIFZE] TOXRBRBAK FEX-
) OBFERE®RE ([21), [7) SR, YO L5 RERRH > 0 EEA L, FiT (9] OEROM
WMETD.

(NLS) iZ8WT u = u(t,z) IFEREMEDORMBEE, n e N, 1 <p<oo T,n>3 DL,
EBIY R L 7ER HY(R) BT 2EEREMTE p<1+4/(n—2) ZFET L. KT vxiv
V(z) 1352 biviz SHRUEBEECT, R & LT

n
V(z) = colz|™* + ZCJQ'SC?, ¢j €R, 0<a<min{2,n}
j=1

BETR AL MR EE L TOBR, ZOMETIHMEIC V() = |of? KR THLi
W5, X0 —f V(z) CELTI, [7, 8,9, 10 288 LT\ X720,

RAEW @, (z) ILBVT, w € R FEDAT A—FTHY | e, (z) 7 (NLS) ORI 57
DITIL, b (o) 1E R

—Ap+wdp+V(z)p—|pPtp=0 zecR” (SP)

DI TR B2RVR, LT T, do(z) X, w 1 2EE L E X, (SP) DIFARAMD 5 b,
e S, ZR/MNMTT B (BRERIEM) Th 5 &35, REREBMBICIS T D ETERAR & LIS EE
Wl LIPS Z LICT 5. V(z) = 0 OBE, (NLS) BIERIEAES T I AvhBE R EDET N
B E LTHL, BEEERBO D Y7 ) 7 ZERICON T 2 0 FERANCHN DL TREILS
o T05 ([1, 4, 26) BIR). 0%, CROHORRIL, R FA4 v - IV RV TR R EEZE
TeMBRA 72N TV B RIEKRTT B INSLIIR DL EMEIC BT 5 —#kGm & L C, Grillakis, Shatah and
Strauss [11, 12) ICE & BN TS, V(z) =0 TRWEE S, I, BBE T v 7 Ehici—
e TAV Va2 A EROETNVERRXE LT, iR 7T iy v Vi) = Z?Zl il ZfEoTe
n=p=23 DPA D (NLS) A#bh s (flxif [25] 2IR) R EEH LEBECTH L. LEEIERMF
DY YT ) TREITZNET[6, 7, 8, 16, 19, 22, 27, 28] 2 ¥ TEHEIN TS, V(z)=0 T
24, Grillakis, Shatah and Strauss [11, 12] 12 & 5 — G 2R EMEKR ORLENECEY



T 5t EEE, BIRRICHEDD D DONRRETHDGENE L, FRa RTRPLEIZRLZ L
WCHEETS. ZOBETIE, ST 2EAL L, 20X RTRO—HERNL, SHIKZOD
FHEOIB 2R 5.

2. BEORE

THUIE, V(z) = |22 OBAIC oW TEIET 5. (NLS) Ofif u(t) 125 LT3 A¥— E(u(t))
E L2 va u®)|?, 3472 L b RNICRAFERICRD. 22T,

1 1 1 "
E(v) = §||V’U”%2 + §||$””2Lz - m”vlliﬁl
Thd. £IT, =xAF—ZEE LT

Li={ve H'R"C): [zv]p2 <oo}, [vlls = (v,0)x,
(v,w)y = Re/n {Vv(a:) Vuw(z) + v(z)w(z) + Imlzv(w)w(x)} dzx

CEFBLT, Ee AL MER Y BT (NLS) #5825, VAL 72 HY(R) BT 25N
rp<l4+4/(n—2) LIV F—BEK F X LERSND. 561, (NLS) (x4 2415
R S B W CREBRFTOICEYI CTH 0, MBFIET HRY , =Rk ¥ — RO RAFH,
EHEE Y TAER (VD) B D 2T ER3mbhTngd ([3] @ 9.2 i, [20] 72 & &S H).

@RE 1 ([3, 20]) For any ug € X, there exist T = T'(Jjuo/lz) > 0 and a unique solution
u(t) € C([0,T), %) of (NLS) with u(0) = ug satisfying

E(u(t)) = E(u), [u(®)|72 = lluollz2, te€[0,T).
In addition, if ug € ¥ satisfies |z|ug € L?(R™), then the virial identity
d? 2 2
g 1zu®)llzz = 16(E(u(t)) ~ llzu®)llz-) (VD)
holds for t € [0,T").

WIZ, (SP) ORERIREME EXT D70, IFH LTINS =3 VX —22[H ¥ OB S,
x

w 1 w 1 1
Sw(v) == E(v) + 5”””%2 = §||VU”%2 + 5”’“”%2 + "2"”5’3’0”%2 - m”vlliﬁl

LEETDH. EWHEE (SP) 1XMEH S, DAAT— T 70 V2 HRA S, () =0 LFAETHS
T EICHEERETS.

EE (SP) OIBNMEKROES

fvex: S (v)=0, v#0}
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X, ERTIEICTD.
{peXy: Su(d) < Su(v) forall ve A}
D% (SP) OIECIRAEM & FES.
BWIBAERIE —A + |22 OR/DEAEHE A &5, Thbb
M = nf{[|Vol|2e + lzv)|7z : v € X, Jloflpe = 1}

TDEE, HED w> —A KK LT (SP) @ BT 2 EMEEFE ¢, (z) 23— EHICTFE L
(SP) OIJEIRBEMIC 220 T D (Bt BRIz B LTl [18], —&PEICBE L Tid 13, 14, 15] 22 ).
Lo T EED w> A TR LT, (SP) OREERIEMEEDOES G, 136, = {99, : 0€R} T
52615,

TOWMETEZDLDREMNLX, UTOBEWRTOZENETHB.

FZE Let O be a subset of . We say that Q is stable for (NLS) if for any € > 0 there exists
§ > 0 such that if ug € ¥ satisfies inf{|lug — w||sx : w € Q} < §, then the solution u(t) of (NLS)
with u(0) = wup exists for all t > 0 and satisfies -

supinf{|lu(t) —w|x: we N} <e.
>0
Otherwise, ) is said to be unstable.
3. V(z) = 0 DERAOKE
ZOHTI, V(z) =0 OBEIT 2BEMORRIC OV THEICIRVIRD. $72bbh,
i0pu = —Au — |ufftu, (t,x) € R**™ (NLS0)

FOH 3 5 8 H FRE

—~Ap+wp—|pPtp=0, TcR” (SP0)
WZOWTEZD. Z2T,neN,1<p<oo T,n>30EITEHITp<l+4/(n—-2) 2K
FTD, ZDEE ALED w > 01X LT (SP0) © YR 722 HYR™) IZET 5 IEMEER R
1 1 (z) B—BINCIET S (—EHCELTE 17 238). £oT, FED w > 0 X LT,
(SP0) DEECIREMBEDES GO 1T

G0 ={e?yp,(-+y): #ER, yeR"}

THEZbBND. &I, G0 p<1+4/n DEEXFEED w > 0 2% LT (NLSO) (2% L TRE
(4] 28) THY,p>1+4/n DEEEREDO w> 0 ITHLTREETHD (p> 1+4/n OLG
(1], p = 1+4/n OBFEE [26) ZBK). Zhnb, p=1+4/n 13 (NLSO) OEEEEERMHOL
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Ve - RREMICET 2R TH D ERNND. I, p=1+4/n DL XL, Ey % (NLSO)
xR AX—, bbb, ve H(R™) XL T,

1 1
Ey(v) = 5[IVollf2 — ——=llollf 3
2 p+1

ETBE, Yolz) i Ey(vw) =0 i3 728, BY T A%

d2
a‘g”ﬂ«“u(t)H%? = 16Eo(u(t))
FROIE, BREOBRTOMRMONRLELELED.
¥ 7=, Grillakis, Shatah and Strauss [11, 12] 2 & 5 —f%#4 (Shatah [23] &) Tix, LEMEK

OREEMICET 2 F28ME w > 0 OB do(w) = S0(v) EHVTEZOND. T7hbb,
di(w1) >0 THIUEL GO HEETHY, W, dij(wi) <0 THIE G, HARETHD. ZIT,

1 w 1 1
S8) = 5 VoliEs + Fhels — ol

ThY, (NLSO) loxd 2 HY(R™) EOERRERTHS. (NLSO) iR —/1 2 XY @~ Dy(Ag, A1),
A> 0, I L TRETH DN, () = w/ P Dy (Voz) BEEY b, do(w) = w?/ P~1)—/2+gy(1)
BRSO, b, w >0 KL T, p=1+4/n BERTRRDZENDN5.

4. V(z) = |z|? OBEDOER

V(z) = |z|*> DHAICH, Grillakis, Shatah and Strauss & & 2 ZEMWK OARLERICHET 5+
SEMEIT w > A OB d(Ww) = Su(de) THEZBND. LinL, EDXS RAT— VAT
FELRVOT, R E D X 12 d'(w) ZREFETIE D, E WO RIBERELS.

2T, Guw € Gy dw) = Su(dw) = E(pw) + (w/2)||du]22 (2K LT

, 1 1
d'(w) = {So(pw), Outpw) + 5”%”%2 = §Il¢wlliz
END, pol2s OEBMERIUELND LCHET 2.

Rose and Weinstein [22] iX n = 1 CRIBFEAE —A + V(z) PEAEEZ LS L I 2HDFED
V(z) Wk LT ||goll2s ZEMRIR L, BIBEME A+ V(e) PEAEZ O L&, TORU)
BAEMEE A\ £T2&, HOOBEHEFRNPORPITHEEND.

(PA1)  p<l44/nDLE, T_TD w> -\ WK LT, (NLS) OREEEIERE ey, (x)
HTEETHAD.

(FR2) p=14+4/n DLE, TTO w > A KX LT ||dollfe FHEML, w— 00 D&
%, HHEOM |y1]2, KWL TN (TTD w > = 1R LT, (NLS) OREREELS
e p,(z) ITEETHA D)



(TH3) p>1+4/nDEE, HOEME we > —A DT, —A1 <w <we IZx LT (NLS)
DI ELEW IR i (2) HEETHY, w.<w XL TARLETHA ).

F481 12B3 LT, Rose and Weinstein [22] 1Z, HEHER 2 DIEERZ O TP LK oL &
BLTOB, w— A\ +0 DEX g2, 2MEBI LRSS 0 (BT 2 etk 2 gk L & T
WRWESICEbNS., BV HE, IREILRDS LI 52 DB CHEEL L D &
T5E, HEIHEICHAREORLNS (FlIE, p>3) BBELEDbND ([6, 16] #ZR).

TR ([21]) TR, T3 OB LTI T ORSREE (EHE 1) B SNz,

FHE1 ([7]) Letp>1+4/nand ¢,(z) € G,. Then there exists wg > 0 such that the standing

wave solution e“*¢,, () of (NLS) is unstable for any w € (wp, 00).

EH 1 OFEH TIHIEEK w KB B ¢, (z) OWREMAT S BEEREF 2R, FLESHT
BT B0, TOMNESAT A LT, LEROMOTRICH L TOUTORERELND.

T2 ([8]) Let p<1+4/nand @,(z) € Go,. Then there exists wy > 0 such that the standing

wave solution e**¢,(z) of (NLS) is stable for any w € (w1, 0).

TE3 ([8]) Let ¢u(z) € G,. Then there exists wy > —A; such that the standing wave solution
e, (x) of (NLS) is stable for any w € (—A1,ws).

FAL 1 BELT 2 &9 Rose and Weinstein [22] 12 L2 FERTD, |¢o |2, HREILZRAS 0
IR AR, SO SIC Lo THRT D Z &N TE L.

T2 1B LT, FEEE Rose and Weinstein OFIEFHE NS, BEERDDARLEL RSN
BREZ: TAINICHRARW (LB, RERD, V(z)=0 Tp=1+4/n DBEAE, |[Yuli. ©77
ZETRTO w > 0 1 LC—EE [[¢1]2, TH Y, EREEERMBITBROBRCTALENLNPD
Thb. 22T, V(z)=|z|? 0L ECZDHE LR, BROBKRTORLEEDITELNE
507, b LLIE, TNEITRERSTLREMEEZ NI ZENTEDINE, EOPORAPRINTH
DM, EHE3TO w P +4 A WKEWE ZAORERDSMIMRE ST ([28, 29] Z218).
BEETI, E(p) >0 ThdIEEERLTHL.

% = C Fibich and Wang [5] 7 A F7 &b &, EHE1, FH2, FH3 TRV w BT 5
WREARNT 26T, ¢, [CBT DEIALIERROUIERRDR w BHAREVEEC P ARLRDZ
LERL, BRME &) OFEICHWD &, REE (FHE4) 8BONE. d(w) = (1/2)]¢ull2:
Thd I LERRER, BRI ZO d(w) O w BT 20 % R, dud. &\ BEDH
T %. EHEE(SP) 2 w THOY L bOREETHE, ZoBET

(—A+ ‘mlz +w-— qug;_l)aw¢w = —Qu

itz L, BBALIEHREBREST D Z LoD,



EHE4 ([9) Letp=1+4/nand ¢,(z) € Gu. Then there exists w3 > 0 such that the standing
wave solution e, (x) of (NLS) is stable for any w € (w3, 00).
5. GEFAPCEEL R AR
AT TR~z w BT AWM IO W THAEMT 5. du(z) € Gu &
(@) = /P Vg (Vwr), w>0
YA VERT D, ZOLE, A VERS NI B 4o (2) TR T O AT
~Dy + fu + 0 |2l hy ~ Gl by =0, T ER™

L8 TIERMICIE, w— o0 DEXRF Uy VEOKERHXDLICRAD. TOELEN
5, w00 DEX ¢, 13 w=1DEHAD (SPO) DIEEIRIEM 1 (z) I HLOBIRTIHRT D
DTN L TATE 5. (NLS0) OIEEERM ey (z) i p=1+4/n ZFICLT, LE -
REENEDHDT, w BTHRENE X2, (NLS) OEEFEERA “ldy(z) 1T epi(z) D
PEHIZIEXREINT, w— oo DIBIRICBWTHEERIC p < 1+4/n TIXLETHY, p>1+4/n
THALEICRDZDOTIIRVPEEZ OGRS, (BL, EBIOT p=1+4/n OBERFEIRRD
ZEREBLTRLY) dul(z) 235 () ~OUGRIE, STOMBEICLVIERSND.

w1 ([7) lim | b — 1|2 = 0.

W11, do(z) BEIFIGMEAT & O FMERTE
inf{[lo7ri : v € 2\ {0}, Lu(v) <0}
DRMETETH D = &, RO 4y (z) B
inf{[lol[?F}, : ve H'(R™)\ {0}, (v) <0}

DOEMETETH D Z L B ANT, do(z) & Pi(z) D/ V2 ERBEWVCHEET S Z & TR SN,
ZZT,

(v) = [VollZ2 + [ollF2 = loll75s,
Lu(v) = [ Vol 72 + [oll72 + w2 flavllZz — vl

—J5C, —Ap WHED w TO (NLS) OEEEIERM “d,(z) KB LT, u(z) = du/lldull2
BREZD. w— —A DEX G(x) 1TR/DEEME A\ KI5 EABIEK O(2) BT 5.

W@z (8) lm (4 -z =0.



6. EH 4 OFEA OIS

po=1+4/n £T5. ¢, € Go DESENFRFESTEHANT,

se—=llpulliil = s wlldulliot, >0

d( ) (qu) - (p +1) po+1 2( +1) po+1?

LERL, w AR ENEZATA (W) >0 ERHZERRLTHNLS. 4HTHA L2,
LD golz) OHEEHES.

@2 Letl <pandp < 1+4/(n—2)if n > 3. Define the linearized operator L, on
{ve H2,(R") : |z[*v € L*(R™)} by J

Ly =-A+1+w3z>~ pqgwp_l(w), w > 0.
Then we have ’
() (12]) ¢uw(r) = 0 as T — oco. (independent of w )
(ii) ([2]) There exist Co(n) > 0, ro(n,p) > 0 and ws(n,p) > 0 such that
| (r)] < Cor= ("D 27/
for any r > rp and w > ws.

(iii) L, is invertible and L~w~1 is bounded for sufficiently large w, i.e., there exist ws > 0

and Cs > 0 such that for any w > ws
IZvll2 = Collvl2
for any v € H2 (R") and |z|?v € L*(R?).
(iv) ([24]) w — ¢, is a C' mapping fljom (0,00) to X for sufficiently large w.
Lo=-A+1—pft L35, EED ve H2,R) LT, ||Lovlls = Cillvllzs THDHL D%

EECL >0 NEETHZEPMENTND. M2 (i) TOEH Co 2 w RFLRNE DI,
BIALIERISE L, % Lo OEBB & H72 LT (iii) &R

3 Letl<pandp<1l+4/(n—2)ifn>3.

(i) L~w (%) = 2‘4)_3|$12¢Nw7

., w3
(i) <>¢<>dﬁ— /mqsw (2)dz
p=l+4/n ThDHLE, WS, ME2 (i) 2o T, HE
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d"w) = w3 /]Rn |m|2¢~w2(m)d$—4w_5 /Rn |x|2g{>~wljw~1(\w|2¢)~w)dw
-3 27 2 =B 47 2
> w ./Rn |z]°dw (2)dz — Cw /}Rn |z|* by (z)dx

EHEL, mE2 (i) ZAWTEHEL TWL.

25 3K

[1]

2]

7]

8]

[9]

[10]

[11]

H. Berestycki and T. Cazenave, ”Instabilité des états stationnaires dans les équations de
Schrodinger et de Klein-Gordon non linéaires,” C. R. Acad. Sci. Paris. 293 (1981) 489-492.

H. Berestycki and P. L. Lions, "Nonlinear scalar field equations, I-Existence of a ground
state,” Arch. Rat. Mech. Anal. 82 (1983) 313-346.

T. Cazenave, ”Semilinear Schrodinger equations,” Courant Lecture Notes in Mathematics,

10, American Mathematical Society, Courant Institute of Mathematical Sciences, 2003.

T. Cazenave and P. L. Lions, ”Orbital stability of standing waves for some nonlinear
Schrédinger equations,” Comm. Math. Phys. 85 (1982) 549-561.

G. Fibich and X. P. Wang, ”Stability of solitary waves for nonlinear Schrodinger equations
with inhomogeneous nonlinearities”, Physica D. Vol. 175 (2003), 96-108.

R. Fukuizumi, ”Stability and instability of standing waves for the nonlinear Schrédinger
equation with harmonic potential”, Discrete Contin. Dynam. Systems. Vol. 7 (2001), 525—
544.

R. Fukuizumi and M. Ohta, "Instability of standing waves for nonlinear Schrodinger equa-
tions with potentials”, Differential and Integral Eqgs. Vol. 16 (2003), 691-706.

R. Fukuizumi and M. Ohta, ”Stability of standing waves for nonlinear Schrédinger equations
with potentials”, Differential and Integral Eqs. Vol. 16 (2003), 111-128.

R. Fukuizumi, ”Stability of standing waves for nonlinear Schrédinger equations with critical

power nonlinearity and potentials,” to apprear in Advances in Differential Equations.

R. Fukuizumi, ”Stability of standing waves for nonlinear Schrédinger equations with po-
tentials,” Séminaire EDP, 2003-2004, Ecole Polytechnique. IX-1 - IX-8.

M. Grillakis, J. Shatah and W. Strauss, ”Stability theory of solitary waves in the presence
of symmetry 1,” J. Funct. Anal. 74 (1987) 160-197.

8



[12] M. Grillakis, J. Shatah and W. Strauss, ”Stability theory of solitary waves in the presence
of symmetry II,” J. Funct. Anal. 94 (1990) 308-348.

[13] M. Hirose and M. Ohta, ”Structure of positive radial solutions to scalar field equations
with harmonic potential”, J. Differential Egs. Vol. 178 (2002), 519-540.

[14] M. Hirose and M. Ohta, ”Uniqueness of positive solutions to scalar field equations with

harmonic potential”, Preprint.

[15] Y. Kabeya and K. Tanaka, ”Uniqueness of positive radial solutions of semilinear elliptic
equations in R” and Séré’s non-degeneracy condition”, Commun. Partial. Differential. Eqgs.
Vol. 24 (1999), 563-598.

[16] M. Kunze, T. Kiipper, V. K. Mezentsev, E. G. Shapiro and S. Turitsyn, ”Nonlinear solitary
waves with Gaussian tails”, Physica D. Vol. 128 (1999), 273-295.

[17] M. K. Kwong, ”Uniqueness of positive solutions of Au—u-+uP = 0in R® ” Arch. Rational
Mech. Anal. 105 (1989), 234-266.

[18] Y. Li and W. N. Ni, "Radial symmetry of positive solutions nonlinear elliptic equations in
R™, Commun. Partial Differential. Egs. Vol. 18 (1993), 1043-1054.

[19] Y. G. Oh, ”Stability of semiclassical bound states of nonlinear Schrdinger equations with
potentials,” Comm. Math. Phys. 121 (1989) 11-33.

[20] Y. G. Oh, ”Cauchy problem and Ehrenfest’s law of nonlinear Schrodinger equations with
potentials,” J. Differential Equations 81 (1989) 255-274.

[21] AHFEA, Instability of standing waves for nonlinear Schrodinger equations with poten-
tials,” [ FERXORAHIISE] TR, (2000).

[22] H. A. Rose and M. I. Weinstein, ”On the bound states of the nonlinear Schrédinger equation
with a linear potential,” Phyica D 30 (1988) 207-218.

[23] J. Shatah, ”Stable standing waves of nonlinear Klein-Gordon equations”, Comm. Math.
Phys. Vol. 91 (1983), 313-327.

[24] J. Shatah and W. Strauss, "Instability of nonlinear bound states,” Comm. Math. Phys.
100 (1985) 173-190.

[25] # Mt  FE A, TR T- 2 AR — R - T A a2 5 A VR, B Vol. 69 No.
11 (1999) 937-944.



[26] M. I. Weinstein, ”Nonlinear Schrédinger equations and sharp interpolation estimates,”
Comm. Math. Phys. 87 (1983) 567-576.

[27] J. Zhang, ”Stability of standing waves for the nonlinear Schrodinger equations with un-
bounded potentials”, Z. Angew. Math. Phys. 51 (2000), 489-503.

(28] J. Zhang, ”Sharp criteria for blowup and global existence in nonlinear Schrodinger equations

under a harmonic potential”, (1999), Preprint.

[29] J. Zhang, ”Stability of attractive Bose-Einstein condensates”, Journal of Statistical Physics.
101 (2000), 731-745.

10



