YA

Z DML 20124 CE244) SH 1L H2»5 8 H 14 HETD
[H, PR 24 F RV BB & JEEITZE(A) T 3 RouS ikam o
AL, (DR NSRS R 1 22244004) B XU Al
W7E(A) "EERDO R R AR OFIER ) (e - fefal s
23244008) DBILIC & O EERFB CTHES 555 9H A n
PV VRV T LICEL, H50 U 0iEE Xk D RO 5% Fl
L7ZbDTH 5,

ZOHWIZ, SUvARSTLASMEDRK#EEZ IO BCHBEL, L
S IERIIT )00t TAEEDIC, BHERELTHET L
WX o THRADERE L THEYITHI EILH S,

B DFEEER,
WK 24 SEFER AR E w2
WrZefEE  JEEBEIZE  (A)
M7EREE DNEES
Wi 3 RouSikikim DL
MEE S 22244004
ICEDIERE NI DTH 3,

THEEA  EUHESE (eBR)
fefifes (JURS)
BfEzEE  (RPHivLK)
AIAIEE - CIEH#EER:)

T HABEER P Ay —gRka
Jefi « R BRA



O N [H] [ N S w NN A AV
WA B/ VA

8A11H (1)

14:00-15:00
&5 Fdh CRIRHIZRY)
FEOHDRFAEEZ D 0T 1

15:30-16:30
RA H (ROKRY)
Monotonic normal Z2ft] & ffi4 DOAAHZER] & DFEDAAHIHEEIZDWT 13

8A12H (RH)

9:30-10:30
=l = (hYekeg)
3 RIGBHS IR LOFEAH EFMANDID T A . 25

11:00-12:00
HE % (R TH#KY PD)
WEOHA Y FLVOREDP SO HHEAEH DRI ONT oL 37

13:30-14:30
AR 5L (REREE N RY)
FAY PZ—DEEATO =T A 49

15:00-16:00
By s OEBR: AR SIS B PD)
Ay FIIVOGHEEER EARRICE RO — 61

16:30-17:30
R #mE (UM RS)
NR—=L ATV PR EUY —FEDY V8BRS~ . 73



8A13H (A)

9:30-10:30
IS ERCAVITIVNED)

Broken Lefschetz fibrations and their moves ............ ... ... ...... 85

11:00-12:00
rhh sadit EERSY: D1)
Ozsvath-Szabd PER E P =T AV A XA MIZOWT oo

13:30-14:30
s B CRBRIFZKRY:)
NERYETIHA AN ? — a2y 87 Mo e E8% ... 97

15:00-16:00
e BB GRS PD)
A-infinity structure in string topology .......... ... .. .. . oL 107

16:30-17:30
nttaz AF (ALiE K PD)
R igme 7z Ry 7 — 22N O 22/ 0 MR o Zfmf2¢ ... 119

8A14H8 (X)

9:30-10:30

i A% (HEIR%: D3)

Minimal models, formality and hard Lefschetz property of solvmanifolds
with local systems ......... ... 129

11:00-12:00
NS O YNES)
Lagrange ¥ %A D displaceability X UX displacement energy (22>



fEOHDRREEZ O > T
BfE FB/E (RIRITIZRY)*
20124E7 H 2 HigH

B =
FOHPHAHICIE S FIERRMEENEZNTED, £2DRILE
WXL CHREONH, fEAHDORIC, wbwd LT 1 7 VB ER I NS,
AFHETIZ & I, EAHDO Iy FEMMATT, 2Oy FEffio
THIHDMABICERT 2 TNy Ry iz H TS, (1) NV F
T X BALRDZEHMITOWTHNT 5. (2) N BRI & > THELE
N2V OPDORFEITAEIIH LT (1) OFRZRHEL TIaVT 1 7 v HilED
Al X 41 % 6 2 FHA T 5

1. [FU®IC

WOHOKRIZEB LT, WEUBICRERD ET2WICT L EMOHZIZEL 2 ENTE
5. Thbb, REZBE V) RFEBIECERERETCH S, L->T, 220
FEOH K, K2R L C—J7 DY 72 X% ][Rl 27225888 2 LA IC 8T 5 2 &8
TES, ZOLEDOZAELDR/NAEEZ KL KOV T4 7 VL KO d(K, K')
ThobT, LI, KEHHREOIHD VT« 7 villiiftE K Of O HEEE & X

P u(K) THEHT
A o X

1: AR

LALLM S FEVH LA ICIEI I ERRAEAENEZ o NTwS, £7,
Z DEGHHRE O HIHIREN E ) e w) TEPRELE 2 5. £, 2 O00HKUH, #&
HHDD 2ERETHED G L EZORNEETH 2 TaVT 4 7 il ©, £
HHZHEOHED IV T4 7 VHHECH 5 THIOCHMRERL 2k 5 2 L@ L
%%, I, BAoN2O0DfUH, #AHD 1 RIOEEETE D &) L
IS b 5. RFTEE O % i d [21, Chapter 11] 2 2,

AFHHTIE, REEDO—2TH 53N FFEMizhLIcEZ T, [MEZEON
Y FFEM EAT Y FEME X 3) IZDNAICE CHARZ RO E L Thob
NI, B, IR TTo T3 ([7], [12], [13], [27]) . ##E#EE X%
o F, HQ)BEI L XIENZ M E 220Ny FREMOUIZE (19 2 58 HETRE S
T Ty, FHHIKOFHICE W TEAN Y FEMOMEZAY, H2)®
DL ELNLFEEZO»> TIRZIZIL DD 2 L Lo, BRI, T(2,2n) 8
AWFZE I RHIFE (FRERS:24540089) DR ZZ I - b DTH 5,

2010 Mathematics Subject Classification: 57M25
¥ —7 —F ! knot, link, band surgery.

* T 558-8585  ABRTHI{ER XAZA 3-3-138 KIS RFARFEBEERAITTERE - i s
e-mail: kanenobu@sci.osaka-cu.ac.jp




~—J At HD, azem% (2n + 1) RO 2 KGN HICEEN N Y FFiTL
BT&E20?2, 61, TEBINS LEEZZDONY FORMIMHIE? ) &) EDS
RSN, Tk, DNAIIERT % Xer R O RO S IAH AL 2 DT> 6 42
METH 5, FEL <1, PR, AE#EREOHC (6], [39], [43] 22 M,

PR C N > )

Ty T T! )

2: [ E DA (2,6) 8 b — 7 2fEAH

ATk, FTHE2MT, NV FFliE, HOHOEET % 2 M ORER Y R Fif
EREARERTH D SHR)BEIDERZIBRS, RITHE 3HiT, BAEN NV FFRMiT
BOEIKAHICBERT 2AERICOWTIERS, miBICHE 41T, SH(3)BEOb
DL DD DETGARMENDIEH 2B 5 . ARHEFIC[16], [18] DBETH 5.

2. NV FFiT& SH(3) BED

2.1. NV RF1iff

X 3D &) ICHEARD—ERTIT Ny F2 T 2oy F2 R L TR 7z 128l ofg
AHICEET 282 N> KFfi(band surgery) & k&, IEMEICIE, LZEAH, b:
IxI— 8% LNb(IxI)=0b1x0I)Z2AlTHDAARLLILEE, H6IEiEH
HM = (L\b(I x0I)UbI xI) %N F B=0b(IxI)IZf>7 Ny FFMic k-
TRoNAEAE EVS, 2L, TIZBHXRE0,1].

)C o X

LUB=MUB M
3: fEAH LISV FBIZI> TNV FRifiZzEB %9 LiArHM»BPE NS

NV RFMNE, #AHL MOEE, ROBIZE->T, SEIELGEPELLN
5., X1, M4 kHic, AHDIMEREZ LA LG Lo M, £7:0%, M»5
L~D/N Y FFEizBEMINY RFM (coherent band surgery) & X5, TDEE, %
HEHDBEIEIE 1 DEHBEL 5,

L LUB=MUB

X 4: #EEWN Y R FAi



¥, AZOMNOTORWLKABIZEWT, LE MDETEDPZLL By RF
iz H(2) ¥8h (H(2)-move) & J:Si H(2) I NVT 4 7 VEEREHCOW TR [16], F7,
M & 2 MELL 72Ny FFEHCOW» T 1] 22,

2.2. SH(3) #&

5D &9 %0 E DL 7fg A HICN T 2 R £IE%2 SH (3) B8 (SH(3)-move) & X
&L, EAHO BROBIIZL v v FEE AT 5.

Y,
)¢ )/\L

5. SH(3)BE)

1Rl SH(3) BE) 2 M OBEEH Ny FRMTHEEINS (M 6) . i, fH0H
D 2P DEEG Ny FFRMIEEIC 1O SH(3) BEITHEIINE Z L2305 [18

Proposition 2.3].
3
/ N\

6: 1l SH(3)B#E)E 2 MDFEAR Ny FFMiTHIEI NS,

EE 2.1 HQQ)EhE SH(3)%E1%, Hoste, Nakanishi, Taniyama [11] 235E# L 72 H(n)
BE), SH(n)BEORNLEGATH S, Hn)BE), SHN)BHIX, nAKOObh 5%
LHWALY v TNVICRT 2RTEETH 5. X 7(a) D & 9 21 E DT FE A
Hicxd 2 LIt %2 H(n) BE8) (H(n)-move), 7(b) D & 9 %I E DAL A& A H
WX BT 2 SH(n) B8 (SH(n)-move) & K&, 72721, INoDEBTIE
BAHDRDBUIZEL L & W) EEBMNL. £, SH(n) BEITIX, BRI
FRTRIFIE RSB\, £72, H(n)BE, SH(n)BEN & ISR HBEEET
b5,

< (a) g O "
C) >
] [ ,1

LA

7: (a) H(n) %) (b) SH(n)®%H)

1 [ H(n) B8, &5\, SH(n)BEI, %m%“m, (n—1)BlD Y FFEA, &b
B\E, BEAWANY FRITCHEBII NG, 3618, SH(3)BE, H(3)BEICDOWwTIE,
Taniyama, Yasuhara [41] 23\ K D DKM T2 E 8> T 5,



3. N\ RFEMHICERT ZFEE

3.1. AT VYEDHbDSEREINZZERAREE

AT A Y =OM(L, Lo Ly) &%, 2 1 ROEL K8 D X I IZE S T % LU
Fol{ALMEDM32>DmMEMITonigArHOHDOZ L THD, DL E,
L, &Ly, H2\00F, Lok Lyl 3BEAMNANY FEAICEDE S, £, M, BAETAN
YREMTEHE) 2008AH L, L'IcOWTIE, (L,M,L), (M',L,L')BATA
VEOMER B K ) REEAHAEH M, M DBET 5.

XX

8 ArA4 v=2f

] E DGO H, #&AHDMHAZERTH 5 Conway BRIV (L; 2) € Z]2] [5],
JonesZIERXV (L;t) € Z[t*'/?] [14], HOMFLYPTZIBRX P(L;v, 2) € Z[v*, 2*1] 8,
35 2ZNZNLLT ORI TER T 5. 22T, URHWLKOH,

V(U;z) =1 (1)

V(Ly;z) = V(L_; 2) = 2V(Lo; 2); (2)
V(U;t) = 1; (3)

UV (Lyst) = tV(Lost) = (8172 = t72) V(Lo; t); (4)
P(U;v,2) = 1; ()

v P(Ly;v,2) —vP(L_;v,2) = 2P(Lg; v, 2), (6)

3.2. IS
1] & DO 7f& A H DFFSEUT DWW TRDIR D 32D ([31, Lemma 7.1], [32, Theorem 1],
33]).

g 3.1 A7 A Y=ol (L, L_, L) ITRL T,

o(Ls) — o(Lo)| < 1. (7)
51T, BUCHORFSEIZDWTIE, XAz ([9)).
il 3.2 it CHDOFF 5 BUIRD 3 DDEMPSIRETE 5.

(i) HHZHETHUIZDWT,
o(U)=0. (8)

(i) A7 A =28 (L, L_,Lo) ICBWVT, LoD HD L &,
o(L-)—2<o(Ly) <o(L-). (9)
(ili) e(K) =V(K;-1)/|V(K;-1)|=V(K;2i)/|V(K;2i)| £ $ 5% &,
(—1)7"2 = ¢(K). (10)



3.3. ArfREE

LOMEOH, 7%, BT LICOWT, L LERD DG ZNnZ i & OfgHABDOND
B E W) %z 2 A THEAH (proper link & X IZNTWwW3) DL &, ArfAZEE
Arf(L) € Z, [36] WEFEI NS, Arf AERIZIRD X 9512 L T Jones ZIHA, Conway
LA 6K E % ([29], [23, Chapter 10]).

e 3.3 () K BWEUOHD & &,
Arf(K) = ay(K) (mod 2). (11)

72721, ay(K)Zx K @ Conway ZHA V(K 2) D 22 DR
(i) L2S2Ir DigAHD & &,

— — 1AL % SfE %
V(L;i):{( V2)(—1) L DMERBHMESLD & =

0 L DG AREDSZTE D & =

72721, V(L;i) i3 Jones LTV (L; t) ICB VT /2 = /4 RN L 7.

TR AIAEEOROWEZFIHT 2. 2HODOAEH L 5BEN NNV BT
MICHOE KBS onre &, LOWAEDMEEZ 61X, ArfAE®IZ—T 5,

Arf(L) = Arf(K). (13)

3.4. Jones ZIAT DIFTKIE
w=e"P LB, LEcEIPOELIEHRE, S(L) % SPD L LT 2 Byl
MlE&d5, 7, §(L)=dimH(3(L);Z3) £ L. TDEE, Lickorish, Millett [22,
Theorem 3] 1 t'/% = /61T BT % Jones LHAXDKIRME V (L;w) ICBI L TROAZ L
ATz,
V(L;w) = +i¢ 1 (iv/3)°W), (14)

(Ly,L_,Lo)Z A A v =2OfMET %, Lo, LLBKEOH, Lod32laikAHD & X,
oI, MIDE)BHIOH L, Z2EAD. N2 LyDigHBET 2L E, RORXDIK
h iz [2].

V(Ly;t) —tV(L_;t) + 122 (t — 1)V (Lo t) = 0. (15)
AN / /N
L, L_ Lo Lo

9: 274 PO

(4), (14), (1) X232 &, 42D#UH, #&AH (Ly, L_, Ly, Ls) D Jones %IH
ROFREDLLDMEIZER 1D (a)(d) DAY DAL VI EBbh 5,
K105, TSIRRDI EDDPD,



7 1. Jones ZIHADFHIAED L

Clases V(Ly;w) V(Loo;w) V(Lo;w) V(Loiw)
Viloiw)  V(Lw)  V(Lw) V(Liw)
(a) 1 (—1)? V3 —V3
(b) ~1 (=) M3 i —i
() | 3 (1)1 - =V
@ | W3 (m1)MNET -3 i

EHE 3.4 2ODiFAHH L, L'PWEAHW ANV FRITEIE) L&,
V(L,w)/V(L;w) € {ii, —\/gil}. (16)

il 3.5 Traczyk [42, Example 4.3] 132 1 ZH[JHL T, 7,#5OHDFEOCHMBHED2 TH
52 ERDENICHIALZ, K=7,1c0 L Tu(K)=1,KETS. (9)X2fE) &
o(K)=-2&0, 274 V=28l (K,U, L)) D’FET 5. £ 22D, V(K;w) = —iV3,
V(IU;w) =10, #12R2EZ2DEIBATA VEOMIBEE LRI Edbn 5

1067 IZDOWTHFRTH % LR sN T3

JER 3.6 #13.5 D Traczyk [42] ARGIC Miyazawa [26] 1%, Jones ZHR, P58, #HO
HD17151=, Conway ZHHAD 4 ROGRE A M- T, #OHMEEEDY 1 ofOH IR
%% 55 % 5%, 1065, 1069, 10s9, 1097, 10108, 10163, 10165 DG NHEM DI 2 TH 5
CEZRLI. ZNHIEHISSDIEICL>THRTILEHTE S,

3.5. HOMFLYPT ZER O4F5%(E

L% clorh 6 itaH, S3(L) % S* 0 L Ecoin 3 HEykgEzEie 75,

7z, h(L) = dim H1(23( ):Zy) £ B, TDEFE, Lickorish, Millett [22, Theorem 2]
dv=2=1ilCBF 5 HOMFLYPT ZIHXDRIRE P(L;i,4) BT 2 RDA% 52 72,
P(L;i,i) = (=2)"5), (17)
)Rz v =2 =i B#IUAT 2 &,
P(Ly;i,i) 4+ P(L_;i,i) + P(Lg;i,i) = 0 (18)
285, ZoXE A7) EKD, X285 ([25], [17)).

EI 3.7 200fHHL, L'W, 1RIOLAEL, £713, BEH NV FFEMiTED
“HI)LE,

P(Lyi,i)/P(L;i,1) € {1, =2 } (19)
Bl 3.8 #&AHLICWLT, Z20HH%2 LI ET2L, P(Lii)=P(Li,i)THsI &
WWETHRET S, K=3,, 4120 TE, P(K;i,i)=-2Tbhbs. 7/, (2,6)F—

7 AEAHTLTOWTIE, P(Ti,i) =1ThH b, L7edi>T, ROFOH & 285751
AHOWIE 1 FOEAHNY FEMITEBR) Abhw I Lbhrs

(31#31!7Té)7 (31#417 TGI‘) (20)



NS IR TEL, 348D Jones LIHADKIKIEZ > TOREBVHITH S, 77
L, ## (% Alexander ZIHA % i > 72 Kawauchi DH[EETHRT I L TE S [13,
Lemma 3.10(2)].

3.5.1. Q ZIAR & ZDHF7kKE

Q%HER Q(L; 2) € Z[z*] [3, 10| FIZF DA VT LR LKA HDOMHALERT, KD
Bfgslic Kk D eI N 5,

QU;z) =1; (21)
Q(Ly;2) + Q(L_;2) = 2 (Q(Lo; 2) + Q(Leo; 2)) (22)

2T, UZHWAKOH, Ly, L_, Ly, Lo 13® % 1 SO TR 10D & 9 ITiE-
TVBRLNEESZKFAL 4D2DFAHTH 5.

A X )0 X
AN / /N
L, L_ Ly Lo

X 10: MEDM LTV WA A v 458

Jones [15]1%, 2= (vV5—1)/2 ICE) 5 QLIHERORE p(L) = Q (L; (V5 — 1)/2))
L TROA%E 5 2 7.
p(L) = +V5 (23)

72720, r=dimH(X(L); Z5) TH 5. 51, Rong [37]1%, 4 2DKUH, #&AH
(Ly,L_, Lo, Loo) D QZHAXDFRIRED L DEIZE 2 D (a)—(f) D 6B H DEE L7z
WZ EzNLT,

#£ 2. QZHEADRKED L

Cases | p(L-)/p(Los) p(Lo)/p(Lec)  p(L)/p(Leo)
(a) 1 V5 1
(b) V5 1 —1
(c) 1 ~1 ~1
(d) ~1 ~1 1
(e) -1 1 V5
(f) \/3—1 \/5—1 \/5—1

ChzHMH LT, Stoimenow [40] 13, FHHKMH p(L) DFGOHBEBUZBE§ 2 &% 5
AT, W ODFENH DO H M E R PLE L 7.

#£2L0, X255,
FIE 3.9 2O08ARHL, L'y FFEHiTBELEI) & X,

p(D)/p() € { 1, V5" | (24)



4. TFEIFLHFVE, BHABDODRFRER
JRATAE TICN LT, #UOHK & Koo TIIWNT 1 7 Vi dr(K, K') %, K%
K'NIZEWT 27O DRTAE T Om/MNalBTERT 5. £/, RITEAET 5% O HE
HEEEO L E, KiOHK O THRCEBES uwr(K) 2, K EHHARKOHDMO T 2
VT4 7 VIEECERT 5. £ LIS,

o SH(3) INT 1 7 v HilfiZsds(K, K"), SH(3)HEOHMNEL sus(K)

o H(2)INT 1 7 VHHREL do (K, K'), H(2) K5O HMRHEENE ug(K)
Thobid.

4.1. T\ BEI&E ABE

Shibuya [38] (XX 11D X 9 B D &> 72 2D 2 [FAIRFIZ & 2 78 ) 38EHA T BB ED

(To-move) & Ty BB ZEHZ L7, T, & TyBENIFAMTH 2.
| | o

I —‘—>
— —_— —‘—» _

Do BB A O H NI TH 5. B, 10T 1 MDD, BEIcHEE S N
2 (M12) . 7, DB 1O SHB)BETHEEHsNS (K 13) .

11: Ty %8 & I} 28

N

12: 1Mo IE 1 Mo T, B cEEH IS

Q

~ B SH(3) ~
b e |
13: 1oL BB 1o SH(3)BEcHEHEI NS

4DEIRIARDVL»SRDEY Y TIVDORTEN %2 ABE) (A-move) & X 5.
COKT, MEE2EDXHIIAMTITY, 205 ERAMEELEETH S ([30], [24]2H) .
ATEE S 5O H S CDH 5.

1 BDABBEIE 1 RIOTBEHTHEBEINS (K13). 1HDOTEENL 1 HDSH(3)
pEcHElsNng (K 15). LZd->T,

e 4.1 F50H K KNI LT

sd3(K, K') < dr, (K, K') < da(K, K') (25)



N )
Ao X

14: ABHE)

VAR = TR =
- AN AN e

15 1D AT 1 RO T BEITHE I

SH(3) MO HMBHBICET 248% % H1T 5,
MEE 4.2 FEOHKIZH L TR 77D,

ZIT, g"(K)IF 4ok, ¢(K)Z(3X0) MEL, e, (K) X H (3, (L); Z) DAERIL
DI/, e(K) GRS (Z[t, )L Lo Hy (X(K); Z) DBt D)

X561, AFBOHMBEEBIZIIROFMR2D 5.
ua(K) = Arf(K)  (mod 2), ua(K) > |ao(K)| (28)

SH(3) MO HMNEZ ) & RUiHiiz 5o N2 56035 5.

Bl 4.3 2REORMRAEONH K = 12a177 [4 ITHL T, ua(K)=3TH%. £7, A
DHIDA W7D EH Y TABEZE %) & 106 #OHIZE 5. ua(1067) = 2 [34]
DT ua(K) < 3. Wi, V(K)=1—22=321+2:5206, g(K) =3, ua(K) =
az(K) = —1 (mod 2). RIZ, V(K;w) = -3 &b, EH34%2M9 L, BEN ANV
FMCTHHELEOHICEE T 2720121, SHU EOFMBNEL I LR EBbH
5. L7ed3oT, SHI)BEEI 2R EHEELE %5, sus(K) >2. X>T27)R&kD,
ua(K) =3%213%. 61T, 28M« TRELZZ E %) LIZET5DT, u(K) <2,
F7, 1 = |o(K)|/2 < g"(K) < suz(K) < g(K), w(K) £V suz(K) = u(K) = 2.
g"(K)=1bKID Ny FOFMirobdr 5.

gy

16: 12al77§5OH
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4.2. # BEIEINABED
# 5 (#-move) [28] & 7S AFEH) (pass move) [20] 1% & B I P77 2ARKD O Z [FIRFIC
AT BRTAEIE TH 5. 72720, 2ROV DS, #BHIZFEL T, SR
BN > T 5, #BHIEHOEBNERETH 223, NSABEIE Arf AL R
CHUOHE) LTREDE) ZEBASNTRS

# B8 X 25 H)

<
<

YVY
A

N
>

\ 4 Y

17: # B8 L S ATEH)

IRR < JIVT« 7 > BEREE O Tl 13 LFBRICT 2 &, SABEN 1D SH(3) 8
THEIND Z L2 %, Lo T, UHK, KIZHRLT,

sd3 (K, K') < dpass (K, K'), sug(K) < Upass(K). (29)
NA e INT 4 7 VORI E LT, |o(K) — 0(K')| < dpass (K, K') 13E15 00T
7o, 61T, SH) MO HM N Z ) EHEiR R 2556030 5.

Bl 4.4 K=10,£9%. V(K)=1-42% 0(K)=-2&0D, ups(K)>1TH5, &
51T, V(Kjw)=-3&0D, 2<su3(K) < upuss(K) 230025, FEERIZ, 4-move 7217 T
K—6 —ULZEBTELDT, suz(K) = Up(K) =2 EIRETE S,

L TIWT 4 P VHEROTME #BEI 200 H2)BHTERINLZ Lobh s, L
k0oT, SOHK, KICNLT,
do(K, K') < 2d (K, K'),  1ua(K) < 2us(K). (30)

HANT 4 7 VR BT 2720 DWEE L TROZ EDPAIGNT WS, FUOHK
DK 226 1N #BETHONS L E,

as(K) —as(K')=1 (mod 2), lo(K) —o(K'")| = 2,4,6. (31)

51T, HR)RMOHMBEBZ M) LRHiN R R 25606 5.

B 4.5 K = 10503 (K 18) £9 5. V(K) = 1+322+421422 K D, uy(K) = ax(K) =3
(mod 2). (£7z, o(K)=2) £>T, uu(K)Z 1 Lo&HHTH S, —J7, #BH)IC
FD KIEBNIIEETE, ugB!) =20HoNTWEDT, ug(K) <3, £IAT,
p(K)=-5X%0D, 3<uy(K)<2uu(K)[19. LZ2oT, ug(K)=3LRETE 3.

i

X 18: 10503 f5 O H
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1. INTRODUCTION AND BACKGROUNDS

All spaces are regular T;. A space X is said to be normal if every disjoint pair {F, H}

of closed subsets can be separated, that is, there are disjoint open sets U(F) and U(H)
with F¥ C U(F) and H C U(H). It is well known that all compact spaces and all
metrizable spaces are normal and these spaces have other nice topological properties
listed below.

Definition 1.1. Recall the following definitions.

e A space X is collectionwise normal if every discrete collection F of closed sets
is separated, that is, there is a pairwise disjoint collection {U(F') : F' € F} of
open sets with F' C U(F) for every F' € F, where a collection F of subsets
of X is discrete if for every z € X, there is a neighborhood U of X such that
{FeF:UnNF #0} is at most one.

e A space X is (countably) paracompact if for every (countable) open cover U of
X, there is a locally finite open refinement V of U, that is, for every x € X
there is a neighborhood U of X such that {V € V: UNV # (} is finite, where
an open cover V is a refinement of U if for every V € V there is U € U with
VcU.

e A space X is (countably) metacompact if for every (countable) open cover U of
X, there is a point finite open refinement V of U, that is, for every z € X, (V).
is finite, where (V), ={V e V:xz e V}.

e A space X is shrinking if every open cover U of X has a closed shrinking
{F(U) : U € U} of U, that is, it is a closed cover with F(U) C U for every
Uel.

e A space X is orthocompact if for every open cover U of X, there is an inte-
rior preserving open refinement V of U, that is, for every z € X, (V). is a
neighborhood of .

It is well known that
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e All subspaces of metrizable spaces are metrizable but subspaces of compact
spaces need not be compact.

e Products of countably many metrizable spaces are also metrizable and products
of arbitrary many compact spaces are compact.

e Metrizable spaces and compact spaces are paracompact.

e Paracompact spaces are collectionwise normal, shrinking and metacompact.

e Shrinking spaces are normal and countably paracompact.

e Collectionwise normal spaces are normal.

e Metacompact spaces are countably metacompact and orthocompact.

Also remark that
e Product spaces of arbitrary many regular T} spaces are also regular 7.

On 1950s, the following problem was discussed:

Problem 1.2. If X is normal, then so is X x I7 Here I denotes the unit interval [0, 1]
of the real line R.

Nowadays this problem is known as to “Dowker problem”. Dowker proved in 1951:

Theorem 1.3 (Dowker’s Theorem [4]). For a normal space X, X x 1 is normal if and
only if X is countably paracompact.

A normal space X is said to be Dowker if it is not countably paracompact, equiva-
lently X x I is not normal. After many mathematicians constructed various Dowker
spaces assuming some additional set theoretical assumptions, finally in 1978, Rudin
terminated the problem:

Theorem 1.4 (Rudin’s Theorem [13]). There is a Dowker space without any other
additional set theoretical assumptions.

Dowker’s Theorem has an interesting analogy:

Theorem 1.5 (Scott’s Theorem [14]). For a space X, X x I is orthocompact if and
only if X is countably metacompact.

Also the following result is well-known:
Theorem 1.6. Let X denotes the Stone-Cech compactification of a completely reqular
space X. Then:
(a) X x BX is normal if and only if X is paracompact [12, Tamano].
(b) X x X is orthocompact if and only if X is metacompact [5, Junnila].

Since (countably) paracompact spaces are (countably) metacompact, we have;

o If X x I is normal, then it is orthocompact.
o [f X x SX is normal, then it is orthocompact.
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So we naturally have the following conjecture:

Conjecture A. In general, normality of a product space X x Y imply its orthocom-
pactness.

On the other hand, there are many pairs of normal spaces X and Y such that X xY
is not normal. For instance,

e X =Y =S, where S is the Sorgenfrey line, that is, S = R as the base set and
its topology generated by half open intervals [a, b)’s with a < b.

e X =w;and Y = w;+1, where w; denotes the first uncountable ordinal numbers
with the usual order topology.

Remark that intuitively ordinal numbers are inductively constructed:

e the first ordinal is 0,
e add a next ordinal a+1 after an ordinal « at successor stage, like: 0,1,2,3,4,-- -,
e add a new ordinal at limit stage, like: 0,1,2,3,4, -, w.

Repeating this construction, we get ordinal numbers
071a273747"' 7w7w+17w+27”' 7W17w1+]—7"'

where w is the first infinite ordinal and w; is the first uncountable ordinal. We

can consider every ordinal is the set of its all smaller ordinals, that is 1 = {0},
2 =40,1},3 =40,1,2}, -+, w =4{0,1,2,3,--- }, w+ 1 = {0,1,2,3,--- ,w}, w1 =
{0,1,2,3,4,--- jw,w + L,w+ 2,-+--} and w; + 1 = {0,1,2,3,4,--- ,w,w + L,w +
2,-++ w1 }. Thus every ordinal number is considered as linearly ordered set with the

usual order topology, that is, the topology generated by open intervals (a,b)’s with
a < b. Remark that w; + 1 is compact but w; is not paracompact.

Generally a linearly ordered set with the usual order topology is said to be a Lin-
early Ordered Topological Space (LOTS). Also a subspace of a LOTS is said to be a
Generalized Ordered space (GO-space). The Sorgenfrey line S is a GO-space but not a
LOTS.

For an ordinal «, cf a denotes the cofinality of «, that is,
cf @ = min{|A| : A is unbounded subset of a},

where |A| denotes the cardinality of A. An ordinal o with cfa = « is said to be a
reqular cardinal.

These twenty years, we have investigated topological properties of the products of
subspaces of an ordinal. For example we got:

Theorem 1.7 ([6, 7, 9]). Let X and Y be subspaces of an ordinal. Then the following
are equivalent:

(a) X XY is orthocompact.
(b) X XY is normal and rectangular.
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(¢c) X XY is shrinking.
(d) X xY is collectionwise normal.
(e) X XY is normal.

Here a product space X x Y said to be rectangular if every cozero cover {Uy, U}
of X x Y has a locally finite refinement V such that every V & V is cozero and
represented as V' = 7wy [V] x wy[V], where mx and my are the usual projection maps.
Moreover a subset U of X is said to be cozero if U = f~1[(0,1]] for some continuous
map f: X — I. Note that the notion of rectangularity is useful when we calculate the
dimension of product spaces and that if Y is compact, then X x Y is rectangular for
every space X (see [3]). Also we got:

Theorem 1.8 ([9]). Let X andY be subspaces of an ordinal. Then X XY is rectangular
if and only if X XY is countably paracompact.

Therefore by two Theorems above, we have:

Corollary 1.9. Let X and Y be subspaces of an ordinal. If X XY is normal, then it
15 rectangular.

Also remark that w; x (w; + 1) is rectangular but not normal. So the following
conjecture seems to be true:

Conjecture B. In general, normality of a procuct space X x Y implies its rectangu-
larity.

However the following immediately gives a negative answer to this conjecture:

Theorem 1.10 (Ohta’s Theorem [11]). If a space X is normal but not paracompact,
then there is an almost discrete space Y, that is, Y has exactly one non-isolated point,
such that X XY is normal but not rectangular. In particular, there is an almost discrete
space Y, such that wy XY, is normal but not rectangular.

Back to Conjecture A, we have the following unexpected result:

Theorem 1.11 ([8]). Let X be a paracompact space and k a reqular uncountable car-
dinal. If X X k is orthocompact, then it is normal.

Also note that the following shows the implication of the above theorem is not
reversible.

Example 1.12 (Aoki’s example [1]). aD(w;) X wy is normal but not orthocompact,
where aD(w;) denotes the one point compactification of the discrete space D(wy) of
size wi.

Also note that aD(wy) is almost discrete. It is a well-known wide class of (so called
monotonically normal) spaces containing the class of metrizable spaces, the class of
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GO-spaces and the class of almost discrete spaces. Yajima has been studied topolog-
ical properties of product spaces of monotonically normal spaces with various special
factors, e.g. compact factors.

Theorem 1.13 ([16]). If a product space X XY of a monotonically normal space X
and a compact space Y 1is orthocompact, then it is normal.

It should be also noted by Example 1.12 that the converse of Theorem 1.13 is not
true.
Also remark:

Theorem 1.14 ([10] etc, see [16]). Let X be a monotonically normal space and Y a
compact space. Then the following are equivalent:

(a) X XY is normal.
(b) X XY is shrinking.
(¢) X x Y is collectionwise normal.

Now we give the definition of monotonically normal spaces.

Definition 1.15 (Monotonically normal). A space X is said to be monotonically nor-
mal if for any two disjoint closed sets E and F' in X, one can assign an open set
M(E, F), satisfying that
(i) EC M(E,F)C CIM(E,F) C X \ F, where Cl denotes the closure,
(ii) if £’ and F” are disjoint closed sets in X with £ C E" and F' D F’ in X, then
M(E,F)C M(E', F') holds.

Obviously (i) ensures that monotonically normal spaces are normal and (ii) says that
the operator M is monotonic. Moreover these spaces have richer properties, e.g.:

e Monotonically normal spaces are collectionwise normal, countably paracompact
and shrinking.

e All subspaces of monotonically normal spaces are also monotonically normal.

e Metrizable spaces, GO-spaces and almost discrete spaces are orthocompact and
monotonically normal.

Later we will also consider whether monotonically normal spaces are orthocompact
or not. Both metrizable spaces and almost discrete spaces are paracompact. But
GO-spaces need not be paracompact, for example wy.

Balogh and Rudin gave a strong tool for monotonically normal spaces. To describe
this tool, we need some notations.

e For a regular uncountable cardinal , a subset S of x is said to be stationary if
SN C +# () for every closed unbounded (club) set C' of &.

e For a cover U of X, a collection V of subsets of X is said to be a partial
refinement of U if each member of V is contained in some member of U. Here
we do not require that V covers X.
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e A collection V of subsets of X is said to be o-disjoint if V is represented as
V = U,.eo, Vi, where each V, is pairwise disjoint.

Theorem 1.16 (Balogh and Rudin’s Theorem [2]). Every monotonically normal space
X has the following property (BR).

(BR) For every open cover U of X, there are a o-disjoint partial refinement V of U by
open sets in X and a discrete collection F of closed sets each of which is homeomorphic
to some stationary set in a reqular uncountable cardinal such that X \|JV = F.

2. RESuLTS

Remember that metrizable spaces, GO-spaces and almost discrete spaces are ortho-
compact and monotonically normal. So it is natural to ask whether monotonically
normal spaces are orthocompact. But the answer is negative.

Theorem 2.1 (Machine). There is a machine constructing a monotonically normal
space which is not orthocompact from a monotonically normal space which is not para-
compact (e.g., wy).

Next we investigate whether a product space X xY has a property P in the following

various cases:

e P is normal, orthocompact, rectangular,...etc.

e X is a monotonically normal space, a GO-space, ...etc.

e Y is a subspace of ordinal, a compact space, a space defined by a topological
game, an almost discrete space,...etc.

In some cases, we can give necessary and sufficient conditions on X and Y in order
that X x Y has a property P. To describe such conditions, we need some notation.
Definition 2.2 (Stationary subspaces). Let X be a space.

e For a regular uncountable cardinal , let
S(X,k) ={F C X : FEis a closed set homeomorphic to some stationary set in . }.
o Let
A(X) ={k: k is a regular uncountable cardinal with S(X, k) # 0. },
SX)= J S8(X.r).

REA(X)
e For every £ € S(X, k) with © € A(X), fix a stationary set Sg of x which is
homeomorphic to E.

Remark that a monotonically normal space X with S(X) = () is paracompact.
Through our results, the most basic and important result is following;



19

7

Lemma 2.3 (Structural Lemma). Let X be a monotonically normal space and U an
open cover of X. Then U has a locally finite open refinement iff every E € S(X, k)
with k € A(X) is almost contained in some member U € U, that is, |E\ U| < |E|.

The proof of this Lemma is essentially used the property BR above.
For a subset S of a regular uncountable cardinal s, Lim(S) denotes the set of all
limit point of S in &, that is, Lim(S) ={a € k : a =sup(S Na)}.

Definition 2.4 (Neighborhood properties). Let X be a space with x € X and S a
subset of a regular uncountable cardinal .

e X has orthocaliber k at z if for every collection {V, : a € k} of neighborhoods
of x, there is a subset T" of  with |T'| = & such that (., Va is a neighborhood
of x.

e X has the r-decreasing open preserving (k-dop) property at x if for every de-
creasing sequence {V, : a € k} of neighborhoods of z, N .. V, is a neighbor-
hood of z.

e X has the S-continuous decreasing clopen preserving (S-codecop) property
at x if for every continuous decreasing sequence {V, : o € S} of clopen
neighborhoods of x, (,c¢ Vo is a neighborhood of =, where a decreasing se-
quence {V, : a € S} is said to be continuous if V, = ﬂﬁesma Vs for every
a € SN Lim(S).

e X has the S-decreasing open continuously shrinking (S-docs) property at x if
for every decreasing sequence {V, : a« € S} of neighborhoods of x, there is a
continuous sequence {F, : a € S} of closed neighborhoods of x with F,, C V
for every o € S.

aEk

These definitions immediately yield:

Lemma 2.5. Let X be a space with x € X and k a regular uncountable cardinal.

(1) If X has orthocaliber k at x, then it has the k-dop property at x.
(2) If X has the k-dop property at x, then it has the S-codecop and S-docs property
at x for every unbounded subset S of k.

When S is a stationary set, we have:

Lemma 2.6. Let X be a space with x € X and S a stationary set in a reqular un-
countable cardinal k.

(1) If X x S is orthocompact, then X has orthocaliber k at every point in X.

(2) If X x S is normal and rectangular, then X has the k-dop property at every
point i X.

(3) If X x S is rectangular, then X has the S-codecop property at every point in X .

(4) If X x S is normal, then X has the S-docs property at every point in X .
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Definition 2.7 (Product conditions). For two spaces X and Y,

(A) X xY is called an orthocaliber product (a dop product) if the following three
conditions are true:
(1) Sg N Sk is stationary for every E € S(X,k) and F € S(Y, k) with x €

A(X) NA(Y).

(2) Y has orthocaliber x (the x-dop property) at every point in Y for all
ke ANX).

(3) X has orthocaliber k (the r-dop property) at every point in X for all
ke ANY).

(B) X xY is called a docs (codecop) product if the following three conditions are

true:

(1) Sg N Sp is stationary for every E' € S(X, k) and F € S(Y, k) with x €
A(X)NA(Y).

(2) Y has the Sg-docs property (the Sg-codecop property) at every point in
Y for all £ € S(X, k) with k € A(X).
(3) X has the Sp-docs property (the Sp-codecop property) at every point in
X for all F e S(Y,r) with k € A(Y).
(C) X xY is called a weak codecop product if the following two conditions are true:
(1) Y has the x-codecop property at every point in Y for all k € A(X).
(2) X has the k-codecop property at every point in X for all K € A(Y).

Using Lemma 2.6, we have:

Theorem 2.8 (General implications). Let X and Y be spaces.

(1) If X XY is orthocompact, then it is an orthocaliber product.

(2) If X XY is normal and rectangular, then it is a dop product.

(3) If X XY is normal, then it is a docs product.

(4) If X and 'Y are monotonically normal spaces and X XY is rectangular, then it
18 a weak codecop product.

(5) If X and Y are GO-spaces and X XY is rectangular, then it is a codecop
product.

The following implications hold for a product space X x Y

orthocompact normal + rectangular = rectangular
(X (3 I X, Y: GO
orthocaliber product = dop product = codecop product
4 \
normal = docs product weak codecop product
1 X,Y: MN

rectangular
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When the factor space Y is a subspace of an ordinal, we have:

Theorem 2.9 (Ordinal subspaces). Let X be a monotonically normal space and Y a
subspace of an ordinal. Then:

(a) X x Y is orthocompact iff X is orthocompact and X X Y is an orthocaliber
product.

(b) X XY is normal and rectangular iff X XY is a dop product.

(c) If X XY is normal and rectangular, then it is collectionwise normal and shrink-
ng.

Hence under the assumption of Theorem 2.9, if X x Y is orthocompact, then it is
normal and rectangular. In the case that X is a GO-space, we have:

Theorem 2.10 (GO-spaces). Let X be a GO-space and Y a subspace of an ordinal.
Then:

(a) X x Y is orthocompact iff it is normal.
(b) X XY is rectangular iff it is countably paracompact.

Hence under the assumption of Theorem 2.10, if X x Y is normal, then it is rectan-
gular.

When the factor space Y is compact, we can get two characterizations of X x Y
being normal and being orthocompact, respectively, as follows.

Theorem 2.11 (Compact spaces). Let X be a monotonically normal space and Y a
compact space.

(A) The following are equivalent.
(a) X x Y is orthocompact.
(b) X is orthocompact and X x 'Y is an orthocaliber product.
(¢) X is orthocompact and E XY is orhthocompact for each E € S(X).
(d) X is orthocompact and Y has orthocaliber k for each k € A(X).
(B) The following are equivalent.
(a) X xY is normal.
(b) X XY is a dop product.
(¢) X XY is a docs product.
(d) E xY is normal for each E € S(X).
(e) Y has the k-dop property for each k € A(X).
(f) Y has the Sg-docs property for each E € S(X).

This immediately yields Theorem 1.13 as a corollary.
Next we consider the case that the factor space Y has a property defined by a
topological game which is weaker than both compactness and almost discreteness.
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Definition 2.12 (Topological games). Let DC denotes the class of all spaces each of
which has a discrete cover by compact sets. Let describe a topological game G(DC,Y)
defined by Telgéarsky [15], which is played by two persons of Players I and I1.

A sequence (Ey, Fy, Ey, F,---) of closed sets in a space Y is a play of G(DC,Y') if it
has the following rules: for each n € w, where F'_1 =Y,

(1) E, is a choice of Player I,
(2) F, is a choice of Player /1,

(3) E, € DC,
4) E,UF, C F,_1,
(5) E,NE, =0.
Player I wins this play if (), £, = 0. Otherwise, Player I wins it.

Remark that if Y is a compact space or an almost discrete space (more generally a
space having a o-closure preserving cover by compact sets), then Player I has a winning
strategy in G(DC,Y).

Theorem 2.13 (Spaces defined by topological games). Let X be a monotonically
normal space and Y a paracompact space with a winning strategqy for Player I in the
game G(DC,Y). Then:
(a) X x Y is orthocompact iff X is orthocompact and X X Y is an orthocaliber
product.
(b) If X is orthocompact, then X XY is normal and rectangular iff X XY is a dop
product.

Hence under the assumption of Theorem 2.13, if X x Y is orthocompact, then it is
normal and rectangular. We also constructed an example:

Example 2.14. There is a space which witnesses that the assumption “ X is ortho-
compact” in (b) of the Theorem above cannot be removed.

On Conjecture B, we have the following unexpected result:

Theorem 2.15 (Almost discrete spaces). Let X be a monotonically normal space and
Y an almost discrete space. If X XY is rectangular, then it is normal.

Remember that the product w; x Y, described in Theorem 1.10 is normal but not
rectangular.
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3 RILHZRIE EDOfEAE &N DI D IA A

=hr HE (FPOROREEL T )

1 R

DT, Wio WO rRBTHEmT 5. £/, RTOLRMEITM ST TTETH
235, n RILEKIE M EOX7 PV X /LT, n— 1 [HOM 58—y
it M—=R(@{E=1,2,....,n—1) DETIELE2EZLS. 22T, [ M—-R»PX D
WO THB ER DX ORI > T ElE2ZNA 2 L2\, ZDL X,
n— 1 HOMSL SRR ZWRZFHICED M 6 R ANDWDIAR (fi, for ..., fooi) :
M - R o0, X OFBETHIRIZZ DILDAAD 1 HOWiETH 5, A. F. Costa,
F. G. Gascon X' A. Gonzalez-Lopez [CGG-L] 1& M 23 n Xou1—7 Y v FZ2EHE DL E
ko k9 AR AR WL, RREICKEL 2R T FL) 2E%1L, n>3
DEE, EOoMEOMMEAE UCHE L ERD 2 BEMNEAE LA HEZ R L, 2L T
n=3DEE, D 1HDOMR (LUT, LS BDEAHOKCHE > TWwE L)
RILDIAA R — R2 DEET 570 £ 9 D% open problem & LT 9 7z, 2 DRJITH
L TSR IR DO 5T NRE 257,

EE 1.1 ([Wa)) fFRICGZonfEAH LC R ICHL, WdiAHp: R - R Th-
T o H0) DALY PSSRSO ARG SN fAH L T 2 b DHEE
T35,

SO ICHEF I 3 O REOG A IR L, WM TXE g 2B (BEhTh-
72) . 1 ROUEBRBORPTERER T = 4 v OrEu Y =% HX(—Z) Ik > TET.

MEE) 1.2 (M1])) L 2R EHHT 637 3 RIubAZRIE M NI E T & 7z 4& A
HET2, ZOEEDTD 2 &MEIFAEMETH S -

(1) LDIAHR o : M —R? TH>T ¢ 10) =L 2> ¢ 1& L OFMINIANE % R? O
N ENETHDOVEET 5.

(2) ik L c M\ ZRPTERERT = 4 Y ORKTHEFIER—7 1 [L] =0€ HX(M;Z).

1



26

L2 LZad3s, 2o NEM) IXEEHICAMED D D, FEBE, 3_D Th 2HDG. Hector & D.
Peralta-Salas 1 X D g S 117z, &b (2) 3+ T34, ELLEMTOMEY ¢ilt
L7 5 70,

EE 1.3 ([M2]) L 2SI S 3 RIS RIA M WO ST 6 ZigaH &

T2, COLEMUTD 2 EMIZAEETH S -

(1) DIAH o : M — R?2 TH>T o 1(0) = L 2D ¢ 1& L OREWiIININE % R? O
A ENGET S DODHFET S,

(2) W@tk L ¢ M 3RITARERT = 4 Y OREKRTERER—7Th ) 2D L OEH
17 (preferred framing) 2% M 2E~NJERT 5.

BV T OERITLL T 2 AL, TEH) OFAD IZ5ME (2) IRV, 2OV Dtk
FEDBRITICOFTH S, M1 Db I —DDFEHIZIEL V23, Z I TOIFHIZATES
BHLDTHo7. EEE, L o (BFREIFRS %) Pffido M 2EA~DIRRZ R S 20}
X oDy, ZIUIRELZ ST 2D BEZ2HICKDAEETH 5.

EE 1.4 ([M1]) "Ik 3 XIoBZ kA M NOEEOMAE IS L, THdirA ¢ M —
R? TH-T o 10) DALy Pl OGS L &£ —ET 25 DBFET 5.

EM 131k 5 TER) 1.2 DBIRICK D, fEAHDIIOVIANDIDIABRDMHE L L
TEHESNZ»ZHET 25D, BLHSNIAERIC X 2HEEIRO SN D, ZORHE
CBIL, mERNT SN 3 RIS RIEN DR E T o kO H K ¢ M IR LT
DUF DR 6 e, BHOLI, WDAA o M - R2DPIFEELTK = ¢ 1(0) TH-
T, K ICHEBN AR Ta/hS W D ~DHlR ¢ |D A E 2RO DBHFET 5 L &,
K IZIRBAIEETH S L I HICT B, K DINEZE My &RT @ Mg = M\ IntN(K).

EE 1.5 ([M2]) K (ZEFERERT = 4 v OBKRTHEIER—7LT5, IHIKK D
A T4 TV HP (Mg Z) 1SR TEBNEOBFENEA2RET 2L T2LE, K I3HE
BIAlRETH 5.

EE 1.6 (M2]) H\(M;Z) IFEBREKTH 2 LT 5. K IZRHITHRERT = 4 >~ D%
THEIREQ—7LL, I K DAY T4 T7vd HR(Mg; Z) ISR TR TH %
D EIIIEBN OB NEzNKT 2L T2, ZDEE, K BHEEWETD 2 R/DNE
1353 0 £ [K) € Hi(M;Zy) TH 5.
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—77, Hector & Peralta-Salas [HP-S] (& Z O D53 % bk 0 FEBIRTEICEY L —/#&1Y
A TR LIER ISR L 285128 Cw 5, WL, n ROGBHZ A D k RocaEsy
RRE L ICH LILDIAR o : M — R  TH>TLC o H0) £/iF L =0p1(0) &%
25 DPFET 2 RDFEMEEZELZ L Tw5, (5 3 Hizll) ZoMmoHO—> & L
TS IFERC EOER 1.3, 14 2B TW0 31300 Th{, R NOKAHNPEBRTRET
b5 EEDBE TG ERTODE (ER 3.4) . FHIC R NOLEOK O H I EHATEE
THIHEWREINT VS, FLDTH 1.5, 1.6 136 ORI %2, HEOHDEGAIC %
D 3 RICHSHRIEANE L L 72 b D L /M THITE 3,

2 BHBEORMATERESE—BHT

0] Z T S 47 3 RouhS ik M WO E T &0tz n oA H L = LiUL,U- - -U
Ly WSRLC, EREG N(L) € M &, ZOBMRT (framing) v : [1]_, (5" x D?); — N(L),
Ao, nfldy )y F =720 N(L) O_EAOBoALTHLMRE [T, (S* % {0});
LNETHDORER, 22T LOWRMITIZ L OFEFR (DOHAMEE) o HHEERE
FELTHHELAZODEFEME2FIERL LS. S6IK[L)=0€ HX(M;Z) TH?
B LE, ZOMMNT v DEBFJXBAIT (preferred framing) THH L3y F 2 —F
DEfE v(IT7Z,(S* x {1});) DIRATARIER T = 4 > & LT M\ IntN(L) IZRVTFERE
B—7ThsdEE% ), HL, D? IIEFVHROBMMINRZET. R HOKOH & 135
720, —BUCEREEA IR E RS R LHICHERL X9, &l 1.3 O (2) OIRRESA:
&l N(L) DSt DED 2 BHROHIR TMIN(L) O B M E~EET 5
FHEEHETL25DTH 3.

ZITKCM#zERAETSNIAEREE L, BHREHE N(K) KO v StxD? —
NK)zZE2, MIFHHALATRETH 20 68K TM OHWHLIT: TM 2 M xR3 % &
DEEET 2, ISk ZFHRICBEILAMRK v({eV Y} x D?) 13 K EERXLTWEELTE
W, T2 M EK OREXOCABEL I ICEDER f: K — SOB3) »™EX 3. Hb,
Hpe KIZHNU v(p) € T,M 2 K ITETZHMEEXT7 PV EL, u(p), vs(p) € T,M
ZHOICERL K OEMBICET 2 AR 7 BV TR v({eV~1} x D?) OEED 6
EEDLDLDET L, T5E (vi(p),va(p),vs(p)) \& T,M DIEKIEAZILIE 2 E D 5 D> 6 HH
fEIIck D SOB) DHEHELEIEZ S, 2k f(p) LEL. TOEHR f: K —-S003) % K
DIRE M E—=BFF LIRS, K DA 28 M SE~NIEE T 2 B0+ : 2 o0
P DED 2 K€ P E—MITID M BFR~NJRET2 2 ETH S,

3 Hector & Peralta-Salas (C &k D A& IBHIAHDIEH

COHEITIEE 1 HiTifidt?: Hector & Peralta-Salas 12 & % 35895 Z ERK DI & IA A Dk
HE12 X 2 SRR 5 B [HP-S] 0% & < BBUCHIAT 5. 35 1 X 2l

3
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REEET S, JOMITIE M 2 n ZOUARBHEHREE L, L %2 M O k RXIuAIkfH
T EIRIE (k<n) £33,

EE ([HP-S]) Motk L ¢ M »58RIT&RS (W weakly integrable) TH % L 13, &
AB DM >R TLCP0) LRD2HDBFETHHEZ V), 22T L=310)
EHN S &%, L IZ@AIfES (ST strongly integrable) TH 5 E 9. iz, L NTEER
2= (CI: completely intersection) TH 5 LIFFHR U : M — R**F TH->TO 25 ¥ DIEH]
ETHODPD L=U"10) L2 bDVHAET2FHEZ I,

9, X1 (HE k=n—1) OESIEBEICEINTVS,

EE 3.1 ([HP-S]) LC M ZRXIG 1 W% kike 92 L%, LTOSKMFIFRETSH 5 :
(1) L BHAETTH 5.

(2) L3553 oH A1 S ICBIL [L] =0€ H ((M;Z) D38 D 320,
(3) L IZ5ERLEHAPOHETTH 2.
(4) L 35BELE»D L OIE M\ IntN (L) OFEFEETIE 2 587 BT,

I 61T, L BEAEDTH 5 DB 05 L OINEDO GRS L7 T
WHTH S,

RXIEHS 2 PLEDEA1E, Frad Gromov-Phillips @ h JFE# (h-principle) DHIXffIC
Lo TRBTFENT WS,

EE 3.2 ([HP-S]) L C M Z&RXJT 2 L EOFILRkIALE T2 & &, DUTFOZ&MFIXFEE
Th5:
(1) L1355 AEE5TH 5.,

(2) L OFEFRIZ M E~HPRE L THRERY 2.

RKTEHS 2 PL DI Stk D MR MIcBI LTI, S8R SRR DR 7
bDERADIEPTES,

EE ([HP-S)) B2 L kik L ¢ M DBInfcEE£RE (TCL tame complete
intersection) T 5 &%, U NDOFMEW-INDHZ V) ¢

4
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(1) L DIEFRD M EOX7 VIR E ~NRIET 5.

(2) L D5ERERZG A58 U 2555 25 L OFERO AL E O BIHLICHRR
ER-P

EE 3.3 ([HP-S]) L C M ZRXJL 2 Lo EkikL 42 & &, L 2B T
b DEIDENIFME L DI RBeLETHLETH S,

it & DOBEmIC X 2 T LAYAS OV H B (R3 NS O HBE) 1CBb 2 @B o —fl2s kD
EHTH 5.

T34 L=L,U---UL,CR ZlAEMIonrfEArHE T2 L E, L R[S
b D FDBBEIEMEE, BEDi=1,2,...,n IZHLT

> Ik(Li,L;) =1 mod 2
i#]j
WRANLT 5HTH 5,

4 TEEODIEHA

C DNV TER 1.5, 1.6 DFEH OIS 2R %, FElliE [M2] 2l oniw, M %
M EMHT o 3 Ko kiA L L, K Cc M ZIMERIToNEOHET S, £7, K
DESeAT &R E b E—MAHH BT 2 XOMEDIRALT 2.

fHifE 4.1 K (ZEERERT =4 Y OBRTEFIER -7 ThH L ERET S, K DI

Z Mg =M\IntN(K) £EY, ZDEE, DTIDRILT 5 -

(1) K DXV T4 7 vh HX (M Z) (o THERRA S F 72 3B B o i1 # R
T5LE, K DEEOBERRMTFICEVFEINLFE N E—RTITIEARERE—
ZEROWT—ENTH 5,

(2) K DAV T4 7S H® (M Z) IR THEM B OB 2K T2 L &, (K€
FE—ZERCT) K OEROAE b E—AT I3RS @M U2 558 I 13,
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SWZ 5L, K DX T4 7 Vd HO(My; Z) IS CEEN RN TH 2750 K O
AR E P E—M (BS, BRI OFEET 2 5 P E—RMT) BN TH
D, WEABRENZ 52 TORE F E—RAMAIFZE S BRIIC X > THETE 5.

EE 1.5 OB K DXV T4 7D HX(My; Z) IR THEM B OFEZ KT
ZENET S E, Wi 41 D (2) I2k) K OB v: ST x D? - N(K) THh->T
ZNDOFEETLHRE FE—BAHT f, 0 K — SO3) 28 [f,] =0 € m(SO(3)) Zifi7z=T b D
DHIET S, T5L (f), : m(K) — 7 (SO(3)) 1AW m (M) ~EERT 5. 3 KILh
SRR M 1320 (802 BESENCBE 2) 2 518 (O 8EE) 1ok E FE—FE (of
[Wh]) THbH, o THERT (f,), : 7 (K) — 71(SO3)) D 7 (M) ~DILEIFEET I
i f, i K —SO3) O M ~NOISEPFEET 5, Lo TEM 1.312XD K (ZFEBIEET
H5. Q. E. D.

COREIICE S NS X 91T, BAEHTD K 25 M ~OIRRICE L TN D AED G & 11
5. Wb, M13Z0 28 (OfaEE) IKhEe s E—FETH 2 (B2 I1E [Wh] )
> 5 W 7 B BRI Y, AT 7y (K), mi(SO(3)) DAMEMEIC X D ROMIEZ 52,

fHiRE 4.2 M % 3 Zotu[ifApAZtA e L, K c M 2fEO0HET B EE, IFD 3 4
HIxFETH % -

(1) B f: K — SO(3) I¥ M — SO(3) ~JKIET 5.
(2) FFEAERIM £, 7 (K) — 7 (SO(3)) I FHEFRM 7 (M) — m,(SO(3)) ~JLIRT 5.

(3) PHEHEFM f, : H (K Z) — H,(SO(3);Z) \F¥EFR ) (M;Z) — H,(SO(3);Z) ~
fRER§ %,

EH 1.6 DREHD A, #id 4.1 O (1) DRWZ X DFEL CHIRZZ T UL R S v, X
DEVBBETH 5, JC M 2SI oA OHT, [J]=0€ HX(M;Z) LT 5.
¥/ Hy(M;Z) \ZRWT [J]=py, vy € Hi(M;Z) THsHET 5, HL p IF85IEEHT
H5., 6T C %y 2RET 20K (MZRTSNLMHOH) 95, 20L&, DT
DHFEDIRALT 5.

WRE 4.3 UTOWHEZRS C D (p,]) o7y —70VECH L BHEET 5. HL, p 28
BExs l=1, Gk l=1F7F2ThHs;

(1) L1ZJ £AEOQHTATH S,
(2) J DEFRATIZ L OB ) 258 T 2,

6
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(3) (2) @ L OB 0FEET 2 5 b ¥ —HAHT I RERH A ' B E—fhiTic
(FEFE—ZRE) T 2.

ZITCDTr—7NVEECH L olEr (R FE—) BT E1Z C oMz LT
EED LORNITTHLT, COXVFT4 7MWK D ETHLCND 26 LND N[
AR CERR) o (i=1,2,...,p) BVEDLDDTH S, WL, LNnD 2hLEd3
MBGEA; € D (i =1,2,...,p) Z D OHLICBT % 20 AL (k=1,2,...,p—1)
E7B X HICHY, BN AT rNA; C A DIMEZEF O BAL PR 3 FHiio T
bHrETHIIRMITITHS, K1 S,

AN

N(C)

Xl 1: L DOERAIPEAT

iRE 4.3 OFER [J)=py € H\(M;Z) TH DS ERIT Sz a s 87 Ml S T
BRSNS J & pBED C” THLHLDBHAETS, 22T, SOC ORHDEETFIZLLTD
WHThHD, NO) % C OENEHEET S :
SNON(C) X (p,q) BD 7 — 7 NAKAHT SNAN(C) 1 SNON(C) 225 C
D p BHEGERDOGEME (mapping cylinder) ThH 5.
ZITUTDEIITp & g DEEFIHES>TC DY D N(C) NIT (p,1) B 7213 (p,2)
ROy —7NWEOCHE LT L 2EHRT 5.
Case 1 p DPMEBTH 200 %7213 p,q HITHHTH %613 L 2 (p, 1) W7y —7 VS
H:d 3,

Case 2 p D& T q BWEBTHA2H0IX L = (p,2) Mr—7AFOHET 5.

L O3 /NE WERER N(L) 2 N(C) NIicE D, BITD X9 ST o a s
7 bl B € N(C)\ N(L) K7 % :
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BNON(C) & (p,q) Br —7VigHAH (= SNON(C)) TH->T BNON(L)
i N(L)WCLIPAY FEY 7.
Hilf B 2T 22512 L & L2 DTy 7% ON(C) EDr — 7 VESOHZ IR & § 5 H
BRIl (annulus) & D A ) 74 7 PR &I ZHE I FM (double curve surgery) %
fid (K2Z2M), 2V FT4 7 FROKENL Case 1 Tld g— 114, Case 2 Tl ¢—2
ThH 2,

-
F1ify

ML) —" ML — B

AT 177 Ak
2: Wil B DGR

S\IntN(C) & B L% SNON(C) = BNION(C) IZih->THih b2 HIck>TJ &
L ZiR 510 EMT S0l T 233505, FEBEIE 0T\ J = TNON(L) \* ON(L) Ricdh
D, NILYNTL 74V ey 7 Rilificd 5. 7, L OFIFIZ 0T\ J =TNIN(L)
ZRYYFa—FETEILICLk>TEDS, CORMTOFLET 2T P E—RefliT%
g:L—SO(3) £&7.

CDLDREFNE—FAT g 13 L O C BT 2P DFEET 32 5€ FE—
Pefhr &% Lo, fililize &, “HEEERFEMO ST P E—BAr e T 225508, L XY
T4 7 VYRR EDHERZRITRCT—HIZY) TH S, 2L TZ2N6DLRDOE%IE Case 1
Tld p(g—1) flil, Case 2 TiF p(¢—2) HTHH, TR IEETH S, iE>Tyg
DED B FE FE—FHIFREWAE FE—BfFoZzh e %7 3.

EE 1.6 OB K c M FRFITARERF =4 Y OBKTHEFIER -/ THB LTS
EL, ZOXY T4 7 VIFIHBICR O TR L ER CHEBMBoOBEEEZ R T LIRET 5.
T2EMEA41 D (1) Ik K DFEPE—RAITIZ (FEFE—Z2KRE) —BOTH
5, ZITHREUY—H k= K| € H\(M;Z) ZHNEB7T vy & HHEBD kp EITOEL
TEL th=kp+rp., I5I15, ~MICHERY—HEc H(M;Z) IR L 2D Z, 80%
Eo) € Hi(M;Zy) ERT. GEHIZM O DO FRICT NS ¢
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EFR 1 ko =07%61F f: Hi(K;Z) — Hi(SO3);Z) & H\(M;Z) FHERBI~IZHRIR
L7,

FIR 2 ko) £0%513 . HI(K;Z) — H(SO(3); Z) \3¥ERMY 1y (M; Z) — H1(SO(3);Z)
~NRRT 5.

FR 1 OFER mEEIC K 5. f. OIER © - H(M;Z) — H(SO3);Z) DEFIEL 7= &
RET S, T5E kg =022 H(SOB)Z) 27 £V f(K]) = ®(k) =0 TH 5.
(kp)2) =0 TH B2 SFIEE o € Hi(M;Z) EIFAEEE m DFEL T rp = 2ma & 7%
5. 22T Ce H(M;Z) WERBEEZ ¢ 2 50 —HOBHZ I ROk
WEHZ ), (k1)) = 0 TH EBHETTRIE ke DEENBORNEATH 20 F 7213
BB BORNHDEBLE TH 2 FHITHEET 5. (> TIDDDGEITTINS,

Case 1 kp DEENEORNWETH 5 EIRET S, ky DNEE kK T3, T2 L85
BEBn KD kp = (k—1)(—kK7) =2n(—ky) LRINDEDE, TDEEk=FkKr+rr =
2ma — 2nkr = 2(ma — nky) 2135, Ml 4.3 IRV T J =K, v = ma —nkp, p =2
EBOLTHATIUX, v 2RET 2wk O L Z20EWRERE NO) ORI %2i#ATZ
NoICBELT (2,1) By —700H L 2365, 58 IN5FE P E—FAT
Zg:C — SO3), HisHFrE =W T2 f, : L — SO3) &£, m(SO(3)) =
H (SO(3);Z) = Zy WTR\T [fr] = 2[g] +1 =1 TH 225, iU C OHAFHT A3
55D THAH) LS L OFEPE—MFIFIZIEAM LRI HZFKRL TS, F
k= [L] THOTISIFBEDIREIC KD f. OIRMEFT & DHHAET %70 6 #lif,
0=a(k)=0([L]) =[fr] =1 21922, ZHEFETH 2.

Case 2 rp DMEBUIEDOFRIVEHOMELGETH 2 EIRET 5. HIL, 83 6e H(M;Z) &
FEE n ICK>Thp =2np8 ERINDBERET S, T5HL k=rp+rr =2(ma+ns)
Els, M43 % J=K, y=ma+ns, p=2 B TCHEHTIUL Case 1 L [FHERIC
FIEDBET S,

fiifd, WINOLELFENESNT, (o> T f BIRLET, TR 1 239R3nrk,

FR 2 DA ko) #0le. (kp)o) #0 713 (kr)o) #0 ERET 5. K (k1)) #0
TH2DIE ky B3 Hy(M; Z) 1T THEM DR D TG TH 2 L o2 DL FIC
R2ZEIWCHERET S, fo: H(K:Z) — Hi(SO3);Z) #I5ik S 2 MM &« H ) (M;Z) —
H,(SO(3);Z) Wik $ 5. kp & ky ODREWE Kp, Ky ZZNZES, S5ICK D
BEA € P E—MATIRARIC Kp & Ky Ofad € b E—R 25T 206, %
No%ZNEN fr, : Kp — SO(3) KU fi, : Kp — SO(3) £T %, WU kp #0 D
kr #0 DEGEZEZS.
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Step 1 £7, (frx,)« @ Hi(Kp;Z) — Hi(SO(3);Z) DIRERR &p : H(M;Z) —
Hi(SO(3);Z) ZM§HT 2. (kp)o) #0 TH 206, (MRME) FIHH o € Hi(M;Z) &
AR m DWEIELChp=0C2m+1Da ERE S, J=Kp, y=0a, p=2m+1 EEW
THIE 4.3 2B 2 &, o OREE C KO Z2 DERER N(C) DES AT IZBE S
5 (2m+1,1) BE7E 2m+1,2) o7y —7 U 0H L 3o ns, g: C — SO3) &
Z0 NC) OV OFFET 2 5E - LT 2. [L] = [Kp] TH 255 IhRENE
[F) 1Y 2 BERR 9 2 2ol IZ AR A | - E =T f 0 L — SO(3) 2% L T [f1] = [fx,)
LY 2RENH D, WE H(SOB)Z) = Zy ITRWT, [fi] = @m+ Vg +r TH
2.fHL, r 13 L OBICIEUTC 1 £ 2 TH2. r=1%5 g % NC) DAY
TAT7 YA —ig>TH I FE P E—MIT ¢ : C — SOB) 245, T5¢L
fo=0Cm+1)([¢|-1)+1=[¢] € Zoom,s0p)) £%%%. CDEEh=g B, r=27%
S5IE[fr])=C2m+Dgl+2=1[g] THY, h=g £BL. T2LEHRDRELD H(M;7Z)
DEHBBTOEIE {o1,...,ap} & oy = a ZIVRT 207 TEIFITES, ZOLE
Op: Hi(M;Z) — H(SO(3);Z) 2T DX HITERT S :

[ i=1ors
Pp() = {0 Z st

ST = 0

HL, Hi(M;Z)=F&T Th->7T, TC H(M;Z) ZRCIHSH, Fc H(M;Z) 1Z
A2 2R T, Op 1 (fx,). DIRMERTTH 3.

Step 2 (k7)) # 0 TH DD rir 5 Hy(M;Z) IZHO TEREN B O BRIHO A E UG T
HLHLEZDPODZDEZIIRBDTHo7, WUNEDHE T C Hi(M;Z) DEIREGCT
ZUTOXIICELRT D, T OWDHEE DY (kr) %2
DYkp):={o €T | vy =2m+1)o (Im € Z)}

EREFEL, G%Z DY (ky) DEKT 2 T OEITHEE T 5. T2 EARER Abel REDOFEAE
BUCk Y GI3 T o (fE>T Hi(M;Z) D) EMKEFTH 5. HEFE &7 : G — Hi(SO(3))
;E (I)T|D0dd(/{T) = (fKT)*[KT] (%CC CI)T(/{T) = (fKT)*[KTD 0: J: ’)T%&) Z) k, %Eﬁi
(EREINTVL2HH L, Op 2 G DMK RIZFHERM L LT Hy(M;Z) ~MEERY
5 E (frp)s DIGRERT (Zhd &p LET) BESN S,

DLEXD (frp)e KO (frp)s PIGRERT &p KO &p BSZNFIG SN, 22T
b=y + by EBITIE
Do u[K] = (Pp+ Pr) o [K]
= Op o [Kp| + Or ot [K7]
= (frp)[Kp] + (frp) [ K]
= [J[K].

10
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ThHH06, RDD f, OINRIEFRT & 235647,

(K/F)(Q) =0 (75)0 (K/T>(2) ;é O) if: =8 (K/T)(Q) =0 (75)0 (RF>(2) # O) a)i}%/ﬁl\bi, J:a)
Wl CThEn Y — e LIWET 203052, EB, (kr)e =0 2513 ((kr)e) #0
ThHo>T) Op(kr) = f]K], Or|D°(ky) = fi[K] KO Pp =0 LEHET S, (kr)2 =0
%518 ((5p)) # 0 TH2T) dp(m) = LK|(= (B + (fi,).) EEETZ. T2
O = Dp + By 13RO ZIRHERFTH 2.

PLEX D TR 2 2R SN, #i, @B 1.6 OFEHI%E T L7z,
EE L@ 1.6 OiEHZ LU % L 912, H)(M;Z) DB RARNED S I3 HR5RE
FIRIORERL (FFICFER 2 @ Step 2) ICRLELFOIEEMNE D TH 2, MRERDY

BT ke #0 OLEMEF EOFIHTOHE 2 TH 5, —HRICEREROGATH T4
Td %3 open problem TH 5,

e
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HOBA Y FLOEEDILS LS
f& A H DB DT

BB (RRTRRE)

1. F

7 v Fovid Reidemeister 2 TH\WIZE D &9 i&AHRRXOBHICE R 72 (izho)
RERTH % [14]. T D Reidemeister 22 & DEELBMRIL, Carter 5 [3] 2WEAL,
ZOHBOLOPDIE (1, 2, 9] IHRES N, AV FLoFERY =125 SN T
W3, AvirEzoreruy—ix, RAzHOEARBOMEICEHTHD, 2D
HHECIHEFRICHH I N TW 3,

B v L LA HK E DBIRICIE, BAHBEDZFEOHA Y FILOREE LT,
AN E 52525 TES, Bolf, v FLEZDrERY —ZHWT,
BXRITEKIANICH DA TNV DDA E LTD) fHEAHDOZM BT 2 2 L2
TELDTIEROD? AT ZDVBIC X DD -FZ ORI OBTHMN L 72\,
B ORREIL, WotH K EDIFEPZEICIDEONZLLDTH 5,

CRED!
AREIZBWT, #&AH (FEOH) L Z20RRITXRTES AT SNT0E EHEHT S,

2. hvRILLigHERT

FFIRUDIT, AY PV EKAHRNE OBIRZBRICHNT 2. FHlicOWTE
[10] ZZ=M S N7,

AVRILER, BAHX 2D RICERINI IHEE «: X x X - X OflTH D,
KON 272 THDTH S -

(Ql) fEEDz e X ITHNL, zxz ==,

(Q2) fEED z e X ITRL, B xr: X - X (e exx) [F4HEH,

(Q3) fEED z,y,2€ X IZHL, (zxy)xz=(v*xz2)x(yx2).

2RO A v PV OGS % 2R & W0, FRESZEIET 5 & EIIRR &SR,
AV FViE, RICHNT 2 HEHOREIC LD, EAHKXERERT 5,

X Z2AhVv et s, #EAENAD X BEBL I, KADOKIMAD X OHEEZEDOHD
BTTHY, EXRUICBOTK 1 EDOFEGZWTHIDTH L, DF DERITE VT,
il 6 BT GEfrAm) ARNCH 2 Tl 2 € X 25, EiC y e X 238 B Toh
Tw3tsE, El»s RTEMICHZ TN oxy e X DEID B TH5NT VB0
BB, Y FLVORE (Ql) ~ (Q3) 1%, ZBIROEHRICH MOt (HlhUToNnk
X OBEZE) ZMEEL 2535 Reidemeister £/ R1 ~ R3 W3i¥ % 2 £ % Z N ZFREE
T2 (K22, ko, FAREAHZEZTABD X BOORIZIE— —D
XIBID E, K2 X ROOREIIEAHICALEEZ 52 5,

AffFEZ 7 v —s3L COE 7'vn 7 7 o TEFEERBlOEL LB, B X ORAIFE SRS (DF2EIEE)
A% — b3 UEE S 1 23840014) DMK AEZITT\» 5,
* T 152-8552 BERUALH B IX RN 2-12-1 R TEERE KZAGEEHRI LA Te Rl 208 - FHERI2ATHRIR

e-mail: ayumu.inoue@math.titech.ac. jp
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T*y —|——x T-T T
Yy T
X 1
x x Y x Yy
- r
T T
T r-xy
r-bx*y
Y
X

2 yxz (xxz2)x(yxz)=(r*xy)xz

X 2

ROBRICEDEZSNDHE As(X) %, H¥ PV X OfFRERE L W5
(z (v€X)|wxy=y oy (x,y € X)).

Thbb, F(X) %2 X 28T 2HMEE, NX) 288 {y laylexy) | 2,y € X}
DERT 2 F(X) DIEREIREE 5 L&, As(X) = F(X)/N(X) TH 5.

Y Z AR As(X) 2350 6 FHT 2846 E 75, AHRKAD (X)Y) L,
MADEIME X ONFHEADZNLEN X BLO Y OBEEOH D BTTHD, X ¥
DEMZGGT L, MDD TR 1 D&Mz T DTH S, DF D, HHidz I
T2 v € X 23, 56 RTHBMOFEIRIZ r e Y E DB ToNn T3 EE, ilh
5 HTHEMOTFIRICIE (2 2 As(X) DR LAZLT) rozeY BEIDHTSNT
LB H 5, 206 bd 5 LI, Reidemeister 2 R1 ~ R3 IZEDHRIC
HHEEDEB 2SR, ko T, AfEAEAHZRTRA LD (X,Y) BEaD
i —X—DXE23 2 &, KR (X,Y) BaOREIIHEARHICAEREZ 52 5.

Y ELTIiEEa%EEZ, As(X) O Y ~offlZHH L EDIUL, (X,Y) Bk
X Bl oficiZz—R—oMEa 2 6 s, k-o>7T (X,Y) Btald X Brro—#il
EEZDLIEDNTE S,

MEED 2,y e X ITNLT, o,y BED 2xy 2 As(X) OHEFLALRT L 2y =y(z xy) DI D
DT, ZOFMFLREDRE D T well-defined ThH 5.
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RICAY FVOFERQY =20 d 5. BARB n ICHLT, CHX)Y) 2 Y @ X"
DAERTZ2HET7T —_UEEE T2, £/, CHX,Y) %Y PHERT 2 HHT — L
95, ZOLE, BB,  CEHX,Y)— CE (X)Y) %

n

8n(7"®(1'1,...,l'n)) = Z(_l)i{r®(xla--'7xi—17xi+17---7xn)
i=1
—r e x; @ (T kX, T KT Ty, -, X)) (D> 2),

O(r®(zm))=r-x—r LEDSE, (CRX,Y),0,) 38EEL LS. K3 TRT L
12, CR(X,Y) oAEBItiME M) « 70U &k n RIGo 5k & Al—#HT X,
On 13 Z DEERZ A DGR EFRINTE B,

r®(z,y,2)
r-TYZ (zxy)* 2 reyz

r®(z,y) <
/r’.l'y mi‘y /r-.y y*Z i y*Z
*Z AZ
-T2 < Tz
Tk 2z
yl\ Ay f"'.xyxi ______ -(-l:_’lf_y__ T'y
ZA ZA
< X
rex T r Y Yy
T-x ; r
X 3
CHX,Y) Oift CP(X,Y) %
span, {r @ (z1,xs,...,T,) | %@ s.t. z; = ; n>2),
Cf(X,Y): pang{ (21,72 ) | 11} ( )
0 (n=0,1)

LEHRT S, ZDLE I,(CP(X)Y)) Cc CP(X,)Y) DD DD T, CYUX,Y) %
CR(X,Y)/CP(X,)Y) EEDIUL, (CUX,Y),0,) T FBEAKE 2D, Z OHENK
DFERY—HE (X,Y) OAYRIVKREQAIY—F LT, HO(X,)Y) TET. F7
T OURE A ICRL, R (Hom(CQ(X,Y), A), Hom(d,,id)) D arEay —ff
Z (X,)Y) D AREAYRILIREQAI B LT, H;H(X,Y;A) TET,

(X,Y) BOINAEAHKRONK 77 7 %52 % &, ZDOFRMBERIZ DDA
ZEUUMETh b, 22T, ZbHIOME L OPSUAIZOADAE LT )Lz,
5 BHIRD ta ST DTEN D I NV E2ED 5 2 & T, KADKMEIC C2(X,Y)
DEFZZMPESE L2 LTS 2 (M4 ). B> 5, TRTOLRIZOWTT
DEZZRLADLELD DI, 2R A 7V ERD, ZD2RILYA ZIVBED D
HE(X)Y) DHE#E%R, (X)) POOBERE LTS

HAHHIE Reidemeister B TAETH 5. T4b b5, Reidemeister BIETRIGT %
(X)Y) Bl b, FA—oXEAEEZED 5. FE, M 2 © R1, R2, R3 ZFidL4
D2RIGYA 7 NVICENZN +r @ (v,2) € CP(X,Y), +r @ (z,y) —r @ (z,y) = 0,
+03(r @ (z,y,2)) ZMZA 2D, INsl3FEny —HEELI TR,
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Ty
Txy TxyY
T":I"Z/TT'?J rer N "y r-y rexy ry y o I TY
Yy > Y > YA AY Yy > Y YA AY
T X T < /,.l,r._:l .
r-x oy T r_ oy r-T
’ & (z,y) @ ® (1)
e r z,y e —-r x,y
(4+) 58 (=) %k

WIRTe S, A Z 2762 A 7V 0 TREifli L 721 1Z Reidemeister 2 THZE
Ths., FHHEAHKRICH L CTIRTO (X,Y) BtarkEZ D L, ZOHEARE 0T
P L 720672 b 03 T4 BEER I ABHICAEREZ 52 5. ZOZHEESZ 0 I2fbE
L7ZAYRILAYAVIVAREE L5,

3. FBUCBAYRILEERE

HFRIT T 2R TH 253, ZIUCITRMAN @R E2 525 2 L8 TE 5,
ZOWERD ERDDIE, Joyce 8] ICX D ERINAAHETHA Y FLTH 5?2,
LZigAHEL, Mp 22 OWMEMORET S, $, BEVFHOWIES N %
HAIHIR D EE LT R={:€C|1<2<5} DHEHLTE. ZDLE, X
DEMZ 7 THGEGHR v N — S% % L OX—=R LS (X 5 £SHH) -

(1) v(5) =p.

(2) HIRGE v|p : D — S 1ZHDIAA,

(3) v(N) & L 13— v(0) DATHEWIICK D S,

(4) v(OD) IZ L DHBETD (+) AV T4 72757,

TODRX=A p, v ICHL, ZOW pxrv ZRTERT S (X5 HEH) -

p(z) (2] 1),
14z — 3) (1<2<2),
(nxv)(z) = v(13 — 42) (2<2<3),
v(e2z=3)m) (3 <2< 4),
v(4z — 15) (4 <z<5).

prxv IFHIZ—ATHE I EICHEET S, LDODX—ADFEFE—HBLTHEAZ
QL) £T2&, i« F QL) LD well-defined % “HHHE £ 72 D, A ¥ FILOAH
QL) ~ (Q3) i/ d. ZDAY PV Q(L) &, L DRETBEAYRIL LTS,

2 —2A v DHIRER v])gpur (&, BB~ : QL) - m(S?\ L) 2ziF5ET 5, X—XA

v DFREPE—HHZ V] EERTE, [y = [V]il[,u] V] DD ZD T L6, fFREHRE
As(Q(L)) 13 = 25FE T 2 HERAUC X D my(S3\ L) EAAUC 2 5

2Matveev [12] & (B7 2 EHIC L D) SOHD > P & AfGEEE5ATO 2,
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D - -
/V /M*y /
X 5

THREO MO AN R BER E 5.2 B 70, ROFEEITH. D % 22Xtk S
Licind: LoRXET 2, Lid D ERRDEEL ZBRWT—HLTED, Hpl
S EICOERET S, MqgZ SP\S DR pZEERVHDTICH D L D% R
ET5 X BAVELEL, Y ZMBERE As(X) DEDSEHT 264 LT 5.

DDOEIMA (1<i<n)IZHLT, =Ry ZR 6 EDLIITEDD, TDLE,
7T IEDIERITABEL T (1] = [v] * 1] IR D 20D 6, KB o Q(L) — X 1ZBIR
A o([va]) = p([vs]) * o([n]) Z2Wi7ad. T3k, Ik A 12 o([w]) 28 h ST, D
DX HBOPROoNLIEZERT S, AL, DO X Bz ol L &, 5§
oA, = X 2 o(n]) = (A D) TEDNUL, ¢ 13EBLQ(L) - X ~&
—RIHEERT S, koT DD X B, R Q(L) - X LH—FTE S,

p p

X 6

Ay —|— As Y Tk

X BB T 288 o Q(L) - X 20N, FEELTEL. L OZ%EMNT
MpDoR gNAPIEy DFENE—H [y B dTHEOGZ Z(L) T35, KI8DX
I, AEERE As(Q(L)) 1& Z(L) It offid 5. 22Ty :Z(L) =Y % o B5HE
T2HERRL o, : As(Q(L)) — As(X) I & W MBEHEDHTE 2o & 9 R G/ ET S,

DY P, fEED [y € Z(L), [V] € As(Q(L)) 2R LT o ([y] - [V]) = &([v]) - e ([V])
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ZiitzeTEdTs, ZOLE, DOKRHEH R (1<i<m) ITNLTHp 6 ¢ D
oy K6 HADXITED D E, KT AHDRDUSAEEL T [y] =[] - [ve] 23D 2D
225, Y BB O ([n]) = O(ln]) - ou((vs]) Ziw7e s Jaud, SR < Y([n]) &
HbBTuE, DD (X,Y) ¥ @@%ena ExEWT 5. BOo, (X BfE LT
I pllWIBd2) DO (X,)Y) BarbE 2Nt &, GBR Y :{(n],....[vml]} =Y
Z Y([]) = (R o) TEDIUL, ¢ 1F o XD ABEHOLGEMZRD X ) 55/
Z(L) =Y NE—RIHET 2, £oTD? (X,)Y) ¥k, £ ¢o: QL) - X
L2 OFEAERT o, As(Q(L)) — As(X) 1Tk b AIBEFEOHTEH Z D X 9 %54
V:Z(L) =Y OfLEF—HTE 5.

p/ Ag/
N mlg

X 8

4. B & MUEmESE

HOORM PRI E E%T % L, B LigAEMEMOH 2 U E L ORI
Bz R T2 ENTES, AETEIDI E2BNT S, AIEICH &R E, L %
f&AH, D Z2Xxoukkm S EicHin L oK, Hp,qg % L OMZEBORET 5,
Beffi 2B dic X 0, L OFETIE D ThRl e —oDREERD, D XA
EIRET B3, A, TD D%EERL, R TD DHIEERT,

EJc W@MD&%%A%L@@W%®EE¢\ﬁﬁ$%ﬁ 5. S ki
WA 77 7 %##E, Mop,q i%%@%ﬁ%%x%.p®%¢LiO,L@ﬁWWM
NFFO L) BMEVEBICOES s (K9 ESH). SsIcZofkzX 9 0
I IusEL, R %E AHOSK T Z —RICET LI I L 0) BaOICEE
T3, ZOBECK), FE—A R O0BBESZROWMAKRE %2, D) L D
w2 mE s #ER G 2 o2 LItk b,

FEOMEAESENC BT, VUAERIE D OREOA (1 E) L —N—xinz o,
Z2T, R BXOIN A, A 2SR 2MISNIET 2MAIKE A, £55. 20
EE, Rp LR qZRES A jp DL, HIETERLIE 4 IS o Zwv, 72, K
p EIMMA; (F70F 4) 22%C Ay, O, BIETERLZX—A v (7213 1)
EHRICH-HTE S, L>T DI (X,)Y)BENEZONILE, A, T3 R, A
BIO A, ot oBon2EREMNGTL I ETE 5.

COimz BT 5720, ROBEZRITH 1. Lo ZWhigAH & L, ZDfiiz2fo %
% po, o ZWEET 5. Q(Ly) % (po ZHrET D) Lo DFECHA Y FLEL,
Z(Lo) % Lo DFiZERINTHR po LM @ ZAESEDOFRE FE—HLLTHEAL TS, £

SR S XM HB O R1, R2 B2 ET 2 & T, ZORERZOTHNAT I ENTES,
WM DO HFERPREEZRERO T EMHHL T30 T, EHE LT [11] 227 TEL.
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X 9

7o W HP — S3\ Ly 2@ L L, p:m(S%\ Ly) — PSL(2,C) 2ZDtu /) I —%
BlEd2, AIETERLIEHR ~: Q(L) — m(S*\ L) & p DEKEBRIZ v € Q(Ly)
% PSL(2,C) OBWINIGIC S DT, Z DEIINICONE—DEE MR % 1 € OH3 TET.
Mopo € Ul (py) BIBEATHEIEL, re Z(Ly) KHLT py IR ET S r DRFILD
Fib B ofkliz 7)) e £ 3%, 7, H3 DRia,bc,d ZTEM &ET 5 H Ol
WA GEILL T THbiEb2w) %2 Ala,b,c,d) LRT.

D2 (Q(Ly), Z(Ly)) Bt G2 6 TWwb & T 5. i A, Dfaz x;, # R, Ot
o ET2E, VUEE A (2 Fi(L), 20, Tree DEBOMNEGENS. COfH2Z
Mwviud, (AowNIiGz2 B L &036) REREHESR A jr — U(ADo, Ti(1), Tjoo, Thoo))
DR TE S, 2 ORGSR, Vb o@D T T2 LIKET D LH
TE5., £-o7T, ROEMDID LD,

EIE 1. L 2ZfEAHEL, Ly Z2WhigAH E T2, CDLE, L OKRD (Q(Ly), Z(Ly))
Pk, HHEE5HR SP\ L — S3\ Ly 25T 5.

D DEZRUCIZPID ORI GT 2. &> T, ZRUSHBET 2 CF(Q(Lo), Z(Lo))
DHF (K4 28) (<iF, WET 209> OMAEOEFRGRIC X 28OS E Ol
HRREOMEZ#D MTE I ENTES, ZORIEICE D ER vol : C2(Q(Lo), Z (L)) — R
DMEE B0, HEELENS vol 32RIGaY A ZVTHL bbb, ZD2RIL
agA 7 vol ZRIHLT, @1 DO6RERT I ENTES,

T 2. K 2 WIS OH LT 2. K OMEROERZ Vol(SP\ K) %L, K O
ZMIZL RN WHEOHEZ —K ERT, ZOLERDPHED LD

(1) 2 DIEARREZ vol 12 & 0 FFAI L 2225 —Vol(SP\K) £ %% K DA D
(QK), Z(K)) ¥aDIFHET 5 L &, 2D L EIRD, K E(—) b A TH
ThH5.

(2) Z DIEARH % vol 1T & D FAlli L 72 2% Vol(SP\K) &% % K DA D
(Q(—K), Z(—K)) T 2 L &, $1Z2DO L EICRY, K IS Th 5,

(3) Z DIAREZ vol 1T X D Al L 72 2% —Vol(SP\K) £ %25 K OKAD
(Q(—K), Z(—K)) RO E T 2 L &, $RZDEEICWY, K3 (+) b AT
HTdH 5,
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FEE SR SC [5] ISR 2 L LT B,
RICKHENT2HMENA Y Frieny —iF, Eilo#Emz Ly 22012, #a

Hi—REHFETEALLLDTHS [7). X AV FVET 5, FEAEH n ITRL T,

X" DEIRT 2 A7 —~ ViR CAX) £33, BiR 6, : CA(X) —» CA (X) %

n

On(xo, T1y .oy xpy) = Z(—l)i(ﬂfo, e Ty Ty ey Ty)
=0
EEDDE, (CHX),6,) FIEIRLBER L 22, CHNX) DEMITIFTERIC z; A3
(5 &N n RIGOMIAEIAR £ F—HTE, 6, 132 OEREZFAMNLGHREMRTE 2.
FHBERE As(X) OREBRZ Z[As(X)] £RT. As(X) 13 X (<26 AR T 225,
CAX) IZERIC Z[As(X)] IMEFORGIEZHiD. 2 2T CX(X)as(x) 2 CL(X)®zas(x) Z
EEET D, HEDIT (CHX)as(x), 0n) 1EEHEERTH 2. ZOWEGEKDOFERY —
#z X OBFNAY RILIREOY—FLITY, HA(X) TRT. 27— A
XL, R (Hom(C2(X)as(x), A), Hom(6,,id)) D aFER Y —H%2 X O AFRK
BEAHDYRILVIREOQOI—B LT, Hi(X;A) TET.
weX ZEEL, B 7 CRX,X) = CLX)asx) 2

T(T®($7y)) = (w7r7x7y) _<w;7"377377y) _(wﬂ"yax*y’y)+(w7r'37va*yay>

LREDD, TDEE, ROEHHKY LD,

EE 3. 5% r 3R 1, HY(X, X) - HAX) 25872, Zo¥EMZ we X
DIENTIKS T, —RITEZ 5.

D D (X, X) #abEo 2AHHD 7, 12X 581, HSICHEGEEINTHwE X O
ROBEREMHET UL, INFTICHEZTEL L OFIZEMOPIHEARTENI M2 S 720,
FoTEM 31X, ThETOHEMEZRBIINCRLADDLEEZ LI ENTES,

RICHEHRIZHEIN T 28 3 DIEH L, 213D AR E O [7] DR TH 5. P
% PSL(2,C) DI 5§86 LT 5, “HHER « . PxP =P &2 axy=y 'ay
EEDDLE, PIIAVYIENERD, L Z2WhigAHEIRET 2L, v/ I —KEB
m(S*\ L) — PSL(2,C) IZ®isd 2% D @ (P,P) ¥WtaaEZ 5 W TES, T3
LWL OO S, ZORADOIEAREHLR Bloch B ([15]) 1< L Offi%f% £ T
HREED D I EDD2 %, Neumann [15] 13, 3RICMIMZREAE M % $HR5R Bloch
BEOHEEDL S, M DIREE X O Chern-Simons A &MU ABHLENICHETE S Z
ExRLTwS, ZOREZHAINT 22 LT, ROEHIPBRLNSD,

EE 4. L Z20higAHET 2, 2ot E, vu/ I—FKH 7(S%\ L) — PSL(2,C)
BT 5 L oKD (P, P) ¥tad o, L OMZEEOFEEE X ¥ Chern-Simons A
ERPHAGOENICEHHETE 3,

5. EBEBRABRENE—
HODBMAN BRI, POPKAHFE N E—TAL L L 27-0D%MbH 5 2
5. BRBIZIDZLEZENT S,
Milnor [13] 12 & D IEAINTABRAHEIRE M E—IZ, 7023 L 72f&H»H
DEFEEIETH 5. IEMEICIE, ZODfEAHIE, TyEZV A Y PE—LHOAKE

i

=
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X 10

RPDOERIITH BN G L E, MAHREFEYy 7 THB LV, ZITHE
SR, RO BT 210 10 0B & EwT 5

EORHAY FME, PYELY FA Y FE—TREED, HOKHESHITARAE L 1T
BRo 2w, Z4Ud, HORAERIN X —ADKE b E—RAfEER R 2V EIck 3,
L2LIGA R EFEY 7B o2 —Ab13, HORARE, ST E—EX 11 D
B THWIIBEOIAD., ZITHRAH LICHLT, BEALLTOD) QL) 2K 11 ®
WG 2 5K THI > 728G RQ(L) 252 %, X—ADM x ¥, RQ(L) £ETH
well-defined 7 “JHBHHE & & D, A Y FILORE (Q1) ~ (Q3) ZWi/zd. TDOAVF
V RQ(L) % L OFFECBAY RIL LS. S 2 I ffifUFE OV H A~ FoviddgAH
FEFE—TALTH S, B, ZOMRIBFEZEICLLZLDOTH S0, MRHOHEA
¥ FIVE#13 Hughes [4] 23RBIVICEEL 72 bDTH %,

X 11

BRSO H A v L OMWEZ RSB 2 720, XROMEZHETS, AV FL
X 0B CHREE Aut(X) &1, BHROAMEZREE LT, X OHCRM2EI L THT
HB, AYENVORE (Q2) £ (Q3) &0, FED 2 € X TN L TEHR x2: X - X
FHCRMTH S, ZITHEE (x2: X - X |z € X} MR T 2 Aut(X) DHTHE
Inn(X) 2% 2, hz X ORNGECRABERE LTS, £/ Iin(X) 0EHEz2 X ORER
BHCRZ L W5,

LZAHEL, pv ZZDX—RET5, p & v LORA—KITELDELI L
1%, (1] = p(v]) ZhE7zTHEEH R ¢ € Inn(Q(L)) MFET 2 2 L LHfETH 5.
EoTH 11 @ 1 OEW»E 2 5 BRI,

(x) fEED [v] € RQ(L) £ v € Inn(RQ(L)) IZXf LT [v] * o([v]) = [v]

L5, FRRIC, K11 © 11 OBEBE 2 2RI, EED [u],[v] € RQ(L) &
o € Inn(RQ(L)) WX LT [u] * (V] *p([V]) =[] x [v] ££E B, DLEXD, FF (%)
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R T2 LSO H A Y BV RQ(L) DEMTH 2 2 Ldvbh s, 22T, g
MOHA Y Fuh o DIFHHLRHZTFE L2 FLVELT, REEXT .

EE 5. ROEMZUWLTHY PV X 2EBREAYRILEIFES
(QT) fEED re X & peInn(X) IR LT z*p(x) = z.

FEHR 7 Q(L) —» RQ(L) \FMEFRBITH 206, {FEDA Y PV X L, £
RQ(L) — X 3EB Q(L) — X Ik B35, Kahic, X 23EAHA v Pl 613,
KH QL) - X 1F 7:Q(L) » RQ(L) B RQ(L) = X X3 d 5. £o7T, X
DEBDIE Y D,

B 6. X ZUEAWHA Y FILET S, ZOLE, AHFE My 7 igAaHEZRT
726D X BEDEIZIE—W—OXIEa3o <, K X ROk, EAEHSE
FE—AZREZLZ 5.

X #HEHAWIA Y FLEL, Y 2O LT 2. X BhL (X,Y) Btk O
IS D, X Btud HY(X,Y) ICHAEEED 5, —MIC, T OREARILH D
TAZEERSRY, 22T, AVIFLVFRERY —DERERXD L I ITBIET 2,

Hl 7 —~UEE CR(X,Y) &2 D08 CP(X,Y), 2 LT#ER 9, : CHX,Y) —
CRUX)Y) % 2 WD X HIED S, Fh CHX,Y) DI CPUX)Y) %

CP(X,Y)Uspang{r ® (z1, 0(11),73,...,2,) | ¢ € Inn(X)} (n > 2),

G Y) = {0 (n=0,1)

LHEET D, ZDEE I, (CPUX,Y)) C OCPMXY) DD o5, CONX,Y) %
CR(X,Y)/CP(X,Y) LEDIUE, (CUYX,Y),0,) 3$HEERE %2, ZO#HERD
FERY—HZ (X,Y) OXBRAVRIVREOQAY -8 LT, HYYX,Y) TRT.
FT7—ULEE A KL, REEE (Hom(CYY(X,Y), A),Hom(d,,id)) D arEn
Y—E (X)Y) 0o#BBRAY RIVIREAI—F LW, H) (X Y;A) TET,

X ®talx HS"(X, V) b A2 ED, iU Reidemeister £ & OH K%
RPTAE LD, koT, ROEEEDY T,

FE 7. X 2¥AHAVELEL, YV 2—uBELT5. £ A7 —UHEE L,
0:CPMX)Y) = AR2KILAFAZNLET S, ZDEE, GICMBELELA Y Fra
A INALZRIFEAHFIE I E—TALETH .

fiEwsC [6] Tl%, EBL 7 OB L LT, Borromean B (b % 3 ik AH) »3HBH
%3IWIHEAHE EMEAHFEPEY 7 TREVIEEZRL TS,

SE X
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RAw ==L AT O—T A )V

PEAS TR S (RN RS

1 F

H. Whitney D731 =7 795 (19, 20) LUK, ROBEAGEF fldRA Y
FZ—DRDIZER L LTI HENTVS. K1DOER fDRTHS.

fla,y) = (zy,2%,y) .

5, A7O—7AIVOIZERUIROEGEF F THD, K1 D4 F O
Ths.
PK$,y)::(3x44—x2y,—4x3——2xy,y).

RAY FZ—DEDOBRERATO—TA)VDKRIE, 72EZXTED & THOKR

X 1: /£ kA h=Z—04. 5 ATA—TA ).

ORI L TEEWIL A5 X 57%, FELAZR DM e UTIIERN
BAAELEASD. TNHIFMY U TR ENTE2D, TREMICEFTCE
DEeRHIEED | LD TEZTETOREL. TOREONEZ [14] ICH
IBEHTITOT, FHICDONTIEZE S Z2 TEWRITNIEENTT.

IZ270—7A)EHZ A ba 7RIS L THh b ERICE X IICRZITENSD, &
FE - EEDLATASHSNTVT, L. Kronecker (1823-1891) @ 1878 fEDi I BEC B
LTWBZ5ThHd. ATE—7 A )VOBHER FIGEHEE & S0 D DB SRAN L ERICKD
WK WEZLTHED, ZOT ERANIZEOFED—DICE/E-> TS0, 4.2 filcisi) % ¥l
DI ISTA=ZIEB) 2 k=2,n=1DHRFICEZXD L, TOWKHRIDIST A—RZLRH F
ThHs. bbb, 4 JEDHREN 1 THB 4 XARRICF IV T ZZHz ki L 3 JOEDOHR
Fetone LTBNT, HERZRHDOKS HIFHOEEDISTA—2FRTH S ([3] Z22H1).

2RMIE, FARFICE T2 EXH 5. 1 DELAZDTWIZITS DM
DX, BIzBIE R OFEMHEGHKRTEODH SN, TOHEMNIDEXEHZDT (L 2,
[21] ZZIR).




KA b =DM, f S AT a—T A )VOER F 72> TH 3
CTENLEEIRD BT LICT R, =DDAT Y T THHBIESZ T LN TES.
AT v T 1 BUGEF fIC T DOMKZ h(z,y) = (2,22 +y), (X, Y, Z) =
(X,—Z,-Y +2) ZEKT 5. §25&, RDgZzits.

g(fl/',y) = ht Ofohs(il',y) = ((E?) + Yy, _12 _yay) .

ATV 72 BjRFEgOE1IRAEE 2MAZ 0D 2 TTHIL, G &
BL.

G(z,y) = (/0 (= + ry)dl’,/o (—a® - y)dfc,y) = Gw‘l + %fvzy, —%ws - my,y) .

ATy T3 BEFGICAT—Y VI H (v, y) = (v, §y) , Hi(X,Y, Z) =
(12X,12Y,62) ZEKT % L, AT70—7 A1 VORI F M5 TV 5.

H,o0Go Hy(x,y) = (31‘4 + 2%y, —4a3 — 2y, y) = F(z,y).

EE1 1. CHODDDESIE o, ¢ : (R?,0) — (R3,0) D A- FUETH %
Lk, C WOMSTFMIBEE by« (R2,0) — (R2,0) & hy : (R,0) —
(R3,0) WFEHEL T =hiopoh, ZHRIzT T L ThHS.

2. O RDOEGEF o : (R%,0) — (R3,0) I, KA b=—DRDIEUER f
(resp., AV O—T A )VOHEIL F) & A-FETHZ L ERAY bZ—
D (resp., ATA—TAIb) LEINS.

EFELICED, ATy T 1 THELNZ g 3RAY h=—DRTHY, AT
T2 THEONE GRATA—TAITHD. T9T5L, ATV T 20AKE
ATy T ThHsT eNbhd. g, LLFOEGE (1) D7« A7) 25
Vb BESESOB BERTH> THATIRTREVDT, A7y 71
RFICAT Yy T 2RI TRATa—TAI)VdELNGENC EEbh 5.

(Ly)H>(AmxmmlAadey>. (1)

T, A7y 7T 110 >WMiZLT0WEDTHAIMN? ATv T 10X
W SN TZ7E tesh, EEHRROTERS 21EE L THL.

ZEph e 2 IR O IE IR ¢ 2 (a,0) — R? (0 € (a,b)) &Pl R? EOT P
MEZEoNTIE TS, ZTDLE, r(s) BT DR {r(s) + ur'/(s) | u € R}
ICR P 5 EA LTI EROEOHYZ, r DERR PICMT 5 EEHMIRE WV
W, pedyp:(a,b) - R? LKT.

EE 2 ([2, 7] 2B8) C~ MOBMHEEHF & (R™,0) — (R™TL0) IZLLFDE
7z Hrizd @ Iino Tz O WIBNINT MV veg DFHET S ZIVI vV F
WEF LTINS, VY v Y FIVEBBFDIBRE m =1 DL ZFEE, m =2
DL ETEEmEMINS.

3fee z1E, 1, 3, 9] B EICH > TV 5.
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1. g—z(wl,...,xm)~Vq,(x1,...,xm) =... = aii(xl,...,xm)-V@(xl,...,:cm)
=0.

2. LFROXIITERESNDEMHRIF Ly - (R™,0) — TIR™H G IR
Lo(x1, .. xm) = (P(x1,. .., 2m), vo(T1, ..., Tm)).
N7 MV ve 13 @ OBALENY MV EMHEN, GG Le 13 @ DILI v
YERIVI T b EMENS.
KCHBENB IS WE,p : (a,b) — R? TEF
a
ds
T5E, MEMBOERICKD, v/(s) (THUT r(s) ICBIT S r DHAHERT b
IV @ WEF, p(s) I8 B WF, p DBAENY FIVICE>T05. [{E-7T,

WF;y p(s) = pedy p(s) — P, WZF, p(0)=(0,0).

Lwr, p(s) = (WE p(s),7'(s))

EBTE Lwp, , BWEp DILIY Y F)LY T MlE->TWa. HA5NT
SRR r G2 T > DT, TL %« LLORKIED s, ,
BRI TH AT Db b. §5bbH, WF. p DRI TH 5C.
RICHEER P 28ihd  Licky, EEMRZEHNLTHS. T45bD,
C® DB P : (c,d) = R? (0 € (c,d)) ICNLTRDENSEZEZ BT LI
T5.
(s,\) — (pednpo\)(s)?)\) .

COEHRE (TVINTGA—=2) BERF LT, Un-ped, p £V SR TE
I LICT B, TNT A—ZERFHTIEERMFRD/ ST/ 858 & LT
BENBHEDIST A—2FR/EEZ TS, K2 X0, T5Z 5N/ Pl v
ICEETINC R D B KSR P 28 LTS 561, T2 8T X—2 ¢
BT RA Y h=—DRICEZTHAS ] LW TEDBRIIBTES.
AT v 71T TERERMT &V S R A ARER 2 Tic L) 5 2 HioEs
3TEXRT 2HEMTMOEBRIF LIRB LI, KA b Z—DEDEHER
BT B LWV TEEITo TV,

TR P ZHN LT VT Yy Y FIVEBR WE, p 8EIVTWE, 4T
HEHWHREEN TN, EET P AT EED WE, p DEEIERD
BBRTLEHABTLEMNHIKS.

UTL—WFLP(S, )\) = (WFLP()\)(S), )\) .

53 r DIE. #-T, r/(s) DEZIE 1.

Stz ZE, [3, 9] ZBK

ARG L IZ B B BUITIEH 20, WHHZEHIC BV T, T BHmORRT L VY v > RVE
RORFILT & ORI [10] TEHCRIE ATV,

THHAE TES. 13, 15 ZBR.
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2

2: TUNTA—=REEFTTH S KAy h=—D4x.

COEGR (TVINTGA—R) R EMSC LT 5. T 28T A=t
FWARD/ ST RZ 18 & L TR S NAHIIP DT A—2F R 25X TWa. T
(&, EEMHERO/ ST IZ8H & U TRBN SN RA Y h=—DRETHB &
X, JHRDOINT8Z18E & L TIRENAIHEIE E S WO IR 2D THA S
m? X3, 4ZBkDTNB L [RAY F=—DH g(z,y) = (23 +xy, —22 —y,y)
2P LTHELNAMIERATO—T AV THAS | WS W TPHRTE
%9, COMHOHEMIZ, [ X TOTS TRAANAMERZ, 2 fhfio

_ 2
//\ -
.-/.’. . i
e

3: T 2NT A—2 3R

b A

4: T I8T A —RPEH.

EHIE5Em GEERHIT) & LTELNS KA Y h=Z—DZOES LR
DIESIESBE (BT L LTHELNERATa—T IVDOESI EDHD
ST ORI TH S T EHNEZITONS.
IRPKC AT O—T ANV TH B BT TIZEMA L.
LOTEREICIE, (B 2 HIOEF 3 TERT B) |EHITHDKA Y N Z—DZEDER.
TEREICIE, GF 2 fiOEE 5 TEHT ) RSNz ATa—T A IVOES.
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FHSRICHEIEDZENTES] VI eZ2METEHELTHS.

2 ERMIFREOKRS Y P Z—DREFRIEI MR
oaO—71)b

E& 3 ([14]) UTDEZ L TWVS C hDEHIF ¢ : (R2,0) — (R3,0) &
BEEMIFROGHGT LS.

e(x,y) = (n(z, y)p(z,y), p(2,9),y) -

TZEn: (R%,0) — (R,0) & 22(0,0) # 0 EWI &AL TND C=
WDOBEZIFTH D, p: (R%,0) — (R,0) & C* WMOEMHIHFTHS. 17 THS
micENns.

8 1 ([13, 15]) r: (a,b) — R? (0 € (a,b)) ZZ M ZF23 r(0) =0 &
o TWBIEHIRE L, P:(c,d) — R? (0 € (¢,d)) % P(0) =r(0) =0 %
RIT C* |DBEH{ET S, ZTDOLE, LLRNKLT 5.

| P Un-peds, p 3 TERBHTHOSEETH 5.
2. MR Un-ped, p ZRDIEDOEHIF L A-FffiL 72213,
(z,y) = (z(2® +qy),2* + q(y),y) -

EE 4 ([12]) k ZIFEBBLE TS, O ROEHELE [ (R2,0) — (R,0) 13,
o (@y) = (2(@® £y57),22 £y*Hy) EVSFEIEL ARBOLE, S5,
REILTTINS.

i LIS KD, T 2NT X—=2 BRI Un-ped, p DFRFFRRIE Sy FiFUCHR
LT MDD (272l r i 3ZMAZLOEAIRTSH D, r(0) = P(0) &
q(y) DEHTHEWE WS FEDIET). T 2RIl r 285 A—& y I
KAFLCTED L& LTE, rg WIERIETH > T rg(0) = P(0) ZHATz LT
T q(y) DPFHTIRZRWRD, I LWRRRIGRL THN W LAV 1 O
FEEDN S DS,

E&E 5 ([14]) 1. HEBITROESEY o(2,y) = (n(z,y)p(z,v), p(x,y),y)
IR L,

7o) = ( [ atwmwtaio, [ ptepdoy)

EBL. BEBRHFI(p) : (R?,0) — (R3,0) 2 ¢ DFED L 5.

22 ORIEIIMD ERNC K> THEZABNZDT, HRESRISETERT £I1CT 5. MED G
WKKEDAE—HTEZ LN TED [RA Y hZ—DREATO—TAIVERILEDEHEE S
DEMTH 5.

By=0DLETRIFEATHDEL, M 10D 21,3, 9] &LICH> TV B ELEAFROFR
HOMBEFFELTVBREIICHZZNE LNEY. LML, (1,3, 9] T P(0) =r(0) £\
SHLBRERNLTED, FEL TV,




2. LFO=DDFM%EHT=3 IV ¥ > RIVESE &« (R?2,0) — (R%,0) Z
ERIbENTV Y v » RIVEGIF LS.
(a) ® & O(z,y) = (P1(z,y), Pa(x,y),y) EVIEZLTNAS.
(b) 2£2(0,0) = 0.
(c) vo(0,0) & % Fzld —%.

3. IERUEE NIV Y v v FIVEBEF &(z,y) = (P1(z,y), P2(z,y),y) IC

XL,

p@) = (52000, 52 )

L. BB D@) - (R%,0) — (R3,0) 2 & DR L LS.

R 2 ([14]) 1. EEBTEID 0= WEHIF ¢ : (R%,0) — (R3,0) <X
L, o DD Z(p) FIEB LT NIV Y ¥ ¥ RIVEBRIFTH 5.

2. IEBULE NIV Y v ¥ FIVEREE @ : (R?,0) — (R3,0) ICH L, © DY
77 D(®) B3I OEHETH S,

W o= {p:(R%0) — (R®,0) ERBEHTHOKA Y b =—0Dak},
S = {2:(R%0) = (R%0) ERfLENFATO—F 1)L}
<.

FE1(14) 1L W39 I(p) € STERINDIEBRI : W — S
well-defined ThH D, 2HHFEBRTHS.

2.835% > D(P) e WTERINDEIRD : S - W & well-defined T
Ho, BHHEHRTHS.

EH 1 OIHZ —DHFTHL.
%1 B5IF o (R%0) = (R?,0) BROEELTVWE LTS !
®(z,y) = (az* + ba’y, ca® +dry,y) (a,b,c,d € R).
ZTOEE INIFETH S.
1. o FRAYB—T1).

2. abed # 0 D 2ad = 3be.
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CORDFHIZEM 1 DIGHE LT [15] IG5 A TH 5.

WYy Y RIVEBORTE LT, ROGHIF (2) & ARBEARESIL
Ty I eMEINGY ey VERNRERDH 5. HEFHTIOIFR R GG
EIEREENTcAAE L)V VL ORI EWRE D HIEN DS GEHE 2) .

(z,y) — (23:3, —3x2,y) . (2)

N = {p:(R%0) — (R®0) BREHITROIFFRGTELE)
C = {®:(R%0) — (R*0) EHLENIHAEX)LVIY V)
L.

FE2(14])) 1.N232p—=I(p) € C TERINDEHRT : N - Cl&
well-defined TH O, 2HNBEHRTHS.

2.C20—D(®) e N TERENBSEBRD: C — N & well-defined TH
D, BHHPGHRTHS.

ROZODDFERIFIEILHENTVS (& 21 2] ZBH).

1. ZEGGIF (R?,0) — (R3,0) &R A v b =—DE&MIEREEROWT NN
ThHdM.

2. TIEIIVY ¥ ¥ F)VREE AL (R2,0) — (R3,0) (Z AT H—T A )L A1 A
EXNVLZy IDONTNHNTH 5.

B6oT, BT LER 2, HETEH (R2,0) - (R®,0) LRV Y v
ROVEEELA (R2,0) — (RY,0) 15H9 5 BB OBAZM L 55T C LAT
23,

3 WY RYT7Y YOETY

EE 6 ([14]) ¢ : (R%,0) — (R%,0) ZNVIv Y FIVEGIFLE L, v 2 © DHL
MHENY MIVGET . 20L&, IR TERSNABEES Ls : (R%,0) > R
ZODIVWIY Y RUT7Y YOAET VLS.

0P 0P
Lia(ay) = det (G2 o), o) valenn)).

Uz UCBIL T, [5] O 18 MRS & < — 5 IS B2 Tiio TV s, LaL,
AT =T A )R HAE L)Ly Vi TORITIEES L TOE.

15— DRI [11] ISV TRHCEA TN TED, [14] KBV TEAL TV ROV I Y v
RUT Y Yaey7rens BRI a0, OB [18] ICHW T “signed area density
function” EPHENTWVAA, [RFEMSMEHimE WS RIBICBT 2SR 05 Kb ) Bl
BT 5HEE] LeHATNEDRNME, VTP Y RUT Y YaAL7 WS AFHEEA L.



ve @ DHATENY MU THNE, —ve & & DHAENT MU L85,
o T, Lig(x,y) DFFSIIHATENY MV OETTITETFS 5.

EE 3 (fod - 18R - ILADHIEE [17]) ¢ O(2,y) = (P1(x,y), P2(2,v),y)
ZIERUEESNTOV Y v Y FVEBS LSS, ZoLE, DITRFAMTSHS.

1. dEFATO—71)b.

2. Q (LJg, 2%22) = Q(x,y).

T T, Q(LJs, 2512 ) IZBAKES L, 2572 1Chd 2 F— D RFMELT T
H5. EH3IICKD, FRIEENTVY v > RIVEGENRATO—T A )V T
HBEMNEIDZEHBIIZINT Y Y RUT Y AL T VEFHNUINNT &
biroiz. TIE, BEITEOBBGENRA Y hZ—DRTHEINE S
MBI I ZFTARNUSNVDNDTHA I D ? BRREIRETHS.

EI 4 ¢(z,y) = (n(z,y)p(z,y), p(z,y),y) ZEEHFTEOBIGH LTS, %
DLxE, INIFEMETH 5.

L. ¢ ERA Y F=—0D%x,
2~QQ%%)%QWW)

T3 M ARELRI U THEL, TUHFEATHAIFUIEEANE) R
DTHETZES] LWV T EBRLTVWEZDODPROMETHS. mEH 2, &
PR3, BRI 4, #RE 1 ZASONTAUSER 1 OISR T T 5.

A 1 ([14]) O(x,y) = (P12, ), Pa(x,y),y) ZIEH LI NIV ¥ 2 R
HBRFEETDHE, LLNVKILT 5.

Lis(z,y) = 7=

ClliCvg(x,y) = yl(x,y)aixl +u2(x,y)aix2 +"'+Vn+2(m’y)a%w Ths.

OHBIC D K DI, etk - Ml - (L OHIELE n lO/8F A—=2TH L TLVY vy 2 BV Ay
RREMZNEST ZHELETHS (K< n+1). AVO—TA)VOHEEE LTIEES « AT
v - 55k - B - \WEAOER [11] 65D, AT E—F VB> TEmEIEABICIZA L
HEETHZD, BREBIFEORA Y F=—DRDEF L EFLEN AT 0 —T A IVDOER L
ORI TIEZ1F DI [17]) DIE D PMENRT VD TZE S Zflio fe.

TERICET % 2,y ZEBET B O WBBEFOREZ £,y LB & R O RASMIEIC
£ £y 11 RABOMEDNERICAS. R Eay & Ls, 2272 THRT B4 F7 VT
B TRREOS Q (LJg, 2520).

I8 Z DI [12] ICHBIFZEH 4.1.1 /85 A= EDT—ADHE (7= & 21X [3] ZBR)
P 5E5NS.
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4 SEDRE
[14] I G ROBEMRE TN TV 5.

BRE 1 1. —DOBEFMFEDOEEL o1, 00 : (R%,0) = (R3,0) W52 5
Nize3d%. o1 & ol AFMETH S EARET . TDEZ, I(p1)
W&, BRI, Z(p2) & A-FRMEICIZZDTHA S M ?

2. “ODOEREENIIVY ¥V RIVESIE &, 0, ¢ (R?,0) — (R3,0) B
BAbNIETH. & & 013 AFMETH 2 LET S, TDEE,
D(®q) &, RIRIC, D(Py) & A-RMHEICIZZDTHA S ?

MRE 1 ORI ETEHMLZEDICHZ . F2TC, W1 ORRREE
REM 1 OFARE—IBLICOVWTEZ THB I EICT S,

41 S, HEREIWVIYVRIVS, FHER
EFKAWCBIT D fro BEEFRITEOGEEZOT, ME21CkD, XD
Fp+ FIEBUEE NIV Y v RIVEBIETH S.

1 1 1
Fres(z,y) =I(fe+)(z,y) = (4364 + §w2y’“+17 gch +ayFtt, y) :

W% v FIVEGSE F, L 3IVT v 7 RV S, HRROIZER L En, Fy.
& AFEZIVY ¥V FIVEGIFIZIVY v > RIL S, BER LTINS,

M EFHTRD S, RERMOEG L ERILE NIV Y v 2V FIL S, KD
EH L OIS RIEDMFIEL TVBTHABIN? | LD THB. k=0
DA, CH 1 THEMNICREATHS. k=105, £9 fi4
(resp., F1,4+) & fi,— (vesp., F1_) F AFMETIE RN LITERLTEL.
[12] DEH 4.1.11F, ST A—=ZFEDE—ADHELHAEDESD Z LI K
DEEDOIFEIRBE L ISHT 2 S, FRRODHELEE UTHA 2K TIENS
NTVWBDT, S FEERBHERRETH 5. g, Vv > F)b S KrEsiC
DVTIRRE « 18 - BROHEENNSN TS ([8)). > T, KA - M
Ji I OHEEZ R « ih - mfEOHEEICE S BA N, EH1 L[
B, RO S FRMOES L ERILENILY v > PV Sy R
DEB DB OWB SO EZ RS T EMTEETHAS.

R, k> 2DHFFICODNTERTHD. k> 2D5ETE [12] DEH 4.1.1
& Sy, FEERMOHEILE UTHRET 5. LA, k > 2 DALY v VR
IV S FEELSOYEEDNH SN TWIRVWE S THS. Hit- T, BURTIE, &8
L OFFHD 7T Fua Y —IdARFTEZ 5 £ 750,

VA, [12] SIEHNTI, EIFEBC, 4] K BOTERRINATVS.



4.2 VvV FRIVABESEZOWY

CTETRIVINTGA=RTHID, TOEHAMDOR y = (y1,...,yn)
(n>1) LERTA—ATEZBCLIETH. BRTA—KICLTH, S, 5
FAICBT 2 ERTE T FOYELELNDE 3 Hik TOMBIFIZEALEZD
FXLT B ([15]).

EE T (A7) bon 3 k<n+1Z2ATIEOEKLTS.

1. LR CEZRIND B G - (R xR™,(0,0)) — (R? xR™,(0,0)) ZJb
T¥ VBRIV Ay BEREEOEER LS, S I (z,y) = (2,41, -+ -, Yn)
EBVTNS.

k—1 k—1
Gr(z,y) = ((k + 122 43 ey, — (k4 2)2" = 3G+ Daly;, y) :

=1 j=1

2. C® HDEMIE & . (R x R, (0,0)) — (R x R™,(0,0)) BIbI ¥~ F
WA BRELE, ONGL L ARBTHELETHS.

G DIBIZROBEHDT 2785 A — RGO UKHEEEIC A 5. CDOTEh
5, Gy BNVI v VRV Ay FREOEREL LTINS,

{(X1, X2, Y1,...,Y,) | 2" P2+ Vo12F + -+ Y12 + Xoz + X1 = 0.}
(3)
W% Y RIV Ap o RSO 20T % & efs5.

D(Gk)('r7 y) = (n(x,y)p(x, y)ap(xvy)a y) )

CTIEn(@,y) = —2 THY px,y) = —(k+2)(k+1)z* = 3521 j(j+1)27 1y
TH5. p(0,0)=0&%%>THD 92(0,0) # 0 THEM 5, D(Gy) FTELH
TS, HoT, M2 XD, Gp = I(D(Gy)) RERILE LY v v
RIVESEECH %, ROME 2 [ IGHHEAE OB (6] &/ — A —AZ
VRED Gaffney BUZN H2OMAVAICHEB T Nz,

g 2 1. mERTITROEGE ¢ - (R x R, (0,0)) — (R? x R™,(0,0)) A
Bzonizeds. o £ D(Gr) R ARMETH S ERETS. ZDLE,
I(p) &, RIRMIC, Gy & AAMEICIRZDTHAHI M ?

2. IEFMEENTV D v FIVEGEFE @« (RxR™, (0,0)) — (R2xR", (0,0))
MEZENTLTS. &L G lE ARMETHZ ERETSH. TDOLE,
D(®) 1&, BIRIC, D(Gy) & ARMEICHEZDTHA S ?

G & (NAT)xR THBT LR Go & (RTO—F A )V)xR*1 TH BT &

EIT<ONB. £oT, k= 1,2 DEE, EH 2 PEH 1 DB/RTA—X2
i DR 2 DFIEIIREICIE S TV 5.

20 AMS 2012 Spring Western Section Meeting @ “Special Session on Singularities, Strat-

ifications and Their Applications ” IZ 351} B K DHEM.
2LEH 2 REH 1 DZIRT A—ZIRBKLT % T &id [15] TRENTVS.
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P> T, M2 k> 3 DEENARENTHS. 36 - Ml - (LEOHEE
X, k>30HEATEENERXIITTTRAEEN TV (EFLS) DOTIERIEE
NIIVY % ¥ RV Ay FEFUEORIEICIZIN S 7. )5, D(Gy) (k> 3) D
A-FMEFHOHEL IR IZFHE L TVWRWK S TH B2 - T, TTTHXE
T, SEEL1 OO 7 7Y —ZBR TR TERVL S TH 5.

EIE 5 ([17]) @: (RxR",(0,0)) — (R?xR™,(0,0)) ZEHELI NI %
YRIVEGFET S, FOLE, DTEIEETSH .

1 @IV v 2 FIb Ay REESS

2. Q (Lo, %o, ... Lk

oz Oxk—1

1

Q(mayla"wykfl) 2 LJq (O O) 750

4.3 T[T o

4.1 i 4.2 Hi G UTRIELANC &, RS ol B8 9 2 R eI
WD EZBNB2, LHL, TTICTFER—VHEEBLTLESTY
BOT, BEFICHEBOSMIBNEZTD I BON DONEZERALIDS
KZETEhELNEY, &S T ETTARBMBENTZV.
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A2 FIVOSHRZER EERT FROAY—

Py 5T (Takefumi Nosaka) !
FARRALERETIIERT ARSI E P D

B =

TOTRTIE, Y FILEVS REGMERTT R RA Y —ANESTEHENZ 2RSS, FHc > RLd
SIFEZER] (T 22 B B N Ko O — DTG E RS 5. £z, 20T v JZEROKRE b
E—EHCB U, FEOMIHERZ N DONENT 5.

1 EBA

COHITIE, 717 FIVDOZFEZERNC BT 2 Rk 2, ARRORICHE CREHICHHT 5.

HY BRIV RHBRBETHD (E#2.1), BBIFHHEZEM H\GIC A% BV IEEHE
DETHS (B 2.7 2HK). Y P&, RIOT 2 DRZHIEOHDOWZLICHTEN &K <,
FER, HAN Y FIVIVERTE S (EAROHL). Z L TH Y FILOREIRHEAERY
ETNVE LR, FiS [Joy, Mat] THh7x O REINCE-> T3 (Hi2 THIHT 5).

IKf 22 %% C 1995 41T, Fenn-Rourke-Sanderson [FRS1] (35w 722l BX ZE A L7z. £h
&Y FIVOTFHZERICHINT 28D TH O, ZTOREUE 7 > BIVORERICH DR UM IE
Z 0l > 72 (cubical-set) BB & U TR E N (€& 3.1). TLT, TD FREFE—H#
m.(BX) & HEUHDASY 27 DRIVT ¢ XLEE L OBENFNS N LH LIS
DAEFITERN TLEBNT#Em CE H oz, THUTDWT, Hi 3,4 THNT 5.

I 2000 FFEICAB &, T Z72EM BX O aRE0Y— B (i) #5CHGRTRbN S G
X [CJKLS, CEGS)). 71> F)bay A Z7)IVAZE EHS NS0 HAZ R E N, dhimm
FMOHNDIGHZR DN G A Tz, ZTDOARERZHATHZIL, THY FILORHEE, L&l
DFECHRINVT 4 ALDXT VT | EWVWZ D, 2OV BRSNS DFEEEH D,
BX a):zﬂ:—'&m V—hEHEIN TV 57z ([Moc, Eis, Clal, N1] 2. fifi5 #H X).

DEFRFLIC, FEHIZIZD BX O KENE—REEZERBMICIZELTWVS. BOMitA
7z [HN, N3, N6] W& LWETR E LT, m(BX) OFFAICIE, Postnikov i &0 9 LAY
B33 Wik Tz GEFLG6.1). F2B%, TNTZ DAY RV X ICBIU my(BX) ZatH
TE%. 5T, ZD my(BX) ZRWTZBH - MR E LT, BT b Ra Y— O %
B D MERAT (R, SENDFER « 7 AT 4 TITHDWTWDB). 1Y RIVOWELN S, %D
IMERRINZE A S 2 T 2 % B4 fif> T E Tz, Ji 7 TR ZT 5.

BRABIC, RRROREK & FERZIBANS. HiONEE, FRDNEICHE > TWa. AR TR,

ﬁﬁ@t]\ﬂ‘\ﬂ/-—@ﬁqﬁ ZZHLTED, TORHGEOERZMN L TBWe., (HUEME 2/ <
7282 < 7% footnote ICHI L THB. STULZEAL L, KiglcBs L9 5.

IE-mail address: nosaka@kurims.kyoto-u.ac.jp
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2 75~ FJb (quandle) DEZR L, Hi

7Y RIVOEFRZ G Z, e it 71> FIVOR L Biizilsd 5.
XTHY PIVOERZEETS.
E#&E 2.1. AV FIV (Quandle) &I, BEEX EIHERE < - X x X - X OO &T
RD 32Tz D2 NS .
Q) FEDre XIIHLT, o<z =1
(QI) FEDye XITHL, Fif(e<qy): X — X IFEHHNTDHS.
(QII) fEED 7,y,2€ X ICHLT (zy)<z=(x<2)<(y<2).

COEFEF—HDDO V. filz RANE, 712 FIVOHHG « K285 LK S.

Bl 2.2 (LI VA=AV RIV). 2T MBEX &, 2 <y S y+ Tz —y) lck>THY
RLeies, RICE Te<yldy ZHDIc Uiz 1 TS5 AL (5 FHBI).

f 2.3 (BRELEDAHVFIV). 0 c RZFEEL, X 2Bk 5?2 £95%. AV RIVER <y &
[y ZBINC L C O Mz E Bl ED 2 DI LEDS (H FRERX).

Bl 2.4 NWRZER). X ZIEODREZSHAL L, FRlye X ITHL, fEp,: X > X 2L
% (ie. pyop, =idy). (X, pe) B ORIV —= V) W2 2 L9 5 (EFREZ
FAKDHRFHZSI). TORE, 2 <y = p,(z) EEDNUX, Y FINICTES.

Y

z <1y
T~
— 1T
27 x T <1y v

COFRM S, 1Y RIVEEOMIREE Ty 2l LIERZ, NP Lzd D) L5
KD, ZEE, EOB2.2, 2.3, 24 205 L, ZOMGZRERE LTIz Y RV TH 5.

Bl 2.5 (FEEEEDHY FIVIEE). H C G ZROME U, HOMERE Zo(H) DIT 2 Z2 [
ET D COEE EWESX = H\GIZ, Y RIVEEZRXRTANS.

[z] <t [y] := [20my t20y] € H\G (2,9 € G).

FIzIX, Bl 2.2 #EET 21, GEHEMM x 7 (CTTZIETHTMIHEHEES) &
U, HZ{0)xZ&T 5. 2= (0,1) &1L, MEMICHI 2.2 &—ET 5. fluc, il 2.4 7218
T BT, Lie O H c GZED, 29 € Zy(G) T(z)?: = 1 £ 2L DR NI, £
< DEGE, WFRZERINFIITE % (cf. MFRZERN &0 9 BER).

WIS SRS 72 FIVIE T ORI 25 ICRE S (EH 2.7). Tz 281, HibzHEHd %.
EE 2.6. 7RIV XITH L, BEEE As(X) ZROERCED LR LT S:

As(X):=(e, (re€X) | ery=c¢,"€ce, (z,y€X)).
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72 As(X) 13 X ICARBAEHZ B D, BB, v e, =2 <y EEDNUT K (z,y € X).
AV RIVX DEETH D L1F, TOERDHEBI O 2N S .

EE 2.7 ([Mat, Joy]). X Z#iEH Y FILEd S, Jiag € X ZEEL, H C As(X) Z x
DEEFTREE T 5. oz =€, € H EIEDD. TOKE, HRGZER

As(X) — X (g—x0-9)

IHET B RHG H\ As(X) — X 1&, 1Y RIVAETHS. T T THL H\ As(X) 13h1 2.5
D> RIVEEZE ANz,

fliam e UC, AV Fbid MHEEZEM H\GICAS RV IHEHE | WA 5.

SCEREREZ, 717 RIVDIERIITE 2 DN RICE S BNEOMRTAHA LS. I
KAV RIVDOEEREETS.

Bl 2.8 (BEEXAH>Y FIV). N C M Zaff EEZERIEKORITC2 D LT 5. TDLE, BEX
AV RIVQ(M,N) %, RDZ 7 MROEDNE D C-FRDKRE N E—HTEHET 5.

Q(M,N) & {—@ — (M, N, {o})}/RE FE—.
Q(M, N) FITH > RIUREEN RO & 51T (RMHEIC) £ E N D (BHlIE [Joy, Mat] BIR).

o

TOWRGIE LT, AN EREUH K 2% (ERITERE?). $28, FHROSHE7EH
LS BB, BAN Y RV QS K) BT HEDHIS %

EX 2.9 ([Joy, Mat]). $5UH K’ D, 1D K (£7zl& —K*) 1AV NEw I THE0E 157
S, BB A2 RIVEAE Q(S?, K) =2 Q(S%, K') MAET 2 HTH 5.

WEE DB NS, FOMERT. G = m(SP\K) £BX, AUFA T my € G
Z—DEL 2 EEL . 20 TERENSERFH(=7) CGeld. TOR 251K
H\G EDOA > FIUH, Q(S3, K) ICAIBIC S FEAEZICHEND HNS. U7 > RIVEE
&, RV T 7 VREDEHABOMEZERKT 5. UL (O —T VERRERDOFHELD), K
Y OK(E7E K DAY N TR EAERT 3. 0

Ui LA > RV HIRE R B REGR T 00 5 I N2 HIZIE TS 5. ©
CCHDH Y FIVEMS T, HAN Y KL% FIAH N2 FRE — /N T %:

EE 2.10. D ZANEAHANKE L, X 2V FIVET S, X-AZU T LIEEHB O {
over arc } — X DT & T D DFEAZFUTH LT M2/ E D20 5.
2EECHONEERRT %: FUB L IZMEO ST hSERE 52 NOHIARZ NS . &IHB L IFARIEDOME LSt b S8 ANDOHA
RS . KT DOMAENAY FEY I Lid, ZOTDNLBAR L L THERAE TR O G5 Mz2E 5. KHFEERLE, Zvicn'F
FRAEDME uSt 5 S22 D (IEHIKHING) AR L ZmD EFIEHRE DM ThH2 (IEMICIEBREZ CEH FEV). DLEOBER
TR EZAD TN, [EFE &V S BMFEZIRA 5. BRI, KU D L0 over arc &1F, RN ERD LN E TEDES/ISAZNS.
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« \ 15}
/< S Ch)=C@)ac)

ZCT, X- o) TeROESRZ Coly(D) L ELSHRICT S, BV S.
EX 2.11. DZEEHAHL C P DKL TS, DL ETARGEHNND B3

Coly (D) 5 Homau (Q(S, L), X) - é@é
i

XoTX- ATV T REHRT ZHT, EAN Y FIVHHEENICIHATEZ 5.

s ¢, B S R D — « FHEEOH AN S BRI KD EVENS: A2 IV X O

IREVIV—ZHERE Q(S3, L) » X ICKDGIERTET, KOHENMERZ (hFV > T%
ﬁﬁb‘fﬂ/\@ﬁ’ﬂu)ﬁ%h%b\ . ZTOEED 1 DWRETTHNT 2T v V2EMTH 5.

3 SwIZERE, X-hSUTDRIVT 1« ALEE

COHEITIE, T 7250 BX OERZMINT 5 (€F£3.1). TORIC, REFE—Hfm(BX)
BERL, X-WIVTDORIVT 4 ALBEE OGN ZERS.

9, BX HERT B, TD AT )V VN L, MO T A5 1« 772k \%. 7

YRIVXIIHU, SV IERD3-ATIVEV EIERTERERINS CWHEHIATH 5.

e BXDI1-ATIVE V7% X TINFEIDF 6N ST DO—mMEEDS (& FXZHX).

o BXD2AT)VE27% 1-A7)V k2 U{(a,b)-tIV |(a,b) € X?} EEDD. T T (a,b)-
IVEE XD X S RIEETH D, 2530% 1-IVICIRTDE S Ko IS,
o BXD3ATr)V 7%, 22A7 )V Y U{(a,b,c)-tIV |(a,b,c) € X3} LiEDHD. T T
(a,b,c)-IVEIFRD K S HAITHATH %: BB, EA (a,0)-IVT, @EmOINZET
c€ X TINTDOI & DTHS. NH(QII) M 5JEHDINT-H well-defined & 720 | KD
(a,0) BID 2V &7 % . Z T TIHRFICHEDLETKMEE 2-A7 )V ks VIchHi%.

be X a /b/} b
S 0 <1 b, | c
T N2 !
¢ X E ) b T ]a<e
c 29/ c

- b<e

(=)

<ab)<e
(a<c)<(b<e)

S

1: i, BX D 1-A7)V 8V, (a,b)-t)b, (a,b,c)-)VZXKIR L.

CDXIIC, Y FIVOREN n Koe i itk [0,1]" EMEIVWED LTS, FHEE,
(cubical-set DFEMFH & LT) —f&IC, T v VZERBDPRTER S NS:

3T TR, SV RIVEERTE R B OEETHS. CTTHY RIVEIOES f: X - Y 5 BRAKTHS L&, (EED a,be X 12
MLT fla<ab) = fla) < f(b) ZiliTzTHENS .




65

E&E 3.1. AVFIVLXICHL, Y 72 As(X) OIFAfT 8RB L 95, X & YV ICHGIHEZ A
NS U (Y x ([0,1] x X)) Z28< . Z TICROFEEREFRZED %

(y;tl,xl,...,mj,l,l,xj,thrl ..... tn,l'n) ~ (y~ez_7,;t1,x1 <]£L’j,...,tj,1,$j,1<]1'j,tj+1,xj+1,...,tn7l'n),
(y;tl,l‘l ..... xj_l,O,xj,tj+1 ..... tn,xn) ~ (y;f,l,l“l,...tj_1,$j_1,tj_1,$j+1 ..... tn,xn).
9% L5y VTR (rack space) &iF, T DRMERIRIC K 22 & ESH S, BXy &7 <.
BXy & CWHIATH %, F2EX, 552 U0 (Y x ([0,1] x X)") = BXy %2, BXy D¥)V7)
BEBEZE RO RS, Y W —RORHIC BXy Z BX &#HL L, BX D3 A7)V kUi bid
DENE—HT 5.
R, BX DREFE—HEHTEHD X-H5) 7 L OBIMRZBRNS. D ZfkirHKRX
EL,ZEDX- ATV T CrED. FEHHRAX D 2 5? FORKEES & ETFRDOES
7% D DRI ENE S? OV EZH5 2%, T2 TROK S ICERRICH LT, BX D

2-AT IV R NTHIEERS. T5HETNHIE S? 2RI BV, IVES o0 S? — BX
%?%"%) CORE R g_iﬁ% KD,C] S 7T2(BX) <.

° — 0tV

s (a)-B

‘..llll"( E§%§E ——— (a,b)-t)V

AE 3.2. REME—H[(po] € m(BX) DIATA AR — (R-L R-II) BENCHLS 7%
W SEZER, BX O 3-)VOIEE A SRS (FXZK. le]@kJ?%ﬂi Epc TH5.)

o RIIBBOREM o R-IIT BEBIOFRENM

‘ h_{ '371
:[R—H $ N :E R-I11 :E horgotopy
omotopy

B

MMAZT, FE®D Tconcordance BIfR] ICE KSR NWT EMWiRD. T TRZEHERT 5:
(X)) :={ D LEDX-HFY Y7 }pawnam/R-11L, 111, concordance Bf%

T T, disjoint union T7 —N)VEFGED ASD. Ko THIS (C = [Epc]) DB YERTE
y(X) — mo(BX) 213%. 9% & [FRS2IC T, TOREEI/RE NIz
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EE 3.3 ([FRS2)). 1V RV XIS L, TOUERIE I,(X) — m(BX) ZIAETH 5.

T UE Thom DIEATEHOILTH S (MO-AXT v T LOKRE hE—REL A &RV T ¢
A LBEOFEAM ).

T DEMHZ I DOREATI « HEHEEZ TS, DFED, 1(BX) DFRE ME—REZfH>
T, MCHOAERZ EISHTE S ENTRTE 5. FFE, B MR P —DOWJeic %
DIMENLD (£ 7). REILAFEIE T DR E b E—BEOFIEIERBERZHN L T <

(= O

4 Tv 7&&5@%2:%'&%
FE N E—REOFRICIE, BB 5 RE b E—FEAD HIREREFIC DWW TESEMNITHEAN
BZREND S, LUK, T v 72 OREARTONE 25227 5.
o 2l BX [3KHRETH B (- 0-cell M—5IK D).
o HIARHI m(BX) 2 As(X) &75% (- BXD2-AT )V Z2RXK).

o [LED As(X)MERIN XA Y ICH U, FASHE BXy — BX B LR (E#3.1
Y S B FANEE X D W15 ),

e Clauwens [X [Clal] (&, BX OE w2 FICHE / A FRGGEDASHZRLE. TN
ZHES. Y =As(X) L UAS(X) ZEDBIEHERS: g-h:=gh. ROBBEZEZS.
i (Y x[0,1]" x X™) x (Y x [0,1]" x X™) =Y x [0,1]""™ x X"+,

p([gite, -ty wr, ) [ty ot ]) =
lghsty, .ottty hy o m,  hy a2l ]

Y vmo yYm

% & BXy & BX OEEHFEZEMIED, T O _IHEED AT/ A REEENFE I NS
CDE/ A FHEE BX O LEETH 5. HlAE [FRS2) OEHMEZIRENS:
EE 4.1 ([FRS2]). BX XM= Tch 5. b, AREIEH 71 (BX) ~ m.(BX) I EH.

SEER. EHE#TE 2L H- 25RO THAITH 5. b &1 lifting property 2 HW T, I H-25f#]
MHHITH 5 ] FHOREH & FRICEY T UL, BX OHFIMEAYRENS. O
UL UEDNSEFET S9IC, As(X) 3R X D, BXy (3JIERHE TH D . 1
LM BT, BARNZ X IZGU, Y = As(X) DiEEAD S B BXy DE /1 FRGEDHE
HINDEOZEEMEND T 208N 2 (XN T VAT 77— EMHA 5K 51C75%).
B2, AIRAECTHERE R A > RS U, 2O S— MEIRD KX 51T iR

EIE 4.2. ARTHE LAY KL X IR LU, BX O 0-fafrkid)— 77 2[H QSF) TH %
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BIEE. 7EH X o~ As(X) Deffective IS5 5 K DI, As(X) DY Z2& 5. YV IFARHETDH
D, BXy ICE/ A REBENGRE SN, M)y, Z 2—ribk T3 &, BZIINV—TZEROQS? &
BBENHSN TS [FRS2|. 95 &—mift X — Z1&, HZEME4 BXy — QS? hisE
ENG. FEFHE (P AT 7 =& D) FEAER Y —THREAD T, H 24D Whitehead
DEHM S, BX O 0-Jiftid N —77E/ QG L5 %. O
AEHE S T, SR ARRNED 7 > RIVICB L, BX OFENESI RN EERE L 2o Tz,

5 TvIZEROKREQY—ICET S5EH

Zw JZEEOIRED I R 2T 5. BHFEOFRIEE T FRy 775E
DINZ WIS, HIEBIEEIE T 5. KiRDOFIBRDB 4, FHHMRIE L TERDE.
X 2R FERYV—ICBL, Eisermann [Ki& (77> FIVOHUEKDBIHET) K2R Liz:

FE 5.1 ([Eis]). X ZHifEh > RV ET 5. jiay € X ZEEL, BEESIHE Stab(xg) C
As(X) ZzH<L. TDOT7—N)ULE, BX D2 RKETRY—TH5: Hlb

Hy(BX;7) = Stab(zg)ap.
TS THEFERE As(X) OFRTRHIRNUL, 2 RIFFHETE S, flZIE, 7L 7TV X—D5H
(EZIH 2.2 ZH X)), Clauwens [l As(X) DFRZ G2, KERLUTE:
EE 5.2 ([Cla2)). 7L IY U X—AY RV X ZHliiEL 95, e, (1-T)X = X. TOHF,
Hy(BX;7) 2 Z0(X @z X/ (2 @y — Ty ® 1)y yex)-
EO MR T DN, 2 RE K BRICBE T % Matsumoto D E ORI Z B b E 5.
DEICEEZ 3R KRBTV —ICHR U2 &, 28N L <755, bl % T, ¥AHMK Moc]
D 2002 FEDFERMN 3 R UIREZ o7z, DEORIE, X W F,T)/(T —w) EWVWS DT
LB H=T1Y RV (TTTw e Fy) K l, TO3RIRFED I % F, FRELTHRIE

ATER L E o Tc. WZOTELEHD, Bud B EMTHF TS D TH o Tz
U UIEH, CORMMHZIRINS 2 8B 2 5 131572

EHE 5.3 ([N6]). X ZHRAECTHAEZT LIV A=A R)Led 5. TR,
Hg(BX; Z)(@) = Hg%r(AS(X))(g) ) (HQ(BX)([) VAN HQ(BX)(K)).
TTTCHEEUA2) X, Mmin{n e N | T =idx} EHWCERED LT S.

XWFJT/(T —w) DR, £ = p TKOVHFICHERET S (wi™t=1). TOEICEING, £
NIHED 3RBFER Y — HE (As(X)) THERQIMHEND. TD H) (As(X);TF,) i& Massey
RBietiDoiew, fkhie LT, EHROMRDNZEEMIZ > Te DD > 72 HIC% % .

BRI, SRS 251 EMERZIARS. 22T H,(BX) DEMINTFTHS “hY R
IVRERY — HY(X)” ([CIKLS] TEA) ICEHT 2. ZNU3 H (BX) DFEERERZHKT
HNVHSNTWS. FEE, RBAECTHER A > RV L, HY(X) 22 THE Le:
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EE 5.4 (N1]). X ZF[T)/(T —w) DIEOT LIV Z—HY R)Led 5 (HLw#1).
e:=min{n €N |w" =1} £ T 5. TOK;, HY(X) = (7 /p)t» &7x%. TTTh, T3

bp =bae—1 =1, by =by =+ =boe_o =0, bptoe = by + bpy1 + bpyo
TTEXHHRBTHA.

& TATHANLICE, Clauwens [X [Clal] &, w = —1 DRDH H,(BX;7) ZIREL TN 5.
ROFEE H*(BX;Fy) 2 AR ER Y —VEHREDERAAR TIVE LI iMEN TN S,

6 TVIERIBXD2XRKEINE—EE

BX I HMZERZ o 7z (GERL4.1) Y, EHICKRE ME—BEmy(BX) L HMliaE 2B 5.
FEMERXRS HIC, —DHFEZEAT %: HY RV X DRA T ROBALRBTEDS -

Type(X) :=min{ n €N | (---(z<y))---) <y =z ("z,y € X)}.
—— ——
n [EEH
B ZAE, SFFRZERT (B 2.4) 72 51E Type(X) = 2 TH O, 7L 7Y X —DKE, Type(X) =
min{n e N | T" =idx} TH 5. \
24 FIEFRERE T B, KOO X 5 12 mo( BX) 51 EAORTHTH 5

EE 6.1 ([N6)). X ZHIRNEDOERE > FIVe L, 24 T%2m &3 5. HIHZAREED 7 )V
Cy VHERIE Hy : mo(BX) — Ho(BX;72) 2 & 5. TDEE, HAHMERIK O : my(BX) —
HE (As(X);7) M- T, BEM

Ox @ Hy : m(BX) — H¥(As(X)) @ Hy(BX)
W mFENE D 2T LR TH 5.

C OFFHNEEIRICIHT & LT, #5RD T E DR 5.

9, m(BX)XZEA LG LIRS, DF D, & UBHERE As(X) O EARNERD
bhiud, B 3.3 T Hy(BX) BRD , 115 T, my(BX) M m-ENEFRERE NS, FHEE,
HHIE As(X) D (m-ENZRRL) #Rzfg3 7)b 3 A L72ER U (Il [N6] 1 T).

RIT, m-RNES S DIRIREIC 72 % Y, —f%GmiETesk L TWaw. Y, fE RISV T, E i
6.1 DHEEIE m RN D TE A TH 2 H L DIz, ThEFNMLES:

) 6.2. NIk 9 KGEGDEEEH > RV (HL, O &DDA Y FIVERRL . $10HH %) Ik L,
OMERBIE EHENE D CTRETH 5.

il 6.3 (BRRIEF, LDV TLITav T AV FIV). ¢ =pd ZFEL, q # 3,5,7,9,27
9% (HAMOLER). ¥, Z2Athmed%5. oL X = H(XS,;F,) \ {0} &L,
T <Y = (T, Y)gmy + © EVI AV RV 2EBL. §5& As(X) 27 xSp(2g;F,) THHHEMN
otz 3% & Quillen ROFIRTH B HS (Sp(29;F,)) = 7 /(¢* — 1) DMRILD (THiZ
R K BE K3(F,) THB). FEH3NE,g>10DEE Hy(BX) X7 0hbDhD, g=1
DEE, Hy(BX) = 7Z®(Z /p) D5, 1> T, KN 1T 5N %:
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~ ) Z2eZ/(¢* 1), g>1,
B ‘{ 20Z/(¢ - 1)o@/, g-1

EHIC, TORREEM 5.3 Digamz vy, Hy(BX) 2R THRE LTz (REFAIS):

7, g>1,
Z87/)(¢?—1) & (z/p)i D2, g=1.

CD&IIC, Tv 72EH BX OMAHNEGI R RN 2T 5 K5 THB.

(EHE 6.1 OBIEE). S 5EH 6.1 DAFHZRT 5. TN 7, DEZ DFIRIEDH,
Postnikov D —[E* W9 & M TEZH WS, BB

H3(BX) -5 H¥ (m(BX)) — m(BX) 225 Hy(BX) <5 H¥ (m(BX)) » 0 (exact),
EWVDTERHTH S, FROD my( BX) IFRHENSENED LK U B, Rernd
fied 6.4 ([N6]). MDD c, T mETHZAS. FRC, &l Hy (As(X)) d m 5 THAS.

AEFIEEIE G 20 Y, i { EORERRINEE L Ho Tz,

R, FRUTZHERIE Ox : my(BX) = (X)) — HE (As(X)) DRz K 5. T1,(X) I
RESEZL, MHELDOX-HTV VT CREZS. FHE211 ORHHZEL, ARIC, B
HERE T« (9% \ L) — As(X) 21835, 22T LICIS m JGKE I8 % Cm b #<
L, Do ld Te: m(CF) — As(X) ZFET 2 HEMMEND NS, TO Dol & 2 5AK (O
O LZ2EA LS. BRI 2 LRDEHLZ1ES.

{ Colx(D) }ppx — H5 (As(X)),  Cr— (Te).([CT]).

Z N concordance BAFRINIC K 570> (concordance BIRADKEI I #E 25 2 K). Ko
THERIE Ox : [1,(X) — HS (As(X)) HME5 Nk,

RAZIC O x ORHEFHEIRORITRT. RIVT ¢ ALEENRED Y —BZ K FHIC
HHLU, VT 4 XLBENAND O x DILEMN ARG L 55 RIChiE S5 FEiNg). O

C DA EOEE, BX O 12X Postnikov NEED (m-IENZERE ) if 5 RTH 5. N
AT, LORAZEZ 2 &, (X) ZAWIRCHAZ RS, &Ia#E 2 OO R
FIronizfmeEH 5 GEHME N6 12 T). Ay Fbay A 7))V Az & [CIKLS, CEGS] %
BE L (X) W, $UCHRAD SHBGEMNICER I NI B LK T 5 &, T OMHNERKRDT
RN TRBERTZD, 1 "D HBEDEEZTV5.

H3(BX;7) g{

7 AV FIVICEKBERTT FAROY =D AR

BT b R —TH Y FIVOISHEIZBEL L, FEEDMTREENT S, T OMFROEAR
Jist&, B 3.3 THARTZRE FE—RE 1(BX) 4TV VT DRIVT ¢ XA LKEE DRERIC
LIEFISERZ ERTH B: HIRBEAS ¢: BX — K(m1(BX),1) DRERE—=T 74T 7—%, BX O%miEERchHs. T
TZ D Leray-Serre A7 MVRIIDFRZ Rzt DM, M D7TERNTH L. T TEH 71 (BX) ~ me(BX) OHIAMZHWVS.

5247 m BRI EHR RN TEL. HIE Yo,y € X T, Fi (ex)™ = (ey)™ B As(X) DHLTHKIT S FTHB. TOHRX
FEBDOABTRENDD, FROFFHD 2 i CRIE M TH 5.
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RESEZEDTHD. TORHITIERD 4 DDOAHRGREIELZICHS. 5, B3 X1
iR, Bk 4 2ocL 7 oy iR, s O H, N RIVIEEOCHEH TH 5. MIlEOHE F,
B TR R DOFIHIC R 20, FEHlIE A E DSE A ERZSIR T E L.

(I) B> FIVEAW: 3 R REDRrEE

EED 3 TKeZ IR, #C HICIR > 7ol ZE i & UTERBIE NS FHAHILIICHT S
NTWa. M5 T2 FVERIoT2 EMEENR W b Uy, RS dEoE / R
OXI—7Z27Y RIVTHETE, Ko T3 hZ > RIVZ2HOWIA %, ZOHIAED
5, EHEEK [Hat] (& 3 Kot ERIKD /1 > )V T A 7 VAL B2 RS Bt Fz S iz
Z T TEHEL MU N2, HN|, KO S saGmcfib Lid 7z, ils, REe M E—HE
To(BX) Z VT 3B AD A E R 2N L, BARNRIEHZREZ 72, £ L THL DAL
&, “Dijkgraaf-Witten AR X DO E LW REZR L.

(I) KB LEDL 7Yy YRODAY FIVaATA I IVAEE

R EL 7oy vliEd, BBXE TROWRFRAZFT U7z, Bk EOPAfmR & 75 % 42X
TERR] THB. ZOE/ FuaI—k “F—2h 2 RV (GEEROTR) h SHEZ B
TEEDY, IARTE R G Yetter RIS K D ERIN TV ([Y] BIR).

T T TEH, JEZEM S? 7 F—F ABHHE T, DEAS Y FIVIKIRO &2 6N 55"
Rl L7z, ZTTLIT VYYD AV F)Vav A 7 IVAZE 2, b—F AEHHD TN &
LTEHL. COREEND, A RLERRARDFF S8 & A A T —FHMNEN TN S F 2R
L7z [N4]. TNEDROAZEDRK T E 2T FBOFETH 5.

(I11) HhEFECBDAREE L 3 RAKRE FE—B 13(BX)

— Rtk O HZE Z T2, #ine 1 Dot b, thids O H (3, 5 ST ADMGAF) OIS
E©iTolz. ZT T 3NERENE—REm(BX) B L% (cf. EHE3.3). TDn3(BX) I,
i [CIKLS, CEGS] TER SNz 2T A V7 IAZEOEBNRRTH D, T OWFFHIIERM
BRED. 12120 3 RO 2 RDBE KD | #ERAPRC LU. BEHZ, HY(X) DA
27 LY A=Y RN U, m3(BX) OFFRICHKI Uz, 3l N3] Z 5~ S0,
(IV) RERB/OSEBREIND AV FIbaAYA0)1beE, I\ FIVEEUEANDGA

(52 RV E WS BUSA S, H*(BX; A) QYA 7 )OI RIEETHS.
THHT 2 H Y RIVD T Z AL, 3V A 7 )V R RARTERIET BAENER R LTz
ZHUIMTEORE G &4 GINEE M URKAZ U, i FH#EPHAY AW,
ZOHY VDT T AEMBEEZBENTS. 7LIH A=A FILOD G & [11J0] &,
B X(=MxG) EOHY RIVT, HEEZRTEDEEDTH 5.
< (MxG)x (MxG)— MxG (z,9,9,h) — ((x —y)-g+y, h 'gh).
DAY FIVDT Z A LT, 4 [N6| IFHEFTE
on s Hi(M; A)Y — H*(BX; A)
ZHIK Uz, CTORAET —N)VBEM OB RET D —0 GAEE T TH 5. KT, M W
G DRIERBIORE, (N7 8V AZELGRD B /EAD e 2 FR T UL, Ao av 1 7 )Lz &
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FETES. IHIC TTalBeNzav A7V, Ny RIVEECHD Y R)Vay A 7)uAR
256 [IIJO] ICHEA T X % | H2% N6 3R Uiz, ISHFlE LT MEZDIY A 2 ILhs
DINDINY FIVEFE T HOEHRZ 70719 % 1 HhGR [ILJO] THEMDH B NTE.

PGECRHETH D, IV) DT AT« 7 ORez2ib %, H AR RK [IK] &, #THD
FHRARS « Chern-Simons A& &2 71 > RIVICHIS T A EFH2EDT-. WK H % FHIERTE
(EFKIKIE BX O cellular 1K) Z#K L, Chern-Simons 8% 4> )V AREO Y —TE X
B2 12D TH % (FEHIIZ YR X [IK] ZB8). Edo of 3Z ORI EZR->TWS. LML
IEM5, T OFEAGIEMINCIRELS | T 532 MMOSHZ L T 5.
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N=2 A7y MREAQY—EDY VN BBEFHTN
DA

i (Yasuaki HIRAOKA)
T K =2« 757 « £ ¥ A2 MY BEZERT

=

ARFHETIE, N—Y ATV bAEQY =2 Y ¥ 7 HORGERNTEEEIT NG § 2
AAILOWT, ek Ik,

1 HEEFE7qsILNL—Y3Y

1.1 BRfE
X Cc RN DERMBOMAELGDEE) ¢ ={B, CcRY |i=1,--- ,m} THEHEIN

TWw3 L3 5:
X =|JB:.
=1
COLEHEAEAZV ={1,--- ,m}, HiEkOEEFH %

k
z{ﬁm~wm} (]&]¢®}

j=0
TED S E, THUIHMPREEEICR 2, COMPREEEZ © DIRIE L LN (D)
TEYT., X OPENNHAEETE A SN2 5813 ROBERIIKD 7D,

TE 1.1 (RMEEE) X c RY WEREOMAEGDEE ) ¢ ={B; |i=1,---,m}
THE

X=\|)5;

s

i=1
SNTVBETS, ZOLEE X LIRKN (D) IRAE P E—[AME 42,

1.2 Cech &

RN HOGRMEDEDOEE Y P={z; e RY |i=1,--- ,m} KHLT, fa &p
DELPEr OB (2) ={z e RY | ||z —ai]| < r} ZEET 2. 22T 2] 1F2—
79w F/ Va2, TN6DKROEXD ¢ = {B.(2;) | 23 € P} IZD2WTONR{E

AWFZE1E, Marcio Gameiro, #{&Hl, Miroslav Kramar, Konstantin Mischaikow, Vidit Nanda
K EDILFEIEICD <,



N(®) %Cech ik & XU, C(P,r) TET. FRIIMBIEAZ DT, IREEH X D KE
b —[ A

X, = L_JlBr@;i) ~ C(P,r)

%#13%. X 112Cech EkDHI %R T,

Bl BQ
1 2
Bs ;3
1: Cech #k DA

Cech #HIKIC k BUE {i, - - i} DIHAIET 2BV IEAEZ, NI B, (vi) # 0 TH
5. ZOFMIE, BRO¥EZ r LOREVL Y ITESTWZTHRD D, T4bD

k k
() Br(wi,) # 0= () Br(zi,) #0, r<r'.
j=0 j=0
Lo TR r 235E ® 5 Cech ERICHN 2 BRIZ, r X D KREZEE Y DED 5 Cech
BiRiceTEENS, Lo TUTOWUERRIKILT % ¢
c(P,r) c C(P,r).

CHICEY) rOBERIr < - <y < oo < rp 2L CTCech BIAD 7 4 L kL —
av

C(P,ry) C---CC(Pyri) C---CC(Pry)
2135,

2 ETRATORICHU FROERZEE L TIREZ K L Tw7208, RS %
BHT2BRICIZERTRLZEREZ 52 TOUMbR v, T42bb PHOEKR o; I
er, DR By, (z;) ZIWEL, ZOMRKEZEZ S L TUL, B, (1) &£ FE P E—[HE
nYREGRR ON S, ZOHMKEREZBEAN ECech #iAE X OC(P,R) TET. C
CTRIFEHTOYREDEEY) R={r; |i=1--- ,m} LT,

1.3 ZIL7 7EREK
AIREADHOEE D P= {2, RN [i=1,.- ,m} I LT, &8 15
Vi={z eRY ||lz —ai|| < |z — ]|, 1 <j<m, j#i}

ZEDMTS, T2LRY ZINSDEBOMESL L TRES !

RY = 6 Vi. (1)
=1

74
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WV, 2R A E KO, Fu/ AHEBICK2 RY o8l (1) 2#FXn /A X
X5,

RFoix—#kizre /A NoOMRkE LTED NS, ThbL (1) THA SN BH
Bo={Vi|i=1,---,m} LT, Z0Fux—HEkDP)% D(P)=N(®) TE
D5, ko TFax—EDP) I kHIE {ig, -, ir} DHFIET 205775113

k

(v, #0
7=0
ThHY, 51T DM,

|z —zip|| = - = ||o — x5, || £725 2 € RNDEET 3,

LRETH D, K21, READSEBIEDLZRR ) AXE, 2D Fax—EHEoH %
RLTH 5B,

;’/// / _

A

X2 Au/ AKX (Fff) 2D Fn X 3: 7V7 7 EROH
F—HR (FEHR)

TPV 7EIEEZEAT S, mEADLEREr DED S 7% 2 HES
XT = U BT(.%Z‘), x; € P
=1

EEZD, POEDZERD ARV, &, BB, (2;) DIEHI % W; = B, (2,) NV,
LB TBE W EMEADIERS O TIEA LAY, 3R B (x) X1 ) A
WV CHIRL 2B E 52 5. $7

UV={W;|li=1,---,m}
WX, OBE

#5252 ELRFITOD S,
HROEED (B (i) |i=1,--- ,m} DT INT 78K a(P,r) 1F, UIIHT 2 IRHE

a(P,r) =N (V)



ELTERIND, M3IZ6MHMDOIROELE VR 7 N7 7HEEOHITH 5.
Wi IZMBHEATH ) X, DWEZ52T0w3 205, IRAEH 11 XD X, &
a(P,r) 134 € b E—[FH
X, ~a(P,r)

Th b,

WEBIR W, C Bo(x) &0, 77 784k a(P,r) i&Cech ¥k C(P,r) D3 HEA
Ths, W, CV, kb, 7V7 78E (P r)1d Fax—8{E D(P) DIIHEIE
Tbdhb, PUR—BOMEICH 2 5E1E, Faxr—EHEDP) OXITIE N TTH
D, £oT7N7 78K a(P,r) DRILH N LA TIC% %,

Z 2 TCech Mfkd X, LA P E—FEARKEHRTHS728, —MIIEN XD
REBRITOPMEDBNS Z LICFERET S, T4hbb PR —BROMEICH LGS, 7
V7 7T X, AT P YRR RREERZ, ROTS N LN OB TR TE %
FIZBWTCech BIA L 13 H % 3,

£ 7Cech HfAD & E LRI, PREOBAIri < - <1 <o <rpDHTIL
77EEDO7 4N L=y a2y

a(P,ry) C - Ca(Pyry) C - Ca(Prr)

bREOoNS, BERTEREPRLZRZMESELEANE 7L 7 78IS FRICER
I3,

2 N—=YRAFVIMNREQOY—E
WA KL t=0,1,--- , D7 4L FL— a3y
K: KcK'c---cK'c--- (2)

"EZBH, 2T, 740V L —vayNORBEE K ZHET 257t 2R L L8
ZEIZT B, 74V bL—varv KX HBIFAEEOBEEL, K/ =K°, j >0,
WO EE, ARMTHZ L), FLIOWEZMZT O OR/MEE, 74V
FL—ya VoA E K82 LT 5, DFTIFARE7Z4VEL—2a DA
BT D,

74N bPL—vay 2)IINLT, K=UsoK! &35, 7Rt TOREER
K'D, kXLHEDOHLEE ) 2 K| ERT. 610 K NORME o D3I ¢ THRAL 72
LE, D%

cc K'\ K"t

DEE, To)=t ERTILILT S,
BRIk TN, Zo fRER 7 b V22

Co(K") = ) Zyo

t
o€K;,

RN WD N+ 2MH D 21, anio 1&, ZNEOHMRHEICH 2050305 L s \v & & —ROMEIC
HBHEVS, ¥ PHOETDH N+ 2{HD S —ROMEICH S & Z, PlE—ROMEICH S L),
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ZHET 2. S5l DEM

Cr(K) = @B Cr(K") = {(co,c1, -+ ser-++) | e € CR(E)}
£>0
I, KDz DIEH
z - (co,c1,7 ) = (0,¢0,¢1,+)

ZEANT L. T25E CLK) ERENMNE Zox]) MBEL 2D, T DREATE Zolx] MIEE
Cr(K)%Z, 74NV L—a vy KICNT S EHEIEE X8, AT CL(KY) 26

o, 1=t,

AHALTES.
2T kB CL(K) 13

Zk = {eo = ir()(0) | 0 € Ky}

BRI & T 2 EH Zo[2] MBS 75 2 2 E DD 5D, 2 2 TEEFUERIZE O), : OW(K) —
Ck_l(K) %f, %E Ek % %.)%U’T

k
Ok(eq) = Z (xT(”)*T(‘”)) €s;, 0 € Ky,

i=0

TEDS., ZITEHEK o = {vg--- v} € Ky DIi%Z 0y = {vg---0; v} (v ZFR
() TELTw3.

COERITEBWVT, Bk o DI o; KL TIE, T(oy) <T(0) THD I EITHFEREL
TEL, FAIITHALLBEREHER, 0p_100, =0 Z /e T XEN Z HEFUE
B 0p(Cr(KY)) C Cp_1(K") £ 5,

TR CLK) ISR LT, 20DFRIBIMBEEEZEAT 2 ¢

puf

Zk(K) = Ker 8k,
Bk<K> =Im 8k+1.

Zk(K), Bk(K) WE AR N7 DT, Zk(Kt) = Zk(K) ﬂCk(Kt), Bk<Kt) = Bk(K) N
ColKD) 5 %,

Zr(K) = €P Zn(K"),

t>0

Bi(K) = @ Bi(K")
t>0
NI RVASS
HWAERDO 7 4 VL —2a VIZRILT, 28— A5 v FRERY—FRHIRT
Hzon5,
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EE 2.1 FIREEKOBFRM 74V L —va v
K: K°cKlc...c Ktc...
WL T
PHy(K) = Zi(K) /By (K)
%, ERAS—SAF Y FAERY—REE kA

N=Y A7 v bFERY—HOFMICOWTIESHR [2, 4] ZE2 SIS0, T
Zi(K), Br(K) 3EFXEBIMEE DT, =2 27 v bhER Y —FITREANE Zs[2]
EE LC

PH,(K) = P Zi(K")/Bp(K') = @5 Hi(K7)

t>0 t>0
E %, 22 Tax®D PH(K) ~OEHNZ, CAEGR Cp(KY) — Cp(KT) 23FET 3
e [ B AR

i Hy(K') — Hy(K'™)
Zz T

- [2] = i ([2]), [2] € Hy(K")

ThHZ6Nn %,

F 70 Zolx] GHIEA 77NV GO T, R—Y AT v bFRERY = PHL(K) 13X
DIBIC—RINICHRE 5 ¢

s s+r
=1 1=s+1

CDFRRIZBWT, RYD s BOEBETE, BEld, TREL d; +1; THBET S
TRY—HHErRL TS, FLROrJMOEMRDE, Kld TRELZ7 4LV L —
YavORIANA TR T AR ER Y —HErE L T3

EE 2.2 N—VATVIFFREBRBY—H3)ITHLT

o[ daditl), i=1 s,
T [d17®]7 Z.:8+17"',S+7’

EN—V ATV IXELS 22TOWE 740 L= ay (2) DRIFINZTS 5.
o d; 2= AT v FXHE L OFEERA, d; + 1; 2 HERZ & &5

N=Y A7 v FXHE LI LT, L(b) TREO TR (birth) , I;(d) TXED LR
(death) Z£T Z LI2T 5.

EE 23 N—Y ATV EFERY—RHEB)ITHLT
PDy(K) = {(Li(b), Ii(d)) e R xR [i=1,--- ;s + 1}

T ERSN=V ATV X E LR,
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SRR S

X 4: 74V L —>a v K, fAEZ O =4,

X 5 K4THEZ6NB 740V EL—2a vy KDIRS—S ATV
~ ¥ PD;(K)

ZIZTR=Y ATV MY PDL(K) NOEToORE, AL h Bilicd 22 &g
HLTBL, FRERLD, MARMEDORIZ A= 2T v FXEPE o, FE
Lo 3 Il bLAIRMENT 2 Eny =T 3, —HTHAR»5
N7t ZA12hsrlE, RAHFMTAFERY —H2LTI LIRS,

BIZIZK4DT7 4NV L —2a VKDPED SH/—> A7 ¥ P PD(K) 1, M5T
Hzons,

3 YYVINVEDIFEEETANDIE

Y B3GR E D L TandOWETH D, MENTEDIATSRTwS
Bea @3y v geEAa—y b ELTERBEINS, ERNICE NS Y v
X, 20fEHO 7 I /e 1 RICHICHERZH D%, 3TN T Y 727 A7 HE
e LD,

22T, 7B EEOEAEICMZ SN AHEHOEVIC LTINS,
7 B0 1 RN EREE I, BEDEI 7 I/ BEORTF FRAICE>TEZ
505 (X6 2i)

BIFITIE 7 7V TFAT = LV RAEREBED S NTW S, ZHNEZNEFNDFE D5
THZEPLIC, BYBHEETIHEECIN. TED S N HTORBN L EETH 3.
COEBEMWEDBERE LTURETZ2REHL-bD%, 77T =L ABRE IR, ko
T D 3RICLEMETOHFDEEES L IUL, ¥V R0 E% 7 7Y TINT —ILRERD
MEALLTREHTES I LICh S, 2 TY U7 EZRERL T3 i1 022k



Ri1

NH2—C—COOH +

H
I/

Rz
NH2—C—COOH

H

T2
H20

L ~

R1 g’ (@] Rz
| i P

Nm—$ﬁC—N%O—mmH

H i\ HiH

NTF RiEE

X 6: X7F FiEeA. Ry PR 137 3/ BOMIEEZE £ T

X 7: ~EZuntEy (1BUW)

BRZ, XS IITHAR OFEIC L o TRElICIN 5 TE D, DT — 4 13 Protein
Data Bank (PDB) [5] IKfREI LA I N TS, K7, F7EHD—D
THsH~EZUEY (PDBID:1BUW) 7 7 ¥ 7A7 —VARKETVE, PDB
TP oMEI LD TH S,

INEDEY U H%E, EALECech BIKPT V7 7B TERBIT 2 2 LTS
5. FPERBAINCNIG T2 740 L —sa v R TS 2 LT (N8 Z2EH),
FERSHLEBEOBERPO AN MMEERTIRSZ 2 EDSHREL B
121X PDB ID 238 10VA THA SN AR TN T I v 2HIZET, ZD/S—2
TYMERTAL), TIT740 L=y avBEAMET LT 7EETEZ S,
77 7Y TNT = VAROERERB S 587 A =5 wk, FiBFBHORTFEED

&z
ri(w) = /2 +w

TEHATS, 22 CTw=0ICWE0T2 77TV —=LVAYREETE, ZDEE
NF X =% w ZIX[H [0,20) DEITE» L7 1,2 08— A7 v FRIE, 20209
E¥10THEABNS, FRHBOLD, ThoDRy FHEDO 7y F2K 11 £ 12
IZDETH 5,

N=Y ATV FMIZRTbH» 2 kI, NARMIICE S DEBRIGHBHFEL TWw 5,
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20 i, 20

15
:
= gm
5
0 5 10 15 20 0 5 10 15 20
RERD w FEERR W
X 9: 1IOVA D 1 R8—2 A7 v FX X 10: 1OVA D 2R 8= A7 v X

IS DRAFRANEDERICIE, FEL T HMET 2 £ TD/T X —FilE»HE7:
b, 740V L —varvNIZENE FRadhNg ) 4 R ERRE S, 7l
AR BN & 2 AIHIET B2 ERITIIFHEL T2 HHEET2ETDONRNT A=
WEWLED, 52—V BIc L Tr AR FARERITCICNIGT 2, 9F D7 4Lk
L=y aVifliclins 2ok bRruaPhnin ) 4 APu X BRIt E, -
ATV ERERAIT A LNTES, Ry FREDOTay oA X11 LK 12D
5%, ZOXI)RERIZTICASHZ LI LICERLTEL.

T NN=V AT v bhER Y —H2HOT, 2 7HOYMEICOWTIRTA X
. FURNTBEIZERNTEHEELKEZBE 2 L TED, 2O & ZIREEIXEREIC
BIRL T3, Iz, ikEGE2 KRESEBIE S 2 LT, MoaTa2ID AL
FRTDZIVRAVELH D, ZDEIRYURAIEDOEE, iAHEERER I 55
WIEHDBEZS P OHEEZ N BEDRH D, ZOXHICFT VNI EHEOFIPHEI L
Vo lYMERRS Z EIX, B ZFAXNZBEORERELFENINY LR I 5,

ZDYUNRIEDERL P I BMBIEED 1 DIEMERE XN bDBH 5, ¥
ROBEDIEMGRZFEBINCRD 5 2 LT, VARG L WS F0MEE L OBIRZFINS
CLEDHEETH S FEL ISR [1] Z22) . Lo LIEMREZ2 IR THET 212132
Nz ) OEBEEESHIETH D, bIHID L FRICEWEZHNSE Z LB TEETEF
L\, HlZIEPDBICIZERE Y v 8V EDOVAREEICT 2 T — 7 BEZ 6T
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w w

X 11: IOVA D 1 XXy FHE D7y +  [X12: 10VA D 2Ry FED 71 v k

2DT, N7 = ZFHL THEMELHEZ O OBEZHEONLR VLS I D,
ZITR=Y ATV P FREVY OV 6 ZOMEZEZTHS.

Y VR EOIEMRIE, ZONTICHEET 224ICBIR L Tw s L PRI TV S,
S 5P - ALAINE D O, HEERICEEZ KIXT L b 200 0% id (5
TOBEEZE) bbb, dX[3] T, IN6EZKMSELBEEZ - ATV
M2 5 HUERLZRA L, ZOEZX 131277,

JABUW
SE7I

Jdyn)

SAMS

Compressibility (cm?®

1 _2 3 4 5 6
Topological Measurement CP

X 13: =3 AT v PRI SEHS TR Cp L IEMERDBIR.
K8 7 EOEMERIEE X [1] Ofiz HWTE D, Bibdsh
BHoHALZPDBIDIE7uy FORSICEHALTH S,

2 2 TCTOEMERIRAS R & ol SCHR [1] NI & 2 F2EBiD S FEMERRk £ > T
28R BEHOCT0S, K136 RTEND LI, DYV RRITEDPIR—
ATV MR GEB L ERM Cp EMMHBEIOBRICH S, kD), T Tiro
T —=v A7 v FRZHOIEMREOER Op 1%, & 5 FRERMEE & EMfFEORM
e TETw3 b b3,
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F AT, S—=Y AT v MXUCKE F BRI S Z, & v o8 7 E OEIs R
AT 2RAICOVTHHENTETETH 5.

SE 3R

(1] AR, BOuEAE LIRS 2P WENE  JEfRE» S AafEow s &, &1
B Mg S, Vol.4l, 2025-2036.

[2] G. Carlsson, Topology and Data, Bulletin AMS, Vol. 46, 255-308 (2009).
[3] M. Gameiro, Y. Hiraoka, S. Izumi, M. Kramar, K. Mischaikow, and V. Nanda,

Topological Measurement of Protein Compressibility via Persistence Diagrams,
JUNRHAIMI 7L 7Y v b

[4] A. Zomorodian and G. Carlsson, Computing Persistent Homology, Discrete
Comput. Geom. Vol. 33, 249-274 (2005).

[5] PDB, http://www.rcsb.org/pdb/
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NEeuavETIEfAeAL?
— a7 Mol E A

s B (RIS

20128 H 13 H

How many miles to Babylon?

Three score miles and ten.

Can I get there by candle-light?

Yes, and back again.

If your heels are nimble and light,
You may get there by candle-light.

Bm=

AFEFTlE, BEBEICERET 2 30827 MEDIEIZ & % Stone-Cech 22 v %7 MMl
DFEPNZDOWT, FHIKE -RK FWET), SEREK (BlER) LHLHT
2004 E S WA E TI T CE L —HOFRDOTRIN E ZDREZENT 5.

1 #EfE

1.1 EEE#KFEI /IR MEDIRIC & B Stone—Cech A /8T MEDIERL

A7 FTRVESTFHIZER X 0av 37 M2 aX, v X 1220 T, vX 56 aX
DML 2R T, X ~NOFIRPEFGRE L2 DDVEET HLE, aX <X &
T, RICZOERBAMEHRTEND L E, aX ~yX EERT. X Oav 7 MuaEk

seH B KRB RAR LGSR email kada@mi . s.osakafu-u.ac. jp
AKIFZEE R ORI R GRS O 2 Z T TTb ik Lz, #F0% (B) 14740057, £ Fif% (B)
14740058, HAEWF% (C) 15540115, HA#HF% (C) 20540114, #FHi% (B) 21740080, HMHI%E (C)
24540121,
*L 24— 27— (nursery rhymes, £ ¥ Y ADEAKEE) OOED. [5, 6, 8] BXUOAKEROREDHE,
*2ARMTIR, HIZaY 87 ML) ENTARLT7 a2y MUEEKRT 200 LT3,

1
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% Cpt(X) THT.* Cpt(X) 1F < 2o ToEf EER%Z% L, X @ Stone Cech a
R MU BX 13 ZDIRATEE R D,

DEAHZER] X 226 R ~OFFUEREBAEEOES C*(X) 1 (FHIT LM ERICD
WO) BoEzRS, o, R/ VAHICBIT 20 HBR & e 5. (ZAHZER X o2
X7 Ml aX 122w, CX(X) OILDHH aX RICHRICIERTE 2 b 004z
Cox EBL L, Cox 3 CH(X) DR EHAEGZ DHET 2PAERZ 2 L, EHEIBZ T
RTCEL, £, 2D Cox 13 aX 2HRT 5 C*(X) DHMAEEGD ) LRADSDTH
%, Wi, BB E TRTER, o O (X) DN EHESZ DT 2SR R
Hzonlt & X 0av7 MbaX T, Cox =R LR20DDHEET S, X O
Stone-Cech 2> /87 MU BX 12DV TIE, Cyx = C*(X) £/ 5,

2 X oayny MhaX &, X OBEAS A, BIZHLT, cax ANclyx B=0 T
HHESIZA| B (aX) LRT. X BERZHEASIE, oX ~4X & TX OXbSL
WEHES A, B IZOWTHIZ A || B (aX) 202 DFAETH 5.

PHEEAL v AEZ2[ X @ Stone—Cech 22> ,87 MU BX 13, ML FISBR 3T, [FLUAH
%5 PEEEICBY 9 % Smirnov 2 v 287 MMUdH % ik Higson 3 > 87 Muoafkc TiE
B, TZ 3%,

PREEZEM (X, d) 225 R ~OHR—MREHEBO2MEZ U (X) TRT. Us(X) ot
822y 87 Mz ugX TRL, HEEZEM (X,d) @ Smirnov 287 MlE w9,
PHEEZER (X, d) DZEThRVEEAS A BI2o0wT, A B (ugX) & d(A,B) > 0 23
flETd % [12, Theorem 2.5].

X Ofif%E  FHEBIS O k% M(X) TET. RoEiix, bz X o
Stone-Cech 2 >332 Mt BX &, X DA% FEERIEC MIET % Smirnov 2 >3
7 MLDER TP TE 52 2 L 2 HKT 3,

EI 1.1. [12, Theorem 2.11] X #3827 b Th WHEELTTREZEM T3 & &,
BX ~ sup{ugX : d € M(X)} 23R 32D, *4

X FOWEEREE d 37 a3—Th s L1E, dICBEHL TERRTEED X OFTELH
VR FEAE LD EZITW ), TaN—RHEE d 2 S OREERM (X, d) 120w
T, BB f e C*(X) »° (Bl d 12BHL ) slowly oscillating TH % & 1%, fEED r > 0,
e>01CL, X Dav 7 FGES K, o BWEFEL, TXTD ze X N K, 1220

*3EE, Cpt(X) Oytid ~ BT 2 FMEE E E 2, ~ ORKTRHEZ 2> 87 MUZFR—HT 5,
* ZoRICBT B sup 1, SEfE R (Cpt(X), <) KBS sup (V) 2EHKT 5. DTFOXHIcE LT
b [k,
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T diam(f" Bg(x,7)) < e 23 DD & Zi\w) *0 il d 12BI L T slowly oscillating
% CF(X) OE0ahE CHX) TET. C3(X) KRBT 23y 827 Mz X° oL,
(X,d) @ Higson a3 MlEw9,

PHEE(LAREZER] X 12D W» T, X LA UAZAHZE ¢ 7 a8 — B S o 2k 2 PM(X)
TEY. wpra v 87 r o u oy il TaEZEm X I2owTid, PM(X) #0 TH 5
[10, Lemma 3.1]. Higson 22> 282 MUiZ X % Stone Cech 22 >822 ML EIERZ,
RO TR 6%,

EE 1.2. [10, Proposition 3.2] X %, 287 b THRWEATa v 87 D[y 7
LATREZE L T2 £ %, BX ~sup{X" :d € PM(X)} T 2.

1.2 EHOEBARZESE

FEERRD N R =T HEL L OR—)LD A7 TV 2E2 R E § 5 EAHNT
I X A0 L REDESH (set theory of the reals) & WX, EAFwMOFEH L —70
EoTW5,

EHOEAROMAED VD E DL LT, RBODEHARZEE (cardinal invariants of the
reals) DL THON T E 7o, FERDOIEBALE L 13, FEMER DA B X OB
2EAHMNMEE D S ER I NS HEBORIFT, ZNoD% 13 Ry DLk o GHEiRRIRE)
T ofiz b2, Mtk ¢ O BN LEs ZFC (RAMRORHR) 5 dRETE
BRI EREICHMSNTV2%5, Ny BLE ¢ LT OMA ORBAZLEDE 2MHICOWTY,
PUE D ZFC o5 RITIFRETE T, 206 OEMAENLMEIZE 2 T 2 BUEAER (ZFC
DETIV) ITKEFET 3.

ARBAEROESE w TRT. w25 {0,1} ~OBEKEEROELAEZ 29 T, w b w
~OBBETROEAE W TERT, £H 2 BXO W %, ¥—7 v FOES{0,1} b3
WE w ICEERIAE &Y 2 ({0,1} o¥EE 1/2 $70) 2E AL TR a2 —
DEMEZ Lo LR A LDBAY M—ILER 2% B L UR—ILER v TH 5.0 FEH
Eft R IE2Y BXO wv EfHE S CHEORIRCHEDWE 2 oD T, FEEEMRD
FAWMNMEE I LIFLIFEAROMAEmOBETERIIN, 22, HRBEAORK
BRAL G & ER S N2 EBAL B HEE L &EH 2 177,

B BBIIFICE) L, TEITIRE, HORNENINS 25,
6 7y =zl 2w 13Ah v b 3EEALFAMTH D, o, R—%ER W@ IFEEEEEO LT R
D ZEE L FHTH 5.
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FEEMR R 1I2B T 2 RXR—VEHHEGOEEE M, VR—THEZOREGO 2K
N TET, MELXON IFR LOWEINENZGA 7TV TH S, B cov(M) BXD
cov(N) ZRDEEBNEET 5,

cov(M) =min{|A[: AC M 5> | JA=R}
cov(N) =min{|A]: ACN 25 | JA=R}

f,gew ITHL, TRTD n<w 2T f(n)<gn) THHLE f<g XL,
BREZRS ITRTOn<wiZ2o0T f(n) <gn) THDHLE f<rg EERT. w O
FEE F 2 < (H50wiE <) IZBId % dominating family TH % & &, fEED g € w¥
IR, % feF B g<* fg<f) ZlirTLEicwny), Eoz, < cBidT3
dominating family DiR/NDEEEE L CEHET 2. *7

w D7 4V — F ORI HE G F 2ERTBEIE, FED X € FITHL,
HHY eGMY CX ZiiTLEIC0), Hu%z, w LOJHIEHE7 1 Ly —"8%
BT 5 Plw) DETEAGDR/NREELE L TERT 5.

0, cov(M), cov(N), u DENCIE, RDOBIRDIK Y 37D,

foRE 1.3. 1. Xy <covM) <o <u<ce 22N <cov(N)<uThs, I56IT, Z
NZND < IZOWT, < BEHIZEDIZ EIFZFC FEFETH 5,
2. 0 <cov(N) 13 ZFC LEFETH 5.
3. cov(N) < cov(M) 1Z ZFC LIEFIETH 5.

1.3 Generalized Galois—Tukey connection

Ny £ o T 2 hiids ) 2 A ALICHOEE L IHT 9 % 7- 0 D —fik i e Bl ax & LT, Vojtas
I¥ Generalized Galois—Tukey connection &\ 9 BE&ZZEAL 72 [11] (KfToORIEE
Blass [1] 1Zft9). A_, AL 22EThwHEAR, A% A L AL oo 2 HEEK (0%
D ACA xAy) L, A=(A_A, A DD 3OMl%e%42%. A= (A_,A, A
¢ B=(B_,B,B)IcxfL, A »5 B ~® morphism &%, 8 ¢_ : B_. — A_|
oAy > By Dl p=(p_,p4) T, TbeB_ L ac AL IZ2VT, p_(b)Aa % 5I1F
bByi(a)) LWIMWEHZAILTHDZ VI, A 25 B ~D morphism 23FET % & &,
A —B tFEEZET, 3OMOBOR — BMEBNTSH 2 2 LIIRZ PO NS,

*T < T3l < 2B 3 dominating family DR/NDIEE E LTy, HEE LTRFAILICAR 3,
8 HIREADOWMELRZ TATILE LTS w Lol7 4 L5 —,

4
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fArEs (D, <p), (E,<g) IK2WT, (E,E,<g) — (D,D,<p) b i>Lt ¥,
D<p E t#EL, D<p E X, E»5 D ~DEH% E ODFEEOLKESD D otk
EHBL LI IMEnD, 2F) E i3 D kb THEKWICH» V) itz bol L2
W2, D<pr E»D E<y DDLE D=r E LE, AOERGOBOMRGR <r %
Tukey relation & WESS,

Tukey relation (ZH MG D LN M S ) Z IR T 2R, Z20EZ 2R 2
HEADOMD 2 HEARICHENTE 2 X 9 I2—MIL L 72 b DAY generalized Galois—Tukey
connection 72 EEZ 5 T ENTE 5,

2 (X ETAYAIL? — IERERSEIDIERF1EE DEITA

ER 11Tk D, BHEEE(LTEREZER X 1292w T, BX 1 X @ Smirnov 2 v 87 ML
TRy L£OIULERTE S, £ 2 AT, Smirnov 2287 MUZRIEK "W £
T X ZERT 272012072595, 2O S HIRIZRKD cardinal function

EgEz oL,

EE 2.1, FEEHEATEEZRME X ISR L, sa(X) BRTERINLIEHTH 5.
sa(X)=min{|D|: D C M(X) » X ~sup{uqX : d € D}}

Hom/r—2E LT, X a v X7 P EEPHRZEMOGEE sa(X) =1 Th 5.
— Iz, RO EPMSNTWD, (iAHZER] X DIEINT AR D37 335024 (X @
first Cantor—Bendixson derivative) Z X1 ¢#7.

EHE 2.2. [12, Corollary 3.5] sa(X) =1 THa It & XD par 7+ ThHs I Ll
FAfETH 5.

Lo T, X 232087 b CHhOWEADEBKONR E LS, 22T, FBELH &
L CRER [0,00) 1220V T sa([0,00)) 2E 25 L, ZIICHE 0 2B,

FEX 2.3. [6, Example 2.3] sa([0,00)) = 2.
W - K% - B, COFEOHHE I SICFELAERIL, RO EERAAL .
EE 2.4. [8] X ZHHHLATREZHT XU 1Za v 7 b ThwE T3,

1. sa(X) >0,
2. X Dafra vy 87 Fpon5n 613 sa(X) = 0.

5
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3. EEDEE k ITHL, sa(X) >k ZATTRATa 87 bR EEMEATREZEM X 23
FEY 5.

BHBEERGOE, X 2 (RAtay 87 FTiw) Ak o s a6 Th
5, 2O X Be VX a—7 H=I[0,1“ IIMHNICEDIADZDT, X &L
TH OWMpZ2EMze5E 25, 3#H - KL - HEEBROIEZAALLZ, X' =cgX N X
L, K(X*) & X* oav 7 MEgEEEEOEEERT. £, Aagd (D,<p)
IZXf L, cof(D,<p) & <p IO THH&KL D OTEADIR/NDIREZ LT,

T 2.5. [7, £4.6] X »lor gk XO 8a v 82 FThun s,
sa(X) =0 cof(K(X*),C) TH 5.

Fric, X 2Rfra v 37 bogs, X*idary 7 baoT (K(X*), Q) idmAit X+
b5, sa(X) =0 &7 % [8, Theorem 2.10].

£2A7T, sa(X) =0 cof(K(X*),C) ofidlk, EREEF (v, <) x (K(X*), Q)
D cofinality (JLEEHGDR/IMRE) 2R L Twa, £/, ~RICHAES (D,<p),
(E,<p) I2WT, D<r E %5(f cof(D) <cof(E) T, LZM>T D=r E %5l
cof (D) = cof (E) TH 5.

% 2T, Todorcevié 1%, EH 2.5 & ZDiEHZAlI- 7 EHICKORMEZ HR L 7.

di,dy € M(X) I22WT, Td) 2 dy <= X LOEFEGHED (X,dy) 56 (X,dy)
ANDEBHRE LTl TH S, LEDD I ET MX) LIEFREFR < 28AT 3,
dy <dy 13 ug, X <ug,X LRETHY, ZoEKkT, HFHEE (M(X), <) & Cpt(X)
DOHIT Smirnov 2 ¥ /87 MUDRED 7§ ARG & BARISHIGT 2. K, M(X) @
s D 2 (M(X), =) THETH 2 LE, BX ~sup{ug:dec D} DIRD D [12].

MR8 2.6. X 2o AlE b XO psay 7 bTthve E, (M(X), %) =r
(W, <) x (K(X*),C) DR iDoH 2

EH 2.5 B3 < DT M(X) OMDHEEGDRER T ZHEIC L Twv 2 DX
L, M 2.6 13 (M(X), <) OIEFfHEE V) X DFHELWERIC OV TR TW 3,
Z LT, M8 2.6 BPEEWCHRS UL, FE L TEH 2.5 ORIGEHIE S 115,

M 2.6 DRERLRMRIEZSDEIALGZ 6N TwARY, e LT, X »REay
N7 FOBEIE-> T, ZHIERDOZ EZ2FEHL 7.

T 2.7. [4, Theorem 3.1] X 3053228/ a v 87 + 2L TREZR < X1 232
YR ETHRVEE, (M(X), =) =7 (W, <) AR DD,

6
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— M DEEITOWTIE, MEDERRERIEEG Z 5 Tukwdy, 2 - HEI, Tukey
relation D 2>$ D IZ generalized Galois—Tukey connection Z fH\>THE Z, I 6 IZ[E 2.6
ZHLEETHI LI, BYDORE 2.6 DHEMRIEVHIRZ 7.

M(X) Eo#i 7 2MEFRR <. (e FIEDFEE) %, di,dy € M(X) IZD2WT

di 2. doy < Vp,q € X [di(p,q) > = da(p,q) > €]

LEDDIETEATS. ™ d,dy € M(X) I22WT, dy <. dy ¥, p,g€ X ITO0VT
Tdy(p,q) > e 512 da(p,q) > 1 TH2Z I EERMETH S, 10 £, X D%ThWEHE
BORTEeEDOESE PC(X) TEL, (A,B) e PC(X), de M(X), € >0122»T,
d(A,B)>¢c ThHBI L% (A, B)Sep.d £LFETZ LIk, 2HBR Sep, 2EHKT 2.

EHE 2.8. [9, Theorem 1.7] X VR[4 2 BEEELATRESZRT T XD 23a v 87 pThwvt
Z, X® morphism DY A ZIVDEET S, 72720 < x C 1T wv LOMBEFHEFR < &
K(X*) LolERFREfR C @ DR ToERIER 227,

(W* X K(X™),w* x L(X™),< x C) — (M(X),M(X), =1)
— (PC(X),M(X), Sep,)
— (WY X K(X™),w” x K(X™),< x Q).

)y —

CDED SEGICRDOEMNE,PNS,

EE 2.9. 9, Corollary 1.8] X 23u[4r 2 fHBEL EEZ2f© XM pva v 87 bThwvt
& (M(X), 21) =1 (W, <) x (K(X7), C) 23D 3L,

R 2.9 OFE LT, & 2.5 OHIEEHNE 545 |9, Section 4]. £ DEKT, &
B2 ZRTE 2.6 16072 (SUoRELIZELZ) DEODEEZEZTWEEWVWZ S,

3 fw TFTAVAIL? — RBOEGHEDEDD

T RBERCZER w 12D W T, Bw D Smirnov 2 ¥ 87 MMUIC X BT BHICE A X9
95, salw)=1tARDEKRZEIRV, EIAHD, RDOXHITERIC TORD, %
mz s &, FEEOEARDE LD S IEF ICHEEOWRE BN S,

dy Zdy & di 2o do BEBRDPLES TV 528, 206 ORICEEDIRIFBIRIE 5\,
10 £, dy 2o do 13, X DETHRVHES A/ BI22owT Tdi(A,B) > e %513 da(A,B) > e ThH
22 LEMAETH 2.
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FE 3.1 M(X) = {de M(X): ugX 2 X} £, HElsp 2RCEHT 2.

D C M'(w), VF € [D]<%° (sup{uqw : d € F} # fw) } _

= mi D
sp mln{ | |‘ Vo) sup{udw:dED}zﬂw

Higson 2 ¥ 37 MUIZDWTH, HLZEATRDEENERT 5.
T 3.2. PM/(X) = {d € PM(X): X" £ X} £B<. Ml hp 2RCEHT 2.

D C PM'(w), VE € [D]<™ (sup{w? : d € F} # Bw) }

pu— 1 D
bp mln{ | | ‘ D Sup{wd :d e D} ~ fw

IS DHEBUZOWT, FH - K% - FHEIRRDZ ERIEHL 7 cof (V) 1& cof (N, ©)
2T

EE 3.3. [6] FEL sp, bp IOV TRDOKNBRDY ZFC THEHTE 3.

1. max{cov(M), cov(N)} < sp < cof (N).

2. max{cov(M),cov(N)} < hp < cof (N).

IN

3. 5p <.

bp & u DBIRICOWTIE, bp <u ETFRINDED, KR TH 2., ke LT, 3=
HIFXRDZ & ZFEHL 7. w FOIERIEHE 7 + V¥ — U 3 g-point TH % & 13, w Z7E
#l £ T B LED finite-to-one DEAR f IZOWT, 2 U DEFE X IZOWT fIX B
Hifff & 7% % & Z12w 9. u(non-g-point) ¥ g-point TIEWE 7 1+ V¥ —Z BT % P(w)
DI EADIR/NREZ LT, S 212 u < u(non-g-point) 7223, u = u(non-g-point)
D ZFC T TE 2008 ) D IERRIRTH 5,

EE 3.4. [3] hp < u(non-g-point).

4  To fw, or not to Sw: that is the question.

HIFi CRER L 725 sp, hp 2 S SICA L TERI N RDELD, EHOELETHD
Bl S BUIRR S NRTH 5.

EE 4.1 B st ht ZROEBVEET S, 1L, di,dy € PM'(w) 220V,
di <dy < Th <wh L9332, £/, minl = oo EED, TRNTOHEE k ITOWT
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k< oo EMFIT S,

o[ | DEM(). Dt < Tl EnTLT,
st=minq |D] 222 sup{uqw : d € D} ~ fw ’

2 sup{w?:d € D} ~ Bw

D CPM'(w), D 13 < TEFIS TV,
ht =min ¢ |D|

ERELOBHSIT, sp<st,hp <ht TH5S. LKL, st, ht DS, EREALTHE
HEBIEL DS D DFAET 5 LIRS T, ERICLD oo &) (BN %R) iz L 5]
A'ﬁ‘lib HHDT, ZNnoh (BENLEHD) izdbod, 2t d o llkdh, 22

5 ki 2 i oD D DD B

TR 4.2. 1. [5, fivé 5.10, @i 6.15] st = ht = co & A7 T ZFC D€ T IVDELE
KRS
2. [5, 2 5.7 =T 4 VORMDY LTIE st =c DD 7D, FriC, HFAHRKHO D
ETlEst=N =¢c TH 5.
3. [7, % 2.6][2, Corollary 3.4] v—7 4 YORHDDH & TIF ht = ¢ DD 2D, Ff
12, EEAMREDO L ETIE ht =R, =¢ TH 3.
-

4. [7, % 2.7][2, Corollary 3.3] st = ht = X, < Ry = ¢ 1& ZFC HEFIETH 3.

N
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A o-structure in string topology
TR BT CURKERSERIR BN

B =

Chas & Sullivan I C®-Z4KD A L — 7 ZEM OFRF T 0 o —(2H D RS & &
BUE (7). = OMEE L OIEOHERS B X Y v/ hKn o LR TS, A
F&TIE, Chas & Sullivan 12 £ - TER SN REAIREE & Hochschild 2R E w1 o — & DOBIE,
FOART v REDORRIZOWTHAT S, £ NBICHETHEEDOREEBRNT 5.

AR AR THOWON TWAHGEIT RO ERRDGE80H 50 TIHEE IV,
8B M AMESITONIZACC-2E6KE L, dxZDWRITETH. LM % M O HHEL—TF28
&5, kEEEDOKREL, Ho(-) % kARBRORRRER Y — LT 5.

1 RAbYUTRRED—

Chas & Sullivan (ZZER(KD B H/L— 7 22 O R R R E 1 2 —|Z Batalin-Vilkovisky {035 & FEIEHL
HREIEE R L. 22 TIREREZ#HBNT 5. 7272 L, Chas-Sullivan O It 4 ORERLTlE7R
<, Cohen & Jones |2 X DAL [11] ZHRITT 5.

A: M —s M x M ZxHA#54, va 2 A @ normal bundle, No & A OEIRITEE, ev: LM —
M #EEENTM pe ST TR 5 evaluation B4 & 45, ROL I3 &R LHAAEEZ 5.

LM x5 LM 2~ LM x LM

\Le levxev
A

M M x M

R OAEITEERBIR T EARR O OIAI: LM X3y LM — LM x LM \ZB4 28 Wl Ei & fe

FRE 1.1. #5325 (ev X ev) PNaA € LM x LM 137 FIVK efva ORZEMICFEMETH L. O
ZOfiEEAWTIL—TE Hy(LM) @ Hy(LM) — Hy g a(LM) 2RO X S ITEHT .

Hy(LM) ® Hy(LM) — Hyyy(LM x LM)

Hpyy (LM x LM/(LM x LM — (ev x ev)"'Na)) (collapse)
(ev x ev)"INa/O(ev x ev) "' Na))

Hyyo(LMEV2)  (HfifH. LM 213 Thom %[ 2 %)
ptq—d(LM xpr LM)  (Thom [FIY)

— Hyyq—a(LM) (NV—7 DFER)

U

12

Hp+q

(
(

EE 1.2. H, = Hy o(LM) L 3<.

Jo— T RIS ZIEE HL, (SR B2k of e H, @ Hy — H, 2 ERT 5.
p:SYX LM — LM % p(5,7)(t) =y(t +s) ICk > CEE LGB/ E L, [SY] € Hi(SY) ZHEAE
L5 AH, — Heyy 2ROGHRTEDS.

[S']®

Hy(LM) =5 Hy(SY) @ Hy(LM) — Hyy 1 (S* x LM) 25 H,y(LM).
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EHE 1.3 ([7]). V—T7F5 e EAEMAFE A ITWEAT ZMEE H, |2 Batalin-Vilkovisky X3 (BV-fX
) oEzED 5. $hbb, (1) e: H, @ H, — H, (THALH, fEHNORENM & W TH
D, (i) AlZAcA=0%T-L, (ii)e & AFKOBGEREMT.
Afla-b-¢)=Aa-b)-c+ (-1)da- A -¢) + (—1)1a=Dllp . Afa - ¢)
—Aa)-b-c— (=D - A®) - c— (=1)F g b Ade)

O]

EMR 1.4 (Gerstenhaber f4%%). {—,—} : H, @ H, — H,yy % {a,b} = (=1)I9A(a o b) —
(=Dlel(Aa)eb—aeAb LEFETH &, ZIUTHL[-1] IC&Eft = Lie W ofE2 ED 5. &6
12, (—e—) & {— —}iF%K

{a,bect ={a,b}ec+ (—1)lel=Dp e {q, c}

e 7=, — S Z OBFRA A T 7o R B & AT HA RS & BT & Lie 1 v 2 1% Gerstenhaber
A= S N

BV-{#=° Gerstenhaber N3O KR E b V¥ —mlR2EWHRIC O W TCIE 3Eichrs., £/=, v—7
OISR DWTIL [16],[17],[14] 72 E AR E 720,

2 Hochschild 3/ kEOP— & DLLER

A ZFEE IR0 IREAT & A%k (differential graded algebra) &3 %. A @ Hochschild =24 =
V—RERTDHEOIL, ETROLIRETFT oA VEIKCHY (A A) 2 EHKRTD.

CH"'(A, A) = Hom"(A®!, A),

(Hom 1% hom-#{k % #9) K FEHMOMIy d: CHHY (A, A) — CHFTUY(A, A) 133l H O hom-#E{K
DB df = daf — (—1)F fdyer & U, TEAFOBS 5 : CHE(A, A) — CHFHL(A, A) 130
TEDD.

(6/)(a1®- - -®a41) = £a1 f(az®- - '®al+1)+z +f(a1®- - ®ai-aip1 @ - @a)+ f(a1®- - -®ar)ai
(IERERFFZICOWTIX [18] R, ) CH**(A, A) @ total complex CH*(A, A) % Hochschild #{&
LR, Z 03 kE R P—% Hochschild IRE B O— & RO HH*(A, A) TEF. CH*(A, A) 12
I3 B RO B E REDOHEE DR D L S L TEES.

(f9) (1@ @aym)=%fla1® - Qay) glaj41 @ @ aj4m)

Z OFE) 5 Hochschild 2 ARE w1 P —IZ AAFED = & % Gerstenhaber 5 & FESS. RO EFR (T —
7f& & Gerstenhaber flE DR A2 R T\ 5.

EE 2.1 (11]). C* (M) & M O k-BRER R TF = U REET 5. M BAHEERO L X, Z50
WHAT & RE (H, v—7F8) & (HH*(C*(M),C*(M)), Gerstenhaber #if) 1Z[FI TH 5. O

ZOEHOFEH OBNSIL 6 Hi T T 5. &I, fEA I IRESS = 5D Hochschild =27k
Y TIIIREST & Lie REBOEEDRAD Z ENFMLLTEY, Zive Eikd Gerstenhaber 5
I% Gerstenhaber RELZ 729 Z LM BTV S ([1]). ZAUTDWT, ERH [18] OBEB S 22 D
BAEOHEEZTICROTREN ST 5.

F#8 2.2 ([18]). Hochschild =27R:Er Y — HH*(C*(M),C*(M)) @ Gerstenhaber fAE#E & A k
Vo7 hARu—ERZENLEED H Loz (HER1.4SR) XA TH A 5. O
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3 ARJFYF
(C,®,I) ZIRD 5> LDOWTILINDORIFRE ) A Z/VEET 5.

(867—’ X, *)7 (TOP, X, *)7 (CHa Rk k)

ZIT, SET, TOP, CHIZZENENES L BHROME, (CFAZEM LER TG OB, F =1 kL
F A U EROB KT

TE 3.1 (42T v F). (1) C LD ) AT v FEIE, C ORLDF O = {O(n) nz00(0) T,
WD LD RF— 2 BEABRELDDZETHB.

— O(k) (n >

L GRfE L MEEND C DI OIE pgy .k, 2 O(n) @ O(k1) ® -+ @ O(ky,) ( 1
c € O(n), di € O(k;),

ki...kn >0,k =k + - +ky, T, ROFEHELTLZT LD :
€;j S O(lj) Zxt LT,

Pyt (ke (G dL, -y dp)sen, oo y€5) = pry o 0o (G 10 -5 fn)

BL, fi=p(d; Chitthi_1+1 - 6k1+--~+ki)v Li = Uty 1+ byt ThD.

2. BT L PRI D RDEREHT=T 61 € O(1) : d € O(k) 1Tt LT pu(l;d) = d, ¢ € O(n)
WK LT (1) =c. EL 1" =(1,...,1).

3. O(n) ~O n WHRFFRE Xy, DL S OIEMT, RORDZBAIZMIZTHD : c e On), d; €
O(kj), o€ Xy, Tj € Ekj ([ZDOWT,

/L(CO’; Cll oo dn) = ,U,(C; da*1(1)7 ey da—l(n))O'(kl, cee ,kn)
ple;dimi, .. dymy) = pleydy, .. dp) (T @ -+ © 1)

ZZ 7T, o(ki,..., ky) X block permutation, 71 & -+ & 7, & (71, ..., Tn) O OHLDIA L
Ekl X oo X Ekn C Zk1+...+kn &:ié{%*’c&)é

ZOoDFRT v KO, O OO EE, COHDHN{On) = O'(n)}nso T, AHFE, BT, Xt
MHEOITEHZ RS DODZ L TH D,

(2) C EOFEXMHANT v K&, ERROART v ROER THIHEEOER & 2B 5 51|
EBRELELOTHD. EXFHALT v ROBOFITOWTH FEIEE.

5l 3.2. (Endomorphism # <7 v F) X|Y € CIZxt L TC DA Hom(X,Y) RO L HIZED
5. C=8SET DL E, Jom(X,Y)IZ X DY ~ODHOES, C=TOP DL X, Hom(X,Y) =
Map(X,Y), 7725, HOESIZa L 7 MAMHEZ ANTZSD. C=CH DL E Hom(X,Y) =
Hom(X,)Y). Zhk& XeClzxtL T, X7 v KEndy #IROEIIZEDD.

Endx(n) = Hom(X®", X)

(PEY X EOFTRTO n EEHEORTHE). Hfirl = id € Hom(X, X) &5, At
f € Endx(n), g; € Endx (k) {2 LT, u(fi91,---y9n) = fo(1®@ - Qgp) EEDD. F£T-,
f € Endx(n), z; € X I LT, (fo)(@1,...,2n) = f(To-101)s -, To1(n)) EBL. (ZOBNTHA
CRBFEOA T v FIZBIT28UTH L. )

EFE 3.3 (AT vy FEORK). 0% C EOFNT v FET5H. O LK (F7213 O-%%) &
X, CORMBEX ATy ROH p: O — Endx O (X, p) DZETHD. O BIEFIART »
FO%EIE, Endx b IHREOEM 250 C) ERFEANT v FL i L Ta< ki O-R& %
EFHTD. HpDZ Ltz 0D X ~OEMLITES. (FEORIOHEL.)
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AR 3.4, FROERZTEYICEEI NI L LICL > T—KOXFRE ) A ZILETHART v R
FRTw REOREEERTHZENTED.

Bl 3.5 (WA AT v F). C LOIHHART v FAZKRD L IITEHRT 5. A(n) = I, AR
[@I®" - TIIEEARFMNIQI XTI O n — 1 BIOAKIC IV EHRTD. (C=CH O L ZHAIZ
1€ k) AREUTC DHAIHIFEARIRE ) A K& —kf—xtihT 5.

5l 3.6 (/NERAXT v F). B" CR" ZJiRiazPoe T 0E1OmRMRET LS. Fm>1
(ZXkF LTS 221 Dy (n) € Map(B™, B™)*" ZIRD X DIZEFET S: (fi,..., fu) € Dp(n) <=
[fi 1% fi(w) = @ + rju, 2 € B™,r; > 0 DIET, i # jbIE, fi(IntB™) N fj(IntB™) =
0.] D = {Dp(n)} KDL DL TANT v FOWEZ AND. f = (fi,...,fn) € Dn(n),
gi = (gi, .. g}ﬂ) € Dy, (ki) 1ITxF LT, B RE ,u(f;gl, oo g™) = (b1, .. hgygtk,) R TEDD:
Piysoib; it =fiogi (1<i<n, 1<t<k). 1=id € Map(B™,B™) &3 %. %7z, WL
A ANNEZTIERSE S, A7 v R Dy, /b m-EA <7 » | (little m-balls operad) & FES.
m=1,20LEETNLINXE, NRART v FEFSEZLEHD.

Bl 3.7 (ZENA—TEM). X ZRERAMESAAEZER S L, QX) 2R & —72EMET 5.
Q" (X) = QX)) EFB. QU(X) ~D Dy ~OIEAE KO ERT 5. On(X) 1252
il Map((B™,0B™),(X,*)) LA TH L. f=(f1,...,fn) €EDm(n) &, a1,...,a, € Q"(X) I
*LT, B=p(f)lal,...,an) Z, u€ B™ — (UiIntf;(B™)) 72 51X B(u) = . D i 1T T
u € Intf;(B™) 72 513 Blu) = aj o f; 1 (u) EED 5.

W2, & DIERE 7222 Dy BMER L TOUE, £ OZEMIE m BA—7ZERICHAE e —
FECH D Z LNMBNTND. (ZHE/N— 2R ORI 3])

Bl 3.8 (Heff&/NHAEA T v R). #5520 fDo(n) € Map(B2?, B>)*" 2RO X HITED D
(f1,-- s fn) € fDa(n) <= Z(g1,.-.9n) € Da(n) Ya; € SO(2), fi = gio . fDa={fDa(n)} T
XD & F o< FERIC LTI AR T v ROWEENAD.

UFTIEC=TOP XIZCH & LT, COFNMPFHEETHL &1L, C=TOP DL XFHHKRE k
E—[FETHDH L, C=CH DL XL quasi-isomorphism TH5HZ & &F 5.

FE 3.9. 0,0 %C LO_HDAT v NLT5.
(1) ATy FOF f:0 = O BRBFAETHS L1, % n >0k LT fy: On) = O'(n) 7
CORBFMMETHHZEEFD. O& O NHEEETHD L1X, TXT7 v NOFOH

080,20, 8. 80

T, g (j=1,...,N) BBEETHLLOPMFIET LI LE2E ).

(2) O-RBOFPBFRETH D L1, TN COHELTHRETHHLZEESH. 2D O-
REX LY DPPEFRETHH Z L b AT v ROFEE & FERICERT 5.

(3) A EFHRMERIERSRANT v K& Ape-A T v KWW, Dy, (£721E Dy, DFFRF =4
Lo THELNDLART v R) EGRIERRIIRANT v Na Ep-FX7 v K& ).

f5] 3.10 (Associahedra[2]). Planer n-tree & 1%, THRDOKEDONIZ 01D n ETORFTNRT XY
7 STV 5 finite planer tree T, ORI Z-THWOZ L E2F 9.

o JH/S 0D valence IZ2LL ET1/vH n FTOIEAD valence 1% 1. F DM OTE A D valence X
3LLE.

o VHANT, THROIZTHIZ, 106 nid EHICAEL, EPbFESHHFEWIEICEA TND.

4
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W

/\

N /W

r(y(zw)) #((y2

M 1: 7(4) (HEOEEITHE.)

n-tree & & planer n-tree ® 7 )L ZLROT A YV ME—ICXAREHOZ L T4, THRODZ &
TRy MERER, THA (1 gign)@:&%%w‘/j’/ NEFESZ L2 5. n-tree D
H% T(n) TERT. T,7 € T(n) I LTT BT IZHHEHNEZHEVELTEOND EE, T<T
ChDHETDH. ZOBIRICED T(n) \EEREASEES. BlxiE, B 1 CEABORDO BRI
B9 5 4-tree [ZMERICNLET D HD LD K& <, EP»DK&%@”%) LOVRRRKTHD. 7(0), 7(1)
—HEELTH. TeTn),Si€ T(k) LT, u(T;S,...,5,) &K il >N TTOEiA
‘/7°/ e SiDT U RNTy bR —HLTHLND tree L FTDHZLICEST, T ={T(n)}n>0
(HIEFFER G OBEICRIT DIERTRA T v FOMIENEED. (QIXEHETD. )
K(n) % T (n) ORMFAFEBLE 525, {K(n)} 121X T 25 BIRIZIERFMLF AT » ROk
WERAND. TOANT v R associahedra & FEDY, K TET. T (n) IRz FKEoDT, K(n)
IIAHECH Y, KT Ae-A T v RTHhHS.

WD EBED BV-RES Gerstenhaber (REUZ AT v ROBENLOEKE 52 5.

EHE 3.11 ([4]). (1) /NHEANT v ROERIZARE 1 ¥ —IZ Gerstenhaber {REL DO 4 558 5
B FORELL IR L, W X ~0 Dy OERITAER P —DEH

H,(D(2)) ® Ho(X)®? — H.(X)

BHET LN, TOEBRE R TERD SN DT evaluate 725 & REAT & IR S B, K
T b E—[AlfE Do (2) ~ ST 2 X o T ST OEASEICHET DT evaluate 35 & k& Lie B v
aAnBFHI, ZOZODOEHFENER 1.4 0EXEHT-T.

(2) P Z/NEA T v ROERITFRE v ¥ —|Z Batalin-Vilkovisky {XE O A& 2 55879 5.
(1) L REROEST)H (fD(1)) = Hi(SO(2)) %E +1 ODIEFAFEEZFLEL, — R TRDOINDHH
DRI & P FE A2 R8T 5.



112

Bl 3.12 ([10]). #EEHY dg-f¥& A ® Hochschild 8k CH* (A, A) 121X Ey-AX7 v FOEMARA
D, ZOEMIX Gerstenhaber f& & Lie v o & FOTEBOEW CTEILT S.

FRT y RBMERT % 22/M O % O OFNZ->UWTIX 5], [6], [9], [15] 72 LB I 7.
4 FREAERRE AAARTY R
Z OHfiTlE McClure & Smith[12] (2 &> TEFR S 72, totalization |2 As-A<T v FOIEM %75
B 5 X0 RRBSR EOEIZOWTIARS . PUF TR LD 72 D R R ZERICHOWT O
FRIRAD DN, EBRZNT R DONARIE /A ZVETIVE (B2 TSR R DT AT - T OE)
CIZONTH C EOREAETFRIZEH L TRF L Z &MY .

EE 4.1 (RHEAEZEM). 1) BAZKOEIIZEDD. Ob(A) = {[n] = {0,1,...,n}n > 0},
Homa ([n], [m])) = {[n] 225 [m] ~DOF5WVEK TIEF 2R OG54 }.

(2) ARHEARZEM (cosimplicial space) EIEFEFEX A > TOPDZ & THS. X([n]) = X" &#F
X, REAREME X7 ELHICe #DIF TET. ZOORBURZER OB O & 1%, BREHRO Z
EThD. REKRZEEOLTIEE TOPY TR

Hd:n—-m+1]eA0<i<n+1)ZizAXy7TI5HE, s¢:[n]>[n-1¢€A
0<i<n)Zili+1%illHO>OTFLT DL, ADEEOHIT{L, s} DARTETSH. 2
DI ORBRZER] X 137 — X

X" (n>0), dh: X" — xntl (n>0,0<i<n+1), si:X”—>X”_1(n21,0§i§n)
T, {d',s'} DY RS (REAER, I ZE [12] 2R) 27T b0 L33t T 5.

EF 4.2 (totalization). A}, ZNAHMERMERAN LR D REMRZER LT 5. T70bb, Al =
{1, . t)0<t1 < <t, K1Y CR THY, dO((tr, .- tn) = (0,t1, .. t0), di(t, ... tn) =
(ootintiy ) (1 <d <n), d(ty, ..o tn) = (B, ooty 1), 84t .o tn) = (oo tisting, ... ) T
HD. REMZER X I3 LT, REMZEROKOES Hom(A},,, X*) 12,50 Map(AL,, X™)

top) top?

DEGIZER] & L TONFEZ AT D D% Tot(X®) &EE, X°® D totalization & FE5.

E#E 4.3 (McClure-Smith £ [12]). X*® ZREAZER & T 5. X £ McClure-Smith #§ & 1%, 5
GO {up g : XP x X1 — XP| p,g >0} T, ROFMFEHIZT DO THD. (LT T ppq(z,y)
OROVICx -y LEL)

i (dz)-y f0<i<p
x-(dPy) ifp+1<i<p+qg+1
(@) -y =z (d)
i (siz)-y if0<i<p-—1
5 (l‘ : y) = i— . .
r-s'TPy ifp<i<p+gq
ro(y2)=(@-y)
RELARRIZER-] X Y 12k LT, REMRZEH X0V 2RO LI ITEET D.
(X*OV*) = || XPxYY~,  (da,y) ~ (z,d
pta=r

{d', s'} 1% ERLo> McClure-Smith FO SR TED 5. (—0-) 13 CA I FEie) £/ A1 # 4k
WaH 25, WHN, REARZER X EO McClure-Smith fi &, #4005 #E X OX® — X*
LlF—kf—xnd 5.

FEXRIFRAARI AT v R BEZRDEIIZED SH. B(n) = Maprppa(Af,,, (Af,,)"") LBE,
feBmn),geBm) 1<i<n)IZHLT, u(figr,.. ,90) EROERET 5.

A° i) (A')Dn w) (A.)Dmllj . D(A.)Dm" ~ (A')Dml-i-“-—f—mn

~—
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S 4.4 (12]). B A-A~T v FCh 5.
Proof. % ¢: A AL — AS %

top top top

CU(te ), (515 89) = (t1/2, - )2, (14 51)/2, -, (14 54)/2)

ICE-TERT DL, (BRETHD Z ENEGITHIDOOND. £oT, B(n) = Map(Af,,, A,)
ThoHH, BEIIHAXM0,1] »oTNAHF~DIEFZFEOEH O3 2= (Fiffik= 237 M
NAR) IZRIFCH D . 1> TRfETH 5. O

EIE 4.5 ([12]). AHEAZER X O McClure-Smith f5i Tot(X®) (2 B DIEAZ#HET 5.
Proof. fERIZRD X OIcHZ2BbN5.

B(n) x Tot(X*)*" = B(n) x Mapppa ((A*)", X)) = Mapea (A®, (X*)77) = Tot(X*).
“EAOKITB(n) OEICE SR ERLICESTHEABND. 0

5 String topology & #FE/NHBEA RSy K

AIEIOER 3.11 205, EEE 1.3 O BV b & /AT v Rl ko Tl & s Z E R E
RICTREENS. 72171, V7220 LM F Db DA LT ROERNPASLZ EIZZED 0D
T, AT b T LWILERE bE—mOMaZ WS, TOP, & i sl X AFE22/ & S 25
G ERORTEE TS, —oOOME XY € TOPAZHLT, XAY = X xXY/(XVY) e TOP,
Ex<.

FE 5.1 (A7 b T). A7 8T A X, o} (TN X ZZO8) Xo, Xy, ..., X, ... LA E
ROBHE S o« SYAX; = X1 (i > 0) DFINBIe D, ZODAY 8T {X;, a5}, {Yi, Bi} DI
B SP THT. AT FITOH{f 1 X; = V) BSHEE UL ERE hE—RE) Th 5 L1,
ROk € ZITX LT, k-ROLERE M E—# 1) (X,) = colim; i (X;) PR ZFHES D2
LaE 9. AN M OEZHEEICEH L TRIMEL THONLEZ A~7 b T ORE b e—E
LW\, Ho(SP) L. &7z, WERErV—HHY(X,) %  HZ(X,) = colim; HY ,(X;) TE
DD, TS TOP, — SP % S®(X); = SIAX ICL-TED 5.

Ho(SP) IZROMWEEFFSZ EBRMBI TN D,

1L 2(X.)i=Xip1 LRV ERENLBEFEL: SP - SPI3AE FE—EOFRME Y : Ho(SP) =
Ho(SP) ##+ 5.

2. Ho(SP) ITHFRE / A F LS (— © —) 255,

AT N T A LM™T™ ¢ Ho(SP) ZIROXTEDDH. e: M — RN 2+ @0 RIcO2—7 U v
RZER]~D CP-H DA~ E L, v, 2% D normal bundle &3 5.

LM~ = 537 Ngo(LM®"¥)  (ev: LM — M evaluation)

WD Cohen & Jones D EH I N —TFEE BV-RE D AT h T DOFRE FNE—ETOEHRIZCHONT
WBRTUND.
EE 5.2 ([11]). (1) LM~ 3 Ho(SP) IZBWTREAIIT / A4 FOREEFD, Z OfEIL Thom
A HS (LM~ ™M)~ H, o(LM) =H, Z#@ L COL— e85,
(2) PHRENNEEDE, Kk > 1ICKLT, fDa(k)x(LM)*k EoiE S i (k—1)(N—d)
RITEDNZ MV O & Ho(SP) D4t

5= (k=N goo1(£Dy (k) x (LM)**)%] — LM

DEIEL, ZOHIE Thom MA@ L CHRER —ICEM 1.3 0 BV-AEEE LT A. ]



114

6 Cohen-Jones DFEE 2.1 MEEEADEIER & EHE DT D BN

Cohen & Jones [ZEH 2.1 DFEAIC RO ALY b T A LM~TM 23R HNTW D, %5 OFER
Ti%, LM~TM L Hochschild KD REARE, >F V totalization 25 LM ~TM (3% Hochschild
BIR) 172D KD R BRBURARY T A% LY, L—TFE & Gerstenhaber f % Z I E DA HR
O EOREEEICE S L, ZOMEEEZRO X ) RRBERSMROBOBFEAZER L T\ . H
L, EROXDRYENRANT T OERTIIRIE /A X AAEERFE b E—E T LFEE
B, ZOMEMEEEITOICIEIA D TH D, T /A SN (F8FEE CRAME L Tz
W) TOETHIET D2 K9 R AT M T ORFEE LT, MHMAARY b5 (symmetric spectra) 73
HIBAI TS (8]). Cohen IXMIZEMI723C [13] THEMNAL - ORI Z XFF A7 |5 ORET
FH L 72D, Z OFEHEET McClure-Smith FEDSE A 72 L TR\ 2o, totalization |23 % 7%
A ARHATHY, ZofEEZHWT EORREEEICIT) 2 EIERETH 5.

EHORMIL, THR22%HTHZ L THSH. McClure & Smith X totalization (2 Fo-1§iE %
HET D L) RREARS EoiE b @XMk L A DT, Cohen & Jones Digam DFALUZ L - T
ZOFPREEIATL-0121E, A RY F hARa P —H A RO Gerstenhaber XA #dl4 5 X 9
72 (P &) /N A T v FOEH AR T A20ERNH S, B THELNL TV HRERIE, L—
TREFANT D & D70 Aa-A T v ROIEH O L, Ziva M7z Cohen & Jones Difam DHL
W72 DIEYETH D, IOV TIREI TR 5.

FEMR 6.1 ((IFR) ZA~7 R T OEHIZONT). ko> Cohen & Jones Difima (=) F A & AN
TAT I, KD L D 72 BWIRIERINEE % £F > 72 Poincare M DREEAL N LB 5:[C°-F =
A 2 CE™ (M) \ZHFR R R XFE 2 IRk T 5 K O Zeflitig (M) @ C™(M) — CF™ (M) HA
0, IHICZOMEEELE X vy 7 O*(M) @ CS™(M) — CE™(M) 3L, C™(M) & C*(M)
CH(M)-REE LTHREEE 5. | LaL, BIRRETIZZOL 5722 C (M) OFES 20> T
Wi, %, XIBRAY b T OB TIELZ @ Poincare MxHMEDREHEALIZAN Y T2 b OOMFET 2
(Atiyah XOeE, [13] ZH).

422 DS (n) € Di(n) & DPS(n) = {(f1,-- ., fn) €D1(n) | fi(1) < fin (D) Vi=1,...,n—1}
Lo TEHT D, D = {D¥(n)} & Dy DHAL, ARAEIC K- CIERHA T » K& /T
DY I BN A=A T v R TH 5. XA LT v KK & K(n) = D¥(n) x K(n) TED 5.
(B, B ZEICAND.) MK b A-ATF v FThS. IWROEBITER 2.1 DKL
ERRED.

FIE 7.1 ([19]). (1) A7 b I oBIzB T 5 K- LM~ 3MFEL, (KT bE—Blok s
LC)LM™™ % Ho(SP) \ZBIJ5E /A4 RE R+ e, LM ™ LERIZRS.

(2) M SHESRE L ES 5. THH*(F(M,S), F(M,S)) % (]HAT h 7 L8 LTO) Bk A
R 8T L F(M,S) OAFR Hochschild 2T n Y—L45, 20L& A -7 v K EOREK
& L Co5E[FEIE

THH*(F(M,S),F(M,S)) ~ LM™"
PFTET 5.

(1) D K-REXOHERITEANT 72 D TEEMITEWET 5. (2) OFFNEZHER T 5 720121%, McClure-

Smith O FM % KT FE—OFRTRD D Z EALEITR D, KRETTIEINEHHAT 5.

8 McClure-Smith DT b E—hR

Z O TIER 7.1,(2) OFENI TLEIT 22 % McClure-Smith B0 {LIC OV T3, = 2T
1% McClure-Smith FED LD 95 5,

A(z-y) = (dz) -y, TN z-y)=2-dTy, (@PT2)-y=2-dy (2| =Dp |yl =q)

8
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\/V\/ NN

(d%)y (dP+ia)y wd’y

[ 2: 7¢(2) ® o DERERKL S (p = |z])

ERERE—ICE - TREODDLIZEEEZD. ZORDICINLOERICHET EEEROKBE FE—
HNTARNTARTHART y REERTDHMLENDDH. £ 2 TET cofacial n-tree &\ 9 THHA
RODNTFL B MMTNZ n-tree ZEAT 5. n-tree (IO B EIEd, d, hi,... ,hno1 D+ 1FEETH
%. d 13 first coface map d° 3 L, d % last coface map 9. h; ITAE FE—

xl ..(dxi).xiJrl...a’:ngml...xi.((Z:L‘i+1)...l‘n'

ERT. FlZE, X2 OKRD OGS D ILiEZE D _EO cofacial tree IZxFS L, FREICH D
cofacial tree (ZFZ DM DKRE FE—%2KT. K3 LFRERICHERINS. ZORTIZHAROF LT
% % cofacial tree (A DIL % —JHTHHE FE—EEEEBENL/RHKE FE—LDKRE |
v —A KT

INHDREFDODOEFIZRD L D e A28

o d Ll dITEDTHLIZONTH L. d (resp. d)1Z—2DTELIZ (£ 7 v FOMINE) N5l
DR TG (resp. £) IZHDHDIZDHDOL.

o hild(i,i+1)-/—RIZDHDL. ZZT(h,i+1)-/—R&lE, TNy heFiAf Ty
Mo s, TUNTy hEEi+1 40Ty bEORSTEDHS (RifiAR) D LT
H5.

—OOTHR TS L Flr OEE A AL L FES. T¢(n) % cofacial n-tree DEEG LT 5. T¢(n)

TIXHIEFFDZANS. B2, 2, 3I2BWT, WOHFRIALE T 5 cofacial tree 1L i Dl
GlCLET 5D X0 REL, HATKOTLIZH S cofacial tree 73F DRy OH Tl b K&
V. EEROPIERT, A LOMIZENSBRE BRI RILT 52 L TEADNRD. (T9) =
{dmod™ |mo,my > O}(= Z53), *FIEFIZAB L T 5. ) ROMMIL T¢(n) OIAKIMEE &3k~ T
W5,

#HRE 8.1 ([19]). n>2 LT 5. Tn) OFEFEAITIE, ROEOIK KL FFO.

amr
R Rt

n—1

(FEmEED Loz ntree & LTI, ZiUX T (n) OIRKKITTHSD. £-ZOKTH I, FH1A

LTy MCHET A TO d DEBIEL mg Th . ) ZORE SRS E T (mo, ..., my)
=7 O
Te = (T TIE, T LABICANT v ROHEE AND Z LN TX 5, Pzl
d
NSNS XS
ha o1 hi = ha
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3. T°(3) D—>DHAEHS

ThdH. T LT, EFEEZHESBHL D

dg 2 T(moy ..o ymiy .oy my) — T (Mo, ...,m + 1,000 my)

sg 2 T(moy .o ymiy .o my) — T (Mo, ...,m — 1,000 my)

EROEIICEHRTH. (0<i<n jORAL & ICHLTE, i=00E% j=0,...,m
1 <i<n—-10kE, j=1,...my i=n0k&j=1..,m,+1 s IZEHLTI,
§=0,...,mi—1.) £Td OERIZOVTHERL. T € T (mo,...,mp) ET 5. dYIZTOT Y

Ny hOdOEBEE 1 T 554 LTS, &) (1<j<m,) ZEHRT D0, 77Ty R
EHIA LT bR THNOEEEZD. 7T N7y hinbitHd T, ZOHEEICHSD d D
BEEEEARTEAZ LT, I3 jFROdOHLEAITDICHKIT S dOEEES 1 L
Fr5/BE L TERTD.

1<i<n—-10LXE, FHiAL Ty eFi+t1 ATy beoR{EEEZD. Hi-A v
T I B (i,i+1) /— ROFATE Tld d ZBEFIALTHEZ, (i,i+1)-/ — RTIEh; 0%
Bz, TORFi+1A> Ty bVETEAERZD. & % jHFAOREOREBEL 1 LT 55448
T 5.

& REFRTHNEL, EnA LTy heT TR Ty bR lHlEMEY. Hnd Ty bl
ZClBHEHOAdDEGES 1 LF 25/ LTHE 2EHTD. d L Z7 Y b7y o dOEYE
Ex1 LT E8ET 5.

sl it d] OFEHRO L EITHVED j+ 1 FEHORSOEBEEE 1 FIF55H LT 5.

TE 8.2 ([19]). CK(n) 1L > T T(n) OR(TEMEREZET. CK = {CK(n)} I T 1B
F BIERFRARNAIN AT v ROMEE 52 5. £iz, %2R CK(mo, ..., mn) C CK(n) %

10
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T(mo, ..., my) \ZRHST DB & L,

dg CR(moy ... miy ... ymy) — CK(mo,...,mi +1,...,my)

sz CR(moy ..o ymiy ... ymy) — CK(mg,...,m; —1,...,my).

* L TERLIZEFZHROEEN L ARICHFESINLI TR LT 5.

ZDOART v N CK L EROE {d],s]} #AVTRO LD IZE TOPA EoEF R CK 2D &
HTEDHD. ZZTEFREE, BMFECK: TOPA — TOPA L oD KR 1 - id = CK,
p:CKoCK — CK 22572 51 (CK, pu,n) T, MEESLHAAEL WO ABEZWIET OO ETH
%.

COEF REEHRTHEDIC, 2P, £n> LICELTHETECK, : TOPA" - TOPA 2%

B X1y, Xn ZREEZER LT 5. | KOZER CKa(X1,. .., X)) 2RO L S IED .

C,Cn(Xla'--aXn)l:|_|C’C(m[),...,mn) X)(f1 XxXgn/N

TIT, L mot - Amptpit - Apn = LETTZT, IEEEROF] (mo, ..., map;p1, - Pr)
kL. Flm, ~IF,

(uoi J,.’L’l,"' y Lyt 7:1:71) ~ (uaxlv'” 7d0wi7'” 7:1:71)7

(Uoid,xl,"' y Lyttt 7xn) ~ (uaxlv'” 7dpi+1xi7"' 7wn)
(ueCk(n)z; € XV, 1<i<n) o k> TERSNARIEMECHS. RERIEILE (@57} 15

CK OIERIF L, X, DIERBR &R EIH - CTERT 5. L0 ERICE<S L, Cu(X1,... Xn) D
AHAIEARIZR A CTER SIS,

d](u,.'E]_,"' ,xn)
(d6u7x15"'a$n) (OSJSmO)
_ (dl'u, @, .. 2n) (m<iz1 +p<ic1 +1<j<m<i+p<iz1, j1 =7 —M<i—1 — P<i—1)
(u, 21, d2i, ... @n)  (M<i+p<icr +1 < <mgi+p<i, Jo = J — m<i — p<i—1)
(d{f‘u,xl, s ,CEn) (mgnfl +p§n < ] < m<n +p§n + 17 j3 = ] —M<n—1 *Pgn)

(|zi] = pi, u € CK(mo, ..., my), m<; =mo + - +m; 72 E). 87 LRKICED D, KEIZ,

CE(X) = | | CKu(X,..., X).

n>1

EEWT, BREH Dy id = CK, u: CKoCK = CK 1L CK OHAL, GO HRIZEE S B D
95, TNTEF RCKDERTFET Lz,
A$,, D projective cofibrant replacement AS([12] B1) & & 1), RHRZERE X 12x LT Tot(X®) =

Map(A®, X*) € TOP &< . IAFARMANA<T » K CB% CB(n) = Map(AS,,, CKa (A%, ..., A%))
Lk o TRDS. (i, SREEECK Db BRICHFEIND b LT 5. 4HBMH)

EHE 8.3 ([19). (1) CBIF A-A T v R TH 2.
(2) ARHARZER X ~D CK OYERIE, Tot(X®) I CB DIEH 23583 5.

ZIT, EF R CK ORBEEZEMA~DIEM L1, TOPA 08 CK(X®) — X* T, un LiEN7A
B TRKHT 500 THhD. FEFHIX[19) TLM ™ OREERSME, THH*(F(My,S), F(M,,S))
DRBEARSREOFFE T, CK DVERZ RSP EK Lz, EF83ICLY, ZOFREMND Ax-1t
BOFMENE SN EEBROERAN T 5.

11
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ApEsE A (EE RS

1 Introduction

We argue the differential geometry of spacelike submanifolds in de Sitter space and
geometrical correspondence of singularities of map germs related to the spacelike sub-
manifolds. Classical example is a Gauss map of surface in Euclidean three space. Let
U C R? be an open subset and X : U — R3 be a regular surface (an embedding map),
Gauss map G : U — S? is defined by the unit normal vector field of the surface. The
geometric meanings of singularities of the Gauss map are studied by many researchers.
For each point p = X(u) on the surface M = X(U), the singular set of the Gauss map
coincides with the set of parabolic points, where the Gauss-Kronecker curvature K(u)

vanishes.

Shoe surface fold

s .
‘0:0‘;;"‘?$§§§\\
'/15'0:‘:‘\

AN
)
\o
Parabolic curve

Figure: Singularities of Gauss map germs on surface in R3

Gauss map

Let f: (R?,0) — (R? 0) be a map germ, we say that f has a fold (or cusp) singularity at
the origin if f is A-equivalent to the map germs g (u, v) = (u,v?) or ga(u, v) = (u, v* —uv)
respectively. There are two good examples of fold and cusp singularities in [2]. Let
¥+ (=1,1)% — R3 be surfaces given by

Vi(u,v) = (u —v?u,v). (Shoe surface)

Uo(u,v) = (vv —v?u,v). (Menn’s surface)

*This work was supported by the JSPS International Training Program(ITP).
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The Gauss map of ¥; has a fold singularity at the origin. Singularity of Gauss map of 1,
has a cusp singularity at the origin and bifurcates two fold singular curves. It is known
that the singularities of Gauss map generically appear only folds or cusps. (see [3])

The singular type of the Gauss map is also related to asymptotic directions on the
surface. Two distinct asymptotic directions are defined on hyperbolic domain {X(u) €
M | K(u) < 0} and one direction is defined on parabolic domain {X(u) | K(u) = 0}.
By drawing asymptotic curves along with the asymptotic directions, we may observe that
each asymptotic curves are transversal to the parabolic curve at the fold point and tangent
at the swallowtail point.

In this talk, we consider differential geometry of lightlike normal of spacelike subman-
ifold in de Sitter space and describe geometrical property of lightcone Gauss maps and
lightlike surfaces. We argue the case of spacelike surfaces in 4-dimensional de Sitter space.
We also describe the differential geometry of spacelike surfaces of codimension three in de
Sitter 5-space. Finally we briefly describe canal hypersurfaces by using pseudo orthonor-
mal frames on spacelike submanifolds of codimension at least two. We construct spacelike
and timelike canal hypersurfaces and describe difference of them.

2 Minkowski space and de Sitter space

Minkowski space is defined as a vector space with a metric of index one. It is known
that de Sitter space is a Lorentzian space form with a positive curvature and it is defined
as a pseudo sphere in Minkowski space. The Lorentzian group SO(n,1) acts transi-
tively on the de Sitter space. Let Ri*" = {x € R*™ | = (20, ,2,)} be a vector
space with a pseudo scalar product (z,y) = —zoyo + x1y1 + - - - + 2y, and a pseudo norm
|z]| = V/|[{x,z)]. The space (R7™! (,)) is called by a Minkowski (n + 1)-space. We say
that a vector z € R\ {0} is spacelike, timelike or lightlike if (z,z) is positive, negative
or Zero.

There are three types of pseudo-spheres in the Minkowski space. They are hyperbolic
space H"(—1) = {z € R"'|[(z, ) = —1}, de Sitter space ST = {x € R} |(z,z) = +1}
and lightcone LC* = {x € R?™\{0}|(z, z) = 0}. The differential geometry on Minkowski
space, hyperbolic space and de Sitter space is also studied by several people. Recently,
[zumiya, Pei and Sano [6] investigated differential geometry of the hypersurfaces in hyper-
bolic space. They introduced the notion of Lightcone Gauss image. The Lightcone Gauss
image is defined by the lightlike normal direction of the hypersurface. They showed that
totally umbilic hypersurface with lightcone Gauss-Kronecker curvature zero in the hyper-
bolic space is a part of hyperhorosphere. They also showed that singularities of lightcone
Gauss image are generically classified by cuspidal edges and swallowtails by applying a
framework of the theory of Legendre singularity. Here, a map germ f : (R? ug) — R? has
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a cuspidal edge (or a swallowtail) singularity at vy if it is A-equivalent to the map germ
gi : (R2,0) — (R3,0) with gy(u) = (uy,u3, ud) or go(u) = (3ut + udug, 4ud + 2uius, uy)
respectively.

Let X : U(C R"™") — S} be an embedding map and denote its image by M C S7.
We say that M or X is spacelike if M has an induced Riemannian metric. When r =1
we may consider the extrinsic differential geometry on M with respect to the lightlike
normal direction which is an analogous tool of [6]. It is called by a lightcone Gauss image
L*(u). We respectively define a Gauss-Kronecker curvature and principal curvatures as
the determinant and the eigenvalues of the differential map of the lightcone Gauss image.

Let v # 0 be a vector in R} and ¢ € R, HP(v,c) = {z € R | (z,v) = ¢} is a
hyperplane in the Minkowski space. We call HP(v,c) NS} by a hyperquadric in de Sitter
space. We say that a spacelike hypersurface is totally umbilic if all principal curvatures
coincide at any point on the hypersurface. The totally umbilic hypersurfaces in ST are
given by the hyperquadrics HP(v,c) N S} and topologically classified by three types.

elliptic_ hyperbolic de Sitter
hyperquadric hyperquadric hyperhorosphere

Figure: Totally umbilic hypersurfaces

Proposition 2.1 ([10]). Spacelike hypersurface M is totally umbilic and K(u) = 0 if
and only if M is a part of a de Sitter hyperhorosphere HS(v,1) = {z € S?" | (x,v) = 1}
for some lightlike vector v. In this case the lightcone Gauss images is a constant map

LE(u) = v.

In [10] we investigate the singularity of Lightcone Gauss images. In this case the singu-
larity corresponds to the parabolic sets on M. This situation is similar to the case of
hyperbolic space. By applying the framework of the theory of Legendre singularity to
our case, we figure out that the singular type also generically appears cuspidal edge and

swallowtail.

3 Spacelike submanifold of codim 2 in S7

We now consider spacelike submanifold M of codimension two. Since the normal space
of M has Lorentz metric of index one, we may determine two lightlike normals at each
point on M. Let U C R"2 be an open subset and X : U — S} be a spacelike submanifold
in de Sitter space. In this case we may choose a timelike normal n” and a spacelike
normal n® at each point p € M, then n” 4+ n* are lightlike. For any lightlike vector
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v = (vg,v1,- -+ ,v,) we normalize v = (1,vy/vg, -+ ,v,/vg). Since Lorentzian 2-space

has only two lightlike directions, therefore the normalized lightlike vectors n” +nS are
independent from the choice of n” and n?.

Let S7' = {x € LO* | 2y = 1} be an (n — 1)-sphere in the lightcone. We call a map
L* = nT/j\:/nS U — Si_l as a lightcone Gauss map of M. The lightcone Gauss map
is an analogous tool to the study on the Minkowski space [§].

For each p € M, a shape operator S]jt = —7to dIE;E on T,M has real eigenvalues
{%F(p)}i=?, we call them by normalized lightcone principal curvatures and their multipli-
cation [?lft(u) = det(S5) by a normalized lightcone Gauss-Kronecker curvature. In this
case parabolic point means a point with K lft(u) = 0 and umbilic point means a point
whose normalize principal curvatures T%f (p) coincide.

3.1 Lightlike hypersurface

The notion of lightlike surface of the spacelike curve in S? is firstly introduced by Fusho
and Izumiya [5]. We consider general dimension case of their study by using an idea of
[8]. Let X be a spacelike submanifold and L*(u) be lightlike normals. A ruled surface
map LH (u, 1) = X(u) + ,u]ii(u) : U x R — ST is called by a lightlike hypersurface of
M. We define a family of functions G : U x S — R on a spacelike submanifold M by

Glu, A) = (X(u) = A, X(u) - A),

where p = X(u). We call G a Lorentzian distance squared function on the spacelike
submanifold M. For any Ay € S} we write gy, (u) = G(u, o).

Proposition 3.1 ([11]). Let py = X(ug) # Ao then

(1) gx(u0) = gay(uo)/Ou; = 0 (1 < i < n—2)if and only if \g = LHy(ug, o) for
some /19 € R\ {0}, in other words, the discriminant set of G is the image of LH3;.

(2) Suppose that \g = LH3;(ug, o) then det Hess (gy,)(up) = 0 if and only if —1/4 is
one of the non-zero normalized lightcone principal curvatures 7; (po).

The statement (2) of the above proposition asserts that the singular point of LH]ﬁ
indicates some non-zero principal curvatures. If all principal curvatures are vanishing at
p € M then LHi (u,u) have no singular point for all 4 € R\ {0}. In this case we call
such a point by a flat point. We now follow [6] and apply the framework of the theory of
Legendre singularity:.

Proposition 3.2 ([11]). For any point (u, \) € A*G~1(0), G is a Morse family of hyper-
surfaces around (u, \).
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We have the Legendrian immersion germ L3 : %,(G) — PT*(S?) where ¥,(G) =
(A*G)7H0) = {(u,\) € U x S} | A = LH3;(u, 1), u € R}. Wave front set of L is the
image of LH3;. In this case stability condition for L5 respectively corresponds to K-versal
condition for the deformation G of the function germ gy. (see [6] and [1, 15])

We consider the contact between submanifolds and spacelike submanifolds. We call
a set LC,, N ST by a de Sitter lightcone. The following proposition is generalization of
Proposition 4.1 in [7].

Proposition 3.3 ([11]). Let A\ € S?" and M dose not have any flat points, then M C
LCy, N ST if and only if )¢ is an isolated singular value of the lightlike hypersurface LH;
and LH3;(U x R) C LCy, N SP.

We now consider the contact between submanifolds due to [14]. Let X; and Y; (i = 1, 2)
be submanifolds of R” with dim X; = dim X, and dimY; = dim Y5. We say that contact
type of (X;,Y;) at y; is equivalent (we write K (X1, Y1;y1) = K(Xy, Ys;y2)) if there is a
diffeomorphism @ : (R"y;) — (R™, y2) such that ®(X;) = X, and &(Y]) = Ya.

Theorem 3.4 ([14]). Let ¢; : (X;,z;) — (R", ;) and f; : (R",y;) — (R,0) be
immersion and submersion germs with (Yi, %) = (f;'(0),%). Then K(X;,Yi;y1) =
K (X5, Ys;90) if and only if f; o g; and f, o go are K-equivalent.

Let f(z) = (z — Ao, — A\g) and g(u) = X(u) then the contact type between M and
LC), N ST determined by K-equivalent class of gy = (f o g)(u). In fact, LC)\, N S} is
tangent to M at pg = X(ug). We call LC\x N SY a tangent lightcone of M at po.

Theorem 3.5 ([11]). Let X; : (U, u;) — (S, p;) (for i = 1,2) be spacelike submanifold
germs such that the corresponding Legendrian immersion germs are Legendrian stable.
Then the following conditions are equivalent:

1) Lightlike hypersurface germs LH7, ; and LH%, ., are A-equivalent.
g y g M,1 M2
2) Lorentzian distance squared function germs G; and (G5 are P-K-equivalent.
g

3.2 Lightcone Gauss map

Let H : U x S7' — R be a family of lightcone height function given as H(u,v) =
(X (u),v). For v € ST we write h(u) = H(u,v). We may also argue L* and H similarly
to the above argument.

Proposition 3.6 ([11]). Let (ug,v9) € U x S7! then we have the following assertions:
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(1) H(ug,v0) = Hy (ug,v0) =0 (i =1,--- ,n — 2) if and only if vy = L*(uq).

(2) Suppose that vy = L*(ug) then det Hess () (uo) = 0 if and only if I?Zt(uo) =0.

(3) H is a Morse family of hypersurfaces around (u,v) € A*H~*(0).

If vo = L (up), a submanifold H P(vy,0) N S? is tangent to M at py = X(ug), we call
LCU(:)t a tangent lightlike cylinder of M at py.

Theorem 3.7 ([11]). X; : (U,u;) — (ST, pi) (i = 1,2) be spacelike submanifold germs
and v; = L¥(u;). If the corresponding Legendrian immersion germs generated from H;

are Legendrian stable. Then the following conditions are equivalent:
(1) Legendrian immersion germs £; and L3 are Legendrian equivalent.
(2) Lightcone height function germs H; and Hj are P-K-equivalent.

(3) K(X4(U), HP(v1,0) NST;p1) = K(X2(U), HP(vz,0) N ST; pa).

3.3 On spacelike surface of codim 2 in S}

We now consider the spacelike surface in de Sitter four space. For the generic spacelike
surfaces, the singular types of lightcone Gauss map IEi(u) appear cuspidal edges (As-type)
and swallowtails. (A3 -type) On the other hand, the lightlike hypersurface LH5; (u, 1) has
Az, AT, Ay and DE-type singularities.

Theorem 3.8 ([11]). Suppose that n = 4 then the singularities of the lightlike hyper-
surface are generically classified by Ay (k = 2,3,4) and D types. Moreover, D type
corresponds to umbilic points of the spacelike submanifold.

............ A
A
%Eiiol ightlike
e, hypersurface
o no vanishing > /’ ~_ .
5 . . S | ts.
Normal i zed principal curvatures 3 ‘\(4/ Ingular pts

lightcone Gauss map K1 Ko = = =

Figure: Lightlike hypersurface and spacelike surface

Let hy'(0), g5,/ (0) be zero level sets of the height function and Lorentzian distance
squared function. We remark that the diffeomorphism types of h;'(0), g5, (0) at the
origin are invariant under the K-equivalence of the function germs h,, and gy,.
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4 Spacelike surface of codim 3 in S}

Spacelike surface M in S7 has a family of lightlike directions for any point p € M,
however, we have a problem of geometrical correspondence of singularities of lightcone
Gauss maps. Let U C R? be an open subset and X : U — S} be a spacelike hypersurface
$.n5 : U — NM be timelike and spacelike orthonormal

sections on M. We define a map e : U x S' — LC** and e : U x S' — S by

of codimension three. Let nl’ n

e(u,0) = nl (u) + cos On? (u) + sin On3 (u), e(u,0) =e(u,0).

If the normal sections are parallel then we may define a shape operator S,(n) with
respect to the lightlike normal direction n = e(u, 0) by

Sp(n) = d,e(u, ),

and the second fundamental by h(n);;(u) = (X;;(u), e(u,0)) = —(X;(u), e;(u, 0)).
Let n; be the normal section on M, we say that n; is parallel it d,n;(T,,U) C T,M for
any v € U and p = X(u). We have the following proposition:

Proposition 4.1. If there are parallel normal sections n}, ny, n3 on M then
rank de(ug, 0y) = 1 + rank Hess hy, (u),

where vy = €(upfy). The value 1 of the right hand side of the above formula comes from
the vector de(ug, 0y)/06.

We have a question: If we don’t assume the parallel condition, then the rank of Hesse
matriz Hess h,, and the differential map de(ug, 0y) are related? That seems to be negative.

Proposition 4.2. Let H : U x ST — R be an S}-height function defined by H(u,v) =
(X (u),v) then,
(1) H(u,v) = Hy,(u,v) =0fori=1,2if and only if v = &(u, ) for some (u,0) € UxS:.

(2) H is a Morse family of hypersurfaces.

Proposition 4.3. We have the following formulas

rank de(ug, 0y) — rank Hess h,, (ug) = 1 or 2, (1)
rank de(ug, 0y) > 1. (2)

Therefore we have following possibilities of the ranks:

(rank Hess hy, (ug), rankde(uo,6p)) = (2,3), (1,3), (1,2), (0,2), (0,1).
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5 Canal hypersurfaces of spacelike submanifold

For higher codimension case, we need to consider the arbitrary normals of the spacelike
submanifold. The canal surface in the Euclidean three space is given by the family of
circles with fixed radii lying the normal space of the regular curve and its typical example
is a torus. In this section we describe differential geometry of canal hypersurfaces and
their geometrical correspondence with spacelike submanifolds.

In [9] they introduced an analogous notion of canal surface and studied the differential
geometry of submanifolds in the hyperbolic space. We may consider the spacelike and
timelike canal surface in de Sitter space and study their geometrical relation with the
original submanifold M. We consider the two types of canal hypersurfaces respectively
in [12] and [13] and study the singularities of some maps which are related to the canal

hypersurfaces.

timelike ca

Spacelike canal hypersurface nal hypersurface

<\> lightcone
Gauss image

lightcone parabolic point ~g

Singular point

flat timelike
hyperquadric
3 k=0

lightlike norle

_______ spacelike submanifold L
',’/ __‘a ...... \\‘ \ l\‘\“
R~ Ry “Worospherical
) \ parabolic point of horosp

horospherical curvature hypersurface

/ Similar

de Sitter Gauss image

Spacel ike normal
(de Sitter & -hypersurface)

Spacel ike Submanifold

Figure: Spacelike and timelike canal hypersurfaces and their geometrical correspondence

Spacelike canal hypersurface Xy : V(C U x H™"}(—1)) — S} is given by Xy(u, u) =
cosh X (u) + sinh fe(u, 1) and timelike canal hypersurface X} : V x S7~! — S is given
by X! (u,p) = cosfX(u) + sinfe(u, ) where |6] > 0 is sufficiently small and e(u, p1)
is generated by the parallel orthonormal sections of M. The lightcone Gauss image
of spacelike canal hypersurface is similar to the horospherical hypersurface of spacelike
submanifold, therefore their singularities coincide and corresponds to the parabolic set
of spacelike submanifold. We may observe geometrical correspondence of the timelike
hypersurface.

We have following propositions for the spacelike canal hypersurfaces CM?.

Proposition 5.1 ([12]). The parabolic point on the spacelike canal hypersurface C'M*
corresponds to parabolic point on M with respect to some lightlike normal X(u) +
e(ug, f1g), where all principal curvatures vanish at the point.

On the other hand, we have following result for the timelike canal hypersurfaces CM7T.
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Proposition 5.2 ([13]). Singularities of de Sitter Gauss image of the timelike canal
hypersurface CM? corresponds to the parabolic point on CM7. It is also corresponds to
some principal curvatures on M with respect to some spacelike normal e(uqg, 1), whose
values are equal to tanf.
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MINIMAL MODELS, FORMALITY AND HARD
LEFSCHETZ PROPERTIES OF SOLVMANIFOLDS
WITH LOCAL SYSTEMS

HISASHI KASUYA

1. SOLVMANIFOLDS AND NILMANIFOLDS

Let G be a simply connected solvable Lie group. We assume G
has a lattice (cocompact discrete subgroup) I'. We call the compact
homogeneous space G/I" a solvmanifold. If G is nilpotent, we call G/T’
a nilmanifold. If G is abelian, then G/I' is a torus and hence a torus
is a solvmanifold.

2. NoMIzZU’S THEOREM

Definition 2.1. A differential graded algebra (called DGA) is a graded
algebra A* with the following properties:
(1) A* is graded commutative, i.e.

yANe=(—1)PzAy xeA’ ye Al
(2) There is a differential operator d : A — A of degree one such that
dod =0 and
dlzNy)=dx ANy+ (—1)Px ANdy =z € AP,

Let M be a manifold. The de Rham complex A*(M) of M is a DGA.
The cohomology algebra H*(M,R) is a DGA with d = 0. Let g be a Lie
algebra with a bracket {, }. Consider the exterior algebra A g* of the
dual space g*. The dual map of the Lie bracket induces a derivation
on Ag*. We have the DGA (A g*,d) of the Lie algebra. Let G be
a simply connected Lie group with the Lie algebra g. Then we can
regard (A g*,d) as the DGA A*(G)% of the left-invariant differential
forms on G. Suppose G has a lattice I'. Then we can regard the de
Rham complex A*(G/T) on G/T as the DGA A*(G)' of I-invariant
differential forms on G. By

Ao = A(G)F c A(@)" = A7(G/T),
we have the injection

Mo — A (G/T).
1



2 HISASHI KASUYA

Theorem 2.2 (Nomizu [9]). Suppose G is a simply connected nilpotent
Lie group with a lattice I'. Then the injection

N — A (G/T)
induces a cohomology isomorphism.

This theorem relates to Sullivan’s rational homotopy theory [12].

Corollary 2.3 (see [6]). Suppose G is a simply connected nilpotent Lie
group with a lattice I'. Then the DGA N\ g* is the minimal model of
A*(G/T).

3. FORMALITY OF NILMANIFOLDS:HASEGAWA’S THEOREM

Definition 3.1 (D. Sullivan). A DGA A is formal if there exists a
sequence of DGA (differential graded algebra) homomorphisms

A—=Cy+Cy- <+ (H*(A),d=0)

such that all homomorphisms induce cohomology isomorphisms. A
manifold M is formal if the de Rham DGA A*(M) is formal.

Theorem 3.2 (Deligne,-Griffiths-Morgan-Sullivan [2]). Compact Kdihler
manifolds are formal.

Theorem 3.3 (Hasegawa [6]). Let g be a nilpotent Lie algebra. Then
the DGA N\ g* is formal if and only if g is abelian. Hence a nilmanifold
G/T is formal if and only if G/T" is a torus.

By Theorem 3.2 we have:

Corollary 3.4. Kdahler nilmanifolds are tori.

4. BENSON-GORDON’S THEOREM

Definition 4.1. A 2n-symplectic manifold (M,w) satisfies Hard Lef-
schetz property if the linear map

(WA HY (M) — H*™ (M)
is an isomorphism for any 1 <i < n.

Theorem 4.2 (Beson-Gordon [1]). Let g be a 2n-dimensional nilpotent
Lie algebra. Suppose g has a symplectic form w (i.e. w € \g* such
that dw = 0 and w™ # 0). Then the linear map [w]A : H' (M) —
H?"=Y(M) is an isomorphism if and only if g is abelian. Hence a
symplectic nilmanifold (G /1", w) satisfies hard Lefschetz property if and
only if G/T" is a torus.

Corollary 3.4 also follows form Benson-Gordon’s theorem.

130
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5. SOLVABLE CASE

We consider the following question:

Question 1. Let G be a simply connected solvable Lie group with a
lattice I'. Then does the injection

Mo — A*(G/T)
induce a cohomology isomorphism?
We have:

Theorem 5.1 (Hattori [7]). Let G be a simply connected completely
solvable (i.e. for any g € G all eigenvalues of the adjoint operator
Ad, are positive real numbers ) Lie group with a lattice I'. Then the
mngjection

Ao = A"(G/T)
induces a cohomology isomorphism.

But in general the isomorphism H*(g) = H*(G/T") does not hold.

Example 1. Let G = Rx &2 such that o(1) = S;Tf _Cslsn;?

Then G has the lattice Z x 4 Z* and we have I’ 2 Z3. Hence G/T is a
torus and dim H'(G/T') = 3. But dim H'(g) = 1. We have

H'(g) % H'(G/T).

Question 2. In case of a solvmanifold, do Corollary 2.3, Hasegawa’s
theorem and Benson-Gordon’s theorem hold?

Example 2 (Fernandez-Gray [4]). Let G = R x,, R? such that ¢(t) =
e 0
0 et
fold G/T' x S'. G/T has a symplectic form.

. GG has a lattice I'. Consider the 4-dimensional solvmani-

Proposition 5.2. The solvmanifold G/U as Example 2 satisfies the
following conditions:

(1) A*(G/T) is formal.

(2) GJT" satisfies the hard Lefschetz property.

(3) The minimal model of A*(G/T') is isomorphic to the minimal
model of A*(S? x S' x S1).
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6. MAIN RESULTS
We consider the following question:

Question 3. How do we generalize Nomizu’s theorem, Hasegawa’s
theorem and Benson-Gordon’s theorem for general solvmanifolds?

We give preliminaries for the main results.

Preliminary 1 (Algebraic hull [10]). Let G be a simply connected
solvable Lie group. Then there exists a unique R-algebraic group Hg
with an injective group homomorphism ¢ : G — Hg(R) so that:
(1) (@) is Zariski-dense in Hg.
(2) Zu.(U(Hg)) C U(Hg).
(3) dimU(Hg)=dimG.
Such Hg; is called the algebraic hull of G.
We denote Ug = U(Hg) and call Ug the unipotent hull of G.

Preliminary 2 (Hain’'s DGA [5]). Let M be a C*°-manifold and
p: m(M,x) — (C*)" a representation and T the Zariski-closure of
p(m(M,z)) in (C*)". Let {V,} be the set of one-dimensional repre-
sentations for all characters « of T and (E,, D,) be a rank one flat
bundle with the monodromy « o p and A*(M, E,) the space of E,-
valued C'*-differential forms. Denote A*(M,0,) = @, A*(M, E,) and
D =&, D,. Then (A*(M,0,),D) is a DGA.

Preliminary 3 (Diagonalization of the Adjoint representation). Sup-
pose G is a simply connected solvable Lie group and g is the Lie algebra
of G. Consider the adjoint representation Ad : G — Aut(g) and its
derivation ad : g — D(g) where D(g) be the Lie algebra of the deriva-
tions of g. We construct representations of g and G as following.

Let n be the maximal nilpotent ideal of g. There exists a subvector
space (not necessarily Lie algebra) V of g so that g = V @ n as the
direct sum of vector spaces and for any A, B € V (ad4)s(B) = 0 where
(ada)s is the semi-simple part of ady (see [3, Proposition II.1.1}). We
define the map ads : g — D(g) as adsayx = (ada)s for A € V and
X € n. Then we have [ad(g),ads(g)] = 0 and ad; is linear (see [3,
Proposition II.1.1]). Since we have [g, g] C n, the map ads : g — D(g)
is a representation and the image ad,(g) is abelian and consists of semi-
simple elements. We denote by Ad; : G — Aut(g) the extension of ads.
Then Ad,(G) is diagonalizable.

Main theorems : Let GG be a simply connected solvable Lie group
with a lattice I'. We consider the solvmanifold. Then we have m;(G/I") =
I". For the restriction of the above diagonalizable representation Ady,,
on I', we consider Hain’s DGA A*(G/I', Oaq, ). We prove:
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Theorem 6.1 (Generalized Nomizu'’s theorem (K. [8])). Let G be a
simply connected solvable Lie group with a lattice I' and Ug be the
unipotent hull of G. Let u be the Lie algebra of Ug. Then we have a
injection

/\u* — A"(G/T, Onq,,)
which induces a cohomology isomorphism. Thus A\ u* is Sullivan’s min-
imal model of A*(G/T', Oaq,)-

If G is nilpotent, the adjoint operator Ad is a unipotent representa-
tion and hence A*(G/I',Oaq,, ) = Az(G/T) and A gc = Au”. In this
case, Theorem 6.1 reduce to the classical theorem proved by Nomizu
in [9].

By Theorem 6.1, we have a natural extension of Hasegawa’s theorem
for solvmanifolds.

Theorem 6.2 (Generalized Hasegawa’s theorem (K. [8])). Let G be a
simply connected solvable Lie group with a lattice. Then the following
conditions are equivalent:

(A) The DGA A*(G/T', Oug, ) is formal.

(B) Ug is abelian.

(C) G = R" x4 R™ such that the action ¢ : R* — Aut(R™) is semi-
simple.

We can also have an extension of Benson and Gordon’s theorem.

Theorem 6.3 (Generalized Benson-Gordon’s theorem (K. [8])). Let
G be a simply connected solvable Lie group with a lattice I'. Suppose
dimG = 2n and G/U has a symplectic form w. Then the following

conditions are equivalent:
(4)
WAL HY(AY(G/T, Opa, ) = H"7(A"(G/T, Ona, )
is an isomorphism for any i <n .
(B) Ug is abelian.
(C) G =R" x4 R™ such that the action ¢ : R" — Aut(R™) is semi-

simple.

7. DETAIL OF THEOREM 6.1

Let GG be a simply connected solvable Lie group and g the Lie algebra
of G. Consider the diagonal representation Adg as Preliminary 3 and
the derivation ad, of Ad,. For some basis { X1, ... X, } of gc, Ad, is rep-
resented by diagonal matrices. Let T be the Zariski-closure of Ad(G)
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in Aut(gc). Let {V,} be the set of one-dimensional representations for
all characters o of T. We consider V,, the representation of g which is
the derivation of o o Ad,. Then we have the cochain complex of Lie

algebra (A g& ® Vi, dy). Denote d = @, d,. Then (P, N\ 9& @ Va, d)
is a DGA. If G has a lattice I', then we have the injection

P N si @ Ve — A(G/T,0aq,,,).

By Ads(G) C Aut(gc) we have T C Aut(gc) and hence we have the
action of T on P, Agi ® V,. Denote (P, Agi @ Vo)T the sub-
DGA of @, A gt ® V,, which consists of the T-invariant elements of
@D, N gt ® V,. To prove Theorem 6.1, we show:

Theorem 7.1 (K. [8]). Let Ug be the unipotent hull of G and u the
Lie algebra of Ug. (1) Then we have an DGA isomorphism

Av =D Asceva)”
(2) If G has a lattice I, then the injection
P Nse@Va)" = A" (G/T,0nq,,)

induces a cohomology isomorphism.

8. KAHLER SOLVMANIFOLDS
By Simpson’s results [11], we can prove:

Theorem 8.1 (K [8]). Suppose M is a compact Kdihler manifold with
a Kihler form w and p : m (M) — (C*)"™ is a representation. Then the
following conditions hold:

(A) (formality) The DGA A*(M,O,) is formal.

(B) (hard Lefschetz) For any 0 < i < n the linear operator

WA HY(AY(M, 0,)) — H"(AY(M, 0,))
s an isomorphism where dimg M = 2n.

By Theorem 8.1 formality and hard Lefschetz property of DGA
A*(G/T, Opg,.) are criteria for G/I' to has a Kéahler metric. We will
see such conditions are stronger than untwisted formality and hard
Lefschetz property.

Remark 8.1. There exist examples of solvmanifolds G /T which satisfy
formality and the hard Lefschetz property of the untwisted de Rham
complex A*(G/T',) but do not satisfy formality and the hard Lefschetz
property of A*(G/I', Oaa,,_)-

134



135

MINIMAL MODELS OF SOLVMANIFOLDS WITH LOCAL SYSTEMS 7

However we will see these criteria can not classify Kahler solvmani-
folds completely.

Remark 8.2. There exist examples of non-Kdhler solvmanifolds which
satisfy formality and the hard Lefschetz property of A*(G/T, OAdSIr>’

1]
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Lagrange #b73 % BAD displaceablity
& displacement energy

NP TR
HR BB AT T P

] &
symplectic /12 E T Lagrange fi0 SRS HEE L NRTH 5, A
{#{Cl% Lagrange # % RkIED b DR —> L LT, THamilton ##77 FHHE
BICE D HOHBICR D S WAL ICE2 T 1013 27 ) DL 2L X —H3phs
ThHhs) L) FHEIHDLLIEFLELZNUCL DB LN BRERDIEHBNZDOWT
IBRT7z 0,

1 FUHIC

Zkik X D symplectic HiE & 13 X DIERILARE 2 XKD w 252 %

%, X ODWAFRMHERR o T, v'w = w 272 T H D% symplectic 157 [AHE B
(symplectomorphism &R EHH2) L, ZURKRDLTHEZ Symp (X, w)
& FH <L, symplectic 7 FMHEAA D H1IZ Hamilton #7 FRMGER & /X 2 R 7
77 AMD B, Jod THUTOWTHINT 5, AHTIZ, X BHEREORZ FIC
EZ b,

X LoWshABE L SR L, Hamilton <27 M8 X, % i(Xp)w = dh 12 &
DAEFET %, Darboux ERRICE W T X, 13300 (50 — gh ) RSN S,
HeC®RxX) % X OB 158506 H={h,=H(t,0)} LHZ L, HD»5
Hamilton X7 b VGO 185005 {X),} DEE 5, SN2 T5Z T, {¢y} 8
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Bonzd, b, ¢ =idy THH, Fpe X ITHLT

© Galp) = X ()
i 7 SO AR D 1-BRBIRDE L 5, X DWITFRMEEAS » 2% Hamilton #77
FIMEGERTH S L3, H2 H PMAEL T, o =y EFHIFS I L&), Hamilton
1857 R GG symplectic T FRMESRTH %5 Z & 1X, Hamilton X7 bV X, 23
Lx,w=0 27z L6550 %, Hamilton BT FHEEREARIIHEZRT I &2
brh, ZN% Ham (X,w) EFHL ZEIZT 5,

HY(X;R) =0 Thtux, Ham (X,w) 1T Symp (X, w) OHEAICHEFERT Sympy (X, w)
E—HT 5, —MICIE, Ham (X,w) & Sympy (X, w) DF2T flux HEFREL E XN 25
LDOTHIS NS, FEflZdRR2 Z LI L0, —oHlz25F 5, 200 —F Al1L—
DOHEEFE 2 52 TROND (THw) 2525, T* O (—MiN7) A% symplectic
WOTRMHEASR Tl & % %Y Hamilton O AHEGHR L3565, 202 L, ()
72) R ARBE R Z R v &) 2 EITKL Tw %, Hamilton #53 [AHH 54
X (RDERELL D) ABRZERFOZ LIF Amold Ik ) PRI, +— 7 205G
\& Conley-Zehnder [CZ] I & DEEIS 7, BOTFMHEAR o 1R LT, ABIRZ R
OPEIND. HHVLITI NS T S Lagrange % kIk & Z D o 12 5 B3
RR2FRODE )P E V) FFEFRLZREMMHITOVTHE EFETHH I L 2E
Z % &, Ham (X,w) D3 Sympy (X, w) BT S 2 DMMHTHE Twa 2 L8237
Ha3nz, fitHe LT Oz & ud, PRDIELWZ &3 [O] THEWIL 72, C0-
PMAIZOWTE) DI =7 AR EDGEEEIRE, —BICIEIREICT» > TR
(CO-flux 748),

2 Lagrange 7% R{K

(X, w) DEBITLIRIR L 2% Lagrange #%kikTd % 13, (1) oo @ L
ORI 0 TH S, (2) dimL =LdimX D 2%z TIERZ VI, (1) DA
% 72 TG Z DI SRR X isotropic TH % & Vbit, ZDXILIE dim X DY}
FUTERZ, 2) IFZDEIBLDTRARILTHS Z L2ML T05, AT
\& Lagrange 0% tkik & L CTIEPHZRIE L 23BDIAF N T 256D AZEZ 5,
Lagrange #ii77 %841 symplectic B ZICE W THEELNRTH D, Weinstein &
“BEverything is a Lagrangian submanifold.” &R XTw 2%, BEARIYIZIE,

L—#¢ DEA symplectic ZAkfA D Betti B D Arnold PHIZ [FO], [LT] I2 k h RSz,

2
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o REERDYIWTT Lagrange FRT SR & 72 % b DIF, IKERIADEA 1 X1
A ERIGT 2

o symplectic FFHMHEMR v : X - X DV 577 % (X x X, —priw+ priw) D
ITERRIR L H72 b DIF Lagrange W %K & 72 % (pr; 132 580 BROT~DHFE)

o FHEA LR S NIEEH B RIE D EIR L Lagrange 77 % Rikik

REDVH B,

Lagrange b7 A DRHEIIE & LT, HEGHITI Hamilton #57 [AIHE
RICXZ2HTHBDIRER D D £ Z L Arnold, Weinstein I X DI I N T
W72, N CTHIHT 2B oM EZ X DHS T L 72,

M ZHEODREASALE L, T"M 2 ZORERET 2, M OJRFTEEREZ ©1,..., 2,
5 E day,. . dy, 13 T*M DRRFTHZ 525 DT, ZHUBT 57 74 N—J
BEZ gy, .y EBL. ZDEE S dry Ady; I FRFTEEEDOHLD 5126 TICE
. T*M @ symplectic TG %52 %, T*M I3JF compact 7D T, Hamilton B4
H ELTIE, HIKS>TEE S T*M D compact i3 HEAS K D, pd K 6
X H(t,p) =07%%bDDAHZHT, compact i % 2 Hamilton #57 [FAMHGE %
EAb, Flxnelhz Ham, (T*M) ££7,

32 2.13 (Laudenbach-Sikorav [LS1], Gromov [G], Hofer [Hol] Oy % T*M D251
Wied 2, fFRD Y e Ham, (T*M) IR LT Oy NY(On) # 0 DIRET 5,

L % (X,w) O Lagrange i3 %A (L 3PS MK ER>Tw2 2 LICHER) &
T2, L DX TOEIREGH U L Op ® T*L TOEIRIELE V 2, U &V e
symplectic T FEAHICZ 5 Xk 9 Il s, fiE-> T, X 1 Hamilton #77 [FAHG4
DI {23, (L) cU % 0<t <1 LTz, (A2 H%ZRxU
WKHEZRO LI IBIET S 2L T) LEDOEMZH T oL(L)NL # 0 D300 5,

—75C, TRE 7% Hamilton B FAMEERZ A GIUX, JEDME & LD S e &
92 Lagrange im0 kikZz 8007 2 L BHR 2560 H 5, B2, B 2 Xt
BRI EEHERY 22 AR 2238 2 A7z symplectic kA D H T (KHTIE7Z% ) /hMIZ2 %
Z % &, YN (ZMEAEEZREZED) XD ITOMEE LD SRV E HIZTE
5, TETICHTSE 2 MEEGHRIE V) &2 TRER) vy 2 2B I3

28 % X DIWISHAT, dimS = $dim X TIEdH 523, Lagrange 7 ZRRIETIE AV b D &
%, HIT, S DERPBEZINHA R WUIWIZRFOE T2 L, X O (EHEMHICUEY) Hamilton #4457
FHEE » TY(S)NS =0 £ TES I LDF STV S (Laudenbach-Sikorav [LS2], Polterovich

[P])s
3[LS1], [Hol] TRZEHDMEIZDVTDOTH 6 DRI 52 51T 2 03EIET 5,

3
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&

MO X OTH S )2 ZIUE (IS S 1555 5 5 b LA D) KT
% Hofer FEREIC X > TRl T2 Z L3 TE 5,

3 Hofer fEEf & Chekanov DFEE

Ham (X,w) ODRETNEFHIEL LT, MUIAZEBOAED D 5, 2 2 Tl3 Hofer
FREE & TFIEN TR BB DI OV THIHT 5, H:[0,1] x X — R 26 »7%2B%L
T2, X BHSREDOLAITIE, K te 0,11, [(hw"=0 %2 X9 ICIE
HUL L 72 b D% E 2, X 23JE compact 28613 X SN compact BZ K2 b D%
225, 2D X577 HIZHN L., Hofer norm %

1
| H H:/O (m)?xht - H}}nht)dt

EEDD, e Ham (X,w) Bild Ham (X, w) IZRL T, || ¢ ||=inf{|| H ||: ¢} =¥}
EFEE L by, o WKL T d(thy,10) =|| (1) Loty || EED D, d DFEELMERE FR S
FREE D NBR 2N L. WAL, JoneNA 3 TAZLTH S L IFERP ST
2305,

I 3.1 (Hofer [Ho2|, Lalonde-McDuff [LM])

(1) d 1 Ham, (R*™,wyq) ETIFRILTH %,

(2) d | Ham (X,w) ETIRRILTH %,

FER LM Z /R TRRICIZIR O mp EHE L &E 2 77,

E&E A C X 7 A compact {78 A L5, A D displacement energy e(A) & X
TE#RT 5,

(A) = if{l| H | oy (4) N = 0}
bLL, 27T HPEELZOE ZITE e(A) = +oo LB, —BROEDE
B AR L TiE e(A) =sup{e(K): K C A, K & compact} &E&ET 5,

¥7-. A C X 2 displaceable & 1%, & % Hamilton #7 RIFHEAR « 23FALE L T
YA)NA=0 LTELZLZR WV,

LY Y BEEEHRTHRVERSIE, HIHHMIEA U BHD, v U)NU =0 &
b, 22T, U D displacement energy 23 5 2>DJ77ET T2 6 7Hili T Z 4L d
DIFBRLEZ R T Z ENTE S, LoEMiZzok)icL TR,

Chekanov [C] 1% Lagrange #73% k& L @ displacement energy @ 2> 6 D
5 Z 1z, Wk BB HEAD Lagrange b — 7 A2 &L DT, Z OaHiliE H

4
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T d DIERACIEDNEEH S 1354 %, Chekanov DERZ BN % 72 124 L A %
5,

X OWMEFERE J 2% w LW T 5 L% gs(e,0) = w(e, Je) A Riemann Flid
BT ERVY), o, wtame THD EIEFERTIIHRVENZ L v ITHLT
wv, Jv) > 0 BELT BT L2, symplectic LA (X, w) 1F, w EMVT
L EFERIE, 1€> T w-tame ZBEFEMEZHF D, J, T w-tame Z2BHEFERIE
EROLTEMERT, JUIRDNESMMICIL THHfHTH 2 2 L3RBT
5. (X,w) I LT, ag(J) ZEETZ\ JAERIER ED w OREITE D /M.
ap(L;J) % L \ZBERZFROEK TR J-IEHIME LD o ORI EOR/ME % £
L. a(L;J) = min{ag(J),ap(L; J)} 8L, (as(J),ap(L;J) D3/AMEZHLS Z &
& Gromov @ compact "E2>6 5320, a(L;J) € (0,+00] TH 5, ) J e T, IZDW
T EBRZH->T, a(L) =sup{a(L;J): J € J,} LED S, T3 T Chekanov DEH
ZIRB T EDBTE B,

EIE 3.2(Chekanov [C]) L & (X,w) DPH Lagrange 3% Mkik L 42 & &, KoYk
URVASH
e(L) > a(L).

Floer D535 [F] 12 X O, J-1ERIBRIAIS J-IERIFM#EDSZ 70U, L & Z @D Hamilton
2D Floer cohomology 23EFKTE T, L2 Hamilton £ FTAET, 2D
cohomology & L @ cohomology & [AMIZ7 %, K2 L % displace 5 Z £ 13T
v, FEICHSITVE W TIEH 505, JAEAIMEN S 5 & —fICIZ Floer
cohomology IFEE I NE VA, ZDIZ RN F — L ~X)UIZE Tl Floer complex b
EEPHRTEC, LOEHERT I EDNTE S L) DD Chekanov Dk TH
%, B LUEANIC 7 523, Floer complex (b & &) @ Floer continuation equation
DRI D 5 = %)L ¥ —§Eili ¢, Hofer norm 23 L 7 E,.(H) = fol max hydt,
E_(H) = [ —minhdt ZNZNHMIZICHIN S & DY Chekanov D T— 2 Dt
E-oTWw5,

4 Floer cohomology @ torsion & displacement en-

ergy

Lagrange B3 %KD Floer BEHICOWTZ D iinE Z 2 CTHEL (bR % 2 &
FTE v, BIRDH 27713 [FOOO1] Z2&M I\, T I TIRHERK, Oh K,
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RKHIEK EFLDILFEZEIC & % Lagrange #57%Hk (A D displacement energy 1ZB9 %
ERDFIRZFHHT 5,
path DZE[H] P = {v:[0,1] — X : v(0) € Lo,v(1) € L} ki 1 X%

(@) = [ wie®), G0 a

EED D, iUt ‘B 1 X" L7, Z® Morse-Novikov complex DK
% BT Floer complex 23 TE % LIRS 5, Z 9 %iUL a @ pull-back 23
TR ELRE L)% P OWERERM E2E 25D T, o8B EIZZDORED
Novikov 5&fiift_ ETEZ I 415, Novikov Bil, (X,w), L IZKET DT, 216
il Novikov BUICHEDIAATEZ 5, 22T, KBEMET L0tz &£ 7%
wﬂ/@jﬁ@ Novikov B2 R ORICERT 2, R % Q 2&bfk, #lA1XC &L,

= {Z aiT)‘i Ta; € R, )\Z € Rzo,)\i — +OO}

EEDD, £l AT, FENERs Z N e RICESHZ DD ERT, A I
Ao DEETH %, Ay 13 PID TIZZR\WV23, ﬁﬁﬂﬁihﬁﬂﬂﬁ? X U CHIR A O FHB D3
JRALT %, HE5 T Ay EOBEREFRMEI L DD Ay & Ao/ (TH) DIERI & [FITH
2% %, p; %Z torsion exponent &WESRZ EITT 5,

Lagrange Gh3 %8k Lo, L1 DSEWIIICEE D> TW 5 L E, 26 DRI T 5
Floer complex (& Ly N Ly Z4KIG & T % cochain module & Ly, L, ICHERZFFD
J-IERIGR u {2z € C 0>Fz>1— X T, KERZOBESODZHASHI LT
coboundary fFHZIC K D EEI NS EFI NS, Lo L, —#RIZIE coboundary {F
Fﬁfg@%ﬁibi?ﬁﬁtgﬂtﬁb)@f Floer complex [FE# I ?(UZ:D)O [FOOO1] TlF LD
naive 7% Floer coboundary 1EHZ % #UIZME1E L T Floer complex Z#1E % fiik% i@ U
7z J-IEHIF#ES>. Floer trajectories @ moduli 22D 1A & 15 D 4512 Lagrange i
DEARRD S NIAEXS spin HEDSBEE L 2 5 DT, LT N Z2IRET %, K. Lo, Ly
IZZNZF N spin GG Z o TwiUE+7Th s, BIENTEIHATH, &
IEo)ﬁ:ﬁ E—EEIFRS T, HEEATRI XA =T 5417 Floer complexes 7%

F o545, [?7] TlF Floer complex HEIZ Ay ETHER I, A £ TREJEKRT 5
& Hamilton ZIJETAZEILH 5 2 LRI NTWS, KiEEHTIX, coboundary {FH

FIEIE L T 6 917z Floer complex ZfE1E7—4% 2 4EME L T CF(Ly, Lo; Ao) Bl
CF(Ly, Lo; A) % D cohomology % HF(Ly, Lo; Ao) 801& HF (L1, Lo; A) £ 2 & e
95,
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EIHE 4.1 [FOOO5] Lo, Ly Z BB SR 5 1%} spin Lagrange 24X T, Floer
complex IZEIETE2bDET 5, Ap-JIHEE LT,

HF(Ly, Lo; Ao) = (Ro)** €D @580/ (T")
THuL, Hamilton 7 FEHEE o 18 L TR D 2D,
#W(L1) N Lo) > a+2#4{j : i = ¢ |1}

Rz, LOEIT a # 0 THIUL, e(L) = 400, a = 0 DI, e(L) > max; u; T
bbb, £7 Ly = L, DYHEZET clean intersetion D12 H Floer complex (X7E
23N, LELoEHS DD,

JER  Usher [U] Tl torsion exponent IZHIELL 7z boundary depth & \» 9 @23 E
ATV 3,

BRI 2 iR T2 Dffiz b 5, S2(M) THIM M ® 2 XK %Z£$, D(m) C
S*E(M) ZIHE m OMEL T2, T(m,n) = dD(m) x 0D(n) C S*(M) x S*(N)
@ displacement energy ZE%T 5, m # M/2,n # N/2 ThHhriF, EH 3.1 6
e(T(m,n)) > min{m,n, M —m, N —n} 23751, FEFEIT displace I~ % Hamilton
A FEMHESRD 3 I/ 2220, e(T(m,n)) = min{m,n, M —m,N —n} 7% 2%,
m = M/2,n # N/2 DE&I121E, Floer cohomology @ torsion I min{n, N — n}
NS, EH 4.1 ZHVT, FRIC e(T(m,n)) = min{n, N —n} %%, m =
M/2,n = N/2 THtuZ, Floer cohomology @ HHMMEERZDNHE Z 72\ DT, T(m,n)
& S2(M) x S2(N) OHT displace 5 Z LIFTE%R, fE>Te(T(m,n)) = +oo
TH 3,

N5 1E toric ZERIAD moment BIRD 7 7 A N—DFITHH, Z1 5D Floer
cohomology 122 Tl [FOO02], [FOO03], [FOOO4] TR I T 5,

5 W DOHODIHH

BRICS E TOREDL SBHIHE ) W DD DRTRZ BN 2,

5.1 polydisk @ polydisk NDIEHIAHD symplectic isotopy &

it o DM %2 D(a) C (R} waa) £FH <. 0<a,b<1 &ET2L, HALRUE
G 1. D(a) x D(b) — D(1) x D(1) ¥ %, %7, D(1) x D(1) D 22D factors

7



144

EANNEZ258% T L35, 1, TouldIiz D(a) x D(b) @ D(1) x D(1) ~D
symplectic BlDIAARTH 5, ZDE ZE, 1 & Tor lE symplectic HDAARDETO %
\F220> D(1)x D(1) ® compact 5 %> Hamilton 3 RMHEE » TTor =10
EBDSDPFET 202 L WHMEZFEZ D, a+b<1 THIUE, ZD L)%y
X UQ2) DR THDIT 5 2 LD3TE %, Floer-Hofer-Wysocki 13 symplectic homology
ZHWA Z ETRERL T,

EH 5.1(Floer-Hofer-Wysocki [FHW]) a +b > 1 THHUX, « & T o1& Hamilton
A TORCIEFTER G,

Z OEMIZ Lagrange F— 7 A ®D displacement energy Z - 7zhlGEH%Z 5 2 %,
0<c<a0<d<blichtLT, T(cd) = aD(c) x dD(d) C D(a) x D(b) &<,
bLb, Yor=Tou Zii7§ Hamilton B FMEE ¢ HAHET U, T(c,d) &
T(d,c) i¥ D(1) x D(1) ®*T compact & % £f> Hamilton BT FHEERTE D 59
LB, D) xD(1) & S?2(14¢€) x S2(M), M 3+aK, Ic#ioiALe & | T(c,d),
T(d,c) D S*(1+¢) x S*(M) T displacement energy (5 L 2 F UL 6 &2\,
L2 L. a+b>1 THUSHIHIORBEOERICL D, INZMLS K c,d ZHD
752 L8 TE S,

5.2 Lagrange Z70 %A% AR > Hamilton M2 REEEHRD ho-

mological monodormy

Lagrange 7% tkk L C (X,w) & ¢ € Ham (X,w) 23 (L) = L Ziii7z§ &
T2, 2OLE, YD L D homology IZFFET Z[HMZ D L ~D homological
monodromy EMESZ L2 5, 23UTDWTIE M.-L. Yau [Y], Hu-Lalonde-Leclercq
[HLL] % £ OWt%inid %,

ZZTIE T(e,c) € D(1)x D(1), T(1/2,1/2) C S?(1) x S2(1) IV TEZ 5, (&
RILDFMBEZ 51 %)

EIE 5.2¢ % D(1) x D(1) ® Hamilton I FRMHEART T(c,c) Zhk2bD2HEZ
%, c>1/2 THUX ¢ D L ~D homological monodromy & HHTH %,

AL, T(c,c) @ Lagrange % ikfk & LT deformation 22 ETD, &%
N ZE compact {LDHTOD displacement energy DIRS %2 L5 Z LItk 5,

Lagrange F— 7 A ® displacement energy % M\ 23R Tld 223, B#EL 722 &
Z12WR2%, T(c,c) € S?(1) x S?(1) #2FEZ 5, c#1/2LT5, c<1/2 EL

8
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Tz Rkbhwv, ZOLEE, T(c,c) = 0D(c) x dD(c) D 22D factors Z AdL
B25 2L D) x D(1) 126 % & Hamilton 7GR THEIINS, o %
0D(1/2) x dD(1/2) D 2 DDA 2 AN A 2544 %2K L. 0. TZH homology
ICHEET B2 9 & RDIRD 720,

EHE 5.3 T(1/2,1/2) € S%(1) x S*(1) I LT, Y|l =0, %5 ¢ € Ham (S*(1) x
S%(1)) IEFAEL 22\,

RERHIC I, MERIY ooy (T(1/2,1/2) — {£1} T, p([0D(1/2) x pt]) = 1, p([pt x

0D(1/2)] = —1 IZfBi L 72 Floer cohomology & Z @ Hamilton ZJE [ TOAZEM: %

Hwa,
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