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On the structure of the Gordian complex of knots

20074E8 H Foalp b ARR P —S VAP T L R SRR
HRHRY: BH - AR ENIIEN

§1. EA

FOHBMEROREL 282 &, ZOEAMIIIE L OREOCHZEGIHNZL b D & HT
L Tz L) iclbinsdy, Conway ZHAD A7 4 VERA DI, Jones ZIHIA
DFEHR,. % L T Vassiliev fMEREDFHRICE > T, fUOHD 2 0IZEAHEEROELSD
THEGEZ 78T 5 2 & T, 4 DRV HIEAHOWE GBI L X 9 & v ) KIEINEF
FoTHKTwE L) IEbNS, Vassiliev FMERDINTE & BH LR H %6 O H ik A
HORMAR O, SRS M, maEded, moumiseEt, v EFRE, K
Uz S Ay ZERS Ay BEANRIALE CDHARANC K > TS L TRBHRD
HHITHTHAHZ EICHIFEH L v, RFEETIIHNHEHR I A-FELA=IA 3] IcL-
TEEINLFFEOHEMERDOELAD L EZHIZE L T4 7 Gordian complex DRHIEIZ D
TORLEDWFRZMENT %,

§2. #5U'H® Gordian complex

K % 3XuBki S* oA N HBE2EOEA LT 5, KIFARKRESTH S, DT
CHEOHB E FEOHZRI L A2 L 1eT 3. KKy € KIS L Ty do(Ky, Ky) T
K %2 Ky BB 2 DI B 575755 (M1 (a) ) OR/DMEKZEDT I EITT 5,
da(Ky, Ko) 13 Ky & Ky @ Gordian distance LW 5, K DHEREDEAS H 5 n BR
ThHsElF. HIZB ) En+ 1O UHLLRD, 2D bDLED 2 ODiTUH
K, Ky I22WTdg(K,Ky) =1 ThHsb I L, LERT D, KORBEEDESE Co L
B, TOLEXN(K,Co) THANER E AT I EDHKES, 22k HD Gordian
complex & FES,

COEFRICBVT, REZHD L Z A% delta 1 8] [7] (K1 (b)) ® Cp-ZH [2]
(K1 (c)) ITEFATRONGHEEZ, ZNZNHTOHD delta Gordian complex (K,Ca )+

1
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fiti ' H D Cy-Gordian complex (K,Cq, ) & M-S,

KX =

(a) (b)

7 7
k+fg_§£: ) /3( (2( 1 4_>k+01[(: ) /3((£ 1

1
N &R & A-FEER =X ARREZRL 7,

EIE 1. 3] (K,Co) DIFERED 1 ik H EAEEDOARB n 12X LT (K,Cq) D n ik J T
HCTR2bDWBEHET S,

(K,Co,) B L TRARIUMRZ AT E > TRAREIN TV B,

T2 (1] k23U EOARKET S, (K,Co,) PERD 0 EH EAEEDOHRE nIC
NLTK,Co,) DnELTHC LEDSDDHFET 5,

—77 S. Baader SANIRZRL 72,

E 3. (1] K1, Ky € K23 da (K1, Ko) =2 27§ & &, H IR 2 IERIE O A 165 O
H i, Jo, Js, - BEEL Tdg (K, Jj) =1 (i =1,2,5 =1,2,3,--) &7z 3,

E 4. EH 31X Gordian distance 252 DIEED 2 DDFEONH Ky, Ko 1T LT, K1 256
Ky "D AEZHADRPHERE & U TH IR 285 N H PR EFAET 2 2 2R L Tw
%, Gordian distance 231 D 2 DDFOH, T4hb b 1 ROLELZHTHHICHED G 2
DDFEOHT, ZDRELIDMASIBAKENICR L 25D H 50>\ [FEICBIL <
BV ODDFEDBH SN TS, FIZIXK 2 1ZARENIC R 2 HBHEREEZ 2
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ROROCHDHITH 5 [13], 15 DFEOHMHERIENR R 2 2 L, RO E I
RN 25EENZ 1 DR OREEOHPE VIR R 2 o005, KEWICRL S
it OYH 3 2 R R O RS N H 23D 220 & 9 HIFEFIIH S 72\, delta ZTRICBI L
TR DAE I 70 2 delte ZBIEDIAET 5 2 EBNHER I AIC L > TmRaEnT
W5 [14].

da(Ky, Ky) THRFEOH K %2 Ky KA T % 72 OIS 7% delta 2D i/Nol%%
FZbITLICT B, WMNBTFIAIZE3 D delta B TH 2 RDEHZRL 72,

EIES5. [5] K1, Ky € KD3da (K, Ky) =2 %2724 L &, A \WICR R 2 HRE O A ko
H i, Jo, Jz, - DEIEL T da(K;, J;) =1 (i =1,2,5 = 1,2,3,---) Ziifif T,

RIBTETH 5,
FEE. m,n 2 ALK L T2, AAKOH Ko, Ky, Ko, -+, Ky Koyt -+ Ky 3
dG(KOaKi) =1 (7’ = 1727 e 1m>7

dA(K()?Ki):l (Z:m+17m+277m+n)

Zii7z T ET 5, TDEZHWICEL ZMBEOF A NH Ji, o, Js, - DIFEE L T
&7,
dG(Jj7Ki) =1 (i:071727"'7m7 ] = 112737'”>7

da(J;, Ki)=1(Gi=m+1,m+2,--- m+mn, j=1,23,---).
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E6. (1) FEHTn =004, FEEHN I OWTRZBGT 2 DUETIC Th g I Se 4
(9] DSINBHRIEAED A = 7 — a VHER 6] Z VW iEHEZ 52 Twd (EEHIIf[-T
W3,

(2) TEBUTEH 3 &EB 4 DO O—BLICR>TW 3,

(3) FEHCTde(J;, K) =123 =0 DEAEOBRNLT 5 X ) IcHik2 2 L IFNHER S
ANZELZ TTEN T,

i W H @D delta Gordian complex (K,Ca) IZ2WTIERDTD > T 5,

MRET. (K,Ca) 1 RIHEETH D, ThbE (K,Co) IIF 2 BBITHFEL RV, 51
R 727 LTC27 7 71Ck>Tw3,

a,(K) Z#0H K @ Conway ZHHAD n ROFEE T 5, @ TIIRDOEHR 1S IA
LIfRoNbZLETH S,

EEEE 8. [8] K1, KQ S IC 75§dA(K1,K2) =1 ;E?FE%CT k g CLQ(Kl) — CLQ(KQ) Ciﬁik‘f% %o
9. FEBRITIEZDE Z ay(K)) —ax(Ky) =41 75 2 EDNEHI N TV 5 [12],
FEMORLE L TXE/RS,

$#10. (1) m,n ZALEDOIFAREKLE T2, HZ2 (K,Co) DIEREO mBfRE T2, DL
E(K,Ca)D(m+n)HBIELTHCLTHLDDDEET %,

(2) m,n ZEEOARE L, p,q ZEEOFEBIE T2, (K,Cp) DIEED5E4 21
WY 57 K WRL T, (K,CA) DFER 27T 7 Kpipmig T Ko C Kmipniq C
H5HSDVHIET 5,

i, Gordian complex (ZBH L TIZHIT S. Baader S ADSTEFICIIEZHEEL T3 X
ITH D, FHPPEEISEE-RILIZ S AL 258 [10] b dH 5,
§3. EEEH

FEMDFEHD 72 DI R Ol %= HEfii 3 2,
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BRELL. m,n ZIFAEE TS, BEfEOH Ko, K1, Ko, -+, Koy Koty -+, Ko 254

dg(Ko,Ki) =1 (Z: 1,2,"',771,),
dn(Ko, Ki) =1 (i=m+1,m+2,---,m+n)

Zii7z e 95, TDEEHIAMGNHE K 23MFEL T,
Ky \& K & Hopf links Hy, H,, H, - - -, H,,,, Borromean rings By, By, -+, B, ®’X¥ FHl

Ko = KgHoH\4Hal - - - §H,p 1 BBt - - - 1B,
T, ANV PO FFIFHMRNITIIM 3D X 91Tk >TWwT,
Ky—H =K; (i=0,1,2,---,m)
Ko—Bi=Kpy (i=m+1,m+2,--,m+n)

Zii7zTbDELTEDLT I LUK S,

ERADEIRE K (i=0,1,2,---,m) Z Ko 25 1 MOR AL TROSNEDT (i=0D
B3 Ko 926 Ko ~ND AR LALLM R EZ D), Z DA% Hopf link D3> FAI
THEEMZ L2 LICLD, 4D &I Ky Hopf link H /3> FRIL 2 THEE 5,
¥EK (=mtlm+2,-,m+n)ld K »5 1O delta BHTHRENZDT, 2
D delta 2% Borromean rings DN FRITESHZ 5 2 L2k, K4k HIT K,
IZ Borromean rings B, 23 FAIL B THEE S, 6Dy P22 THKIC K 1<

I clRsnHRiOHEZ K LB, Thbb
K = Kot Hot HigHyly - - {H, 8 B10Bsf - - - 0B,

5
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ZIZT K I FOMBEZFEL T, 2EBPHRMICIZKI3D X 5 % FHE 7T 712
Akl TEL,

X=X - X

o )
iy H/\\

7

N

AN
\/‘@/ —

X 4

CICHMSDEIICH ZF vy e VT 2K)ICH %2, Biz2Xv 2V §5X9ICB %
2%, THrEINKRDS

Ko = KiHoiH1gHsl - - - 1 H 3 B14 Bt - - - 4By,

W5 TWwb I ENghrs, O
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X 5

FEBOIEAOHEE  #iE 11 DNy FRIONY Fizb % 5] 5ik-> TR T Milnor link $R (<
fEES, T THyD/NY R H Oy FICKERIED jHTh b b0 ], TH 5,
CDLEE J PR THCICHELS 2 ERPNE TSI AL 2 ROERZIGCHT 5 2 &
TIN5,

P(L;t, z) 2 K803 r D mf&AH L © HOMFLYPT £33 & L,

P(L, t, Z) = Z Pgmfrfl(L; t)ZQm_T_l

m>1

WCEOT Py i (Lit) ZEFET D, ZOLIBETEZnEMIICt=12RALZbD%
P (1) £ B,

EIL12. 4 n 23U LOHRKE T2, ABFUH K, & Ky 281 RO C, -2 TH\IC
Bh&rET5, 2DC,-EBITHIET 5 Jacobi diagram %z D L35, TDEE

0 :DDIEFEN 7 7D L &

™) (F.- ) (Fe,o 1) =
R (R 1) = B (K2’1)_{j:n!-2” DO 7 7 DEE.

DEXD J, gy, - 3RODZHDEHLRSTWE I Lg%, O

#1113, FEHOHIE L TKIZHHAZERH, m =2 TK, X 8DFHUIH., K,y 15,
EOH. n=17TK; X=ZFERECHOEED J, ZaEHD ITEICH> TR L7 b D %X 6
KR T %,
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Polynomial invariants for virtual links

EE BT
L EERAARAEBEBL 22078 R

1 Introduction

AR H - #&A H (virtual knots and links) ¥ X OV Z 1L FE ) EREREERIE, 1996 4 Kauffman [9]
IS o THAINS, KEREOH - 4 HOBERIZIEARTT & i A KO H - fE &
H &) BRI (7] 237 S5 0T, RS OV H BEw  BUAS OV HBRER O 1 D3R & LT
BN Z b5, 20 A, KAEKOCHMGROWIAHED 1 5L LT, HEEOTH 8L
VI RIEDZET 5 B, BIRE T, DO TFRICEAERZHV OB RINTH B, Z2Dkd,
% DAZE, L ICHHEAALRIFN - EREINTV 5, (1,2, 3,8, 10, 11, 12, 13, 14, 19, 20]
RS OCH O S THAARLERZILE - AR L B0 b 08 % G %08, KR HO R
ZHHLTHERENTw2b0bH %, 22T, Ya—vA4HEAZIVEL LB TH 2 AER
[5, 6, 15, 16, 17, 18] % 3 DN T %, T4 6 HHAD K E BRI AEZE B (virtual crossing
) ZTHECTE 2 2L TH D, KA E BRI OH - AHOARERTH D, HHMWFEOH -
AHEEDL SWPTHEN TV 20 ZORIE (7) 2R TR THL, 2R, T TIEIDR
ICEREBOTRRELZBRS, WETH 525, AL RBUIRAREOH - & H & dhif Eic 5Bl
Lt oo s bBER1PH 2 2 L2 MRILTE L,

ks, REIDRE, HESZ TR THAEELEDICK -T20B3 L VE»rH 2, 2070, JHEE
Al & HAGERGIMNRIE T 503, THAMOEE W,

2 Virtual Knots and Links

virtual link diagram & 1%, R? ICHEBTINICE R 2 B2 X 9 123 IA F BT, SAIZK
1 TCRT L) BEREEZoNZEDTH S, 1 DEMD R R % real crossing, FDZE R %
virtual crossing & W5,

N

real virtual

1: Crossings

2 13 virtual knot diagram DHITH %, virtual crossing IFARKEED LR ZER T HDTIER
W, diagram 2SHHE _EICERINIUIEEL B ORRTH %,
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2: A virtual knot diagram

3128 T diagram DRI ZENE% classical Reidemeister move £\ 2\, X4 1277 diagram
DRI % virtual Reidemeister move &9, virtual Reidemeister move 13 virtual link
diagram & O'H DFEFLETH % Gauss code diagram & DX)GEAR D> & HiE S 117 diagram D
J&TH %, classical Reidemeister move & virtual Reidemeister move % &€ CTHL5E Reidemeister

o

move &9,

\

/\'><—>

type I
~ \J K
> > > < /\\ e \
ko3 Y &
type II type I11

3: Classical Reidemeister moves

type I type 11
N
type 111 type IV

4: Virtual Reidemeister moves

2 DO virtual link diagram (36 REIDHRIE Reidemeister move IZ &> THED &9 L EEMETH
% LED, ZDOMEEE%E virtual link EVEE, K5 XFEfE% diagram OHITH 5,
classical link diagram I3 virtual crossing % & 7272\ virtual link diagram & &7%¥ % DT, virtual

link iZ classical link ® 1 DDHEETH %,
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5: Equivalent diagrams

3 Graph Diagrams

ZOHiITIE, virtual link DZHAARLHZEET 2 72DICHVS 77 7KK (graph diagram)
ICOWTHIAT 2,

magnetic graph E VIR DG % AT T HE T & 07 3 RITERAE N D graph TH 5,

(1) TER (vertex) DXREIL 2

(2) BT IFEEAR (> 0) DTHFR Z

(3) AT D (edge) DI E 1T
magnetic graph diagram & 1%, magnetic graph @ R? "L SH SN IERIFRROZ L TH
%, X6 I magnetic graph DHITH %,

6: A magnetic graph diagram

classical link diagram (ZJES ?D 72 > magnetic graph diagram &% 2 5415 ?OT, magnetic graph

diagram (% classical link diagram ® 1 2D—f{LTH 5,
classical link diagram % virtual link diagram IZH55R 9 % D % Bfi L T, virtual crossing % #F&

$ % magnetic graph diagram 2 E# Y 5, ZN%, virtual magnetic graph diagram & W5, (fii
HD7z®, VMG diagram &Ll 9 %,) X 71% VMG diagram OFITH 5,

3

7: A VMG diagram
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VMG diagram DTEMICIZ 2 ADADEER L T3, THSICH LER L TW 3D 122188 T
22 RERIAEMTIZ E V), (MEDHGZHDOFLEIIRL 23, MEDMOLTAMOMZIE
AICBWTHAINTV S, ) ZDL &, diagram ETRIEROAE %2, f5E I N/ADF I % [H)
WEEABICE>TETIEIRT S, K8OHITHERIZAAMDMEEZF>T05,

3
>
8: An orientation of a vertex

Decorated VMG diagram &%, &IHEDAE T 5472 VMG diagram O Z & TH 5, (ffiH
D7z, DVMG diagram & 5tib3%,) X913 DVMG diagram Ol TH %, HE D7\ DVMG
diagram (3 virtual link diagram T % O T, DVMG diagram (& virtual link diagram ® 1 2> D—
it chsbLtEIONS,

3

9: A DVMG diagram

2 2? DVMG diagram I3 REIDHAIR Reidemeister move IZE > THEDE I £ X, FHETH %
EED, ZOFESE%E decorated virtual magnetic graph & W5,
FEED graph diagram OBz L DB ERXRD K H IR 5,

- - virtual magnetic decorated virtual
virtual link |—> —1

graph magnetic graph

A

magnetic graph

@—> magnetic graph |—> with

node orientation

10: A relationship

4 Polynomial Invariants

22T, virtual link IS L TERE NS 3 DDLHAALREZ[NT 2,
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4.1 2-variable polynomial for oriented virtual links

%7, VMG diagram Z IV THRI N AZERIZOVWTENS,

VMG diagram 13 D3T X T virtual TH 5 £ E pure E 5N 5,

D % pure VMG diagram & L, e(D) % D DUDEEL TS, D D weight map &%, e(D) v
5 {1, -1} ~"OERT, BT 2 2 0D0UDKEOMD -1 L 555D DI L LTS, DD weight
map DEHE%Z WM(D) THT, weight map f 12X 2 D Did e DB fe) I e D weight & X
%, D D weight map 231 2525612 W) Z LI, D DK weight 2352615 &) Z
ETH 5, D DEIIIT weight DMEE IS &, D D virtual crossing (& 2 2D INS, 1
DIIRHERERT 2 2 DDUD weight DFED+1 TH 2D, I 121% weight DD —1 & 7%
25D TH5, HiZ% regqular crossing, 8% % irreqular crossing £ \»9 , irregular crossing %, %
NEWPRL T3 200D I L, weight B3+1 Db DE RN, -1 DLDOWFRERER S
& 9 1Z real crossing ICEET 22 3 TE S, ZOEIEZ D DTXTOD irregular crossing 128 L
TTH 2 LI &Y D » 5 VMG diagram Z1F5 2 £ TE %, 2D diagram % weight map f IZ
BI9 2% D @ raised diagram &\ >\, B\f TET,

B Fp: WM(D) — Z % Fp(f) = w(l/)\f) T, B g:Z — QAT T % g(m) = t™ TH
2%, 22T, w(Dy)d Dy ® writhe TH 3,

(D) B9y % £ pure VMG diagram D 1IZxfL, 27#(D) Z (go Fp)(f) Z D @ double

FEWM(D)
bracket polynomial &\ >\, ((D)) TRT,

AZERILIRFEA] (state sum) &N S FHEZ AV THRI N 5,

D % VMG diagram, ¢ % D @ real crossing £ %, K11 DX )T, c 2 VLT % 2 EED
fE75% 0-splice, co-splice & WES,

11: Two kinds of splices at ¢

D DATA b (state) &%, D D% real crossing % 1l (O-splice ¥ 7 1% co-splice) L THRS 4
7= pure VMG diagram ® Z & ThH 5, D D state DEE% s(D) TKT,
S % D D state LT 5, Cg(D;9) (resp. Coo(D;S)) % D 225 S %4525 7-91Z 0-splice (resp.

oo-splice) 7 D D real crossing DEAE L, sg(D;S) = Z sign(c) — Z sign(c)
ceCo(D;S) ceCu(D;S)

A

Pp = (_A3)*w(D) Z Asg(D;S){_(A2 + A*Z)}N(S)*l«s» c Q[Ail’til]
Ses(D)

LED D, ([6] TIRFAMEDLIERND raised diagram Z W TIZERIN TS, )
Theorem 4.1. VMG diagrm D & D' 25Flf% & X, Pp = Pp 25D 32D,

L % virtual link, D % L @ diagram &3 %, Theorem 4.1 I2& V), P, =PpiZ&>TL D%
HAZED D LDTE 5,
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Corollary 4.2. Pp 1% virtual link DAERTH 5,
maxdeg, Ry, % Pp Dt DImAXEE L, v(L) %Z L D virtual crossing & ¥ %,

Proposition 4.3. v(L) > maxdeg,Ry.

1 1
Example 4.4. K ZX| 12 @ virtual knot £ $ %, Pg = §(A4 + AT Z(A2 —ATH2(2 4 17?)
DT, maxdeg, Ry, =2, WZIZ, v(K) =228 5,

12: Kishino’s knot

4.2 A multi-variable polynomial for oriented virtual links

RIZ DVMG diagram % AW THEK I N 2 LIHAAZRICO W TR B,

D % DVMG diagram, v % D DIEM LT 5, v IZEHR L TCW 3N EbIZv o HTT{mE
HOLE, v % north verter, £ bIZvIZ A>T 2MEZHDOLE, south vertex & WS,

v DIEEZ, v DY north vertex % 51F 2, south vertex % 51X —2 12 X > TED, idz(v) TET,

e, ZvDHEREZ5 DDOALEL, f% DD weight map €55, fICBT 2 v D%
signg (v) = %idx(v)f(ev) THZ %, €-T, signy(v) =+£1Tdh 5, D; 2 D DIy, VX(D) %
D; DTHRDEAR LTS LE, vxws(D;) = Z signg(v) 2 fIZBIT % D; D vertex writhe &

vEVX(Dj)

V),

i F57” - WM(D) — Z % F577 (f) = vxw;(D;) T,
G 7 — QAT do,dy,d_1,. . dnyder,...] % h(m) = dy THZ 3.

DS 2LIHAEZRD K HITEET 2,

(D)
Xp=2"1P 3" (H (hoF§j>)(f)) )
FEWM(D) \ j=1

oI, Xp=Xp|y_ (aria2 T %0

A E L state sum Z W THER S 11 5,

D % DVMG diagram, ¢ % D @ real crossing &€ %, ¢ Z VL T2 2K 13D L9 % 2
fHSEE L, O-splice, co-splice & MEE,

D D state &£ 1% D D% real crossing %L L TR 5 1172 DVMG diagram TH %, D D state
DEEG% s(D) TR,

S% D D state &L, sg(D;S) & 4.1Hi LFRICL TERSINAEL T 5,

Hp = Z AsIDS X
Ses(D)
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13: Two kinds of splices at ¢

EL,
Qp = (=A% vPl g, € QAT do, dv,d—1,. .. dn,d—p,...]

kﬁ@ %O
Theorem 4.5. DVMG diagram D & D' 237 51, Qp = Qpr 23D 32D,

L % virtual link, D % L @ diagram &3 %, Theorem 4.5 12L& D, Q, =Qp ICL>TL D%
HAZEDL LB TE S,

Corollary 4.6. Qp, & virtual link DAEETH %,
%A P & Qr DRI R DR D 5,
Theorem 4.7 ([5]). QL|dn:7§(A2+A*2)t"/2 = (A2 + APy

m 2 IEORE, Q ZIFABBOESET D, Gl q: Q¥ — C[ATY 2% almost zero map TH
e, ¥ o AREZIRCTOICBIN G L E2 V),
L #3virtual link D &£ &, & 2IED®EE m & almost zero map qr DHTEL T,

Q=2 |w@ 1] 4
weqQam 1<j<2m
LFREL, ZIT, o= (21,72, 70m), 4 = (1) + (- (-1)7) /211 < < 2me

Qr D mazimal weighted degree % max{ Z %jxj; qr(z) # 0} ITK > TED, maxwdegQy,
1<j<2m

IC& > TET,
Proposition 4.8. v(L) > maxwdegQy,.
Example 4.9. K %X 1/ @ virtual knot £ %, DL E, Pp=A""+ %(A*6 — ATt
& D maxdeg, P, =1, £IAT,
Rp=— (A + A2)(2A™ 4+ A7) 4 (A~ A7)(ds +d_)
+ %A*G(dg Fd o)+ %(A*“ + A (da+ d_y).

X0 maxwdegQr =2, WAIZ, v(K)=201¥%,
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14: v(K) =1or2 ?

4.3 A multi-variable polynomial for unoriented virtual links

ZITE, MEDOMLTWL AL virtual link DEHAALRICOWTER 2,

|D| % unoriented virtual link diagram & L, ¢ % |D| @ real crossing &9 %, ¢ ZE{Ld 514t
i, 15 D & 912 0-splice & oo-splice D 2 FHIHE T 5, FIHfL I d7=1%, FHERRICIEAEAEL T
WS, 4% null crossing EWES, HE5 T, ¢ 2 EL L TR 5415 null crossing 1%, 0-splice
L TfF 5415 null crossing & co-splice L TR 5415 null crossing @ 2 N EAET %, HiE%
type 0 D null crossing, #%# % type oo @ null crossing & 33,

> < 0—splice \/ co—splice \/
ANV

type 0 type oo

15: Two kinds of splices at ¢

|D| @ state & 1%, |D| D real crossing @9 H D { D% L L TH 5 7% diagram L E&RT
%, |D| D oriented state & 1%, |D| @ state IZM &% 5.2 5 2 £1Z Xk > THS 47 oriented diagram
£ 3%, |D| D oriented state DA% os(D) TET,

S % |D| ? oriented state &3 %, S D type 0 (resp. type co) D null crossing 73 admissible &
3, ROFEMzERITEER VY,

(1) null crossing Z KT % 2 KD string DA E 13 AT &
(2) —F D string & Z DA FICHET L E, b9 —FTD string ST (resp. HFM) IR R 2

admissible "C72\> null crossing 1% inadmissible £ b1 5,

S DR RIE, real crossing, virtual crossing, admissible null crossing, inadmissible null crossing
DENDPTH S, S DEEDEA% C(5), real crossing, virtual crossing, admissible null cross-
ing, inadmissible null crossing DHEE % Z N Z 4, RC(S),VC(S),NC4(S),NC_(S) T3¢,
RC(S) = RC(S) UVC(S) UNC,(S) UNC_(S) 2SHL D 37D,

B yp : C(S) — {0,1} 2

1 ifee NCL(S) URC(S) U VC(S),
Yip|(c) = { _
0 ifece NC_(9),

k- ThH 2, y|D|(S)= H y‘D‘(C) LEHRT S,

ceC(S)
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S @ real crossing & virtual crossing 3 XT% Z DA Z > THFELT 2 L, W20 E
Ot - ARZMEEHE %, KRFEHED O & %2 S OFIF O D SREHRI D O E % O MR 0%
Zi\Wi % S D rotation number £\, rot(S) TET,

Hs % 42 fiTEBL SR E L, Hs Z Hs b A=q =5V 1T LBLTHLNZ LT
R

Js = (—].)mt(s)y‘D‘(S)Hs ki&)%o

Wq(|D|;S) = (¢ = q )P (% — g 2)}=PEgE) L 52, 22T, no(|D; 9),
Neo(|D|; S) 1EZNZE 1L S D type 0, type oo D null crossing D Z LT,

AL state sum IC K DRD X I ITHERI N,

R‘D‘ = (q4)_sw(‘D‘)(_1)v(‘D‘) Z Wg(lD‘7S)JS € C[d17d717"'7dn7d*7h"']'
Seos(|D])

22T, sw(|D]) & |D| D self writhe %, v(|D|) I |D| @ virtual crossing D¥ % £ 7,

Theorem 4.10. unoriented virtual link diagram |D| & |D'| 237 512, R|p| = Rjp/| 23D
AYASN

|L| % unoriented virtual link, |D| % % ® diagram &9 % & &, Theorem 4.10 £ U, R, = Rp|
IZX>T |L| DSHEAEED S 2 LWTE S,

Corollary 4.11. Rz, (¥ unoriented virtual link DAZERTH 5,
Ry ? maximal weighted degree, maxwdegR|r|, % 4.2 fiii & [FTRICER T 5,
Proposition 4.12. v(L) > maxwdegR|y,.

Example 4.13. |K| Z[X 16 D unoriented virtual knot £ § %, K % |K|I\ZIA & %5 2 72 virtual
knot £ 3%, Qg = —(A%2+ A7?) & D maxwdegQy =0, £ 25T,

Ry =—4+2V=3— g\/—_3(d2 +d-2) + 2(6 —V=3)(d2 + d_2)* —V=3(ds + d_4)

£0, maxwdegRx| =2, WAIZ, v(|K|) =v(K)=2H5RE5,

(>

16: A virtual knot with trivial Q-polynomial
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RAER1DDEIDILRFER-E

KHE;
BRI K205 S0
) Lot

iR (Rl s Ko Al

AfEZE LT, X IR, A1x X oz, 1=(0,1] i@
D% RO HFMPHX 2 £, (X, A) OEFIRRTDO 7 7 A, T4b
L, EOHEREEMHR [ A—Y 25X I8 S A OUkE 1@ ICHhER
TE2XH)R%EMY OV F7 A% ANE(X,A) TET. Dydak [4, 5] IF,
PREEAIAH 2 RO R O BRI A DY ANE(X, A) BT % X9 7% (X, A)
ZREMT L E ) EZREL, 2008 A LOFEEO AR 1 05l
2 X FLORAR1 OFMRICINRAETH 5 (X, A) L LTREMNIToNn
5 EZGEHL 72, BIHEL T, ROMEIREI N,

8 1 (Dydak [4]). A LOEEORAR1O5#E? X LosAR1 D
SENCHRIRTIRE e 512, TEREZEM A x T FOFEEOSEER1 05HIZE
2R X x I EORAIR 1 OENC AR A RED>.

FREENI A % RO AR 2tk 7 5 A% C T£ T, LEidd Dydak @
R LD, ME1I, '"CCANE(X,A) %51 CCANE(X x I,Ax )
DIRALS B0y E[AMEZTETH 5. Ohta-Yamazaki [10] (&, EHEAK
SO T CHE 1 PEEME RO Z L2 L 72, #R KB o B E D
AIIIBF R CTIRIANTSH 5. AeETIE, BET 2@ LI, o
FERAZ D WTREDLL 72\,

1. 107&&ZDILER

PAHZEE X D6 T ~OEFRIE DR o 25 X LD 1 DRE (partition
of unity) THH EE, EFED 2 € X ITNLT Y {f(x): fea} =10
JROVDZEZR V), TITa lFEREATH XL, 208546 Y f(o)

LZZ2T, G X ITBITZ ADEFETHL L, ()G X ODMEAETACG %
W7z L, (i) [A] =0, fFIX\G] =1 ZHTHHEK f: X - I BPEFETLILE2E .
1IERIZER] X DPAEA A DA (i) 13 (1) 258N 5,

1
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FERMEEOR/NERE L TERI NS, 2E X Lo 1D5#H o W3
REBR (point-finite) TH 5 L1, FEEDH v e X ITXL

{fea: f(x) >0} BERES

THbI ez, a BBEER (locally finite) TH 5 E1F, FEDR
e X IZNLT o DWEtE G HHHEL T,

{fea:(Fre@)(f(x)>0)}HIRES

ThHHIExV)., FTAERLZ S IZFAAERTH 2. E, 52 A Lo
107 o & X EO1O0H g 526075, 28 o a—
DMEIEL T,

(Vfea)e(f)la=T1)

BHRDEOLE, flda DIETHLEVS. 1 OHHADIIRICEL T,
ROWEIERS NG, £ S DL |5 TET.

EE2 (4, 17). v ZHERE L T 5,

(1) |o| <y TH2 A LOEED1DHE a 25 X LD 1 OENHEA
RTEZEE, Al X 12 P-embedded TH 5 EV>9?2,

2) |a|<y TH% A LOEEORER 1 OHHE a ¥ X Lo RER
1 DFHENCIRRETE 5 L &, AL X 1T PY(point-finite)-embedded T &
5ENnI,

(3) |a| <y TH2 A LOEEORIFITAERLDODE o 25 X O
BIR1DODENHERTEZ 5 L E, Al X 12 P'(locally finite)-embedded
ThHbEVD),

E&3 TAXRTOMBIRE v IT LT AD X IZ P'-embedded D & ¥,
AlX X 12 P-embedded TH % L\, F72, P(point-finite)-embedded,
P(locally finite)-embedded b FIFRICER I N5,

RPN BRR - 11, FHEICIIROIETRE I L,

B la (Dydak [4]). v ZEEOMRIRE L T4, L A D X I
P (point- finite)-embedded 7% 51, Ax [ b X x I IZ PY(point-finite)-
embedded 7>,

2Przymusinski-Wage [14] 12 X 2R 2 @8 & L TERAI L 72,

2
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AR EMZERP X OEEOMERIX X I P-embedded TH 5., Z
DS T S, Thbb, FEOHESDY X IT P-embedded TH 5%
X9 7% X RIERTH S, £, N7 a7 N T, 22l X DI
HOMEAE X 1T P(locally finite)-embedded TdH D, BHEEZEHE X D
ERDOHEA T X 12 P(point- finite)-embedded T 5. 2D agE D
ZHRAZ L 22V, X D REEARERICOWTIE [4, 14, 17] 22 Y k.

2. 1 DO7EDIREEHRERDOILK

(X, A) DIRT- D7 7 A, Tibb, (TREOBHEGHR f: A ->Y H
X RICHFHCHRRTIEECH 2 L ) REM Y OV 7 A% AE(X,A) TE
T, B CTER L7 1 OFEIOIRMED, LX) %y 7 ADREMY
DANE(X,A) $7213 AE(X, A) IZET 5 2 L 2R 200287, 1
Mtz etk D 7 7 2 M AT 2460 Gaf%) V527 B %2 AR (ANR)
TR, Fh, MHZEM Y SRHLT, w) 13 Y OREOR/NREZ
*7,

I 1 (Dydak [4], Morita [9], Przymusiniski [13]). fEEDHERRE ~ (<
X LT, RIFFAMETH 5.

(1) A 1% X IZ P7-embedded TH 5.

(2) A LOEBORAMARL O3El o, 72720 |of <7, 13 X ED1D
THENIARTE 5.

(3) fEE DT ANRY, w(Y) <7, ICHNLT, Y € ANE(X, A).

(4) fEXE D Banach ZRDEEOMEAEAS YV, w(Y) < v, XL T,
Y € AB(X, A).

(5) fEE D5 AR Y, w(Y) < v, KR LT, Y € AB(X, A).

M1 LY, EEOMERRE v I L TROBRZRES -

PY(locally finite)-embedded = PY < P?(point- finite)-embedded

SPEAEZE] X DSERIERR (collectionwise normal) 22 TdH % L1, X DIEREOHES
DHEBLIE {Fy: A € A} I LT, HVICRbH SR WBEADHE Uy : A e A} L
T, FX\CUN(ANEA) DD NDZ E2F ). ALRD/RT a w37 b Ty 2RI IERL
EHTH 5.

Y 5 M TR 24883 GEE) L b5 2 b (absolute (neighborhood) retract) <Td
5L, YeMTHY, ¥ ZHIEALLTEUERD X e M ITNLT, Y 25X D
(X 282 Y OHZIEHED) LEF7 P THLILEEZF).

3
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EIHE 2 (Dydak [4]). X 2% 1 WREAHZ AT L 25, EREOMIGREE
v 1z ijb‘f RIFFEETH 5.
(1) A ¥ X 1T P7(locally finite)-embedded T 5.
(2) |K0| <y THHEED CW-HIE K IR LT, K€ ANE(X,A)S.
(3) |K°| < v TH HEREDTE CW-Hfk K I LT, K € AB(X, A).

EHE 3 ([4]). EEOMRIREE ~ ISR LT, RIFFEETH 5.

(1) A 1% X 1T PY(point-finite)-embedded Tdb 5.

(2) LR DBV Z RO BAERE K, w(K) <5, IZXLT, K €
ANE(X,A).

(3) EEDEEHENIAH Z2 K> Al AR I K, w(K) < v, IZX LT,
K e AE(X,A).

PY(locally finite)-embedding & P7(point-finite)-embedding (22>
T, BB DM (3)-(5) & R AT 233 6 g\ &\ ) BER] DS
40 %, $#%EICEAL T, Yamazaki & RDEH 4 D (1), (3) D% FEH
L %O)@'ﬁ@ EEMFZEIC & D (1), (3), (4) DFEMEDE S 17z, T%f‘@%

BONESZ F, &G LW, HEROEEOMES IR F, %
/\‘f&')% if:, AIELAE O Sef Tl o> 22 D A & LT?@?&%EEP@‘EW
Ml o-5efE (o-complete) EW-IEIN S,

EE 4 ([10]). EEOMEEIRE v oL ¢, RIZFETH 2.
(1) A& X 2 P (point-finite)-embedded TH 5.
(2) fEED o-580 ANR Y, w(Y) <, IZX LT, Y € ANE(X, A).
(3) fEE @ Banach ZZHDOEZ DM F, £E Y, w(Y) <, ITHNL T,
Y € AB(X, A).
(4) EED o-580 ARY, w(Y) <, IZX LT, Y € AE(X, A).

MR 2. (EEOMMHERM X & X DIEED P (point-finite)-embedded
BAEA AT LCTY € AE(X,A) £7%% AR Y 1%, o-5EfiT w(Y) <~
% it 72§ D8,

SHERITIE, H1WREAMEDIHOKE, X »oH 1 RAME AL TEE Y ~D
EHEHEMR f C, By e Y ISHLT £ (y) 2 v 82 b THEHLDDFET B &
I, EHDBHOLT S 2 LA S Nk
6K & K O 0-cell DEATH 5.
7(2), (4) OFMEIZEM 1 & FBRICEEHTE 5.
SEEOMAZER X & X OfEED PV-embedded [ KR LTY € AE(X, A)
E%BX)7% ARY 1F, 58T w(Y) <y Z2AKT ([12 Corollary 3]).

4
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3. AVNIhEHEOEBREBAER 1 ODEDILEK

W78 1a 1%, P (point-finite) % PY £713 PY(locally finite) \ZE &
25 EHEEMRZR O EPHMONT V5.

EIE 5 (Alo-Sennott [1]). ~ IFMERIREE, A (X X 1T P7-embedded TdH
5895, ZDEE, wl)<y THEIEREDAV T FZEHEY ITXL
T, AXY IZ X xY T P'-embedded TH 5, FFIZ, AxIT 1T X xTII
P7-embedded T 5.

EIE 6 (Yamazaki [18]). v FMERGRIE, A 13 X 1T PY(locally finite)-
embedded TH5HET 5, ZDEE, w(lV)<y THHEEDIV T |
ZER Y ISR LT, AxY 13 X xY 12 P'(locally finite)-embedded T &
5. FRHZ, Ax T3 X x T2 P(locally finite)-embedded Td 5.

HGEREE f - X — T 2T f710) DIETERINLIFLHE X ODBESR
(zero-set) EWES. FEHGDOHIELZ REBESR (cozero-set) LW, RE
HE£ED O 2908 % REWEE (cozero-cover) 9. Pl-embedding &
P (locally finite)-embedding (ZJRATERZRFHE LT, 202N,
RD &) IR T 50 5,

EIE 7 (Shapiro [17]). A 2% X 1T P7-embedded TH 5 7-9I121%, A D
Al <~ THAIERDRTARZREWE {Uy: A e A} ITRHLT, X D
JRFTE R RZWRE (Vi A€ A} BEELT, TRTD A AIIHLT
VaNAC Uy DIRD VDT E B3 TH 3,

EIE 8 (Yamazaki [18]). A 2% X IZ P (locally finite)-embedded T %
72DITlE, AD AN <y THLHEREDRMAREREZWE {(Uy: ) € A)
SXLT, X ORI RERE (V) e A} BEELT, TRTO
ANEANIIRLTVANA=U, BRDIIDOZ LB EF5TH S,

FE 2. B8 TEArAR) 2 THAR, IT£2Z2 5% &, PY(point-finite)-
embedding DFHEM I G SN0 E W) ERMIFAARTH S, F 2T,
v=w (=AJEMERE) OLEHEN, y>w DEESHENTHL I L
Y5 T 5 (Yamazaki [20]),

NI ICE 2, EH5 6 kZNENER 7,8 £ TY ¥av k)
FDEE, X xY ORIFTERZRENE X X ORTERZREE IS



Hsal b ARY -y RO A (2 H) 524

WIN5) ) HELZM-TGEHINS, LITA0Y =1 OBAETI
A, X xI DFEERERZEWHED X ~OHEIZHEARTH 2 LIZRS %
WV, FERE, I x T ORARGREFRE {1 < (0,1]}U{I x[0,1/n) : n € N}
DEFIFTNT T ICHEINE., ZoMicky, Pl EHEMS, 6
DT A TTICk o CHIE 1 OEEREZRL 2 LI TER O,

4. 1 DOREIOHKE A FEETER

M 1 O GEFARIGHO T To) KEMZS L8 E 7o fEHIE, XD
Yamazaki 12 X 2 EHTH 5,

9 ([10]). A 2¥ X I PV (point-finite)-embedded TH 5 7-9121%, A
23 X 1T PY-embedded 7>2 P¥(point- finite)-embedded Td % Z & D3
Wt TdH 5,

ERS EEHI LD, MEla ZXROMEELFEETH 5.

B8 1b, v ZEEDOMRIRE L 5, &L A DY X 1T P(point-finite)-
embedded 7 51X, A x I & X x I 1T P¥(point-finite)-embedded 2>,

ER 3. B9 DFEIRIX, PY(point-finite) = P+ P¥(point-finite) &
MMz, ZoEOAmEE AEEUEM &S, Przymusinski-Wage
ZEB S D TRFME ) & THEGE) ICESIA TR SN A WEIIH L
CTHRIEIUEB DR 5 2 &2 PR L % ([14, Question 3]). 5D F
B 4B OS5 H ETHHINTO ARV, ZORFHENE S A
5 B6% P (locally finite) = P7 + P*(locally finite) SENLT 57089
Y RERTH 5 ([10, 11, 19]).

FER9 XD, Pr-embedded £f5 A 2% X IZ PY(point- finite)-embedded
TH b EzGEHT 5729I21%, P(point-finite)-embedded TH 5 T &
ZREIIT0THL. W E ADOHELZEARIOTE o 285, BL A
D3 X 1T PY-embedded % 61X, o 13 X ORER 1 ONHE g IciikSn
5. ZOLE, BBRARTEVE) ZROES B 13, X oADK
FEAEOIEL T E L TERING, LE>T, BOREMRHT 279
2, (X, A) DSROEM (b) Z2i7e§ 2 EBRES3TH 5.

(b) BNA=0THYH, »> X OuFEMOKFLEAOIEE/TE LT

RINHZAERBOESE BIZWL, BCU PO UNA=) %7
X ORFLE U BHET 5.
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EIE 10 ([10]). A 2% X 1T P (point- finite)-embedded TdH % 7z &I 1T,
A 7S X 12 PY-embedded 7> (X, A) 235tk (b) %7z 2 & g+
TTH 5,

M5 EEHI0DFERE LT, MEIbIZXROMEEFETH 5.

I8 lc. v ZEEOERIEE, A 2% X IZ P'-embedded TH % & T 35,
ZDEE, bL (X, A) 3%t (b) 235 61F, (X xI,AxI) b5
fF (b) Zii7- 3D,

5. VNI MZEEEDERERBR1DODE DK

/N BRIP4 2 Al R FRIREE & M UGS w TR L, P N LH
FPEDOES {u:p< N} LT 2, HPH A, p LT, Al
AWPS u NOGBRERDEGEZRT, =], "w Bl X DFE
B A{Z, 0 € “w} ZHWT

s- U (na)

teYw \n<w

n<w

ERINDELG S %2 X D AR V-Z-5EE (Suslin-Z-set) EMES ([15)).
HEEZERIC B VLT, FEEG LGOI, REFELG LHEGOBIR
FZzNZN—EL, ARV V-Z-EE13 BES (analytic set) EMHIEN
% ([6]). TNHDHEAIBL T, XOMEITEARNTHS. DI, K
By PVEEERT.

HE1 ([10). X DEED AR v-Z-5HEE BICRLT, BRIV AT
Ttk Q DFENTHEE S LHEHEER [ X - Q BHEELT, B = f19]
ANEAYAC RS

A2 ([15]). Y 23287 FDLEE, HE X XY OEEDARY V-Z-
EHED X ~NOHHYIZ X DARY) V-ZHEETH D,

3 ([6, 15]). FHEEZER Y OMESIT Y x K OHREEOFEG DML

i
IS (= G E8) OHETH 2.

VE, (X, A) BT 2 ROEM (a) BEZ D,



Hsam A —>vEYYL (E2H) 26 H

(a) BNA=0)Thbd X DEBDARY) V-ZHEE BIINL, BCU
PO UNA=0 %W X ORBELS U BHET 5.

AR O RFEGOLEA T (L) —RIC, REEEREDEDI A
JRZ 45 g-algebra BT 2EE) FARY) V-ZHEEEDS, (a) = (b)
DD LD, EH10 LA 2,3 XD, ROEHEEE S,

EHE 11 ([10]). EEOMRRE v I LT, KIZFAETH 5.

(M EREDaV N7 Ty ZH Y, 72720 w(Y) <, ITRHLT, AxY
I3 X x Y IZ PY(point-finite)-embedded T 5.

(2) Ax I3 X x I1Z PY(point-finite)-embedded TH 5.

(3) IEAIRIREED & %5 a2 >3 7 L RHEEZRE Y DSFEL T, AXxY (3
X x Y IZ P (point-finite)-embedded TdH 5.

(4) A 13 X 12 PY-embedded, 2> (X, A) 135tk (o) 277

ERL10, 11 £ D, A DR 1c IZRDOEICEFE I NS,

I 1d. + 2 EEOERIEE, A 2% X IZ P'-embedded TH % T 5,
ZHOLE, bL (X, A) BFEME b) 2% 61F, (X, A) 13 & (a)
% it 723 Do,

6. {ItHZEE® Hanner 1t & RKEIDEER

R avRy Ty, ZEOEEDSESIE P-embedded TH 5, L7
235 C, M 1d OREMEE 57201, & (b) 27232, (o) %
Wiz Ik HI 7 av 7 b T, 2 X OFES A 2T UL
Fv, Z2O7ED 121F R D324 Hanner b2 E2 5 2 & TH 5.
DIF, R ZEHEOMMHZROFEEEME LT, AC X CR ZBoZEh &
T5., X OFSEEOMME T 32 EE, X I8 LWl

Ta={UUK:UeT,KCX\A}

ZHZTTEBLZRM (X, Ty) 2 X D AD»oEE 5 Hanner 16 &,
Xy TRY, ZOLE, X 387387 F Ty 22, Alx X, OP%E
BTHD. £ (Xa, A) DM (a) £7213F (b) 2Wite T 720 DBEAST
FMELZ L.

4 ([10]). ACXCR &ET5. (Xa,A) BEM (a) ZiiTeT720D
WEAGEME, BNA=0 ThHhs R DIEREDOBENES B IZXL T,

8
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BNXCF»DFNA=0%Wid RDE, BEHEFPHFETHIET
b5,

M5 ([10]). ACX CR &T5. (Xu,A) D&M (b) 2T
DREFIIFME, R DEREOWE D F, 265015 {F, :n <w} T,
Nuco Fn NA=0 DT RTD n<w IZOWT F,NA DA DFIEET
HELDICHL, N EENXCF 2D FNA=0 Zii7Zzd R D F,
EAFVBFETHIETH S,

HidE 4, 5 Z AL T, &M (o), (b) BT 2HI%2BELL X 5. F11F,
RAIIC Yamazaki [20] 12 & > CHEEREH X 1L,

Bl 1 ([10, 20]). Q ZEHEDOEL LTS, R\QIE R D Gs FHTH S
2 F, F£ATRO, #i#EF XD, Z0FEFKEIE (R, Q) 3% (b) 27 X
BZWIEERLTHRS, ZDOEE, QI Ry IZ P-embedded TdH % 23,
EF10 XD, R (& PY(point-finite)-embedded T7Z2\>,

B2 ([10]). A Z R @ Bernstein £ (= A & R\ A 23kicJEn[R 2
YR VEGREER VL) BEAR A) LT 5. FEAEBITESE A v
FVEGZELDL L, A ERDS6RWE D 7% R OFNTEA I 2 MHEE
ATHD, fEHL LD, ZOFEEF Ry, A) BEM (o) 2T L%
RLTw3, I, EHI11 LD, EEOaY %7 b T, ZH Y ITx L
T, AXY IZ X xY IZ P(point-finite)-embedded TdH 5.

JER 4. Sennott [16] 1F, AE(X, A) B3TXRTD AR 25T 7HI2iE, A
23 X 1T P-embedded %> (X, A) RO (s) 27§ T & DSEA
FTHHIERGFHL .

(s) X hofEEom s EeERERIE ¢ 1o LT, Rz d X OFHE
HGF PHEETS: ACFC{ze X : (3Fyc A)dz,y) =0)}

1 XD, (s)= (a) BPEIND, B2 THKL 7 (X4, A) 1X, ZOM
DAL LW Z E2R L Tw5, EEE R Eoa—7Yy FOREEREK
di%, X, ECEiET, £6 {zxe X : 3y A)dr,y) =0}k Alc—
T3, LT, Al Xy DELELETEVDLL, (Xa, A) 135 (s) z
7z 72\, ZOHEHEIE, Dydak [4, Problem 12.10] ICREMREZ 5 2 5.

ROBIE, SN 72 B 1 RS 2 ek (= CH) © FTo
Ktz 52 %
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B3 ([10]). CH ZIKET 5. MEAVENEA TRV X ) %2 R OFENTE
& S BELET % ([6, Corollary to Lemma 39.4]). A=R\ S £EBWT,
Bz AzGOGL )R RORVIVEGEEDBELE TS, Bl =2¢ Zrb,
CH &0, RANDOIFRIETE v ICk>T B E2EIITEIENTE S,
Thbb, B={B,:a<w} VFEAFFRVLIVEATRLDL, £
Da<w WICHNL Ny, BsNS BIHAHEATHS, LT, HIR
JFAEIZ XD, EED a <w, XL T, M

Ty € (ﬂBgﬂS)\{x5:ﬁ<a}
B<a
IS EPTESL, X =AU{z:a<w} &B., ZDLE L B
2R OAREMED F, BEAOIERDTT BNA=0) 2lizT%01%, 2
a<w IXLTB,=R\B. WxIZ, BNX IEAHEATH S, Hli
A5 KD, TOHEFER (X4 A) BEMA () 2T E2BRT 5,
Ji, S=R\A R OEIEATHS., bL SNXCFH»DFNA=0
iz R D F, B85 FDPHEL2ET2E, D B <w ITHLT,
Bs=R\F. ZOLE, 25, € Bg=R\F Z»56, SNXCF Thb3sZ
EWCFIET S, WA, filfidid XD, (X, A) 135 (a) 2H72 S 50,

8 3. MM ZIRET 5 2 &%, &M (b) 27295 (a) 2Tz
X%\ E 9 % P-embedded B4 (X, A) OBI%HERTE 35,

7. Michael DfERE

MM DELS%E P TET. BB, FE1 & Michael OFE
@ Lindelof 1EAIZE/E0 X 1R LT, EEZEM X x P IZIEMD), &2
WL CARREKZ L), WE, (X, A) BT 2ROEMH: () #£ 2 5.

(¢ BNA=07Ths X ODEROELSE B IINL, BC U »D
UNA=0 %73 X ORFEE U BMFEET 5.

EREOFESIIVEMOREFLELGOILE T & L TRINL D6, BFR
(b) = (c) DIRALT %, £7, X DIEHZER% 613, (FEOBES A 1%

YMichael [8] I &k . &%z MBS T 28 L Lo MED 1 >TH 3.
10674122 X 2% Lindeldf ZZRTH 2 L 1%, X DIEEOBME B E %2 &
2 & %3 9. Lindelof 1IEHIZERNZIEHZERTH 3.
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LT (X, A) B (o) 277, )7, X DRARY V-ZHE1F, X xP
DEEGOHE L L TREMITons Z LA THS (6, 15]). L
72035 T, ROEMMPIKILT 5,

TE 12, (X, A) BFM (o) 272 T20I2iE, (X x P, A x P) 2%
(c) ZHiTT O L BT TH D,

EH 12 X0, X xPPIEHT A2 X OEAZSIE, (X, A) 1354
(a) ZWi7z9. DARICkD, MESOEEMRE %2 X OFES A ITXL
Tk, X xPIZIEHTR Y, Lo T, LZD LI 7% X 28 Lindelof
EHIZE[E 72 51, #4u Michael OREIZN T 2 H%EM £ 72 5. Michael
DORMEIX, &% CH O T TOREMD R DIRITZEM D Hanner 6% H >
TES L7212, Martin DM 7% & CH X D550 6 b KE M H3E )
N5 EMIEHI N, Lo L, @FOESwmONHRZNTORHFID
ETEDEIDIIRBIRTH S, £/, 20X RHIEFR O (—RIC,
WIZNER A AHZER] D) Hannar {b & LTI TE W2 LA S T W
% (2,7, 8] £Z2N6DEELEEZZH). LB 3 DRERRIZ, CH O TT
? Michael DRIEDGREMIZT A 7 7 2721, Michael DRIEDHFTLRE
W55 KIS, FEFIE, AUFZEIERE 1 OFEJRTIE4 <, FHERH
DItE BN IHE R VW EEZ TR D,
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POISSON STRUCTURE ON THE HOMOLOGY OF THE SPACE
OF FRAMED LONG KNOTS

KEIICHI SAKAI

1. INTRODUCTION

The aim of this research is to understand the homological properties of the space
KC,, of long knots in R™, n > 3, or its framed variants En and K/, defined below.
This kind of research was initiated by V. Vassiliev [17] to study H*(KC3) (notice that
HO(K3) is the space of knot invariants). As well as being a direct generalization
of K3, the space K, is the first example of the embedding space emb (M, N), an
interesting subspace of the mapping space.

Firstly some non-trivial cohomology classes of KC,, were constructed in a similar
way as the integral expression for finite type knot invariants [4], which can be
regarded as a refinement of the iterated integral for loop spaces [5]. Recently
the actions of ‘operads of little disks’ on K,, and K. are defined in several ways
[3, 13, 15], and induced double loop space structures are now being studied. These
actions induce Poisson brackets (called the Browder operations) on the homology
groups. The bracket is expected to yield more interesting classes which are not
analogues to the finite type invariants. Our main result concerns these brackets.

Theorem 1.1 ([12, 13]). Suppose n > 3. The Browder operation on H,.(K)
induced by the action of little disks operad coincides with the Gerstenhaber bracket
defined on the Bousfield spectral sequence converging to H, (K,).

Poisson algebra structures appeared in the theorem rely on D. Sinha’s work [15]
which is based on the ‘embedding calculus’ [8, 19]. By ‘approximating the knots
by finitely many points,” Sinha proved that K (n > 3) is weakly equivalent to
a totalization of some ‘based’ operad. Such a description is a sufficient condition
for a space to be a little disks object [11], hence H,(K]) admits the Browder
operation. On the other hand, Bousfield spectral sequence [1] is applied to compute
the homology of such a totalization. In our case the E2-term turns out to be a
‘Hochschild homology’ of the operad, on which another Poisson algebra structure
(called the Gerstenhaber bracket) was defined in [7]. Our theorem states that these
two Poisson structures in fact coincide.

Below the notions of little disks operad and related cosimplicial spaces are fully
used. See Appendices A and B, and references [2, 10, 11].

2. PRELIMINARIES
Definition 2.1. A long knot in R™ is an embedding
f:R' < R"

The author is supported by 21st century COE program at Graduate School of Mathematical
Sciences, University of Tokyo.



b
e

B4R — RS (B2 H)

such that f(¢) = (0,...,0,¢) when |¢| > 1 (see Figure 1). Define IC,, to be the space
of all long knots in R™, equipped with C'*°-topology (avoiding wild knots).

Define the space K,, of framed long knots to be the space of pairs (f, w) where
f e, and w € QS0O(n) is a framing of f, that is, the map

w: R — SO(n)

such that the last column of the matrix w(t) is f/(¢t)/|f'(t)|, and w(t) = I, if |[¢t| > 1.

Analogously define K/ to be the space of pairs (f,h), where f € K, and h is
a path in Imm,, (the space of long immersions) connecting f and the trivial long
immersion fy: ¢+ (0,...,0,%). See the remark below. O

Q-

FIGURE 1. a long knot

Remark 2.2. Let X be the based loop space of X. Consider the map
w: Ik, — Q8" 1!

defined by u(f) : RY — 8™~ w(f)(t) = f'(t)/|f(t)|. By definition the spaces lzn
and K/, are the total spaces of the following pull-back fibrations respectively;

g, —=QS0(mn) K, ——>P(QS")

N T

Ky —— Q5! K ——= Qg1

where 7 : SO(n) — S"~! maps a matrix to its last column, and P(QS""!) —
QS"~! is the path-loop fibration. Because introduced in similar ways, the spaces
K, and K], in fact behave similarly. But computation is easy in the case of K/,
since the spheres are more accessible than SO(n)’s. So we will treat K/, below. O

Recall that the space D,, (k) of little balls (see Appendix A) is homotopy equiv-
alent to the configuration space

Conf(R™, k) := {(x1,...,21) € (R™)* |2; # x; if i # j}.



H33H a4 Euey—vrRYYA E2H)

In particular D,,(2) ~ S™~1. If D,, acts on the space X, the fixed generators of
H,(Dy,(2)) (r =0,m — 1) determine a product and a degree (m — 1) map

w1 Hpy(X,Q) ® Hy(X,Q) — Hpi4(X,Q),
A Hp(X,Q) @ Hy(X,Q) — Hpig4m-1(X,Q)
induced by 65 : D,,,(2) x X2 — X. We call \,,, the Browder operation.
Theorem 2.3 ([6]). If D,, acts on X, then (H,.(X), \,,,) forms an (m — 1)-Poisson

algebra. That is, \,, is a Lie bracket of degree m— 1, satisfying the following Leibniz
rule; if we denote the degree of x by Z, then

Am(@,y % 2) = A (@, y) % 2+ (=1 Dy s\ (2,2). O

In the next section we explain that the operad Dy acts on a space weakly equiv-
alent to K/ and, by Theorem 2.3, we have the desired Browder operation A = Ay
on H,(K}).

3. LITTLE DISKS ACTION ON TOTALIZATION

The existence of the action of Dy is a consequence of a work of Sinha [14, 15],
which is based on the embedding calculus [8, 19]. The idea is that ‘we may approx-
imate embeddings by finitely many points’ via the evaluation map

evy, : K, — Map (Int A¥, Conf (R™, k) x (S"~1)¥)
(where AF := {(t1,...,tx) ERF| —1<t; <--- <t <1}), defined by
eon(F) (s ) = (F(t1)s oy FE);u()(E1)s - u(f)(Er))

(recall the map u : K,, — Q25" ! from Remark 2.2). It can be expected that evy
might achieve more information about IC,, when k is increasing to infinity.
Sinha worked out along this idea. When k > 2, consider the map

: NG 3 _ 0i(0) = b;(0)
1§g§k pu Dalh) — (5O, gl b o= 6:(0) — b;(0)|
Define X,,(k) as the closure of Im []¢;; C (S”_l)(g), and X,,(0) = X,,(1) = {x}.

Theorem 3.1 ([14, 15]). The collection X,, = {X,,(k)}r>0 forms an operad with
multiplication (see below), and

HSOZ'J' : Dn(k) = X (k)

is the equivalence of operads (thus X, (k) ~ Conf (R", k)).

Denote by X the associated cosimplicial space (see Appendix B). Define the
cosimplicial space Y,* by letting Y,* = X* x (S"~1)k. Then, when n > 3, there
exists a weak homotopy equivalence

ev: K, = TotY,® (:= Hom (A®,Y?)). O

‘Operad with multiplication’ means that there exists a basepoint of X,, in an
operadic sense. That is, there are py € X, (k) with compatibility condition;

P (R s - - = s M) = Mgy et
k
2

Indeed i, = (vi5) € Xpn(k) (C (S”_l)( )), with all v;; being the ‘north pole.’

Corollary 3.2 ([15]). When n > 3, there is a weak equivalence K/, = Tot X2.
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Outline of proof. Consider the levelwise fibration
X — Y — (S")e.
Their totalizations also form a fibration. The totalization of the cosimplicial space

(S™1)* is Q5™ (geometric cobar construction). Thus Tot X* is weakly equivalent
to the homotopy fiber of K, — QS™~1, which is K/,. d

In [11] it is proved that a totalization of a cosimplicial space O® associated with
an operad O with multiplication is acted on by an operad weakly equivalent to Ds.
Thus Corollary 3.2 immediately implies the following.

Theorem 3.3 ([11, 15]). An operad weakly equivalent to Dy acts on Tot X2. [

Remark 3.4. Theorem 3.1 does not imply the existence of an action of Dy on
TotY,? ~ K, since Y,? does not come from an operad. But in fact IC,, (n > 3) is
also weakly equivalent to a Dy-object; see [13]. O

Thus the Browder operation A is defined on H,(Tot X2) = H,(K). Our aim
is to know the Poisson algebra (H,(Tot X)), A). By unraveling the construction in
[11], we can describe the action from Theorem 3.3 explicitly in terms of operads.

Theorem 3.5 ([12]). The map 65 : D2(2)x (Tot X2)? — Tot X2 is, up to homotopy,
defined as follows; for any f*,¢® € Tot X2 (f*,g" : AF - XPF for any k), and any
se St =[-1,1]/ ~,

02(8;f.7g.>k : Ak - Xﬁv

o L) 0 gt (1), —1<s <0,
g*2(t2) oj f¥1(t1), 0<s<1,

where the parameters k; satisfying k1 + ko = k + 1, t; € A¥ and j, depend on s, ¢
(for detailed descriptions see [12]). O

Remark 3.6. Recall z o; y = z(id,...,id,y,id,...) (Definition A.3). From the
viewpoint that the equivalence K/, = Tot X, is ‘approximation of knots by finitely
many points,” the formula in the above theorem looks like ‘shrinking one knot and
pulling it through the another.” It is conjectured that McClure-Smith action is
equivalent to Budney’s (3], defined as in Figure 2.

To define the operad action, the framing of a knot seems essential. For instance
Figure 2 contains ambiguity without framing (small knot can ‘round’ on the an-
other). Indeed Budney defined an action of Dy for framed embeddings. 0

4. HOCHSCHILD HOMOLOGY

Here, as another consequence of Corollary 3.2, we introduce a homology spectral
sequence and the Poisson bracket W on it. We compare ¥ with the above A\ and
explain that they are same. This result gives us a method to compute A.

Let X* be any cosimplicial space. In [1] an algebraic model T'S(X*) for Tot X*®
was introduced. T'S(X*®) is the total complex of a second quadratic double complex
whose (—p, ¢)-entry is S4(X?), the module of g-simplices of the space X?. The
differentials are

0 Sy (XP) — S,_1(XP),
51 Sy (XP) — S, (XPTY),

#
r

\
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- - R
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gt f
FIGURE 2. the map S* x (Tot X2)2 — Tot X2

where 0 is the usual boundary map of the singular chain complex, and

§i= Y (-1)d,

0<i<p+1

with d”’s being the coface maps of the cosimplicial space. The differential of the
total complex T'S(X*) is O = 0 4 (—1)Pd on S4(XP). Bousfield constructed a
chain map

¢ : S (Tot X*) — (TS(X*),d7)

which is quasi-isomorphism under some conditions on X°.
We define the filtration

FP =[] S.(x").
i>p
This filtration generates a spectral sequence converging to H,(T'S(X*),dr) (under
some conditions). Its E'-term is the 9-homology of T'S(X*®), thus
E' = H,/(XP).

—Pp,9q

It turns out that our cosimplicial space X satisfies the convergence condition. Now
we study our E'-term H,(X2) = H.(D,,) (which is also an operad).

Definition 4.1 ([16]). Let Py(x1,...,zx) be the free graded Poisson algebra on the
degree zero generator x1,...,x with bracket [,] of degree d. Define POZSS (k)
as the submodule of Py(x1,...,x)) spanned by the monomials which contain each
generator x; (1 <i < k) exactly once. O

For example, [x122,z3] is in POZSS4(3) and of degree d, while [x1, [z1,x2]] is
not in POZSS4(2) since x1 appears twice.
The sequence POZISSy = {POZSS(k)}r>0 forms an operad; the maps

Wt POISS (k) x [ POISSa(ji) — POLSSa(j)

1<i<k



b
N

B4R — RS (B2 H)

(j =41+ -+ jx) are defined by

’}/k(A(.’L‘l,. . ,.’L‘k);Bl(.’L‘h. .. ,.’L‘jl),BQ(.’El,. . ,.’,UjQ), . )
= A(Bl(:cl,. .. ,Z’jl),BQ(I‘j1+1,. . ')xj1+j2)a .. ,Bk( .. ,ZUJ')),

and the identity element is 7 € POZSS4(1). Moreover POZISS, is an operad
with multiplication; its basepoints are ur = x1...x, € POZSS4(k). Notice that

the above map ~y; looks similar as the operad structure of D,,; ‘inserting By, ..., Bx
into the balls of A’ (see Figure 5). In fact the following holds.
Theorem 4.2 ([6]). When n > 1, H.(D,,) = POZSS,_1 as an operad. O

Hence the E'-term is POISS,,_1 as a module; Elnq = POZSS,—1(D)|deg=q-
The differential § can be written as

(—1)55(55) = {2 02T + Z (—1)% 04 p2 + (—1)k+1u2 o1
1<i<k

(recall x o; y = z(id,...,id,y,id,...); Definition A.3). Thus we have described
E! in terms of operads. In [16] the complex of this type is called the Hochschild
complex of the operad H,(X,). Thus we have the following.

Proposition 4.3 ([16]). The E?-term is the Hochschild homology of the operad
H.(X,). O

It is known that on the Hochschild homology a Poisson bracket is defined.

Theorem 4.4 ([7, 16]). Let O be a multiplicative operad of graded modules. On
the Hochschild complex (O, §), define the product

1 O(p)laeg=q X O(7)|deg=s — O(p + 1)|deg=g-+s>
zxy = (=1)P ps(x,y),
and the ‘bracket’
U O(p)lacg=q X O(r)|aeg=s — O(p + 1 — 1)|deg=q+s>

U(z,y) = Z txo;y+t Z tyo;x
1<i<p 1<j<r
(precise signs can be found in [12, 16]). Then * and ¥ induce a (1-)Poisson algebra
structure on the Hochschild homology H, (O, ). O

The bracket V¥ is called the Gerstenhaber bracket. Thus E?-term of our spectral
sequence becomes Poisson algebra. The proof of the following is a straightforward
computation on the spectral sequence.

Lemma 4.5 ([12]). The map V¥ is well defined on E", r > 2. O

Now it can be seen that the formula for ¥ looks like that of A on H*(’T‘B{ X2
induced by the formula from Theorem 3.5. To prove the following precise form of
Theorem 1.1, it is enough to compute the quasi-isomorphism ¢ explicitly.

Theorem 4.6 ([12, 13]). We regard H,(K]) and E* as Poisson algebras via the

n
brackets A and ¥, respectively. Browder operation A preserves the filtration o 1F*
on H,(Tot X?). Denote by GH,(Tot X?) the quotient associated with the filtration.
Then

o

GH.(K}) = GH.(TS(X}),0r) — E>
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is an isomorphism of Poisson algebras. O

Remark 4.7. At first the Gerstenhaber bracket was defined purely algebraically.
But later it was conjectured by Deligne that the operad S, (Ds) of chains acts on the
Hochschild complex and the Gerstenhaber bracket is a consequence of the action.
Nowadays Deligne’s conjecture has been proved by many people. In this sense
Theorem 4.6 seems to be natural. O

5. CALCULATION

First we mention that H,(KC,) contains a subalgebra of chord diagrams.

Recall X,, can be also seen as a cosimplicial space. The E'-term of our spectral
sequence (H.(X,,),0) is a Moore complez of the cosimplicial module H, (X)) (see for
example [1]). There is a canonical way to ‘reduce’ a Moore complex; restricting to
N ker si, we obtain an equivalent complex. We denote by E* the reduced complex.

Proposition 5.1 ([15]). EL, (C POZSS,,_1(*)) is spanned by products of brackets
in which each generator xz; appears in some brackets. Consequently Elp,q is not
zero only if ¢ = (n — 1)k with kK + 1 < p < 2k.

So for example [z1, z3][x2, 24] € E£4 o(n—1)7 while zo[z1, 23] & EiB,n—l'

The ‘diagonal terms’ ENE% (n—1)k are spanned by the elements of the forms

[mil ) xj1] s [‘rik ) xjk]
where {i1,71,...,1k, Jx} is a permutation of {1,2,...,2k}. Such elements corre-
spond to chord diagrams with chords i171,...,ijk (see Figure 3).

N
&

FIGURE 3. a chord diagram corresponding to [x2, z5][x1, 23][4, T6]

Since the image of § corresponds to 4-term relation (Figure 4), we can show the
following. We denote by Ay the module of chord diagrams modulo 4-term relation.

Proposition 5.2 ([18]). When n is odd, Eﬁ%y(nfl)k = Ay, for any k£ > 1. This
extends to the isomorphism of graded algebras

D, Esz,(nfl)k = A= P, A

When n is even, we have a similar isomorphism of graded algebras

D E2 o1 1y = (A/ A1) @ A[]

where A denotes the exterior algebra, and ¢ is an element of degree n — 3 (odd).
We remark that A; is one dimensional. O

In fact one can show that EEQk,k(n—l) &~ Ef2k7(n71)k (moreover this spectral

sequence rationally degenerates at E?; see [9]). Notice that the total degree of
B (n—1yk 18 (n = 3)k. Thus @), H(n—3)x(K;,) contains subalgebra of chord dia-
grams.
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FIGURE 4. 4-term relation

Remark 5.3. Such a class can be realized in a geometric way; consider a singular
long knot whose singularity is determined by a chord diagram, and ‘blow their
singularity up.” See [4, 12]. d

The elements [z1, 2] € E?,,, ; and [21, x3][x2, z4] € E34’2(n_1) determine non-
trivial classes « € Hy,_3(K},) and vy € Hy(,—3)(K},), respectively. It turns out that
their bracket does not vanish on the spectral sequence. By Theorem 4.6 we can say
as follows.

Theorem 5.4. When n > 3 is odd, A(t,v2) € Hs,_s(K!) is not zero. Since
the degree is not of the form (n — 3)k, A(¢,v2) is not in the subalgebra of chord
diagrams. O

Few classes except for those obtained from chord diagrams has been identified.
But Theorem 5.4 says that the Browder operation (defined in a geometric way)
yields another class.

APPENDIX A. LITTLE BALLS OPERAD

Here we review the notion of little balls operad. See also [6, 10, 11].

Definition A.1. Let D™ C R™ be the unit ball. A little m-ball is a map c :
D™ — D™ of the form c¢(x) = r(x —v), 0 < r < 1, v € D™. The sequence
Dy, = {Dp (k) }r>0 of spaces

Dy (k) :={(c1,- .-, cx) | ¢ little m-ball, ¢;(Int D™) N¢;(Int D™) = 0}
(by definition D,,,(0) = {x}) is called the little m-balls operad. O
Proposition A.2 ([6, 10] etc). D,, is indeed an operad; there exist
(1) the maps
Vi : D (k) X (D (j1) X -+ X Dm(jr)) — D (j)

(J = J1+ -+ jk), denoted by v (z;y1,...,yx) = z(y1,.. ., yx), satistying
the following associativity; for any = € Dy, (k), y; € Din(j;) and z;,

Ty, ye) (2155 2) = 2z, 250 ), ¥2(Z0 415 -5 Zjuta)s -+ )
(2) the element id € D,, (1) (identity map D™ — D™) with
id(z) =2z = z(id, ..., id)
for any = € Dy, (k). O

Definition A.3. For any operad O = {O(k)}r>0, we use the notation
i—1
—
zxo;y:=z(id,...,id,y,id,...) € O(k+1—1)
for any x € O(k), y € O(l) and 1 < i < k. O

#

\
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FIGURE 5. the map D,,(2) X (D,(3) X Dy (2)) — Dy (3 + 2)

When O = D,,, the operation o; is ‘inserting y into the i-th ball of x.’

Definition A.4. The action of the little balls operad on the space X is a sequence
of maps
O : Do (k) x XF — X,
denoted by 0 (b; x1,...,z,) = b(x1,...,z)), which satisfies
(1) the compatibility condition: for any b € D,,(k), by € D,,(ji) and z; € X,

b(bl,. ..,bk)(wl,. .. ,.Tj) = b(bl(l‘h. . ~733j1)7b2($j1+17~ .. 7xj1+j2)7- . )
(2) id(z) = « for any z € X. O

Example A.5 ([10]). Let X be a based space. For any b € D,,, (k) and v1,...,7; €
Q™ X, where ; : (D™, 0D™) — (X, %), we define b(y1,...,7) € Q"X by

b(%,...,fyk)(z):{ziobi (2) z€bi(D™),

This defines an action of D,,, on Q"X. O

otherwise.

In fact the action of D,, characterizes the m-fold loop spaces.

Theorem A.6 ([10]). A based space X is weakly equivalent to an m-fold loop
space if and only if X is acted on by D,, and the induced monoid m(X) is a
group. O

APPENDIX B. COSIMPLICIAL SPACES

Here we define the cosimplicial spaces, especially those associated with an operad
with multiplication. Readers also refer to [2, 11].

Proposition B.1. Let O be an operad with multiplication p (see §3) with O(0) =
{e}. If we define OF := O(k) and

di:0F — Okt 0<i<k+1,
§.0F — O 0<j<k—1,

M2 02 T 7':07
dl(x): X O M2 1§’LSI€, Sj(:c):xoj+1 e,
M2 01 T Z:k]+1,

where 15 € O(2) is the basepoint, then (O°,d,s) defines a cosimplicial space; d
and s’ satisfy the cosimplicial identities (see p. 267 of [2]). O
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When O = X,, (see §3), which is equivalent to configuration space, the map d’
‘doubles’ the i-th point and s’ ‘forgets’ the (j + 1)-st point.

Another example of a cosimplicial space is the standard cosimplicial space A®,
AF ={-1<t; <--- <t <1}, d* doubles t;, and s/ forgets ;1. The totalization
of a cosimplicial space X* is the space of cosimplicial maps

Tot X*® := Hom (A®, X°*).
It is known that there is a cofibrant resolution A®* =5 A®. The homotopy invariant
totalization defined by -

Tot X*® := Hom (A®, X°)
has a ‘precise’ homotopy type; for example X*® — Y'* implies Tot X* = Tot Y*.
Some explanations can be found, for example, in [15].

REFERENCES

[1] A. Bousfield, On the homology spectral sequence of a cosimplicial space, Amer. J. Math. 109
(1987), no. 2, 361-394.
[2] A. Bousfield, D. Kan, Homotopy limits, completions and localizations, Lecture Notes in Math.
304, 1972.
[3] R. Budney, Little cubes and long knots, Topology 46 (2007), no. 1, 1-27.
[4] A. Cattaneo, P. Cotta-Ramusino, R. Longoni, Configuration spaces and Vassiliev classes in
any dimensions, Algebr. Geom. Topol. 2 (2002), 949-1000.
[5] K. T. Chen, Iterated path integrals, Bull. Amer. Math. Soc. 83 (1977), 831-879.
[6] F. Cohen, On configuration spaces, their homology, and Lie algebras, J. Pure Appl. Algebra
100 (1995), no. 1-3, 19-42.
[7] M. Gerstenhaber, A. Voronov, Homotopy G-algebras and moduli space operad, Internat.
Math. Res. Notices (1995), no. 3, 141-153.
[8] T. Goodwillie, M. Weiss, Embeddings from the point of view of immersion theory II, Geom.
Topol. 3 (1999), 103-118.
[9] P. Lambrechts, V. Turchin, I. Voli¢, The rational homology of spaces of knots in codimension
> 2, math.AT /0703649
[10] P. May, The geometry of iterated loop spaces, Lecture Notes in Math. 271, 1972.
[11] J. McClure, J. Smith, Cosimplicial objects and little n-cubes I, Amer. J. Math. 126 (2004),
no. 5, 1109-1153.
[12] K. Sakai, Poisson structures on the homology of the space of knots, submitted, math.AT/
0608326.
[13] P. Salvatore, Knots, operads and double loop spaces, math.AT/0608490.
[14] D. Sinha, The topology of spaces of knots, math.AT/0202287.
[15] D. Sinha, Operads and knot spaces, J. Amer. Math. Soc. 19 (2006), no. 2, 461-486.
[16] V. Tourtchine (Turchin), On the homology of the spaces of long knots, Adv. in topological
quantum field theory, NATO Sci. Ser. IT Math. Phys. Chem. 179 (2004), 23-52.
[17] V. Vassiliev, Complements of discriminants of smooth maps, Trans. Math. Monographs 98,
AMS, Providence, RI (1992).
[18] I. Voli¢, Finite type knot invariants and calculus of functors, to appear in Comp. Math.
math.AT /0401440
[19] M. Weiss, Embeddings from the point of view of immersion theory I, Geom. Topol. 3 (1999),
67-102.

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF TOKYO
E-mail address: ksakai@ms.u-tokyo.ac.jp



W4l H FsaEbrEuey—vrRYYL E2H)



B4l R — RS (B2 H)

#

\



W43 H FsaEbrEuey—vrRYYL E2H)



B4l R — RS (B2 H)

#

\



45 H FsaEbrEuey—vrRYYL E2H)



B4l R — RS (B2 H)

#

\



a1 H Hsam bR —> v RO A (2 H)



B4l R — RS (B2 H)

#

\



o549 H FsaEbrEuey—vrRYYL E2H)



B4l R — RS (B2 H)

#

\



51 H a4 Euey—vrRYYA E2H)

The Steenrod algebra and the automorphism
eroup of additive formal group law

H_EHERE

1 BNERENE=

ST BAERY —, afrEnY— H (=), H(-) 13T TREK
Fy £9%, H'H 3 ZEareEny—{EHE, 20y % HH L35,
HH#%bbakrtuy—, HHZHH5FEUY—EEZLIEHTE
%, EarER Y —{EH#E b HY (=) — H™(=) &3, Z2ficxi L <
HARTHD

H"(X) —— H""(S' A X)

i |7

H™X) —— H™(S' A X).

DIHIC e B ) fEl#ETH B, HIFHNasEnY —, o 3EEN
932, £/ H*H O H*H @ H*H — H*H (ZZEarEn P —1{E
HEOHRRTERT 5,

Hivix H.H OfE%Z. 5% TIZAIS T\ % Milnor DJF¥E & 13
LIETHRET LI ETH D, BEHRIMIT Steenrod §° Milnor IZ L - TE
DEICLTCZOERENT-DO 2T 5, 79 Steenrod 1EFHE
S¢' (i >0) MFoNk, THEFaFERY—ICHRIZSE : HY(X,A) —
H" (X, A) EfFHLROWHEZFS>Z EBHISN TV S,

(i) S¢° =1

)
(ii) dimz =n &£§ 5 &, Sq"(z) = 2?
(iii) dimz <n &35 &, S¢"z =0

)

(iv) Cartan &”F: S¢*(zy) = Zfzo Sq¢'z - Sqg" 'y



b
W
)

B4R — RS (B2 H)

(v) S¢* 130 —-7Z/2—7Z/4— Z/2 — 0 D Bockstein 1

(vi) Adem BIRK: 0 <a <20 DL ZE S¢°S¢b = ZE“I/S] (> 7)Sqrtr ISy

a—2j

INSDMWENS S B EaFERY —EHEHH Ot THB Ik
VBEADHDT, g

F(Sq¢*, Sq?,...) — H*'H

Do SL, F(Sq',Sq%...) 1Z Sq¢ @B THK IS free associative R
BET S, I % Adem BRI TERINAEAL TT7ILE L,

S*:=F(Sq", Sq?,...)/1

EEET D, S* & Steenrod B E V), TDEE, S* — H*H DEXET
., CNDMETNC 2 5 Z ED3Serre IZXH>THILGNLTW A, & 51 Cartan
NRAD S S* DY Hopf fRE&IZZ ), H*H b Hopf fRITH 5 Z L3HIS
NTWw3, EBRITIE S* — H*H 13 Hopf REAREITH B, S, & S DI
X Hopf fRE & 4 % & Hopf fVBFRMY S, =~ H.H ’goi s,

Milnor % S, DOk§xEHs

S*gZ/Q[Slaf%"'L 5@'6521'—1

TR, — 3.2, 06 B EER L, ZHUCKkST HH
DRFERESI NS,

SRloHERE H.H @ Hopf fAZH#EE %2 PO Steenrod & S, FFiC
Adem BB 2O TICHRETZ 2 ETH 3,

2 IEFRE

EFE 1. it R LoBRBE L X F(x,y) € R[[x,y]] TROMWHE % i 7z
THLOTH 5,

(i) F(z,0)=F(0,z) =x

(ii) F(z,y) = F(y,x)

(i) F(z, F(y,2)) = F(F(2,y), 2)

FHCIEARE Go(z,y) = 2 +y ZIEERARELE F 9,
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E#&k 2. F,.G 2L T2, F 2o G ~NOMWERBIIEHIEH 0 DX E
B f(2) € Rl[z] T f(F(z,y) = G(f(2), f(y) Z2iMi7=THDTH 5,
flx) BAETH 5 EEZFBE VW, 51T f(z) =1 z2iti7c T & SR
A E 9,

Autr,(G,)(R.) % BT E Fy R R, O NEIERBED B R 4k
LT3, REEADTERAS E flx) € Auty, (Go)(R,) 1& f(z) € R.[[z]]
~(\\

(i) f(0)=0, f(0)=1

(i) flz+y)=flz)+ f(y)

(iii) 2% € Ry_4
27 THDTH D, Lo T f(z) € Auty, (Go)(R,) &

f(z) =2+ a2 + agx + -+ apz® +-- -, a; € Ryi_y
DIGIC B 2 D005, A, =6, &, ...], (&€ Ay_y) LT 5L,
flz) € Autg, (G,)(R,) 13

XA =Fs[&.&,...] — R, x(&) = a;
TEREIND, B2 b ERDARKFM

HomF2—alg(A*7 R*) = AUtF2(Ga)(R*>7 X ZX(EZ)IL‘T
=0

DEET 5, & 51T Auty, (G,)(R,) D% (- f)z) = f(g(z)) TE
FT 5L Autp, (G,)(R,) BHICR 2, ZOMMEICHIET 2 A, O
AA - A QA DBHSTAKE,) =T ,8,0 LhoTws, Ft
DBHERDEHIL D,

EE 3. A, = ]F2[517€27 ] TARM A(En) = Z?:o f:zj_z ®& L7 % Hopf
REE T 5, TDEE Homp, wy(As, R BEREER D, BRI

Hom]Fgfalg<A*7 R*) = AUtFQ(Ga)(R*)7 X = Z X(gz)xy
1=0

Db 5,

A, 13 Hopf fRZ & L T Steenrod fREX S, LFRIMERZ Z EVBbY 5,
DA, #fioT H.H OMEZIET S Z EDHETH D, ZD20%
FEONDUT % 72 HITR D multiplicative TEHZEIBIEIZ 2 5,
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H
[}
»

3 multiplicative fEFFAX%
DIt X, Y IZ%MET 5,

E&E 4. R, ZRBUTE Fo BT R, =0 (x<0) Ziii7edET 5, 2k
T =Bk D [[,og H(X)®R, &7 5 &) B S8 7% (1EHE
KREESTIEAVH) H(X) @R, L&, ROWEZN7$ HR % (EA
#p:H(—) - H*(—) ® R, Z multiplicative fElZE L > :

(i) pglEareErY—REEHED,
(ii) XR2AHATH 5,
H*(X)® H*(Y) H* (X xY)

pos| E

H*(X)® H*(Y)

1epel
—_—

® H*(Y) ® R, ® R. ® R,

(x)®m
-—

H*(X xY)® R..

TIT X 70RO AIGEZ, m 13 R, OWEET 5,
(iii) Bu)=u® 1 (ue HY(SY) FHIN),
multiplicative fEHIZ 4 12, fifyasEtny—Td
G:H*(X)— H*(X)®R,

Dh ., XA B

H*(X)® H*(Y)

gl

H*(X)® R,

H* (X AY)
E

HXOSH () H*(XANY)®R

1@ue1
_—

QH*(Y)® R. ®R. ® R,

(N)@m
-

CITARFAR Yy afGET 5, Zon#aX =t multiplicative 1EHF
DEED (iil) & D XY 2D
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HRE 5. 3 WRERRFETH D, 0%
H(X) ——  H"™(S'AX)

5| E

H"(X) ® R, % H™(S A X) @ R..

14

q

DD, 22T o IZBRERMTH S,

H % mod 2 Eilenberg-MacLane AX7 F 7L T35, HiFarEn
C=IZHIBTEbDTH D, Y &

Y H*(X) =[X, H* — [X, HAH)*,  ¥(f) =inf € [SAX, HAH]*.

EEFRT D, 2I2Ti: 8" - HIZRERET S, AR £ H*(X)®
H.H=>[X, H\NH]* 2% % DT,

Y=k H(X) — H(X)® H.H

ZERTHIENTES, 2HUX H . H LD multiplicative fEHFEICR 5,
S5 ROAFARE, 5% 0 R, WHRXILTH % LIKET %, Op(R.)
% R, Eo® multiplicative fEHHEZER2IERDELG LT S, 506 R, ITX LT
H R %5 5B
A : Op(R.) — Homg,(H.H, R,),
#EFRT S, T2 T Homy,(, ) EREAESHIEEGSRET S,
H*(X)QR, l3aFXxERT—Ilh5DT, THUININT5aFERY —
Z (HR)*(X) £&EHS, ot ZHARAM

X:(HR.)*H — Homj (H.H, R.)

H%, 2T (HR)H & H* (=) 5 (HR,)*(—) ~"DLEa €N
C—EHFE LT 5,

multiplicative fEfHZE 6 : H*(—) — H*(—=) @ R, 12X LT § IFLEME
MFELDT, 3% H (=) 25 (HR,) (=) ~NDEE2a T Y —{EFHHE
YRR ZENTES, BlRAFERY—RHERODTH e (HR,)H &
20, RO EZ R ¢

H*(X) — H*(X)® H.H
S~ llw(ﬁ)

B
H*(X) ® R,.
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Op(R,) C (HR,)°H % DT \ % Op(R,) ICHIBL7-EH%2 N L§5 &,
KD 2EB/N: Op(R,) — Homp,(H.H, R,) D501 5,
FEERITII R DIEBDIL D 3D,

T 6. Hotmr, uy( , ) 2K ERBERME T2 52, COLEX
DRBBEAET 5,

A : Op(R,) — Homgp, 4,(H.H, R.)
72720 R, I LTHARLET 5,
L 72235 T multiplicative fEHFE 8 12X L T,

H*(X) —*— H*X)® H.H
o~ l1®k(ﬁ)
H*(X) ® R..
ASTHRIZ 72 2 & 5 BRBOERBN(B) : HUH — R, H5—> 7T 5,

4 Steenrod @D power operation

ZITIEH 9 1 oD multiplicative fEHF H*(X) — H*(X) ® Dnl,
ZEET D,
G % m XNHEE Y, OfaeE 5, 7

G — FEG — B@G

ZUETE GHRET S, GIF X" ICHRIEHAT 20T, G DIEAIC X
HHEZEM % Eq(X) = EG xg X™ LEET S, ZOLEXROEMFE

P : H(X) — H™(Eg(X))
BhHDHIEDPHSNT VDS, ELNAGHE

dg : BG x X — Eg(X)
LHRICERTES, Z0220%2 o TROIEMAE

AP+ H(X) — H™(BG x X)



B5TH a4 Euey—vrRYYA E2H)

BESN D,
E" = (Z2)2)" DFEAE L TOHCRAMZ Autgy(E") 2 X £ 5%, C
DEZ
E"™ — Autge(E™) = Yon, g— (h—h+g)

DEIHIITLT E" 13 Autgy(E") = Son DIBOREEE S 2 EWTE S,
P,:=Pgn, d, =dgn LTEET DL,
d'P,: H(X) — H*Y(BE" x X)
L% %, H(BE") ®atrtnry—I
H*(BE"™) 2 Fy[xy,...,z,], degz; =1
Thb, GL, = GL,(Z/2) 1 E" = (Z/2)" AEHT 2D TGL, |*
H*(BE™) \ZfEHT %, ZOEMIC X 2808 % H*(BEY)S £ §
%L, di P, D&IZ
d:P,: H*(X) — H*(BE™“"" @ H*(X) CH*(BE") ® H*(X)
>~ [*(BE" x X)
ERB T EDHILNT WS,

£ 72 H(BE")SMn = Fylry, ..., 0] ERD K 91275 2 &5 Dick-
son ICXDHENT WS, ¢, &

n

acEm s=0

EBC L, degg=2"—2" &b, TDLEEZE
Folzy,. .. ,xn]GL”(Fz) = Folgno, @uis - - s Grn—1]
DHILGNTWS, L7dd>T
APy s H(X) — (Faln0: Gns - - - s Gnn-1) @ H(X))*"
ttb, ZZ7Tl, = Fg[qi(l), Qnts- s Q1] B E,
Sn = Gy 6 P - H{(X) — (T @ H¥(X))*

E¥5 L, S, BREZEROBERICR S,
gl[n] - Qn,i/qn,o é:2135< é:‘ D[n]* = FZ[SI[”]?&?[”]?" 75?1[”” (B Fn D
WOBRICR S, TOEE, MU ICX DRBED LD Z EDBFHISNT WS,
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@& 7. ImS, C D[n), ® H*(X)

T4
H*(X) 2% D], ® H*(X) — H*(X) ® Dinl,

¥ S, 895, SIT2HHODBRBIANEAGHRET S, DL
&S, H(X) — H*(X) ® D[n], ¥ multiplicative fEFFEIZ7% %, FFIC
R 31D,

T 8. H*(BZ/2) 2 Fyz] (degz=1) £T5%, ZDELE

Su(x) = > 2% @&

59 H*H t AUtF2(Ga) @551%

SPHEZEM] BZ/2 DarEnY —k H(BZ/2) = Folz] (deglz| = 1) &
%%, R. 1:® multiplicative fEHIZR 5 IZR L T f(x) 13

81 H*(BZ/2) = Fy[z] — H*(BZ/2) ® R. = R.[[z]]

BDT, B(x) € Rz]] £ 5., £7 BZ/2 1 H 2. 2F D m :
BZ/2 x BZ/2 — BZ/2 3%V, ZOartuy—I3

m* : H*(BZ/2) = Folz] — H*(BZ/2x BZ/2) = Fylr,y], x— z+y

Eh %, ZHUIIEEAETH 5, 24 E multiplicative TEHZOMHE %
o TRD Z EDRY VLD,

FE. fs(z) = f(z) € Rz]] £T 5, TDEFE fy(z) € Autp,(Ga)(R.)
DIK D LD,

Xp: A — R, Z7EH 3 T fo(z) ICWIET 2 RBEERNLE T2, 5FT
HT & 72 2 O® multiplicative fEH

W H(X) — H*(X)® H.H, S,: H*(X) — H*(X)® D[n,
BHEZ D, TNHITHIE L 7 AAEHER TG A

Xyt A — H.H, xs, : A. — Dinl.
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733\?%:%“%0
EEH 6 X b AR

H*(X) — H*X)® H.H
}‘ ll®/\(8n)

H*(X) ® Dlnj,.
DD D, TNE DI ELD,

A, X, H.O
A P8

Din]..

WD, EHITER S XD xs, (&) = &nl(i <n), xs,(&) = 0(i >
n) BibH B DT,
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MORAVA K-THEOIRES OF CLASSIFYING SPACES OF
COMPACT LIE GROUPS

MASAKI KAMEKO

ABSTRACT. This is the abstract for the talk I will give in the 54*" Topology
Symposium in August 6, 2007 at the University of Aizu. I will talk about the
computational aspect of cohomology and generalized cohomology theories of
classifying spaces of connected compact Lie groups.

1. INTRODUCTION

Let p be a prime number. Let G be a connected compact Lie group and let us
denote by BG its classifying space. We say G has p-torsion if and only if H,(G;Z)
has p-torsion. In the case G has no p-torsion, the mod p cohomology of BG is
well-known. However, in the case G has p-torsion, the computation of the mod p
cohomology is not an easy task. I refer the reader for the book of Mimura and Toda
[9] for the detailed account on the cohomology of classifying spaces of compact Lie
groups.

I will give the current state of computation of the mod p cohomology theory,
Brown-Peterson cohomology and Morava K-theories of classifying spaces of some
connected compact Lie groups. The coefficient ring of Brown-Peterson cohomology
is

BP* = Zy)[v1,v2,...,Un, .. ],

where degv, = —2(p™ — 1) and the coefficient ring of the Morava K-theory K(n)
is

K(n)* =Z/plvn, v, "]-
I will describe the results of the joint work with Yagita [2] and some other results
obtained after writing of [2]. One of the explicit computational results is as follows:

Theorem 1.1. For p = 2, G = Go, the Morava K-theory K(n)*(BG2) of the
classifying space of the exceptional Lie group G is given by

K(n)*"®@pp«(BGs).
As an gr BP*-module, we have that
grBP*(BG3)
is isomorphic to
gTBP*Hy&3/127yl4“/(y14PO;yl4pf2ay14P76)@QTBP*HZJ&9127914}]{1114};

where the index indicates the degree.

The author was partially supported by Japan Society for the Promotion of Science, Grant-in-
Aid for Scientific Research (C) 19540105.
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The computation of the Brown-Peterson cohomology above is done by Kono and
Yagita in [6] and the result above is conjectured in [6].

Theorem 1.2. For (G,p) = (Ge,2),(Es,2), (Fy,3), (E7,3), (Es,5) and (PU(pm), p)
where p fm, the Eo-term of the Adams spectral sequence for P(n)*(BG) has no odd
degree elements and it collapses at the Es-level. In particular, we have

K(n)*(BG) = K(n)* ®p- BP*(BG)
and the Morava K -theory K(n)*(BG) has no odd degree elements.

Before we begin to deal with the computation, we would like to mention the
interpretation of K-theory in terms of representation theory. Recall the following
theorem.

Theorem 1.3 (Atiyah-Segal). There is an isomorphism
R(G)" — K(BQG),

where R(G)" is the completion of the complex representation ring of G with respect
to the argumention ideal.

Also, Morava K (0)-theory is the ordinary cohomology with coefficient in the ratio-
nal numbers Q or its p-completion @Q,. Thus, through deRham theory, it is related
to differential forms. Morava K (1)-theory is related to the p-localization of the
complex K-theory and to vector bundles. Morava K (2)-theory is related to the el-
liptic cohomology. Many mathematicians dream of geometric and/or representation
theoretical interpretation of Morava K-theories and related cohomology theories,
e.g. elliptic cohomology, complex cobordism theory. We hope the computation of
Morava K-theories of classifying spaces might shed some light on such geometric
and/or representation theoretical interpretation.

2. ORDINARY COHOMOLOGY THEORY

As we already mentioned, when G has no p-torsion, we have a satisfactory result:
Theorem 2.1. If G has no p-torsion, then the induced homomorphism
H*(BG;Z/p) — H"(BT;Z/p)

is a monomorphism. If p is an odd prime, then the image of the above homomor-
phism is the ring of invariants of the Weyl group W,

H*(BG;Z/p) = H*(BT;Z/p)" =Z/ply1, ..., yn)

where degy; - - - degy, = 2"|W| and degy,...,degy, are even. In particular, the
mod p cohomology of BG is a polynomial algebra over Z/p.

There are compact Lie groups G with p-torsion. The following is the list of p-
torsions of simply connected, simple compact Lie groups.

\
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Lie group | 2-torsion | 3-torsion | 5-torsion | p-torsion (p > 5)
SU(n) X
Sp(n)
Spin(n)
Ga
Fy
Eg
Er
Eg

O X X X X|X X X
X X X X X|[X X

OOOOOI0 x x
OOOO x|x x x

Most of the mod p cohomology theories of classifying spaces of the above Lie groups
as graded Z/p-modules are computed. Only the cases p = 2, G = Eg and p = 3,
G = Eg remain unsolved, although some of details are not yet in the literature.

There are important examples of connected compact Lie groups with p-torsion.
Among those are the projective classical groups, such as the projective unitary
group PU(n) which is the quotient of the unitary group U(n) by its center S?.
The ordinary cohomology theories of projective classical groups seem to be difficult
to compute. Among the nontrivial cases, only the cases p = 2, G = PO(4n + 2),
PU(4n +2), Sp(4n +2) and p = 3, G = PU(3) were computed in the 20" century
(See [3], [4], [5]). The case p > 3, G = PU(p) are computed in [2], [11], recently.
The computation of H*(PU (p™); Z/p) (n > 2) seems to be difficult.

When G has p-torsion, there are odd degree elements in the mod p cohomology
of BG, so that the induced homomorphism

H*(BG;Z,) — H*(BT;Z/p)

is no longer a monomorphism. Replacing the maximal torus by elementary abelian
p-subgroups A’s, Quillen proved the following theorem.

Theorem 2.2. There is an F-isomorphism

H*(BG;Z/p) — lim H*(BA;Z/p).
F-isomorphism implies that a power of x € lim H*(BA;Z/p) is in the image of this
homomorphism and each element in the kernel of this homomorphism is nilpotent.

The cohomology of elementary abelian p-subgroups is not only useful in the com-
putation of the mod p cohomology of classifying spaces but also important to our
understanding it. So, we hope the following conjecture to be true.

Conjecture 2.3. For p > 2, the induced homomorphism

H*(BG;Z/p) — [ [ H*(BA; Z/p)
A

s a monomorphism where A ranges over the conjugacy classes of elementary abelian
p-subgroups of G.

In the case p = 2, the above conjecture does not hold. See Kono-Yagita [6].

3. MoORAvVA K-THEORY AND BROWN-PETERSON COHOMOLOGY THEORY

The computation of generalized cohomology theories is easy when G has no p-
torsion and the coefficient ring of the generalized cohomology theory has no odd
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degree elements. Since the ordinary cohomology of BG has no odd degree elements,
the E>-term

EP% = HP(BG; EY)
of the Atiyah-Hirzeburch spectral sequence converging to the generalized cohomol-
ogy theory E*(BG@) collapses at the Fs-level and we have the following proposition.

Proposition 3.1. The Brown-Peterson cohomology BP*(BQG) is isomorphic to
BP @z, H* (BG; Z(y) ).

The Morava K -theory K(n)*(BG) is isomorphic to
K(n)* @z H*(BG: Z/p).

If G has p-torsion, then the mod p cohomology has an odd degree nonzero ele-
ment. Our results seem to support the following conjecture.

Conjecture 3.2. The Brown-Peterson cohomology of the classifying space of a
connected compact Lie group has no odd degree elements.

Many mathematicians believed that this conjecture should be true for all compact
Lie groups including all finite groups. But a counterexample was constructed by
Kriz in [7], [8]. We do not know any counterexample in the case of connected
compact Lie groups.

There is a generalized cohomology theory P(n) for n > 0. P(0) is BP or its
p-completion. We compute the P(n)-cohomology in order to compute the Morava
K-theories.

Theorem 3.3. If the induced homomorphism
p: BP*(X) — P(n)*(X)

is an epimorphism for all n > 0, then the following hold: for all n > 0,

P(n)*(BG) = P(n)* @pp» BP*(BG)
and

K(n)*(BG) 2 K(n)* @ gp~ BP*(BG).
So, if we would like to show that

K(n)*(X) = K(n) ®pgp BP*(X)
for all n, it suffices to show that
BP*(X) — P(n)*(X)

is an epimorphism for all n.
In the case p = 2, we have the following results for simply connected simple Lie
groups.

(p=2)| G | BP | Morava K
Gy | O O
F, | O 77
Es | O O
E; | 7? 77
Es | 77 77
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The computation of the Brown-Peterson cohomology above is due to Kono and
Yagita in [6]. The computation of Morava K-theories is a new result. Kono
and Yagita compute the Brown-Peterson cohomology of BSpin(n) for n < 10 and
BPU(4n+2), BSp(4n+2), too. Wilson compute the Brown-Peterson cohomology
of BO(n) in [12] and Kono and Yagita compute their Morava K-theories in [6].
Recently, Inoue and Yagita compute the Brown-Peterson cohomology and Morava
K-theories of BSO(n) for n > 2 in [1]. In the case p = 3, we have the following
results for simply connected simple Lie groups.

(p=3)| G | BP | Morava K

Fy | O O
Es| O %
E;| O O
Eg | 77 7

The computation of p = 3, G = Fy, PU(3) is done in [6]. In the case p = 3, G = Eg,
in [2], we computed the Brown-Peterson cohomology of BEgs, however, we could
not conclude
K(n)*(BEg) = K(n)*®@pp+« BP*(BEg).
It remains to be an open problem. In the case p = 5, we have the following result
for simply connected simple Lie groups.
(p=5)| G | BP | Morava K
(B[ O] O

4. ADAMS SPECTRAL SEQUENCE

In [6], they use the Atiyah-Hirzeburch spectral sequence in order to compute
the Brown-Peterson cohomology. The Atiyah-Hiruzebruch spectral sequence in [6]
does not collapse at the Fs-level. In [2], we use the Adams spectral sequence in
order to compute P(n)-cohomology and show that the assumption in Theorem 3.3
holds. The Adams spectral sequence is an spectral sequence converging to P(n)
cohomology whose Fs-term is given by

Ext4(H"(P(n); Z/p), H* (BG; Z/p)) = Exte, (Z/p, H* (BG; Z/p)),
where A is the mod p Steenrod algebra and &, is the subalgebra generated by

Milnor operations @, Qn+1,.... The Es-term could be computed by taking the
(co)homology of the (co)chain complex

dy : grP(n)*®H*(BG; Z/p) — grP(n)"@H*(BG: Z/p)
where

grP(n)* =Z/p[vn, Vi1, ... ,]
and

oo
dilv@ax) = Z U @ Q.
k=n
We compute this (co)chain complex. In this talk, we deal with the case p = 2,
G = G2, Eg and give an outline of the computation.
First, we deal with the case p = 2, G = G5. Let us recall the mod 2 cohomology
of the classifying space of the exceptional Lie group G,. There is an non-toral
elementary abelian 2-subgroup of rank 3, say A, in Go. The induced homomorphism

H*(BG»:Z/2) — H*(BA;Z/2)
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is a monomorphism and the image of this induced homomorphism is the ring
of invariants of general linear group GL3(F3) acting on the polynomial algebra
H*(BA;Z/2) in the usual manner. So, the mod 2 cohomology of BG is the Dick-
son invariants

D =7/2[yo, 1, y2]

where deg y), = 23—2* and through this inclusion, we have the action of the Steenrod
algebra, in particular, the action of Milnor operations on H*(BG2;7Z/2). Let R be
the subalgebra of D generated by 92, y7 and y3. Then D is a free R-module with
the basis

{1, 90, Yoy1, Yoy2, Y1, Y2, Y192, YoY1Y2 } -
Let us write 8o = ¥, 51 = Yoy1, B2 = Yoy and (3 = yo. Then, we have
B1B2 183 B2083 518203
D = R 17 ) ) ) ) ) ) .
1A, By s Bo  Bo Do Bo !
Proposition 4.1. There exit fi, fa, f3 € grP(n)*®R such that
di(B1) = fiBo, di(B2) = f2B0, d1(B3) = f300,

where deg f1 = 0, deg fo = —2, deg f3 = —6. Moreover, f1, fa, f3 is a reqular
sequence in grP(n)*®R.

Since R has no odd degree elements and since

deg di(B15233/57) = 4,

the following proposition completes the proof of Theorem 1.1. The element

d1 (818285 33)

corresponds to wy in Theorem 1.1.

Proposition 4.2. Let R be a graded algebra over 7/2 and suppose that R is an
integral domain. Let fi,..., f, be elements in R. Let zy be an element in R and
consider R-submodules C, of

Rlzy '] ® A(By,. -, Ba)
generated by

)
where A(B1, ..., 0n) s a simple system of generators, 1 < iy < is < --- < i < n,
k > 0 and Cy = R. Consider the differential d given by d(Bx) = zofx for k =
1,...,n and by d(zy) = d(x)y +xd(y). If f1,..., fn is a reqular sequence, then the
homology of (C,d) is given by

Ho(C,d) = R/(z0f1,-- -+ 20fn)
and
Hi,(C,d) = {0}
for k> 0.

Next, we deal with the case p = 2, G = Eg. The mod 2 cohomology H*(BEs;Z/2)
is generated by y4, Y6, Y7, Y10, Y18, Y32, Yas and yz4 with the relations

yryio =0, yryis =0, yrysa =0, Y34 = yioyas + yisysz + lower terms,
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where the index indicates the degree. There is an elementary abelian 2-subgroup
A of rank 5 in Fy C Fg. The induced homomorphism

H*(BEy;Z)2) — H*(BA;Z)2)

is not a monomorphism. The image of this induced homomorphism is isomorphic
to

H*(BG2;7/2) ® L/ 2[yis, y34]
and the action of Milnor operations on 3%, 3, is trivial. The kernel of this induced
homomorphism is the ideal generated by y10,v1s,%34 and it has no odd degree
elements. So, by investigating the long exact sequence of Ext groups induced by
the short exact sequence

0 — (Y10, Y18, y34) — H*(BEg; Z/2) — H*(BG2;Z/2) ® Z/2[yis, Yas] — 0

of £,-modules, we have the collapsing of the Adams spectral sequence.

5. BEYOND CONNECTED COMPACT LIE GROUPS

There seem to be several directions to extend the homotopy theory of classifying
spaces of connected compact Lie groups. One of them is the study of the cohomology
of finite Chevalley groups and free loop spaces of classifying spaces. I would like to
end this talk with this.

For a connected compact Lie group G, there is a complexification G(C). G(C)
is a connected reductive complex algebraic group and there is an reductive integral
group scheme Gy such that Gz(C) = G(C) as an algebraic group. Replacing C by
F,, we have finite Chevalley group G(F,). By Friedlander-Quillen theory, if ¢ is a
power of p and if ¢ is a prime number not equal to p, then the mod ¢ cohomology of
the finite Chevalley group is isomorphic to the mod ¢ cohomology of the following
pull-back Fyq:

Fqsq BGN

1x1

1 q
B 2% BGM x BG,

where ¢7 is the Frobenius map and BG" is the Bousfield-Kan Z/¢-completion. If
q — 1 = 0 modulo ¢, the induced homomorphism

1—¢? : H(BG";Z/t) — H*(BG";Z/¢)

is zero and the Eilenberg-Moore spectral sequence for H*(Fyq;Z/¢) has the same
Es-term with the Eilenberg-Moore spectral sequence for H*(LBG;Z/¢) where LBG
is the free loop space of BG and it is the pull-back of the following diagram.

LBG
{1x1
1x1

BG — BG x BG.

If G has no f-torsion, both Eilenberg-Moore spectral sequences collapse at the Es-
level and we have the same mod ¢ cohomology for finite Chevalley groups BG(F,)
and free loop space LBG. Thus, we have the same mod ¢ cohomology.
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On the other hand, the induced homomorphism
1—¢7 : K(n)*(BG") — K(n)*(BG")
is not zero, wheer K(n)* = Z/l[v,, v, ']. So the Es-term of the Eilenberg-Moore
spectral sequence for K (n)*(BG(F,)) differs from the one for K (n)*(LBG). Again,

when G has no /-torsion, we have a satisfactory answer for Morava K-theories of
finite Chevalley groups.

Theorem 5.1 (Tanabe [10]). If G has no (-torsion, then K(n)*(BG(F,)) has no
odd degree elements.

When G has an /-torsion, we know little on the mod ¢ cohomology, Brown-
Peterson cohomology and Morava K-theories of classifying spaces of finite Chevalley
groups G(F,) and the free loop space LBG.
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B S, KB K > K ZHEEEER» SR D b, 280 a5
B5DT, #BHR K > Ky, Ko > K3 %613 Ky > K3 bEOLLET. > THSEDT
EXAANDYES

KRR K >K O K >K Lol K =K'
DAHATY, ZITK>K 252588 % ¢: GK) - GK'), K' > K 252 5%H
2Y:GK) = GEK)ELELES. 20 2o008KIEEH Yo : G(K) — G(K) &5
ZFT2, G(K) ¥ Hopfian TH % Z L6 RAMEHRICR D £9. FRIC oy : G(K') —
G(K') bABIERICZD £T. #-5TG(K) 2 G(K') DBOLL, K, K I 3F2EO0H%
DTHOCHEE S AR E Y, K=K &) ET. SICSOHFHbRazL, MEX
DPIEFIC R D £7
AVEL—FYOTEED 5 2 L TROKE 8] BELNET.

T 3.5 Reidemeister-Rolfsen ? knot table IZEBWTHEIEFIZLLTO L) 2k 5!

85,810, 815, 818, 819, 820, 821, 91, 96, 916, 923, 924, Y28, 940,

105, 109, 1032, 1040, 1061, 1062, 1063, 1064, 1065, 1066, 1076, 1077, 1075, 10s2,
10g4, 1085, 1087, 109s, 1099, 10103, 10106, 10112, 10114, 10139, 10140, 10141,
10142, 10143, 10144, 10159, 10164

2315

818,937, 940, 1058, 1059, 1060, 10122, 10136, 10137, 10138 > 44,

1074, 10120, 10122 > 5.

A ORI X DU T D3l ) T,

10 &ZHLAT @ knot table I2® 2 # OV HIZ 4T 249 fHTH D lEh 0 2 R Z A GHE
1% 949Po = 617523 D .

(1)61508 & h DEEIT DWW TUE, W% Alexander ZHAZE W T2 O IEAAER
AT 2 Z R E T



BI3H B4 Eey—vrRYYA E3H)

(2) 22 Tp=17 FTOHRLT SL(2;F,)-EB2E R, twisted Alexander ZIHIC
BT 2 LB R-FIH O EMZEMH T2 2 LISk D 2R OIEFELZRARNE T, T2 LEM
35> TV L RN T 2 58 D) 2R < 61694 @ D £ CIGFEZMEI O 5 Z L3
HRET,

(3) o 7. BB DN TRIND 6 2R DEEL D22 5DbH D, ZNLAHDHLDIZOW
Tavta—YzluTaefz®d I eickDitlsnE L%,

BOoHl 2B THHALEL & 9.

Bl 3.6 811 25 33 NRHIELEL B\ I L& SL(2;F5)-RILD twisted Alexander %IH
RZMTRT I EDBHZEET. G(811) D twisted Alexander ZIHKAD SL(2;F5)-#H
ZRTROET, RBOMBEIZ 19D £ 7.

ZLTZNZHUTH LT twisted Alexander ZIHADTR AL (), 71 AL, (1)
ZENZNGIR T2 L, T 2LHAUIRO 10 HEICR D 7.

(AR, (1), A5, . (1) =

(2t +2t° + ¢t + 43 + 12 + 2t + 2,82 + 1+ 1),

(3t0 4 265 + 4t* + 483 + 44> + 2t + 3,42 + 4t + 1),
t®+t° +t* + 1,82 + 1),

(26 + 267 + 480 + 5 + At + 3 + 47 + 2t + 2,87 + 4t + 1),
(218 4 3t7 + 415 + 465 4 4t* A3 A2 L 32,87+t + 1),
(465 4 3% + 1 + 32 + 4,4 + 1),

(4% + 7+ 0 + 3t 2t + 4,82 + 4t + 1),

(45 +2tT + 65 + 2t + 12 + 2t + 4,82 + 3t + 1),

(46 4 3t7 + 485 + 2t* + 483 + 3t + 4,42 + 2t + 1),

(43 +4t" + 15 + 3t  + 2+ 4t + 4,2+t + 1)

LD ET.
—JiT G(31) D SL(2;F5)-KBIT twisted Alexander ZHA D57, srRkns

AN

B, =t 2P 42 42 +1, A () =t>+2+1

ERBZHbDBHNET. T

° Aé\ilp( ) 3 Aé\i Po( ) THEID YInZe vy,
o ¥7:13 AP

S AAD () THB L
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H
2
N

Bbh ) £F. o THM-SARIHOEIES S, G(311) 25 G(31) ~DRHIHE L %
W2 EDDLRD,
811 2 31

DEE S E L7,

avEa—FZHOTERZETHICEAL T, fOHMD Wirtinger 7RI B W TIZAE
Botid TR A 2 RIFEETT, Thbb, 3 SL(3F,) LI HETHRTE
EEY. ZLTCOMEEHEEEL 3. HOHBOERIGIZAEWICER RO T Z DEE
L7 SL(2,F,) OH-EHFHDOHT, MHHFICTH 2GS TZDOGHRPHERRIC L 2029
F vy 7 LTIHEET. EE LR TECofAaGbEEE 2 2 & XOIEFICH
DREZTHETET.

RIZEHDIET 21T

Bl 3.7 G(85) 5 G(31) ~DEHEEZFT. G(85), G(31) ® Wirtinger i & LTX
DHLDERY 7,

G(85) = ( Y ¥ Us U Y7Y2Y7Y1, YsY3YsY2, YeY4Yeys, Y1YsY1Ya,
Y55 Y6, Y7, Ys Y3Y6Y3s, YaYrYaYe, Y2ysy29r ’

G(31) = (x1, 2, x3 | x321T3T2, T122T1T3),

CiTi=alg=y ELET. 5o G(85) — G(31) %

o(y1) = z3, ©(y2) = z2, ©(Yy3) =z1, ©(Ya) = x3,

o(ys) = x3, ©(ys) = x2, @(y7) =2x1, ©(ys) = x3.
EERTDHEZOBERIZHAS ICEREIC AN 9. IS ICBRTOBRBAHICRS Z %
MR TE2OTHRBIZLED T, o TERIZKD

85 > 31
DAL L 7.

AR 3.8 o —JICIX, 2 DDFEOH D Wirtinger #mn Z [HE L T, EBIGDfT &%k
EEORIZHOSTD 6 EAEAMNEEETEHREDL D, avEa—F T2
BB T 2738 ) h2lEhro CERBEHRZEL TR £ 7.
o 2 ki ' H DRED R DB B L TRME-Riley-E] [13] 1 & 2 HREEDH S 11T
WE T,
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4 t®hjT, BAEAREEUNE, degree 1 map

EROMEHEED S HHZMSCHEE (2 Z2) ~NEERHIEICHEEL, 232 0f0H
o7 —flick>THEAonEd. FFAWLFEOTHNDRBDIAEI DV TR
i H, degree 1 maps % ERMENBEMAEDEOPHONTVET, JITlEZENS L
MANTCIZBE 9 2 FHRIC D W THRR E T

FTHAHD 7 74 N—=FEOH, H20IEb—7 AFEOH L0 Rl 2 iE 2 o856
#EZET. K1 & Ko 2 SSHORUCHE L, K 2ffifl gy 07 7 A N—FEUCHE L &
T.ZDLE, RO LET.

R 4.1 b LEFERR o G(K)) — G(Ko) BEET 2% 61E, Ko bFEhk7 7 —3—
WOHTH D, %@*Eﬁgg 1% g1 DN Th 5.

JER 4.2 Silver-Whitten[15, Prop. 3.11] & FERDHEZfT> T 3.
Fo b =7 AFEOH T(p, q) ISR L TR iH £ 7,

W 4.3 b LAEHERE o : G(T(p,q) — G(K) DET 2% 61F, H 5 HAE DM
(ry,s) FAELTK b =7 AFEUH T(r,s) TH5., Kl r & sl p g £6 00D
275,

INSDMENPORXBL ) 7,
EI 4.4 F5OH 31, 41, 10194 (3N,

e TRIICOWTEZ £, 10 2R ORE O H O I > w» T R -1ER] [9] 12
EOMRESINTREDT, INEHKTZZLICXDRPBOoNET,

TR 4.5 XROVMEFRRIGEAEOH L Z20/Ic X D HEBEINS:

85,815,819, 821, 91, 916, 928, 940,

>3,
1061, 1063, 1064, 1066, 1076, 1078, 10gg, 10139, 10141, 10142, 10744 — 7

818, 1058, 1060, 10122, 10136, 10138 > 44,

10120 > 5.

EE 4.6 EHOPTHIEFRERZRAZ S W 5 7 O ICFHEBITHEIR L 7o 2R HEFR GG o
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TRDPMEFIZE LTI degree 1 map THEII N 5!
818, 105, 109, 1032, 1040, 10103, 10106, 10112, 10114, 10159, 10164 > 31,
937,940 > 41,

1074,10122 > 5o.

5 AEEEULUTORRDOHEZIHEDEL

INFETHLA SN p it LT SL(%F,)-#Bl 22Tk, 22U L T twisted
Alexander %IH &\ ) AERZRKD 5 Z & TROHBEO MO 2SO IEFER £ 2 H#HX
TEZ L%, ZOETIEHMBOHBD SL(2;F,)-REOLRBOME, H20I1%, 2HTH
2 REDO IO ZFECHOALRLEEZ T, ZNE2HOTHOHZXT 2 2 L%
BHOFEEICODVWTED I ) BRI EDFALDICODOTHRRET,

FHp #EEL,
r(K,p)=#{p: G(K) — SL(%F,)}/ ~

S

FREOHDOALRE R £

Bl 5.1 3, & 4] DHEBITOWTIHRTAS,

P 2 3 5 7 11 13 17
7(31,p) 4 11 19 25 33 47 55
7(41,p) 3 11 17 | 31 31 45 | 49

EARZMEE L TRBBITFoNET.
FHp 2 DETEZINUL, SL(2;F,)-REDOILEHDME T 10 ZHLLT DR 4G
CHIZETXATE B0 ?

W 5.2 p=23 FTOr(K,p) TL0XRUTOELEFEOHIZETKINTE .

FER 5.3 p=T7FTERINUL, SL(2;F,)-KBUC K % twisted Alexander £ T 10 &
HUTORLFEOHIZETXANTE 3.
HREFRBOLBHHADEBIC OV TEZATHEL £ 9.
r(K.p) = #{p: GK) — SL(:F,) &8}/

FREOHOAZLRE R £
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WRE 5.4 p=19 FTO sr(K,p) TI0 XM TORELBIHIZETXITE 5.

ZITRIBICER 7 FE LA OHOFIEFICB LT 2 ORIADMEE & v ) ALEIZED S
SWHRITL & 9. DD ZREMAGDEIL 949Py =6175238) TL 7,

Mm@ 55 1.p<137T,r(K,p) ZHOTEHFEL LA 2DIE 456018, sr(K,p)
ZHOTRENEL EWVWZ5DI3 49078, r(K,p) & sr(K,p) ZilAatrbETa
WL Z B DI3 49774 D |
2. p< 17T, r(K,p) Z#HWTEHAL EWVWZZDIF 476618, sr(K,p) 2T
SR LEVZBDIE 50870 Y, r(K,p) & sr(K,p) ZMAadbE TaER LY
WA BDIE 51396 D .

ER 5.6 Alexander ZHATEH L L LHETE S HDIE 615088 TL, N2l
5L p=17 £TTIE Alexander ZHRICH KT BRI DD £7,

6 piERH
RIGICKE N HBED p EBER EORBICOWTHBERE T, [FEL 2FE8 p cBIL ¢,
= Zp" ML~ 2)p" T — - — T, =7/pZ — 0
EVIOREREEZEZCAHAEL ). II6HER
o — SL(2,Z/p" 7)) — SL(2,Z/p"Z) — --- — SL(2,F))

PRONET., INoDRE LT pEBEBR Z, & 20 LORKARE SL(2,Z,) 3%
GNET, ZOLERMPRDIEET,

EE 6.1 [EEOEB p: G(K) — SL(ZF,) i o : G(K) — SL(2;Z,) ~it LIPA#E
Th 2.

EE 6.2 7 p =204 I EoFLIEROERmEZ NG CREHTE X L7, 208 —
DBEICOWTIRAHTERVEETLEY, UToERHZ WM AKEORFELK &
Sydney K#® J. Hillman KICHZATHEE L, T2 CTHROTREML £,

OO ZEAL T,
mod p"

I'(n) :== Ker(SL(2;Z,) — SL(2;Z/p"Z)).
SL(2;Z,) — SL(2;Z/p"Z) 3 2HETH 5 DT, ROMEPKILT .

9
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#% 6.3 SL(2,Z,)/T(n) = SL(2; Z/p"7Z).

SHICRHMVLT 5,
i 6.4 T'(n)/T(n+1) 17 —~LEE
Ak BH

fEBDOILA BeT(n)d A=1+p"A;, B=1+p"B; £RTIENTESL, 2D
LEA =T —-ptA + (p"TIMLEDE), B~ =1 —p"By + (p"M L EOI). fiE-T
A, BOXMTRGHT 2 &

[A,B] = ABA~ 'B™ !

= +p" A1) +p"B1)(I - p" A1 + (BRDOE))(I — p" By + (HRDH))

=1 +p"(A1 — Al + Bl — Bl) + (%%@Iﬂ)

=1 mod p" .

Thbb, [A,Blel(n+1).
™ 6.5 H*(G(K),['(n)/T(n+1)) =0.

IR
FOH K omiZei $° — K 13 K(G(K),1)-Zfch b, 75 HX(SP—K;Z) =0ThH
2005, HEABEM L D AEIEZRLT 5.
Z 2 CHETEERT
1 —T(n)/T(n+1) — SL(27Z,)/T(n+1) — SL(2; Z,)/T(n) — 1

ZEZEL). areEnY—2MOHIEZ#ETT 5 &, 2RI
HY(G(K),SL(%Z/p" ' Z)) — H'(G(K), SL(2; Z/p"Z)) — 0

#13:5. ft>THBlp € HY(G(K),SL(2;F,)) &% (p, € HY(G(K), SL(2;Z/p"Z))

~FL EF 2 ENTES. B

p =limp, € imH" (G(K), SL(2 Z/p"Z)) = H'(G(K), SL(2; Z,))
FRBLp DR RIF L2,
CCETTHRTELFICLVIEAN L SL(2,Z,)-RIEIEET 22 L03bh ) £
L. piEBEEOR 7, 13— B2 0T Z, LOoRB G(K) — SL(2;Z,) KN LT

10
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twisted Alexander ZTHRXZE&RT 5 Z LIFARETT. b HLAAINS ZEER) 2 L1
WEETI2y, COMERIIERZFEL 7.

IolL, 20D Z, Lo twisted Alexander £ R %2 Z/p"Z E~HF L TEZ 5%
BEWRZRLET. Z/p"Z (n > 2) 3 —EOREETIE R DT Z/p"Z & twisted
Alexander ZTHAZEHEERT 2 HF I TS EYA. LoL, Z, Z2ZRHT 2 L TZy
twisted Alexander ZJH3\ mod p" FEHKZFL £T. Tho L SL(2,Z/p"72)-£H, &
20 INSZHETENL SVCDHENF R 20 5BOHETT,

SE R
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Character variety DWIHI 2> & 758 I 11 5 B R &

knot contact homology

23/ I il

FUR TER ARG TR A I
A REL RIS E (PD)

E-mail: fukky@math.titech.ac.jp
URL: http://www.math.titech.ac.jp/ fukky

LU &I

ARTIE, BRCHEEZHAE L, RIFEOMIRICOWTRARIETHE T, M, Aif
ZEIC BT 2 M e UL, GROC N3] (K& [N1, N2, GN, NY)) 2682 2 L8 TEE T,

BE

C DREHTIE, FEOHEED SL(2, C) £B, K, Z DERBIOREDNLT A (character variety)
DH W ZEEL, ZOhhGz ZBGRNEUR S BHT 5, B, Wi o RMrEE 2 il
T2 ETRONLABEREIF(K) ICHEHT 2. F(K) 1, ZOE» S, REEHKREDT

F(K) = FOK) - FOK) - FO(K) = {0} cC

ZFHET B0, Ko, BRIZHE FO(K) OBFZER2H8 abelian knot contact homology &
V) ZEEAEn Y - AMAEER R, oL E, FO(K) oBfIRs o, 20
homology D Betti #{ & L TR TE 2 Z L 3b2 %, TNoDHEFEIZHOWTHFT 3,

1 MROEREEHEOHE
1.1 Casson-Lin invariant & SU(2) RIFZFEOKHE : KIFHNER

#ren Y= M (ie., Hi(M;Z)=0 %7 317 & ) AT 72865 BH 3 Ron% ki) 1okt
L, Casson invariant A(M) ([AM, S]) & ) BEBEALRENERINDG, ZDT7AT T %
fEHICHHT 2 &, BAE0Y —BRIHl M O Heegaard 47/ M = HL U, H2 2% 2, ZhZih
DNV PV HE OFERRE (e. BHBEF, == (g1,---,90)) KX L, SU(2) KBLERPR(HL) -
Hom(F,,SU(2))/ ~ %MK T 5. 22T, F:= H: N H2 DEREE (e. BHEEE Ry, K8
T2 EBZEM R(F) := Hom(Fy,, SU(2))/ ~ %% 2% L, "NY FAEKOM Y TG g 26
FEINLEUEGR g R(H)) —L— R(Fy,) «Z— R(H2) DBOIERSY g1 (R(H})) N

LZ T, ISOERTORBSRE, 2 F b RENES (SEAEOIEFR L) 2167,
2E(K) BB L 72, & 2Ri%ERER 0P (K). nilradical 12X 21 0@ (K)/V0 1& F(K) DEEERICKR 3,
SARITIE, SU(2) BEIEBEAD SO(3) DB X 2HED (ie., SU(2) WRIRB O LBEER) LT 2.
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@(R(H?) C R(Fp,) FHERMEDR» S S 2 E3b2 %, ZOEMIIFBEEMH DM EIC X
DFFE “4, =7 BERINDD, ZOFRFFICHBE L 72 algebraic intersection number T
g (R(H))Ngo(R(H2)) DRERZ EF 5 2 LI2kD, Heegaard /MRICIK S WA ER Y —
KR OBEMEAZRE N {BEREQ P -3l } — Z ZHRTE 5. 0D Casson invariant D
TATTTHS,

Casson DI Z #5 % 2, Xiao-Song Lin %, S® NOFEUH K DA% R, bW 2 Casson-
Lin invariant h(K) ([L]) Z#R L 7. BERICE, £ OHD braid R o € B, ZIEHE
L, 2n- b EIRM S2 12X D, fEOHOIREM Ex Oy FVIESE B == HL U, H2 %5
Z%. AL, genus IZIZfENH DIHBEMOERA DTG L, S2 DIHE H) 13 53 ~DOEHER 24
HAA, WE H2 1%, #OHD braid ZRICHIGT 2 i E -7 "genus 2 b Oy FoLfkE
55N EZEZ S ¢

H

ZIT, 2n-Xd EERIE S2 := HINH? OIABEOERBIZEH R(S2,) := Hom(m1(52,), SU(2))/ ~
ZHWA Z & T, Casson invariant & kR, ¥ FAEDORG D T EGISFHEEINS SU(2)
RO AE TS by R(HY) — R(S2) 22— R(H2) OIRDIEHS hy(R(HL) N
ho(R(H?2)) C R(S3,) M TE %, 22 TLinlx, SUQ2) FHICBWVT, FHARDOEFILT
b BAEH D meridian® D23 trace-free, D F D trace 250 2 LRBICICHIR T2 2 £ T, RIFE
FEIDMIE Ro(H,), Ro(H2), Ro(S3,) 25 27z, ZDEE, M@y hy(Ro(HL))Nha(Ro(H2)) C
Ro(S3,)) 3HBRMED K26 7% D, Casson invariant & [, FRICIEFFE “, -7 DIEHRI N
%, ZOFFSICAIBE L 7 algebraic intersection number 12 & D HBH D EE A EIFS 2 &
T, fOHD braid ZRIC K S R WEHIEAZER b {#O0H } > Z2ZHERTE S, 0
Casson-Lin invariant T&% 5,

TIT, HHLZWOH, Casson-Lin invariant (%, f5O0NHDFFSH (signature) d 3 512 7%
2LVIRTHS. ZDLHIC, FEOHBED SU(2) trace-free I &\ ) Rk RIADEA D
5, FEOHAMBAR OIEHH R RISIHEE BN 5 & v 9 BigIE, FEa 7 b Lie#f SL(2,C)
AT 2 HE N HBED trace-free ZRELDYfy, EDRRICKMI N DTH A I 0?7 Tihs, LB
AR 2 & W RIS OB TH 5.

1.2 Kauffman bracket skein module(KBSM) & character variety : fI{ERIE =

Hix, AFEOE R TKBSM 25T % 72 » OFi - 2 F oMy & v ) MM ) Tlho
517 KBSM OWf%E ([N3]) i2® %. D. Bullock I X % trace identity & Kauffman bracket
skein relation OXJEfTF ([B, PS]) 12X D, trace DERDEE (EFE 2.1) &) REAREDS,
skein relation & > 9 MAHIRIEISEITCTE 272 ®, KBSM D443 character variety DHFZEIC
JEHTE %, (KBSMICHKET 2 X DA ERICOE £ L TIE, A - AFEOMR LOH#S
ATk, MEIETHEET, FLAFN Z2I2HT W)

iy

“Casson invariant FIB, SU(2) BRI OLBIHAZEM L T3,

SAlL, HY @ longitude, 713 S3, DHIH.

2D k) %5FEI% trace-free RIRE V), ZDLEE, hy BAENIC braid #D Magnus R ([M]) 1<
LTw3,
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2 SL(2,C)-character vaiety DR Sy(K) & ZDMHE

Z ?D Section Tl, FEIZDH % character variety DWiHIZ EFR L, ZDWEZIBX %, Casson
invariant > Casson-Lin invariant CTl&, SU(2) ZELOIMLER %2 E 2 7203, AW TIE, SL(2,C)
RILDIEIFSEA (character variety) IZDWTEZ 5,

2.1 SL(2,C)-character variety X (G) & trace-free %M So(K)

DRI, ABRARARIIEEG O SL(2,C) £ (ie., BHERR) 252 %, G D SL(2,C)
K2R DOEA%Z Hom(G,SL(2,C)) £R§. lp: G — SL2,C) DIEE x, Z x,(9) =
trace(p(g)) TEEL, G D SL(2,C) KBIOEREEROEAZ X(G) L#H ¢

X(G) == {x, | p € Hom(G, SL(2,C))}.

X(G) ZHEATH 5P, Culler-Shalen([CS]) 2 & D, &H 2 HFEZM CN NOREE R & [H—
HTE2ZepMeonT0s, ZoH—HINRESKREZFRALSTX(G) £HE, GO
character variety & WE5. DARETIE, FRICHERAERARF R L L TRHUBRE Gk, 20
CHANEZEM By = S% — N(K) DA 1(Ex) 2525 (AL N(K) 3#50H K ¢ $3 D
BAERILES).

Example (character variety). trefoil #50'H# G3, = (a,b | abab~la™ 1671 = 1) I F 5
character variety 13 X (G3,) = {(z,y) € C? | (y +2)(y + 22 — 1)} L RIN 5. FHFE,

o Hom(Gs,, SLE,C)) = {(pla). pb)) € SL(2.CP | plababta~b1) = p(1)}

ABAB'A71B~! = 1o
01

= {(A,B) € SL(2,C)?

e X(G3,) ={x,|p€Hom(Gs,,SL(2,C))}

= { (trace(A), trace(AB~1)) € C? 01

ABAB-A-B = [ 1o ] }

22T, SL(2,C) 28T 5 trace IFRDWH 2723 2 LICTHERT S ¢
e trace(X 1) = trace(X), X € SL(2,C).

e trace(Y 1XY) = trace(X), X,Y € SL(2,C).

. ‘trace(XY) = trace(X) - trace(Y) — trace(XY 1) |, X,Y € SL(2,C).

K2 3 BB DBARA % trace identity F 7z 1¥ Cayley-Hamilton identity & \»9. i,
trace identity % & Ll 3 DOBIEHAD 6, A, B DIEED word”® trace 1&, trace(A) &
trace(AB™1) OZIHATEIN LS, 21X, v := —trace(A), y := —trace(AB™!) L T2 L &,

trace(ABAB™'AT'B™Y) = 43 — 22%% — (2 + 227 — 3)y — 22" + 4a? (1)
&%, 22T, 2—trace(ABAB'ATIB™Y) = (y+2)(y + 22 — 1)? » 59, Lilzls:
X(Gs,) = {(z,9) €C* [ (y + 2)(y + 2% — 1) = 0}

WEDEKTO word, BlZIE A>B°AB™?A® i L,
8Gonzalez Acuila-Montesinos 1< & 2 HBRABABRFREICH L OB LR ((GM]) ISk W IREES 1 3.
S E, RCABOBIRRZ T2 5 X(Gk) DEBLHERIE»ND LIRS 2 (i 3.2 2IH)
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E&E 2.1 (trace DEXRDE) LR (1) ORRIZ, trace identity I K D, RBIOD trace Z 5k
K7 trace DEHIHNUTIIIRT 2 8%, trace DEARDEE V),

E#E 2.2 MOHIE G IS L, 2 character variety X (G ) OWilHl So(K) & 1%, trace-free
RBIDIRIERAED 57 5 X(Gr) DETHEA, FRIEZUTNIGT 2 B HAE 2 KT 5 ¢

So(K) :={z, € X(Gk) | xp(p) =0} C X(Gk).
2.2 Sy(K) DR
WFTE So(K) 2 MR T 2 MUCBIL TIE, D72 < & S ROIEDIR Y 7 -

LALEOREOH K12 L, So(K) # ¢. (WIKRB O 510)

2. So(K) 1ctad e &b BxCDIL Ly o finstetE T 5. (Section 2.2.1 ZIH)

3. small ZAf5H K IR L, dime(So(K))=0. (small = meridionally small X 1)

4. BRFEVE K = Ki#Ks (HU |Ak,(=1)] #1,i=1,2) iIZ% L, dimc(So(K)) > 1.
(K], p-816 D 11 fTHZM). HL Ak(t) 1d K O Alexander ZIER.

5.small ZFEOH K IR L, So(K) 12idd 7 &b deg)(Ax(m, 1)) + 1 D R[HFET %
(N3] ). fHL Ag(m,) 3FCH K @1 — 1 THl o7 A-%ZIER ([CCGLS)).

AT, HE2ICOWTORREIHT S,
2.2.1 ME 2ICDWT : metabelian &I}
So(K) ZHER L T\ 5 trace-free REIDIREDOREE L 12 2 D73, metabelianFIRTH 5.

E# 2.3 (metabelian RIF) G O£l p: G — SL(2,C) T, TR [G, Gl Dplc kD
& p([G,G]) 23 SL(2,C) DT HEC 22 5 H D%, metabelian ZBLE ),

> T, AL metabelian T®H % DT, IEAHL, KRR metabelian ZEUHEHT 5.
FOHBCN LTI, XROBEBRIFEVEEZEFD, u, A 7 K OFEEH¥ERNZ meridian, longitude IZ
REIND G DILLT 3.

& 2.4 ([N1]) #HE Gx DIEEDBER metabelian #Bl p : G — SL(2,C) X% ifi
9.
trace(p(u)) = 0, trace(p(N)) = 2.

ATk D, 2 TOY metabelian RELDOTREEIL, WA So(K) IC&HEN s Z &b b,
ZOEBULERM T, XD LI I BEEMICERTE 5,

i 2.5 ([N1]([K, L] @ SL(2,C)-version)) fii NH#E G DEEK metabelian fHEED %
\AK(;1)|*1 <hH 3.

fid 2.5 12K D, WEH 2 2MRALS NS, B metabelian EELUZ DWW Td, HICHIE1I55
tFbbhrsd, £7, HOHM Gk DAt o : Gx — () Z&EHT S 2 &T, 1 Xoukbl
a_1:Grg = C, a_1(p) = -1 %ZWHET 5. a1 IFRIHD involution ¢ : R(Gk) — R(Gk),
t(p)(g) == a_1(g9) - p(g) (9 € Gk), $E> T character variety [ involution ¢ : X(Gg) —
X(Gk), t(xp) == xu(p) Z HARICFEET 5,

OMHRBL pab : Gk — Hi(Ex) — SL(2,C), pab(p) = diag(v/—1, —v/—1) DIEESEICEE NS (HL pldHs
U'H K @ meridian).
VA5G, i 2.4 23 RV OREET 5.
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i 2.6 ([NY]) [EEOMOH K &, ZOBIEE p: Gk — SL(2,C) 12X L, XKIFFMHE? :
(1)
(2)

p 13 metabelian
fERDIL g € Gr ITNL, trace(u(p)(g)) = trace(p(g)) (P E D u(x,) = Xxp)

3 W So(K) DMEEMEHME | RS HRIE F(K) DR

Wikl So(K) DEFRL AR, FHOHBOERRIKET 2720, So(K) B2 AZEaE LTl
I DIZRNFENTIE 2>, % 2T, Casson-Lin invariant (2>, BRI OFEENCHEEH T 5.

E#& 3.1 (norm) REZEAEV ITHL, ZD norm ||V & (V OB OMEE) -1 £ 5.
EROMEOH K IZRL So(K) # ¢ TH 270, norm ||-|[ 12k D, FHOHDIEEEEBAEBIRL
so  { MOH } — Zxo, s0(K) == ||So(K))]|-

DEFRTE S, 2% norm 1, Casson-Lin invariant & 357 0, Hiffi Wi o PEF K5
(dime(Sp(K)) = 0 DGEIER) D% % geometric intersection number THZ 1I1FT
WD EEIRTE 2,

JER 3.2 Section 2.1 DHITIE, X(Gs,) DEFRLHNIL, KOHBOMGRRAD A5 HpNnT:
D3, —MIZ, ERRITOMEE 0 23 U EDOHE G CNT B X(Gk) 1E, FOHBEORGRKL S5
5N % ERL I TR ERL B DA, ROHIMEZEMOMAE & 134 C MEAR A ERS
WA GBI ERLEN) 28>, Z4uk, HBEH#E F,(n > 3) D character variety X (F,) IZ,
trace indentity 2> 5 EN 2 AW L ERLHADIHET 270 TH %, (Gonzdlez Acuia-
Montesinos([GM]) 12 & D, X(F,) (n>1) D (FHOEKTO) ERLHEAFMRESIN TV 5))

HE320DK91C, Gx DEBILIEZ 512E, X(Gk), > T Sy(K) DEHLIFAIIE
MEWZZ D, ZDFMSTRENICEE L < 2%, % Z T Section 3.1 T, fEOH K ? braid &7
o€ B, ZHET 2 LT, X(Gg) DIRMIERLIHAZPEIRL, BAMERLIHK (o 1T
bt L 728 L) A2 & AL & 1L 5 I (ideal) SL(0) Z2HAT 3,

3.1 RMNERZERZIMET S ! ideal SL(0) DEA
7, WOH K OROEMGr 13, KDbraid#Roe B, Icxil, XokHickIns

GK = 7T1(H'rl7,) *W(Sgn) ﬂ-l(Hg) = <gla s On ‘ 9i = U(gi) (Z = 17' o an)>
fAL, braid c DEHHBE 7 (H2) = (g1, -, gn) ~DIERIE, RDOXHICELSIN D ¢

1 .- . . o .
i gi+1 94, lf =1 _ it1°0i°G; , lf =i+ 1
Ui(gj) = { 9i " 9i+1 " 9; J o; 1(9]) — { gi+1 - Gi ng ]

. ) .
Ipiii1(G) otherwise Ipiis1G) otherwise

(HU piiyr 134, i+ 1 DEHL) 22T, Rz, =0(x) (i =1, ,n) D518 5 35 %A
WERLHEAL, Do fFHZEHVE LT, ROLHITERNHERI NS f,, goa,, IC&
DRz, £, trace ¥ ¢, : X(Gk) — C, ty(x,) = trace(p(g)) (¢ € Gk) IZHL,
Tij = _tgigj(l <i< g < TL)7 Tijk = _tgigjgk‘ (1 <i<j< k< n), h; = _tgi*(l <1< n.
{EL * ti$ﬁfﬁ) & L, C7(13) = (C[{mij}lgi<i§n7 {xijk}1§i<j<k§n] b bS] < Dt ? Cff’)—ﬂﬂﬁi
A =32 (@r, 9% 2 %23 (HL @ 1 CY 10 tensor §%).

12 ol SU2) REUCOWTHELY 370,
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o hylZXtL, fEH f,,, fom ERDEIICEHET S :

Tiiat1h; — hip1, ifj=1 Tiiat1hio1 —h;, ifj=i+1
Foulhy) = 4 e ot ()= 4 -
piit1(7) otherwise i Ppiir () otherwise
o fori(hiy @ @ hi,) = foe(hiy) @+ @ fx1(hiy,).

o A, Lo P85 - A, — CP 2RO X I ICEET S

Tiqig if i1 < i

c(hiy @ hiy) = 2 if i =i
Tigiy if 41 > 19
c(hiy, ® hiy, @ hiy) = sign(T)xiTmiT(z)iT(s)

1E[L/, (S iT(l) < iT(Q) < i'r(3) Zizz g 3 lkiﬁfﬁﬁ@ﬁ:

o (1) f,e1 (g suhw) == 3o f, ﬂ<5k>fg<hk> (sk € Cy : L CP L.
(2) yIEAAﬁ S(xllizaxlllzlk;) S C j(j‘L

fo—iil (8(Zivia» Tirinis)) = S(faiil (xiliz)vfgiil (Tivigis)) * f, +1 2 C /\@#?’E

(3) foa1 (@) =0 foa(hiy @+ ®@ iy, ) * Tiyeiy, CNT B f o1 DIEL.
(4) formys = Fry © fro (i € Bp) * — D braid ~DIRIE.
kD A, EOMEA f, ZERT 213

1, ifi¢ Ay

[==g =
0, ifie A EEET S,

oE%ﬁ%ﬁAmcﬂ,~mﬁtﬂL,mAn:{

o Goan(hiy® - @hi) = fs' D hi) @@ f5 ™ (k).

E% 3.3 (ideal SL(0)) braid 75 o € B, IS L, SL(0) # A FOSHEATER I N2 Y
?Dideal £ 9 5% :

(fohi @ hj) —hi @ hj), (1<i<j<n)
c(fo(hi @ hj @ hi) — hi @ hj @ hy), (I1<i<j<k<n)
(9o, a5 (hi @ hyj) —hi @ hy),  (1<i<j<n)
(gons(hi @by @hy) —hi @ hj @ hy), (1<i<j<k<n)
6 FBIRR,  (ifn > 3)

2IT, 6 ABRR L1, b BRI IERMIERSEAO - TH 2 (N3] BIH). FHE
i 6 FBIGRALUADAEBTC ( fo(h) — h), c(9o,a,,(h) — h) ¥ X (G ) DREMIEFRSL HAZ
FEL T2 LHHATE D, T ORICER I NRESBEE F(0) 12, braid RO 7
IR 5 2214,

Bg, : B, — Aut( (2)) ®,(0) := f, & braid #HD Magnus ZEUHEL TW» 5

MEx, SL(o) IcEEN S 6 ARRAZIHRL b, 2 HEZHNIE Markov move RZEICR 5435, —# 6
ABIRRAEZ AND 2 LT, So(K) DR OEERBMMEEDY F(K) KIS D720, —i# 6 MEIRKITHERL 7%
V., ZOEKET, 6 ARRNIIBMNERLEAL b RND,
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E#& 3.4 (Markov move) Braid #f B, DIt o ICK L, XD 2 MO

o ofloott (1<i<n), oo Jaij_l.

% Markov move &9 (HiZEZ A 71, BELZIA T L)),

EIE 3.5 (Markov move I[C K BARZEM [N3]) #OH K D braid £/ o € B, I L, K
LMk F(0), FloF'ool!), Floor),) ZREYTH 3,

fiO'H K DR 2 braid #7313, ARRIEID Markov move THWIZHE D &9 720, EBE
3.51%, F(o) ¥ braid #RIKS &\, DEVFPHALRTHL I L2RL TS, KDH
% braid &5 o I L F(K) := F(o) LEFET 5. R F(K) D norm 12 X ), JFAREEEIOA
R [ A{KOH Y} - Zso, f(K):=||F(K)|| BELETE 5.

4 F(K) DEHEIE
SL(0) (0 € B,) Z#ERT 2 f,(h) 1, KD X9 7% loop DIRFHERIETIIGT %

ZOWHEIZLY, cofy(h )m&m4h®@wiJuﬁ%:@&whgqu@ﬁ&&%:
Lhibhb, O, Fé-‘]‘%fﬁ‘ﬁixc ) ISL (o) 13, KDHE (fltration) Q@ () =P /SL@D (o)
ZHET 5

Qo) = Q¥ (0) > QP (0) > QW(0) = C.
el =c L, SLD (o) &, SL(o) DERITED I B, P DILTH 2 bOHERT 2 [V
Dideal £ T 5. ZOWK (ie., % SLD (o) DIEHZM) ZMB LIk h, XRDHN%E23,

) = 7 () T 50 ) PHE £)(0) g0 c €

FREEHtE FD (o) BEOHOAZRER D Z D05, FO(K) = Fd(o) LEHEL,
norm || - || 12 & D, FEEEEBUMERIES fu(K) = || FD(K)|| 2 E8T 5. (EEDPS, [FEOKY
HEIZHL fi(K)=0) ZHICED, so(K) DIRAELFMR %52 2 LN TE S (v 4.1,
fHk A 2).

W 4.1 7 ELROMWEDRD D ¢

L. dimc(FO(K)) =0 %513, f3(K) > so(K) > (|Ag(=1)| —1)/2. (EH2DR)

2. dime(FO)(K)) = 0 27§ small 25O H K12 L, f3(K) > so(K) > deg;(Ag (m,1)).
(BB 5 DR)

3. 2-bridge knot K = S(p,q) I L, F@(K) =S (Kxh()zﬁywd_zm (IN4])

4. BBEEOH K = Ki#Ky (HU |Ak, (1) # 1, d = 1,2) iIZX L, dime(FO(K)) > 1.
(HE 4 %)

BRELRRE Vi, Vo DIAEL (=) &1, REHEHLTEAGK p: Vi - Ve BFEET L L EZ VT,
1652 H & (37 o RIS X D) #2 F(K) D So(K )#qﬁ B0,

Y meridional knot 24T 0 IOBL I ¥ LA D t = —1 1B T 2 KBSM O skein relation (ZXHE$ 3,
“ﬁ%@%UEKuﬂL,ﬁ@mju=1za#me&wgeu;a
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5 FUO(K)DREMEIE : abelian knot contact homology
7, HUOH K Dbraid®#Bro e B, ZAEL, nIZHBEL 72 Z EOXREAN & tensor 1B

deg 0 deg 1 deg 2
Z fa/z‘?, bij, cij, dij e ) (1 <i<j<n)

IR A v @ w = (-1)dev it o ZEA LR T, 252 5. 7,13, EHIGOREK
2k D, filtration 7, = Tn(z) D) 7}(1) D 7}(0) = Zlaij] (center : ZIHABY) ZFf>, HL Tn(l) I
0RH S i RETDIHERT % T, DFMABET 2. 2T, o ICHBEL 72 DA T D&M % i 7
¥ differential 85 : T, — TV (1= 0,1,2) BEKIICER S 0B 10

1 oY) wxk¥%E 1 T 3.

2. Leibniz rule : 6'((,-1)(1)11)) = (&@v) w + (—1)de8vy (6'((,-1)111) Z 7z,

390 Voa =0,
(FEMHIE [Ng] Z2H0)) Kfiz, Z&fF 312X D homology WEFEI N5,

E#& 5.1 (braid ICX 9 % contact homology [Ng]) braid o IZ%f L, chain complex

%" 1@ 8 s 08 o) 9"

n n

0 0

DHEFEIND i XD homology HC (o) (i = 0,1,2) %, braid o IZK$ % i XD abelian
contact homology &9,

2%, Markov move IZ & 5T HCO (o) 1 (BRI Z L L O AZETH % ([Ng]). HOMP(K)
% HC®(0) TE#KL, fU0H K @ i XD abelian knot contact homology &9, C
2T, BREA ¢ - c? - Zlaij] ®z C = Clay), ¢¥(zi5) == —a;j 25 A5 &, ¢ (FERAM
¢: 0@ (o) - HC(K) @7 C #FHET 5.

EHE 5.2 ([N3]) S*HNOMEEOFEONH K & ZD braid &R o i L, 9@ (0) & HOZ(K)®7C
EERREITH 520,

EHE 5.2, A 4 1(EE 3) Ik b, K %% 2-bridge knot D¥jéy, HOP(K) & So(K) D JEERER
THHILDbhD, —MOBOHICKH L TE, HOP(K) 13427% L &b So(K) DEREBRD—
BOTEHRZ KL 2R E 25T 5.

Fr, FOK)DBOXIGD L E, HCOP(K) BEHIMERIC KD Z[2]/(p(2)) £ £EN, deg(p(2))
DYHCEY(K) O Betti e %%, —7T, CIEREBINEAKTH 206 fo(K) = deg(p(z)) — 1 A3
a7 L, FO(K) ORIy DIEEIE HCP(K) @ Betti $i & % 5. iz Q¥ (o) I2h
WHTE 2, 2%Y 0¥ (o) 18, (@) = SLO)(0), Kex(dY)) = ¢ #¥ii7e ¥, &% chain
complex - - - el ¢ 52 0 D 0XD homology & L THZ6NS, E-T, FO(K) D0
Ko & &, FO(K) DBERIRTOMEIE, QB (0) D Betti #TH 521,

ZDEIT FOK) L, M5pDMRD0RDEIEILAT VB EEZON, LKkt
HaTo FOK) ORISR S,

OARHK 0 13 By Ty — T D i WHO filter ~OFIRE L TERS NS, 5ebE1,2,3 7T differential 0 %
FFoXRE AT & ¥ % differential graded algebra(DGA) &\>9, X (7,,0) 1 DGA TH 3.

2851z QP (o) BIECHD AL L 5 5.

Azns ofRI: FO(K) DEFILE Ko7 Casson-Lin invariant 75 F% % Floer homology ® Euler ¥ &
LTBRTE 50 L) REICHR T 2WETHL L EA 6N 5.
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I

BHAM P AR Y =2 VRY Y MBI EHOB AR 5 2 TIHE £ L 7 BIRE BRI
HLEFTET, £/, KAMIRIBALE LT, ANEERSEZIZCOIRILDTL4IZ, gk a X
VEEEEE LA, BB, ZOMEZEDZICHLD, ZREAAVEEHEFLOSEERZT
I, ZLTESETHIZEC o, AY 74 V=T REYN—H A FED Xiao-Song Lin
SEEITD KD L £ 7,

SE 3Rk
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* Montesinos-3 |& Montesinos knot with length 3
| K [ dimF) [ dim(F®) [ f5 [ fo [ [Ax(=D)] [ deg;(Ax(m, D) [ type

(@) 0 0 010 1 0 trivial
31 0 0 1|1 3 1 S(3,1)
44 0 0 2| 2 5 2 S(5,3)
51 0 0 2| 2 5 1 S(5,1)
59 0 0 313 7 3 S(7,3)
61 0 0 4 | 4 9 4 S5(9,5)
62 0 0 5|5 11 5 S(11,3)
63 0 0 6 | 6 13 6 S(13,5)
7 0 0 313 7 1 S(7,1)
72 0 0 515 11 5 S(11,5)
73 0 0 6 | 6 13 6 S(13,4)
T4 0 0 7|7 15 5 S(15,4)
75 0 0 8 | 8 17 8 S(17,5)
76 0 0 919 19 9 S(19,7)
7 0 0 10 | 10 21 7 S5(21,8)
81 0 0 6 | 6 13 6 S(13,7)
82 0 0 8 | 8 17 8 S(17,3)
83 0 0 8| 8 17 8 S(17,13)
84 0 0 919 19 9 S5(19,5)
85 0 0 12 ] 11 21 9 Montesinos-3
86 0 0 11 | 11 23 11 S(23,7)
87 0 0 11| 11 23 11 S(23,5)
83 0 0 12 | 12 25 12 S5(25,9)
89 0 0 12 | 12 25 12 S(25,7)
810 0 0 15 | 14 27 unknown Montesinos-3
811 0 0 13| 13 27 11 S(27,10)
812 0 0 14 | 14 29 14 S5(29,17)
813 0 0 14 | 14 29 14 S5(29,12)
814 0 0 15| 15 31 15 S(31,13)
815 0 0 18 | 17 33 unknown Montesinos-3
816 0 0 17 | 17 35 unknown not small
817 0 0 18 | 18 37 unknown —
818 77 77 717 45 unknown -
819 0 0 3 2 3 unknown Montesinos-3
820 0 0 6 | 5 9 5 Montesinos-3
891 0 0 9 | 8 15 unknown Montesinos-3
Y46 0 0 6 | 5 9 4 Montesinos-3

10132 0 0 8 5 8 Montesinos-3

31#31 1 1 313 9 unknown composite




IEB| 1-BRK %9 B Poincaré -Hopf &
EEBEZTDIGH

fRiER

80 IXL®IZ

COBRTETARTII2 00 0EIHHEED, £ HHVTV 3 B. Scirdua #iS
(VF -7 VrxL0kKE) LOFFHEOREO—BHY L, ZOBBTREL
T&EMTT,

1 9 9 34{C A. Douady - T. Ito {2 & - T TNERAMZ FABITH$ 3 Poincaré-
Bendixson HER) ([2)) BBREhk. ZhERKT ¢ DERIFEBHE~REL X
SELT, WAWALBIZEBRTIPT,

ZXFE  C, n >3 ADRARL, & 1 OBFR D(I) OEfH U TrES
NIRRT ¢ ERIZEEMIE F i3 D(I) O 52-1(1) IcHlFaoTRs.

2E X o0k,

COEERTREMBBRTRONFERERIRDOLBY THSB. LhL,
BaXEMELLREE/THRN,

wZBAMKR D*(1) c C*, n > 2, DIEFU CEBIhEZER 1-FERLT5.
Kerw)={ZeTU|w(Z) =0} # w CEBINIERIAF & T5. Sing (w) T
w DHRRDOESERT.

BH  Ker(w) BROFM: (1) & (2) 27z L &, Ker(w) 3% 20-1 RTERE S2-1(1)
BT THD LV 5!

(1) Sing(w)aS?""1(1) = ¢

(2) (Ker(w))g + To8*~*(1) = T,R*, for all ¢ € 52"~1(1)

RURT 1 DHEILELTREZEL, BONETERLRIROLBY THA.
(1) C*, n 2 3ILBWVT, F HFRSFARGEOMS TR 1- WX w CRHESHT
WAHRBIE, FiX 82 (1) icHERRS TR, ([6])

(2) C™, n 2 2, BT, Ker(w) 3 52%1(1) iIZ#il7897%2 & 1F, RO Poincaré-Hopf
HEBBRITS. (5))

> Ind (w: p) = (=1)"
pESing(w)n DIn(1)
(3) C™, n 2 2, ITHBVT, Ker(w) 23 52~1(1) ic#iliah 2 6, wiz D™(1) Rici
E1o0%BATED, ZOREKp TOw DY a—ET Ui det (D(w)(p)) 5 0
TH 5. ([95))



(4) C*m+1 m > 1, IZBVNVT, Ker(w) i1 S+ (1) ITHEBTRO TRV ([5])

(5) wit D(I) Cc C*, n > 2, DIEFU CER SNBSS AEEN 1L T5.
w TEREIhERRT 1 ERBEFBE F 3 5™ 1(1) B THH LRETS.
Mobius B Lo T 1 2ORRKIFROLEELTEY. ok, Fis
ROME (i)~ (i) 2FHSHEL ZFESRLHE, n=2Th3.

5 () 0 € I, 45 (ii) L 1IX U\ Sing (w) CHMATH B, HF (iii) L ITE4RE
S-1(r), 0 < r<1, IZHEWTEITH B, ([7)

(6) C* n 2 3, KKBWVWT, ERULTEBENEERRY bAFETSE. b L,
w(€) =0 22 £ A S-1(1) IHUFEICH B 2 BIF, wIIHMATTRTRLV. ([8])

HERME Consider E C TC" a holomorphic distribution in TC®, n > 3, which is
transverse to S?*~*(1) = §D?(1) the boundary of the disc D?>*(1). What happens
to E inside D?7(1)?

§1 IEE'J’*Z b LIBIZ339 B Poincaré-Bendixson !5
Z = Y fi(z)0/0z @R n RTZEM C* LOERRY FBLTS. ZZ

i=1

—c: z = (zii"':zn) e Ct -(‘3 fi(z) X C" —t@IﬁUBﬁﬁ‘C’bb. it, Z =2 +
V=1u, z=z+vV=1y,z, ye R" L L, fi(2) % filz) = 5i(=,¥) + V-1 ki(z,9)
b SUSEBASCRA . 80z = 1(0/8zi— =1 8/8y) R LT, Z 2 HRFT 5.

Z= Zfi(z)a/ 0%

2{(2(9'8/ Oz; + h!a/ ay,)] = ‘/_[Z( —hi8/0z; + g0/ 31/:)]}
(X \/— Y)
T X = E(g,a/ax. +hB/Oy) LY = z( hi8/z; + 6:8/8y) <.

=1

J ECrOBRWE» BRI ERE éé‘bZ)R’“@ﬂ*E%WhﬁtTé PR3
X, JX =Y, JY =X, [X,Y]=008RXT 5. £»bd, Z ORI {X,Y} CEH
ShBE 2 RAEBILE F(Z) DETHS.

FE1L MCC REROR (OM = ¢) -1 RT3V 237 b C°- Bk
T35 RPeM TM & Z (RIXF(2) PHREHIRDS L i,

T,M +{X,Y}, = T,R

BRUTZLEZWD. 2T, (X, YL RApEBNWT2o0RI MUEX L Y
THELNS T,R™ D5~ 7 MZBRTHS.

ELIT, F_RTRpe M TM & ZHEFOIIEDLD L&, M X Z [THREH T
HBEND. TDLEMERF(2) Lo TIREDKRBEBE F(2)|p BHBEH &
ha.



1.2 A#ODPDADEETRVWEAeC 2L3. CLOBRE~XY MB
Z = 20/02z1 + A\200/02zy 2FEZ2D. TOLE, RREPLILZERr>003
WTIRE S°(r) 1% Z I CH B, T LT, S(1) KBS Eh 5 1 koTREBEE
f(Z)IsS(l) X ROE SiIZgo T3,

Casel A=m/nBHEBYEOL &: F(Z)|sv iX Seifert fibration TH 3.

Case 2 ABEQCEBEDLE . F(Z)|ssg R 2-o0ABEERRD, i || =
™, 22| =1, ¥4 1] =1725% b—F X _L® imrational flow(Kronecker flow) i272>
TWw3,

Case 3 ABRETRNVWEE: F(Z)|gq) i% 2 2DEABAE % #D Morse-Smale
flow TH 5.

$11.3 C? EOH#FERE~RI "B Z = (22) + a3)0/0z + 20/02, a # 0 %
Ex2%. Z0Z{iXDulac DEHHLWVDATWELDTHD. T(r) = {z €
S3(r)(22; + 02B)ZT + 2073 = 0} TH- T, S3(r) LD Z LETZHROMBE LTS,
DO0<r<ry 2HITL(r)=¢, (i) r=ry ZBIET(n) 1T S* HIFWTHS.
S oI, ‘' HRR~DERMBEIIE DR TRILFERLA L 2D, (i) rp <r 26IE
Y(r) X250 St @ disjoint union S [1S? IZELRABTHS. EbiZ, 120 5
ITEED LR R~ DOBEREBIB DB/ R B2 D, 1D S IIBRRAN LR > T3,

Poincaré-Hopf BIEHE 1.4 ([2]) C" DEL#4E M #PARIR D™ (1) Lo RAE
ETd. ZDLE, MOEFECERINEERRY MV Z 2 0M L SiEROIZZE
LBERLIE, MR ZOBRAR p B 1 2FELT, T0HEIEId,Z=1T
H3.

Poincaré-Bendixson 25 1.5 ([2]) C" D244 M BERIRD™(1) X
ERRRFAEL 2. ZDLE, M OEHFTEEINLEEANRY MG Z BoM
LRBTEIC R D D20, OM 2HYIBEB DI L(Z DFF) 1L, 7271 2ORERR
piciT& <, ie. pelL.

EbIT Z TEHEh DFIBEE F(Z) & M\{p} IKHIR L7 F(2)|a\(p} 12 F(2)om X
(0,1] iz C¥- BIBIFHETH B,

#1.6([8)) EROEEDS & T, F(2)|ou i3P7%2< &b 12 compact leaf (FAHL
i) E#F.

% : Poincaré-Dulac DIFERH % b bV vhiE, DB(1) D F(Z) OE+<
bnd. ((3))

EBE 1.7(9) C" n22 LOBMURRKEFHOSHARI B Z2ELS.
B o KTEHEZW CP(n) LD Z It K> THR SN IEFH/EE F(2) TR iR
(hyperbolic) DRRBR LIRKFLERWEEET . KO (i) & (i) XRAETHS.

(i) F(2) ix C* £TH72< &b ny D separatrices %FFH, T_TD p; EPLITEF
DL R; 235 4i11) Szn-l(p,', Rj) c Cn, Jl_l}gR, = 4+ oo, ILHRETRITH 5.



§2 BETFBREERT 500N
#12.1 dimcF =2 OBE (6])

COTRERE L, ) dsy B2, 2 fn € C° B & 5. COMEES {M,+++, o}
DOEEE Hy, -, M) C C LBL.
FER (1) 0€HO, ) An) 50 0 € Hip -+ in)
ﬁﬂ (2) 0 gH(CIA1 + Capty, -, C]kn +c2ﬂn) &&6;&& g (’4 z)‘ﬁE'?'é
C*n23, LD2oDBRH~I MFX = ZA 2;0/8z; LY = Zp,zja/az_, %5

25, HEMRHAICLY (X,Y]= 02)3:1"-13:6 roTXtY J:'(*Eﬁ&:é:h.z) c"
EOBR 2KTEDEBBEF BEESHD. O F OHRKRpitdime{X,Y}, <1

LR2BRTH5. Sing(F) ThoTF OHBADEEEHT L, Sing(F) = J{a—
W) LD, Rk, BFDX)E) THoT, X LRESUr) LORARELT
3. 2(X)= Uz(X) ) eBHE, Z(X)={z€C" | Iz 5=0} £225. &

i=1

E(1) &Y E(X) #ePDT(Y)# &Y, T(X) & T(Y) iXreal cone 272>
T3, ELILEEQ) LY T(X)nX(Y)={0} RELND. LoTFIXTRT
D g € SV (1) Tk LT TyF + T,S1(1) = T,R™ &+, £LT, S7-1(1)
ZHL0D F O LIZFARICITER<,ie. T €.

2.2 linear logarithmic foliation F D& (codimcF = 1) ([6])
'EU’(".{TL‘?&%&A], Az, A3 € C* ’i)q/Aj €ER, (1 75]) L A +A2 + As # 0

ey & 15, C?® L linear logarithmic one form w = z;z,za(ZA, z’) =

A12223d2y + Aazy23dzg + Ag2122d2s ¥EZD w 'imﬁ_fﬁﬁ'?béﬁ’t.) ﬁ@mﬁ
Flw)2ERTS. Z0OF(w) IROEHERK-.
(i) w DHRADIHK A Sing(w) 13 Sing (w) = | J{z =0,2z; =0} TH 5.

(ii) F(w) 12 8*(1) = S*(1)\ Sing(w)nS%(1) “(ﬁﬁﬁ?#f@ﬁ)b.

(ii) R ZEIBFEP= {az +Pfzn+723=0}, a, B, YEC*, 2B X 3. Fw)
%P LIZRIRLE S DO% F = F(w) |p £ <. Sing (w) BSADRTIIP i3 Flw)
ICHRAITH B, LA L, Sing(Fi)a(PnS3(1)) = ¢ TH DN F, iTPAS5(1) i Bt
RITR2V.

FIEE Bxik§0 TOF L S1(1) & OBWHEDERIZIVVT, Sing(F)asS? 1) =

¢ BRE L=, LicH 2.1 26122 2H50EY, Sing(F)aS*"1(1) = ¢ DRE
ETICBi g% % X, logarithmic one form # 88BH & L TR LB 2 Alh.



M2.3 W|HEFTREGRE 1-BRXDBE ([6])
C", n 23, LORH 1-HRw =3 (3 0yz)dz #EXD. TOwHRD 2

i=1 j=1
DARE E 7T, K2 (1) Smg(w)nS'z"'l(l) = ¢, IR (2) w BRI TH S,
lewpandw=0 ZODLFw TERINDIRKRRT 1 ERIFEFHE F(w) X 571(1)
BRI T2v.
BEER  WEETTY. b LWL T L, RE(1) &V, n xnfTFl A = (ay)
iXdet(A) #0 L R23. —H, KE(2) L det(A) #0 & ¥ wliﬂﬁﬂ?li%nd w=0¢%L7%2
5. Thabb, 179 A RXFTH 0y = 0 1023, BT w = 3d()]) aiizz;) &2

i=1j=1

0, F) it p(z) = 35 eyzmz; OBBEE LTERENE. | p(z) | 55 52-3(1)
i=lj=1

ETHEXEZMA A p T Flw) 1L S 1(1) KB TR 25,

§3 IER 1-i8xX i<} 9 % Poincaré-Hopf R 32
C", n > 2, DHAK D™(1) Oifff U TEBSHAER I-HR w= Zf,(z)dz,

2E2%. Ker(wWy={Z2eTU| w(Z) =0} 3w iutofﬁﬁéi’béﬁﬂ'ﬁ}:ﬁi&
T3. 2L, Sing(w)={/i =0, fa =0} THLOoOTw DHERDHEELRT.
wDMIHRKpiTH LT, pAIZ iol‘J’éw(D?é’& Ind(w:p) 2RDEBRF DER

BLEHTD. F: S (p:e) — S1(1), F(2)= 7—_%! T -:I;»(z)l’
TS () RRpEPLETEHER D 20-1 RERTEEET 5.

ER 1-5KICx T B Poincaré-Hopf BU5EH 3.1 ([5]) b L Ker(w) # Sz
TRy o1,
Ind (w:p)=(-1)"

pESing(w)n D (1)

DBERIMT .

%3.2([5]) (i) nixEBETHS. (i) Singw)nD™(1) = {p} %1 ATH 5.
(iii) det(3Z(p)) # 0. (iv) Ker(w) i S™+(1) C O™ [THIBTRI TRV,

EH 3.1 OEEBROMEE 1- X w= ifj(?;)dlj IZH LT, w O gradient vector

J=1
grad (w) = Y _fi(2)8/8z; #EETS. ZhiiCr BRIV I — MR T Ker(w)
j=1

REZLTOS. LEBHA~S bR = 3z 8/0% & gad(w) & EBHEDET,

j=1
S-1(1) ITHEHTEO 22 bV Z = grad (W) + - B##3. -z, @i 5%1(1)
DEFCEHESINI= C* - bump - function TV < ’Jﬁﬁﬁﬁﬁ%ﬁo ([6) Z# X).
D ZOERTE Z=HX-V/-1IX}¥T5. ZH ™) ICHETHSH»



b, §7(1) DEETEBENIZKC®- 27 FAH £ =a(2) - X(2)+b(2)- TX(2)
BIWRTES. TLT, KE PE—DOER [0 (R -{0}) =0, n>2, XV ¢%
D7 (1) DA~ C- RITHLIE £ = 6(2) - X(2) + b(2) - JX(z) T% 5. Sing(f) =
Sing(w) Céh 3 = L IZHERE LT, £IZEH D Poincaré-Hopf EB% BV vhiT, BED
EHIT#DS. LR 22 L.

ﬁ] 3.3 CQn, n _>_ 2, o 1-%K w= Z(szdzb'_l - Zgj_leQj) %mb w ﬂxm

j=1

2n
HFRCRVE EREEHE T, 5. $BFARS bR = 20/0z ]
i=1

3L, w(B)=02&%Y, Ker(w) It S-1(1) ILHFHTH Y, Sing(w) = {0} T,
Ind(w:0)=1 Th3.

§4 RAT 1 ERIRBMSEICHT HRFTH

Cr, n>2, LOMAKR D™ (1) = {z € C" ||| z || < 1} DEH U TER S =B
AFREERl 1- R w CER SN ERKRKRT 1 EEEE Fo) & §21(1) = D™(1)
L OREFHEIC SN TERT 3.

EE4.1 ([6)) wZC", n23 LOFKRSAARYEOMITiER 1-BRL T 5.
w TCEBEND Fw) i S21(1) BRI Tiddiew.

TH4.2 (6]) wixD™(1)cC* n>2 0EHFU CEBENMLYTHEER 1-
FRETSB. Flw) 2 S (1) BB TH B LIRET 5. Mobius BRIz X 5T
K1 OOHBRIIFA0 LEELTI. &b Flw) BROBR (i) ~(iil) %
WhtHLER/OLRETS. 5 (1) 0e L, #45 (i) L2 U\ Sing(w) THES
T D, HH (i) LIZERES™ (), 0<r <1, IKHFBTHS. ZDL &, n=
2L025.

®E43(8) €RDPI)cUcCC, n>3 LCRBERAER<Y FAHL
+3. bL, wlE)=0»D £ X5 (1) BN TH BRI, o IRMATET
RS,

EE 41 OMEADHEE: L Fo)dBS ) ICERNTHILEETDE,
FARw DIMMERAICRSD. XoT, Malgrange DER L 0, RADESE W T
wiw=p-dyY LBFS. T T, 0 Ly REW EOERIBERT, p i3 W ¥z
ROV, wDRERFRZERXDZ, ¢, v bFARKRY, Fw) D) LT
YOSHEE LTEREND. THhYXZ, | | B S (1) LCHRAEETRBEAT
F(w) 12 821(1) ity c2< 29, REITKT 5.

Malgrange O 22 ([10]) : Supposons qu’on ait codim Sing(w) > 3, et wad w =0
; alors w admet un facteur intégrant, c'est-a-dire qu’il existe f et g, fonctions
holomorphes en 0, avec f(0) # 0, telles qu’on ait w = fdg.



BHE 4.2 OEEBADBIBE : n > 3 LEETS. Mealgrange DEEN S, RADIE
%V ECRERBEOEEE LV = {¢ = 0} £723. J. Milnor([12)) iz k-
T, k<n—1%206, KF FE— (Y 1 (0)nS"He)) = 0 L725. #&H (i) i
£ Y, ¥7H0)nS?"(e) = LaS™(e) 1X LnS® (1) KBS RABTHS. Lo T,
LaS*~1(1) it simply connected TH 5. F(w) % S 1(1) KHIRLTHELISB
§¥-1(1) LB EAZEEEE F1 = F(w) |sm-1q) i compact, simply con-
nected 22EE % #F>. Brunella’s Global Stability Theorem Iz &> T, F, & ¥k
compact T B 8472 holonomy %#->. F; iX leaf space Q = S?**~1(1)/F, L® Seifert
fibration I272%. &%F b E—%LH IL(LaS™1(1) — M(S™1(1)) —
NE*(Q) — h(ZnS™1(1)) — M(S*-1(1) — IEP(Q@) &b IE¥(Q) =0
o TIEH(Q) =0 k2B, —F, —RXERT, TIT(Q) = 0 72 b IF TII(Q)=HEr(Q :
Z)#£0 L2500, N(Q)=0 EFET3.

Brunella’s Global Stability Theorem ([1]) Let F be a transversely holomorphic
foliation of complex codimension one on a compact connected manifold M. As-
sume that there exists a compact leaf L of F with finite holonomy. Then F is a
Seifert fibration.

§5 JERI IS ER] 1-Ax
#12.3, 13.3 L ER4.3 L Y C™ RO §1(1) iIZHRITEY 2 IE TS ER) 1-BR
DEBIZOWTERT 3.
2m x 2m MRERFATIIOLE % A(2m) LTFE, A(2m) DT TITHRI; 0 T2
WHDOWSREE AQm) EHL. m > 21T LT, bL A= (ay) € A2m) %2
BIX 1R = Y ayjzdz; RIETHH T, ™), r> 0, ICHEBHTH 3.
ig=1

m m
%B‘J&ﬁ%& LT, QJ(zm) = Z(Zgj_;dlgj - Zgjdzzj_l) & Qx = E(zzj_]dz2j -

=1 i=1

(ljlzj + z%_l)dzﬁ_l), l= (ll, A ,lm) € Nm™ %%i%.

EES5.1(8])  Ker(Qyam) Ker(y), & Ker(Qy) BRA% B 5WMASMEL
2,

S4m=1(1) IR 2 FE TR ERI 1- TR AT BR AN VW EiITH 5 H
¥ERTS. ZOWMSNRERIKROERTHS.

EES5.2 (8]) QiXDW™(1) c C™ DiEF U TERESNEZIER 1-BXT, (1)
szz(ﬁ) = 0 & (2) Sing(W)nS™(1) = ¢ EWhTLRETD. L, B =
) "2;8/02; 1L C™ DEEFHNI bNTHD. ZDL &, Ker() iX Ker(Qom))

i=1

IKHRE MY 7 THD. TOKRE MEC—ILERED (1) & (2) DEHZHTER 1-
R, 0<s<], =9, N =QJ(2m) ICL > TRIENS.



[i#E Classify the non-integrable germs of holomorphic one forms w with an iso-
lated singularity at the origin and Ker(w) transverse to all small spheres centered
at the origin.
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599 H B4 Eey—vrRYYA E3H)

) — DRt 1 EH ORITEIC DT
HRR T (USRS KA R)

1 Lie®#OBEMERAEA

Lie #f G D% RIE M ~D C> #% (45) il p : M x G—M DBFAERH (locally
free) TH 2 ElE, TRXRTDpe MITRHLT {ge€ G|plp,g) =p} BHEREST
HBIl%EZH., Z0LE, dimM —dimG ZEHORRKIT LRI LICT 3,
RXItn DRFTHBEMIE, M OK/RORE D THEY 2 EE M > U—-R* x G %
BUZ AT &

(RxG)xG>((z,9),h) — (x,gh) e Rx G

DIFTHELILDTES, RS, pe M DIEH p IC X 288 {p(p,9) | g€ G} %
O(p;p) EEL T LILT 2L, MBERERDOES {O(p; p) bpenr FRIIG n FEEEE
2L T35,

B 1 (FEEH). LiefEG IS LT, ¢ %2 G E2RXuun BB REE LTET Lie
#, T % G D—KI&T (cocompact lattice) &35, T35 &, FIZEM M =T\G’
FEHRGRXIGn RITHHEMZE>., 2o k) i3 sz EE1ER

(homogeneous action) &>,

Bl 2 (suppension construction). My % n XIGEHZ AL L, Diff*°(My) TZ D
D O B RAMGGE2EDO LT HzROT LD LTS, LieffG & 20—k
BT ICR LT, #EFM h: T-DIiff™°(My) % 29D 5, T O My x G ~DfE
Mz

7 (p,g) = (h(v)(P),79)
TED D &, ALK M =T\(My x G) ZHR% G ORXIT n LT HBERH %
fio.

C>® W ORERR E LTIX, RD_DODbD%HEZZDIZHATH S
. G% Lielt, p1: My x G=M; & py: My x G—M, % KED LD C=
ERHETS, £, 0<r<occ &75%,

o p1 & poy B CT-HZ (conjugate) TH % & 1%, C" I FMHEGR H - My — M,
EGOHCHM A G-G T,

H(p1(p,9)) = p2(H(p), Ag))

BITRTDpeM; £ geGIZOWVTID D bDBHBILRE .



EsamrEuy—>rvEYYLA B3 H) %100 H

o p1 & po B3 CT-HIB[RE (orbit equivalent) TH % L1, O Hfsor FHEE
H : M—Ms5 T,
H(O(p; p1)) = O(H(p); p2)

BITRTDpeE M IZOVTHED Db DNHLIEEF .
TEH O Cr- 3% X 2o E I,
1. CT-HERfEE T D
2. Gz ot C-ERIEEICE N5 OO
DZDWIHRETH I ENTE S,

RKILO R G =R &\ iz iticid, RATH dfEH ORI D
TOEZIRHIERTIHHTS, Thbb,

o M MESE O dimM=dimG DL E, TRTDGD M D C® &
ArEBEM I, FEEHE O~-HL4L,

e G=RDLE, ZOC>®WHITHHMERIZEE R 2R\ flow & Had
IEMTES, dimM >3 T, ZO08IF CO-WERET X Z AT
H5. (dim M = 2 13t5iB)

Ao #IX, non-compact 7 Lie #EDPAZ kAR L4kt 1 AT H HEH
DOFHEMETH 3. HiETIR, IRFEFTIKMsNTOEFERIZOLTHBLIT 3
9, R OEAICIEEHIZADICER L) 22 L2 RS, RIZ, ZHEIEAIRM
12, H SO AFEREEZ ORKIT 1 ER DY 2 5th 0 N CEEEH L ik
VIR L2 RS, HBYTIE, 921 X0 affine BEEEDO ARG 1 1
DS EHICET 2EEDPROEREREZHNT 2, Z05EAICIE, HEERTH
BRRICT 72 DSEER D S DENFAET 5 2 LRI N5,

2 R'OFRXIT1EFMEHER

%l 2 ORERRZ, HEFIRL b . Z0—Diff>°(SY) ICHEMA T2 2 & T, R* D (n+1) XJC
F =2 2 T ADORKIG 1 JaFT HHEADERTE 5. BARL25, ZEAL
DG IFFEEH EWERETIZ VWb DK S,

7" H> 6 Diff> (S1) ~NOMEFRBUL I I 07 n D C™ o FHEEGHR O
FHEMIRT B 2%, —Mc ST LD O i FHEHRZEE L - L &, ZLnl
e O W FAHEGHIZZ T ES < v (N.Kopell [16]). L2 L, ZD—J5
THOTRGHEZ, BHEICE > THHICED 2% DAL LEZ D (Bl A
1, BIERZRD L EIZZ DR TOWMP VIO ARERL 2 %), §t-> TR
121X, suspension construction (2 & > THEE I 115 EH OWLEFEED 7= TG



%101 B 54 bR — v R A (3 H)

1%, 12X ST Lo MGG FBREOHMEZR S, ZHIIRE L
LOTHDEVAD,

—hT, WUBEFEMEEZEE L TH, ZRUEEN BB SAH Y
abd 5.

B 3 (HPH7% suspension 2> & ik ¥ 2 EH OWERER). HHZARAERTD SRS
1% suspension D _EDEH pr : TP x RP—=T" L, pr((2,y),v) = (2 +v,y)
(zeTryeT =ShveR") EFHIFE, ST 25 GL(n,R) ~D C> G5 A I
LT, R* D T ~DJEITHBHEM pa %

,DA((Q'J, y)) ’U) = (x + A(?}’)U)y)

TEDS, ZOFEMIEpr & C-WHERMETH 5. L2L, pa & pp H3C°-HET
HBEORTENIEME, HD S LD O BSAMESR L &£ H € GL(n,R)
TB(y)=(Aoh(y)) -H%ZARTHDVHZHIETHS. S5 GL(n,R) ~D
C> GGz 2D X ) BRTH > 72 2R IZMRKOTO HHE 2 R 27 o, HuE
FfEEZEE LT, HEHOHMEIIRZVWEWVZ S,

PlEo X9z, R ORKI0 1 RATHBEZ IS 3@k 2mnmdt, L
2L, ZO&I) BFREELZTEIE, BRICOGAICIEZH 2BREOFILAEETH
3. ROBFTEHBEEHIZEES 2220 flow ERATIENTEE L2 E
WHIZ 9, ZDX) REHZHT 2 RIS HKREIE T2 2L wZ LIFRS D
5.

EHE 2.1 (C.L.Siegel [19]). T? EDRIERZ Rz 72\ C i flow 13 C°° FRIKY)
Wizhio, FRICROIEHE L TRA L L, &2 FRHEHRIC X % suspension
DIE® HEH & Co° - R fiE,

FE Loy FABAR O ERBIC O » T IIER IR OGS 5 % D%
255 % ([15] D Section 11,12 % E2BMD T L) AT S TREAD LAV &S
ERAR

R? @ 3 XIGEAZRRIE~D O #IRFTHBEH O CO-BBRfEIC L 2 58 b
G.Chatelet-H.Rosenberg-D.Weil [9] IZX > THRINT w525, THLHICHEAD
FLaWwZ T3,

3 AIREFDORAXRIT 1 ER ORI

AR D6 LIRS, FEAH R AR D B4 13 RRIT 1 JRFT H 1 H358
VIl 2 R85 G D 5.

Lzn—)hT, XWIEE% b irrational rotation 725 3E & % suspension DEFAITIE, C®-
HOBEFEFICE EN 5 TRXTOMEHMYIBEH L Co-Hicz 3 2 L bASNT WS (J.L. Arraut-
N.M.Dos Santos [1]).
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Lie B G DA M LD C*EH p: M x G-=M ’H 5 L E, %gec G
N LT MGG pg & pg(p) = p(p,g) TED . H2 M DR dv 23~
TD py, TAETH D EE, plddo 2D, L),

AffL(R) %Z 1A & 2RO FEEERR LD affine ZH DL THELE T 5.

EIE 3.1 (Ghys [11]). Aff, (R) @ 3 XITTEAZHRIE~D C> $JRATHHIEH 23S %
CO A2 RO % 61X, ZOEHIEH 2FEEHE Ok Th 2.

3 & LT EHIC, R® DIEAOEGE I MAREEFEEZRELTHID L)
2RI E D 2 T E IR,

Aff, (R) DRKTE 1S, MO XS IS8 SI T2, PSL(2,R)
% PSL(2,R) = SL(2,R)/{+I} DEmHEEREL L, {X'}ier, {9 aer, {UY}yer
ZZNEh, PSL(2,R) Ot

1R I (R A | P

DR LIFCEE 2 PSL(2,R) O 1 EEEHAREE T2, %72, Solv % Rx R?
T, BEOMED

(t7 -CU’ y) : (t/7 ‘T/7 y/) = (t + tl7 z + e_t‘r/7 y + ety/)

THZO6NTWwB D ET 2, il HuERE, »D, 2=%Y27—7% 3K
Lie BT Aff, (R) ZEAMOREE LTET B DX, PSL2,R), 7% Solv &
BMThHbh, 206D T Af(R) iF {X'UY € PSL(2,R) | t,y € R}, F7IF
{(t,0,y) € Solv | t,y e R} LF—FTE 2. it>7T, FED A (R) DRKIL 1
SPUERNE, PSL(2,R), 7213 Solv O—KEITI1C Xk 2H62%R Lod, Z o fdl—#1
ISk BEEEM L IETH D 2 b s,

Ghys D%, M.Belliart-O.Birembaux [8], A.Yamakawa-N.Tsuchiya [20,
21], M.Belliart [5, 6] 5 |2 & > TEXITD AEREDEH OMIPEE B & —BAL S
N, TIZTlE, b BNEETH 2 Belliart [6] DEHIZOWTHRS Z LI
2%, G %G oL 2 i Lie B, ¢ % G @ LieBi g DEHE, Ad% G
D ¢ LoOREfEERBE T2 L, Lie DEHICED, gDA T7LDH {0} = g C
gfc-cgl=9¢"T, TRTDEk=1,---,n WL Tdimegl/gl , =1, »
Dgild Ad TARETH L LI BBOWBEET S, Kh=1, ,nlOnT, Ad
DOFEING gf /ot 2 C LOERBZEE x, : G-C LRI LicT
5. A:G-R* 2 G D modular B, T74bHbL, Alg) =det Ad(g) THA BN
LIEEET D, GERIXIUIMAMAMLET22=EY 27— K Lielf Ga %

(9:1) - (¢'s ') = (g9, t + A (g)t")

ZHEHAE L T2 PEM GX R TED 5,
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EIE 3.2 (M.Belliart [6]). 38Hi§2>> W 22 AIfif Lie B G122 WTA = [x; - x§|
DIRTD i, j=1,--,n&ac0,]]IKOOTHY R VETE DL E,
G DHASHEEA~D C= 2ot 1 RATHRERD S 2 C° k2 F§ 5755
L, ZOMERIE Ga DB 5 —BRIGETIC X BRGEMIAD HAREEIEH & 0Lk
ThH5,

EHDEM % A7 T AR Lie OB E LTI T DL DD 5,
e R" (n >2) Lo affine ZHCTHIZI 2 SN AITHITH % b DR,
e R" (n >2) Lo affine B CTHIEZI 22 L=AT5ITH % b DR,

AEACIE, ¥£9, &% Banach ZHZFRET 58D 1 RaFE0 Y —DHRE R
T2 LT, fEHDZ OWLED 7 T3k L M2 H 2 CO it 2RO 2 LR T
ZOMGOHEDOEROHOKIZ A~ TELINDZ LD, H¥ERMETL M
SN HFEITE T, BGICR>BEBOKIEILZ O RTHE I EIRING,
BRGOAREWEDP S 2D 1 RITEREDI C® RTH 5 Z LEDMERTE, Znzvi
ER I HLIC O°- DR TE 5.

2 BEGE, Belliart 13 EOEMOGIHZFEIRE 52 LT, L NOEMZREH
L7256 L2,

EIE 3.3 (M.Belliart [7]). EOEIIZE T, BREEFORKEIZHE LW, Tk
bbb, LOEHOKE% AT RO T RTD C FARRIT 1 AT H BER I,
IR EEE & O TH B,

4 Aff,(R) DRRITT 1 BATEBER
EM31 2 A THELEZ 2 TH A ) ROMEIZ 20 P BEREROEF FTHo 72,

B 4.1. TXTD Aff (R) D 3 RICHZ MR~ D Co° s B fEHIZ H %
RO 2 Thbt, FEMEHE Ok 23

KRETIE, FOEEEHIME AT (R) ORXRTG 1 RATAMER OB 2 /AT
5. ZONEOIEREE LT, EH 33 Thbn L3R4, Al (R) D5E
WIFEEEH &L TR WIERBEET 2, &v ) LOREDGRENBRRIE S
nz.

LITF T, Affy(R) % PSL(2,R) DEIRE {XUY | t,y € R} LA—81T 5 Z
L2 3,

2B FERIIFHIEF 2y 72 LTz
SE 3.3 13 AffL(R) OBAICIGHEATE RV I LITHR.



FsamE ey —vrROYL E3H) %104 B

4.1 SN TWEER

9, INFTICHSN TR ZHEBIT 5. p: M-Af (R)—M % Aff{ (R)
D 3 RICPAZ kAR Lo C faprBhEI & 9%, g € AEL(R) XL T, p, T
M LW FAMHEE p— p(p,g) ZFbT I E2BBHIZ ).

EH 4.2 (Ghys [12]). M Lo d % C> #k 1B w T,

logdetDpxr(p) = / w (1)

{pxt(P)}o<i<T

D, pxr(p) =p ZAHTTRTOM (p,T) € M x RIZDWTED LD DHHE
BT 5, 51, ROOBRD D :

e wdDde Rham 2 FhER Y —H [w] 1%, plCHLT—RICEE 5.
e W =0THsI L, p2brhlEzR>Z LIZFAMETD 5.

*4.3. M 3XuHEAERY =K% oL, pldd 2B H2ME, FICHH
TEHE C>-HETH 5.

AEEEDIAEDRE 556036 ) D EDHLNT 13,

EIE 4.4 (Ghys'). M OIERREWRZ 61X, pl3d 268206, FICEHE
ME O Th 5.

FZBE, flow {pxt }rer D3 Anosov flow TH 5 2 & (T T OEHZZMH) & Plante
[18] 12 & 2 HEARBED VIR T H % % Hkfk LD Anosov flow D73 (HY(M;R) =2 R
Doirs) 2R 0, RIZFEHRZEEDLS (w] = 023815,

— )T, EHE OP-NAMHFEIC O W T DSER R EE R,

EHE 4.5 (A. [2]). Affy(R) D 3 RICPHLIRIE Lo O #JmpT HBfEMIZ, §X
TEHEMEM L CAMHAMTH 3.

EHDIEHTIX 3 2RIt Anosov flow DELGRASE I 2 88 % -3, PALRRE
M LD flow & = {®'}er 2% Anosov TH B E1E, A>1, TM' D/ VA -,
TM' D D® A% 7l 7 splitting TM' = T® G E* @ EY T, XRD_D% KT
bOWHLIEERT)

o T® I flow DWBEIZI > 72 TM' O 1 RIGEBTH.
o DO (v®)]| < A7Hv%]], DR (v™)|| = N|lo*|| 23T RTD t > 0, v° € E”,
vt € EY IZOWTER Y o,

4Ghys HEOIHIFHR I L TwZa\w, 22T, CGhys D7A F7% b &g, FEEEH 4.5 D
FEBH DA% 7 % > CRIEAR L 72 3E8 ([3]) OB 23T 5,
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p WWEEEHTHIUL, {pxt}ier #% Anosov flow TH 5 Z L F T CITHEL® 5
Nz, EHOIHOKLLEITIZ, p FEMEHTZA T {pxtbier 2% Anosov
flow THD I LEZRTIETH D, LoltAZNn I, EHIZ Barbot-
Ghys[4, 14] I & 2 C? D AZETERE 23§ 3 XIG Anosov flow DI 5 HE 9.
R DEEBAE, S Anosov flow & FEIEN 2 S22 O 615 65 D8,
ZITRIEAD LBV EIZT 2,

4.2 Cx-HEEODLE

EM 4.4, 45 EFEHEEMOTED S, A—# Af (R) = {X'UY |t,y e R} IT &
% PSL(2,R) DRFGZ LS EMEH & Coo- BRI A& EH %2 Coo- e ToBis
U, Aff, (R) ORXKIE 1 RATAREHOSEIZ58K T 5. 2 2T, PSL(2,R) ®
—HEMT- T 2% LT Mp = T\PSL(2,R) £ B E., pr % Aff (R) O Lo F—#
Ik 2 ARG Mr EOSEEM, Ar %2 Aff (R) O My £ C> AT A HEEM
T, O(p,p) = O(p,pr) BWTXRTD p € Mp IZDOWTHD Db DD d4
HEL, Ar DILD ORI X 2 0FEEZ LT LICT 5,

ar : Ar—H'(Mp;R) ZE#H 4.2 O 1-EAD» G EE 258 ET 5, BYIDE
B, ap DSARMEHUCIE C°-HBHD» S DEREEZ D LN TEL I L& TR
¥ 5.

EH 4.6 (A. [3]). p1,p2 € Ar PEEFEGHREA Y Py 7 LB RMEHRICE -
TOXMBETHLILL, ar(p) =ar(p) THEH I LIFFAMETH .

FEHHIZ. Anosov HFERIZODOWTD WL DD STV AR 2 HAE DY
52 ETRONEDT, ZITREBEREW,

B3 ap DB ZPRETIUITTHIZTBRT 205, ZN2IBR2 7010 D10
el % 9%, cosh™ % cosha = (e* +e %) /2 D [0, 00) ~DHIRDOWEIEL & § 3,
% P e PSL(2,R)(2,R) ICX LT, 2D SL(2,R) ~DEFEAEZ 2 LT, tr P
RERTHILENTESL, PO/ VAL|P| %

T 2cosh™" (2)  (Jtr P| > 2)
0 (Jtr P| < 0)

TED S,

Ar = {a € H'(Mm;R)

sup{'cﬁ(jn) ‘ geT,|g] > 0} < 1}

LS, TIT, a(g) 3T & Mr OREABOFR—HZ VW TERIN TS,

SMr %W S OHMMERE R AT I L TES L E, ZOHEAIR H1(S;R) = Hy (Mr;R)
Fo stable norm EWFZILS /LA ([17] R E2 SR L) OB E LT HY(Mp;R) ICEE S /L
L DBHHAERTH 5.
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%%

EE 4.7 (A. [3)). ar DI Ap 1LV,

Ar 13 HY(Mp;R) OB EGEZ T I PO NTHES, fEoT, X
DL SO,

F* 4.8. Mp ¥ 3XLAHAER Y —BRMITIE BV E &, Ar &, BEZREL %
WIE Z &,

ar DI Ap ICEEND 2 LIE, IZEACEREZHEICK > TEETE 2,
HLLoZHT, Z20itHIE"REICHINSG, ae Ap G Aonitd5. %
T, E.Cawley [10] 2% 2 XJT Anosov 7 MGG C1HHOMder L8851 ) 7 922 [H]
DRI 7 T5EZ G LT, FHEMIHPES %5 Anosov flow {(pr) xt }er
YN T 5. 2 OLGIERHEHUE flow{(pr)us fyer DIEIC X 25 L
WKiH->TE D, BRI X > TH7 Anosov flow (& £ Z{&D. RIZ, Ghys[13] L[H
CJiET I D Anosov flow DIRHIDBEY 2D 2 2179 2 LT, #6017 flow
535 B p € Ar I AHBET 2 flow {px:bien &5 X9 1T B, MDDEY
MY TEIHE. COEMD ar(p) — a & &7 C & Avma, EHOFW
DTELT 5.

4.3 FFENERICHET % 1 RTERE

p € Ar WRLT, =D2D ﬂOW{pXt}teR, {pUy}y € RDOWED 72T 1 KIuERE %
INENLx, Ly &5, EHORETEZ XSRS L, B Ly 13 Ghys [13]
THEK X 4172 Anosov flow DAL EEE LR LD THE Z Lxbdr D), HEHE
KTTTICHION TR LD THLEFERAS. —H, ROEHIWRTLHIC, I
FHEEMZOW IR L 2 BAENICER T 2 2 L IZREETH 5.

EE 4.9 (A [3])). L b, HWICEWZ >0 2 X0 C? EE O (F,F') T
ZOROLNB Lx £722bD0H 257613, 1EH p FFEIEM & O3,

ZD—)5C, Anosov flow D—f&iwH 5, [ U St % &7z ¢ ¢1HHoder {17 o Yr
TCEEE DRI EICHFAET 52 Z &b o T3,

4.4 BERInHEE
Bigic, Aff (R) OA&XIC 1 ERICBIL TS % —o%17 3,

B8 4.10 (ARHTRIMERD). SERHTRITERIC, FEMEM L O°-HE TR bDIEH
507

BIfE 4.11 (GEfALE). #ig, L < RES»RER (73RN RE4)
s:Ar—Ar T, aros(a)=aZ2A7THOBMNL ) ?

B, EHEOMEISIZINSDIEICEA B EIZTER W,
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BAUER-FURUTA INVARIANTS AND A NON-SMOOTHABLE
INVOLUTION ON K3#K3

FORRZFHEPE TR COE BFER. A 34

1. &

FF 1T X, Liu K & OFLFERFE (14, 15] 1IZBWT, K3 240 &3 20 ihmE Lo, FEOMY
TR LTl B I e e W R TR AL 7o KRR O EH 2Rk L 7o, Bl ik Z & %/T L7z,

FEE 1.1 ([14, 15]). K3 #him Lo RET#HA 2K EIRE (AL %03 3,5, 7) DIERIT. BN R b DE &
HERRE DO EIE TR LT BTN OBIFET 5,

ZOZLOHBIZ. ZOoDRT I b o TN,

(1) wODRIERANH T REWMREMHEE X D,

(2) RFTBEWER CThH-> T, b LIEL 72 b EFEWREMHZKD Z L1025 b O & BAREICHERK
15,

(2) 12T, Edmonds-Ewing i & % RFTHEER OZHER 6] KAV LI,

() 7 —vHERS AV bz, EE, F. Fang [7) I L > TH LU, EH [16] 12 Lo THIES
NTe Z, FER FIZ8 1 % Seiberg-Witten A& (LLF, SW AZEHE) @ mod p IHBUERL L . FMdh
D SW AE RO BEHZRERHCON, KVFELIE 2726, mod p HRERIX 1 25 &R
Wledhdieb, SWAREEN p DEHETHDL] LWVHIFEELE->TND, LER>T, bLSWAR
EED p TH Y GINRTHITE S 2 RERICH T 2H3 /oD Z &1t D,

L22L7eA 6, mod p HIBERIZ L5 Z DHEIEL, SWAREEN 0 THHILEITIIES Z&n
TERUY,

— T, SW AREEDLE 2 RE b E—KA Bauer-Furutald] IZ X > TERI W TEY, T
WEDO SW AREBROEDRKEIZ 2> TWD ZERMBNTWD, BlXIE, K3 DEOhOERE
WX LT, BE O SW AEEIX 0 Th 528 Bauer-Furuta D REEX 0 THRWI EXHLN TV
2, 10,

Ti&. mod p HHEEHE D Baver-Furuta REBRIIE R DA 20N 7525 L Leh, EhvxH
WGEE O SW AEEN 0 TH D X D RERIKD LTI OIS RN RV RFMEER ISR TE 5
ThHAHIMN?

AHEHTIL, ZNBNEBIT Yes THDHZ EERALV, HID, & 55EA1TIE involution D FT
® Bauer-Furuta A& BEOBEBEHENKIL TS Z &, ZLT, ZOIEHE LT, HE FE— K3#K3
IO W RFTIREL Zo (ERBFEIET 5 Z L 2 BAE LW E S, (STERIL [17] TH 5., )

FPIRAIZ OV TIRARL 5,

F 1.2, X = K3#K3 EOJRETRE Zy fEF T, X OEBOMOEEICK LT LIT iy
L OBRFET D,
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EE 1.2 O LRROFBMHmE OGS LT TH D, Alh, 1 OMRIERICKHT 2R %
HDH0Iz, %k Bauer-Furuta REBOHEBER & & b HBHK, ALK, HHREZERIZ
X2 E P E— K3#K3IZx$ 5 IEHERERE [10] ZH W5,

7o, JAFTRAEWE R ORRRICITRTR O Edmonds-Ewing O EHEH &2 F W 523, (k2 DHAIC
EE 11ICB T DL I BREREMNEDOGE L VBERBENNE Lo, T5HL, 5EIX
DELRDORBCOREIEY & LT K3 ® involution (2% LTHRNBE LIV,

EE 1.3. X = K3 thifi EORFTHE Z fEH T, ROME ZTH2T b DOBFEET D,
(1) BEANILL TN B,
(2) H*(X;R) ~EBI/ERT 5.
(3) X DIEEOWIIREEITH L THE L NITRAZR,

H, AF b E— K3 LD S H72 involution 1, EERBIMILL TWS2b HT(X;R) ~AHIC
ER3 2 Z & J. Bryan Bl IC K VRSN TWD,

& T, involution @ FT? Bauer-Furuta F1EBEDOHREH 2B X 5, X ZAE T bhizig

ODRBA A RTEARIEE U, Zo BME R THEHL TS &5, Zo ﬁzfﬁ'C‘T’ﬁiﬁ Riemann &t
BE—OREET D LHEMHIC Zo FERDBR B B D05, Z O A~DIERD, 2% % Spin° ##
EclZHBENR> TS EIRET D, Spin© HiE ¢ @ determinant line bundle Z2 YEFCARE R
Bl Ag ZEET 5 L, %HET 2 Dirac ERFIL Z, AZETH Y, ZDOFRIZESEE indg, Da, 1 Zy D
KHE R(Zo) = Z[t] /(2 — 1) iM% S. indy, Da, = ks Cs + k_C_ LTS, L, Cs &2y
DOEBARER I R TEREZ, C_id+1 OHTHEICE 2ER 1 kERE2ET,

LT, EBOMG LEED GEMVICHLT, VY &2 GIEHOBEERES L TD, b =
dim HH(X;R)Y 45,
B 1.4. ROFKMEDPTIZSND ERET Do
(1) b1 =0, by >2, b2 > 1.
(2) by —b“ AR
(3) dle) = 2y + k)~ (14+bs) = 1.

(4) 2k < 1+0%2,
Z DL E ¢ D Baver-Furuta RE&EIZ 0 TH D,

Remark 1.5. d(c) I% Spin® #3& ¢ 1Z%9 % Seiberg-Witten € =2 7 A @{E*EYKJ—E'C‘X?) b, ZiuZ
BEEHIZLY, ¢ ®D determinant line bundle L & X OMAHKT —F TRD L 3 IZEIT 5,
1
0) = Her(L)? = Sign(3)) = (1 4 bo).

Remark 1.6. d(c) = 1 Tky +k_ DMBED & & Bauer-Furuta FERIL Zo ITEZ B B, d(c) =
Tkt + ko 3EFED & & Bauer-Furuta FEBITHEIZ0 TH D, 7. dlc) =1DE &, @%@SW
AERITERIZEV 0THDLZ LITEREL K I,

2. K3#K3 L® non-smoothable Z{EFAD#ERK

ZOHITIE, K3#K3 EOWHNTRNIRWEFTHEL Zo fEF OREL (B 1.2) 2825, BLF,
Wi OENRY | ZEREIZETREMIToNTEY, BERAIIMEZEZROLO LIET 5,
ETRFBEER OEREEZ BV L TR Z 9,
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EE 2.1, (ASHEK X ~OHREE G ORI RIEASRFTHETHS Lix, KM e X ITH L,
x DEEBIMEE G, & L& &, o D Gy RERIEE U, BB, U, 13 G, Db % FHHRS L
RZEIZFMEIC > TWAZ L EE S,

Remark 2.2. BOERE~DBOPRERITIRFRE TH D, 2ERLIE BLPRIERIZBRIC
BERA~EFD ERDZOT, HP0EICH L TREREHERRND LW D GF 22— 7 EH ) JRFTHE
THDZ EBbND,

2(1). K3#K3 EDESNGE Zy ERIZH T B8, Dirac tER R ORERRIZRERLEHIC X -
TEHEROBERTEL ZLENTES, LEX-T, EH 14 A5 &, Bauer-Furuta RE & & [E
ERICET DM E DBRE ST L LR TE D,

X % Zo DN BNTHER 5 B 221 372 4 RTEREAR L 35, Atiyah-Bott[1] ik 5 &,
IDEEIDICEERBMILL TS 2D, EHIZA Y UREICRED ERD Z EAMBILTVD,
Lizo T, AEUHEEDNHIE D Spin® #iE o (126 Zo fERDBEEL EN D, T5H5E. GAEVE
B2k, ROARBKY 2o

1
indg D =ky —k-=- > (),
pEX L

1
indD =k +k_= —3 Sign(X).

TIT, e XP2 s {H1MiF, Zo EAD g ~DFFH BT OREF 0 HIRE 2 KR ERA~DFHOE|
B ThHD, (ZDXIT, RAERENTFEMEDO L EDLIICHEERT —F DHANPLITRE BT
TER®D XY 7 v —rViehk A% RIRF RO T RV E Z A0, BEAEO L E0 L LEN2ETH
%, ) INEMEL &, RMEBND ¢

2ky = —% Sign(X) + i Z e(p).
peX L
TIT, ko FEBETHY. LSign(X) IHMEELRDOT, Ye(p) T 8OBEITRD I LITHEELL Y,
ST, b L ¢y @ Bauer-Furuta RFEED 0 TRITFIUIERE 1.4 OO 072ERICR LT e lzxt
THHMBIHEDND, —JF, Furuta-Kametani-Minami[10] 1% K3#K3 & R CHEFEHELO aFKE R
D—BERBEOAVYULZEE T, 2 TOREUREEICK LT Baver-Furuta RS 0 TRWZ &
ZRLTWD, Lo T, RERTILEDTE D,

R 2.3. X # K3#K3 (RILafEu Y —REFOHER TR ODRAVL U ZERIEL L, Zy 2
BONTHERALTVD LTS, L2 =5T, BEAPINIL TSR 5L,

> elp)

p

(2.4) > 8.

Proof. d(co) = 1IZBESIZb»5, bLY.e(p) =075 2ks <1+ 02 THHDOT, T 1.4 XY
Bauer-Furuta REBN 0 THDH I EBERINFETH D, O
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2(ii). e(p) IZD2LVTD Atiyah-Bott D¥IFEE. SICH#ETETIC, Atiyah-Bott[1] 12 & 5 e(p) DFHE
EEEELLIIY, o X - X &, ZofEAZART D involuion & LE 9,  RELRFHELZEET D &
VIFBERICERR F D ER5, 1 F > F. — 5, ACUHEIF O " @E#hB e F - F &L
TEZLNEDTH-T, ZIZTFiddH5 Spin(4) WTh b,

ST, P,QERRDEFERL L, e(P) L e(Q) ZHE LIz, ZDdHIT, R F OF T,
PEDTZ7ANR—Fp DRy L, QLEDT7AN—F DRy LERSE sHLD, THLEIDL
E. —,sEs ERUMRERS, 22T 37748 - 1ETHEEERT D, s &
— 1, s ERERIT FNICHE C R TE B, Z0E X Atiyah-Bott D¥|EIEIXR TH 5,

@ 2.5 ([1]). ¢ H(C) BZoDHERRI DSR2 DZ & L e(P) =e(Q) IXFAETH D, W Z D
EL TN O)BNERETH DB L L e(P) = —2(Q) IXRMETH 5,

2(iii). Edmonds-Ewing IZ& 2 BAREERADHERL. AR 0 JI T RPTHRE Zo 1EH ORERRIC
Edmonds-Ewing (2 & 2 FZHEH (6] Z 5, Fox D HEDT-DHIZ Z DEBUEBO IR
BELRND,

EHE 2.6 ([6]). V: VXV >Z%&, even 72 Ly FEA=FY 2 7 =B _RIHAT, LUF &S
EIRET Do

(1) Z[Zo) MFEL LTV UL, TV 7B n OBEWRZZ)NEET & BH7R Z[Zo) B F OEMT @ F

CRETH D,

(2) EBEDv eV IZXLT, U(v,gv) I IMEKTHD, T T, g2, DEFTERT,

(3) GABEENRY 2o, T7bb Sign(g, (V, ¥)) = 0
TDEEV ERRBRE LTRO X S 72 Zy FERIT & BLERS 4 IRGTPAZARME X BSFEL T, BER
DI n+2TH D,

Remark 2.7. BHE 2.6 1IZBWVWT Uit even THHIZ EEZREL TND DT, Freedman DEEIZ L
Y X @ homeotype IF—ETH D,

Bx O BHHO®HIZiZ, Edmonds-Ewing D/ER OEFHIES BVWHTLERH D, O OHEKE
WEZETEIRDL rﬂ’%iﬁ/\/ FViC L2 THhd, TRbb, FERfFEO 0NV RLEE
THEL. 2NV MV EE1x o202 7 —BREHEET S L5 IKRAEICM > TWE,| K&
o DERME OFMERZHEETEEZTHENIBDOTH D, PLEFELLATITZ 9,

212 2o & +1 OHNTRE TIER & 1, By %%D C2HOHEMERIEKE LE Y, LT, K % So = 0By
DOHD Zy RERFEOE & 55, T5&. KO framing 1385 5 FEREDAR S1 x D2 — Sy TH
ENnB, £9 0-framing 1X. fo: ST x D? — Sy THoT, fo(S' x {0}) = K, THY fo(St x {1})
X K & O linking number 28 0 TH Y, S x D2 € C> ~D Zy fEAIZ +1 OITETEZ BND D
DTHD, —fED r-framing X f,: S' x D? — Sg 1L f,(z,w) = fo(z,2"w) THEZXBNDHB, ZD
L&D S x D2 ~0 Zy ERIL g(2,w) = (—2, (—1)""lw) TH 5,

MO K & framing r D52 b & EIZ, D? x D2 ~0 Zy fEAZ LS ICIRDTRD Z L T,
Zo VERIRF EZHRIKE W = By Uy, D? x D? 2{EH5Z LR TE 5,

&C. Hy,...,H, % D?2xD? Dat—TZy BN +1 OHITHETHERTH D ET 5, &L framing
r BMEER D, & H; & f, EHWTRZEIZ By IZlind Z B3 TE 5,

Edmonds-Ewing OEFHIZ=2D AT v FInb iR b,



113 H HFs4aE bR — v R A FE3H)

ATvT 1. Exonlra=22 7KV % Sy OFO framed link L TEKT, EH 2.6 DK
EDH & T, WD Zy REESG T ~DHIR V| 1ZEEED Y #2Z1Z K o THRA R BMEE TE L
SR TFETH D178 (a;j) TRENDZLPRINTNWD, Eo, Sy ND DD Zy RERFEOCH
K, K' ® linking number I3HIZHFBE THLZ L bRINTWND, THLEED nRIZDY 27
HHRE LT, RZEICKIED crossing 22 TRDZ & T V| % framed link Ly TRTIZ ERT
ED, TZETINE, VOMDOESEY 7 TRIDIFERLETH %,

ATy T 2. NV RIVH, ... Hy EHEAR 2NV RAEY 7 LIZH > TRZIZ By IZiE> T
T LTSN Zo VBT & 4 IRTHARIE Xo DRSS N B:

Xo=ByUH U---UH,U (BRZNYV RLEZDH).

ATYT 3. Xo DRI Z NEBIERT S Z AEn ‘/“»—SEREE'C“%%) EH 2.6 DIRED S
&L AP Zo fERAE OFTHER A RTTEERIK Z T, BEERN T E— S TERbLIARTY 25/
WYL ONRHFEETDHI EDRENTND, T5HEX _XouZﬁ)jw)é%)@“CXbéo

LD XD R TE LN VERIIREOBEESDRE Y %B%b\“(?‘%%#f‘?bé\ b, Xg LTI
BOENTH D, Xog ECHFDOHM e BIRELL D, By FLT& Hy,- Wi, FRENTE—D
TOEERERF-> TV, £ZT, & H, DEESR & By DEER ‘ta@fﬁ%:ktiw“é £ iz
TW =ByUH; ETEZHULXE W, Wiz HFEOHE K & framing IZ6 L TW = ByUy, D? x D?
ELTHEZLNDELDTHoT, P% By DEESREL, Q% D?x D?>DEERET D,

ZDEERERTIENTE D,

e 2.8. K XERARKERELEsTET5, bLr=2modd 726 ¢(P)=¢(Q). L r =0 mod
4725 g(P) = —¢(Q).

L7eoT, b L V|p KT framed link Ly OERODBERARBOERLIX, Xo EOFFD
5377 € 1ZRE Y B DITH (aij) DRARLST D mod 4 TRE D,

2(iv). K3#K3 EDBLMNICHENGEVEATRE Z, /EA. X = K3#K3 LTI T RNVRWEET
WAL 7o (ERZRBRLE 5, £ X oREFENII. H % hyperbolic form & L7z & &2 463 ® 6H
ERBTHDZ EICEET D, EH 26XV, 4E3 G 6H TN 7 Zo IEAZERTIE X Lo
JRFTMEUER B/ B D,

U =4Fs @ 6H ~Zo ZLAT DL D IZEA S ® 5, £ hyperbolic 2% 6H 055, H5 2H
W22 HDANBZ TERESES, FRRIC2Es®2Es b DD 2By D ANz & LCIER &%
bo YD AH ~IERAIEH YD, ZOHWARIHZT LEZ S,

ZZTROITHNEEZD ¢

e e e e e i e =)
e e e e =
e e e = i
e e e = e T i

== = N = = e e
= N R e e e
=N R e e e e
DO = = e e e

(S
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T5HE ATRINDHNBBRIL, even, FEME, 2=FV2TF7—THDI BONDLDT, 4H &
FAAITH DL LR D, LizdoT, Up iEfTHl A TEREND LML TR, 5T, AT
Tz, EROVEALRERETHDE IRV VI TETIENTE S, p: 83 — 5% % Hopf
fibration &35, S% BIZHERD 8 HEZEY, pll L3 WgEEZDLLETNBRDDY 7 TH D,

5 & §2(iii) ORAIERNY RV X DHRIZE Y, X) ETHEOMAT, X 2FIITRFT#ELCIE
WD Zo (R SN D,

H L Xo LD BRERN X 2RICHELNEN T4 &, ME2.31IC8-T, | Y e(p)| > 8
Thb, LHL, R 28ICLD L. ADBIESHIIEAR | Y e(p)| > 8 M7= T DITRTHETH
%, Fhdz X, EOVERIZ X &EICHE B INTITERR Y,

ZIZT, BxITE 61z, A L7-/EAN non-smoothable THAZ L& FRLZV,

% DHIIZ non-smoothable THDB LIZEIWVIBRTH I ZIT-E Y IHTRI H, X A
T ONTAFESEELE L, GEABRBEELEY, b L X THOBENAY, borBotEE %
BELERD, EOMNEEEE X, LELZLIZT 5, X ~OGERICET RO _SDEES%
Zz2 39,

LL(G, X) = {X EDOJRF#E G YEF ® homeo (T & 2 HEHHEAE }
C*®(G, X,) = {X, EOWE 72 GIER® diffeo 12 & 5 35K 1.

T5HE, MEEENDEHR O, C°(G, X,) —» LL(G, X)Bd 5,

T 2.10. FFTHREER MO o IZB LT non-smoothable THD Eid, TDI TFTAN D, D
BiIZEENRNZ ETHD,

ETC, X, PEOPRARTEHRE TG =2, DL EFTFHELEREZ H, AV UHEIEREHAD
THERIND 2D, TOERICHHEEZ implicit 12> TW\W5, L7zd> TR U EE~DIER
OFH BIFIZBET 2500 e bIMOEEIZ L 250 b Litdev,

LInLZRR B, ZO/FEDONM ¢ DEBRIINARSARE LO KPR ERICILET 2 Z L8 T
&, WOEEICLDRNWZ L2 D, FEMITEKRT 20, BIRUTO LS TH 2D,

nRITCHAHESAEE M I LT, B~ A 7V A TM NEHBEND, THEID~vA /0
Ny RAVERWT, MR A U EEEZEZE2 5 ENFARETH S, VLIS 274D, Kister-
Mazur OEE [13] 12X > T, 7M 1%, R" DR & A& 2RO RE TR KD 72 TALAERE STop(n)
EHEMHLETOR" R I/M LR—HREhD, —J. [12] R [8]12H D TOP/DIFF OFRE ' —f
BT DRV RZ WS &L n > 2? & EIT inclusion SO(n) — STop(n) 2% mg, m, mo DA%
FHUT D LNDND, HEITEREND AL UEEEREET A0V FEELNIZEW,

B BOLAIE, Atiyah-Bott O¥IEE (M 2.5) OV HFTEHXEL TLEXIERV, T72bb5,
B~A 70Ny SVOMERF 252, ZOOEERP,Q EOF D757 A /3— LD RERES/ A%
V. ENEEH 1 THELEASRALBAEAEEE 2, MR Y U EE~DF] & R LASER
EDDTHEFEHETIUI I, T2 & ZHITRFTHEERICR L TER S L. MOBEICL 57,
HOPREZFITITLURIOER L —BTDHZ LD 5,

MamL LT, bhubihvotEak L7=/ER 2 non-smoothable TH 25 Z &R0, T 1.2 7R &
N5, T, K3 0P (EH 1.3) 0iA L. A0 Hh=ThENS,
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3. Bauer-Furuta AZ =0 KR EE DA

Z O T Bauer-Furuta N EOHRER (EH 1.4) OFERAZHAT 5, ERX 3] I2BT 5
Bauer DR SN bDTH D, AL UG LOE ) R—/VFIT Pin(2) FEIZR DM, Th
Z T~ B DIZ Bauer 1 Bredon 21 U —_EORIZEREEIGZ ATV 5, FEBE. Bauer-Furuta
FEREX, HLOREZE2FRE NE—HOILE L TER ISP, Baver 1% Pin(2) FIZERR aRE b
E—HEND STEZERIFRE N E—HEAD L EREENIEBRR 2 5B THHZ L ERL T
B, TDOZEND, BOIGHRITIEISWAREEDR 2 DEETHHZENLENI,
% L Spin® M #1Z Zo BMERA L TV A HAITIE, £/ A—AEHIZIE Pin(2) DD VIZ Zy x St
PERT 5, ZORPLT Bredon 2 A€ 1 29— % BAREIZEE L, Bauver O a B#ET 5L T
Tox OWPEHITREND,

3(i). Bauer-Furuta #ZE. Z Z Tl Bauer-Furuta RERIZOWCHAT 5, BEHDH 24K
T3, BRIZZDOREMMAERS N, b &b L DORERITZDORIRGEITRoTNDLIDT, 1FC
DO RZERICONTERD Z Li2T 5.
PUF. Zo fERIAT & A RTTEARIE X I3EH 1.4 DIREZT 2 LTS &5, ST(S™) % Spin© #
EcDE(A) A/ VIRE L, L% determinant line bundle &3 %,
C,U%R, DEDX 7B LT 5,

= Q(X)aI(sT),
=T(57) @ iQ"(X)® Q°(X)/R.

ZZT, RIZEMGHDRTEMERT, (EMHICIIINOGDEMOBEE Y RNV T« ) VA TOE
il & HRTFUX R BRVD, fITOFEMITEIET 5, )

il X DI LT Zo RERBHE Ag &—DEET D, B/ HR—ILEB u: C - U ZIRTER

T 5:

/‘(avd)) (DA0+La¢ A0+w - Q(qb)vd*a)'
ZZT, q(e) L, ST OBECHERE ¢ ® ¢* D trace free part 7 V 7+ — REZ B L THEKZ 2
KEF—MH LD THD, Spin® i c I Zo BEA L TV D FAx OMRVLTIE p 1% Zy x STRIZE &
2%,

E ARV p 1T HERER (9] 1IC K > TEA SR RKTTELO FiEEHWD &, +45K
R C, UDESZEBV, WK LT, ZhbD—mar 7 MeoBoGH f: SV — SV 2BNEH
Shd, (FHECIZV & fIIWEZRDZEIUSCTEEL D TH D, ) 5 & [ suspension
CELTREWHEEZ b ->TEY, ZhE AV TRAZE Bauer-Furuta FZE & FBZ2(¢c) DR DO FIER
EARE FE—HOBERL LTERIND [4:

FBZ%C):[f]e{n@ZQD,H+}%%SI:(ghnqSU/\SV*W}SU/\S%ZWﬂ3
cu

ZZTSY Wi SV o Wiz k5 desuspension ZF T, TAULSW 05 SV ~DFELD 72T 22
L BT ENTE B,

Zo FERD VDRI TE 2D L, b &b & D Bauer-Furuta R & FB(c) 23 {ind D, H"‘}S1 DT E
LTEZSND, FERALEEL ORI, ¢: {indy, D, H}?25"  {ind D, H}5' % Z, 1
EENDEMHE Lz L ¥IT, FB(c) = ¢(FBX2(c)) TH 5,
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—fRIZZ DX I ZparE b E—HOHEIIES TRV, S DL EDROLDFEIT O VT
[4] THEINTWS, d(c)=1DL T,
Zo, indD = ki + k_ 2ME%,

(3.1) {ind D, H}S" =~ e
{0}, indD =k, +k_ REE

3(ii). FEEEE LTO Bauer-Furuta FEE. &5 indD > 0 D& FiTiE {SV, 57} =
{SV /8L SV MR ENTWD, 5 & Freudenthal DT EHIZL > T, +HKERV, WIC
LT {SY/SY, SV} ix@E D= ARE FE—HE (SV/SY, SV TEEENDL L Bb»D, THE,
[SV/SY, SV L@ % O EHERH THRD ZENTE 5,

—J7. SV/SVix CPYN ofE»DBELF UAE FE—RE LTS Z ERTIThbNb DT,
RNBEZX D,

@ 3.2. dc)=1&,L, n=dimSV/S! LEL, (ZDEEdmSY =n - 1Thd, ) T5H&,
r#£nDE&E H(SYV/SY x;m,(SV) =0 Th v, £z H'(SV /S, x;m,(SW)) 2 Z/2 TH 5,

L7zido T, EENREEHERZ B OZKRBZDN S,
FEHE 3.3 ([11], Chapter VI 28). H"(SV /S, % ;m,(SW)) OE/IEE T BIFEL T,
[SV /st W) = H"(SV /St «;m,(S™)) /.

FENT f e [SY/SY SV ICEDEEE d(f,0) xESE5Z L THRLND, ZZTOIESY 2
EERICOSTEBRTH D,

Z DX 512 LT Bauer-Furuta FERZEEROSETEL Z LB TE 5, bbb f: 5V - W
BE ) R— VBB OFRKRITTELID & ZIZFB(c) = d(f,0) ThH 5,

3(iii). FRIEEEER ERZE Bauer-Furuta FEE. EATO/NITIX Zo B 2E 22 W5E O
ME LD, L ERARD D L&, HHGEAICIE. AEREEHEBEHVWAIZ LIZL ST, AZE
Bauer-Furuta A& &% Bredon 2 ARE0 U —DER L L TEE DRIEFER L AT Z L8 TE 5,
Bredon 2AEn Y —%, G-CWEZEIZK LTEREIN DAL aRER V—Hino—fEThH D,
LUF. Bredon 22 AE v ¥— L RIZEBEEERICOWVTH AT 28, 5O OVWTL[L7] &2 D
HICH 5 R E bz,
FTG-CWHE EZENHT, LVHXTIITEGEIL NI b Lie#teT5,

EHE 3.4. G-CW complex K 1%, AT &3 GZEM K" e bofToh 5:

o KV (38 G/H 7= H ® disjoint union T 5,

o K" X K" U iC n Mk o = G/H, x D" %80 80D G T ay: G/Hy x S — K1
T~ TxbN 5,

o K OfLFEIE (K™) IZ 2T D colimit topology T 5,

BV OPDLDERET 5,

EE 3.5. G ® canonical orbit DT TV — Ogid, IRH» G/H (.U H 11X G OB ZEE). &
RCTEG/H — G/l DG HE E—EThBENT Y —Th b,
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Bredon aFRE R V—DRBIZH =D HDIFIRTEZOND, Abel &7 —_XNHEDRT T H
V—¢&9%,

EE 3.6. XEBTF Oc — Abel % (G) HREFR LILS.

Bredon aFER YV —DERBEFHIBRS, K% G-CWHEEKE L, M: Og — Abel Z12%% &
T3, Z0LEaF =AU I N—T CL(K, M) i34 n faff o (23t L TT —~ Vi M(G/H,) DIt
EXHG ST LBEBRERTH D, (—RITHREZ LIATEROBNRERD Z LITHEE, )

ZLT, any HY—BHIMHEI &, AMERTEZBNE LR bDTHS, (n+1) 1
hKrinaFzgrpeCl(K,M)IZXL,

Ge)(r)= > [r:0]M(G/H, — G/H,)p(0) € M(G/H,).
o: n Kk
ZIZTlr:olld, LK ERINLHERETH D,
ETC, FEREEHEROZODICRD X 5 R BREE 25,

ETE 3.7. B n> 1 2EET S, VY2 GZEBTH-o T, GIZEHHOREHIZHLTYH idzeT
720N, AR C o BAARZERIE LT 5, S0k XEEER L, (V) &, o,(V)(G/H) = m(YH) T
EH#T 5.

THEGEB K=Y RE5E26Ncl &, TRHAVDORIZEIZ (n+1)-skelton (ZIETD A»
R, ZODEFEFEBRPNDO G RE MY ZIZR505%F %, m, (V) 2R E T % Bredon A RE R P —
DEETELZENTED,

ONONILERGEEE LHDERODL DR D,

FHE 3.8. n = dimSV/S! LEL, bL.r £ nDLE Hizxsl(SV,*;L(SW)) = 072 5Iix,

HE 1 (SY,5m, (SW) OEEE J' 2FE LT,

{8V, sWyexSt = pn 1 (SV w1, (SM))/T.

3(iv). Bauer-Furuta F7ZE0HBEEDIEHA. € 38128V, b L by 7FLSIOREED Bredon
aFERT—BHEZLTHOIUE, A% Baver-Furuta REBRRIELBEEHROSE TET 5, EiL,
EH 1.4 DRED FTIEENABLILL TN 2,

EFTRNE XD,

W39 bL 2%k <1+ 7%b, k<n -20L% Ch 1 (SY, x5 mp(S™)) = 0.

THUE, BHtE o SR, KEOBIEND 1,(SV)(G/H,) = m((SV)He) = 0 B8EX B Z LT
RERB,
WS —ODF— LR B METH B,

8 3.10. b L by — b7 BEEAR S, HY Lo (SY s, (S7) =0.

Remark 3.11. b U by — 052 2MBEAR G, HJ L (S, m, 1 (SV)) = Zo.

W 3.101%, SV OBIERDPDEE D G-CW BEOHEZ S bA LR D Z L Th D,
LLEDZ Es, EH 1.4 DRED S & T, [[Z Bauer-Furuta R & FBZ2(c) 135 &K D Bredon

aARERY— HE (Y %, (SW)) DEHTH ZLNTE S,



HFs4lm bR — v Ry A 3 H) 118 B

KIZ, by T OREICBWTE aREn P—E& Bredon 2T 0 Po—DERE 35, EiL, Z 1E
HEzEns BRZR5H ¢ H£2X51(SV, #;1,(SW)) — HM(SV)SL x;mp(SW)) 2 Z/)2 3DV, Zh
N2UEFBHBTHDZ ENbD, Zhid, HEOERWHARER YV, WEEDHE, SV ORmOKE
DRAERHBEZ GRATH S, bbb G/{e} x DF ODBELTEY Z, NEBICERATLIZ L0
5E6N5, LER-T G IZ0B5HBTH D,

I TROAHBEHAZEZ L !

HY(SY /S x5 m(SY) ——  HM(SV/Sh ximu(SW)) /T 2 {SV, 5V}
| 3l

HE, i (SV, 5wy (SW)) —— HE | i (SV,x5m, (SW)) /] 22 {5V, SW}Exs",

ST, FB(c) = ¢(FBE2(c)) TH Y, ¢ i1 0 BB ThoTz, LER-T, FB(c) = 0 8BNS,
M UTERE LA IR ST,

3(v). WEODDERE. HEICWL OPEEEZBRTREZL,

Remark 3.12. d(c) =0T by =0 DFEITRIEX, SW AREED mod p HRES [7, 16] & Z DOFHi
DHETRTZ L LA TH 5.

Remark 3.13. d(c) =1 & L. involution DD D IZHREMED Z, TERREZ BRI E LXK D,
IDEE, ZOHDOHERDDHDEIED LB BHLEHMTE D TRV, FIZIE, Lnd&EH
RO T TIERWKRITD Bredon 2 RERP—HHER 0ICRD T LIFRED, LL, &z (n—1)KE
TOAREFRV—HBHEZLTHTS, EHFMHIT0 FRITITR SRV T, ZEATTIOL S RiH
WEBNEZ D Z L3R TER,

Remark 3.14. d(c) > 2D L X2 D XD REBERZ /R T O BEHE TIZRW A S Livey, ot
BB, BWarErY—ZBWVTH (n—2) RBBEICHA T RWVLNETH S,
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ABSTRACT FOR “THE TOPOLOGY OF SYMPLECTIC AND
HYPERKAHLER QUOTIENTS”

MEGUMI HARADA

ABSTRACT. We provide a brief overview of the “Kirwan method” in equivariant
symplectic and hyperkéhler geometry. This is a method pioneered by Frances
Kirwan in 1984, in a celebrated theorem which asserts that a natural map from
the rational Borel-equivariant cohomology of a Hamiltonian G-space (under cer-
tain technical conditions) to the ordinary rational cohomology of its symplectic
quotient is in fact a surjection. We discuss this theorem in the larger context of
equivariant symplectic and hyperkéhler geometry, and indicate several directions
of generalizations of this theory.
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1. INTRODUCTION

This abstract concerns current research themes in equivariant symplectic and
hyperkédhler geometry, and in particular, their connections to representation the-
ory, combinatorics, and algebraic geometry. More specifically, one can use tech-
niques in equivariant symplectic and hyperkdhler geometry to compute topologi-
cal invariants, such as various cohomology theories, of spaces with such geomet-
ric structures. The purpose of this abstract is to provide a general overview of this
field of research, providing motivation for its central questions, presenting recent
results, and indicating promising future directions.

We first recall that symplectic geometry is the mathematical framework of clas-
sical mechanics. The phase space of a classical mechanical system with holonomic
constraints can be interpreted as a symplectic manifold, i.e. a manifold equipped
with a closed, non-degenerate differential 2-form. This symplectic form is the geo-
metric data needed to translate a Hamiltonian function on the system to the dy-
namics of the system. Examples of symplectic manifolds are any 2-dimensional
surface equipped with its area form, cotangent bundles 7™ M, toric varieties, and
flag manifolds. A symplectic manifold is Kdhler if there is also a complex struc-
ture compatible with the symplectic form; when there are three Kéhler structures

Date: August 2007, Aizu Topology Symposium.
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on M, with associated compatible complex structures interacting like the quater-
nions, then M is hyperkdhler. Many hyperkéhler manifolds appear naturally in
physics and representation theory. Examples from physics are 7*P! with the
Eguchi-Hansen metric, K3 surfaces, and moduli spaces of Higgs bundles over a
Riemann surface; examples arising in representation theory are quiver varieties,
as studied by Nakajima [26].

In this abstract, we will mainly be concerned with the theory of the symme-
tries of manifolds with such structures, given by an action of a compact connected
Lie group G. For example, consider the group of rotations SO(3) acting on the
classical phase space T*R3. These symmetries can be encoded in a moment map
p: M — R3, which is a suitably compatible collection of Hamiltonian functions,
each of which encodes, in this case, a rotation about one axis. Here, the moment
map is exactly the classical angular momentum (hence the name “moment map”).
Symplectic manifolds with an action of a Lie group G and a corresponding mo-
ment map are called Hamiltonian G-spaces. For a hyperkdhler manifold M, we
require that there be a moment map p; : M — g*,7 = 1,2,3, for each of the
three Kdhler structures. Given a symplectic Hamiltonian G-space, the symplectic
quotient is defined as M /G := p~'(0)/G. The reduced space inherits a symplec-
tic structure from M. In the hyperkahler case, we take the hyperkdhler quotient
M /) G to be the quotient by G of the intersection of the zero-level sets of all three
moment maps; this is again hyperkéahler.

The structure of a Hamiltonian G-space is frequently useful in computing cer-
tain topological invariants, such as the Betti numbers, or the ring structure on or-
dinary cohomology. The computation of such invariants of a symplectic quotient
is of great interest, due in part to a celebrated theorem which states that in many
circumstances, the symplectic quotient procedure is equivalent to the algebraic-
geometric construction of a geometric-invariant-theory (“GIT”) quotient. Since
many moduli spaces arising in mathematics are GIT quotients, symplectic ge-
ometry is fundamental to the study of these moduli problems. We now recall
briefly why the study of cohomology rings of moduli spaces is important. Sup-
pose M is a moduli space of some mathematical objects. Then a family of such
objects over X may be thought of as a map f : X — M, which induces a map
f*: EX(M) — E*(X) for a cohomology theory E*. Thus knowledge of E*(M)
gives constraints on possible families of such objects, and one wants general meth-
ods for computing £*(M).

There is a “meta-principle” for computing such invariants of Hamiltonian quo-
tients of various types, which we call here the Kirwan method. Let M be a Hamil-
tonian G-space of some type (symplectic, hyperkéhler, or some other variant), Mg
the corresponding Hamiltonian quotient of M by G, and E* a cohomology (or
orbifold cohomology) theory. Then the Kirwan method consists of the following
three steps:

The Kirwan method:

(1) Kirwan surjectivity principle: For M, Mg, and E* as above, there is a
natural ring homomorphism

K EL(M) — E*(Mg)

which is surjective. In particular, in order to compute E* (M), it suffices to
compute E} (M) and ker(x).
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(2) Compute E(M).
(3) Compute ker(x).

The point of this method is that one can often compute the last two objects,
E{ (M) and ker(k), using equivariant techniques which are unavailable on the quo-
tient. In the case where M is a symplectic Hamiltonian G-space, M¢ = M /G is
its symplectic quotient, and £* = H*(—;Q) is rational cohomology, this “Kirwan
method” has been well-developed; in particular, Step (1) in this case was proven
by Kirwan [21], and various explicit solutions of Steps (2) and (3) can be found e.g.
in [20, 28, 10, 11]. The proposed research program consists mainly of proving the Kirwan
surjectivity principle and completing the Kirwan method for a variety of Hamiltonian quo-
tients M and a variety of theories E™*.

We now provide a brief overview of the rest of this abstract. In Section 2, we
discuss the current status of this “Kirwan method” in the situation of topological,
integral K-theory and symplectic quotients. In Section 3, we do the same for the
situation in hyperkdhler geometry in rational Borel-equivariant cohomology. Fi-
nally, in Section 4, we review current work in the setting of orbifold versions of both
cohomology and K-theory in the symplectic quotient case.

2. KIRWAN SURJECTIVITY IN K-THEORY

My recent work with collaborator Gregory D. Landweber makes progress on
the Kirwan method for the case in which £* = K* is complex (integral) K-theory.
By K-theory, we mean topological, integral K-theory, taking K°(X) to be the iso-
morphism classes of virtual complex vector bundles over X when X is compact,
or for more general X, taking [X, Fred(H)] for a complex separable Hilbert space
H. In the equivariant case, by Kr(X) we mean Atiyah-Segal T-equivariant K-
theory [27], built from T-equivariant vector bundles if X is a compact T-space,
and T-equivariant maps [X, Fred(H)|r if X is noncompact (here H contains every
irreducible representation of 7', see e.g. [3]). In particular, we note that K-theory
incorporates possible torsion information, since in K-theory, the relevant geomet-
ric objects are vector bundles over the space in question, rather than differential
forms. One main reason that K-theory is relevant is because in many of the moduli
space examples, cohomology classes of interest to algebraic geometers are defined
using vector bundles in the first place. Hence it is more natural to work directly with
the vector bundles, thought of as K-theory classes. Another motivation is that
certain aspects of the Kirwan method for £* = H*(—;Z) only works if certain
additional restrictive conditions hold, whereas our K-theory results hold with no
such conditions.

In our first paper [15], we prove the following:

Theorem 2.1. (Harada, Landweber) Let (M, w) be a Hamiltonian G-space with proper
moment map p : M — g*. Assume that 0 is a reqular value of y and the group G acts
freely on p=1(0). Then the Kirwan map r induced by the inclusion ¢ : p=*(0) — M,

K&(M) —— Kz (n=(0))
K*(M/G)

is a surjection.
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Thus we complete step (1) of the Kirwan method in this case. A key element
in our arguments is the K-theoretic Atiyah-Bott lemma, which is a K-theoretic
analogue of a fact originally proven in [2] in the setting of Borel equivariant co-
homology. In this manuscript, we use the following formulation, given in [15,
Lemma 2.1]; a version in the algebraic category is given in [29, Lemma 4.2].

Lemma 2.2. Let a compact connected Lie group G act fiberwise linearly on a Spin°®-vector
bundle w : E — X over a compact G-manifold X. Assume that a circle subgroup S* C G
acts by restriction on E so that its fixed point set is precisely the zero section X. Choose
an invariant metric on E and let D and S denote the disc and sphere bundles, respectively.
Then the long exact sequence for the pair (D, S) in equivariant K-theory splits into short
exact sequernces

0—— K&(D,S) —— K&(D) —— KE(S) —— 0.

As we noted in [15], the above Atiyah-Bott lemma is a crucial step in many
Morse-theoretic proofs in symplectic geometry using the moment map p, and
once we have a K-theoretic Atiyah-Bott lemma, it may be expected that many
symplectic-geometric results in the setting of rational Borel equivariant cohomol-
ogy carry over to that of (integral) K-theory. Indeed, the results in this section can
be viewed as illustrations of this principle.

In a second paper [14], we exploit this Atiyah-Bott lemma and give solutions
to Steps (2) and (3) for E* = K* in certain cases. More specifically, we have the
following results.

The first theorem is a K -theoretic version of injectivity into 7-fixed points.

Theorem 2.3. ([14, Theorem 2.5]) Let T' be a compact torus and (M,w) a Hamiltonian
T-space with moment map v : M — t*. Suppose there exists a component of the moment
map which is proper and bounded below, and further suppose that the T-fixed points MT
has only finitely many connected components. Let f := u® be a generic component of y as
in Lemma 22. Let « : M < M be the inclusion of the fixed point set into M. Then the
restriction map

1 v Kp(M) = Kp(M7)
is injective.

Thus, in order to compute K5.(M), it suffices to identify the image of +*. More-
over, under certain conditions on the 7T-orbit stratification of M, the image of +*
can be completely described by the combinatorics of a graph (called the GKM

graph), briefly recalled below. This is a K-theoretic analogue of results in [11].
More specifically, we have the following. We first need a definition.

Definition 2.4. Let T' be a compact torus and (M, w) a Hamiltonian T-space. We
say that the action is GKM if M7 consists of finitely many isolated points, and the
T-isotropy weights at each fixed point p € M7 are pairwise linearly independent
in t,.

We now briefly recall the construction of the combinatorial and graph-theoretic
data used in our theorem. Let IV denote the subset of M given by

N := {p € M | codim(Stab(p)) = 1}.
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Thus N consists of the points in M whose T-orbits are exactly one-dimensional.
The equivariant one-skeleton of M is then defined to be the closure N of N. Hence

N={peM | codim(Stab(p)) <1} =N U MT.

The GKM condition states that at each fixed point p € M7, the T-isotropy weights
are pairwise linearly independent in t;. Each T-weight space corresponds to a
component of N, the closure of which is either an S? = P! (with north and south
poles being T-fixed points {p,q} C M7T) or a copy of C (with origin a T-fixed
point). Thus, given the GKM condition, the one-skeleton N is a collection of
projective spaces P! and affine spaces C, glued at T-fixed points. By definition,
each component of N is equipped with a T-action which is specified by a weight
in t§, = Hom(T,S'); this weight appears in the T-weight decomposition of the
isotropy action on the corresponding 7T-fixed point.

From this data we construct the GKM graph, a labelled graph I' = (V, E, ),
associated to the GKM T'-space M. The vertices V' of I are the T-fixed points V' =
M7, and there is an edge (p, q) € F exactly when there exists an embedded P* ¢ N
containing as its two T-fixed points {p,q} C P'. Additionally, we label each edge
(p, q) with the weight «, ,) specifying the T-action on the corresponding P' as
discussed above.

We can then define the I'-subring of K (M™) to be

K*(T,a) = {h :V = Kz (pt) = R(T) h(pioz ZV(Zﬂyiﬁg(? ((ﬁ ;)(c;(%q))) } C Kp(M7").

The K-theoretic GKM theorem in Hamiltonian torus geometry is then the follow-
ing.

Theorem 2.5. ([14, Theorem 4.4]) Let T' be a compact torus and (M, w) a Hamiltonian
T-space with moment map v : M — t*. Suppose there exists a component of the moment
map which is proper and bounded below, and that the T-action on M is GKM. Then the
inclusion v : M™ < M induces an isomorphism
o KA(M) — K*(T',a) € Kp(M7T).
Finally, we can give an explicit solution to Step (3) in the abelian case. We have
the following.

Theorem 2.6. ([14, Theorem 3.1]) Let T be a compact torus and (M,w) a Hamiltonian
T-space with moment map p : M — t*. Suppose there exists a component of the moment
map which is proper and bounded below, and further suppose that 3 := M™ has only
finitely many connected components. Let

) Z = {u(C) | C a connected component of Crit(||u|[*) C M} C t* =t

be the set of images under p of components of the critical set of ||u||?. Suppose that T acts
freely on the level set ;=1 (0), and let M JJT be the symplectic quotient. For £ € t, define

Mg :={x € M | (u(z),&) <0},
]Cg = {oz S K;(M) ‘ Oé|]\/[5 = 0}, and

K= ZIC&

£ez
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Then there is a short exact sequence
0—— K —— Kip(M) —"— K*(M)JT) —— 0,
where k : K.(M) — K*(M J/T) is the Kirwan map.
3. KIRWAN SURJECTIVITY IN HYPERKAHLER GEOMETRY

A longstanding question in the topology of hyperkahler quotients is whether a
hyperkéhler analogue of the Kirwan surjectivity theorem holds, i.e., whether the
natural map

3) Kk  Ho(M) — H* (M J)jG)

is surjective, where M /G is the now the hyperkihler quotient as described in the
introduction. Not much is known in general about this question, although certain
special cases have been computed. For instance, Konno proved a hyperkihler
Kirwan surjectivity in the cases of hypertoric varieties [22] and hyperpolygon
spaces [23]. In the gauge theory setting, recent work of Daskalapoulos, Weists-
man, and Wilkin [6] proves hyperkéhler Kirwan surjectivity for certain cases of
moduli spaces of Higgs bundles.

In the hyperkihler setting, however, it turns out that there is more data to use:
in a large class of examples, the hyperkahler quotient M jj/G is equipped with a
natural Hamiltonian S!'-action. This can occur, for instance, when the original
hyperkihler manifold is a cotangent bundle T*C", the S! rotates the fibers with
weight 1, and the G-action is induced from a linear G-action on C". Many ex-
amples of interest, including hypertoric varieties, hyperpolygon spaces, and the
quiver varieties as defined by Nakajima, arise by such a construction. It is there-
fore natural to also ask a different, but related, question: is the S*-equivariant Kir-
wan map

) Wik : Hes (M) — H3 (M [)/C)
surjective? We now give a brief summary of what is known on this topic.

First, a general proof of (4) is not known, but my collaborator Nicholas Proud-
foot and I have proved it in certain cases. In [16], we show the surjectivity of both
m%lK and a T%-equivariant version of in the case of hypertoric varieties. It is nat-
ural to consider an equivariant version in this case because hypertoric varieties,
being the hyperkdhler analogues of toric varieties, are naturally equipped with
a large torus action. We have the following; for details and notation we refer the
reader to [16]. (For the purposes of this abstract, the point is that there is an explicit
description of the cohomology as a quotient of a polynomial ring, the generators
of which have geometric interpretations, and the relations are given in terms of the
combinatorial data of the affine hyperplane arrangement defining the hypertoric
variety.)

Theorem 3.1. Let M be the hypertoric variety corresponding to a smooth, cooriented
arrangement ‘H. Given any minimal set S C {1,...,n} such that NiesH; = 0, let
S = Sy U S be the unique splitting of S such that ( Nies, G;) N (Njes, Fj) = 0 (see
(2?)). Then the T x S*-equivariant cohomology of M is given by

},;,Xsl(M)%Z[ul,...,un,x]/<Huix I @—u)) ‘ (N Hi=0).

i€S1 JES?2 €S
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Theorem 3.2. In the notation of Theorem 3.1, the S*-equivariant cohomology ring of M
is given by
H& (M) = Hya g (M) /(Saiu; € ker*).

This last theorem then implies

Corollary 3.3. In the setting of Theorem 3.2, the equivariant Kirwan map x3; . is surjec-
tive.

In [17] we prove surjectivity of m%lK in the case of hyperpolygon spaces, which
are hyperkahler analogues of polygon spaces and are a special case of quiver va-
rieties. Again, we first give an explicit and combinatorial description of the coho-
mology ring in terms of geometrically motivated generators and combinatorially
defined relations. For details and notation we refer the reader to [17].

Theorem 3.4. The equivariant cohomology ring H, (X)) is isomorphic to Q[cy, . .., cn,p, x|/ T,
where J is generated by the following two families:

) p—c forall ie{l,....n}
2) [T (i +ens) x [J(ci+2)  forall 0#S€S,

jese i€S
where mg € S and ng € S¢ are the minimal elements of the two sets, S = S ~ {ms},
and S¢ = 5S¢~ {ns}.

Using this explicit combinatorial description and an argument using equivari-
ant formality, we also obtain the following.

Corollary 3.5. In the setting of Theorem 3.4, the equivariant Kirwan map kg1 is surjec-
tive.

In both of these cases, we give explicit descriptions of the S!-equivariant coho-
mologies of the hyperkéhler quotients in terms of generators and relations. In the
case of hypertoric varieties, this description is in terms of an affine hyperplane
arrangement 7, so there are close connections between the theory of hypertoric
varieties and combinatorics, as mentioned above. Taking this further, Tara Holm
and I have proved a GKM theorem for hypertoric varieties equipped with a nat-
ural T'x S* action [13], thus obtaining a combinatorial description of H. o, (M;Z)
for a hypertoric variety M. If the ith hyperplane of the arrangement is

Hy={x e ()" | (x,a;) = (=N &)}
then we define the half-spaces
Fy={z € ()" | (z,a;) > (X&)}

(©) and )

Gi={z e () | {w,a;) < -\ &)},
which intersect in the hyperplane H;. For details we refer the reader to [13]. We
have the following.

Theorem 3.6. Let M be a hypertoric variety associated to an affine, cooriented, rational,
smooth hyperplane arrangement H such that A = N; F; is nonempty and bounded. Then
the action of T? x S* on M is GKM.
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In particular, in [13, Theorem 3.5], we give an explicit GKM description of the
generators for the equivariant cohomology H.., ¢, (M) given above. Let H*(I")
denote the graph cohomology associated to the GKM graph of M. We specify a
T¢ x S' weight as a pair

(a,0) € (1) ® 2.
Let = denote the equivariantly constant class in H*(I") corresponding to the inte-
gral basis element for Lie(S').

Theorem 3.7. Let M be a hypertoric variety associated to an affine, cooriented, rational,
smooth hyperplane arrangement 'H such that A = N, F; is nonempty and bounded. Let T

be the ideal
IZ:<HuiX H(l‘-’u]‘) ﬂH1:®>
i€Sy JES2 €S

and let H*(I") denote the graph cohomology associated to M. Then the inclusion M TUxS o,
M induces an isomorphism

H;dxsl(M5Z) = Z[ulv' . ,un,l']/l—i)H*(F)

Uj ¥ Pis

where p; is given by

(nv,ia <77v,i7 ZjEKU aj>), if 1el,
pi(v) = 4 (0,0), it e,
(Oa 1)7 if i e K,.

4. KIRWAN SURJECTIVITY FOR ORBIFOLDS

Orbifolds are singular spaces, but their singularities are “mild” in the sense that
a neighborhood of any point can be modelled by R™/T" for I some finite group, so
they are “almost manifolds” up to these possible finite stabilizer groups. Orbifolds
arise naturally, for instance, as moduli spaces studied in algebraic geometry and
in string theory. There has been a flurry of recent interest in defining and using
orbifold analogues of classical topological invariants such as Betti numbers, coho-
mology rings, K-theory, and Chow rings.

Chen-Ruan orbifold cohomology rings were introduced in [5] as the degree 0
piece of the Gromov-Witten theory of an orbifold, following work in physics [30];
for our purposes here it can be understood as the “orbifold analogue of (usual)
cohomology”. This ring carries, in addition to the data of the usual singular co-
homology ring of the underlying space, more delicate information (e.g. about the
orbifold structure groups I' above). These orbifold cohomology rings are of recent
interest due to their connections to physics, in particular to the theory of mirror
symmetry.
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In a recent manuscript [7], Rebecca Goldin and I give a computation of the
Chen-Ruan orbifold cohomology of orbifold hypertoric varieties, which are hy-
perkéhler quotients of quaternionic affine space H" = T*C" by a linear abelian
action. Our main technique is to prove the following, which is Step (1) of the Kir-
wan method for this case.

Theorem 4.1. For M = T*C" a hyperkithler Hamiltnian T-space with a linear T-action,
My = T*C"JJT its hyperkihler quotient, and E* = H. the Chen-Ruan orbifold co-
homology, there is a ring homomorphism  : NH(T*C™) — H{p(T*C™ J))T) which is
surjective.

Here NH}.(T*C") is the inertial cohomology introduced by Goldin, Holm, and
Knutson [8]. We then solve Steps (2) and (3) of the Kirwan method to obtain an
explicit combinatorial description (via the data of an affine hyperplane arrange-
ment H) of the orbifold cohomology of hypertoric varieties. For details, we refer
the reader to [7].
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ON THE LARGE-SCALE GEOMETRY OF THE
WEIL-PETERSSON METRIC

KENNETH J. SHACKLETON
Abstract

In this proceedings article we begin by discussing joint work with Javier Aramayona and Hugo
Parlier, studying the geometry of the pants graph of a surface after Hatcher and Thurston.
Inspired by a recent theorem of Brock’s, the aim of this work is to reinforce the pants graph
as a good combinatorial model for the Weil-Petersson metric. We then discuss a question of
Brock’s and in two important cases prove, in outline, the existence of an algorithm for the
computing of distances in the pants graph.

KEYWORDS: Weil-Petersson metric; mapping class group; pants graph.

1 Introduction

When studying a complicated object in low dimensional geometry, such as the Weil-Petersson
metric on Teichmiiller space, it can often be helpful to introduce a combinatorial model to
the setting and study this instead. Such models are often constructed from curves on a given
surface. Of course we sacrifice much of the structure we had to begin with, be it analytic or
algebraic, but in return we should expect to have greatly simplified matters.

An excellent example of such a model is the pants graph after Hatcher and Thuston, where
an important theorem of Brock’s tells us that this is the correct combinatorial model for the
Weil-Petersson metric.

2 The pants graph

Let ¥ be a compact, connected and orientable surface of genus ¢(X) and |0%| bound-
ary components, and refer to as the mapping class group Map(3) the group of all self-
homeomorphisms of ¥ up to homotopy. We shall refer to as a curve on ¥ the free homotopy
class of any simple closed loop that neither bounds a disc nor a 3-holed sphere containing
two components of 0X. (For example, if 3 has negative Euler characteristic, then ¥ carries
a hyperbolic metric and any curve may then be uniquely represented by a simple closed
geodesic.) A multicurve is then by definition a set of pairwise distinct and pairwise disjoint
curves, examples of which include single curves and the empty set. A pants decomposition is

2000 MSC: 57M50 (primary); 05C12 (secondary)
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a multicurve maximal subject to inclusion. Every pants decomposition cuts the surface into
a disjoint union of 3-holed spheres. Finally, two distinct pants decompositions are said to
related by an elementary move if they agree on all but a pair of curves, either intersecting
once or intersecting twice with zero algebraic intersection.

- {0
~(2

O {1

Figure 1: The two types of elementary move.

After Hatcher and Thurston [11], to the surface ¥ one may associate a graph P(X), the
pants graph, whose vertices are all the pants decompositions of ¥ and any two vertices are
connected by an edge if and only if they differ by an elementary move. (See Fig. 1.) Since
this graph is connected, one may define a path-metric d on P(X) by first assigning length
1 to each edge and then regarding the result as a length space. We shall often refer to the
pants graph by name or just by P, suppressing the notation for the surface.

The pants graph, with its own geometry, is a fundamental object to study, for it features
in several major topics: Brock [4] revealed deep connections with volumes of hyperbolic
3-manifolds and proved the pants graph is the correct combinatorial model for the Weil-
Petersson metric on Teichmiiller space, for the two are quasi-isometric and thus share the
same large-scale geometry. (The notion of a quasi-isometry is a (coarse) weakening of the no-
tion of an isometry. To be more precise recall that, by definition, a map ¢ : (X,dx) — (Y, dy)
between metric spaces is said to be a quasi-isometric embedding if there exist constants K > 1
and C > 0 such that
(1, 72) — € < dy(6(1), 6(1)) < K1, ) + C

for all x1,29 € X. The map ¢ is said to be a quasi-isometry if in addition there exists a
quasi-isometric embedding ¢~ : Y — X and a constant C’ > 0 such that dx (¢~ o ¢(z), x)
and dy (¢ o ¢~ 1(y),y) are both at most C’. Two metric spaces are said to be quasi-isometric
if there exists a quasi-isometry between them. Examples of quasi-isometric metric spaces
include any two bounded metric spaces, and the real line and Z.)
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The mapping class group admits a natural action on the pants graph by isometries, and
indeed it is a theorem of Margalit’s [13], bootstrapping to a theorem of Ivanov’s [11], that
the isometry group of (P,d) is almost always isomorphic to the mapping class group. In
addition, Masur-Schleimer [16] proved the pants graph of any closed surface of genus at least
3 is one-ended, so that the complementary graph of any bounded set of vertices has exactly
one unbounded component. With only a few exceptions the pants graph is not hyperbolic in
the sense of Gromov [6], for it almost always contains a quasi-isometrically embedded copy
of the Euclidean plane.

3 Motivation and main results

To appreciate the authors’ motivation in writing [1] and [2] requires us to first recall some
more background material: It is well known that the Weil-Petersson metric is not complete,
for as noted by Wolpert [19] and by Chu [7], the lengths of simple closed geodesics can
approach zero in finite time. The completion of the Weil-Petersson metric is in fact charac-
terised by attaching so-called strata [14], and each corresponds bijectively with a multicurve
on the surface. Each stratum is the lower dimensional Teichmiiller space, or product of such
spaces, associated to a noded surface, on which the length of each component of just the
corresponding multicurve has degenerated to zero. It is a theorem of Wolpert [20] that each
stratum is a totally geodesic subspace of the completed Weil-Petersson metric.

The quasi-isometry defined by Brock [4] extends very naturally to the completion of the
Weil-Petersson metric, sending each stratum to the subgraph of P spanned by all vertices
containing the corresponding multicurve. It is an immediate consequence that each of these
subgraphs of P is uniformly quasi-convex, so that each such subgraph has a uniform neigh-
bourhood containing every geodesic connecting any two of its vertices. (For any two vertices
x and y of a metric graph, by a geodesic from x to y we mean a shortest sequence of vertices,
beginning with = and ending with y, where any consecutive pair spans an edge.)

The objective of [1] and [2] is to understand to what extent the geometry of the Weil-
Petersson metric is replicated in the pants graph. In particular, we seek to establish the full
combinatorial analogue of Wolpert’s theorem, that, for any multicurve w, the subgraph P,
spanned by every pants decomposition containing w be totally geodesic, and as such contains
every geodesic connecting any two of its vertices. (We reserve the word convex to describe
subgraphs that contain at least one geodesic between any two of its vertices.) This remains
an intriguing and open problem, owing largely to the demanding combinatorics of the pants
graph.

The first results in this vein are recalled here as Theorem 1 and Theorem 2.

Theorem 1 (APS) Let ¥ be a compact, connected and orientable surface, and let w be a
codimension 1 multicurve on . Then, the subgraph P,, of P(X) is totally geodesic.
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We remark that for any codimension 1 multicurve w, the graph P, is isomorphic to a Farey
graph. Indeed, one can show that all Farey subgraphs are thus accounted for — this is pre-
cisely Lemma 6 of [1], for instance.

Figure 2: The Farey graph can be represented on a disc, with edges in the interior and
vertices on the bounding circle.

To decipher the statement of the second theorem, recall that a multicurve on ¥ is said to be
a 2-handle multicurve only if its complement is the union of 3-holed spheres and two further
surfaces, each homemorphic to either a 1-holed torus or a 4-holed sphere only one boundary
component of which is to represent a curve. Similarly, the subgraph P, of P spanned by all
pants decompositions containing the 2-handle multicurve w is isomorphic to the product of
two Farey graphs.

Theorem 2 (APS) Let ¥ be a compact, connected and orientable surface, and denote by
w any 2-handle multicurve on X. Then, the subgraph P, of P is totally geodesic.

Considering Wolpert’s theorem and Brock’s theorem, Aramayona-Parlier-S have asserted
the following conjecture. The statement of this conjecture generalises both Theorem 1 and
Theorem 2 above.

Conjecture 3 (APS) Let X be a compact and orientable surface (possibly disconnected),
and let w be one of its multicurves. Then, the subgraph P, of P is totally geodesic.
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In Section 5, the last section of this note, we apply Theorem 1 to prove the existence of an
algorithm for the computing of distances in the pants graph of 5-holed sphere or the pants
graph of the 2-holed torus. The argument almost applies to all surfaces, but is currently in
need of an affirmative solution to Conjecture 3 to deliver the decisive contradiction. That
is, at present we can prove the following theorem whose statement is comparable with that
of Theorem 1 from [17].

Theorem 4 There exists a computable increasing function F' : N — N such that the fol-
lowing holds: Suppose ¥ is either the 5-holed sphere or the 2-holed torus. Let vy and
v, be any two pants decompositions of X, and let vy, vy,...,v, be any geodesic. Then,
(v, vn) < F(u(vg, vn)).-

Among other things, Theorem 4 implies the number of pants decompositions that can lie
on a geodesic connecting two given vertices p and v is both finite and controlled in terms
of some visible data (here the intersection number ¢(u,v)). Thus, a geodesic connecting
and v can be found algorithmically as a shortest path in a bounded search space of pants
decompositions, and by reading off the length of this path we determine the distance d(u, v).

The proof of Theorem 4 uses a “nesting” argument to carry “large” intersection number
with v all the way from 14 to the penultimate vertex v,_;. In some respects this argument is
not unlike that carried out for Harvey’s [9] curve complex, where Leasure [12] gives the first
proof of the existence of a distance computing algorithm for closed surfaces of genus at least
2 and subsequently, and independently, the author [17] proves the existence of a distance
computing algorithm for all surfaces. Theorem 4 provides a partial answer to a question of
Brock’s [5], prompted by Leasure’s thesis.

4 Applications

Let us indicate two consequences of Theorem 1, the first regarding the dynamics of the
natural action of the mapping class group and the second the global geometry of the pants
graph. First, note that for any hyperbolic self-isometry f of a Farey graph, there exists a
bi-infinite geodesic invariant under the action of f2.

Corollary 5 Let f € Map(X) be any mapping class leaving invariant a subgraph of P(X)
isomorphic to a Farey graph, on which it acts as a hyperbolic self-isometry. Then, there
exists a bi-infinite geodesic in P(X) invariant under the action of f2.
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We remark that examples of such mapping classes include those whose restriction to the
complement of some complexity 1 subsurface Y is the identity and whose restriction to Y is
a pseudo-Anosov mapping class. There exists an analogous corollary of Theorem 2, offering
an invariant convex plane. It would be of much interest to extend this to all pure mapping
classes, finding plenty of invariant convex subgraphs of the pants graph.

Second, let w be a multicurve on ¥ with the maximal number |(3¢(X)+]0%| —3)/2] of com-
plexity 1 complementary surface components. Then, the subgraph of P(X) spanned by all
pants decompositions containing w is isomorphic to a product of Farey graphs, each totally
geodesic by Theorem 1. Considering one bi-infinite geodesic in each Farey graph, we deduce
the following. Note, by a line in the free abelian group Z" we shall mean a coset of any one
of the Z-factors.

Corollary 6 Let r denote the integer | (3g(X)+|0%| —3)/2]. There exists a quasi-isometric
embedding from Z", given the L'-metric, into P(X) such that the image of any line is a
geodesic.

Thus, infinitely many of the maximal quasi-flats in P(X) identified by the Geometric Rank
Theorem [6, 3, 8] are convex in their principal directions. Nonetheless, establishing the
existence of convex maximal flats remains an open problem.

5 Computing distances

The aim of this section is to prove, at least in outline, the statement of Theorem 4 and
then from this deduce the existence of an algorithm for the computing of distances in the
two pants graphs. The main idea of the proof is to argue by contradiction, supposing that
t(vy,vy,) is too “large”, and then carry “large” intersection with v, all the way from 1 to
the penultimate vertex v, 1. Since ¢(v,_1,v,) is in fact only 1 or 2 and, in particular, is
controlled, we arrive at a contradiction.

To this end, suppose for contradiction that ¢(vy, v,) > ¢(v9, v4,). (This vague statement can
be given a precise meaning by retrospectively deciding just how large F(¢(vp, v,)) needs to
be to make the argument work, and instead begin by supposing ¢(v1,v,) > F(u(vo,vn)).)
We shall use the same notation to represent both a set curves of 3 and a multiloop on ¥ in
general position, emphasising the latter by appending “C 3”7 when expedient.

Consider any (closed) subinterval J of v, — vy C ¥ such that, say, [v4 N J| > 100. Then,
there exist at least 10 components of v; — J pairwise homotopic relative to J. Since |y Ny
and |v; N ,| are both at most 2, all but at most 4 of these arcs are disjoint from both vy
and vy. Using J, we can complete any one of these arcs to form a curve §. We can note at

6
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once that ¢(0, 1) is zero, for J C v, — 1, and s0 0 € vp. If in addition ¢(9, 15) is zero, so that
0 € vy, then we arrive at two contradictions: the first, which generalises to higher indices, is
that vy, 11,5 is a geodesic whose ends are both contained in a common Farey graph, that
corresponding to {d}, but with a vertex not contained in this Farey graph, namely v;. This
is contrary to the statement of Theorem 1. (The second contradiction, and which does not
generalise, is that in fact vy and v, are both equal!) It follows that v, N J is not empty.
Applying this argument to every such (closed) subinterval J of v, — vy, we find plenty of
components v, — J parallel to, and interleaved with, many components of vy — J. Each such
subarc of v is necessarily disjoint from 1.

This argument can be applied inductively with respect to index, ensuring that there are
many components of v, — J parallel to and interleaved with many components of v,, 1 — J
and so forth, so that in particular each such component of v, — J is disjoint from v,. We at
this point decide how large F(¢(1p,1,,)) needs to be to ensure ¢(,_1,1,,) is at least 3. This
gives a contradiction, and we complete a sketch proof of Theorem 4. The formal version of
this argument is in preparation, and will appear in [18].

Applying Theorem 4 inductively, reversing the given geodesic and repeating, we deduce the
following.

Corollary 7 There exists a computable increasing function F' : N — N such that the
following holds: Suppose % is either the 5-holed sphere or the 2-holed torus. Let vy and
v, be any two pants decompositions of X, and let vy, vy,...,v, be any geodesic. Then,
L(vo, vi) + vy, vy) < F'(u(vo,vy)) for each j € {0,1,...,n}.

For any two pants decompositions p and v of 3, the 5-holed sphere or the 2-holed torus,
denote by T'(u,v) the set of pants decompositions P that contain the (possibly empty)
multicurve p N v and are such that o(p, P) + «(P,v) < F(u(p,v)). Then, the set T'(p,v)
is finite and has cardinality bounded above explicitly in terms of (i, v); one way to see
this is to regard p U v C X as a grid on ¥ and mark on this grid, away from the set of
points pNv C X, at most F'(¢(p, v)) points and then attempt to connect these up to form a
pants decomposition containing the multicurve Ny and without introducing any additional
intersection with either p or v. There are other ways of seeing that the number of geodesics
connecting any two vertices is necessarily finite; as noted by Cyril Lecuire, one can do this by
instead passing from an infinite sequence of pants decompositions to a limiting lamination
in the Hausdorff topology before appealing to Theorem 1.

According to Corollary 7, the set T'(u,v) contains the vertices of every geodesic in P(X)
connecting p to v. Thus, any shortest path from p to v built from pants decompositions
contained in T'(u,v) is a geodesic. If we read off the length of such a path, we have then
succeeded in computing the distance d(p, v) as required. <
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We conclude this note with an observation. Like the pants graph, the curve graph after
Harvey [9] is locally infinite, and between any two vertices of distance at least 2 there exist
infinitely many geodesics. To address this, Masur-Minsky [15] identified a special class of
geodesics they call the tight geodesics. These not only exist between any two vertices of the
curve graph, but there only ever exist finitely many. If Conjecture 3 turns out to be false,
or perhaps worse too complicated to prove, we might instead consider various naive notions
of tight geodesic for the pants graph. It is unclear what a good notion of tightness might be
here, but we might start by saying that a geodesic vy, ..., 1, is tight if, for any two indices
i < j, we have v;Nv; Cv;N--- Ny The argument outlined for Theorem 4 then implies the
number of tight geodesics between any two vertices of any pants graph is always controlled
and finite, however we have yet to establish their existence, equivalently that the subgraphs
of the pants graph corresponding to multicurves are all at least convex. This would still be
more than enough, using the same argument outlined earlier, to deduce the existence of an
algorithm for computing distances in any pants graph.
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