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TOPOLOGICAL SYMMETRY GROUPS

ERICA FLAPAN

The motivation for this subject originally came from the problem of how
to analyze the symmetries of non-rigid molecules. This is an important
problem since the symmetries of a molecule determine many of its chemical
properties. Chemists have defined the point group of a molecule to be the
group of rigid symmetries of its molecular graph in R3. While this is a
very useful tool for rigid structures, molecules which are flexible or partially
flexible may have symmetries which are not induced by a rigid motion of the
molecular graph in space. For example, the molecule illustrated in Figure 1
has a propeller at the top which rotates independently of the rest of the
molecule. The rotation of this propeller is a molecular symmetry which
cannot be induced by a rigid motion of the molecular graph in space.

FIGURE 1. A molecule with a non-rigid symmetry

Building on the idea of the point group, Jon Simon [Si] introduced the
topological symmetry group in order to study the symmetries of non-rigid
molecules. This group gives us a way to understand not only the symmetries
of molecular graphs, but the symmetries of any graph embedded in R3 or
S8,

Before giving a formal definition of the topological symmetry group, we
consider an example. Let I' denote the embedded graph which is illustrated
in Figure 2. If we consider this graph as a rigid object, it has no symmetries.
But as a flexible structure, we see that it has *wheels’ with 2, 3, and 4 spokes
respectively, which can each spin independently. We want the topological

Date: May 28, 2004.



2 ERICA FLAPAN

symmetries of an embedded graph to include such rotations of parts of a
graph.

N

FiGURE 2. The embedded graph I' has ”wheels” which can
rotate independently

In order to define the topological symmetry group we begin by recalling
the following definition from graph theory.

Definition 1. An automorphism of an abstract graph v is a permutation of
the vertices which preserves adjacency. We define Aut(y) as the group of
automorphisms of .

For example, let v denote the abstract graph underlying the embedded
_graph T illustrated in Figure 2. Then there are automorphisms of v which
(abstractly) rotate or reflect each individual wheel. Thus Aut(y) = Dy x
D3 x Dy, where D, represents the dihedral group with 2n elements. However,
when we consider the symmetries of the graph I' embedded in S® we only
allow those automorphisms which can be induced by a diffeomorphism of
the pair (S3,T) (i.e. a diffeomorphism of S® which takes I" to itself). More
formally, we make the following definition.

Definition 2. Let T’ be a graph embedded in S® with underlying abstract
graph y. The Topological Symmetry Group of T', TSG(I'), is the subgroup
of Aut(vy) consisting of those automorphisms induced on I' by some diffeo-
morphism of (S3,T). Allowing only orientation preserving diffeomorphisms
defines TSG(T).

It follows from this definition that TSG,(T') consists of those automor-
phisms of T' which are induced on T by a deformation of S3. Observe that
for any graph I' which is embedded in S3, either TSG,(T") = TSG(T) or
TSG4(T") is a normal subgroup of TSG(I") with index two. We focus here
on TSG,(T).
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First we consider the embedded graph I" which is illustrated in Figure 2.
As there is no deformation of I' which induces a reflection of any of the
wheels, TSG(T') = Z3 x Z3 x Z4. On the other hand, there is a reflection
of S* which reflects all three wheels simultaneously. Hence TSG(T) is the
semi-direct product (Zg x Zg x Zy) x Zs.

We see as follows that we can generalize the construction in Figure 2 to
obtain embedded graphs which have orientation preserving topological sym-
metry groups equal to any finite abelian group. Consider a finite abelian
group Zg, X -+ X Zg,. Let I' be an embedded graph that is analogous to
the one in Figure 2, but contains k wheels with ny, no, - - ,n) spokes respec-
tively. If all the values of the n; are distinct, then TSG.{(T') = Zp, X+ - - X Zy,, .
Otherwise, we tie knots in the spokes of each wheel so that all of the spokes
on a given wheel contain the same knot and the spokes on distinct wheels
contain distinct knots. These knots guarantee that no diffeomorphism of 53
takes one wheel of I" to another. Hence again TSG(T') = Zp, X -+ X Zy,.

Not only can every finite abelian group occur as a topological symme-
try group, but every symmetric group can occur as a topological symmetry
group as well. In particular, let S, be a symmetric group and let ©,, de-
note the embedded graph illustrated in Figure 3, where each black ellipse
represents an identical non-invertible knot. These non-invertible knots pre-
vent TSG4(9y,) from containing any automorphism which interchanges the
vertices v and w. Since any transposition (z;z;) can be achieved by a de-
formation of ©, in S3, TSG,(0,) = S,.

\'4

w

Ficure 3. TSG.(9,) =5,
We are interested in the general question of what groups can occur as

orientation preserving topological symmetry groups of some graph embedded
in S3. In 1938, Frucht [Fr] proved that for every finite group H, there is a
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finite connected graph v with Aut(v) = H. It is natural to wonder whether
the same is true for topological symmetry groups. That is, for every finite
group H, is there a graph I' embedded in S3 with TSG(T) = H? In
[FNPT] we answer this question in the negative. In fact, we prove the
following theorem which gives us strong restrictions on what groups can
occur as topological symmetry groups.

Theorem 1 ([FNPT]). Let T be a graph embedded in S°.

a) If TSG(T') is a simple group, then it is either the alternating group As
or a cyclic group of prime order.

b) In general, the sequence of quotient groups in any composition series for
TSG(T) contains only alternating groups Ay, with n > 5 and cyclic groups
of prime order.

In particular, it follows from this theorem that no alternating group A,
with n > 5 can occur as either TSG4(T") or TSG(T") for any graph embedded
in S3.

It is also natural to consider the relationship between topological symme-
try groups and finite groups of orientation preserving diffeomorphisms of .S 3.
Let Diff | (S®) denote the group of orientation preserving diffeomorphisms of
S3. Since not all finite abelian groups and symmetric groups are subgroups
of Diff, (S%), the examples illustrated in Figure 2 and Figure 3 show that
not all orientation preserving topological symmetry groups are isomorphic
t6 subgroups of Diff, (S2). In particular, we can see that if I" is one of the
graphs in these examples then none of the non-trivial elements of TSG.(T")
can be induced by a finite order diffeomorphism of S®. However, we will
see below that these two embedded graphs are special. We begin with a
definition. :

Definition 3. A graph v 1is said to be 3-connected if at least three vertices
and their incident edges must be removed in order to disconnect -y or reduce
v to a single vertez.

The examples illustrated in Figure 2 and Figure 3 are not 3-connected
since each can be disconnected by removing only 2 vertices. In contrast
with Figures 2 and 3, graphs which are 3-connected have the property that
no part of the graph can rotate independently of the rest of the graph. It
is therefore tempting to think that if ' is a 3-connected embedded graph
then every automorphism in TSG.(T') can be induced by some finite order
diffeomorphism of S3. However, the example illustrated in Figure 4 shows
that this is not the case.

In particular, let I’ be the embedded graph in Figure 4. By examination
we see that TSG(T') = Dg generated by the automorphisms (56)(23) and -
(153426). The automorphism (56)(23) is induced by turning the graph over,
and the automorphism (153426) is induced by slithering the graph along
itself and interchanging the two figure eight knots. However, there is no
order 6 diffeomorphism of S3 which takes a figure eight knot to itself (see
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FIGURE 4. Not all elements of TSG.(T") are induced by finite
order diffeomorphisms

[Ha] and [Mu] together with the proof of the Smith Conjecture [MB]). Hence
(153426) cannot be induced by a finite order diffeomorphism of S3. Thus
TSG(T') is not induced by a finite subgroup of Diff, (5%). On the other
hand, as an abstract group TSG, (I') = Dg is isomorphic to a finite subgroup
of Diff 1 (S®). In [FNPT], we prove a similar result for all 3-connected graphs.

Theorem 2 ([FNPT]). Let H = TSG..(T') for some 3-connected graph T’
embedded in S®. Then H is isomorphic to a finite subgroup of Diff (S3).
Furthermore, T' can be re-embedded in S° as A such that H is a subgroup of
TSG(A) and TSG,(A) is induced by an isomorphic subgroup of Diff , (S%).

From this theorem we know that we can re-embed the graph I illustrated
in Figure 4 so that the group of automorphisms Dg will now be induced
by a finite subgroup of Diff 1 (S%). The re-embedding A is in the form of
a cyclindrical ladder (see Figure 5). It is not hard to see that both the
automorphisms (56)(23) and (153426) are induced on A by glide rotations
of $3. Thus TSG4(A) = Dg is induced by an isomorphic subgroup of
Diff . (S3).

5
4
- 2
6
1
3

FIGURE 5. TSG,(A) is induced by a finite subgroup of Diff  (S2)

In [FNPT] we also prove the following converse to Theorem 2.
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Theorem 3 ([FNPT]). For every finite subgroup G of Diff 1 (S2), there is
a 3-connected graph T’ embedded in S® such that G = TSG,(T'). Moreover,
[' can be chosen to be a complete bipartite graph Ky, ,, for some n.

Recall from graph theory that a complete bipartite graph, Kn n, consists
of two sets of vertices V and W each containing n points, such that every
vertex in V is joined to every vertex in W by an edge and there are no other
edges in the graph. For example, Figure 6 illustrates the abstract graph
K.

1 2 3

FIGURE 6. K33

Observe that K ; is a line segment and hence for any embedding T of K 1,1
TSG(I') = Aut(K1,1) = Zy. Since Ky is a square, if I is an embedding
of K9 containing a non-invertible knot then TSG,(T') = Z4, and if T is
any other embedding of K39 then TSG(T') = Dy = Aut(K22). For n > 3,
the complete bipartite graph K,, is 3-connected. Thus it follows from

" Theorems 2 and 3 that for any finite group G, there is an embedding I' of
some K, with G = TSG,(T) if and only if G is isomorphic to a finite
subgroup of Diff , (53).

Theorems 2 and 3 imply that the set of orientation preserving topological
symmetry groups of 3-connected embedded graphs in 53 is exactly the set
of finite subgroups of Diff . (S%). However, it is not known precisely what
all the finite subgroups of Diff(S%) are. Recall that SO(4) denotes the
group of orientation preserving isometries of S3. The finite subgroups of
Diff, (5%) consist of the finite subgroups of SO(4), possibly together with
the Milnor groups Q(8k,m,n), in the case where the subgroup acts freely
on 53 (see [DV] for the finite subgroups of SO(4), and [Mi] and [Zi] for
groups that could act freely on S3). We note that Thurston’s geometrization
program [Th] would imply that the groups Q(8k,m,n) do not occur, and
hence the finite subgroups of Diff (S®) would be precisely the same as the
finite subgroups of SO(4).

The proofs of Theorems 1 and 2 are quite long and technical. The main
idea of both proofs is to consider the complement of a neighborhood of a
graph I' embedded in §2, and use the Characteristic Submanifold Theorem
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of Jaco-Shalen [JS| and Johannson [Jo| for pared manifolds to break the
complement into pieces which are simple (i.e. have no incompressible tori
or annuli), Seifert fibered (i.e. fibered by circles), or I-fibered. We then
analyze the effect of TSG,(T') on each of these pieces, and use this to draw
conclusions about the group TSG,(I').

In order to prove Theorem 3 we start with a finite subgroup G of Diff .(S®),
and construct a graph in the orbit space S®/G which we then lift to ob-
tain a graph I' embedded in S® such that TSG + (T') is induced by G and
TSGL(T) =G.

Theorems 2 and 3 characterize orientation preserving topological symime-
try groups for embedded 3-connected graphs, and Theorem 1 gives strong
restrictions on what groups can occur as the topological symmetry group of
an arbitrary embedded graph. We now consider what orientation preserv-
ing topological symmetry groups can occur for the special class of complete
graphs. A complete graph on n wvertices, K, consists of n vertices and an
edge between every pair of vertices. This is an interesting class of graphs
to consider because Aut(K,) = S, is the largest possible group of auto-
morphisms of any graph containing exactly n vertices. However, we see as
follows that not all subgroups of Aut(K,) can occur as topological symmetry
groups. In fact, even the group .S, cannot always occur as TSG_ (I') for some
embedding of K, in S®. For n = 2, 3, and 4, we can obtain TSG(T") = S,
by embedding K, as a line segment, a triangle, and the l-skeleton of a
tetrahedron, respectively. It is easy to see that the orientation preserving
topological symmetry groups of a line segment and a triangle are Sy = Zo,
and S3 = Ds, respectively. For the tetrahedron, let I' denote the 1-skeleton
of a tetrahedron. Observe that any transposition of the vertices of I' can be
“induced by pulling one vertex through the triangle made by the other three
vertices and then rotating the tetrahedron back to its original position. In
Figure 7 we illustrate the deformation inducing the transposition (23).

1

FIGURE 7. To obtain (23) pull vertex 1 down and turn the
graph over

In contrast with the above cases, for n > 5 we can prove as follows that if
[ is any embedding of K, in S2, then TSG.(T'") # S,,. The proof makes use
of P. A. Smith’s [Sm| characterization of the fixed point sets of finite order
homeomorphisms of homology spheres. In particular, Smith showed that
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the fixed point set, fix(g), of any non-trivial arientation preserving finite
order homeomorphism g of 52 is either empty or homeomorphic to S!. This
result is a useful tool, which we refer to as Smith theory.

Lemma 1. Let n > 5, and let T’ be an embedding of K, in S3. Then
TSGL(T) # S,.

Proof. Suppose TSG4(I') = Sy,. Since n > 5, K, is 3-connected. By The-
orem 2 we can re-embed I' as A such that S, = TSG,(A) is induced by a
finite subgroup G of Diff  (5%). Now let ¢ € TSG(A) be the transposition
(vw). Since n > 5, ¢ fixes at least three vertices z;, T2 and z3. Let g € G
induce ¢. Since g has finite order, g pointwise fixes the edges between 1, xo
and 3. Also since g interchanges v and w, g fixes a point on the edge joining
v and w. But now g pointwise fixes a simple closed curve together with an
additional point. This contradicts Smith theory. Hence TSGL(T) # S,. O

Consider the embedding I" of K35 illustrated in Figure 8. We can deform
[ so that it looks like a tetrahedron with any of the vertices in the center.
From this observation it is not hard to see that TSG, (T") = As.

1

FIGURE 8. TSG(I') = S5 and TSG, (') = 45

It follows from Theorem 1 that for any n > 5, if ' is any embedding of
K, in S3, then TSG, (") # A,.

In [FNT], we prove the following characterization of those groups which
can be the topological symmetry group of some embedding of a complete
graph.

Theorem 4 ([FNT]). A finite group H is TSG () for an embedding T of
some K, in S if and only if H is 1somorphic to a finite subgroup of either
SO(3) or Dy, X Dy, for some odd m.

Recall that SO(3) is the group of orientation preserving isometries of a
2-sphere; and the finite subgroups of SO(3) are the finite cyclic groups, the
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dihedral groups, and the orientation preserving symmetries of the platonic
solids (the tetrahedron, the octahedron, and the dodecahedron). The group
of orientation preserving symmetries of the tetrahedron, octohedron, and
dodecahedron are isomorphic to Ay, S4, and As, respectively. We already
saw examples of embedded complete graphs which have orientation preserv-
ing topological symmetry groups equal to Sy and As. In [FNT] we give
constructions of embeddings of complete graphs which have orientation pre-
serving topological symmetry groups equal to each of the groups listed in
Theorem 4.

The idea of the proof of Theorem 4 is as follows. We begin by using
[FNPT] together with Thurston’s Orbifold Theorem ([BP] [BLP] [CHK]) to
prove that without loss of generality we only need to consider those embed-
dings I' of K, such that TSG,(T') is induced by an isomorphic group of
orientation preserving isometries of S2. Furthermore, for every such embed-
ding T" of a complete graph in .53, the involutions in TSG,(I") must satisfy
a key condition given by the following Lemma.

Lemma 2. Let T' be an embedding of K,, with n > 4, and let G be a finite
subgroup of Diff ;. (S3) which leaves T setwise invariant. For every involution
g € G, fix(g) = S, and no h € G distinct from g satisfies fix(h) = fix(g).

The proof that the groups listed in Theorem 4 are the only ones possible,
then proceeds by considering all finite subgroups G of SO(4) that satisfy
the condition specified by the conclusion of Lemma 2 and examining two
separate cases, according to whether or not G preserves some Seifert fibra-
tion of S3. If G preserves a Seifert fibration of S3, then we can understand
the action of G by analyzing it on the fibers and on the base space. If G
preserves no Seifert fibration of 53, then we use the work of Dunbar [Du] to
prove that G is isomorphic to the group of orientation symmetries of one of
the platonic solids.

Theorem 4 provides a very specific list of exactly which groups can occur
as orientation preserving topological symmetry groups of complete graphs
embedded in S%. While Theorem 1 puts restrictions on which groups can
occur as topological symmetry groups, it is still an open question to find a
list of exactly which groups can occur as topological symmetry groups for
arbitrary graphs embedded in S%.
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B2 5N MEIKD E® Small Cover D@D H 2 0EA LITH5HEIZEMT, —ROEE
IFFZEAERARSN TR, 2 KD Small Cover IZBAL Tid, ZAEDO ISEBOHEEL



DT, BHIEETE S, 3 XILD Small Cover TH, BHEFIVIEETZHE—TH D, [
ST DDA RBOMEEITHIET S, LML, MERITIFAEES Small Cover D
HFEERDDIFEIIONWTE, ZLAEDD> TWARW, Pili [14] TREEESAR ST
BHEEIC, TOMEEEFEL TWS,

GASNIZZEAE P ED Small Cover DIARNT 4 XLEORKAZ BIFICELTIE, [13] T
BEREINTWD, ARNT 4 ZLEORETELTIE, mod2 M AEZBEDBETEZ S &,
EDEERDED bERAMRERL D BDEERIENTE, BA3EBEOTEEEILSE 4

25 T2 - 1)/nl
=1

BOTHDZERERTDNS., COBEHOLTEEEAIC 1 DOTOBEO mod2 h—5 2%
BRI, (18] THBRE TV 525, Small Cover DEITEDL 57 bOREET 55 E5 M
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Torsor ¥ 1 7 DAREEIZDNT

RABE  EHER
Frk16 7 A1 H

1 B

RHE T, torsor BB 5 HND, LTIHWBNES ZRITIZDV T, 1W< DHD observation 7
MLz, HBHEG D LD Torsor &1, GBI DEEICERT3EATH-E, Tbb
I—A Lo GER) Ko,

Section 2 T, Turaev IZ & > THA ZTN /= Buler structure 24N 72 torsor 7% Becker-Gottlieb
@ transfer ZHAWCHRZFHT I EERT,

Section 3 TI. 4k + 2 KT A MMZERAE X 1T LT Ativah[1] O THEAZ SN TW A HERE
mo(Dif fH(X)) = Z &ERT 5, ZORERBIIIESHNIC0 THS ETFHEEINS, Torsor ZRAND T
LIZE- T ZOFERZHEVWPTNEEDNARICEIRT 5, (FEOHIICIEELES> TN

Section 4 T, torsor ZAWZINEDELEOHEEZ RS, Section 2 ZHEKICH. Section
SERBHEDZT EE, ZOFRROEBITERI TP DIERETH 2 EEOERITHLT 5,

Section 2. 3. 4E@F&F4WNOFET., HEE—. PHEBOZREDERICHBEN-ZETH S,
ZEITEH L0,

2 Euler structure

2.1 Becker-Gottlieb transfer

X =+ E—=TZHEHNIZNRT FLeBTHD. 771 /N— X NEEZESEE, B2 T2
AT PTHBET7AN—RET B, (LD—RIZ, ET7 74 /N—DS-dual MT THNFARSTAZ
ENDEBEE L TEEFT B 7 7 A N—HETHIUILL F OBRISHEEZNS. LALUFEEDZD
ZOEZB <. ) Becker-Gottlieb @ transfer L1220 7 7 )N—3HICH L T. stable category 17
BOWT—EHNICERINDVOLDODUBITH -/, BTHREDZDIDESEZBNHIT.

Y, 0EDOT7AN— X ITHIEL TZ OB 2D, LK X DSEHEDII 572 vector
space VICHID ZENTNBEEETS. ZOEZTV OESvICHLT, v ASEEREICSS
X DEDOEDZE plv) EB<. ¢ > 02 TH/MSRIFEHETEE, v & X OEHR LLFRS
lv—z|=|v—pv) &BBze XEp)IZBESD. U) Z VRO ZHRLETEHE e DEERET



5. ZOEE, B

T:V XXV, v = (p(v),v — p(v))
I3 EFEE S

T:VU{oo} = (X xV)/(X x (V\U(e))
EHETS IOTRHXDGEELTHSNTHD, TOHNTIEHERIIDENS.

ZDOWRERMD X OROVICX O, Tbb X Z2T77AN—ET2T7 74 N—RITHL T
7272 H DM Becker-Gottlieb @ transfer TH 5. T B, THRKERNRT MVERVITHLT,
T7AN—ZRZOMDIAECBXV ZEETHE ENSTOEENED) LiBORKE S
TDT 7 A IN—T—FIfFD T LN TES. Becker-Gottlieb D transfer I stable category BT 25
T EELT—RBIZEED, REAE, VE2TORERERT MVERELTESR TV - EV
WE->THEALGNSE. ZZTEY SFHWRY MV E x V — E ® Thom space TH 5.

HENMSFHEINDEGZE . BV 5TV £B<E, Gliarid, 7 74N—IZBWT, BRED
HOEBR VT - VT L dd, ZOEROEREL Buler BHEH x(X) E—HTH I ENHME5NT
W5, (VHIEV O—ma /o Mb)

EE, ZIUILRDESIZEGICRTHINS. v &2V OEX e KD nonzero vector & L, EIZH
¥ h: X — Rug 7% X @ Morse function 12725 EIETS. (REBZEREAL O FHE X xV SV ZE
nEESE, (7)) At X — Rug D critical point z KD Tz +vg EEFELS ZEMNTES. T
DEOBEFHET rIZ/ENTH Y, G wr DEBREIT Morse index DBFIHCTT IATA F A%
&5 bbb,

w1 VU{oo} = V/(V\Ul(e))

DEGE (X)) E—FT 5.

2.2 Transfer M HEZEENS torsor

77 AN— X @ Euler B x(X) W0 THBEEETD. (o& AT X BFERITTOHL R
THBEEZEITHD.) 1°:BY 5 EV &, GHPEHRTHIEHETE. Z0EE+ &0 L13E
Ty AN—IZHIETZEFEREY I THD. EITROEERETS.

Definition 1. &7 74 /N\N— X IZHL T, MEZESKEME—OAEENE (% up to homotopy T
SELEDD) 2EDESE EufC(X) EB<. EuBC(X) 3 1 KikEHE NE—# rX) Lo
torsor TH 5. Fiz,
EuPC(E) =[] BuP%(X.)
LeT

k<.
KD Lemma (28I X% Theorem 9 ® (G &DD) FHHICAWNSNS.
Lemma 2. Canonical 73544

mo(D(X, TX \ {0})) = EuB%(X)



T 5.

PUF, Lemma OEHBOHERZEHIZASD. I TEMDIEL, X EO nonvanishing vector field D
(nonvaniching vector field 28 < £ E D) FREME—ELEOEETHS. x(X)=0THB EHE
L7zDT, W X IZ non vanishing vector field s BFEET 5. s ZFAWT 7 & perturb LU T
NDEMBER EBEHEMICHENEEZDL<S. s DETETFRALLTIELTBL. X RV ICHBIE
NTVWBEDT, X EORZ MUTV OBERERBRINEGZEIEETS. NI A—=F ¢t [0,1] 1Tk
LTEH

TV —=XxV, v = (p(v), v — p(v) + ts(p(v)))
I3 ERE S
T VU{co} = (X x V)/(X x (V\U(e))

ZEHEL, =7 THD 7 OBRERITHS.

2.3 FEuler structure
X % (KZ72 Buclid ZRICH#ild ZFENZ) 2287 MaZEEET 5.

Definition 3. 1. C(X) %, 5 f: X = Z TH> CTARED LS OEN 0 THEHDET B,
C(XH) Wi TaE Z 125~V E B DRELEZEM) &L ToMEZ NS,
2.C(X) %, 3 flz)y=n&7zd C(X) DIEELT D,
3. X DOEDD cell BEIAZH LT, Ap 7 +ZX OMPEEGTH>T. ADE celle ITHLT
Yosee f(@) = (-1)¥me ZBHEZTHDO LT B,
2R, ZHED cell £1F, Buchd 24MICB W THRELDER EASI I o TERINSHTE
EORBHITH->T, HDIRLOEMNBMEFHTHEHDLET .
x(X) %& X @ Euler characteristic number &7 %,

Lemma 4. 1. A(A) 1 contractible.
2. A(A) € Cyx)(X)
AN DADHMETHDEE, Ay C Ap DRELT B,

KD Lemma LT 5.

Lemma 5. UpAx DIEEDSZDDBERIZHL T, TNEDRBTS Ap, An ZHETDE. TN

5 2 §ESED homotopy class U &ED canonical IZIBET 5 Z &N TE S,

Proof. MM ZEEA X, 0O
Z® Lemma I2& - T, AEBRICEL T cofinal 72JE {Aa}a 1 Cypn (X)) DERDEBIZIEZ

FTIEMTED, EAE, TEDAA BIUMEED 3y € Ap, i) € Ap ITHLT, ThozH

HELUTEESNDEREDORE D canonical 72 FE

m1(C(X), %) = m (C(X), %)



MWEET 5.

UFOEDD 39 € Ap ZEET 508, LOEKRT, AT up to homotopy T” canonical IZ5 %
BNTWBEEZBND. Gy € Cy)(X) THBH T EITEET 5.

CX)WIEHS50ED, ERELRCESTDODLVWANHS. THE Co(X) PEFE f=0TH5.
IDBEHRE ) LELLERT S,

Definition 6. x(X)=0D& &, LOTDDEF 0, 3o ZHESED homotopy % Euler structure
EER. Buler structure £ DZEM % Eu(X) LEHS ZEIKT 5.
Dold-Thom DEHD U & DD version IZL D,
m(Cn(X)) = H1(Z,Z)
MHALT D, &> T. Euler structure 24K Hy(X,Z) LD torsor DHEEE H D,

Remark 7. Euler structure i Turaev IZ &> T Reidemeister torsion ? phase factor @ refinement
DIZDITHASINZ. TOHRMDOVEDDRA > b &, Brx DNENSGRRDEERDLSIZRS. L
X FOBEEHEETS. ZOEE C(X) RICEEERR LA

Ef == ®xeXL®f(I)

WWEoTEZESIND. L LI Aat WG A s TWiE, L b latBEZERCED. UTFZ
NEFRETS. TOEZSIHIT

C
(det H (X, L)) ® (det Ho (X, C))"

1R

L,
Lz,

14

MERSET D, LEN>T, x(X)=0D&E, Euler structure NOEDHAEND TEIZ, &7 &
ZAESENG A 5N BDT, monodoromy 2% 25 Z &Ik o THE

det H, (X, L) — det H.(X, C)
NOEDHEALND. 7ZU det Hy i= APHpen @ (AP Hogq)* EEWNZ.
Remark 8. X @ cell 7EI AITH LT Ap ZEZEL D, BELOBRPROBEICTETHS.

1. X OHREEE (U} TH> T, FREOBEESDEBERANES B WATHETH S bONE
ABNEEE.
2. X BEMETH>T, X LOBENRELTH> TERAADHRETH S bOMNEZ 5N E =,

2.4  AJ=DD torsor DEF

LR X ICEHRREN S 2 5NZ &7 5. Hurewicz B 77 (X) — H (X, Z) RV &,
77 (X)-torsor BuPC(X) &, Hy(X,Z)-torsor Bu(X) & DOBIRIZARD canonical 72 EMRIT L > THA
5N5.



Theorem 9. Eu(X) = Euf® s (x) Hi1(X, Z)

O EDDFEAIE, Lemma 2 EX® Lemma 10 EDERIC L > TEHEA BN S.
Turaev IZ& 2> TRBIREINTNAS.

Lemma 10. (Turaev) Canonical 75&H5 4
mo(D(X, TX \ {0})) — EuPC(X)

DT 5.

& 51T, Turaev i, 572D D nonvanishing vector field 7% X EOHRBED LOMESIZTRNT
nonvanishing 7% & & homotopic TH D L EIZFME L THREMARICE > Tha E, EOEFREEN
SEHERPENNDS I EERL.

ZZTHE, Ba0ERLIZ L7082 T, EO canonical BB OBRETS.

X WEEETH S E &, X LD nonvanishing vector field V & (X DLHEAEEEICEL TES M
73) cell 3Bl A N5 AZBN5 &, Buler structure KDL SIEHETH I EWTES,

AT (up to homotopy T) O&D®D Morse flow Vp ZED D, Va &V &% [generic 12 .5
ZN5®D vector field DEOREZEEEZ O TEATZDODIE. Ap DEED EEHBRCX)AD
path 252 TWW%, Z® path ® homotopy class W3R 5 Buler structure TH B,

Lemma 11. V & ADSEES LD Buler structure ld A D& D Iz 57300,

Proof. AR A DRIGTTHBEE, V] & Va L% linear 12072<, ZOEE, ED vector field .,
ADE cell ITHELTWD, TD vector field & A D cell IZH L 72 F F generic IZ perturh 5 &
2> T BRAESMNZX Dpath EIRBEDITEIENTES, ZOEE, ZOpathld Ax W
D path TH D, O

3 Signature operator
3.1 Torsor PHLEERINDERE

X Z 4k — 2 ROCOBEWBAZEAE LT 5, Atiyah [| ICBWT, HBERE ry(Dif (X)) = Z 4
FEBEINTWSE, RHOEERZZDEHZ. torsor DEARCE>TERMLLETZETH 3,
ROEEEHZT, TQFT b EENERLIND,

L1 RTERBAZEE Z LOFR X RQ ITHL T, O&EDD Z-torsor Zg MEHEIN TN S,

2. Zorio = Zg ®z Zor WREITT B,

JEROBBI/NT MEMBIEY EOHB X R PIZH L T, Z-torsor Zgp PEBL ¢p : Zop —
ZMMEZ5NTNS,



L PoSYEP SY BEOEIEXETHY, MEOERONS DOMOEERSEROGDOE
6:&L:J:OTPUP/—>YUY, 73\\?%’5“7‘:&3_50 :@tg’\ ¢pnpl biqﬁp@z(ﬁpl %& rﬁ%J
LEHDOE—ET B,

KIZ torsor Zg DERZE 2 WY DABETIHET 5. T7/2D5., torsor D 2BV DEIMEDITELTEE
T3, TLTINSRNTNOROEEERMIET I ENREIND,

1 1RICHTBZEE Z FOAR X R QKL T, Z-torsorZo D@D DEHBIL pf, : Zo — Z
(k=0,1) NEFEEN TS,

2. BROH B>/ NETABHE Y EOAFN X R P LT, Z-torsor Zop DEBUE php, ¢p
Zop — Z D T3] 12 k=01 DWTIUHL TH sign(P) E—BT 2., T I T sign(P) &I,
P ORZEEERERDOD D 4k KILSHEKREHEEEDHEHTH D,

iz, Zhns
ng = PéP

HED . TORMREINSIE, EED QITHL T p) = py, THB ZEFRIESIZN, LOKMER
S5ERMNCONE ZERRDZEICEEED,
Lemma 12. pd,pb :Zg - Z D T£] % f(Q) € Z EBL, ae Diff (X)) MEEES ST LD X
& Qo EBLKEE, fla) = f(Qo) EFEHET D &

femo(Dif fH(X)) =2
[FHERBMTH D,

Proof. Y SN CTHDBEE pdp = php EEEHWAD L, f(af) = f(a) + f(B) 2D, O
P, pp PERILZOHRO/NEHTEZ 51D (Remark 23). LA L. KDOFHE Z DB TR T
B<,

Conjecture 13. pl = p, T78DB f(Q) = 0 BEITK LT 5.

3.2 HIRXIITRD torsor

HRKICIC BT AR ME LR T 5, (REIERLEVORHDERTTNO WY OF
FANQILRTH D H 5 I EERICHYT 5.)

1. 8 ED U(p, g)-bundle E IZx LT =ili0 D% D AT Z-torsor EEHT B, Th5 & ZPreon) 70
E#ELZEIZT S, (Definition 14, 15)

2. RO B BHIRD > /N7 Ml © DL U(p, g)-bundle E 235 2 51z & &, RO S}
KR L7 By, = BISL #5513 Zetorsor Z5P ) BEUV ZE OFTRTOF >V IV
IZ4% canonical 72 EHMEWEET 5, ZOHBKIL, HEOIZD HHE & compatible TH 5.
(Lemma 16)



3. TNBZ DO Z-torsor DEID canonical 7REEI % ZH D EEHT 5. ZNEDREEE pln) | plirivialization)
EEL LT B, 4 QRENS, B> /37 Ml L U(p, g)-bundle iZ34 U THEET 5 canon-
ical 722 & compatible THD. (Lemma 18)

4. STz DDRIBO—FHZ-RT (Lemma 17) :

pg) _ p(Etrivialization) . Z(Eszerator) N Z(;!eL)

5. 20— BREEEHEIZ pp EEL ZEITT S, F2EE pp &2 TEAIZDOD Z-torsor % [&—
HITBEE, O Z-torsor DI EEHIZ Zp EEL ZEITT 5,

Fam DR > M E Atiyah-Patodi-Singer OB FRGFICHT B EHTH 5,

e Ty
Definition 14. U(p,q) DEZH H & H := {(9+,9-) € U(p) x U(g) C U(p,q) | det g+ =det g_}
CE>TRET 2, OEEUlp,q)/H IZUQ) ERUFE FE—BEBD, S LD Up, g)-bundie
EZ# LT, E/H OUKORE b U—Egkz 20 <,

Definition 15. S* LD U(p, q)-bundle E ICFHET 3 CP4 Lz E(CP9) EB<, ST IZFIRZELE
CHEET B L BEIER® Dot = Vo1+d D0 — form EICEBIND, TOEESE o(Dg) &
B<o 0(Ds1) @ E(CPY) 2ERE LT 2HCKMERMEERE D 2%, ROREREFETE 728
&z et L3 SO OMERE D, D BRETH B LR, FEE (zEATEBID B
1T A=FBEDANT FMVIRD 0 E725 & EFEF#ET 2,

BROHBHEMD /T NI S O LI U(p, g)-bundle E 35 Z 5Nz T 5, BROSHS S)
IR % By, = B|S; &B<,

Lemma 16. 1. BE/H OUBOFERE—EHEERITHELZH0Z 0 Z TGS E5 21T

&2 T, canonical 75 AL
225" » Z
MEFEZIND,
2L IEHBTH> THEADEZETHOEZLEZLOZIEICETT 5, TNNSERINIFAE

BER% Dy DEHES% o(Dy) EB<L. o(Det) © B(CP9) 2 XEEH ETHHEMEERZD T
HoT. St OEFGADHIEDN 0,0, + Di) EVIBELTNEHDELED, ZOEE (D} I
WL TindD e Z ZHIEE B 254 well-defined TH V. canonical 73 EIHIL

ezzg:erator) =7

MEFEEND, 2L, ind € D DEFICBWTIE Atiyah-Patodi-Singer DEREHFEZHWNS,
o1 DREERIZRD LS 12175,

1. S Lo EZOEDEEL. E ORERED U(p)x U(g) ~® reduction B BLTU fat U(p)x U(q)-
connection V 2 U EDEIET 5,



2.detE' := E/H 13 S LD U(1)-bundle TH 5, (det B’ %Z”determinant line bundle” LIS, )
F7z Vi3 det B/ L@ connection detV Z##E 2,

3. VERAWTERSEN 0(Ds1) ® E(CPY) THD [V ERBETIHERIERE Dy DRI N
B, Dy i3 Z0Pre) g nloveraton) g5 % 7,

4. (Atiyah-Patodi-Singer D@ % 0D? = ST IZ@AT 5 &) det V D S #—[EDF 5 holonomy
i3 exp(2ry/—In(Dy)) EZLW, ZZTn(Dy) @y FEBTHS. V- /—1n(Dy)dd (6 1%
S DIERE) 1T & B FETBENL det B OBEIULE S A D, ZOEIMLIE 20 0ER LY 24
Ao

5. A&

pn . Z(ﬁ;}peratar) N Z(I}iet)
s pn (n(vo"emm”) = n(vdet) IZ& o TEHEEIN, well-defined TH 5.
ptrivializaﬁon O)*%ESZ Li*/k@ J: 5 ‘:'fi: 5 .

1. 5" =9D* £ %% 5, D* LOFRBEHEROEHETEOBICZDLSICOEDEET 5, Up,q)-
bundleE @ D2 ~DOEDDILEEZBEEL B £B<,

2. E i D? 13 bundle 72D TEBILAS up to homotopy T—EMICHEET .

3. OB B/H 0BRLEER D, ThoEw s 2% 0B%E nl £6<,

4. ZOHAYMLIZ E Lo flat connectionV 2525, V 2 ET 5 D2 LOFESHIERE D@ 1251
DIEET 0(0, + D) DGR T ENTES. Dy DIED D Loperator) (B) DERE nPereer)
EB<,

5. %

trivialization . Z(E'I—"Pe"“atm‘) — Z(E(;iet)

P
78 piriviatization (p(CPereten)y — @) 1z 1o THFIND T EEFRT T ENTE B,
Atiyah-Patodi-Singer DE# % D? IZHEA T3 ERIVREI N5,
Lemma 17. p = ptrivialization
ZOHELWEBELITRIZ pp EELZEIZT S,

& 51T Atiyah-Patodi-Singer DE# & — M DEM D H S EM I > /87 MHEICHEE T2 & RAVR
N5,

Lemma 18. BROH D AWM/ MHE T O EIZ U(p, ¢)-bundle E EZ 50, E5I2U(p, q)
flat connectionV WA SNIZET B, ZDOEE, FEROZERERI~OHIRD 5 EEE NS niPrer)
EBDT VIV, canonical BEPELEZRAWT Z DEREBS &, sign(B,V) E—KT 5., 22
T sign(D, V) &1, BFi% (B, V) 2% &5 (D, SY) OFEOP—ORX BB ELTH 5.



3.2.1 (E,$) IoT BEHOIE

L\ EOMEE. X7 (B,0) K UTIRET S Z A TMETH B, 22T 6 1d End E(CP9) DY
THY. 2 =02D (du,v) = (u,00) BHETHDOTH D, § =0 DEEVHEOHBRTH 5. (L
MU KNSR RS EESTCRICBN T, § BFEEL TIE LD T Fredholm fEAZEMNTEE I N,
BEERZ DD, ) BEOABRND, HEE LN,

E 2 U(p, q) flat connectionV M&H 72 A 541, § 1L V IZDWT paralell ERET 5, Z(Enpemwr)
BEUZOEH nlPT) BROLSICEHING.  FEREREOEHICH 5 DNEIHS d
DMOVIT, d+dZ2AND, MISFEKTHS. EBEZRMAL T 0form FTid®4, 1-form ETIZ
(—id) @6 1Tk > THEINDEAEDRE S ICK>THET.)

EUF, kofREZB<,

Assumption 19. Ker§/Imé DXITH—ETHD. St LD U(p,§)-bundle E ZFE DD LET D,

V25 B LTI connectionV S S5, n{@ ™) 1T nloveratons ZRISE 5 T LTk o
TR® Lemma R END,

Lemma 20. nge”“m') & ngemtm') E ORI canonical TR FIEMNFET 5,

3.3 Atiyah O¥FE!
3.3.1 ERRXITIR

RN DR T B ICHBIT—F 6 ZBA Lz, T5I2 E OSSN Up,q) KB W TEANIC
p,q=+oo EEZENBEEEHNZN,

1. X &4k - 2 ROLDHTMFZ A ET 5,

2.0X)® C LI/ (BREZTLIC /-1 DELIEREZHNWTHIELZDD) Z2AWTIEE
LB ZEAT S, BAWIZCoe =0 (X))o C &ELZEITT 5,

3. AFREOV— HYX,C) LIzhy 7H (ZFIELZDD) ko T mEtzE8ALEZD
Dz Cri LELLZ LTS,

4. C®° =O*(X)®C LOAYS (BRFHELEDD) 26 &B<, §5& Kerd/Imé=CPiI &
AN

5.Q % S' LD X-bundle £ 5, QICEMEL Co° 2T7yAN—&T5 S LD bundle %
B(Co®) &B<, £z, B(CO®) AT 2EREZBRAMICE LELZEICT5, Q Lo
connection Vg ZEEICEET 5, ZDEE, E D connection V TH-T I EAMTHEHD
NEZB5N5,

6. ZEZ??S“LW) IEERITDEE LT L TESRVRETH S,

7. E = Kerd/Imdé E® connection V285 A 5N, ZHEIFEOD—HOED LICEEZER
7% flat IIEMN 5 EE S connection & —HT 5,



8. Zg";;amr) & ngemwp) {4 canonical ICRIEITH D, ZORIBEIIBNT nggp‘?)awr) & n(v"pemwr)

WL T D,

3.3.2 Atiyah D#¥FZY

Atiyah O L2 HEREIC DWW THHAT 5,

Atiyah I3 Witten IZ &> TR E 17z 151 Lo X HOEZEH Q120 5 (7 71 N—ARIDHE
ELRELUERIIDNTO n AZR) OBIEMERR lim n, 13 Qry/—1 /L 0) exp % &5 & determinant
line bundle DR/ 2 —%252% ] EWO MEZHANTVWS, RADNETEIOMEEZRDLD
WS,

A\ BEHL KD ETHE5 det VBRU (D) BBETH B, 1L, TOMVIZUH)xU(q)
BHRTHDEZENDETH D, A/NFOREDS ETIHZOREITHZEN TN, LiHrL. VIX
JE KBTI U(oo) x U(oo) #RETH 5,

Definition 21. n\2*) O##ATBNT, det V BEUEn(Dg) DHH VI det V BE W limn, %A
Wb DE Rl

Lemma 22. Atiych DEFRL LR EESMA 5 &
f(Q) — n(voperator) _ n(vdeL)ALiyah c7

EixB, ZEL. R

(operator) ~, ry(operator) ~, ry(det)
Z(E,D) =75 =Zg

ERETHIEICE > T, ABOZHER—D Z-torsor DEFEEALL TW5B,

Remark 23. Bi/MHICBNT o0, p! BN bDI, nlPr) BRU plie0Amer 1z 15 Trgsg
N5 torsor DEHBIETH 5,

4

Torsor & W EBDEEERNS,

ZRRIE B IR FIVER E L2 DY s 852 50, FBUMEDORDD M = s71(0) BHESZ
B THoIZEREL LS. BUMEDOZTODODDIANY MEEFRSEEE, s DB &, MM DH
SICEERNWEREAZERELTEDELEVWRNEEZ 2,

ZDE D IRIRBEM MBI HIN S DI, Wi AR K> TER E 1% moduli space 5 A28
RELDETS MG TV IT 4y VRMTH S,

DEDDAERII M OFEOS—ETHD, BOFREQAD—RHOFIEEZ LD, BT ED
Euler H® Poincaré B EARI N5, (o &HEEIITIT cohomotopy BERIZIBIT 2 Buler 32D
RN HT=DHDTHD,)



—%. REOV—BOEE (M) ZEHTH B, 2B M ICIEBEEIBENICS TN 5K
D&l ZEEZA D, B=S'THD, MBEOHFD2KHTHD, 2 AOMENEL-EETE, T
DEE. Ho(S'Z) DBHFELT[M]|=0TH3, LnL., TO2REERETSH1F o1 > OHHE
HEE (2 1NT 25 —2ETE > /2i28M) 13, Hi(SY,Z) =2 L0 torsor 12725, s ASEFHEY
ICEE, TS T M WEEMICE< & &, 20 torsor IFHEFANICEI <,

1. ZD torsor 1, s ZEETAHELEE. EH/EIN5,

2. torsor DFEIMHEII—BHTH 5, L7zdt> T, torsor @ [EEE] ZAEEEL CIIEEKRT
H5,

. BBLU s MBBLEM T ITNTA—FZHDEB BLWs, ELTHEABNEEE, T 1O
torsor AR SND, ZOEIZHIITERWITREENH D, EOFEREELLTEKRED D,

4. LR DEOAEREEIL. torsor ZREEHET &5, & (B, 5,) D6 KBIC—HIZEHTEZ
EBHFEBEMICIEREETH B,

5. L. NIA—FLER T 258 L TRMNEESZT S 720103, torsor 2AERELTE
AT D EH T,

TREREKICEDHE 3 2 2O VEN S MM UBBT Z EAREE Bhah%, BIfE, MErz
ERIZE s N TN,

®#IT, Section 2. 3 ORAEIZHETHHEEZBRRS,
Problem 24. Becker-Gottlieb transfer I8, X — E — TIZHLT7 74 N—2 R DHCEHEIE
ALNEEEIIEEINT NS, ZOHEE, Buler HERORENEE/ZT DT Lefschetz B TH 3.
L7dioT, HLET 71 /N—O Lefschetz 41 0 THIUL, EuPC OWRLEFIT LIz FIEIZE T
torsor T B ENTES.

Z U Turaev @ Buler structure, & 5IZIEFIUI Lo T refine 415 Reidemiester torsion D
HICHRT D &, MzE®RTLHOTHA S0,

Problem 25. T4 13 OFf# %, torsor DB Z EH#EFANRD LIk > THASNELD,

&k
[1] M. F. Atiyah, The logarithm of the Dedekind eta-function Math. Ann. 278 (1987) 335-380.

[2] J. C. Becker and D. H. GOttlieb, Applications of the evaluation map and transfer map theo-
rems, Tmathematishce Annalen, 211 (1974) 277-288.

[3] N. Nakamura, The Seiberg- Witten equations for families and diffeomorphisms of 4-manifolds,
Asian J. Math. 7 (2003), 133-138. !

B oRT e R



[4] V. Turaev, Euler structures, nonsingular vector fields, and Reidemeister-type torsions, Math.
USSR-Izv. 34 (1990),627-662
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EE BC

(WM KRZFRZFGEER TR E A FRIR L RE—F)

ABSTRACT. fERODEEIEEH Lie # G 1IIH L T, AEFEDI— 3 BRED LMO
LR JWMO IEBENARLER +FC 2BHET A LW (LMO F48. BGRT or
Le DFE®) WL T—D0ERHEEZ 5,

1. FF

1980 £, E. Witten Kl Chern-Simons functional CS(A) 257507 > &
TEHBOBTMEE A, BEES TRRS NN KT EREOMHEFRE
BEE5A5 2RIz, ZOREES NRIEZEFMICHEICESLINTY
IR, RS NN SBREFIREREZR O /200 EE LT, A —F—
BREBEREEENWD 2007 7O—FRAIS TS, £7. EEED D operator
formalism 28R E LT, Bl Lie # G T LUIEZXRTELREEOH L WAELE (B
F GAZER) 7Y N. Reshetikhin & V. G. Turaev FKEIZ & D BUEEMICEEFICHER S
iz, KEAERRIZRT S0B3) FEE 7P 1o L. Z0HGHIVER & L TEEhY
FER 5O 2ERELE (—ROBHM LG OBEOERIITT.Q. LeK) ., D
F0. BBNALERREBETALENOSREZDTH S0, BHEFRED D — 3BRE
T, BICEHNTERIITRTOBRTALZEZRET 5 L PHEEN (Lawrence
TR, EERMREKETT.Q. LeRiICXDmEN (ERE-Le DFEHE) ., —4. 13|11
BWT, T.T.Q Le &, HEJEEK. AAMERE. EEESOBBERAZERLIL
T, EEOFMA=ZRTEZHREICH L EFBERBHAER (LMOAER) 2EHL.
EEDOEEREM Le ¥ GITH L TLMO AEEBIIEBENAEREZHRT 2 7
L7z (LMO F#). ZOM@EIL. #EESNS 2D07 7O0—FICLDBROMLE
ENEMTH20? LI HEZERICES, FEICEENDEKENEETH 2.,

BETGAEE
BRI

(BE G 7 EE)

Lie# G TEZES

T HIT, TITHEHFELIBNZWY, LMOAREEIEIBFRERTOD—3REOE
BERHEAEEEVWIEGRE>THY., TOBEENLDEEICEERRELRTH S,
[3] IZHBWT, D. Bar-Natan [%. S. Garoufalidis . L. Rozansky X, D. P. Thurston
KIZFEFEDO Y- 3BREICH LT Arhus integral ZEZEL2H. ZIUIEHLD
B ZRRWT, Arhus integral MEBEND EFIENDTH, LMO FAERBIC—H
5, [3] TH. LMO THOBRNTE (1997F) SNTVWEDTH DM, £ZE
DEEBAIIAEEIN TR (2004 FHAE) . KHRICE2 &, ZOFBRIIFERIIIC
T.T.Q Le EBBTWELELNENS T ETH B,




2 EB KL

ROEBENSGEOTFHETH S,

Theorem 1.1 (LMO F#8. BGRT or Le DFEE). B OHEEREEM Lie 8 G 12X
LT, ZWMO 3 +PC 2EBT 5,

FH|ELTIE. LMO PHOHHDRA T v F 5215, EE-Le DERIZL D &,
ZDEEILMOAEEN BB T O - 3 HREDOEBETALEE TH DI ELEE
KL T3, FLEIOEEDG = SU(2) DBE. Tabb r5°0 OBEIIBEC. [16]
IZBNT, KHAMBRICKDEAINTNS ZEZEAL TH < (PSU(2) = SO(3)
CHER).

HEE. GEOERNTER L THENEET, EEACHEBOEN—FEDFELZR
SEHWTLSEEWELZRBARK, 202 F—0HBITBNT, JAMZEE
ELZEEMKREKOMRICES WL EY. TNLRE. ME &z < KBEERIZIE.
FEICAFEPELIA F2IEEE L. RIBEHBLET,

2. LMOARZEE&E

framed link &1 annuli @ disjoint union @ R* % L <& S? D embedding IZ & %
BOZETH B, T framed link D underlying link i annulus St x [0,1] ZZDH
L#R S' x (3} NHIRLZWTH S, 1-31i7 5 7 EIETNTOERAN 1l E721 3
MTHBHTSTDIETH D, 1-3M7 5 7 D& 3MIERDE D OBIZ—D DIKIENE
FISEE SN TS EE, vertex-oriented TH 2D EWD, A S{FE chord diagram
Sl ST &L TAIERDS! LI B X 578 vertex-oriented 1-3ffi7 T 7 & B2 ®
DTH%, MTHES 2E{T, VST EMBETHEHL<S, ERITEZEL TWERWERYS
TIMH-> THRWN, SHICRIBZHRT T 713ENDD LTS,
TRTONT MIVERIZEESEQ LTEZX 5. A(SY) 28 S* I E chord diagram
MiEDNT MVERZLTD AS. THX = U T STU BN TEl - /=22 &7 5,

FIGURE 3. STU Bif&=

chord diagram OXEIIWART 5 7 DERKDOESTERT 5. ZOXRBITLD
A(SY) DD E72 AS)) THETCEET B, Alg) 1 solid circle 373 W ZEH T
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Hb, TOEEITRTOWHRY 5 7 3B TRINERSZN, ORI MVZER
A(®) I disjoint union ZFEE T HAHME L5, FEOEBH mIZHL T, A(m) %
1,2,..m EBEMITENEZ. BxOEmED 1 MERZRED vertex-oriented 1-3 i
TS IRERT BN MIVERO AS & THX BIRRNICET2EERET 5, A(SH
1B, 1-3M7 57 DZEM (2 AS & THX BB TEI-/=2M) ICRETHS, Z
DRE o : AS!) — B3 AS) & B OMOFS: PBW SRR TH 3, Z05K o
Piﬁﬁﬂbg@ x:B— AS) OHEBRLELTERTSOPNRDEHETH S, B

IIA )/ S THB, T THHEE S, 12 A(m) EIC 1 EEEOBHRE

L'CVEFHT%L, B 13 disjoint union L ZfE &9 3 algebra TH 5.
Definition 2.1. Q € BIZXTEALNS,

00
Q = €XPyy Z bgmu}Qm

m=1

Z Z T by, 1M IE Bernoulli if(f‘% 5] BUF@ MiEEHICEZVEZ NS,

smh T
> b
5

F 7% wom 14 2m-wheel. 2m—ﬁ5f/ 2m @@E?ﬁ\‘jbkﬁiﬁ(%{ 2m D 1-3f7 57, T
H5,

Definition 2.2. £ED D e BIZ@LT. B8 D=0D:B—B %, DDITTD
B%E D OROWMAESITRIT, TORSERICETIMENS I LIk D diagram
DeBRIZIERATA2HDELTERET S, FRIZ. <D, D >%

D(D") (if § (legs of D) = { (legs of D))

f e
<D D>= { 0 (otherwise)

IZEDED S,

Definition 2.3. K I3 Morse knot. 97245 R? = R; x C, NHEOAENT= knot TR
JERENDHED Morse BB TH 2 HD LT B, TDEZFASYH/ <0 >DEFRZ(K)
ZRTEERT 5.

AK) =) 7
m=0 tm’“:jt;;'l'_‘;fgc:ltmax P=({z5,73})

IITHDORE PR, (t,2), (5, 2) € Rx CA knot k. FUKFEEIZFES
TWaRlZ DR ERDIFIEFH {2, ’} DEELTD, ZIT|PIEPIIBITS.
FENTRETHZ2HOEHETH D, F7z Dp td knot D preimage EXITHRT 5
HEB < chord 2f#i< 2 LIZEDESNS diagram THD. O € A(S') 1d”isolated
chord” diagram 2% 7., A(S') DL & A7 & zZ(K) I3 Morse knots DAEEZ &
Z5M, R-JEBIZET A/ OBREIOE L TIIAE LRSI, TOZD,
v=2U)" e ASY) TEBSNZT v 2EATHHENRDHD, ZITUIZ4DD
critical points Z#FD &L 5 7% unknot @ Morse embedding TH 5. LA EITXD ¢(K)
B D critical points 2D Morse knot K @ Kontsevich 853 2 X TEET 5.

Z(K) = v 2§ 5(K) € ASY.

)3 iPDAdZ% '

pairings




4 RE B
Z Z°T. fid chord diagram D& S ICBIT 5 EMEEERT, STUBEKRRNICLD, Z
DEAEIXE T TEEMZBS MEKELIZW,

Definition 2.4. Kontsevich f&4) ® integer framed IRZLAF DL DIZEET 5,
K % framing f O integer framed knot &9 5.,

Z(K) := Z(K)ﬁexpu(g@)
ZZT. ©¢€ A(SY) I “H3L chord” diagram TH 5.

FIGURE 4. © graph
F 7= framed knot @ Kontsevich 84 ® LMMO R Z IZXkDO XIS ICEEE NS,
Z(K) = viZ(K).
framing 1% f 72 DT, (BIZHBWNT)
0Z(K) = expu(—gwl) uy

EEWT S, ZITw; i “dashed interval” BMETERZRFZ/IZWN) THD, VIEINT
DOENDIZED—DDIMERZHDI T T TH S,
Definition 2.5. Kontsevich T85> O R Gaussian T2 RK TEHET 5.

FG - 1
/ 0Z(K) =< expu(—EJ;wl),Y >.
D78, M I framed knot S® 5 K IZigD Tsurgery LTHELNEHDET
%, link DFEBREE (315,

Definition 2.6. HEREOY— 3ERE M O LMO FEE Z™MO(M) 1RO L 51T
EHEIND,

J™ o 2(K)
[FC e Z(OsienN)

Lemma 2.7. Mg % S® % framing f @ framed knot K 1Z¥> T surgery L TH LN
HEBREOD— SEREEL. framing 0 DE L knot 2 Ky EEL, ZDEE,

. _ FG
%0)/ (Q7'0Z(Ky)) exp —Jziwl

ZIZTOE, LOODERDS 2HBRICBEZEMA D L THELND A(p) DIET
H5,

Proof. 3, 6] IZBWNWT, UTOEENREINTNS,

FG FG
/ Q'D= D

/FG cZ(O% ) = < 0,0 > exp (- sign(f)a)

ZLMO(M) =

ZMO (M) =< 0,0 > exp (

N 1
—1 — L
Q700 =w 240
Q1o % algebra isomorphism T$H 5 Z &ICEE L THETIIZL W, O
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3. EAR

g-weight system DEZEEBNHE S, KEATE weight system W, IZELFO=D
DEHZHSEDETEBRENS, —DHIZ. 7597 De ASYH) (LA B) I
pieeD) 2T BB/ TH D, ZDEIL. UWTFOLIRELRTH S, g& g AENE
b:gRg—CZREDLeRBETS, mED IMEMRZED. % chord diagram D IZ
HLUT, TV

T,0(D) € ¢°
FRDEDITUTHEREENS,

Lief[, |:g@p - gl g* 09" @gilBI257>VI) LAE5, AEbLICELD
Tgmodules g & g* ZRI—ETES, THOXIZ. [, | &2 fe (@) 07V E
BIE, FbERERHT V) ceg@gEEA D,

chord diagram DIZH LT, TIZEDZD3IMERDESE. UILXD 1MES
DEE%E, TLTEIRLDIOEEEET, 72U fO T HOIE—%£0,
“vac®UH@@jE~€&é’&T HLIAT VL

)= (@r) (@)

lelr

g” = (@(931 @ Gy ® Ei,s)) ® (@(Ge,l ®9£,2))7

el el
DLEird, TIT(v,4), i =1,2,3, ZHER v THED 3DOBITMT (Zhs5DT
ORENEFFIZES £512). L T(L,75), 1=1,2, % edge £ DWRITIT 5. cldsn
BT fIRERHROTT >V )L T,(D) BIERFTT ORBIRIC X 570,
(v,i) =£T (6,)) =v THBH. BRIENER g:, ®g,; » CRIEET 2, T
DEIBTRTOMPWEERT DL, B

g — Qo =g"" (m=|U]).

uelU

WES5ND, Ty(D) D g®™ 2B 54% T, ,(D M%L<iﬁﬁgwnfﬁﬁc

D e ASY) ®BAE. STU BRRICTL D T,(D) 13 W, (D) € U ITEEN S,
D e BOHE, 1fiERZ/FMET S &1 iDT()mww) S(g)e ITE 3,
STU. AS, IHXEHZRIZEEMNICHZENS, W, I LT, AS, IHX i3 Lie D
ERFE & Jacobi BEEXTHD., STUIREICg @T/yﬂth%z@ﬁfﬂlaﬁ& LTOE
BEAKBOEZETH S,

W, A(SY) — Z(U(g))

13 g IZHET B universal weight system EFEIZIS . EBE, LieB g OFHRV 2o
TELSND, TNTO W,y (1] Z2RK) 1d W, @ evaluation :

W, v (D) = Try (Wy(D)).
WCEOBRTELZEWDIEBERTEENTH S,
4. EFAEELBHHIEE

GrHEEEEM LG EL. gZEZDLie3. V), % dominant integral weights
A T parametrize N7z g (& generic 72 ¢ IZMT 2 Uy(g) DBERATEFHRFA LT
%, FENE(, )R DOBEMER LB g5 2 b?’LE) L. BIRORIC, B

Wy : B — S(g)*[[h]]
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NEET 2. BB . X

Wy o000 Z: {Knots} — S(g)°[[h]]
% knot @ g-colored Jones function &M, knot @ g-colored Jones function I knot
DETFAEEZERT S function TH 5. g DHLEHNRAV, BN5A6N5E. T
@ dominant weight T® evaluation |3#RE 54

S(9)°[[r] — Q[[r]]
25 %%, TN6OERIZED Kontsevich B OBRICER R TEZHITEDLEZHD
Piﬁ%Z[ ] (ZZTqg=e") O—D0mERD, (g,Vh) ZRAVWTHER L knot K ©

BETAEE J, VX(K) *’3(3‘5 T (K) x Ty (O) & Qq(K)(\) TET.

LD evaluation 2H I D LFELRTB IS, £79. ASERRICLD BizBWT
legs 13 “#R " ICUDEZRW, 2. Hedge X g DIAMEEEINTNSDTH
M. gDV —bEg=h DD e KML. FVINOTHREMNEN S, & edge
W h Ed gy ODILDBDPEEETNTNDEIBHMOBICES ZENTES, Midp
DILTHHIETEETHE,

[\ y] =0 (v €b)
[)‘aya] =(/\7 a)ya (Ya € 8a)
THDME, ATED (legs D)evaluation DIEFAIIEL T DL DT85 Z ENHN 5,

\\ Yo
S~oo (/\’ a)ya ()\ C!)anJ e ()\ 0[)
A A A
= \\ Yo // X(A7 a)3

Tabb, FEERSIE. (FLIZ O ICEB2W)g, DITAEESNZACRET S
T )x (A DRI =legs DA ELT2 D (), a) 2B DFE) LSBT, FIZE,

,,,,,

Lz, L_A_’C cl3BDIT o ZHETDIHEDLTZ2ERT. o/(X) = (o, 2
WOR—RIZED, IN5EH LD (aZzb0) ZEAREKREALESD, ZOKD
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ggiﬁ&%‘f; L/VC~?3< é:\ (SEZ',.'E]‘) = 5i,j = 8“:6]- ‘:J: Dﬁ%gﬁ&ﬁﬁﬂfrﬁﬁ%ﬁ—
BTES, ZTT{x}id(, )CHATAEREXEETHS,

Example 4.1 (0 75 7OEOEE). UTOL3IZ, £T75 72005303V F7
S IBIIAT B,

KIZEDIZ ()BT AEHEREREEET 5. COLE DD D B 2ITHE
E-BREETAEZRDO AIZIZTNSD LieBEW > EIEE END, £z,
SEEHCR— DA TH o7 2D DOWITIIFACEENBEI NS ZEIEET 5,

,,——I'i Li ——
- -
~ ~N
I N
/ N\
/ Ay
/ \
/ \
! A
] ) i
T e Tj —mmmTT y
\ !
\ /
\ /
\ /
AN /
\\ //
N
[z, 2] |25 zi) -
B®EIZ
—————— S s m—

DEIZ, TAR—ATHo LD EIBEI N ZNBICKDEHMET 5.
(Zi,l'j) = 6i,j B c%iccj Iz U%%@E‘@ &ﬁfmﬁﬁﬁj\%ﬁ—‘ﬁ'fgéo j—f;b‘g\ Efﬁ“
DTS TTHEBOTST72“Wn" LTWBSERZXBDTHS (Definition 2.2 D
FIRITIEED) o

dimg
W (6) = > (i @) (25, 25) (23, 75), [, 3]
i=1
=24(p, p)

2EHEBOEBIZDWTIA[12] 28 (Freudenthal-de Vries’s Strange Formula 72 £ 72
£3).

QK)o FEREDND— 3REODET PG AEENBRTE. 779(M) TET.

tPE(M)IZC DT TH M, ZERREMEREROITTIEIZNDOT, BEOERT

PO(M) 2 rICEL TERTERW, r TEBT 3ROV, XBEERIE FC(M)
IR A 2 LIC X VIEBNARER PC(M) € Q[h) 2E A7z WIAE([15).,
[14 12BN T. TT.Q Le RKIZUTOEEEZRL TS,
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Theorem 4.2. My % S® % framing f @ framed knot K IZ¥R> T surgery L THES
NHEEREOD— 3EHMMEL. framing 0 DFEIL knot & Ky EEL., ZDEE,

1. sign(n)-s sien . BI*\i nej
PG (My) = Wg B 10l H(l_q g (f)(p,a)) Z cﬂ’zjyn(Qj—l)!!(—lTI)]hn J
a>0 BEY,nEZy
2|® 4 |<2i<n+2]2 |
ZZT (QQ(KO)’qzeh)()\ - p) = Z Cﬁ,j,nﬁj(/\)hn s 18]()‘) = (ﬂa’\)J ’ |W1 Li
BEY,nEZ

2|18 |<i<n+2(® |

Weyl BEW DALEL, TLTp=13,.,aTH3 (@a>0daBEDN—FTHBZ
LZEE%RT D).

5. LMO T8 DOFEBH D HERE

[12] IKBNWT, EEILROEFEZRL,
Theorem 5.1. algebraically split framed link > 555N HHEREDO I — SEREIZ
HUTIMOTENELWI & &, £ROFHREDD— SEREICH LT LMO F48
MELWZ EIIFRETH 5,

9] DIHAR ([8]) IZHBWT. S. Garoufalidis FKIZELTF &R L7z,
Theorem 5.2. TFEIIIA[#2,

B —Q—————+ B
S(g)?(R] s S(g)*[[A]
D(52)

1
2

T 2T D) RFEHRBO Dufo MBI TH 5.

Remark . & TEETAREZ LR DGH IR 9 EHOTEL” THBENSET
55,

Theorem 1.1 DFEHA. [8] IZHBW T, S. Garoufalidis RIZELTFORXERL 7=,

W,(< Q,0>) =H-S§”‘(1:¥+Tz)h (5.1)
a>0 T2
o, EEOEEFZEM Le B GITHL T
W, (8) =24(p, p) (5.2)
BEDILD ([12) ZRK).
W, (2O (My))
=W, (< Q,Q > exp (@%10) /FG (10 Z(Ky)) exp gwl)

=Wy(< 2,0 >) exp (is%——fwg(e))wg( / (0 Z(Ko)) exp -fz-wl))



ON THE LMO INVARIANT

KRB OILD T ERBND.

W, (0 Z(Ko)) (N) =Wa(Q 0 Z(Ko)) MW (o (x())(A) (7o : an alg. iso.)
=D(jZ)" W0 2(Ko) (N D(iZ) " W,yoxQUN) (Theorem 5.2)
=Wy Z(Ko)(A — p)Wyo Z(O) (A — p) (by Remark )

zQs(KO)lq=eh (>‘ - p)

oI SR P PN

BEY,nEZ
21® 4 |SiSn+2]P 4|

ROEZ

[1@® —q7%) = > sign(w)g”®

a>0 weWw

MHELNTWS, ZOEE,

(et -0) = (T somiwi®)

a>0 weW

= Z Sjgn(ww’)qw(p)+w,(9)
w,w' eW

RPNV @ iTH L DF S 8, DFERIL 8, = (A 2) TEZ 5N 5,

dimg

D (@ N = (4N

k=1

IEETB. TIT{m) () KHT 3 EREREETH S,

h 2 : N ow w’
EXp(—_Zf E &;k)< E sign(ww’) P+ (")>
3

(section 4)

ww' €W a—h~lolz=0
= Z sign(ww’) Z (- 2}})1 1 (Z 8 (Z Zl—'(w(p) + w/(p))z)
ww' W j=0 i=0 =0
= Y sign(ww)S ] (- f})] T (1 (w(e) + o), wl) + /()
w,w eW 3=0
= Y sign(ww) Z 21/)12 +2(w(p), w'(p)))’
w,w' eW
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= 3 sien(ww) 3 (= 5P + (o). we)
w,w' eW Jj=0 ‘

' S sign(ww!)g O e
w,w' eW

2
—Wlg™ " sign(w)g®)

—lVVIq_IA H(q 5 )
w1 -a %)
=IW|< )'q)”H (p, o ) )

a>0

SHUCED, exp(—; 55,82,) O [Laso @ ORI [Taso(pr0) (=)™ T
BEAoNDZENONS.

Wg(/FG (Q”laZ(KO)) exp —gwl))

=W, (< exp(— f),Q_IUZ(KO)>)

=exp ——Zazk H p,)? Zcﬁm o(h P r(h1B)1)) -

=h2|«1>+»g(p,a) ZJ: ‘ﬁ)jﬁ(z )J(Zcﬂm h"(h 18)! )> B

e, 1 _ fyieal _I_ﬁEa'n—jL :
S ZC“’"IW!Ha>o(p, TR TR )

=(— fh)ld>+|HaTo P, o Z Cs2im _lﬁfL) (25 — 1)Nth"

2HEBEDEFITBNT, MEHEH (section 3 ZRK) EAMMIZR—HL TNV,
(5.1) & (5.2)IT&k> T,

G AT

. Sinh—(pé—a)h h 35ign(f)—f|p|2
= H Gy (M3
a>0

2

Wg(< Q,Q >)exp

1 ( Slgn(f))!q)*i-l sign(f)—fl |2 . ( )( )
= — q-——-———z 14 (1 _ q51gn Npe )
Ha>0(p? CY) h };[0

DUTFoHEEZBENHT,
|Hi(My; Z)| = fsign(f)
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Thabb,

W,y (Z™MO(My)) = |Hy(Myc; Z)| &+ PG (My)

Theorem 5.1 12& 0. —DFEII L WY algebraiclly split link & LTk, TDH
BErEE. R E2EZE. ETRUZ knot OFE ERKTH 5. O

[
2l

(3]

[15]

[16]

[17]
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Rk 16 426 A 10 B

§1. FIREfRE

M % 3WRTHEHEIELT5, ¢ M — M 2 Anosov R TH D L1,
BESR TM O dop-FEDDOERR/e g TM = E°® E° @ E* BFEL. £
BlzE5zbhiz M OFFEICH LT, B C >0, a>0 BFELTKRD
FEXBER VIO EEE VS,

l|do:(v)l] < Ce™%||v|| for Vt > 0,Vv € E?°
lldod—¢(v)|| < Ce™*||v|| for Vt > 0,Vv € E*

TG, B R, BRAICEET AERySs MVIR. ES. Ev X, 1 IRTES
R MVETHD, B, E* BREFAITEFETH S & & Anosov HinlL. A
EMTHEETHE LEDbNS, BUE E°® E°, E°® E* i, HEiAes
ThHV, COEKTT 1 EBEE T, F* 2ED D, F° i, BEER.
FUiX, AEEER LTINS, —RRIC, R, FABLBEL b oL &
HBRITHD LEbNS, Anosov EDBEE. THE, IROVWTILDDER
VST L ERETHB,

(1) BABGERFREIZFET 5,

(2) BREERBOEEN M TRETH S,

(3) REFERBDEEN M THETHD,
HEFLBY72 Anosov TROFI E LTHRO L DOBBMAINTHB,

(1) WehFAhEmORHE S b ic—REIC, NihBuEAE (hyperbolic



orbifold) DHIHLFE
Bl2) b—F72AOWEhE B CRMAEBORBRE

BUHEGE & SRIEPRIL. EVISAABRE TIXZ2 VA, BEVICFIRFEIZ 25
bOBFET D2 EBRMENTYWS (§3 Birkhoff OEREEZEHR), =
T, 2O0RNOBIZ, B EME 2R THEICET XL 5 RFEHEE
BRGFETHEE, ZO200FHNIE. NMHERETHD EEbND, &
7o, 200N EENENAEPOBRABEICR> T a—7T v 7 Lz
NBREWIZAAHFECH D & &, TRHIXFEHREE CHD VS, Z0
B A% C, D. Fried, J. Christy 1X. ROBEZEBL T3,

B 1 £ T03WTHEHEE LD Anosov Filk, BERICFIEMET
HBM?

fE2 BERLE D Lid, EWICFHRRETH DD 2

ZOFEE T, MEFNTEMEEZ Anosov FRICOWT., ZHbOREIZE
TAIHEORREELNTWEIBRZHET S,

§2. hoJo—7v7

¢ & ME T FIRER 3IRSLEARIE LDV, v ZEO#E L T 5,
ZOFNE v OBRWEEFICHIR L BETiENZ S* x R? Lo BFTHIH
neHed, ToLxEr, SPx{0,00} By &RBLIICZLTE, ZZ
T, REEBWTBEELZ RS &, ZORBTMTILIE, S x[0,00) x S
EOTNEFET D LnREND (6] BR), #€-oT. ¢ 1%, BABE Y
ErF—JR7a—T vy LTAbNEERE b0 3 kT M, |k
DI ¢t ZHET D, W ol 2 ¢ Dy IRl T e =7 v Sk
WO, MEEEAWEHEESZTT A LICLD ¢t & OM IZHIRR L7
WA, v D& R z ZERIFROESME

Sp = (T:M/E;) — {0}) /R0

TEIMZDILICEVELNDG F—F R T, LT d¢* BEL I
MIEETHDZ LD, 22T, 2Kk M EOfin ¢ & M, =
DFLI ¢h BARIETHD &1k, FHEER b My — My BFEELT



hodt=¢hoh BV ILDEEEWVI,

¢t BEE T FRRART /Y TIROGE. ¢ ik BRT, EICTE4R
DEEZ b2, DI B 2AKIE, E* BOREDZT FF 75 —ThHY,
BYDO2EIZ, B hb&EBVAT—Thb, EbIZ, Ehbit, S
ETE1ERDS, 22T, Zh2AWT, Hi(T,) = ZeZ DEEZH
BEAETFEr V—HHE (1,0), WRHAOHHZ A THEREEY 2m &
ko S oETHRERV—EE (0,1) LEDTEL, £, Fhic,
KEWTEY e i@ oW £k, D FmE R T, BEEY ZEDOME &F
%5 ([5] 28,

§3. Birkhoff Y1k

¢ & 3WTEEE M L OmE T EIEE7 Anosov Bk & 95, ¢f B
b= 2O B CEHEEROBERICFENEE TH S 201X, £0
h—F A2 X BNy FAEER, ¢ BAEIOHEAPEOTES [ T
0—7 o 7 LT SR ED S RAERS, 62T, 7 u—7 v 7t ¢k 9
B S EEDD, 22T, TIZE-TTu—F U5, ZO8KI.
M IZIEOAENT-HEZED S, Z0OX 5 eihimm% Birkhoff BI#r &\
9. I T, ERREFRZERTEL,

¢ & 3WTLEHRE LD Wk 55, BARE M IZITHAERTca o8
7 b7zphim © 2% Birkhoff BT TH B Lid. KRD 3 DDOFELEEFT & &
Z0no (11 88),

(Bl) Int(X) 1%, WAVICEENEO R DIAENHETH D,
(B2) #St 0T 1. ¢f OFRADHPEDTIESTH D,

(B3) HBER to BEFELT, B OM e MIZHLT, ¢i(z) e
LB ROt e (0,1 BEFET D,

#1Z, Anosov FilZ#t LT Birkhoff SIS FET 22 61E. T OHNIL,

h—F 2 M Anosov FEHEEE £ = iXBdiEmO— b = 1L7=# Anosov [F
HREGORBRER L PREEL 2B 5, ZZT, f:Z—-Z#
Bighm = Eoo (—bEhiz) # Anosov FIMREBTHD Lix, RD 3
SOEEERTZT. HBO (DOREHT) SEERAET b OREMZ
BEEONT (Fruh), (F,0) BEETDHILEEZE D,



(1) fix, Fr. F~ 2%,
(2) Fr& F X, BREREAOITHENICIRDS,
(3) fipt=Xut, fup~ = 27u" ERBEH N> 1 BEET S,

12U, BIEDEYAZ (push forward) fuu % fuu(T) = pu(f~YT)) &
EDD, (3) ® X% f OFLKE (dilataion) &3,

Theorem 3.1 ([5]) FEE D 3 RITEHZAREKE EDHEBRY Anosov Fiid.
Birkhoff GIWi & &,

[ % 15 AR Anosov FROESE . Birkhoff S84 FIV> 5 & REE 1 12,
DEDIIICEVBRZD LN TX B,

RIBE1 ° W& fHTAIEEZR Anosov ik, FE¥C 1 @ Birkhoff BIKi % &>

e

§4. Birkhoff YIErDERL

[Fried O#AEEE ([6]) 1 Anosov FRICH$ 5 Markov 238 % VN5 &
TAVIZRERTHY 2 AR ABCD THEMT b AB 2SR~ T
BEISETHEMTOENTZN AD IZERBZ LR TE, R CD %
CBIZENDZ LN TEDLbDDHFENELSD, T2 C, AB »b AD
ICEDRNDOE L CD 2°5 CBIZE R ENEWUAKICAEY SheThid
T ORNEBBRIVICHERIC 25 £ 5 ICERT S, NBICECRZXRH S
BEITIE. MAICENENCe 5 X 5128V EEY (cut and paste) #4772
5 &, & (Bl). (B2) 2T dAEn-ME»AE SN 5, Anosov
WMBHEBHITH D L EITE, BAONARY+HE<MoTE &, %
HMER TN OMABONTIIONE L ZEDLE LS ICTES, “hb
DEATEENENIZ DN T EOREREZITR2, Fh b OfEA TS LT,
VEBHTEIY ALY 21772 5 & Birkhoff BIiAS R S 5.,

Z ORERIETIE, —BREIZIX, MATEOBRVOHICHIRENR S £ T2

WDT, fERE LT, Wk EM o7z Birkhoff SIS E 2> fa—L
TDHZERTEAR (§7 Theorem 5.6 DT A5 4 THHR),

IBirkhoff DAL ([6]. (8] )1 B g OWMEIPRIE T, ORHFED
Birkhoff SI8iZ D X 5 IZHRK Lz, £9, dhim EOBRIHER c;. - .

Cog+2 &



()VEED i IZH LT & e 1k, TE1LATEDS,
(2) ng+2 (‘: Cl &j:\ T}:Dél:l 1%’6&295\
(3) (1) (2) BADZRIL T2

EWSEHEMI-TIOICEE, T, 25 2 b OB T2 TKL
L A2DBEBZONDEB TN TNORREIX, S, NOHHE 20+ 2 £
BLind, Thbao0@EDS S, ZORARIEIIELRN2 %
BUO P, B, B, FiI22T, B — 15 ZEICMZREIBOES
RIEC; THEIT D, CLUC, BT AHROE RICBIT BB b
NEEORTRED BAHER T\S, TOMREEY S L3758, Thh 5,
OFHFEIZ6H3 DTS 1 D Birkhoff BT & 725,

Brunella D#RE ([3])1 T, 2%E g OmE 1T iz WihdER dh
e D, arn oo o &5, EOMEST L EEARMTERT

(1) BB i IKHLT, ¢ & ey BTE1STEDY,
e DIEE, ¢y DIEIE] =5 DEE Ths,

(2) e & i, TE1ETEDLD,
[ce DIIE, ¢ DAIE] =T OEE THD,

(3) (1). (2) BADERZAR,
(4) By — Ul c; DERERAIE, T2TaETHS,

EWMITbDET D, KRIZ, ¢ OFR ITBITD ¢; DFE QBT
MECENGEZIEDOMEIZ1 8 0 ERIET A ETHDETHORT MLy
EOTCEMNBERANOT =27 2% T; LB, UL T KBV THAR2E
RESTETIRNCERRIC 22 X 528V EEY 297725 LB 1 D —
2 7R ELN B,

Birkhoff DRERIEIZIIT S ¢, -+ cogre 1%L T Brunella O#kE:
ZFEITT 5 & Birkhoff ®BRLEIZ LY 2 b5 Birkhoff HIMF & Fihiz



o> TA Y b ¥ w7 72 Birkhoff SI¥i3 & L5,

(& ofgRdE ([9)) ) Birkhoff OARIEIZIVT, MEABIERE C; @
b ED, HEOMERER CTHho CHLRABROERNBTFIRETHDL Z L &%
R L7z, 3-o0#BERES T L ONHMNEEEKD S L, 3 ODKERLEZAE
WIZHBET D 8 DFRIOBARIMBRFET 255 2W 5. £ OMARIHGR
EOMESL LTENZEED S LZORENREY D2 DDOREREZS
BT 2b0EROVP 55, PIxt L T—i(k L7z Birkhoff DREREE
17725 & FHFRIZR 2 FEE 1 @ Birkhoff G123 E 6N 5,

§5. HEDRR LR

ZHETIZE BTV B Birkhoff I ORERLEEZ ROV, BIE1 %
EEMNCHE I, EREEFEENPRY 2V EBbhs, £2 T, HE
T ZIVE TOREERIREIICHE > T Seifert 2245 LD Anosov TRIZEE-
TEZTHD, WO, ML TS,

Theorem 5.1 ([1], [9]) ARIAME EDFE Seifert 3 LD Anosov i,
W pgBE A _ ORI O R REBIZ LV F 6D Anosov Fit & ALERE
BThHd, ZDLH7%, 220 Anosov Fidd, HLHHFEE Ch D LE+57
EIE. TORECERBPEWVICHEEEZELRDZ L TH D,

L L. BEZAHEICERS Th 2 E COBRBRES T T, +4T
TN EEROFIBR LTINS,

[Thurston ®F ([16]) 1 8 DFHEE (figure eight knot) X, £/ F
s fi DT 7 A ARG T VDB I o7 (n,1) FH
(n =41, £2, +3) iX. Seifert Lk EE 25, LOEREZEDET
£ %L, WHEEEORMEO 2T, BRRE 1o k—
5 2 % Birkhoff GIBFIZ b2 b DRELET B = L AMRS,

2 3I—)

Z OBITIL, Birkhoff I DBER DAL, 1O THDHAS. THETICH
HAVTWS Fried 12 & 2 bOLSOBERIETIE, HRIL, BEEDBS
PO by, 2, Thurston OHHZEHILS Birkhoff 8
W& BRI 6 U B MR T A Z b2 1 oD EEE LTRE
DROEREZET,



Theorem 5.2 3 DOE#ERFE % b O dhBLEEDEHIFRIZ, BRO
B3 1D THEEL 1 @O Birkhoff Gl & &2,

Z DEBOILIIC A FEE L L TROER R BT,

Theorem 5.3 &3 0 OXWEhAYELERDOREHFIX, TS 1 O Birkhoff £l
WrE b,

Theorem 5.4 FEEDHRE gloxt LT, ¥ g T 29+ 6 BELLTO#
BB S b OB EGE RO BRI I, BE 1 © Birkhoff GI % 10,

F 72, HIHFRICRT B Birkhoff SIBF DA 6, BAERD 7 7 A N—F
OB THEDL EIF CHEESEIL L2V BDERDITETZ izt
TROFEHEEZIEH Lz,

Theorem 5.5 AmEdEm 0= S W EOT V7L, 1D
Birkhoff B1l % & -2,

FIRE 212B8 L Tid. Fried ORERLIEZ BEITIGEROS— 2 7T & 915
HICHERL T 2 Z L IC K W ROFERE BT,
Theorem 5.6 fEE®D trA>4 Thd Aec SL(2,Z) I LT, &r(B) <

tr(A) ThD Be SL(2,2) BEELT A OHFEET S +—F 2B TR
BEHBOBER I3 B OFET 0 & FIREIZRS,

§6. TEHH 2 LI LD Birkhoff YIER
R L., 2 &0, E#BERITRV. FrfthiEmogT /v 7REE
BOEBEWEZ ROT D THRET 5,

Theorem 6.1 & g > 2 OFMAdE 5, 08T / YV 7EBEEE f,
T, EOHRE N\, BHFER

(i(—l)if) —-227=0

=0
DEREZBETHDbOBPEET D, & DHIT, ROFHEAI Y 3L,
log(2 + v/3)

log Ay < ——g———



ZOBIE, TRNETIZALN TV D E/NDIEREZ ol & g L TH
RN :

(g =2 DHAE) Zhirov ([17) KXW RSNI=fl L R CIHEREZ B,

(g > 3 DHA) Baver ([2)) WLV ARINB Tik, IEREDHEII,
D88 P THBHIEMFENTVE 2, LOEROHIL, € OFHlE &
HIZE LTWA,

§7. SEADTA T4 7T

Theorem 5.2.

FBEED 21 /p. 2m/q. 2m)r DOHERER RE b0 Bk EEE K O BB R D
HREE T, EB<, Bl 3 ATHE T, ,, 25 S' = R/Z © PLFME
BTt~ DYEFBI B T OAFHE Buler 028 % + % +1-1L2b0%E
BT 5z ek, ZoMhrE A EORIMROREIER F° IR
B PLIEER 525, Ok ) I —%2FETHZLI2X 0 Z OB
PL H$EIE, F° 225 1 AOFBGE % R\ 3R ORBK T 7 « U iBE %L
EHDHIENTENDE, ZOT 74 ViEEDEKFT ) I —OREEZD
BB 1KITIAFET P—HD Poincaré Pt H3xR D 5 Birkhoff ST &
525,

Theorem 5.3.

9. Birkhoff, #60IC X B#RELIHEDPLE S0 2 MO RNl
BIRIZH L TITR S Z &2 X Y, Theorem 5.2 ® Birkhoff SIWT % &%
HITRERTA 2 LN TE -, & 5612, Brunella DRERIEDCT AT 47 %
RHBRSICE AR 7 71 L CGERAT 2 Z LI 0 LWERES
BOFE Lk, Zhb 2 00BREZFRIFICAVS Z ERFRETH D Z
LERL, FNOERAWTCERIIFFAINS,

Theorem 5.6.

;X:(aZ)%a+dz4&6suzZ)@iaﬁfnSL@Z)?%&%
[

LARZLIZED. a>c>d>10a>b>d>1 ERELTRY, Z0D

-1
a—l b 1 &
—_ 5,\ o :0)/\‘\
&%‘<c (ﬁq> QJE(lﬁPdQUﬁTéhé sk



Nz bBE. ShITA = g B =z C= (é) D’:x+<(l)>

LB, X 0#EL T? =RY/Z? oONIEHESRL X & L. FOMER
Bl My — My 35, 728U, My =M x[0,1/(z,1) ~ (X(z),0)
L¥5, ETHIK ABC'D ©T?x {0} ~Df% 443 ABCD & L
T Fried D EITR-TebDE S &35, SU(T? x {1}) @V EsY
T8 9 Z LI L 0 FEE 1 @ Birkhoff SIS E LN 5,

Theorem 6.1.

751 X = G f) AL S & ED X 5 ICHRT 5, = 2T, KOTES
SU(VLT2 x {£}) WBID BED 247725 T 1o X OHHL g @ Birkhoff
ol S, BB, BER ¢, © 5, ICBET3EREGEE S, DEER
oz 1RICHERNT 22 LT, RDd 5, Loy /7 Y 7EEES f,
Bond, ZOBREEbLLIZ, f, O PLETARIIEMICERESNS,
EEDRPOFERAL L UFERIX. Z0ETVERAWTIE/MICEHE
=nbd,
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BUMBA={scC:|s| <1} TNIF A=FffiFEN/ar /)7 b)) —</ED
BT BEREDT 7 AN—DEES2 L. ThUNOEO LD T 7 AN—-iE %D 5
PRY-VETHIEE U - EMRIELE VY ET, Thbb, EEME M 2
b BAMEEANDOEIER 7 TX =r Y (OIIFET 7 AN, X =771(s) (s £ 0)
B2 T AN—THAILLIBMr M - A2 ) —< EDOEEHEFE
To ST, ROOLDPRT T ANV g DY —<VETH S LI RERIZENRS
WHoHD, EEIBMEFETEZONE T, COMBELZEZALTRELRIDIIEER
T7AN—DEDLYDOE)FOI— (ZHEESEHEOTICR>TWET) LEUFD
IJTAEZETT, MAFERKL Y 7Y ARGBEOMBREEE T/ FO3 — 13—
WIS 3 & ) B 28 RL . BibekogsdtE/ Fo3—-ough
DRI AZLENTESL, LWIRFERARLE Lz, EHIC, B/ F O3 —13HA
IR FHEERE W) T ebh 0T, BbE BET 2 2 Lid ) —< r EmOEEE
B EHEEGREBERTLIILICREENLIDLITTY, F0#%., EFEKE ARREE
BEEMGEOBENEEEGOBE, S [Elg DY —~ Y EHOBILOFED B
TNWVT AL (BRLBRIRZIVIVIL) 252 F L7, (REICHREZERS®
SEEERLTVET, TRICL L EBEIOHE. 16 0 0EOBILIFEL
To BHAICIEE 1. 20BATFNFINERSEBLIURI. FBERERICLDS
10, 1 20DOBINEDHAEIENFRENTVET,)

LIV LWRELTEBLLE, B 2 o0BEFDVET, Thbb. BET77 4
IN—DICIRD BT (stellar) F 7213 2EEH (constellar) 12 L o T2 BEICARI SN ET,
EEMEVIDIZ, TFEBVVOPDOERT 7 A /5— % RN EBE (BK-E2 7
) AFEE) TRALTEONAT 7 AN—T7, T/ FOI-DINBEISEH &,
ERT77AN—EE/F O - BENEHEESR. — 5. BEET7 7 AN—DF/F
03— (FENTRY) BEBNEEESRTY. EANIE. BE7 7 A3—d
(core) & FHIN B BEM B HAMAD DOF (branch), T&bH Y —< Y EKED chain
PHAEEEZLTWET, /2, BERE T 7 A NN—ZWLODPDERT 7 1/5—DF L
BE2ETEDLETCTELEELTNET, 20L&, FEFEITHINTTELES
(Zhd Y —<ERED chain) 1ZE2EET7 7 A /N—D8 (trunk) LV E T,

PR~z L 912, V< EDOBILDOFEE. E/FOI—LFFHTEZ LI
L VBRERBI-OTTH, STELRIZHLHETN TT, — RIS, S SAER



EEDIENMTALE, CONRE [REE] THELELONE T, TORKIZD
Lb. BES7ZoTHEL e & [HZE] THBH. LEXLET, 2HIVIRA
EHERODBCTERNLREZZOTTN., V=< yEADEBLIIHLTS., T0 L)
BREYEBATAIENTEET, ¢ bb, BT A—5 tc AN ZHEL (A’
AN E VAR, 5L0NB b M — A OBBRE {1, M, —» Alen %
E2FET, 2T, M W WERME M OEHTHHEFME. m X IEAER r DER
THAHFRESEL T4, iz, BHOTIE mg: My = AZTTOBIbr: M — Al
—FHLFT, T, BHt=0TIlZBbr: M - ADEET 7 AN—IZ 1 FZTT
TH. BLEHt£A0T, m: My 5> ADRBERT 7 AN 2K Lot & (IThb%
X, Xy, X B LET) . BRERE {1 My — Aben Z8BIbT: M — A OFHIE
(splitting family) L S\>. TTORRET 7 A= X 2 X1, Xo, ..., GITDRLZ, Lw
WET, BB =T VEOBO N FT Y —TRAT S [Tl oaid 181k
T M= ADBEERF o CHFELRVE &, 7 M — A % EFHY (atomic) &\
51 EICEDET, Fio [(AEE] OBEEb b A [Bibr: M = AWDRL
Eh 1 DRSEEY DL E (9FH, molecular) | T3 F/o. HMLEE L4
BTy AN—Z [REE] 7259 (FELPTV) L#ERSN T 905, EhE, EiEk
BERT 7 AN—ZEH5ELRLTVTT, 2L, BE7 7 AN T ML
ST (BRERICR D L) WM ERETY,

BAEITOLZ A, EHICIVEES DTICEs Tt BEFH2B{bo5EITER
LTWET, (1. 20L EZFZNEPREA Y 2V VR BIKICLDET, &
B, BHEILUEDE i3S O o7 2 ESBHERIIFEX 2vwo T, JloFEe A
WIS, EIEEL., 20 < yEmIBEANTTY. EEIBETIE. £HEiR
R FEA,) FES UTOHE. BEFHLREBILORET T AN-EL 72y Y77
43— (Zhidnode 27272 1 D2 b OREMBTY) B3 k0bodR) —< >
HOMERPIZZ o TWBEEET 7 A/8—2 o TWET,

KT, HEEOBREL LTIE., EA4 VoV VR BIRICE VBT BMKE &
JNKIZ L o THEEOEBOBEAN BN ERBL 2 EQBHEEL ) BBZ
FHiER, EHICL 2D —< Y HEOEBILISTH L THELZHF LER L ) HiE
WHVIT, BEDHETTELNEEGETRTOFETI 7 AN—E. 1 00FET 7
A JS— (main fiber) & V> { DD IFET 7 1 /3— (subordinate fiber) IZFEL 34,
B, BIERFEOEHAEFRICE VABET 7 A /N — D EERRCEES WA VAH L H E
LEPICENTVET (200 4 8BR300

T, DR BREROMBELLATHETL &I, e 21E, FE 7 7 43—
X B IUEOERET 7 AN—X, Xo,..., X AT EELILLI XDEDYOE
JFO3I—%h X, 0Fb)hOE/)FOI—% b ETHEE, TEENID hOGE
PEFDET, .

h= hth' h[

B, X, X, ., XiDTRTCL 7290 T 7AN—DEE hy hy,..., I TTXT
BELOVOT—VIARAMIRYET, L2 2T, h=hhy- - T hDEIHY



DT =Y I AAIDHRIZRDET, DBEAA, HHMNLRERE [EREEOEAL
FTHTF—V VA A PDOENGRTE S| bIFTTH, #hTIE, SEEICHEL-E
J RO —hOSRIED L IEEATTIUZ VO TL &9 5, RICPERRE
B b O TEHENINETI, 3 0E D L2 iEh T bhoTnERTA,
IO IABEBMER RO T -, HAESLEREEC [HE) ] ma S —
TVEDBIADGEECH D 4, ETHESZZ EPINIL . FEEIT A—-55E
Bl ERRECEELH D F T, RFEECIE., @42 by 7 A BATHBAL
W EwFE T,

B, BEAEREZEBASERICL ) - EOBILERDOFL L imdir e [ &
2] (5051520044 1H)pd 9—72ICHTWADTEEZE-NLS
WL T{REEwn,

i PROY-OVYRI Y ATHETIRERH TV 2P o 2OTTI, TDL
IBREEZEZTTE o zERBOH L ICEH V2L £,



1 OSE|NOYLFRERE & F DJED
HIERFRFE FEE R R L BEE

1. EeBIEDILIE & Dydak DA

DT, ZRIZTRCT-ZRTHD I L 2REL, v XERRE, Tk
[0,1], NiXTERABELEEOES, RIEHEFEOESZH LD, FEZER
Y RRER L2y ThILIBREELLDLE, w(Y) <y EHbDT.

PAEZER X DS ZER A CERSNERBER A - Y B X b~
IR SN D720 X, A, Y ICBY 2 &2 R 2 BREIE, &k
BOWERE L Eh 5. Kk Y I 2RIV M5 7 FERS ANR
Bt LTREBLEZ. ), 8k X, ACBETEHL, ¥V SEHE
<> Banach ZEf DA 1Z1E, Tietze- Urysohn DILRER (EHE 1.1) ®©
Dowker DEH (EH 1.2) DAL THD.

X ZArFAZEf, A 2T OWAZEE &3 5. LEOESEEREIEK (resp.
EREEGEREE) A RE X FOEGREEICILRETES L&, A
I% X IZ C-embedded (resp. C*-embedded) TH D EVD . FiZ, AP X IZ
C*-embedded THBZ L%, BEDEGBE f: A [ % X EOERGEH
Bg: X > [ITHWETELZLLEMLEFHTHS. FED w(Y) <72
Banach ZR Y 2% L, EEDOERKEHK f : A - YV & X EOEGRBEIC
WETEXBHLE, AL X I Pl-embedded THDEVH . FEED yIZEL
TAM X IZ Pl-embedded TH 5 & &, AL X IT P-embedded ThH 5D &
WO IHOHEIRKRO XS ICELDHLND ([2], [9], [10])-

P-embedding = P%-embedding <= C-embedding == C*-embedding

FEHE 1.1 (Tietze- Urysohn DIEERFEE [21], [22]). ACAEZER X ICEAL T,
RIZFMETH 5:

(1) X IXEREBMTHD;

(2) X DEEDFALAIL X IZ C-embedded Th 5;

(3) X DEEDOFALAIL X 12 C*-embedded THD.

C*-embedding & C-embedding DAL, —RIZIT—E L2V, FlZIE,
N iZ AR\ (BN\N) IZ C*-embedded 72FI&EE TH 5% C-embedded T
72 ([10]). T 2T, AR, BN iZFNZENR, N O Stone-Cech =1>/37 |k
tzH b7



B 1.2 (Dowker [4]). AZAHZERE X IZEAL T, KIXEMETH 5:
(1) X FHEERZERTH 5;
(2) X DIEEDRAE ST X IZ P-embedded TH 5.

ZC MEERX PN EER THLH LI, X ORRAEEEF B XD
Ew;fbatw%%Aﬁf TBETEDZ LB S,

(CFEZERE X OBMSEM AR, b5 EHEEE f: X - R ZAVTA=

“l{o}) LhbbEhd &, X D FEE (zero-set) LFEIND. X D
FEEDHEES T REFES (cozero-set) LV 5.

X BAHEER, U VEXOWBL TS, BEOU e UIZTHLTU C W
LBV eVIFETDHEE, URVEMITD LV U<V &bb
¥ Filz, U = {St(U,U) : U e U}, St(UU) =\ U e U : UNU' # 0}
LEHETD. X OREBEOSF U, :n e N} & ne NIZBELTUL,, <U,
Rz & &, {U, : n € N} i% EEHF(normal sequence) LTINS, X
DERBEBU X, Uy <U LD X5 DERI{U, :n e N} ZFOL
&, IERBA#E (normal open cover) &FHIND.

C*, C, P-embedding IZTEERBAFHBONIE L L TR—IIIERTE 5.

B 1.3 ([2], [9], [15], [20]). X & ACHEZER, A & T DESZER LTS,
DEE, AD X IZC* (resp. C, P7)-embedded ’C%étﬁ)@)&g‘f‘/\%
ik, A EOBRZ (resp. TER, BREXPE 4y ThHD ) ERREEUIC
SHL{VNA:VeV<U bied X537 X LOESREEY BFET S
ZETHD.

EH 130Xy, BEOIEERZ, X0V TWESEAEOIELIRZ
bz Z L1, shape BIH-OWRITHL CICBI AHEDREDHRE L 2o
7o, B, KOEBBIURIFEETHS.

SEIE 1.4 (Ald-Sennott [1], Morita- Hoshina [16], Przymusiriski [17]). X
NARZER, A%k X OFSERMETH LS, KEFETH5:

(1) AtX X IZ P'-embedded TH D

(2) w(Y) < Yy THBHEBED a7 b Hausdorff ZZE Y IR LT,
AXY XX xYIZC* (or P7-) embedded THD;

(3) Ax TH X x [ & PY-embedded T .

% 1.5 (Morita [14], Morita- Hoshina [16]). X ZAIFRZEM, A Z# T DERITZE
BE$5. 2Ok %, A X I Pr-embedded T 372 BIE, (X x {0}) U
(AxI) ¥ X x I1Z P'-embedded TH5.



—75, J. Dydak [5] 1% 1996 4, B OERGEE Y RRICILET 2548 &
LT, 1 OoE0MREELZRE L.

X ZAAEZER, {fo:a € Q} 2 X 20 [ ~OEGEENLRBHEL
T2, {fa:aeQ} 23 1D5E (partition of unity) TH B L i, £ED
€ XITEALTY cofalz) =1 BEVIIDELEEEWVD. I2EL, 22T
Y onca fo(@) =sup{) o5 fa(z) : 613 Q DHERES } LERINLTWVD.

X D1DGE {fy : @ € Q} » BEER(locally finite) (resp. KER
(poini-finite)) Th D &ix, {f71((0,1]) : « € Q} BRFTER (resp. AH
fB) THEZEEWD. ZIT, X DB ERPLRDBEU BBHERT
HHLIL, EEDze X IZH LT, B4FROUDTE LKLV E
SRR O, BEETDHZ L&V ). £, X ODHMGRENLRDIEU P
RARTHD LT, EEDzs e X IZH LT, s 280U ORITE L AHRT
HHZEEWD.

X ZALHEZER], A% X OWHSEBMETD. Q) <y &R22X572A
EDEEDORTAEMR (resp. AAEMRL) 1D5F {fo:ae€ Q} % X
LDORBFER (resp. REMRR) 105E {g, : @ € Q} IILETE
D(T0b, FED a € QIZHL g |4 = f, ETED) &%, AL
X 12 PY(locally-finite)-embedded (resp. P7(poini-finite)-embedded) T
L5 (Dydak [5]). F7z, FEED v IZR LT AP X IZ P7(locally-
finite)-embedded (resp. P7(point-finite)-embedded) TH2D & &, AL X
IZ P(locally-finite)-embedded (resp. P(point-finite)-embedded) & FEEN S
(5D

(BAERELIRAREIIBLZ2V) 1 OLFIOILEL, kDX I
BESiTons.

T 1.6 (Dydak [5]). X ZAHZEM, A2 ZOBHZEMETS. ZOL X,
ALDEED 1 ONE% X L0 1 DAEIOMIETE B0 OBES5
181, AX X IZ P-embedded THHZ L THSD.

L7c3o T, (BFRAREIIRER LIRS 2V) 1 0SBICETOHE
FE—ILRERIIER 15 ILFEEIND.

—77, J. Dydak [5] 1%, ‘A x I 2% X x IIZ P7(locally-finite)- (resp.
P7(point-finite)-) embedded THH L E (X x {0HUAX ) ITX x I
P7(locally-finite)- (resp. P7(point-finite)-) embedded TH 2’ Z7~L, L
T ORMRFEEZZT 7.

[l 1.7 (Dydak [5]). A % X @ P (locally-finite)-embedded 72885375 &
T5. ZDEE, AxTX X x I 2 P (locally-finite)-embedded T 5037




%8 1.8 (Dydak [5]). A % X @ P7(point-finite)-embedded 7285725 &
T5. ZDLE, Ax XX x IZ P(point-finite)-embedded TH D57

Thbh, FROMELTRBLUCL81L, BFEREZIIAARR 1 05E
I\ZE89 5 Borsuk BDFRE b & —IBEEE L 52 S8 2 720 DOARERY R
SEESLOTHD. AEETH, LROREITOEEMRETE 18D
R, EORSMZRER, BIUOBETAEELHEINT5.

2. RPTERRZ 1 OLEIONRRME L £ OF2

FEHE14°% 150, EH 1.3125 D P-embedding &V 95 ‘BEEOILE
ZIERBAPEROIRL VD L VWESEOWIE L LTLbxbhil L
BEEADETH o1, FERIC, 1 OSFIOIEEY FWESKREROIEL L
TEBZXTHDEWVWIRBIIBATH Y, EEE, M. Katétov [13] ° T.C.
Przymusifiski - M. L. Wage [18] ORI FIC b R 5N 5 (EE 2.1).

X #AIHEZER], A2 TORSZEE, U ={Uy:a € Q} & ADHEEL
T5 XOBEBYBIUDEERE THILIEZ, ViV ={V,:ac Q} &
U ELRICEAFT) HobEN Fa e QIZOVTV,NA=U, 25
EICTEBRILTHD. MHAER X IXERERTHID X OEEDH
£85 A LORFERLEZWE (resp. FELRBERLTREWKE ) &
X FORFRAERLKREWHBICIIRETE 5 L &, functionally Katétov (resp.
countably functionally Katétov) T&H 5 &\ 5 ([13], [18]).

=B ORFBEME RO & 5 Z2BHRICH B (Katstov [13]).

W FTE 5 2% b = functionally Katétov = HRIER
F# FIE/SF 227 b = countably functionally Katétov = IEH

EDOFEIZH 3 implications DL T LT Y L7720 ([13], [18]). 2 =F
D, (countably) functionally Katstov i, (&) ERFAIE T 237 b
() ERE Vo k< Mmbh e E &L —B LW OME L AED
iToh, EBIUTOL I 1 OFEIOHERE EETS.

TR 2.1 (Przymusiriski- Wage [18]). &ASE D 2.

(1) RIABZER X 23 functionally Katétov TH DD DLETHFEEI,
X DEBROMES LOERORFTARS 1 D5E%E X EORFTARZ 1
DFEIDFEETE AL (Thbb, X OEEDOMESIX X IZ P(locally-
finite)-embedded) THD.



(2) FrABZER] X DERSYZER] A B8 X IZ P-embedded T % 7= D DLES
5% A EOEBORFERZ 1 0O5E% X Lo (FBETAR LIRS
72V) 1 OFEIDIRETEDZ L THD.

EE2.10 (1) T, 2) DX S ICESER A ZEE LIERBRICITTE
TRtz 23] IBWT, 2O DK R ERDRDERZEI.

SEHE 2.2 ([23]). X BALMEZERM, A 2 ETDOWMHERETD. ZOLE, AN
X 1z P (locally-finite)-embedded Tdb 2 oD DLEA-Gy541L, A ED#R
ENE Ly REFARRASWE Y X LFORARRKREHBICIEERET
EHLTHD.

2.2 ORI OREMEHIE, KOWBEERLIEZ L ThB.

R 2.3 ([23))'. X 20z, A2 TOWMSERLE TS5, ZDLE, A
2 X 12 C-embedded Tk BT-HDMLE+5MEE, EEOERGRER f -
A=sTE YO =UNA LB X DRFERUIIHLT,
gHO,1) CU kB X7 f OBk X - IBPFETDHIL
Thb.

EH2.2 # AW, BE LT OEERE 5 X 5ROEERZ B

SEE 2.4 ([23]). X ZAMZER, AR ZOWMAERL TS, ZOLE, KX
FHET®H 5:

(1) AX X i P (locally-finite)-embedded T&H 5;

(2) w(Y) < v THREED /7 b Hausdorff ZR Y IR LT,
A XY £ X x Y IZ P'(locally-finite)-embedded T 5;

(3) A x I't¥ X x Itz P"(locally-finite)-embedded TH 5.

% 2.5. X ZAARZER, A2 TORSERETH. Z0LE, AR XIS
P (locally-finite)-embedded TH 272D IE, (X x {0} U(Ax I) X X xI
12 P7(locally-finite)-embedded T&H 5.

EF14ICEREL T, AD X ~0 P(locally-finite)-embedding Z,Y € C
LRBTRTOYICETHAXY D X xY ~0 C*-embedding & LTk
BATT BT ODEBD I T AC 2RO IMEHFELSD. ZOMEICEL,
W/

Lg=1((0,1]) C U’ i 4g7H((0,1]) = U7 IZBRTE B ([25]).



EHE 2.6 ([24]). X ZAIHHZEM, A 2 ZO0HSEBMETSH. AP X I
P¥(locally-finite)-embedded T % 7= D DLEA57 &ML, EE DR 455
BEERY C, Hb2HAERES YV 2BRVWIEESY -V B8F/Fr=a 7 b
THHILIRLDIZHLT, AxYIZX xYIZC*-embedded TH 5.

ZOEEL, L<AMbNEFER AR XIZC (T72H PY)-embedded T
B DT D DLEFEREE, E£E @)?77?3 Ny MRSy EEBEZER YOI
LT, AxY XX xYIZC*embedded THD' LB TES.

3. REWRR1OHEIOEL T DAL

BRI 1 O5ENCET 2181, BETHRMBRTHS. 22T
%, ZOMBE~OT 7 a—FORBRTHRLONIZRELS ~DORSHEE LT
Dydak ORI OBEE~DOE EMRE B fré

P(point-finite)-embedding MHFFEIZI VT, M-embedding & v 9 il
PSS EEICEET S, 8D Banach EEOMBSES YV ITDONT,
EEOEGER f: A - Y 2 X EOEGREEICIETESLE, ARX
IZ M-embedded T#H 5 &V 9 (Sennott [19]). J. Dydak [5] i

M-embedding = P(point-finite)-embedding = P-embedding

MRV ST Z L &R L. —F, M- & P(point-finite)-embedding A3—%
FBHE S HIERMERTH B2 (Dydak [5)).

BrFAZER] X & FOWHZEM AR LT, X IZH 228 {UuV U i
X OBES, OV C X\ A} ZEALZERZ X, LHODT. FIZ
X 2EHEROESGR, A FEEEROREEQ LTDLE, X, (T'/Zti’)
b Ro) i3 Michael B#R &FHIND. FEHEEOES Q 13 Michael E#f
Rg (2 P-embedded T& %% M“-embedded TiZ72\ I TH S (Hoshina
[12], Sennott [19]). Z D & 5 2ERD S &, Dydak [5] &

MiRE  ‘Q I Rg IZ P?(point-finite)-embedded T& 5 7>7

4R L, —F, P-embedded T&H DD P¥(point-finite)-embedded T7
VBB OBIZHEBR L TWA. ZOFI, ‘A ZSEEEERE L RTEE TR\ EERERL
MEE OBEIEE X & A PHAZEE L LTET & O R HEREZER

2 M-embedding IZB8 L TiE, % 1.5 KRS 5 & 5 28E b O —IEREBENHLT D

(Sennott [19]). L7z T, b L P(point-finite)-embeding & M-embedding 23 —%9
i, B L8 IR EERICAR END.




L35 L&, Al X412 PY(point-finite)-embedded TX7Z2vY L1 5 H D
ThHHN, AL A BBEMEETH D Z ERREMICAVLNRTE
Y, Ro ICIZEERIEENFEO L 5 R ST RIFRA I TE v &8
FIRERRE R ~DEE 2 2 Th o 72

BERZRI—2 b 1 O5EZEHOIE TR (SWESKE IR &
LTHRZDZENDLT T e—F L, KOERE2E. TR, FE23
FFRWA.

FEIE 3.1 ([26]). X BACFAZER, AR T OWHERET S, ZDLE, AN
X IZ P¥(point-finite)-embedded T DME+HEMHFIL, A LORERE
FHEKFEWEZ X LOSERRTERKEBHEBIIRTELZ2LTHD.
WEBORENENEDHE I, ERELISHE TS LS 2RI (ME
FEB IOt L biZ) B LW 2 & 2R HINER TE 5 ([26]).
3.1 #FWVWT, kERLE.

B 3.2 ([26]). X #5825, A% Z OWERIHZER T (ABHIZBNT
) B 1EIOEETERERM THLLETH. ZDLE, Al X, 12 P?(point-
finite)-embedded TiL72\>.

EHE 3255, EHIC LR Dydak DFBEOTEMIEHND.
# 3.3 ([26]). Q iX R iZ P¥(point-finite)-embedded TII7zv .

Fi, EH31ZAVWAZ LT, HIRE 1.8 DERENE LD (unpub-
lished). 22T, w+1={a:0o<w} TBREDIEFALIEEZ HD.
SEHE 3.4. AL X IZ P¥(point-finite)-embeded 72 H 11X, A x (w + 1) IX
X % (w+ 1) I P¥(point-finite)-embedded TH 3.

PLFEZERE X, LB OYER OFEREIL [27), 1 OLFISKICET S
FEREIL[6] ICREL V.

4. HERE 2.3 O Controlling Extensions ~®D /it

P(locally-finite) ¥ & Ut P(point-finite)-embedding DEEDILRIZ L 5
BT 252 27008, 2.3 2R LIt LiZhol. #2310
DL YR R IBENHHEIRMELRD LOICTED L (%
7oiE, D L 5 IZTE 5EFEREHOYLIR) 1%, Controlling Extensions (F
721X Controlled Extensions) & FEIEAL5. Controlling Extensions D &#t
B2 BTSRIE, M. Frantz [8] IC L > TR BT,



B 4.1 (Frantz [8]). X ZIEHZEM, A% X OFESERETS. Zy, 7
ERDLBRNWXDEEE, [ A= TI1X Z;NnA=f1({i}),i=0,1 &
T EREEEE TS, ZokE, Zi=97'({i}) i=0,1) LB X5k f
DEFERIR g: X — [ BEETS.

HE223ZHMBTAZLET, ROFEH 42 2B, ZTORRIL, FH41T
BB TS Controlled Extensions 483 OWICKBRTH LD T
HB.

EE 4.2 ([25]). X 20IHEEEM, A% X OWMHEEET 5. Z, Z, X%
BIRWXDEER, fA-TIXZNnA=f1({i}),i =01 2HTE
BB L THLE, Z, =97 ({i}) =0,1) LD X 57 f OEFIRILE
g: X = I PEET D72 DDLE+55ME, Ad X 12 C-embedded &
MBI ELTHS.

B&iT, V.Gutev-H.Ohta- K.Yamazaki [11] %, n-IKFEEAMEK D* ~DEE
BEEREUC R L 2EOBER 48T 2 & 5 RE@R o FEL v
C-embedding DIEEAHT 2 5 X 7-. ZORKEMTERAWVWT, KOEE 4.3
ER/AHIENTED. ZORRIT, EEA2DO—RILERRES. T,
OD™ X D" DES, T0bb (n— 1)-KRaHKEEZH LT

EIH 4.3 X ZABZER, A2 TOHSZER, n2BREETH. 2ok
&, ANBXITC-embedded THBT=DDYEASEEE, b X 5D %
GRS, [ A D % f(8D") = h- (D™ N A 7 fla-1(apmna =
hlh-1apmyna AT TERERETDH L&, fidg ™ (0D™) = h™'(8D")
H>D g!h—l(apn) == h{h—i(aDn) B HT-T XD REGRE g: X — D" IZ¥E
BTEXB3ZLThHD.

F 7=, BEOFED Controlling Extensions (2B L TiE, IROEEN A 6
NTW5. ZZC, R ={reR:r >0} ZHbb7.

SEHE 4.4 (S. Barov-J. J. Dijkstra [3]; =737 MEBEZER X IZEL TR
Frantz [8]). X #IEHRZEM, A% X OBESERELTD. f: AR,
g: ARV A X REf g=hlADDg0) C f7Y0) ZAHT=TE
GEELTE. CoLE, fOBEGRIES: X o R &, g DERRILE
§: X 5 RTTf-g=h»o§H0) C f7H0) ZHITHOBEETS.

INHORRIZELTH, ROBFEMAITORICHKETE 3.



B 4.5 ([28])). X AL, A% X OBHERMETS. DL %, Kk
DEHIIFHETH 5:

(a) AtX X 12 C-embedded ThH 5;

B f:A-R, g:A-RNE:X >R % f-g=hlADDg7}(0) C
FU0) AT TERER LTS, ZLE, fFOERRIEESf X R
&, gDERRIEEG: X - R Tf-§g=h»2§Y(0) C f7(0) 2H7%
THOVBFET B;

() f:A-R,g:A>RY h: X >R %Z f-g=hlAD»Dg}0) =
FH0) A= EBER L TE. ZOLE, fOERRIEEf X >R
L, gDEBRIERG: X 5> RYTf-§=h225710) = f1(0) 2Hiz
THDBFETD.

[8] TI, EE 44 OBEFRFENA—Ta b EXDNLTWD. ZORR
%, C-embedding % 31} I E TX 5 ([28]).

ZE 3k
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On some theorems of Borsuk—Ulam type and their applications
by Henryk Torunczyk (Warszawa)

based on work joint with R. Simon and S. Spiez

1. A theorem of Borsuk—Ulam type we needed for an application
in game theory

Let me start with a reformulation of the the classical Borsuk-Ulam theorem,
which I would like to state as follows:

Borsuk—Ulam theorem: With B™ denoting an n-ball and §B™ its bound-
ary, it is true that for each map f : 6B™ — R™! and for each point p € B™
there exist points 1,y € §B™ such that f(x1) = f(z2) andp € conv{xy,z2}.

When p is the center of the ball B this is the well-known version of the the-
orem on antipodes, which has a vast number of applications in areas varying
from different aspects of topology to discrete mathematics. It is impossi-
ble to list here even the most spectacular of them and I would like to refer
to Stenlein’s and Bjérner’s surveys [Bj], [St1] and [St2] for a comprehensive
discussion.

The variation I am going to be concerned with in this talk has been motivated
by a problem in game theory. It turned out, namely, that for this particular
application the number of points z; is allowed to become larger than two, but
the assumptions on the target and on the domain of f need to be weakened:
the domain should be allowed to be a boundary of an open subset U of R,
while the range should be an arbitrary space of dimension smaller than n. In
such a setting, we demand that for a given point p € U there existed points
Z1,...,Zr € U which all belong to a common level-set of f and contain the
point p in its convex hull, that is

flz1)=---= f(zx) and p € conv{zy,...,z:}

Before discussing the result we obtained in this direction let me say a few
words about the game-theoretical problem that motivated it.



2. A few words on games

The Game we consider (for recognition, a capitalization of its name will be
used) is one of the ”infinite games with incomplete information on one side”,
as devised by Aumann, Maschler and Stearns. It resembles a sequence of
infinitely many identical stage-games being played on a certain day by two
players, with the assumption that their gains depend on the day of the week
on which the play is being played. However, while one of the players knows
this day for sure, the other knows merely the (seven) probabilities that it be
Sunday, or Monday etc.

More precisely, but still in a simplified form, this Game may be described as
follows.

There are two players, A and B, each having a certain fixed (finite) set of
pure strategies: a set I for Player A and J for Player 3. The play against
each other infinitely many times, in succession, the game von Neumann and
others considered. These ”von Neumann stages” of our Game consist of the
following:

e The Players choose probability distributions on their sets of pure strategies:
Player A chooses a 0 € A([), while Player B chooses a 7 € A(J), where for
a finite set X we let

AX)={f: X =[0,1]: > f(z) =1},

the set of probability distributions on X (We think of A(X) as a formal
simplex on the set X of vertices.)

o The respective players gains (which may be negative) are equal to

Z a;;0(5)7(j) = c A" (for A) and Z bijo(i)r(j) = o B7* (for B),

i€l jed i€l jed

where A and B are certain I x J-matrices.

These von Neumann stages are played repeatedly, thus giving sequences:



(01,03, ...) of elements of A(I) and (71,7, ...) of elements of A(J)
and

(01AT!, 09 ATE, .. .) and (01B7,02B73,...) of the payoffs of the players.

The pair (A, B) of matrices, which governs the payoffs, remains fixed through-
out the entire sequence of stages. As said earlier, it is an important feature
of the game that this pair is known to Player A, but not to B. The ”unin-
formed” player B knows the following:

(A, B) belongs to {(Ay, Bi) : k € K},

1
- agiven finite set of pairs of I x J—matrices, (L)
and, for each k € K, both players also know the probability p(k) that this
pair (4, B) be equal to (Ax, By):

A and B know p € A(K), a probability distribution on K. (2)

The Game is thus defined by the data (1) and (2)—which includes the ”true”
pair of payoff matrices (A, B) = (Ay, Bx), where k is known to Player A,
but not to Player B. (All other data are known to both players.) The actual
value of k is called the state of nature.

It still requires describing how the total payoff of the players is calculated.
(See e.g. [SST1].)

The whole theory of such infinitely repeated games has been secretly devel-
oped by Aumann, Maschler and Stearns in the late 1960’s. (" Secretly” refers
to the fact that the Game has been considered to be applicable to the disar-
ment negotiations that had taken place then. Characteristically, the title of
one of their papers was: ”Game Theorethic Aspects of Gradual Disarment” )
Consequently, their papers had not been fully published until in a book [AM]
in the past decade.

It should be stressed that more general games are also being considered in
this context. Namely, above we described the information of both players as



standard, meaning that both players have perfect knowledge of all the past
moves. However, this assumption may be weakened so that that player’s B
information is received only from perception that is determined stochastically
by the past moves and by the state of nature.

In both cases, with standard and non-standard information, by an equilib-
rium is meant a pair of strategies of the players such none of them can
increase his payoff by unilaterally changing his strategy. It is only the aspect
of equilibrium existence in these games that is of interest to us.

3. How do the topological results enter into the play

For the Game with standard information, Aumann, Maschler and Stearns
devised strategies (one for each players) which lead to an equilibrium, pro-
vided such strategies pairs existed. They proposed that both players agreed
to play at each stage of the game in a certain prescribed manner, known
to both of them. If any of the players violated this agreement, the other
one used a punishing strategy that kept the payoff relatively low. For all of
this to work a complicated system of inequalities and equalities needed to be
solvable. '

Inequalities corresponding to Maschler—Sterans equilibria: Given py € A(K)
we seek:

aset Py C A(K),
for each p € P, elements 0, € A(J) and 7, € A(J), a vector ® € R¥

such that, with A(p) := >, p(k)A, and B(p) := Y, p(k) By we have:
Po € conv Fy;
® - ¢ > min, 0*A(q)7 for all ¢ € A(K) and o € A(I);
0*B(g)7, > min,, 0t B(p)7 for all p € Py, 0 € A(I) and 7 € A(J);
Dy > O';Ak’l'p for k € K and p € By, with > changed to = if p, > 0.

It turnes out that a solution to it would exist if we were able to attack the
following problem:

Let A be a simplex with non-empty interior in R™ and let a point p; € X
and real functions a,b, on A be given, with the functions b, being convex
and continuously depending on v. Let r : R® — A be the nearest point
retraction. Establish conditions under which it is true that

either by, can be separated from a by an affine functional, or



there exits a finite set Py C R™ and an -affine functional ® in R™ such
that py € conv (r(Fp)) and b, < &jp < by, for all p € Fy.

In turn, this geometric problem lead to the following setup concerning set—
valued functions. Suppose we are given a point p € A(K) and want to
represent it as a convex combination of finitely many points py, ..., p, lying
in the boundary of the simplex, so that certain convex sets F'(p;), associated
to these points, have a non-empty intersection. (In the problem formulated
earlier, the sets F'(p) would consit of affine functionals separating a from b,.)
This formulation immediately focuses attention to the set-valued mapping
p — F(p), and from now on we leave game theory and geometry and concen-
trate on some topological properties of set—valued mappings. The important
fact is that the sets F'(p) are convex and compact and thus are acyclic. We
formulate our results in this more general setup of acyclic set—valued map-
pings (or correspondences, as we call them).

4. Some results on correspondences.

Definitions. By a correspondence F' : X — Y we mean a subset of X xY
such that its projection to X is a proper mapping—that is, it is closed and
has compact point-inverses. For x € X,y € Y we may consider the sets

F)={yecY : (z,v/)€F}, F'y)={eX:(d,y)eF}

In general, we do not assume that the set F'(x) be non-empty for all z € X.
The set dom(F') := {z € X : F(z) # 0} will be called the domain of F', and
similarly we define F(U) = |,y F(u), the image under F' of a subset U of
X. By the restriction of F' to a set S C X we mean the correspondence
FN(SxY).

We say that F' is acyclic—valued if each set F(z),z € X, is non-empty and
has trivial reduced Cech homologies with coefficients in Z,.

In our setting, X is often going to be a subset of an Euclidean space. When-
ever this is the case we may define the following correspondence:

cF = U conv (F~'(y)) x {y}

yey



We say that cF is a level-wise convexification of F'.

Theorem 1. Let U be an open bounded subset of R™ and F' be an acyclic-
valued correspondence defined on the closure of U. If dim F(U) < n, then
UcC dOHlC(F](;U>.

Otherwise stated: each point py € U is in the domain of ¢(Fjsy), i.e. there
exists a finite set Py C 6U such that pg € conv(Fy) and () cp F(p) # 0.
And if F' is just a single-valued function then the last condition means that
Fy is in a single level-set of F', which is the version of Borsuk—Ulam theorem
we alluded to in section 1.

The set Py above may be assumed to be finite and consist of at most n + 1
elements, by a classical theorem of Caratheodory. Let us show on a simple
example that in general it cannot consist of fewer points.

Example 1. Let f be the natural simplicial map of the barycentric subdi-
vision of an n-simplex /A onto the join of the barycenter of A and of the
(n — 2)-skeleton of A. Then the center of A cannot be represented as a
conver combination of n points that have a common image.

(The picture can easily be drawn for n = 2, and we see that set of points
which are not a convex combination of 2 points with a common image is a
triangle on the midpoints of the edges of A.)

Remark 1. In the most intuitive special case when Y is an (n— 1)-manifold
and F' is single~valued, one can drop the number of the required points down
to two. This is a rather easy consequence of a result of Oledzki [Ol], gener-
alizing the Borsuk—Ulam theorem.

Theorem 1 allows to give a rather satisfactory answer to the problem on
separation of functions. I do not formulate the sufficient condition obtained,
the essence of which is that it forces the image of the arising correspondence to
have dimension smaller than n and thus makes Theorem 1 applicable. In this
way the existence of an equilibrium in the Game with standard information
is established. (See [SST1].)

5. A certain homological property of correspondences

Definitions. a) Given an open bounded set in R™ we distinguish the ”fun-
damental class” [6U] € H,(6U,Z,) of the boundary of U.



b) We say that a correspondence F' : R™ — Y has property S for an open set
U C R” provided there exists an element of an—l(FwU, Z,) which is mapped
to [6U] under the homomorphism induced by the projection Fisy — 6U, and
to 0 under the inclusion Fisy — F'.

c) We say that F' has property S for a compact set C if it has it for Int U.
It turns out that Property S is:

a) hereditary: if F' has it for C and D C C (C and D are compact) then F'
has this property for D;

b) continuous with respect to nested intersections;

¢) can sometimes be pasted together: under additional assumptions, if F’ has
property S for an open set U; and G : Uy, — Y is acyclic—valued, then FUG
has property S for the closure of U; U Us.

We note that if F' has property S for U, then F(p) # 0 for all p € U. (For
this reason we call S a ”"spanning property”.) Theorem 1 is established by
showing that if U is an open bounded subset of R™ and the acyclic-valued
correspondence F' : U — Y satisfies dim F((U) < n, then it has property S
for U.

The correspondences we encounter in game theory are usually defined on a
an n-simplex A and take values in a cube of dimension by 1 higher than
that of a simplex. Usually, the property that dim F(A) < n fails. However,
the essential feature of these correspondences is that they are saturated in a
certain sense.

Definition. If F: A(L) — Y is a correspondence and Y C R”, then by F'*
we denote the correspondence A(L) — Y defined by

F*(p):={y €Y : 3z € F(p) such that z; <y, and (z; — y;)p, =0Vl € L}.

We call F'* the Y-saturation of F. We say that F is saturated if ' = F'*.
Theorem 2. Let I = [0,1] and J = [0,2] and let F : A(K) — I¥ bea
saturated correspondence such that the set F~'(y) is acyclic for every y €
im(F). Then, the correspondence F' has property S for A(K) iff the image
of its JK —saturation separates the cube J¥ between the vertez v, = (2,...,2)
and the union of all the faces of J¥X disjoint from v,.



It is this result which allows for handling the games with non-standard infor-
mation. (See [SST2].) The main advantage of it is that it allows for pasting
together of various correspondences with property S so as to preserve this
property. The following easy set—theoretic lemma makes such a pasting pos-
sible:

Lemma 1. Fori=1,...,n, let B;, S;,U; be closed subsets of a cube I™ such
that S; separates X between B; and I"\U;. Then |, SiN( i, U; separates
X between (i, B; and I\ (oo, Us.

6. Some related results and questions.

The proof of Remark 1, based on Oledzki’s result, can be used to generalize
Borsuk-Ulam theorem as follows:

Let C be a compact n-manifold with boundary in R™. For p € C let F(p)
denote the set of points y € R®™! for which there exist a,b € §C satistying
f(a) = f(b) =y and p € [a,d]. Then, the correspondence F' has property &
for C.

It would of course be interesting to narrow the gap between Borsuk-Ulam
theorem and our theorem 1 for single-valued mappings:

Question: under what conditions on a compact set C C R™ and on f is it
true for each point p € C there exists a set of no more than [ points in 6C,
where [ is a given number smaller than n + 1, which contains p in its convex
hull and lies in a single level-set of f7

What about the case when C is a ball?

This question is related to that of calculating the Uhrysohn diameters of an
n-ball in R”. Let us recall that the k—th Uhrysohn diameter, u;(X), of a
compact subset of R™ is defined to be the smallest number € > 0 such that
there exists and e-map of X into a space of dimension not greater than k.
It is known that:

Un_1(X) > sup,cx{infdiamA : z € convA and A C 6X}

Un_1{B™) = 4/2(n + 1)/n. (This follows from the above and theorem
1, but was known earlier.)

up(B") = 2 if 2k < n. If 2k > n then u,(B") is proved to be larger



than 2 (Schepin), but its value is unknown.

Theorem 1 shows that when U is an open set in R” and dimY < n, then
the level sets of a fixed mapping 6U — Y are ” large”—at least in the sense
that the union of their convex hulls covers U under rather weak assumptions.
Let us recall that when U = B™ and Y = R*, then B. Knaster conjectured
in 1947 that these level sets are ”large” in a quite different sense-namely,
that every subset of the sphere 6 B, which consits of no more than p(n, k) =
n — k + 2 points, is isometric to a subset some of the level-sets. It has
been proved by Makarov (for k£ > 1) and recently by Kashin and Szarek (for
k = 1) that this conjecture was false. However, it is still unknown what is
the asymptotic behaviour of the largest numbers p(n, k) for which Kanster’s
statement (without the postulate that p(n,k) =n — k + 2) holds.
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i—oocoDLE MEWBITLMESPeU;C ML FOLTESINESL 7L — L%
BOPANOYEBE F; : (Us, F,p) — (My, F,p;) BFFAEL T Froi(t) 1 g(t) 1< M x (a,b)
T C®BEZ—RIRT 5, 7V —LE2EEL THED T, &R isometry ¥ T —&C
H5b,

ETE 1.1 (A0 MR [Ham95a]). 0 € o, by 22 5BREIITCEH SN IS0 E ricc
flow DFY (M;, g5, p:) 3 FEZX 5. EHEFER [ b IZBRITBNT (a,b) 2802 T5, BY
t=0KBNT p; KB LBEHFFFEO—HRTISOFEERL. £8D D> 0 LFABKX
BT C (o,b) IS T B(z, D) x I T—ZHEEHE | Rm | < Qp s 2T & &, (M, 05, p:)
IX M x (a,b) C subconverge 5%,

FEE LI XY (M, §:(t), ;) OURERE SR, -, COENYEROTMELEL T
%, HERIZSFNOZBEFPS (—Qits, 0] ITBVTayba—LEhTns, LT, 18R
12 BT ancient time interval (—oo, 0] IZBWTHZRD [LH— R T H 5, —HIRZ
fREET 2 BETFRE 0, (M) OFEMZ B 51T, DB~ 6> 01200 T

6 < vp, (M)| Rm(z;, )2 2

725 —REIR TG OFHIE L 22 hide 678, Z OFHiE Perelman DIEHIC BT -2 b
BRI EED—DTH -7z, Perelman O ORI OHIIENLZ OFHHICHTHN TS,
= DFHIi% 5% % k-noncollapsed theorem I Perelman D ORIEDBROFERTH 505,
ZIZTREYDHATEEREWRD 5720, ZOFHEADPHEICKEL THRIESh 52 L Tk
ICED D,

G5 L. A D rescaled ricci flow(M, §;, z;) i3 % ancient solution. 2% Y B (—oc0,0]
TESHEN Tz ricci low IR T B, Z OB, =RTICBT 2087 kim 2 R EL EEAMER
HOERD S WY IO,

FE 1.2 (Hamilton-Ivey[Ham99]). M3® E® ricci flow THHIFHEN Rm > ~1 2§k
LTwab0%ERL, 20L&, infly=1Rm(z,t)(4,¢) = —X(z,t) LED D, ZDLE,
X > 0%\ TAT

R>X(InX +1In(l +¢) —3).

ZDZ ¥ H 6 blowup limit [ XIEAMEL O Z LA 5, 51T, k-noncollapsed theorem
5 < 5 global 22 non-collapsed DFHr HcTZ L bbh 5, Zh s DFEMERE7=7 ancient
solution % k-solution ¥ v*%3, toponogov @ splitting theorem PIFH T Y — < ZRED
end DM, Y DY —< VMO FELEELYERFEL T k-solution DHIAX 1T I, HEawld

EHE 1.3 (k-solution DHA [Per02]§11, [Per03]§1). =KD k-solution iX
(1) S? x R DIEYERR (Neck),S? x R/Z?(Twisted cap)
(2) S* DIEEERRD Quotient
(3) Ffi%x %y 7 &hic> Y ¥ — (Cap)
(4) DIFEEIICIE 53 ZEASIEHERR Tz

OThh, FTOZOIE t — —o0 TD blow down imitH® 5% x R OZHERICINET 5,



Canonical neighborhood theorem(|[Per02, §12]) 1% Perelman O %X OBEEORKADERT
b5, ZOEBIAENCZIRT ricei flow DB L7 MMEEETH S, HBTBICL TS
CCIREELL L ZIOEHROENEZFET L,

rzid. LoBRTHEAEK (1) OX DT (2, t:) 23BAK, 20X 572 blowup center
DECHIT—HIT scaling DEERITEW T L {Tbh 3, ThREREET (2 2 Clalse
D) FED order KRR HEHOREMEPEVICTEL 26 AL AlcB0TRET L. 2
HEG CRIRIC &V double bubble X FHIN5) 23H Y 5 206 TH 5, (1) TOEVHIE
BOHHHD order WK EWRENRZ T % B 572D blowup center DBV HTH 5, =IRTTE
Ay Y MEERIIZO LS EREROTEMNRL RN L2 FRT S, 2E D, ZkTiES
v bEEE R HRTRIE. T k-noncollapsed ricci flow FIASEL S CRIEEASREL S 2 Th
iZ. (blowup center DBV HICKZES L TH) B scaling Db & k-solution ITINH T
5] LOOFRTHS, Ldi->T, FEHEC L a7 MEoERmE2EAThE,

FH 1.4 (Canonical neighborhood theorem). x,e > 0IITHL T. r(k,g) > 025
BEL TIROSERBE T 1 k-noncollapsed 72 ricci flow(M®, g(8)) IC2W T, H5E (p,t) €
M x[0,T), t>1T R(p,t) > r 22 6iE. (p,t) OiLEEIMERICIEL /2 27 — Y > Ofsl
% k-solution T e il &N 5,

Remark 1. FFE 121 L VW ERTOHEA. HZE Rm ORBORY 2 hH5— R R OFK#HEZ
ZhiE+4HTH 5,

1.2 Surgery & Extinction [Per03, §3,4]

=IST ricci flow OBRANOBEBE T 2EX 5, Z 0L &, lim_r R(z,t) < co 254
zEMBLEDEAQIBESATHS, TOWHITIL t =T £ TSP metricg(t) WESH
zh3,

Q= {m € lim R(z,t) < p‘z}

YYBYr. EEL14 D LY FHNETR pITHL T EE 1.4 25 Q\ Q, OSBRSS k-
solution CIELEIEN 5. k-solution DHIEN SEAL Tz b O THLEN 572 6 neck 2 cap
THL, ZoZers. QOWERBOESHSEROIL. t=T LV PLHOBETIL Q,
D S?HEFRE cap L7z V. cylinder THEAREYL MEEZHF>Z LBD2 5, 2. Q, %
cap L 7= b DITAHEAGICIE M 2 Y 2BENLML b 0TH S, cap IBY R FIETHE
21 TEY ricc flow 27ES ¥ T surgery 2 & @ ricci flow DR E{T-> T <,

— IR T T M QSN —FIT p 2 2BA T QM EESICR-TL E35EEMDH 5.
Z Dl — A% extinction ¥ ¥, T OBESMARITT OB ATHEL TL . TRUEREE
T L HERRG, EEM oS TER 14 OENEYIE. ¥ OSOEED canonical
neighborhood 2 %>, Z®DZ 275 AHMICIE M = S% x 51, S, RP?, RP}RP? L M2
Zyhtbhhr g, ¥ K IOEEY Gromov-Lawson DEROHEXEX L2 22 RE D, ricd
flow D A4 5 —HE RITHERN

2 [}
8,R=AR+|Rc|? = AR+ §R2 + |Ref? (3)

ICHES DS BAEEERIC L Y R(t)=minzen Rz, t) ITEFEMT 2. L {KHBERTR(E) >0
y eI, %{—' > 3R* & 0. BREEENIC (AEPO surgery D) extinction BB B, L

7=MoT. R>026IF 2 xS 0EEMTHLI L), BEXEREZAVWTR=0
DEESbADTELNT. FhUSOTEEED Aat RBEL PRNI L BHED,



1.3 BRAEMOBR. Nébfbe Y —v > SEkOKSE [Per03, §5-7]

Extinction W56 7202 & (FRAEEIC R <0 D ¥ &) 13 (0,00) T surgery 2 D ricci
flow ZHERL 2T T bk, ZOBR. BHR to > 0 2B, [0,2t], [2to,4t0], ... LB
O KE L CIRMEICRERE 1T5> T <, & surgery time TR0 & 5 2B % 1T > =0l
{%. noncollapsed parameter x & TNITHKE T 5 canonical neighborhood parameter r A%=
yha—ERTORITFER S 2, ZDDITi surgery radiush 2/ E < Hlo 2 5A8 L
v, (0¥ Y. neck DI 72 o 72D T surgery 1T o7 A&y, ) B Perelman DSl
TIRAFHREREIT I TRBEI X0 EHE, t — co DI ADKEICE TR 25 bL
hzvy, LU h— 02 58EE L SIEERTIERI R YRy, 2050l EEEO
KT 52 b surgery DERDFHIIN® b 1< & 5 HBEHIIC & > TORRIE S TREH5TH
5, ZORFBETHEHOL 2T (RRNICITCOTRRR) RREKEMATED & Z AHEE
ANTHELELDTHEL, I DADEHEIANRD Hamilton program TF I T /= surgery
DEBEL T TCERNERTH 5, (b ok HEFIIZAYIT Hamilton DFAET 5 surgery D
BIRENEL ©o2d ¥V HERITZY,)

[ROFERNST & e & BRI 2 W2 TS5, Z DR

p(p.T) =sup {r € Ry; R(zT)> -r7% ifz € B(p,T,7)}

YLT. HBEEHw > 0ISHL T, vol(B(p,t,p))/p° > w it b aDESEY thick part. Th
LA &% thin part ¥ B2, surgery 25Tbi 258518 GHIEYY) cap % cylinder £ 6
Z O30T thin part ICA->TL £ 5 Z 2 ITER.
thick part I3 factorT € blowdown L 7242, T — co DGR T hyperbolization 2475, Z
DEE. blowdown @ metric DIV Z FFETIUE. 3 (3) 2 AWV TERIE hyperbolic IZ7 5 Z
Lo, ZOWROOICHEOTHELIT D, T OFERTHEMNL O =RITET
7 MR Y RO T 5 O % FIE L 72 volume comparison DZERTH 5. TOMDE
% PIAE D AT HIERIITH 572 | 13T TIC Hamilton[Ham99) 2SBIFEL 7= Fsa % AV
ZZ M TES, thin part lIITFH 5 OHEEOFMO b £ T local volume collapse A2 > T
3, ZOWHMISKRTY — <V SEMEO BB (SY03) 2 B TRHAEN Y T 7 SRk
ET 5.
LAEOSEEREIRES LERD 2 T 5 rice flow A¥ESHIT Geometrization P EITTHE S
1 hyperbolization DEB5 7V T L 13 extinction REBEOBERIC L - T PESh T
LZ bbb,

2 &%
2.1 riccl flow OEFFE

IR 2.1 (REKERE [Hams86]). M £ ricci flow #EX 5, HME/EMAR Rm ASPHET
Rm>0%kdrd5, 20k &, Rm > 0 ricei flow TRE SN,

(1) Rm @ null space ® rankH* k O SHLIHHEIT BhiZ. t >0 T ETY null spaceld
KUTIRS, LEMNSTRFRR ) 3—idt> 0 TREICLLG T 5.

(2) toponogov @ splilting theorem 6 . t > 0ITHBNT . timeslice DEFRAEN® line *E0
1. ricci flow DIEZF DO AL R OB RIKTI O M LOROBERL 25,

(3) ¥ QIC=RTOBA. t > 0BT, Rm > 0 TRVEMFETI. ZOFEITHE
D ricei flow ¥ A% R LOMOBEREL 25,



FE 2.2 (Harnack %X [Ham93]). M ED ricei flowd* (0,T) ECEHEh. Rm >0
REHELTR52T5, 20OLE, XY 2EBOETOERZ M VEL T,

MI(X) = ARe(X, X) = 5Vx VxR + 2R(X,Re(x)) X, ) = [ Re(X)F + 5 R
P(X,Y) = (Vx Re(Y, X) - Vy Re(X, X)) ‘

rTHr &,
M(X)+2P(X,Y)+ (R(X,Y)X,Y) >0 (4)
I X2 Thb—R%22 52,

R
H(Y)=6,R+ T +2Vy R4+ 2Re(Y,Y) >0 (5)

2.2 noncollapsing theorem & asymptotic soliton

£ (2) BREET B2 OFHEIT OV TEHEICRAN S, (FERICTERR I TV 58T
IEE{biT [Ye0d] ITEEL v, ) EEESEELTMT 2 0TIRR (RO &L SBEHFLITO. T
NWERHETE, 22 TCOFERMITAT—RKRTOLDTH B, ricc flow IZFHL T parabolic
neighborhood (LAF P58 % P(p, T,r,7) = B(p, T, 7) x [T, T+ 7) TED 5, 7IZADEE
WY 55,

EH 2.1. (M™,g(t) BRI [0,T) TREFEINI= ricci flow, 70 > 0, k > 02T 5, (p,t) €

M x [0, T)ICHL T, p < ro %25 P Plp,t,p, —p?) TZ O LTHEFE |Rm| < p~2

LT HDIC DV T . volume ratio 7% k < vol(B(p, t, p))/p™ 72 B 5% H=T & & ricd

Aow(M™, g(t)) H: (p, 1) IoBWT . AF —JV < 19 € w-noncollapsed X 13, 7o =00 DL &,
D A — )V k-noncollapsed & 3,

Remark 1. & DFEEORA Y b IIHE]D & 5 BHR2ERE p ® bound p < |Rm |~ L5LEA
55% 60z bound p < 1o R HEABHETH L, BIEEA AT S TIEIED bound 2 p &
FEL . HEN T Ty MGV ATIEEE D bound MEELT 5. FATHYZE noncollapsed D
BhEZ LY E3EED bound TEETH 5, BITHEED A — LT noncollapsed TH 5.
2 S B A KRR T AERIE EAT VWA Z 2T 2B, BT, YUYV F— ST xR
W2 — v < 1 TIHSEN % « 1CEL T noncollapsed 7545, FBD Ay —VTEEA L RE
7 piT 2T collapse L TL £ 3.

Zhiz o TERNLERIT

TR 2.3 ([Per02] §7). [0,T] TEZH SN IASHE M™ _ED ricci flow(M, g(t)) 132 (=, T)
ICoWT . A=) < /T T k-noncollapsed, = 2T xldiktn & [0,T/2] LD noncollapsed
parameters’ IC K Y TALEHI SN 5,

Remark 1. = OFEBOEHRIIR (2) 2E L,

Proof. EH 2.3 OEHE FAET 5 (WEEY2?) EROBIEFITHLTHLIATIYT A
B 5. HHOSREAIIERRTNES 2 AEL T 00 IFLERZbOTH
v, BEAMT AT TIISAEOBR =T —tICEV T ANSXENE M x[0,T] LD
BhH#E v IS L T, L-length

i) = / " ROP + R(y(r), T =)} dr

REZ L, HEBICES (p,0) L EROBEZED S (¢,7) & L—minimal path TEIEZNhEZ A%
»5,



Z O L-length % L(q,7) 2 T 5, ZorE, l(q.7) = L(q, 7)/2/7 £ BE . reduced volumeV
%

V(T)=AT—%GXP(~I(Q,T))d%

LEDD, IO E, L-expBHEZXBILITEY. P(p,T, p, —p?) CHIZEEHE | Rm| < p=2
MRV 22 BIE, ap? S TIR2WT

V(ap®) < a™%p "vol(B(p, T, p)) + o(a) (6)

2185, SR LOZWESRERTLILICEY, VIZr i owTERIBNNTH LI Lht
b5, (Zhid®H 5 asymptotic i< Ricci Aat 22 Z#FfED asymptotic 72 Volume comparison
YLTURIRTES,) Zhick b, R (6) 08 THosHiiL TEHmTE5, O

FEH 2.3 10X Y. k-noncollapsed MR IN TV ENE . TOBHDOIERERICHB T sin-
gularity % HiE8% FHEICHE Y72 blowup center #3284 T blowup 5 & &, ZOBEOEEIX
fEEEEh . LB IRICB T k-noncollapsed @ 27 — U b blowup SN TEED A — LT
k-noncollapsed 72 ricci flow BEEN 5, ZHIEED 2.1 @ remark I L Y. RIE DO KIFAY 22
ST LHZ EATHAE T L ICEE., Z0EEIENE. k-solution DEZEZ KD & D
WEXBDITERTETHD,

EFE 2.2. £ >02T 5, B (—oo0,0] CEFESh I M LD complete ancient solution A%
(1) $RTOA (2,£) € Rm >0 '
(2) EHEORE KBV TLEEEIELT | R | E—HER.
(3) TRTCOECHERD A/ — LT r-noncollapsed.

k7T =, k-solution ¥\,

Remark 1. Harnack T3, (5) % (—c0,0] TEHEINIHEITEHT 5 L Rm > 0725 ancient
solution IZ2WT &R > 0. 2% Y AN T RIZEHEICHL (ESTHEFAEMTHS, L
e 5T, B HERTHED LS OFHEN HTERICEY 5 5HE BEIMICHE D,

Rm > 0726 ffl3& 87T shrink L T» <, LW 5T, w-solution(M, g(t),p) 1L t — —co
BT, expand LTV, Zh % blowdown L TV L EDBREEX S, ZDL E. R
br— Y v D factor ILEE] ¢ DIERBEICERSOMNIEL Y, DFEY, g.(t) =7 lgt+7) & T
5, S q(1) 2BATIOWBOFEELER 11 ICKYRT, (EE ofr) OB HIIEEER
ME I TIRHBL2,) ZOBE. BE5EEROEMIIETRDO A — )V T D k-noncollapsed D5
6. BFEREHMIL Harnack FER (4) ZAWVT L(g, 7) DFHE#To 2 itk v Een S, &
DIBIRITFERZE k-solution ¥ 725,

T 2.3. U—<UBE (M, g) ITHL T, MEFHED 1 N5 A—F K ¢, & IEEBH o(t) 2°
BEEL T, (M, a(t)g:g) ¥ ricci low ITHED & &, Z D ricci flow % soliton 25, o> 1D
¥ & expanding soliton, @ < 1 M ¥ & shrinking soliton £ v*95, & 1T, ¢, ZERTEI b
NG X (x,t) D38 B F(z, t) O gradient THEX 5315 & & gradient soliton £ v,

FER 2.4 ([Per02] §11). k-solution DAy — Y7 g.(t) = 77ig(t + 1) & 7 — co DI
blow down limit \WINRT 5, Z OBRIE I(q, ) BABOEIRES I 1ICBIT % k-noncollapsed
gradient shrinking soliton(LAT k-GSS) TH 5,

TIRT. SRTO L =D k-GSS TR BICHETE S,

68 2.5 ([Per03] §1). “IKTD k-GSSIE S* OEEMRITES, L IO &b kT
D k-solution b ZTNI[R S,

ZWRTD k-GSS L 53 DIEHER Y 7 D Quotient THBHM. 5% x R, S? x R/Z> DIZHERIC
[R5,



2.3 k-solutionicowW\T [Per02, §11]
k-solution AT SR DEERITELNTH B,
FE 2.6. n &It nonflatk-solution @ asymptotic volume ratio
1
V(t) = lim 2HE@ET) (f’t’ )
T—+00 T
BAEZD I T V=0

Remark 1. Z OFEIIFERIC & 530 17 MMEOER L - CHEFM2 1T 5 - OXE
EB LD, TOEVGHIIRDO L HIRELTH S : (A6 OFEKRT) EAEFIDTOD volume
noncollapsion D%l WSRO T OFHIN H 2RMEEZZ L, AP S BRERRATO
RO EHSOFMETEHED. 2 ETEL T riced flow DRTCESL PO TEHS
—FEHED BallB TOMEBOERME Q; BEHL TVEE3RboR 2 5, 2 DO blowup
limit 2H Y. 7O limit I<Z OEFHEEBEAL T. blowup center FOD -+ E 72 ball (£
~ CQ,—»—%, ClI+5KEVY) @ volume ratio 1 0 [IEWZ L 0%b 5, 2 OEHEO TS
DFHE & relative volume comparison % 3L, B @ volume collapse D356 5., Z DiEHL
H &5 C @ volume noncollapsed D&MD 6 FFEZH L,

Proof. SFERIZE S pIZBIT % asymptotic scalar curvatureR = limsup,_, , R(z, t)dZ(p, z) IZ
FUVSGEHEL TR =00DFAIX Aat ITR 52 2MENT S, 0 < R < co DEH. asymptotic
cone (p IZBI7 % blowdown limit) # 2 T. R < co#*& blowdown D ricci flow BN
5, LU, SRR (FE 21 )25 EORRMEEL 724, nonflat TRm > 0725
cone A% ricci flow ICEN 5 2 2137w,

LizdfsT. R =00 OFAEELNT L, 2 OBEITRTICET st Avs. i
M S AH SR RVFERLL 206 . EH AT L S5 z; T blowup center 725 b D H 5,
TprE, BESp L oz 2EE ray D7D blowup limit IZBT line ITNET B Z L BB T,
toponogov splitting theorem & 3B IEFE (B 2.1 ) EAWVA 2. ZO blowup limit iL R
¥ n—17K5TO ricei flow OEFEICINE TS, volume comparson I & V. RINED BT R
BT 5. 0

THE 2.7. ZIRFTEDE k-solution(M, g(t),p) T R(p) = 1 L IBEALL 7= b D20 S
Flar iy b,

Proof. SEFRIEREOFMITRE T 2. EQph 56 0FR 2L 2 5 TOFHIIIAREMNICER 2.6
D% L O remark DHERTH B, THVERLSR—BERTHEI L 2E DI, FFAMESH
KD end DERAT L 5B 2.6 OIEEAD & 5 72 splitting DFERIT L 5. O

(M3, 9(t)) LS (,T) D P EE Pz, T,Q"%, —-Q°Y), Q = R(z,t) ¥ Q"2 TR —
Yy /L&, 2 x ROEERRE t = 0 CHEL 225X IKERLLIEbOO P AL
P(z,0,e7!, —e ) T eaBlEn B &, (p,T) i e-neck (DFL) &3,

SEF 2.8. noncompact,nonflat 7 k-solution \ITHL T, e-neck TRVEOESE M, & 45,
TorE. M EayAZNTHY. M, FoSEESY L CHEIRERLTS 2 M. OE
BBIU M, Fozhs—MEo R, FTRIT k-solutionIT L6 WEHICKVEHEE N 5.

Proof. TN LEMKIC LB A7 NEOBHTH L. FIAILESIT e-neck L5 =4
Hhi. splitting DHHRN S SEx RIMETEZ easbhr s, ZhickY M, D37 b
HPES . O

IS DL B 2.4 10 ko TERTO s-solution DHEFLITH Z LHTE S, asymptotic
soliton P3EHERY S3 TH B ¥ ET k-solution B HIZHER S3 [Tz B,



% 5Tz 2 &, noncompact THIE. Rm > 0 THNiT soul theorem H & ATHHIL R3
THY. EH 2.8 B SES T asymptotic 11E S2 x R @ neck THEEIEH cap 2725, Rm
H%H 5 R T null space Z R TIRRABFRERE 2.1 ISk Y. SHEIT split T 50 5 ERER
S2xR,S®xR/Z? 2725,

IYNRY MO RTEHE 28 IHERSEN TRV, FREICL THRBILMTEL, &
Bt - —c0 TV YUF—SPxRIKR>THE, ZOWEI cap SNTATHING S 2252
hibbr 5,

2.4 =k VAo MMEER [Per02, §12]

Z T =ERosEn v X7 b EE O IERR OGS oW TR B, Perelman OEFRED 53T
THIEBETN Yy X —ThH M. FoBLHEICTOROFTMERD =) A THLED
b, (ZRTOBE. FH2TL IITOERLAVLEILICEVRITVERRICLIRT S
YT ESD, BRI ZOFEE (bLITHL—fkTT) EETRTELLIRENTLO
7EAY, BBEE T EEEIIL Tyhizey,)

iR 2.9. OF OWER L TER 1, 7(k) > 0DFET S = (M3, g(t)) 2EAS KA M L B
[0, T) ez E iz k-noncollapsed ricci flow £ T 5. (x,t), t > LITBWT. R(z,t) >r 2
A=Y

8. R(z,t)| < n*R%(x,t), |VR(z,1)| < 7R3 (s, t)

MY IO,

(M3, gi(t), pi) A7 — v < & T k-noncollapsed T&H 5 & 5 =¥ ricci flow DFNL T 5,
TDYE H>1EL T, AAT—MENQ; = R(ps, t;) — oo EFHL TBHLT5H, ZOEE
HERICET 5 BRR AT — U G(t) = Quo((t —t)Q7 ) #EX L, ZOr &, (M;,§:,5:)
S k-solution ICNR T HZ LAEa > X7 b D FRTH - 72,

Bt thEREEE SR 2.0 2BV TEHERFHIZIT) & . NS RIEEEH cWFEL T (5:,0)
D PIEEE P(:,0, ¢, —c) TR R < c 2T 2 edbhrd, LiEN-T, 20
BETOINERIZBEEE N 5, KIS t =0 D time slice TEXT. B(p:,0,7) BT, #hEI—
BERLZLEIRBROEFRr 2 D>01T 5, (DIFVOIENGREETHS,) BIoEER
P D>c>0TH5, BRFEICONTY g€ B(p;,0,D) ® PiFETHL Tl 2.9 28
HIhiZ. Q = R(q,0) > 2 THHBA. Pk P(q,0,cQ™%, —cQ~1) Ic BT —RE M phsREY
fli R(z,t) < 4Q DMBEEE N B,

EREEBAER O D<o 2T5, 2EVHECTECHAIRESEOTENHLL T
5, TOrE. NCRERNTERL2 L B2 2EX 5, R(5:,0) < p 2Wid M; OREED
P B ETEEHS QL2 EXL., TOLE. 9 & 0Q, ND p; A5 D minimal path ¥ T 5,
ZDpath DEEF < DTHBHEL Thvy, E5ITEHRBFRAOTHE,S & 8L bZ OB
L 7= time interval{—cQ~1, 0] T MiSEFEM 2 5o 5 . HARREIC L VBEZL p; - c0 R
[N an 12 DUNT ricei Bow @ limitQ #BA Z L AT E. QITE A THMEIIGL 2FE. time
interval TEZHE XN 7= ricci flow T Tsupport TN T3] L EZX TR, QUESE{TRVA.
EE 120 OIAMBTHE, O p; 6D segmenty; b yINRL . p; 6 s =D 2T
5 Y y(s) LothZTFHL T 5,

QOBEY BRQOREEZ L TD <o L OFELELOVROBETH S, 7>
T.s—=DrThHrE, MEIEHT DA, geodesicy ICBIT S index DFEREITIL s —» D
DL E Re(1,7)/R(Y) — 0b» 5, TOZ 25 y(s) % blowup center £ 7§ 5 scaling %



EZ D LIRE cylinderS® x RITIUHT 52 2 0tb» 5, 2% Y Qi 127 7= cylindrical
neck DIFRMRZFEOZ b B, LTI s,

lim (D - 5)*R(+(s), 0) = co (7)
255,
KERLNR oRREOBIMCL Y. QUESHETIERVA. £F0 = 513 minimal path

THEIIN B Z LD, R path % minimize 75 & &, 1D minimizing path IZfEL
RODE path O—EFAS neck singularity IT¥R L A>TV I — 2D, ZD X 572 path 138
TOUANKRENPETOL IR FIHY A, Ld>T,. Q o5t O ki > 0
OF VY FarEELies, BERICE QI v = lima_py(s) OBEAZ QIS
RIzbDTHEL, TV V2 No 7 EBRO—EH» S Q O Tangent cone lE=IRTTHS, L
2L R (7) H yeo T tangent coneld rayR, THEZ L 2RL T 5, ZhiiFETHS,
L7At>T. D=co,
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Lehmer’s polynomial and Coxeter links

Eriko Hironaka

May 29, 2004

Abstract

Lehmer’s polynomial, which is the minimal polynomial for the smallest known
Salem number, has appeared in various geometric contexts within knot theory, ge-
ometric group theory, and Coxeter theory. In this lecture we will describe some of
these occurances, and present some combinatorics which unify these examples.

1 Introduction.
For a single variable monic integer polynomial
fl@) =2 + an1z™ " + -+ +ag,

the Mahler measure of f(z), which we will denote by [|fllar, is the absolute value of
the product of roots of f(z) whose norms are greater than one. !
In 1933, Lehmer [9] asked whether for all § > 0, there is a polynomial p(z) such
that
1<|Ifllar <146

Lehmer’s question is still open, and as are many questions about the distribution of
Mahler measures. A related open problem is whether there exists a smallest Salem
number, an algebraic integer all of whose algebraic conjugates lie on the unit circle
except for itself and its multiplicative inverse [1].

This paper will concern a degree 10 polynomial

fL(iL’)=§310+Z9—$7~$6—r5—$4—$3+$+1,

!The Mahler measure can be defined for integer polynomials of several variables. For the purposes of this
note, we will restrict to Mahler measures of monic integer polynomials.
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which appears in Lehmer’s article. For polynomials of degree up to 40, Lehmer’s poly-
nomial f7(z) has smallest Mahler measure greater than one [11]. Lehmer’s polynomial
is also a Salem polynomial, and its largest real root o = 1.7638... is the smallest
known Salem number.

Lehmer’s polynomial, and all minimal polynomials for Salem numbers are reciprocal,
that is, f(z) = z?f(L). For non-reciprocal monic integer polynomials, Smyth [13]
showed that the Mahler measure is minimized by

fe(@z)=a® -z +1.

The positive real root ag = 1.32472... of fs(z) is the smallest P-V number, an alge-
braic integer all of whose algebraic conjugates other than itself lie strictly within the
unit circle. i

In this lecture, we describe some geometric manifestations of Lehmer’s polynomial
incorporate the triple {2, 3, 7}. The minimality of Lehmer’s polynomial for a large class
of polynomials has to do with the property that the function

1 1
2—k+—+---+—
D Pk
attains its largest negative value, among all k-tuples of positive integers pi,...,px,

when {p1,...,pr} = {2,3,7} In Section 2, we will describe a family of corresponding
rational functions.

1 1
RPL---»PI:(I) = [2]"k+m+“'+mv (1)

where, for a positive integer m, [m] = 1+ + 2 + --- + z™ 1. Lehmer’s polynomial
is the numerator of Ry 3 7(x).

Lehmer’s polynomial appears in relation to the (—2, 3, 7)-pretzel knot, to the growth
series of the (2,3, 7)-triangle group, and to the Coxeter element for the E;q Coxeter
system, whose Coxeter graph is a (2,3, 7)-star graph. We describe these appearances
in Section 3. These geometric realizations of Lehmer’s polyonomial can be related to
each other explicitly using properties of Coxeter graphs. In Section 4 we explain some
of the underlying combinatorics behind the geometric examples.

2 A family of deformations of cyclotomic poly-
nomials

Let k > 3, and let p1,...,pr > 2 be integers. Multiplying Ry, . p, () (see Equation 1)
by the product [p1]- - - [p] gives

) .
Q1 (@) = (121 = B)pa] -~ fpe] + > _lpal -+~ il -~ fo)-

i=1
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These polynomials can be thought of as reciprocal deformations of the cyclotomic
polynomials [p1]- - [pr]. Lehmer’s polynomial fr(z) equals Q237(x).

Let
IO Sy
Xpl:--':pk pl pk -

Theorem 2.1 If xp,,. p. <0, then

Qo1 pellne = 1Q2 37 llar = Ifzlias,

otherwise
”Qmw,Pan =1

The special property of Q2,3 7(z) reduces to a property of the triple (2,3,7).

Lemma 2.2 For k > 3, and integers p1,...,0k = 2, Xpi,..p, 05 either greater than or
equal to zero, or

Proof. One can easily verify that if py, ..., are put in increasing order, we have the
following:

(1) Xpy,...pr > 0 only for the triples (2,2,n), (2,3,3), (2,3,4), and (2,3,5); and
(2) XPl,..A,pk = 07 fOI‘ (27 41 4)a (27 3) 6): (3)37 3)7 a‘nd (23 2727 2)

Furthermore,
1
Xptopibirr < XP1ppr ~ 5

Thus, it suffices to check the minimal cases: (2,3,7), (2,4,5), (3,3,4), (2,2,2,3), and
(2,2,2,2,2).

To prove Theorem 2.1 we make the following easy observations:
(1) the zeros of Rp,, . p, are roots of Qp,,.. p. (%),
(2) Rp,,...p, (z) satisfies
Rp,,..pi () = IRﬂ,---,pk(‘i‘)’
and hence Qp, .. p, () is reciprocal;
(3) Rm,-»-,m(l) = Xp1,espis
(4) Rp,,...p,(z) has strictly positive slope for real z > 1; and
(5) Ryp,,..p, (%) is concave up and decreasing on the interval 0 < z < 1.

Proofs are contained in [4]. Properties (3} and (4) imply Ry, .. 5, (r) has exactly one
real root @ > 1 if and only if X,,, p, < 0. By property (5), the polynomial Qy, 5. (%)
with smallest real root greater than 1 is Qo 37(z). Since Qo3 7(z) has only one root of
norm greater than one, this completes the proof of Theorem 2.1.
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3 Appearances of Lehmer’s polynomial in ge-
ometry.

In this section we will describe three different geometric settings in which the family
Q of polynomials Qp,,. p, (z) appears.

3.1 Knots and links.

In 1932, Lehmer’s polynomial had already appeared in the literature as the Alexander
polynomial of the (-2,3,7)-pretzel knot Ky37 {12]. The identity Ay, ,,(z) = pr(—x)
was observed by several people (see, for example, [8]).

/’_ﬁ
RS %

Figure 1. (-2,3,7)-pretzel knot

Given any fibered link K with fiber &, let Ax(x) be the characteristic polynomial
of the monodromy action 7 : & — ¥ restricted to Hy (2, R). If K is a knot, then Ag(z)
is the Alexander polynomial of K. Kanenobu [7] showed that all reciprocal monic
integer polynomial are realized by Hosokawa polynomials of fibered links, and hence
appear as factors of Ag(z). Thus, Kanenobu and Smyth’s result show that Lehmer’s
problem can be solved by studying fibered links.

The pretzel knot K337 is one of a family of links K, ,, with positive twists of
orders pi,...,Pk, Where p; > 2, and k — 2 negative single twists; for example, the (-
2,3,7)-pretzel knot in Figure 1 is knot-equivalent to the (2,3, 7, —1)-pretzel link K53 7.
The pretzel links K, ., are fibered with fibering surface ¥ as in Figure 2.

The following theorem was proved using direct calculation in [4].

Theorem 3.1 Let Ay, o, (z) = Ax(z), where K = Ky, . Then we have the
identity:

Dop,pr (z) = Qm,m,ﬂk("'z)-
3.2 Growth series of planar Coxeter groups.

In the 1980’s, work of Cannon [2] and others exhibited Lehmer’s polynomial and more
generally the family of polynomials Qp, .. p. (%) as denominators of growth series of
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Figure 2. Seifert surface

planar polygonal Coxeter reflection groups.

Figure 3. Tessellation of hyperbolic disk by (2,3,7)-triangle group

Let G be a group with generating set S. For an element w € G, define the word
length of w, written £(w), to be the minimal number £ such that

w=35 -8
where s; or sz-_l isin S for i = 1,...,£4. The growth series of (G, S) is defined to be

Q(G,S)(t) = Z @),

weG
Given integers pi,...,pr, where k > 2, let Gy, ., the group with generators
S = {s1,..., s} and relations
(s:8141)"
(sr54)P*

I
O
«
Il
-
ol
|
s
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Thedrem 3.2 [Floyd-Plotnick(3]] The growth series of the polygonal reflection group
(Gp,,...pr» S) is given by
2]

Rpy,..on(t)
Furthermore, this rational function has at most one pole outside the unit circle.

The result applies a formula of Steinberg [15], which recursively defines the growth
series of Coxeter groups in terms of subgroups generated by finite subsets of S.

3.3 Coxeter elements.

In 2000, C. McMullen [10] noticed that Lehmer’s polynomial is the characteristic poly-
nomial of the Coxeter element of the E;o Coxeter system, and showed that Lehmer’s
polynomial has minimal Mahler measure greater than 1 among all characteristic poly-
nomials of Coxeter elements.

Figure 4. (2,3,7)-star or Fyy Coxeter graph

A general Coxeter system is a group G with generating set S = {s1,..., 53} subject
to the relations
(sis;)™ 7 = ¢

where m; ; are positive integers satisfying

(i) mii = 1;

(i1) ms; = mj4 and

(i) m;; > 2if § # 5.
A Coxeter group G has a natural representation in GL(n) so that each generator s; is
reflection through a hyperplane with respect to the bilinear form:

oon ()]

The Coxeter element of (G, S) is the product s = s; - - - s; considered as an element of
GL(n).

Let p1, ..., pr be integers with p; > 2, and let T'p, 5, be the star graph with prongs
of length p; — 1,...,pr — 1 emanating from a central node. Thus, the Fio graph is a
(2,3,7)-star.
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Theorem 3.3 The characteristic polynomial of the Cozeter element of I'p, . o, equals

QP\,~-»,IJk (.’I:)

We will prove Theorem 3.3 in Section 4.1. The relationship between Coxeter el-
ements of star-graphs and pretzel links is explained in Section 4.1. Star-graphs and
growth rates of polygonal reflection groups are related in Section 4.2.

4 Coxeter links

In this section, we will give concrete relations between the three geometric occurances
of Lehmer’s polynomial, and the family of polynomials Q.

4.1 Star graphs and pretzel links.

We begin by describing a construction, given in [5], which produces fibered links whose
monodromy is associated to simply-laced Coxeter systems. By this relation, the pret-
zel links K, 5, are related to the simply-laced Coxeter systems associated to the
(p1,-..,pr)-star graphs.

Let T be an ordered graph. Then there is an associated simply-laced Coxeter system

( 81,58k : (.SfiSj)mi'j 5,5=1,...,k)

where s1,..., 5 are in one-to-one correspondence with the vertices {v1,...,1.} of the
graph, and the numbers m;; are given by

1 ifi=jg
mi; = 2 if there is no edge between v; and v;
3 otherwise

Let ¢(T") the Coxeter element associated to its associated simply-laced Coxeter system.

Now suppose I is the incidence graph of a chord diagram in a 2-dimensional disk, so
that the chords are in one-to-one correspondence with the vertices of I', and two chords
interesect if and only if the corresponding vertices have an edge between them. Embed
the 2-disk on a 2-dimensional plane in Euclidean 3-space R3. Attach postively-twisted
bands to 2-disk as in Figure 5, in the order determined by the graph I'. The process
of attaching the bands is known as Hopf-plumbing, and is an example of a Murasugi
sum. By a theorem of Stallings [14], the boundary K of the resulting surface & is a
fibered link in % = R® U {co} with fiber .

If T can be realized by an oriented chord diagram L = {f1,...,£;}, such that
I(4;,¢;) > 0 whenever 1 > j, then we will call the chord diagram positive.

Theorem 4.1 Suppose [' admits a positive chord diegram. Let (X, K) be the surface-
link pair obtained by Hopf-plumbing, and let h : & — I be the monodromy of the
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Figure 5. Hopf plumbing on an ordered chord diagram

associated fiber bundle S3\ £ — S, and let h, : Hy (Z;R) — Hy (Z;R) be its restric-
tion to homology. Let c(T') be the Cozeter element of the simply-laced Cozeter system

associated to I'. Then we have
h, = —¢(T).

We leave it to the reader to verify that the pretzel link K, ;. is the Coxeter link
associated to a (pi,...,pr)-star graph. This proves Theorem 3.3. In particular, Ky 37
has monodromy equal to minus the Coxeter element of Fq.

For any fibered link K, define the Mahler measure of K to be the Mahler measure
of the characteristic polynomial of h,, where h is the monodromy of the associated
fiber bundle. McMullen’s result on Coxeter systems [10] implies the following.

Theorem 4.2 Among all Cozeter links, K37 has smallest Mahler measure.

4.2 Star graphs and growth rates of Coxeter groups
Independent calculations in [3] and [4] imply the following.

Theorem 4.3 The characteristic polynomial of the Cozeter element of the (py,...,pr)-
star graph equals the denominator of the growth series of the (py,...,pr)-polygonal
reflection group.

We sketch here a direct proof that the Mahler measures of the polynomials are the
same. Full details will appear in an upcoming paper.

Let I' be an arbitrary graph, with no self-loops or double edges. Let A be the
adjacency matrix for T', A™ the upper triangular part of 4, and S =T — A*.

Theorem 4.4 (Howlett [6]) Given a graph T, the Cogeter element of its associated
simply-laced Cozeter system is given by

e(l) = —§~18t

—107—



Let p1,...,pr be integers p; > 2. Let G = Gy,,...p, be the (p1,...,px)-polygonal
refection group, and let ' =T, ., be the star graph introduced in Section 3.3.
Let A, be the number of elements of G of minimal word length n. Let

. 1
A= nlglgo()\n)n.

Then by Theorem 3.2, A equals the largest norm of a root of Ry, . 5, ().

Order the vertices of I' so that the initial vertex is the central vertex. Let T be the
k x k-identity matrix with first entry replace by —1. Let C = T¢(T)T .

For a matrix M, let M|z, j] be its 1, j-th entry.

Lemma 4.5 For large n, the entry of C™ with largest absolute value is p, = C"[1,1].
Furthermore,

s a polynomial.

Let
= lim |pa|®
» n—00 Fal®-
Lemma 4.5 implies that p is a root of Ry, p,(z)-
For a vector V, let V[j] be its j-th entry.

Lemma 4.6 There is an initial vector Vo € Z™ C B* so that A, = C*Vp[1].

When Xp,,..p. <0, Gp,,...p. is hyperbolic, and A > 1. Lemma 4.6 implies that in
this case C has an eigenvalue greater than one. Furthermore, this eigenvalue must be
equal to the largest root of Ry, ., (z) by Lemma 4.5. Thus A = p. I xp,, . p, = 1

then it is an easy check case by case that A = p = 1. This completes the proof of
Theorem 4.3.
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EEMABmEmICDOLT

PETRIRER (5 B R R FRE AT IEH)
REBE— (ILmERFRFBREEN IR, TABF CRRFERFETFR) & 0LRPE

TR 16 96 A 15 H

1 B
AgmEmsiza—27 Uy FEBNOED 1 T A= —FEDOZ L ThHE. BEEEDOEESY 525,

SEE 1.1. M@ (circular surface) & i
V(t,0) = Viy.a,.a..7(t,0) = v(t) + 7(¢)(cos Baq (L) + sinfas(t))

ThobEnd35H8 V : Ix R/2rZ — R* DZE:THB. 7L, v,a1,02 : [ — R,
r:] — Reg, a1 -G =ay-ay=1,a, -0, =0 T, ] iFREEETHS. . T R* OBEDONET
H5D.

q ER—ZHR, a;,ay FHEREREVD . H 0 y(t) +r(cosfay(t) +sinbay(t)) ZEAE VD,
r(t) B—FED & EEEMABE (circular surface with constant radius) & FE5.

AR CIRHERMABmOLEZH > O TCIn%d BIzA&E & FES. ZiuddipiEmo 9 &
CEPCEX b O THD. BEEEIT T IR TS < OFFFEA SN T E 708, AMEOFZRE, (8]
THOLBERTHWD LD L, R—F A L 5AFEOBRADHE ([9) <bwLrad, €D
MRS A . L L, BT ESmOFIC L TERZEVOT W EETHY , B
FEOT A VEOSFTHLEBESNTEY, EEZHENRTHS.

FmEE, Em RIS ESERR I T REBRD T ENHFES. E bz L TEIZR
BEICEEBLCREBE LIS TRHR UMY, T72bbEABOEMIIKRTHS.

B
[ Fikim zfdm &b S TR 5. ]

RzeR'PEH f. R — R OBESTH B E1T (df). DBED min{n,p} LV bhE
EEEREW) . FBEBALTERIEIT ST O E L, e,n, b ITEBHME y OT7ARTL—L0%H
bbL, k ity OE EREHLbT LTS ERBBOBEIFICELTS.

2 BEEOEE

ZITC, RS ETH UALWEDI, FRELEEERICOVWTLEREREZEE LT, <L
< [2,6) B2 2R
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EE 2.1 BEE LT F(tu) = Fustu) =) +rét) THhobEnsEH F:IxJ— R
DI ETHDB. =L, y,6: 1 — R® |6|=1 T, I,J TBRETHD. y 2A—XM14, 6 &4
R E VD BB w y(t) +r6(t) BIL—) T (BE) 5.

BEEICIL, BIERE WV DB R— A MBENEETS.

EH 2.2. BRI Floq) OB o(t) = (t) + u(t)d(t) P HEEER (striction curve) TH S Lix
EFED te ] IZFLT

o'(t)-&'(t) =0
Wi =2k &E W) 220 =d/dt THB.

WD ODORREREIZ L THRIEREHC L IRD X 312725, KOBRDBEER.

1: FERERR O

BUREITEIC & =0 277 & XM, B2 6 #£0 23 & TIEEmM L s, R
IRRREEICIIAN— R RO L ) B 5 PICHIERBZIE 1 DEE 5.

REEORBEO—MRILOBREYE X DB, MIEHR L TS T 2RITKEEETHD.
fob 2, BBEORRER (OB) I 2o THEREICH Y, BRI TIIHEREL—) V7R
BL T3 ([5]), BE (R® NOBROD 235 A — & —JK) ORR A (OF) IIREERICSHE T 2 Bl
e —EL ([4]), R™ ND n-FED 1737 A— 4 —HROEER A (DOR) IIFERICHIS T 2 iR &
—ET 5. EbIC, HHEROEIBNIC LT, HBRADE LIS Z L ARHES ([10)).

BEEICY =X ) v 7 ICh bbb A BFRAITEBFTHE I EBMLATVS ([5]). 74
b, BEEEDZER RS = C°(I, R® x S?) ROTAE»OBES O BEEL TEED F € RS
W LTHEED (tu) € I x JIZBIT D F OBBRIFEIREEFICFRETHS. 5%z rUvY
EWHOEEZ DL S RIARTHERAT 5.

2ODEBZRIENREETH D L IIERK L @KL DEBEERT—ETILEIN). REBF
(cross cap) L 13 (z,y) — (22, zy,y) PEAICEBIT 3EEEFL VS (F 2).

BRBEEIZIIRO L S BERR 7 FARBEL LN TS,

o T]ERAE, HE (0 = const), 8 (y = const), ERHE (6 = e)
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FERBRUME (6 =n), BERHE (5=10)
ANT—rREFE (y=b,0=¢)
BEME (5 =D, D = (r/k)e + kb)

INBIHLTY 2R Y v 7 ICHODNIBRABKRTHDS ZLBHMONTND,

AREAEICY =X Y v 7 ilbbbhAHERIIARTH, AV —FTA N, HATHZE
=

BERMEIC =R Y v 7 iCh b bR AN AT A, I R THIZERT ).
FERHBEICY =R v 7 IZH bbh 55 RS EET ([6]).

Fe e IR IR R

FNT—ARBEEIC =2 ) v 7 IChbbh 3 BRAINZTAE, AVa—F AN, HAT
HIZZ 28T ([6]).

BEMEICY =R ) v 7 IlbbON BRIV AT A, ATV —7F A1 ([3]).
BRI =3V v 7 ICHERER.

-, AREEIIE AU TIEEL— Y R EMEBER (EESHEOEFMERNVTND) THD
X5 7 &V D ST .

2: EDORERTF, WRATA, WATHRERT, AV —T (A /VDOH

H A T (cuspidal edge) &1 (z,y) — (2%, 2%,y) RSN DEBEORERITBITSEEF, AR
THIZZEMBF (cuapidal cross cap) &id (z,y) — (2%, 2%y, y) PERRICBIT 55443, A7 80—
FAILEE (z,9) — (32* + 22y, 422 + 2zy,y) PRRICBIT HEEFZ VD (K2).

3 PEEOHER

BEELOBRTHIBERIIBBEORRERLRUOIBEREFTATH- 2. BEEISHL TS
REERICKIE T DR E ERE L2V,
EEMEE

V(t,8) = () + r(cos bfas (t) + sin fas(t))

—112—-



125 LT {a1(t), ax(t), as(t)} (a3 = a; x ay) 1X R® ODEREREES 5 X 5D T,

a(t) = ay(f) - az(t) = —a5(t) - ai(?)
ot) = ai(t) - as(t) = —as(t) - a1 (?)
cs(t) = a5(t) - as(t) = —as(t) - ax(t)

LBLEERDEIRTNF - ELVEOAREES.

a;(t) 0 a(t) cf) a(t)
ar(t) | =] —a®) 0  c(t) ax(t) (1)
a4 o) —a®) 0 )\ asft)
MRV ILD. T, (¢,0) TV PREREZFOIZODOLETSEEZRD D &
a; - (7 + rcosfa’ + rsinfay) =0 (2)
{ v - (cosfa, + sinfa,) =0 3)

LB V(L 0) Lo
o (t) = y(t) + r(cos O(t)ay () + sin O(t)as(t))
BEZD. o B30 (t) - (cosB(t)ai(t) + sinO(t)az(t)) =0 EiT= LT3 L HET S &
Y(t) - (cosB(t)ay(t) + sin O(t)as(t)) = o' () - (cosO(t)ay(t) + sin B(t)asz(t)) = 0
Lip FROEE 3) 2T, T TROEELT D.
T 3.1 EEMKE V EOBB o(t) = v(t) + r(cos 6(t)ay (£) + sin 0(t)as(t)) 7%
o'(t) - (cosB(t)as(t) + sin O(t)as(t)) = 0
T LTV D & EEER (striction curve) &V 9 (H 3).

IR E OFER ORISR T A EEE E X TVD . Z 2T, BEmOIEEmAS e in g
HIEEREVCIHIESEROLIWCEET S, EEMAGEE V 3t € [ TIEEIK (non-canal) THD
EE () - @ar(t) #£ 0 FET2EY (1) - ao(t) # 0 BV IO LEE WD IS, EED t € I THER
DL EERAGEE V). FEORTIHEBRTRWEE ATEEV). Thbb FEDS
Ty -ar=7 a,=0¢ 2o mEEMAEEmE V.

ZOEIITEST D L AT OREEBRIC OV TR Y 3SL0..

iRl 3.2. FEBIRMRE V(¢,0) Iox LT (1) #1E#R 2 AFEL, HEBMA L TOEY OEFEWIC
HPER L 2o TV D, (2) FEREAIIHER o(t) LORT, /() =0 L 22 AFE, () #0 D
EEBALFFERPELTVDIRTHS.

AE®E Lo, BRICENNZ22 TOMRIIRHERE 25,

BEE OB E L RIS &) E<BMEBHELTND ENZSD.
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3. MEE OISR (27 L 4H)

4 TzrYwrIthobhnbEES

BEEIZ =R v 7 IlhH LN ABRAIIZEZRBF Chole., FETIHAGEIZ =R v7
bbb ARRANZTERTFTHLIZ LE2FRT.

ELHGMCR xR EM={Y,2) e ®®*<R}|||Y||=||Z||=1, Y-Z=0} LEETDHE M T
3WTEREIC2 5. [ #BKRIE L, C°(I, R® x M) = {(7,(a1,a2)) |y € C=(J, R?), (a1,a2) €
Co(J, M)} £BE, C(I,R* x M) 12+ v h=—ffiE AN b 04X EEMABEOZER L ¥
5. IDLERDEREZED.

FIE 4.1. PP OB LREOES O c C°(, R® x M) BFEELT, £ED (v,(a,a2)) € O &
EED (1,0) € I x R/2xZ 1% L CEBRFBE Viya,.a.-) RIFERT, £ED (1,0) TOEEF
T DRAB DR ERFICFETH 5.

FERABROFEANTERTFICFEL 25 T ODUBETTEEE ¢, 0,03, A, 1,0 ZE>T
bohbTZLbTELINRERTD.

INT, ABEICY =X v 7 Zh bbb ARERITERTF THD Z L bhoTods, KEIT
BREEOLIICESESERITREBXITED I ZFADPRTOYV =RV T 41— 2EZ T,

5 BHAMMERETIARE

BREEETTRE CHILETHEREET T AHER 0 THDZ LT, ThZBHEFPHERTHS
ZEERMETHh o ABREOBEICEH, KFBANMERE RDBEEERAND.

5.1 BREMSHEZKEGSIAEERE

FE 5.1 BRLBRAL EBRTNTOATED R 2B L BAMSMERR L 2 5 MfkmideRE, M

V(t,8) = v(t) + r(cos fe + sin B(cos p(t)n(t) + sin p(£)b(t))). (4)
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72120, o(t) X 7(t) DEHEBEHTHS.

ZoEmrO—5—31—XS—MEL V). FRLITL cosfd =0 &0, BHAOREAIC R &
LThbbhd.

AR, S, i, ERME O SEETHI, €F 5.1 OFERZTNThE LTS &
WD, fER, HEEIIES LN TWER, B—F—a—X 4 —miTm o TOEEINIRD
LAIEWOT, ZOWEIZOWTS O LIBFET 5. Z OdmEist L TR Y S0,

FEHE 5.2. (1) BRICKR->CEHEORFIZ—ETHD.
(2) o 2hZe K L EHdhE 13

_ ksinp(r’k®sin® p cos 0 + k(sinp cos @ — r7 cosp) + rk’ sin )

K
(1 + r2k2 sin” )2 cos @

_2r2k3 sin® o cos 6 4 k(2sin o cos§ — r7cos ) + rk’ sin @
2(1 + r2k2sin® ©)3/2 cos §

H =

THEZbND.

(3) FHR (AU AMFE=0) n—F — 23— & —HEILFED A,

(4) /N7 (FHlE = 0) v —F — a— 2 ¥ — L FEm o A

(5) 2 ADOR RETROME - FRT 4 O#hE - REE k7, FRIMBROIZZNETN &, 10 =
—7/2), ko, 72(0 = 7/2) T B L,

k T
]{I] = —_— =T
|1+ rk cos p| 1+rkcosy

k k T
= —— Ty —= —mm————
27 1 —rkcos ] T 1—rkcosgp

k725,

52 O—5—I3—X42—HEORKES
FEHICHEe—F—a—R ¥ —EOHRS 25
V(t,0) = y(t) + r(cosfe + sin0d), d(t) = cos p(t)n(t) + sin p(t)b(t), ¢'(t) = 7(t)

DREREEAT {(t, -7/}, (¢, 7/2)} Thoi-.

5.2.1 270 MIhA%E

f R - R*%35HBLTH ZNDBEMEER~DOLI Y FALHALOREI L > T
HLE(Vz—T)IBUFTHDHEV) . BRER~OBFL LFREETIR, LTLHIED
ABTRWEZIEIZ2AVY MITHD LV . REBFIX 70y MOTRV. I ATRIREBFIX
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Zay b CEZVWETe Y MITHD. M 5.3 IKRT XL DI T7 ey FOBRSITMEIT LT
DT, 7aY MIRBNE I DEANE - LREETHS. BRRY —<  HERANT, Blrg
BRLEMNERZFR—BLT, 7ar b (f,v) (v REMERSZ P EELZELHSB. RPO
EERE % (r,y) LB LB )\ BEELT

folzy) x fy(m,9) = Mz, y)v(z,y)

BT A fo=0f/0z LBV

Tarb (fr)iZ0e R THRESRHOLTA. ZobE FBIERETHA LTI N0 T
RWEELESETS. BEEERIVIERLRT o FOBREESIZIERMBIZREDT, £O
NG A—F—FFTE c(t) LTD. ZOLE ciZd>NT b pt) Tdf(n) =0 &R25LOH
FETS.  #RBEAR, » BEARENS. T—/ NV FEFHY a—Fr bickoTT7rY b
TR — RV v 7 IlHODNIBERBEIAATAL AT =T AN THD I LM
ENTWAR, TNbORBEE-T, 7oy FOBRSRIRTALEATn—T ANV L/ ER
B KB+ ERERE SR TV ([7)).

#il 5.3 ([7],Propsition 1.3). JEB{kz7m > b f: R — R* 120 2B RICKEOLT5.
kDX 5% c,p i LT, BLTAEY 30

o 0T fMIATHIIRETHD < det(d(0),7(0)) # 0.

o 0T fMBRRAVB—FTANMIRMETH S <= det(d(0),7(0)) = 0, d/dt det(c/(t), n(t))]o # O

n—7—a—2F—Mli\@ V %, 7er MRS ODOBEFSEREFIRD L SITRD.
e O=7w/2DLE krcosp— K sing # 0.
o O=-—7/20DLE krcosp — K sing # 0.

LB, Fiz,
dA(t, £7/2) = —r4/1 + r2k2 sin® o df

L BOTEIRMETHD. TN THESI BMEAT, KERZHRADZ LH%D.

5.2.2 HRATEOEH

Tay hMNpbu—T7—a—XZ—@M@Nn (t, £7/2) CHARATBIIRDEHEEZRDDL. HED
DI RBBIT {(t,£7/2)} T, 0= —7/2 DL ZBILFEIT (—r,1 +rkcosyp) £72D, 0 =n/2
D& EBIEFENL (r,1 —rkcosp) THHOTT By MIRHHEED (t, ) THRATEIZRD
SFImBE 53 &,

1+7kcosp #0 (5)

£ B, EOFREMRERICARAN D Z L1342 <, BHEORERTT vy MIR> T E L Hh—
FIZARTATHS.
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5.2.3 RA7O0—FA IO
Tuy MIRsu—7—a—RZ—fE@H (t, £r/2) TRUB—T AN DEHERDD. F
BT {(t, £7/2)} T, B{LFEIT (Fr, 1 £ rkcosp) THHREDT,

l1+rkcosp =0, 1k’ cosep — rky'sinp # 0 (6)

ROIEAT =T ANERD. IS, BAOMIES CTRIFFZA Y a—F A AR5 Z L3720,

5.2.4 HRATHZEBFOEE

Tay MIgbRWERIle—F —a— 2 X —HEOKFEENRE S 2B PHFHB. v —7—a3—
24 —HEEEIZ 7 ey MOTH Y, AIERE T, 7er M2 RWEASICEICHTL 2KR
SIE A A THIRZERF CTh o7 (1)) DT, A THIZZEB TR DEEERND. &BE r kT
ERAHWTENPNANI ZTITEKT 5.

5.3 UxRrU9IICHOONIERES

0—F—a—x & — W ERWE & o OUEENH TRESTLES DT, B—F—a—X%
5 —WEDZEMIE RC = R x C°(I, Rog x R) Wo&A v h=—ffz AR b L 5. Bl
R L BB ORI 2 o - ORI L D KERD

M 5.4, MENOBRES O C RC BEFEELTEEDO V c O I LT, (EEDE (1,0) TOV
DEBIFEENN T R TENRT O —F A Ldsh 2 TRIZERFICRETH 5.
5.4 EHHEEICHETAABEEELTOD—5—3—X 42—\

PR & I ZERROBEREEDT=LOTHY, FA—V >V IBRHEOHMER L 2->THD L0
Thbd. ZOERT, hRICETI AL T, MRMEOMEBERIZ/ > CWAHEE 2 o —7 —
a—2Z —HEIEERERICSTAABE TH L L BRIZEXS.

i ETAMEZEDT LD LB S 0 —F —a—X ¥ —ilEOEREE X TEL.

V(s,0) = &(s) + rdg(s) + r(cos fee(s) + sin Odg(s))

72121 dg(s) = cos p(s)ne(s) +sinp(s)be(s) T, e, me, be 13 £ DTNAFHL L, o 1 € DREE 7,
DEMBEETH L. ZOMEIZONVTE, ETIIATE—T AT bbb/, Y=y
TICHOONDFHRERIARTALAT =T A NV EDRATHRER T L THDLZ EBbI5.
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5.5 4l

FEHCTRHE—F —a—2F—MlEDOHEZ 5% 5. s8R (cost,sint, t) FPLELE LEEa—F—a—
AE—HEEZWNLDOTHS. MACIZATAEZ LS, BATHEVICH A THRTERTFE
L, AV e =T A NZ 2BEETES. (K3,4,5 1 X2AF VARICE-> TS, SMEMICBE SR 5
7 OIS REIIZ R T & 720

4 m—F—a— R 7 —iE (BRI L B RADR)

6 =M

RSN OERRE IS T S AME T, BRICET 2 20 MNT o =7 L0 5 SRR (B
Hp1Z2R) M BCELTWARETEVWIRATIZEOL 522300 E 2 20T AKEER
THD. ZOXK D 242 EARE L RS, T 2b bEMRE &1

V(s,0) = £(s) + rhe(s) + r(cos feg(s) + sin bhe(s))

T2 L he(s) = costp(s)ne(s) + sinp(s)be(s) THB.

(]
R e
e

W
W

X 5. #EMARE

ZOEDREZHNTHS LEICE 2125, AORBITIRS R FBITh> TV T, KeHiIl Tt
E%Ktofwéazé%:H@ﬁ%fﬁﬁxf&i%ﬁ%mﬁoiwwg&%@?miﬁﬁ%m
RoTWBHEZARERRYUES. ZHiL, BELTWAIES DBBROEL Tli7 ey ML 2oT
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BRI 5 b DN ARG LOBR AT 7 o ISR ORWVEENH D Z L ZEIRL
TH5.

THEBSETIHREIVAAVEZTH Y, ZTOEERTHMMEITHRSE L L EE LM
FEEOL VR D.

T OBEICOWT BRSNS SOHDBFRADEFEZEC ZENTE, Y= ) v 7 ilHbb
NABRELZRDLZENRERS. VXY v 7 IlHObRABRAIKZERTLEIRATRLED
ATHIZERFTHD.

b %4, he = by ChB LI RABELEXDHZ £ bTES. Tha EH-FERAME & 7
Bl BREDEHEIROLIICRY, Vi) v 7l b bR HRAIIN ATA, T AT
R, RERTTHDHI LMD,

e O=-71/2 THATA = (3+2rk))7e + 2rke # 0.

o 0= -m/2 THATHTERT > (3+2r2k2)me + 2rke = 0, 307 + 20rke + 4r*(27hime +
5e) +73(—8k2 kg + 20k 72 + 24k e e — 24keTZ + 8 ) +r(BkET + 16K273 +8K27e + 24kekeTe +
A8kckee) + r®(24kEre7e + 48ki T k) # 0.

e fH=r/2 TREETF < 17:=0,7 #0.

72751 s 1% € DINE T, =d/ds.

7 BREEEORIEDEED

BT AEBEORSEEED T BINEZ0Z TRV =R ) v 7 ICHhbDIIRER
ThD.
o Mfkm (XEWET)
!
HadE (R8T

o T—F—a—RX—ME (HATH, AVB—T AN, A ATHIZEET)

)
BT (0 2 7, B R THISERT)

o HEMEE (RERT, VATA, N ATHRERT)

!
RIS B ES L

o HER-EIERMGE (REET, 4 RTHA, A THRERT)

I
RIS D RRE R L
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o MEE(HATA, AVa—FTA/1[9])

{
HE (R R)
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Divide D& & D — Iz 2\ T
wH)INEE

T 152-8551 BRCHR B AR L 2-12-1
B LR RS T2 508
E-mail address: ishikawa@math.titech.ac. jp

1. B

A’Campo 1% 1998 FFEIZ, MBANOSEEHEEERI D 7 7 A /83— 1 > 7 RS
HHEEE X EVmREY divide L AT ELE. BEORAITERERAD
Milnor I C#H Y, divide D7 7 A _R—ILZFD— LI/ > TCWET. ZOHD
W7eT, divide DRI, divide DRSO B EERC 3 kTS AR~ — &1L
PITbNTEE L7z, FRETIEL, Milnor JRE ZDEE—ALEZFHPL 7, divide
DEFHE HEEHOBNEEHL £7.

2. Milnor REBFEADEE—RL

Milnor R & 13, ERZEXNEBGORESOAFEICERINDE T 7 A =KD Z
ETHD. [:CM 5 C%n+ 1l HOEREE (20,21, -, 20) ZEFOERZLENX
WLV ERINDBFHRETD. ZDLE, £E L) ={e C* | (0f/02)(2) =
o= (0f)0z,)(2) =0} & f ODRBRES LR, BEKR 2 OFFET () 2 0
WD L X, 2 ZIMFERETHB LN,

FROeCH & fOBEREEL, f(O)=0DBEYM2EFET . Fi%x
FLETB¥Ee >0 DA 2n + 1 RITEKRETHY, ik S LB<

EE 2.1 (Milnor [23]). LA O € O 2% f DBRATHY, f(O) =0 &k
TEITBH. ZorE, +HhENE S0BEEL, € >e>0 WM THEEDe
2L T

o= g SN0 S
TRFTEAR T 7 A R—RLi 5.

O OBEEROFATEEIL | £HK f(2) OFEHETOT I LT, BEABERILHY, &
BIZ f(O) =0 ZW/cTLIRETES.
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Hce S OFER o He) BT T ANR—LFE, T ARN—HOEBRERIN
TWaWEs S. N fH0) 2BRED Y 7 LIRS,

FRBIMNERRTHDEEITE, BREADY V713 2n+1 RGTIREND 2n—1
KIGAZREIT 2o TND. FleZ Dl &, 77 A3— o7l c) DFER Y —EHT

7@ ---BL k=n
N e

Z k=20

0 otherwise

THDHZEBMBNTWAS. BEHZ, n IRITOXyFEH p ZMSFRE SO RS ER
B2 REETHY, Milnor F LI TWS.

UTF, n=10LE0AREEZDS. ZDEE fIX2EHEOERLENTHS.
EOEEZZZTIE (21,20) = (31 + iy, 30 + i) EELZ 2T B, 2L,
i=+V—1Thd. ERTEMR f(2,2) =01F, FER O e C OEFETHRE
DFZ (branch) ZFH, £ D& 4% RETBEKIRLS (locally irreducible component) &

FHEEFRRDEET— DT A7 71X, EHRY PAZEH C TEHZSNT
WHBERRRY, ThET—X{bL TH LN DR & EFHE ReC? = {(21, 22) €
Clly,=y=0} LDV &L THDIN D (graph) ZE-TELETHZ LT
Hb.

EE 2.2. f IEATINERESEZFF>L L, £0 Milnor 8% u, RETBEHS
D¥E r 5B, Fl, BRE (f,0) ZROEEEZHEZLTWBEEETS :

(1) £(0,0) =0;

(2) f DERBITFEE;

(3) & RPTBEAIEL Sy & EWE ReC? L DD VI, FRADEET 1 RuEMRIC
TpoTWnA. )

(f,0) DET—Z{LLIEE : ‘
Ht=0mDtE, fi=Ff
(iyt>0m& x, f; ‘i%"“l%ﬁ}f—f{f@?f%%/);

Ty VT DIFFIERR O TRVEBREDZ L. ET—AMUC LV Ebh 3= —REBEAT, B
EEHRT AL X24+Y2 X2 V2 X2 -YV2O 3RS O, TRENER, ¥R, B
LEEE,
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(i) t >0 D& &, FRADEFHZH BT, = f71(0) N ReC*> D _EHEDEEE 6,
O ICHEN TV D EREROESEE v 328, 6 & 1 X tIEDT,
6t +Yn=p 75:?%7‘:'5"

MR AR T—R LT 5 L, BREEDEBC 1 BOT—ABRASENS -
ERMBNTNS., BE—RLENEK f, LTI, & EACY F AR
EBFEEL, T EN I ERO WIS R B 5V D T — R R A fFE
LTW5. ED&M (i) ichbd%EX 6, +v, = piX, BRAZT— AL -EIZH
NBE—2ABRANET, ZEADBVITERBERICSL TV 22 L 2 EKL
T3,

iz 15T TB L, fla,2) = —28 + 23 HERAICISIIR S 3D, R
WERIER ST DT 15T, Milnor I p=6 THh3. ZOBRERADET—ZL f
i, BT,

1 3 3 9 3 3
4 3 3.2 2 2 4 3 2
- —¢ “2 - At — gttt
hanzm) = =2l '+ peba’+ (G = gz’ + (gt - 0+ )2
3 1
ey B L

2048 912 512

TEZBNS. (FFE : ZNIE—EITIZARV.) iR f,71(0) & EEE ReC? L D3
DPOIIEL DX SIZY, B, “EAOKT 6 =3, FiETHENT-ERD
BiL 1 =3THY, LoT&H+1=6=pudRYIL->T5.

To T2

1 L) Q T

L. B8R0 3E— 2D H)

EFE2.20 (1),(2), (3) WMl THER D FHE R ISR KL, TOEE—
AERFET H. SHICEE—2LL TELN 5 FEHEih#D> 5 Dynkin HERE
biv, £ITHH Milnor ROE/ Fu I —EHIDERESIXHEIZ LRabN
T3 (1, 2,9, 10, 11].

PRee S"ERBELEIND ' —RAT 5L, 77 A8—p 1 (c) » b EH~DOM R
BEHPEIND. ThE Milnor JROE / K u I —EH LIRS,
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3. Divide DEZHEE 77 A /\—FEEHE

TR SR ET— AL TELN A EMSICONT, BRAOEFEY S
T, ERBEREIMCEZ 6N TWNA LD E BNVETZ & TELNE bLOR divide
ThoD.

i% 3.1. Divide c‘: 41%{)4!‘.[3:]%@:—‘}?&% (generjc) Z))/);{:Ejﬁ-m (relative) ‘\’Ji&)ﬂ
ENTca "y b1 RGSERE (BalB) 0z ThHA.

B 2. Divide D%

T(R?) % E¥ME R? := ReC? O#E3 (tangent bundle) & L, 2 = (z1,1,) & R
DEEER, v = (uy,up) TEET PEBOEERE TS, T(R?) NOEAERE
{(z,u) € T(R) | |o2 + uf? = 1} i 3KTHRECHY, “hE ST(RY) LB =
L2935, Divide DY 7iXZ OBEMREAIZKRO X SIZEHE SN S.

EZ 3.2. Divide PO VU7 L(P) Lix, LFCEHEENS ST(R?) D 1 &T
RO L ThB -
L(P) := {(z,u) € ST(R?) |z € P, u € T,(P)}.
TIZT, T(P)iZAzeRIZBVWTPIZELTWARY FLOESTHS.
Divide P OB ERTH 57251, ET—AMbENZBREICH L TEE—
ZEENTZBBE f, BTEET A X 51z, divide PITHL TS, P D& "EAIZH
FVBRRZRED, PICEHENZERICERD DWW/ —RBREZE-
T—ARML fp RIEDRZ LN TES. ZOF—REEK fp iTHL, B 05, BK
TEETD :
1,
Opn(z,u) = fe(x) + indfp(z)(u) — §n“x(x)HfP (z)(u,u).

ZIT, dfp(x) iX fe(z) DG, x(z) X fp OF—RBEEDITETO bump B
B, Hpo(z) X fp D~y T THB. ZDL X, divide PIZHLTRDOZ 7 A
N—REEI Y 3SLD.
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FEHE 3.3 (A’Campo [3, 4]). P 2R divide L35, ZDLE, +o/hE0
n>0BFEL, v >n>0 ZWMEZTEED nIZxLT

P = Orn . ST(R?)\ L(P) — S
WP,nl

XRFTERRTZ 7 AN—RE 2D,

EHIZ divide P B FEHEITRISIFR S OFEE—RLE LTE LN B2 5
i, PODT77AN—RiZZDRERED Milnor IREBHETH B Z LR @b TV
5. £oT, divide &£ ED T 7 A =3I ph#REF R A & % D Milnor IO —H%
Bz > T3 [3, 4].

Divide ® U > ZIZIZLLTFD Y 7 BEENTWS ¢

1) (pg)-F—7 AV 7 (p,q>0);

(2) P=F RV 71T cabling #B{EZR VKL THLI 5 Y 7 (iterated torus
link) T, cabling DfE#7z bR & AR EXNE R L THHHO;

(3) BB (=2,p,9) (p,g > 0) DTV Y=Y,

(4) 10145,10,39 (10ZZELUTT b —F ZFECE SO & DIZZNFET) .

SEHEEBRISIFFR SOV 2713 (1) & QIEEEN TV, £z, % divide 2%
L T Dynkin % EET 25 Z £ TX, Dynkin KRB K (tree) 272 5TV 5 divide
DZ L% slalom divide & FES. Slalom divide @ U > 7 [XEA —2 @ arborescent
Vo 7THY, B)DV 7 bENIZEENTVS. EHIT, slalom divide DY >
IBFRERET, EORD Agpyr (K > 1), Bg, Es USTHIIE, V> 7 OFEZERIC
WEEERAD, Whw 2B Th 2 Z EBMb T3 [5].

3. Slalom divide & F®D K.
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4. Divide DV > DEE

4.1. TEE/ K O3—. Dehn twist &1, M4 Dk iz, dhimz EHAHKITIR-
THIVBRE, £2n Bo TV ADEDZEHDOZ L THD. HE,IDENEH~D
BEf1 Dehn twist DR TEEXFE D2 LBMBN TV S, Dehn twist D&Y DfH
M4 DBE, FEIE Dehn twist & FES. FlxiE, SERER f=—21+23
DF I H B8R ED Milnor O 7 7 A N—EE 7T =27 ATHY, £DOE/
Fos—B8I7=a2F A0aFIZ{-7-1F Dehn twist CEIN D, —i&ic, F
T B ST 4R 2 5 00 Milnor D/ Fu 2 —E541E, IE Dehn twist OFETET
BrEBEBLNTWS. ZOESRE/FurI—DI LEEET/) FrI—LEs.

-
o 2 |
D

4 4. IE Dehn twist.

Divide ® 7 7 A S—RIZOWTHEHET, BT/ FrI—%FoZ &rmbh
TV 3 [4]. &5 divide ® Dynkin B> 5 7 7 A /S—HHEORE B ¥ —DRNT
FlEHELRAZ ENTE, £/ FaI—BEEOFTad—0fTibe b EAk
HIZEBET A LR TE S,

4.2. Quasipositivity. Rudolph I% 1972 EDF3C [25] T, C WOERALHHR
L 3RTEREE DR Y FEEL, quasipositive LW IIEEEFEA L. TLVAF
DARNI T D EEL i+1FEBDOREDIED crossing & o; TEL, BD crossing
¥ o] TETZEILTS. o ebOBw;, j=1,---,m) L, JrIH
(w03,07 N w205w5 1) -+ - (W07,

LWABDOT VAR EFBHL TELN S (diagram) TREDHE, TD IV TIX
quasipositive 27V A F#REZFEOL WS (H52R) . £, Fuw; B w;=
Ok,Ok;41° " Ope CEENDEE, TDOY 7T strongly quasipositive ATV

A RETREHEOE VY. Quasipositivity IEFET B % 4 Rz OEREEZE-
THRDIBRCENLIEERHAETH .
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Aﬁ X /\/:,_
_ X J\ D
— —

(0105 ")o3(0105) 7! 020305 "

X 5. Quasipositive 7 L A F D4,

Divide DV 7%, HRBREDO I 7 O—RILTHDZ L0 b, BERBEEL
OEFEN TR, quasipositivity & - T 5.

B 4.1 (FE [12], 1F [15]%). Divide D VU > 71X strongly quasipositive 727
LA F#RzRD.

Rudolph IX##3C [26] T, Kronheimer-Mrowka DFE5R [17] % quasipositive 72
A7 VA FRFREROV U 7ICHAT 2 LT, ThbD 4 RTERZREL L.
ZOFRRIZREFEIND I ST, 4 RTPBEDLHLWERE quasipositivity % FF
DYVZICHEATHI LT, BAVERSBONDZ L1345 5. Divide DF
BT, EHA41 ORELTROBRBPFELND.

EH 4.2 (A’Campo [4]). Divide P 3#3#45 1 DDIXHRAH TR ENTWVWD2D
X, ZORKOHE L(P) OfC BEHES, B, 4kaBE 13T POZER
OHEIZZEL V.

Bl A’Campo DFRILTIE, divide @ quasipositivity 28 £/ 5 T i
o7z 7=, Kronheimer-Mrowka D58 % divide OF— ABEEICEEEH T 5
TETEEEEHAL TS,

F72, HFED Heegaard Floer homology & il b AR o O —DHEN L DEY &
LT, Lisca & Stipsicz BWIRDEHEZIEHAL 7=.

EHE 4.3 (Lisca-Stipsicz [20]). FEOE K 3 g,(K) > 0 2> TB(K) = 2¢,(K) — 1
ERleT &, S3I, KITHoEE r # 29,(K) — 1 @ Dehn surgery ZHEL
THROLN D 3RTHASERIEIT tight REAMBEEZHETS.

TIT g(K) X K o4akEEcHY, TB(K) iX K ®HX Thurston-
Bennequin #TH 5. TB(K)=X tight 2EMEEDERIIT Z TIXEWT 5 ([24] 2

SR [15] © divide @ U > 7 @ quasipositivity &R U7z, £z, FEEKIT [12] T divide
D7 7 A 73—iif@DS stable Hopf plumbing TH2HZ L&KL, £D%E L Tdivide DY 7
strongly quasipositive CHhdZ & ZRLT.

1S3 % A RTERIE B* OBER L B LI &, BRICEEON B, Vo2 2R T AlimOR
MNEBDZ L.
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fR). Divide DFEU'E K IZ%L, TB(K) = 2g,(K)— 1 BV 3L->Z &5 Gibson
LD RENTEY (6, Lo THEHEAR divide DR ELTICHL EH43 OE
BERRLD Lo TND T ERDB.

5. Divide O—#&1k

5.1. U HBERICBIT 5—§#8{t. Gibson * EHIXEEOFECE % divide DL 5
WCEAI R E T TDDOFEE LT, KIZHEIT S oriented divide ZEAL 72,

SEZ 5.1. Oriented divide & IXBAT P —HRAY (generic) IZIXHIAEN T &
ol (BEF) DL THS.

%% 5.2. Oriented divide P @Y > 7 L(P) &1, UFTEHENS P AD 1
WIPASARIEDZ L ThH S

L(P) :={(z,y) € ST(R?) | z € P, u € T,(P)}.
T, seP LTz e RN P OEBICR-THWBLWNWIZ LT, T,(P) kA

reRIZBWVWT PIZEELTWVWABRYZ LT, ZORER P L—HKLTWALD
DEESTHS.

BO V7T oriented divide 2~ THETZ LN TE 3.

EH 5.3 (Gibson-I. [7]). S3 NOEED V> 7 LIiTRL, oriented divide P T,
FOY s L(P) B L LR (ambient isotopic) Th 5 b DBEET 5.

COEERY divide DT 7 A RX—HEENLTDORETRT I ENTE S,

% 5.4 (Gibson-L [7]). S3 WOEED V> 7 LIiZHL, SP\L AORECRE K T,
LUK BEE/Fua3I—%Es577 A=Y 723t ORGFEETS.

ZD%IL, divide DEREZ—HRTILET, KVENWIIDI T ATHEE—
BIbT B2 LBEZ BN, free divide X° graph divide EBREA Sh, ZOHE
B AR ITON T3 (8, 15, 16].

5.2. 3WTEHERIBIT B —IE. Divide ZEM B EZT TR, avy s
FediE BICEDAENTZa N7 P 1 REASEREE L TERTHZLHTE
5. ZOBAEN, divide @YY 713F O hEm OEEM R (unit tangent bundle) D
BREZELCELND SKRTHASHBENICERINS. SbIZ, HEEHOT,
divide D7 7 A N—FEE S RKILT D [13].

I 3% RHILBEAD Y > Z IRl , TOMERIZ S' LO7 7 A X—HOBER AL L &, &
DY I ETF A=Y 7 LIRS,
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iz, %54 OFRERE 53 USAD 3WRTASREII —RILL LS LR ARD L,
Stein fillable 72 3 RITHAZEER L V5 7 T RIZHE 5. Stein fillable DEHRIZZ Z
TIIEWBT 5 ([24] 2 2R) R, ZOBEBMT L LT, 3KRTASKRERNIZET /
FaI—% 077 A=Y IREFEET DI LN, ZTOZEED Stein fillable
THDHDDOLE+FIEMETH D Z LA Loi-Piergallini (2 L D /REN TV S [22].
FRE5AWFET/ R I—2&OT7 7A=Y 7 CRINZEHEZRIZTLOEZHE
KT B EVINETH S5, Loi-Piergallini DFERH B Stein fillable T2V 3
WTTBASARRIT ST LTI SR 5.4 1XRR D S22V 2 & D2 5. #IT Stein fillable
72 3WITPAZARIKIZ R L TIX, R54 % —ILTE 22 LD, divide DT 7 A /38—
HC Bl b AR o O — OB A5 2 & THEFTE B [14]. M, Stein fillable
72 W TCHASHEIRD 7 T RIZIEFEIZIEL, £ ) TROWEREOHITIZEAE WD
TR (18, 19, 21).
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