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1 ECsIC

VAR, (20T b RaY—DORICB T, TNE TR ENTEMHL DONRIRT
HERMITT S LT, TNETHRABD DMK ED S TZERERA XS £V 5 ElH
DEEANITON TS, ARTIE, FEUHD Alexander ZIHA AN THEAITH LT
HAMEAOREZERL, TRICDOWVWTERT S, i, FE 2 LFORREETHD
Alexander ZIEADERL T 250 EIKICIHBWN T, THABOEREN 2 L EEE572800D 15
S (B 6.4) 52 5.

5. ARICBWTRICK 2 C LT %R 52 McRe L TH L.

o K : 3XtEKMINDOFSTHEWN LKA ER, J C K.
o Ax(t): #5TUH K @ Alexander ZIHN, AT ={A,(t)|J € T}
o HEUH®D Alexander Z T,

Alt)y=bo+ Y bi(t+t7"), A1) =+1 (%)
i=1
Zile T KOWEREENTVWEEDET S, X, TOEEOIFERE n 2
Alexander ZIH A(t) DREE VW, deg A(t) £KT.
e g(K): #U'H K OFE%.



AKX

1 23EseH

2 Gordian E{&
2.1 #UBEODEEEEE Gordian 1K
2OD%UVH K, K' € J(C K) D J D Gordian 8 dg (K, K') 7 7,
do(K, K'Y 7 =min{n| K=Ky &K, &S S K, =K', K; e J}

EEDD. Jzi2L, TOXIEMTHDY (Ko, Ky, ..., K,), K; € J DMAELEWGES
1%, dg(K,K') 7 =00 £ESDD. TTT, K; & Kip 13, 200%0H K; & K B
1RO AZH (K1) TAEWCEOIHH T EEERT. TDLE, dg(, )7 & J LD
ML ixs.

J=KD&EZxJzZAKLTdg(,-) &L, HIC Gordian I & M5,

AR 21 ()J CcJE&d3LE, FED KK € JIKHLT, do(K,K')y <
dg(K,K/)j/ A LI RVASN
(2) FTEDO K,K' e JIZHLT, dg(K,K'Y7 =1 dg(K,K')=1Tb%.

EE 2.2 ([2). HUHZ 0-HE TR &L, do(Ki, Kj) =1 (i #j) Zhifed n+1
ADTER Ko, K1, ..., K, € K2 n-HAZR2S X5 GHANEIAZ, Gordian BFL W
W, GC TET.

EE 2.3. JILAENBEHUTHZ 0-HkE U, do(Ki, K;)g =1 (i # j) Ziild
n+ VHOTEN Ko, K1, ..., K, € J D n-HkZES X 5 7% Gordian BIADH /M k7,
J BT % (Gordian #&&ED) EHEE L WV, GC7 TET.

AR 2.4, TE231ICBVT, n-HUEZIRSEMFE LT de(Ki, K;) =1 (i # j) 28H
LTh, HE21.(2) &b, EBINSHHERNEERIEIFECED LS.



2.2 Gordian 5D HE

C ZTld, Gordian 1k GC DHANERE L TOHEICDWTIHENS. £9, EED
2 DORGUHIFAIRFIORZ AL 2 fid L TAWICREDH S T b, GC TS AH
RINEIRTH 5.

EFE: 2.5. C ZHft B ANEIKE T 5.

(1) C DIEED 0-BKICH LT, ZNZHRELTEE C ODBEKEEmAAIRETH 5
£ E, CRRFrERTHZ LV,

(2) CICEENB OB ORAMEZ C DEFR LWV, diamC TXY. 7z/ZL, T
DX S I KENMEE La WA diamC = oo &9 %. (T T 2 [HM MO
LiE, TNHZHSC D 1-BUADYDOEEDFR/IMEATH 5. )

(3) CICEENZHIARDERIILZ C DRTTE N, dimC TEI. 7220, (EEDORX
TCDHAZ ZLHE, dimC =00 &9 5.

il 2.6. GC DRFTARRME, EfE, JUTIEDWVT, ROFEEDHLN TS,

(1) GC BRFTARTHEL.
(2) diam GC = oc.
(3) dimGC = oo.

SEEA. (1) KU (2) ICBIL T, U EMIHE 1 OMUTHEMEREFET 52 & BRI,
VA XMECH (K 2), NOEREDO BRI n 10 U THEU BB n TH 28T H (B
ZE, (2,2n+1)-b—F AMTH) MAETSHT e SDMN%. (3) I Hirasawa-Uchida
ICEXOTRENTV D, EHBRKICIE, GC DIERED 1-HIKISH LT, Thedd GC D n X
TCHAD, EEOBE N > 21X DVWTIFET ST R RL TV [2. O

(2n — 1)EIDFEY

2 YA XMMECH



3 AP &K
3.1 AP IEREE AP 81K
C T, #UHOD Alexander ZIHNDEEITH U THUARNEIADORLE ZE AT 5.
E&E3.L. f, ffe ATICHLT, AT LD AP EEB dA(f, f) 7 7%,
da(f, f')g = min{de(K, K')7 | (Ak,Axr) = (f, f)) },

Z D& S i MEDEE LR WERAE da(f, f))g = 0o LiEDS.
T=KDLxFJ2EKUT da(,-) XL, Hic AP IEBEL LS.

AE 3.2, f,f e ATIKHLT, dalf,f g =1=da(f, f) = LIZIELWLA, #iid—
AR D VL7273 0. (BB D 6.6 ZHR)

EH 3.3. HEOCHOD Alexander LK% 0-WifkE U, da(fs, f;) = 1 (i # j) Bl
Jos f1, s fn € AKX DY n-BiAZ5ES K 5 IR HANEIRZ, AP &L, AC TEY.

E% 3.4. Aj O)%ﬁ% O_E-ﬁ:(l: L/, dA(fi?fj)J =1 (Z #]) %{%7&6‘ fO?fl?"'?fn €
AJ W HilkZ S & 5 % AP KO KkE, AT BNMERT S (AP D) 35
w|EL VL, AC; THT.

AR 3.5. EE 341CBWT, nHAZES M2 da(fi, f;) =1 (G0 #7) £ddE, T
M 3.2 XD ERINSHEANERIIEREZEDICES.

BN TS Ast) € AT &, GCs DD ACy; ~OHRTHMA GG FHET 5.
COWEKEGEFE LIS A GCr — AC, THET T LICT .
3.2 AP #FDHEE

C T T, AP #1k AC HWVife 9 HANGMNE 2/ %, ROMEE, AP #ikz#
WKL L THALBZLIFED 1 DTHS.

#E 3.6 ([6], [13]). TEOETHD Alexander LR, $5OEMRMEND 1 OHTHIC
Yo TEEENS.

i 3.6 X0, HEHZA Alexander ZIHA ETEDIEHMAL Alexander ZIH & 455
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AC D 1-HADEFET 5. o T, ACWRHEFETH Y, FARTHRNT Ehbhb.

S5E, Ay, & Ay, O AP BN 2 TH 2 L1 5 Nakanishi [10, 11] 1€ & 2 I 0
92K AN Kawauchi [5] ICK>THA BNz,

o

% 3.7 ([5], cf. [10, 11]). da(As,,Ay,) = 2.
DR, AC DERE, RURITIC DWW TERT 5.
fned 3.8. diam(AC) = 2.

FEBA. i 3.6 K0, HAAK Alexander ZIHK 1 LEEDOKTHD Alexander ZIHK f
WX UT, da(f,1) <1HEDIID. XoT, EEOKHTHOD Alexander ZIHIK f, g I
LT,

da(f, f') < da(f,1) +da(l, f') <2

MDD, 15, diam(AC) <2 TH5. —/HT, @ 3.7 X0, AP HHEEN 2 TH %
Alexander ZIHADHMNFET 5. &> T, diam(AC) =2 TH%. O

INSIKBELT, XDOEI EFWHAEZSNS.
i 3.9. AP FEED 2 TH A HUHD Alexander ZIHADMHZER XK.

—1, AP EIRDIITIE L7270 h > TWEW., EED n € NICx LT, Hirasawa-Uchida
WRER U7z Gordian #1AD n-BAADTELIX, £ TIH U Alexander ZIHAZFFOREUHT
H 278 [2, Fact 2.8], HHEHR A : GC — ACIC X3 ZTNDBIE AP EHERD 0-H{AT
H5.

fnd 3.10. dim AC > 3.

EIEHE. Ko = 01, Kl = 31, KQ = 52, K3 = 74, K4 = 92 kj‘% <‘_)_, AKO = 1, AKl =
14+ {t+t7Y), Ag, = =3 +2(t+t7Y), Ax, = Ak, = —T+4t +t71) &x%. O
EE, dalfi, [;) =1 (i #£j) £7xb, ThHZENET S 3-HAZRS (X 3). O

Rl 3.11 (cf. [2, Problem 3]). dim AC = oo ?



<%§}Q A, = Ax,

@O @9 AKl

Kl K2
O & %
K Ky

X 3

Ak

2

4 FAEEUHED Alexander ZIBR DR T ZB I 1E1E

DIREDFE T, ZURETHD Alexander ZIARDOEGV KT % AP HIADE A
ICDWVTERET 5.

Ty = { B g LTORRHKTH } £92. B o: ATy > Zx - X L2ZRDEKDIC
EFT D JFHIAL Alexander ZIHK f =bo+ > 7, b (t"+¢74) ICHLT,

o(f)=(b1,...,by) €L x--- X1,
g

HIZRZEX LIS LTI, o(1) =0 LEDS. 1 BETHRZK D1, FETHD Alexander
B (+) W2 T XS ICERIEL TV A DT,
g g
AL)=by+ Y 2b; & bo=1-> 2b
=1 =1
WE5N T EETELTHL.

@ 4.1. o o(—1+(t+ t_l)) =1.
e p(3—(t+t 1)) =-1.
o o(7T—5(t+t71)+2(t2+t72)) = (-5,2).

CDEGR o WD T & THEIKOTEMISEBEIE TR TERREIN, HEMNICEIRASNT
Witg bk %. 22T, RAFETHD Alexander ZIHATHLTE, —RMICHUT XS 7%
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JTECREUERED G S % C 2R L THL.

ROMmEIFAAECHD Alexander ZIHNICBI T 2 BEANGHHETH 5.

i 4.2 ([1], [7]). K Z2RECHET S, TOLE, deg Ak (t) = g(K) DO H,
b;-bi+1 <0 (’L = 0,1,,g(K) — 1) o AORVASR

i 4.2 X0, F g ORMREECHD Alexander ZIHINI, ¢ ZilT T & T g ork
B FREA—HTE, TNSOEBEONTFIE + WRAICEHNS W5, K- T,
1 DOEEOFFSNEENL, TNUNDOBEOTSE—ENICEERS. X, XT3
X2 g BHOBRE b, ODFFFE, HMUHOFSENHIREENS.

i 4.3. K 22K UH, o(K) 2 K D58, g = g(K), K O Alexander 233
(%) Ziilzd 9%, COLE, sign(b,) = (—1)7F)/2,

SR, (FEEOROH JIEH LT, sign(Ay(=1)) = (—1)7O/2 /g0 115 9] K %%
REUTHETS. 2L, (x) &0, Ag(-1) =bp+2Y7 (1) THB. TC
T, b by < 0 (W8 4.2) XD, sign(Ax(—1)) = sign(b,) MO D, XoT,
sign(b,) = (—1)7F)/2 Lz 3. O

LZAFETHD Alexander ZIHXMDEKT 2 E 2 EIKICDWVTIIZET 5 1 DDAEEL
T, MR g WINEWIEENSIAIC AC 7, ICDVWTEHEL TN LW HENEZENS.
DIRED 5, 6 ETIE, g =1,2 DELEICDWT ACy, Ml g IEEZRN, 155N %z
9 %.

SR 4.4, TR0 ORUHIEEIEOHADT, ACs, = {Ay = 1} TH3.

AR 45 FEO f e ARKICHLT, BEREHR A GC — ACICKD f O EE A
2, #{ANf) e K} =00 THD. —J/iT, FED [/ € AT ICRHL T, HKEH
A:GCr — AC7IC&% f DWigEEZ DL, #{A(f)e T} <o THB [12].

5 ACs

CTOETIE, 1 T HD Alexander ZIEHAD KT HB70E1K AC 7, ICDWTH
295, X9, EDXS 7% Alexander ZIHAMN AC,, DI EES D, HIB (p TEIC
ET) EDXD BRI T M AC o, DIEHMER5D, DREERS.



el 5.1. v : AJ; — ZIIEHHIEE.

iEEA. K, Z2IX 2 ORTH (VA AMKOH) £92¢& g(K,) <1THs. TOLEZE,
A, =(=2n+1)+nt+t 1) &&ED, p(Ag,)=nTH5. O

LIF, ACs7 DER, RUKITICDOWNWTELT 5.
i 5.2. diam AC 7, = 2.

SFEH. VA A MEUCHBECHMBHEED 1 DT, EEDOIEHHZR Alexander ZIH
fFEATICRUTda(f, )7 =1 DD ID. KoC, diamACy, <2 &7%%%. —/T,
i 3.7 &V, diamACy, =2 TH%. O

88 5.3. dim AC,, > 3.

SEER. M 3.10 THWEHEUH Ko,..., K3 32 THE 1 U TOHEUTHED T,
dimAle > 3 DD ALD. O

f9 5.4. dimACs, =37

6 ACy,

COETE, fE 2 KT HD Alexander ZIHAXMET #8781k AC 7, IKDWVWTH
29 %. X9, ACy, ODIHRAMIST 2BEHE T RUCDWNT, ROGHENED LD,

el 6.1 ([4]). K 2R 2 OZKREETH, o(Ak) = (b1, be) £T 5. TDEE, RDAR
HEADD D !

O'(K):O = by >0, —6bg —1 < by < —3by + 1,
()| =2 = by <0, —2by+ 1< by < —6bo — 1,
0(K)| =4 = by >0, —dby +2 < by < —2bp + 1.

EE 6.2. [LEOKCH K ICHLT, o(K) EETHY, |o(K)| < 29(K) DD .

ANH
Hp

B61XKD, o: A — Z x ZZEHF TR, X, #(AK\AJ) =0 THBT
EManG. UL, RN 1 IROEE (AK = AJ) LIEREZRNTHS.

AE 6.3 ([3, 4]). il 6.1 OREFEXZ2TH, AJ ICEHFENE Alexander ZIHAN

8



HRICTFEET 5. iz, i 6.1 ODZARHFERITBNOT, F5MHKTT % Alexander ZIHI
RGBS O H D ERICFEET 5.

CTT, ACy, OVEBOMEEHN DOWT, ROTHAESNS.

EE 6.4. [.g € AR Z, ¢(f) = (bi,b2), o(f') = (b),b3) £T 5. CO&ZE, &L
bo, by > 0, —3bg+ 1 < by, MDY, < —4b + 275 5E, da(f, f)g, =2 DD D

SR, K, K' ZF 2 OZMGETHT, f=Ak, f =0 £ 95, 95&, 61X
D, |o(K)| =4, o(K') =0 t7%%. 1ROZESHTHOHOFSEIZEL £2 ULHZE
HEBRVDT 8], do(K,K') >2&7%%. ThD, f=Ag, f' = A ZHETEED
RO H K, K' € T ICDWTHRDNIDDT, da(f, f)g > 2 £7%55. O

DI, AC 7, DIERENR TRITIC DOV THRNS.
& 6.5. diam AC 7, > 2.

EE 6.6. M 6.5 BN, diamACy, = 2 M E I MEDM o T, KR,
MIUFDOEEDK ST, [FED f e AL ICHLT f = Ak Zililz RO H R 1
DK € Jo WFEETZDF TRV, FHEE, f=1—-(t+tH)+2+t2) T3,
Ag = f Zililz 3 2MAECHIE (2,5)- b —F XFECHDOATH S T &N, $ETHDITH
RNZHNWBETRES. (2,5)-F—F7 AKMUHDKUTHERHEIE 2 THB. TEbb,
da(f,1)7, =2 TH%.

T LTI, B 1 ORELETETAETUNHLMI RS TVERL.
& 6.7. dim AC, > 3.

il 6.8. dimACy, =00 7

BE R
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Twisted K-theory and finite-dimensional
approximation

Tk T
vy NESEIE SHE I E S e
kgomi@math.kyoto-u.ac.jp

1 F

AT, BC 6Nz K PG (twisted K-theory) %2, AR5 T —
FRAICIZHG 5, LS AEIR ([15]) ZaiB L7z,

R BNz K B (twisted K-theory) [1] &i&, (MiAHIY K BEROZRD—D
THs. L5V LFFLLE AR, BB R HREUT & DN K BEGE WS T e
T&%. TOBERIZE, Donovan-Karoubi [10], & T, Rosenberg [19] IC K> T& &
HELEAINZEDTHS. 2000 FHEIC TR > TIEIERICI ) % D-brane charge
EDRFEMND B T ENDND [16], Z < DY - BEABITEAIHIIEENS
XD Tz. HaliTl&, D-brane charge D FANDISHOMIC, T-duality [5],
Verlinde {08 [12], & Hall $1H [8] LWL > 72 THNGHEN TV 5.

AR K BEROERL L LT, RO XS GHHEN K SHSEN TV S.
(1) X7 MIVRD[FREHD Grothendiedck #F,
(2) MR DT O RED K ¥,
(3) Fredholm fEHZED A9 ZEHINDKRE F E—Hi.

oM K HEREEET DI, (2) HEVIE (3) IS 2 e MbhvEH
fibnsd. —/HT 1) DONT MVRICHYETSEDE LT, TNETEEL SN
A7 MV (twisted vector bundle), %7z, bundle gerbe K-module &9 BE&A
MENTWE [3, 4, 10, 16, 17, 20]. LA LAENS, THEDBRMAMNRTHL 5N
7z K Mz gk d 5 2 L, 20 MaCh) BRRIRIGEICOBRHETH > 7z
—iD T2Ch] DELEICE, ThEDOEMGRE LTI, HIHRE OUNDTFE
L7zw.

KO IEREICEHIAT 2 &, IR 6N K #iGa0 [faChl &, HEA TWAHZEH X
FOFHRP — X TH-> T, ZORERENER A5 Hilbert ZE[ H D451
ZR)—BEPUH) THBHEDTHZBNS. EPUMH)KP — X &, 3 XD
BIRE O REnY—H6(P) € H3(X;Z) THHEINS. L TlRRERHIEIZCH
OEE L, §(P) AR, DF 0 H3(X;Z) DIRUCNBDHLEETH 5.

5L, —RkNE HRUN ORE, DX §(P) WMERMNEDLAICE, NT
FIVIRD & 5 B ARIGT RS2 - T, 3L 5N/ K Minz et TE



00, EVWSHENEALNS. COMEASHE, HAGLOT, TNHEHKTH
Kzt LBbonsg. Xz, MitH K HEGDMTENCHEN TR 2B E
DRI, N7 FIVRZHWIGERMED D> 72 e 2E AN, FlORE,
WLonic K Miz)SHd % L TEEHDEDLEEZD.

[15] IC BT BAER L, THRU SNz Hermite —fi& 7 RV &0 S BEED,
U BN K Bz R Es b I 2BV 5 2 &N TE, EOREIIHE
BIRED—D LTS, LI EDTHS.

EIE 1.1, 3D CW#lk X EOF PUH) K PICH LT, P TIRUBNE X
DK Btz Kp(X) L L, P THU SN Hermite —f\7 FIVHROKRE M E—H
D7EIHZ KFp(X) &L, TR, ROBRZFRIEEDEET 5.

(63N KP(X) — KFP(X)

Hermite —fi X7 RV EE, X7 FVRZ— LT 22 TH D, [13] O
TEHBHERIC K> TEASI N, ZNUE, S - THNUZ, Fredholm {EHZE DN
Z THIBZJOGEL LTHELND KD BRAMRTH D, [13] IcBWTIEEDH
BrEERTIZEHNSENTWS. IRC SN K Bk (3) IS T % HETE
NMEL 7SS, Z2OMREITE Fredholm {fEHZRD TRU BN e HET N
T&%. TD, TOBCH L TEHERIGGELZEZ 5 LN TE, ZDFRER
15NN, £ IR L 5Nz Hermite —f&RANY MIVRZDEDTH
5. DEORDE S HEWMGICHE S TS EIRTE%:

Kp(X) = “Fredholm fEHZEDHEL SN,
KFp(X) = “gRU SNz Hermite —ff~7 MV,
a = “GIRZouEL.

P ETHEEMEZOEROBBEMNEEHIHEZ Lz, UBEZNZNOAFICTDON
T, XKOFELLFHLZL., BANIERD EBO THS. RO (§2) TR
Nz K BERDERRH, BXU, 2USNXT MIVRICOWTCHEIHT 5. §3
T (IR 5N TWRW)Hermite —f&N 7 MVROEEDHR EZFIHT 5. &
RIC §4 1B WT K BEE DBIRICDOWTIERS.

2 RConhic K ¥R
BANTENFICOVWTOSEIRE LT (1, 9, 11] Z2H T TH< .

2.1 F&E

JERRO TR H Hilbert Z8[H H D Fredholm fEHZE &, (B #IEAEHZE A -
H — H TH>T, #% KerA &R#t% CokerA DWHBXTDEDTHH>%. Thb
Fredholm fEHZR DA I 24 M2 F(H) L& X, MFHE VL ThitHZ ANS. X7z,
H O 2 ) —k% PUH) = U(H)/U(1) £EE, UCH) DIEE/ VL
LR ENZNMHZ5 2 %.

3237 b Hausdorff 28[] X LICE PUH) K P — X 526N T 5.
TDEE, PUH) D F(H) NOHBERICNHI LT, F(H) ZT7 7 43—E5 %
T7AN—H % P xa9 F(H) — X &EL.

12
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EE 2.1. P CIRUONEZ X O K B Kp(X) %2, P x 49 F(H) OYIHFOKRE b
E—HE LTEET %:

KP(X) = F(X,P XAdf(H))/ﬂ‘\:E ]\ k‘f‘_

TODOYI Ay & Ay BREFE—TDRIFB LI, X x [0,1] EOF PU(H)
TP x [0, ENBELT2T 7 A /8= (P x 40 F(H)) x [0,1] DYIKT A N> T,
Alimi = Ay, (i=0,1) E75o TR L EEDS.

Kp(X)IZZ7 —~N)VBEOMEN A 2 M, Z4d Hilbert 22RO DHT 5 -
HOHEHZ—DEETHT EICK>THELNTVS:

(AA) = jo(A®A) o L.

HAT 0 IS ThZR (Fredholm) {fEFHETH 2 X 5 aYIcRESNS.

F PUH) HAWEAHKR P = X x PU(H) Th 256252 %. TORE, P TR
UoNTz K BHE F(H) NDBM&DOKRE R E—H [X, F(H)] &0, @HOAHI
K # K(X) Z{Ed 5.

W T, REMITIRC BNz K BEDEMDH 50D, P WIFHALELEAETH
%. ¥ PU(H) HiZ, 3 ROBEFHIREQ Y —THHEINS. Chid, 22X
U—HEU(H) WAlfETH % T &b, PU(H) 1& Eilenberg-MacLane 24t K (Z, 2)
WWKREME—FETH O, £ PUH) RODBEAERMD K(Z,3) ITKRE ~E—[FHE
THHTENBHD. 55 E LT, £ PUH) K P — X OEBSEHCHIGT % Tk
ERY—H%Z §(P) e H}(X;Z) £#X<.

2.2 4
Kp(X) Dl DOhdHiF5.

1. X B3 JUTHERADEES. £ PUH) K P BIEAHTHNE, XOFE
NdH%:
Kp(X) = H*(X;Z).

2. X = SU3) DIFH. £ PUH) R P ZRd5aR-E0Y—HHi(P) 7,
[E H3(SU3);2) 2 Z 2@ L CRE C LIRI—8d 5. PAJEA, DED
0#0DEH, ROXSICED T ENHIENTNS ([18]):

[ z)z, (£=6(P): 7
Kp(SUE)) = { Z)EZ. (=6(P): 8%
3. X =SU(3)/SO(3) D&, TTT,3x3175& LT, SO(3) % SU(3) Dk
NEEEHIRLTVD. EPUH) R P &LT H3(SU(3)/SO(3);Z) = Z/2
DIEEWBTTICHIET B2 L DEEZ S L RO[AEINSH %

Kp(SU(3)/SO(3)) = Z.



2.3 ECBNFART bIVER

§1 TEM Uiz, IR BNERT MIVKRICOWTEEICHAT S, 220 X FoT
PU(H) RTIRE 5NN T BILVKR EE, REC, ROT—R2THLDLEINSE
DTH5:
(U7Eaa¢aﬁ)~
o X OB U = {Us}aex,
e NZ MUK E, — U, (a €2),

o N7 MVHRODIERIE G ¢o¢ﬁ : E5|UQQUB — Ea|UaﬂU5; (Oz,ﬂ S Q() T‘%“)T,
ROFM 72Tz & D.

¢oz,8¢ﬁoz = 17
PapPpy = ZapyPar-

CTT, zapy : Ua NUsNU, — U(1) &, FM H*(X;U (1)) & H3(X;Z) Z@ L
To(P) e H3(X;2) #R&ET B K57, UQ1) MEBIRDHEDEIIE U(1) 2L
9 %Cech 2-aY A7)V THS.

COIRCENTEANT FIVHOEE THEFEMNIC 245, = L DD VIDEE, TN
WEEDON Y RVRO AR T — 2tz 550, S0z, HLohiz
N7 MVHIE, ZHRBEL pop DT A ZIVEEMRETENT NS,

HEDONT MIVHOG SO E UTROFEIDH % ([3, 4,9, 10, 16, 17, 20)):

il 2.2, O2/87 b Hausdorff 26 X FDOFE PUH) K P — X ThH-T,
P) € H3(X;Z) WEBRNBOEDONEZ 6Nz 5. TDOEE, ROARE
[FPEAMFES 5.
Kp(X) =5 K(Vectp(X)).

il P — X THULNIEANY MIVRDOFRIBRFHDO 9 8 Vectp(X) D
Grothendieck FERRIC X > TIHRENB T —NIVEETH 5.

PHHEWALESIE, LomEidk 5N HE (X, F(H)] =2 K(Vect(X)) il
E5EV. EORA Y ME, §(P) MERMNEIRSE, F PUH) R P — X W,
HBHEPUM)HQ — XWOFEINELVIEHTHS.

BU TNz B0, §(P) WERNE DS, P THU SN T MV
HAGE OLNFEE LRV, THEROTERN SRS : P TIRUSNTEANY RL
WDT I r >0 THNUL, r6(P) = 0 B D LD, TOFRERT DI,
MRUSNI=av 1 7Vt ofiz e 5.

detgqgdetdg, = (Zocﬂ’y)rdetd)a,y.
EoTC, 2TV AT (20p,) BINT VXY —THD, 15(P) =0 L7553
HE 1. ST THERERUSNTART VRO T— 2T, BEICE 2RI REL T

WEEDNDHB. ThbE, AYUDERICIE PICHETERMNET—2XTED
B END B . T DOIEHIE A2 2 2B BN IR 28, TTTIRAEIRT 5.
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3 Hermite —fg %7 FIVER

3.1 BRRTALDTATT

o THNUE, Hermite —fi%\7 MUK & 1&, Fredholm {EHEDEZE THIEIXOT
R LTEON2EDDOMHEZMSIE L TERE LK S HRMINAERNSRTH 5.
Z D7z, Hermite —fiR\T MIVROERZBNBFGIC, ARIGTELE NS 77 A
T 7 ZETIEFH L.

fij 7z Fredholm {EFHZE DK & LT, Fredholm fEHI#E A € F(H) & —DRS
Fx5. 5L, ADHBIGHELE LTHEBNE LD, (B,h) VS5 TH 5.
T T T, E& Zy BT (GRXIC)Hermite X7 b JVZERT, h: E — E 3% 1
@ Hermite( X723 HAHE) BB TH 5.

CTORERDEHICLT ANBELNS.

1. i@‘ Zo AT Hilbert 22/ H &, 8 1 0 E C 4% Fredholm {FFH %
A:H—->HERDESITEDS:

. . P 0 A
H="H&H, A(A 0 )

T T T, Zy TEIANT MV O TE 72 XAIT % 1281, il OEM DR
® @b\a‘o DICH VIR EEMS. T 0)[18770)7573»%51 0 CTHMPXEL T2
$345. T, A 1F AOHEBEHZETH S.

2. At E 7 Fredholm {FHZETH B DT, HHIEH u > 0 TROMWEZEDL
DERDFIBTENTES:
(a) pld A2 DARY MUEBICEENELV;
(b) p KDIEW A2 DARY M IVIZABREDE A ED
(c) A2 D p K O/NEVEGEZFFDREAE 2 RIEHBRUT.

3. A2 D p X O/NEVEGEICHIST B EEZEMOERE LT E ZE#HL,
h:E—>EX%ADENOHIRELTERT S:

= (H, A)<,, = P {e e H| A% = A¢),

A<p

h=Alg.

A2 D p KONEVEFZ NSV BIEC, 0 < /\1 < <A< p bE
T, REHZRZE (R, A)y, EELE, HIZBRDE S ITH %nmﬁqsf%é

H=HAn oM Ao & H A\ eH.

R L EAHZENTh 5. AT ORMRERDT LICEELES.
A @Iﬁ{ﬁh_ 0MEENS (/\1 =0) E9%5. —fRic Al (H, )0 C HDHE
SHZER] (F, A)g ECaliicia> TW0Wa. EOEADIRZES L& 5D Lty

g



TENEAT, B2 (H, A)s,, -, (H, A\, BEKOH OLET AN
o TWa. ALRERFRIE, Fredholm fEHZRE LTI, DESBRWEMHETDH
%. T T, MRXUTTH S H O ZYI0EEL, (H, A)y DL DERIITD
LT AERTHOHIEREDN, TTTEZTVWAERITANUTSH 5.

I, 5 DB EE—DO Fredholm {FIFK LAEZ TWEVDT, (H, A); D
NEL JICEETBC L L, (H,A)y ZDOEDICEHT 3 T L L DOAEFUIAEMIC
HW. UL, Fredholm fFHZEDGZEZ 5BRICEZ L, ZhHDDONS. [HE
i 0 DEHZEMZFDEDERDGE, TOXTHNY Yy TIT5ehdbsb. —)
T, [EEE 0 DEAZER O Z R 2555, 9 VIRl X > TR b
REVED T EMNTES.

fliRE 3.1, HHEHRA: X - F(H) NGABNTET S, EEDH 2 € X ITHL
T, H21E8p>0L 2 230BH2EEU C X WMAHELT, RDONT FIVZER
DENU ED (ARZ 27 Ly KEAS Hermite) N7 FIVRIC/E S -

U A= | PlecH A26=x) cUxH

yeU yeU A<p

C OFHEIC K > T, Fredholm fEHZEDE A : X — F(H) DA TALIC X
D, X DBERDEDLD TANY MVRMEENS. T LI MVIGEEZED T
E DM, (Zo TET)Hermite — 7 FIVRICIE 5.

3.2 T&H

[13] THEA TN Zy BT Hermite —ANT MIVROERZH 2 %. T Tk
NEERICIE, L EHEDER LT, GO LR EICZDDENNH B M,
AEMICHECTH 5.
EFE 3.2. 2B X O Zy KB E Hermite —fER 7 MIVRIE KD T —E M5
5%

E= (Z/l, (Ew ha)’ ¢aﬁ)'

X ORFE U = {Uy taen,
Zo ZEUF Hermite N7 RV E, — U, (a € ),

KE1 D Hermite AR hy, : By — FEa, (@ € 2),

THELO DT BIVKRODGE dpog - Eglu.nv, — Ealv.nus, (o, 6 € A) TH-
T, baphs = hades T, ROZMZiETT & 0.

¢a,@¢,@’a =1,
¢a5¢5'y = ¢o¢'y-

LOEROHPT = FEMERIFRTH S, [dapdpe =11 ODEKRIERDEFLD T
H%.

16
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B €U, NUgIIH LT, HBABIE pn>0L 2 2BTHLMEEV H
FAELTRDOLT 2 ERED y € V EAFED € € (Egyha)y,<p WX
LT,

¢o¢ﬂ¢[3a§ :5

2120, (Basha)y.<p 13, Ea @y iCB3 57 7 A 8— DR TH 5T, (ha)
DEETEA 1 & /NS VEEZEHOERE R> TV B EDTHS:

2
Y

(Eouhoz)y7<u = @{5 € (Ea)y| (haﬁf = A}

A<y

%%, Hermite —fl& X7 MIVRITIE Zo XBUSTHEVEDEH S D, TN HIE
K TREDERNDT, [Zy Ut Hermite —f&~7 RV ZHIZ [Hermite
—fT VR EMEATNS.

3.3 i

220 X FICRZ MVKOR (B, BY) B35 % &, SAMD (Zy KET) Hermite —
BN PVHIMGEND. T U= {X}, E=EGE' YL, h: E—E&LT
HIZED h=0% LR,

E3DLENS LWIlE LT, S? ED Hermite &7 MIVIROKIZ L2 5.
S OB U = (U, U} TH->T, Uy 2C, U NU_~S' 535D %ES.
(B4, he) BRDESITEDS.

E, = Uy x (C40), (m»:(gg),@em&6>

E_=U_x ({0}&{0}), h_ =0.

bit : Exlu v — EBilu.nv. Z BRGHBERFTEDS &, TNUE S LD
Hermite —fR 2 hVHRICZ%.

%89 % & 51T, Hermite —f&~7 MVRIC K > C, K Bz IHT B ENT
E%. itoTC, §? LD Hermite —fA7 MV, K(5?) DrtDfhZREL T
WAETHS. Tk U7 Hermite —fA7 FVHIZ, K(5?%) C K(S?) DK
tERELTVS.

4 KE0D3EIF

4.1 ELCATVWEWSEES

i 3.1 X0, Fredholm fEFIZEDE A - X — F(H) hbUX, ZhOERX L
L& UT, Hermite — 7 FIVRAG 5N EIEHLNTH 5. IELDFRIC
FEDERE O NEVEEEZEZ 0] BREDFERNHZDT, ADSHELND
Hermite —fi% 7 MVRZDE DIF—E TR, UL, ZOEIROME I Y
EVSBRREAT BT LICK > THINT BT ENTE, A: X — F(H) XL
T Hermite —f&\7 MVROAEASZ —RISHIGEE ST ENTES. THICK



T =W I HEEZ Hermite — %7 RVKRICEA T3 Z &I K> TROE
MESNS.
a: [X,F(H)] — KF(X).

CTTKF(X)& X D Hermite —f&~%7 RV D ([AFRSED) RE N E—HHD
BIEGTHS. BIEOFRE N E—H (X, F(H)] &7 —NIVEEOREEN A - T2 by,
KF(X)ICE 7 —=N)VREORIEN A D, ARIOTIUDGE o IFHERTICZ %

Rl 4.1. 3237  Hausdorff 25/ X IR U o IZRBIBSTHS.
ChUE, ROFRORE L THONS:
EHE 4.2 (HH [13]). 22737 b Hausdorff 22 X 1Sk URDFRI GGG % .

K(X) = K(Vect(X)) — KF(X).

COFRMIEBRIE, X EOXNT MVHEON (E°, EY) ISR LT, (BITHEK L 72 ) Her-
mite —fEZ RV ({ X}, (E°GE, h = 0)) ZXISE 26D THS.

4.2 ELChTW3i5E

CTET, T MUVROBEZDO—fREE UT, )R 5N T RV & Hermite —
T RV E WS BERZFIH L7z, JRC 5 M7z Hermite —fi% 7 ML & 1F,
FTNSEMETEZTH 5. BARNICIE, P THU 517z Hermite —f&~X 7 U
WEiE, Hermite —fl&N7 MV EEICT—2TH-> T, YA ZIVEFITHYS T
% Thapdpy = darl DDDIT,

PapPpy = ZapyPary

BT ED, ELTERTED. 245, & 6(P) ZRET 2 Cech 2-08 1 7)1 T
HB. FRELHNTAY VRO E LRIRRIC, BEICE, P ORAINGET—2%
BHBNENDS.)

P TIRU SN K BEOICIE, P xaq F(H) DU TREINS. hIJET
NS F(H) NOEFTER TR TES. > T, RUNTWARWES L FIC
UCHRIOGEEZE Z % T MW TE, ROBARFERMEIENS.

o KP(X) — KFP(X)

CTCT,KFp(X) &, X EO P THUL 5N Hermite —fi&~7 b VH D ([AE%H
D) KREFE—HHDETT—NIVHTH 5.
ERL 111 X DY CW DA a WA TH ST L2 TiET %:

EE 4.3 ([15]). {EED CWHEA X FEOFE PUH) K PICHL o XA THS.

CHODFHD Y A 77 3 aREQV—MHEmOHIETH 2. Mk K M K
IRERV—HERO—EBTH > Tz, FRRIC, IRU BNz K Bz —HE LTET X
5, HAMO—MIREDY—HH KH(X,Y) ZRET B ENTES. The
FENATUTC, BEKFp(X) Z—HICBT X5 aRER Y M KFA(X,Y) Z
MRS 52 EMTES. BIRIUGELNED 251 o : Kp(X) — KFp(X) &,
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INHOIRERV—HEROMOHREHUHETE S, T TEHFEOIRER
VMR T O FEZIOHT S &, TNSOMERD o ZE U THETH
BT EMKETES.

C O XS ARETEAMT, RUbNk K aREuy— Ki(X)
% Lo BT —% Clifford HIEE ([13]) DR CNIRTHBITE S, L W5 FED
AEFHIC S T &N TE 5.

4.3 2-N% kLR

RBRIC, IRC BNz K Bz GRRIOTORMH R THET 2, LWV HEzZE 2
b L& EOFRKICEHL T, 227 MVEK & ORERIC DWW TRz,

2-N7 MVREE, X7 MVRZE(ILLTBEZOC L2259, LhL, Zht
LCHERSEMEDN D 2D TREL, R EIREDH 2 DNBIRTH 5 5.

—ODEXLE LT, Brylinski [6] ICX2EDNRH 5. HOEXEICEK D 2
J MIVIRT (2-) TV 7H 1 DED (WhIE 2-1ERER) 1&, IR 5Nz bLfiz
fioTIERT EMTES. Kb EIKINICIE, £ PU(H) R P A 52 b T-2ef] X
ZEZ, BHER U C X I Ply TIRUBNTZANY MVEKROETE Kp(U) Z5S
THD. ZOMI NG Z ZE DR (stack) Kp b3, Brylinski O 2-EARHEDHIC
ToTW5.

WHONT MVKRIEH 2 FEREXNIET S, KRS, 527 1 ORI MV (D%
D EARHR) 1&, FERE ——cind 5. SO E LT, Brylinski O 2-E
FRERIE, U(1)-gerbe ([7, 14]) EARBENC—F—ITXIELTWA. U(1)-gerbe &1,

MERZ B U200 —DTh b, TN ORASEIT H3(X;Z) THEIh5.
P TIRUSNTNT MV OEZ i > TE - 72 2-IERRR DY &, ThUCHINT %
U(1)-gerbe 2539 % H?(X;Z) DyLid §(P) TH 5.

T D 2-HHRE gerbe DEARICHH 2 &, (RO 2-IERHIE, AEMICIE, R
CHENIRT MIVEDNSIESNTZ 2-ERREM U TH B EF2 5.

AT, CENTNT MVEO—f{bE LT, i C 57 Hermite —fi%N
I MVRZEZ T, TS T, 22BN (£ LT 2-\7 ML) ZEXLL T
HEDEWVSDIF, HRGHTHS.

BRI, BIEA U ¢ X 1T LT, Ply TIRU 5N/z Hermite —fRR 7 ~
IWHDETE KFp(U) ZRIGERZHIEDTZ2EZ 5. 5 &, X ITHEYRBE
BT, KFp h stack IC72%. Brylinski O 2-[EFRED S U(1)-gerbe % PSR
T 512 COLEFIC—RIET B &, KFp 5 6(P) THFE NS U(l)-gerbe M
(CI5¥ sV 0

2 THELIEEIIC, P THUONZARY MUK, IR E OLIMETE Lia
Bahd 5. S0NZIUR, 2-IEFR Kp ORBYIMOLTE (X, Kp) := Kp(X)
W&, TAEHENGTENTORVWEANDS. TOXIBHEETE, KFp DK
YW DRI D(X,KFp) == KFp(X) IZiE, JEEHPANENEENS S, D
HEIET, Hermite —f% 7 FVIRIC K % &1L, Brylinski I & % 2-EARH 72 B
IK—REL TV 5. (ENTEAR, B 11 DIHTHS.)




Brylinski @ 2-[EHHRMN 51, U(1)-gerbe 721F Tld7& <, JEA[#7ZR gerbe 1%
5N%. [AkkZEJ7ET Hermite —f%\ 7 RV T—# L L7z 2-ERRHRICH L TE
JENTHLS gerbe MG ENZHE LNZW.

%7z, Baas, Dundas & Rognes (351 2R EHT I —DEMFHEEIND T 71—
FD—D& LT, Brylinski DED LD LiES 27 MLfizEA b L7z ([2)).
Hermite —f7 MV Z{li> TH S L FMRGHKZ T 2 C & & IEWVHERE &
EIbNS.
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SPLICE QUOTIENT SINGULARITIES AND
THE CASSON INVARIANT CONJECTURE

WEREL (B RZEHIEREE S E2AAR)

1. FLC®IC

AFEH T, Neumann & Wahl IZ K > THE A 7z splice-quotient FFEE s &
KIENZHEZE 2 T IEHRFR S (LTI 2 Otk ) & Casson A= TAE,
Némethi & Nicolaescu IC K2 THDO—RIL7Z EDHNZEE TV EXT.

2 TR DY ¥ 7 3ITEAZ A TH D, THUIRERSE T Z 71X 5
THABNET. 220tRERAONMHAER LX) V7 XTIE T 5 T DARZ
mODIZ ETY. RTINAERZ AL R CIRE X TEFHEd 5 C & IdHkD %
RIETT D, —MRICITIERICHEETY. Casson NER TR, BHTALRT
»H% Milnor 7 7 A IN\—DFFSEMDMMHTIRE D, LHrsY oD Casson R
HOBHCTEZ EVIDNERDANT L2 FRLTVET.

splice-quotient R DIGAEINIRFEEUR & DN E |72 75 T S it
MINZETEIC K > TROB Z EMA[EETH D, Casson AR TEEZDO—%L
EZDXHICHEAT 5 Z EMHRE T

2. Eilw 7 —N )i

X ®HEHE 2 JoTIEMT e U, ZTORESIZ 0 e X DR THBH LT 5.
COWAEDERELE X\ {0} FOERIBEEN X FcHiEE NS WS HHET
H%. (X, 0) Z2RTFRALEIR. 7 X — X ZE/NBEESAMEE L,
BINES 771 (0) &2 B £RT. X 3R, IRbbEESHKTHY, 11
KD X\E & X\ {o} BEERINCAMTHS. T, TR i3 B
M Riemann M £, DHIEEGTH D, TNODNIEHRLZAL TS ER2EKT 5.
E =, B, £XT. B/NERRAREIE —ENICHFEEL, IXTO RN
E/NEREZ blowing up 5 & TRLHNS. BIMES E OIS 7% T
T&RY. THIEE B, ZIEHMIC, &% E,NE, ZICHEEE, HORME
CH T A M LTHEAIAMNMUIZEDTHSB. Lich> T, T IEZ5TT5
I(E) = (E,-E,) & E, OEBOTF—2TH%. I(E) ZEEMTH ST LS
nTn3.

X Foe X WEMEERZXIIC C DERICHBIATFNTVS L, 2!
2o ZHLET B TIINEWEEe ZEDIKHIETHE, T=XNSid el

1



XEBRVIIICERIATH D, X Oiitsld ¥ Lo C(X) ICETH 2 T &hHI
ENTVA. % (X,0) DYVTLWVS. 0X =X THBHELTELW. ©=0X
THHN, SETHMOERETITTXRRIKE L TIHBITES., ZE, & T &
[F U Z2F5D ([13)).

RE 2.1. UTF, L EEEBEREOQIV-HKETHBERET 5.

CDFEMEE B, HEK S? EAMHTH>TT BAREZRZZELAETH 5.
Lo T, T ERRITH I(E) R UlEHZz &D.

ELD H(X,7) 3EREHCRS. H(X,7) ZWEEERACEOWE Y — %
Mo, BRTEGES OX) - C(%) = X MFHNDH, C(X)IKiE X "HH
RITHERMEDNAD, 2JUtRRFICAS. TNz (Y,0) ERT. 2JUTRFRKD
GREHE ¢ : (V,0) — (X,0) ZEET7 —NIVEE L X5

B 2.2. (X,0) DFgEES C2/G THNZ, Y = CY[G,G] £7%5% (|G, G 135
HaTHE).
HBOMGERD DI, H(X,7) 2 {E,} ZHWTELRZW.

L::ZZEU

vey

DeEYA IV XK. 7Y I(E) BAEHETHZH 5, TED v e VIcx
LCE -Ey= 0y YweV) &% E*c L®Q WMFET S (B >0 &7%5).
CNHTEREIND T =)Vt LF L £T:

L*=) ZE;CL®Q

veY

L* & Hom(L,Z) EH—HEINS. IREICKDRDTERYNH S -
0 — Hy(X,Z) — Hy(X,0X,7) — H(0X,Z) — 0.

0eX 3 X DEFRLESZ M THBNS EIZX OEFRLFSZ7 2 THB. L
1Mo TC, HyX,Z) = L. TORNEEZ T Hy(X,0X,Z) = L* LHHELTX
V. BLEIRED, H(S,Z) EROBEEFARTH S -

H:=L"/L.
H OJjt Ef + L % [E7] £ &7

3. SPLICE-QUOTIENT 52 5

splice-quotient Ff¥ il Neumann & Wahl IC K > TEA TN, FABGEGHH
XNz ([19], [18]. f#Ei & LCid [15], [22]). COHiITIX, [21] THWEGIET
AT T A AR & splice-quotient FFfLSAE AT 5.

24
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777 T DER veY DXEZ 6, TXT: §,=(E—E,) - E,.
N={veV|s>3}, E={veV]s =1}

EBE, N DJtZ node, £ Dtz end &S .

%9, Neumann [14] DFERZIRDIRD T N DHRD B, (X, 0) 1FHFAT KR
MOEREOEARLIHXDEFERER) THEHEETSH. Ok, TIFER
(#N =1) THY, TR IAT )V ZHIAKICIZS. T O node Z20€V, n=4d
EBL S OFAT oIV IAEEZ (b; (a1, B1), .- ., (i, Ba)) £FKT (o > B > 0).
Neumann &, (X,0) D7 —N)VHTE (Y,0) B C" ICBWTRD T TE
RENBZ BRI RFAICAR S T LR LT

CﬂZ(lll—F"‘C,mZgn:O, 2:1,,n—2

TTT, ey, &, Ey &t B, EDRED Ey FORIEIC K > THES N
%. TOXIEEBAER DRI S% Brieskorn 223X RIS LWV,

FOREESBRMOTT 4N > 1 LAZRAEET 3. Mok, &
(1,....n} LIRSS, Zoo BIABKAHOEALL L,

M:=> "ZsEf C L’
=1
EBE, Z£DJt%Z monomial cycle & X5, M IZROKIGIC K> T ZIAAER
Clzy, ..., 2z OHIEROETHEEEFTTH %

D= iaiEf — 2(D) := HZZQZ
i=1 ;

1750 —1(E)™' @ (v, w)-FAZ apy ERL, d=|det [(E)], lyy = day, &8
(B =3, awEy, £755.)

EE 3.1. FED v e VITHL, z D v-weight # [, THZHEEDHS. b
HBIRED [z D v-degreeld >, il £%&5%. D=3, ., BuE, € M5
/N RIRVASE

v-deg z(D) = df, = —dD - E;,.

TEDO veVIIWLT, E— E, DHEHSERD % E, DR E X 5.

EE 3.2. DM monomial condition £V 5 : (TED v e N & E, DITE
DR CICHLT, D-E; =% oduB, € L fEEDE, C CIIHLTd, >0
£75% & 9 7% monomial cycle D DMFES S (1] 3.5 ), TDLE, 2(D) % C
ICJ& 9 % admissible monomial &9,



E%& 3.3. I' & monomial condition 25729 & L, Cy,...,Cs, % node E, DFL,
m; 2 C; ICJ&9 % admissible monomials £ %. §XTD (4, — 2) KAMTHIM
ERTE 722 K5 BAEED (6, — 2) x 6, BRI (¢iy) Z2ED, fi= Z 1 CiiMmy,
For=Afr, i o2ty Fi=UpenFo £BL. ROFRNCHEET %:
HF = (6,-2)=n-2.
veN
HEE 3.4 (1) T AERIZ S monomial condition Fi7zENTHH, F H
Brieskorn 5t 2R 252 %.
(2) 7 3.3 DITH () BITEABIEIC K > TROBICELTES.

10 --- 0 aq b1
o1 --- 0 (05} b2
0O0 --- 1 ags,—2 bgv_g

72720, a; #0,b; # 0, abj — ajb; # 0 (i # j).

5 3.5. XD 77'Z 7% monomial condition %7z 9

2%,

E5 1T % admissible monomials &

2F; = Ef + E, -2
OF; = B + By = 2
E; +2Ef = EX + (E3 + Ey + Fg) - 2325

ER 33D F &L TREGRS.
{2+ 22+ 2322, 224234 212}
EHE 3.6. C{2} :=C{z,..., 2, ZUIKREHEIRL T 5.
Gy = {Gvj, | Jv=1,...,0, =2} C C{z}

% F, OICIC v-weight IS 2 @RIEZTREICMA THELNZEDETS. G =
Upen Go 1€ &> TERET N2 KN Z splice type HRERE V5. § 2 splice
R L L5
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(R 3.7, LOIRIT, ¢ TEERSNSRRNIE F TEXRS NS KO
22 (MA72 R D & 5 IR @RI T HE) TH 5.

EIE 3.8 (Neumann-Wahl [18, 2.6]). splice type FFERIE 2 JoTre 2R IERRE
HEATDH5.

I(E) DWEDZMN1IIER L x L* — Q hh SROEALHEINS.
0: Hx L* — Q/Z 5 C*, e(x) = exp(2my/—1z).
B H O C* NOIFHZRDOIAITINC K > TERT S !
diag[0(h, E7),--- ,0(h, EX)], he H.
COLE HIEZRDEKSIC C{z} IFHTS :
h-2(D):=0(h,D)z(D), (h,D)e H x M.
N\ Z 0(-,EF) TEEX% Hom(H,C*) Dytkd 2L, fFED fe FIIHLT
h-f=X\(h)f, heH.
—IC,  O(-, D)-IEERIEIE D + L Oyl xfhind % monomial DETH 5.

EI 3.9 (Neumann-Wahl [18, 7.2]). (Z,0) %2 splice BA%CR {g,5,} CTEEEIN
% splice type FiF R E T 5 &, (Z,0) & (Y,0) LFAMHTHS. & g, D N\
BIRE 5L, ¥ (Z/H,0) & (X, o) ICAMHZ 20T IERIRIERTH > T, HEH
Z — Z/H w7 —NIHETH 5.

EZ& 3.10. (Y, 0) M splice type FFHEAICIE S & E, (X, 0) % splice-quotient $F
Bl

I 3.11 ([14], [20]). ARAMREE LG L, VY IDHEMRER Y —KEHTH S XS
TR R B K Ul MEM IR RS splice-quotient FF¥E R TH 5.

R 3.12. EH 3.9 1&, monomial condition %729 757 (FIA 1L EH 3.11 D
KSR T2 7)) WA BN e &, 2N 29 2R R A O &2 BARINICE
ERNIHERGZ TS, splice-quotient FFEADOHFwHRADH SONZETIE, A
RGO A TEZAZDX S GHERIHLNTWEN > T

) 3.13. I 1&Hl 35 DITT LR LCEDE L, Z T TH/z splice type FFF 7z
(Z,0) £T %:

Z={2 420+ 22] =0, 25+ 2] + 2120 = 0} C CL.



d=4, Bf =By + 1By + 3By + By + 1Bs + 3B, THAMND, HE B e H T
ERRENS. LD T, R := Clzy, 29, 23, 24) NOTERIIRATITHN [i, —i, —1,1]
KXo THALN, AL R I

2 2 4
Y1 = 24, Y2 = 23, Y3 = 2122, Ys = 2223, Ys = 2123, Yo = 227 Yr = 2y

THERENS. splice-quotient FFEE A 7/ H (SRR RAICR S
Z/H = {u + y3 + yiyays + 2uiys + yiya} € CP.

EE 3.14. [TED i€ EWCH LT, REMWI-THEMR H c X & X FOFH
B f PMAIET % & ¥, X IZERERREZIT e VS H, & B3 1 H TR
bO, H-E =1ThH>T, HEALLT{f =0} ==(H)C X.

VEE 3.15. Hy, ..., H, 13 Hy(X,0X,Z) DIEICIZS.

IR e ENB 55, Kice EWCHLT, fi Wr(H;) Td; hiDEZ
FoedzL, v EOERIBE s, T ¥ = f, ZiilzdT & OMEET 5.
ROTE M % imHEREEE (end curve theorem) &9,

FHE 3.16 (Neumann Wahl [16]). X AMHEHERSAE 2729551 X 1 splice-
quotient R TH 5. FEBE, TDEE T X monomial condition 721§z L, s =
(81,...,80): Y — C" FENHVGIDIASZTH D, s(Y) & splice BABCRICK > T
i%ﬁé’h, H OIFHIC X %7 s(Y)/H & X Ic—8T %.

4. FfIfEEY

(X, 0) OEBMAEEUT py(X,0) = h'(O5) EEHZEENS. TTT, Oz 3 X L
DIFHIBE DO AT ETH 5. BFEEIIENTIAZ R TH SN, splice-quotient
KRGS OLEICIE T ORLREICKRS.

EE A1 veV\EWKHUTHEME Hr (1) ZRDOXIITEDS !

Hr,(t) == |Z [T @ =on, Ey) e )2,

heH weV

72720, Myw = low/ ged {lyy |w € V). degr < degq %2729 ZIH p, ¢, 7 IC
KoTHr,(t)=pt)+r(t)/qt) EXEDREZE, cr,=p(1) EEDS.
INBET OFREETHS.

(X,0) H splice-quotient KD & E, Hr (1) & (X, 0) DJGFTERIC v-weight
MHIRE S filtration D associated graded ring G, @ Hilbert k& TH 5. H H

ISINGULAR [4] Zfii> 7z,
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HHG L EE G, 3Rk THD, RORKZ21HE5:
[ (1 — 7)o

Hues(l — i)

E, DKz Cy,...,C5, &3 5. ZRATH] 1(C) FAEMTH S5, Grauert
DEHED C; Z1EHFFE I blowing down 5 EMNTES. Z0D 2 kiR
Mz (X ) EERT. C OIS T77% T EREEX, (X,2) DUVT 50
I TEXDT T T7E2HIATHS.

EE 4.2 ([21], cf. [1]). v € V\E &T 5. (X,0) D splice-quotient FFFE /R 5,

(1) pg(X7 0) =Crp+ 2?11 pg(Xia %‘)’
(2) (X;,z;) & splice-quotient K TH 5.

HF,U (t) =

% 4.3. (X,0) D splice-quotient FfFERT T MERIRS py(X,0) = cry.

CNHEOREHRICTEK D, splice-quotient RFEEL LD RMFEEIE AN ITBIT B i
ETCRATE 5.

5. CASSON R"EE T & ZFD—f%(t
RO Casson NEERTFEE NS,

F#8 5.1 (Neumann-Wahl [17]). (X, 0) & 2 Xte 2R X KRN T H (3, Z) =0
Zhilzd &9 %, AX) & B D Casson NEE, oF) %2 (X, 0) @ Milnor fiber F
DS E TUL, ROFEXDD 7D:

(5.1) AE) = o(F)/8.

COTRENKDII DT &I&, Fintushel-Stern [2] 1T & > THREETIGH Hh i 5T
DL FITREN, 9 <IC Neumann-Wahl [17], Fukuhara-Matsumoto-Sakamoto
[3] 1€ & > T Brieskorn e R FR DG HITHATICIEE Nz, KTz, [17] T
& 28 = fla,y) LS TEOBIIIRFEAISH U TEIEHL TV, TNb DR
R splice-quotient FFRTH 5. [12] TIEERMFFHE Nz,

T 5.2. T 5.1 13 splice-quotient FFE IR UL TH D V7 D.

Laufer-Durfee DNIUC KD,  (5.1) IFREFAETH %.
K% +4#V Ly
— =0
CTT, K213 X LOBERTOHAMTHS.

TR o(F) ZEFKT AT (X, 0) D smoothing WAETHSH, (5.2) Tl
ZTDX D BEFEMIE L LRV, Némethi & Nicolaescu 3L FO X 51 T4 5.1
Ak U7z ([7)).

(5.2) Pe(X,0) + A(X) +
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AX) Z ¥ @ Casson-Walker 2258 ([5]), Ty = >, 5 Tx(h)h € Q[H| %
¥ @D canonical spin® structure IZf5Jf9 % Reidemeister-Turaev torsion &9 5.
sw(X) = AX)/|H| — Ts(1) Z X D Seiberg-Witten RAEE LS.

T(1) & T ODRZRTHZH, XKDKIITKRDENS. x € H := Hom(H,C)
% non-trivial 7% character £ U, v, € V & x([E} ]) # 1 £72ld v, LA TREN
5% ueV M x(E]) £1 2T XOBEDETEHE, ROMRMHIZLATF
£9%.

r = lim T (1= (B e e
weyY

TDELE, XHRDIID.

o T

er\{l}

HE 5.3, Hi(S,Z) =07%5 sw(X) = \(Z) (Casson N H).
R7% Seiberg-Witten AR T E VS,

F#8 5.4 (Némethi-Nicolaescu [7], [1]). (X,0) B XK\ EEMGEZEDE D5,

K2 +#y
(5.3) pg(X,0) +sw(X) + XT =
COTHRETE, TV HEMEL R THEIhEWVS T EERBEICL TV
FA 5413 F THBRIREE S, KM Gorenstein FiE S, T DNERTHSL X%

splice-quotient FF¥EFUTHT UL TREN ([9], [10], [8]), [11] ICBVTRAVRENTC.
EE 5.5. T 5,413 splice-quotient FFE R L TH D 3D,

FEHL 5.5 Rl [1] ICBWTIRENTENX DR ER D’ N, #V, K% LD
D7 Section 4 OFFELT (X;, ;) ICHLTEZR, ThbHZ Y, s, K2 LRI, X
DEMTIE (X, 0) & splice-quotient FFE TR TH KL,

EHE 5.6 (Braun Némethi [1]). KONHEK D 37D

K2 :
sw(¥) + —=—— +#V cm,—l—Z( K2+82).

8 8

2171 Ti&, Q-Corenstein FHEICHT 2 TRHETH > 72H, [6] ICBWTKBIDHK S Nz

SRR 5.1 OFEHAS [12], [11], 1] KBV THZ bNIT LIckBH, HEFINTHES

1] TlE, T 5413 & 07 “equivariant version” DB THRNSNTHY, EH 5.6 L
ZTOESFETAHENTVWS. EM 4.2 LFAKTH 5.
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COEMEEM 421 K0, M#EE T DEBOEGEICTEE S5 (cf. Section 4).

FBARICH D7z L7zwo.

[ RFRATESRA R EZ AR DD T, TR 5.4 0B 2R AUC DN T D VT,
ZTORKFEREIE L U TROLNARERAICDOWVWTEID LD, [6] ICBWVT, splice-
quotient FFE I DFERFEZE T splice-quotient R THEWE ODHN S BIHKE
MENTWS. §hbb, TRSANKDIIDEKS, splice-quotient TR
2 KICRHEAMEET % (TOHITIE H(Z,Z) #0). LML, FHE51I1CDO0NT
&, Z0HDRD DX S 7% splice-quotient TARWRFEAITHISNTWaEWE D
ns.

splice-quotient FFE IO PG Z HZE L7z Neumann & Wahl (& Splice—quotient
RIS T %5 P8 5.1 72 [Milnor 77 AN—TH] ORELTEE T AT
ZREFLTWS ([19]). Milnor 7 7 A /N—TAIES TERBRTH 5.
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Prolongations of canonical systems on Jet spaces

WY T (JEEE R EGEEE AR ER)

1 FC&IC

FIMEOE R LIS ZHHT 5.

I NR D227 FITHFFE L TV 5. T OHERIE M TRz ]
NS 5 &9 %0755 T Cartan, Engel, Goursat, Lie, Monge, Darboux
BICK>THIEENT E /2. SHICBWTEMD HRERZR S flime LT
BFREDEDDVEDTHS.

AR DA & 1T 2R L DFEZERI D subbundle D[22 TH O | FF
B SRR TR IR 2 O jot ZERIDES ZREM (—IRIC variety)
ELTHRADN, ZD L ZTRIIFDZHAL LTHNS. XMy
IR L CoWPHdEFEER & UTHEMbE NER, FAR, ILO5IC&k->T
SN TNS.

A TIE, (R, D) TZARIA R 4275/ TR @ subbundle D Df7Z2 %
L, (R,D) ZM53XR (differential system) &5, X7z (R, Dq) &
(Ro, Do) WIAIMRITH % &1&, A ES ¢ - Ri — Ry T ¢u(D1) = Dy
Zicd EDIMAHET B2 .

WK (R, D) IS LT, £ derived system(IkR4EHR) 0D L IERD
KIOCEHLEEINDEDTHS; D=T(D)ICHLT

oD :=D + [D,D]

&L,
0D(z) ={X(z) e T,R | X € 0D} (x € R)

—f&IC derived system 0D (& TR @ subbundle & IZ[R5 &0, £/ D =
OD THBHZ Ll D WERHENARETH S LIEFAETHS.

OD DETMWIRICIEB L&,
d9'D = 9(0"" D)
EIHRINCER T B T &K T 0'D MK (R, D) D i-th derived
system &9 .

Example (The canonical contact system on k-jet space of n indepen-
dent and m dependent variables: (J*(R",R™), C*¥))



JER™,R™) : (23,9, pF) (1 <|I| < k),
Ch={wf=0 (0<|I|<k-1, 1<a<m)},

C T T I multi-index TH Y, w§ = dy* — > 1 pidz; , w§ = dp} —
> e P,

FlCn=m=1D&ZIEXRDXHIC%ED

Jk(RaR);(x’yvplf o 7pk:) ) Ck = {wo =W =" =Wk-1= O}a
CCTC wo=dy—prdx , w; = dp; — pis1dz.

T D & & canonical system CF O derived system &

Crkcock co?Ck ... cokIck c oFCF = T(J*(R,R))

rank 9'C* = rank 9""'1C*4+1 i=1,---,k
EV O HHEZRD.
COMEROHT jet 24RNIFEERRE 2RI L TED, TORTIF I
HEZMETH > 7. FRC 1 ARHIBEIE 1 VLD k BED jet 25 DR
DIFIT Goursat ([ FHLKZFF > T 7z,

Problem 1 (Goursat)
(JE(R,R), C*) I Goursat flag T 5. Wi, EE k D Goursat flag
(R, D) & (JH(R,R), CF) I JBFTARLITH % 7

C T T Goursat flag LIILL I TERENZEDTH S;
(R,D) WEZE kD Goursat flag TH 5 &I

DcoDcd?*Dc---cd'DcoD=TR

rank D =rank 0" 'D+1 i=1,--- .,k

Remark (J*(R",R™), C*) I& homogenious TdH 5, I7abH,
jet ZERDERED 2 JUS R TH 5.

Answer to the problem 1
Yes; k=1 Contact manifold(of dimension 3)
Yes; k=2 Engel manifold
No ; k=3 Counter Example by Giaro, A. Kumpera, A. and Ruiz, C.
1978:
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D:{WQ:wl :wQZO}, 8D:{w0:w1 :0}, 82D:{w020},
where

wo = dy—pidx
wi = dpy — padx
wy = dzr — p3dps.

DX Y Goursat 1& T DREDE Z ZHEMICE Z Tz, Giaro-Kumpera-
Ruiz I X O BEMICIER E N7z ([GKR]). EE D 3 D Goursat flag &
generic IC1& 3 BED jet MR R ZFi> T2 (EORHID {p; = 0}
DEGY), TNz B Lz, —RICE S A3 BLED Goursat flag 13 45F
2R,

THUTH U m ARHIBEIE n TR 1 BED jet ZERIICH LTl 1979 4F
IC R.Bryant([B]) A%, m ARHIBIE n HIZZDEFED jet ZEHITH LTI
1982,1983 £E1C K. Yamaguchi([Y1][Y2]) DA % 5 2 Tz

Problem 2 Goursat flag (& jet space DFFEODTICIZ IR 5T, REFL
ZRiS TV ADIENZTNIEDE S RE DN

Z UK U Montgomery-Zhitomirskii (& XRDf#EE 7= 5 Z 7z;
Theorem| Montgomery and Zhitomirskii(2001) |
If (R, D) is a Goursat flag of length k, then (R, D) is a locally isomorphic
to a point in Monster Goursat Manifold P*~1(J,C).

C DX D IR TAGEH T Z RH BN ZE D jet ZERNTHIET
% Monster Goursat Manifold WED XK S mE D TH BN Z2RIT LIz,

2 n=10DKE

Rank 1 Prolongation(Geometric Construction of Jet spaces
without transversality condition)

(R, D) 7 differential system & L,
D={w; = =ws; =0}

£9%.2DEE, 2 € RICHL, EC T,R » D ® n-dimensional in-
tegral element TH 5 L1, F & T,R ®D n-dimensional subspace T
Ho

wilp=-=ws|lg=dwi|lp = =dws|g =0
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Zilcd &L ERE .

DF D integral element & & D @ integral manifold DFEZE R Dzl T
H%.

Definition R 7% s+m+1 XocZkkiKk, D 7% R L0 rank m+1 differential
system £9%. TDEE (R,D)Drank 1 Prolongation (P(R, D), D)
CRUTOXIICEREINZEDTDHS;

P(R,D):=|J P
TER
where P, = {1 — dim integral elements of (R, D)}
={u C D(z) | 1 — dim subspace} = RP™.
Yue P(M,D) , p(u) ==

A

D(u) = p;*(u) € Tu(P(R, D)) 25 T, M

where p : P(R, D) — R: projection.

TDEE P(R,D) 3ZRATH D canonikal system:D & rank m+1 1
5%, Ko TCTOEMEEREDIRLITS T EMDHE, rank m + 1 differential
system (R, D) @ k-th rank 1 Prolongation &9 & DNWERTE S,
DED, m+ 1 XeBHE M ITH L,

(PH(M),C%) := (P(P*Y(M),CF 1), )

% generalized Monster Goursat manifold of length k¥ &FES, 2T
(PY(M),C%) = (M, TM).

Remark C Okl E.Cartan IZ X 297 2RO HER O H D — %1
7% prolongation Td D, KfIC K. Yamaguchi IC X % jet ZE[ D[RS K
([Y1],[Y2]) O PESEEZHN LIz DL LTHRA DN S.

£ m =1 D& ZiX Montgomery-Zhitomirskii 73F:A T % original
@ Monster Goursat manifolds Td %. Generalized Monster Goursat
manifolds of length k 1% k-jet spaces J¥(R,R™) % open dense I /AT
W5,

JER,R™) c P*(M).

T HUTXF LRD generalized Monster Goursat manifold of length & @
SN PANEISY gl

Theorem([SY])
For an m-flag (R, D) of length k,
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Dco'Dc---co*'DcdD=TR
rank 'D = rank 0" 'D+m i=1,...,k

(R, D) is locally isomorphic to generalized Monster Goursat manifold

if and only if 9*~'D is of Engel (half) rank 1 for m > 4,

if and only if 01D is of Cartan rank 1 for m > 3,

and, if and only if there exists a completely integrable subbundle F' of
91D of corank 1 for m > 2.

C T C Cartan rank, Engel rank [ FCTE&HEI NI RTH 5;
WMAIRXR(R,D)PD ={w = =w;, =0} TEINTVZELEDD
Cartan rank & 3R 7729 /D EHIREL p:

Iry, . Tp(TI A AT AW A Awg # 0)
da ATy A A7y, =0(mod wr,...,ws)

for Ya € D+

%7z D ® Engel rank & 13 R7%ii729 /D B IREL p:
(da)P*™ =0 (mod wi,...,ws)

for Yo € D+

3 n>20MFE

DEIC m RFIBIEL n MATEE DG AT NS 2 H55E & 1172 Monster
Goursat Manifold 2% %, Z DM HRICEZBNS. DEOD n=1D
EEERBICUT (JF(n,m), CF) IR

xeJk
{n — dim integral elements of C*}

EEDD.

TDEEN =1 EEOAREMICHIBIC RS DN, —fI S(J*(m,n)) 1&
variety IC2 D, ZRERICE SR W ETHD. BEELEn=10DL EiZ
integral £\9 2-form Z{H 95 (dw|p = -+ dws|p = 0) %2 1-dim sub
space (X HIHICHG 72 L T e n > 2 D & Zid integral &9 &ML
HEE L THICBNA NS THS.



Problem 3 X(J*(R™ R™)) ZW\D 5T ANV RV Gr(n, TJ)
DHITHE T ZRARICTIE 2 707

Remark n = 1 D& & S(JHR,R™)) I& P"—bundle TEZHEIKICRS.
(21X §1 D rank 1 prolongation DT &) £lem = 1,k =1 D& E X
Y(JHR™, R)) = J?(R™,R) i& Lagrange-Grassmann bundle & 7% D HIRIC
ZRIRICIE S ([Y1],[Y2). SThEDEEZHRRGEEMST LICT S,
CDEZRMD LD,

Theorem([S1][S2]) Z(J*(R™, R™)) WERATH 2 0B+ 026 H
i aEE (k,m,n) = (2,1,2) TH 5.

TOTEED B(J2R2R) KL, p: B(J2(R%,R)) — J2(R?%,R) =4

w2 & U rank 1 prolongation O & & L[AERIC LT, X(J?(R%, R)) LY

MR D ZHRICRTEERETES: ue B(JAHR%LR)) , plu) =2l
PO

D(u) = {v € T(S(JX(R2,R))) | p.(v) € u}.

CORSFRIC KO 1 ARHIBIE 2 AT D 2 BED jet ZERNIC T HEE X
7213555 E N7z Monster Goursat Manifold Z/E#Kd 5 MW TE . T
DG RIFZ RN TR OO RS2 S RO FE—HTH O, L
FAHEDERENS.(85)

4 (S(JXR%R),D) DERADSEE

F 72 2 DILRE N7z Monster Goursat Manifold (& Goursat flag D & &
& [ARRIC generic ITid 1 ARHIBIEL 2 TN 2D 3 FED jet 2E[H] % open dense
ICEATOBWHRNZR > TS,

TS LRD KX SIS, BRI 1, BRIT 2 DFETEZR, EHICRRIT 2
DRI EZREOB N, B, MEFIRIRE D BRI B L T, 2 hUTHIG L T
AREMIC 4 DDOFRREMNH SN B C & 2B Z HOTHLMI L
& HICRRRE ISR UREHE R 2 5 Z T2 ([S2)).

Theorem([S2]) (Z(J?(R?%,R), D) &R D disjoint 7702z H5D. (Japh
RITIBARIC K 2 H5E ) fiR)

Y(JARAR) =S US U (SR US,UX,)

38
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ZCT
Yo = {weX(J?) | dim(wn fiber) =0} = J*(R? R)
¥ = {weXN(J?) | dim(wn fiber) =1}
Yo = {weXN(J?) | dim(wn fiber) = 2}
Sy = YU, UN.
Yp = Yo N {w: hyperbolic point}
Y, = Yan{w: parabolic point}
Y. = Yon{w: elliptic point}

F72 %0 1 X(J2(R%,R)) D open set TH D, ¥1 & codim 1 DERT Ak
&, 39 13 codim 2 DERFZHIATHRIC J2(R%,R) ED P2bundle, &y, 3.
& codim 2 DETZHAK, B, & codim 3 DETZHAATH 5.

FRC TN TN OEED RUIEROBEHER 2 F5D;
(0)w € g & jet type normal form.
(Dw € X ERDEDDFEFDE DD & JRyflaH:
(RIQ,ﬁ); (R2: 2,9, 2,p,q,7,5,t,a, B,c,e) is coordinate and D is ex-
pressed by D= {wo = w1 = wy = wy = w, = ws = 0}, where

wo = dz — pdx — qdy wy = dy — adx — Bdt
w1 = dp — rdx — sdy w, = dr — cdxr — (a® + eB)dt
wy = dq — sdx — tdy ws = ds — edx + adt.

(2)

w e X ERDEDD (0,---,0,1,0) DED D & JFFTFHE:

w e S, ERDEDD (0, ,0,0,0) DED Y &AL

wE L AZRDEDD (0,---,0,—1,0) DED O & FFFHE:

(R2, D) ; (R2; 2,9y, 2,p,q,7, 5, t, B, D, E, F) is coordinate and D is ex-

pressed by D = {w? = w' = w? = w, = w, = w; = 0} where

wo = dz — pdx — qdy wy = dx — (DE — BF)dr — Bds
w1 =dp — rdx — sdy wy, = dy — Bdr — Dds
wy = dq — sdx — tdy wy = dt — Edr — Fds

Remark 1 RHIBEIE 1 HNT 258 “Monster Goursat Manifold” I3t U T
WK Z BRD T RIFTI 2 D R SN TR,



5 SEDIVY v FIVEERSRICEIITT

i £ T TERMBABZ IV ZBIC BN TIE 1 ARKIBIE 2 28D 2
FED jet ZERNCH T BIERDHMNERET NS T L2k \Tz. THUTHT S
RO IR 1 ARFIBEIEL 2 T2 E D 2 BEDFTFERD “REEAE ™ (1 BED jet
ZEMIANDEIRE > TRERARFOE D) Bl T 2 DM, T “kiE
fiRg” o J? OEBEEMIEMED & & T generic 7m0z 5 2 % (R ARV
HIKT) LW ENEZBNS.

COREIFIVY ¥ > BV R SGa 7z 2 bR &, L 882 BN5. DFD
Vv v ROVRER RGm 2 M 2 AR A (1 BEOD jet ZERE) DIZ&DIAR TH
5 ERRAZROED LIRS L,

Front case

(JYR2,R),CYY . immersion
/ l

RZ — R3 . not immersion

(2T (JYR?,R),CY) I 5-dimensional contact manifold T %.)
ETCHBARTT LI, 2 BED jet 22 (RPEEARZHIA) DIZBHIART 1 F
D jet ZEMNHE T 5 ERIERAZFOE D, LA DNS.

4 N
(2(J2(R%,R)), D) :  immersion
/ l
(J2(R%,R), C?) immersion
/ !
R? —  (JYR%R),CY):  not immersion
\_ /

Remark J2 — J' @ fiber l& J? O (£ 7213 2(J?) D) w2 T
REENEHD T — J0 = R2 D fiber IZ—fRITFEEFES RV, KXo THY
FLERDVIGTIEFD case 72 1 BE LA Z2DNHEHRTH 5.

72 §3 DEMIC K D (JE(R2,R), C2) LSV TIE—fRIC LD k5% &1k
ERIETEZRODIED, ROEFIC K D 0 = 2 DEFIERITT 1 DElEE,
ZARMBIRIL 2 e 5 T EMHKS.

Theorem X!(J¥(R2,R™)) (272U k = m = 1 IEFRL) 1T T AR
NV RV Gr(2, TTF) OMTHD2ATHS.

T

SHP®RALR™) = | =)

zcJk

40
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»Li={w:2 — dim integral elements of C* | dim(w N fiber) <1}

DE DR TOREREHEDTZ B(JF(R2,R™)) IX variety IR 5 DY, FF
FEOFI, E & fiber S E DD DM 1 XD E DIZITHED S & LRk
IKEB NI TETHS. 72720 JHRYRY) @ (2n + 1) Kot EEAIC
LTI T — JOD fiber HEWVOT S(JHR™, RY) FERS R

CoOEMIcXDy,

e N
(2H(JF(R2,R™)), D) : immersion
/ |
(J*(R2,R™), CF) immersion
/ 1
R?2 — (JFYR2,R™),C* 1) : not immersion(corankl)
\_ /

LW corank 1 DR S ZFFO K S @b, ZRHBBEEILE NV Y v

Y FPIVREREGRD n =2 DL FENMEEND. THIC §4 DX S Itk
2R % LML, COFGDEARNICE TS LICES.

Flen >3DEZIEIROEMICK DD EERIIT 1 TEARHBIE
ftzEXbd 5 MRS,

Theorem X! (JY(R™,R™)) (m > 2) &7 T A< 2N )L Gr(n, TJY)
DOHTEITZHAATH 5.

TZT

SHTMRR™) = | =
zeJt

= {w:n —dim integral elements of C | dim(w N fiber) < 1}

e N
(SHJY R, R™)), D) : immersion
/ !
(JHR"™, R™), C1) immersion
/ !
R" —  (JYR™,R™),C%:  not immersion(corankl)
N J
ZE SR

[B] Bryant, R. : Some aspect of the local and global theory of Pfaffian
systems, Thesis, University of North Carolina, Chapel Hill, 1979.
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Corks, plugs and exotic 4-manifolds
(joint work with Selman Akbulut)

273 5h—

1 Introduction

HGHHER O 4 ot HADIRARTLE 80 HE4XD Freedman DFFZEIC K D IFIF 54
ICHBENT. —F, BRSOV TR ABICIEFREVONBIRTH S, ¥
U<iE[14], 13 = EZ=B8.

T AT, HHEER C°4 IOt RAD FOETD (ZFVF v V) Mok
AJHETR S 2R & Z DA D involution IC K> TIRE > TWAB T EAHILN T
%. DX EnlkEeiln 2Rk & B D involution DX cork EFHEN TS
GELWERRBXHITEHZ2%). LML, cook DEAFIZ S < bITHhLhHhixL, &
DX EWITHEEIN ED K 5 7% cork ICHIEL TV, I EDEARMNR T L3
LOMH> TR, T TROBOWDHARICEZDBNS.

i 1.1.

(1) cork DFr LBz 7 R XK.

(2) cork &R T2 BEE DT K.

(3) 4 ZICEAADHIT cork X ED X 5 IaiEICH B0 ?

(4) FIHERE D 2R ZEIE LTz & &, ZDEEIRO involution DFETT5 I cork DHE
WICEDXKSITHEST BN ?

(5) 4 ZITZhRIAD EDORTOMI LG —D cork ICK > TRENS D ?

ARG TIE TN D DREREERD [T 4 D0cBHRIED cork DREE DA 75 EARHE]
ZHNT B, E5IC cork DISHE LT, [AHIEDMHIT TRV /37 b Stein
MmO ZHid 2. X7, plug LWL RRZEAL, FAROELRZT1TS.

2 Cork

EE 2.1. O 2R ZORETa 787 Fx C (Stein') 4 2K, 7:00 —
0C 7 C™ involution £ 9 %. THIT, CRARITEHAEX D C ZEL LT 5.
(1) (C,7) M cork TH A &IE, M C OHFRMEEHRICILETE 3D, C OHCH
DA EBICHEE TE RN EE RN,
(2) (C,7) N X Dcork TH B &ld, ROFMNZHATCTEZZND 1 X 5 CZH
DBRE invlution 7 TC ZAKDET T L TIELNS 4 eBHAAY & X AEMERE
DR TRY (K138 .

1Stein ZERIARICDWTIEE 7 HiZSIM. 45 6 HiE Tl “Stein” ZHEH L THDZZ L.

1
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XS F T
(IR 723
WAy RIFR T2 0N)
X=X"UiaC Y=X"U.C
1:

AR 2.2, Freedman OFEFUC K % &, Alfik 4 JeEBREADEIRO H O [FIHH
BIIEHEO E CFMERICHIET 5. 5T, (C,7) M cork THB EIE, 7HC
OH O TFHBBICHETE RV E X TH 5.

cork & 4 TOTZRAARDT I HEEDBIRIC DN TIERDEHDN K S HHN TN 5.
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EE 2.3 (Matveyev [15], Curtis-Freedman-Hsiang-Stong [10], Akbulut-Matveyev [3]).

X &Y 72 HICEFATZ D5 [RAH TRV HGEEERE O~4 DUt RkikE 9%, 2D
EEXDH% cork (C,r) MFEL, X WE CZWORE + TCZATOEL TH
LENLZREE Y DM TRMEIC TR 5.

P> TAIx < & BB 4 DU RRIA DS H1E, D EORTOMAHEIEN
cotk ICX>TIRETNTWVWB EEZS. LML, cork DEMFIE UL TIEXRDED
WEZENTNWeDHTH >z EHEICIZE S Akbulut I X 2 ROBFIDOFE RN
HD, TO®BTEM 2.3 DRI KILEIN) .

EIE 2.4 (Akbulut [1], Bizaca-Gompf [9]). (W, f) l& E(n)#CP2 (n > 2) D cork
TH»5. (TTT, En) &id Euler 8D 12n OFEMBHIDOZ & THB. (W, f)ICD
WTIRRET7ZZIR.)

3 New examples
AEITIEFT L cork DRIZ G2 5. 7L L& [4] 25K,

EFE 3.1. W, 2K 2 D Kirby IA2 TEE % 4 Tt hkih e 3%, T DORIAUTHFR
kA H (DFEORDZANZZDE BT AV FE—=DHB) IKE>TN5
CEICHETSD. fo: W, =W, 2, KI3DXIICW, DHKXD -« (Fv k) &
0ZHOEZS (THUEW, DNEBTDH B FCHIGLTWVWDS) T & THEIN
% involution &9 5. 3OEMOKKIE W, DRXETAYV FNEY I THB &

IR,
EE 3.2, (W, f) IZEH 2412835 (W, f) £ —HLTW53.
ROHREE W, D Kirby K= SEHICHN 5.

2Kirby KX & 1 4 oo RIVKIC BT 25N> RIVOREAEBS 7% framed link 72 W TR
LIt DTHB. KMROELFFICK D, 2RO, 2 DOZRRAEMUAFETH S ik
RS TEMTES. L [14] ZBIA.
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n+1 Wn n n+1

X 2: W, X 3:

R 3.3. W,(n > 1)1da 787 b THlfii%x Stein 4 JITEREA.
RANZEEE 2.4 D Gompf-Stipsicz [14] IC X BREHZNE T S T & TROBZEGT-.

IR 3.4 (Akbulut-Y [4]). (Wan_1, fon1) & (Wan, fon) (n > 1) 1 E(2n)#CP2 D
cork TH 5.

AERADKENE . E(2n)#CP2 D Kirby KX ZA T2 T & T, RDK 578 Wy, 1 (resp.
Way) D ZARE LTHRDI 2T N TES L E(2n)#CP2 5 Way,_y (resp.
Wa,) ZELDBRE, ZHNZ fou_1 (tesp. fo,) THEDE LIz 2 EkIAIE 2CP? 23845 R]
ACHFD. LA L, Seiberg-Witten R RN 5 F(2n)#CP? 1 2CP2 %5 Al
AN N E DD S, o T 1EID Wayy (resp. Wa,) DD E LICK D
MARBENZIL L TVB T Lick 5. O

AXE 3.5. B 3.4 THOWIRRXOELIE L2 AR, 2 B ORMFRRIEAHAEN S
B XK B4R TR0l kiEls 4 Toe2 Rk & Z OO involution DX AHVREFIHHIE D blow
up D cork TH 5 OB ([4]).

4 Rational blowdown and corks

4 TTTE IR DRRR I WO RIE I Tl 2 O T E TV 5. cork D BARBIA
DIZODIR, HRAGETFMEDBEFRDD > TWiEh>TehbebW0Wi %, £C T,
AT Fintushel-Stern [11] A& A U7z rational blowdown &9 A HZA3F-il &
cork DRIHZFHN%. FEL <& [4], [6] ZZK4.

EE 4.1. p> 2L, C,, B, ZK 4D Kirby KN TEE % 4 Kt kk L 9 5.
CDLE, 9C, L 9B, IZL Y RZEM L(p*,p — 1) EWAFRMHTH 5.

EE 4.2. X ZCRATTERAL L, C,ZBATVSD LTS, TDLE, XH5
C, ZHORE, ZOHFUC B, ZRi0 1) 5 T & TREND C~4 Kot kkik X,
7% X @ rational blowdown & P[5,

ROFHERZ K HENTNS.

HRE 4.3. X 2 C°4 QUthkik L L, C,Z2BATVD LT 5. X, % X Drational
blowdown &9 %. TDEE b (X)) = b3 (X), by (X)) = by (X) = (p—1) DL

3Fintushel-Stern IZ X O Seiberg-Witten FEEREDEIEARMNGZ 5N TED, AL RBEEZEN
Z AR rational blowdown Z VTSN T 5.

3



p—2
N

4 R
-p-2 -2 -2 -2 -2

G020 -0

X 4:

W 4305, X & Xp,#(p—1)CP2Db] &by 3ZNENFLL%S. 2T T
X & Xp#(p—1)CP2HEIHTH 2 T ENIRFENED, FEARR ENRE 2
BB, LI LEFEMICEEZL RN EMHISENTVS. [>T, cook TX &
Xp#(p —1)CP2 7z BT B3] 5O REE L 72 5. B4 1 [16] THERK
UTe 2k ziE L <A, Gompf-Stipsicz [14] IC & % rational blowdown O Kirby
XX TOIEZEH I % C & TROBFRZGT.

EHE 4.4 (Akbulut-Y [4], [6]). D, ZK 5D Kirby KX TE X % 4 KoeEhkik L
5. £z, X &2 CRARILEERIAT D, ZB3LBEDE L, X, % X D rational
blowdown &9 %. D& E D, DHICHISATNI: W, , TROWEEZG/23 %
DWFET 2 X 5 W, ZIROERE f,, TW,, ZHiDET L THRLNEZ
*iﬁic‘: X(m#(}) — 1)@ Ci%’lﬁlﬁl*ﬁ

Cp
1 fp2 -2 -2 -2
5 D,

5 Disjoint corks and involutions of corks

4 TITEHARDHTO cork DRLES, BEFHD involution DFET /T & cork D
DR EIFBERFEOHBETH 5. AKEITIIRIEIOSH & UTLLRICZET 56 7%
iRk 5. LI [6] 23K

RO EBIIERZ DA FREED cork M 4 KITEARIKDH T disjoint ICAE XD
BT ERLTNA.

EE 5.1 (Akbulut-Y [6])). =D n > 1R L, H2 n+ 1 EOEEER C4 X
TEERRIA X; (0<i<n) &, XoDcork (Ci,7) (1 <i<n) TROWEZHATZTE
DIMFET 5.

(1) X; (0 <i < n) FEWICFEMEZENED 2 DEMITFEE TR,

2 X;(1<i<n)id Xohb C; ZHOBRE, C; &7 THODETETHELNS.
(3) C1,...,Cp k& Xy OHIT disjoint.
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ROEE, FIHERZAARDIDIAR 2 [EE L TV T E ZDESD involution 7
HODBEZ 2T ETARTERAED cork DFGHENZE DD 9B L RLTWV5S.

EE 5.2 (Akbulut-Y [6]). fEFED n > 11X L, H2 n+ 1HOFEFEE 04 X
TEERA X, (0<i<n) &, XITHDATNTNS IS8T FTHHE’ Stein 4 X
TR C, Z LT oC DHWICEIR % n#lO involution 7; (1 <7< n) T, XD
WHZHTcTEDMMAHET B.

(1) X; (0 <i < n) EHEWICFEMEENED 2 DEMITFEME TR,

2) X;(1<i<n)id X5 CZHROKRE, Czr CHHDETZLETHELNS.
- T, (C,)(1<i<n)ldXoDcork TH%. HL, C D Xog NDOHDHIAIIL i
ISRV, (DF D, 9C D involution 248 A % 121 CHRIZ MGG 5N 5.)

EHL 5.1 OFEBHORIRG. pr.....pn >28 L, Xy := E(p14pe+--+pn)#nCP2 LE
B%. [16], [17] TOZRRAORRROELEIZTT5 C LIC KD, XoDHIZ Dy, Dy,, ..., Dy,
& cusp 7 7 A 37 disjoint ICHLETE 5. T T, Xoh'b D, ICEENS C),
% rational blowdown L TIELNAZHMAZ X/ (1 <@ < n) &9 5. THIT,
X; = X[#(p; —1)CP2(1 < i <n)&d%. TTTp....,p, ZEHVICHZS
Bick >THEL. %L, Fintushel-Stern IZ X % Seiberg-Witten N2 & DN 7%
32 ET, X, Xq,..., X, lIFAEWVICHZ % Seiberg-Witten A RZFFO &
Nonsd (SWERAFHOHMNIES) . o T Xo, X1,..., X, & EDDEMIFIH
TRV, —7, B 44K, X;(1<i<n)iE XoM5 D, OHD W, | ZH
DERE f),o1 TW,, 1 ZAIDETZETHELNS. Mo TX;(1<i<n)id X, &
FFHTHD, £l LFdDO W, 1 (1 <i<n)id Xo DFTHWIZ disjoint THSB. O

EHE 5.2 OFFHOKBIE. pi.....p, > 22 AW R HAREE L, X;(0<i<n)
e 5.1 DREA E FRIRRICED B, 2T T, C ZERM W, 14W,, bW,
EED, OC D involution 7; : 0C — 9C %2 C' D Kirby KXICEF % W, 1 DAY
D+ (Fy k) E0ZANZEZASTETHFEEINSELDETE (W62 . 95
CEM 51 OFHND, X; (1<i<n)iZ X5 CZEWMORE r, TOZRDET
CETIHBENAT LS. TOEECOHDIAAT I ITIKS RN T EITHFE.

O

6: Wpl—lhwpz—lh T thn—l

6 Knotted corks

A4, [16] THER L 722 hA & 5 4 B T15 72 rational blowdown & cork DBdf%
ZM0B T ET, [A—0cork (DHEDEL) 12X D ZHIAD LD 2 DDFIZBM

5



IREEMEENZ 0% [4] TREK Uz, COBID S T4 RGE2 RO EDORTOM
IREEIE A —D cork TRENZH? 1 EWSHENHRICEZH5NS. TTTA
£l Fintushel-Stern [12] 2& A U7z knot surgery & W9 FiliiZz HWNT, 4 0T
ZRRIAD EORERRAE D BN 5 B ME D Al —D cork 2 5155 N5 Bl 2 KK
9%, sELLIE [6] 22K

I 6.1 (Akbulut-Y [6]). 3 % SRR D HLHEASEEH C4 JOTZRRIK X, (i > 0) &,

Xy D cork (C,7) TROWHZHTTEDMBHEET B,

(1) X; (i > 0) IZEWICFAHIZMN ED 2 DE M EM Tl R0,

(2) X; (i > 1) & Xo b CZWOFRE, Cz7r CHiDET L THLNS.
W>T, C O Xg \OEERHDF: B HDART, HWNZT AV FEY 7 TR

LOEET %.

AEBHORENS. EHE 3.4 DOFEHDOEIC W e/t o Kirby MOZZIE & [AkRIC L
T, E(n)#CP2(k > 2) DHIZKD (a), (b) ZH1zT W, ZRDIF BT ENTES.
(a) Wi l& E(n) D cusp 7 7 A 73—Diff% & disjoint.

TTC, En)#CP2(n>2) o W, ZEDERE, fi TW, ZiEDE Lz Zkkk
XobBL TOEE () DD X ld cusp IEHEEZTATVS T LISHEE.

(b) Xo & 5% x S? ZHFHIBNCR D, D S? x S2 DI cusp iEF5 & disjoint.

K7% S OUCHETS. E5IC E(n)x#CP2 7%, E(n) D cusp L5 T K It
J&9 % knot surgery 2179 C & TIRONEE2MAE TS, ZLT X 2, Xo D
cusp L% T K ICH)S9 % knot surgery 2119 C & TRONDZHIAET S, D
LE(a) &b, Emg#CP2IE Xy DD W, ZHORE L TW, ZIEDET T &
TIREHENBT D%, & T AT Akbulut [2] & Auckly [8] DEHICK D, knot
surgery 2 LT ZARIRIC S? x S? Z iR L7z & DI, knot surgery 29 B H1DZ
BRIKIC 52 x S22 R L T2 D WD AT H 5. 1> T (b) £ Xop 13 Xo &
WS 5. Ko T, E(n)g#CP2X X, b W, ZELOBRE f1 TW, 25D
HY ZETHLNS.

TS DERMOFETH K; (i > 1) ZED 2 D% Alexander ZIHMN LR
B5EIICL>TEE, X; = E(n), #CP? LiEH%. Fintushel-Stern [12] IC X%
Seiberg-Witten NEED RN D, X, (i > 1) 1FED 2DE Seiberg-Witten 455
WEZY, D, ED Seiberg-Witten fMLEBHA TWARNT EDND. —77,
Xo 1& S? x §? Z @SB FF DD T Seiberg-Witten A& IZIHA TV 5. it
T, Xi(i>0)1ZED2DEWAFEMETIE RN b D. £z, EThNzC
END, X;(i>1)& XD W, ZHORE fi TW, ZRDET L TELNS
DT, X;(i>1)& X, LEMHATHS. O

AE 6.2, LOMHTIE (O, 1) = (W, f) DIFEIATo 12Dy, (W, fo) ZBTHEAR IR
cork ICH UTEEH 6.1 ZAfHHT 5 ENTES.

7 Small exotic Stein 4-manifolds

3287 b Stein 4 otk L&, HANEZAIZTEIYIE DT IRT k C>4
RILERRIRD T &7C, MICHEST @R & PEEN TS, £z, Kirby Kz

6
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ICXDROFFEMN T L EZE5NTWS T BESRATEDT 8T b C°4 RITZHRARD
2787 b Steind KITEHIRTH 2 DX, ZNH #mS* x S3(m > 0) ICBIF 3
(Thurston-Bennequin £ —1) @ framing % & D Legendrian #§HHICiR> T2 /N
F)V% gmSt x D3(m > 0) Ic#5 LIe2RIR E WO AT H % L ZICRS. 5L
<l [14) ZBHR.

BER D 3 I kA Z [EE LTzR D 22787 T Stein 4 Rt A DI HEIE D
—BMHEEOVLOMDEED FTHIENT WS, BIZE, S3ZERIci>a iRy
I Stein4 XTCE AL D OATH . —75, BERO 3 TR CTENA
WA TR IEBRME D 2 2787 T Stein 4 KT BADRERE N TV 5. £ T,
HWICFEEZZDH ORI TRV 2237 b Stein 4 KeB A DFIERTENE 2 5
N%. THUCBI U T Fintushel-Stern @ knot surgery 2 W C RO D RO S
NTH%.

EE 7.1 (Akhmedov-Etnyre-Mark-Smith [7]). #EFR{ED H#HE T2 787 - Stein 4
TICEHIRT, BHWICHEMHENED 2 DE MR THRENWE DBVFET 5.

5 DFITIEE 2 XNy FEL b ICBIT 2 BLDEOD, 4 D0 AD T T
I WTREEDORERKIE by AV NE WV E EMEEL . FA I cork I 2N RILZ2#HGE S
HEVIWD LIFRZZTFETROHZEZ T,

EE 7.2 (Akbulut-Y [5]). EED n > 1ICH L, by =nEHizd 2 DO D
2737 b Stein 4 ZTCEZARIRT, HOICFEMZZ DDA TENE DDHHET 5.
COEHIIROMEN HHED.

el 7.3 ([5]). S HUERE 737 b CA Ttk Sy (m,n, p, q) & Sa(m, n, p, q)

ZRITOXINTED, XKD (1), (2), (3) DOTNNHEKILL TS LT 5.
(I)n>4,p>1,¢=0,m<p*—3p;
(2)1<n<3,p>3,¢=0,m<p*—3p;
(3)n>1,p,g>1,0<m<p?—3p.

CDEE S (m,n,p,q) & So(m,n,p,q) &, by =q+12ZHTTHNCFEFIEEZEDN
MR T 2 DOBGEEE T > /%7 b Stein 4 Rt A TH 5.

AERHOBENG. Sy (m,n,p,q) & Sa(m,n,p,q) Dby = q + 1 ZF Tz g HEiE a2 37
Ik Steind JOTEHIATH S Z &1FZN5D Kirby MM SDNS. Sy(m,n,p,q)
& Si(m,n,p,q) S W, ZIRDERE f, TW, ZAiDET L THELNSDT,
So(m,n,p,q) & Si(m,n,p,q) ERIETH 5.

Si(m,n,p,q) & Sa(m,n,p,q) BHITFEMHTERNC EIZROXSICUTREEAT 5.
B O Kirby I ZZAE T2 & T, T REW L UL T Sy (m,n, p, q)
% E(k)#ICP2 D “H i Zikthe LTHRETES. T THHEDIEDg=0D
BB Z S, E(k)#ICP2 D “BUV #7r 2 HAICH LT adjunction RNEx7%z H
W&, Si(m,n,p,0) DHOARIE T Hy(S)(m,n,p,0); Z) =2 Z DERTZRET
ZEO0MEIE T2 L1 D ETHBT EDNDNSB. —/, Solm,n,p,0) DHD
MR W@ PARIE T, Hy(Sy(m,n,p,0);Z) =2 Z DERUtZET S EDDF
1EDY So(m,m, p, 0) D Kirby KD S DM B. /> T, Si(m,n,p,0) & Sy(m,n,p,0)
A EIRTRNT EDN 5. g # 00D & EEFERRICEHImE O DORHE 21T 5
CETRE5. O



8 Plug

4 M Kirby K22 U T cork D217 > TV % &, A 7RIRIT cork D
HEOE LD, cork EIZEEZDZNVDULEITHS 0% (plug 4T 72) OEFDEL
IHIELTNWA Z IOV e, 22T, AHITE pluglc DWW TAH LIRS, &
L <& [4], [5], [6] =224,

EFE 8.1. PZESFTE&Da N7 |k C (Stein) 4 Kot HK, 7:0P — OP %
C™ involution £ 9 %. EHIC, CCAIITTEMHKX WP ZEL LT 5.
(1) (P,7) N X D plug TH A &I, LLFD (a), (b) ZRA/cT & X2V S.

(a) X 5 PZRORE T TP ZIDIET L TRONS ARTEM,AY & X
MFEIFHTE D R TR,

(b) 7 & P DHCFRMHEBITHR T E R0,
(2) (P, 1) hiplug TH 5B &I, (P,7) MAISHD 4 RITZERIAD plug TH 5 & &7
VI,

plug DFilE LTT ICBEWDLDIF T? x D? TH B (0-log transform). LA L
HHEED & DD FTHEBRER. RICZET 501 rational blowdown %2217 9 FFIC & <
HN5t8DTH5.
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EE 8.2. Wy (m >1,n>2) 2K 8 TEE 2 HER T2 787 T Stein 4 XUt Zkk
KEL, fon: OWpn — W 2 W DKRD « (R b)) E0ZANEZ ST
& T E T N5 involution &9 5.

EEE 8.3 (Akbllhlt-Y [4]) (Wm,Qn7 fm,?n) 8 (Wm,2n+1a fm,2n+1) Li E(2n)#mCP2 D
plug TH % (m,n > 1).

AERH O . C OFREIHIEERE 3.4 LRBETH 5. HL, fo, D W, DHCFHEE
BUTIETIR N LIERD K SIS L TRT. XTWYNC 2N\ F)bz W, , IS T
%. TLUTEONTZHAND W, ,, ZEIDBRE fr T W, ZREDET. ZXIE
Az 2 LT, MM kL2 & Z2ANnE K. O
Winm (m > 1,0 > 21 LTEH 3 ~ THICHZEHIHINT 28 DZ1F5 C
EMNTES. FRC, B3 ~6HOER (DI 1B 5 W, DO ELIZW,,.,
OHEOEL EEHEIGL TS, KEH 7THICDOWTIE, cork WR7Z LIREIL
[FERIC, plug &ZD EIC2\Y RV EEYNCRGE T 2 T & T, R FH
TR ST b (Stein)d TITEHAADMEL 2175 T LMW TE 3.
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ZikE &3 S ERRTZERDAMABITOWNT

SR RER (B AR ZBRBE ) E R TSR

ARG T, MBI ZE M 2 B 7OV 2E M &9 B SRR T2 AR 2 R 9% &
SBZEL T, FEEN NI Tl TEHRICOVTHIET 5.

=3, ma ERIEITNTNTRARNVT THB LTS, iz, EXITWDDRVIRD , B
BED U nlRe7x 22 & i e 2 X9l S

1. JERITTZREAD €TV 22

X9, B-ZRA LTINS BER 2 EHRT 5.

. FZNHZER ET 5. b, FORES LRI EZR DX 9 7%/85 a8
7 h2ZEf Ve E-SRRMEA L EF L, E BERADTETIVZER] LA

DED, n-KITEHEAER E R-ZHKIIEIETHS. TETIVEM ENEARZER/TH A
I d EB-ZRHRAREVHOREEHNERTEBD, TT T E & UTERE TZEM, &I
FRIEAIZE & 2% & DR FICEZ 52 ZTOPTEEEXORIETIVERELTT L
VPRI A5 TH 5.

1.1. BILNIV b S,

T LYo ZEEORE LTI, BIbN)U R ZERISRN T uNERIR ENRITENBTEA S .
ROEHICK B &, 7Ly 2 2K EE 22 FTOETIVZERIZ L)V R ZEB DI %
Zzhuxnwc Ehnhs.

I 1.1 (Kadec-Anderson). HEEIDE UWRIOTT LY 2 229 XTIAM (=)
THs.5

UER OB R FTE SRR B4 EC X 50 2 H DAEZER 2 /NZ a2 N7 MR &5, BREEZE
Mid/ 8o a2 %7 NERITH 5.
2 L)L PATHR Q = [0, 1N 12 KD Q-ZRAL IR ICHIN T . AEIAUERIC KD Q 13RI
*B EREICIE D 1537500,
ffﬂﬁ%ﬁ“)U’Tﬁ'éfét)gﬁﬁﬂlﬁﬁ/h*ﬁ “fiz 7 LY T 22 (Fréchet space) LW
ANIFHZER X ORISR B OR/NEEE X OFBEL S5,
SIER 737585 %a&bfcaﬁﬁﬁci [27]1CH%.
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DUR, 7 %ﬁﬁﬂfﬁfg, MR 7 ORI e I)VN)LV R ZER 72 lo(1) = { (T)ier €
BT | Y n < 00} &L, & ISAIAEEAIEDNT fo(No) 7 Ly LG 5. (o(r)-
ZRRRIS DWW TRA LD 32D (Henderson-Schori[14]).

B 1.2, [EEOHRER Oo(7)-ZHRIEFAR 22 M & U T lo(1) BHICHDIAD .

B 1.3, HER 0(1)-ZRIA L 5 LA TH % 72 D353 R E R E—[H
Hekb L TH5.

EE 1.4. [LEOHEEER 6(1)- 20K M ITIE, M ~ | K| x (1) 725 X 5 R RFTER
DoTZ Wk | K| BMFEAES %, T T, | K| OMHIZEEEHIC K 28D LT 5.

BIRITTERIADE TIVER OG22 250, FBOEERHCIRE % & 5 75 B
WIEEZ TS BRATH B T ENEI LW {fiJmi, JIVLER EWE ~ EN %721
E~ E} &2l 75518, B 1.2 KT 1.3 EFAEROEED E-ZRKIC BN TE KLY
BT EMHBNTNS. TTT, BN I3« € EICBIT 2 o-RiZe kT

I, HwZER & U T D by(7)-ZRAR DR D 2K 5 . H 2 AAHZER D 7 5 A
CITR LT, MikHZER X A C DEBZEMTH S &id, C DEEDILH X ICHDIAD B
Ll d%. LIANTOERIETEEIRT, EHEICIE, X OIMONEKRTOERDOE
L7557 HamDUEBNZRET 5 TeOER OGNS <Y, ROEH 7z R, sefneafk
24D “d5 B K" TOEEZEM & UT bo(7)-ZERADNRE DI 5 NE T ENVh 372
%9.

EIE 1.5 (Toruticzyk [27]). FelifEEE ANR 22/ M D lo(7)-ZRkIA & 72 % T2 D D EA-
M, B EE 7 LR OEEO e mEEEE 2= X IS LT, X 5 M N\OIEE D Hif
GG G T TE S L TH B 8

ANRICDWTIEXRIEATRHIHT 5.

1.2. ANR & ANE.

EH15M5E7 \75‘% K9, RGNS RAAGR CTld, ZEBMWANR THB T & 7%
Hife L U Cimmz D 5 T EHZ .

E. HHAEZ4H X 7 ANR (absolute neighborhood retract) Th 5 &1, X %ZFf
EARLLTHCHEEOMMZEM Y ICHLT, YIcBI% X DU BXKUTL FF 7
avr:U— X (§7&bb5r|x =idy) WMFET ST ETHS. &<ICU L LTHIC
Y D% & &, X 1Z AR (absolute retract) THdELF 9.

0DFED EY = { (#n)nen € BV | ARMAD n € NZERNT 2, =+ } TH 5.

A, jt)ﬁ SHESE CITET 2XNED, HOHIAFC KD BRIGALEEICEDIGS D, K ORIAH

A?‘);A%tb%éb\ EWV D TR RERRICS U T, TR DEBRNN Db 5.
FS [27) IC BT B ERTIE Z-HEEBRTHEUTE S L WO KM TH o720, EHE 1.5 ORI F T

Bﬁﬁfﬁg{%bl K BEMSEM LAMHICZ 2 T EMHIBNT VS,
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PREEZZEIC BT, ANR(AR) IR TEFKESNS ANE(AE) L[[ff (9755, ANR
& HEEDAIEER ANE) THAHENHION TV S, () ITERIDEBICONSD,
(=) Z2/R9ICid, ﬁﬁODEE%ﬁHEFEﬁkCiQE%F%%AE L CTHlDAD S/ )V LZEH (Th
W AE CTHB) WMAET BT L2V 5

E. NHZER] X A ANE (absolute neighborhood extensor) T % &, {FED
FREEZER] Y BROZDHES A, BHEEHR f: A - XICHLT, YICBIT 25 A Dk
UBXC fOBESEIEf U — X (§74b5 fly = /) PMFEETE L THS. LX<
WU ELTHICY BN % L ¥, X I& AE (absolute extensor) THh5LF 9.

ANE OFAERZEMIE ANE, AE OFZEfid AE TH 5. RFT N EEAAHZER1E AE ©
HY, FONMEDZERIE ANE THB T EWHISNT NS, £z, BATINIC ANE 72/85
a7 FZERIE ANE TH 5. LTeh > T, BEFIVZER E D ANE 5561, E-ZHAL
ANE b7 %. KEHTEZ S TTIVEMIZTRXTANE TH 5.

ANE E DOEMEMEZHWS &, ANR SRR TH 5 T LWV 5. —RIcIidw
DN T2 720D, BIERIOE 75 50 E K D AV D.

1.3. SeliRiEEsAASKEWVETIVEER.

FEREEREI A SR WE KIS E o(7)-ZRRIAE DT KD BRI DO N H 5. £,
RICHEFZ X%, W OhDMHNY S AT 3 EEEMEEZ LS. TTT,
0 ={ (Tn)nen € by | BRMED n e NEZFROTC 2, =0}, Q = [0,1]N &£ T 5.

0 — e AHRRTTa Y8 EREEZE R 0 e 2R
xQ — o-a87 NHEEZER O E 2.
Oy x 0 — W57 o-SElmER SR O X E e .

T IV I ZEMZETIVAER &3 2 2HAE , ROEMIC K > T “H A OEHm2E &
LTHRIEDI 2 2 N TE 5. FHEOFHNE, W DO DEBRDEMETZDERT S
W, £, BT IVZERM & UTHININEES (absorbing set) & PEX 5 KR 7 i 25 [ 72 &
#£L, GREE &V BEZVS C L TEREORH O 25X T0E DI THS.

EH 1.6 (Theorem 2.5 of [17]). PHERAICE T 2 G RAICE(RMETEA CTAHIN 7 2 A
CIMEED n € NIZDWT 7 {HlD n Kyei i FROEMZERZZEE 5. CDOEX, C
BT % ly(1) DIINIESZ E L3 7L, ANR 22 X DY E-2Rk L7 % Tz b DB
TS MHE X D CICBI L TSR Z, 22 TH O, DX eC, Lx% L THS.

Y BIUT (BRIt ZEM O EMTERDE S 2EM), HE W0, KO —MRICEEEE I nTRER C-Z2/#T
& & [12].
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T, TTT, WA (PAES) onBEILEE ) (nEM) TEI 2HEE6% Gs-5%&S (F,-
£8) é:H:U b\b\&éﬁﬁﬁﬁﬁ‘ﬂﬁgﬁuﬁ&bﬁhf% %0) SR DOHT G55 (F,-5E5) &
5% K 9 IR 2 48X Gs-Z2fE (X F-Z2f) ST LI UKD, Selmhftas
IO G240 L [AETH % HiF K < ?DETLTD‘%%%T‘&B% a8 R
(FHORPH- 2T H O, BHIC, 0-T 2787 HEREEZERIE AT oy Zionf F,-240 & [FIfEIC R % .
TR TlEdD 20, Hxf-ZEMEEEEOATH 5.

FICZT T ZE D L 2N S OFEE GO —{bZz#E X % T & T, Bestvina-
Mogilski[6] (&, FJ0 7540l R L IVZERO DR LOVBEIEICNd 2 R 2 BDMF(ES 5 C
&7 Uiz, HIC, Sakai-Yaguchi[25] P [17] DWFZEIC K D, IER] 3 7xifinf R L L 2E
IS U TR AFORIENAIHET N, TN5DOHEEMZET IV E T 22K E ER
129 1.3, 1.4 1£H2 K5 BMHEZ M T T N> T0a.

KTz, AIDEZERNC DN T, TR ST OMIES, TN S D—R(LTH 25
B DRERINT % ik ZE B DOFAED Cauty[7] ICK DIFHENTNS

1.4. LF-ZEfE & Fafitg.

R, FEEED I ANATREZGE T IVZER ORI L U T, LF-240 & FHE N 5 SE AT 22 72
2T 5. LF-ZE &3, RTERS NS, Jafmh B2 RIC 1 5 7 LY 2 22 D
FIRGRR (inductive limit) DT & TH%.

EE. JLVZHOMAKIN R C R C RS- WHLT, SF, "5 F =, Fa
ANDHHEBG N Ei L IR D K9 7R F @)%Pﬁ&f%ﬁ/{ﬂﬁ SR DONAHD I THRIED E D
B A Uiz R R IE AT A ZE ) F 7% LF-Z8/ & WU, ind-lim F,, & &<

HEELEVLOE, MAHZERIC BT 2 ik WH"]@BEH_I)HFTLH & ind-lim F,, DNiFHIE—HRIC
B—EET, lim F, DIZS RN ENS T L THD. “DONHD BT % T2 DAL
Jr’\%ﬁﬁci% F, WRfra> o s (§abbERIoT) &5 & THO, EFE, [t
2T B TRV F, W=D Tt H 5 LHOHEN lim F, TIHERICES S, Lieh>
Tlim F, (SNFHEHC T 5 5730,

LF Zefild, REEEGIC “FEOIMH &I NS R RN 2 AN T 2SI D& 25 & R
5T ENTES.

O3 2 FEEEZE NI DIAA T E,, ZOZER O TR UIVEES L 755 X 5 5 iEEEZE 2 xR LI
ZEf@ (absolute Borel space) & P35,

M2 NN s & 7 % FilE e % analytic set (BRIFESR) &S\, Al sefmihnEzefmic
BIF % analytic subset DF#HED % coanalytic set &5 9. HIT, coanalytic set D5 & 75 2

Zefi]7z - 20D KIS LT, RIS ETEHEA (projective set) DFEEAER SN T L. analytic HD
coanalytic ZRZEM kL, B & 5 EMirt R LIVZEE 2k —T 5.

12U Clim F, DAEATHEH L%, K UNE, B F, DHEATH 2 L LERT BT L.
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EH. WS [, X BT, B { [Lon Un | Un & X, OIS } THERER
B A REHIAR & PO, C ORI 2 01X, L 3< . HIC, Hiix, € X, Icht LT
BENBIHZEMEX, = { (20)nen € OX, | HERIEAD n € NEBRNT 2 = 5, } #58
FEHIARZERT £ IR,

L5 OEIRIED 72 HIC_EDEFRIF AT FREICIE > TV 2D, ARIMMEEDOFHERIC
DWVWTEREINDEDTHS. sFaMiHZEREIIESE LT o-RiEFE L. AIRREDYS
&, FaniFHZEM 3 K O gs RN AHZE RIS ORNAZE & —89 % . AR T X, &
bfﬂikf?ﬁ; M7ZEZB0DT, i, 3FRHETS.

FENIAHZE R ONAIIHEHE T, O, T S IEHZEMICIZ 7R 597, #iks T8 Rnds ¢
75 < FRCKYIEAAHZE R Tl 2w, UL LD S, ZOHE 250 T b % g9FhifH 2z F'E,Ni
HEPEWS2 EWed 5. HE, 7 LY 2 22ROARMIC X 28R,

F1CF1XF2CF1XF2XF3C"',
\ICBE9 % LF-ZEfd s ZzE e — 809 %:

8ff 1.7. ind-lm [[ | F; = OF,. &<IC, limR" = ind-limR™ = [IR.
Mankiewicz IC K 4UE, FASEEDE L LE-ZEON AT 2 DL I I NS

EE 1.8 (Mankiewicz[16]). A[737& LF-ZE[IE, [y BX T ER DV b & [AFHIC /R
%. I, BN IR RIRE 7 O LF-2¢ ﬁd[ﬂﬂ)%&UD@@J DTN L[
MiCxd. CCC, {ndn<n<mn< - BREsup,enmn =7 22T IREE T
%‘13

R 1.9. FEOERIEE 7 IS DWT, [y (1) = ly(T) x CR.

L7e/ > C, LF-24[72 € 7I)VZER &9 5 ZhkK (LU, Thz2ffi L C LE-Si&kik &
BER) & 2 B, MHICIE 2 O E T IVZEMORZE Z UL XK. OR-ZHEHA
IZ DWW T, Heisey[13] *° Sakai[23] OWZE K > TEM 1.2%° 1.3, 1.4 L [FAZFDOMEE DAL
DNLDT EDNDHTVD. FRLND LE-ZHKICDONTIEZ T ETE D> T
WA, LF-ZEDORAER /T 22RO L TRIME SN TV S

EHE 1.10 (M-Sakai[18]). [l (1) DHIERDZEM E 5 UWFEIMTH % 72 DR EA+775
FHIREFE—[AEEZDZ I ETHS.

EE 1.11 (M-Sakai[19]). LF-Z¢[H] F DIEEOBEAZEM U IS, U ~ |K| x F &75%
&5&%%ﬁ@mﬁgﬁwuq#ffﬁé. T, |K| OO EEEEAIC K2 8 0
L35,

I3 DY 7, DELD JFIC K BT Dl (r,,) DNAHIFIRE .
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2. WO DERRTTZRRAKDH

B2 N2 RRAROMNE 28T 2 C LIZEETH S D, MAHZERDN DR 5 5:44 7%
GBI RRIAE IR D182 VS S F7ZERE. Aiffi T, 20K DI
RITTLRAADT T IVERZHN LT LE o7z, TN T, HEIS, ED XS HEEAT
TR, TNEZETIVERE TEEHKRICEDFEZDTHA S5 M.

Ji&, 1854 1T Riemann[21] DK DRER 24208 U 7B, SR T2 A DIFAEIC
DVTRDESICER LTS .M

“NIEDBLENA RO BmHE Tld 7% <, HRBEZ %9 8&HE, H5 0
R ZEAZ E T BREZERT B XS5 B2HAL DD, TDXH X
ZhkAZ 725 O, BIZIE, 552 5NTHEBICHT 5 [Z OFEEZE
R LT 5] BEBORREGRIE °, ZRIKIEORELRIE K ETH S

DED, HRITTEZHIADGEMICIE, BIDZERIP KL O ZEMMWNEZICHT 5 NS DU
TH%. TNDHNOHIZEZ 27551F, F#HE, TEZEM & U TER S NS ZEMOZHR
AEDSIEND KDY, SNUS DOV TRBEICHTETTIANTWS . AHEITIE, KPOZEHEE L
THZE Mz, B@aﬂw)“zf”ﬂ & UCHhBBER 2, — R ED K 5 RO N TERRIKICE
% DMELT

2.1. F|ZEfE.

AT, AHEZEE X E 2 L BN SR 58EGE L, X OEG2KZ Cld(X) TE
9. Kz, TOEAEGE LT X DOV 87 MEG2EZ Comp(X), X DARELSE
(A% Fin(X) EEHT 5. SEIIHENTERWVD, TNLINC G RES 2R ME%E
Bk, N7 @R 2R R EEA LG H 5.

T4 TR ZMAEIZ TS E LT, Cld(X) IZEW O DM ER I N TV S, T
TTREINTRARIVTHEIC K ANHZEALKS.

E&E. PHEEM (X, ) IS LT, RTEFEINS ClA(X) ICBT 258 dy ZINTVA R
JU 7 BERf & 5.

dg(A,B) =inf{e >0 | BC N(A,e)hhDAC N(B,e)}
CCTC,N(A ) B3EEG AD -tk d.

INT A R)VT RIS KB AL, X OB d 1IIkFE ST 5 RICFERELEWY. DX,
(X,d) ~ (X,d) DD EWVST (ClA(X), dy) ~ (ClA(X), dyy) LSRN ENS Tk
TH3. 58, HH2EM Comp(X) IS DWW TIIEHEHC K 5 FINHANIRES.

VRO FHEEFEIC K 52 DT, HRIE 22 1Kk 5.
ISEAXI T = [0, 1] Ok & x5 22 M 2T /EBfk L 5 5. U RPpmES s > 37 Sk
ZER LA TH S,
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ZEMIDZRRAAMEICBI T 2 A0 5K E LT, fIZIEROEHMRTFTENK S .
2RI ZRRIRICEZ D EWVS KD 8, ETIVEMZDEDICES T EDHZL.

EHE 2.1 (Curtis-Schori[11]). Comp(X) ' Q EIFAHTD % 72D DREA 7R X A
N7 E@ik L5 ETHS.

EHE 2.2 (Curtis[8]). Comp(X) M by EIFEMTH 2 7cDDREAIIEMFIE X DY RS
IR T H O, D X DB NN MR ER RN L TH .

(X,d) a8 b TRWIEER ClA(X) DMHND IR XS > TELT, &<
I SENRPEEEZE R TR0 E I Comp(X) T SO L. FIZIE, X Do-Ta287
FRGETE Comp(X) EHMER R LIVZER TR 7AW

#RE 2.3 (Banakh-Cauty[2]). Comp(#)) & coanalytic 75 ADEEZERH 11, & [HHTH
2 16

AR REIC X RIS DV TEIAD SN TV S

I 2.4 (Curtis-Nhu[10]). Fin(X)h' ¢, LA TH % 1 DRE+35H1E X YR
RS o- T 2N b BARIOT TS LB T L TH B.

X ORIV < 5% & Fin(X) OFRFEDT 2RI DIFEEL <, @24 DX S
ISR RIS N TR, 2 T ERPEDNMZERICEE 9 2 R O HHTE
FEIRZES B, Fin(Q) ~ Fin(f x Q) ~ 5 x Q (Curtis[9]), F1n(€2( )) & lo(T) x 0}
(Yaguchi[30]) = EMEFLNTWD. HIC, X ZHHMMEN T T ZADE@E2EM & Bz L
—fbd B L TREES.

EHE 2.5 (M-Sakai-Yaguchi[20]). E 7% 1.3 T 7 5elmibaE D) nlRE T au i ze(i]
LU, MZEEf: B- 2kl T%. COLEFn(M)IZE EFRHTH 3.

2.2. E Rz

NFHZER] X D Y ANOMEHESEAE C(X,Y) TET. OX,Y) DA E LTI,

387 SN —BRIGR AT, limitation NiAfH, 7'F itz E VWD 52561
THEY, SNMHOEIFHIRD KX S ITTm>TWB (Fz72 U, —RRICRAARIE Y AV B2 R
DEJNEREINSNMETHS):

287 FRANIR € —RRIKCRAIAH C limitation A € 75 7 ik,

6Banakh-Cauty[2] (ZRETDEMHEE G52 TS, 374505, Comp(X) ~ [l & X [ 1 FHNMDE
FIT + e A HAS 728 coanalytic set. T C°C, BHEEZER] X AEKHA-ERE (continuum-connected)
THs LR, {z,y} Z2E8 X OO 7 MRS (EK) OFEMERD 2 K,y € X 1DV
TEABTETHA. HIC, HEhh-ERT R AIC X 5 B2 FFDZE 72 IRFR « EHuA-E#E (locally
continuum-connected) TH % LEFKT 5.

VH BRI T ) 2 O AR CE U 5 22 258 e ERITTER & 5 S
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CNHONMHIE, X D237 FTHEWESICAREMNICE® 2D, Ihbb, Bk
X WA N7 a5 EUDDONHIE TR T—KT 5.

2.2.1. OAI\% FBIIAE.

E&E. X OOAVINT MIDHES K BXUY OFESG U Z#Hh L TERINZESTE
L KU ={fecOX,)Y)| f(K)CcU}ICXo>THEKEINS C(X,Y) Loz
INT FRGIEEES.

EE X WRTa2 /87 b Th2 LHES K U ICKEREEENCTRD, a8
7 FBINIHIENAHIC I DRV, X R Y Zie —RIL L5 BICE 5 C(X,Y) D
ZREAREIC DWW TIERDEH D H 5 .

EHE 2.6 (Sakai [24]). BIRESTHEONO N MEEEZEHE X B R OIN 2R 727820
Al SENREREE ANR 220 Y ICDWT, C(X, V) IZT 2787 MBNHIC IV T (-2 RElA
ThHs.

XWaA T FTHEWEHIZ C(X,Y) D ANREDRIEICRS. FlAE, X B CW#E
ERDGEIT DV T Smrekar-Yamashita[26] 22 L XK.

2.2.2. —HRUINRAIAE.

EE. (V,d) ZHHZER L 3%, EREEES ds(f,9) = sup{ d(f(2),9(z)) |z € X } T
ERESND O(X,Y) EONAHZ—HRINRAIRE 55 .

INT ARV T EREEE [FIRRIC, CONiFEE Y OB T 2 2 ISR LIV, O(X,Y)
D ANR IR T B T28DIC, ROEFTIX, Y DM ANRU &N 2B % 52
TWVWBD, T TRIESOEADIZRHTEIT Y.

EE 2.7 (Yamashita [31]). 32787 b TRWA[ 3 FEEEZER X 36 K T R] 705 fir Bk
ANRU ZER Y ISR LT, Y OFHEEK DERIC K 2 FIRNERTH S 551X C(X,Y)
& —RRICRATFIIC 3T 4o (280)-Z kA L 755 .

2.2.3. limitaion {i74g.

EE. Y OBBFEUICHLT, {f(x),9(x)} CUKRB U € U DIFEMERED 2z € X I
DNWTFEADEE, fge C(X,Y)FUFEFREWL (U-close) LTEEL, f & UTZITED
g€ C(X,)Y)DEWEZU(f) TERT. LAHE{US) |ULY DB#E} 2% f € C(X,Y)
DL 35 K57 C(X,Y) DfifH7% limitation iiff e 5 5.

SRR DG FF ST H 5.
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EHIBIEIC K B EIE § 2L, —ERICRAIAEAD limitation fIAHIC K 2372 kT %
DOM—RIITHA 5. B, EHE 1.5 DI limitation fiHHIC K 2 EDTHB. DF
D, BB 1.5 DRE S PR BG4 AN limitation MAHICIBWT C(X, M) DH
TH% LB L LfETH 5.

Y DEEBEZERIDD f € O(X,Y) WERBITH 551, f OEHE—RRIGRAFHIC X
B —HU, DAIC fIFA[FEEREEZTFD. L TAD, [ BAHERTH 55, [
GATRLE R Z R T eV g FEL K BER 2.11 DR TIENS). Leh-> T,
X =Y =RODFAHTT 5 C(R,R) EZHEARICTR D 1000,

2.2.4. > Z{itA.

KCEHREND T T T, 0 BEE I nlRe 72 BIEUC B % R 1 b =—{itfl
LERAEES.

E&R X feCX,)V)ICHLT, fOTZ7%2T;={(z,f(z)) e XxY |ze X} &
5. B, X xY DERESGUICH LT, FI97MWUICEENS K S /mEtfhiasie
hzTy TERI. 3 7MBEid, £51H {Ty | Ul X x Y OBEA } TEKRINS
C(X,Y) LoD L TH%.

C ONHIEFINAH EFMED R <, BIA X ZEMOHEREEIC DWW T Z DR A R THN
%. £, ROKS B ORDEDEEU Z2EZB L,

U:{(In)neNEDRl limxn:O},

UL (0,0,0,--+) € ORD clopen 7535 THO, U IF (1,1,1,---) e ORZEXK
V. 2, OR IEAEMETH S, T,
U = {feC(]R,R) | tim f(n) :o},
958, U BFEM(TRDOBEBEE g = 0) D clopen L5 TH D, g ISV OEEEE
Baeaxiwv., LEeh->T, CR,R) & XIeRNEE L7525, @ik Ztihd % 7Ic
EFRERHT XK.
HrixeYVICHETS fe C(X,Y) DB (support) ZRTEKT 5:
supp f = clf 2 € X | f(z) # = }.
BN MR EN 555 C(X,Y) DFRDZERE C.(X,Y) £EL T EIKTS
&, ROGTEDEL D LD,

AH

AR 2.8. OR O OEEE K/ AR IC—H L, CR,R) DF T THAHIC BT % FH
DHEAERR & C.(R,R) IC—5T 5.

Y MBS Z2Hi DRI DV T, Co (X, G) W LF-ZhA L 5% C L 2FEBIR Le:
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EI 2.9 (Banakh-M-Sakai-Yagasaki [5]). T >/87 M CTRWRATI > 787 kA7 ER#EE
75 X BROAI5ehmist ANR VAHRE GITR LT, 79 7hitHIiC X % B8 ZER o
7 (C(X,G),Cu(X, Q) &, ©Ib)b b ZEROFENFHZER & 99580 AHZE R DX T & JRif
ICIAHTCH B, & <IC C(X,G) I LF-ZHIATH 5.

2.3. ERRERZERDERT ZEM.

ETAT, C(X,Y)IIFEDZERDNL Db 5. FIZIEX =Y = RDGEICIE->
T, AFBIEZER PL BARZER], 07 nTREBIR 2/, 224/ 7% ERk & 2887722
MEZBNEKS. HEITIE, ERE291CH 5 K 51T, &2 C(X,Y) NOHDAE NS =
ET B E DD, TOTNT2MHET 2 LIFH LWV, SENE, RElRiho2Ei &
LU CRIMHEEDOME D 25 5.

2.3.1. [EHEEFAE.

AIHZER X IR LT, X DORMEGGR RN SR 58 H(X) 2 X OREEE &5
C(X,X) D 2EM & UT H(X) ITERARMMENA S, — &I, BMHEICBEWT,
H(X) WMUMHEHIC R 2 172D DRE T2 DT 2 DA S TldEwy. LM LAED
5, %9 ZEHEEHE T XTI TH 5.

T, AHBEOZRRAEICDONT TH 2D, FidZ DOEHIZNREEZ D, & <12 ANR
PW2RdTONHL <, X WA LINT b ZRIRDEETT 55770 > TRV, R Home-
omorphism group problem & FEHIN 2 KERRBETH 5.

fIRE. n Xotir )71k I (n > 3) OEEEE H(I") (& ANR ZE[ETH % 7
723, 2 JOTLL FOZ KIS DOV TIEAMHBEDO ZRRAEDNVREN TV %
EHE 2.10 (Luke-Mason[15]). I>787 b 2 KL HRIRDEFEEEE (-2 A TH 5.

iz, aA2NT FRAHDBEICDOWTIE, T3 7 b TRWERE 2 Roe2ARAD (A
FHEEDY (-2 hRK & 75 2 Te D DB 775 Yagasaki[28] IC K DRENTED, £D
HG T DA E 76 7 LT3 (Yagasaki[29]).

2.3.2. 2 7(BIcET B FEEEE.

75 TN 2 [FMHEE OIS LG EIC R > T B RE > 78 DTH 5. B
W8T NRFRMEBBRIC KD REZ H(X) £ #HT . 2720, FAEER L ORI
RCERSNZEET, BB E DFEWICER LWV,

supp f = cl{z € X | f(z) #x }.
%9, Banakh IC X D XRAVRE Nz,
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I 2.11 (Banakh[l]). 7'Z 7AiM DNT H.(R) ~ [y

23, 72 7iMH & limitation MAHIZFEFHRACIR S & =809 5 2 LWV 5. [0 135
1 AR B2 i 7o S IR WZER TR 2 B, LIeh > T, limitation fiICH51) 5 C(R, R)
FORMHEGRE R HERZR TRV DTH 5.

I 2.2.4 THhXRIED 7' T AMIEFEAAHZE R EFED R 7. 2SR LT, av
X7 b BANTIEE R ORNIAHZE M EFED RV, ZOREZRET 2 DODRITKHENTT S
EHTH2. T2 1 0tZHA (ThbE 75 7) & U, T OMHIZERT A B R
£9 5. ME2ROYEMEMHRIC K B0 R 72 H () £ &HE, Hy(I') = H () N H(T)
LEHRTD.

EHE 2.12 (Banakh-M-Sakai[3]). J>787 kTial0iElfh 1 ZOcZ ik LIS DWTRD
D AYAC AR

o I8 RIS DWT (Hy (D), Ho(T)) = (6", 65),

o 7T DWT (H(T), Ho(T)) = (Ol [0y).

BT, B 2.11 D 2 KITA\DYEFRICE T S5 R EK 5.

I 2.13 (Banakh-M-Sakai-Yagasaki[4]). T>/787 kTR 2 ot kA X D5
Z MM X B AMBREDRT (H(X), H (X)) EFENAHZER DT (DO6,, E6,) &R
KA TH . LI H(X) X LF-ZHATH 5.
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HEFRITIAH 2R 72 75 9 B EZE NS DV T

s i CGREREARZZGREEREARTTRD

1 F

ARG TG BAR IR D I I 24 D JR Fr i R AR EIC DWW TER T 5. Tt Zid
X WA o7 FEEEZERA D, X FOEBEEBREHRO 2K C(X,R) &, ER/JIVLIC
X o T Banach Z¢filic7x%. {7z ST ICAZX T O(X,SY) Z& A% &, TH Banach
ZERITTIREWVDY, ZNTER AU Banach 2] E = C(X,R) LFMHZEFEZED. DX
H O(X,S8) 1k F%Fﬁﬁﬁc; Banach ZEf] E L[AfH] THSB. LLFTIE, EDXH7% X,V
KDV, C(X,Y) A (BHARRNAICDWT) JRAYIC Banach ZEMICRIMHIC R 5 072
EZB.

—fRICZEM E NG A BNz xS, HEE I rTaEZEM X A E-Z#kfF (E-manifold)
ThHa L, X DEDORE E ORKE EFAMGMLEZEDCETHD. R-ZHkL
X n ZoehitHZ2HAD C & 2 EKT 5. LUTTld E A Hilbert Z2f§%° Banach 25D
HBEEZD. LOFITIE, OX,SY) & E=C(X,R) ICHLT E-ZHiAkLE->T5.
K43 E OfRIZER] - )V LZEE U T OREZE 2 T I EEOAICEHT 5.
DN BIE, —H %> THAZ % Hilbert 22> Banach 22 & IEFIC LITLIXFEI T
&D ([AfH) 1IC725 2 LICHERET 208N H 5. HEE, ROEENDS.

Theorem 1.1 (Kadec [3], Anderson [1], Toruniczyk [8]) E,F W& & ICHEEX
7 Fréchet ZER (=R, SelmnEn i nlaEZa i Y FIVZER) THE L9 5. &
L, E L FOWEENELINZ, F L FEFAMETHS.

Z LTME effi] X OWHBE (density) &1, X OWEDBTEEOR/NEEDZ & T
CBIAE, PEENRTHS 05 T i, %@H“F'Eﬁb‘ﬂ P THBHT EEFEKT
% J:O)%%Ci Fréchet ZERDAMRIE H 2 K TOESTRINY A ATRES, &5
CERIBRTVWS, BE 71 LT, 7 RKOXT MU EEIERHIERR%Z 79 Hilbert 2%
7z (?(1) TERT. (1) OFEEIIB L5 E 7 £R2DT, MHWEEOAZEE T
Z3% 51, Theorem 1.1 KXV, Fréchet ZEHIETRTH S 7 ICDWT 2(1) TH S
EBEZTRO. 7 WAERE Ny THHHAE, C(r) FBEEICEB W 2 £KT.
2, BIZEH C(X,Y) ISDWTEZ SNMMHIE—RRINRAMEE 32/ FRIETH
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%. O(X,Y) Ic—HRIERNHZ & 282 0% CY(X,Y), a>37 hMlitHz & =87z
LDxE CHX,Y) TEY. TODONMMIE X BT FOBFHIKIE—KT 3H, T
DEEIT DOV TIERDFERNA SN TN 5.

Theorem 1.2 (Sakai [5]) X ZHREORZE D87 MEREZER, Y 26780
IR FEEREERT U THE ANR TH2 LT 5. 2O E C(X,Y) T CP-ZHATHS.

T T T, HEHEHIITEEZER] X Y ANR (Absolute Neighborhood Retract) T®
% &iE X DRI ATREZEM Y ISR A L LTHIDIAEN TR L&, 5T X
MY BT 2H5EHDODL T 7 MlE->T0WAT ETHA. ANR BRFINZAZS S X
WIRRWEREEZERID 7 5 X TH Y, BIARE, ARXTOBEMZEEICDOWTE, Rl T
HHT L ANR THAHZ LIZFMHTH 5. BIARZEARHTER CW #HAIE ANR
Thb. (*(1)-ZHlkE ANR ThH5. LLFTiE Theorem 1.2 2, X A28 M Tk
WIS, —RRIBCRAEE 322837 BN & O THE S % 2 L 2B 2 T <.

2 —RRINRMIB%Z S DM

COETIE X FIFIAVNY FERIDEREEMET 5. VYV DHEEZEHTH S L &,
CLX,Y)Ic&kb, BAGEGBEBEADOET CU(X,Y) OMnkEazRT I LICT 3.
CU(X,Y) & C(X,Y) OBEATHZ. YV =R DFEEEZZ L, CL(X,R) 3%
FEDEFHATER 2% O (L7zh > Th[4T4%W) Banach ZEfi &%, Hlz2E, X =N
DGEEEZEZ DL, CE(N,R) FESNZERM 2 1A 5750, K> 7T, Theorem 1.1 I X
D, X BT RY P EREEEE 5, CL(X,R) & (> LEHTSHS.

ROFERIZ, R THRWVEEEEZER Y ICDOWT, CUX,Y) D I®-ZRICIR % TebD—
DO ZEAS.

Theorem 2.1 ([9]) X ZJEa /87 ban]piEaEzef], Y %2 ANRU (E##&id) T
B3 XS ENEMEEZERE TS, CDEE, LY OIKEER T OERNIED T
FzED, DD inf{diamC; C e m(Y)} >0 TH2%5IE, CUX,Y) & (>°-ZhkA
THb. Ko TTOMENEETHS CL(X,Y) & (>°-ZEAKTH 5.

C CCHEEEZER Y A ANRU Th 5 X, Y DRIOIEEEZER Z ICHEREICHODIAEN
TWVW3EE, e>0BXU, YD Z TO e NS Y NO—fiikiaL F5 729
Yr:N =Y DMEET 3L TH% (Nhu [4]). T T, HDARNH L M D
ABTRELFELIEENTVE T L, N W e-ifBOEEZLTWS EIREENTVS
cl, BXU r O—k#EEEMRESN TS EMN ANR EDENTHS. ANRU &
ANR &V, BB LR ThH S (GEFRICIX, FEBEZERID ANRU ThHHMNE S
MEFREE DO —RRFEMEEDAIC K B T EHGEHE N S).
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B 21X, Buclid 220 R™ 0H|Zef] (°, BXUT a7 M aZmA* (ICiE#EzE A
L7&M) & ANRU T5% (sbell [2). LEA>T, ROZRHHE DD,

Corollary 2.2 ([9]) X ZIEa 7 Naa] o EEEZE, YV 20N mDRNa N7 +
REHAELTEE, OUX,Y) & (- ZHATH 5.

ANRU OBEZMNEETH 2 DIERNED IO S THS.
Proposition 2.3 Y ' ANRU THNE C*(X,Y) & ANR Th%.

C*(X,Y) W ANR Th 5 hnhiid, Zhb (- %Wzl:ﬂ@%) C EZRTITIFR
DR N7EEMEZ S, TN ZBRRNBZTEDICERELZMEML THIT S, (Z,d) DEEEzEH O
LE, EREG f K — ZIMEE PR okE K g ’CLM‘(%% L3, RS
a: Z — (0,1 ICHLT, ME P Z2t->7c9: K — Z TH>T d(f(x),9(x)) < a(f(x))
IMEED © € K ICDWTHILT 2K GEDMMAHET B L THS. lcids @ 131
MHZER DE7Z ZK T %.

Theorem 2.4 (Torunczyk [8]) 7 ZREEL L, ' ZIRE r OEERZER LT 5.
D& X2 Z W (1)-ZHATH 272D DB ML, KD (1)-(3) DEKILT %
ETH5.

(1) Z Z5ehmiafft i nTae/s ANR C, HSEDN 7 ThH 5.

(2) HFneNIKHLT, TEOEKEG f: ["xT — Z & (9(I" x {7}))yer B Z T
et X57% g TELITES*

(3) TEROMEENE A 7 DERIOTHAEEDEREDI (K, )nen WKL T, EEDH
WEGE [ Ben [ Knl = Z & (9(|Kn]))nen B Z THEED g TEUTE S,
C T T |K,| DAMIEHAASRDBEIC DOV TOHMHTSH 5.

c
c

Y 7% Theorem 2.1 DIREDED, ANRU TH 5 KX 5 &n]p5elmififtzei 9%, 9
% &, iRz L I CU(X,Y) i& ANR TdH-> T, FEICTIHEFEET I v aE T
2% TH 3T EMEAEHICHONS. THLT, OUX,Y) & 7 =22 1L TED
Theorem 2.4 D&M (1) 2729 T EWah 5. & (2)(3) ZiEDD B THICE, £D
EBLH XD EENOROMEEZ/RT .

(4) HKBIADITIEDIE (K, )yer KA LT, (EROEFES f: @, p K| — Z &
(9(|K4]))yer D Z THERZ g THLTE .

(4) B— R TV EETH S, ERICIRTED 2(r) LRI (4) Zili

*1 2@k (polyhedron) & I3 AREAEIADRMINFIE LS.
*2 7 OUDHEEHE (Ax)aea D Z THR (discrete) THZ LI Z DEDHE, WL —HD Ay L LI
DEIRVWKS Ttz E D L TH 5.
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FTTENTHHOTWVWEDT, TNEAHLES £T52 L3 L TEIEOD % /575 TlE
VAN
X T, Theorem 2.1 DJLHE LT, ROX S ERMDMEENS.

Corollary 2.5 ([9]) X ZJIEa /87 ban]opeait2ei, YV Z25elmZdis) —< 0%
BikE L, Y ICIGHHEREEEN A > TW0adED L9 5. 0L THMEGEBO LK
CE(X,Y) & (>°-ZHIATH 5.

FORT CL(X,Y) % CHX,Y) ICEAB T LIETERL. %, Y LLTR % R?
DOHIZ RO K ST S MTHDIAA TR NZ Y —~ 2k T 5 &, CY(N,Y)
RIS T,

B&1%IC, Theorem 2.1 O TY OFRERE K T OEZEDIED FARZED] IZDWVT
WD, TOEMENT T eNTET, EERIC (Theorem 2.1 DfFE(LE LT) ROMmE
AN RIRVASH

Proposition 2.6 ([9]) Y %Z ANRU T®H % X 5 %&5elwnl niEREzEf & 975 & &, X
[FETH 5.

(1) FEDOAIET > 8T MEREEZER X 12DV, O(X,Y) 1 (°-ZHkTH 5.
(2) C(N,Y) & £°-2HhTH 5.
(3) Y OiIERE R DERDIED FHRZ S D.

3 AVIN7 FRMER & DREEIZEER

C OHIE Smrekar K& DHEFEWIFETH S ([7]). Smrekar [RDKRE b E—RELR LK
a2 De»Ic, TITIIERE X W[ CW ik TH S LT 5.

—BROIHHIC DWW T (°-ZRRKIC IR 2R D B B EE N> TL B &, T2/37 FHNIH
DEFENKUCTR > TL B, T —RRICRNIH & OIRANZGENE LT, a>/87 FHIGIH
DA FBBZER CH(X,Y) BEERT— X T, W TWASHEEZERICE> T3
(CHX,Y) EUIE U °-ZRRIKT, LIEA> TR TR A7 LICHER) . FHEE,
X WAJE CW AT, Y DA HEZ a5 CF(X,Y) ErpiiEzmchs. L
Ho>T, CHX,Y) IKDWTIE, RFTINICHT7) Hilbert 220 (2 ICFMTH 20 E 5 W
[HETH 5.
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EC, AT FENHEOE G CF(X,Y) DY CP-2RHATH 2% ZHANS T L1,
ANR TH B EMZMNB  Lichmad 5. EEE, Theorem 1.2 DFEHDT 7 = 7 %ZH]
WT, RARENS.

Theorem 3.1 ([7]) X & 1 Zucll Lo CW #KT, YV EANZED WA 735w
PHEERHI ATRE ANR TH B LT 5. TOEE CFX,Y) I ANR THNIE 12-ZHlAT
H%.

B, ROHRED, CHX,Y) W ANR TH5 T biF, EBICIZZORE M-
HTHREXS (TORRIE Smrekar DIefTi%E [6] ICK > TW5). ZE[M Z H3:FJE Al
(semilocally contractible) TH 5 &1, Z DIEEDED, Z ICBWTAHETHZ K57
et DT L. FRATHEtERE N E—ALETETH 5.

Theorem 3.2 ([7]) X Zn[5 CW #{k, Y Z ANR TH2 L 92 LXIFAMETH 5.

(1) C*¥(X,Y) I& ANR TH%.
(2) CH(X,Y) I& CW $HIEDRE FE—HlEED.
(3) CH(X,Y) & FRATETH 5.

287 S BRSO TR B2 R O — OB G5 X PSR TE £ & E 3RS
Bz 5B A-TL %78, #HGHEZRHS 5. HIAIE, X D rlREERZEm,
Y B bR ZHERERM O L E, CHX,Y) &h Y h—VERIEMT, JaAmlREEs
TIHEWV. LAL, X Bars37 b Hausdorff THNIE, CH(X,Y) & ANR 2% %
T eMHRMEHIC DS, T2 T X B REME—MICaV T Mk 55,
CH(X,Y) I ANR IC72 2 DTRERVD EHIFENE D, HERKICROFERMGF S NIz,

Theorem 3.3 ([7]) X 7z AJ'H CW kL 95, COLEREIE—h: X xI— X
TH>T hy = idxy B hi(X) ODHANIT Y FTHBEDONEET 575513,
C(X,Y) & ANR Tb53.

IS X ICHEE « GREZOTEWVS FIRZ DI NIE, ROX S EENWIREERNKD
VLD,

Theorem 3.4 ([7]) X %W AARACAE CW Mk T2 L, REMETHS.

(1) fEED ANR Y I LT CH(X,Y) I ANR Th5.
(2) EEOAHR CW ik Y I LT CF(X,Y) i& ANR Tbh 5.
(3) X FAHE CW kDR E FE—EZED.

B ERIT DY 51%, RO VLD,
Theorem 3.5 ([7]) X ZE#ASn]5H CW AT, —R{TRAEVEDETZ L, TUIIFEMHE



70

THs.

1) C*
2) Ck

(1) CF(X,SY) & P-2RkTHS.
(2)
(3) C*
(4)

X,SY 13 ANR TH5%.
X, S8Y) & CW kDK E P E—HIZED.
X;7) 3AREKTHS.

4) H!

—~

Theorem 3.6 ([7]) X Z#EKr[H CW EHIKT, —mTREEL, »OHERA D EIK
KyCX TH->Tdim(X \ Ko) Sn%3LD00MFET 2 ERET S, REFAMHTH 5.

(1) Ck(X,S8™) 1 -2k TH 5.

(2) C*(X,S8™) 1 ANR TH%.

(3) CH(X,S™) 1 CW KD FEFE—RIZED,

(4) X OBERBOER K LT, K ¢ L %28RE2%EKk L TH->T,
H{(X,L;Z)=0(1<i<n) £53EDNEET .
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Extremal coefficients in the Homfly polynomial

Tamds Kalmdn
The University of Tokyo

This talk will be a report on work which is still in progress. The project consists
of two distinct parts. At the time of this writing, the discrete mathematical part
(where we generalize Tutte’s polynomial to hypergraphs) is mostly finished, with
the notable exception of Conjecture 5. The knot theory side (where we relate
the new hypergraph invariant to the Homfly polynomial) is less developed and
several more results are only conjectures, but the program and direction are
fairly clear.

After discussing the context of our work, we introduce the main definitions,
theorems, and conjectures. Then these are illustrated by a lengthy example and
we also mention some further ideas at the end.

Motivation

The Jones polynomial and related knot invariants [2] have been a great source
of progress and at the same time, remain something of a mystery. Even after
the recent discoveries of various categorifications (see [4], among others), we still
do not have a clear answer to what exactly these invariants “measure.”

We will not give that answer either, although it is our hope that the results
presented here will ultimately help find it. Instead, we are going to elaborate on
a theme that was quite popular following the discovery of the Jones polynomial:
the link between knot invariants and the combinatorics of (planar) graphs.

There are two immediate predecessors of our work. Thistlethwaite [9] real-
ized that certain extremal coefficients in the Kauffman polynomial [3] of alter-
nating links come from the Tutte polynomial of the chessboard graph derived
from their diagrams (in [10], he extended this to semi-adequate links). Jaeger
[1] noticed that in some very special cases, the Homfly polynomial of an alter-
nating link is equivalent to the Tutte polynomial of another, slightly different
graph.

The Kauffman and Homfly polynomials are both two-variable generalizations
of the Jones polynomial. Many parallels have been noted between the two.
Lickorish [5] called them the ‘semi-oriented’ and ‘oriented’ polynomials, and
that indeed seems to sum up the main difference: the Homfly polynomial is far
more sensitive to orientations.

The chessboard graph, formed by the black regions (connected at the cross-
ings) in a black-and-white coloring of the complement of a knot diagram, does
not take any orientation into account. Another classical construction does that:
the Seifert graph. It is fitting, then, that the analogous extremal coeflicients in
the Homfly polynomial (at least for alternating links) should be derived from the
Seifert graph of the projection. That is what Conjecture 7 states. In particular,
the conjecture (to a large degree owing to a result of Murasugi and Przytycki
[6]) reduces our program to the study of special alternating link diagrams.

Next, one could ask about the mechanism that derives the coefficients from
the Seifert graph. It turns out that it is not (quite) the Tutte polynomial, but



a previously unknown (partial) generalization of it. The key observation is that
the Seifert graph is always bipartite (which is why the spanning surface that
Seifert constructed from it is orientable). In other words, the Seifert graph can
be viewed as a hypergraph.

Tutte’s polynomial for hypergraphs

A bipartite graph is a triple (V1, Vo, E), where V; and V5 are disjoint finite sets,
called color classes, and FE is a finite set of edges, each connecting an element
of V1 to an element of V5 (thus, multiple edges are not yet allowed).

A hypergraph is a pair (V, E), where V is a finite set (vertices) and E is a
finite multiset of non-empty subsets of E (hyperedges). A hypergraph is both
a generalization and a special case of a graph. On the one hand, V and E may
be viewed as the color classes in a bipartite graph: we connect v € V toe €
with an edge if v € e. This construction is reversible (after specifying one of the
two color classes in a bipartite graph) and we will often use it without explicit
reference.

On the other hand, a graph (possibly with loop edges and multiple edges)
can be turned into a bipartite graph and thus a hypergraph by placing a new
vertex in the middle of each edge.

Tutte’s original construction of the two-variable polynomial T¢(z,y), asso-
ciated to a graph G = (V, E), proceeds as follows. (Loop edges and multiple
edges are allowed. Assume that G is connected.) Order the set E arbitrarily, in
other words label the edges of G with the integers 1,...,|E|. Consider the set
T of spanning trees for G.

For each I' € T, call an edge e in I' internally active if, after removing e
from T, connectedness cannot be restored by adding an edge to I'\ { e } that has
a label lower than that of e. Call a non-edge e of I' externally active if, after
adding e to I', circuit-freeness cannot be restored by removing and edge from
I'U {e} that has a label lower than that of e. Let «(I") and ¢(T") denote the
number of internally and externally active edges, respectively, for I'. Then, the
Tutte polynomial of G is the sum TG (z,y) = > req My The polynomial
Te(z,y) is independent of the chosen edge order. Many of its properties are
known, such as the recursive deletion/contraction formula.

Let now H = (V, E) be a hypergraph. By a quasi-spanning tree of H, we
will mean a function k: E — N so that a spanning tree of the corresponding
bipartite graph can be found which has degree k(e) at each e € E. In particular,
1 < k(e) < |e| for each e € E. (This generalizes spanning trees of graphs
through the second construction mentioned above: there, an edge e is in the
tree if k(e) = 2 and not in the tree if k(e) = 1. In our generalization, we allow
hyperedges to be in a quasi-spanning tree only “partially.”)

It turns out that quasi-spanning trees are exactly the integer points in a
convex polytope. To describe it, let £/ C E be a non-empty subset and let
UE’ C V denote all of its neighbors in the bipartite graph. Let the number
of components of the bipartite graph spanned by (UE") U E’ be denoted with
¢(E"). Finally, let t(E') = |E'| + | U E'| — ¢(E") denote the number of edges in
any spanning forest of this graph.
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Theorem 1. Let H = (V, E) be a hypergraph. Its quasi-spanning trees k: E —
N are exactly the integer solutions of the following system of linear inequalities
in RE:

k(e) > 1 forallee E
Yoecr kle) < t(E) for all non-empty E' C E
ccpkle) = [E[+[V]-1.

Next, order (label with 1, ..., |E|) the elements of E arbitrarily. With regard
to a quasi-spanning tree k, we make the following definitions. A hyperedge e € FE
is unstable if k(e) can be decreased by 1 and k of a hyperedge with a smaller
label increased by 1 so that another quasi-spanning tree results. A hyperedge
e € E is attractive if k(e) can be increased by 1 and k of a hyperedge with a
smaller label decreased by 1 so that another quasi-spanning tree results. It is
easy to see that ‘unstable’ generalizes ‘not internally active edge of the spanning
tree’ and ‘attractive’ generalizes ‘not externally active non-edge of the spanning
tree.’

For a given quasi-spanning tree k: £ — N, let the number of unstable hy-
peredges of H be denoted with u(k) and the number of attractive hyperedges
be denoted with a(k). Then, let the internal polynomial and the external poly-
nomial of the hypergraph H = (V, E) be defined as

IH) =3 €W and g(H) = 3 p @, (1)
k

k

respectively, where both summations are for all quasi-spanning trees k of H.
These notions generalize &VI=1T(1/¢,1) and n!ZI=IVI+1T(1,1/n), respectively.

Theorem 2. The formulas (1) for the internal and external polynomials do not
depend on the chosen order of the hyperedges.

Unfortunately, the two-variable polynomial ), gut)pak) does depend on
the choice of order. Thus, it is so far unclear how to generalize the full Tutte
polynomial to hypergraphs. Likewise, the analogue of the deletion/contraction
formula has not yet been found, even though it could be a very useful tool for
the proofs of Conjectures 8 and 7 in the next section.

Both the internal and external polynomials have 1 for constant term. For
any given hyperedge order, these two quasi-spanning trees can be constructed
by a greedy algorithm. The order-independence of another coefficient is also
apparent.

Proposition 3. For any hypergraph H, the coefficient of the linear term in the
interior polynomial I(H) is equal to the first Betti number of H, viewed as a
bipartite graph.

We will call a hypergraph planar if the corresponding bipartite graph is
planar. Given an embedding of H = (V, E) into the plane in the bipartite
graph sense, we may define the planar dual hypergraph of H as follows. Keep



the set E of hyperedges, but let the new set of vertices be the set of regions
complementary to the planar embedding. Let a region belong to a hyperedge if
it is incident with the point representing it on the plane. It is easy to see that
the dual of the dual of H is H, as well as that our notion generalizes the usual
duality of planar graphs.

Proposition 4. Let the hypergraphs H and H* be planar duals. Then, up to
interchanging the indeterminates & and n, we have J(H) = E(H*) and E(H) =
J(H™*).

There is however a more obvious, ‘abstract’” notion of duality for hyper-
graphs: viewing them as bipartite graphs, we may interchange the roles of the
two color classes. This operation will usually result in a change in the exte-
rior polynomial. On the other hand, we have strong reasons to believe (see
Conjecture 8 in the next section) in the following.

Conjecture 5. For the hypergraphs H = (V,E) and H = (E,V), we have
J(H)=171(H).

This conjecture has a weaker version (for the sum of the coefficients) that
can be stated without reference to the notion of instability.

Conjecture 6. Let the connected bipartite graph G have color classes V, and
Va. Consider the set T of spanning trees for G. Let each T' € T have degree
distributions ki : V; — N (i = 1,2) on Vi and on Va. Then, the two sets
{kF' | T €T} (i = 1,2) agree in size. (The set T, which projects to both, is
usually much larger.)

Let us now turn to the considerations that lead to the discovery of the interior
and exterior polynomials.

Homfly polynomials of alternating links

The present project grew out of observations on the Homfly polynomial P(v, z),
an invariant of oriented links. Many of these observations remain conjectures
and I also apologize for not stating them very precisely. I hope to have both of
these issues fixed by the time of the Symposium.

We consider the version when P of the unknot is 1. We will concentrate on
the following ‘extremal’ coefficients: the top edge is the set of terms in which
the highest exponent of z occurs with a nonzero coefficient. The slant edges
are those terms pagvazﬁ in which either 8 — « or a + (8 reaches a maximum.
Together, we will refer to the top edge and the two slant edges as the top contour
of the Homfly polynomial.

From an oriented link diagram, the Seifert graph is derived with the well-
known procedure in which we resolve each crossing in the way that respects
the orientation; then, we treat the resulting disjoint, simple closed curves as
vertices, two of which are connected by an edge for each former crossing site
that both visits. The Seifert graph is bipartite and it can have multiple edges.
Let the reduced Seifert graph be the graph obtained when we keep only one
element from each set of multiple edges.
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Figure 1: Changing the order of two crossings along a Seifert circle.

A vertex in the Seifert graph is also called a Seifert circle. A Seifert circle
is said to be of type I if either its interior or its exterior is void of any other
Seifert circles. Otherwise, the circle is of type II. Each Seifert graph admits
a block sum decomposition in which the blocks are connected at the type II
circles. Block sum for the graphs corresponds to the Murasugi sum of the knot
diagrams that the blocks represent.

Alternating oriented link diagrams are characterized by the property that
on each side of each Seifert circle, the crossings have a uniform sign, and on the
two sides of each type II circle, the signs are opposite. A special alternating
diagram is an alternating link diagram that has no type II Seifert circles and
thus its Seifert graph has a single block. Such a diagram contains either only
positive or only negative crossings. In the alternating case, the blocks in the
decomposition mentioned above represent special alternating diagrams. By a
result of Quach Hongler and Weber [8], the multiset of these special alternating
components is an invariant of the alternating link.

Conjecture 7. Given an alternating oriented link diagram, the top contour of
the associated Homfly polynomial is determined by the reduced Seifert graph of
the diagram.

The multiple edges of the unreduced Seifert graph appear only to “make the
Homfly polynomial taller,” a phenomenon also noted by Przytycki [7].

The main ingredient in the proof of Conjecture 7 would be to show that the
said top contour is invariant under a simple local move: the changing of the
order in an adjacent pair of a positive and a negative crossing along a type II
Seifert circle (see Figure 1). But this is not obvious; in particular, examples
show that such invariance may only hold in alternating diagrams.

Conjecture 7 implies (by repeated application of the move mentioned above)
that the top contour in the Homfly polynomial of an alternating link is the same
as that for the connected sum of its special alternating components. (Murasugi
sum is an ambiguous operation but according to the conjecture, for the top
contour it does not matter how we carry it out. Thus we may choose connected
sum, which is a special case of the Murasugi sum.)

Finally, let us turn to the question of how exactly the reduced Seifert graph
determines the top contour of the Homfly polynomial. Unfortunately, we only
have a clear answer for the top edge, and even that is a conjecture.

Under connected sums, the entire Homfly polynomial behaves multiplica-
tively. With Conjecture 7, this implies simple multiplicative formulas for the
top edge and both slant edges in Homfly polynomials of Murasugi sums of al-
ternating links. (For the top edge this was noticed before, and not just for
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Figure 2: A bipartite graph and the corresponding oriented link.

alternating links, by Murasugi and Przytycki [6].) This reduces the problem of
finding formulas for the top contour to the special alternating case. As mirror-
ing hardly changes the Homfly polynomial (v is replaced by —v~1), we may also
assume that our diagram is positive.

Conjecture 8. Let D be a positive (hence, special) alternating diagram, with
associated Seifert graph G and Homfly polynomial P(v,z). Then, the left slant
edge of P contains a single term, with coefficient 1; this term maximizes the
exponent of z and minimizes the exponent of v. The coefficients along the top
edge of P are the same as those of the interior polynomial I(G), listed starting
from the constant term 1. This is true without regard to the choice between the
two ways that G can be viewed as a hypergraph.

Conjecture 8 implies Conjecture 5 for planar hypergraphs. Proposition 3
yields a corollary that may be interesting in its own right.

Notice that the right slant edge, unfortunately, is not addressed. Conjecture
8 is a (partial) generalization of a result of Jaeger [1]. He found a formula for
the Homfly polynomial (not just the extremal coefficients) of special alternating
diagrams that correspond to hypergraphs derived from ordinary planar graphs.
The formula is in terms of the Tutte polynomials of the original planar graphs.
Thus, in Jaeger’s case, the right slant edge is also a function of the Tutte poly-
nomial: it is the flow polynomial or (essentially) the chromatic polynomial of
the dual graph. I do not yet know how to generalize this to right slant edges
in the Homfly polynomial of other special alternating diagrams. This may also
hold the key to finding expressions, a la Jaeger, not just for top contours but
for entire Homfly polynomials.

An example

The (planar) graph G of Figure 2 is bipartite with color classes A and B, as
shown. Its ‘conventional’ Tutte polynomial is

+y3
+3y2  +3ay?
+2y  +Txy  +62%y +32%y
+2z +622  +723 462 +32° +ab.

To(x,y) = (2)
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(0,3) (1,2) (1,2) (1,2) (2,1) (2,1) (2,0)
Figure 3: Quasi-spanning trees in a pair of dual hypergraphs.

The graph G has Tg(1,1) = 50 spanning trees but those give rise to only
7 quasi-spanning trees. (This holds for the hypergraph (B, A), as well as for
its (abstract) dual (A, B); cf. Conjecture 6.) These are depicted in Figure 3
(with one actual spanning tree realization for each). For the particular orders
Ay < Ay < Az and B < By < B3 < By, respectively, we also indicated
the unstable and attractive hyperedges for each quasi-spanning tree, as well as
the resulting (u,a) values. (Hollow dots are unstable and full ones are stable;
circular dots are attractive while squares are unattractive.) Thus, we find that

I(B,A) =1+ 3¢+ 3¢ and &(B, A) = 1+ 3n + 31> (3)

(as (B, A) is planar self-dual, this coincidence is an illustration of Proposition
4), whereas

J(A,B) =1+36+3¢% and E(A, B) =1+ 20+ 31> +1°. (4)

This is in line with Conjecture 5, as well as with Proposition 3.

The left side of Figure 4 is a diagram of the alternating knot 16asggs. There
is only one type II Seifert circle; it appears as the cut vertex in the Seifert graph
next to the knot. The special alternating components corresponding to the two
negative blocks are negative Hopf links and the positive block represents the
knot 12a432. The Homfly polynomial of 16asq0g is

+utz8 +30628 +30828

—20220  —20%20 4400206 409826 49100
+z4 =302t —6utet —4002t 17082t —100102%  4ol22t (5)
4222 9222 —10092%2 4210822 —1101022 4291232
+1 —v? +30t —Tv0 +1008 —6v10 +vl2.

The right side of Figure 4 shows the connected sum that is represented by the



Figure 4: Two oriented alternating links with the same Seifert graph.

same Seifert graph. The Homfly polynomial of the latter is a product, namely

+0920 430826 4301026
—p 1z 2 +3052% 490824 4901024 —491224
( +v7 3% ) ’ +30922 470822 +8v1022 1001222 401422
+08  40® 43010 —6u!2 4201t
+ot2® 430028 430828
—20220 —p%26 490626 415820 —491026

424 —Bu22t —11vt2? 440824 4370824 —180102% 41224
T 4322 —30222 —13v%22 —140622 +560822 —3201022 +4912;2 (6)

+1  —0? —3v* —2300 +4708 —28¢p10 +5v12

4272 —02272 4 20% 272 1108272 $1708 272 —10010272 42012272,

Note that, just as predicted by Conjecture 7, the top contours in both (5) and
(6) consist of the same seven terms.

The Seifert graph representing 12a432, after eliminating the three double
edges, reduces to G of Figure 2. Thus it is in line with Conjecture 8 that we
find the internal polynomials from (3) and (4) along the top edge of the Homfly
polynomial of 12ay432, i.e., the second term in the top row of (6). (The same
coefficients are repeated for the 16-crossing links because the top edge in the
Homfly polynomial of the Hopf link is trivial.)

We perform one more check. The smallest oriented alternating diagram
represented by G, depicted in the right side of Figure 2, is that of the link
L9a3s. The corresponding Homfly polynomial is

v323 4305923 430723
+3052  +407z 49z
+207271 =309zt JollzTl

which features the same top contour as in the case of 12a435.

Finally, the median graph construction that was used in the right side of
Figure 2 is such that the chessboard graph of the resulting link diagram is also
G. Let us take this opportunity to present an example of Thistlethwaite’s result
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in [9]. The Kauffman polynomial of L9ass is

+20828 420108
+6v727 +90927 +30tt7
+70626 450826 10,6 12,6
+60°2° —10072° —26072° —10vtt2®
+3vt2t —9024 —21082% —1201024 —3u!24
+o0323 —6v°23 +60723 +220923 +9pttz3
+30922 +140822 +1401022 +3v1222
+30°% —6v72 —11v°2 —20tlz
_3,08 —3’()10 _,012
+20721 +309271 +ollz=L,

Note that the coefficients along its top contour agree with those along the bottom
and left sides of (2).

Further questions

The coefficients of the interior polynomial are non-negative by definition. As
they also occur in the Homfly polynomial, it is natural to wonder if they are
counts of some geometric objects related to the knot. Because of Morton’s
theorem that the z—degree of the Homfly polynomial is a lower bound for the
canonical genus, one may suspect that the numbers in question are counts of
certain spanning surfaces. The existence of such a connection could also allow
to extend our results to non-alternating oriented links.

On the graph theory side, we note that the interior and exterior polynomials
show some similarities to the Ehrhart polynomial of the polytope described in
Theorem 1: all three have constant term 1 and the sum of the coefficients is the
same in each as well. It could be interesting to pursue this point further.
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Geometric method in virtual knot theory
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Abstract

1996 4FIC Kauffman IZ X D GIHE N7z & N5 virtual knot theory D9 5. geometric 7R TFEIC
HEZEWTHET %, £ LU TZDISHDOARENEZH S,

1 Introduction

O HIYIE virtual knot theory O, & AMOTIEICE X ZE N7 A TH %, 1 BTSSR
BURZ AR, 2 BTFEZWSONFIHL., 3 BTEHROMEZIRXS,

1.1 vitrual link DEZH

(n-component) virtual link diagram (. n il (n € N) ® St 5 §2 (% R?) D immersion f :
e, St — S2 e 52 (° R?) OXf (S%,Im f) % (R%,Im f)) T. (i) ZEAUIMKIE 2 HEDH
T, (ii) 7% 2 EHRUC real crossing £72ld virtual crossing DIEWZ 5 A T2EDZ N9, n=1 D& ZIZ,
link’ % ‘knot’ ICH1Z %, virtual crossing ZFF727RWIEE . classical link diagram & 58EFH L THES,

7% crossing D JRIFTANZIRYUTIER Figure 1 O X S ICKIRENS, KNI EZEH® L, 2 FHOD
real crossing MIEWMT local arc D L FRROENT, ZN5HIE sign & LTKBIEN, #i#E % positive
crossing, &% negative crossing £ %, DL FRIfRIE 3 T HANTRERIHUL LTz & FICERZ
Do MEZEZRVEATE, —HREZANTZORSNSEREZEE T 55508 %, real crossing
O L TFOME#HZ SNTcE D% flat crossing £, LD (ii) T, “real crossing” % “flat crossing” I A
72356, flat virtual link diagram £\>9, Figure 1 ICZNZFNOEIEET S, id5E LTE. D=Imf
DEHICEL, LR, diagram & S? FTEZ %, R? L TEZX 5D EARENRENIZR,

(n-component) classical link l&, n {fl (n € N) ® S* 5 53 (5 R?) D embedding ¢ : I ;S —
S3 e §3 (R R3) DOFf (93, Img) (R (R3,Img)) D ambient isotopy class DT &ZW\ 95, FiiH &
LT, L=Img DEIICEL, LT, classical link (3 S® NTEZ %, HHENEZHE p: S° — 5% %
9 % &, generic IC po g I classical link diagram &75%, real crossing D R, p IC KD DR
1% parameter DR/NTRE S, 1 DD link 5V 5 TEEKL S diagram WDELNBD, ZNHIE
Reidemeister move &9 crossing D% TOJRFIZEIEDERRSITHE D & 95, Figure 2 T (R1), (R2),
(R3) M Reidemeister move T®H %,

{n-component classical link diagram}/((R1), (R2), (R3)) AL {n-component classical link}

RACBIREIND K HIC, classical link &, WVWEXD 2 AD link & U TEHEL TEIBRIEDZ,
diagram 7%, “link IffiL7z 1 DOFERAEICEEZNED” & LIERWHITE %, & TAH, virtual
link DJFEHEDERITVEZRDMSND 3 TULZHIAND link & LTHZH5MNT, virtual link diagram
AT LT @R A E NS,
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(n-component) virtual link (&, (n-component) virtual link diagram I3V T, Figure 2 I3 % J7)
I OARYI TR O G5 b OZAEE Ra LAEMOZ L TH S, Figure 2 IZH B miEEDOET
% wvirtual Reidemeister move £WV9o & HIT (n-component) flat virtual link 1& real crossing % flat
crossing ICZZ % Z LICKDFAKKICERE T NS,

{n-component virtual link diagram}/((R1), (R2), (R3), (V1),(V2),(V3),(V4))

—= {n-component virtual link}

AX X X

real crossing virtual crossing flat crossing
virtual trefoil virtual Hopf link Kishino’s knot
flat virtual trefoil flat virtual Hopf link flat Kishino’s knot

Figure 1: real crossing & virtual crossing & flat crossing

AET®HTI=L virtual link I ZEZTEI N, TNEEBICHT 270 % & U T2 AT Z Bllh
TZEBEAID?E5HETIE T ORWICHEENEEZED ., UTFOMEZIERLT 5,

Question virtual link DK [7ZRDMN ? FT=FDFUKIC R E - W TR fmH ?
FIARIC LA S T T OEREWIEIRAICEHHL T,

®1) \K) - ‘ - /\Q (VD)

!

o
W) (T
S
Ay

Figure 2: virtual Reidemeister moves
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1.2 virtual knot theory F4E#]#%

virtual knot theory (. 1996 f£IC L. Kauffman D& 2 LRI TH LWEAD knot theory &
LT LIz ENBIEES, LWIDMELELZEDONT T, FELHLDMXPTIEZDX S ICH
WTW5, il & LT [Kau] BZNICH S, 7272 Kauffman DARTIC BB NH > T2 L &45
L TBIRETHAH, HlzxT5a0c. Lid Question D 1 DDEZ & LT,

[virtual link (& (oriented closed surface) xI MO linkJ

ERERTIENTEL T ZE>THL, RICINDXOEELZETIESLENS, TORIAIE [Kau]
KBV TEIEMHEN TS, S THHNIFRONEM E LT, H &5 [IK] Y torus O link diagram
@ Jones polynomial ZEFEKL TWT, S [KN] A £ alternating link diagram 24> TV T,
M [Sak] A formal Wirtinger presentation Z2E#: L C. FH virtual link © Kauffman polynomial 0
AEZ L TWS, G DHIREIZERZ T, W NOWZEE BllhE 1996 FLIATTH %, M. Goussarov-
M. Polyak-O. Viro [GPV] (& Kauffman iC KX D virtual knot theory MAIIAE N7z T & 254 L 7214,
classical link IZX}9 % & AL ED virtual link IZE HARICER TE S T L Z/RL TV, JTE Kauffman
EE 1996 FLAFTD WL L TWATIEA SIS, fEDRAID 2 FEEICRO END EDTIEER, HEHT
NZ &, Kauffman I K% virtual knot theory DEEDETH T TH %,

virtual knot theory OBFEFIF & U Tld, Gauss word (Gauss code) DEBIMEMN2EIT 5N %, Gauss
word &, n FRIOX 772 T 2 LSR5 X5 1 HICINTZE DD T L2000, [\A1EDHNTE knot
diagram CUAmZRD 2 EFHE—EHMITEXSEDTH S, HIZIL, trefoil (D projection) (& Figure 3
(a) DX I (1,2,3,1,2,3) THET %, il Gauss word M5 knot diagram ZED B zDITIE, &
crossing DIHFHRMNDET, ZDERBNI72E D% signed Gauss word EVH, Gauss word DFEAEI
C. F. Gauss [Gau] IC&XBEDT, classical knot ZLmBO/NENVEDNSA EIF 5 FEE LTHL
5MNJz, C. H. Dowker-M. B. Thistlethwaite [DT] (ZZN &2 71575 LM LTz, ¥l classical knot %
#9 Gauss word DAZFES DY D {GT. Figure 3 (b) D (1,2,1,2) DX S7xE DX classical knot
TREHEINZOO TR EN TV, —fRIC. Gauss word 7Y classical knot TEHENEZNE S M ?
DRI planarity problem £ 5HMN% (cf. G. Cairns-D. M. Elton [CE]), virtual knot (&4 TD Gauss
word ZFAkDHZEDE LTEAESNIZE DT, Figure 3 (b) & virtual trefoil (Figure 1) THEE
N5,

()

3

Figure 3: Gauss word (1,2,3,1,2,3) & (1,2,1,2) OFEE

1.3 algebraic method & geometric method

Kauffman [Kau| (&, ZEAEE® quandle % Jones polynomial (Kauffman bracket polynomial & [Flf#)
% virtual link I3 UEFR LTzo AL R T virtual link ZFANSMNUI T ORHANS LoD EE -
72& DT, Hizh®D Goussarov-Polyak-Viro [GPV], J. Sawollek [Sw] IC &% Alexander polynomial @
IR TdH % Sawollek polynomial, =i [Miy] IC X% virtual crossing DIEHRZEGMICHEZ 5 Miyazawa
polynomial, V. Manturov [Man] IZ X% virtual knot IZX}9" % Khovanov homology, Z LT V. G. Turaev
[Turl, Tur2, Tur3, Tur4, Tur5, Tur6] IC KB —#D nanoword (2I7& nanophrase) $HIC virtual string
(flat virtual knot & [ I_Hﬁ) DAZEDOHEFNE BN > T, TNH% algebraic method EFFRT &1
ERCE
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—J7 geometric IC virtual link Z$EZ % FiE & LT, Kauffman [Kau] IC3BWTREIC virtual link
diagram %3 oriented closed surface 20 “virtual crossing MD7x\ " link diagram & U CHRATE ST &
MR EN TS, TOHHD oriented closed surface (& diagram IZ K D RNETH S, B E-HifHHEE
[KK] %Y virtual link diagram % oriented surface [ICHER 728 D DM OEAZIEZHMEIC LIz LI K
. surface D diagram & LT virtual link OFAEDEE L7z (cf. J. S. Carter-S. Kamada-M. Saito
[CKS] & EHZIR), G. Kuperberg [Kup] A virtual link % (oriented closed surface)xI O link & LT
MEE XY A EMZ/RLUIZC EICK D, Question DRFEICEZ T L7755 TV 5, FHIE [Kadl] IZBWT
flat virtual link IC# U T [KK] & REOfEZ LTV 5, FIERD Turaev OMGGHIE T DX 5 7% geometric
BIEBE G EE>TVD, TORODHNEDW DN 2 BT %,

algebraic method & geometric method OHIE7RE D & LT diagrammatic method DT 515,
Bz Figure 4 FICH % (F1), (F2) DRFIZIEZ SR forbidden move DFGE TR B H %
virtual knot (&% U Tl trivial ICE TEF TE (&5 [Kan]. S. Nelson [Nel]). virtual link IZxf L Tl
2 %77 sublink @ (real) linking number & wirtual linking number O THFET NS ()1 [Oi]. RAFK
[OK])o —7/7D move DHZFRH BV TIEEGFZNT, (F1) BEARRZHRDE, (F2) & —RICHARRZZ
{EEE %, Figure 4 £i0D diagram T, [D 2 D& (F1) T trivial ICZETESD. MNIAAIETH %,
Tz diagram DB DOWTICIER L TH <A, virtual link I3 Tld Wirtinger presentation 0
FAFRETAERERICFARTIE R, EHICHBRE—RITEXSED TR, WMuZHRLUA
W EHEE L7RW (Kishino’s knot sisters)s %7z 3 DD diagram @ Jones polynomial &2 CTHHTH %,
ZDT XY, Figure 4 £ LD diagram (. FAREEL Jones polynomial H 5 IZIEEHIATENHIE TE &
W -k [KS] (& Kishino’s knot OIFEBAMEZ, 3 L L 728 DD Jones polynomial Z&t5H TRl
BB LICKDRLTz, SO 1 DOFEIE, IFHAEOHEZFIREICESTICTS2 L TH 5,

¥ B8 B8

Kishino’s knot sisters

(F2) —
7 N > _

Figure 4: forbidden moves

1.4 virtual knot theory & nanoword theory

nanoword theory (&FGHIICEFVIZE D Turaev [Turl, Tur2, Turd, Turd, Turb, Tur6] & X D AlllHE Nz,
geometric ZFJSHDIAMND 2 HEIC LTe AEROME, L RZIT 5N %, Gauss word (3 ARRFEED L
THTE 2 EEHNZ 57203 U, nanoword 1E%F 9 WO HIBRZHEER L7z word TH %, ZDIHH
7% % link diagram 721 T& <, ZEHAPKRAZRDEHELAUZ L THRB S LT 5EMMNENRTH %,
nanoword theory 1BV TIX, Reidemeister move % word @ move ICEIRR L. homotopy EMEA TV 5,
%@ homotopy A Figure 2 @ virtual Reidemeister move {ZHHKT B[R D IO TIEAEMIC virtual
link 24> CTW\% C LI/ %, nanoword theory D'EMRIJFRE L L Tld. homotopy %4 < HIOFED &
DICHD FATIERZERT DI ETHA S, Pk [It] ICHBWT V. L Arnold [Arn] I & 3 plane curve
DAZF % nanoword theory DI TIHNTN S, 7272 nanoword theory OELIKIE virtual link O3t
5% (U7 I LS E N TV L, nanoword IZH L TH R D BEHOD Question ICEFZ &S
NEELHEVBEICH B THA 5. AEAZHZ T2DDVIHIIEEE LT, table Z{FK L. NEBDIME
TSI DN ETH %, virtual strings & L TP nanoword, nanophrase D73 FAIZ /K. A. Gibson
[Fuk, Gib1]. nanoword theory OF}: T Khovanov homology DEFRIE /K- [FI] ZSE iz
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2 virtual knot theory [C&lF 5 geometric method

1.3 fii 2 BHAEHOWNE %, EHOFRE [Kadl, Kad2, Kad3, Kad4, Kads] ZHulvE UTHHHT %,

2.1 surface realization & flat virtual link @ reduced diagram

virtual link diagram D OIEHBIHEZIXD ., virtual crossing DULFEDH Figure 5 DX S IO E L7z

compact surface # N (D) & L., ZDLFICHRIC D ZFRPFELIZED%E D L LIzEE, & (N(D),D)
% abstract link dmgmm :‘:lﬂ? (Cf [KK])o &IERFIDICHE S Tz §? LAIZIERE RS 75 24 it
ERZT, DICHLT (N ) IF—ERICIRX %, flat virtual link version & [AFRICEFRT %,

/%x%%

O- D

(N(D), D)

Figure 5: abstract link diagram

virtual link L @ diagram % D &9 %, D O abstract link diagram (N (D), D) @ surface D5i5
ON (D) IV < DM D oriented compact surface 2459 % £IC K D closed surface F I LTz &
. % (F,D) % D ®, 8& L O surface realization £\ 5, #5795 surface & disk ICfRE Lz &
Z D surface realization 2 D O canonical realization £ 9, canonical realization (& D 1< L T—E
ICIRE %, flat virtual link version & [AIFRICERET %, Figure 6 W F 11%E canonical realization D]
THb, Fz. surface realization (F,D) % F x I AD link & L THEIELIZE D% space realization &

W,
(D = .‘

D (F, D)

Figure 6: surface realization

surface realization 2KICLL FOEHREEET S, HA LS surface realization % (F,D) &9 %,
(S0): F' @ orientation preserving autohomeomorphism ¢ I L. (F, D) % (F,¢(D)) IcB$ &0,
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(S1): F @ Reidemeister move T D ZRBEUTHERE D L LIz L X, (F, D) % (F, D’) IKBTED,
(S2): F\ D IC handle #4555 U7 §E58R D surface % F' & Lz &, (F,D) % (F',D) I<BTED,

(S0), (S1), (S2) THLT % surface realization ED[EERIRZ stable equivalence £\ 9, flat virtual
link version & [AIERICTERT %,

Theorem 2.1 ([KK, CKS]J; flat virtual link version [Kadl]) surface realization 42{A® stable equiva-
lence I KX B [AfEfEIZ. (flat) virtual link 2ROES & AFRIC 10 1 IS %,

virtual link 0 numerical invariant < DNEFKT %, virtual link L O diagram % D, (F,D) %
D @ canonical realization £ 3%, £9 D IR LT, sg(D) = (F D genus) 2 D D supporting genus,
cr(D) = (D D real crossing ) 2 D @ (real) crossing number, c(D) = (F OHEHEKIE) Z D D
splitting number, d(D) = (ON (D) DMLY % D O disk number £ EFES %o LITHUT, sg(L) =
min{sg(D) | D & L ® diagram} %2 L @ supporting genus, cr(L) = min{cr(D) | D & L ® diagram}
Z L @D (real) crossing number. ¢(L) = max{c(D) | D & L ® diagram} %2 L O splitting number.
d(L) = min{d(D) | D & L @ diagram} %z L @ disk number £EFKT %, flat virtual link version &
FARRICER T %o sg(L) =0 THBHI & &, LN classical link TH5Z LEMWFEETH %,

Lemma 2.2 ([Kad2]) 2¢(D) — 2sg(D) = d(D) — cr(D).

& 5IC flat virtual link IZPBRE LT, [Kad2] TELLTFZRLTWS,
Statement 1 ([Kad2, Theorem 2.6]) L A flat virtual link D & &, 2¢(L) — 2sg(L) = d(L) — cr(L).
Statement 1 &N 72BHIE %NS 5,

virtual link L @ diagram % D, (F,D) % D @ canonical realization &9 %, sg(L) = sg(D).
¢(L) = ¢(D) DAL T % & &, D % minimal diagram. (F,D) % minimal relization £ E#%S %, flat
virtual link version &[ARRICEFKT %o LLTA virtual knot theory @ geometric method I 351) % FAR
THTH %, AEIAIX. space realization Z cut & paste L TAITN 5,

Theorem 2.3 (Kuperberg [Kup]) virtual link L IZ%f L. minimal realization (3f#f£ L. 2 D minimal
realization M (S0), (S1) DAY TE D G5 BEHRICBWT—ENTH %,

FHED [Kadl] T ““RUL72” Theorem 2.3 @ flat virtual link version 2 \2% 7z D%EZd %, L 2
flat virtual link, D 7% diagram, (F,D) % D @ surface realization £ 9 %, D » F | C Reidemeister
move TE &N Figure 7 DX 5 7% disk Z3E5 T LMW TE %, % move (R1), (R2), (R3) ITHST
% disk ZZNZFN 1-disk, 2-disk, 3-disk &\, ZNEEEFRL T Reidemeister disk £\,

ndlE

1-disk 2-disk 3-disk

Figure 7: Reidemeister disk

CTDEZZPEL T, KBEWREZERTO 1-disk ® 2-disk % global 1-disk. global 2-disk &\, 48
LT global disk £\ 5 (Figure 8)s Reidemeister disk 7% disk @ embedding THRIZE N, WHH
diagram &£RDERNDITH L, global disk (& H A EIEKS blow down EN7/E7EFFL. N
M disgram EXZHBDZFFTEDTH B, MMOVEME [Kadl] ZIDO T &, Figure 8 ICHWT, z &
reducible point. {p,q} % reducible pair £\ 9, Z LTI N HIX Reidemeister move DI TIHK S %
T EMNTE B, virtual link diagram D ' reducible point % reducible pair &H/zxW & E, reduced
diagram &£\ 9,
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NSV

global 1-disk global 2-disk

Figure 8: global disk

Theorem 2.4 ([Kadl, Theorem 3.7], J. Hass-P. Scott [HS]) flat virtual link L (& reduced diagram
2R Do

FLTZDOT EMNSLIRERLTWVS,

Statement 2 ([Kadl, Theorem 3.8, Corollary 3.10]) flat virtual link @ reduced diagram [F1:l& (R3)
DERFTEODE S, & 5IC reduced diagram (& minimal diagram T %,

Statement 2 M5 Statement 1 ZE DIZHEL < 13750V, & T AWEY £ 75 Statement 2 1K L
T. A. Gibson [Gibl] ML FOHIZFR LTz LUFD 5 57 virtual link T, Ko & K3 DAY (R3)
DHDFHFTHEHBE LR, “Statement” & L7zDIF T DRHDENWT, Dx< & Statement 2 1FIEER
95,

Ki Ky K3 Ky Ki K3 K, K4

Figure 9: counterexample by Andrew Gibson

RBIWNAECEEIE. [Kadl] Fig. 20 (5) (i) OFEZEDNHD >80T, TN K TITH 7S
Wi B TH %, virtual link D 2 DO K;, K; B, TNTNDH % loop (primitive loop EWS) D
fATEND cabling [Gib2] 172> TWT, £ 5 primitive loop [A1:AY parallel (i.e. surface realization
T annulus Z29E%) D& X, K;, K; Z2H89 % move % interchanging L\ 5, TDL &, EIEE N
Statement (DL FTH %,

Theorem 2.5 ([Kad5]) flat virtual link @ reduced diagram [F]1:l& (R3) & interchanging O RS
THEOES, ETHIC reduced diagram (3 minimal diagram T %,

CDOFERIE. Statement 1 DFRZIRD, Theorem 2.4 DaEAAIE, [HS] DK 51T surface ICFIEZ A
NBEEBICONEHT ETHSMN, Statement 2 (1IEL < 1 Theorem 2.5) DAEHDRIEREE LT, LUF
D standard reducing precess £\9 global disk Z7H LT\ 7)L3 D ALK DR LTz, Statement 2
ICBNTE. 7VdV XLOEERETIROBN ZHERE L TV 5,

(P1): canonical realization 705 reducible point 242 CiH 9,
(P2): (P1) D%, canonical realization (ZH{D [E 9

(P3): (P2) D%, reducible pair 22 TiHT,

(P4): (P3) D%, canonical realization I[CH{D [ES
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(P5): (P4) O#%. reducible point AHNUL (P1) ICED, ZRIFNIHE T,

ZDOFET, flat Kishino’s knot (Figure 1) @ supporting genus ¥ 2 TH2 T & &R LTz, 4 25
HOTHRDAEZDTH 5,

2.2 Dye-Kauffman polynomial & virtual 2-braid MD93%8

H. A. Dye-L. H. Kauffman [DK] I, surface realization I35} % bracket polynomial ZE# L. surface
bracket polynomial &%\ F 7z, T T Tld [Kad4] IZfi€> T Dye-Kauffman polynomial & P55, A 72K
ETLE LT, A=7Z[A, A7 LiE<, € 7% oriented closed surface F' N unoriented disjoint loop DF
FREEFTED loop & F T disk ZIREGWVWEDRIK, &9 % & X, J. H Praytycki [Prz] IC&3 F x I
@ Kauffman bracket skein module OFEHRIC K D, Dye-Kauffman polynomial I& A[C] IZfliZE %, C
NZHWTE Kishino’s knot DIFFHIAMENE L B HLEIHR TRENS,

virtual 2-braid &3, Figure 10 1CH 5 K 5 7% virtual link B,, ., DI & T, FEITEND p; #
0(=1,...,m) & half-twist ODET. [E725 righthand, B7&5 lefthand DEDTH %, T T Tl
m>1 & LT, virtual link DEZRHID/NE W table ICBWTHEICHIN, NERDRE ZHED D 5
DIZE AV SENS, virtual Hopf link (& By, virtual trefoil (& By IC%72%,

C

PP P X P,

Figure 10: virtual 2-braid By, .. ..

##13 Dye-Kauffman polynomial 55 OE#ZHWT, U TFORFEHZ/RL Tz,

Theorem 2.6 ([Kadd4]) 2 DD oriented virtual 2-braid By, . ..., By, ....q. PMAMEZ oriented virtual

link TH 2EN75&ME. (1) m=n T, (ii) 2 k PMFIEL. p; = ¢, j =i+ k (modm) MWD T
DILETHSB,

BfE-ik [KT) IZHBW T, virtual 2-braid OFEARRED 2-knot DFEARE L LROBIHINDH 5 Z EAVREN
TV,

3 SRORE

virtual link IZ%f L C#%. classical knot theory h%illo T &2 X 9 7% cut & paste 7% & DFEANE T %5056
Tz, —fi%D oriented compact 3-manifold M WO link % Heegaard surface ICHH BT EICXK D,
M T® knot theory 7% virtual link Talzhd 2 FHCEEIF TV &, “virtual link T Dehn surgery” 7% £ D
SHZIE4{E L7z M. Scharlemann-A. Thompson [ST] & surfacex I N® knot @ Dehn surgery ([
T AHERERLTNT, TOFEFICES TS, virtual knot theory *° nanoword theory DTS Dehn
surgery ORREICENET NS EHIEHWVTH A 9, 3-manifold ND link DFEIRICDOWVTIX, S. Lambropoulou
[Lam] & ZE N0,

1.4 fiTibNR/z X 51T, nanoword DEKRZHSL Z LB ZIFE5ND, £9%5 nanoword ZDEDIC
W LTe IR H iR TR L ML EDICZEIE LIRS FNICER®DH O BEFE TR ZOMRICZL
WHIRDH %, M B4 [KaKi] TEZ DA OfHiZ L T0d, FEEDOMRTIE., £97 7 7 MmN
DISHDERIE LA Z S TH %, ILIH [Yam] TZ'F 7D Reidemeister move DEE L T2 DMNZE
DOHHTH S, T. Fleming-B. Mellor [FM] ICFBWTFZ 7D virtual knot theory MEHETN TN 5,



89

2-knot ICBIL TlE. word k&, D. Roseman [Ros] I &K% Roseman move @ word ORI
NS LWL DED, THUEIN R D DIREEZE S ITENR, 2-knot @ virtual knot theory IFEH
[Tak] ZZE NIz, MICEBEIOT R T —TiE, word (LEHED X ORENL S HBZDT, ZD
[EMEREIROEIR, Z L TALREZHT T & T nanoword theory DMEEX S ETHA S, 2009 4 2 A 5
H ~ 7 HICH R T RS THIME S N2 2 Tnanowords & virtual knots| (& nanoword theory I
& > TE virtual knot theory IC& > T, FHEmZ FE L TEHMHEE L LTREENTHIOE D LR
Tzo TOERFMHIITTONICGEERDNG [FGI] M HROMEIRZESLT 5 ETRVICBEILESTHA S,

Acknowledgement fH DS E 52 TOWIZREW EMHEITIEH LE T, FSUEEOMEFRICHBN T, B
B\ B2 N2 0T 2 K D75 RICEEH L E 9, The author is supported by a grant (No. 100771023)
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Geometric quantization of integrable systems

Mark Hamilton

August 10, 2009

1 Introduction

Broadly speaking, “quantization” is a procedure for taking a “classical system” and obtain-
ing from it a “quantum system.” The mathematical model of a classical mechanical system
is a symplectic manifold, and that of a quantum system is a Hilbert space. Thus, we view
quantization as a procedure that takes a symplectic manifold M and constructs a Hilbert
space Q(M) that is meant to represent the same physical system. There are many different
types of quantization, which are all to some extent generalizations of canonical quantization,
where M the classical mechanical phase space T*R" = R?>", and Q(M) = L*(R").

In the theory of geometric quantization, Q(M) is constructed from sections of a com-
plex line bundle L over M. One part of the construction is a polarization, one example of
which is a real polarization, given by a foliation of M into Lagrangian submanifolds.

When using a real polarization to quantize a regular enough manifold, a result of
Sniatycki says that the quantization can be found by counting certain objects, called Bohr-
Sommerfeld fibres. However, there are many types of systems to which this result does
not apply. One such type is the class of completely integrable systems, which are exam-
ples coming from mechanics that have many nice properties, but which are nontheless too
singular for Sniatycki’s theorem to apply.

In this talk, we explore one approach to the quantization of integrable systems, and
show a Sniatycki-type relationship to Bohr-Sommerfeld fibres. However, some surprising
features appear, including infinite-dimensional contributions and strong dependence on
the polarization.

The results in §5 are joint with Eva Miranda of Barcelona.

2 Geometric quantization

Let (M, w) be a symplectic manifold of dimension 2n. We require the existence of a com-
plex Hermitian line bundle L over M, with a connection V whose curvature is w. Such
an L is called a prequantum line bundle; in order for it to exist, w must satisfy an integrality
condition: [w] € H?(M,R) must lie in the image of H?(M,Z) (cf. [20], p160). The quantum
space Q(M ) will be constructed out of sections of L. For various reasons, the space of all
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sections is “too big” (see [20], §9.1 for more details), and so we work with a subset of only
certain sections of L.

To define this subset, we need a polarization. The formal defintion of a polarization is
an integrable complex Lagrangian distribution. However, most applications use one of
two particular types, real and Kihler polarizations, which can be described more simply
(see below). If one manifold admits several different polarizations, it is natural to ask
to what extent the resulting quantization depends on the choice of polarization. In this
talk we work with real polarizations, defined below, and mention Kahler polarizations for
comparison. (See [20] or [18] for more information about polarizations.)

Example. A Kihler polarization is determined by a complex structure on M. When L has
the structure of a holomorphic line bundle, the quantum space Q(M) is constructed from
holomorphic sections of L. (Usually it is just the space of holomorphic sections.)

Definition 1. A real polarization is given by a foliation of M by Lagrangian submanifolds,’
with associated distribution P C T'M.

Given a real polarization, Q(M) is defined using sections “flat along the leaves.”

Definition 2. Given (M,L, V) as above and a real polarization P C T'M, a section ¢ of LL
is flat along the leaves or leafwise flat if it is covariant constant along directions in P, i.e. if
Vxo =0 forall X € P. Let J be the sheaf of sections flat along the leaves.

A natural candidate for Q(M) is the space of leafwise flat sections. However, this is
unsuitable: although leafwise flat sections always exist locally (since the curvature of V is
zero on the leaves), globally the situation is quite different. In fact, most leaves do not have
a nonzero leafwise flat section defined over the entire leaf, because of holonomy. Leaves
that do possess a flat section defined on the entire leaf are called Bohr-Sommerfeld leaves.

Typically, the set of Bohr-Sommerfeld leaves is discrete. This implies that there are no
nonzero leafwise flat sections defined over all of M, since such a section would have to be
continuous and supported on a set of codimension greater than zero, and so the space of
global leafwise flat sections is zero. Kostant in [13] suggested using higher cohomology
groups associated with L for the quantization.

Definition. The quantization of M is the vector space

QM) := P H"(M;7)

k>0

where H*(M; J) is the sheaf cohomology of M with coefficients in 7.2

IRecall that a submanifold is Lagrangian if it has half the dimension of M, and the symplectic form w
vanishes on it.

2Some authors, particularly those who take an index theory approach to quantization (e.g. [8]) define the
quantization as the alternating sum of cohomology groups, rather than the straightforward sum as we do
here. However, as we will show, all but one of these groups are zero, and so it does not really matter which
definition we take. Guillemin and Sternberg (in [9]) avoid this question altogether and say merely that “the
main objects of interest are the cohomology groups H"(M; J).”
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(There are many sources for geometric quantization, for the reader who wishes more
than these extremely sketchy details. The books [20] and [18] are classic references, if both
rather technical; [16] is perhaps easier as an introduction, though still very complete. John
Baez has a good brief introduction on the Web at [3]. There is also a short introduction at
the beginning of Chapter 6 of [8], where the authors also mention numerous other sources.
There are of course many other references.)

The main result about quantization using real polarizations is the following theorem.

Theorem (Sniatycki [17]). Let M be a compact 2n-dimensional symplectic manifold, with
a prequantization line bundle L. Let P be a real polarization such that the projection map
m: M — M/P is a fibration with M /P a manifold. Then H*(M;J) = 0 for all k # n.
Furthermore,

H"(M;J) = €P G,

beBS

where the sum is taken over the set of Bohr-Sommerfeld fibres.

Thus, quantization can be found by counting Bohr-Sommerfeld leaves.

(This theorem actually applies to non-compact manifolds as well, in which case the
non-zero cohomology is in degree equal to the rank of a fibre of 7. However, in this talk
we only consider the compact case.)

However, the hypothesis that B be a manifold is quite restrictive. There are many
systems (see the next section, for example) which admit a singular fibration where generic
fibres are Lagrangian submanifolds, but there may be fibres which have smaller dimen-
sion. This is like a real polarization except for the singularities, and so we view it as a
singular real polarization and extend the quantization machinery to this case.

3 Integrable systems

Completely integrable systems are a particularly nice class of examples of Hamiltonian
systems, coming from mechanics.

Definition. A (completely) integrable system on a symplectic manifold (M?",w) is a collec-
tion of n functions f;: M — R which

e pairwise Poisson commute, { f;, f;} = 0, and

e are functionally independent almost everywhere, df; A --- A df, # 0.
The collection of functions F' = (fi,..., fn): M — R is often called the moment map in the
literature of integrable systems.
Integrable systems have particularly nice topology and dynamics. In particular:

Arnol’d-Liouville Theorem. Let F' be a completely integrable system on M. Then:
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e Regular levels sets F'~1(c) are Lagrangian submanifolds. If a regular level set F~!(c)
is compact, it is diffeomorphic to a torus. (More generally, they are 7% x R"~*.)

e Near aregular level F~!(c), there are coordinates (ay, . . ., an, ¢1, . - . , ), called action-
angle coordinates, such that

- ¢1, ..., ¢y, are coordinates on the torus fibres

The flow of each X £ is linear in the torus coordinates

w=> daj N\ doj
- F'is a function of the a; only.

(See for example [4], Theorem 1.1.8, or [1], §49.)

Some examples of integrable systems include toric manifolds; the simple mechanical
pendulum in one dimension; the rigid body moving in free space (sometimes known as the
“Euler top”); and the spherical pendulum. (See [5] for a detailed discussion of these last
two examples.) Integrable systems form a class of examples that has been much studied,
and there is an extensive literature about them. It is impossible to give an even partially
complete list of references in this short paper; rather, we refer to reader to [2], which has a
lengthy list of references (as well as a long list of examples of integrable systems on page
4).

A particularly simple example is any Morse function on a two-dimensional manifold.

3.1 Classification of singularities

Note that when the manifold M is compact, the moment map F has singularities, which
correspond to singularities of the distribution by Hamiltonian vector fields. A classifica-
tion of the types of non-degenerate singularities that can appear in integrable systems was
established by Eliasson and clarified by Miranda in [6], [7], and [15], based on the algebraic
classification due to Williamson [19] of Cartan subalgebras of the Lie algebra of the sym-
plectic group. Eliasson and Miranda give a symplectic local model for a neighbourhood
of the singularity. In particular, such singularities are isomorphic to the product of three
basic types, called elliptic, hyperbolic, and focus-focus.

Theorem 3 (Eliasson, Miranda). Given an integrable system F' = (fi,..., f,) on M, in the
neighbourhood of a nondegenerate singular point there exists a symplectic set of coordi-
nates x1,...,%y, Y1, .., Y such that in these coordinates, the integrable system is equiva-
lent to one in which each f; is one of the following:

o fi=ux3+y; (elliptic)
o fj =uwx,y; (hyperbolic)

. {f J 3Yi+1 J+1Y; (focus-focus)

fiv1 = x5y5 + 2110541

We call these coordinates Eliasson coordinates.
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3.2 Quantization?

By the Arnol’d - Liouville theorem, generic fibres of an integrably system F' are Lagrangian
tori. This looks almost like the leaves of a real polarization, except that some fibres may
have smaller dimension, or not be smooth manifolds at all. We wish to construct the
quantization of such a system, using this as our polarization.

Extend the definitions in the construction of geometric quantization in the straightfor-
ward way. First, let P = span{Xy,,..., Xy, }. This is a sub-bundle of 7'M, with generic
fibre a Lagrangian subspace, which we view as a singular real polarization. (Compare
Definition 1.)

A section is leafwise flat if Vxo = 0 for all X € P, exactly as in Definition 2. Let 7 be the
sheaf of such sections, and consider H*(M; J). We wish to find these sheaf cohomology
groups for integrable systems.

The classification in Theorem 3 gives a starting point for this computation: go down
the list and study each type of singularity separately.

4 Elliptic singularities

First we address the simplest case, that of elliptic singularities, which is studied in [10].

Theorem. [10] Let M be a compact 2n-dimensional symplectic manifold, with a prequan-
tization line bundle L, and with a singular real polarization given by the fibres of a com-
pletely integrable system with only elliptic singularities.> Let J be the sheaf of leafwise
flat sections of I.. Then H*(M; J) = 0 for all k # n, and

H'(M;J)= P C

bEBS
where the sum is taken over all non-singular Bohr-Sommerfeld fibres.

Thus the result for elliptic singularities is similar to Sniatycki’s theorem, except that
the sum does not include the singular Bohr-Sommerfeld fibres.

This is somewhat surprising. For example, a toric manifold is an integrable system,
where the moment map for the integrable system is the same as the moment map coming
from the torus action, and has only elliptic singularities. The Bohr-Sommerfeld fibres in
this case are the integer points in the moment polytope; the non-singular Bohr-Sommer-
feld fibres correspond to integer points in the interior of the polytope.

A toric manifold also has a natural complex structure, coming from its construction as
a toric variety, which gives it a natural Kahler polarization. If the manifold is quantized
using this polarization, the dimension of the quantization is equal to the number of integer
lattice points in the moment polytope, including points on the boundary. (This is a well-
known result; see [11] for a more complete discussion.)

Thus these two different polarizations give different quantizations.

3In [10] the result is stated in terms of “locally toric singular Lagrangian fibrations,” which are equivalent
to integrable systems with only elliptic singularities.
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5 Hyperbolic singularities

The case of hyperbolic singularities is studied in [12].

Consider a system in two dimensions, so the moment map is simply a single real-
valued function. By Theorem 3, in a neighbourhood of a hyperbolic singularity, we have
Eliasson coordinates (x,y) in which the leaves are given by xy = const, and the singular
point is the origin.

Lemma 4. Over any open neighbourhood which does not intersect the singular leaf, a
leafwise flat section can be written in Eliasson coordinates as

o(z,y) = a(zy) e2* 1) (1)

where a is a smooth complex function of one variable.

“Analytically flat” functions — those with all Taylor coefficients zero — play an im-
portant role in the hyperbolic case.

Lemma 5. A leafwise flat section o that is defined on a neighbourhood of a hyperbolic sin-
gular point is analytically flat at the singular point. Furthermore, in the local expression (1)
above, the function a must be analytically flat at zero (namely at the singular leaf).

Theorem 6. [12] Let (M, w, F') be a two-dimensional, compact, completely integrable sys-
tem, whose moment map has only nondegenerate singularities of elliptic or hyperbolic
type.* Suppose M has a prequantum line bundle L, and let 7 be the sheaf of sections of L.
flat along the leaves. Then H*(M,J) = 0 for k # 1, and

7'M ) =P ach) e  C.

peEH beBS

Here, the first sum is over the non-singular Bohr-Sommerfeld leaves, while the second
is over the set of hyperbolic singular points, and C" denotes the space of sequences of
complex numbers.

Thus, the cohomology H*'(M, J) has two contributions of the form CN for each hyper-
bolic singularity.

The space of sequences of complex numbers is the same as the space of complex-valued
Taylor series. It arises in this situation as a quotient. Roughly speaking, a leafwise flat
section is determined by a smooth function on a transversal to the leaves (the function a
in Lemma 4). Near the singular point, by Lemma 5, this function must be analytically flat.
Further away from the singular point, there are no such restrictions. In the cohomology
calculations (which are carried out in [12] using Cech cohomology), this leads to a quotient
of the space of smooth functions by the space of analytically flat funtions, which gives a
space of Taylor series.

“This is actually implied by the hypothesis that M have dimension 2, since the focus-focus system is four-
dimensional.
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Theorem 6 shows that this quantization is strongly dependent on the polarization,
since it is easy to come up with different real polarizations on a surface with different
numbers of hyperbolic singularities. One example is given in Figure 1: the first is the
height function on a sphere, which has two elliptic singularities; the second comes from
the Euler system, and has two hyperbolic singularities and four elliptic. (The second im-
age is taken from [14]. I am grateful to the authors for permitting me to use their beautiful
picture.)

Figure 1: Two different integrable systems on a sphere
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Grassmann ZHAD Schubert FZFIH T 5 72D DEARN T NN 2DH%.

.....

O - 0)\ = Z Op-
Xi<pi<Ni—1, |pl=[A|+k
p D Young KEIE A O Young KIEIC k HOFZMNITINATHELNS. TDRRIC, #r
TSI INZ 25 BFNTE AL TIE WS OWNEBDOEMNTH 5.

WIJ . 0101 = 029 +O’1’1, 03021 = 05,1 +O’4,2 +O'372’1 73:61_): ?:"_7]:'.’.‘[_/ n,m 6i+§j\j(%l/\}:
L.

Bl @ P8 NIC 4 RDERR b1, by, 3,0y W—ROMEICEZ BN TS EEX. (N #
¢ (i=1,...,4) ZRATTHERR ( FTRFZMD?

P? NOERR ¢ RIRDEEE G(2,4) EAEES. (N 2FHT2F [ 1& Schubert ZEE{A
QI,O = Ql,()(gi) %73'@* ZE) &@éé&ci

ﬂQI,O(Ei) N QI,O(&L) N QI,O(&)QLO(&) = deg(ail)
72HY, Pieri HHIZHWWT of = 2090 DEIHRTE 3. Ko TEZIE 24 THS.

R P NI 4 DI Ry, ho, by, hy W—IRONMIEICG A 5N TWS LB XK.
(Nhi# ¢ (i=1,...,4) ZHTTELR L IIMHAEZH?

LS50 ELDDOHEHERNNIERDEDTHS -
i 2 (Giambelli &) o) = det(oy,4j i) 1<ij<n-

Kihl7% Schubert $8 o1, ..., 0, "W LT 2175 ROE T D Schubert FJANEE % &
WO RATHS. Lo T, Pieri DHAIE Giambelli DRXZHATDENL, o, 2K
5 EIFHRMEOREICE S, L L, FHERCZ DG THIAEZIATT S T LN
HThHb.

KR, o, ZreRICRlihd B eV R, —RES7RAL R - B TR SN
FERZINLUEYT C LICK o TECHTHZ BN (Bih).
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1.3 Schur %IBT, & Littlewood-Richardson #RA1

(ars o) oy > o > a, > 0 ZHITARBOIE S 2. 175 aq = det(2])1<ij<n
& 2,1, OEBUICEHALTRRNTHS. p = (n—1,n—2,...,1,0) &BL X
ap = H1§i<j§n($z‘—$j) EEIFB. A=a—-—p B L

A2 XA 20

E75%. ayy, M a, THIDYINT, Bsy(z) = sa(x1,...,20) = ary,/a, FRFRZIEA
&%, Tz Schur ZIERN M5, WMHZHADNEITEEA, = Zzy, ..., 2,)% & Schur
ZIHARKRDES {sx(v)}r & Z HHEIKICRFD.

Schur ZIHUE GL(n,C) DBRRHDIREELE LTHISNTVS. A ZR&GYVIA b
I 575 GL(n,C) OXBIZ (1), V)) £95%. GL(n,C) EDOREEY tracey, m\(g) Z X4
175 diag(zy, ..., 7,) € GL(n,C) DX ITHIHICHIRL TR SN BB (r), O &
sa(z) &—EHT 5.

Schur ZIHAXDHE sys, DEBREIET >V IVEEB V) @V, ORfRfREE LT, L
CHRNENTNS. ZOMEEimAGRtb i Littlewood-Richardson Bl &IN5,
ODDOXRBUERGEIENHI S N TV B D Stembridge [29] 12 X 2 iR &AEHZ 5998
LTEBEW.

1.4 4S5EZEME
N 2 REL LIWfR G(n,o00) = ]\}im G(n, N) 1&7378%/ BU(n) OMEEDOO D&
LTHIBNTNT
H*(G(n,0),Z) = Zléy, . . ., )
P DD (2¥ 21 [1] BB . EHUE ¢, 6, & %38 Chern BTN, K
NN T ¢ € H¥(G(n,00),Z) TH%. Rt

éi — (—1>i€i($1, Ce ,In)

&> TA, 22O RET Y — H*(G(n,00),Z) EFA—HT S, ¢ & i ROFAK
WX THB. TTT, > >0 >0 EW0HFANICHLT H(G(n,0),Z) Dtk
LU C Schubert $i oy MEX A EICHFEELTHEL. KOO AID .

i 3 [[Al—f A, = H(G(n,),Z) D& &I Schur ZIH s, (z) & Schubert 1 o) I
WISd %.

GERHOTED (—1)'c; = ei(x) B Schubert $H oy, 4
C &l Chern D (U &DD) EENMLLIZAS. T

17 i [fgEDIKT) &—Hd 5
C k&, Schur ZHEAITHHT S

S ~
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77777

2L FECEZLTWASC WV TmENRENS. O

5%R : Schur IR, & & & ERERICKRNT-ZIENTHS. ZNH, Grassmann
ZIR{ED Schubert $HERLEIC—HTEEWVS T LXK, EWNARBELIETHS.
O—RIBELT, L2EFVEBEHITELGWEASSH?

TERL Schur ZIHAZREHE IS, RANEEMIZTZHWT &, 28 L2 BRIz E
CEWIHHERM Vakil [30] ICXK>THABNTWVS. TOMPI FRORMICEZ SV
NeBZ25D1A507

I D hyyho, .. Z5REXNMBIE, DE O B

n

Z hy(x)2" = H(l —2) 7!

=1

WCEKDEXS N, Dtk T3 EE, hy(z) = sp(z) DO ILD.

WG, N) BIZiE CY 2774 N—L 3B E BXOZOEHH (F— o
VHWVIEERDHR) S ={(V,v) € G(n,N)xCN |v e V} BB 3. fikE Q=E/S &F
5L E,

or =¢(Q) (1<j<m), o1.1=(=1)c(S)

EWVWS RN D B, RS, B —x1,...,—x, & S D Chern roots TH 5.

2 Q-Schur ZIERDHFS

C CET, Grassmann ZHEAD Schubert #2 X H T 2L U TRIGRICHKT 52
HATH B Schur ZIHANDBINS Z L ZFHLZ. TOHERRITH LT, BERIRENE
EMZENT VS EIEEZRVOMNBUREOIED, BT 25HRBEIMICENEN TN S.
Lagrangian Grassmann 2tk & Q-Schur ZIEXDOBEICOWTHEN LW, Q-ZIHK
ICBH L T Macdonald DA 23] I3 ERC L ZRICE LD THS.

2.1 (@Q-Schur I8 & Lagrangian Grassmann ZHk{E
C OHICHI L2 WAIBIfRZ RICT 2 L RD K 51K S ¢

G(n, ) ‘ Young XE ‘ Schur ZIH
LG(co) | Shifted Young MJE | Q — Schur ZIHX

C?" T symplectic form w Z5Z%. L C C?>* ' Lagrangian #7702 TdH 5 &1
dimL =n TH>T, FHEMNDED u,v e L E51E wlu,v) =0 DXDILDT L TH%S.

5
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Lagrangian #8777 Z5RIMVE 9§ ZK1A% Lagrangian Grassmannian & P08 LG(n) TED .
BT % BRI
N> > >-> A, >0

WX LT Schubert Zkk{&%
O ={LeLG(n)| dm(LNF, 1) >i(l<i<k)}

EIEDDB. TZIZL, HE, = (F)?, & F, B Lagrangian #inZ=MTHsE L, £/
Fou=F-, (1<i<n) £9%. LG(n) DIAREQY—ROMEITXHENTNT

H*(LG(n),Z) = Zly1, - - yal™ [en(yi, - y2) | 1 < k<)

TH5. —y1,...,—yn & =TI IVEETHRD Chern roots ThH 5. ¢; = e;(—y1,. .., —Yn)

.....

0—S—F-—St—0
MHENNEEKX c(9)c(St) = c(F) %2
(L=wmz) (I =ynz) x 1+y12)- - (1 +ya2) =1

= 15474
(I+e+-+e)(dl—ci4+ca—-+(—1)",) =1

PEEND. RFXIHMENTHE BIZE [20) 250D .

RE 4 WRRAE 1, co,... DZHERIR Zlcr, oo, .. .| 2 2 KR
k: .
G2 (Voo =0 (k=1,2,...)
j=1

THERENB AT T IS K> Tl TES TRIARENE H*(LG(00), Z) L FISRICIARIC 5.

Chern roots EIFANC 21, 29,... EWVWOIBRZHET 5. R

oo

TT -5 14 Qi) + Qole) + -

1—ua
i=1 '

XD Qrlz) ZEFKT 5.

RE5 [ :=2[Q1,Qs,.. | & H(LG(c0),Z) ERMICTS.
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GEHDORA > ) BHYZEERX

14z oy l—x

Ze JERE 9 U 2 REER L
k
Qp +2) (-1 QuyjQuy =0 (k=12,..)
j=1

MEbns. O
23] LATMIC Jésefiak DFi [11] 2B L TV IIEE W,

EHE 1 [27][Pragacz] ' = H*(LG(00),Z) DIF—HDE & T Schubert $ o, & Q-Schur
B Qi (z) &—3T 5.

Q(z) (FFREE DGR DIE 2R T % 72DIC Schur IZX > TEAET Nz, Qi(2)
BEICHEDTZAREIN N > > N >0 ICHLTROEKSITEX S -

Q>\ (ZE) - Pf(QM,)\j (l’))
fz7zL, CTZica>b>01RLT

b
Qap(7) = Qa(x)Qu(x) + 2D (=1Y Quy;(2)Qs;(x)
j=1
CREDT. Fiz, PfIIEEBIRAAATINCH U TEE % Pfaffian THS. RIEDKIIC,
RDEESIEEAZHFLT A > - > A > 0 EFELL Q) & Hall-Littlewood ZIEH D/
TA=R t=—1 LFRILLTZEDE—KT B ENHENTNS.

TEPLOREIIZ L O BEZ R E D TRV, Qy(x) EMHIC super Lie fREDOEERIFEE L
WO EIREH SN TN 5.

VER © Pragacz 137 D%, Lascoux, Ratajski [22], [28] B & & bIC Q-ZIHRDIHi%Z &
B L7z. Chern roots yi,...,y, DZIHI & LT Schubert JaZRE T BHEICIX, &TEH
WixlEitds. L, ZHAZDOEODOREN - S ImNEMEEIX Q-Schur 214
RO DAMERDZ0. A BIDSNOEHERS B, C, D Z2# 5 B Q-ZHNXZHV5H

Q-ZHAZMNWENEWVS [T, TORDFEBICIIRE LS DDHRNDH 5.
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3 —hig%dEslE LTD Schubert ZIAT

222 RS /M E ARED Y — 2R T 2/ MOIENE A BN,

G 72 HHIESR Lie fif, P 2T OB T 5. Weyl B2 W L9 5 & EFH
24 G/P @ Schubert $HiZ W OHBHTEE WY TISTA T A XENS. T 2K
F—F L9 %. G/P D Schubert ZHAICEIT % —fN7a—T 1 & LT Billey &
Lakshimibai IC & 54 [4] 2281 TH<.

Frc, SR —RMEMIAICBIL T, —fik¥ai]e LTD Schubert ZIHAMNE 5105
BEICE S WO N BIZE > THASNHRLEN TV RN S DXHREZFHNTT 5.

o Hi(G/P): T-[AZIRERT—
G(n, N) : Knutson-Tao [12], Lakshimibai-Raghavan-Sankaran|15]
Isotropic Grassmannian : Kresch-Tamvakis [14], Ikeda [7], Ikeda-Naruse [8]
JHEZRRIA . Lascoux-Schiitzenberger [19]

B,C, D BIDOHZ A | Kresch-Tamvakis [14], Tkeda-Naruse-Mihalcea[10]

e K(G/P): G/P FDOHE#ED Grothemdieck £
G(n, N) : Buch [2]
IHEZARIK © Lascoux-Schiitzenberger [20],[21]
e Kr(G/P): K(G/P) ® T-[AZhR
G(n,N) * McNamara [25]
Isotropic Grassmannian : Ikeda-Naruse [9] (H&figr)

BFIOREOY—ICEH L TIZAEMKRT 5.

T affine Grassmannian @ Schubert calculus HAVKE HEREL TV 4. 3Gk [16],[17],[18]
R ENTZV.
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U—BDORROY-—HDB5RDY21—N)IbAUFa2S5R

RE BRI
BREIKE B

1 FEDEIR

BRITA—O VY REFRICEZ SNz, —MRONEBICH D 4 KDEMRETICRHOIEREAARS|(FZH?, 19
¥, Schubert (FZ DEDOBEZHHZ < ERL, Pieri ¥ Giambelli 5(CXK > THA LT (enumerative
geometry) EEENDIDHFICRKESEONL. KICHIFERRECKTT D Schubert DIFEIFRDBED THD. X
4 ARKDERZEZDIDMMICLT, BROEHINRIAZF ORICEITBETSD. CORECHENTE, 4 KETIER
D3EREIE, ZORK[BLZRBIERE, SENRDIFEOHLBEIRSE UTOERD 2 ATHD. FIBHCL>
TROBBIZEDSIBVWHAS, BEZEFWLWDTH 2ATHD. 1 CORKIC, BREOERBIBERNIDNDHFEPLOHTH DD,
BEEICERITS. ZNZIES T IERGFTESZIKEVWS DA, Hilbert DFE 15 fEE U TRES NN, 5
HTEEZIRAE (lag variety) EFENDHELZIRAED, IREOY-ROBEDRELE UL TERLSNTE O™,
FCZDHEZILITUILZSEZZDEZBNELTVNRZONY 12—V A F 25 (Schubert calculus) TH
3. (BERNBRBRBICOVTE, IR [19) 28R, )

BEEREEWS, BEBBEZRENDHDIEE “FTRAD” ZHEZMRELTVWSBO, MROI—DIH:
59, REE2, RIRHR, BHAESOEROESABDD SBAICHATRINTED, BIZE [14], [26], [20] B E(CBZ®@
FIET, Ya—NIEAUF2SREVWSHRMRLZ BABFORERICAE L TVWIERFZERBIT 5 N TE
3. COEETE, AR EROY-TEHLHS/RONTER, U—BEZOEFEETR(CEAT D5EBRZE, F(CHIH
BEWSOSRICDOVWT, Ya—NRNILMAUF2SROSETREIT & ZHMD. FINEDIELKIEEZDEE
NMEMICBRDITEDRIC, FROY—-—LADRBLNS FHRENTVNBRICBZ DD, Z00, BICLSBVHE
DOHER, ERIBFAELTEIBNTVS. INXTICEBESIN TV EFRNGHERBRZREPIVWETIRERRI DI E
T, BARBAABHDSHNEDY 2 —NILE AU F 2S5 RZWRT D —BHTENIEE L.

2 RSN

AROWRERDZER - EEHRAE, V-BOFEZE[E L TRND. G 2ANTREEER) -8 BZZD
1K O] fZ88728# (Borel subgroup), P Z B Z&8T 8898 (parabolic subgroup) &9 285, FEBZEME G/ P (X5
SIRAEDEEZRES, EERAEEFEND.

ELBER) —BOBICHBT BPENTE, BRICERIZBIENTES. (2 (G DERBRBEHETS
&, BT RBHBNBPHEELTG/P = G/P EWSABNEDIISE, £, G =G x Q' £F3E, G/P =~
G'/G' NP x G"/G" P ERRTBDT, U—BOREERED, HEBHE G (E GL,(C), SO,(C), Span(C) D

*L 7272 L, R7 Schubert DT ANN—LTWLERTEZVS L,

1
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HEBED DV, Gy, ), Fg, FBr, Bs O 5 EEQBERBHNEONTNATHZE LTRN. —5T, P (8L —
FOBHEST/ISARSAIENZBERNENTNG. &o THSEAR, 7« VF VR EZOESOBHE
BEDORTT (BEEHZH) HEENS.

aq Q3 Gy as €75 arm ag
O O O O O O @
&%)
1 (Es, Ps)

fatsn &l

MR G/P (&, ZOREHEICEDNTY 1 —~JL MNEEFENS IREDY—EBIEXD, H*(G/P;Z)
N0BEE LTRZD L OB Z T8t cB3. T % G OBAR—S2E LT, W £ LB No(T)/T, Wp % P
DDA IVEE Np(T)/T £EF 3. G EIAILBHEE 5T/ X b S1 ISN=TRIRES R ([6])

G= ][ BwB

weW
EZR5, ZNEVAIBOERREES WP = W/Wp TINS XA LS4 XENT, Bruhat 2 EFEN D RO
G/P ORENEZFHFST 3.

G/p= ][ BwpP/P

weWr
Z D8, w LI5S B8E BwP/P DS X,, = BwP/P (¥ 21 —NIL S SFEEEEND (1BR) SO SHREE
ANSY

CONBREBLT, DMILBEOHEAESHOERVGHED, ELZHRADONROY -—Z2R<RELTVWDDZR

BCENTED. | :=dimT Z G OREHETDE, DAILBEEBEMIL—b ar,...,q [CHET D BEiER
$1,...,8, CERESNDBRBEELDID S, FRDTEF w = 54, -+ 55, ERTEIND. INZ w = [i1,...,0
EELKBICTD. CORTHRETHIE, TORS bk Z l(vw) £EBEL. RERRODAZEGE—ED TEGZLH,
[i1,... i) EWSHRCKH U THERIEFZEZ DB T, RINDRERTN—BNICEFD. ERREES W 1,
{weW | Vv ewWp,l(v) >l(w)} EWDRERRZRD.

Bl 2.1 G = GL,(C) £T3&, B EL=ATHERZ. COBS, HISTET 1 VEYRHOBHESFRE
8TH3. GL,(C) DTEE(TIERL, ZOIRY L TESNBRAZRIH 5435 (fag) Vi C Vo C -

V,=C" [CWibEEdE, GL,(C)/B 3ZD2D0D80, ERAN 5822 kAERD. BuB (MK'EB’JL(J?‘WU(D
LU(LPU) HMBETHO, Y2 —~N)LZEEK X, = BuB/B (w e W = S,,) (&, G898 1 —~)L St

{(Vi Vo C-v C Vo) | dim(Vi NC™) > #{i < k| w(i) < m}}

ﬁ

CX>TEESIND.
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G =GLyim(C) ELT, P, %

{ (61 ;) ‘ AeGL,(C),B e GLm(C)}

ETD. WHT BT 1 VEVREORDESE, n EEOREMIL— ~OHESTHD. O, G/P, [ C"™ D
n RIFELGNZEREDIE T T S AV VBIRIK Gry i (C) E12D. G DDA ILBEW (IXSHREE Sty THO, P, D
DA B Wp, FRFBEDERE S, x S, THID\5, FREES W FISAVVER

{w e Spimlw(l) <w2) < <wn),wnh+1) < - <wn+m)}
E18B. w e W ([CIBINEEI (w(n) —n,wn —1) — (n—1),...,w(l) = 1) ZXHEIE®DZ&T, Wh (&
nxmDPYIRFEER—RIN, V21 —NILEBKREK X, &, 21—V EH
{V | dim(V nC*D)) > j}
TERSND.

W ORRITZE wy, WI OBRRITZE wp £T3E, l(wowwowp) = l(wp) — l(w) = dime G/P — l(w) £782D
T, Xuywwowp PEREORT? Y H LI E H ) (G/P;Z) DTC 0, ZEDD. INE w [CHIET DY 21—
IWREEER. S, BERTOREULNFELLBWVWDT, {0y }twewr (& H*(G/P;Z) D Z I35 UTOEEZR
ERE

Va—RNILEAVF21SRCEFRZR—DDOPLBEIRE, Y2a—RNILEEOHY THBICDODVWTDBEEH
(structure constant) ZRET D2ETHD.

RIRE 2.2 w,v € WP IZHULT,

1% (EE) BE v, RO,

WR 2.3 8% /B — G/P [FIREOY —BOROS5ERE
H*(G/P;Z) — H*(G/B;Z)
Ow = Ow

%3ERITOT, G/BHEELEIS5NS.

Bl 2.4 TSRARYVEERIE Gry,pim(C) EHULTE, Y2 —ANIKNEHXVP VIR TINSA RS A IENDIE
ZRIEH, ZOBEEHF, BUPYIRFEICHBT DY 21 —PEZEAEVWSHMRADBEOZNIC—HIT B L
MNHS5NTULS. NI, Littlewood-Richardson DA ([24]) EWSPILTYXALATEHETETHD. HIZE
Gra4(C) [ZBWTIZ,

Ofy = Op32) + o2
0?2] = (03,29) + 0[1,2])° = 2072,1.3.2)

1%, COSEERACHF Schubert ORIBICERT 3IC(F, &Y 21—~ MMEZE, FTORICH > TERAD
ERICET IRHEFHEINERL. T5F3E, ol = 20,159 &, FEOEIN 2 THZIBLHHLTNS.

*2 H*(G/P;Z) &, BE LT G/P ® Chow 81 A*(G/P) LIARITH 505, LTFOHMATIE H* % A* EHABATH R,

3
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a2 S5Z5NncERERDD

0(3,2] S5ZonicFaD LICH D

on  SASNEREED
012,1,3,2] SEZ5NEBERDLEICHD

ED—MBICLTD A BESEACDNT, B Coskun [9] (FZOBEELEHET 2 7L TUXLERE L.

3 R EAY-BOZERER

IMEOY—-DNEEE LTORERR, Y2—NILMNMETEZAONZDZEZREN, BN THD EZZDREEE
H3RIECEF, IREODY—Z2Z2BBRBROFRRE UTKRI ZENTENEENTHD. Y2 —NILhAUF215R
[CHEWNTIE Borel RREMENDZDFEL, REBICHZ>TY 2 —RNILMAUF 2SR EFMIIC, BL DIES
BRAKICK U CEANICEZ 5NTER ([4], [5], [33], [28]) . LT T [4], [32] [CR- T, EZKADIREDY —
IRD Borel RRZHBNT B.

K%ZGODBRIVINO DB, TZ K DBAKS—5R, £/ U =PNK £9%. K — G EHHRE18
K/U =2 G/P %589 2BNHWESNTWIH S, BIC H*(G/P;Z) = H*(K/U;Z) TH O, BBICIHELTG/P
EK/UDEESEEZTHRL. FIZE, ROKBHIEHHS.

type G P K U
A SLi+1(C) P, | SUIl+1) SU(m)xSU(l+1—m)
B, | SO2:1(C) B | 5020 +1) T
Ci Spau(C) B Sp(l) u(i)
D, S0x(C) P S0(21) u(l)

BERDIA b {wih<i<it  H¥(BT;Z) DLERRT E, H*(BT;Z) = Zlws, ... ,w)] THD. ETRT — K —
K/T O95$8E1& K/T - BT NJREOY—(CHFEIZDER[E  : H*(BT;Z) — H*(K/T;Z) 3F¥FESKRE
IFEh, COEREBLT H(K/T;Z) #%BRBEEED I TANSNS. £0DFELL, K/U OIREOY -
BRD Borel &R(&, 774/\—R K/U — BU — BK RO U/T — K/T — K/U @ Serre AR 5L RIZ=ZE
BRI B ETHESN, ZOROHERNBIE, ROKICENBZ I ENTES. HEIB R % Z £ EELBOBR
B F, EUT, H*(;; R) b5 THNIL,

I 3.1 ([4]) H (BT, R
(H+ (BT R)7)

[12

H*(G/P;R) =~ H*(K/U; R)

ZZT, (HY(BT;R)) FEERHO W FEZERA TERSNBIT7ILTHS.

Bl 3.2 H*(SU(n)/T:Z) = M LD, Bl n KT ORFERBTHD. TORTERBICH T
1y--+-5Cn

%> 21—~ NE o, DREFITE U T, Lascoux-Schiitzenberger [23] [CXDHEICHFELRLZER (A BV 21—
NILEZER) MRS TN S.

*3 H.(G;Z) 7% p-tosion &Rz 2 L LIFAMETSH %
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[4] DAEZEHLED DI ET, Toda [32] [ H(K/U;Z) ZZ2BRBROFRRE UTERDHEZRAELEL.
ZNEFNBCHLTEBMTH D, ERICEFNBHEDNBZEINTLSBD, Y2 —NILNMEE OMIGEBEH SN
9, Va2 NILMAYUF2SROBERIDNS L, FEAEEFESNDZEEE, . (RETEY2—NILEAY
F21SZADIBH 5B [11], [31] BETHNEDYT —DRDONTNS. )

22—~ MEOARRTT

Bl24CBVT, ISRV YSBHREDY 2 —NI)LbAUF 252DV 1 —PEBEADOFRCETINLRIC, &
V1N MEZERRIDZEAGNREOND &, BEEHOBERIZEADZNICIRET D. COHRLBZEREK
&, AT 7IEEE UTHHRBIMD ANTESDD, ZDOSGHEAEHERIICEBEDORVNEDZEY 2 —N)L~EIE
IV (Schubert polynomial) EIESR. FHBCH U THE, (A BZRVWTE—R—EEH>TH) Hh 2O RVWHEEZR
DY 1—NILRZEANMNSNTWNS (23], [2], [12], [25]) B, FIARICEAL TREEAEFZEDFSN TR,

JREOY-HOZEARREY 21— NILNEEORWRZSZADHDELT, RICBNI DE=0BERAER
(divided difference operator) H'&% 3.

E& 3.3 ([10], [3]) EI—k o [CHULTE, Z0EERR A, : H*(BT;Z) — H* ?(BT;Z) IRATERS
ns.

Ao(f) = _f;“(f) f e H*(BT;Z) = Zlw,, ..., w]

7272 LZ 2T, IL— k% H2(BT;Z) DTERBRLTVS. FED DA ILBEDTTICH U TIE, Z08RMESRomisIC
KBRIERT W = 81,5, -~ 8, BT—OBIE, WETDENEERBR A, : H*(BT;Z) — H* ') (BT;Z) (&R
R TEZRSIND.

Ay = Aail © AaiQ ©---0 Aaik

—MRICDAILBEDTTICX U TZDRERTE—BHNTERVD, LDOEZHRD well-defined THBDZ E(FMRIESNT
Wn3.

T 3.4 ([10], [3]) 6. € H*(BT;Q) % 0, DSERFR, A5, 1*(6,) = 0, BRBZERET .

(1) {An, h<i<i EOAILBETR D ILDNERIRIL (Coxeter relation) ZHIC Y.
(2) Uws;) =1l(w) + 1 B5(E, Ap,Sus; = Gu
(3) Aai (fg) = AOM (f)g + Sq; (f)AOéz (g)

(1) &0 well-definedness MY, (2) KD LB f € H**(BT;Z) h'Y 2 —)L MEDRFA 2 i(w)=k Aw(fow D
RRTEBO>TVWBZEN DD D. R, (3) FTDIERRHIBIFNICHETRETHD I EEZRLTWNS.

R 3.5 BOAFNICEK, ZNAERR A, FRSZRVTROIRICERIND. o [CHIGT DIWINEEBIEE Pa
EXHUT, K, = KNP; EED, TD S2REEZD.

S? = K,/T — BT % BK,

ZTT, pt: HY(BK,:Z) — H*(BT:Z) % p OFEBR, p. - H*(BT;Z) — H*2(BK,; Z) &7 71 —)\—T
7 (push-forward) £ Fd &,

A, = +p*op, : H(BT;Z) — H* *(BT;7Z)

5
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MEXDIZD.
5l 3.6 ABIDIBE, HEAYZR Newton DENEIERR

Ftr, ooty tyy o t)) = Fltr, oty by o 1)

Aapf =
E—HLTWS.

ZIhHh 5L, ENDBEERFE Borel RNEEREENTE L, STEEFEAL TESNE, SMEED D) |1EH
KEDHBARDIBRICDOWTBN UL, TS, SIABRDPOHINETH D E BIESKIEICDVWTIENS.

E 3.7 GH EBRBINEEE, (I=06,7,8) DB,

Wipi={weW |wDETORERRE [...,2] EWSFZEZLTWS }

EBL &, HY(E/B;Z) &, Z|wy,ws,wa, ..., w] (2 H*(SU(l—1)/T;Z)) LONBEFEE LT, {ow}wew,, TEK
s,

CDEERDS, RERTN [...,2] THIHRBRE 2UEDTT wy, ..., w, BFELT, ROKBEICKRRTEDS
NRh 3.
Z[J[”,U[g],UH],. . .,0’[”, 0[2};011117 “o 7ka]
(P15 -5 pj)
—AT, Wi =W &BBZENS, H*(E,/B; L) DEHINEE D, cry,, Zow (&, H*(E1/Py; Z) & EIRIZERSY
REEBOTVS. @ewy,, Low [EDVT(E, ZOBEEREHETZPILTUILDEEL, oy =w, &
DFEICEAL TIER®D Chevalley DA ([8])

Ow * w’L = Z Aa(wi)o—wsu
a:lEJL— b s.t. l(wsq)=l(w)+1

H*(E/B;Z) =

MNERTEDRCEEEZESHOEDE, H*(E)/B;Z) DY 21— MNEICKDRIBEF, FRICRESNZEKTIE
HDIMNRESNTWVWDEERD.

ZZTo5FL L\DTC(D(Q:, éj(?;ﬁ% H*(EI/B; Z) %, 2 W@ﬁ?i)ﬁén%%lﬁﬁ% Z[O’[H,U[g], O4]y -+« O'm]
E @pew,, Low EVSZODUBHUNS BERACHEITE /T ENAENTH S,
#l 3.8 H*(Es/B;Z) [CHWT,

015,4,2]001,3,6,5,4,2] = 0[3,1,5,4,3,6,5,4,2] T 0[2,3,1,4,3,6,5,4,2] T 2011,2,4,3,7,6,5,4,2]

+071,2,5,4,3,6,5,4,2] T 0[3,1,4,3,7,6,5,4,2] T 20[1,4,3,8,7,6,5,4,2] + 20[1,5,4,3,7,6,5,4,2]
(—R(C, MAIEREKMFH S, BLDFREBIIETIEICRD I ENMSNTWLD.)

BRDFET, P D B RBFEW L DDDBAEDEFDIZE(C, RDURSZERBE. (E/B BRIBBIHEBL
TW3.) £ BRI p OZBEARREEFNICEZ DI ENTES.
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TESERIR | HERTT BRI p; DREL
G2/B | op),002],071,2,1] (4,6,12)

GQ/PI 01],01[1,2,1] (6)

Ga/ P, 02],011,2]: 0[2,1,2] (4,6)

Fy/B | op1),002), (3] 014), O[1,2,3), O[1,2,3,4] (4,6,8,12,16,24)
Fy/Py 0115 0(3,2,1]> 0[4,3,2,1]5 0[3,2,4,3,2,1] (6,12,16,24)
Fy/Py 0(4]5 0[3,2,3,4] (16,24)

Es/P1 | 011),002,4,3,1) (18,24)

Es/Py | 0[2),0(5,4,2], 0[1,3,4,2)> O[1,3,6,5,4,2] (12,16,18,24)
E7/Py | 001],002,4,3,1]5 012,6,5,4,3,1]> 0[3,4,2,7,6,5,4,3,1] (18,24,28,36)
E7/Pr | 0171,002,4,5,6,7)5 0[6,5,4,2,3,4,5,6,7] (20, 28, 36)

Eg /Py O8], 0[2,4,5,6,7,8] 0[3,1,4,2,3,4,5,6.7,8]» O[5,4,3,1,7,6,5,4,2,3,4,5,6,7,8] (30,40, 48,60)

2T, -~ OBESHIFE 7] SR TV,

4 HH
41 FTERB

EERED IREOY KRG, FERIR (RAZENR) EADONRVBZRIED, ZOBEEZ L DFL GENRS.
DAIBEORERR I, := Fplt1,.... 1"V (&, p D torsion prime THDEE, FE(CEMCRD. ZDEME
LT, [30] TIFR®D p-stable invariants J, hYEASNTZ.

(0)=JO C (Ff[tr,...,t)V) =T CcJ2Co T =Tt =

p

S = ({f €Ffltr, ... .t | Vw e Wow(f) — f et}
CDAT7IVEESZHRAEDO IREOY - BECBHAENH D, EEROEERMEAINTND.
2 4.1 ([30]) ¢} : H*(BT;F,) — H*(K/T;F,) & F, REOHHETHRE I 28,

ker . = J)
X, J]f) (FERITEREND AT 7ILTHS.

INEKD, ROBRZRFD

(G,p) Jl DERTORE (G,p) J. DERTDORE
(Spin(2n+1),2)  (2,3,4,...,n, 202" 1 (g 3) (2,4,5,6,8,9)
(Spin(2n +2),2)  (2,3,4,...,n,20eCn=by | (g, 2) (2,3,5,8,9,12,14)

(G2,2) (2,3) (E7,3) (2,4,6,8,10,14, 18)

(F4,2) (2,3,8,12) (Fs,2)  (2,3,5,8,9,12,14,15)

(Fy,3) (2,4,6,8) (Es,3)  (2,4,8,10,14,18, 20, 24)

(Es,2) (2,3,5,8,9,12) (Es,5)  (2,6,8,12,14,18, 20, 24)

ZOREEEIC Kac [17] L& > TEENTWBH, TTTREES(C, ZOEMTOERNARTES I ZENT
=3,
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Bl 4.2 Go DDA ILBEIZEERf Dg THD. p=2[CWHLT, RHDIID.

J2 = (12 + 12 4 tytg, 2ty + t12) C Falty, t]

42 G dD Chow B

HER RO IREOY— H*(G/B;Z) & Chow B A*(G/B) EBEITH D ([13, Example 19.1.11]), E5(C, G
@ Chow B A*(G) £ DROBABFREHMSNTNS.

EIE 4.3 ([16]) & p: G — G/B [CELB5IERL p* : A*(G/B) — A*(G) [FEE

S

ZFEID.

ZNEEMNT, [29] & [18)(ETD) [CHNT, @ TOREREE G [CH LT A*(Q) BSRESNE.

5 SRORE
5.1 ¥ a—~JLNEOHRETEENE

REMER ADIT a [CHLT, a bt a DREKBEDTICS A<l TERSNZBHRICE L TL\DH, DAETTAE
(decomposable) THBDEWS. ¥ a2 —N)L MEDOHEETREEKE (L, FEEROBGPAREREEELTED, IhZzD
1ILBE DA EDLERD SHIETENEEBL.

Bl 5.1 H*(Es/B;Z) ICBWT,

ANBRR OTRE 7=+
011,3,42,7,6,5,4,387,6,542  (SOBEOTRETRRL.
2
01,5,4,2,7,6,5,4,3,8,7,6,5,4,2] = —0(5,4,2]0(8,7,6,5,4,2] T 9(6,5,4,2]9(7,6,5,4,2]0[8,7,6,5,4,2]

—017,6,5,4,2]9(1,5,4,3,8,7,6,5,4,2] — 9[8,7,6,5,4,2]9(6,5,4,3,7,6,5,4,2]
(SRR TIRE.

V2N S EEREBHRBOLERE UTERTDRCE, TTZOITADNERBINEZERRZR DI T
PRIREDDHD. NEETREMEDOHEL, ZD—SBICHIBBEEZD.

52 @EZIREOY—

BRR—>RICEATIRAZIREOY—IR Hi(G/P) DHRIE, FBRADBPMEHI IR [CIHEREEERE DS
(GKM 5% [15]) H'5, BAICITHONTWS ([21],[1],[22]). LA ULTREHKBEHE, 94bh5, ZERBRORER
REUVTORRBERLEELS, SOBNUEAEZBEARIT DI EEFTERN. ZTTEY, Toda MOSHEARZREL
LU, BEANIECEFTITZIENROEND. BIREODY—-DHFEICE, K/T — BT — BK £W3 2774 )3l
9B Serre AR MLRIERWED, BZEIREOI—DBEICE, ROFKRZR T 714 /\=FD3|ERURKIC
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g% Eilenberg-Moore RJ ~LRFY ([27]) NMERATH BKkRICBHONS.

K/T ———K/T

L

ET xp K/T ——> BT

L

BT — BK
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LIV 2 BEBIHRE DT —N)UE
{eRkIEA (REURZE KRB IR

1 EC&IC

AR, Bl O BHARE DI TRE D BEOH TR, L)LD & EAGH
D7 —N)UL, [HFEE UT, BERE ot REO Y —FHIC DWW TR S . —fiRic
BASSEREDH DR ED YV —HIIERDEDTEIF LA LHSENTVARW, K
ICEBFERE A T —N)UEIZ A TH % D, ZOHDEED T — )W biE—f%ic
BIFEBHTH O, IBHETRI DB OV T I NEZHEL X S L W05 ONAFEON
KNTH5. FAASER O ORMRE 1 TR IV —HANDIEHIC BV T, HBHIC
TER 9 2 e 2RO 7% 37 BE%Z Torelli BE & WS, BEREO IR IR IERTE 2 B
TH O Toreli BEE G ELDIE, H5 dITDNT LN d BSERE 2 ST T EDH
HBNTWVS. TOXKIIC, LNV d BAGSERESFREBUA R T O W CHEARY 30kt
RTH5.

BEBREOT R, A MGG EMimORMAMEENEOMGE L L THNS
TERHD, ZOFEWTHKENWNRTH S, R L)V 2 BEFERED T — )b
b, BREo T — 3 BRI D Rochlin A &EZ HWTER E NS Torelli #f_FDUE
R AET 3 C ik b b NnTk.

X7z, BEJEERE BRI EOEBEMED isotopy FAERIKD IR T 2L TH % Te-
ichmiiller 2[4 T, IC ASAICTER L, Z Orgzeflid, RBo%M], EEBETICBNTE
HIERZEWTH S Riemann DT Y 1T A 2 TH % . BAGSEREOIREAE RS
BHEC DEY 2 T A ZEHOBRHE D orbifold EAREE L TEIEA HNS. FFRIC
d W 3LLEICBNTIE, LNV d BRI ARRYE O\ O ZR TORARE &
0, LRV dBASHERED 7 — )V B T O REGE OBGE 1 IRk Y —RE
E—HT 5.

BAEX TICHISN TV S LNV D EELHFREO R ED Y —HOMB RIS OV TR
N%. £, L)V d EBFERED 1 k1 P —Ffid, McCarthy[8], Hain[4] I K-
THNTIC, HIMRTCIRANTH B T EARENT. Z0D7d, Farb3] ICK D E
BHREDRSFRTED—D L LT, LU d BAESIRED 7 — N )WL DPE DT
ENTWVW3. 58, TOEHUZE 2 R EO Y —FOPE & RIERFTEICZET S
NTzh, FoL Putman[11] 12 & O R E N, GAGERED 2 R O —#E & [HERIC,
BB 1 TH B T EHHIL 72

EHEI LA d EBHERED T —N)U b7, d HDEEE L < IE 21DV THELIciit
EL, —ROME IOV TEIFIFRET ST EMNTEDT, AFTIEZTHicD
WTTHIITT 5. FRHIC symplectic B#ED L)V d EEREREED 7 —N)UEETE L

! This research is supported by JSPS Research Fellowships for Young Scientists.



TWa. £k, d=21cBVTIE, Birman-Craggs[2] I X > TERK E N7z Torelli fif
FORERRZE, L)L 2 BAGSARE EAJRGE L2 EFRNIC K O, 207 —)UEh
BZ6NBTENDNSTEDT, THUCDNTEMNT L2,

2 LNV DOEEBRERDER LBEDTET

DIFTIE, 3 RTg>1,r=0,1L3%. g CEHRAOEER?Z1DED
gy Mgz S, ,, g OBl Z S, &9 %, OGS EREL
&, #hi o m & Z R OM FEIF 4 A% isotopy & & % [EMERIR TE| - 728

M, = Diff  (E£,)/ isotopy

TH5. FICHmMNERZ & D55, oM E L TER FOR Lz IED S
ED7z eV, [FMERRE R FOR L2 1L 5 isotopy 25 A,

M, = Diff, (3,,0%,,)/ isotopy rel 0%, ,

&R

X9, LUV dBESERAC BT 2 562572 1 DR T % . ERRKIEIRE, (% d D
Witz 2,2, UC, M =2,2,23 5. iz, 1 Hi(S,; M) x H(S,,; M) —
M 2R RIEXE L, Hi(S,,; M) DRREX T ZRD A A2k D R %2
Aut(Hy (S, M), T) &K

AR AR O 1 R BT Y —RE H (X, M) MEA L, KB 1 237D
DO THEFR M, , — Aut(Hy(S,,; M), ) WEHRTES. TNILFHERRTH S
TENHIENTWA. HidLizk SIS, LNV d BBFEHIE M = Z, b LIz b &
DIER DI M, [d] == Ker(M,, — Aut(H,(S,,;Z4),1)) £ UTEREEINS. [
Bic M =27 UTERZE X, T,, = Ker(M,, — Aut(H\(Z,,;Z), 1)) TEHE
TN B BEZ Torelli #f & PR,

Hi(X,,; M) DIEEE LT symplectic JJEZ 1 DEET 2 &, [A%Y

Aut(Hy(S,,; M), 1)) = Sp(2g; M) := {A € GL(2¢g; M) |'AJA = .J}

g.7>

WK DD, 12 LT TC, g RENIATH, Fl% I,, 0, £ LT J = (0; (f)g)
] 9

THs.

AL, 0 My, — Aut(Hy(Zy,5Z),1)) = Sp(2¢;Z) IZDWVT, o(M,,[d]) &
Symplectic H#D L)L d ERFEEBDEET,[d] := Ker (Sp(2g; Z) — Sp(2g; Z4)) I
—E9 5. YL EDOUERFD T

1 >y Ty y My, ld —— Tyld —— 1

120
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MMEFSNS. FHC C OREDOTERNE AT D —RHIC RO RN ZHE T 5.
H\(Zyy;2) ® Zg — Hi(M,[d];Z) —— H(T,[d};Z) —— 0.

L7ehio> T, L)V d BEBFERED 7 — N )UEIC DWW TR B RiIC, 5 3 il

T Torelli # Z,,,,, Symplectic D EEFERDHE T, [d] DT —IUEIZ DN TN
<.

3 Torelli®*, SymplecticED LNV d EEREREE
D7 —~NIUt
3.1 Torelli B¥D 77 —~NJU{k

Torelli BED 7 —N)UEIZEEIC Johnson IC K DEFSNTEHD, BT — 38Rk
D Rochlin A& &% W TREMNICER T N5 Birman-Craggs HE[RIA & | i
DIEARBENDIEH D BB EFR S NS Johnson MERIBUNC X DIRESNS. T
N5 2 ODOMERMD 5 5, Birman-Craggs HE[FIC DN TIENS.

h: X, — S® 2 g D Heegaard BldIAH &9 5. DE D, S2 NIC 2 DOFEE
g ® handlebody A, B C S* W& >T, A = 9B = h(%,) C S*, AUB = S3 Zhi
79935,

o =[f] € ,iITDNVT, A, B DD EDOREGZ ¢ ZHNTORSE T LZE R
. DFD, € 0AZ hfh~ Y (x) € OBN\ED &b, BT LW 3 ot ikiikz
My := AUpp1 B EEDS. THUIFICEAED Y —3EKMTH Y, £ D Rochlin
FEEWNEESD. DED, M, ZEFICE DI RT M AE Y 4 JOT2 kA V, D
FFHFED mod 16 T well-defined ICE X 5. FRC T NUd 8 DFEICZ D, B

, — Z,
SignV,,

mod 2
WEEX%.
Theorem 3.1 (Birman-Craggs[2]). FOBER T, — Z, ZE2HHERTH 5.
[ARRIC U, D E i D Toreli # 7, ; FICHUERRDREKTE S, X7z, S?
@ Heegaard H&OIAHDELD FIc X D, T OHERRIIEEAEME K TE %. Johnson
& B} &V ZoifiteBs Z, TS OUMERARIZZRILL T, 2R T, — B |
ZhER L7z,
KIC Johnson HEFRIRUNC DWTHHHICHMN T . H = H1(Z,,;Z) &L, TDn
RZRT >V )V AmH £ 29 Johnson I & O Torelli f -1 444 E[R]

T,1 — N°H

WERINZ. LN TEHWRCDOTERBAET 5. ®02EM B, C By 21
W, Torelli BED 7 —NJULIERD K S IcE£K I N 5.



Theorem 3.2 (Johnson[6]).
g>3DEZE,
Hy(Zy1:Z) = N°H & B; ;.

DX D, Torelli BED 7 —~N)ULIZ, Birman-Craggs &R, Johnson #E[FRIC X
DIPEETNS. FAlImD Torelli BED 77— )L & [AFEIC Johnson I K D IREET N
TWaH, T TIRAEKT S.

3.2 Symplectic DL NIV d EEREBDED T —NIUAL

T Symplectic D LNV d EGTFFEDHED 7 —NIULIZ DN TN D . d > 2,
n 72 IEDEELE U, trace 130 D Zg 78 n KIETTI 9RO IZ I IIEER sl(n; Zy) & 2%
9. X7, RERSYEREO L)L d EAFEEREET [d] = Ker (SL(n; Z) — SL(n; Z4))
ICBUV T, Lee-Szczarba[7] IC K D HEFRUANVER XN, FRC 3 L EDZER pIlcDONT
Rz UTe. BEBUREIn RIESFITHI A ZZ O, T [d] DR D T I, + dA L3R
¥5ZEICHET 5.

Theorem 3.3 (Lee-Szczarba(7]). n > 3, 8 p > 31DV,

Iipl — sl(n;Zy)
I, +pA — A

% H(T[pl; Z) = sl(n; Z,) 253 5.

o, F1C Bass-Milnor-Serre[1] 1 X B HIERED BRI BHC BT A5
ICKB. A dITDNTIE, TOHERAEZ Symplectic #D L)V d EEFREBTHE
T, [dCHIfRT 22 &Ik D, T,[d O7—NUEW 52 5% T LAY, Putman[10],
Perron, F£H [12] IC K D MNLITIRENTC. Zy RE n KIEFIT52h 7% M(n; Z,) &
U, sp(2g;Zy) := {A € M(29;:Zq) |'"AT+JA =0} LIED B. [AKRIC Bass-Milnor-
Serre[1], & L <&, Mennicke[9] DFFRZFIH L T, XRS5 NS.

Proposition 3.4. ¢ >2 &9 5%. d>3NAHDE ¥,

Lyd]  — sp(29: Za)
I, +dA — A

I H(T,ld); Z) = sp(20: Z0) 2 207 R 52 5.
EHIC, BB dIC DOV TR IIESNT:.
Proposition 3.5. ¢ >2 &9 %. d > 2 MMEEKD & F,

H\(T,[d);Z) = 22 ' & 72,
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4 fFonrciER
d WAED L ZD L)V d BSHRED 7 — Nk, Putman[10], Perron, &
[12] IC & DTG SN
Theorem 4.1. ¢ >3 29 %. d>3HWAaHDL X,
Hi(Mgald]; Z) = sp(29; Za) ® (N H @ Zq).

FHIESHICLAN) 2 FHEHO T — UL ZTE Uiz, L)L 2 BASSERED
7 —~)UEiE, Birman-Craggs #ERM TR E NS Torelli HED 7 — )WL DAY
73 2-torsion ACE L, AHAOLAICHANEMTH 5.
Theorem 4.2. ¢ > 3D & X,

H(M,.21:2) = 2 0 2%) o 27,

PRI D L)L 2 BARHERED 7 —NIUL B [ARRICEIR T E 20, T TIEHEE

9 %. DLEDORRZ 545

H\(Z,,:Z) ® Zg —— H{(M,,[d:Z) — H,(T,[d):Z) — 0
DEENLXEEDHDH L, ROXDICES.
Corollary 4.3. ¢ >3 L3 5. dD&HFHD L %,

0 — H\(Zy;Z)®Zqy —— H(M,,[d;Z) —— H(T,[d;Z) —— 0
X split T 55788 THBH. d=2DEZE,

0—Zy — H((Zy;Z) @ Zy — Hi(M,,[2;Z) — Hi(Ty[2;Z) — 0
F5ERYTHS. d>4DEE,

7, — H(Z,:2)®Zy —— Hi(My,[d;Z) —— H(T'y[d;Z) —— 0
3R THS.

FRCEE d > 412DV TH, LNV d BAEEARED 7 — )R Ai R 2 DK EIFE
PRZFRNTIREESN TS,

5 Heap DAY LT: Torelli & _ED#ERFR

Heap[5] (& Torelli D7tz E / R X —IC D mapping torus (& AE 2V R)LA
> MRZER]) DFRT AV RIVT « ALEO L VT, HERTIZ R Uz, R
Z U Johnson MEFRI D HZ2 52T H A TH D, Birman-Craggs HE[A R D [EH
EETHNTEZ LS. 41T b XS X 51T, Heap DAL L7z Torelli £E FOUERRIFH
LU 7 HE RIS L)L 2 BAESERE EICK T E 5. T OHERRZ W TL AL 2
BASFERED 7 —N)UEIDREET NS,



51 AEVRIVT 1« XLE

Heap IC K B HERTUI AV RIVT 0 ALEHCEZ D, ZD7, $T ALV
PIVT 4 ALBEOERZEE L THE L. LURNTIEE 2 Stiefel-Whitney JHDHIAT
H %87 M0 KITEREE M IZDOWT, ZDAY URESERK% spin(M) &
%7

X ZNAHZEME T 5. i =1,2ICDWT M, ZAE Vi o, # 6 DA VA
M n XOCERRIR, f;: My — X Zdifi 55895, A a2 87 bn+1 0%
FRAV EHEBIBHRE V- X DMFEEL,

OV =M1 (=M,y), Flav = f1 11 f5

Zhifz U, &5V DAY VRGEN B ORI M, ICFEE S 5 A Y kil
Mo, € spin(M;) =T 5¢L9%. LLEDKMFEZNTTEE, (M, fi,00) &
(My, fo,00) FAEVRIVE Y R THB E LS.

CDXI7EM (M, f,0) BIRKICAE VR)VE > M X B EMERRZ ESD, ZDIF
A ZE 2 %, FEERICIZIBERSRNC K D IMEAEE D, MiAHZER] X D n X
ACVRNT 4 ALEEE KBNS, LIF TR, Thze QPn(X) LRI Led 5.
X7z, BEORIVT ¢ ALREZ Q,(X) £ FKT.

5.2 Heap lc KB %RE!

PLEDOH¥EfED T, Heap OY¥ERIRNC DN TIENS.

Y,CEENBMARD X, Z1DBEEL, X, =%, UD ERXT. M, D%
SR D NS K DIGET B C LI L D, GRS M, ) &5, DI D
72 [EE 9 % BEHART

Diff, (X,, D)/ isotopy rel D

EIRI—HRTES. LLNTR, BEIERE My OFEDEHCDWVWT S, TOR—HD K
T X, O D 2RO EEFREOE TR & H7xd.

BAGSH ¢ = [h] € Z,1 1< L, mapping torus T), := 3, x [0, 1]/(h(z),0) ~ (x,1)
ZHEZ B, RIS b IZEHICIERT 2 DT, #5725 D x S = D x [0,1]/(x,0) ~
(,1) C T, D EABNS. TOERTZTZERICDWT surgery 2179 &, P 3 %
S

T, :=(T,— D x S')UdD x D?,

Z19%. O 3 Xt HARIC DWW T, FFIZ mapping torus D7 7 A /N\— DA FE.
G LRI NS HIRE[AAY

H\(T0:2) = H, (5,1 Z)
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W% . Hurewicz HEFH 7 (T o) — H\(T}; Z) &, IﬁjiﬂHl(Té,; Z)=H(X,1:Z)D
A Eilenberg-MacLane 2 FBEJ’\@ R EAS

f : T(; — K(Hl(Zg’l; Z), 1)
% up to homotopy T—EICED 5. £z, HIAGZ S HGT
spin(T},) = spin(X,,)

MNHY, 2DDZE[MDAE U FA—tHENS. Leh>To e spin(X,;) IcD
WTC, ROFBEDERTES.

Ty — QF(K(Hi(S41:2),1))
© (13, f, 0]

TDOLE Heaplc XDRHIRE N
Theorem 5.1 (Heap[5]). D54

Tp1 — G (K(Hy (30,15 Z), 1))
BHERIBITH % .

X, akEuY—M ¢ € H'(S,1;Z) = Hom(H,(X,1;Z),Z) & Eilenberg-
MacLane Z#CE# R GAR K (H (2,1;Z),1) — K(Z,1) 7% up to homotopy T—3&
MICEDB. AEYRIVT 1 ALJAIC C DT EHe G T 5 T Lick b, HEFT

cot QPN (K (Hi(Sg,1;Z), 1)) — QP (K (Z,1))
VAEINS. INZEHOWTRAIIRE N,

Theorem 5.2 (Heap[5]). ARERI—MH ce H(X,1;Z) = Hom(H (3,1;Z), Z)
DAE T ZHER & DGR
Tyn — (K (Hi(S4,1Z), 1)) = QP (K (Z,1)) & Zy

X Birman-Craggs YERRINC—Ed 5.
AY UHEZENS T LICK D E X 5 UEFT

Ton = QP (K (Hi(200:2),1)) = Qa(K (H1(80,32),1)) = A°H

& Johnson MEFIINC—3T 5.



6 LAV 2 BEEERE EOERE
6.1 ZEREIDIERL

Heap IC & D HERKE 117z Torelli BE_EOHERIRI L IZIZFRRIC LT, L)L 2 B4
FfE BICHERITBED R E NS

BEBH o = [h] € M,1[2] 1< U, mapping torus T, := 3, x [0,1]/(h(x),0) ~

(z, 1) IT T 21TV, [ARRICPA 3 JOTZ IR T), := (T, — D x S') U dD x D* %1%
. FHT o € Mya[2] &0 Zo FREL R BT I —REDRIC AR [R5

HI(TL’p; Z2) = Hl(zg,l; Z2)
WD BT28, HHEAGR fo: T), — K(H1(Sg1;Z:), 1) WEE S, FKIC, ARG RH
Bf spin(T},) = spin(X,1) IC KO AV EZ A —HT % &, IDERINS.
Mo Mgal2l = QP (K (Hi(S415Zs),1))
2 = [Té;a f2; 0]
Heap[5] IC X ZREH & IZIXFRRDFNET, IG5 N 5.
Theorem 6.1. 7, IZHEFTTH 5.

6.2 EEBy, T, — QP(K(H(S,1;22),1)) DA

Heap IC X % Torelli #f EOYAERIR & FETHERK U 72 L)L 2 BAGHARE OAE[E]
RIOBIRICDOWTIARS. ¢ € H'(X,1;Z) = Hom(H,(X,1;2),Z) £ T % &, #E
e, - QP™(K(H (S,1;2),1) — QP™N(K(Z,1) W8S N5, Rz
mod2 TEZ, (cmod?2), : O™ (K (H\(X,1;Z2),1)) — Q™ (K (Zy, 1)) DEE 3.
Ny 1& Heap IC K o TR S NIZHAER E LI RO X SIS #iTH B T L hbhs.
Remark 6.2. XIIn#1TH 5. KR, FPEROUEFRMNE Birman-Craggs MR D
LAV 2 BAGHEERE EADILETH 5.

T, —— OPY(K(H(2,1;7),1) —=  QPY(K(Z,1) 2 Z,

incl (mod 2)x J{

o spin cmod 2) spin ~
Mga[2] = QK (H(Sy1:25), 1) 202 O (K (2, 1)) = Zs.

CCTT, T, — My 2] dBERZUEERTHS. OP™MK(Z,1)) — QP™(K (Z2,1))
1 mod 2 reduction Z — Zo DiAE T B HGHERITH 5.

Heap DEFK LRI A VRV T ¢ ALEHCEZ &5, BARICEHE S
% T ENWNHETH > . RFRICBNT, L)L 2 BAGIARHICHAE U 7 e[ 7%,
i

O™ (K (Zs,1)) = Zs
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ZPNB T LI KD T DEZRIRT 2 T ENTE 2. EEOFHRICIE T, ICH®
AE N D pin~ MiE, BE T, ZD Brown N &ZFHND Z LICKDFIARSE
N5. TNHDOFHMICOVTIET T TIEAE, BONIAROAICDONTIENS.

HHIE D A ¥ RS, quadratic function & PEEN SR L 16 1 ISHHa L TW
BT ENHENTNS.

Definition 6.3. i X, ® quadratic function &%, B q : H\(Z,.;Zs) — Zs
THY,

q(z+y)=q(x) +qly) + I(z,y)
ZWilcdEDTH 5.

HRIPAAR K € X, TH O, thinznHLand o, DX D, 3, — K AR
G LR B MR EE A S, TN DEIFICIR S Dehn twist D 2 TITK D, M, [2]
WFAEREINEZEDHIENTWVS. c € HY(S,1; Zo) I DWW T HEFBY

Clle * Mga[2] = P (K (H (g1 Zs), 1)) — QP (K (Zg, 1)) = Zsg
DERBTTIC BT BHEIEFRD X S IcLENS.
Theorem 6.4. ¢ € H'(X,1;Z5), 0 € spin(X,1) & U, X9 % quadratic function
7 q, &R, Mz 0B URWHEMEATNEE K C Int X, ICI09 Dehn twist % ty
LRI LZE,
—1)4-([K]) if ¢([K)) =1,
ey = [V elIR)
0 if ¢([K]) = 0.
UKD, HEFR g, DIEDEIEEIN, IEEN5.
Corollary 6.5. 0 € spin(3, ;) £9 5. D&, HEFHE
(1e)s : Hi(M1[2]; Z) — QP (K (Hy(2y1; Zo), 1))
EHHNTHS.

INEKOD LN 2 BUSHRED T —N)UEDTEENS.

F 7z, Turaev[13] DAFRIC X > T, T DUERIE mapping torus O Rochlin BIEX
ZRHWTERESZ DDA D, REZICTIUTDOWVTHANS.

M 7%Z%5 2 Stiefel-Whitney JADHIHZ AP 3 o2k Ed5. M DAY
Mido Z 1 DEDD L, M2 A Y ZhAEL LTERICE DI/ FAY V4
DOLERER V, DMFEIES %, TNEE BT, Rochlin 5%

RM : spln(M) — Z16
o —  Sign'Vj
EEDD. TDEE, p e M,y [2] MEEZE % mapping torus M = T, ICDWT,
AE[HRY ¢, n, 13 Rochlin B2 Ry, : spin(T,) — Zys ZHWV T,

- RTv(O—) — RT¢(0—+ C)
0*770(90) - 9

EREINS.
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i 0" H DAZFEAZH N YRR DNT

L PR
KRBT REA PR 7R
HA AR RFIIE B (DC2)

=

RO HDNY FFfiz2 VTN RRU B2 EE T 5. f0HDRZ A2 IO TER S NS KT
HgH 7z VT, N2 FRICHEESZ B S5RHilid 5. %13, #UHDRAE M W TEREIND L
ULECOVT, B d 3558z GHBIRZHET 5.

1 A4>rba%o>o3y

CORITE, Y RFifi LAY RSO EBEROERE 5, BRI O\ REOHE RO L 5 O
RN,

LZEfgHRHEL, b:IxI — S37%b(IxI)NL=0bIx0I) £x5MDAHRET S, TTTIIFHENMXMEZE
XTLd3. L% (L-bIx0D)UbOIxI) T3, TOL % LMNMSINYRDbICIH>TNY RFHTEDS
NIAAHEHENS . FETH K O3 FEETHBNE upy(K) &1&, FSTHICNY RZ2D0 CHHARKUTHICT
% e DI IR Ny RFEIORNEEO T & THB. N RESCHBHBROERICE L THERITANEIX
o NV RZFIKHCDIT 2D TIdRL, Ny Fz—F—[EDi)3,

o HiUH K Z HHSASUHICEZ 2B THRAANTE ST &2 T,
LWV 2 TH%S.
EE 1. (38]) K ZHMUHETZ. 2DEE

up(K) < ¢(K)/2,

MDD, FEWALIE K BEHIGEARECHD \DFHEOCHDORFICIRS. 2T e(K) & K DRZEHET 5.

L OEHOFEHOBIN I 3ETH A 5. RENIHET HEHEIC DOV TIANS.

2 HUBMREH

AL, M1 OXS BRUAORIEL TS5, #OH K OMTHMN u(K) &1 K % Wk
CHICT 3 ISR BRSSO MO T LTl 5. DED, $UEMIEDLGEHTIE LT B %
EIFERTHS. SHUHRMLOTRGIFICINTH B, IET S T LIE— ML
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X o= X

B 1: 2R

X 2:

2.1 RBUBRHEBERRE
il O H RAEIRIRE, R0 H ORI ER D HIEREST B Z N LWVRECEARZERD—DTH 5.
U HOREU H R L Z DA D — i 75 Bk

e(K)—1
2

BFH<ALHLNTWA. Falt, TOAREFNRICE L T Taniyama &R Z7R L7z,

u(K) <

EIE 2. ([18]) K 2%

Zilc IO HET S, TOLE K (2,-F—FAMUTHERS. CTTTqld 1 TRVWHAHTHTHS.
FH L Higa 3, /N2 RSO BREHEZZ L 5RHEd %88 TRZ1G 7.
EIE 3. ([3]) K 2%

u(K) = — (1)

ZilcSHUOHEL, D% K ORISR FHT KA EdT 5. &L K DW\DFHRUHTERWESIE, D
DR p EEL, D 7% p THIEICIH> TAL—Y Y7 LTELENTENAD—7DRE, KEe LTI 2
DHDONFNNEZD, &5 —HOMTIEHCRAEZ BTRW.

OB EANEKTRSZ LD 0T, X3 DEMOKAUZ 1015, DR/INEREERIT 28D TH
. FIZE, K3 OO p EBONE 22T, EE, p TRIZICIH> TAL—Y YT L TERLNKR
(X3 DEHD O, —OEDEKRXE LTI (2,3)- h—F ZFECHOEHEKTH D, &5 —HOWTEHED
AR BIIRD. FRRIC, X4 OREMOXIIE 12n795 DE/NEHEZERT 26D THS. HIAR, K40
HORR p FEHDOREZ Mz . REE, p THZICIH>TAL—Y V7L THELNERKA (K4 04D ©
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3: 10152

4: 1271725
—JTOET IR E LTI (2,5)- b—F ARTHOEERNTH D, &5 SORNEHCGAEZ S TR,

K Z\OTHECHT % %X (1) 2729, LHL, Mshbbhd K51, K ORIz RiET %
KX DICH LT, D DFEEDOIETHEICH > TAL—Y YT LT TES 2ROHKBABEIZ, —ITOWRD MK
RELTR I RADOKKXTHD, &5 —HORMIACKEEZE RN, Ko TEM 3 Z/\DOFHECHICHL
TERRD VTR0,

. Taniyama [18] 3AEAEICH L TEHEM 2 LAERDO T &K D LD T &%Z/R LTz, %7z Hanaki-Kanadome
[5] I3AEAEITH U TEM 3 EFRERD T AR VIDT LR,

3 N\ FRUBRERERAE

NV RESO BN 1 & 210550 B OfZ RS,

=,

@ @ @ &)

5: J\DTHECH
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(Soo000

X 6: (2,5)- F—F AKTH

\ S\

AN ) /

X 7. ZA T 1O RF

!

Bl1. ¢21 THEVFHEL K% (2,9)- F—F7 ARUCHET S, COEE u(K) =1(<(K)/2) &%, X6
& q=5DHBEZFAL TS,

Bl 2. K Z/\OFAECHET %, Lickorish l& up(K) =2 (= ¢(K)/2) £7x%2 & (DFED, w(K)=1Tld%
W2 &) 7 K D2 BRI D first homology [ linking form Z W TR L7z,

NV RFEIMTRIT ERSDEDE, TNENEZAT 1AL T2 LR ROMED (3) 1%, N> RFETH
fRIAEL & 5O A EE O BRZ /R D TH D, Kanenobu-Miyazawa DFERTH 5.

i 4. (8], 8) K 2KiUHET S, oL
(1) KICHT % 1 BIORFELME 2 BN RFRTTERHEENS.
(2) K 2B % 2 ORI 2 MDY R CHIENS.

a aw

X 8: %A T 2D\ RE
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X \// - X N :

9: 2 DN RFfi

(3) T D 17D
Ub(K) < U(K) + 1.

FEFHOBEEE. (1) ZRDED TR A T 1 DNV RF:fiZz Liztgic 214 72 DN RFRlizdhud X
2)HMIDKIIC, HBEREDEDTEAT1DONY RFEMZT . 58, KICRERZR ELIAETHE
UNE#R) W—=Th5x2AH (K9 DFHLE) BTES. KT, RESZHLUIZWVERTOE LIV —T %S
3. ZLTC, 247201 RFEMizdd .

(3) (1) & (2) MEEBICELNS.

WEWIEH 1 OFFAORE 2R %, FEAORA > MME, A\OFHUTHTHEWHUTH K THEX u(K) =
(ce(K)—2)/2 Zifilzd & DI LT, &3 ZHWTHEBRIC uy(K) < o(K)/2 L7525 2R3 L THS.

FF 1 OFWIORIE. &L K DEIERECHA S w(K) = o(K)/2 £ 550T, Wik K &EERERECH
LIEET S, FF, FERERT. B UKD (2,9)- F—F RECHESEH 1 LD wy(K) < o(K)/2 L1585

ZI TN, €2 XD
co(K)—2

u(K) < 5

L%, M40 (3) LHbET
c(K)

2

L%, BT, AERAVRE. R, EEOFAD K DEHWERTHN \DFHRUOH L 75% & ZIZDFK
VBT ERRY. ETORLECEERD, L LESHHROLLEESE
co(K)—2

2

Ex%. L, KAWW\OFRCHALEM 2 K0FESHRTIT 5. 5 THEVEER, €3 XD, K OF)
R RBT AR D 2L 5L, DORE p DFEL, D%Zp THEICIH> TAL—Y VT LTHELNE
KMAXD—75DORIE, KE LTE (2,9)- b—F ARTH (g > 3) OFEHERX L7720, &5 —TTOMNIEHECD
R Y A AN N AN ¢

us(K) <u(K)+1<

u(K) =

c(K)

UQ(K) < B)
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10: 10150 & 4 [FIDINY KTk

= =
L& L6

11: 12n795 & 3 [BIDINY RFAl

THb. L, |q >5DHEE g =3 DHBAICTI TS 5. T TR, TNTNOHEOHIZRTICE
ED%. ¢ =5 D5E. REAX K ZX 10 OEMORTHET S, TOEEX 10 DEMTLHENZEN
NV RFMZ W TRAERM T 5. R OBCHIE, K4 OFHRITRINT 2288 TRAERMT % L HER
RO NE S — OB ED 1) IZR3X5ITEAR. MiE4D (1) & (2) &b, 4BODNY RFE
T (2,5) F—=F AMBUTHMIENS (K10 DAHZSIK). chkb

u(K) <4+1<c¢(K)/2

W %a. |q =3 DEE. TOHREEFPLTERIRETHS. K2R 11 OEAORTHETS. TOEEN
11 DT L ENTAZ 2N Y RRZ AW TR EZ M2 5. FEZ, K11 OFIETANY RFEiZd 5.
RRODECITIE, EOWEERERIC, X3 OHMITHIGT 528 RTAAMT 5 & H AR TR ORI
LI —HOMI KD TE]1CEZXIITEATL. FRELT, 3EDNY FFHT (2,3)- F—F ARETH &/
IR —=T 5D HEDEENS. TOKAHIE—RIONY RFERTHHASUCHICEZBNSDT,

u(K) <3+1<¢(K)/2

ANCISY gAY

4 =S RBEUBDREUBREHEE

COHITIE h = ARUTH OO HIEHR L BET 2 AERICDOVTEND. ThLIREOREEE, /32 R
U HAE & E A IZBIR RV S e 2R LT <L

RO EMEEEIE 4 20T RO Y — L EFRICBRD D 5 T EDNFENT VS, KIS, RO TAIEZ < OWgE
HeRE L.



135

FAB. ([15]) p & q BHWICHER2<p<q L RHARBE LT, , % (p,q)- F—FAECHE TS, TOLE
RINEL D VLD,

u(tyq) = 2= &)

Z U Milnor PALEPFHEN TN 2EDTH D, Kronheimer-Mrowka [11] D7 — VHEGOWFEDFR & U TR
INnre.

4.1 RUHOFHSH

T—VHERNVEYT 5 £ T, Milnor PRI TO—F TEAHNEALREBHUOCHOFEHTH Tz, #T
HK OFSBIELLTOE S ICERENS. F2das7o)VimeE L, ¢ 2917 =)V MERX

¢:H\(F,Z) x H(F,Z) — Z
9%, o DIFEEE o(K) EEL, K DFSHEVS.

ER 5. ([16]) IHHLD VLD,

(1) o1& Con(S?) 5 Z \DEHEFET 5,

(2) FEORECH KITHLT, |o(K)| < 294(K) £755,

(3) 0(Ths) = 2.

72721, Con(S3) 1 S% NOFETHDET Concordance group Z2 U g4(K) 1& K O 4 Jochifiz 7.

* K Z#UHET S L,
9a(K) < u(k)

MDD, FECHBHEEN 4 2ot b Ra Y — RN D S EVH DI, EICTOEKRICBENWTTHS.
Kronheimer-Mrowka DVEFRICR -7 & (DFR) & b—F AFECHD 4 ZoofilOPRE TH 5. DFD

94(Tp,q) = 9

TH3. FEAEDp L qITHUT 204(Tyg) — (T, ) FIEICTRD (DED, FFSEIET TR XFETHD 4 X
TR U HEM S EIX TERY) T K HMENTVED, FHIEZ. 11ICBNT 204(Typ) —0(Tpq)
B9 4 OEBICE S T LR BARMICHE TS L X OR L. TORMANRERESEZIMS K.

4.2 FUH®D Rasmussen AEE

Khovanov (33 [10] IZBWT, #TH K IR LT, XEDE Euler B0 Jones ZIHR L /5% double
graded 7x% homology #fZE# L7z. Bar-Natan (& [4] IC3UT, Khovanov homology DFTHE 7117 L\ 7%
DL ot iz, TOREMED ST HOSBOBUOFEZIEDHMN LTz, Lee I [13] ICHBWT,
FEOH KIS LT filter {4 ¥ homology FEZE# L7z, %D homology B2 VT, 50 HORFEEODELIY)
&, RRBETHICH UTRHEBZDOEDE—HT % &Z/RL7z. Rasmussen[17] I, Z O filter Z& BT
Rasmussen AEEZEFK L. FTH K O Rasmussen N REZ s(K) THRI T &2ICT 5.

1D, ARZBLTp L qld 2<p<qbBR2ERMERETS.



136

ER 6. ([17]) XKD LD,

(1) s & Con(S?) M5 Z \DFRZ2HET %,

(2) EEOFEUH KIS LT, |s(K)| < 204(K) &75%,
(3) 5(Tp3) = 2.

T HIC
5(Tpq) = —1)(g—1) (4)

MDD, TORFIFEBIC Milnor VREDHEEHZ 52 5. T, 7F—YHERO K 5 7m\— R RfRtiz
fifibd, HAEDEMCER S NIEAZL RIS T Milnor DT 2 &0 S BERTHEBNTHS. iz, Tl
TRIFFICZR R DEOWATU H D Rasmussen NMERZEIRT 5 2 LICKD, 157 4 Xt Poincare 7%
RGELE S EWVSEIEDNDH S [12].

5 AL

COITIX, WHUHORZERHZEHWTRIEEZERL, TNZ2l0 B HIRZHET 5.
FEUH K OB alt(K) &1, K ZWGECHICT % 7201 Bin 2RO/ ol cdh 5. #UH
RO TS DFH & UTHH TH - 7z Rasmussen NER ENFESHOER L 2 L RMYLEB G2 TE 5.

EE 7. (1]) EEOKUTH K ISR U TLELRAK D 7D,

s(K) — o(K)

5 < alt(K). (5)

SFRHORMEL, EH 5 & 6 ZHWT

~2 < (s(K) — oK) — (s(K_) — o(K_)) <2

ZRY. TCT, Ky L K- RBHEELMTHOGIRUTHTHS. o, K ZLZRKMUTHETS L
s(K)—a(K)=0 (6)

E75% ([13). TODDHEEX D EHHRES.

5.1 b—ZRAFBUBEDORALE

WD h—=F ZFECHD, ZFEECHICEZMEENS XNz Thb. LhL, FERMRF—F X5
UHNENL BOREETHN B IFEEN TS e WS T EIRREEIN T Eh >z, 22T, F—F X
BOHORRIL R ELRT 5. BHEZ =T AR THDP O ORI LE 1 Ik hERE L.

EE 8. ([1]) KB D ILD.
(1) alt(Tp,q) =0 <= p=2.
(2) alt(Tp,q) =1 <= (p,q) = (3,4) Xi& (3,5).
(3) alt(T},4) > 2 <= ZDAth.
2Kawauchi (373 [9] THIOFHETRLED Fh 5 OFHli% 5 2 7.
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& 51T Kanenobu [7] 1& alt(T5,7) = alt(T35) = alt(Ty5) = 2 Zm L7z ([2] £2).
M. alt(T,,) =2 %5, (p,q) = (3,7),(3,8) £7iE (4,5) M ?

. LOBICEZ 37201, R DTER 2 TH B DOFHMENRETHS. —DDMEAE, Khovanov homo-
logical width T 5. EEE, 12 ZHOMUTHE T, MULEZ T 5FHT %5, Greene & Khovanov &
Lowrance 1Z & O —&iIC & Khovanov homological width (&3 AL LaW T ARG E Nz,

TOEMHIE, RYEED N —F AKCHOEMEZ 5 LA TWE T EZRL TN 5.
EE 9. ([A) [LEDOED n ISHLT, n=alt(T,,) £%5% (p,q) ODHIZHEMTH 3.

Kanenobu DR alt(Ty 5) = 2(< ¢(Ty5/4) DR T 2 K 510, b—F AT HORMYEEII L RBITH LT
FRBZH/INE W, Nakanishi (650 H OB L L REBDOBRZRD K 51 L7,

alt(K) < o(K) /4.

HE, Z2LOMBUTHEICH L TZOARERIIKD LD, SHROBEO—DIL, FLOTHEN M—F XFECHITH L
TIELWZ EZIRT T ETHS.

5.2 fEUBDORARILBDISH

Jones ZIHID span EFEUHOR/INEHEZEILEET 2 2ick b, 52 5NEHUEN N E 5 hE R
MICHIETES. LHL, RINRREZRD S LIdZ DG, HENICN#EETHS. £z, HMUHODREIC
WU TR 2 RD B T Lk, —RINICHAATRETH 5.

ZHhCH L, ELEMUH KIZH LT s(K) —o(K) # 0 e, K WIERRMUTHTH 5 2 LRt
%. FRIC, |s(K)—o(K)| > 4R ud K I3 2 L ETH ST EAVRES. FHC, K 13 Montesinos
HMUOHTIREWIZ EAVRE . Ichihara-Jong-Mizushima i&, Z DF£7% Montesinos #& O H OFISLFH Ok
EREICISH L7z, KRS, EE 3 O Montesinos #i 0" H OBINFH O PERTEDH TR E WD, BHFOT
ETRBONED S TEH LDERMESNTVE LWV T EIFEHIRENTH 5.

5.3 HHYIC

ARIOBETE, =5 ZETHORT HREECR LR E AT, 5 ARTHOLRILBOBZE
ERELFIRE LTHB. Fie h—T ABCHONY FEOERHEOTLEE LA E TN T THoT 5.
CNB DTS B IS S ROBETH S,

SE 3R
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W52 Z BRAKISNT 9 % Meyer B & Z DA

N HEST * CRECRZR G EEER 295 E))
e b AREY—Y URI YL

1 XC&IC

¥, ZRENNF SNTAEE g D C-DPANH &3 5. B, DA & Z LR DM R A
2, TAYV FE—=EWS I_Jﬁf;"gf-f‘fi’ﬂﬁTT?EH%%’EW%%%@*EE?&H:U r, &m<.
Z DB, Riemann [HIOEY 2T A 20 & HEICRRT 5, BN CHREZFTNR T
HoT, Bt Rudy—ntakize TATHNSD, T2 CEREEBEHOIRED
V—, KR 2 e D 2 S . BARSEREDO IR TR Y —F, [ME M 5Nz X, HOKE
MFOREZFFD. T 2icid MMM 8 (Mumford-Morita-Miller class) }:lﬂih%*EOD
RINDBH D, ZDRANCTIEE IMMM Fle, € HX(T,) HH 5. TOHEDOHMIZ, e (IE
WML, —3ey) 2K T, FFEEaY A 7))V EMENS 3V A 7)UICHIBET %, Meyer BiEX
EMENTVS KA ZmDH LWIIZIRT 25 L THS.

C T THMT 5 _RAZLRIT, IFRFRIEZERIA X C Py ICHLUTIRED, oy ED
s, DL LTI, X hEoMIKENS, b2 HNEESHA UX OEARED O Q-E
13F A2 THY, UX D EICHE S T3 Riemann HIDHERD, e; HHEIRT 5 T &I}
fid 2 - RAEETH 2 (UX BXRXUZOD LD Riemann [HDKEDOEEIT 4HITI75). C
CTIT9 e DIHMODFEHIX, bR IVt DTHS.

DD —DEIEIE, FELIE3EIB XU SHICHES D, 7 7 A /N —kd 2 FfD
4 ZIZ RO 5D IRAEANDICH TH 5. 3HIDNTN (3.1) Z @O a1
T BBEOMERB X CZD—DDMFIEIC DN TEHIIAT 5 C &, COEEBIXUOAT
FRO—DDHETH%.

OB LT, UY @ EIcH S Riemann HOEZ T/ FH I — OB SHFZE
LIcWEWS TeDH%. UN I, k-FRZHIADMMZEH E VS EDICTE > TWT, FEA
FEm (UX) &, —RICIE (BASERHCET % L85 550 ?) A EDEREEmNICIERIC
MG SRTHO, BIETEZ DT N> TVAIKIETIE7A W (1. Dolgachev-A.
Libgober WKIC K% [3] BX U, b, BHFHHAKOT L 7Y F [13] 22H). €

R AAEIHRILES ) D2 T E 9 (R E DC1 fREERS 19 - 5472).
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J RO I—OFANBOIRLIE, B/ FOI—Ic kD m(UY) &SRR T, % i
THENS L THD.

LUF, Wi 0 OV D | SREAE CoA1T, ERF BTV & L, SRIADOROE
Bl OO EDET B, Fie, lHEREECHEI DN EDEER S,

2 FFEEHATA IV, Meyer DFEIE, Meyer EKEX

FINEHAT A INEEATS. P:=S2\,_, IntD, LEE, ROV EMLS C
T, Dy I2BIEHWICRZD 5730 S2 WD 2 ZOtRAM T, Int Dy, & Dy ONERZERT .

E — BZaY87 Ml (EREH->TE XKV ETE)B EO S, KHET D, EOFRF
SESign(E) ZRDB e mEZ XS, TTT, FEHEIE, =R

Hy(E; Q) x Hy(E;Q) — Q

DTFEE, DO F O RRIE W FM 15 & otz & 21, IEDOFEAEDEED 5 DA
EDMAEES N DT L TH 5.

B @ Euler INVEATHNE, B%Z P LRMHGHIE P,... P Ic K> TH#EIdTHI L
MTED OSVVNR). ZHUctE->TC, B P LD, R E,,...,E, lebZzEif tH
HEINEDELELTERINS. FF5ED Novikov fITEMIC K D, EDRFEEIE, cnb
By, ...,E, D 58OMTH 5.

FFE58 Y1 7V, TORROTRNRAICHTZ5. P DB 0D, 0D, 2—9 %,
DD DON—TFNTNL, T D, 5ZDNTZEGIREDIC f1, fo € T IR L
T, PLEDY, RE(fi,f2) = PTH>T, l1,6IIRS>E/ ROAI—DBNENETNf1, o &
BZBEDMEET S (g > 20D XX, ARZERE—ZEN). B(f, fo) &3>37 Mgk
FUTE AT RRIATH O, ZDFF S Sign(E(f1, fo)) DEREINS.

EE 2.1 (W. Meyer [12], 1973). f1, fo € T K LT E(f1, fo) 2 LORRICE D
Tg(an, ag) := —Sign(E(f1, f2)) € Z
EBL. 1, Ty x Ty = ZZTFSEAT A 7V LS.
CNDFEBRIC aY 1 7V

To(frf2, f3) + To(f1, f2) = T4(f1, fofs) + 74(f2, f3)
il T L&, FFEED Novikov IEENBAES . 7z, BEEREO X, D 1 REH
D—BENOIERDHE T ZHEERI T, — Sp(29;2) DB, 7, 1&, TOHEFRAIC KD
Sp(2g;Z) D% AV A 7 )NV Z25|ERLIEEDE LTETS. [12] Tl OB
EREEZBNTVT, 7, OBEIET 30 LA TES.
& IMMM e, & aRETY—H (7] OBIBRILAFDO LS IC%5.

[7,] = —3e; € H*(T; Z).
RD W. Meyer FKOEHEAY, Meyer BEIEDEJR & RE N 5.
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EE 2.2 (W. Meyer [12], 1973). g1 FHlF 202 X, 7, IF—FHNICEE S, T, LD
QME1-aF AV ¢y: Ty > QDIANT Y ZY L LTHITFSB. £z, ¢, Dffild g=1D

v %Z IC Ao TWT, g =20 %13 %Z iZ Ao TWD.

KRS, QIRETI, [n] BE U ] BEWTH SD, TOEHOERIIZIHBELS
o1, G I DWVTIHINTWVBFNCH S (i, WNEDTH S H(I';Q), H*(Ty; Q) ' HE
HTH %) TORIC, FFEHaT A7)V (DFIERL) 22N R 54 1-0F =
A 2D T &% Meyer FEL & PES.

FHIC, [12] Tl&, Ty =2 SL(2;Z) ETD ¢y DI/RINTAY, Rademacher BiEL & FEEX N %
Dedkind fl17x E 72 A2 SL(2;Z) EOEEZEANTHZ 5N T3,

3 TSHDRFL

B4 202tk M &, Bt B £ 5% n: M — B TH-> T, ARRED FE 7 7
AN=Z2FON, WO RBHMmMREZ->TWAEDZEZS. Hle LT, FHdhm-,
Lefschetz 7 7 A )N—22NBIF 5N5. iz, MEMTTH-> T, A1EEDND 55
il g X5 REhmi D 7 5 At T OMESE RO LAHISNT NS,

Brib e BITHU, 7D bICIHIT 2543 Fy ORKTFE LTI 010 (F) DE R
D, FNW DO

1. 0100 1& BOHRESFICEZRD

2. Sign(M) = ZO‘ZOC(Fb)
beB
itz g & &, M DR SEDRAMEE NS LWV, 0 ZJRFITFSEEPESR. FEL TR
EDE LT, COHEMEEZTENHMLNT NS (EF] [E-3 A S KIC X % 56
2] Z2HR). "R & FEIZ T TW0 B D, NAHINICIZIERIR T H 20, (REGA
IRRPRTED S N Te IR T 7 A N— L BT RET 7 A N=FDIFAENH SN T
HZMHETH5.

(AN 70 —FD—D & UT, MiASERIK[10], [11] 12X %, Meyer Biz A
Wb DD B. 1 M — BO—RT 7 AN—DOfiZ 1 £7ld2&2 LK. be BIC
HU,bDEAODT 4+ X7 D&, D\ {b} D EICIZ"REE T 7 A )N—EOERIC T
%. fyel, 2D\ {b} LOX, HOE/ FuI—LT 5.

O10c(Fs) = &g(fo) + Sign(7~'(D)) (3.1)

LB L, 2T, I3V e K O RO 5872 R 5E 2 )7 L e 2.2 %
BB LT, TNDERICRTEEERD e 5.

CTORKIC, g M1 FTld 2 DFAITIE T, O LI Meyer BN H 2 BT T, 774
IN—ICBHT RN REL L, RFIfIa8DNEREINS. LM Lg>3DEE, H
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HE e AL | 2N, ROEMN S BERIC, T, D _EIC Meyer BEUMFEE L7
WINETH % (FUIREC, [12] Ty > 3% 5 [1,) DMEIRIETH S C LI3RENTNS).

EHE 3.1 (J. Harer, [7]). g >3D L&, H*(I';;Q) ¥ Q T, [1,] 3ERUTE RS,

g>3DEE MAEDT: M — BITH LU CEITT 2 RTS8 OEFROM 713N D
TH%. —J7, Riemann D7 P 5 RBEEMORRETIE, —RT 7 A /N —DEZEMIE
ISR 2R T T, R E 2 2 LB N TN S.

Bl 3.2. —f7 7 A N—ICEKEMMEZIRT LRAMEDE E S MR RIICIE, D%
THEE/ Ra I —DVEMEMHNEGERE LTINS, T, DEDEE A, ICffifd 2Tk
LTHABNS. Ay ITiE Meyer BIEADMFAET 2 0°, IE@IEABAK 4] ICXK D, TDHED
Meyer B2 VT, 223 (3.1) IC KB RTS8 OERENGZ 5N, FAIKFHKIC K
% [4] D Appendix Tl&, TNDRECRNZERICEDEDE—HT BT LERETN
TW53. 58, TOLEEEVNEDTHS H2(A,;Q) BEHITH S (F. Cohen (X [5], i1
PHBELIC (8] 12 & D MNTICEEH E M),

Bl 3.3. g =37T, — &7 7 A /\—IIEHERMHMEZHT L REANEE 2. CO5E, H
DT 7 A N—D IR R BB TH - T, RTS8 OBUS N DI R 7 7 A
N—CL HfTREELDNFET S, TORRZFREE, I T, IlZ & BAHNAE
J FAI—RITIIUHETZERVWEDTHO, K (3.1) ZHW IR O ERD
B, AEEREE L > TVD.

4 FRSBHFEINT % Meyer B

TZTi, % bRaY VT ey HDHA TV 5 Riemann HOBEZREK L, &
220D ¢, g ITKT B —DDHifZ G2 5.

X Zn0t®D C FOIEFEEE 2K L U, SHEZERIANOMDIAR X C Py Z2[EE
T2 UR N>n>2%RETS. k=N -—n+1LBE, G(Py) TPy D kXITHED
DZERIRARDIR S Grassmann 2HAZ R T, X Z2—MD G (Py) DILTYIS &, YD
[T 3> 787 s Riemann [HIC7E> TV 5.

EE 4.1 X O LMW ERA Dy 13, X EORZH DD (RF—Limc) KR e k%
KOG W € Gp(Py) D75 T RN AMTINES D L TH 5.

BB, k=N-n+1TkE Lt kA ZRIAEEFARICER S NS, —RIcE
Dx 3RRAZZFOEATHS. UY = Gp(Py)\ Dy LT,

F¥={(z, W) e X xUX;2 € XnW}
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EBL.TBE, FBIMTNDHFR p: FX S UXBEW EOT 7 AN—=DWNX TH
%K%, Riemann [ OEEMHTIRTH D, 7 7 A N—DfE ¢ L LT, TNZIEN
Iohlzs, KEREEZDE/ Ru I —HE[HE T

px: m(UY) =T, (4.1)
EL . KDRFEEMTHS.
EEE 4.2, D8RR Sox — prr,, THDBRTO 01,0 € m(UX) IS L
ox (0) + dx (o) — dx(€ilz) = T4(px (€1), px (£2)),
EIET 1-aF oA Y by m(UX) — Q B—EIMHHET 5. FFiC,
pxlry) =0 € H*(m(UY); Q).

CDox %z, X CPyICHIBES B Meyer BRELEMESC LICT 5. & ooy = pyy &
T, ODMWEENS, RO ENTIN5.

1. ¢x BIEBIEESNTWVS, I5bBEec m(UX) ZHNITET S L ¢x(e) = 0.
2. HAGAZEN, THRDBLED (1,0, € m(UX) IS U ox (01620, = dx(£).
3. EE‘?E.;'?:\OD le 7T1(UX) szﬂ‘b ¢X(€_1) = —¢X(£)

CCT, BEmUX) & AR px IDNWTT a5 & Z2bNTHEL. £9°, Dy C
Gr(Py) D C EDORIGTH 2 YL EDWE, m(UX) BHATH D, T DBIAN 5 IEIHE
IRV, LAL, TOHBE ELBRESVWHTHED) BEITRT 579, £ DA Dy
DORITCE 1 THS. TOEE, (U XEICIEAHTH O, 7—IUEIFERNMED
WEIF L o TS, iz, US DT 70 VREEKK LB D, TORHIAER
FRAETHAH T W h 5. L L, BIARNGEERRZRD 2 2 LIZIEFICKETH D,
HRERREEGZ BT LY. —T, m(UX) &olz—DDitox I K D IEHAE
REND. THUE Dy DEFIEDNBHED . ox 1&, BT RO EMENTED, RIUT 1D
Dx DD ZTEHLTWVWE X BICTHS. IR, px(ox) &, #if LD dH % Hil
FAHARICIY S Dehn WA A MRS,

E 4.3 PECEBEZRIE, WNBEDTHS HX(m(UX); Q) BEHHTHZHh E 5 M
LBy, T, TH 2.2 DGE L FHENET > TV5.

5 T 4.2 DIEEADIER
Dx OFRIGTH 2 UL EDOSEF, mifi Th Nz &6 FRIFHHATH 5.
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LUF Dx ORXTCUE 1 ERGET B, V = Vg v Z CVH D (k +1)-FD79 Stiefel
CRKL T3, BREHE ¢ V — Gu(Py) BB 5B. Dy = ¢ (Dx), UX = V\ Dx &
$<. EGL(k+1,C) HUX — UX D Gysin 52252 R B &, ¢ m(UX) — m(UX) I
5 Bt -

H?*(m(UY); Q) — H*(m(UX); Q)
WFEINS. TT T, Gp(Py) D2RIcARER Y —RENFER 1 THB T EWRA
Vb px =pxoq EBL. i) =0 € HX(m(UX);Q) 2R +59TH 5.

DR, m(UX) D I 13 F 24 ¢: m(UX) — Z ZHT 5. T T T, Stiefel £

AV B2 EETHET ENRA VN THS. £T

W= {(z, f) € Py x Viz € X Ng(f)}

EBL.

0:S' S UX B—TLT 5. VIZHEETHEZND, ( OIEE D2 — V BMFET
. 0% (OWEDSH, " DEDET S, O LS IOV TIRFEL
BRIV, Dy ERERIARE D LS THITNE ALK TH S, 52 RN DHE
WV ELEDT 7 AN—RZE FW e L, THUFERICER 2D 87 ~ 4
RITZREDOREE R FFDOC &% . T T,

c([€]) == Sign(F*W) € Z
£B<.
A 5.1. I\ RV be = pimy DD ILD.

SEBR. 01,0, V=TT . N P S UX \OER%, 0D, k0, 0Dy, b0, &%
5EINTEDD. TOFEARD 0Dy NDOHIBRIE, V=T Dl - L ICKRENEY T THB.
C DB, c DRERDIEIC =DDT 4 A7 Dy, Dy, Dy £ THHET 5 &I KD, BRI
SEWEDEMRL: S? -V BMELNS. VO2RTRE NE—BHIMA TSNS, L
ED3HD VADBIET, " OEDICHIET 3. DT LMD, 77 A N—F LW
BH % 5 RCEMEDEFIC RS> TVWA T EWNnh 5. FICEDMREHIEZ0THB. 77
i S = D, U Dy U Dy U PICIS LT LW 210, Novikov IIEMERE LS &

0 = Sign(L*W) = c([1]) + c([ta]) — e([ts]) — 7 (px ([61]), px ([€2]))
1585, O

WES1ICE D, pilr,) =0 € HX(m(UX);Z) THZN5, A2 D ¢y DIFEICH
ERAYI7) fJ‘Téﬁa‘é — B OV T ROME 52 55D
Gr(Py) DERREE, 5Dk — 1 Xt ’\WF‘EﬁN}:kHézm 537ER M %2 T

Pyny ={W € Gx(Py); N C W C M}

LT B &S, Py LRSS SO LT B, DR GL(By) ORIMITI LT 5
& ZOUE deg(D) L1, Gr(By) D—IRDEHE D L DL EOMEMTH 5.
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W 5.2. m(UX) DT — UL, i deg(Dx) DHEIBKERETH . KHiC,

Hom (7, (UY),Q) = 0.

6 KElFEbDLETDIE

ox € 7T1(UX) %Ebf\&b&jé (4%5[5;.\@) (bX(O'X) LiX @K?%%ﬁqh\fg‘fﬁjé
ENTES.
Rl 6.1. X (FERME, Ih5bbn=28L79%. HAHHEAT 7IVEH RIIHLT
Hi(X;R) =0 H, g >0 EIRETS. Dx DRITTN 1 DL Z, RHKD LD,

SignX — deg X
X(X) +deg X —2(2—2g)

dx(ox) =

C T T x(X) & X D Euler £, deg X FH®HIAH X C Py DRI

C NG, 7R Lefschetz X VIVDFIEIC LS. n > 3D E X, T X &
—f&D k — 1 ZoTi B ZEM Y10, 2o [ LomEZ#EHT 52 &Ik > T
AITENTES.

Bl 6.2.n>2 m>0n,....0m>2,d>19%. HL, m=0DcXdd>2
EREL, (dym,ny) # (1,1,2), (n,d,m) # (2,2,0) £33, vg: Pryn — Py ZdR
Veronese Hl$HiAH &9 %, T T T,

N:<n+?+d>_1-

X' ZPryn D (01, ... ) MOIFFFRTE RN TS, DED 0y RDOFEIRK f; D
D, XE fr,. . f TEBOHEF LD DIFRFR T n 0T, X = (X)) &BL. DL
X, Dx DRIITIF 1 £720,

(8%
¢X(0X)=6—§
£7%%. T T,
mtn+1-3" ni— (n+1)d

3 )

1 m m
ﬁX _ (m-f—;”b'f‘ )+Zn?+zninj—(m+n+l)(Zni+nd>
i=1 i=1

1<J

ax —

m

2 d2
+nd Z n; + %
i=1
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7 BRIAREOI—

MGIHL, BRRIF AV [ Gx- xG— QMO EINS IF = 1 Ik
DIAFRERY—% HH (G;Q) &ME, GOERIAKREOI— LS. HEHBRNMIEDE
&, Meyer Bz AW, BE 7w (UY) IKOWTORHRMIESNS:

R 7.1. Dx ERIIC1 T, ¢x(ox) #0,—1 EARETS. TDL X,
Hy(m(UY); Q) # 0.

BEER. 7, (ZARGaYV A TIVTH O (|1,] < 4g DD ILD), (> T pi7, FAERITE
OY—DHZEDSD. ZT T, piyr, D—EWNEZRINT VX THD, ox DNIFERTH
BT Bl EV. IEZHWS E, n> 11 LT

ox(oy) =n(ox(ox) +1) -1
LEIETES. XoTox ZIEER. O

BERRED T AT TN WS HEZRD L & ZOERIFERI—IILTHA ST LD
HM5NTWS ([6] ZI). Kic, amdE 7.1 DRGEZMTZ & 5 7% X IZDWTE, m(UY) &
TAFTIVTIRNEWND T 5. BIZX, 516.20 XIZDOWTIE ~1 < ¢x(ox) <0
RS T EMTE, M 7.1 DIREN I ENS.

8 RBFAIfFSENDIGH: ¢g=13,4,5

M, ZFEE g D Riemann MIDEY 2T A 24/, A% M, DFEG LT 5. 3HITHN
fe,m: M — BO—fRT 7 A N—OERMECHIR 2R L7, 2T TE, —M7 7
AN=NADITTTHB ENI KK OKITS. IEHEICE S &, ROMICES.

E#E 8.1. 1. Afamily & &, fAitHZER X _ED Riemann HO#E#HE f: C — X THo
CAEEDT 7 AN— fH a) DADILTHEHEDTHS.

2. M % ARJLEMK, B2 2 Dotk 9%, EEEHr: M — BEXT, R
45 B, C B, XU, 7D B\ By O EAOHIRIC, A-family OFHEDN G X 5Ntz
& D% A-fibration & M5,

HICBEBR r 2EZ 571203 TlE7%<, B\ B, LO7 7 A NN—OEZEMEDIEEINT
WBHETAILKRA VDD S, & LETHZEZHADB TEZ S5, 77 43—
FEHARGEFMED A S C IR

A-fibration IZXf UC, 3 i Ch Tz faif T 58z MR T 5 & 2EZ 5. T, VWD
LEINMNTES LIRS, T2 TO—DDER, A-family DEEEDEEL, H
DZ DEZEFOFEARE FIC Meyer BREUDMFET N, X (3.1) Z0 LE A T2 Tl
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FTEENERTEELEVHTETHS. Meyer Bz WS 7 7T a—F OF|fHD—D
i, JEZERIDIRT A= U T 7 A N—DEZEME N IEHNCENIS T & 28R UL T
& &L, FRCRFMTSBDOERZDHIENILN S Z LicH 5. HLU, BHRF TR IEHIE &
DHT IV —ICADLZRVERIR T 7 A N—HFHDERIZEIRIE, &< TETWiRL (10 Hi
=2,

E& 8.2. A-family f,: C, — X, MZEHETH 5 &1Z, CWEKRDRE FE—REHD,
EEOZER X 1Tx U TROEHE

(X, X, 2 {X LD A—family}/7 1Y b E—

WEET AT L L9 5. T, MLERGHBRORE FE—HOLTES, GIADT
AV FPE=LWS BfRIE, X EOZDD A-family B X x [0,1] LD A-family THANS
CELERT S, A SHEADIIGIE, BEOGIERUICKDFEEINS.

T, Afamily OE#&E f,: C, — Xy PMAHEL, pu: m(X,) = T, ZZDE/ FH
=L LT, dps=pir, Z2ii7cd 1-OF = A VIMFET B EARET 5.

7: M — B7% A-fibration &L, b € B &9 5%. bZZH.LETZ/NINRD Z, 7 D
D\ {b} EANOHIRED A-family L7523 XS & 3. HEEICK D, EUISHIGT % HEkE
Fi% At D\ {b} — X, WRE FE—ZFRNT—EIIAAET 2.

oA(Fp) = ¢(1.(0D)) + Sign(r~" (D)) (8.1)

LB Y, oo NEBEC 3 HIORI R L, RITHFSRE 25 LD, CORE
(3.1) ZHIAS &, ATUHHONE AL(0D) 2, p, 1 &%, (HINEE/ FRI—0
U7 MZD>TN5S.

PLEDT & & 4Tl E2BEMNT %, AT LT, @)k X 2852 ki
X o T, 4HiTEL LT Riemann [ D FX — UX H 5, A-family O &% KK T
TRHOND5. TOWE, HEMREICHNT % Meyer BSEDTAAER ox DIFAED BES)
CHEENG. LT, FEMDAROMA RIS KR L B BHAHE, 35b
9 =3,4,5 DY, &% Zariski FEH A C M, ICHLINDTER T EZFHAL LS.

5l 8.3 (g = 3). A C M3 ZJFHFSMAYE Riemann D759 EH E 9%, Riemann [f C
WIFBREMITH 5 LI, BN Ko I X554

P C — P(H(C; Ko)*) 2 Pycy-1

WHDABR L2 T L THoTz. g(C) =375, C DB Py OIEFFE i 4 Khfp &
Al —fHEN%. X C Py % Py D4R Veronese HEDIARDIRE T 2. DL E, Py DA
FEWIASH L, YOO W N X 3Py, O 4RAREF—HENS. W5 25 FX — UX
X, A-family Tdh 3. G = PGL(4) £BL. GO UX, FX NOBREERHNFHET 5.
Borel #§H% Ué( = FEG xg U, .7-"5( Z &0, A-family

Pu: fé( —>Ué{
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ZIFBHD, TNDSREEE RS T ENDh 5.

WEUY — UL D, B B (1 (UF); Q) — HX(m(UX); Q) Z#FE L, 51 m (UY)
DT —NIELDERBETH S T W h2DT, 42 L&5bEB L, p, DNHNT
JROI—=%p, £TBELE, ¢ =pim3 22T ¢pa: m(US) — QD—ICHHET
BT EDTh D, TDEED A-fibration (X9 2 RSO BAANREE, BX U,
D IFIEIC K 2 RFFFSEE DRI DWW TR [9] Z 2.

5l 8.4 (g =4). C ZFiE 4 DIEEBHEIINIZ Riemann & T 5. TDE X, Oy, DIFIE
(2,3) 7EREKETED. CHEHATH B LIF, Pg, DEFTFEXDN, 2 RXDTT D
Bao2Zihmexsd 95, AcC M, ZIFERMNDDREE 4 O Riemann [HD
BIEGLTS.

COEAEITIE, X C Pis %, Segre HDIARZR P, x P, — P &, 3 R Veronese H & A
Py — Pis DGRICEK S, Py x P, DBEL, G = Aut(P, x P,) £EBZ, 8.3 LD
RRRZEITZIE XV, FEMIEEIET 20, TDEE Gu(Ps) &, (Xo, X1), (Yo, Y1) BT

% (3,3)-PEFRZHADZER & HRICHA—HENS C LICHERET 5.

5l 8.5 (g =5). C ZHiE 5 DIEEMEMMNE Riemann [f1 &9 %. C A non-trigonal & &,
TE3 DIERIBR C — Py MFHELRNWT ETH S, T, BHEBLRDGN (2,2,2) 572
PRRICIZB L &H{‘é‘(;}a% A C M5 ZIEfFS D non-trigonal 7% Riemann TH
DIETEEGLE TS, TOHH, X %2 2K Veronese HLDIAH P, — Py DI, G = PGL(5)
LBE, 83 &Hﬁ@%ﬁk%ﬁi&iim GERUESS) R

X 8.6. TN5 3DDHIDHA, ARVTNE M, D Zariski HESGTHZ. AC T, %

A @D Teichmiiller ZEFINOFFE FIF & L, Borel K ﬂrq Bl b Ué( ERE R

C—FMEIC 755 S EDEEER T 2y 7352 LIk ah 5. Thé, AR

’C%% TeaBbET, BEEDE/ FaI—p, NEHTH 2 EVEW, FHCZ D
I px EEHTHBH TS,

9 HIDE: B 4IFERAN, P4

X Zuifif] 8.4 ThR7z6 DL 95, X9, Dy ERWIHIIC 1 5T S H7&1EHIM
Micxf L, ﬂﬂ?‘é“%)7 7 A IN—HD R 5L (8.1) KD, dx(ox) ITFELWT &I
= LT%< %, TOfEIF —9/171C7%%.

CTEHB m(UX) Dl U, XHnd 7 7 A4 3= Z25dih U Meyer BGELODAE,
)%Pﬁfif BZEIHT 5. 7538, TTTHTL 27 7 A /3—HOMRIE, RILABRERFD
ERHEBRICHZATIHNZEDTH .

P BIROCBZRKDIREZRXL, a>0E0LT

F(t) = (Yo, Y1) X3 + 120 (Yo, YD) X2X, + (Y3 + 1Y) Xo X7 + 903 (Yp, Y1) X3

LEE IV=7100,1] = UX t — F(ee>™V 1) OEDB 71 (UX) DIL%E (5, £ T 5.
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t € Cc P ERIMU, Fit) DERAFBEXZREILL T, Ft) = 0 THEABNS
P, x P, x Py NOFREET S #E 2 5. S ORFE I (, (Xo : X1), (Yo : Y1) = (0,(0:
1),(0:1) DHTH O, @Y)5/3T7 A—2ORGE AT K > T T ORI

24P+ =0

ICHZ%. ThZ 1] OSETHEAES - S L, t=0 D774 —1cH b —11h
MR d % T & T, Afibration S — P, 218%. Tt =0I1cBIF BT 7 A /\—1f
Z Fyy B AT 7 A N—DOAHRIE AT, M3 L HE 1 D Riemann [ 1
SUCHIIINC R D2 128 DTH 5. HEELIX Q" BXT @ ZHIDET T & T, MOKE
BT 7 AN—=3X, Dx Zhilrd % X 5 RIS 5 & L TRV,

Euler & 5%251HT 5 &, KR T 7 A /)N— DA

X(S) —2(2—2-4) = 34a — 62
EEMEENSG. —J7Sign(S) = —18a + 34 TH Y, FFSEDOHIEN 5

—18a+ 34 = O-A(]:&l) - %(340& — 62 — 1)
CNKY, o4 Fsq) = 11/1T AN B. 5, Fs1 DT 7 AN—EHEOFFSEIE -1 THh
%. N (BL) M5, ox(ls) = 28/1T WM 5.

10 HBbYIC

SHEITHHTIX, AIJBEd % Riemann HiZ57EERXX E L T—EDRD T TATH
iz &M, GEY)s X Z RIS TEBEHICER > Tna. 25 OB TIIEHEGIR OGN
TERXRXELTHF A, Tz, ME3 & 4 DEAICE, ERAD—ARTHE T EHEK
BIOKERL, BIHEICHTIZ D RUNCZ> T 5. M5 DL ZIEZ51EE>TELT, Bk
BIDOFHRICDWTIESZROMETH 5. iz LT TV TG E, —#%O Riemann [
Z EOMICATHI N EWV S BBEICS DN S, THUIHET L IR RE S DTEH,
M, DA (DX O, SHEZEEN D My NOZRINEHEEGRNMAET 20 E 5D &
o> TL2THD, g > 0D L E M, FHAENTHRNWD, T THRXRIET
— & DIFERE R RREIC NS 5 ZEEMES NS C L IFHHFTE AW,

—75 T, K758 2 £ > 72 Riemann [l OEE X TRIBIC AT 2 RS ED
FEEWVH T IHENE, X ZIO B A S LICK>ToBARGHEENTE 2 EbNs.
ZUF 9] Tl&, 51 8.3 DEAZENER & U T, IR I HIRR ORI U TE kAR S
ncTns.

FENEIEZI T TZHIPI T, SEITER LTz oq 1, 2] R EIKNEN TS, HID
NTVB R SEOMEE—ET 5. TO—EHE, Dy IHEWHY R ERTFIHRIS N G
%7 7 AN UTED—ET 5 Z L 2RI L TE A B, wiffii Cib7zkkiz,
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(RSB OMEREDLE S| HETHETZERXI R T 7 AN LTHEICEZS
TETHB. UL, TOREBEMZERBET 2 HEICK ST, FNTARMINIC 04 da
ZEHET S EIFEHFITETE TV,

SZ 3k

1]

2]

3]
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