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Eha,

COMEEIRLIZFRHT V7L V)R HHH05, THIRDIHICLTERESN
%o HRMEOBREZBRNOFATEH > THLNE 2RTONZ PR, HHIZL o TAE
ThHHEIIT1IRIEAT PVROEBMIZGHL, BEREGOENENPLNRT P ED L,
ENLORT PVOREDHBET /) VI THIBED LI BT HHDTH S ([11], [3],
[12])e SOIWERIZEZHNT / V7 EnID%, ZOFRIZL > THELNLTFEHF—ERE
SHETHD, SHLIBLPTHEILIZE>TEHET S ([12], [13)e FTORIE 2 AT F—
FALREOEBIZBITAHENT /) VITRDETNVTH b,

7/ 7ZERIZE L Tld Fenley[4], Barbot[1] 12X D Z { DRSS TV 5B, LA L
o7/ VIEREV) DDRZFAZIZEZCEFRELZVWE V) Z LA Ghys[7] 12X 2
TRENTWE, T2bb, BLPLRT/VIERBBEIRD2EYOLDTH S,

12003, HELOBWHE FOI -2 O2T* KM LObLDOTHE, £/ FH I —
IZATH A € SL(2;,Z) TEENDDS, R2EDAD2O0EEFNY PIVICETLEROIER.
T? 2 R2/Z2 EDE/ FUI—AELGEERB L5, TNOY ARV a v, T/V7
EEFY, F Thhb,

200k, REFAHEOEMENY PVET S, O@#ITIIE LT, BAFENEERIC
25 L ZICHEEMISED CHELFIIRRIT 1 EE Fo. RAFEORERICR S & 2T



BIEDSHBEERIEIRRT1ER Fr 22T 0w bDTHE, (F bk FuidEizs B
HEICHTAEIDE L -TH Lvyy)
STEALADEREBIDTOLOTH S,

EH [10]o HEALEOBMBIE /) FOI - 2RO ROT /v IERE F*, FP L5, FU
& F OB I —ENTH 5,

SEHE [10], MEHPAME QBN MVR T E, 0T / V7 ¥ERE% Fu, FP L35, Fr k
Fe OREWHIARTLIE—EH TRV,

I [13]c MEHPAMME ORMIENY MV LD, 0T ) V7R Fu, FP L35, Fr &
Fs DWW, §HENT /v 7 ThsabiId, BRI IZ—ENTH5,

—EMOIHIT, KT —FAOFHIL 2EBBEDBEOTFHLFELEG Y7285,

CZWHNLERBEDEEWE~ORL LITIE3RTL— 7 v FRBOFT 2 Tk
WCEAEBBELMAFETHEZ LICEET 2, (CNLOEBEEIX, 0B bna
N PVERZDLLEZVERE LTEENITONTWAEDT, BHOREILIT VI8 F%%?ﬂi
BWV2ODEBORILEV:oTHHEV, )

2ODEBEER Fu, FP L LT, TNOQOEBHE M ~ORKLT Fr, F* 0EOZE%
¥z, B
p=(p*p°): M — M/F* x M|F?

%Aéoit\fwwnum%%%gﬁﬁ<a,~

MELD T* OG-, AT M/F x M/F* 2 R? i T7?4>ﬁthW%LT
Wi, _@tép#Ra‘f“}?4’/\~kT7a774’/\~ﬁL7§:7 ElE, ROJEIZREN D,

(Ufww”®%ﬂﬁwﬁjwwpti%%i%k%o

(2) WD BBIEDFF LT O p 12 & Z1R0D (M) BEA BRI % 51, SLEIPABIE,

(3) Fv N Fe ORLESFII TR,

(4) m (M) BUBDEERE % M/F* x M/F* @5y D% p~1(y) 1585,
(w%%Lywrﬁﬁgﬁ%W%)@ﬁbﬁwﬁfpvW(ymmp(anﬁﬁuRﬁo
(6) g € m (M) I LTS (0*(®),90°()) € M/.?-"“ X M/JES DG ITERE, (ThEHEZY)
SV MEICHIET Bo )

(7) mo (M) BLBEAHERE 2 M/ Fex M/ F* D& (y*,y*) 1ot Ly pld {y*} < M/ F*, M| Fex{y*}
EFTRHE,

(8) pci/i\gﬂﬁo

Q) pld 7747 b—=2ar,

vk P ORI, SHEIT Y T OREE. BERIRDEoTARB L, M DERB
FoOREBTHL L, IRTERB FNF R FOEIICHIRT 2 LB THE I LS
hrhe EBE, FUNF|L BREER TRWET AL, HIEEMTHEE I N VHEND B DT,
FoNREERBTHHELTVWEDT, FHESNEVELE YL #iE, 5 F OEL L I*O5%h
bwzowﬁﬁfééoaymﬁd<%ﬁwﬂu D BH, FHEHT )V IOREPS, L
D1EORENPS 0D 1BEOEEND L, 121D FrNF OrT /I — 13583 % distortion
RO, —H. SORT ) I—iF, Fu Feokn s I —E LT, HR7% distortion 230 =
LilkBDT, FE2HRL. o

TDZERL, p=(p%p°): M — M/F*x M/F* BE~DREZT7AN—EFBHT 7
A TL—=2arThrlthbds,

—B, 7747 Vb—=2arvThirI liTbhsl, EREEED 2B ORI L,
RMERUMET, BEzROFE M —FE. BB REOMOFRHEIERS L, Ihds, £
BEBYREOZELIDDD,

— 6 —



3. TFVF v I RATH

ZITiE, —EESBY LW EERRTEREHBET 5, BT 35T o R R il
EORMFENRY MVRTE, DT 7V 7TERE Fu, F* G L, T, OBRMAIHMHEO T2, 12817
DHBELTHELNE 2RTLD P—F A T2 ZiE-T, YIVEED 2979 D TH 5,

BB E O BATEENR Y PR Z, 0T /Y THB Fo, FERO L) SRR Eh B, 20
EBRELEIIRT Vb VEROBMAERY MVEOEEHEBEEMEF—EENs, 7oL
MO 1 DDA byl v DFED D WM OMEE p,, KB p,, v B S EFEE T HOHE
HAEDHE R pp &) FERREFE SL OREIEICTE & 237D 3 FOM (py, i, pe) € S x SL x SL
THRIG A= T oMb, BEER F 3R UREp &b DHEMARY PV EE, AEEER
FriFE Ulssp, & bOBAINY PVEENPL 2L, TIRHAHMIFDEORKT. ERB O
?‘%?&‘\1\7}: %)0)’6%50

ERBOBTIES, x SLx SLIZBIABELTHEIINT oL EETHL, Z0HBIE3
R+ —F ADFKAABREEZR VI —FOEERG L —HT b, coL&, K7y HLVH
WMOBALENY PVEOEBHEEMSER 3 AR LFMICZ2, 20X Bigld (151K
%, 2O, EEHEEHLOER Fv Fr OB FunF OBEZERIR. M/Fx M/F
EBWTRIDICIEVFIZ 25 ([4], 1) 3R+ —F AI2i13 PSL(2;R) 25 ARITIER L

TwaH, EE3AEICIE PSL(Z;R) BHAMIERLTWwS, L {abhTwas k)i,
T (Z) OVERIBEEITH 555, €ORHERAIITORN L ) IZkoTna, I, OEHHH
MONMI BT BHBEELTHELND 2RTO b—F X T? OEREE, ER 3 AFICFET
BEBIUCZORBERL LTERT 5,




v 5
\ﬁ‘
@bwn
> h %=
%ﬁT@

N 7

“hn Th

- ° &‘Zoo

£9 o)

A T

\f,gw

e

ﬁ-tgfﬂ%mﬁ
2D i~’<}J

‘ T,f‘

EE@ __gt\z

ﬁh?b

1<y -7
EFEJ

3ﬁ:/

fﬁﬁ%g‘i

:Q“%

xfféﬁ‘
Lf@

s

A EE

PE

s-n .

13

T

ol

)

137

“(“\

Y0

RV

kil

77

—

o

|-

ci%v‘%o

~h T

— D

)Z)O b:&

Sy )

sb,%

o L.
{/[,

D

) i
%@%
,‘JI @459,}

W

/

"B %,

LT

za)k._

.«é—

D%

B

-y

\E’:kab\o

o L

ﬁ“é

. S

EW§§tu

e

,Wﬁo”

% EL

2t ome

N T

&V\

% LT

El z

e

b BE Nk

~47) 3

2 T 7

T XD
Oy

ol



OB WTIEZEEBREO—FIZEREICH BT, MWHFIZEERIC ( oDV BALTL
ORI oTWE, ZOEE (REBRWZES) 3. MHENCEFEAREMAROEE TS
Bo BERZERIOEBIZ (T PMEALTWEILTHD, m(T?) O—TFDEEITIFH
BEDT 7 AN—1ZH725bDT, FFBEL LTEALTWS,, 7 (T?) D) DERTTIE,
BRI H 725 b0 T, NMAHERTH B, COERICL2HEEMIZ3IRTDO P—F A
W2 he ZO3IRTD F—F AL 3 DOOBANFEDEOM L 2o TWED, ZOBMIT
EOWETHBE2RT I —F AL REOERICHFESINS 3DDEBEXH VLD TORT
5




A

I/

Pl

|
W

21

119 S -

3ODERBHEZ., LOAEDOHE (EOMEZ ERPSRIZODELZLRTHE,) DI IHIT
i Eb&oT, TP OLEERMEL 2T, ZORTHEMAI., T2 I LTw5E, 20 T?
TYBHE, TPOFNEFNOERIL, MEONMOMSEEOTF ARy a e LTHELILS
T2 DEBHELRBOERE LI b h b,

INLDERDPEMTEL L, FEMED, ﬂ%%@ﬁ@ﬁﬁ%N7FWﬁTﬁ7®7/y7
kg Fu, Pl Ly X, ORI T, 5, 12 BT 5% e LTHE %nézkm@b 5
ZYﬂK@oTWOf%@WZO®%ﬁk\ km% FGAERFEULT?IZiBoTWo725 0
D2ODERZEVEDLYL, BEEHEETOUVA D 2EZ L L, T? DT TOFLITICH
LTHABICODNEED 2 LTWwE I LIZh b, SHICE) FY, 7Y Ew) ZEERL LTH
BholzbDNTES, $1¥p AJ—+MMWXAM7“#pAJM+MmeMﬂﬁtﬁ
LAEPLTHSL, LHPL. 34(75% FADERE T? 1Zino T -7-bDIET? DERIZK
BT bD0THEIPL., BOBODIER Fv Fs cif“, FsETAI VY 7 THD,

REFERENCES

1. T. Barbot, Flot d’Anosov sur les variétés graphées au sens de Waldhausen, Ann. Inst. Fourier 46 (1996),

1451-1517.

Y. Carriere, Flots riemanniens Structure Transverse de Feuilletages, Astérisque 116 (1984), 31-52.

. Y. Eliashberg and W. Thurston, Confoliations, University Lecture Series 13, Amer. Math. Soc. (1978).

. S. Fenley, Anosov flows in 3-manifolds, Ann. of Math. (2) 139 (1994), 79-115.

. E. Ghys, Flots d’Anosov sur les 3-variétés fibrées en cercles, Ergodic Theory Dynamical Systems 4 (1984),

no. 1, 67-80.

. E. Ghys, Déformations de flots d’Anosov et de groupes fuchsiens, Ann. Inst. Fourier 42 (1992), 209-247 .

7. E. Ghys, Rigidité différentiable des groupes fuchsiens, Inst. Hautes Etudes Sci. Publ. Math. 78 (1993),
163-185.

8. A. Haefliger, Groupoide d’holonomie et classifiants, Structure Transverse de Feuilletages, Astérisque 116
(1984), 70-97.

9. D. Hardorp, All compact orientable three dimensional manifolds admit total foliations, Amer. Math. Soc.
1980.

(=]



10. S. Matsumoto and T. Tsuboi, Transverse intersections of foliations in three-manifolds, Preprint Univ. of
Tokyo. UTMS 2000-10.

11. Y. Mitsumatsu, Anosov flows and non-Stein symplectic manifolds, Ann. Inst. Fourier 45 (1995), 1407-
1421.

12. T. Noda, Projectively Anosov flows on T® with differentiable (un)stable foliations, Preprint Univ. of
Tokyo. UTMS (1999).

13. T. Noda and T. Tsuboi, Regular projectively Anosov flows without compact leaves, Preprint (1999).

14. I. Tamura and A. Sato, On transverse foliations, Inst. Hautes Etudes Sci. Publ. Math. 54 (1981),
205-235.

15. W. Thurston, Three-manifolds, Foliations and Circles, I, e-Print archive, math/9712268.

T 153-8914 HERXEY 3-8-1
E-mail address: tsuboi@ms.u-tokyo.ac.jp



Codimension one locally free actions
of generalized affine groups

EREEHRE Wb VvF
FRERUR R T TRIEHE

1 Introduction

GxaY—B, MZHRAZEELTS, GERHO®:GxM =M OA Y b =R T
fitch o L&, ® ZRHETE M (locally free) RIEATH D &V 5, (AR TIE, EAIIT C>-
WIERZERT2b0ET5,) BETEBRRER & 3. M LIcZ0WEZE L THERE
jilffi’l%i§:7ﬁ7 o %h% f@ &%‘a‘a—o

GERFICREFEY L Lz &, ERBEROBRDPORIEROERRS 5,

E¥  (Hector-Ghys-Moriyama [H-G-M]) G ZHERFEXFY —fFL T2, HZHE
M PaEou L ORFTEER GERZ b2 LT 5 L, RPWILT D,

(1y M xSt EO77A4-3—K
(2) Fp DIEEHAZ leaf holonomy & b DHEL T, TOEZXa LT N THD,
)

(3) Fp OEIZED leaf holonomy BNEHHTH 5 & & EITRXTHELREHETT 7 4 X—K
M D7 74 N—OEMWEEL 25, :

CORERNPE, LD XDV —RHEAZ, WREDO [TV a7 MeEIRo
T FOELbDLIETHL Z LD (H-G-M]),
NEFTROVAMY—MGOI L, bol blHR LD, 1RTET 77 A

Aﬂ*(R):{ ( é i) It 0, xER}
THHD, ST EDOT?2R M BT, Fp DENT~T M THE T, 7>oIEH A7 leaf holonomy
ZHOENFEET 2 RETEBRATT(R)EAZERT A2 L8 TE 5 (BlAE [C-LN] 2/8),
THITRO L D IR SN 5:

A € SL(2,Z),TrA > 2 £ 952, WDV —# H = Ruy, R* (ZZIZ ) =
exp(tlog A) € GL(n,R) ) 1Z= =Xy MBI T = Z wy 22 ZETe (x 1220 T
F3EHiEBRLTTFEN), A OEAEME A, A7 (A > 0) IERIET 5E@HE LY ML vy, v, € R?
LD, HOESH GG) = Ruy (Ry) 6= 1,2) &, G = AFT(R) L BERREREE
0, G = GH) IZEVEBETHY, M=H/T ~D GAEMH

®,:Gx H/T = HIT, (g,hT) — @i(g)hT

BEED, M iTT/ FrI—E#H A:R?/Z> 5 R)/Z2 X VEED ST Lo TR Th
D, & ODEDHERBHEE Fo, TBRET /Y 7HOREEERETERBEE L LTHObLN



TWABDTH D, £z Fp, PET ST xR HBVITR xR &720, 5 x R BOZELH
BEREFEE L. T 6122 TIH B leaf holonomy & b D,

ZhiZ, REFTROVAMY —HGORKI L, REFTEBER @ X, G BEFOHE
TOBBEHMTHHZLERLTNS, ZOFIN, BaBufR) —#HOoRKITL, BEFTEHEE
AEFEE LD -8 L 72 o T,

G HHEBEREARY —#, N % G OBREFZFERTOELTH L. G/Ng IT7TH
HThV., £ dimNg > (dimG+dim Z(G))/2 L7252 &BMbN TS ([0-V], 2%,
TEH5.2), ZII2 Z(G) X G OFLERT, Lo TRl —HOERZIET D28V T,
Bt Ng BEHRTHY, G 2B G/Ng & Ng D¥ERLRD2BENLEDDIDITARTD
59,

IOLRIREREOL LI, TORETIE R« R (m <n) OKRKT 1. BFABEERZ
ERLTHERZY, AMFF(R)IFZRx R EREIND, Eo TR " R* Z—RT 774 V8
EHUNHRXTERY —BTHD, 2, 3HTIHED L I RIEAD rigidity (22T~ 4
B CIER O EREEZ RV D,

2 SHEEAL Ghys DFER

BETE BIEA O PITEEERTH 5, G2V —# H OREO#L Y5, HH=
2Ry MREEREAHE D 2 b oL &, H OEBBIVFEINHER

G x H/T = HJT, (g,hT) > ghT

TG oars VEEE M = HIT ~ORFTBEBARERL 2D, Zhit G OFEER
(homogeneous action) & &5, ZITROZ LIZEET D, H a7 MEEE SR
Hbob& HIF2=€Va2T7—HThHD, 4205 HDTNTOT hIZHL |det Ady| =1
Lieb, ZOELE H OEFERBBERIIELEFETLH D, o T H OATERFE
BERIX H/T OFBERZFEL, THIEIEEERATAETH D,

E.Chys iZAFTE BIEAICEICAEERZHR O LWV O FHEMAML, ROBRZET VD,

T (E.Ghys [G]) G = Aff(R), M % SRS EEL T2, ¢ : Gx M - M %
Cr(r>2)- MOBAEBERZEAT, M O CO-ROBBEREZHEROLDOLT D, ZDLE,
O IFEEERIC TR TH D,

ZRELZZC. M EDGER® &, M'ED GHER @ 3 O34k
s M = MLC°—P45RHE, 3G — G, BIEER, st. fod = o (px f)

———

LEDD, D Ghys DEBOSEE M 1X ST D T2 (solvmanifold) . £721% SL(2,R)/T
ELTHEABNAZ Do TinND,

Ghys OBFZE L RO F A TY —BHORKKT 1. BEFTE BERZRANTW L O 0OBRD D
% ([B-B] [B] [G-V] ). Bex bETz, (EANSHREOEEEREZROLVIFHTT, &R
1, BFTE#H R™ « R-ERAOEFZHR~5S,



3 Rigidity ICET &8

LEBERE R™ x R" (m < n) OBMBEIZRE ¢ : R™ — AutR" = GL(n,R) [0 &> THE
ShB, (ZOrE, § ZHELTR  «, R" L bET), RTOEEREE (e, |1<j<m )
BEBE. nxn T8 { dp(e;) } A E= RSN,

/\” * ok e ok
dip(es) ~ | § @ * 0 r

0 o e v Apy

Ay
OB RD nx mATHl Ay = (Ay) = (AL, -, A™) = ( A) ¥ G OWETSI
An
l_) cté";: & Kﬁ_éo Z :K AJ S (/\1]',/\2]'7' c ,)\nj)t 9 Az = ()‘ila)‘i%' c 7/\im) kjﬂéo
VIR D mon TV EZHZ L1280, G OEETIIRKROEE L2 LTWD LIRE
LTduy,

L{ A |1<j<m} Z—%&HMT
2 Ai#0 (1<i<n)
3N #FN (#£])
Z @ generic REMDOTIZ, ROFILBEFEEE 2 5, ‘
FF A B=2" 1A ¢ {a;Rehi,bjReh; — ReAy | 1 < a;b; <1,1<4,5,k<n}
FEA DL EIZROFEREBTZ,

FH1 G=R"w,R"0<m<n m+n>2),L. M % (m+n+1)KRTHE
RiE (A& T &35, BIZ G OWMETH A, B4 A 2R+ EB, 0L
BH @ - G x M — M PREFTBHTHD M O CO-MDERBERZE-SRBIE. M I
solvmanifold (Riz T™ b TrHR) &2, & IIEEERIIC C~-E%Th 5,

(REFA D 5 8)

(1) @ PIFEREREROEMFAZR T LE, M EZ, FBD g GIZH LT T = A(g)™!T
(72720 A(g) =det Ady)) %A=L, G-BUER HIZHEEZRRS MVE T NEETLHZ &
IR,

G OIER%E Gy = {(t,0) | t € R} ICHIR L7 R™(EA%E x5, FEEREE-SLL
IREL. GIZONTORE A b, 20 R™{ERIZHEIEICTH 5 2 L 3450
Bo ZOZEMD, GAERICEALTRETHY, G-BREITHEINR M EORs Mg T 2
—BRICEET 22 LA, RIS T 2 ZESREOEETE L EP ORI L v
ATE5, EANICITS>ED L 5108y, ‘

R" (resp. R™) © U —ROEE {a%i | 1 <i<n} (resp. {a% |1 <j<m}) iZxhind 5
GDY—ROEEE {X;|1<i<n} (resp. {V;|1<j<m}) T35, GEA®I12LY
(XY} DoBEEND M EO~s bSE (X3, Y7} LT85 E, TRBIE (XY} O
D LFCREERE A= L TWA, v



M EDOIEFE~NT MG Z T G-ERICERTHEBIR b DE—2 L 5, G-1EA ® »ME
FEEREZROI>ZEND, ge GIZH LT

(9,).(2) = A(g)"'Z mod {X[,Y}
Thd, FFlZ g=(t,00€ G, CG £ToHL,

(Bg0)«(2) =2 mod {X7,Y]}

REa]

PR S0, 2T, M ED C--fRB%k ¢f,vf BEELT, Z 1T

(Bt0)(2) = P2+ 3 Shyr+ 2. wiX;

k=1 k=1

RO EMAIZRT- L TCnE, T2 T

T=27+) FY; ZGkX; F¥,GR e CO(M)
k=1
LBVT, X7 M T 5 GRAZ, T2 (8,).(T) = Alg)™'T 85 b DEHET,
ik O IEHRENE AV B &

(2,0)-(T) = P82+ 30 Y7+ Fod i)Yy mod {X}

k=1 k=1

LB, EEHERR UL CO(M) — CO(M) %
UE(F) =Y (gf + Fo ®_t0)

TEERTD L. d(UNF),UHF) = P (F ') (d 1 COM) DBRRIE/ V1) THY, L
Tl oTRtg< 0725 to e R™ WX LTCIS/ERE Ut XY 7Yoo, [ﬂ DOEEM
# F" COUM) BR2DB,

L ZEPMERD ¢t W LT U, UL FHRABROT, R0 o7k FE T ~To Uf i<
W OEERBTH B, - i

T=Z24+Y FFYy+Y G*X;
k=1 k=1
ERE, ZORT MVET X

(B,0)(T) = e (Z + 3 FFYy) mod {X}}
k=1

RET= T,
(XXVIZOWTRBEOBRIZE Y (BERV ZY o R, 5 toe R™ 05 LTS
BI=DIZEE A BUELRB).,

(@4,0)(T) = e YT for vt e R™



TR BT MV T BRODD,

EIANEOLRME A ZAVE L, G OHGE G, OIERATRERNZ MBITRIT G &
EOERATRETHDL Z LIRENS,

ZH LT G-BIER CO-H_T MV T BROD -, Gy OERITBEEE I 720
T, WM SFEHEOARESEEOFEEEROMERAZEL T, bihvbhd T 1XFEIL =<K T
HDTENIAEATE 5,

(2) M3V — HOEEE bbb, 21U G x (guag- R=H LABETHD, EHEH OJ—
BT (XY, T LV EREND, ThXY & 38 G O HT ~OSEEML O3k L2
B EREPND, (RERA )

FOREBAF D H Xz %y MEBEGBE T 2 b0 L WO REETRV, b bEZD
N G=R"xy,R" (m<n) PEEFEMAZ LD LITRER, TZTRIZG=R"x,R"
PEEERZ b O ERD T2,

St KA X0 BOROTEIELIBEGEE X D,

é&“j_]}_ ,3:2?=1Az¢{ﬂ:/\“AZ—AJIISZ,an}

ZOLEFRMEB OT TROMENIELND,

WE 1 G ZEUHER (m4n+1)-Ttr=F V2T 8 H ILGX (gerag- R =2 R™w ;R
( ) d

Ay

ZAETH D, 222 H ORETH A 1 ( 3 ) TEHEZLND,

I %H@%ﬁ/)‘:}iﬂékﬁ_éo if\: HQZ[['],H] (F():[F,FD7 leH/HO (FIZF/FU) &
<
WE2 IS H Oazu Ry SRR RE

& To, [y BENTN Hy, Hy ® =337 NEERER 5B

Bz ToxZrtl c RV 2 H, I'2Z" CR™ ¥ H,.

W 3 {A;} € SL(n+1,Z) I3EWIZAHR AILRTRERBEATINE 75, ZDLEE A,
BADQEENL LTRENDIERITH Ac SL(n+1,Z) BFEET D,

HRazay Ry NSO T 2652872, ZOLEFE?2 LV, T 0A&fxs LK
LLT ¢ Hy — AutHy 28T L (e;) = A; BEBEITHIE LTREND, £z G O
TTHNKATE & LTHE 27 generic REE LY 2o 0TI AILFIRETH D, ZDZ L
CHIRE 1,3 LV ROTEENRE NS, TEPIZH DREEL o, THE3 O A OEFE
(475,

FHE2 G=R"xyR" (m < n) OEETH A, BEEBERFLT LTS, 2OLE, G5
AW 1. BFTEMRSEERL b OO DOLEFSEEL, bETANEX O K &
EERTHI P € GL(m,R) BEEL, K (1%) P =t A BSROARBARM (1)-(3) T =
EThb,



(1) A 1Z d-BD up x m-/MTHI A(k) IZHRENS:

A1) d
A:( Z), Zuk:_n+1
k=1

A(d)
(2) & EIZOWT, AR) = (A\(k) £, Zmex
T REEVER o), (R ur) st & exp(dy(k)) € Qo) D> 2fREAESL
3) ol =id, o - o™ % Qo) DHBE/R LTS, “DLx,
exp(\yj(k)) = of <exp<A1]< ) € Qo) (a)).

EH2 X0, m<n D&, £RKRT 1 OFEERAZ2EZ2VG=R"« R" 354 B %
W= 9 U —BEO T ThH HEET generic Th B2 &b h 5,

TN L Tm=n DEEEEZDH L, G IR A 25T, JZO“C';E?L:%H: B &=
L. BB, 2L0KOFEBS, 22106 =R« R™ 12 AFF(R)' x AF(C) (n = [ +2r)
R L 725, ATH(C) IXERT 7 7 A VB A(C) DREHBHEH LT,

F (= Afff(R) x A(C) (n=1+2r) LT5&,
(1) Gk, BETEHREEEREZ b,
(2) FEEREZREORKT 1, BT B G-ERZSEERIC 0~ &,

4 AfH(R)-EHEOSE

m =n THIZ G = R" xy R* OFEEITH A, BEFTFIOLE, GiX Aﬂ+( tr E]E’—_’
&/Ztéo uFmﬁ’ﬁf IRWIT 1. BETE A2 AFT(R)-SEEADS \féf“i%%ézé -
T 5,

ETMHE 1 LV, G = ATHR)" 28 DBEER R V29—V -8 H 13 G =
G K aeeany-1 RICEAEIE 725, G i3fTHIBEE LTIIRTEE RSN S,

ty 0 0 0 Ty

0 t; O 0 9

0 . L>0(1<i<n+1),
G = 0 0 -0 : ‘HgmzL

0 0 i, 0 T, z;eR(1<5<n+1)

0 0 tor1 Zpyr

0 0 0 1

4.1 H oML FEH G-ERORBmE

[G.G] = Go (XR™),G/Go = Gy(Z R™), [H,H] = H(= R""),H/H, = H,(ZR") B
< & H (resp. G) 1T EFERE Hy x o, Hy (resp. Gy x g Go) EREH, FNIFTKRD 2 >DOHE
THEST BB,



(1) % : Hy (resp. G1) — AutHy (resp. AutGo) ITHES
(2) Hy (resp. Go) & Hy (resp. Gy)-FE/R 1 WITEbSZEM OEFIZ ST 5:
Ho2VioVoa@ - @ Vey (tesp. Go=Vido VoG- 0 V,)

INEOWEH)=ViaVad--@Vid- @ Vo (1<i<n+1), G@E):=Hw, W(i) &
B ERBDDD,

WE 4 GRS H OBSEIT—o20 G() KRB TH S,

H D=z Ry MEESHET & T SRR TH S & &, Z0RBERIE H oORREE%
TS N5, ZOZLE EOBELY., G ORKT 1., BETEB, £YE AfH(R)"-
(EOSMEE T #EEL. F~OREES p,: G5 G) CH LVEED (n+1) HOZ
B fE

®,:Gx H/T = HIT, ®(g,hT) =pi(g)hT (1 <i<n+1)

O BT XA ERBEICIRET D,

4.2 KREpEEE O~
At T3 o IVFFEIND Aut H OnkETRE ¢ TET, £LT
B, & ¢, MHREAYILE
& dpe Autl, ¥p c AutG st wo®,=®;0(p x )
LIEDD, ZOLIRTIRBFAEHS D,
1 O, & &; RREWEE & &, & ©; 8 C~-dbfE

Lo T {®;} O C°-#IRIT X B EITREERIC L 5 0BIRET 5,
FZTCWIZ Autl 25,

4.3 H=R"x,R' Qa2 FMESSSE T ISR LR8BG

é\iftﬁ%G:P<H=Hl D(wHo, [F,F]: 1—‘0, F/FOZFl CH1 ki5<o A=A
LHEFER L L TREADNRVD, TR

n:Ti— Ho, ((¢,n(t) €T ("t €Ty), n(1)=0)
OBEZLIZEY, T ROZEORBEEIIKRTREND,

D={(tn(t)+x) | tely, xelo}C Hx Ho=H
(6,7(8) +%)(s,7(8) +y) = (bs,7(bs) + % + $(t)(y) + In(t,9))

ST oniE, dn: Ty x Ty — Ho,  n(t,s) =n(t) — n(ts) + (t)(n(s))s



TOESIETD, Ty $FB g Tk o TEELHDBETD & Gr(Do,Tr,n) LTI EIET D,

ETHNCRZE 510, (1) C Aut(To) & GL(n +1,Z) LEZBNB, EF Hy =
e (H W@&Lf@ﬂ@)f%oto% T oi(t) (b € Ty) T o(t)|V; DBEFEEZE
B N iﬁé&é’]ééﬁf%oo Fh {ai(to)] 1<i<n+ 1} BRI~NTERD toely B
BFIE (ZHiX generic ) 5, TDX D72 6o Z—2EELT

a; = og(ty), a=a;, A:=1(t)eGL(n+1,7Z)

LEE o BIMLE Q oKL Qo) 25X D, Q(a) idty DBUHFICL LRV, £
ZITIO Qo) F LS LI REBEVEIE LIPS T L1272, FIDDNZ ay = a, 09,7+ L au
X o DEEIT C%é BIZRDFEZT 2D,

Q(a) D Oa) = REAVEE DB D U(a) = BERE D U(e)" = {¢ eU(a) | Norm(£) = 1}

4.4 AuwtD,AwtH & Aut(Q(a)/Q)

H 4i\:§é‘@:$§ﬁ H1 X g H() (Hl = RH,HO = Rn+1) 1635)071’:0 J:OT @ € AutH lj:sz)
Compatibility condition ZWi72 9 ¢o € AutHy, o1 € AutH, ZFHET 5:

b (¢1(t)) po(x) = o (p(t)x) ("t € Hy,x € Hy)

F U<, Autl 5 ¢ % compatibility condition. #7273 ¢o € Autlo, @1 € Autl, ZFHE
T 5,

S

ET, 22TCTvel, T{v,Av, - A} CTo B Z =ML LD bDERS, Z
DI 57 v iE Ty Tgeneric Thb, (A1X43EDITH (ty) )o T D& ZIRDOFBEDALL
T D,

WS p: L[] — To, plg(a) = g(A)(v) FEHFERET, THIFE p: Q(a) 5 TooQ =
Q" {ZHEET D,

WS LREOBRIZED. T3 Y 20T o(t) X (te) = A ® Q-ZBENL LTERE

o, NIV EEROFHEEEZED,

WE6 I ot IdL. o) = g(4) (g(e) € Q(a)) THBLE, v: T = Qo) %
v(t) = gla ) LEDDHE, vIZEFERET, Inv clU(a)t £72%5, BIZ, porv=1 L7
HERE 1 U(a)t — H, BEET S,

FOWELY. Aut(Q(e)/Q) D AutH ~DRDER Q Z2HERTHI LN TED:

o€ Aut (Q(a)/Q) IZH L, Qa)g:=pocgop™, Vo) :=poocov EEDDL, TND
HENEN AutHy, AutH, DTEEHET 5, ZN5EFABETETE (o) MUo)h) & H
2B+ % Compatibility condition ZW7=3, 7bb H OECREE®R LD,



WRE 7T Vo T Gal(Q(ay,ag, -+ ,0n41)/Q) BAHEL TS, ZDL X
Q: Aut (Q()/Q) — AutH, o — (Uc)o, U0 )1)
Q0)o(Vi) = Vi) AT 2212 {Vi} iHo @1/5@:0) H\-FEZERT Hy = &7V
ThHD. BIZ Qo) (Gr(To,I'r,n)) = Gr(Q(e)o(T'o), U0)1(T'1), o)o © n)o
F7o, B4 U Autl — Aut (Q(a)/Q) BR TR I 5:

I DFRBREG o 128 L, ¢ € Aut(D;) (6=0,1) BEZ D, @po(v) € [ 12, A &AL E
DIERIEEEATH B Z VT wo(v) = Bv £ &8T5, po € Aut(Ty) Z To@Q =Ty Q @
PR HER L, MUREETET, ¢ i=proB e Aut(Ty@ Q) £3B< & X (p). 1)
t, £ 7= compatibility condition %7z L, p‘ ophop:Qa) = Qo) X Q(a) PEEE LT
DB LI B 2 L3003 d, U(p) =p toghop e Aut(Q(a)/Q) LED D,

Hg U OB Im(0) = {0 € Aut(Q(a)/Q) [ Qo)) =T} ERITIEHNTE, Im (V)
DETVoN=1d THD,

4.5 HEICEATIER

11~ 44 OEBENS, KWL, BIFHBA G = AT (R)"-EFAOSEIE Lk Ok £
A, BEEIAECLRALLO LTS,

ﬁi}iiatg 2 ‘1%' (I: ‘1), ﬁg{—tﬁ%#\:?&fig i a]‘ S Q(ai)

ZAUE Hy 23 10T Hy-ARERGZEROEMICOfS D 2 L L, 0, &, DEBERT 0,
o, AREEIZE LT D At O OFEIND H OBRCHEEGE o 28 Compatlblhtv
condition Z b DT & HENID,

% Aut(Q(a)/Q) PIL¥E d 5L, §({0;}/RERILR) > ntl
EE 3 Ga.l(Q(al,a2,~ - ,Oln+1)/Q) ﬁiﬁﬁﬁk'ﬁ_é k?ﬁ(?ﬁﬁkﬁ"}_éo

(1) aj,o; €Qa) £T5, TDE&X
o, & &; BB E
= o) =a; 2% o€ Aut (Q()/Q) 1X Qo)(T) =T ZWil=7,

) |T/T| AR 2 T OHSGHT BFEL, M'= H/T' LOEE GERAOEEEIT
Lbrol el @D, 2212 diE Aut(Q(e)/Q) DA,

(1) OFEH: @; L@, NREHEZEDO L Z, H OBCEEER o T o) =T,0(G())) =
G(7) %{ﬁf_ﬁ’%@#%é U(p) = 0 € At (Q(a)/Q) £T5 L&, og(ey) = o THY,
Qo )(I) =QoY(p)(I) =¢(I) =T TH 5,

HZ Qo)D) =T D& &E, p:=0(c) € AutH I% o(T) =T,p(G(5)) = G(:) &=



(2) CD%E% : F; = ﬂaeAut(Q(a)/Q) Q(U)l(l—‘,) (7/ = 0, 1), F/ L= G?”(Fg, Fll,n“:‘,l) &T}Z} k ~ P/
T OREEROBSHTHD, VIZOWTER O 2E X 5L, Aut (Q(a)/Q) 2 Yo IZ2\
T Qo)) =T BRLT B, 2T (1) &0, H/T' LD GAERIZ OV TIE, Aut (Q(a)/Q)

(Djﬁ‘f%@ 35) 5 Q; (‘: aj QZS‘@FS?—%}' (I), & (I)]' 4i;*j\:?&/63536: kﬁiﬁé 50 (?JH‘UEJ%%)
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PRESENTATION OF MAPPING CLASS GROUPS OF SURFACES

B E (ERKRFHTEE)
20004F 5 A 30 A

1. 7

n HERDOH5BE g DMEITIFREMEZ B, 2O LOmMEEHRHER HE
HFEG Lo TSRS FREGR DL TEES % DIl (3, rel §) LELZ &ICL
£9. ZORGEIEROGHREBEREL UTHLARZTZ EXHRET (L, 20
IS, R L TENPDIERTI2bDLELET, ThDE ¢y EEVEDL, £9° ¢,
TS, ZDRIT ¢ ZIEASELZLEZERLET) ., ZOFCONT, AWV
WAY M7 bDEE—HLTHRIEEESE X, T ZICTOBOEE)LFHE
SNOHHEZED D Z LICK VEEBMRHERGE LN E T, e EEIER & RO,
Mgn EBELZLIZLET, b5, M, = m(Difft (B, rel 8)) LEDET,

Z O My, Dite LTE By, EOHHFEIHR o 12> 72 Dehn twist 235 0 &
o ZHUE Figure 1 DERICLTED BNLDHEEOA Y PE—HDZ L TT, Mgg *
AFRMED Dehn twist TAERME L5 Z £ 2% Dehn [4] % Lickorish [15] iz X W R&EH
(n>1DHE M, PAEMRERTHD Z L1F [1] TRELTHWET) ., SIBICHRE
RTEDZ L (Faph, BFRALEmxFRE TEWZ &) 25, McCool [20] 1Zd& -
ORENE LTz, £ZT, EERIC, BENLRERERDLZ LR LNE L, £
9. Hatcher & Thurston [6] IZ& V. cut system D72 3K EFR S, ZDEED
B Cerf BimZ MWD Z LKV RENE Lk, (k. BFETIX, Cerf #
fi e IV W BB D FERA 2Y Wajnryb [23] 12X V2 ST ET,) ZoHEEIz

Dehn twist along a

FIGURE 1



FiGure 2

FEGEHESBRIERALTRBY., 20 (W< 52> modify Lizb o [7], [21] ~D)
ERZ#~25Z L 2@ LT, Wajnryb [21] 12XV M,, & M,, @ simple 72 &R2315
bIE Lz, ZOFRTEHERE LT, AERK [18] I2XL Y Artin B & BIEMMT 5
NIeFRRDPRD BIL, £z, Sylvain Gervais [5] (25 Y symmetric 2R RBRD L1
TWEY, ZIZT Gervais 1L D M, (n i, 0,1 LS TH IV O symmetric 72
EREBRRTEBEET,

M Ty, I Figure 2 TH A b 2 B ZE 2, &4 IZih>7- Dehn twist
EXIGT AR LR URE TRbTZ LIz LET, FlZE, o 1278272 Dehn twist
Za EVWORBETERDLTZLIZLET, (72721, Figure 2 DAEDKIZBWT, 14,7,k
X, i=j=k &7257, mod2+n—-2Ti<j<k &ABbDLL, ZDXH7
i,5,k DT &% good triple EFFONET,)

Theorem 1.1. [5] g <1, n S0 IZBVT, Mgy i b, by,-.. ,bgo1, s,
EO ¢ ; TR, BR:TKROED -

(A) "HANDLES”: cyipiy1 = cpi12e L. 1<i<g—1,

(B) "BRAIDS” : z,y BERITD > bWt TdE,

- 5 A2g4n—2,

TSI D circle WARZE LN E & Ty = yx
T D circle P—RTRETDEE,  2yr=yzy



(C) "STARS” : & good triple 1,7,k 122V T,
cijcincri = (aajard)® BL.ep=1 &35,

—J5. Harvey [9] 12XV, BRERMED BRIZIEM T 2220 & L T complex of curves
EEDBONEHEINE LT, Harer 8] ICL Y ZOBEKOEmROEREIRE, &
b1z, ZOBRKERNS Z LI Lo TEREROA TR V— ORI 5 ZEMD
RENE LT, SEIOFHEE TIX, Z D complex of curves & AW TEBIEHFORTRE
R BFEICOWTIREHLET,

2. COMPLEX OF CURVES DEZER NEEEFHOER

T, By, EOBEMEAMEDL 0-FF Py 7 TRVWE & essential &, puncuture
RBERERE N7 THD L E O-parallel LFESZ LIZLET, Complex of curves
Z(Syn) £1E. T, £ essential TH Y d-parallel TIZ/R WV EFIAT#RD A Y b '—
BFE OB (HR) L. BVWRRDLLTTAY My 7 TRV D TR
FEND k+1 AOERIIKH LT k-BEZES Z LI Lo TS 1L 0 BIFREEET
T, ZOBEEERIL, ZEETIE R BITARTTLRVOTTA, kO Z L
Harer IZ5 > TRENLTWNET,

Theorem 2.1. [8, Thm 1.2] Z(3,,) %

n>20WF, 2g+n—5 B

n =10, 2g—3 H#HE

n =00k, 2g—3 H#HfE

Eo. Mgn OTE ¢ IZX L. Z(Xg0) OF E-BIE < C,Ch,...,Cp > 12, kB

< (Co), d(CL), - ,B(Cr) > BRIG S HHENELREEZ 52 LIZED, M,,
D Z(Lgn) ~PEENZIERPEEY 7, ZOEMOPEZER Z(Zy.)/ Mg O
HoHED TEAR] ORTERDNE, Zhd My, ORFEELTNEDTTMRN
. ZOBBEZEMICAN S B WRTOBREDEEIL. g R n OEITE T TKRIBIZE/RL
T, £I T, Z(Xy0) OESERE LT, im0 LV iiixE (Fhebb, i
RIEOHESNERZBE L RoTNDEHD) O Y ME—HOLERELETEH
D X(Zgn) 8EB2DE. X(Xgn)/ Mgn O cell IEERTHBIZ—DIZRD £F, EE,
{X(Bgn) D2EEY/ Myp. {X(Zg0) PLEEY Myo. {X(Zg0) POHEEF/ M,
. ENEI < cpgon29-1,02g-2, 0294 > < Cag_22g-1,099-2 > BT < g 9951 >
TRESNET (HBOFEIL Figure 2 2R LTTFEW), EHIZROEFERHDS
ATVET,



Theorem 2.2. [8, Theorem 1.1] X (X, ,) & g — 2 5,

BRSO 3L LD, X (5,,) REER L 20 E5, BT TR X(Sg0)/ M,
Db HHD AR OFEHEICONTERET,

3. EFE
LF Tk, ENEMEICRD 2 L 2BET D700, vy = oy 22914 V1 = Gggon
Uy = agyg EBELTEE, SHIT, g =< v5,11 >, fo =< vy, 0,03 > EEL T &
WZLET, £l Moa)w = {¢ € Mg | dlvo) = vo} (vg D isotropy subgroup ).
(Mgn)eo = {0 € My, | pleg) = en} (eg D isotropy subgroup ) L &EL Z LIZLET,
—xiZ. B G P ELERE R CW EERIC/ER LTE Y, THA®D isotropy subgroup M
FR, LD isotropy subgroup DEMITHRH BN TV D & X IZHE G DERTRERD
DHEBMONTEY (3] HDWE (14 B), ZZCTHLEOFEZERLEY, £
Pty = by_1029-2.29-1029-2bg-1 7R BTENE. eo DODEAEANELS bDTHS
L, FRbb, eg=< vy, ti(vg) > EROTVWBILICEELTBEET, £/, 4
THERSNDERKREIFLZ <ty > EFEZLIZLET, §5L0 My, X, BHEHE
(M) < t1 > IS bIZRO 3TREADELE (Y1) (Y2) (Y3) ZMxi=b 0 &R
W75 Z R ET, A
(Y1)

2 = 20 (Myn)pPTt& LTHOHER

= (G29-2) "*(Cag-2,29-1) *Gag_3a24 1

(YQ) (Mg,n)eg OD%éEﬁjZ]_ﬁ S DWW,

ti(s D (Myp)w PTTE LTDRR iT?
- tls(tl)*l P (M_g,fn,)vg O)ﬁ& LT@%E‘_\‘

(Y3) 9. X(Zga) EDOBEBR 0fo (IZH LT, (Mgn)w* < t1 > DT Wy, ZROEE
WL TEDET, PR 0 1Z. 3 2DTEA v, vy, v & 32D ey =< vg,v1 >=<
Vo, t1(vg) >, €1 =< vy, Up >, €3 =< U, Ug > D HROTVET, vy = t1(v) TITRH,
(1)~ (er) 1 vp BEBVBILTT, 22T, (Myn)w DT by T haleo) = (22)-1(en)
ZWIZTODOBFEL, e1 = t1hi(eg) =< t1hi(v), tihiti(vg) > EARTI LR T
SET, wp = bty () TTD . (bhaty) - (ea) vy B> BIFRBDTF, 22T,



(Mg,n)'vo O)j—t‘ h2 S hg(eo) = (tlhltl)_l(eQ) %‘{%f:j—%}@zsﬁﬁ L\ €y = tlhltlhg(eo)
o T v = tyhataihoty (vg) EHRT T ERTE, Wy, = tihatihety LEDET, O
Tt Wy, IHERITEP DD & 91T v ERELTHOT, BRAE LT

Wy, = Wy, © (My,n)vo DT E L TORR

BEONET, TIZ T, by = bagy a0y, ab £ T D& hy = hy = 1, & LT EDREIL
Bl SN TWET, E5IT, hilgtitaty = 121512 PHERTE 2 € (Mgn)w THDHZ &
b, TR EOBEFEREEX R TT, MlELEAEND i TH- T, ZIhbi
% BRI

totity = titaty
ThHDHIENRZNPYET,

WICRABE &L 2B DI, (Mya)y PERERD D Z ETY, HAOHE £, O
WEERELET, A B % %, OBMAEEL LELLE, DIt (3., A, rel B) =
{¢ € Difft(Sy,) | #(A) = A, @|p = idg} LELZLICLET, ZORFEMAND
&L (Mg v, = mo(DIffF (Sg 0, cagonog-1, Tel 08y,)) ERDENET, &, Ty, T
Sym & Crgnpg1 CHIoTHLNAMEE, B0 0L LTHNIEROE-ES % .
Ey, By EEDTZEICLET, T5 L ROBOETZERINPHELNET,

0 —Tg (D1H+ (El

g,m

rel 9% ) 2 mo(Dift (2, ,, By U By, el 85,,))

g,n?
i} Z2 e 0
FEL.Z, & Bt B OANFIAORTEBRBET.a &
W()(Diﬁn}_(z;yn, E]UEQ,T@Z azg’n)) }c“f E1 & Eg O)i‘_@:fﬁuﬁﬁj—é Z & “G‘ﬁ,}h,;‘:) g%tﬁ/ﬂ}_‘%—f
%j\ ,6 aiﬁlﬁg{%%%b L"Cb\iﬁ—o Z :VG\ Tg—rl = {(629_3129_2)259_1}2 Li 629_2’29_1
%f;f:%& LTWnWaZ 2:75)15\ Tg-1 [ (Mg,n)vo @ET;G) [ N é %W—-\ WQ(Diﬁ+ (E‘Ig’n, E]U
Ey,rel 0%4,)) DITCIT/R2TND LHIRT I ERTE, ZOR, a(ryy) = (B & B
DANER) THABICEE L TREET, £/,
Tro(DiH+ (Zg,n,CQQ‘Q’Qg_l,TEZ (9291,,))
o TrO(Diff’L(E'g’n, EyU Es,rel 8%,,))/Cag-2.29-1 = C2g-329-25
ThdZ &,

7o (Diff* (X, ,, mel 0%,)) = My_1,n12-
THHBILELHLbEDBEAPVET, CNLOFERLEET D L.
(Mg,n)vg = 71'O(Diﬁ._lh(zg,na62g~2,2g—17 rel 82g,n)) (=S H HE Mg_1,n+g* < Tgo1 >
IR OBIER (B1). (E2). (E3) 2MATbDTHEZ ENDRYET :



(E1) cag—2,29-1 = C2g-329-2

(E2) Mg,17n+2 @%éﬁkj—ﬁ s L’_ﬂ L/\

7'941 S (Tg_l)*l = 7‘971 S (7'g_1)_1 @D Mg—l,n+2 @TE& L’CU)%%

(E3) ro_1 = c2g-329-10

UEREEDDB L, X(T,.) ~OERER~5Z LIcX Y,
Mo & My_ipiok <t > # <14y > /(Y1), (V2),(V3), (E1), (E2), (E3)

THDHIENTFSNELE,

4. THEOREM 1.1 ® COMPLEX OF CURVES % V7= FERA O

LLIFTiX, Theorem 1.1 T _=RRzFOHE Gy, TEDLLET,

¥ 9%, Birman & Hilden [2] i2&5 My DERTFEZHNT, Myg = Gyg TH
B L, DI, My ¥ Gy THHZ LZFALET, LT AT, RODEENR,
Wajnryb (2 & 2 BB ORR &M L 7238MmIC 8 o T Gervais IZE VRS T
S

Theorem 4.1. [5]g>1,n>1 DR, b L My, 2 Gy, RDIE Mg 2 Gyaia
BEOMy,1 2 Gypoy BRRILT D,

ZIT, 5922121120 T My, 2 Gy LIRETSHE. ED Theorem
EO. Mynia @ Gpve ThBHZ ERTENET, &bic. SOMITH~T 6 HED
B (Y1) (Y2) (Y3) (B1) (B2) (B3) 3 Gypan CTRAIT 57 & 1%, X THEA
FiE RREEAELAVD) THRT LI LBNMEET, GElE. Fv7 Db (12
BEIBELEE) UENOROEERRAT S Z LAHKRET,

Theorem 4.2. [12] (1) My, = Gop
(2) g>2 DEF, My, = Gyn 2012, Mg = G BEALT D,

ZBDIZO®D Theorem £V, £8TD g>2. n> 0K L, My, = Gy, DAL
U HERRINET,



5. COMPLEX OF CURVES & ZDU 7 JT—3/3

S BIOFRE L IXEEERD Y AN, EFEREILZ complex of curves DFFFES
NEMEE 2 OBTTREET,
(1) complex of curves 1% Gromov DEKTHHBITH D [17].
2 IEEALELTD X, IZXH LT, complex of curves L@ simplicial automorphism
P EORMEB/R TERTE, Iz, (AZEFCTIFGELE D) BRI
& complex of curves _E® simplicial automorphism D 725 HIZRAM TH 5 [13),
[16]o

Iz, complex of curves DEEONPD T 7 VT — g U EBRSTEEET,

3IRTERIEIZ g D 1~ FAREE U THER S A0 X T FTHE 3 IRTeEARE
H, % 3IRFENY FAMEL D, H, T mo(Difft (H,)) $72b 5 3 ki > FAED
G ERbDTZ L2 LET, Complex of curves Z (%, ,) PEZEIZI T essential
T O-parallel 7z BB E H WOA VT 4T 74 X2 (Hy D essential T
proper 72 FR) B EWA T2 b D% L(H,) LEFEL Z Lt LET, Complex of curves
D 3 Wit~y RVERR EE 9 & Z DOEAIE McCullough [19] IZEVEASHL, &
BIZAECTH A Z ENRENE L, L(H,) DMHBAET, 3 ko> Fibe 558
LRWAYT o TR OA Y FE—BEOLEHREE 7200 YV (H,) (Mmoo
HERBERTH—CIBmm LichbeE L) 2D E, Zhvb i g—2 Hif
Lipo TG T EBRFRENE UL, £2T. g=2 OBAE L(H,) ~D. g>3
DFEX Y (H,) ~D Hy OEMEFH S, ZZCili~j=o LA CEETEZER TS
ZEIZEY ., H, DFFERE L (1], 728, Hatcher & Thurston @ cut system
AR LB 5 R CHERR S VT B IR iz H, DFRARD Wajnryb [22] 128 D R
LILTWVWET, ‘

7 (Bgn) PERICIIT 2 BFPAMEZ M, = (S'x.5% O g EDHKEFI) LD essential
REREICEERATHEONDIBEE S(M,) BAMETHDZ L. SHIZZDHEIED end
EROZb0 L, BEEEONTE CEEBEBR O TH Oul(F,) ORIRICEE 2%
| %E 7 5 Culler-Vogtmann @ outer spapce & 23 [EHHTH 5 Z & 25 Hatcher [10] (T
EoTRENTNET,

C T CET T 3 ODEM, Z(S,n). L(H,). S(M,) EEliEo - FE TR AN
2ERC. S B OROMBIBIREY SN BT LT, M,, & H, & Out(F,) Of
OFEBEBERSBEED I & 232722 b D EHWHIFEZ RV TVET,
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Computing invariants of mapping class groups of
surfaces

R e !

HMEOESBEICETATREIEL »POBI b TET Lz, LL, BEERICE
BHITLTREDELZT 2L W 2 LI T VIO T ENVEITT, 20
BHO—D L LTEIERITINBTHAEGRELNE LT -V RN—ADPFE L%
PolBhbIFohb LBbhEd,

I OB TIZ 1982 £ 12 Penner 12 & o T5 2 b 7= BE3E 0 B O M D22
ADVEREZEETIAREZ L LIC, av¥a—¥ 2R L CEEEORET R
TLHEEEBROREEREEBANLET, BETIE. EREOT—IR—ALEF
EEnV 7 by T RMAEDESL I LICL VEEENAROPOTRERE TN L.
FNOHLEMINAIEELRELT T,

1 BBEOFIE

Bl g OFME F, OBTHEEEROA Y FE-HOZ L2 ERRE LY, B
HEFRIZBEBOARICE > TREANCELEGER LV M, LEEET, 19
7 0 EEDFHFIZ1E, Lickorish & Humphries 12 & o TEREFOERTES 2 b
35 LfCo

Theorem 1.1 (Lickorish, Humphries) B85 M, 13 B 112235 HH
BHAR {1, -, Cog, d} 1F 272 29+ LADT— V3D IZE o TEFREN B,

EREY COERTICE AL LTRATHEICLI T, HMICERLLES n
DEENL (4g+2)" EHAHZLIZRDFTH, 209 bEGREL LTER LD DL
BRPILBVEBLPEELEIYA, F2TC, BERELE LTEL22b0ORETEZF
BTHILEEZET,

2ODENRLEBEERTPEIPELORE7-0IZ, HELOEWIRDDL
VBB ROMOZER S, ~OBREOERTRANE T, Bl g > 2 OFHE

R TERE EHRET SRR $08 - 5TEREEY
tBE-mail: takasawa@is.titech.ac.jp, homepage: http://www.is.titech.ac.jp/ takasawa



1: Lickorish A= JT

aF LT, B 1 OB BB OBR TREEO TN FN DD o T ARLT
To HHTH OB LY 2 v ¥ a—F RICERT 57201 ROEH BB 2 EE 2 7
HLET,

Theorem 1.2 (Dehn) S, i3 Z%7° x 2% OWHFEAI Lo T/HNTIX T XE
ns,

Z DEEEST QBRI BB ENICHETALUTOIIICRD T, F
. T RISy YR A B —DEEL T T, HMELD 39 -3 RADEWIIE DL
VB OM A= {a1, -, asg s} DNV HRTH B EIE, BITEDP D ENREND
FEDT =25 A Ay, Ay ZOENT20 DOH 29— 248 DXV Py, Poy o
Wbk EFvnET, 525N HEMBMEOM ce S, ITHLT, c 24V b
E—TEB LTS a, EOFEDLY BRI L, $72c DINETRT A ITHLAA
T P, TIEBNLO v [EERZ | REICTAZENTEET, 20L& c T
TBERE (my, -, ma, b, i) 1 m ELTe & g ORDY OfEEL ¢ £ LT
A IO (A& D ZD72) c DIENOFE G252 L THRLET,

P P

. A, (] 1A 3¢

2 BE DS VSR A.

ERHED S, ~OVEFA % E&HT 51243, Lickorish £BRTOMEAAERATENE
+5TF, SEIMBRICI 572 Dehn #2506 OEFIR, DTFO X9 IClHRIZEI S
ES

6i:(mla'")mNatI)"'ati)"'atN)H(m17"'7mN)t17"'7t'i+mi7"'atN)



S EIHHR T 2 VBRI IZI o 72 Dehn$a ) OEH 2RI T 57201213, £ DR
BMEELIIBRFLVDE A 252, ATEZONAEEE A ThHizz2bhb
AR BT T I wE WS Z L2k 9,

Penner [6] 3. B3 &L 4 ITRT 2 00ERN 2 EEEROBTEREDOHEN X
DR TR TELILERLE LIz, T/, ZNHL 2 EAENIIIEH O bTEH
AADEZF LA MMICEI DD T Lz TNEBIELLL DPRDEET
To V,A ZTIHHEETF T, TRENHD) BREVDLDEAEVEDEERLET,

CFE 7z sgn(z) iz DIEBIZED, 15 -1 ZRTEHTT,

B 3. 8 —EALR

Theorem 1.3 (Penner) —EAEZHIILTIZLINEZ 6N 5,

Iy = L—=|t] VO

lig = liz=1+101-1}

ly = |t +1; =1

ty = to+ln+({I—1)At1 VO
ty = —sgn(ty)(les +1— 1),

727l 1= Zlg = l13 N SQTL(O) = —1.

4: BT R

Theorem 1.4 (Penner, -) £_ERELHIIDTIZLINEZ NG,



##,]é%]i‘a:ﬁ — 1_x/q7/5+2x/q2/5_q3/5z,_2x2/q9/5+3x2/q4/5_3q1/5m2
+2q6/5$2 _ q11/51.2 _ x3/q11/5 € 2$3/q6/5 _ 3x3/q1/5 + 3q4/5x3
_2q9/5$3 _ .'.E4/q3/5 +2q2/5x4 _ q7/5x4 +$5

3. Meyer F%L
signature cocycle ZFIH L TEH LN S Zgﬁz 2 /D JIR A R K
T4, ’

4. BAGRE DR
B I LT, Fy x I #BBHTRY &b¥s 2 L2l ) BRICEGE
My DS5EE 0 9, BAEHEDHET /Y 7Ok I3 EEAES N lEY Lo
EHHMONTWET,

Hyperbolic volume(M;) = 5.3334859

5. 87 V7l

BRI, B, 87 2V 70O 3TEEICST 515 EHS Thurston 12
EhRENTWET, HlEOMO—{LE LT, LAY bTvrbwnid
ONHY, TV ITEBEIREN LA Y Iy 2 REOBSE LTERO
BIFE T, BEHOMBEOMNOERIZERIC N LA 5 v 7 ~OVERA~NL
ETAZENTE, FNEFHLTCREIN VA ¥ Iy 7 2 BENICEIET S
EHETEEY, $720 BEMNICKOONIAEI LA Y P Ty 7 OEETOMHE
RzEHF<sz sk, REMIELZNLZELTEFT,

3+5

f 47 /7, dilatation = 5

6. I
I EREO BRI RETAFRHE L W Sh T3, 4ENEEFEICT
Koy 7 2 )5Ea @R L CES 2 OB LT, BE6 LT TESNLI;
BIEORFTLETZEL T L,
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ON THE VOLUME CONJECTURE FOR HYPERBOLIC KNOTS

YOSHIYUKI YOKOTA

Graduate School of Mathematics, Kyushu University
Fukuoka, 812-8581, Japan
e-mail: jojo@math.kyushu-u.ac.jp

1. INTRODUCTION

In [1], R.M. Kashaev introduced certain invariants of oriented links motivated by his
study of quantum dilogarithm functions. Since the classical dilogarithm functions are
related to the hyperbolic volumes, he naturally expected that, for hyperbolic knots,
the asymptotic behaviors of his invariants determine their volumes, which is in fact
confirmed for a few hyperbolic knots by himself in [2]. Later, in [4], H. Murakami and
J. Murakami carefully proved that Kashaev’s invariant coincides with certain special
value of the colored Jones function, and then reformulated Kashaev’s conjecture which
is now called the volume conjecture of knots.

In this talk, we will demonstrate how to solve Kashaev’s conjecture through a good
example, the knot 849. In general, for a hyperbolic knot in S2, the quantum factorials in
its Kashaev’s invariant curiously correspond to the tetrahedra in an ideal triangulation
of its complement, which immediately establish a surprising coincidence between the
stationary phase equations for the invariant and the hyperbolicity equations for the
triangulation. Then, the asymptotic behavior of the invariant is determined by the
promised solution, which is nothing but the volume of the complement because the
quatum factorials asymptotically goes to the dilogarithm functions.

The author is grateful to all the participants in the meeting “Volume conjecture” in
October 1999 at International Institute for Advanced Studies, Kyoto. In particular, he
is grateful to Hitoshi Murakami for organizing the meeting and to Jun Murakami for
stimulating discussions.

2. IDEAL TRIANGULATIONS

Let K denote the knot 859 and M its complement. In this section, associated with a
diagram D of K depicted below, we construct an ideal triangulation of M from which
the hyperbolicity equations for M follows quite nicely. Let Ry,..., Rg the faces of D

Typeset by AmS-TEX



2 YOSHIYUKI YOKOTA

and @1, ..., Qs the faces of the dual graph of D.

Qu

Let M be M with the two poles 0o of §3 removed. Then, due to D. Thurston [6], M
decomposes into ideal octahedra P, ..., Ps corresponding to Q1,...,Qs, and each P,
further decomposes into four ideal tetrahedra as shown below. Thus, we have an ideal
triangulation S of M which associates Q, N R, with an ideal tetrahedron S,,. Notice
that the four tetrahedra corresponding to (), share an edge F, while all the tetrahedra
corresponding to K, also share an edge F),. As usual, we put a hyperbolic structure
on Sy, by assigning a complex number z,, to a pair of oposite edges E,, F), of S,,,.

+00

N

Ey




ON THE VOLUME CONJECTURE FOR HYPERBOLIC KNOTS 3

To make S an ideal triangulation of M, we contract the ideal bigon P; N Pg, which
makes the ideal tetrahedra touching the bigon degenerate, and come up with an ideal
triangulation & of M with 12 tetrahedra whose cusp looks like;

where the bold arc represents a meridian of K. To describe the hyperbolicity equations,
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we introduce a diagram G with two trivalent vertices depicted below.

Corresponding to the crossings of G, we have the edge relations around Fy, Fs, Fg
which read

2427437244 = 251252753 = ZeeZe7268 = 1.

On the other hand, corresponding to the faces of G, we have the edge relations too.
Those around F; = Fg, Fy, Fi read

251268 = 242252 = 236266276 = 1,
while those around F3 = Fy, Fy = F5 can be substituted with the cusp conditions

ZA3253267 = 234236, 234244 = 276-

The solutions to these equations can be parametrized by z,v, z, u, v assigned to the
edges of GG which do not touch Ry U Rg. In fact, we can put

734 = /U, 236 = 2/T, 242 = 1/y, 243 = Y/, 204 = 1,
z51 = 1/v, 250 =y, 253 = v/y, 266 = 1/2, 267 = 2/v, 268 = V, 276 = .
Now, the hyperbolicity equations for (M, S) is given by
1—z/z 1 _1 1 1-1/u
l—z/u 1—-z 7 1-z/u 1-y/u
which are the edge relations corresponding to the non-alternating edges of G, and
1- 1-1 1— — 1—-1
y _ /y’ z C1-g/z 1—v _ Jv
1—y/u 1-v/y’ 1-2z/v l—w/y 1-—2z/v

which are the cusp conditions correponding to the alternating edges of GG. Since M is
complete hyperbolic, we have a promised solution (o, Yo, 20, %0, Vo) to these equations,

1
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and the volume vol(M) is given by Euler’s dilogarith functions
w —
Lig(w) = — / log( —%)
0 t
that is, ‘
vol(M) =D(zo/uo) + D(20/%0) + D(1/y0) + D(yo/uo) + D(uo)
+D(1/vo) + D(yo) + D(vo/%0) + D(1/20) + D(20/v0) + D(vo) + D(o)

where D(w) = Im Lig(w) + log |w| arg(1 — w).

3. KASHAEV’S INVARIANTS

Let N be a positive integer, which will be sent to co, and N' = {0,1,...,N — 1}.
For h € Z, we denote by [h] € N the residue modulo N. In this section, we compute
Kashaev’s invariant (K)x of K, which coincides with the N-colored Jones function of
K evaluated at g = exp 2m/—1/N due to [4], and detect its asymptotic behavior. Let

Nq—l—(’“_j)(i"”l)%kz qu-}-(i—l)(k—j—i-l)gijkl

_ R
B @i @ @D -1 @Dp-1” ™ (@) (D1 —k-1 (D i
for i,4,k,1 € N, where (w)j = (1 —w)(1 —w?)...(1 —wlh) and
[r]

Gz‘jkz={ L ifli—gl+li =0+ l-k-1+k—d=N-1,

i

0 otherwise.

Then, Kashaev’s invariant of an oriented knot can be computed by contracting the
tensors associated to the elementary tangles in its (1, 1)-tangle presentation, where the
broken edge should be labeled 0.

ij - =ij
Ry Ry ~Bi41,j ~di-1,j

For example, up to a power of ¢ for simplicity, (K)y is given by

1 1
K £N5 - < e -
= D e @ D@ @iar
d<b<e<e
o 1 ) 1 ' 1
T @n@De—t) Di—e-1)] Dj—e-11 @D e De) (Do)
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From now onward, we suppose N is sufficiently large so that
1 o N{£Liz(¢*") F 72/6}
@, P omy/—1 ‘

Then, due to Kashaev [2], (K)y is approximated by the integral

N
/- --/exp m‘{/(az,y,z,u,v)dxdydzdudv,

where z,v, z, u,v correspond to q%,¢% ¢°, q%,¢° in the summation respectively and
V(z,y,2,u,v) =Liz(z/u) — Liz(z/2) — Lia(y) + Liz(y/u) — Liz(1/v)
—Lig(v) + Lig(v/y) — Lia(1/y) — Lia(2) + Liz(z/v) — Lia(1/v) + Lis(z).

The maximal contributions to this integral come from the solutions to the stationary
phase equations

ov _ —log(1 — z/u) + log(l — z/z) — log(1 — z)

oz x =0

oV _ log(1—y) —log(l ~y/u) +log(1 —v/y) —log(L —1/y) _
Oy y ’
oV —log(l —z/z) +log(l —z) —log(l —z/v) _ 0

0z z o

oV log(l — z/u)+log(l —y/u) —log(l —1/u) 0

ou u -

oV log(l —v) —log(1 —v/y) 4 log(1 — z/v) —log(1 —1/v) 0
v v ’

which is nothing but the hyperbolicity equations before. Furthermore, we can observe
that the contribution to the integral becomes maximum at (zg, yo, 2o, %o, Vo), and so
the integral is simply approximated by

exp al V( Ug, Vo)
0o, Yo, 20, U0, Vg )-
o1 0, Y0, 20, U0, Vo

On the other hand, the imaginary part of V(z,v, 2, u,v) reads
D(z/u) — D(z/z) — D(y) + D(y/u) — D(1/u)

—D(v) + D(v/y) — D(1/y) — D(2) + D(z/v) — D(1/v) + D(x)
+log |z|{—arg(l — z/u) + arg(l — z/2) — arg(l — z)}

+log |yl{arg(1 — y) — arg(l — y/u) + arg(l — v/y) — arg(1 — 1/y)}
+log [z[{—arg(l —z/z) + arg(l — 2) — arg(1 — z/v)}

+log |ul{arg(l — z/u) + arg(l — y/u) — arg(1l — 1/u)}

+log |v[{arg(l — v) — arg(1 — v/y) + arg(l — z/v) — arg(1l — 1/v)},
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and so, by D(1/w) = —D(w),

D(z/u) + D(z/x) + D(y/u) + D(u) + D(v/y) + D(1/2) + D(z/v) + D(z)
+log |z|{Im z8V/dz} + log |y|{Im yOV/dy} + log |z|{Im 20V / 8z}
+log |u|{Im udV/Ou} + log |v|{Im vOV/Ov}.

Thus, as Kashaev conjectured, the absolute value of the invariant grows like

ear

Tx{D(wo/u0)+D(20/20)+D(yo/uo)+D(uo)+D(vo/yo)+D(1/20)+D(20 /v0)+ D(wo)} _ o g vol(M)
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TANGLE DECOMPOSITIONS OF KNOTS AND LINKS

MAKOTO OZAWA

INTRODUCTION

3RTCEREMAD 1 ATCEEZFETEHE VI, HUBEROERMBEIIFIC ZEE
Wit bhbd, — 23K HSR AR ETARETH D . SHEME. MHEBT
A8 (Z4d C. McA. Gordon & J. Luecke 12 & D i &7z, [8] Z B ENIz\,),
TEELRENDH D, b ) —DFEADKUEOMERE 254 HHET, WM.
e, B (RAFECE (23] EREUCE 38 KL THRENLTWAE, ), AT A4
AR OHPENET N 5,

INS ZOOFERMEIINL T, RBEER D DO —2IZ H. Schubert D E 75
FHEPEH DL, INFEVEHE 28 TTHL DL 2RATHRETHHL T &, BRI
W OnD B RECBICGREN, BILZOSRIEI—EHE VI DDTH 5,

O DD

< — = e

FIGURE 1. /9= — U BIZ o0 EFZ=IEREUH O &SR

fEo T, MU HERAT 2 CEBLHV BOLEREUTIEIHHTH 2,
ROBOZRSMHEL 2 ATEDLL 2RTLEETOHFETH o720, BIZ4HTED
5 2RTEHMCOGHEEZZNL, ERHUCBTODHBERAZENH B,

LA b
G~ AL

FIGURE 2. 815 D ¥ ¥ 7 V53R
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F v IVAERTIE., DEREOERTFIZDIERECETIE R L, 3RTIHEND 1k
TEREE D TNPETBOS V ZIVABREIHIN AL DTH Y, FEEEHOES
EDS “Z B8 NDFHRTHAIDICH L, Fr Vgt “EEN ~OGHTH DL
LN

FIGURE 3. 81 D% » 7 IWVHF

FTHEERKECBORTH., B2y v IV Re B WRETEICIED X 7%
bOWHHDONDREE o T B CNIEZE, WUE, LETHEHRT 5, 72, %
YW L THETRWRPEICOWTE, 5O —BERRLTH2O0ED LS
By TNVHERFE L THN LD ERHEE L TEToN S, INHITHE,
NETIHRD, KECTHBICELRLIRYEY, ZBTEILEL 2EERT RS,

1. HISTORY

3-sphere N? compact 1- submamfold % link &\ 9o AT —D D link 134512
knot LIHEN 2, U HHEFIC B 2 EREHEL L T, {LED non-splittable link 1%
connected sum (2B L C prime link IC—BMIZHE SN 5 Z LN TS ([41],
[10))o i, “BABIIEREOZHOBII—BIICHHBEN 2" &) BERO
ERFHIIHIET S,

1970 4E. Conway IZ X ) “Tangle” & \» ) BEEHIRFE S, tangle regular presen-
tation & AV T knot D) A P 2EBRAAE SN T WD ([4]), ZNLSE, “Tangle”

13 FE 12 knot & link O splittability, primeness, hyperbolicity %#U A RBIELN
T&7: ([18], [20), [29), [30), [28], [43]) o

1982 £, Norwood IZ £ V) two generator knot % prime Tdh 5 Z & H3FERA S 7z
([31]) o Norwood DFERRIIAELH 7% b D TH o724, Scharlemann (& tunnel number
one knot 7 two generator Td 5 Z L IZ7EH L | tunnel number one knot 7% prime T
BB L ERABNFEAL 72 ([39]). I, Scharlemann (& tunnel number one knot
%% 2-string prime T® % (BlH .| knot & 4 H T34 % 2-sphere T “prime” tangle |2
GREEEZV) ZEZIHAL TS ([39]), Zhid, 1995 4EiC Gordon & Reid 12
) —iLEh., FEED string 2B L T tunnel number one knot i “essential”
tangle ICREINL VI EHREN TS ([9)),

—75 link IZB8L T, 1995 4F Jones IZ & ) composite two generator link %% Hopf
link summand %2 Z LA FEH &7 ([16]), FIZ. Morimoto 13 tunnel number
one link % composite T& % & DLE+535H45. 2-bridge knot & Hopf link
connected sum T# 5 Z & % FEBAL 72 ([25]) o Gordon & Reid 13 Z DHKRIZEHE
L . tunnel number one link %% essential tangle IZ43E SN 5 7 H1F . “Hopf tangle”
summand ZFDOZ & ZFHAL 72 ([9])o
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two generator X3 tunnel number one knot/link I3 b B2 M2l % FET5 2
TATHIN, TNLZEULINIEVS T AL L T, 3-sphere ® genus two Heegaard
surface RIZEEN S knot/link 7% 5o TN 5 1d double torus L IHEN 5 ([14], [15]) 0
1994 4£, Morimoto & composite double torus knot 2% torus knot @ connected sum

THBHIEFTHL (126])0

2. DEFINITION

B % 3-ballk L. T % BWIC proper [Z#H®H A FN 72 compact 1-submanifold & ‘9“
5o DL E, BET LDHM (B, T) % tangle L ¥ 9o T D arc 53 string & IHE
N, TH nAD string DL & (B,T) & n-string tangle £ > 9 o n-string tangle
(B,T) * trivial T 5 £ 1% (B,T) 45 (D x I, {z1, - 2} x I) \2E L TFARC
HBHLERZWV), I T, Diddisk T, z; (i =1,---,n) i3 ImtD ADEET 3,
(B, T) %% essential TdH 5 & i

1. 8B — 9T #* B — T PIT incompressible

2. B — T 7 irreducible

3. (B,T) 7 trivial 1-string tangle TZ\»
ez TE &RV (ef [9)). (B T)ﬁ‘free’(df)é &id, m(B-T)7%" free group D &
2%&Vv9 ([19]) (B, T) DS free f BRDILELZEMD. (B, T) D exterior E(T) =
cl(B — N(T)) »* handlebody T 5 Z LASHIENTW5 ([13, 5.2. Theorem])o iieh
DLE+ L L Tid, E(T) % closed incompressible surface # & 2\ 2 & %
EWdH 5 ([37, Lemma 2.2]), F7. free tangle i& loop T % iz W L ITERE
L7zv,

K % 3-sphere S° A® knot Xid link & L, S % S3 IO 2-sphere T K & 2n HTEH
HBELDETH, ZDL &, (53 K)iESIZ Lo TIZDOND n-string tangle (By, T1)
& (Bo, Tp) IZfREN A ([ 0], [2])o H (B1,Th) Us (B2, T2) & K @ n-string tangle
decomposition &\, S % n-string tangle decomposing sphere &\,

K DD n-string tangle decomposition (Bi, T1)Us (B2, T2)+ (C1, R1)Up(Cy, R2)
A% dsotopic Td B L1d | isotopy f : S2 x I — SEHHFEEL T, f(S2x0) = S,
F(S2x1) =P, f((S?’NK)xI)C K &=L &% 0w,

n-string tangle decomposition (By, T1)Ug (Bsy, T2) 4% trivial (resp. essential, free)
TH B LI, (B1,Th) & (B2, Tp) B FI trivial (resp. essential, free) D& EF 119,
—#%IZ | trivial n-string tangle decomposition i¥ n-bridge decomposition & I,
n DERYVE T K O bridge index &\ 9 ([42]) o K &% n-string composite T 5 &
i&. K %F essential n-string tangle decomposition % 2 & Z % \»\», K 2 n-string
composite T2\ & & n-string prime L9 ([1], [9]) o i n =1 DPE, FhF
N composite. prime &IN5,

K 77 essential 1-string tangle decomposition (B1,T}) Ug (B2, Tp) 2L & |
trivial 1-string tangle (B, T}) (i = 1,2) x #hEh (BZ,T) LZEE /\7?9’@'7@ ZET,
ZOo® link ($3,K;) = (B, T,)U (B, T!) (1=1,2) 282, ZOL i, KiZ K, &
Ko O connected sum LU, K = K\ #Ky & %TO “HREIIEREBEO ZHDOREIC
—BMICamEng & V) BEGROEREEITHIEL T, knot/link 123 L Td K
DY LD,

Theorem 2.1. ([41], [10]) non-split link13 connected sum \ZR8L THEME®D prime
link \Z—BKICGHEN B,

K O exterior E(K) = cl(5% — N(K)) N properly embedded mutually disjoint
arc vi, -+, % C c(E(K) — N(y1 U---U)) %% handlebody & 225D ) &
WD arc APt T K D tunnel number £\, t(K) TET ([3]) o 2D XS
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% {v1, -, e} 1& K @ unknotting tunnel system EMHIN G, EE LY E(K) 13
t(K)+ 1 ? Heegaard splitting * FET 5 Z L5025, t(K) =0Th 5 5DLET
BT K A8 trivial knot ThHZ L TH S, i T, tunnel number one knot/link
138 b Bz exterior, BlH (genus two handlebody) U (2-handle) ##2, L5 L 7%
A5 . 2-bridge knot/link %° & 4 2 Bi5?D torus knot/link & tunnel number one T&
D, ZZZITRVITATHAZ EDTH 5,

53 @ Heegaard surface T K 2 &L DD 9 5, H/ID genus & K D h-genus &
W B(K)TERT ([26])0 M(K) =0ThH5EDLETHEFE K ) trivial TH 5
ZLTHhH, MK) =10k Z K i3 torus knot/link. h(K) =2 DL Z double torus
knot/link &£ FHIN 5% o

tunnel number one knot/link K & % ® unknotting tunnel v 2% L T, genus two
closed surface ON (K Uv) (37EF L D S @ Heegaard surface Th b, £72, KIEH
PRIC Z @ surface BT isotope T4 Z LR D , o T t(K) =17%6IE h(K) <2
THbHIEWGh D —#IZ, tunnel number & h-genus & @ MIZ KD FEBRAIE Y
Do

Proposition 2.2. ([26], [17, Proposition 15.3.9])
t(K)+1—|K|<hK)<tK)+1
ZIT, K| K OBGEET B

F % K O Seifert surface &35, F2% free Tdh 5 L1, 71(S% — F) A free group
DEEERVH, KO free Seifert surface D 9 6 Thg/ND genus & free genus & VW3,
gr(K) TF ¥ (]24]) o free tangle & FERIZ . F 7% free T 5 HDLET I
S3 —IntN(F) 7 handlebody T&H 5 Z & Td 5, N(F) 345 handlebody TdH 5D
T. free Seifert surface F IZFL T ON(F) 1% S @ Heegaard surface 272 o T\ 5,
F7-. KX ON(F) EIZBRIC isotope T4 Z LAY RSB DT, free genus & h-genus
EDBIZRDBEBHELY LD,

Proposition 2.3.
h(K) < 2g95(K)

i€ > T, free genus one knot IZME— genus one torus knot Td 5 trefoil & fE\»
T double torus THh 5,

Remark 2.4. EORFERT—RRICEFIERILL 2\, BRI, (p, g)-torus knot (p, g >
0) @ free genus X (p —1)(¢ — 1)/2 TH 5, 7z, double torus knot K 3L T
genus two Heegaard surface F L KBS F % DD BFI 58T 25651, F - K
DD DEEH K O Seifert surface & 52 TV ABHS, —HEIT free £ IZMES 22V (cf.
[36]) o EBE. gf(K) > 2 & 72 % double torus knot BSFFES 5 DT, W DARER
g (K) < h(K)/2 & —RRICHEILL 2\,

Remark 2.5. LLE74*% | tunnel number one knot KU free genus one knot (3 double
torus TH 5 Z EDFHRo7zh, TNH DD 7 T AXEWIZEERRIC RV, flz
1T, (2,5)-torus knot i& tunnel number one TH 5H7%, free genus two TH B, —
75« Montesinos knot M(0;(3,1),(3,1),(3,1)) i free genus one T 5H7%°, tunnel
number two TH 5 ([27])o

Montesinos tangle & n {8 slope (B;/a; (i =1,--- ,n) rational tangle ® “partial
sum” & L TEEL . T(B1/o1, -, Bn/an) TET (Figure 4),

trivial n-string tangle (D x I,{z1, -+ ,zn} x I) IZ, loop 0D x 3 % IntB ~fiL
RATEL D% NNZ 72 tangle % n-string Hopf tangle & \3\», H, T*7T (Figure 5),
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{ ™
\L J
FIGURE 4. Montesinos tangle T'(f1/01, - , Bn/tn)

(n—1)-string Hopf tangle |2 trivial arc & —7f1Z 72 tangle & n-string quasi Hopf
tangle £\, Q, TFE T, quasi Hopf tangle i&, trivial arc & trivial loop Z %<
arc v 2 BHE L TEATWS L A% T (Figure 6),

FIGURE 5. n-string Hopf tangle H,

FIGURE 6. n-string quasi Hopf tangle @,
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3. TUNNEL NUMBER ONE KNOT/LINK

tunnel number one knot IZ2WTId., Gordon & Reid IZ & W Z&IZHEHRINT
[FADZIN

Theorem 3.1. ([9]) Tunnel number one knots are n-string prime for all n.

tunnel number one link IZDWTid, %9 Morimoto IZ £ V) composite D HEDT
RSNz,
Theorem 3.2. ([25]) A tunnel number one link is composite if and only if L is a
connected sum of the Hopf link and a 2-bridge knot.

12, Morimoto (& unknotting tunnel D E b HREL T2 5,

Theorem 3.3. ([25]) A composite tunnel number one link L can be decomposed
into the union of the 2-string quasi Hopf tangle and the 2-string trivial tangle.
Moreover, any unknotting tunnel for L is isotopic to 7.

Hopf link % summand IZFD & 2 9 HERA Gordon & Reid 12 L D LR S 7z,

Theorem 3.4. ([9]) If a tunnel number one link is n-string composite, then it can
be decomposed into the m-string Hopf tangle for some m (< n) and an essential
tangle.

tunnel number one link 2% % n 2B L T n-string composite 7% 51, Gordon-
Reid DFEIIZ £ D | unknotted component #5202 L9350 5, D X 9% link 12
2L T, Morimoto DEEZE JLEET H = & AT,

Theorem 3.5. ([7]) Let L = K3 U Ky be a tunnel number one link. Suppose that
at least one component of L, Ko say, is unknotted. Then L can be decomposed into
the (n + 1)-string quasi Hopf tangle and the (n -+ 1)-string trivial tangle, where n
15 the wrapping number of K1 with respect to the exterior of Ko. Furthermore the
position of an unknotting tunnel of L is isotopic to .

Morimoto D 7€ # T3 2-bridge knot 4% connected summand & L CH T X 7227,
ZO—fibE L TR/,
Corollary 3.6. ([7]) Let L = K1 U Ky be a tunnel number one link with Ko un-
knotted. Then
b(Kl) S n + 17

where n is the wrapping number of K1 with respect to the exterior K.

4. F'REE GENUS ONE KNOT

EED n ICBIL T n-string prime % knot & L T,

e torus knot

2-bridge knot

tunnel number one knot ([9])

Montesinos knot with length three ([32])

small knot, that is, knot whose exterior does not contain an essential closed

surface ([5]) '

knot with irreducible non-sufficiently large double branched cover ([1]., [22])

e satellite knot with the pattern which contains no essential tangle and the
companion which admits no essential tangle decomposition ([11])
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WHONT WS, INGIZH% 7T AZEBMT A EFHE,
Theorem 4.1. ([22]) Free genus one knots are n-string prime for all n.

Remark 4.2. & 5 n 2B L T n-string composite 72 genus one knot 23 FET 5, fl
z213 | n-string composite knot ® doubled knot I3 '#1Z 2n-string composite T 5

(121])s
5. DOUBLE TORUS KNOT/LINK

Morimoto {2 & ¥) composite tunnel number one link. composite double torus
knot DFFEAHT I EN T W5, T % double torus link ¥ THFRT 5 Z L ATHI .,
L% S D unknotted torus H (& FM 5 torus knot Xid link & L., C% S3—H
D—TF D5 D core loop £ TH, ZDE X link LUC % cabled Hopf link &>

Theorem 5.1. ([36]) Let L be a double torus knot or link in S®. Then L is 1-string
composite if and only if L is either
e a cabled Hopf link as a connected sum of Hopf link,
e q connected sum of a cabled Hopf link and a 2-bridge knot, where the connected
sum is performed at C, or
e o connected sum of two torus links.

2-string composite double torus knot/link [IZBJ L TRERT Z L SR,

Theorem 5.2. ([36]) Let L be a knot or link in S which is contained a genus
two Heegaard surface F of S%. Suppose there exists a 2-sphere S in S° which
gives an essential 2-string tangle decomposition of the pair (S%,L) and intersects
all components of L. Then there is an isotopy rel.L of S which makes S intersect
F in a single simple closed curve.

|2, once punctured torus L essential arc % §-~<% Z & T 2-string composite
knot 5T E TV A, ZORKEL TEREERA,

Corollary 5.3. ([36]) Hyperbolic double torus knots are 2-string prime.

6. FREE TANGLE DECOMPOSITION

free 2-string tangle decomposition % §¥% 9 4 knot/link I& % tangle 7% essential
PEPTRDEHIIZHET LI EPERS,

1. 2-bridge knot/link

2. tunnel number one knot/link

3. knot/link with essential free 2-string tangle decomposition
3D 75 AD knot IZFF L T essential tangle decomposition 25 —EHTH 5 Z L %3
352 L HEL,

Theorem 6.1. ([35]) Let K be a knot which admits an essential free 2-string tangle
decomposition. Then any essential 2-string tangle decomposition of K is unique up
to isotopy, and K 1is n-string prime for all n # 2.

link IZB§ L Ti&. non-isotopic essential 2-string tangle decomposition # BF& T 5
FATDREMFT 252 52N TE,

Theorem 6.2. ([34]) Let L be a link in S° which admits an essential free 2-
string tangle decomposition. Then L admits non-isotopic essential 2-string tan-
gle decompositions if and only if L is equivalent to a 2-component Montesinos



8 MAKOTO OZAWA

link M(0; (a1, B1), (2,1), (a2, 82), (2,1)), where a; and B; are coprime integers and
oy 1S an odd integer greater than one (i = 1,2). Moreover, if L is the Mon-
tesinos link, then L admits exactly two essential free 2-string tangle decompositions
T(B1/a1,1/2)UT (B2/c2,1/2) and T(1/2, Ba/a2) UT(1/2, f1/c1) up to isotopy and
any 2-string tangle decomposition of L is isotopic to one of those two.

7. SATELLITE KNOT/LINK

Vy % solid torus & L. Ko % IntVy D link & 3%, #l (Vo, Ko) 2% essential T
HDHEIE., Ky I Vo @ core IZ ambient isotopic T7% . Vo — Ky #* irreducible @
LERWVI, V3 % S3AD knot Ki @ tubular neighborhood & L h:Vy — Vi %
homeomorphism & ¥5, 2Dk &, K = h(Kp) ¥ satellite T 5 £, (Vo, Ko) #F
essential T. K1 %% non-trivial ® & &%\ 9, Ky i& K ® companion knot. (Vy, Ko)
13 pattern &IN5,

satellite knot/link i% companion knot DEE % LT LITKBLY 527, tangle de-
composition iIZBIL T . pattern |2 essential tangle 238 TN % \WIFHEIL . companion
knot DHE% 5| EC ZEPRDBEUZ L > THH 5,

Theorem 7.1. ([11]) Let K be a satellite knot or link in S* with a pattern (V, K).
Suppose there is no essential tangle in (V,K) and K admits an essential tangle
decomposition. Then the decomposing sphere S can be isotoped in (S3,K) so that
it gives an essential tangle decomposition of the core of V if |S N K| is minimum
over all essential tangle decompositions of K.

it T, satellite knot/link 7% essential tangle decomposition @ ¥ TIL, pattern
P essential tangle 2SFFTET 5 2> NI companion knot 77 essential tangle decompo-
sition @ D Z EATGH B o IS, pattern IO essential tangle (32D T L satellite
knot @ essential tangle decomposition % G-z T U ., companion knot  essential
tangle decomposing sphere (& pattern PJ? meridian disk T satellite knot/link &
VRN B LD RERY b b T LT satellite knot/link @ essential tangle
decomposing sphere IZIFERTE %, o TRERS, :

Corollary 7.2. Let K be a satellite knot or link with a pattern (V,K). Then K is
n-string prime for all n if and only if there is no essential tangle in (V, K) and the
core of V is n-siring prime for all n.

8. THIN POSITION

S3 O knot/link K 123 L T, Gabai & Thurston X X 9 IZ thin position &
ED72 ([6])o

h:8%—{+oo} =52 xR — R % projection T h|x #* Morse function {272 %
DDEFT Do ey < -+ <cp% hDcritical value & L &4 (1 =1,---,n) IZHL
¢ <1 < Cipr 72T X 91T regular value r; i ES BE f:{r, - ,tno1} = Z
% f(r) = |KNh=Y(r)| TED B o h D width % w(h) = Si(f(rs)) T K O width %
w(K) = min{w(h)} TED S, T I T. minik K ? ambient isotopy TH 5o w(K)
%525 K OFLE% thin position £\ f(ri—1) < f(rs), [(ri) > f(rig1) DE
& h~1(r;) % thick sphere. f(ri—1) > f(rs), f(ri) < f(rig1) P& & h=1(r) % thin
sphere £ \» 9 o thin sphere % #5722 WALE % bridge position L), DL &, K
13 ME— thick sphere IZ X ¥ bridge tangle decomposition LTV 5,

Remark 8.1. thick sphere ZF)fH$ % Z & T, Gabai i Property R % ([6]). Gordon
& Luecke i3 fiZ2f FEZ RL T 5 ([8])o
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Thompson (& thin position 2 essential tangle decomposition & BfET4 2 L 25
RL7.

Theorem 8.2. ([44]) Let K be a knot in thin position. Then K is also a bridge
position or I admits an essential tangle decomposition.

Remark 8.3. $£- T . thin position #° baidge position T7Z T3 essential tangle
decomposition Z FFAT A5 Z LD B, FiE—HRICHEILL v, BIZIE. 8613
prime 3-bridge knot T& 475 thin position | i bridge position TZiFiUd 7% & 72\
7%, essential free 2-string tangle decomposition % #7479 % knot T crossing number
BEADLDTH 5,

Thompson 735 2 72FEBATid . thin position 7 bridge position THRW\W& EHFdH L
2@ % thin sphere % compression L TV & | essential tangle decomposing sphere
DEFEZRL TW5HA, HiZ Heath & Kobayashi i3 _El~IZ incompressible T# %
ZEaRLTwS ([12]) —MRIZ, KD D& FHET 5,

Conjecture 8.4. & T thin sphere i essential tangle decomposition & 52 5,

¥FIZ. 1-string composite DFEILH S I T 5 L FHEL 72\, BlH . composite
knot K = K1#K, % thin position ICE { & &,

Conjecture 8.5. decomposing sphere i3 thin sphere & L TIN5,
ZDOFEFFERIANT, ROBEFELNS,
Corollary 8.6.
w(Ky) = w(Kq) + w(Ky) — 2

REFERENCES

1. S. A. Bleiler, Knots prime on many strings, Trans. Amer. Math. Soc. 282 (1984) 385-401.
. M. Brown, A proof of the generalized Schéenflies theorem, Bull. Amer. Math. Soc. 66 (1960)
74-76.

3. B. E. Clark, The Heegaard genus of manifolds obtained by surgery on links and knots, Internat.
J. Math. & Math. Sci. 3 (1980) 583-589.

4. J. H. Conway, An enumeration of knots and links, and some of their algebraic properties, In:
Computational Problems in Abstract Algebra, Pergamon Press, New York, 1970, 329-358.

5. M. Culler, C. McA. Gordon, J. Luecke and P. B. Shalen, DehAn surgery on knots, Ann. of
Math. 125 (1987) 237-300.

6. D. Gabai, Foliations and the topology of 3-manifolds III, J. Differential Geometry 26 (1987)
479-536.

7. H. Goda, M. Ozawa and M. Teragaito, On tangle decompositions of tunnel number one links,
J. Knot Theory and its Ramification 8 (1999) 299-320.

8. C. McA. Gordon and J. Luecke, Knots are determined by their complements, J. Amer. Math.
Soc. 2 (1989) 371-415.

9. C. McA. Gordon and A. W. Reid, Tangle decompositions of tunnel number one knots and
links, J. Knot Theory and its Ramification 4 (1995) 389-409.

10. Y. Hashizume, On the unigqueness of the decomposition of a link, Osaka Math. J. 10 (1958)
283-300, Erratum ibid. 11 (1959) 249.

11. C. Hayashi, H. Matsuda and M. Ozawa, Tangle decompositions of satellite knots, Revista
Mathematica Complutense Vol. 12, (1999) 417-437.

12. D. J. Heath and T. Kobayashi, Fssential tangle decomposition from thin position of a link,
Pacific J. Math. 179 (1997) 101-117.

13. J. Hempel, 3-manifolds, Ann. of Math. Studies No. 86, Princeton University Press, 1976.

14. P. Hill, On double-torus knots (I), J. Knot Theory and its Ramification 8 (1999) 1009-1048.

15. P. Hill and K. Murasugi, On double-torus knots (II), to appear in J. Knot Theory and its
Ramification.

[V



10

17.
18.

19.

20.
21.
22.

23.

24.
25.
26.
27.

28.

29.

31

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

42.
43.

44.

MAKOTO OZAWA

. A. Jones, Composite two-generator links have a Hopf link summand, Topology Appl. 67
(1995) 165-178.

A. Kawauchi, A survey of Knot Theory, Birkhauser Verlag, 1996.

R. C. Kirby and W. B. R. Lickorish, Prime knots and concordance, Math. Proc. Cambridge
Philos. Soc. 86 (1979) 437-441. -

T. Kobayashi, A construction of arbitarily high degeneration of tunnel numbers of knots under
connected sum, J. Knot Theory and its Ramification 3 (1994) 179-186.

W. B. R. Lickorish, Prime knots and tangles, Trans. Amer. Math. Soc. 267 (1981) 321-332.
H. Matsuda, Tangle decompositions of doubled knots, Tokyo J. Math. 21 (1998) 247-253.

H. Matsuda and M. Ozawa, Free genus one knots do not admit essential tangle decompositions,
J. Knot Theory and its Ramification 7, 945-953.

‘W. Menasco, Closed incompressible surfaces in alternating knot and link complements, Topol-
ogy 23 (1984) 37-44.

Y. Moriah, On the free genus of knots, Proc. Amer. Math. Soc. 99 (1987) 373-379.

K. Morimoto, On composite tunnel number one links, Topology Appl. 59 (1994) 59-71.

K. Morimoto, On the additivity of h-genus of knots, Osaka J. Math. 31 (1994) 137-145.

K. Morimoto, M. Sakuma and Y. Yokota, Identifying tunnel number one knots, J. Math. Soc.
Japan 48 (1996) 667-688.

R. Myers, Homology cobordisms, link concordances, and hyperbolic 3-manifolds, Trans. Amer.
Math. Soc. 273 (1983) 75-92.

Y. Nakanishi, Primeness of links, Math. Sem. Notes Kobe Univ. 9 (1981) 415-440.

. Y. Nakanishi, Prime and simple links, Math. Sem. Notes Kobe Univ. 11 (1981) 257-258.

F. H. Norwood, Bvery two generator knot is prime, Proc. Amer. Math. Soc. 86 (1982) 143~
147. :
U. Oertel, Closed incompressible surfaces in complements of star links, Pacific J. Math. 111
(1984) 209-230.

M. Ozawa, Tangle decompositions of knots and links, A dissertation submitted for the degree
of doctor of science at Waseda university, June 1999.

M. Ozawa, Uniqueness of essential free tangle decompositions of knots and links, Proceedings
of Knots 96 edited by Shin’ichi Suzuki, World Scientific Publ. Co. (1997) 500-512.

M. Ozawa, On uniqueness of essential tangle decompositions of knots with free tangle decom-
positions, in Proc. Appl. Math. Workshop 8, ed. G. T. Jin and K. H. Ko, KAIST, Taejon
(1998) 227-232.

M. Ozawa, Tangle decompositions of double torus knots and links, J. Knot Theory and its
Ramification 8 (1999) 931-939.

M. Ozawa, Synchronism of an incompressible non-free Seifert surface for a knot and an
algebraically split closed surface in the knot complement, Proc. Amer. Math. Soc. 128 (2000)
919-922.

M. Ozawa, Closed incompressible surfaces in the complements of positive knots, preprint
submitted to Comment. Math. Helv.

M. Scharlemann, Tunnel number one knots satisfy the Poenaru conjecture, Topology Appl.
18 (1984) 235-258.

A. Schoenflies, Beitrage zur Theorie der Punktmengen III, Math. Ann. 62 (1906) 286-328.
H. Schubert, Die eindeutige Zerlegbarkeit eines Knoten in Primknoten, Sitzungsber. Akad.
Wiss. Heidelberg, math.-nat. KI. 3 (1949) Abh: 57-104.

H. Schubert, Uber eine Numerische Knoteninvariante, Math. Z. 61 (1954) 245-288.

T. Soma, Hyperbolic, fibred links and fibre concordance, Math. Proc. Cambridge Philos. Soc.
96 (1984) 283-294.

A. Thompson, Thin position and bridge number for knots in the 3-sphere, Topology 36 (1996)
505-507.

DEPARTMENT OF MATHEMATICS, SCHOOL OF EDUCATION, WASEDA UNIVERSITY, NISHIWASEDA

1-6-1, SHINJUKU-KU, TOKYO 169-8050, JAPAN

E-mail address: ozawa@musubime.com



Topological Lattices Cp(X) and Continuous
Lattice-homomorphisms

Toshiji Terada.

Yokohama National University

1 Introduction

All topological spaces considered here are assumed to be Tychonoff. For a space X, the
set of all real-valued continuous functions on X is denoted by C(X). We can consider
various mathematical structures on this set C'(X). For example, we know that C(X) can be
considered as a vector space, a ring, an ordered space and etc. We are particularly interested
in the structure on C(X) obtained by combining an order structure and a topological
structure. The order considered here is the usual one defined as follows: f < g if and only
if f(z) < g(z) at every point € X. It follows that C(X) is a lattice under this ordering.
In case topological spaces are assumed to be compact, the following classical theorems are
well-known.

Kaplansky Theorem[4]. Let X, Y be compact spaces. If lattices C(X), C(Y') are
" isomorphic, then X and Y are homeomorphic.

Here lattices C(X), C(Y) are called to be isomorphic if there exists a one-to-one map ®
from C(X) onto C(Y") which satisfies ®(f A g) = ®(f) A @(g) and &(f V. g) = 2(f) Vv ®(g)
for any f,g € C(X). Such a map @ is called a lattice-isomorphism. In general, if C(X)
and C(Y) are isomorphic as rings, then C(X) and C(Y') are isomorphic as lattices. Hence
the following theorem is also well-known as a corollary of the Kaplansky theorem.

Gelfand-Kolmogoroff Theorem|[2]. Let X, Y be compact spaces. If rings C(X), C(Y)
are isomorphic, then X andY are homeomorphic.

However the Kaplansky theorem and the Gelfand-Kolmogoroff theorem can not be un-

conditionally extended to the class of Tychonoff spaces. In fact, any space X can be densely
embedded in a space vX called the Hewitt realcompactification of X such that rings C(X)



and C(vX) are isomorphic.  Generally vX is not homeomorphic to X. However if some
topology is set on the ring C(X), then the topological ring C(X) happens to characterize
the topology of X. The topology on C(X) considered here is the topology of pointwise
convergence. That is, for f € C(X), basic open neighborhoods of f are given by

<f7{$17"'733n}76> :{QGC(X) : lg(wZ)_f(xz)l <677::17"'7n}7

where {z1,--, %} is an arbitrary finite subset of X and an arbitrary e > 0. The space
C(X) with the topology of pointwise convergence is denoted by C,(X). Concerning topo-
logical rings Cp(X) the following basic result is known.

Nagata Theorem[5]. If C,(X) and Cp(Y) are isomorphic as topological rings, then
Tychonoff spaces X and YV are homeomorphic.

Of course, we can consider Cp(X) as a topological vector space. It is also well-knowen that
there are non-homeomorphic spaces X and Y such that C,(X) and C,(Y) are isomorphic
as topological vector spaces (see [1]).

The lattice C(X) with the topology of pointwise convergence is also denoted by C,(X).
Since the lattice operations V and A are continuous as maps from Cp(X) X Cp(X) to
Cp(X), we can say that Cp(X) is a topological lattice. If there is a homeomorphism
P : Cp(X) — Cp(Y) which is also a lattice-isomorphism, then Cp(X) and Cp(Y") are called
to be isomorphic as topological lattices. As a generalization of the Nagata theorem and an
analogy of the Kaplansky theorem, we can show the following:

Theorem A. If Cp(X) and C,(Y) are isomorphic as topological lattices, then X and Y
are homeomorphic. .

An outline of the proof of this theorem and some results related to this theorem are
presented in the next section.

Since the real line R is a topological lattice under the usual ordering, we can consider
the set of all continuous lattice-homomorphism from C,(X) to R. We denote this set by
OCp(X). Further, if the topology of pointwise convergence (i.e. the relative topology of
Cp(Cp(X))) is given on OC,(X), then this set becomes a topological space. This topological
space is denoted by ©,Cp(X). In a sense ¢,Cp(X) is the dual of a topological lattice Cp(X).
We are interested in the topological structure of <,Cp(X). For example, let us consider the
subspace of ©,Cp(X) consisting of open continuous lattice-homomorphisms. This subspace
is denoted by ©9C,(X). Notice that a function f : R — R is strictly increasing (resp.
increasing) if and only if f is a lattice-isomorphism (resp. lattice-homomorphism). Let
us denote the set of all strictly increasing (resp. increasing) continuous functions from R
into itself by C*(R) (resp. C*(R)). When the relative topologies of C,(R) are given on



these sets, these spaces are denoted by C5*(R) and Ci(R) respectively. Then we have the
following.

Theorem B. O5C,(X) is homeomorphic to the product space X x CH(R).

2 Theorem A and related results

In the topological lattice Cp(X) there are important subsets called open prime ideals.
A subset I of the algebraic lattice C(X) is said to be a prime ideal [6] if the following
conditions are satisfied:

NIffelandg< f,thengel.

D If fge I, then fVgel

) If fAgel, then felorgel.

4 I+#0,I+#C(X).
In case a prime ideal I of C,(X) is an open set, we call I to be an open prime ideal.

A prime ideal T of C'(X) is said to be associated with a point z in X if f € I, g € C(X)
and g(z) < f(z) imply g € I. Notice that such a point z is unique for [ if it exists. The
following lemma, is fundamental in our argument.

Lemma. If I is an open prime ideal of C,(X), then there exists a unique point z; in X
such that I is associated with xg.

Proof. Let f be an arbitrary element of /. Then there is a finite subset {z, -, 2} of X
and an € > 0 such that the basic open set

(f,{z1, - zxhe) ={9 € C(X) : |g(z;) — flzs)| < ei=1,---,k}

is a subset of I. Then

(1) there exzists a point x1 in {1, - - -, T} which satisfies : if g € C(X) and g(z5) < f(zr),
then g € I.

Suppose that, for every point z; € {z1,- -, Zr}, there exists gz, ¢ I such that g5, (z:) <
fz;). Let

h=gg N NG

Then h ¢ I. On the other hand, since (hV f)(z;) = f(z;) for each i = 1,- -, k, the function
hV f must be in I. This contradicts to the above condition 1) of the prime ideals.

(2) Such a point x; is uniquely determined.

Assume that z; and z; be distinct points which satisfy the condition of (1). Then for
any h € C(X) we can take hy, he € C(X) with the following properties:

h=mhV hg, hl(iE]) < f(.%[),hg(l’,]) < f($J>



This means that hi, hy € I and hence h € I. This is a contradiction since I = C(X). By
the same argument, the following can be shown:

(3) The point z; does not depend on the choices of [ and (f,{z1,--,zr},€).

Then it follows that

(4) I is associated with xg.

Outline of the proof of Theorem A. Let @ : C,(X) — Cp(Y") be a lattice-isomorphism
which is also a homeomorphism. Then a map ¢ : ¥ — X is defined as follows: Take an
arbitrary point y of Y. For any real number q, let

Jje={g€C(X): 2(g)(y) <a}.

This set is an open prime ideal of Cp(X). Then there is the only one point z in X such
that J;“ is associated with z. Since two open prime ideals Iy, 5 are associated with the
same point if and only if I; N I5 is a prime ideal, this point = does not depend on the choice
of value a. Further the map ¢ defined by ¢(y) = z is well-defined and one-to-one. Then in
order to complete the proof, it suffices to show the following:

(1) ¢ is onto.

(2) ¢ is continuous.

(3) Let 9 : X — Y be the map derived from ®~* by the same method above. Then

= ¢L,

Since a map ® from C(X) onto C(Y) is order-isomorphic if and only if ® is lattice-
isomorphic, Theorem A can be expressed as follows:

Theorem A’. If there is an order-isomorphic homeomorphism between Cp(X) and Cyp(Y),
then X and Y are homeomorphic.

A subset F' of a space X is called to be a zero-set [3] if there is a real-valued continuous
function f on X such that F' = f71(0). The complement of a zero-set is called to be a
cozero-set. We can show the following.

Theorem C. C,(Y) is embedded in Cp(X) as a topological sublattice if and only if Y is a
continuous image of a cozero-set of X.

In fact, for a cozero-set U of X, assume that there is a continuous map ¢ from U onto
Y. Then there is a canonical embedding @ : Cp(Y) — Cp(U) defined by @(f) = fo ¢ for
any f € Cp(Y). We can take an order-preserving homeomorphism ¢ : R — (~1,1) and a
continuous map s : X — [0,1] such that s7}(0) = X — U. Now, let ¥ : C,(Y) — Cp(X)
be the map defined as follows: ¥(f)(z) =0 for z € X — U and ¥(f)(z) = s(z)t(®(f)(z))



for z € U. Then it is not difficult to see that ¥(f) € C(X) and hence V¥ is a topological
lattice embedding. For the reverse implication, we need a similar argument as the proof of
Theorem A.

Remark. Let us consider the compact-open topology on C(X). This topological lattice is
denoted by Cy(X). The following analogy of Theorem A can be proved.

Theorem A”. If Cix(X) and Cy(Y) are isomorphic as topological lattices, then X and Y
are homeomorphic.

3 Theorem B and related results

Let X be a topological space. For an arbitrary point z in X, let ®; : C;(X) — R be the
map defined by ®.(f) = f(z) for f € Cp(X).

Proposition 1. The map ®, satisfies the following.
(1) @, is continuous.
(2) @, is open.
(8) Bo(fV ) = Pu(f) V Bu(g) and 2o(f A g) = Du(f) A Ralg) for any f,g € Cp(X).

Generally we can show the following.

Proposition 2. A map F : Cp(X) — R is an open continuous lattice-homomorphism
if and only if there are a point x in X and an order-isomorphic (= lattice-isomorphic)
homeomorphism ¢ from R into itself which satisfy F' = ¢ o ®,. Further x and ¢ are
uniquely determined by F.

Proof. Let F': Cy(X) — R be an open continuous lattice-homomorphism. Since Cp(X) is
connected, the image F(Cp(X)) is connected. Hence F(Cp(X)) must be an open interval
(a,b), where a = —00 or b = co are possible. Let ¢ be an arbitrary number in (a,b). Let

Le={f € Cpo(X): F(f) <c}.

Then the following are obviously satisfied:

1)if fel,and g < f,theng € L,

2)if f,g € I, then fVge L,

3)if fAgel, then fe€l orgel,

4) I. # 0 and I, # Cp(X).

Since I is open in Cyp(X), I is an open prime ideal of Cp(X). Then there must be a
unique point = € X such that I, is associated with by the lemmia in the previous section.



Further this point « does not depend on the choice of value ¢c. So we can express this point
z like zp.

Now, let us define the map ¢ : R — R which satisfies the condition F' = ¢ o ®,,,. For
an arbitrary number r in R, let ¢, be the constant real-valued function of X taking value
r. Then the map ¢ is defined by

(]5(7‘) = F(cr)'

It can be verified that ¢ satisfies the desired properties. The reverse implication is obvi-
ous since the composition of any two open continuous lattice-homomorphisms is an open
continuous lattice-homomorphism.

Outline of the proof of Theorem B. By the above proposition, we know that there is
a one-to-one correspondence between G9C,(X) and X x C2(R). That is,

F e (z,9)

where I' = ¢ o ®,. It can be shown that this correspondence is a homeomorphism. It
suffices to show the following two claims: '
(1) For any subbasic open neighborhood

(Fi{f}e) ={G € OpC(X) : |G(f) = F(f)] < e}

of I'in ©7Cp(X), there exist an open neighborhood U of = in X and an open neighborhood
V of ¢ in C5*(R) such that U x V corresponds to a subset of (F; {f},e).

(2) For any open neighborhood U of z in X and any subbasic open neighborhood
(gi{rh,e) = {¢ € CHR) : |9p(r) — ¢(r)| < €} of ¢ in C(R), there exists an open
neighborhood W of F'in ©5C,(X) such that W corresponds to a subset of U x (¢; {r},e).

Next, we study about the entire space ©,C,(X) of all continuous lattice-homomorphisms
from Cp(X) into R. In C,(X), the part of all constant lattice-homomorphisms has a
peculiar quality. We denote this part by Con(Cp(X)).

By modifying the proof of Proposition 2, it is not difficult to show the following.

Proposition 3. A map F': Cp(X) — R is a non-constant, continuous lattice-homomorph-
ism if and only if there are a point x € X and a non-constant, increasing (= lattice-
homomorphic) continuous function ¢ : R — R which satisfy F' = ¢ o @,. Further z and ¢
are uniquely determined by F'.

Then we can prove the following theorem by the similar argument as that of Theorem
A. Here the set of all constant functions from R into itself is denoted by Con(R.).



Theorem D. The space ©pCp(X) — Con(Cy(X)) is homeomorphic to the product space
X x (Ci(R) — Con(R)).

Next, we consider the entire space <,Cp(X). The set OC,(X) is the disjoint sum of
OCH(X) —Con(Cy(X)) and Con(Cp(X)). And it is obvious that the subspace Con(Cyp(X))
of ©,Cp(X) is homeomorphic to the real line R. Then it follows that the underlying set
of OpCy(X) can be considered as the disjoint sum of the product X x (Ci(R) — Con(R))
and the real line R by the above theorem. Here the constant map ¢, € ¢pCp(X) taking
value @ corresponds to the number ¢ € R. Let us consider the following topology on
(X x (Ci(R)— Con(R))) UR: The topology on X x (C}(R) — Con(R)) is left as it is. For
a point a in R, we take the family of the following sets as a neighborhood base at a:

U{Un x (a;{—n,n},e) ‘n= 1727} U (a_57a+5)7
where ¢ is an arbitrary positive number,
(a;{—n,n},e) ={o € C’;(R) — Con(R) : |o(—n) —a| < g,|o(n) —a| <&}

and {U, : n =1,2,---} is a cover of X consisting of cozero-sets of X such that there is
a sequence {Z, : n =1,2,---} of zero-sets which satisfles that U, C Z, C Uy for each
n =1,2,---. Let us denote this topological space by (X x Ci(R))~. Then we have the
following.

Theorem E. For any space X, the space OpCp(X) is homeomorphic to (X x Ci(R))™.

In case X is compact, we can show the following. Here ¢, is the constant function taking
value a.

Theorem F. Let X be a compact space. Then $pCp(X) is homeomorphic to the quotient
space (X x CH(R))/{X x {c.} : a € R} obtained by collapsing the closed subset X x {c.}
to a point for each a € R.

Proof. Note that the underlying set of (X x Ci(R))/{X x {c,} : a € R} corresponds
canonically to the underlying set of (X x C}(R))™. Since the topology of (X x Cj(R))™ is
generally weaker than the quotient topology, it suffices to show the following:
(*) If V is an open subset of X x C}(R) including X x {c,}, then there are ¢ > 0 and
r~, 7+ € R such that
X x{c,} CX x {cg;{r~,rT}e) C V.

We can assume that V = U{U, x (ca;{r;,75 },€z) : @ € X}, where r; < ry and U, is an
open neighborhood of z in X. Then there are finite points 21, -+, 2, € X such that U, U



-+ UU,, = X since X is compact. Let r~ = min{ry,---,rz }, v* = maz{r], -, v}

and € = min{eg,, -+, €z, - Then it is not difficult to see that X x (c,; {r~,rt},e) C V.

Example. There are non-homeomorphic spaces X and Y such that G5C,(X) and O5C,(Y)
are homeomorphic. In fact, G9C,(CH(R)) and OSC,(R) are homeomorphic.

Let . ‘
Gy([0,00),0) = {f € G;([0,00)) : £(0) = O}

Then we can show the following.

(1) C3*(R) is homeomorphic to the product space R x C;*([0, 0), 0)%.
Th(2) C4([0, 00),0)? is homeomorphic to C5([0, c0), 0).

en

CH(R) x CF(R) = R? x C£([0,00), 0)* = R? x C£([0,00),0)* ~ R x C(R).

Hence
(3) ©5CH(C5(R)) and O9C,(R) are homeomorphic.
Since C#*(R) is not metrizable, C5*(R) and R are not homeomorphic.
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B =&, HHE B, AND B §E

1. AE VST AE%ERTE b Y — SEBERG-WITTEN LS

X ZMEDITENT 4 RTEHEHRET. E—vFHH(X)=0%25bDL T
%o X O Spin®&E c oL, mén%

2
O 2s1gn(X)’ n = bt,

Lo TREET S, ZIT, sign(X) I X OXEBROFEE., b7 12 H2(X,R)
DEKRERMERAZEE HH(X) OKTTh ol 4 m EFAEREL. HHX) O
ﬁLﬂ g ox 75_' @%T %) o

T5E (X,c0x) D BEARTEFE— Seiberg-Witten HNEE [3], [1]

SW(X,c,0x) € {S(C™),SR")}I'WM = Jlim [S(CPT™ @ R), S(C” @ Rotm)VM)

i, F0 “arEPE— - TLE v VB BPBEBED Seiberg-Witten FEBELE 725 L
HEFEEN D (ef. §3)o
2T, Spin®iEiE ¢ ° Spin-fiE s BORBEREL kK L 1%

_ sign(X)

4 9
WCEkoTEEL LI, Fy *# FEEBEE LT Es DINVT VTR ERH /0D, H
% rank 2 DRML=FEF 2 5 175, L THhiT, X OZEERET R L

2kFs @ lH

k.= [:=0b",

DL B,

DB, AY VHEE T 5 (X, 5,0x) O BEATE b E — Seiberg-Witten TN &
PERENDLDTHLH ., T THDOTEEZDIE, [WHHT U(L) 9*5 Ping = U(1)U
UQQ)j ~NEIEDBBEWHEE, EER ATEEH AP 5D Ping =U(1)UU(1)j
OENTEIZ L o TH Ping ML A% L. $7:, R%, A»oD {1} DENTELF
—# {+1} 2 Ping /U 12 L o T Ping NMBEL AR L72b 0% ReplL, ALY
B 10355 (X, s,0x) D K5EHRE I E — Seiberg-Witten NEE [3]

SW(X,s,0x) € {SEF),S®RH}IF"™ = lim [S(H'* @RY), S(HP @ RIT)]Fin
»,g—00
WEZREN., Ld . INLDEEERT b Y — Seiberg-Witten NEEEIL Ping 7°
5 UQ) ~NORZHEBEZIZ L) HEL TV DTS 5,
{S(HF), SR} — {S(C?), SRH}YD
SW(X,s,0x)+— SW(X,c,ox)

FEEOHMIE, TN b DEERTE b E— Seiberg-Witten FEEICETHFHAD
WRoBRE ., BRETIFCEL, KMEVEEZHBTHECAIC, £TI1d AEVE
HEACHT B (X, s,0x) D LEFRTE I E— Seiberg-Witten REE%R o THED
2, H5MEOETRL ZOFBREERL THE 2V,



2 B F4, HH B, AND H E

2. HHPEOE R LR
HHED Seiberg-Witten NEEIX, £ DFE, 4 RTEREOUIELE DM 72
TEETHL. LrL, H5HEICIE, BED Seiberg-Witten NEBDIEFHD —LB
2, HHELEAEEDHMI Lo THRESTLE) LN LOEATNS,
Morgan-Szabo 12 & 2 ROEHEDH 5 .

Theorem 2.1. (Morgan-Szabo [9]) 4 XTLA Y ¥ FAZHME X 25 m > 11T L T
b1(X) =0, bo(X)=24m—2, sign(X)="~16m
EWzTETH. AEVBE s IOHT HBEED Seiberg-Witten FEEDEOBEII,

_ | 1 mod2 (m=1)
SW(X,s) = { 0 mod2 (m > 2)

IZkoTEZbN5.

Remark 2.2. §1 T Seiberg-Witten NEER7/- X HIC (2T Tk . 0y (X) =0
R BIREL72) . BE D Seiberg-Witten AEE% ZEOFREEL L THEL
ELIEFET A7z, HYX,R) HY(X,R) K& BETILENH L. =
DIFED 2k, Seiberg-Witten NEBEDMITEIZE T 52, HFEEZHDLI LA
T&E7%v, L2L, Seiberg-Witten REEDEZFIZ, ZOIELLICHET S,

FrlZ, m=11F, K3LRBoFHaFE0Y B2 bOoBAICH -5, ZDk
&, Seiberg-Witten FNEED 0 TR W L1, ROBTENLISHTD 5.
Corollary 2.3. (Morgan-Szabo [9]) 4 XTCAY ¥ HZHE X 2% K3 L REOHHE
AFERY—EE Lol E, X IZEDZFN-TEOAMEBEIME DL Thko
“adjunction inequality”,

29(¥) -2 =[3]-[¥]
BRALT A, 72720, gR) R TOEHTHY, HRE S OHDELKTH S,

Rubermen-Strle i3, 4 XIGHFEOY — b —F AT L THEPDOMERL AL T 5,
Theorem 2.4. (Ruberman-Strle [11]) 4 XTCAY V BAZRRE X 45, Hy (X, Z) = Z*
BIU Ho(X,Z) 2728 27T EREL, H(X,Z) DV EDDEER 01,09, 0304
LB AE VB s ISXT B E D Seiberg- Witten ANEEDENE BT

SW(X,s)=a1 UagUagUay, [X] mod 2
IZkoTHEz LN 5.

BABFBOHEITIL, i3 )~ SN 7z adjunction inequality 2% & L T4
bils, .

LOBNL, TV 2T A ZBDORTLAT0 TH 518E D Seiberg-Witten AEEIZET§
B5LDTH o7z,

Tk DFERIL, 3], []IZBVWTERE SN LERT b+ ¥ — Seiberg-Witten AES
LTS, BHORERPBILTAEVW)IZETHS
Theorem 2.5. (FKM [4]) 4 RXTEA Y ¥ BSHE X FEHM m > 1 ISR L T

b1(X) =0, ba(X)=48m —4, sign(X)=—32m
Tz ET A, AY VS s IIKT 2EERTE M — Seiberg- Witten AEEIT,
(1 ez/2  (m=1)
SW(X,s) = { 0 €Z/2 (m>2)

CEoTEzbN 5.



EEAE M~ SEIBERG-WITTEN FRZEEDHDOHDDIH, 3

Corollary 2.6. (FKM [4]) 4 RICAY v BZHE X 55 K3#K3 L FEOFE IR E
OY—-REb0oL &, XICEDZ ENIEBEOFRBAME S I2 L TRD “adjunction
inequality”,

29(Z) -2 [5] - [2]
BRI TH. 72720, g) RS OEETHY, HRII T OHOKEIHMTH .

723, Ruberman-Strle DFERD X 512, Hi(X) ﬁfiﬁi“(\ﬂ&\/‘%ﬁblﬁﬁﬁ{—
b ¥ — Seiberg-Witten NEBICH L TEUDZEZITH Z L IZSHOEETH 5.

3. THEOREM 2.5 DEFEHD &}

4&%&&@L®XE/%LLﬁmﬁéxe/wﬁmm,~%@&mf%%mﬂm
THEAL ) VIREEST, Spy i &2 H 5. Seiberg-Witten 7HERIE, Spy
DEGETH B Ping I L2 HMHE DI LP LN T WA, Seiberg-Witten 7%
BiE, —EOBGELLCHEBTAZILNTEL, LidoT, ki~ —EDE
&, wihd, AEEGOBGEN, H2MEL 2T 2L LTHRBRTE 5.
TaFFATELT, ROFHTLILILORTWS

Proposition 3.1. ZKME S™ L? anti-podal map % 1: S™ — S* L B L. FEDEL
P FEEBBR S - SMICHLT, fOEBBERTETH .

ML, BIRE H* (S, Z/2) DI REOY —BOEETHVTEHIZHEHRT 5
ZENTERY, BMENLZHELLT, kO L) REFFHLTEETH 5.
1. f=0klhl, T AELREHETHY, BEEITI LI THS
2. ?ﬁof VAER ZDODER fo, L1272l T, BERECENBRIC LI L
/j—‘”@‘ nEEy% i 7}9%

3. —HRIS, ST SPADIEL P RERG fo, LAV EZ N &, WEE ST p
b R ADEBRL A% L, generic BAEME — f:57x[0,1] = R THA.
oL E, U HAREOETHY, FOMEL fo, L DERENEY 52
Twa (B, BRZEECECTHESNTHAIELDETS).

4. bL, fo, AP BAETHIT, fEHA S x[0,1] LEHTH LI L2 HVA
L, FrROBAERLOICENS, 727L, RV ET L 1 BIERT 2 b0
ETB.

5. 2ok E, f710) K A HBIIZERTADT, EBREDCEILRE. LT
BoT, fo,fLi PEBRECEIBETHY, IHAITRET .

¢ @ involutive ZYEF Db D12 Pin, DIEA%®EZ, R Db D IZ Piny @

ERRTORERZEEEEZ S5 LIZL o T, Seiberg-Witten NEE~DIEAIES
N3, ERATEEE, SRERATEMC Lo CERATOERIFTEL 20
’C, un?s_ﬁ_:%l W AT DEEY, F—Lhb, EE, KIHEEFLEEIRE

—&R% b DOHFEIT, Morgan-Szabo DEERRY, LOERITEVA b TERALL
“Ciﬂ“‘:/\‘%é:, ét@i 31275,

Proposition 3.2. (Morgan-Szabo) Ping RIZEZRIE L » 42 ER
f1: S(HFT @ RY) — S(HP @ RI*TP)

B, genericTHHETH. Fiz, fok SO@RIT) LR L bEREBLETA.
fo& fi %, U(l) AIZETgeneric 5 HE b ¥ —

F: 8P @RY) x [0,1] — HP g R+3
TRE, ZorE, fFH)/UQ) REEEOC SIS,



4 B 4, HH i, AND B fiZ

EomEIL, EOFEREECHTLAEFECL o TRENA. }
ZIT, f1i%, Seiberg-Witten FRERDERATEMICHL ST 5. f~1(0)/U(1)
DE%, BERNTEZ 72D DD, Seiberg-Witten AEEITH KT 5,
Remark 3.3. &K E b ¥ — Seiberg-Witten NERIL, ZDBHE,
fre{s@EY), S®R)}F™ = lim [S(HP' @RY),S(H? @ R
P,g—00
LB, HIT, FEME Ping 206 UQ) ICEFD/ZFICHIET A EA1L Z L F—HS
n, fr DBEDINICELE—HL, BED Seiberg-Witten NEEZ 52 T 5
{S(H"), SR} — {5(C%), SR} 2 Z
fl s SW(X7070X)
RIZ, K3HKILFULFHIFEODY —Re bDOEEEELH. DL E, BE
R b ¥ — Seiberg-Witten NEEDER & 5L A1E, AY VEEICHL T,
{S(H?), SR®)}F™ .= lim [S(HPF? @ RY), S(HP @ RI*6)|FPin2
P,q—00
Ll b MEMEE Ping 206 U(1) 1§50 7R ID T 2 E41E Z/2 L R—HEh
([1]), S DOFE—HAS, Spin® FEEIZHTT 5 REARE P € — Seiberg-Witten NEE%
HzTwh,
{SE?), SR} — {5(C*), SR}V = Z/2
fl [ SW<X7C7OX)
ZDZ/2DHRIE Y 2Z/2THAH. B BHIE, Pontrjagin-Thom & J #ER]
HMEBL T, m(SO)XZ/2THBHED VR A,
9, TOEFEY detect TAHZEDWWUETH 5,
1. U(1) [FZET generic 2185 %2 ER
fo, f1: S(H”” @f{q) — S(H?P @Rq%)
BEZONIETH. fo& ik, U(1) FZT generic %2 KE F E —
f:SHP2 @RI x [0,1] - HP @ RI*C
THER. ~
2. 20L&, M= fTH0)/UL)Za¥¥7 b LRESHELE 25, L2,
M OEFIZ, HP RIS OHIBL fOMs%EL CRAETH 5.
3. M i, ~ ~
SHFFZ @R\ S(RY)/U(1) x[0,1]
DOHT, cobordant to zero TH 5. LAL, #RE HP @RI OO FE %
Z T cobordant to zero T H7:0I21%, BEENH L. ZOEEL, HTE2
Stiefel-Whitney 8% IV CER &N, Z/2 ICfEE b 2. ZOMEX §(fo, f1) &
L, TN fo, AP UQ)FAEREPE—HFHILLELL RV, ZEHITRE
nas.

Lemma 3.4. fo 7° S0 & RQ+6) LItz & AEHEBRLTHLEE, fORFETS
GEAREN —H

[fi] € lim [S(Hp+2 @ Rq)7 S(HP @RQ—&-G)]U(I) ~ 7,/2
»;g—00
ci) 5(f07f1) & —ﬁTZo .
ZOWEDOTT, RADERIIRD L HICHRREZ ENTE S,



FERE P Y= SEIBERG-WITTEN FEFOHESHDIEM, 5

Proposition 3.5. Ping FZE%ES P2 EE
fi: S(HEPF2 g RY) — S(HP @ RI9)

2%, generic THB LT A, Tz, fok S(O0BRITE) LITfER & AEHEMRET .
ok (i:c\, 5(f0,f1):1€Z/27b§}?yij‘§_%

C ORI, B2 00GHEL AN AT v 72 R TIHEHEN L%, &k
DAT v TiE, TNLOHEIEBHETIE R, M [4) 1085,

4. EHE D%\ G-FREUDENTHAL SUSPENSION %3

2T, EROBMIZIMTTH A 95 7 Theorem 2.5 DR E L TELN S Corol-
lary 2.6 &\ 9 & CBMFMLERE B BIC, BEHRE ¥ — Seiberg-Witten 7
EEEV), REME—FHULREN., BOTAEMELN B THEIT - &
.
zL‘n?O

LL G s 2D—HT, FEHERBEICHE b E —RIGHR

{S(CY, 5RO}V = 7/2

WZIRET B b 00, RESITBAZNLERS S50 TWh, SIHO7 0+ ¥ 47 Propo-
sition 3.1 123 L Tid mod-2 I REO Y —% W/ BHL AN E o722 L & Bnid
ZTE, bo bt RBLOBVEBZIEHEISEE SR L5,

EZANL o b Z2NETCICERFNIIE B VERSS2 5, EIT 2
YIEE DY B HEARE MY — Seiberg-Witten NEED, HBH—DODFRLERE b
V—E48ItEER B OTER L,

{S(Hk), S(Rl)}Pinz -— lim [S(Hm—k o RQ)’ S(HP @ RQ-H)]Pinz
P,q—00

EVIERFRZEZILVRERE N —EE-LORMNBERE L TEESN A2 D
FIEEZFOBEICE 5,

£, EAFZORRTELNL L HI2IE A=5Y, G OEXEHAD—HI >

X7 MME, 123 L T adjoint FE

[X AA YIS 22 [X, Map, (4,Y)]¢
R . £z VT G-Freudenthal Suspension 5E¥E [8] [10] ASEEHH S 72072
2o =71y SZTORMIEBEAIVGEZONTELT, ATy a2 XAA DMLY
IZjoin X * A 22 17T % b 207,

X+ A, Y)Y = [X,7°

ERBE)% T BREEVLEBRTERZY, ZFhig. ZHDOME G-Freudenthal
Suspension BELZEFELZWEBEEI LN TWZ X IIZEZ 5,

EIZAHY, ED L) HTFREIZRL T, Join BT 5 EEDE Y G-Freudenthal
Suspension EEZ FAIET (BEBRL 72, FEHICOWTIE 5] I2EEHE LT, 22
TEHEEOBZBREETICEED D, TDHIT, Z2H S OEREE (connectivity)
%, c(S) LETEET B,

Theorem 4.1. G za ¥ /X7 b - V=B, V2 ZDEXERR. X L YV % G-CW
Bk T2, 2O, (i) Join B
S(V): [X,Y]¢ = [X % 8(V),Y « S(V)]¢
Wy RD I ODEHPMIZENT B LITEEERS
L dimWeH > 1% S(V) 0SFbRSHE H T, Y =0 L 22b0&TICH
LT 5,
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2. dim X7 < 2¢(YH) + 1 +dim WoH #°. X O%HbESEH H T VH £0 &
BAHLDETIIH LB 5,

3. dim X7 < ¢(Y¥) 4+ dim Wy K + dim We H 75’ X OFFLEGHE H LD
Mo KCH CVEDVE L2 2b0&TITHLEILT 5,

(ii) Join Bf&
S(V):[X,Y]¢ = [X xS(V),Y » S(V)|¢
. RO 3ODEMED M EN TR LI e L 25 !

1. dmWeH > 2 2% S(V) O%HMGH H T, Y =0 L 5b0&TITH
LML, 22, dimWeH > 1 2% S(V) % 5{bEa# H <., Y 39EE
BB bOETITHLEILT 5,

2. dim X < 2¢(YH) + dimWeH 75, X O%HBGH H VI £0L%5
bOETITH LT %,

3. dim X7 < e(Y®) -1 +dim Wy K +dimWeH 75, X O%H{bEsH H &
FTORIMAHE K CHTVEDVE L2008 LT 5,

Corollary 4.2. G %3 )X7 b - Y—H Uy, Up, V x ZOEXEHRETH, Z
DOEF, (i) Join B&

S(V) : [S(Uh), S(U2)]¥ — [S(Un) 5( ) S(W) xSV =[S @V),S(U2 @ V)¢

L RO 3ODEHUD - ENT WA bIEeie 5 !
1. dim WgH > 1 %% V\{0} 0% M[ﬁ“bﬁj\ﬁé HT, Ul =0t%srboeTiin
UL %

2. dimU{ < 2dim UJf —2+dim WgH 75, U;\{0} D% H{bE5E H TVH £0
EBHbDET ’ﬂbﬂji ThHo .

3. dimUff < dimUf — 1dim Wy K +dim W H 25, U;\{0} OZEHbE58 0
LEDHEHST K CH TVEQVE 2 b0&TW LT %,

(ii) Join B%
S(V) : [S(U1), S(Ua)]% — [S(U1) * S(V), 8(U2) * S(V)]¥ = [S(U1 & V), S(U2 @ V)]
. RO IODDEHDTH-EN TSR LI &ML 25 !

1. dimWeH > 2 2% V\{0} D% HbEH5HE H . U =0 L 25 b0&TIiTHt
LU, 72 dimWeH > 1 7%% V\{0} % H{tEa# H T, dmU{ =1
EBbDETITHURLT %,

2. dim Ul < 2dim U —3+dim WgH 45, U;\{0} DEHLERSHEE H TVH £0
ERDBLDETITH UMY %,

3. dimUfl < dim UL — 2+ dim Wy K + dim W H #°. Ui\{0} OZH1LE5 5
HrZOWHSH KCH TVEDVHE L2 b0&TITHLELT 5,

5. {S(HF), S(R})}Fin Dig4
FTF AT [2] 1I2BWT 2 EEH I SN2 LB R E 2 R L 7o iR
(5.1)  k>022 {SHF),SRHF"™ £z = 2k+1<1

rEVWHE), NIV E>1 & k=0 IIBEE0IT TEE
k>1 D4,
ZOEE, 51ICED, k>1, >3 EIRELTE VY,
{S(Hk), S(Rl)}Pim = lim [S(Hp—l-k @ Rq)’ S(HP @Rq—i—l)]sz
P,g—00
—68—
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DT, Corollary 4.2 %

Up:=HF, Uy:=R!, V.=H®RI, pg>1

KL TIEHAT 5, T5,

1.

2.
3.

Iso((HP @ RN\{0}) C {{e}, U(1)} 7245, (RHle} = RHVD =R £0 %D
T, & LITEICmzZEn 5,

Iso(HF\{0}) = {{e}} &£ V. &H3 3 FImr-ans,

2 ICEL . &5, 2EEBOBOOEEIE.

dmH* <2 dmR'-2+1=dimR'-1
dimH* <2 dimR'-3+1=dimR!-2
T2 BRI AR A,

EIHH, 51 L) EREOEFTTLRICHzEhTwa,
k = O a)i%é\o
Corollary 4.2 & m>1 & LT

Ul t= Rm7 UQ = Rl—l—m, V.= HP@RQ’ pzqz 1

KHLTIEHAYT S, §5&,

1.

2.

3.

Iso(H? @RO\{0}) C {{e}, U(1)} 7225, (RMHm)le} — (RIFm)UW) = Rlam 2
0 2DT, Z5NIHTA5M4 LITBICHaNE, —F ., &BFICET 5 &4
1D BT 2 BICHE, I +m 22 PLETTERD,

Iso(R™\{0}) = {{e}, U(1)} £V, &£H31d H=UQ1) DHEzZELT X
v, IO, KCH=U(1)T

(HP @f{q)K 2 (HP @ﬁq)U(l)

L

(HP)K @ RY « R4

L5501 K ={e} KEbN S, LoTE&MHE3IE. &5, £HHBOBD
DEE

dmR™ < dimR"*™ —14+1=dimRH™

dmR™ < dimRY™-2+1=dimR"*™ -1

AEMHIIIGL . EFICET A5ME 3 IXEICH SN D, — K. £HEFICH
TAHEMEIVWALTAEIE, | > 1 PRETTEL 5,
EH2ICELTIE, He {{e},UW)} L2, &5, £EHSFBOBODEE,

dimR™ < 2dimRH™ -2 2Fh2<o+m
dimR™ < 2dimR"™ -3 2F ) 3<2+m
T B IInT A,

PDEz3edT, XOKELHBS .
Theorem 5.1. BMBEL L TEZE SN {S(HF), S(RH}Fin2 13, kD k5 7% g

i 2

FER "I E#D
(i) k>1DBE. BRREENEE

[S(H"), SRHIF™ = {S(HY), SR}
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BRETH B, BIZHIEDFE—H
[S(Hk),S(Rl)]sz — [C]_;.Zk—l7 Sl—l]Z/Z

FELT Z/2-AERENE —EAL AL ENE, Z2T CPH1 = S(HF)/U(1)
& SULICIEEBR Z/ 2R E A b TWw5,
() k=0, | >1 DHE. AL EZEER

{L} — [S(].':{I), S(Rl-{—l)]Pinz — [S(HO ®R1), S(Rl+1)]Pin2 o~ {S(HO), S(Rl)}sz

BRETHE, ZIT.i: SR — SR ZE—HS~OHEDAA R ¢ RH1
Lo THFEINTBEHTH S,

Remark 5.2. Theorem 5.1 FiV3iLiX, Theorem 2.1 % Theorem 2.5 1237 L H o & B
WL OFNI2T 7T 0 —F TR E 2 5,

6. {S(C™),SR™"IWD) Digs
ZDWE. h x5 x oMz m, n 2L THIHcRE g,
Uy=C"@R" U,=R"®R", V=CPoR?

& LT Corollary 4.2 2 53467 % join BAZH EHE TH LHESHP A, TN LD
72T BICROKERE 155

Theorem 6.1. (i) KD EHL &5

S(C™), S(R™MIWO) ——— lim, ;00 [S(CPF™ & RY), S(CP @ RIT™)TD)
P.q

E

limg_0o[S(C™ @ RY), S(RIHT™) VD)

a2~ HCP™ Y if m>1
lim [S(C™ @ RY), S(RIT)VD = 7 if m=n=0
g—0o0

0 if m=0,n>1.

(iii) m>1&95%, LOFE—HDb L,
SW(X, ¢, 0x) € nt~HCP™ 1)
LRZE, Z0aFsENE - JLE Y FER
=Y (CP™ ) - HPH(CP™ Y
2 & BB E D Seiberg- Witten REETH 5,
FICEEITREZ LT, BELCHICTS
n=>0">1

% HHIRRASE & Tl —81 N E7S,
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7. REFRE M —FmOFE

BOEMDKEIE —FHOJFORELWEL —KIZE LI T 5D Devinatz-
Hopkins-Smith nilpotency theorem & IHINTWAH T, Zhid THHEERKD K
HDZEFRE ¥ —#IC ¥ % Nishida nilpotency theorem % —#%{t3 4%, Z®
Devinatz-Hopkins-Smith nilpotency theorem & Bauer [1] @ glueing formula % F
WhE | ROGERVFELND | '

“Theorem 7.1. bt > 1, by =0 % B5EED 4-manifold X 1ZxL T, THITKRET
PEARZGLERE N PEEL T, X BE% N EESML 20, 2RICHT
BV D Spin fEEICH L THEEHRTE M — Seiberg- Witten FNERIZHBFZ b
DL PF72 v,

e oEREZHICLTLEIE, XEH)DITBOTERTH 5 .

Question 7.2. i = 1,2 &L . X; P Y; % homeo 7255, T LD diffeo LIRS
vy femanifold T bt > 1, by =0%5b0DL T, TOR, ARELZEARE L
VC\‘\\

L dif feo. L
Xi#(#X:) = Vi#(#Ys)
YnbEA3 % bOREET AN ?

EREL Xo =V =52 x 5% OEAE Wall DFEE L TIELWI & MmeN T
%. —75 Gompf [7] 1%, BEETHE TR WHEICHL T, EFNSHEI—ETIE
BVBOPEIETDODRLTVEY, RADERIIZOL I LI LE (ICEEL{WwEL
T) AT AZ LT BOTHEETHE I L2 ERL TV A,

fiiz b . James HEDBBRTHBEVWI EXH N ZF I TH LN, HKELIRELDT,
FRIZOWTIZ T -0BEL Lzvy,
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AT FEEFD

=98 Bl (L)
e E Eiy T
Lie #, ' _
Hopf 2=, w0 ANRYT T L Qe }iﬂ?_ﬁfé
co-H 22, ()kEBY— 2o
e s e \\\ \
A =
7S % S THE
RHrL, | R,
AL, cat , Cat B AL,
SEL | S AL
; Rothelnberg—
Ao T = BIRCZEMH] oo - e
sequence

1 AxT7ORE
% [Ganea, 1971, (£ 1578) [17]]
1. ZRED L-S category Z 5HEHE L,

2. cat XxS"=cat X +1TH5, ZTHIFIELWR?

4. IKHE_LOBREED LS category # EOEEMEBREDKRE N —-REEIZ L > TR

g X,

10. W7z B co-HZHD ., #or0HB L BERELZEZHO— MR ENE —F

EL 2257



& 1.1 James D ‘Handbook of algebraic topology’l= X % & | FIRE 2 (LS category)
ERIEL O (co-H-spaces) 1ZFLIZ K 4 DFEBTIEL WELEL S, “the Ganea con-
jecture’ & FHE N TW7z,

EE 1.2

H{Uo, ..y Up ; open in X}
cat X = Min ¢ m | X = U U;, each U; is contractible in X
i=0
- ¥ 1.3 (Lusternik-Schnirelmann 1934 [37])
2R M EBBINT02R D C°-Ef2d cat M+ 1 BL_ED critical points
o SR

LUT ORLAIAZEE geat X DAIMICEREN 525, R.H. Fox IC Lo THREFE—F
BTV EDPHMONT VS, EHLWREHATICE > TINEREE-REEIZE
EL7ZzCat X P52 6N Twa,

HUy, ..., Uy, ; open in X}

m

X = U U;, each U; is contractible
i=0

gcat X = Min < m |

Cat X = Min {m | Iy (mxyy gcat Y =m}
EH 1.4 (Ganea 1971 [15])

Cat X — 1 <cat X < Cat X < gcat X.

* 1.5 co-HZERNE Lie#% — At L 72 HopfZZRIOB e L TE 272 EN7=55,
LS-cat DEETIT cat X = 12 W/ TEMX & L THEHI T 5N %, (Ganea, [16])

2 [HRE10 (co-H"meuFagﬂ"éﬁ% gig

BLAIGNT WS & 912 (Browder 7% &), semi-simple Lie &% 7 IR Hopf Z2ffid b —
FAT & HY(D)=0%W/cdZH D OERICHAE N —FETH D, ZDORD
ELWRrE W) DOREZDORIETH 5,



T 2.1 LRTT — 7 /S & MBS ZEE E O— S RE b E — R co-H
ZfE 22T [HREN] L5,
B 2L IREZEE ., BEERER co-H B/ E D co-loop iEE%L b D co-H 2T ZEE
BCH 5, T0LEARIZ Berstein-Dror(1976), Hilton-Mislin-Roitberg(1978) &2 & o T
Z ORENIZE I Nz, ZORME L THET LN DT, 52 o7z [co-HiEE
HWT, FEME -—REEGZO(VETLEV)I bDTH S,
EE 2.2 co-HEMXIIHLTH AT OFERME 1), LTOEM2)~5) L RET
H5bo
1) (Ganea) X & [EHEW] TH 5,
2) (Berstein-Dror) X @ co-HigEEZ ) £{ERL, BO XI5 colEH
IR ENTDH 5,
3) (Hilton-Mislin-Roitberg) X O co-Hi&E%: 5 £ (ERE . & () cov—
VEZ ¢ XVX—XVXHHREME—FEE RS,
4) (Hilton-Mislin-Roitberg) X O co-Hif#E%R colV—7" L7 5 X ) ITED
— DF PREME—FEE X, -] FERARRBIOV - THEEZ RO,
5) (Hilton-Mislin-Roitberg) X ® co-HiEEZ 9 T BREL | e =ioj DT FTE
FE—RE (X, X|OFTH (F) V-78%ILL %5,
8 0 FEALIZIL I N & DFFR LTI, co- HEREILERFL ZWRERIFO N2,
FIE 2.3 (Henn 1983 [21]) almostHHEL CEBWEISFELLENTVS) co-H
ZRIIFEENTH 5,

T 2.4 ZEB XD (almost) BERTS k&3, TOEBEEOBHHESETTY —
BO(X,2) 0 ERL 2 EEORTTICEF L HEATTIC torsion T VI L &5,

FIE 2.5 (Komatsu 1992 [36]) X %N\ T v v F YNy r7OMEAET S, (2D
L E XD (almost) BERTTIT LUT) bL X4 co-HZMZ LT, X IJREERT
H%,



I 2.6 (Saito,Sumi,l. 1997 [30]) (almost) ZZEXTC2ELF D co- HZERITHELE
BTH 5%,

COIHDF—F A NIUTORETH S,

EHE 2.7 ([30]) co-HZEM X ZEARErPEHHEBFTB = Brid 1l kL7 —7&
Y. p(X) : X=X 2 FOEBHEEGETLE . ROMKZ THRE T 25 FH
H. (X, B)2Zr@H.(X,B) % %,
H(X, B) —2— Zn®H,(X, B)
2(X). Z&zx(-) (2.1)
H,.(X,B) —— H,(X, B),
AT ROMEE VT S, ZOREH % 55513 Bass 12 & 2§58 Zn-Tn
HVFBHTH A & OFEHIIEAFL TWwh,
T 2.8 EAULMTEM » DS FEENT: Za-NEE Zre © M OEHRFTH 5 Zr-
e P, R 0TS 2 DIEE Py 20 5 3R S0 L -MEE Zr @ Po ICFE L 72 B
FREO [30] D EAELEAT (almost) ZEREKTC 2 TIk T 5 X HEIIFEATAY 2 b DLIAMC
RS 7255, (almost) ZERIC4A T T RETH A L IICRZ B, TOEH
WEERE DR E b E—TEDPERNWKRITTIE Z & 2-torsion L R/ WirbTH B, L
Lows(S0) 2 Z/247,24 = 2338\ ) FER D | RO L ) RIEFHER TR W2 2
PEBRTE R W &80 5,
IR 2.9 ([28]) co-H ZHDEA{R, = SV S™ Uy e"},54 Ty H AW KRDEM
W7 D ODREET B
(1) cat R, =1<2 = Cat R, = gcat R,
(2) R, 3FERTZR,
(3) R, DEFZHAD (amost) BFLIZIEERTH 5,
(4) R, DHEBELITIEENTH D,
(5) my(Ry) = (S*V (S™1 U ™)) for any g > 0.



FEHL29OWEE F3C, =5y, e Bl CuidFRH2L 3IIBNT
Steenrod fEHZENBHHT R { . ZD p-ZELA atomic (DL V) &b, £
TR, BRI T LT EE2 5,

]ZI (/R\/ Z) = ZW{SETH-D xn—}-S}u
A, (Rm]F ) & Fom{zp1, 5’3;1+5}a n+5@4 ;’L—I-la
ﬁ*(ﬁj% F3) 2 Fam {211, Tpis ) Iri+57)1 =TT
P LR Y ZOERTTHY ., g FEE cellZHIBL 728 ET Y —DERKTT
ThHb, —HTRPEILT 5o
A (STV Coi ) 2 Zr{ttns, unes)
Ij[* (Sl/\76’na F‘)) = FQW{’U’;I+17 uln+5}7 U - FS‘SCJZL ;1417
f{» (’Sﬁ—éﬂw ]F IF37T{un+17 n+o} un+37)1 = un+l
THEZEADERIIBVT, Ry b STV C,~DFEMNE —FAESELNL, E
AN Zr OTFTRTHH 1R 2 HAVWTIESON S, R, PEERN TRV L3R
DIFFEP CREH N 5,
58 2.10 Zr DB TOLEEKI £r CZn TH 5,

bLAENE—FMEER f: R, —» S'VC, 0 FETHE., fREBEHEEDOFSED
IZBWTC Zr-IEEORE L2 FET 5, L7l o CTRE Mz TER, 7NN b,

- L - B )
JeTny1 = T Upar feTpas = =77 U 15

COBBRREF, T-EFICELTELLALELi=jLi=—-1%HF5b, TN
BHOPICFETHALEDT, RAFEBENTE VW, TR, 7° coHEHMTH A Z LT
[30] DFERP S 550 B SEHE.

FA 1 co-H ZRDZEHAD (almost) TiE1LIE Ganea DFIE ([RE 10) %0
729



3 A #E&EL L-S category

ZER X2 LT, 0N —TERHOX I3 A R HD — Bz g, 7 7
4 N—BEOF] {p2X : EUOX) — PYQX)} Ty ROTHREE BT S5 b0
DVHET 5o C .

OxX L EXQX) <L - S EMOX) —— Em(QX) L -uEOO(QX)

\p?x Jp‘g’x o Pt fic

)= POX)— = P" QX)) —— P™(QX)—- - — PP(QX) = X
E 31 ZO&EBEARETET 7 AN-EEIIE BT RV, 2055
V=T EHOBREE N E —FEWlErN, INERANLI LT, HHHEDOEE
Pk b 7o T REMER R HE 7 7 A N —ZEfFI% & B 2 EDST X B, (Stasheff [48))

TIE 3.2 ([15] or [27]) ALAHZER X ZxFL T, catX <mTHHHEIZIE, FET
— [ RX . X~ Po(QX) DESZER PM(OX) & PR(QX) ~DEfio(X) : X —

P”‘(QX) DHEEPLETTTH S,

FITo(X)% cat X < m DG HRE X5, & 51 nilpotent 22 X 1ZxFL T,

b dn 72 LS-cat xE 2 5 EDNTE 5,

T 3.3 ([27])  AAHZER X ICH LT, cat, X < m X, RE ¥ —FEAY

X PO(OX) DESZER P(QX) T PO(OX) ~D R o(X) : X — PH(QX) A

FRp BV THETAHEIETH S,

T 3.4 ([27]) MHZEEX L YITHL T, cat XxY <m THBHRITIE, &F
MY —FE A xR X XY =P®(QX)x P®(QX) DERZZEM PHOQX)xPI(QY) —
PR(QX)x PX(QY) ~OEMo(XxY) : XxY — | PHOX)xPI(QY) DFFE
BLBETFTH S,

i+j=m

4 RIE2 (LS cat\CBIT 34 27 18

FHAE D Y —FHIZBIT 5 Jessup 12 & 5 Ganea FHEDIELPEHIZOWT OFEREY
HessAScat DEEILTH % caty ICXFTAHHDICHBEL . ZOWFTIE Ganea T
BIELWT E2SITITHEP D STz,



TEHE 4.1 (Jessup 1990 [35], Hess 1991 [22])

cabp X xS" =catp X +1, n > 2.
% /- Singhof I £ 2 MM 2 ER%E Rudyak 2SHE L . H ABEDOLRAEDIRIIHTL
T Ganea F48 (MEE2) WIELWI L2350 o572,
T2 4.2 (Singhof 1979 [46], Rudyak 1997 [43], 1999 [44])

FORXRICE cat DEWCET 5 H AAENZ W2 T LRHREICOWTIE Ganea 718
(RIRE 2) 1 ZIEL vy,

4.1 (SR HopfTEE)
Ap 2R GITITL TEX Hopf B BE B A EEL 52 58 E M E— DRI
THEBEL L TCEZEINDL, ROLILEHTHS,
Hy : [E™Y(G), P™(G)] — [E™(@G), B™ (QP™(@))]
72720 EmY(@) 13 G D m+1 D join THY, m>2F 0k GUREDORE
i H, ERB LR L, IhE—RILL TREE 5,
T 4.3
1) BEEBV Ecat X <mZFWATEMXICHL. XD (FFLE) Fy TR
BEVEZRIN S,
HE [V, X] — 2 E X
HS(f) = {Hgm( £ 1 o(X) 13 cat X = m i+ sHEEER }
C [TV, E™Y QX)) for f € [2V, X]
2) TNICEENMEFESCZERTAIELETRD (BRE) vy TAEEVEHRS
b,
HS - [V, X B QVE™ @X)) B o VB @)

HS () = ) o(X) R eat X = micH B
T =ERO)  ER
C {SV,E™(QX)} for f € [ZV, X]



4.2 (integral case)

RRIEZZM V EMAHER X 2RI (d-1)-ER W@ >2)L L., EHiCcat X =m &
T 5,

EH 4.4 ([26])) XPPdimX < d-catX +d—2 (n > 1)%MLTETHE,
W=XUsCV) (f: V=X)L TRPKRILT 5,

catW =cat X +1 iff H2(f) 0.

I 4.5 ([26])) X dimX <d-catX +d—2 (n> 1) 2T s, W=
XUpCWV) (f Vo> X)BEHIZcatW =cat X +1 %725 & &2, RO T 5,

cat WxS™ =catW if LTHS(f) 3 0.
cat WxS™ = cat W +1 if SHS(f) #0.

F 451 XHBdimX <d-cat X +d—2 (n>1)%i7zL . H;?;(f) $0E+ 5,
cat WxS" = cat W + 123&TDn > 1 THRILT A 21213, HE(f) # 0] 2SI T
bHIEBBLETHTHE,

S5 2% Hopf ZE[] T 72 \» (Toda [51], Adams [1]) & &5 5 %k% 55,

B 4.6 ([27]) cat(@xS") = catQ = 253 TD n > 1IZDWTHIL T 584
Q = SPUBHFIET 5,

4.3 (local case)

B a7 Bli6zRFLTHE. X%2i8D, (72720 pld&HER)

caty (QxS*) = caty Q = 2,
cat, (@xS*) =2 and cat, Q@ = 1.~



5l 4.8 ([25], [27], [26]) &FFZEZpLm >21TL T, cat (Q(p,m)) =mTH 5
BIRQ(p,m) = CP™ LU S TREWMT b DPFEET 5,

cat (Q(p,m)xS")y=m, n>2.

caty (Q(p,m)xS™) =m, cat,Q(p,m)=m—-1, n>1L

ZDQ(3,2) =S U PHRILN TV ARNDRILORBITH 5, Z DR Vandem-
broucq, Stanley 5 12 & o THEA 2 REIDS R FETHELN TS,

T4 2 EED nilpotent ZER Z 123 L Tcatyg Zx S = catg Z + 1 DSKILT 5,

5 ME4 (BRELOKER®D LS cat)
r>1,g>1E L ER ST EDS-HET S, DL EEILE ~ STUL el Uyet T
ECWHEIEN B, 7277, a: 87— 8, 9: S — Q=5 U, e NIHEER
ThHb,
E££51 (o=l DHE)

catQ =0TcatE=1THh 5,

¥ 52 (a#le72Hi(a)=00%48)
catQ=1TcatE=2ThH 5,

B DA . Berstein-Hilton B8 £ U8 Singhof IC Lo TZE H il cat QxS = cat Q+1
P Ocat ExSt =cat E+ 132 TOn>1TRILT 5,

EIHE 5.3 ([26]) (Hi(a) #0720 HS (4) 2 0 DHE)
catQ =2Tcat E=2ThH 5,

Z DA, Singhof IZE o TE LI cat ExS* =cat E+ 1252 TDn > 1 THRILT
Bo LPLINIDBIT, BRCRAL IIC, catQxS® =cat Q+ LIZRILL 2\
EDH B,

THE 5.4 ([26]) (Hi(a) £ 042 HS@W) 3 0 DEE)
catQ =2Tcat E=3Th 5,



CHDLETIHS(Y) 2 0% bif cat ExS" =cat ETH 5o
L2 L ¢ OEXHopf REEDEIEIZRIE ) fIE TIE 2 v,

EIH 5.5 ([26]) (T hg(a) #0DHE)
catQ =2 Tcat E=3Tdh 5,

6 FIRE2(0T 3 Z8KiEE L TORHA

PEWREBLTE, TDE X (3) : S — S 1L co-HEBIZN ap(3) : S¥2 — 3
2% Thvie EB H(w3) = za0(2p+ 1),z # 0TI T %, (Toda) ET,
co-HE 1% B = ay(3)ea(2p) DIFEFE TS - S84k, 51 LD S2RCP3 DF|
ERELAED, M35, (o T M, I EMERRLEEL LI LD TE, kDL
% CWoElz R,

Mp ~ 5’2 Ua €6pV4U?/}(I5)€Gp_27 o = 7/205.
RO ZEAE b E —BOHFHBT T 5 Oka DRERDPHREH/ S,

R 6.1 . HY((ai(3)ean(2p))) 1E £33 (0 (3)ecn(2p)) &K b A LV OBEER
EDERE —DODILET b,

T 6.2 ([26]) BILERME N, Tcat N, = cat(N, — P), PEN, & iii7=§ b DO2°
pZ 50:;‘j‘tfﬁ;§:‘§‘éo

200045 RHIC, A7 FRIZTT 5 CWHEEROHZEORHBQ(3,2) % VT, L&
& R ME % B o SRR R C & 5 2 & %% Lambrecht, Vandembroucq, Stan-
ley 12 £ o TT F9 Y A &N T2

EH 6.2 DMEFE p>5DL &, MIMEHETH Y., Todall Lo TRPEAS
nNTwb,

o1 (3)oaa(2p) # 0, T (1 (3)oaa(2p)) # 0 but
2 (a1(3)°a2(2p)) € mep-3(S") ) = 0.



Mo TEHEGE.1IT LD | cat (S2Ue?™1) =2,2 <cat M, <30%0% 5%, b L cat M), =
2% BIEN, = M, £ B £ITRVWED catM, = 3 = cat MpxST TH Y,
cat Myx St = cat M, U (S2UeP4)xS' =3¢, 7%5b, TITN, = MxSt & B
T & v FEAE

T 6.3 ([26])) BEBMEM Tcat(MxS") =cat MH n > 2 TN T 5 b D
FET %,

BoTH 27 FH (FEE2) FHEEBEICH L TORIL v, BETTORF., &
NDBHENTHBAEME—DLZIFEEE L TORBITH 5,
EHEIDMEEE M=M;EB<L, Todall ko T, KL NT WA,

01(3)ea(6) # 0, T*(0q(3)ean(6)) # 0 but

24(011(3)0(12(6)) =0 in 7T17(ST)(3) = Z/SZ
Teo THEHME.1ICE D, cat M =3, cat MxS® = cat M = 30%n > 21ZxF L THLIL
T 5, FEAX.

T 6.4 N=MxS?tThlcatMxS? =cat MU (S2Ue)xS5?2=3TH5AHZ
b, cat N =cat N — {P},P € NPHILL TWwh,
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B R R RIRE ORI E R RAERRE

/NIEE] (SREEERE)

BB EONSERECREMRBELZE 25, 22 TRV LN FMERBRICET 5 HAMEEERZ
T2 ENEEICRD, FOR, ) ERAMRZY L LOEAIhEVIRMIZX LT, Z0H
PP ES U C AR EER (721, RATARMEERE) B3RV L0090 0E M Z LiIdERRT L
RIS,

2T, ERBMESTESR (LY —RIC) Ty V2 B8RO B AMICOWT, ZOF R
BIZT 5, T DESEICKT HABMEEENRK Y L2 Lid, HEAEIZE LT, EE
[12]. Varéenko [44] IZ X o THbLN TR Y, EiZHR< BRI B AMEIZEI LTI, Hardt [17] 12
FoTaBENTWD, DWTRME, (fEEBAMICE UCHERMEN LY S22 b 0 & LTI, iz
HZIEFEEEEE (B A [12]) 2 BB GBI (B [1]. Sabbah [32]) 3%V, —F4. 3
EHBEXRBELIFHEOTIZIE, MHERMEIELTET 29/ BB N b0RHEZ bbb T
W3 (PIE [31]).

Fexid, Ty v ERBEOMNEEIERBEEAEOFREICE L TRk ZEE XD,

M BERRER T, X0V EAMICE UCHEREESESR Y LI RWIES 5 D,

F(z;t) 2 t TRIA-FFT b0 v 2580kl T5, €572 8, LORMEZLIHL
BEMCEBEETZ LN TE S, BH, T A -FEMOFRSE DR, F71(0) TEESIND
o2 ERDOHREAEENFEL, Lo (LVRW) pA B0 BN T O F-1(0) OALFEE
FIIPEREMB M EFE L T nh bW 28 ThD, TDZ &, T OREZER OIE
AR EOWERERMO LV IRCEAENRL/LND LW IRREDOL & £id, EDIEDL
DRFUHI DWW D FORRRF 7 Uy 7 L ERoOBiEEZ 70— - 728 UTHED
BHEWHIRIMOL &, FREEEIALY L0 E 5% 9 TV aHbIiT T, ThiE ERB KRR
BE S TE DR,

FIDER AR, Y V2B ORRREE DICER COERBEVERLD, WORBERRD:
LSRRI LT\ B, RIS B A 0 IR A G B RIRE I B L C i, Zariski (48, 49, 50, 51] 12
IEE BHEL OMIFERRENTWS, BT, Teissier [38] IFERENRRE RO FREESEMICEREL
T. SBFREE RN (weak simultaneous resolution) CIRFIRFFER RAEVY (strong simultaneous
resolution) DAEZEBAL TS, —F., ERBADOHEOFRBEERREMBEIZET 5HI7RI,
BRIZEESRTEETES OMER S 21X T207ERn, BELEL 2L, ThEZ OHFE LR E
TN, FOH T, Kuo [24, 25, 26] Diad -7 1 — T (blow-analycity) DAFZEIZIEDS
V& RERD TG, LI BH-/M-Kuo [14] 2 R bR\,

HD 1ETE, EREWHDT Y V2 OE0ESRE . TNOICET 2 EFNMEEZIIZET D, i
WT, 28Ty Vo REERRBHOERS, 3SHTIIT vy Y= A Y PE—HEZERND.
AHILRE T, IR A RIREIC & 58 LA RIERIREIC DWW T, 4 HiT TN R R D L &1
BohcERE, SEHTIIHIIRERD L EIZBONREREZERAD,



1 FEREMEELTVIES
R" O EMEIES (semialgebraic set) &iX, ROFE LIEGOFRMTRINEGEFDOI L
ThD :

{zeR" : filz) == filz) =0, g1(z) > 0,- -, gm(z) > 0}

27200 fi,o y fry 01,0 5 Gm 150 R? FEBENESERBEETHS, r=1,2,--- ,00,w &F
5. R™ DERIBELESH C" 8F v L 1 B8tk (O Nash manifold) Th 5 L ix, ZHARY O
Cr RIS SEED L E NS, M CR™, N CR* 2 C"#%Fvva2ELd s, C°RERL
f:M— N (s<r) BC*#F v 1E4§ (C° Nash mapping) TH2 &id, f DT 7 THR™ < R"
DERBHESDEENS, C0 Ty vaBERBOZEE, ZZTRRERBMER (semialgebraic
mapping) &MELZ L1272,

FEH (1.1) (Malgrange [29]) (1) C®#&T v ¥ 2 BREIL, CVBT v 28K ETHD,
(2) C¥ T v ¥ 2 BREEMD C® ) v =2 BRI, CVBT vV aBRTHD,

LT, C¥#kT v 2Bl CVBTryvaBhoi i, Thth, Ty 88k Fv
BB LTV, Ty Y 2EROBREEDILET Y Y 2 8E (Nash set) LIRS,

%3 (1.2) (Tarski-Seidenberg FH [33]) A % RF O¥RIEMES. [ : R - R™ 2 1RENE
Br¥n, tokx, B A b R™ OXRRENESIZRD,

EH (1.3) (Lojasiewicz DRI AT HEIEH (27, 28]) HRMENPH2D R O (AR) 5K
HEAR X, BNEXbNE L &, RERMZTEESE R = U,C, & R" OHCRFER r 2377
T D :

(1) & X, 13 7(C,) DHEBRINTH S,

(2) 7(Co) R ©F v 2B ETHY, & a WL, 713 Cy 225 7(Co) ~DT v ¥ 2l
SEEEREFET D,

2 FTyiaRNEEREHE

AT, Fyva A7) - BT BREREHCOVTERAND, MU 27 v V25845,
VEUDFyvaBERLL . O: MU 28FT v =2F7A47 (743 (proper Nash
modification) £ § 5, ZDEL &, OB U KRBTD V OF v P REMHE (Nash resolution) T
BB e, WEREZTIBDLA2P .0 (smooth centre) C; #2771 — + 7 v (blow up) 041 :
Mjy, — M; OFBRS, BL. & 0;,M;, C; 13Ty 2Rk ThHE, PFET LIV ¢

(1)L o; BOBRTH D,

(2) I DEEAMEE AL, T v ¥ =2EF (Nash divisor) Dy, -+, Dy DFTH D,

@) V' (: V O M IZBIF 3 II ORBEHRE (strict transform)) 1X, M OF v ¥ 2 B S&E
THD,

(4) V!, Dy,-++ ,Dq #Ei%, FRFIZEHZIN (normal crossing) DI ZEFD,

() V OFEog-iyey : DNV =T) = V=T BTy v 2ABERL 25, KEO TR
Fv 2 EE (ERITERENES) T PFET 5.

Rk V2 R AREICE LT, ROREBPMON TV D,



SEH (2.1) (JAF [18, 19], Bierstone-Milman [5, 6, 7)) v V2 SRE U 0F v =288 V ITH
L. UZBFTBV OFyvaBRRMBEIL: M — U PFET 5,

EE(2.2) Tyva- 7Y BT ERMGIHER (BH (2.1)) IZBI LTI, Bierstone-
Milman [7] D720 EAMEEERICE TN A H THO TR b, HEFMC ho v FREFIC
BV CIEVWZEEIZ, Bierstone, Milman @R L V. JAFEAENNRE LR (algebraic variety) D%
BN EBRP RSN Y, Fy v OlR B ERFEE LRPo O TER SN2 T2
G, JEHRSEREDFETER (2.1) ITRENE, #oT, BHEOHEEZFIAT D L&, KT
EEDHEZRNCBIAT 2 L3I0 L DEHSEH o7, T2 TRHENIZESTV D,

MUT EFyvaBEh VEUOTyVva2BE8LTD, B ILM U ZEFT v va
TFL T AVay, q: U - T 2 E~OFy Va2 llbidB 5, i, HtellTHl,
Up=q (1), Vi=VNU, My = (qgoII)71(t) LB, Zn,& OB T LOUZEBITEV OFY
3 o R4S S AEH (Nash simultaneous resolution) Th 5 L 1%, WEWMITIEDLI 2R C) %
BT — T o7 iyt Mjp1 — My OFREI, BL. 65, M;,C; 13T v v =ik, BEETD
3 -12%)

()L &6; BOEHRTH D,

(2) I OBFEESE, Ty 2B®lF Dy, , Dy DFITHD,

GV (VDO MBI LI L DEEERE) 1T M 0Ty v 2858 ETh5,

(4) V', Dy, , Dy #td. FRFCERZEX OR 2D, HIR

qoIlly : V' — I,
qo Hi'Djln”ﬂDj, : Djl NN Dja — I,
qoHhﬂﬁphﬂ...ﬁ'pjs V'ND,n--NDy, =T (1< < -<js<d)

i, BB A TH D,

(5) V DHOWTED T olety v aEt (ERiRERERES) T T e I KHL TNV
bV DR TREN TR LA THY., g TV -T) = V=T By v REER
LB b ORFEET B,

3 Fyia-A4Y FE—tHRE

COETHE, Ty v BRMERTEOOERERE T Va4 Y Y- RS, M &
EROHBELHF LTy aZE . Ny, N IZEROHBZLOFHF LM OF v =E]
ISEKEET, Ng=0M, Ny, , Ny IFERZXLTWBE ET 5, B, ON;C No (i=1,---,b)
PIRET B, TDEE, WHBELY D,

EHE (3.1) (BF/M-EE [15]) w: M — RF I E~OBEHT v V2 thdids T, 0 <4 <
s < iy <D ITHL,

k
Z7.7|1\/'Z.1n...r~,NiS Ny, NN N;, — R

b E~OEALRDRAR LT D, TOLE, T v v BayREER

¢: (M; Ny, ,No) = (M)o; (N1)o, -+ , (Np)o) x R*



T, wod™l: (M)ox RF = RF RELKRHFLRDLONFET S, 22T ZC MIZHL,
(Z)0 13 (wl|z)71(0) KT LDLT D,

FE(3.2) LoEEOER LY, ROZ EBRILT B,

(1) BEIZBWTC, RF 2522~ 7 Vv FEBOBBEICT v vV a2RAERT v V2 2FECE
EWREZDENTED,

(2) BED ¢ 1 M, Ny, , Ny BiF T2, ThbOEEOHBES bT v v = BILT 5,

DT, EOEBEOROBERLEBELEND, EGESLCERED C° KEAMK (bo & —RIC
CT iR BB TR B A Z RE I LT 2 L EDRBREVDFRIT. TDI TADNT Mg
OFESERVAFETHD, LirL, Ty Vaflos MGROESIE, LT LlbTyva
IR ([15] 2.1 HiBR), TOWVIERT, LoF vy A Y P, Ty =
BEMZ T 5 2 CEFRE OO TH B, Ty adiT Y — TS OFEIEN TRV, /c
it o T HEEOEEERE] (35, 36, 34])) L WH RNU T VRRKEREZRE-TVD, %%
DAY DA T, T O EES AT B R BT,

FoaeAY FE-HEZ, BT M BPEROBRVWEFED L EIZTIZR S (Coste-HE A
[10]). Wiz M BEROBD B EREOHEITRENT (Coste-1HH [11]), WITIOHZEDL, BHE
BEIELILTWRY, FhbOREZAVT, /Nl [22] TiX, BROZWT vy V=2 B8R E M
LF v V2 BSSIEE N OMOBEEEHR-> T3, EORERIL., T b DEREIIDITEA
FHEEXOBEDA Y FE—HETHHA, ZHARIE TR RERRRERECT v V=
R RAMEOE AN R DICERTAZ L EABEILLTVA Z L. BHICEELLD
THAI.

4 FyvaiBHRERRRHE

O:M—=UZ2HOBHRCOI L0 U ZBTZTy V288V ={F=0 0)yva=a
FIBGREMEE TS, toe ] &T5, ZD&&, UTOLREERHLTT v 2BoRAEER
¢ Mo M xIPFETHEE MIFT LU KBTSV OFvL 1 BHARFFRLMHHE (Nash
trivial simultaneous resolution) 525 &\ 9

(1) (oM o™ : My, x I = I 1%, BRRFALTHD,

@) $(V) = Vi, x I

¢(Dj; N---NDs) = (Dipto NN Djng) X I
V' NDy N -NDy) = (VENDjeo 0N Dj,10) x I (1< 1 <+ < s < d)

BF2EEI. {0IxI OAYTOI ER*x [ I2BiT3 F~1(0) oF v 1 BERRKERRA
EEOEALFBICESTA I LNTES, Z0LE, FIZ oM 1({0} x ) =7, (0) x I &
LM EBTILNTE D,

ZIT. W ODERERERTS, f: X =Y (teld) 2EBLTE, Z0LE, BB F:
AxJ—=Y =z F(x;t} =ft(iL’) TEET D, QcJ WLy FQ :F,XXQ B, UT, T
FZOREEAVDEZLIZT S,

Bz ar s hOBEEELD, N2arv s b-FTyvagEE, JEb52 -7V F
EREOERBOES LTS, i: N=RF (ted) 27 vvaBRll, FbTyva2ER8THD
LIRET B, 22T



K={teJ| Y 0)NS(f;) 1TMzE4E}

LB, AL, S(f) i f; ORBRALAEETLOLT S, T &, Hardt [17] DA% E B
HEBEEAVEZ LICE Y, K 1T J OEREGHOEATHS 2 LBEBIChA S (I [23).
F v o= BB RS R RSB UCA R EEAR b 1o,

EE I (M [23]) DUF O&MEZ T HRSE

J=Q1U"'UQSUQ3+1U"'UQu

TKIWZHEETHHD, BB, K=Q1U--UQs. J—K=Qs1U---UQy £725LDNEE
T5 :

(1) & Qiid. 52—V y FEMORBEEIZT vy Va2l v a2 5 Th 5,

(2) & IR Ly Qi £ NxQ; B3 FGH0) DT i = BFARRHRER MY 1L : M; — NxQ;
PIFET Do

Bz, 1<i<s LTI, EoFy=28BR Qs k N X Qi BT B F(0) DA%
) E UJ%@?@#& (oL, (Nle,FQl(O)) M. Qo T -7 8— - Fv L2881k
(Blow-Nash trivialisation) Z#F&AT 2 &9, )

T, EEOIEHAOHAAAZ Ml RISR 5, BN J 2 EREN=ARSEIEE (EH (1.3)
ZRWT, FBREOT 2 ZREICSET 5, TOR T, J ERICKTOZ—2 Y v FZEf DR
BEIC Ty v a @il )y v a BE Q BORTERT 5, Wz, FEAMNEEE (EH (2.1)
ZHAWT, N x Q; 2B 5 FQ:(O) DFFRFIFEEAT D H(D?Zé\ EREM AT DEIEHE,
Tarski-Seidenberg ¥ (FH (1.2)). Sard OFEEMELAVT Q; OFBRZAFSEZEITH =
Lok, @ Bih J LR UKD~ 2 Uy FEROBEAL 7y Vo R Q D) v =
DEREIZH LT, Ty ia A Y PE—ME(EHR (3.1) PEATES L5075 2 L8 TE Z)o
HoT, TDORIGENEEELDT v 2 Q%Hﬁ#%g’i UIRVEDSE DD o BANZERDTZ.,
DRTEEVIENFRE DT v V2 BREZEL . RIZE Q; BRI Q DIWTLY {Rb\ﬁﬁﬁﬁl
DT v 2 FSSREEOFIE AL, J @{km; DRV ERBEES L2 D, _zh%: J LR
LOBEEERVIET, J ORTIXEBRTHD Z &b, FREIOEEZITI Z 212Xy, J:O)/E
EREREND,

Wi, RGBSR EEE2%, J 25227V y FEMOERENES. f : (RY0) —
RE0) (ted) 2T vvaBREL, FLTyvaBERBTHE LRET S, 22T,

K={teJ|0eR" IZBITBEL LT, f71(0)nS(f) C {0} }
EB<, D& &, Tarski-Seidenberg % 2EAVD Z LIk D, K i3 J O¥REMEST
HHIEITEND (BF-/INE-HEA [15)).
EEIT (L [23]) BETRIRBEIC S, EE L ICHINT BRENELY 2,

EE (41) 7y v aBROMER AL FOBAEAHRICAT 57 0 — - 7y L= BRMCET
BAMRMEER, B, I 1(2) OREEML, WL [15] (BFH-/MHEE) TR L, LiL, =

i3, B 0F v 2 BBARERARNICET 5 HIREEROBAMES £ 275185 A1)
Thd L EbhS,



1993 FFITFAI [15] 2 F & L ¥, T o a - 179 — 2B 3B ESMBEEREZM L2
Dolr, fE-T, FEREBROMTER AP B OBEESKIINTE T — - F v vz B
TOHBMEEERLHA LE, Ty v a2BROFREGEDHE %, Artin-Mazur FH [2] 2 A0
TEEREROBERESEOBIRE L CRT LWV IFEEZR o/, LiL, BRUINLER(2.1)
ORESEMEEREZAVIE, 2089 RFEEAVDLEZRY,

FRE Y- DB T, RETRR IR BEEICEASTE LS, 2 BEERES vk
ELNB I ENEN, L, Y MRV -0—45HThAEFESGHTIE., XTLLEST
v, BT, MIBESEZFHOEZERESR P : R — RC 23, RFTRMEERIZ LY B
FIZEH R ICMAERIE T 2038 5 e WS BBEIE, A7 v Vv FEEFERGETCH -7V T2
(Church-Lamotke [9]).

Rzl ety v 2 B ARESE R AEICET 5 RBEEBIZ oW TCIL, RTE RS O
DFB, DTN THENR 2R FRREHZEELVEELY, LI DIE, 1Y FE—#HEE
BATDLE, =200 FOBEREROBEEMN BBIIHILEND DI, BETRIREE
3T TIERWIRLTHD, Bk 57l LidER [12] THEZ - TRV, BHEELIT. £hE
FRT B7DIZREETA Y Y- AR STV S (U Ui, F OB E 2 BTy
s, HEENE LI REDATH D), HAIREFHA Y FE—FEZRLIEVIELEN, &
DRV, FEMR LOEERS L&, BiEFE. b, BROLAISEEDRNPTELDL LV F
BERAWA, THII ORIV T, A Y MY —@E2ZEATEZA L5107 5720, L L
T, BRBEBZTWET v 288 ORBEEBEOPISMET (exceptional divisor) IZHEKTHIIZ 725
EHRBEROBH BT vV a B REEERTA2NER D o7z, TOIZ, 23] Tk 'BRESEEY
U7z S b — RO —#E (uniformity of Milnor radius via desingularization)) D&% EA
L. ZHRIEET2HREEREZZCR Lic, MZHEROBEIE. RRXIVEETHD., =
DEEFL, BATWDITOT vV 2B88RICNT 5EEOERTO I NV —FEO—REIZEL
T, AREERERTETSTHD, £H57T5 &, INT—RRBO—FMEEZFOEED E~DF|
ERLEEROH DT v V2 ZRET, ZOERIBELEGRE LB ZbY, FISEF &I
RO ERZRNE WS BHRTHENIIZ 2P Th2, IMIBERDHED I N —$ED—
BB 2 BRI R R T & XTI oD, [Thom BOFRER] THo, HME. [15] 0BT
X, EE IN(2) O%¥ESERT 729D Thom BOARERXEZ AV iz, Thom BMOFRERNDEIIC
DUWTIE, Bekka/i [4] Z R bH7z0,

5 TJOo—#REHERA%E

RIEiCEALT vV BARRFEAMEEICET 2AEREERIIRVT, NMUBEROFEIC
i, EoF o v BHATOXEREMNERZEBNICHFE Lz, 20X 5 2FEES, FNLFE
AOBRICHBIBZOTHA I D ZDEE, MMBEROGE LITRIRIZ—ET 2, bbbl
FxDEZTNZDIZT vV 2E8EOBAETE - 7=0E2, EMMBEEROBEEIZE., T0%R
BEEEEEECEFEMEERRERTNER LR 2D, FTRAZET =2 74 PEND FEDH.
Ja— 7 v 7% Thom BRTRNIE, To— « Ty 720 bL0ERMERMEERZHEOELTH
BH, TOERITBO THEERBSEEFHOILEEZERIIAND L, Tu— Ty HREED
AT o—fFAERAEIZE LU THEBEEERRY Xon )N LHETH S, 22T, Tu—
LR ERAEICE L CELNCHOEREZR 5,



BIEIRRE. BANC 230 MR 5, fi: N =R (1 e J)E K EEBEIZBITS S
DEFRLbDET D, B, N ODRFTIXBLTTHD LIRET D, ZD&E, RIELD LD,

SEE IIT (/i [23]) AT OB 2B ROE

J=Q1U“'UQ3UQ3+1U"'UQU

TKKEAET2LD, I, K=Q1U---UQs . J—K=Qs1U---UQy &£725 HbDONBTFETE
T5 :

(1) % Qi 1X. B2~V v FEMOBEEICT v V2@l ) v V2SR ETH 5,

(2) & iz, @ £ Nx Q, KBIF B Fl(0) o) v ¥ = FIREE RAAE IT : M; — N x Q;
T (N % Qi, F5H0)) 2% Qi i2iho T IL- 7' 1 — ¥ REM B BHEL FFET 5 b OBEIET B

Wiz, N @/kmmurwa%\ I N OREN3ITLI<i < s (MLHERL) 0L &,
(N x Qi, Fg(0)) 1F Qi Wit »o CI-TFu— « F v o HAMEFET 5.

Wiz, REFTREA 25, f;: (R",0) - (R¥,0) (teJ) & K 2ER I RIS bDER
ChoEds, Bz, n<3 &5, Zobx, RIBEEY IO,

EHE IV (/b [23]) BETHIZB A b, EE LIRS DRERMALY L2,

EOEEZ T IOICE, EEOEZENO DD L DI, N@(Kjﬁiﬁ_inihS@k%

EiE ?ﬂl,ﬁﬁa@ ﬁ’i’?‘?O“)‘ vy aEARICE L, 7e — R B B2 RS LT%‘BE@/E@%/T%
+aThBH, O L, FAEMCIE IThom DA Y FE—HE] LMTRZ bDEAVTRS
ho,

Z CRE{LERF (Stratification Theory) (&2 T I 95. [Thom DE—+ Y FE'—
WiRE) W DX, FA » b= —IER] (Whitney regular) 72 B{LZEMA T A — X 28/ ., /AT
MHBBIZRD LW FA TOERTH D, —J. [Thom DF_A Y FE—fE] L5 DI,
A b= —ERBEMP b RA v b= —ERRE bz~ 0@ 545, Thom &4 (af)
(condition (ay)) Db &/NF A —F ML, BEFMAERICRD LW IATDERETHD, B
(LG Z BERICIR R L D L35 L BENKEZO T, D TREMIZHR ATz, FELI. Ay
b= —B{k£E 4 (Whitney stratification) {22V "Cid Whitney [45, 46, 47] %. Thom DA Y b
v — #HREIZ DV CIE Thom [39, 40, 41] %, ZDFHAHRTWFEFAIZ DV TIE Mather [30] £7213
Gibson-Wirthmiiller-du Plessis-Looijenga [16] # T T &V, DWTRA b, &4 b=—IEANE
% Thom e (af) 13, BILESIAET2EREERDOLV FF 7 varay bo—VEHIZ
B B LM CREMT b E Z LIZHEE LTH < (Trotman [42, 43]. /M [20]. Bekka [3]).

Thom DA Y b~ #EIL, C?HOHT TY —RENTVS, b, BILESEHERT 2%
VBB (stratum) 23 C? #&k. BALEERDL C?2 KLV REDOL &, MfEERAESEI N TS, —
. KRBT TV —Th, b DAY ME—FEL R UEHEDO G & FERER B B E)>
g, B, [Thom DA Y b E—FEDEREBIR] ARENZNNL WD T L PEREEE
MEOHHFORE ZHMBED—DOThoiz, T, TFE. #3 [15] OEEETLHLILAHERF
DEEBIRIZE->T, C2 E2ANC Ty vanhT Y —TREhi ([37).

FoEEX, ERKIZES Thom OF—A Y FE—FEORREMRI. & [Thom OF
ZA Y M- FEOEREARR] IZoWTIE, EDFEAD LS (af) @ﬁifé%s%éﬁb@ z
b [T A -~ 2 EROFRSEIOH & EREEBAMEIEIND ] LWV I RILFD AR
AY PE—HEY. BEAEEERIKRICHN L THEAEDETHAWS LW ) FETIERA L,



T8 X [21] OF T, HROGEICBNTE 2, HEEREELT LERA v F=— (b)-1ER]
P& A2 Al & LT H 4 72 Briancon-Speder 1% ([8]) 4%, EDFEIZIL, TOFEREGENRR
%18 B AT OBk & R OMAMF R CERbEhZ2no & (R LT, V7V y YEBLL E
nianzZ &) &R L7z, —J5. Briangon-Speder RN R A % ol S ERBEETH B
25, EREEEERL LT e —BITEBRTHS Z LB mbh T (B [13]), b DEEE
b e, ZOBEAESKRE BT AR LEVERAEOERNL, BRRSEXEROERES
BIZH LT, BF 4 774 R Fo vz BAMOHSEEA L, BERSENEROINHFERE
BOBREAHIITT 477 A R Ty aBATHD Z 2R LI ([22]), TR, FMNK
BIRITAEWE MR Y- VRV ATHRE L, TOLEOEBEDOIEADEMELY ., &
F4T7rA R e Fyv2BREE (LT e — - Ty v BIAN) BT 2L, LV —RORF
7B A OEBIZER TN T AT T 2587, T LT, BHEHMK (FERTE) LERELK
LIRT, MEBREZEOHEAIL, TF 4774 F - Fy = BRECET IARSEEESCH
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The twisted Maurer-Cartan solutions and
Some invariants given by moduli stacks

RETiAREF#E L AR

1 Introduction

Donaldson invariant & Seiberg-Witten invariant (2 BE L 7= Z-D DRI (Witten FHEE
Kotschick-Morgan F18) Z AEBMO AP 55 £5

(X,9) % 4k — < ¥ SHffkL L 3, Donaldson invariant & Seiberg-Witten invari-
ant A5 FLZ 4 ASD connection @ moduli & Seiberg-Witten equation ® %M moduli = A
WTEEINF L7 R BIZIE Donaldson invariant O FEFED formalism 13 KD & 9 %
L DT M % ASD connection ® moduli. E % M x X L universal bundle & L |

’/TiZ]W—XXl '—)MX.X, ('ITL,.’L’},... 7:121)!——'7(771,331’)
WQZ]VIXXZ———)XZ, (777,,1'1,...7165)1—-—‘)(1'1,...,1'1)

% projection & L 9o & 512 [M] % M @ fundamental class & L ¥ o Z D,

mo. ([ 2w B) 0 (104] > [ X))

L\ homology class 2% X! LicfEoh Fd, Zhi H(X)® LoBE#HE &z 0N
Donaldson invariant TL 72o & @ formalism % B\ F Cid formalism (D) EMEEZ LIZL &
¥, formalism (D) Tl fundamental class [M] & universal vector bundle EZSfV 61T
WEFT, F7o, BB M x X — X'Z X 5 (co)homology class @ push forward 5V 6
NTWET,

b7 = 1 DO Donaldson invariant ® metric ~DEF DT Z FLal L 72 D2 Kotshick-
Morgan FHTL 720 F72. Witten 7% Donaldson invariant #¥ Seiberg-Witten invari-
ant T (FDEFHEFEETED Q) ETAHI Lz B2 bDTL, ThE ORMER
Pidstrigach-Tyurin, Feehan-LenessiZIZ & o THEEN L 7,

HIb NIRRT TINGIIIIET 2HEEEZ 5, KLV T, Kahler BT
IZ ASD connection & stable bundle 253FfL . Seiberg-Witten equation D semistable
pair (holomorphic line bundle & £ ? holomorphic section D) IZAFBL L 7o £Z°T,
polarized smooth surface (X, L) 2552 5 #L7:EF, rank 2 ? semistable sheaf © moduli %
semistable pair ® moduli > & invariant Z #E L . Zh 5 DEILR= polarization L ~DK
FEARDZOPFDNONDOMETT,

Problem 1.1 (X, L) E® rank 2 ® semistable sheaf ® moduli stack & Y formalism (D)
% VT invariant ®5 Z MRS Lo abelian pair O moduli & 1) invariant @gw T T Lo
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Problem 1.2 ®} @ L 8> L 72BDEEH & A< Lo (dim H*(X,0) > 0% b, LD
EOFIEFL LW LA EDT)

Problem 1.3 ®% & &gy DRGRE AL,

Problem 1.1{ZDW T
Morgan., Li 52 X 2RV LA 6 B HON T W E T, formalism (D) & AV 512
& moduli IZ fundamental class & universal bundle 2542 T L 72, first Chern class %%
c1~ second Chern class %% ¢, T& 5 X 9 7 polarization L {29 % semistable sheaf @ S-
equivalence class @ coarse moduli scheme & MZ(cj,c) EHODLTEL ETo ¢ ITHL T
co T AIT KR E T IUL ME(cy, c) A% generic I smooth T % DT fundamental class 7% B
RICHFIEL ¥, 513 2% BHVC invariant % B8 L MORMGICER S b 0L
—HFTAZ L2 RL L7z, (72721 | coarse moduli Z AV 5 & —f#IZ1 universal bundle
f)"?f'fff L2woT, LLEHNEDEF LTz, ) b iLid Gromov-Witten invariant D
72 T1% 5 7172 moduli stack @ virtual fundamental class DG % VT, (WA WA L &M
T O I0) invariant TR L 5. KMV 9 & | twisted deformation D Hag = v
% & | smooth surface £ semistable sheaf @ moduli stack 1213 quasi manifold structure
MHZ LT, ZEMIZIE moduli A% smooth 72 THERTAIENTEFT, I
% Ji\ T fundamental class % T%U‘ZT LI ENTE Ef ?“o semistable sheaf ® moduli stack
WX U/G L) TED Artin stack (272 5 T{ADT, 2D &9 7% b DD Chow group IZDW»
THRABZEHLEIIRY T, &.0) 7' A+ 5 7 b Tl Probleml.1124& 2Ll Efli
FHAo

Problem 1.2122W T

Ellingsrud-Gottsche [2] % Friedman-Quin [4] & L CTal~<72 ME(ci, ) T AN THEL L
7= invariant (22T Problem 1.2 ZfFFEL £ L 720 L D HEERD L H b DTL 7z,
Li, Ly & X D20 polarization £ L £¥ 6 L = LT @ O(D) THAHE L T nh+iC
KEFHE E D Ly-semistability & E ® O(D) @ Ly-semistability IZFMET®H 5 Z LA%h
20 FEF, 22T, ED DIZBIT B B-parabolic structure ¥ Ex 3, (T E(G- D)
? Ly-semistability 2 5 Z 123l £, ) &5 % semistable S-parabolic sheaf @
moduli £ V&6 5 invariant E L 5, fZ 0025 1 TTEDT & FRED critical value
{B1,...,Bs} T moduli DZALAEL 9, 2 5 LT Problem 1.2 13 ADRIEIZE & i
ZonFET,

Problem 1.4 parabolic structure @ weight B @ 8% L 7B D invariant 5 DZEE) %

~ L,

Ly, Ly DEDBEN BV DTH 57 513 ;12 B1) A moduli DE/LIZIEFICTRN B b
DTHLZEFLPNET, f-,8,€[0,1]%. b <Bo< B, THOIRHE[B,B]ICEF
N % critical valueld By PDHTH AL HIZE N £F, M, (e = %) & B.-semistable sheaf D
moduli & LET, TORE, M, & M_IZRD LI R flip TOLANLI EbD T,
& % variety M & morphism fo i M — M_,fy: M — M. %) %9, morphism f, &
closed set Mg C M, IZiEo7zblow up TH Y. fZH M) = f{H (M) (=D &BL)TH,
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Ellingsrud-Géttsche, Friedman-Quin i, L, & Ly OFDEEN B O TH UL Mg 7°
EHPTHY MH MEDFEFDLYTIELNPTH S LERL T L7, invariant (X727
V> universal bundle @ Chern class & B2 F T 5 . M, & £ D L universal bundle DX
H Y12 M & universal bundle @ pull back % v T % 5 2L LN TEEY, THEDD
O invariant NEE M EDO DO bundle @ Chern class DEEL L ThbbEh, Thi
exceptional divisor DIZBIF AT —F TELZ D TEE T, §OHEMIT I DD D | 0-
KT subscheme O Hilbert scheme D EFE Hilb" (X) x Hilb"?(X) L projective space bundle
O#EF DB, DIEFD fiber product iIZ%2 > TWE$, TDI &« AT Ellingsrud-
Géttsche, Friedman-Quin 313 invariant DE % (BEFBVWHEI)HETAZ L TE S
L7,

Tk Hi fhptk%x_%}: HFLL DT EEL P TRWIBEIIERT A0
HLWIEITT, —BEOEEICLIETE L) RBEROEFEHETELE T,

PIFC X 13 BjE#E 7 smooth projective surface & H 5 L . €D £ polarization O(1)
FEESNTWADDEL 9, polarized smooth surface (X, O(1)) 12 L TRD & 9 7%

bDEEZET,
M : J-semistable pair @ moduli stack
M(P) : Hilbert polynomial #¥ P T % semistable sheaf ¥ moduli stack
SW(P) : E ® Hilbert polynomial%® P T % abelian pair (£, $) moduli stack
E(P) : X x M(P) (X x SW(P)) E£® universal sheaf
Hilb(X) : X ®EE | ® 0-dimensional subscheme ? Hilbert scheme
Z : X x Hilb(X) @ universal cycle
I . ideal sheaf of Z;

71 X x M(Py) x SW(Bs) — M(Py) x SW(B,) £ LT M(P;) x SW(Ps) £ sheaf
D complex L VLN L KEOTm(E(P)Y - E(R))), m(E(P)Y-E(P))—-E(P)) EEN
Fhot, D LBEET,

P75 rank 1 @ torsion-free sheaf ? Hilbert polynomial Té % & § 5, E%F torsion free T
# @ Hilbert polynomial Pz 7S P T& A, 7% line bundle E' 2% > T E=E'®I; £ &
5, 2T ZIZEED Py — Pg ® 0-dimensional subscheme T¥ o L7242 T, M(P)
DL 7 connected component £ % 5 & . line bundle ? Hilbert polynomial P7%d - T
MP)yx Hilbh bbb EN, E(P)=EP)@L L ETET, ZI T, ¢P)=£(P)®0y,
EEZET,

line bundle LIZDWT X x Hilb" i j B~ D% m; & L T Hilb*(X) £O vector
bundle LM % LM = 1y (m L@ Oz,) DL I IZEEL T,

2 A&t

Problem 1.3. 1.4 %) Fét2 BT ¥, HUDHEETFK> TV 5D T Problem 1.3 &
FHL 7,

Definition 2.1 torsion-free sheaf E & ¢ € HY(X, E) ® pair (E,$) % Bradlow pair & ¥
FET,
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—ROBEFHEER 6 (THKRER LICDOVTI() > 0) SHDOLRTEEE P LD
LEbTIEICLET. TR, PICIRAD L) ZIEEASAD 7,

8y < 8y == 01(t) < Ga(t) (THKREVY).

§€P&—DEEL 2K, pair (E,¢) D d-Hilbert polynomial Py , (¢) %

B0 (¢=0)
HEM”‘{}%@+6@ (¢ #0)

DEIEELET, FATEDsubsheaf TH Y | ¢ € HY (X, F) C HY(X,E) 261X ¢' = ¢,
p g H(F) 261X ¢ =0Th A, (F,¢)5 (E,¢) D subobject TH 5B EV I,

Definition 2.2 (E, ¢) % §-semistable T B DI, FEED subobject (F,¢') iIZxFL T
(rank E)P(F¢,) < (rank F)PE¢)
L) BRIz ke LTEET 5,

§-semistable 7 object ® moduli stack & M; & EE . M; X D formalism (D) THELN

% invariant & ®; L ELZEIZL T4,
D33 /INEVEE, (B, ¢) 2F §-semistable T&H UL E 7% semistable sheaf TH 5 = & ¥
i) ET. Tz, SUTHFICREVE, My=0THHIZ LDHMWHEIZDHI Y 7,

Definition 2.3 reducible % §-semistable Bradlow pair (Ey, ¢1) @ Ey 3 FET 5 H—r\ § A%
critical T b L FEE

%ﬁﬁ%ﬁamm\&<%<&T%DML&&@ﬁ@amm&%wd%w&k
l/ ij—o

reducible 7 Bradlow pair (E;, ¢) ® Ey A% §p-semistable ThH A E L T, T DEE, Pg, +
5y = Pay M0 Lo TV ETo Py 3 SHMINT 5 L #INL . PG, o = Pr, 512 L5
FT—ETTo LA oT PR = P, OB, 6. <6 <6, 25 Py, ) < Pg, < P51¢)
T® 556 . Bradlow pair (E @) T(Ey,¢) = (E,¢) = By &9 ﬁltratlon zH Db DL
§_-semistable T#® ) , #*D. §,-semistable T LW EXFDLP D EFF, (ZDLI DD
D moduli e MZ EELZEIZT B, ) FARRIC, Ey — (E,¢) — (B, ¢1) &\ 9 filtration
b Db DIL §,-semistable TH ), 7D §_-semistable TIZ W &b 7, (T
DEHZbDD moduli 2 ML EELZEIZLET, )

i . 6_-semistable T 1) §,-semistable TZ2IJ UL (Ey,¢) — (E,¢) — By L\ 9
filtration ZFHFDOZ L ENR LD TF

Proposition 2.1 moduli Mg @ transitionld critical 72 6 THI 5, L7055 T ., D(&) =
s, — B5. LB L

> D)

do;critical
Jo>0
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EVHIERDED LD, 51T, critical So 1xTL T 6,0, % Sl T3E L 6 < 8§ < s
DEINTEDE, My_ & Mg, DEFIMI,MITHbB, Thbb

Ms_ — MZ = Ms, — M7

ST/ E VR @5 & & TAFEUDIF . critical 2 § 122V T D(6) & s LRV D
AL TENL, @ & Sy PHEBFELNET,

MEFTERMITIZRD L ) 2 BELEHTWE T, MEL,MI P56 (B, ¢1) @ moduli
SW(P,) & E, ® moduli M(P;) ® moduli DEFE~D morphism 2% ) 7, I ® mor-
phism @ fiber (ZTERITIE Ext! ((By, ¢1), Bo) & Bzt (Ey, By) T o MIIZDWTE 4
LEL CBRTE &L X x SW(P) x M(B,) £i< sheaf RHom(Ey, By) —s Es 153 ) |
% ? push forward & L TH LN B SW(P) x M(P,) £iZ Rr,(RHom(E, E3) — Es)
BKHY, MIIZZ D complex ® Hlpart & L TOEETHRHET, /2. MI =MD
normal direction | RHom(Ey, Ey) IZ X o THIEH SN T 9,

D(8) ZEFRARBI2OIZRDODZOD step e EX T T,

Step 1. M, M_ @ substack MZ, M¥iZlocalize §5, §7 4 b invariant D& &, —P_ =
MI, MZEBIT BT~ TEEENLIE DT, G- DELL TH L DT ME, MZ 13 Hilbert
scheme EDEFE LD fibration & L TOHEZ H-> T2 52 & L )| Hilbert scheme £ED
& HHED sheafl DIFUHBOFEIZIFHL0 B,

Step 2. Hilbert scheme (ZB§L THIO N T WA FEEZHWT &L, 02 8 TX, Fy, B, DFFHE
#HD universal Z ZHENTEIT A L 2R,

2.1 Step 1
2.1.1 master space D&

Hilbert polynomial #% P T& 5 & 9 7% semistable sheaf ® moduli IZRD & ) IZEEK &
FL7zo THICKEVBREN & P(N) RO vector space V Z EEL £5, F z Hilbert
polynomial P T& 5 semistable sheaf & 75 & Zhid HY(X,EQO(N))®0Ox(~N) — E
%¥EZBHZET, V(=N):=V®O(=N) D quotient sheaf E RBHZ ENFTEE T, £
T. V(=N) ® quotient sheaf ® moduli U Z&x 5 & . ZMIZ projective variety IZ72 1
F L7, TNITIZ G=PGL(V) DYERAM® Y | canonical % G-polarization LA H ) L
720 ZHIZEIT 5 semistable point £ U % G TH A Z & T moduli stack BFELNE
L7z

§-semistable pair DHEICIZ T OEHE TS LIEEL 3, 5 G-polarized projective
space PY 2% o T O(ny,ng) := U x PV LICIE L™ ® Op(ny) & \V» 9 G-polarization D&
PELNET, UxPY Dclosed set WHEZT S, 6ICLoTET S BREDOMA (ny,n2)
WHoT, WIZEFND O(ny, ny)-semistable point &% Wee(mmn2) L L 78, M; =
Westmna) /G L ) F3, L7245 T § O variation I3 polarization O(ny, ny) @ variation
WKEEZBRZONE T,
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—f%I1Z G % reductive group. U % G-quasi projective variety. £, £_ @ G-polarization
&L F¥, L;-semistable point &M% T open set & U; L KT TOR, U;/G &)
algebraic stack 757 54 ¥ 9, polarization & £_ %5 £, 12X 5 & open set U_ ¥ U,
IZZE{EL . algebraic stack U_/G A5 U, /GIZE(LL TV E T, 2D X ) RRLEHRR 57
DIZRAITIE Thaddeus 122 5 o TRD L ) 2i#fwE T 5,

P=PL;'® L) £ B TDLITIE G-polarization Op(1) 7 1) ¥ o L-semistable
point &% P L BE M =P*/G L BZ . ITN% master space & FF.5,

P*¢ |21 natural 72 torus action p2SH 0, TORBEESILIZOOHTzFHL. Th
“h

P.=P0®Ll")~U_
P, =PELI'®0) = U,

TFo I D torus action pid G DYER & W#i7: OT M ~D torus action B’ /HLN T ¥, =
hb pTETIELICLEFT, ZOERAOAE TRV o TIDOHFITHLIPN T
To P_,P. 25 induce ENBbDEEFNETN M_ M, LHLDL TF o b ) —DId torus
DVERE GOERPEELR-TCLIEIEIAPLELFT, 20D, GO UNDIEHDOAR
B2 ¢ O stabilizer 2% torus G, £ & L. D torus G WP — U D ¢ £ fiber 75
FICIERBCERT 2% 618, M F T L G, DTERDOARE R E 5252 L DR
S

2.1.2 BFHE (B—XEHIE RH)

METHRARZRIBE Y Y T 757 4 78RO L HICRAZ ENFTEE T, ST
7% symplectic manifold M IZ symplectic IZfEFAL TWA & L 9,

FTEEESZ3I OO M_, My, My #¥:H . M_, M, ® codimension & 2 & {REL
%9, torus action £ YV FEEN 2 R DIEHAT t — —oo D general IZ1d M_ 12wV &
t — co DB general IZIF M 12V ELFT, OB, M_ & M 13RO X ) REIRT
FEAERBTTY,

M- ={z € M|lim ot -z € M} Mf ={z€M|lim,_t-z€ M} BETT,
5502 Mo = (M — MY)/(S' xR) £ BEEF,

OB, (M- (MIUMLUM.))/S'x RIE M_ICRABTSHY ., (M - (MZ UM, U
M_))/S* x RI& M, CAETY,

My —Mf~ (M- (MjUMZUMUM.))~M_— M

T4, 2F 0. My, M_® topology DiEW M} & M- DEHTT,

E % M £® G,-vector bundle & $ 5 & | Eid My, M_ EIZ vector bundle E,, E_%*
induce ENFT¥, ZOE, B E_ LN EBONAEEEOZELEIELI-VWELET, 20D
E% M, M- TEHETE2ETHObTZ e eERET. (BATL)

ROV —Tid. BEIE My, My, My 2 D DENT S ThoTHELNLED DAV
Tgﬁgﬁbibflo
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IHERBBATERUTOLICELLZENTEE T, NpypMIZIZRD L HIZER
5B DD torus actionWH V) FF, —2iF M ~D torus action &£ U induce EN5H D
DTTo NyoM = NaypoMZ @ Nppo MF E VI FHEDN B D TTD°. Nypo M- NI DNT
weight —1 T, Ny M FHANIZDWT weight 1 T,

T (NpypoM — NygoMZ) )Gy & (Napo M — Nypo M) /G D E LY BT BFHERHDE
EWVIABDEEZALIENTETT, TDZDiE compact TIERVOTEFNEAERTIIE
HHIIEHETE TEAD, compact ZEGE L Y OF  EREBZDTHERDEIIERT
E¥7,

b ) —2DOD torus action i& NypoM 2% vector bundle TH A Z L H HBRIZELN T T,
DF Y Ny M= FE Ny MF FEDWFTIIZOWT S weight 1 & L TEZEL £75

ZOFEEIZL ) —D2DERETIRTH LD Tholzb ZANDOIEHED induce 2N E T,
COEROARE ST M-, M) 9,

B30T equivariant 72 b DIZEL RIT 6§, L7252 T D(6) i& Borel localization
FRVWALZETENENOAREEES M-, M IZEAMLEN E9,

TTLADDOFEL P TRVEICIE., BAEL TB < 2 &2 X o T, fundamental class
REBAETOOEELIES PR ODIIERTLIIENTEET, #H5 LT, BErfkanz
DeHARESETLILERD LI LERERIBONLE T,

Theorem 2.1 D(§) iZRD L HIZ&FIT 5,

(Z\:Z Zw] ( T(i)/:> o > (‘1)kQ_r(©+)_i_k5i(©+)Sj+k+1~r(©—)(@_) -

(o0}

ZZZLUJ' ( —’f‘(@k_) —1 ) (__1)—7‘(5{7")—i—kQ—r(~ —i—k (f’) ) +k+1—r(5‘~3+)(5~)+)>

i=0 j=0 k=0

k
mEM&WM%MMWMhxﬂWHbdMWwa&)XH@
=1

ZZTs Segre class®H b L | w; id universal bundle ® Chern class DB X7 ZIEZ
< AJ;) b L0 € X) T 5) 5o

El#£12 L T Problem1.3 T % invariant @ transition (2 2W T EHEO AT ELN T T,
BT dim H2(X, O) # 0 OB (b™ > 1IZ3HE) . invariant 2% polarization @ & 0 FIZHAEFL
NI LAt ] 1’9‘—0

2.2 Step 2 (Hilbert scheme L0 & 2 &M sheaf DIFEHICDOWVT)

Ellingsrud-Géttsche-Lehn [3] D AEZ AV E7,

X % smooth projective surface & L ¥ 3 Hilb™" }(X) & X ? 0-cycle ® pair (£,£) T
€ C &, length(€) =n—1,length() =n DL )% B DD moduli & L £F, HHZ mor-
phism ¥ : Hilb™™=! —s Hilb", ¢ : Hilb™=L — Hilb™ $ LT p: Hilb™»(X) — X
% 1) ¥, Ellingsrud, Gottsche and Lehn i3 px ¢ : Hilb"™ 1™ — X x Hilb" ' 5 P(I-1)
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WKWHEBETHAZ L ZRL L7, 72720 . I, Z universal cycle Z,_; C X x Hilb» ! D
ideal sheaf T, tautological line bundle & L L E Z &2 9, I DERRDHENE
L ET,

Lemma 2.1 X % smooth surface. T % variety& L. F % X x T L@ vector bundle &
T3, KB K(X x Hilb"(X) x T) DT

Qn =Pf)1]zn 'pE)QFa

by = ptlnfgn  Doo P
TEX Do I T po1,poe 8 por : X x Hilb"(X) x T — S x Hilb"(X). pg : X X
Hilb"(X) x T — Hilb"(S) x T2 dbbTET 5, ZOBK, XDEXLSBELND,

(¥ x 17)'p1ai(an) = (¢ X 17)'pr21(an—1) — (p X 17)'Fpi L,
(¥ X 17)'p121(bn) = (¢ x 17)'p121(bp-1) — (p X 17)' Fplw¥pi L

§¢§!‘3Hi=l Hilb™ x X™, (Siy... ,S521,. - ,ZTm) — (85, 7k) & gy TELFT, SHIT,
i HHE JEEORGE LNV ETHRHEX™ — X2 2 p; THLDLLET,
Z DR, ROFMEIFHBLNE T,

Lemma 2.2 f & (BELEHO) ZENE T 5o [, Hilb™(X) x X™ D K DI ¢}, 1, ~
pi;O0a~ DT afLj,p;L; ® Chern class & f DEHITAAL Iz Db fFLeELZLICT
o OB fORMBELTESIAZFER fF CAPEYIOLE I L DOVPFEET 5,

I I
Fo[Hay = x T Hie™ x x™] = 5o [ [ H2ivm < x™].

=2 7
INLYROGEF /LN E T,

Proposition 2.2 sheaf D.,D_, 0z DML . T(X), Ey, B- OBERO HJARET
5o DARITEET 5,

FOREREAVS L MEREZ X IZOWTROBELZET T,

Theorem 2.2 D(§) IZDWT ETHELNRIL Sgpy D—KFEETH O b EN, FDRE
i TX, B, B, DBMEROSER (X CREFLEV) ThbbENb, JIT B, B ik
critical 72 6 THN B line bundle TH 5 o

3 Skt
4 F THTE 72D rank 1,rank 2 @ object ® moduli # AV /-EFHTL 7z, TN %

£ ) ERED object DIFAICHIRL TV DI HARZHETT,
RN RIFEIC 72 B DI formalism (D) I B 7% push forward

Tos : CH (M x X*) — CH,(X)
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FHETLILTT, D707 semistable sheaf @ moduli stack M @ 0-cycle @ degree
DIFHELEITZ ) 75

LA L MIE—HEIZIE Artin stack 127 ) £ 9745, Artin stack D O-cycle IZ413 5 degree
D—fEFRIT FEELEN TV W L ) TT, HEIL inseparability (Hausdorff T7% { % 5%
Z &) & IEDRIT % FO stabilizer(automorphism) DFFET T,

separable 72 Deligne-Munford stack(topology (2815 A orbifold IZH 5T %) TH LT
0-cycle @ degree DHEFHIZ L (AN TWE T, ZOREERICZ 501 (REFEE L
TEXT 5456, BREFEG % stabilizer IZFD—H k/G 1213 degree 1/|G| & 52 52
ETL7 GHREDKRTZFHEDE /|G| EVIDEERE RS2 ENET, GHFIED
RTTx%FED L ) 7% Artin stack DRI HELRFL L TRAD LI LbOFHY T, X &
smooth projective variety & L C. E % rank F = dim X T& % &£ ) % vector bundle & L
¥4, Z0LE EDOX~OEBPRIEA LY X/E £ v 0-dimensional Artin stack 25
FENET, IND degreedeg(X/E)IZ LD L HIZEHERTE A, BEZZDH IV
(oD DBEBEADS . deg(BEu(E) N [X]) (BEu(E)E E @ Euler class T, [X]1d X ODHAKZ
fundamental class T9) E B REZEEZONF T, Lo L., —RRICIZRES DS o L4
M9, rank 2 @ semistable sheaf @ moduli D35 & 1L, stabilizer 2HBHA T2 { &2 5 DHF
EDXHREENPEETHNLZILOHETLAD (EIZLCEE/L~L &\ filtration
WABEETIT). rank 253 LLEIC% B L % o L MR DT, systematic % FIEITLEID
=0 E7,

F 72, stabilizer BT - T b inseparability 2% 5 & rational equivalent T degree
PREIND I, B —HD degree x 1 LT ADITICIEV ) ¥, Bz
HIE ZAD affine line A} = Speck(z], A, = Speck[y] &

AL —{O0z} = A, — {0y} ~ Speck[t,t™"], z=y=t

DEHTIENHDEZDEDTT (ZITO,, Oy iFETNEFNDERZzHLDLIET, ) 2D
EHICEEY EbE s ZODREEO,, 0, 7% inseparable (1272 ) £, O, Oy PISAD—H P
AT D HE L rational equivalent 2 DT, Oy, O, D degree & wy, wy £ §5 & wy+wy, =1
BRIz ERTIUER ) EEA —RIZIAD affineline Ay (j=1,...,0) & A} — {04} =
Specklt,t™],z; = t LV I FBETH Y EhLETHELNLIDDE X() LETILIZLE
To ZOEE, [ <" THHUL proper morphism X (I') — X([) 25 2dH ) TFH%, Z
N 512 DWT compatible TH B X J il degree * 52 AT LN TELR VI L EF T ITHLP
NET, LD o THEREFHFZOTZITNEZO W DD ) T3, rank 2D
semistable sheaf ® moduli IZH T < 5 inseparability (X ZEZMITIT RIZEIT 722K D line
DIEDDEDL ) EMZE S DIZTTLAA, rank 233 EIZ B L b o LHFEHICZD
£,

semistable sheaf @ moduli 123 & 1L % inseparability 2. (n X n)-matrix 2FED %2 ¥
vector space M (n) ™~ n—1KJT algebraic torus G7 ! DVEF A — gAg™', A € M(n), g €
Grl ZEFNVELTHIEIT A LATE £, £ 2T Artin stack M(n)/G%™t @ auto-
morphism % %7272 v 0 KT cycle Z @ degree % deg(Z) = deg(0z)/D £ BEF T, 22
T Ozl ZIZHIET 5 M(n) D free orbit TH D . Oz k. M(n) D projective completion
M(n) 281} 5 closure TT o deg(Oz) i Oz D projective space M (n) IZBIT 5 degree T
Fo T/ DiE M(n) T8I} 5 general orbit % Z' L LT D =deg(0z) TTo TN L HIC
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B L local IZid degree R7=NAHZ EWSb D £, Tk AT M D stabilizer &
H7272 0 O-cycle @ degree * 52 £9,

stabilizer DREIEIZRD & 9 12F 2 £ T, semistable sheaf iZ13 stable sheaf 12 & 5 filtra-
tion F. 25 A0, {Gr; = F;/F,_1} % filtration DB ) FIZ Lo &b hr ) F5, F
722 DG L) moduli IZFWIMILIEENBEON T T, TOHEIIOWT, LRHEICH S
EZAIIBLDITTWLZEEEZT, FlIE LT/ X/EDHEIFEL 7,

Z 9 L THDL NS invariant (2D T rank 2 DIFE D transition Himz JLEEL 72V & F
ZB5DIEEARTY, AL L T rank r @ moduli % VT 515 invariant & £ 0 &
v rank @ object @ moduli @ product = AV THOLMN 5 invariant IZIFETHI &, &5H
12 Z D#EAE% inductive IZHilT A Z & T, rank 1 @ object @ moduli DEFE ENDETHE
TLEHIZEWHELZ ) 9, Hilbert scheme D EFE_E D sheaf DIFHELEEIZ DWW T DOHI
Hio#EwmT A5 & | FERAYIZIT abelian pair (Seiberg-Witten) £ 0 5 5 invariant &
TX & line bundle L; DYFEHEOHOTIC 2 5 Z EHEFEIN T T, L7z > TRERIC
B\ invariant 2185 2 & X DIEZF ZICHR ABABRSEROGRICE ) T3,

rank 2 DFEDER T parallel IZED L ) T 5L | JENIT7% 5 DI inseparability 12
DNTTT, rtank 3DHEETHIHTEL LI o THETH., L DEROHEEINED
HEHTIE L CbroTWERA,

D
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ON UNKNOTTING NUMBERS AND FOUR-DIMENSIONAL CLASP
NUMBERS OF LINKS

TOMOMI KAWAMURA (JUH &)

ABSTRACT. We estimate the unknotting number and the four-dimensional clasp number
of a link, considering the greatest euler characteristic for an oriented two-manifold in the
four-ball bounded by the link. Combining with a result due to Rudolph, we prove that
an inequality stronger than the Bennequin unknotting inequality actually holds for any
link diagram. As an application, we show the equality conjectured by Boileau and Weber
for a closed positive braid diagram. Then, combining with a result due to Fielder, the
lowest degree of the Jones polynomial defined the unknoting number for the link which

has such a diagram.

1. BEBIUERKE

DT AR LT 3 KERE S2 IS 2D 5 2IZBOA TR E D) bz 1 kL%
*%’fﬂiﬂjl LlL, BEERGI1ODKAB KU ELIER. #&HE L D the unknotting
number (FEBEEHER) (L) LI EWLEAE 2155 DILELREIBORMNEID Z
ETH B,

BOBMEBT 4 RBEY EIC22Z L3I MO TYAS 21]. 22 THAE L D4
KEEH LT, [P 4REAWATESL RO S0 LB 2 RS ERHETHE2BF D% WD
DOBHOB/MEDZ L TH 5. FHOBMEEE IS 572012, FRTIERO X ) ik
HEREEEZELL. S20NAMKEAR LIS, 4 RAKR D RIZZ2H 52125 O
RENTZ, BULZRGOECEM 2 REMHAET, BRIZKRHEID* ELLRAL IR
bDEFELTEH ZOLIR2RTEREF OF AT -8 (F) DERREZ, #AHH L
O the slice euler characteristic (AT 4 AF 4 F—8) LI, y, (L) £&EL. F/2, #
HE LIZHL, LOESEE RO 2 KHRD 4 KAREA~DIZH ZHT, HB5IT 3 REKE
FLTHY, BEAR_ESADATHAbD%2EZ A, TOLIRIETDIADZELD

The author is supported by JSPS Research Fellowships for Young Scientists.
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Kj

FIGURE 1. #AHDOHERE ¥4 72V M HE

BEDE/IMEE, #HE L D the four-dimensional clasp number ( 4 RTTT 5 ATHEH) &
FPOR, (L) EFL ZEICT B, ERNEBDERD DX DP 5.

B 1.1 A OBTEAE LISHL, u(l)> o(l) > %(7’ (L)) AR D

ZORERE, Rudolph 2% [20] TRz R T A A4 A5 —HICHT 545K (AL EH
3.1) X1, Bennequin [2] 23 FRL 7208 HEEEOFHER X 0 b il WAERXDSRILT 5
ENERA.

TOARERZ RARL 720 OWENZ T 5. AIEHE O DB G520t 5.
DL &, IEDIFEOEBD b B DOIZEDEEE 51\ 728 w(D) iE D @ the writhe & IHIN
Twhb, FEHOoETOREZE X IZH> TR L TEO N A HJEIE Seifert circle (¥
{7z bAEA) EIRTW A, DT, ¥4 72V b HETEDZEE 3L vdid
D 2HDBEDIRELET AL D% a strongly negative circle &L W, &9 Thwif
47 )V % a non-negative circle EFERZ &I2F 5.

I EBAZEC OB FEEIIEY A4 7 v P B LEZ TS, Z1id non-
negative ThH 5. HBAZIEUHD (—1)-framed @ blackboard diagram {3 2 AN A 7 =)V
FAEYzH B2, £H 5D non-negative Th B. F7z, Figure 1 DEMNI 72 55K
LT, AP N X D IZ3EOW AT 2V FHES LN, 209 b AN
JElIZ strongly negative TH V), TRIDE.L-D 2 @D EIZ non—nevgative Thsb.

Rudolph %% [20] TiliR7- A%, (BB EE3.1) LB 11 LD, RPBLT 5.

% 1.2, BB r OFKEAE L OEEOH R DL 1237 L Dy @ non-negative circles &
strongry negative circles DB E ZNEN 55 (D), s<(Dp) EELZLIZT A, ZDL
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RONERDSEILT 5 .
w(L) > co(L) > %{7‘ = (s2(Dr) — s<(Dr)) + w(Dr)}

#HEDOFEE D O Seifert circles DA% s(D) L B, ¥ r O¥AE L Obf
WR DL PR 727 L A F O ERIZZ >TWwW5A & T 5. Bennequin iE Wk [2] TZ D
£ EFER u(L) > L(r— s(Dp) + (D)) DHD IO L FFMLE. ZOFERE
the Bennequin unkn(:ttz'ng inequality £ FF.5. Rudolph 13 3CHK [18] T the slice- Bennequin
inequality xs(L) < s(Dr) —w(l) Z7RLTWT, EIIhEEH 11 L2adbE s b
the Bennequin unknotting inequality 257K 1L 5. Stoimenow I3 3CHK [22] DH T, &
DEL727 L A F OFFERIT DT the Bennequin unknotting inequality 238 V) 3227
DITEROFBTEHOFZHIIT L TOHILT A I L 2RLTWwA, L, the Bennequin
unknotting inequality ® the slice-Bennequin inequality &, Vogel [24] % Yamada [25] ®
TVINALZE 2T, EROKHEDEHERINET 5N TES. R120FER
I3, the Bennequin unknotting inequality & V) & LWz 5-2 Tw 5.

REPEDHDHLIZT L AR OEZEDZ & % a closed positive braid diagram & IF
. B r Dk E LT closed positive braid diagram Dy TEINTWwWAET5E, &
W Dy DRER% (D) £ ELZLIZT 5. Boileau & Weber IZLHL[3] T, Znk &
BERu(L) = 2(r — s(Dp) + 2(Dp)) FHEF B LR FALA. R12L5D, ZKEFE
DHDEA Ef:7f1/ AFIZOWTRFCBBEEIZ T TR {, 4kT7 FATHLEBELN S,

I 1.3. ¥ r DA E LS closed positive braid diagram Dy TEEINTWE ET
5. §%E Dy @ Seifert circles DB % (D), REK% 2(D) & T5. DL ERDE
KA Y LD ¢

u(l)=¢(L) = %(r — s(Dr) + z(Dr)).

D EDHERDIGA L LT, Fiedler DFEE [4, Theorem 2] & &b 5 L, #AHD Jones
ZEADOR/NRBEEC BBEBOBRIIOVTRDZLIADE ) BREENBELNE. &
CCHEARE LD Jones BERV(L;t) LIZRTEEZ SN DRABTREETH 5 [6].

V(a trivial knot;¢) = 1

V(O V() = (7 - V(0.
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4
1.4, BB r DA E L closed positive braid diagram Dy TERIN TS ETH.
CDE ERAPLY L.

mindeg V(L;t) = u(L) — %(r -1).

2. 4RICT T ATE

FEEOKMAHIIEBRODREZRTIZIE L ZEDNTELIEFHALNATVS, ZDZ
DD ROBEEIELN .

fHf 2.1 EEOKAE LITHL, 4 XK D* MICHEITINICIZ DA TN L OBGTEE
{450 2 KR T, BRS L, HFEFIEREO_ERDOAL 55 L) T b OFFET
B O

COWELY 4kTT7 5 AT T well-defined RIEABRLERTH A I EDDDP 5.

Wk [21] T Shibuya id, 30 ofFMMME O, A LE2ERET 5 L9 % 4 KHAK
A OBERTHNE O AR % 2, FOEEORMEE (L) % 4RI 7 T ATEREERL
72, BEIY (L) < (D)WY LD, FHEHOBET & e IZFLLDTH B, —
BRI SRR L 2. Bl30E LS Hopf link D& 13, (L) =002 ¢ (L) =1 TH
%. L#L Shibuya il & 2 RZEE ¢* )% well-defined TH 5 Z & DFEHIL, ¢, DEFERETH
B, AKRTCZ IAT B e, ERBTRIFND L HICEEL -0, HKAHOMXIZLLT, &
B% L 5THEDLDL VDS, U EMEROFMS 5 DICHE7 L) Lvne Bbh b2
LbThb.

SEF 1.1 DI, HE 21 OERI TR E LY, u(l) > (L) BREN b, FER
(L) > (r—xs(1))/2 & ™.

LrdE D _EEOAERFRILEL, BRELLTH L)% D A~OHRI-ED
1D ZADEE F' &+ 5. Hopf #AHH ED cone & L TH_ERHD F' TO/NE T fi DS
INETR ARFRATEN S, FDO/NE T 4 REROEF T, D Hopf #&A H I annulus Z
A, HETESHICHL, FFTO_ESOEEZZDX ) 7% annulus LEEEZ 52 LI
LY, Fh2RTESEHEF CD* 2 B5. COFIBL=0F%5%0bM A2
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RICEAAEL A2, BBz, fEo TR LD ©

s(L) > x(F)

= x((r disks) — (2¢ small disks)) 4 ¢x(annulus) — 2cx(circle)

= r—2c
DRAER (L) 2 =(r — (L)) BB L. o
SCHE [20] T Rudolph i3, r=10& & u(L) > (r — x5(L))/2 DB D D Z & ZDW Tl

NTwh, SOk E LIEETETHY, ¢(L) = (r—xs(L) /2RI T 5. BT 2 L
Pl EIZZOSERIT—HITIFILL Vv, EB Hopf A HDOBE, 4 XEHIZ0TH
D, AGAAFTAT—HIZ0TH5.

SCRR [21] T Shibuyatd, EORABIZHL TS g* < <udWHILDOZ L ZRL 7.
SEHRL] OFEHIEFOFER L ITITEETH A, CHE[14] T Murakami & Yasuhara id, 42K
79 AT ¢ L ARTEENIEL W BOBFHFET AL 2HLL. €0
B, SCHE[16) DI EDET 8, LIHIN TV AKUETH 5. ZOHKUPEHD 4 k&
AL THDHIEEBRICAMON TV, HHIEIHK [14] T *(816) = 207RILTH Z &
ZRL7:. o TER (D) = (r — xo(D)/2 E—ITITHILL v, E-E0BRER
EART I FATEDRELLWHIEL T, A4 ARCEEHITAZLNTES.

EE 2.2. #UHD kinkiness &£ 9, Gompf S LHL[5] CEEL ZAEEL 4RTL7 T A
TEEREL X9, FUE K2 8RET 5 L9 % D IO HRORERTHI 2 13 O_AADIED
TEHOR/MER L BOZEROR/MERME TNEN kL (K), EL(K)EEL BUH KD
kinkiness & 1%, k(K) = (bp(K),k-(K)) DT THbH. BFELY ¢ (K) > kp(K)+E_(K)
DY LD,
3. THE BENNEQUIN UNKNOTTING INEQUALITY
% 1.21%, Rudolph 2SBMR7ZROFEXNLLBELNS.

I 3.1 (Rudolph [20]). #&AH L & Z2DREEDEEH D 123 L, D @ non-negative
circles DA% % s>(Dy) , strongly negative circles DIBE%Z s (D) LB, ZDL ZR

DFRERDF Y LD :

xs(L) < (s5(Dr) — s<(Dr)) — w(Dr).
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R
R

FIGURE 2. D b D} 2T 5

Rudolph i3 [20] TZD AT A A% 4 T —HOFHMNE, EDORENSPZLED 12UE
HAEBEDHRL TS, Lo TI I THOTIEHTA.

SEFR 3.1 #/RTH, Nakamura [15] % Rudolph [18][20] D#E5&R% 5. ICHK [15](20] TI%
51d, positive links, BlHBEDRZED L WEFELETEYE % #H HIL quasipositive TH 5
Z kAR L7z. T 2T a quasipositive link & 13 a closed quasipositive braid diagram T3%
HHHKEAREHDZ LT, a quasipositive braid & 13 positive braid DHEFE DR TEE LT L 1
FoZ L THhb. Rudolph id, EED quasipositive link 13 2 KIEFZZEMADH 5 A5
W& b B IKRIKMPIDAZFEEL L THEE L Z L& LHK[17] TRL, bW 5 the generalized
adjunction formula # #H ¥ 5 Z 212X > T, %3 v, (L) = s(Dr) — w(Dr) BEED
closed quasipositive braid diagram Dy, (Zxf L TR D 3722 Z & % Sk [18) TiRL 72, FEid
Z OEERD S I E MLz the slice-Bennequin inequality 2R S4L72DTdHh B, Z Z T the
generalized adjunction formula & 1%, & % B 4 KITTERRMAPN DA T 78 R BT OO FE
BIZEATAA%ENTHY, Kronheimer, Mrowka, Morgan, Szabd, Taubes [9][10][11][13]
Lo T —VHEBOFETRENTZLDTH A, Nakamura % Rudolph DFERIZEED
positive link diagram Dr, 1Z% L T (L) = (D) — 2(Dr) B LD L HRLT
W5, ZIZT z(Dp) V& Dy OFREHEET.

EHE 8.1 OFH. B Dy H34 7 { & b 11 non-negative circle 2 & %1%, Rudolph
[20) DEEFHOBY TH D, Figure 2D L H 12, Gx b7 ikHEEEE D, 0RDIEE
TiEILL, strongly negative circles Z %L TELN A kA BEERE Df, §¥EX DF
THRENL#AEE LT LB, ZORAEFER D ORXEIZETETHS. HoT
Nakamura [15] % Rudolph [20] D#ER LD, DI ICHFA 72V POT VT )AL % @EHL
THONZTA 7oV HE Q I, #¥AH LT ORI A AT AT —HEERTE. (22
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7
THA 72V bHEEE, KABD S NICEAHM 2 REFRMETHL 2G5 DOE b D
TH5AH. FRTIEGSEIEEL 2V, F2FA 72V b7 VT )AL L, FREO
BFL 72V PEHEICHEEES Y, FNOEREIR /N FTOoRILICE Dy
A7z HEZERTA25D0THE.) —F, FER DL ICFA 72V DT VT YX
LEHEBALTEONLIFA 7NV IMHEEZ SEBE, QEESOARICHLEDDEARZT.
WHBLDATAATAT~Fx, (D) 2525 4RAW D AD 2 RTTEREL S—-Q &
OFNE, LA DA AICIRES 2 RTEERIEL A BE L DT,

Xs(L1) = x(Q) = xs(L) + x(5) — x(Q)

%725, Rudolph [19] & FAIZ Zh 2 BHET 5 L FEK (L) < 2x(Q) — x(5) 218 5.
CDOFBE, PR Dy DIEBEDAE [ L strongly negative circles & non-negative circles
EEcETE, 55K Dy I2 non-negative circle ¥ 7% { &b 1 DFFETH L &

xs(L) < (s(Dr) — s<(Dr)) — w(Dr)

DR T B EDTREN B,

S Dy, 12 non-negative circle DSAE L W IGEIL, BEPFIEOREDHRIZL HDT,
(s5(D1) — s<(Dp)) —w(D) B L IELDATAAF AT —HD (-1) ik b, o
TIDE &L, x(L) <0xREE IV, 50B4E, §FEE D, 0¥ 1 7= FHERE
T strongly negative 2D TEMFICET AR AT 2EUETH S, 1€oT s(Dy) < z(Dy)
8, xs(L) =s(Dp) —x(Dr) S0OAREN 5. -

FI23EE11 EEHE3IOAERZEALEAIEIZLoTREN S, T2, FH13
FROFELER121CE > TESNS.

#58 3.2 (Boileau-Weber [3]). HirEr OFM#EHE L7 closed positive braid diagram T
FENETE, BHEM DL OV A7V AEOEEZ s(DL), &z (D) &8
(. ZDEERORERDEY LD .

| =

u(L) < =(r —s(Dg)+z(Dyr)).

[S]

O

SEE 3.3. Vogel ® Yamada D7V T U X LT L A#ABEEROELT writhe 24 4
7z v PEBOEBIZELL 2WAs, (sy —s<) EVIERELT I H 5.
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SCTHELT, EH13ZEHL T =9 AL B DB EBERR 4RTCY 5 AT
BrilB L Thb.

Bl 3.4. (p,q) B} =5 AMAEE T(p,q) LEL I EICT A, 2T p & g RIEDEE
ThHHETE. B p L ¢ DEASEERE d LELZLILTE. ZOE BROERIH

UIASIK
u(T(p,0)) = e(T(p,0)) = 3{p— Da—1) +d— 1},

GEAR. AAHE T(p,q) P EIE d TH 5. #AH T(p,q) EpBEOF A7V bHEE
(p—1D)gEDEZE%Z b D closed positive braid diagram TEINHDT, EH1.3 L VRL
TP EXDSBELNS. O

SCHR [12] © Milnor (3R AUHE A B DAV B M HBAYFE F O §-invariant 1255 L { 72
HZLEFELI. ZIT d-invariant & SfURHIARD “RPT 2 ZEROMEE” 0L T
HAh, ZOFEIFEL W L, Kronheimer & Mrowka D7 — VHEGOFEIC L A ER
O][10] DR EL TREN S, EOBIZZDOFHED P —F ZfEHABIZOWTORIFERIC % o
T 5. HFET O the Milnor number % p, #AHOKSEE » &9 5. Milnor 1 3CHK
2] THEX 26 = p+r—1 ZRL TS, (p,g) T F —F AfEAHBEITHL p=(p—1)(g—1)
P2 r=d THAHDT, F w(T(p,q) =cs(T(p,q) =8 DY LD Wb,

EE 38.5. Rudolph 2%/~ L 72 quasipositive link diagram Dy TEIN A& JITRITT 5%
Hxo(L) = 5(Dy) —w(Dr) X EFHEA L T, Tanaka (I3 [23] T, W O DOTEH 10
DFECBE D 4 REHERECEBEEEzRE L. FEDILE[E] T, Aucklydlb 7 F v —
J = [1] THEN 5 T2 5 the generalized adjunction formula % B 9 0" B RHEL
DFHl DR & FROTET, 200K EK 10 DFEV HOR U BHE Sz ke L 7-.

4. Va—v AEEROF/NRE

A LADOFEHIZEE 1.3 & Fiedler DFR 4] 2 b LT LIZL o THELN A, Fiedler
DFERIZDOVWTHBPLTEBL. TV AN ge B, @BRMNRERT 0, 01 KX 2T
BLILE, Koy & o' P BIZHLDNAETEZNEN 27 (B), 27(B) LEL 2L
295, 20L& writheld w(B) =X, (zF (B)—27(B)) &% 5. L7z, z7(8) > z2F(B) &

75 DEEE b= (8) LB <. Fiedler i Kauffman DFFR [7] 12 X o TROER 2 E W7z,
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9
T 4.1 (Fiedler [4]). 7V AF BB, XML T2HMiEAHZE L(B) L T5. 7L 4
FBRZERTTELIZL & o' PBNDL &L oy, 0,05, BENZVIDETE. ZD
& ERDEXDKY LD :
1 ,
mindeg V(L(B); 1) = 5(w(f) +1 —n) = > _ 27 (8) + b7 ().

L

7

t

3 1.4 OFH. o r OBFMiEAE L 5% a closed poq1t1ve braid diagram Dy TFE &
% & T 5. Stoimenow 253HK [22] THBRTWA L HIZ, BH4A1 LY, 20X Ligkh

[ TR mindeg V(L) = 1(' (D) +1—s(Dg)) 2880 3L, o TEH 1.3
£ D a closed positive braid diagram TR SN A5 r OFEMEAE L I12xL, &5
mindeg V(L;t) = u(L) — %(7 — 1) RV LD, O

BE . COMRICELT, BAOMILEMEE TEWE L - EHEOWEFHRIE
IR BEL £7. it,4%%7?%?&K@LT%%%%&LTT§wiLtHL
oo, HERE, Bennequin DFEL RSOV THIFEZRBEL TTF &V L
RIS b AL L E T
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YA TV b - REOTY— JERED
RETQY— - ARNVT A ALAEE

BAREE
SR 1246 A8 H

1 U ®IC

ARIIEFARFEOHHABRER & T kEO LIEBK E OILFEHE 6] D#FHETT.
ARETIZw-AEELIPINAFRET Y — - IR NVT 4 A LR EEOHRARICE
FNTVAMANLES S A2WOMEEZHILTWA I LZRANMLEY. TL
TEFDIEEZRNT, A4 72V b - AEO V= 3FAMTHET 7 A N—DF 46
KDY DEFEDESFIIBBTCw-AREEE, W, JATVEL V=RV VIl
THEASN pAEE[12), [16] EPELWI L 2BALTIT. 202 LIZARIC
N.HRYZTIZEND A VATV by - TLT—FEQ V-2 HVTEANS NI v-
REENLEROESIZIBWTEREDY — - ORNVF 4 ALAEEZEO I LLE
BRLE9[14] . 7o, LEEOMEREICEEL THMET — 5D B. NV + O
BN 2THEBT S o-BHBRFOREEZRICEHIL 7.

2 FREQOY— - ARILTF 4 TLFRZEE

B, FETY— - IRV TFT 4 LI L TEODPOHM O N HEL RS,
i, FRRTIEEFICET S 2R Y B S TH EITTEEZ (V-) ZREOBIZE T
BT A ZOo0ERBHGRED V- 3RTLHE I, & T, A ERIT oo
BEAEOY— - aRVT Y I THBL LI () XD /W S -3; 258
LR YINT N ARTERE W OBEFRT, 20 (i) FFA L = W (i=0,1)
PEEREREO Y -0RE, H,(S;2) = H(W;Z) FET 5. mEfTons:
EHEHOFRED V- 3FELEDO 2 TEAILEFNMICEL T —VEHORE
AAY, ZhE of EEREL, MEMTONEEREFET Y - 3HEORED
V= ORNT A RLBELRR 22T, RET Y- 3EREVEIRETY — - TR
NVF Y P THDILFENNERRAKRTEREDERTH L L) ZEITERT
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5. REDY = IEREHIFIR A RTERREOB R E LTEHEIN DL E~D—D
DEEZGZHAAEEELTERY) YAEE (W AEE) FHIONTWA. TFRY
UAEEIIRET Y- 3ERMICH LT, Z2 ILEEFOAEEL LTUTO LI
EFINDL. L 2FTOV—3KME Lz E S 2BRICE2II ALY V4K
TEHRY &), pAEE%L u(X) :==signY/8 (mod 2) LED L. T THMA
WAV ARTEREY OB FIEF L 2w 33T/ 8370
ML R Y OFEBEIDE) . BRICL 0T p ALBIE L OFETY— - 2
RNVTF 4 ZRLEOWY) FIHEFE LW D). 22 TH L (D) #0 THUP
T O ICBWTHBOME L ED, FIC S 13K 4 XTEREOBER & 134
DIERWE EDGDDE. LTOWEEMT L) AT Y- 3EREITFET 2 D
L) BIEIZERTTONAZRED = AR oEl et & B L2 HAEE TF
JRRORIETH 5. (1) w(X) #0. (i) 2 13 F ieB W T2 28>0, IMAREAK
[11], D. Galewski and R. Stern [9] DD 5 XHEH . [5 RTLUEDEEDE U
ISR DS Z AT EITRETH 5 720 OLE+ 4540 LR (1),(i) 27
THRETY - 3RTLEHRES —2>THHFETHIETHL. | —H, W /47
L V=R VLo TEASNI: p-AEE [12], [16] 13 p- AEEDEBE~OF
LbEFEE2THY) FNIMERORED Y — SRTERELEMFIHN L TEHESINT
Wh, ZOUR) YREROEBENORHL FIFTHREDT Y — - IRV T4 XLR
VRO b ORMRT A 2 LI FEOMBE L FBRICHEE TO L I HRBHRD
METHY, 20 pAEmb T ORIO—DEE 2 A, L L, K4 RTEH
ROBERE L THLNTWARED Y — 3ERMIZH L TEFOMHEMIHZ 5 &) Ik
WEFPL O Z DARZERD AR ET Y — TR )T 4 X LAEEZ R 2 ka3 a0
LNTWaWwEBbN s, HHEEHK S OILFEBE (5] Tl ok Y REBDEY
EAOFL LT &2 52 OREmET A N0 - 94 v 7 VEFGOEE(T) b
MR L7, REUY—3RILEKE &, TNa R E LTEIL b(X) =0 2T
ARTEV-SRE X, FLTEFDLEDAY Y ik ¢ L0645 =2HA (T, X,¢)
REZD. wAEEIZID L) =DM B U TEHITE 2 F O W o FAHEA
LETHH. EHEX(1,1) 2RETOV-3KREAE, T 2HFITHDOAY ¥ 4 KT V-
ZREX Th(X)=0,05(X) <1252 TdD, ZFLTX EOAE Vg e L
Lh A ZDMAEKDELELETLE, w(E, X, c) 1d (X, ) DEN FIHKFELET, &
SIZESDAREAY— - TFNVTFT 4 ZLEDE Y FIZHIRE LW T LA A 3 —
7oAy T v (10/88HE (7)) »6iE). o THRER Y — 3FRADOES %
S(1,1) = {Z|(Z, X,c) € X(1,1)} LEONITEBR S(1,1) 2 T — w(T, X, c) € Z,
(T,X,¢) € X(1,1) BFEOY— - AFVF A ALAREBEEZ LI EDHDD.
PRETARED Y — 3ERMEICK LTI ENLDSS(1,1) KB T 570055425k
BT T OMAEDOERNEEMEICE 5T XA I ENTET, EHICFNLITHT
T2 w-ANEEOEOHRAREBRL ZENTEL (2. Tz, V-EZRMEDRR SO
BRBIEOD L TwPAETH AL L VIMEEZRT Z & T, blow-down BE %
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HLTX(LD)ICED LAY Y EARTERGEOFERE LTERSNL L9 286
BRRED Y- 3HEICSH LT, w A EBR /AT VeV NUY VY ORNER R
L—HL, #0FEU I~ aRNT 4 LR EWE RO L 2T LI LT
53 £IT, kbR EOY - 3RENPES S, IET AL ) HE
BEZONS. COMETIEZD L) RNy FHEERHOAY Y 4R V-1
HROBHRE LTERSNAFET Y — 3EEE H A BEEMBVICHERT5—20
FEEBAT A, o OFEEAVTERBCUTOZ L5505,

. BACKDIERT 7 A N—2FEDW A 72 )V b - REO Y- 3EREEADE
& S | 3EE S(1,1) ILEEhs.

2. b L, RED Y- 3HAD € S AT u(T) £ 0 & 7 eid 13 OF THE
fr s o,

3. AR St 2 BB THRET V- TRV T 4 XLREREED.

N.HRYZTEA VAS by - T LT =B V=2 A TERICELHOR
ZBEVAEE) 2 RET Y- 3EEIG LTHEL, €254 720 b - k€D
V=3RRI L TR pAEEL —HT A LERLIZ[14]. 20 & IZFERC v-
AEBHEE S ICBWTRETY — - IRVT 4 ALAEREROILEE
e 5.

3 w-AEE

ZDETIE w-AREEDEE, B ICFNICETAEOPOMWEIZDOWTIHRRS.
FEOY—3IAE, T2/87 FARTE V-ZHME X T 2BRICHED b(X) =0
EW2TOD, FLTX EOARE Y el c b o5 =ZDMA (I, X,c) 8 E X
B, 2T, V-EREX B4 ERRIPNEICEET S LIRET S, V-
SR TEEOLREIOE L THEFREEZHF L 0 THS. LT[ %
TN DL L7Z4ARTV-ZHREXUsY 2BRTA. SAFERT Y- 3FKET
HEZEDPL X DAY clifEcl YV EDAE UEBEI—BEMICIEVEDS 5
T, XUsY EOREY c R ED, ThEYOTcbERTE. DX UgY) %
XUgY LceTio7z DitacfEHZ LT AL, wAEEITRD LI ICEESNS.
T 1 [5] ’

w(Z, X, c) = %indR’D(X UsY) + %sjgn Y.
CIT, EREDOBRERIERTH 52 LICEET A, V-4RELOBARERE
DYIGEERE, LT T A7 - P A ORBEEBICLIINIFEEwE, X, ) i3y &
FOEDAEVEEDE ) FITERFEL 2w
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5. 72, w(Z, X, c) E=28A (T, X, c) DEEFEREFNCE L T2 5o
w(Z1, X1, a1) + w(Be, Xo, c2) = w(E1152, X1bXo, crbica)

BEHEXKTE) Z=ZD0MA (T, X,c) TWHEX) < kE PO clFAEVBETH S
bOEKRDERLEDDL. ELITSEYNE )%, 5 (X, ) I LT (T, X,c) €
Xkt k) %5 S&R0EAELTH. TOLERIEY LD

EHE 1[5
1. b L e SR VHBEANOBEH 2 RH T w(E, X, ¢) = p(E)  (mod 2).

2. kT+k <20&E w(X, X, o) lE (2, X,c) e X(k+, k™) /= (X,c) D&
D IR Lz v, & 6 I1CE:

wkt, k™) : S(kT k)25 — w(X, X,c) € Z
BREOY— c IRVTFT 4 ZALREETHA.

9 KE<1THHEE, SeSENE) ITHLT, wkt k7 )(D) £0%551E %
FeOMAEF LT IEIR 4 KIS RRARDOBET L1372 D 1372\,

A Y R 1T 5 w(S, X, o) 13 u R ) AR OERE~OFRL LIT25 2 5
ZEhb

RLE<ITHHLE, SeSEHE) PO uS) £0ThsuE01ET ¥kOHE

FER LT b IRtk 4 KU SBAE DB & 1372 ) e v,

e

1) A SKET k) EFBFICELTHL W AW &ICFEE.

) FA Tz b - FEOY = 3EKMES(p1,...,p0) THoTEND—DD o BB
ThbHODITESE S(0,1) IZET 5 [5].

2) V-ERHE LR V-3 & O EERIEL TR OB AE V8 4 KTT V-Sikk P
TH(P)=1%MWzTbOOER L LTEHSNLFED Y — 3ERMEITES S(1,1)
BT 5 [2).

4 wREBORRAR

(5, X,0) 2R ERV—3EMML L T2 HERETLLRTV-ZREX Thi(X) =0
W20, FLTXODLDACVEE PO EL=2MALTH. WE, X
LRSIV Y XM L(p;, ¢;) P$E cL(ps, q;) PEZ LT 5 ERET H. BER
% -LETBAEVARTERRY ) X LY 2R ICIHo Tl &bH
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ALz 4RTTV-ZRE X U Y 2T 5. 0L EwAEEwE X, c) KT
5z ohi-. !

w(X, X, ¢) = —Q—indRD(X UsY)+ %Sign Y.
FEEOERAREEZAIHIZVEWVICELR - OOEH pgl e= 11T LT
ROMEEFET 5 [6].

T 2
alg,p,€) ! [Iil(cot(ﬂk)cot(ﬂqk) + 26kcosec(7rk)cose (qu))
v # = ¥ — 2 203 C .
P P p p b

FRETFAY - vy — - GOREER [10] 25 w LR w(Z, X, ) OWTR
AREKTE 2 HND T EXFTHS [6].

1
w(Z, X, c) = —g(sian B Za(qi,pi,ei)).

ZZTo(gps,e) 3 i BEBOBREE cL(p,¢) O DES, 6 = 21 IFAE Vi c
CEDEFADDOTHY, IVEEL RS cL(p,q) WWEBEDOAE ) VD
B —B~D Z/pAEROY 7 ML VET LD THA 6. 77F ¥ ML
RN S DBBRE~DRI o(q,p,¢) B TOUEZAITIEFTH5.

toed 1 /6]
1. o(g+cp,p,€) = o(q,p, (—1)%).
2. o(—q,p,€) = 0(g,—p,€) = —0(q,p,€).
8. (MEE)p+g=1 (mod2) BBEWIIELELp qilxf LT

O—(pv 4, _1) + U(Q7p’ ‘1) = —sgn (pQ)
R LRA=N

MWE 1 &2 13 0(g,pe) DEEDPOELICHE). HE3 OMEREIp+q =1
(mod 2) D& EDEIfT EFTREH CP?(p,q,1) Lo Dirac fEFZE DB DT
BOHED . ERE, p+q+r=0 (mod2) B TEVIIER (p,g, ) IC72WVT 5
B4 E B2 CPY(p,q,r) % %, 2D L0 Dirac (EEEOREA O THIY
WD IR AT IEBRETRT S EATTE T [4] EEROBEAIIZ QU2
LW, ZOERKIECPY(p,qr) ICIEDAT T —HEEZ LD —< VEIEFAD
Zk, B, CPp,q,r) PEEHR SERZHRTAI LS. T2, 2
D LFEHBERO 2-EH» L 1D [5].

¥ REERAEOBREE_R,LLOIEBICIVDUTOZ L0 5.
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B. NV P12k o THEAT - FBABOERLAPS h+k=1 (mod 2) 7%
BHNIEREER b kI L TREE

Ik

S(hy k) =Y (—1)7HHhI/M

j=1
PEHESN (22 TR E) & k< 0DHEICLIRLTWVE) | ROMEEITR
ENTWE,

S(h,k) + S(k,h) = 3.

Zhu o(g,pe) DHEBEBERENICFALETHY s(h, k) = S(h,k)—1EBLIET
s(h,k) = —o(h,k,—1) BSEL Y ALD.

o(q,p,e) 1B % LROBEEZ AV TUTOZ E2%ED
W2 g% p|>g2Op+q (modl) EWATHVWIIELERETE. 20

&SRR 1
b_ [a,. .o, o) = - —
q Qg — T

Qs

(F_TO a; PBEAD || > 2) DTFT

o(q,p€) == sgn a.
i=1

DALY 5.

5 w-ALEEE/ AT TN UAES

CDETIE, ATV - V= RUYYORERICHET AR EEODPDHML NI
BELBS, BRI w-AEREOBBER L. /A7y - V= RUYIRER
RSERRTOY - 3EREICH LTER SN, BRHOBEEHOAEETH), Th
FuRY) UAEROERE~ORL EITE5256bDTHA. I e BHOEADH
WA T 7L L, P(T) 2 T ICfto TERERIMELZ THZ LICL DRSNS
BARTEHBET D, SFEBREL I T 7OFTEAITT LTEDOHEEIZH > T
LEREAIAT—HETHERELED

PR % st & &, THE RS TR IEN T F 2o R Lo BT E
e —ok ), ZOMERZEE 7 74 N—DEEEZ AN 2 55& T ) &b
EHEVIRETH L. DL E P(D) OFRIATH Ir 1d

mi (k,:k/)
(In)ew =3 1 (k£ K 22 (k) ASLTHITNTWE)
0 (T ft)
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I E5Exons. S0 % P(D) DBERETLHE, THPEARTT 7THS L E T
ARET V= 3B & % B 72121

(HS)  detfr =41
LB I EDPLETSTHY, PO I NEEDTCPI)FAY Y Th b0
(SP)  TRTD my PEHETH L

CEPWET G TH D, WE, T TUHENHS) 2T L8754 L, BEAEY
v—ce Hy(P(T);Z) EMENn 250V —HTUTOEGELZH-T3 0o —
BWICEET 5.

1. BBEDz e Hy(P(T);Z) 18 LCe-a=2-2 (mod 2).
2. Hy(P(T),Z) DIREEE {[Ei]}, B, = S 2 T

cC = ZEl[EIL & = 071

EERIRTE 5.

CDEEIATY - V= RURIAER (B-AER) [12], [16] 13ER AT Y —
SHKEET)IHFLTUTDLE ) CERENIAEETH D,

EE 3

Mﬂm%:é@@P@%ﬂ%@EZ

CITTNRTEINF—DFEEDDL p-AEEIZOR) Y AEEDOEHE~OF
LTRSS 2D ZENNES .

p(E(T)) = p(E(T))  (mod 2).

WE SRERARTO Y- 3HE (D) TUTOEFZHI-TI0EFE0LTEEE
‘Splumb(]ﬁ-j ,) }: ﬁ < )

1. T34t (HS) & (SP) 2i/c T BEBDELAIMT VIS T 7 TH 5.

2.TOHA 7=V 2757 12, [3)
LLToTo—5y v T A pED) < B 2T

BIZIE, A7z b - FEQY— 3ERE (1, ...,p0) TEND—DD p; 2MEEL
ThbODITES S0, 1) ICETE. ZDLEROEEIFY LD [3].
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FEI 2 kt4+k <2%WTERET A COLE, i AEE
BET k)  SPmP (et k) 5 B(D) — m(Z(T)) € Z
BREOY— - ARVT A RALAREETH L.

FROEBIZ=DMA (D), P(T),c) 13§ % w-AREEDS (i) V-ZRkELE LT
TO—T7 v TEAEOFTTARETH 5 (i) P(D) E O %ALY Y ARTERETDH
5 e & (), P(T),c) = —p(XT) BRILTH I &5t . HHE (i) ITERED
LEBICHE, TEE (1) 13 LD wAEEOHRARICHNHEREZ DL O
THbHEWVZ D,

—J, EROFEEIIHZITHFA T b - RET Y — 3R D(py, ..., pa) CBES
TEZTCOLEREE p D) b ENP—ODBRTHLLENDHH. T LTI DK
A7z b - RERY—3KE S 2HR LT H4RTV-ZRAEX & LTS
FICHHET 2 D2RE o TWAZ LIZE D, L L, D &ERET S 4RTT V-Lhk
HERRT AMOBFEEFEEEL, ELIZFNLIINNT S5 wAEEB LU I AEE
OWHFAREZFHLLADLIETIORTRIBER I 7 AN—DOE 6 RUTOL &
TR W LG5,

T2 3 /6]

1. S=%(p1, .. pn) A 72V b - REQT—3EREMET L. TXTDp H°
BUCTHDLLE, SEBHEL, REild AEY 4RI VERE X P54
15,

(a) by(X) =0, bj(X)=n—1, by(X) =1,

2.0 =%(p1,. »0n) (n < 6)BFA TV PARETY — 3ERMMTHET 74
N=WEACEATHLODET L. TXTDp, WHFUTHLLEE, TEHER
L, REW T AE Y ART VERKEY PHEET 5.

(a) bi(Y) =0, 53(Y) <1, b (V) <1,
(b) w(z, X,c) =w(X,Y,d).

DTFORIIEH L LERIPLE, B ESEAEBDOERIZLLN. TRY LT
DFER [15) 2 & .

F2TEHFA T2 - REO Y= 3ERMCTHo CENDP—DDRRT 7 4 /35—
DEEEMEBTH 50, HIEAEKDOFER T 7 A N— 272 DTHD L
T2, Z0LE uE)£0 THIUE, Tk o itB W TERMHEZRD.
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o EHIDEIR 1IIBIT S 4RTTV EIIE X O

WE, A T2 - RETY=3FEE = Z(py,...,pn) OFA T2V MREE
z {1, q1), s Prqn)} ET 5. Z@c‘:% LAKRED Y —ZRETHALZ LMD
D1y Pn Ci_—llﬂ WETHH, T p e S EICEET A, Tz, W
YAV S Z%Ik@iﬂ)%ﬁsl%k%u&l,t&%@ﬁ47 —# e(X)
De(X)=-Ti 2TH2 L) ANITHES>TW L. ROWERE 6D ST-EAZ
FELIz4 /m:vé%m X = X*%EZD.

1. BLTEZER X 12 3 RTEHAETH 5.

2. BISMES SX* 3 nARD (p;, —q;) BIOMWS I; TH 5.
3. 8D L3 SRR OB SO 1 10X AR MEEE LOX 2 #ELT 5.

ZOLEEXIED(pr,...,p) EERELWX)=0ETHAEYARTV SREE
5. TRTDp 3HFUTHHZ LI, ¢ B&EH

() p1>01%>0(2:17n_1)7 pn>0:qn<0
* i
G1==¢-1=0 (mod?2), ¢g,=1 (mod 2)

zm«r; TN BBTEW(X)=n—2 b5(X)=1E45I Edbhs, »

s R
;R
Bitdi_iaf ai] (i<n—1)
i
Pn — Gn n
-—~—qn =[of,..., 0, ]

Tlod| > 250l PBERELbDE L DL wAER, BALEIZLE LI TOE
IREED.

noomg

w(X, X, ¢)=[ 1~Zngnak

i=1 k=1
e EHINDTE2IIBITALLRTVEHEEY OB
BRHEZLD S MEAZHERLIZARTVER K Y - Y* %2 5.

1 BLEZEE Y I3 RTTERETH 5.
2. Y33 ADOARF R kD,

3. BISVES SV B nAD (p,—q) BOBAIL (5 = 1,...,6) 885, I,
Ly BEDiFEOABED 12X ABEHBEL LEEZ Y T 5.
(i=1,2,3)
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CHOLEY IS EBREL b(Y)=0%5AE VARV Sk %5, 22T,
Qi = Poi—1Goi + qoi_1p (1= 1,2,3) EBE, i EZEMW () T2 LEHNSH Q> 0,
QR2>0,Q3<0ZMATEHIICENLBTLEYIIY)=1, b5(Y)=1%i/lT
NG hB.

HE N TRV LZTIPA VAT P - T T —FREQ TV —2fHWTHRET Y —
SEKE DM FHALEE v-AEELEHZL, FICFA 72V b - R ET T — 3R
WIS LTI p & —%THILERLTWA[14]. 2DZ & L EilRDEED L RD
RetEs.

R 3 SE EWACADIERT 7 AN FHOFA T2V b - FER Y — IR
EHRDOEELT B L v-AIEE

v(0,1) : S5 5 B(I) — v(2(T)) € Z

AR EO Y — - aBNVT A RALTEETHA.
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