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MROY =55 R b= v 2 SRR

ME B
PNUERNE 2 e

.

[ b =1 v 7 %Efk] (toric variety) &\ ) REERMZEOWNZE L [H] (fan) L9
HAEDERONROBIC, 14 1R D b, THIZL D fHAEHLEROMET |
FREEATZO RBEICEER L RS0 (#l21E Riemann-Roch. & Lefschetz)
FHWTHCEWI Z DR LITLIEH o720 R. Stanley 1255 g-FREOMBHRIT, £
DET=BLDTHD ), B bBEFESHFTESIOBRETEIC. RITETEN A,

FEETIE, b=V v 7 ERERT ROV —DIBEP LD, F =y 7SR
RGO M RO T —REEZL D, 2D, PARBY —LHlAEDLEROMICETHETE
KTHIEZR A Do

FROY—DEAPLTEE, WEE =Yy FEHREIIBELLER LR, bok
WA (IhE b —F ASGRREEES) 2B OFEHRTH L, 20K
ENTL BMAELERONRIT, BIREILDELR -7 [£ER ] (multi-fan) T
Bho COLERNDEL Y OXEIT. Todd BEIZHWET 5, L {HALNTWAE L)
120 F=1U v 7 SHAED Todd BHIZ 1 TH D, (BADTEPSTLHE) FRH.
F=1 v 7 EREDORIZ. ER DOV DDL L B LBIRTE S,

FeADEHTIE, AEIFEQY —BHROHZEREEZET 5, 2T 1960 FELE A.
Borel IZX > TEAEN, BHEHORBHZTZ L EATWAZ LD HOLNT WD, 7z,
FZEKEZELDVENFENRTVWEWIFIAED 5, &if (Lo ThH 1 5FEITEH
\27 5%%) . Atiyah-Bott [AB] 72512 & 1) . BIEFH T2 symplectic ZRREDHTZE
CREZEIREDY —FEELEDTH LI EFTHINTVE (A BE), hiFE
BRIC. b= v 7 &g b —F ASREOHMEIZBVTEEIRED Y —II3EF
WZARMEEDS X, BREREAEICE B AEIFETU Y —E b= v 7 ERED [F]
EDTETH A,

DEDEEATHE, BLADER NV v 7 EBEREEATZETERINLTY
ABLEHSER 52 50, FHOTEZ W, UTO200MESYED 5,

(1) FTxlE, V87 PTELPLRERELDPPRoT RV, —F, =T v 7
GRAESETIE, V7 P TV DRBERESZ2HTLOLHoT A,

(2) Py I ERERE. PV v I ERELEREOEO [WMHBITORTE]
Thrb, LL. (50DFT) BADERIL, b —F AEBEICLZERZLE
HLIENHELEVIZTO [ —FEITORITE] THb, BFILLER
FEZ-EE FNIIHIET A b —F AEHBEN (HBHERT) E—2751F
HEEVIHT LE, Ho Tz,



§1. b —1 v 7 ZRELR.

M=V v 7 EHRELER/IIOVTHEELL ). 7. b=V v 7EBREOEEDL S
ﬁé&bz}o (C* ZC\{O} tj_z)o

. (C)" ERZ S 2B D ER R ABERET (C)" L AEZFNEZ RO
?l) @’i’ n KIC b — U v 7 ZRAR (toric variety) &V,

VE. /N [O]. Fulton [F] T, BEEWT — U v 7 SRE% 2L TV 275, e
. N =Y 2 SRS S RO B S DT EOEES AT 5o

(CH)n ERBEIZESELFOIL LD, n kT = v 2 S84 M ORESIE
(T THDo Eid. M IERED (C)" BB, S %5, —FRSVHES (C)"
EAEIT, ZNLANIRTCO TR 0EETH L, [ZALZDDITRUHLDESH
B EEIOB, b=y o BME DL EORDERTH o720, Eik+HEE
12 Bo 2DOMBINREZRT S, —fEDO =1 v 7 SEEKT., FNOLOBERKE B

Thw (?)

Bl RTEZRIND (g1,...,90) € (CO)" EHZF o7z C”

(21,...,2n) € C" = (9121, ..., gnzn) € C".

Bl. RTEFEEND (91,...,9.) € (C)" VERZFEo 7z CP?

[20, 21, -+, 2n] € CP™ = [20,9121, - .-, gn2n] € CP".

EE, #heEh (1,...,1)eC, [1,...,1] € CP" @ (C)" LB HESTH D, &
DB E TP HERIC, b= v Z7SREE, V7 2D 87 P THEWD
DU FHB, T2 FESEZFEOLDH LY, HDEHEW (F/zid, X pfE
NTW5) b0, IV 7 CHEERELZDIDTH D, Fhbid (BEFAAATD)
(CY DIV METH D, #D LT 7 MEE LT, CP™ PAHITIC
BwvodlbDeELT, BEECP™ x---xCP™ (ny+ - -+npg=n) BdH b, T/,
EIEOMDH 0I5 %%c‘:of%i\ﬂ Hirzebruch #ifEIZ. CP! L= 2 kTN
7 P VEROSERE L THELR, ﬁﬂ(P%dwlu%GMﬂzwn/n7F%T
BHbHo THRTLBE (CH)" DIy MERIRILBH Y ZFH)TH A, TiE, —fhE
NLBEWHBEDEL D, b —1 v 7 SRR Li%&\uwﬁ%iﬁtwiﬁAﬁ
FDSEICERSN S,

BreBRETLANC—DOBECHET 5. BRTHS L THEREONRY ]\JI/“CEE
LB R* WOHT, 0 TZWHERIHSZEHzEE 20 (2F 0, FEalR
ZZIERICZ o TWwB b D) & FEMMEHH (rational strongly convex polyhedral
cone) L\, F7o, FHHEL (FANICSZEH#EZEY) BFEL OXLY 2 LHEHED
[H] &) o T, RORTIE, BEOHIHKADEKRTLETH 54, ADE
ERCTHERAS ZHHEDCH TS 5,



FE. R WOERBOESERNEEBEDOET N A ISKRD (1)(2) DEEZ AL T
\/‘éé: g\ % (fa,n) }C\ﬂ))o

(1) o 28 A DL o DED A DI,

(2) o,7 BFEIZ A DTTES onT i 0,7 D,

EHICEELTHET S,

EE B AICEINAE-DLOEHRSE R £FICE D EE . ARENLEZ W (com-
plete) &9,

w2 EALEINDGE n KT Z0 OEETELNTWA L &, A TFEFE
(nonsingular) &2

=)y 2 SRR OEREE, n KT - v 7 EREERE n KTREFLD
BIZ LT Lo ® b0 2HICZOWIBIZBNT, [T¥87 b b—1 v 7 EkiE]
B ImhozwE] o, [FEEER -V vy 78846 1 [FRFERR] IHET 5.

Bl..n=20L2

2RTh = v 7 SRRk BT 5 2 KR
(C*)? o (FEia o i
C2 ﬁ DR
2 . , e .
cp S R A

N =)y SRAEBEOERZEIZLD, P v 7 SREORMENEEIRD
EECERTELETH B, Fl2IE. n kL= v 7 EBEOFT 47 —FET., &
BT AEO n RTEEDERL 25, 20O, IFEDTY — #EH (signature) DFD
EEIZ LB AMONT W5, ([0, [F] R.)

N

ad



§2. b — U v 7 RS D RO,

F =1 v 7 EREDPOBANORIEE RAICE . BEERSNTVAIZER R X
DIICRBLENH Do T

Hom(C*, (C*)") = {C* #°5 (C*)® ~DEREEELI )

BEX D, T (C) DEEICIVELRY Z0 LRETH b, KB, 27 25
Hom(C*, (C*)™) ~DREZEFIE I

(ma,...,mn) € Z™ — (z — (2™,...,2™)) € Hom(C", (C*)")

THELND BAEESN TV AEME R 3, Hom(C, (C)") @z R LB ~NE
b DT . Hom(C*, (C)") BHFHAEZ D,

M% b=V v 7EREET D, BIETHRR- LI M 3FEREO (C)? BB
L7, FO—D2F (C) LABTH D, CO—FRELZBE,PL LH 1z 2L,
A € Hom(C*, (C*)™) 123 LABIRME lim, Lo A(2)zo % & o SNHFAET H7E I B>

THE WA, FELELZSL, 5 (C)" BLBEIZ A>T b, Z ORBRED E D
((C*)” HEIZ Ao TV 52T Hom(C*, (C)™) OILa#ER &M %, Hom(C, (C*)™)
(E zr &R INEET S o 7288, BHIAPHEIC AL A (¢ BRE) RFELE
IZ K Bo fEoT. —O0ME., EEZHLE LAHOROETRIbE L b, TOH
AR TVRLDOPRTDH 5,

Bl CP? A RTHL I, HLFL < (C)? fEA%
[70, 21, 22] — [z0, 9121, g222)

2k be (C2ELBIZT7T2HY . FNEN

(1) CP2\({zo =0} U {z1 = 0} U {2 = 0}) = (C*)?

(2) {20 =0}\([0,1,0]U[0,0,1]) = C*

(3) {Zl = O}\([l’ 0’ 0] U [07 07 1]) 2C

(4) {z2=0}\([1,0,0]U[0,1,0]) = C*

(5) [1,0,0], (6)[0,1,0] (7)[0,0,1]
THhb, JITRED I AFENEN (C)? FROBEERTH S, (my,me) € Z? 1T
AL Az) = (2™,272) LED D, zo=[1,1,1] £BL L

AMz)zo = [1,2™, 2.

T T 2o 0% RLERORRIIE S,

m=my=0DLE  lmA(z)zo=[1,1,1)€ (1)
m=my<0ND&E hm A2)zo =10,1,1] € (2)
my>0,my=0DES hm/\(z):vg—[l, ,1]6(3)
my=0,mg>0DEE lim Mz)zo =[1,1,0] € (4)
mi>0,my>00D&E il_l)%)\(z)wo—[l,o 0] € (5)
my < 0,mg>m; DEZ ;i_l_)I(l))\(Z).To =10,1,0] € (6)
mg < 0,mg <myg D& & ;iil’(l)/\(z):vg =10,0,1] € (7)



X 5T Hom(C*, (C*)2) DT, FTORMOBIENSh 5,
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|
i
E @ f @ @
!
@ e ® @
¢ A—t—e— "
e < @

FORTEESNFT OO (2KTE32. 1XT3D, 0KT1D) DEZFY
3. BRI (C)? e % b CP? ORTH 5,

EOEEPLGHAH LI, (C)? LREZEE (1) ZROER (D% 0 RTD
) ICHIEL . C L REIZELE ((2),(3),(4) FEER (0F 1) 1RITOH) II3HE
LTWwh, $/2. BEEIR 2 RTOHITHIEL TWEH, —fRIC, P—1 v 7 EREL
FOMDIZBWTIE, (C)? B0 (HE) R T 2#0RTIEH < (IE
FEIZIZ. FRHOFIE n) TH b,

3. MEIFETY —LR.

BETr = vy 7 EREPOREMEANILE R2D5, b=V v 7 &kpEATa 2N
7 N TIHEBEROBAST. AEIFRE0Y -2 HVWTREEETLZIENHELZ L
R, FF. AEIRFUY —0EHELEZLTE <,

E, LR M IZLieBE GEGPEHLTWAE &
HL(M) = HYEG xg M)

CEEL .M OREaRTOY RS, 2IT, EGIIEEGHRT., EGxg M
i EGx M O G 15 (u,z) — (ug™,gz) (g € G) DELEZBETH %,

777 A= M = EGxgM = BG=EG/G7H5ILIZIEET 5,
Hi(M) & n* . HY(BG) — Hg(M) #8BL T H*(BG) ¥t % b, Eid, HL(M)
Ay TEND AL, bo i HYBG) RELes, AEIFEDTY —
Hi(M) OFFEIZE, EOT7 7 AN—ROANRZ PVRFIFLIELIERAVON S, 5
2 Hodd()) = HoM(BG) = 0 DHAE . TDANRY P VRFZHEE (collapse)
AH6 . Hy(M)= H*(BG)@ H*(M) k725, 7272L, ZZTOREEE [ H*(BG)
TEEELT] Thbd, M Lo GEROEFE. EO7 7 ANN-EOEh E&17 B
ENBEBDLNDY, A7 MVRAPBET 5%46., HL(M) & H*(BG) In#¥L
LTiE. BEBGx M A6EHLILEIAHERV, L2l H*(BG) ff#LLTD
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B, M Lo G EROBHRY L CRBT 5, £B, P =Yy 7 SREOHEE,
VERO [ZekiEHh] 252 5.

PF MiEay 7 v CHEERZN -V v 7K. G=(C)" £T5, R
HTLLETHF L b0IE, BEADHLEHRTLEERTH S, AITRALIIZ, C
NoDEEHIT (C)nL EABL (C)" BEABISHIEL Tz, ZOBEBEORE
3. BELSKTT 1 OBRKEBAET (C)" 0H 5 C HH/ETEZINTWE, €
NS DOEAESREAE My, ..., My £ 35, BHIHO M =CP? OBIOEEIZIE d=23
T M; 2 BIEFREN 2 =0 (j =0,1,2) TEESNBHDNBSHRETD 20

M OREEHNETZ —2BAT 5o

@. Ty o= {I C {1,...,d} I ﬂiEIMi % (;3} (:ﬂ@i M; f:%@ﬁb V) %E_D':}!_Ebfl
LT, BEEKRE R D)

=T M; 5 M ~OAEEEZORZE Gysin 54% (K] &8])

O

HE(M;) — HE™ (M)

D 1€ HY(M) Ok & £ o & & M 75 M ORTETFE0Y —ADFED
FRETY —TOD Poincaré B TdH %o H82 Ty [1;er & & NierM; O Poincaré Bt
ChBID MMy =¢ (DFD [ ¢Ty) DEE [[ & =0 0ETHD, Eid
H (M) OBHEEZZNG OADPEBRNTH 2 2 LW H 5,

Gm. BELT BaM) =26,/ [] &)
i€I,IgT

£ 1T IR L BT B BOEBOBRT, HRIITITEAEE Ty 72
FCHRE L, ZOBIX, BB Ty O face ring (JIE Stanley-Reisner ring) &
. BAEHTL RSN TWS ([S], [Ak]). HEH(M) OREEIR. Lo
SZE B M 72bD%h ) OBFOBHRL 225 2 T kwds, H*(BG) ikt
LTOREEEZD s L VWWEHREEZTNE, G= (C)" ThHaH»b H(BG) i3
n EESEXET n BOERTIE H2(BG) ICkn b, #toT HE(M) O H*(BG)
R LTOBER R 51013 HX(BG) © n* 2L aBERiud v, LowmELY
H&MﬂiZL&MN@gfiﬁéhTwaszE%?ﬂ@\%@#wﬂ&é%
ENREZHIbP b,

W, KADEED ue HX(BG) IZHLTHRILT 2 X% v € Hy(BG) 7% i I

WLUME—DET D
d

T (u) = Z(Ua )&

i=1

ZIT (L) RAFERY-ERERY —OERRRT ) VT
G=(C)" THrHhb, L {HALNTWRDHERIC
H,(BG) = [BC*, B(C*)"] = Hom(C*, (C*)™).

COR—HEBEL T, N7 MV y; € Hy(BG) = Hom(C*, (C*)™) 2SE®D % EEMAT
M OBICENS M, T 2EERTH LI ML, 7o, RICHEN S,
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v; (e, ]eTy) CEONAHELR S, TORICE =Y v 7 ERRE M a3y
FCIHEEBEEDEAIZ, AEasEuY -2 AV IREIBHEERS,

M Way8s s CIHRERELWIHIRIES 245, LORFOFIEZ, P—Vv 2%
BEL D o LIRVEAFITRIZIVL T, BRI TAIETH L, TT,
Gl (C) THABLEFLZL nKTr—F AT Tlv, £/ M UEESHEET
HBELEIE L COERETINT LIV, 2F D, 4D M i

T" VER% b ol EfHFon-a v 37 + 2n K0 C™ LRfE

ZHIT X, INEN—FAERELIER, IV 87 PEFEN - v 7 SHREIE
(€™ VER%E TP ERICHIBRT 22810k o T b= I ASREL RaE 5, BV
TIPS AEHELE VIRV HRIZHL T, LoRICEEIRAERY -2 AW
TREERTAE, FIUHENAHEL-BE—RICELRVE D, TN, BADFEZ
[ZER] LIFE,

SERIT M OMMEIEEL L {RBLTWA, flZIE, ZEFOEL ) OXRK
BAERINC M O Todd BHTH B, T/, F 45 -8, 8. 2FE0y —RE
bLZEROEETRMBTE S ((M], [HM]).

§4. T— 2> b BfRE METEE.

F“UVﬁ%ﬁ@ﬁ@%?*oﬁgﬁ$iﬁ\F“UV?%%@i@%%&@mﬁ@
E#3 L OFZ Riemann-Roch 851 S (-1)2HY(M; L) L hWZ AL DRBFETH 5,
ZZT HYM;L) & M EOfef%@EL T (C)" FHEH D, Eid. FZ% Riemann-
Roch #6#id. E—AY FEEOSETRAERERS,

F— AV NEEPEBIIEELLY). M % Lie# G 0% 30 C® Ziklke
L.w#% G TARE:E M ED2%K (2-form) L T2, ZNLE GEE

®: M — g*(= G ® Lie BOBIT)
-/((\
AP, X) =—ixw
2HTTEDE (wIlfTHEL:) E—AVFEBREVI), TIT X Liedk g DL
TXIFZXPoEED M EDEERRI MG, BAZG=T 2L 5, wHFEE
it (2% 0 (M,w) 7 symplectic Z#fE) DHE. @ DEFLSHEHAEL LI L
i<ﬁ%nfm5#\w#ﬁmbfmni[K@<5%3@J*tir%ﬂtjy

H AN 5 (Karshon-Tolman [KT])e HBREMR L5206 h7zesd w il
TiE L D& 1 Chern Rz & 5,

G=Tr 0L &, BREZA—R
g* = Hom(T™, S') ®z R = H*(BT™;R)

Bhb, 2% gt DEICHEF Hom(T", SY) = HX(BT™,Z) H¥H 1) . £DHBF R
BEIRTO IT" £HeET.



=8 ([F],[0] &8). M 23 /%7 } R — ) v 7 SIFAET LOSEERER
FO L X, [ OFZE Riemann-Roch F6x L ITRREL72E— XAV b BEfgntg (20
BAMSEE) ICA>TWIKRTEOETER 1R IT" EROME L b, Fl, fF
HA=Nn5bE. L O Riemann-Roch B T — 2V N EROBLL TRLINLS e
TEROBRFEOHE —HT 5,

FOEEIZLY . MEEEOBRTFEORE RS LV (Fihz) HeEwmOH
BE2S . Riemann-Roch &\ 9 #{MZED (W) FEEFEFD, TOEEZHNT,
Ehrhart ZERIC T 2 BEOWESELNS 2 EXFHMSN TV 5o Ehrhart £
LIEkDOLDTHE, P % R OFOMSEGTEAFETFATHLILOLT L, P
LOBFAORE §(P) LET, $7-. BRE m CHLT P& mEIHKL 721
ZIE%E mP L E& T,

528 (Ehrhart ([H ) £H8)). §(mP) & m ® nXZEKX fp(m) T\ mEmR m"
ORI P O n RIUAFE. EEOEIE 1
m BT H o724 fp(m) WHERE. m 12 —m EAATHI LA HRL,

% (Ehrhart OMEE ([HI] 2R)). (-1)"fp(-m) & mP O (ERERV)
PIERIZ & B AETF MO KT o

N

H(mP) = fp(m) OFEEROREE EEORR BRI LT 207, Fh LAt
DEHICEL TR TV HLRT VR, Ll n=2(2Fh PAFLEAR) O
& EE

§(mP) = Area(P)m® + %—ﬁ(c’?P)m +1

L binh. © T Area(P) 1 P O, (OP) i P ORRLOBTEOK. L0
FT m=1&L7-bDit Pick DARE L THLNTW A, (BHIZHD S L 31,
FORIE Pick DARDPSHED o)

Ei3. Pick DA PSS AL RO T, MADHFATLTHRILT 5.
Lirl . 20KEMAOS BEETIE. =1 v 7 SHkAE (EOZELERKE) O
Fe AV FEE£OEBELTRERLZV, ZOFEF, PV v 7 SRR TR
MENEOFALBRL TV D, El, BAOBMENETH D+ — 7 AFHKME (L
20 EOEEE) 0L, E—AY NEGELTHADD 2EARHFHN L. bo
s BERTEEOIIE [CACHEE] T2 [fan7: ] AT,
Pick OAFHA GELRIBEENTT) R VKLY 5 ([M], [Has])o

ERTEO b —F ASHAL Z O EOERE L ISHLTh, E— 4 M ERORL
L THER S AN 555, L OFZ Riemann-Roch I LI Y £— A b
Ele = TEMME%S (KT, [GK], [M], [HM])o ¥ 7:. Ehrhart ZEAD N7
MRS LT b EETE | Ehrhart AHEES RILT 25 ((HM])o
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LB F VT, —2OFERIIBIT AN—TEMEEZ 500RERTH B,
TRV, Z/p O arEen - FOFEREICEE . EEHb
TEHELLETHOTRIDHELARFLVEBE L 2D LNTED, FHp
WELTCL p SR LI NToA—TZE/IE mod p M—T B & Kidn B, &E
DEFEOFCIL, afRETrP—ZEI Z/p FHOarEnP—25 %, £z
AE b B —[FMEIX mod p FE FE—FAEZEHRTLILD LT D,

Dwyer-Wilkerson [7] 1% p-2 2737 MEOEESZEA L., TOHEIZOW
TOMEEIT o1z, BRER mod p V—7"28/ X 2 p-=2%7 b (mod p
HIRN—72E/) ThHD LIE, T0akrEod—§ H*(X;Z/p) PERKT
THDHEEEV D, BIRKRITT CW-EEIZFRE b E—[FfEZ mod p V— 722/
I Ep-T3 X0 PEETHY, FTOZ e bTRTOERZ Lie #i3. p =k
THE paT NI D, EFE. p 37 MEICET 5% < OBIFN
REN, FHUTE ST, N6 Lie BIZH L TABNTVWAEE DEER
MEEHATNAZ B g TER, ([7],[18)])

IOEEIIBWTIE, LT LLAERTIIRV., LELEALZOaRER
U—8B H*(X;Z/p) DNBRELTARBERTHD L HN—TEHEEZ D,
FD XD eN—TZEEOHE LTI, ERKTERFEZER CP>™, BRI
Ly RZER) L°(pY), Lie B G @ 3 ERET 7 A4 N—G(3) BREBFET LD,

A ENE. £0 L5 2N —7ZROERKE b e —raT#iEIc B4 255
RREMET D, BNE ME—FHEN, V—TFERH (Wb o L —KIC

* BARRRES SRR
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H-Z2[#]) OBEEEDO—D>THD I LITTTIRBOEETHS, HFE b
VTR — TR O, H-Z20 X EOA—7ZER QX TExbRhS
B, TRTORE b =T —TFZERNSTHEEDL 5 2% LT
DT TRV, Sugawara [22] 1/L— 7 ZERIDIRARE b E— A HEE LV
BSEZEAL, FF bE—THERAN—TZRHA H-Z2/ Lo — 7R
DICHODHLBEDERELZEX DI LITHSI Lz, 20EXFFL EIZLT,
V=T ZERNCH T B EIRAE b E— AR OBEA D Williams [23] 12 Lo T
AENTe, W=7/ X BEZ b L &, FLIZITREH RN — TS
DEETHIILEHIONTEY, A—7EEOBIEICRANTHS LIRE
TED, TF b E—ARNA—TZEMIT C- R E KiTh 5, X & Co-Z2f
CRETD L, ZOFREIC—THEELEZ DB QI x X2 — X 78
FELT, Q0,z,y) = 2y, Qo(1,z,9) = yz 27T, ZOEH Q, #
WiHE ROE 572 6 AROERE2EZ B LNTE S,

zyz

zQa(t, 2,y) Qa(t,z,y)2

YTz

zzy
QZ(t, z, 2)?;/ ng(t,.’B,Z)

yzz

. Q2(ta Y, Z)I

zzTY

ZQg(t, y,z)

zyzT

Z06 ARONMEEDLIER Qs : D2 x X2 - X BEETHLE, X 1
Cs-ZERTHD LW RF {Qq, Qs} & Co-ZH X D Co-HRE LR, =
NaE—fRALT DT, Co-ZBHD Cp-FBRL LIZN B EHRDOZF

{Qi : D1 x X — X}icicn

EBATN—TERE LTEEEND, T C-BREREETEERLE LT,
CoFBROBESDEASND, (23) X 2 H-ZETHB L&, FOL—TZE
Ml QX 13 Co-ZRITRD Z MO TEY | ERKRTESRHEZTRH CP>,
FERIRIE L > XZE) L°(pF) 72 813 Co-ZERETH B,

EE A([12]). p REFEELTE, X NEERER C TR TEOaRE R
V—H*(X;Z/p) WEIBERETHIE, HABEREAR C 22 F KO
ED7C-T 7 A N—2R (Cp- B L Cp-Ben b2 T 7 A4 SN—255) 78
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FET 5,
CP® x:..x CP® — X — F

EE A ZRAVWDEIET, BRERIFERV—RE LD Cp- M X IZH
T HER2 RIEE AR Co-BRIDEAITRESED I LN TEDL, p=2 0
4. Slack [21] 12X BKD & 5 72278 %E b B —F# mod 2 H-ZEROLETEE
BEIHILTVND,

EE 1.1([21]). X ZEEERE B E—T# mod 2 H-ZZR TE DI KT
n— H*(X;Z/2) BERERBRTHD LE, X 1T CP® OFREDCER
IZARE P E—FETH B,

FDO—FTEFHZ p [k L Tid. Iriye-Kono [9] 23, T TDEFE/R mod
p H-ZERIERTE b ¥ —T#e H-EEZ2 o2 L 2R LTS, %7, Clark
Ewing [4] 12 & - THREhizp 20787 PEOFIZH, AE b E—A#2
N—THEEE B OLONEEENTWS, G C GL(l,Zy) % Clark-Ewing
FIZEENDHE pseudo-reflection BHET5E, GIX I KT I—F AD%
FEZERA D 2B w P — H* (BT Z/p) \AEF¥ 5, Clark-Ewing 13 G DAL
G| % p LETHNITH B2 BX(G) TEDIHRED V—7h

H*(BX(G); Z/p) & H* (BT Z/p)®

LRBLOEMER L, ZD&E, RER H (BT, Z/p)C 13bHBDEMTT y: €
H#(BTY Z/p)¢ 1<i<I)ITHLT

H*(BT,Z/p)® 2 Z/ply1,- -+, vl

BT EPMBNTEY, BX(G) DV—7ZE/M% X(G) = QBX(G) L&
FIZ, X(G) 1R pa3vrt FETHBZ L BS0 B, v € HY(BTLZ/p)C
(1<i<l) ODRENPLELNDES(t1,---,t1) & X(G) @ type LFES,
McGibbon [16], Saumell [19] {Z &> T Lie #£& p-2 /37 FHEDOTE H E—
AHERFRLON TR, ROEEEES,

EE 1.2([16],[19]). p #&FFHL L G % Clark-Ewing RICEEN5HR
pseudo-reflection B L5, G & p DX (G,p) PRORIZEEND /2 DI,
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P37 N X(G) 13 Co-ERITH B,

G D X(G) Types
G > 2 §21-1 ... x §20-1 (B2, ,t1)
Gap >3 Bi(p) (2,p+1)
Go 17 B7(17) (8,24)
Gia 19 Bs(19) (6,24)
Giv 41 Bi9(41) (20, 60)
Gao 19 B11(19) (12,30)
Gag 11 Ba(11) x §11 (4,8,14)
Gao 19 B1(19) % B11(19) (2,12, 20,30)

Z T Bp(p) ix S2rt-1 b SR TED I FRE R P78
H*(Bn(p); Z/p) & Ao, P*(0))

(dego =2n+1) THDIbDOEERT, (17)

F#FEHR 12 DETEZ N p 3ty MNEO—D LT3, FH 1.2 i
b FII AR C-ZETHY, ToakEnP— HY(F;Z/p) iFHEL LTHR
Ko, LIeoTHRE LTHRERTH D, F O 3 RILOBEFHaRED V—
BPHNF,Z)XZ ThaEE, BB ] F - K(Z,3) % [p]*(v) = plu T
EFET D, 7eiZL ue HY(F,Z), ve H3K(Z,3);Z) iX4ERTEH 5T,
F(3;p%) % [pf] DARE PE—T 7 A 3=k LIz &, F(3;p) 1 Co-ZeIT 2
V. FTOaFERT— H(F(3;p'); Z/p) ITBRERKRITRSE Z LB G05,
FRZi=0DEERFE) =FB) IXF O3 BET7A/8—Lleo T3,

ROFERIL, BFRER AT O—8RE2 DD Co- MR, FERIZIZZh
LOBENPOELNALDIZELNDZ EEZTRLTVS,

EE B([12]). p 2FHEHE L X 2BEE mod p V—TERETED R
FoY— HY(X;Z/p) PEBERBRLET S, ZOLE X B Cpr-ZETHS
TEHDBEFGEEFIL. BE 1.2 ORICEENDER Cor- BN b 72 5%F
{Fi}1cicqg PFELTROFE bE—FENREY L2 L TH 5D,

K i q
X=J[EE x ] BEr™) x [] Fix K(Z,2)
i=1 i=s-+1 i=t-1

TefEl{e} i3 1<e<en (s+1<i<t—1) ZF-4E3ITHS,
EROFEERIT, TE 11 OFFHOBE~D—RLLEZ N3,
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EE C([12]). p &R LTE. X 2HERR C-ERTEOaRER
D—H*(X;Z/p) WEIRERBR CTHD & &, X IIERRTTERNRER CP*
OEBEOEREIZHRE P E—FHETH 5,

FE CITERER CrZROBAITb—bSh, 1 RTKE 51, EIRK
TSRS ZER CP™, ERRIT L v RZEH L (p") OERICHE M E—F
EThdzeprsd, (k3.2

Hemmi [8] 1% Cp- ZRIDEEZ EIRE b U —EHI72 H-Z2R Eic—(b
L7-¥E Cp-EME EE L. BERERARE C,- ZRMIIFfRETHhdI L2/ L
fmy M—TZERADOH T T Y —ZIBNTIL, ¥ Cp- 2L Cp- B & —E7 %
ZENREmLENTEY, T2 C L, Hemmi ORREZFREMIFED V—R
b oN— TR OSBRI L TWD, FEE Cid. H-ZR ED—
7ZER. Sugawara |2 £ BIRASTE b B —AHLL— 7 ZERIC BT 5 Kawamoto,
Lin (2 X B WL 20 OfER [11],[12],[13] Z—f&{LL TV 2,

2 RBFMEEFEEE A OO

ZOETIE, FE A OFEHAOBMEZ RS, £ 2BV T, Dror Farjoun
[6] 1= &> TEASNRILBEFOERPAERME . FIZTOREHMLEF
BN—TZEEOE RS T F A2 RO L VEE A ZFEATLIDO
Grizot, (BE22) FTZORFUYLEFRIZOVWTO LBHALIZV,

AZRZERETD, 22 X B A-BFTHBL LI, e(f) = f(x) TEES
NBESIIBIT 5 FHMIESR

e:Map(4,X)— X

MAE FE—RAEERIZREZLTHD, ZOFFREREZROTHZER
Map, (A4, X) BEHECTHZZ L LFMETH S, Dror Farjoun (IZEfE] A ITX
THRIMLBEF LA S — S R LT, ZIT S EREHBOEHDOD
TV —%ERT, ZH X LT, TORFHL La(X) 13 A-REEITH Y.
BFLOBEEES ¢x 1 X — La(X) BEET D, ox 1IHE FE—EEEZ
boTWd, T7bb, A-RFMRER Z LBH8 X - Z ITHLT, £
DB ¢ La(X) = Z DRE FE—2BWT—BMICHEEL. (dx ~( &
Wiz 3, bo & — BRI, EHEER ¢x 1L A-BIHIRZERZ I L TRD
L5 7eFE b—AEEGREZFHET D,

(d)X)* : Ma’p*(LA(X)1Z) - Map*(X7Z)
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ZORFHALBFIEI—MRICIZT 7 A S—ZBEZEEFELRVDE, HEEHEDL
ETRT 7 ANRN—ZERE T 74 "—ZERIZHB 9, FEBE Dror Farjoun (L 3%
DFERDH B,

iRl 2.1([6]). F— E — B ZERRZEMPORDET7 7 A N—ZE LT3,
JEZERE B A% A-BETHID,. HDWNE La(F) DA ChIuE, BEHEEE La
IZZ D7 7 A —ZERE R,

ROFEEIT. THA ZRATLIOORTH S,

EE 2.2([12]). A ZZEREET5, X B Cp-ZRITHNIE. FORFL
La(X) X Cor ZRITH VTR ¢x : X — La(X) 12 C- BB TH D,

ZIZTEE A OFEH OB Z RS,

EE A OB, X ZEERR C-ERTEOaRErY—H (X, Z/p)
BIRERRTH S LIRET 5. Z/p OHEZM A = BZ/p x4 5 BAHL
BIFE2ZA DL, BH 22 05 X ORFHL Lpg/(X) 12 Co-ZEHT, D
BEER é6x 1 X — Lpzp(X) 1E Cpr BB Lo TS, K 2ZDFE b
B=T 7 A= 5L, 28] 25 K 1X Cp-ZERTH Y., 774 3—DEE
BB K - X 1XCr-BBTHD, £LZAT, BED Broto & Crespo X5
FES 3],[6] D, HOBEFELAR H-ZEFMF CROL 53R H-7 74 8—
ZERRFIET B,

CP®%x...x CP® — X — F

EZEN b F OarEaP—§ Y (F,Z/p) ITBRETTHY, [1] b F i
BZ/p-REITH %, 9/ 2.1 235, RPHLEE Lpg ), 1T EDT 7 A /8—22
%7 7 A =TT Z 83903585, (1] 535 Lz, (CP) IZFH#ET
HDHZLDBAMONTNDEDT, HE b —FHE Lpgz,(X) ~ F 2152, 77
A N—EEOFRE P E—THEREENE LT

K CP®%x...x CP*™

DG, KDD Cp-T7 7AN—LBEEZED, LizhHoT, T A BN X
iz, O
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3 T C DO E p-a /Y FEOBRKE F
E—a#iit

I DOETIE, FE C OO 215, ERAOFIEL, B2 A AR
Cp-ZERIIXT$ 2 Hemmi [8] DFER (B 3.1) ZHMAEPEDLI L THD,
Hemmi [8] iZV—7" 2B OEKFE b O —FHEOEHESE BIRAE b E—FE
G H-Z2OBEIIEE L, ¥ Cp- R EMIN D b DEIE LTz, 1—
TEMOHT T — TR, O Cp-ZRIIF A DEXLTND Cp-ZZH & —
HIBHZEHRENTNS,

T 3.1([8]). p 2EFREETS,

(1) X DBEERFRAERYE Cpr-ZRTHIUEL. X bi‘m“fﬁ;é

(2) X PN—TZHTHDLE, X PECr-ERTH D ODUEFE
FiE. X 2 CprZERTHDHZ L TH D,

FH A CFEE3L ZAWT, FECHEKOLIIZGERHRINS,

FH C O, X ZHERR Cp-EMTEDaREn ¥—HY(X,Z/p) B
AREKBRTHD LIET D, FHA DD, HOEEFAR Cp-Z2H F &
WD E D72 Cp-7 7 A N—ZZRDBFET Do

CP*x...xCP® — X — F
FHE 3.1 0 FIXFETHY.,
X ~CP*® x...x CP*®

L2, LledioT, BE CPiEHASN, O
TEE CITERBR Cpr ZRDERIT —fRILEN D,

% 8.2([12]). p 2FHRF LT D, X PERR C,EHMTEOIRETRV—

H*(X;Z/p) WEBERBR CTHZ LT5HE. X 111 KRuuikE St ERKT

BRI ZEE CP®, BRI L v X2/ Lo(p') OFRMEDERKIZFE b
v—REETH D,

F# 3213, BE C LROFEENDEDND,

%8 3.3([12]). X 28 ERER C,-ZERTHNI, TOLEHEEN X 1T
Cp-ZZRITHV BT w: X - X 13 Cp-BBTH S,
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FHE B, TE C 256, ARERIFETV—RE LD Co- T, Cp L[
MG SIIZD, 2 < n < piTHT D Cp- ERIDBEDORIENE-TVB, E
B B OFEANPDRDZ L B0, Lichio T, Cp-ZROSEREIX. &
B 12 ORIZEEND p- 2237 MEOBRFTE b E—FH#EZFARBZ &
WZIRE SN,

EE 3.4([12]). p BESHLE T3, X NEERE C,-ZRTEOaRER
U— H*(X;Z/p) BAERBERBE THIUI., TE B OFE U —FEMEY 3T
b, &b, ENETND pa /Y MEF (1<1< q) 12 Cpr ZRITH 5,

p-3 X7 ME X P pER| (FERTOREOERIZATE FU—FE T
Ho%E. Saumell [20] IZX D X OFEKFE b B —ARMEIC OV TORFZE
BhbD, TORRE—BIETHILICE ST, EE 12 ORICEETh 313 L
A EFTARTDp-a ) VEOBERFE T2 IRET D LT
Do WDFRIZEBNWT, n i par 7 bEEX B Cp- BRI TH DD Cpy1-22
B bV EEE R,

X D Types n
G211 5oL §2—1 > 2 (t1,+++ 1) [o/t)
Bi(p) 3 (2,4) 2
25 (2,p+1) (p-1)/22 <p-1
B7(17) 17 (8,24) 2
Bs(19) 19 (6,24) 3
B1o(41) 41 (20,60) 2
B11(19) 19 (12,30) 3
Bs(11) x 8*1 11 (4,6,14) 2
B1(19) x B11(19) 19 (2,12, 20, 30) 3

LOROET, BRAE b C— TR IRE SN TV DI By (p)
(p>3) DBEDBTHER, ZOBECHELTIRDL 5 RFEHRH 5,

F3 3.4([8]). p> 3 IR LT, Bi(p) 1 Cpur-ZERTH B,
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THE IMPOSSIBLE MADE EASY:

LEARNING TO CALCULATE WITH

GENERALIZED COHOMOLOGY

W. STEPHEN WILSON

A topologist studies topological spaces and continuous maps.
The typical example of a nice topological space is a CW complez;
i.e., a space built up from cells. Let us say we have built X. We
can add an n-dimensional cell, D", to X using any continuous
map :
f:S"l=9D" — X;
just glue D™ to X by identifying z € S™! with f(z) € X. We
get a space ¥ = XUyD". In this way we can build a large class
of topological spaces which have a certain amount of geometric
intuition behind them.

A homotopy theorist feels that there are far too many topo-
logical spaces and continuous maps to deal with effectively. We
immediately put an equivalence relation on the continuous maps
from X to Y. We say f ~ g, f is homotopic to g, if f can be
continuously deformed into g ; i.e., if there is a continuous map
F:XxI-=Y,( =]101]), such that F | X x 0 = f and
F | X x1 = g. This is an equivalence relation and we de-
note the set of equivalence classes by [X,Y] and call this the
homotopy classes of maps from X to Y. We say X and Y are
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homotopy equivalent or of the same homotopy type if we have
maps f: X — Y and g : Y — X such that go f ~ Ix and
fog~ Iy. Two fundamental problems in homotopy theory are
to determine if X and Y are of the same homotopy type and to
compute [X, Y.

To attempt to solve those problems we move on now to alge-
braic topology. Here we want to have a rule which assigns some
algebraic object to every space; X —— FE,X. This may just
be a set, or have some complicated algebraic structure: groups,
rings, algebras, etc. For every map f : X — Y we want a cor-
responding algebraic map f, : E.X — E.Y. If f ~ g we want
f« = g«. However, this property usually holds for most algebraic
invariants anyway, so we are usually forced to go to homotopy
theory if we use these algebraic techniques. (We also use alge-
braic objects E*X where the algebraic map reverses direction
from that of the topological map.) So if f. # g. then f # g.
If X ~Y, then £, X = E,Y. The more algebraic theories we
have, the better the chance of distinguishing two maps. The
richer the algebraic structure, the more difficult it is to have an
isomorphism. For example, it is much easier for two sets to be
the same than for them to be isomorphic as groups or rings. Of
course a third thing we want is computability, which we usually
do not have. It is much easier to define algebraic invariants than
to compute them.

We will stick to a special type of algebraic invariant, gener-
alized (co)homology theories. There are a bunch of axioms for
standard homology, namely it can be defined for pairs of spaces,
is a homotopy functor and has some exactness properties. The
final axiom for standard homology gives the homology of a point.
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If this is dropped, we have axioms for a generalized homology
theory.

A generalized cohomology theory consists of an infinite collec-
tion of abelian groups, G*(X) = {G*(X)} and usually has even
more structure, for example we will only consider those which
give graded rings, i.e. have a pairing

GHX)® G (X) — G"H(X).
A theorem of Ed Brown’s says that there is always a space G,
such that
GH(X) ~ [X, Gl
Furthermore, the axioms imply that G*(X) = G*t1(2X), where
T X is the suspension of X. It is a homotopy theoretic fact that
[(ZX,Y] = [X, QY]

where QY is the loop space of ¥ (i.e. the topological space of
all maps of the unit interval into ¥ which start and stop at the
same “base” point). Combined, we get

{X’Qn] = GnX = GM—IEX = [EX’Q-n-H] = [Xr Qg_n—i—l]

which can be used to show that QG , ., = G,. From this we
have that :

G™M(X) = lim[Z*X, G 4.
The limit of G, is the n-th suspension of G, the stable object
representing the generalized cohomology theory. Generalized
cohomology theories go hand in hand with generalized homology
theories. For cohomology we have stable maps

GM"X) ~ {X,Z"G}.
For homology it is
Gp(X) = {S", X ANG}.
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Our first examples of algebraic invariants of this sort are the
usual mod 2 homology, H.X, and cohomology, H*X. They
both satisfy our homotopy condition. The cohomology is the
dual to the homology which is just a collection of Z/2 vector
spaces H, X = {H;X};>0. HoX is defined using maps of gener-
alized n-dimensional triangles into X. In particular, H,X tells
us something about how the n-cells of X are related to the n+1
dimensional cells and the n — 1 dimensional cells. Of course
the first thing we do is invent homological algebra to deal with
homology and get away from the geometry.

The cohomology has more structure than just a collection of
vector spaces. Applying H*(—) to the diagonal map A : X —
X x X we get

H'X +« H(XxX)2H'XQHX .

The isomorphism is the Kiinneth theorem but we must define
the tensor product for this to make sense. We have

HYX xX)= P HX @ HX .
itj=n

What we have now is an algebra, or more precisely, a graded
algebra. It allows us to multiply z; € H*X and z; € H’X to
get an element z;z; € H**X. This gives us a richer, stronger
structure of the sort we want. It is easy to find X and Y with
H*X = H*Y as collections of vector spaces but not as graded
algebras. Dually, the homology also has a more complex struc-
ture. The diagonal gives

HX —H(XxX)2HX®HX

T w le ® m/’l
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with the degree of z = sum of degrees of 2’ and z”, we call this
structure a coalgebra. It contains the same information as the
dual algebra in cohomology contains.

Our interest is in calculations. The mod 2 homology of spaces
is generally assumed to be something we can calculate. In fact,
each space is a special problem which has to be done in its own
way: there is no “one way” to calculate the homology of spaces.
It still takes a great deal of hard work to calculate these groups,
if they can be calculated at all.

There are several things which make it possible to calculate
the standard mod 2 homology of a space. The first is that the
groups are vector spaces, a structure much easier to get a grip
on than arbitrary abelian groups. The second is the Kiinneth
isomorphism discussed above which adds the extra structure.
The Kiinneth isomorphism is useful for a number of reasons. It
allows you to calculate the homology of products of spaces you
know the homology for immediately, a non-trivial extension of
what you can do. Better than that is that many spaces can
be constructed out of products of other spaces. A common ex-
ample is when X = QY. If we know the homology of X we
can approach the homology of Y because you can build ¥ from
products of X. You don’t get the complete answer for free, but
you get a very good starting place for your calculations.

Next, the Kiinneth isomorphism allows you to put more struc-
ture on your homology. It is fairly common for spaces of interest
to have a multiplication: X x X — X. Because of the Kiinneth
isomorphism this puts a multiplication on the homology (or a
comultiplication on the cohomology). Combined with the al-
ready existing coalgebra structure, we now have a Hopf algebra.
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If the multiplication on X is homotopy commutative (and it fre-
quently is) then our Hopf algebra is bicommutative and such
objects form an abelian category which therefore has kernels
and cokernels etc. When we do this, it is more than just adding
structure to the homology so we can use it to distinguish our
space from other spaces, it also helps us compute it. For ex-
ample, there are structure theorems for Hopf algebras, so if we
know our answer is a Hopf algebra, the possibilities are severely
restricted. Furthermore, the abelian category aspect gives us
many computational tools which are not available without it.

We want more algebraic machinery than just standard ho-
mology. The next example we offer is the collection of gener-
alized homology theories called Morava K-theories. For each
odd prime, p, and each n > 0, there is a theory K(n).(—).
The coefficient ring, i.e., the Morava K-theory of a point, is
K(n). =2 Z/plvn, v Y], with the degree of v, equal to 2(p™ — 1).
Although the coeflicient ring is graded, we see that every non-
zero element is invertible. This makes it into a “graded field.”
Thus, much like our standard mod 2 homology example, our
‘vector space.” This prop-
erty also gives us a Kiinneth theorem,

Kn), (X xY)= K(n).X®K(n).Y,

4

generalized homology here is also a

which also leads us to Hopf algebras. In other words, most of
the good properties of standard mod p homology carry over to
Morava K-theory and, in practice, they have been found to be
fairly computable for much the same reasons standard homology
is but with very different results and. applications.

The example we are interested in is another matter entirely.
It is complex bordism. We want to define a sequence of abelian
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groups (2,(X). We use manifolds to do this. Manifolds are a
much better understood class of topological spaces than the gen-
eral X we wish to study. We use this understanding of manifolds
to study the general X and in the process find new information
about the manifolds themselves.

We begin by considering all maps of all n-dimensional mani-

folds into X,
mr L x

There are too many such manifolds and maps. So, much like
we did when we went to homotopy theory, or when homology is
defined using triangles, we put an equivalence relation on these
maps. If we have another map, g : N* — X, we s'ay f and g
are equivalent, or bordant, if there is an n+ 1 dimensional man-
ifold W™*! and map F : W*! — X, such that the boundary,
OWntl of W™+l is the disjoint union of M™ and N"; and F
restricted to this boundary is the disjoint sum of f and g. Let
the equivalence classes be 0, X. It is a finitely generated abelian
group. All of the axioms for a generalized homology theory can
be verified geometrically, or we could easily build a stable ob-
ject representing it. Let O, be the n-th orthogonal group and
BO,, its classifying space. Take the Thom space of the universal
bundle (the one point compactification of the total space of the
bundle) to get M O,. Our maps

é-n—l @R _—')'gn

L

BOn_l — BOn

give rise to
MOy — MO,
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and Thom transversality gives an isomorphism

0, X = lm[S™ MO; A X] .

) =00

We usually denote 2,X by MO,X. A generalized cohomology
theory can also be defined as

MO™X 2 lim[Z" "X, MO;] .

100
This is called unoriented cobordism. This is not so exciting
because it is really just a bunch of copies of the standard mod
2 homology. To get something more useful, all we need to do is
put a little structure on the manifolds we use. In particular, we
assume that the stable normal bundle has a complex structure,
induced by a map
M"™ — BU ,

and that this structure restricts from W™*! to the boundary
when we define bordism. We now get complex bordism, MU, X.
Again, we have Thom spaces and
MU,X = lim[S**" X, MU; A X]
1—r o0
and
MU™X = lim [Z*™"X, MUj] .
1—r00

For good reasons, MU occupies a special place in homotopy
theory. It lies half way between the sphere, a main object of
study in homotopy theory, and standard homology, the main
tool in algebraic topology. So, it is a tool which is closer to the
goal. In particular, we have maps

SO — MU — K(Z/(p))

where S° is the “stable” sphere and K(Z/(p)) is the stable ob-
ject representing standard mod p cohomology. The homology
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of S° is known and nearly trivial but its homotopy groups, al-
though of great interest, are too tough to handle. K(Z/(p)) has
nearly trivial homotopy groups and although you can calculate
its homology, (it is the dual of the Steenrod algebra), it is pretty
nasty. MU, in the middle, has very nice homotopy groups and
homology! Both are just (graded) polynomial algebras on gener-
ators in every even degree. In principle this seems manageable.

MU is central to the study of homotopy theory and Devinatz,
Hopkins and Smith have proven the theorem which every ho-
motopy theorist dreams about: they solved a homotopy theory
problem completely in terms of an algebraic invariant. Namely,
they showed that a stable self map of X is trivial after iteration
if and only if the algebra map induced on MU,(X) is trivial
after iteration.

This is a great theorem and establishes (along with other re-
sults) the centrality and importance of MU in homotopy theory.
However, if we want to be able to use it for more problems, then
the computability must be enhanced. Just a few years ago, there
were very few examples of non-trivial calculations of the complex
cobordism of interesting spaces.

Today, as a result of a recent breakthrough, the complex
cobordism of many standard spaces has now been calculated
and the answers are quite nice.

First, an old theorem of Quillen’s helps us simplify things
quite a bit. If you localize MU, (X) at a fixed prime p then it falls
apart into a lot of copies of a much smaller theory called Brown-
Peterson homology, which contains all of the same information.
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The coefficient ring is
BP, = Zylvi,vg, . . -]

where the degree of v, is 2(p™ — 1). These v, are the same v,
we saw some time ago when we discussed Morava K-theories.
There is a Morava Structure Theorem which relates the Morava
K -theories to the Brown-Peterson cohomology of a space.

It turns out that there is a concept of a “nice” answer when
you calculate the Brown-Peterson cohomology of a space. M is
called Landweber Flat if M has the property that v, is injective
on M/(p,v1,...,vp—1)M for all n. This property turns out to
give Kiinneth isomorphisms and Hopf algebras where we have
no right to expect them. It also turns out to be a property that
lots and lots of standard spaces in homotopy theory produce
when we take their Brown-Peterson cohomology.

To get this, we start with Morava K-theory, which can usu-
ally be calculated if necessary, and work from there. The main
theorem of Ravenel, Wilson, and Yagita, [RWY98], is that if
the Morava K-theory of a space is concentrated in even degrees,
then the Brown-Peterson cohomology is too and is Landweber
Flat. The condition of even degree Morava K-theory might
seem overly restrictive, but there are many examples where it
holds. In particular, it is true for the space BO, all Eilenberg-
MacLane spaces, finite Postnikov systems, QS**, the image of J
space, the classifying spaces for the symmetric groups and lots
of other groups as well.

Since then, from the work of Kashiwabara and Wilson, we can
generalize results from [RWY98]. We assume we have maps of
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H-spaces

X fi X, fa X,

with the compositon trivial. If the Morava K-theory gives an
exact sequence of bicommutative Hopf algebras for all Morava
K -theories

K, — KX, — K. Xy — K. X3 —
and BP*(X,) and BP*(X;) are Landweber Flat, then BP*(X;)
is the cokernel of f§ and is also Landweber Flat.

If instead, we have
— K. X, — K. Xy — K. X3 — K,

for all Morava K-theories and BP*(X;) and BP*(X3) are Landwe-
ber Flat, then BP*(X3) is the kernel of f{ and is also Landweber
Flat.

These techniques allow for the computation of the Brown-
Peterson cohomology of a large number of standard spaces in
homotopy theory.

REFERENCES

[RWY98] D. C. Ravenel, W. S. Wilson, and N. Yagita. Brown-Peterson
cohomology from Morava K-theory. K-Theory, 15(2):149-199,
1998.

DEPARTMENT OF MATHEMATICS, JOHNS HOPKINS UNIVERSITY, BAL-
TIMORE, MARYLAND 21218

DEPARTMENT OF MATHEMATICS, KyoTO UNIVERSITY, KYOoTO 606-
8502 JAPAN

E-mail address: wsw@math. jhu.edu

-30-



-31 -



Topological realization of level structures over
Johnson-Wilson theory

Takeshi Torii (BfF i HAHE)

1 Introduction

In this talk we consider the topological realization of the universal deformation with
level structure and its stable splitting by Steinberg idempotent. Let E(n) be the I,-

adic complete Johnson-Wilson spectrum. For a finite group G, the E/'(;) cohomology
of the classifying space of G is almost described in terms of the abelian subgroups
in G by the result of Hopkins, Kuhn and Ravenel [4, 5]. Therefore it is fundamental
to study the EZE) cohomology of the classifying space of abelian groups and it
intimately connects with the theory of formil_goup law.

The formal group law associated with E(n) is a universal deformation of the
Honda group law which is associated with the Morava K theory K (n). There is an
idea of the level structure for the classical theory of elliptic curves and modular forms.
The generalization of the level structure for formal module and its deformation
is defined by Drinfel’d [1]. In particular, Lubin-Tate’s local class field theory is
interpreted as the theory of the level structures of the formal O-module where O is
a/nEfceger ring of the local field and it connects with the p-adic Morava K theory
K(n). In §3 we construct a spectrum from the classifying space of abelian groups by

using the stable transfer maps whose E(n) cohomology is rationally, that is, tensored
with the field of rational numbers Q, identified with the universal level structure.
The representingiigg of the universal level structure is a Galois extension over
the coefficient ring E(n),. The Galois group of this extension is the general linear
group and it acts on the spectrum mentioned above. There is a particular modular
representation of the general linear group. It is called Steinberg representation
which is an absolutely irreducible and projective module. In §5 we consider the
stable splitting of the spectrum constructed in §3 by the Steinberg idempotent and
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explain the relation to the symmetric product of the sphere spectrum and the Kuhn’s
exact sequence.

2 The I,-adic complete Johnson-Wilson theory

In this section we introduce the I,,-adic complete Johnson-Wilson theory 45(;) and
describe the theory of the associated formal group law. Let p be a prime and n > 0
an integer. Let BP*(—) be the Brown-Peterson cohomology. Then BP*(—) is a
generalized cohomology theory in which complex vector bundles are orientable. The
coefficient ring of BP*(—) is given by

BP* = Z(P)[U17v2r' . ‘]) |'U7;| = 2(pl - 1)

where v; are Araki’s generators. Let € BP*(CP*) be an orientation class obtained
from the complex cobordism MU*(—) by using Quillen splitting. The formal group

law F' associated with BP*(—) is universal p-typical over Z,-algebra and it is
)

. . s e,
characterized by the p-series [p)f'(z) =T +p -+ +F T:
[P (%) = Pz +5 0127 +5 V27" +p -
‘We consider the following rings

K(TL)* = Fp“[uzu_l]
E(n), = WEFpnluy,...,up1]u, v

where Wy~ is the Witt ring of the finite field Fy». The degree u; is 0 and the degree
of u is 2. There are ring homomorphisms

BP,
AN

E(n), — K(n)
where 0 is given by 05(v;) = uw? ' (1 <i<n), = L(i=n), =03 > n)
and Oy is obvious one. By using these homorphisms, we obtain p-typical formal

group laws over E(n), and K(n).. In fact there are complex oriented cohomology

—k

theories E(n) (=) and K{(n)*(—) which have the formal group laws constructed

*
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above. We call E(n) (—) the I,-adic complete Johnson-Wilson theory and K (n)*(—)
the Morava K theory. o

In the following we describe the meaning of the formal group law over E(n),.
Let k be a perfect field of characteristic p > 0 and F be a formal group law over
k of finite height n. Let R be a complete Noetherian local ring with k-algebra as
residue field. Then a lift or deformation of F over R is a formal group law G over
R whose reduction to the residue field is equal to F. The *-isomorphism between
two deformations is an isomorphism of formal group laws over R whose reduction
to the residue field is identity. Lubin and Tate showed that the *-isomorphism
classes of deformations over R is maturally corresponding to the continuous ring
homomorphism from Wk[uy, ... ,us—1] to R:

Def(R) {*-isomorhpism classes of deformations over R}

~ Hom®*(Wk[uy,...,un-1], R)

where Wk is the ring of Witt vectors of k. In fact they constructed a universal
deformation over Wk[u1, ... ,un—1].

In particular, let £ be the finite field F,» and F be the p-typical formal group law
over k with p-series [p](z) = zP". This is the formal group law associated with the
Morava K theory (Honda group law). Then the formal group law associated with

the Johnson-Wilson theory E(n) is a universall deformaion of F.

3 Level structures on deformations

In this section we define the level structures on deformations of a formal group law
according to Drinfel’d. Let G/R be a deformation of the formal group law F over
k. The maxiam] ideal mpg of R is an abelian group with respect to the formal group
sum +g. The level r structure on the deformation G is a group homomorphism:

¢:(Z/p)" — mg

satisfying the condition that the polynomial

[ x-¢()

a&(Z/p)"

devides the p-series of G.
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We recall the level structure of the classical theory of elliptic curves and modular
forms. Let H be the upper half plane. Corresponding T € H to the complex torus
C/(1,7), we obtain a map

H — {isomorphism classes of elliptic curves/C }

and this induces one-to-one correspondence
SLy(Z)\H —+ {isomorphism classes of elliptic curves/C}.

Let T'(N) be the principal conguruence subgroup of level N. T'(N) is the kernel of
the reduction SLy(Z) — SLo(Z/N). The level N structure of an elliptic curve F is
an ordered pair of the generator of the subgroup F[N] of N division points. Then
by corresponding 7 € H to the complex torus and the pair (C/(1,7), (1/N,7/N)),
we obtain the one-to-one correspondence

I'(N)\H —=+ {isomorphism classes of the elliptic curves with level N structure} .

The modular form is a global section of the canonical bundle of the modular curve.
Roughly speaking, the definition of a level structure of a deformation is obtained
by replacing the isomorphism classes of elliptic curves to the *-isomorphism classes
of deformations. Let Level, be the functor from the category of complete Noethe-
rian local rings to sets such that Level.(R) is the set of all isomorphism classes of
deformations with level r structure. The following theorem is due to Drinfel’d.

Theorem 3.1 (Drinfel’d [1]). The functor Level, is representable by a reqular lo-
cal ring D(Z/p")*. The ring homomorphism E(n) — D(Z/p")", corresponding a
natural transformation Level, — Def, is finite and flat.

—

We consider the E(n) cohomology of the classifying space of the elementary
abelian group (Z/p)". There is an S* bundle: S — B(Z/p) — CP*. By using
Gysin sequence, we obtain that

E(n) (B(z/p) = Em), [z1/()(z)) -

———

We note that E(n) (B(Z/p)) is a free module of rank p" by the Weierstrass prepa-
ration theorem. Therefore, by using Kunneth theorem, we obtain that

®

E(n) (BZ/p)") = E(n),[zn, - .. , 2l /()(50), . .. , [p)(2n)) .
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Let Hom((Z/p)", G) be the functor from the category of complete Noetheriam local
rings to sets such taht Hom((Z/p)", G)(R) is the set of all deformation Gg with a
homomorphism from (Z/p)™ to the maximal ideal mp with respect to the formal

—0

group sum +g,. Then Hom((Z/p)™, G) is represented by E(n) (B(Z/p)"):

0

Hom((Z/p)", G)(R) = Hom®(E(n) (B(Z/p)"), ) -

There is an obvious natural transformation Level; — Hom((Z/p)", G). This induces
a ring homomorphism:

E(m) (B@/p)") — D((Z/p)").

4 Topological realization of level structures

In this section we construct a spectrum from the classifying  spaces of abelian groups
by using stable transfer maps. Then we show that the E(n) cohomology of the
spectrum is rationally identified with the universal level structure.

There is a contractible free (Z/p)™ space E(Z/p)". For the subgroup A of (Z/p)",
the quotient space F(Z/p)"/A is a classifying space BA. Let W be the set of all
flags in EP. That is, W is a set of all expanding sequences of the subspaces of E}
W={W={WC---CW, CE}HOL dm W; <--- < dim W <mn, 0<
k < n}. For W € W, we let BW be the classifying space BW,. In particular, we
have B{E;} = BV. If W' is a refinement of W € W, then there is an obvious finite
covering map BW' — BW. So we obtain a strictly commutative diagram, which is
indexed by the flags in I, consisting of the classifying spaces of the subgroups of
¥ and the finite covering maps between them.

We define the odering in W as follows:

W' < W <= W' is a refinement of W .

Then we regard W as a small category. From the above construction, there is a
functor B from W to the category of spaces so that BW = BW and BW' — BW is
an obvious finite covering for W' < W. By using higher homotopy, we obtain the
following lemma.

Lemma 4.1. There is a functor E from W to the category of spectra such that
EW ~ S®°BW, for W € W and the morphism EW — EW' is a transfer map for
W < W.
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Let £ = {e=(e1,...,6) €Z" 0< g <2}and E={ec € &l =0o0r 1} We
define the ordering in & as follows:

e=(€1,...,6) <€ =(e,...,6)<=>¢ <e foralq.

Then we regard £ as a small category and £ a subcategory. For ¢ € £, we let K, be
the subset of {0,1,... ,n— 1} where i — 1 € K, if and only if ¢; = 0. We denote the
subset of W consisting of the flags of type K. by W.:

WEZ‘{W:{WlC"'CWkCF;}! divaj—_—ij}

if K, = {iy < -+ < ix}. Let D(¢) = [Tyyep, EW. Then the functor E induces

a functor D from £ to the category of spectra. Since D is a strictly commutative
diagram over £, we extend the diagram to a functor D from £ to the category of
spectra so that '

D(Gl,... )Ei—1727 €iply e - :65) - D(El7-‘- 76i—171a€i+17-" 765)
- D(61>'” 7€i~1705 Citly oo 755)

are fiber sequences. We define the spectrum F,,(p) as D(2,... ,2).

Bp) — —

|

— XJ°°B(Z/p)?,r —_— [l Z*BA.
dima=1

— X%B{e}y — [I Z=B{e}:
dima=1

We explain the relation between EE;)O(B (Z/p)™) and D(Z/p)" over Q. Let A
be a quotient group of (Z/p)®. The level(A) structure on a deformation is defined
as similar way. Let Level(A4) be the functor from the category of Noetherian local
rings to sets such that Level(A4)(R) is the set of deformation with level A structure.
Then Level(A) is represented by a regular local ring D(A). For a level A structure
¢ : A — mpg on a deformation G/R, we obtain a homomorphism

(Z/p)" — A 2, me
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by composing with the quotient map (Z/p)™ — A. This induces a natural transfor-
mation Level(4) — Hom((Z/p)", G). So we obtain a ring homomorphism

E(n) (B(Z/p)") — D(A).

This homomorphism induces an isomorphism

—~0

E(n) (BZ/p))eQ = ][[DA)eQ
A

where the product is taken over the quotient groups of (Z/p)". Taking the quotient
by the transfer image of the low dimensional part inductively, we obtain the following
theorem.

—~0

Theorem 4.2. E(n) (Fo(p)) @ Q= D(Z/p)"®Q

5 Stable splitting by Steinberg idempotent

In this section we consider the stable splitting of the spectrum Fy(p) by Steinberg
idempotent and describe the relation to the Kuhn’s exact sequence. First we recall
the stable splitting. Let X be a CW spectrum and {X, X} the ring of self-maps of
X. For e € {X, X}, we denote by eX the infinite mapping telescope l_ig (X =

X %5 X ---). Then we have the following lemma.

Lemma 5.1. If e is an idempotent, then X ~ eX V (1 — e)X. Moreover, for any
spectrum Y, [V, eX] = e[Y, X] and [eX,Y] = [X,Y]e.

In particular, we let X = B(Z/p)} the p-completion of the suspension spec-
trum of the classifying space B(Z/p)" with disjoint base point. Then the gen-
eral linear group GL.(Z/p) acts on B(Z/p). So we obtain that GL.(Z/p) C
{B(Z/p)*, B(Z/p")+}. Furthermore, by Segal conjecture, this induces the injection
of the group ring over the p-adic integer:

Z,(GLn(Z/p)] C {B(Z/p)}, B(Z/p")+}

We recall the Steinberg idempotent. Let By, be a Borel subgroup of GLn(Z/ D)
consisting of the upper triangular matrices, U, be a unipotent subgroup consisting
of the upper triangular matrices with all diagonal entries equal to 1, and X, be the
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symmetric group consisting of the permutation matrices. We define i‘; and B, in
the group ring Z,)|GL,(Z/p)] as follows:

., = > sgnlo)-oc

€L,

B, = S b

bEB

Then the Steinberg idempotent is defined by

LnBn
[GL, : U,]"

Let R = E,[GLn(Z/p)] and V be a GL,(Z/p) module over F,. Then the Steinberg
representation V; = enR is an absolutely irreducible and projective module. The
dimension of Ve, over I, is the multiplicity of the Steinberg representation in the
composition factors of V.

Let M(n) = e,B(Z/p)%. We describe the relation between M(n) and the sym-
metric product of the spehere spectrum. Let D(n) be the cofibre of the diagonal
map

Ep =

A SpPTSY — SpPt S0,
Let u, € H(D(n); Z/p) be the bottom class. Then we have
H*(D(n); Z/p) & Z/p{6"u,| I : admissible, the length I(I) <n}.
where T = (eg,71,€1,79,+ -+ ), Of = BoOPrigaprz....

Theorem 5.2 (Mitchell-Priddy [10]). There is a natural map D(n—1) = D(n)
and M(n) = T7"(D(n)/D(n — 1)). The mod p cohomology of M(n) has basis
{0%| I : admissible, 1(I) =n}.

We recall the Kuhn’s exact sequence. There is a sequence obtained by splicing
the cofibre sequences ©™"D(n) — M(n) — Z7"" D(n — 1):

s M(n) = oo — M(1) = M(0)=S"— HZ/p.

Theorem 5.3 (Kuhn-Priddy [8], Kuhn [7]). The above sequence is ezact in the
following sense. Let F;.y — M/(i) — F; be a cofibre sequence:

< By F

N 2N
— M(1) o M(0) — HZ/p.
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Then the associated sequence of infinite loop spaces has a section:
QP F; 1 = QM (i) — Q%°F;.

Now we consider the stable splitting of Fy,(p) by Steinberg idempotent. Recall the
diagram using the construction of Fy,(p). Then GLn(Z/p) acts on the diagram and
F,,(p) can be constructed equivariantly. Let Py be the parabolic subgroup stabilizing
the subspace spanned by the first & basis vectors.

P = {( o 4 ) € GL,(E) |X € GLy, Z € G’Ln_k} & (GL X GLng) X Q

where () is a subgroup such that the matrixes X and Z are identity. By using the
homomorphism

Pk — GLk X GLn__k — GLk,

we regard a GLj module M as a P, module and let M GLn be its induced represen-
tation to GL,.

Lemma 5.4. If k < n—1, then MSlne, = 0. If k =n — 1, then dimMC%re, =
dim Mey_1.

From this lemma, the splitted diagram reduces to the sequence corresponding to
the flags having the succesive dimensional subspaces:

]V[(?) = EQB(Z/p)i_ —_— CZHBW+ =~ elBZ/p_,_ = ]\/1(1)

* = egB{0}y — €2HB{0}+ ~ e B{0}; = M(0).

This is equivalent to the Kuhn’s exact sequence. Hence we obtain the following
theorem.

Theorem 5.5. e¢,F,(p) 2 Z"D(n)

From this, we obtain the action of the Steenrod operation on the bottom cells of
Fa(p).

— 40 -



References

[1] V. G. Drinfel'd. Elliptic modules. (Russian) Mat. Sb. (N.S.) [94(136)] (1974),
594-627, 656. English translation: Math. USSR-Sb. 23 (1974), no. 4, 561-592
(1976).

[2] J. P. C. Greenlees and N. P. Strickland. Varieties and local cohomology for
chromatic group cohomology rings. Preprint.

[3] M. Hazewinkel. Formal groups and applications. Pure and Applied Mathematics,
78. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York-
London, 1978. :

[4] M. J. Hopkins, N. J. Kuhn and D. C. Ravenel. Generalised group characters and
complex oriented cohomology theories. Preprint.

[5] M. J. Hopkins, N. J. Kuhn and D. C. Ravenel. Morava K-theories of classifying
spaces and generalized characters for finite groups. Algebraic topology (San Feliu
de Guixols, 1990), 186-209, Lecture Notes in Math., 1509, Springer, Berlin, 1992.

[6] N. M. Katz and B. Mazur. Arithmetic moduli of elliptic curves. Annals of Math-
ematics Studies, 108. Princeton University Press, Princeton, N.J., 1985.

[7] N. J. Kuhn. A Kahn-Priddy sequence and a conjecture of G. W. Whitehead.
Math. Proc. Cambridge Philos. Soc. 92 (1982), no. 3, 467—483.

[8] N. J. Kuhn and S. B. Priddy. The transfer and Whitehead’s conjecture. Math.
Proc. Cambridge Philos. Soc. 98 (1985), no. 3, 459-480.

[9] J. Lubin and J. Tate. Formal moduli for one-parameter formal Lie groups. Bull.
Soc. Math. France 94 1966 49-59.

[10] S. A. Mitchell and S. B. Priddy. Stable splittings derived from the Steinberg
module. Topology 22 (1983), no. 3, 285-298.

[11] N. P. Strickland. Finite subgroups of formal groups. J. Pure Appl. Algebra 121
(1997), no. 2, 161-208.

41 -



Enumeration of rational functions

V. V. Goryunov

The topological type of a meromorphic function on a curve with a non-fixed complex
structure is its equivalence class up to homeomorphisms of the domain.

In 1891 Hurwitz published [7] a conjecture yielding the number of topological types of
rational functions on C! with fixed orders of poles and fixed critical values assuming the
functions Morse on the complement to the poles. Recently there appeared two combinatorial
proofs of the conjecture by Goulden and Jackson [6], and Strehl [16].

We give an independent proof, from the point of view of singularity theory, in the spirit
of Arnold’s investigations on Laurent polynomials. We are basing on the study of geometry
of the moduli space of ordered tuples of points on the line and the properties of the Lyashko-
Looijenga mapping (see [2, 11, 12]) which relates to a function the unordered set of its finite
critical values. Also we show that the variety of topological types of Morse functions in our
context is an Eilenberg-MacLane K (m,1)-space.

The approach of the paper looks promising for enumeration of topological types of arbi-
trary meromorphic functions on CP! (cf. [10, 18, 19]).

The paper is organised as follows. In section 1 we construct a partial closure of a finite
covering of the space of rational functions with fixed orders of poles. In section 2 we state
various degrees of this closure. In section 3 we formulate the theorem on the non-degeneracy
of the Lyashko-Looijenga mapping, calculate its degree and state the homotopy type of the
complement to the bifurcation diagram of rational functions. In section 4 we relate the
obtained degree to the enumeration of the topological types of rational functions, and to
the combinatorial problems of enumeration of the graphs with ordered edges and so-called
minimal factorisations of a permutation into transpositions. The original Hurwitz formula is
that giving the number of such factorisations.

The results presented here were obtained jointly with S. K. Lando and are appearing, with
~ all the proofs, in [5].
1 The function space

A function on CP' with a simple pole at a point £ is an affine coordinate z on the line,
2(€) = co. Hence a meromorphic function with distinct poles &, ..., &, € CP* is a function

pi(z1) + .o 4+ palzn) + Ao s (1)
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where the z; are (dependent) affine coordinates on the projective line, z;(&;) = oo, Ay € C,
the polynomials p; have no free terms and their degrees are the orders k; of the poles.
Let
a; = 2(&5) J#1,
be the coordinates of the finite poles in the charts.
For n > 1, we get rid of the most of the ambiguity in our choice of the z; fixing the origins

by requiring
Z aij = O, (2)
JjF
and leaving just a finite number of options after rescaling the z; to make the highest coefficient
of each of the p; to be 1.
Since the coordinate change z; = z;(z;) is an automorphism of the projective line, the
coordinates z; of a point of CP! in different.charts are subject to the double-ratio relations
in which Qi = Qj; = OQ1

Zi — Qg5 Qip — Qg5 . Zj — Qj; ajg — g

Qo — CLij Z; — Qg Cljg - a]] Z] — aji ’
that is
(2 = i) (75 — a50) = (@i — ay5)(aze — a5) (3)

In particular, this holds for the coordinates of the pole &,,:
(Gim — ai5)(@jm — a3i) = (@i — ai;)(aje — a5) - (4)

Equations (2) and (4) define in the space C™™~V) with coordinates a;; a subvariety of
dimension 2n — 3. It is singular in codimension 5 [15]. Jan Stevens conjectured that it does
not have embedded components which is still not proved for . > 5. To be on the safe side, we
denote by V, the top-dimensional component of this variety (rather than the variety itself).

The main object of this work is the partial closure

V, x kil (5)

of the space of rational functions (1) in which V), represents various choices of the n poles
and CF~™*1 stands for the choices of Ay and of the coefficients of the monic polynomials p;,

k=bk +...+k,.

Remark 1.1 A point of V, supplies parameters for the equations (3) of a rational curve in
the coordinate space C" of the z;. If, for each ¢, all the numbers a;; are distinct, a rational
function with the poles of the orders k; is the restriction of the function (1) to this curve.
If some of the numbers coincide, the corresponding curve in C™ is singular. For example,
we have the arrangement of all the n coordinate axes in C" when all the a;; are zeros. Our
function space is the space of restrictions of functions (1) from C™ to curves (3).
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2 Variety V,

2.1 Degree of V,

For our further considerations we need some information about the geometry of Vy.

Theorem 2.1 The degree of the variety Vo, n > 2, 18 n"3,

We are not proving this theorem here. The only fact we would like to mention is that the
proof is based on the consideration of the variety

W, C CPP™2x...x Ccpr?,
where the CP?‘2 are the projectivisations of the coordinate planes
Cr = {(ai, > Tiiy -+ Gin) 5
and W, is the image of the variety V, under the projection from crn=1).
‘ dimW, =dimV, —n=n—3.

We see that W, is the closure of the space of ordered n-tuples of distinct points on the
projective line considered up to automorphisms of the line. Thus W, is a compactification of
the moduli space of such tuples.

D. Panov has shown [13] that, in general, the space W, is different from the Grothendieck-
Knudsen moduli space m [9, 8]. He observed that the stratum in W corresponding to 4
 pairs of coinciding points is just a point, while in My g this is a line.

2.2 Quasi-homogeneous degrees of V,

We will also need a quasi-homogeneous version of Theorem 2.1.

Consider a subvariety V of dimension 7 in the coordinate space CV. Assume V to be in-
variant under the one-parameter group of quasi-homogeneous transformations (z1,...,Zn) —
(t*1zy,...,t"Vzy), 1 € C \ 0, where the w; are positive rational numbers which we call the
weights of the coordinate functions. Let U be the set of common solutions of r equations

fi(x)zci, 'i:l,...,’f',

where the f; are generic quasi-homogeneous functions of degrees d; and the ¢; constants. As-
sume that U is a complete intersection which meets V' just transversally, and p = p(dy, ..., d,)
is the number of points in V N U. Then the ratio

n/ H d;
=1

does not depend on the choice of the d;. This number will be called the quasi-homogeneous
degree of V. (with respect to the weights w;).
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Example 2.2 The quasi-homogeneous degree of CV itself is 1/ Hf’;l w;.

Now we return to our variety V,. Take arbitrary natural numbers ki, ..., k,, and assign
weights 1/k; to the coordinates a;; on crn=1l) 5P,

Theorem 2.3 The quasi-homogeneous degree of V,,, n > 2, with respect to the chosen weights
of the coordinate functions is

(koo k)™ ko ko

Again we give no proof of this fact here.

3 Lyashko-Looijenga mapping

3.1 Bifurcation diagram of rational functions

A generic point of the space V,, x CF=™*1 (5), that is a generic polynomial (1) on a generic
curve defined by the equations (3), is a degree k Morse function on a rational curve with n
punctures. Due to the Riemann-Hurwitz formula, it has k 4+ n — 2 distinct critical values.
Note that the dimension of the base V, x CF~"*1 is also k + n — 2, the fact which is heavily
exploited in what follows.

Definition 3.1 The set © C V, x CF ™1 of functions having less than k + n — 2 distinct
~critical values is called the bifurcation diagram of rational functions.

There are three generic ways to drop the number of critical values corresponding to the
three components of the hypersurface 2:

., Mazwell stratum: two different critical points on a smooth curve are on the same level;
¥,., caustic: there is a degenerate critical point on a smooth curve;
T,: the curve is not smooth.

Note that the pair (V, x CF="1 T) is trivial in the A-direction.

3.2 The covering

The Viéte mapping identifies the set of all unordered r-tuples of complex numbers with
the space C” of monic polynomials in one variable of degree r. This space contains the
discriminant hypersurface A of polynomials with multiple roots.
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Definition 3.2 The Lyashko-Looijenga mapping for rational functions is the mapping
— L Vn X Ck—n-l-l _ Ck+n—2

which sends a function on a curve to the unordered set of its critical values counted with the
multiplicities.

Of course, at first this mapping is defined just as a mapping
r- (Vn > Ck—-n+1) \ D Ck+n-—2 \ A

which sends a Morse function on a smooth curve to an unordered (k-n —2)-tuple of distinct
numbers. Then one can easily verify (see, e.g. [4, 1]) that L' extends to generic points of
Y. For example, the value of a generic function at a node has to be counted as critical of
multiplicity 2. In what follows we are using both £ and L.

Theorem 3.3 The Lyashko-Looijenga mapping L is a proper finite covering. As a mapping
from (V, x CF="HY\ T to CF™ 2\ A it has no branching.

The version of this theorem for ordinary polynomials in one variable is the theorem of
Lyashko and Looijenga [3, 11]. The case of Laurent polynomials was considered in [4] and
the n > 2 case in [5]. Here are some corollaries.

Corollary 3.4 The complement (V, X Ck=m+)\ © to the bifurcation diagram of rational
functions is an Filenberg-MacLane K(m,1)-space, where 7 is a subgroup of index
ke

=30k 4 — 2]
1 Ry

in the Artin group B(k +n — 2) of braids on k+mn—2 threads.

Proof. We have to show that the number in the corollary is the degree of the Lyashko-
Looijenga mapping.

The mapping £ is quasi-homogenious: its coordinate functions get weights 1,2, .. Jk+n—2
when we assign the following weights to the parameters involved (recall the settings of (1)
and (3)):

wta; = 1/k;, wt Ais = s/k;, wtAg=1.

Since the quasi-homogenious degree of a direct product of two varieties is the product of

their quasi-homogenious degrees, applying Theorem 2.3 and Example 2.2 we have

deg £ = (k+mn —2)!- deg (V, x CF"*)
= (k+n-—2)!-degV, -deg Ck-ntt
non (- 1)
=1 =1 R

which is the required number. O
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Remark 3.5 The corollary remains valid for both ordinary, with £ > 1, and Laurent poly-
nomials [3, 11, 4, 1] in spite of those cases not being covered by Theorem 2.3.

Remark 3.6 The family of functions (1) on the family of curves (2-3) which we studied in
this section is a miniversal deformation of the function 25 + ... + z&* on the arrangement
of the coordinate axes in C™ for the natural equivalence of functions on curves. The setting
here involves deforming both a function and a curve. This equivalence will be a subject of a
separate paper.

4 Topological types of rational functions

4.1 The enumeration

Consider two holomorphic mappings, f and f', from closed complex curves I and I to CPL
We say that they are of the same topological type if there exists a commutative diagram

' — T
I~ Jf
CP!

in which the horizontal arrow is a homeomorphism.
Mark a point (infinity) on the CP' and call its inverse images poles.

Theorem 4.1 The number of topological types of meromorphic functions on CP! with poles
of orders ky, ..., k, and fized critical values, assuming that on each finite critical level there
is just one critical point and this point is Morse, is

, 3 (k4+n —2)! &k
M(ky, ... k) = ~ Hl T
1=
Here bk =k + ... +k, and N =n,!-... - n,l, where the n; are the cardinalities of the sets of

equal numbers among the ki, ny + ... +n, = n.

Remark 4.2 To be precise there are three cases not covered by the theorem: M (1) = M(2) =
M(1,1) = 1. ‘

Proof. We assume n > 2. For the cases n = 1,2 see [1].

All the topological types of Theorem 4.1 are present in the fibre of the Lyashko-Looijenga
mapping £'. The points in the fibre giving the same type are obtained from each other by
permuting the coordinates z; in C™ (see (1)) corresponding to the poles of the same order,
and by multiplying z; by a root of unity of order k;. This provides the action of the group

G=38p, x...x 8 XLy, X...x 2Ly,

—47 -



on V, x CE=m+1\ & (here S, is the full symmetric group on g elements). The action is easily
verified to be free. The Lyashko-Looijenga mapping £ factors through the factorisation m¢
by this action:

V'n. > Ck—n+1 \ b e, 7;61,-.-,7611 _L_> Ck+n—2 \ A 7

[,I:LOT('G .

Here Ty, .k, is the variety of all the topological types when the distinct Morse critical levels
vary. The number of types under the question is the degree of the covering L which is the
ratio of the degree of £’ and order of G. Now the claim follows from Corollary 3.4. O

As a by-product we have obtained:

Corollary 4.3 (cf. [1]) The variety Ty, k. of all topological types of meromorphic functions
on CPY with poles of orders ky, ... ky, k=1ki+...+Fk,, and with k+n—2 distinct critical
values is naturally covered by the space V, X Ck=n+1\ $ of Morse rational functions with

the poles of the same orders. The degree of this unramified covering is
nyl-ooomgl- [ ki

Moreover, Ty, 1. is itself the space of an unramified covering of CF™ 2\ A of degree

M(kl, - 7kn)

n

Corollary 4.4 The variety Ty, 1. of the topological types is an Filenberg-MacLane K (m,1)-

space for a subgroup m of index M (ky,...,ks) in the braid group B(k+n—2).

4.2 Graphs associated with meromorphic functions

A way to associate a graph with a meromorphic function on a complex curve was suggested
first by Zdravkovska in [17]. This approach allows one to establish an equivalence between
the topological types of meromorphic functions and classification of certain graphs. Our
exposition below follows that of Arnold [1].

Consider a holomorphic degree k mapping f : I' — CP! of a connected compact Riemann
curve. Assume it is a Morse function on the complement to the poles. Take an arbitrary finite
non-critical value ¢, of f. Its inverse images will be the k vertices of our graph. The number
of the edges of the graph is going to be equal to the number m of finite critical values of f.

The naturally ordered edges come out when we connect t, with all the finite critical values
ty,... tm of f by a system of m paths %,t; in C without mutual and self-intersections. Here,
after choosing the 1st critical value, the indices are assigned to the others according to the
counter-clockwise order in which the paths leave t,. Now the edge number i connects the two
points of f~1(¢,) merging in the homotopy of the fibres f~'(t) while ¢ follows the path t.t;.
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The graph thus obtained is connected since T" was such. It follows immediately from the
Riemann theorem that any connected graph with ordered edges can be obtained in this way.
By the Riemann-Hurwitz theorem, the genus g of the curve I' involved is determined by the
formula

2—-29=k—-—m+mn,

where n is the number of poles of f.

The monodromy interpretation relates to the sth edge of the graph the transposition 7; of
its endpoints. The permutation ¢ = 7, 0... 07 € Sy is called the Cozeter element of the
graph [1]. If ky,...,k, are the orders of the poles of f, ky + ...+ k, = k, then o has cyclic
type (ki,...,ky), that is it is the product of n independent cycles of these orders.

Theorem 4.5 ([1]) Consider meromorphic functions on connected Riemann curves which
have n poles of orders ki, ..., kn, are Morse on the complement to the poles and have m fized
finite critical values. The number of topological types of such functions is equal to the number
of graphs with ky + ... + k, vertices and m ordered edges whose Cozeter element has cyclic

type (ki, ..., ky).

Thus the number M (k;, ..., k,) in Theorem 4.1 is the number of graphs with k vertices and
k+mn — 2 ordered edges whose Coxeter element has cyclic type (ki,...,k,), ki +...+k, = k.
In fact, at this point the history developed in the opposite direction: for the first time this
number came out as the number of the topological types within the interpretation given in
[14] to the combinatorial result of Goulden and Jackson [6] related to the enumeration of
graphs with ordered edges.

The setting of [6], repeating that by Hurwitz [7], was as follows.

Consider a permutation ¢ of cyclic type (k1,...,k,) on the set {1,2,...,k}, bk =k +

. -+ k,. Denote by M(c) the number of its factorisations into a product of transpositions
0 =T,0...0T7 such that

e Ty,..., T, generate the symmetric group Sy;

e m is minimal with respect to the previous requirement.

The first requirement means that o is the Coxeter element C(©) of some connected edge-
ordered graph © (equipped with an appropriate order of its vertices so that o = C (©)). The
second requirement corresponds to the case of the genus zero curve.

Theorem 4.6 ([6], Hurwitz conjecture [7])

_ n3 - ﬂ’n
/\[fa) k ‘H PRk

1=

Proof. To obtain M (o) from the number A/[(kl, ..., ky) of the graphs with ordered edges
is to count the ambiguity in ordering the vertices of the graph © for which C(©) = o:
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e having a cycle of length k; in o we can assign its elements in the proper order to the
vertices of © participating in any cycle of C(©) of the same length;

e this proper order is defined just up to a cyclic permutation. o

The given argument just repeats the factorisation 7g of the previous section.

Remark 4.7 Note that M (o) is the number of Corollary 3.4, that is the degree of the
Lyashko-Looijenga mapping L.
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The Kauffman bracket skein algebra of a

surface times the interval has no zero
divisors.
Jézef H. Przytycki
Department of Mathematics, George Washington University, Washington, DC
20052, USA e-mail: przytyck@gwu.edu

Summary. Let M be an oriented 3-manifold. We consider the free
module of formal linear combinations of unoriented framed links in M, up
to ambient isotopy. The coefficients are taken from a commutative ring
with identity, R, with a fixed invertible element A. The Kauffman bracket
skein module is the quotient of this module by the submodule generated by
the local skein relations: Ly = ALg-+A™ Lo and (LUTy) = (—A*—~A7?)L,
where T} is the trivial framed knot. In the case of M being a product of
a surface and the interval, the Kauffman bracket skein module has an
algebra structure. We prove that this algebra has no zero divisors, as long
as the ring R has no zero divisors. This result allows us to prove, for a
surface group, the conjecture by Bullock, that the coordinate ring of the
SL,(C) character varieties of the group is equal to the Kauffman bracket
skein algebra for R = C and A = —1. We show also that the center of the
Kauffman bracket skein algebra is generated by the boundary components
of the surface. (This is a join work with A.Sikora).

1 Introduction

Skein modules are the main objects of an algebraic topology based on knots
(or position). In the same spirit as Leibniz we would call our approach algebra situs

(FLEER).
Skein modules are quotients of free modules over ambient isotopy classes of links

in a 3-manifold by properly chosen local (skein) relations.

The skein module based on the Kauffman bracket skein relation is, so far, the

most extensively studied object of the algebraic topology based on knots. We describe
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in this section the basic properties of the Kauffman Bracket Skein Module (KBSM)
and list manifolds for which the structure of the module is known.

We are mostly interested in a manifold which is the product of a surface with the
interval. For such a manifold KBSM has a structure of algebra and we prove that it
has no zero divisors. We identify also the center of the algebra.

The Kauffman bracket skein module, S; (M), of an oriented 3-manifold M is
defined as follows [Pr-1, H-P-1]:

Definition 1.1 Let M be an oriented 5-manifold, L¢, the set of unoriented framed
links in M (including the empty knot, 0), R any commutative ring with identity and
A an invertible element in R. Let Sy o be the submodule of RL;. generated by skein
expressions Ly — ALy — A~ L., where the triple L, Ly, Lo, 15 presented in Fig.1.1,
and L U Ty + (A% + A=) L, where Ty denotes the trivial framed knot. We define
the Kauffman bracket skein module, S o(M; R, A), as the quotient Sy o (M; R, A) =
RL /5 00

N
/7 s

L, L, L

Fig. 1.1.

Notice that L) = —A%L in Sy oo (M; R, A), where L() denotes a link obtained from
L by twisting the framing of L by a full twist in a positive direction. We call this the
framing relation. We use the simplified notation Sy oo (M) for Sp oo M; Z[AFY], A).

Proposition 1.2 (1) (Universal coefficients property)
Let r : R — R' be a homomorphism of rings (commutative with 1). We can

think of R' as an R module. Then the identity map on Ly, induces isomorphism
of R' (and R) modules:

Soo(M; R, 7(A)) = Sy (M; R, A) @r R

(2) An embedding of 3-manifolds f : M — N induces the homomorphism of skein
modules f. : Sao(M; R, A) = Sooo(N; R, A). This leads to a functor from the
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category of 3-manifolds and embeddings to the category of R modules.

If N is obtained from M by adding to it 2 and 3-handles, then f. is an epimor-
phism. Furthermore the kernel of f is generated by relations yielded by 2-handle
slidings.

(4) If M = F x I for an oriented surface F and an interval I, then Sy o00(M; R, A)
is an R algebra with O as an identity element and Ly - Ly defined by placing Ly
above Ls.

An embedding of oriented surfaces f : F — F' induces the homomorphism
of skein algebras f. : Sopo(F x I; R, A) = Syeo(F' X I R, A). This leads to
a functor from the category of surfaces and embeddings to the category of R

algebras.

(5) If A= —1 then for any M, S2.00(M, R, —1) is an R-algebra. Ly - Lo is defined to
be a disjoint sum of links (because of A= —1 it does not depend on the relative
position of Ly with respect to Ly). The algebra depends only on the fundamental
group of a manifold. In particular if f: M — N is a homotopy equivalence
then fo: Sopo(M, R, —=1) = S2.00(NV, R, —1) is an isomorphism of algebras.

(6) The skein algebra Syeo(Fop x I; R, A) is isomorphic to the polynomial algebra
Rla] where o corresponds to a core of the annulus Fys.
The skein algebra Sso0(Fo3 X I R, A) is isomorphic to the polynomial algebra
R[Z,7, Z] where the isomorphism sends boundary curves of Fp3 to T,Y,Z2, Te-
spectively. Fyq denotes a surface of genus g and d boundary components.

In the next theorem we list manifolds for which the exact structure of the Kauff-
man bracket skein module has been computed.
Theorem 1.3 ([Ka, Pr-1, H-P-2, H-P-3, Bu-1]) (a) S.00(S%) = Z[AE!], more
precisely: ) is the genegator of the module and L =< L > Ty = (—A2- A" <
L > 0 where < L > is the Kauffman bracket polynomial of a framed link L.

(b) Let M be an oriented S-manifold which is either equal to F' x I, where F s
an oriented surface, or equal to a twisted I bundle over F (FxI), where F
is an unoriented surface. Then the KBSM, Sy oo(M; R, A), is a free R-module
with a basis B(F) consisting of links in F without contractible components (but

including the empty knot).

(¢) Sa0o(L(p,q)) is a free Z|A*'] module and it has [p/2] + 1 generators, where [z]
denotes the integer part of x.
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(d) SycolS x 57) = Z[4%] @ B, Z[AH]) (1 - A%+)

(e) The skein module of the complement of the torus knot of type (k,2) is a free
Z[AF-module generated by links U;; (i > 0, % > 7 >0 ), where Uy, is
composed of i meridians and j curves X\, as illustrated in Fig. 1.2.

A

VI
|

|
|
\o¢ a

U
L1

Fig. 1.2.

2 Integral domain of the skein algebra of a surface

The understanding of the Kauffman bracket skein module of the product of a surface
and the interval (including handlebodies) is the first step to understand KBSM of a
general 3-manifold. Furthermore the case of F' x I is relatively easy to understand
because we can project links onto the surface and work with diagrams of links. The
structure of the Kauffman bracket skein algebra of F'x I is more difficult to describe,
but very useful, because the KBSM of a 3-manifold with boundary can be treated as
a module over the (left) Kauffman bracket skein algebra of the regular neighborhood
of the boundary’. In the case of the surface Fy,, n < 3 the algebra is commutative
(see Proposition 1.2(6.)). Some other case were described in [B-P]. For example in
the case of a torus (T' = F ), we get:

'I heard this idea, for the first time, about 10 years ago from D.Yetter. Very nice application of
it is given in [F-G].
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Theorem 2.1 Syoo(T X [;R,A) = R < wz,y,2z > /Lo, where Lp is the ideal
generated by A-commutators

Azy — Az — (A= A7)z

Ayz — A7lzy — (A2 — A7)z

Azz — A'zz — (A2 — A7)y

and the long relation
A2 A%+ A% — Azyz — 2(A%+ A7P).

Corollary 2.2 (i) Spo(T'xI; Z,~1) = Z[z,y, 2]/1, wherel is the ideal generated
by the long relation
22+t 4+ 2P oy — 4

(ii) Sooo(T % I; Z,—1) embeds in the group algebra ZH(T) = Z[a*',b='] where
z——a—at,y——b—0b", and z — —ab—a” b7

(iii) Sao0(T x I;Z,—1) is a unique factorization domain.

We sketch a proof, now, that the Kauffman bracket skein algebra of the Cartesian
product of an oriented surface cross interval has no zero divisors. This, combined
with [Bu-5, P-S-2], guarantee that the skein algebra Sy o0 (F % I; C, —1) is isomorphic
to the coordinate ring of the SL(2,C) character variety of the group m (F'), solving.
Bullock conjecture for this case.

Theorem 2.3 Any zero divisor of Seeo(F X I; R, A) is of the form rm where T is a
zero divisor of R, for F' being an oriented 2-manifold. In particular if the ring R has
no zero divisors then the skein algebra Saoo(F x I; R, A) has no zero divisors.

Corollary 2.4 If the ring R has no nilpotent elements then the skein algebra Sg oo(F' %
I; R, A) has no nilpotent elements.

Theorem 2.5 The center of the algebra Sy oo (F % I; Z[A*], A) is a subalgebra gen-
erated by the boundary components of F'.

Theorem 2.6

Let R be a ring without zero divisors. Suppose that F' is an unorientable surface of
an even, negative Buler characteristic, M is a twisted I bundle over F (M = FxI),
and A = +1. Then the skein algebra S oo(FXI; R, A) has no zero divisors.

The above theorem is not true for a Klein bottle, K B. One can check that

Sy.00(KBXI; R,—1) ~ R[z,Y, 2]/ (2 = 2%,y = 2z, zy = 213).
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In particular

(i) for 2 invertible in R it reduces to R[z,y]/(z(y* — 4) = 0), thus it has zero

divisors but no nilpotent elements

(i) For 2 =0 in R the skein algebra is equal to:
Rlz,y,z]/(z* = 2%, zy = 2y = 0).

In all cases R[y| embeds in the algebra.

Sketch of the proof of Theorem 2.3
Because of the universal coefficients theorem [P-S-1] it suffice to work with the ring
R = Z|A*!]. The case of torus requires a separated proof and follows from Theorem
2.1 (compare[B-P]). Assume now that m; (F)) is not abelian. Let F' = F 4 denote the
oriented surface of genus g with d boundary components. Let B(F) denote a basis
of Sy eo(F x I; R, A), being a set of links (multicurves) on F' without trivial (null-
homotopic) component but allowing an empty curve [Pr-1, H-P-2]. Furthermore let
B'(F) denote the subset of B(F') excluding parallel to boundary components (but still

allowing an empty curve).

In the description of the set of simple closed curves on an oriented surfaces, we
follow [Pe, FLP]. In a 1922 Breslau lecture M.Dehn [De], described a one-to-one
correspondence between the set B'(F, 4) of multicurves in a surface of negative Euler
characteristic and a subset of Z%9~6+2¢_ Namely:

Definition 2.7 (pants decomposition)

Let A = Fyo = S* x [=1,1] denote the standard oriented annulus and P = Fy; a

standard oriented pair of pants (disc with two holes). Pants decomposition {C;} of
the surface F' is a multiple curve in F' so that each component R of F — U{C;} is

homeomorphic to the interior of the pair of pants. We consider also a parametrized

pants decomposition. Namely we choose a small tubular neighborhood V(C;) for any

curve C; of the pant decomposz’tz’onﬁnd a characteristic map (homeomorphism) ¢;

A = V(C;). We choose also a characteristic map v, @ P — R, for any pair of pants

component P, of F — Jint{V(C;)}. ’
For F'= Fy 4, there are 3g — 3 + d curves {C;} in a pants decomposition.

Theorem 2.8 (Dehn’s Theorem)
There is a parametrization of the collection B'(F, ) by a subset of (Z. U0)Y x Z¥,
where N = 3g — 3 + d. The parameter (mq,...,my) X (t1,...,tx) correspond to a

multicurve if and only if the following conditions are satisfied.
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(a) If m; =0, then t; > 0, for eachi=1,...,N.

(b) If C;,, Ci,, Ciy are curves which together bound a pair of pants of the decomposi-
tion of Fyq, then the sum mg +Mi, +Mi, is even. In particular if C; separates
F, 4 then m; is even. (m; is the geometric crossing number of a multicurve with

C;, and t; corresponds to the twist along C;.)

We order our curves in B'(F,4) lexicographically so that m-parameters are more
important than t-parameters. That is (g, ooy M, t, b)) < (M4, Myt ty) i
there is j such that either m; =m; fori <j and m; < mj, or m; = m!, for any 7 and
t; =t for i < jand t; < 1. '

Any element of the submodule of the skein module span by B'(F,4) has a leading
term: the coordinate of the curve in B'(Fy 4) which is first in the lexicographical order.

Theorem 2.9 If we multiply two curves then the leading term of the product cor-
responds to the sum of leading terms of its factors and the coefficient of the leading
term of the product is equal (up to +A47)) to the product of leading coefficients.

To prove this it suffice to analyze the product of standard arcs in a pair of pants, P,
and non-boundary parallel multi-arcs in an annulus.

For this we need standard arcs on P and the annulus. For P our choice is illustrated
in Fig. 2.1 and for annulus in 2.2(a).

Model curves on a sphere with 3 holes (pants)

Fig. 2.1.
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(@ @

(1,0) arc (2,1) multi-arc

Fig. 2.2.

For the twist number we use the orientation of F', so every annulus to have a
notion of a positive Dehn twist, Fig. 2.3.

()6

Fig. 2.3.

First notice that It gives immediately the fact that the skein module has no zero
divisors. Furthermore, if B = Z[A*!] then for any element of B'(F,,) we can find
another element of B'(F, 4) such the product of leading coefficients has “an additional”
factor =A°(s > 0) so if we change order of elements we get =A~°. From this follows
that the center of the Kauffman bracket skein algebra is generated by boundary
components.

Corollary 2.10 ([P-S-2])
Suppose that M = FxI, that is F is an oriented surface and M = F x I or F' s

an unorientable surface of an even Euler characteristic and M is a twisted I bundle
over F. Then
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1. Syoo(M;C,~1) =2 C[X (my(F))], where C[X (m (F))] denotes the coordinate ring
of the Sly(C)-character variety of the group mp (F).

2. The Sly(C)-character variety X (my(F)) is an irreducible affine algebraic set for
F different from a Klein bottle.
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Calculations of Kontsevich’s universal finite type
invariant of knots via surgery formula and
Habiro’s clasper moves.

Andrew Kricker

Tokyo institute of Technology

The Kontsevich integral, an invariant of oriented knots taking values in a certain
Hopf algebra of graphs, is a truly remarkable artefact from mathematical physics
[Kon]. The notorious difficulty of actually calculating it explicitly is the flip-side of
its highly structured nature: its universality with respect to quantum group (and
other Vassiliev) knot invariants, and its rich combinatorial representations of con-
structions from the topology of knots, like connect-sum [BN], tangle decomposition
[LM], cabling [L] (see [W]) and surgery presentation [LMO]. We shall present some
of this structure in Sections 2,3 and 4.

We have been given a new such construction hy Kazuo Habiro, clasper moves
[Hab]. Clasper moves are intimately connected with the general theory of Vassiliev
invariants, and more specifically with the Kontsevich integral. We will explore the
connection in this work (see [I] for details). Section  recalls Habiro’s construction,
and illustrates the structural properties of the Kontsevich integral mentioned above
by exhibiting a calculational proof of a basic tool of clasper theory, the realisation
theorem.

Our task is to find meaningful ways to dissect and calculate the Kontsevich
integral. In Section 6, we will introduce “approximations” of the Kontsevich integral
by composing it with certain projections defined using a combinatorial filtration on
weh diagrams (the surplus filtration). We will see that the effect of twisting a
knot by a clasper move will lie a certain depth in the filtration, according to a
combinatorial property of the clasper. This extends the realisation theorem. This
will translate to certain statements about the effect of twisting with a clasper on
the extended Jones polynomial of a knot.

The first non-trivial approximation (quotient associated to this filtration) is es-
sentially a presentation of the Alexander-Conway invariant, a generalisation of the
celebrated Melvin-Morton property of quantum invariants [MM]. This work will
finish with some brief comments about how this may be calculated using the tech-
niques discussed here.

0.1. Acknowledgements. The author is supported by a Japan Society for the
Promotion of Science Postdoctoral Fellowship and is grateful for the generous hos-
pitality of the Department of Mathematics and Computer Science at the Tokyo
Institute of Technology.

1. WEB DIAGRAMS

The Kontsevich integral of a knot is a formal graded series of web diagrams with
complex coefficients (complex coefficients are required for its definition, though the
result may be presented with rational coefficients). Web diagrams were introduced
by Bar-Natan [BN], there with the name “Chinese character diagrams”.
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1.1. Definition. A web diagram is a graph with univalent and trivalent vertices,
such that:

e the incident edges at a trivalent vertex are cyclically ordered:

In a diagram means

o the univalent vertices are cyclically ordered:

This 1s depicied by locating them on an S7, e.g.

Our target space will be complex linear combinations of web diagrams, modulo
a space of relations. These relations are known as the STU relations, and the 1T
relations.

1.2. Definition. e The STU relations are:

e and the 1T relations are:

1.3. Remark. STU relations relate a difference of two diagrams which differ by
a reordering of a pair of adjacent univalent veriices, to a diagram with one less
univalent vertex, and one more trivalent vertex. Thus we should think of trivalent
vertices, in some sense, as commutators of legs. This viewpoint will be exploited
later when we introduce a combinatorial filtration of this algehra.

Notice that modulo STU relations, every web diagram can he represented by
a linear combination of chord diagrams, that is, diagrams whose graphs have no
trivalent vertices.

1.4. Definition. The grade of a web diagram is half the sum of the number of
vertices (univalent and trivalent) of the graph. Define

C — linear combinations of
grade n web diagrams

A, = - -
' C — span of STU relations
€ — linear combinations of
, grade n web diagrams
and A, =

C — span of STU and 1T relations’

Further define A (resp. A') to be formal graded series of web diagrams (a choice of
vector from each A, (resp. Al)).
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1.5. Remark. Kontsevich’s original definition, of an invariant of oriented unframed
knots took values in A’. Le and Murukami’s extension, to an invariant of framed
g-tangles (discussed below) requires the extension A.

1.6. Remark. The raison d’etre of the Kontsevich integral is to prove the theorem
that the space A/, (or, in practice, its dual) is isomorphic to space of Vassiliev in-
variants of degree n modulo the space of invariants of degree n — 1. Our interest in
this work will be primarily the integral itself. This approach has the disadvantage
that there is no intuitive understanding presented of what a web diagram repre-
sents topologically (that is, the connection with self-intersecting knots etc). It can,
however, be argued that to some extent this is a mystery also to researchers in the
field (web diagrams having had their origins in perturbative Chern-Simons theory),
and not a well-posed question. See [BN] for the standard development of Vassiliev
theory, and [KT] for a detailed consideration of the corresponding isomorphisms in
the class of framed knots.

There is a natural product on this algebra # : A, © Ay — Ansm , defined on
diagrams by taking the connect-sum of two diagrams at some choice of a point from
each diagram. Note that this is only well-defined modulo STU relations.

For example:

2. THE KONTSEVICH INTEGRAL

The work of many mathematicians (Chen’s theory of iterated integrals, Kohno's
work in the context of conformal field theories, Kontsevich’s definition) culminated
in the standard presentation of [BN] which we shall indicate the bare bones of.
Take a knot K. Fix some representative embedding K : S? — R3? and some
decomposition of R? ~ C& R so that the R coordinate (“time”) is a Morse function
on the image of I\,

We consider decorations of i with chords, by pairing points on i’ with the same
time coordinate. There is associated to such a decoration an underlying chord
diagram in an obvious way. We regard two decorations as equivalent if they are
related by “sliding” endpoints along the knot, without crossing each other or a
turning point.

Tna
t]

3
ta

i3

min
f’]
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Consider a chord in such a decoration. By varying the time of the placement
the complex projections trace out paths in C, z(¢) and =/(¢), and ¢ will range until
a turning point is reached (in the example, chord 1 will range hetween % and
t_v]rr,in)‘ -

The Kontsevich integral is a sum over the chord diagrams associated to inequiv-
alent decorations of /', weighted by an integral expression involving the coordinate
functions :j(z‘) The weight, for n chords, is

dz; dz!
(-1#P ST
G [[5—Sat ndta A A dt,
(2mi i <ta<o.<ln jog SET

where #D counts the number of instances where the labelled segment is oriented
in the direction of decreasing time, and the integration is over all realisations of a
particular decoration (which is defined to be the limit of some appropriate regu-
larised version of the integral in any region of the integration where a pair z; and
z; tend to the same value).

Call this:

Z : {embeddings K : S? — R?*} — A’

2.1. Theorem. [Kon, BN] This is well-defined and is invariant under isotopies in
the class of knots for whom the time variable is a morse funciion.

As it stands Z is not invariant under birth or cancellation of maximum-minimum

pairs.
Not invariant under N o /

It turns out, however, that the integrals on two emhbeddings related by the above
move only differ by a certain multiplicative factor in the algebra A, which can be

explicitly accounted for. Let
v = z(@,\,.

2.2. Theorem. Let I be some embedding of some knot K : 8 — R® such that
with respect io the decomposition R® ~ C R there are #C critical points. Set e to
either 0,1 or 2. Then

#C .
Z(K)=v T TR T(L)
15 invariant under isotopies of I
2.3. Remark. In the above notation, it has been made explicit that there are three
normalisations in use, corresponding to € being set to 0,1 or 2. They are charac-

terised by their value on the unknot: Z,(U) = v¢. The three normalisations are
useful in different contexts, and their special properties will be noted here.

o e=0.
This is the normalisation originally considered by Kontsevich. This normali-
sation is multiplicative with respect to connect-sum of kuots:

Zo (I&'] #IX’Q) = ZD(IX—] )#ZQ (Kg),
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e ¢ =1.
This normalisation extends to a functor from the category of framed ¢-tangles
to the category of chord diagrams [LM]. The quantum link invariants of
Reshetikhin and Turaev factor through this normalisation [KT].

e =2
This normalisation behaves well with respect to Kirby-move-IIs, permitting
a surgery formula for this normalisation. Z; was used by Le, Murukami and
Ohtsuki to define a universal finite type invariant of integral homology three-
spheres [LMO].

3. Z7 - A FUNCTOR ON THE CATEGORY OF ¢-TANGLES

It turns out that the integral for some knot K may be written as a product (in
an appropriate sense) of certain fixed series which correspond, intuitively, to the
solution of the integral on certain standard pieces.

More precisely, we can extend Z to a functor from the category of framed
¢-tangles to the category of chord diagrams. A framed g-tangle is a framed tangle
(generally depicted as blackboard framed) with bracketting information on its ends:

((

) )
For ezample (T J T)) corresponds to T\T

The bracketting corresponds intuitively to information about the relative
seperation of the strands, as is indicated in the example.

The concept of chord diagram is also extended, to chord diagrams where we allow
the univalent vertices to be located (up to orientation preserving diffeomorphism)
on some choice of skeleton (compact oriented 1-dimensional manifold with boundary
points partitioned into two ordered sets). The corresponding vector space of chord
diagrams on some skeleton X will be denoted A(X).

The extension (also to be denoted Z7) evaluated on some g-tangle will be some
series of chord diagrams on the associated skeleton. For example, our functor will
be defined by the following maps, for some choice of associator ¢ (see below):

N
/
I

Il

Il

l (ﬂ) )

and by the condition that the map is functorial, that is, respects juxtaposition
(tensor product)
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and composition

3.1. Remark. Clearly, the heart of the above definition is the series ¢, Drinfel’d’s as-
sociator [Dr]. There is a large amount of freedom in choosing this associator in order
that the construction be a well-defined functor from the category of ¢-tangles. Dif-
ferent choices generally lead to different functors, but amazingly, the same invariant
when restricted to links. The algebraic context for expressing these issues is that of
quasi-Hopf algebras [Dr]. The most intuitive choice is the Knizhnik-Zamolodchikov
associator [Dr], which corresponds directly to a solution of the Kontsevich inte-
gral in a certain context. There are other associators, however, that are useful in
other situations, for example an assocaciator with rational coefficients [LM], and a
(complicated) combinatorial method for constructing associators [BN2].

Tt is possible to give an explicit formula for the Knizhnik-Zamolodchikov asso-
ciator in terms of multiple zeta functions, but the actual expression is beyond the
focus of this work.

4. Zs - CALCULATIONS VIA SURGERY PRESENTATIONS.

Often a knot will be given via a surgery presentation. Some other knot I
(perhaps the unknot I') will be decorated with some framed link L (call the total
link (K, L)), such that surgery on L returns 5% as the ambient manifold hut with
I twisted into some new knot type K.

It is a remarkeable fact that there is a straightforward procedure for calculat-
ing Zo(KF) from Zy((I, L)) (the corresponding invariant of the total link, he-
fore surgery). This was discovered in the landmark [LMO], where it appears as
a corollary to the construction of a diagram-valued invariant of integral homology
three-spheres (universal with respect to the corresponding finite type theory).

Here our presentation will be minimal, simply exposing the combinatorial pro-
cedure.

So, take a link (as above) (K, L) where L has j components. We will presently
introduce a map 4, @ S A(STUS L. LS — 37_A;(S") (this map has

1

degree —pun) so that:
4.1. Theorem ([LMO]).
Gmd.gn(Zg(KL)) = (=1)7* Grad<myn (tn(Zo((K, L)),

where g 1s the number of positive eigenvalues of the linking matriz of L.
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The map ¢, is defined on diagrams by “removing Wilson loops and gluing in
special graphs”, followed by “removing closed dashed loops and replacing them
with the factor —2n”.

More specifically, we consider graphs with trivalent (with their incoming edges
cyclically ordered) and univalent vertices, such that the univalent vertices are or-
dered. Note that we require the stronger “ordered” (as opposed to “cyclically
ordered”) so that we can identify the univalent vertices of different diagrams in
such a sum. We consider a sequence of such sums {T77*} such that the term 77" is
a sum of graphs of degree n, with m univalent vertices.

Take a diagram to which we seek to apply t,. Consider some Wilson loop
associated to some surgery component with m legs sitting on it. Remove the Wilson
loop and join the m legs to the univalent vertices of the graph T}, in the order in
which they appeared on the Wilson loop. Any closed dashed loops that turn up
are removed at the expense of multiplying the result by —2n.

For this operation to be well-defined the sequence will have to satisfy the follow-
ing two conditions:

1. the T™ are invariant under a cyclic reordering of univalent vertices (of all

terms, at once),

2. and
4.2. Theorem ([LMO]). There ezists such a sequence {T}*} whose associated i,
satisfies the surgery formula. This sequence is characterised by
" = 0 ifm<2n,
T2n the sum of diagrams obtained
" by joining pairs of legs wn chords,

and the two conditions above.

For example (where we have only shown part of the diagram, around the Wilson
loop corresponding to some surgery component),

5. HABIRO’S REALISATION THEOREM

Kazuo Habhiro solved the problem of finding a knot Up for which

Zo(Up) — 1 = D + {terms of higher grade},
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for some given primitive web diagram D. We say that I'p “vealises the weh diagram
D”. More generally, for any knot & there exisits another A'p (in fact. many others)
such that

Z(K)~ Z.(Kp) = D + {terms of higher grade},

and I'p is obtained by twisting & with an appropriate clasper move.

The technique is this: following Habiro, we construct a framed link with i
as a sublink such that when surgery is performed on the complement sublink the
ambient manifold is again S® but with A twisted into some new knot type. Thelink
is built by first decorating K with claspers (as helow) and then replacing claspers
with surgery components. A clasper is a band-summed pair of annuli embedded
in the complement of the knot, which gives placement information for a surgery

link. The defining example is:
I 00 LT
Take a primitive web diagram D and a knot K. Decorate & with clagpers as
follows. Choose some embedding of the graph underlying D into $3 such that the

image of the Wilson loop realises /. We will choose some replacement of each edge
of the embedded dashed graph with a clasper, as follows.

Al legs we replace [ by (Ei&

:

and at trivalent vertices we replace by N

5.1. Remark. Let us emphasise the choices we have made in making this replace-
ment. Firstly, we have chosen an embedding of the underlying graph. Then we
chose particular embeddings of claspers to join two vertices (a choice for which
there is a Z-freedom, corresponding to twistings).

5.2. Theorem (Hahiro’s realisation theorem). Take a primitive web diagram D,
and a knot I¥. Choose Kp according to the above construction.

Z(K)~ Z(Kp) = £D + {terms of higher grade},

where the £1 factor depends on the choice in a simple way.
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5.3. Remark. We will consider the proof of this theorem, below, for ¢ = 2. The
theorem for the other normalisations will follow from this because the normalisation
factor satisfies v = 1+ terms of higher grade.

For example, we have that

+ {terms of higher grade}

/" \

\_/
|
N
T

Let us give a direct proof of this, in order to illustrate the many structural
properties of the Z,. We should note here that the proof in this context parallels a
calculation due to Le [L] of a related construction.

Take a framed knot K. If it is part of some link L' with complement sublink
L denote L' by (K, L). Denote the knot resulting from surgery on L by K", Let
us focus on the above example. Call the unknot U, call the link presenting the
“wheel” on the left hand side (U, W), and call the diagram that UW — U realises
w.

Before we embark upon this calculation we put 'Y — U in a form amenable
to this calculation. Mark a trivalent vertex with an z to indicate the following

-

Write the sum that results from marking every trivalent vertex of (U, W) with an
z by >, (U, Wy).

5.4. Lemma.

((\

/
YAV NN
"

L_,'H.r U= Z (inL‘rﬂ,i.

2
Our strategy is this. Z; extends to a functor on the category of ¢-tangles. The
first step, themn, is to find a suitable factorisation of 3, a; (U, W;) for the calculation
of Z; in low orders. Then we will normalise this result (by appropriate multipli-
cation by v) to obtain Z5(3_; a;(U,W;)). To this we can then apply the surgery
formula of [LMO], to obtain Z3(3",; a;sUM") = Zo(TW - T).



The appropriate factorisation is as follows. Note that surgeries on the legs of the
graph have been performed in order to puf the link into this presentation. Note that
only part of the bracketting is depicted (the rest is determined by the factorisation).

I —

0

]

\

P

e

Z
()
Zi()_ai(UWy) = g
A
\
)
\
Zh

The heart of the calculation is Z; of the z-marked Borromean rings. The essential
point in the calculation is that there is a presentation for the tangle containing a
commutator aba"'d7! of pure braids in such a way that when the commutator is
trivialised (so if either a and a~! or b and b~ are replaced by the identity), the
tangle is trivialised. (In other words, the Borromean rings are at least “2-frivial”).
There is not enough room here to exhibit this factorisation, but we encourage the

reader to see it for themselves.

Using the functorial properties of Z; with respect to this factorisation one can

calculate directly that:

) Gy G G
Zl(gc\éb)—ﬂ(u U)

\ ﬂ
&h il

U..,

- ¢ + {terms of grade > 2}

U

&+ {terms of grade > 2}.
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Let us recall the surgery description of Zy. Take Zp((K, L)) where (I, L) is a
surgery presentation for the knot KX, The grade n piece of Zo(K'F) is obtained
from the grade n + nl piece of Zy((K, L)). The projection

s BT ASTUS UL U S — @ 45(5)
N e J
w1

is defined on diagrams (and then extended linearly) by “glueing” a special com-
ponent into the skeleton of every surgery component, and then exchanging dashed
loops for —2n.

The calculation for the Borromean rings above may be used to derive the fol-
lowing statement. :

+ {terms in the kernel of 1«5} + {terms of higher grade}.

This calculation is completed by composing this series with s3 (i.e. perform
surgery on the surgery components) to get the first non-vanishing term. This is
performed via the following combinatorial lemma. Here we state it in a more general
form than we will immediately use.

Let

" represent the symmetriser on n dashed strands. For example

ﬁﬁﬁﬁﬁﬁfﬁﬁfﬁﬁ A

2n —m

Using the specialisation of this identity to m = 1, twice, completes the calcula-
tion.
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6. THE SURPLUS FILTRATION OF A

This section will introduce a sequence of approximations to the Kontsevich inte-
gral, by quotienting 4 by a certain depth in a filtration to be presently introduced,
the surplus filtration.

6.1. Definition. Define the surplus of a web diagram to be the number of triva-
lent vertices minus the number of univalent vertices of the graph of the diagram.

For example:

has surplus 0, has surplus 2, and has surplus —2.

Let S, A (resp. S,A’) be the C-subspace of 4 (resp. A) of formal graded series
of diagrams of surplus n. This provides a filtration of these algebras consistent with
the product (S;A#S5;4 C Sy A).

ACSACS1AC S AC. ..

and

A = S()AI C SlAl C SQA/ C ...

6.2. Definition. Let P, : A — T qu be the associated projection. Let,

A
Sn+1 A

P, Z. : {oriented knots} —

be the composition of the Kontsevich integral with this projection.

In the next section we will use this filtration to explore the intimate connection
between clasper moves and the Kontsevich integral. Qur first ohservation is the
following.

6.3. Theorem. Let (K, L) be some clasper decoration of K realising some primi-
twve, complete diagram D of surplus s.

Z(EY) = Z(K) € S, A.

That is the first surprise. The second is that there is a simple presentation of
the calculation of the first non-trivial projection, P,Z,(K*) — PZ (LK) e )"1 7.
Let us consider a basis for A’ in low degrees. Below, degree is plotted vertically,

and the number of legs (univalent vertices) horizontally.
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#of legs
0 1 2 3 4

degree 0 | surplus =0

O

(S

CROL®

©® ©

@ 1@ @O -

6.4. Remark. When composed with the weight system of the extended Jones poly-
nomial, the label of the row (resp. column) recieves an explicit interpretation as
the order of the resulting polynomial in A (resp. A (the representation index)).
Observe that in this scheme, surplus measures distance from the diagonal, and
thus the difference between the order in h, and in A of the resulting polynomial.
Thus statements about the Kontsevich integral of a knot having some property
with respect to this filtration can be converted to statements about corresponding
properties of the extended Jones polynomial of that knot.

6.5. Remark. There seems to be a pattern emerging in the basis of the first non-
trivial (surplus 0) diagonal. At grade n, there appears to be a basis of all possible
products (at grade n) of the following wheel diagrams:

This is the case.
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6.6. Lemma ([CV]).
A

— =Clwy,wy, ... o, ... ],
S A [wo:s g e s wigns. ],
where the right hand side means the formal completion to formal graded series of

the polynomial algebra generated (free abelian) by the wheels {won}

We may wonder whether this (the first non-trivial) projection may be determined
for a given knot. The answer is startling: yes, from the coeffecients of the Alexander-
Conway polynomial of that knot.

Take the following representation of the Alexander-Conway polynomial (as a

formal power series in the variable A):
h

Crr(h) = C-(h) = (€% =& #)Crca (),
CU(h) = 1.
Define da,, (&) to be the coefficient of h?" in the power series ~1In(Cx (1))

6.7. Theorem.

oc
RZ(K)= EXP#(Z don (K )wen).
n=1
This fact underlies the celebrated Melvin-Morton property of the extended

Jones polynomial. Issues related to this equation have been considered by many
authors [BNG, C, KSA, V, W]. Proofs have always used deep universality properties
of the Kontsevich integral. In the last section of this work, we will return to this
result, and consider a direct calculation. In the light of this formula, it is an
important problem to address, say, the next approximation P Z. Perhaps we can
approach it with clasper theory.

7. CLASPER MOVES AND THE SURPLUS FILTRATION

Z (K" —K)is to be calculated via surgery formulae ({1, }) from Z5 (3", a; (I, L;)),
which is itself to be calculated (via Z; ) from a q-tangle decomposition of 3 o (K, L),
Thus we must first consider how to calculate the surplus of series obtained in this
way. Let us extend the concept as follows.

Expand the categories of g-tangles and weh diagrams to marked g-tangles
and marked web diagrams. In these categories we allow components of the q-
tangle (resp. the skeleton of the underlying weh diagram) to be marked with a
#. (Components will be marked to indicate which are surgery components). The
Kontsevich functor is to be trivially extended by marking those components of
the skeletons of the diagrams in the image of the usual Kontsevich functor which
correspond to marked components of the original ¢-tangle.

Take a marked diagram D € A(X) on some marked skeleton X.

7.1. Definition. Let the surplus of D be the number of trivalent vertices minus
the number of univalent vertices locaied on unmarked components.

The following lemma shows that this is the required extension.
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7.2. Lemma. Take diagrams D and E € A such that D o E is well-defined. Take
diagrams F and G € A. Take a diagram H € A(S" ustu...ush. Letn bea
\._._\,—-—/
pt1
positive integer. '

surplus(D o E) surplus(D) + surplus(E),
surplus(F © G) surplus(F) + surplus(G),
surplus(v,(H)) >  surplus(H).

The heart of the calculation to follow is, again, Zy of the z-marked Borromean
rings. The result of this calculation is most simply presented by introducing a
product.

7.3. Definition. The product

SAX) _ SAK) Sy, AX)
Spr1A(X) T S AX)  Sprgn AX)
is defined on diagrams A and B as the class represented by any choice of diagram
Ce 5’“’1 whose underlying dashed graph is the union of the underlying dashed
gmphq of A and B.

U

For example,

T T Ry I

the point being, of course, that different choices are equal modulo diagrams with
more internal vertices (using STU relations), and hence greater surplus.

- c SoA(X)
%€ SRy

12
1

7.4. Remark. The notation has been chosen because this is the projection of the
product “disjoint union of Chinese characters” of Vassiliev theory.

The calculation will be expressed in terms of the following diagrams.

Tm =

~m

Let T =352,

7.5. Lemma.

Tm € SOA(-X)

! '

th 1

= (v#ix |exp,(T)| —1B) +  {terms of surplus > 0},
\? T
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(= {sum of terms of surplus > 0}),

where the correction, v, is connect-summed into the bottom component (L), and
1p is the unique diagram on the same skeleton of grade O (empty dashed graph,).

Call the g-tangle that is the z-marked Borromean rings that appear on the left
hand side of the equation above L (for leg). We will further need to say something
about z-marked Borromean rings that are not legs (so have all their components
marked). For reasons that will become clear below, we use the following ¢-tangle,
call it T (for irivalent vertex).

7.6. Lemma.

() ()G

Zy( * * ) = - *U *U *U + {terms of surplus > 1},

Finally, we require a statement about the “clasp”, itself (between the two com-
ponents of the surgery link associated to a clasper). Call the g-tangle below. C.

7.7. Lemma.

)

() () () (
Zy( * # ) = * \ / # 4 {terms of surplus > 0},

(= {terms of surplus > 0}).

We are now ready to outline the proof of the following statement, which was
made in the previous sectiomn.

7.8. Theorem. Let (K, L) be some clasper decoration of I realising some primi-
e, complete diagram D of surplus s.

Z(K") - Z(K) € S, A.

Outline of proof.

Let us deal with the simpler case where the clasper decoration has the property that
when the “leaves” are forgotten the clasper graph is disjoint from K. (It turns out
that we can always modify the clasper graph to get another (in this case. extended
clasper graph, see the next Section) of the same surplus that yields the same knot
while satisfying this condition).
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As usual, Z1(3; ai(K, L;)) will be calculated via an appropriate factorisation
into ¢-tangles. The basic idea is to find a factorisation P o @ o R where the com-
ponents of P are all marked (i.e. surgery components), where the components of
R are all unmarked (part of K'), and where @ is a tensor product of the g-tangles
B.T and C, so that we can calculate Z; (M) via the lemmas just stated.

Just say D has [ trivalent vertices connected to legs, and s other trivalent vertices
(so that it has surplus s). Then as we are assuming the condition from the first
paragraph, we can certainly find a factorisation

zyMKJJ=PMB@W@B@T®W@T®C@W@CMH,

7 I s 2043s
2

of the sort required, for appropriate P and R (see, for example, the factorisation of
wy presented in Section 5).

Consider, then, Z;(Po@Q). As the Z; of each T is a series of terms of surplus at
least one (and Z; of every other factor is a series of terms of non-negative surplus)
it is immediate that Z; (P o Q) is a series of terms of surplus at least s.

7.9. Technical point. As it stands, Z1 (R) may have negative surplus, so we cannot
use this observation directly to deduce that Zy(PoQo R) has surplus greater than
or equal to [. We can, however, complete the proof with a lemma that indicates
that the expression “factorises” in an appropriate sense. We will not present the
proof of this lemma here. Using this factorisation, the argument is completed as
follows. Denote by 14 the trivial diagram on the skeleton underlying the ¢-tangle
A.

Z1(PoQoR) (Z1(PoQ)olr)U(lpogo (Z1(R))) + {terms of surplus > 1},
(Z1(Po Q) olgr) U ((Zi(K)#r™") @ 1)

+{terms of surplus > [}.

Il

{terms of surplus > [}.

O

710. Remark. This factorisation formula, together with the calculations of Zy of
the subtangles B, T and C', together with the surgery lemma (Lemma 5.5). actually
presents a calculation of the first twisted diagonal of Z.. In the final section we will
explore the first quotient PyZ,, and the Melvin-Morton-Rozansky property of the
Kontsevich integral, from this point of view.

8. CALCULATING PyZ FOR ANY KNOT

Let us finish with some brief notes on the recovery from the Alexander-Conway
polynomial of K of PyZy(L).

To calculate PyZo(K') using the techniques outlined in this paper, we will first
present a construction of any knot from the unknot via a twisting (of the unknot)
by a complete, extended clasper graph.

(In an extended clasper graph, we allow vertices of the following sort:

:D' representing :_:O—— )-
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We do this via the following algorithm. Select a Seifert surface for the knot.
Fix some symplectic basis of the homology of the surface ag, 01, ... g, b, (so that

a;.b; = &;;). Contract the surface onto cycles representing this basis so that the
knot is in disc-band form:

Euuuuum o Jmﬂ

Unknot the presentation by performing band crosings with claspers:

|
>/< ~ and undo twists ‘@ ~ é?:m

Now we can replace the trivialised symplectic pairs by trivalent vertices, in the

following way:
%1 Hi%

Thus any knot can be constructed by twisting the unknot with a complete,
extended clasper graph.

The calculation of the first row, PyZ.(A’) can now proceed by replacing Bor-
romean rings via Lemma 7.5, replacing clasps via Lemma 7.7, replacing surgery
components with symmetrisers by Lemma 5.5, and replacing extended vertices via
a simple lemma generalising the corresponding statement for clasps (Lemma 7.7).

Let us finish by noting that Theorem 6.7 (the Melvin-Morton property of the
Kontsevich integral) can be recovered from this calculation by means of an un-
usual formal infinite factorisation of the Alexander-Conway polnomial, by means
of Amistur’s identity of classical matrix theory. This research is reported in [K].
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LOCAL MOVES ON SPATIAL GRAPHS

Al AR WP RE - 2

ZR = HREERE - HEEH
ABSTRACT

For each natural number k the Ci-moves are defined by Habiro as local moves of oriented
links. We consider Cp-moves for embeddings of a finite graph into the 3-sphere. The Cj-
equivalence is the equivalence relation generated by Cj-moves and ambient isotopy. It is
known that Cp-equivalence implies Cj_j-equivalence. Habiro showed that two oriented
knots are Cy-equivalent if and only if their values of any Vassiliev invariant of order less
than or equal to k — 1 coincide. The “if’ part of this theorem does not hold for links. Let
F be a Cj-j-equivalence class of the spatial embeddings of a finite graph. Let G be the
quotient set of 7 under the Cy-equivalence. We show that the set G forms an abelian group
under certain geometric operation. We define that an invariant on  is finite type of order
(n; k). Then we show that two elements in F are Cy-equivalent if and only if their values of
any finite type invariant of order (1; k) coincide. Unfortunately, this classification theorem
is not practical. On the other hand, Cs-equivalent classification for spatial embeddings of
a graph and Cs-equivalent classification for oriented knots were explicitly given. In fact,
the first author showed that two spatial embeddings of a graph are Ch-equivalent if and
only if their Wu invariant coincide, and Habiro showed that two knots are Cs-equivalent
if and only if they have the same second coefficient of the Conway polynomial. Note that
Cz-move is equivalent to delta move defined by Murakami and Nakanishi, and that Cs-
move is equivalent to clasp-pass move defined by Habiro. We explicitly give Cs-equivalent
classifications for two-component links, three-component links, algebraically split links,
and spatial embeddings of a planar graph that does not contain disjoint cycles. They
are classified in terms of linking number, second coefficient of Conway polynomial of knot,
modulo 2 reduction of third coefficient of Conway polynomial of two-component link, Milnor
p-invariant of three-component link, and modulo 2 reduction of fourth coefficient of Conway
polynomial of three-component link. As corollaries, we have that two spatial embeddings
of a graph are delta equivalent if and only if their values of any Vassiliev invariant of order
1 coincide, and that two spatial embeddings of a graph without containing disjoint cycles
are clasp-pass equivalent if and only if their values of any Vassiliev invariant of order less
than or equal to 2 coincide.
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1. BATER

3 WTEEkik B3 o 7O s —IZBDAE Nz arcs B Y > L EIRE. B3WIZ T TSI
DIAENFRIZ, #oINDBEENDLE, ZOY U TNVEEBATHD L ND. TI T,
'Z:E‘\-t@g yﬁ)b@:ﬁ&%f%é%@t?%. 9‘/7)DT&SGC?‘TL/, tl,tg,_...,tk, 81,82, -3 Sk
BznZNnT, SOBRSLTEH. BI&L I L, HBESs; DEEL, O; = 0s; &
FLTWAbHDETE., CokxE, ¥ I NVOIEREN (T,S) 2BMER LIEE. 200/
FREEIE (T,9) & (1',8") PRETH 5 Lik, MEZERDOAMER R : B® — B*DETEL,
hajaTuaW%@ﬁb17>81yb74VFEvbf,mﬁagmaméﬁﬁb
TTFVEIVRNTAV FEw I THBEEEVD. S, RERBHERERALRNS
Dok N

BTN T =t Uty U--- Ut KL, B2 AOEWIZIERZIRE Dy, Dy, ..., D T
oD, = (D; N OB} Ut; (i = 1,2,..,k) 2T oD% T O HEMbABR L5, BREK
(T,8) & T ®EBLFE Dy, Dy, ..., Dy 234 L, D; N OB* ® 0B* AT O+ 4/ R IERI
iR E LT A, B EMARTENT = mtE;NT = 8, #7273, AFEOENIZ2D
O arcs o, B % ;NG = Oy = 9B BWETLHICLD, a B OAEZZDL B*®
PRI LA CTE S N arcs B ZNZN &, G L BL. Thbd, kB DRFEER
(SUG,SUB) (i=1,2,...k) Bi@bhah, ThowHHLTEYHEFIE Dy, Dy, .., Dy
TR 2 EIER (T,5) /N> FEBEER LR, —ikis, ¥ 7w BRGFREIE T
VEZYMFAYV PE—DTFTHE L DIZIEEER SR,

A BB T CRMNICESET 2. M1OBMERERERBEITED, Chi A %=
Frdd. & ALER (T,8) L, TOBRLHEZETEET . Z O HEBMEMHEIC
B4 25 FEPMLERE Avn ZREIRER. EEDOMD X510, A ZRITEBILME
OEVFIMKELTCHRES. 22 TEHE A ERICE, HrEEShEARLMEXEGR
ENTVWBEHDET 5.

&1

Ay B (T,8) & T =t UtgU--- Uty OBEBULFHE Dy, Dy, -+, D KR L, a=
B*N (D1UDyU---UDgy), B=S ¥ 5. 3RuEE SPNOMKAB LHBIATETH
ZrlE, MEEEETIEDAR ¢: B} — SPPEELT, L=9p(aUpf) 2T LE
ENS. ZOLE, (0,f) % LOETI LIRS,

Fl. () R1OY > ZNVOBBEAEE 7Y ESY b P4V PE—DTFTHIDIEXS.
WoT, A ETROEEDNY R EMEERIIK 2-() OB ER L AEICRS. DED A
ERIEME 1 DICEE D, Ay ZRHR 2-(il) OBFER L AETH D Z LIZERICHEPDS
N5, [ 2-(i) i delta T L IHE N 3 BFTETE C© Murakami-Nakanishi [7] I & D &S
FEDTHD. Blohld, X2-(i) OBMEATKEREICRS.

(2) Ay ZRACEI LT HBLFAE 2 R 3-() O & 5 WiBRY, & Ay BRI 3-(ii) ORATE
oL EfEIZRS.

-82-



(3) BREIE (T, S) Iz L, ¢, s2ZFNh2ZNT, SOFATOIs=0tTHE2HDETS. Ny,
Ny iZZzh2ht, sO B* N TOIERGEET NyNoB = N,NOB® 2HETHDLT 5.
M4D &SI, B2 x INC7ON—IZBOIAZNE arcs DIERME o T 5. FEHEESE
@i : B2 x 1 — N; (i =1,2) TREWETDIDOREZ 3. ¢(B?x {0,1}) = N; N dB3,
01(0ar) = @a(8ar), pr(a) & o) X BBNTOBR 2EEL TV Y EZY P4V bEW 2,
ZDEERRER (T -t)Upi(a),(S—s)Up(a) &, (T,5) Dt s BT TILE
&, ZZERE CLERLY, CLEROY TNVE Con ERLEDD. ZOBHERIZ
Habiro [4] I L D EHIN=dDTH 2. 2D CL BRI, HIEPLABREEAR L =2
Bohd A BRLE—BT B LBRINTVS [3], [10].

2,3, 4

RATEI (T, 5) i U, BRTET (S,T) % (T, 5) DRETE LIEE. BI5 iz A, Z550
IR A ERCHE. R, AL (k22 ORERD A ZHTH5.

BIEYS7 GO P ~DEDARE f,g: G — S LT3, fghd IED Ay BF
lz&>TEBND LI, AZT (T,5) LAEZEET 2EDAH ¢ BS — S HEfL
TROGEERET L EE0S.

(1) flz) #g(x) meIE, fl2) & g(x) Tz (ntB%) IZEFN 5.
(i) f(V(G@)) = g(V(G)) & o(B?) LB mERZR0N.
(i) f(G)Ne(B®) = o(T) 72 g(G) Np(B?) = ¢(S5).

ZIT, VG EGOER2KOESGLTS. BIZ, g boAEREDO A ERE 7 ETY
P74V PE—ZHAEDETfBELNDEE, fogld AABETHIENS. ALFH
BiZ7 27 GO S ~DEDIAAEFDEEOREEFZTHS. f2Et A, AEEZ [flk
TRIZLITD. LEROERDPDS, 1EOD Apy ZRIF 2ED Ay BRIZE VERS N
DILDED. o T, App BMEREDAAIZ AL BETHZ. EVWHEZE L, ROESE
BARDSBRII T 5.
Uholfleo 22 [flga D

LIEDEIT Ay ERICET 2R DEREBN TS, 52,3, 4AHOERIT (14 THELNE
BRTHD, ES5EHOERIL[15] TRLNEERETHS.

2. A, EMEEDBHE

TS57 @Y= NSt LEMREE, GO S ADEDARIK S HDERBEUE & &
2¥%. Habiro [4] ZROE L RESEEEZR L.

EE 1. (Habiro [4]) 2 DOFEWE Ky & Ko, D' C, FMET®H 2 BO LB+,
k—1LLUF DEE D Vassiliev FEE v IZBWT v(Ky) = v(K) DRI T AZ L TH 5.

- 83 -



1L C, A A AHEICE S THRILT B2 LHRE S [16]. LOEEICBL
T, DEHE—ROY S 7 OBEICHBIALT S, TRbL, HOWAH f,9: G — S8 D% A
RfEk 51, Mk —1 U FOEBOARBETER v IZBWT o(f) = v(g) BARILT 5 [14].
UL Liads s, @O+ 2 AEAEDHRETE AL LRV, EE, Whitehead
waE Y ARBEAEDI Y Y =4 ZERAD 3ROBRBOBHFIRLZDT C; AHETR
W (EE15). LI AW, ThH OME 2 LT O Vassikiev REEIT—BT % H D Murakami
6] DEEEDP B DB, H607T, Ap AEREDIAADRHLT T Vassiliev T & &S O
EBEEZLDEDD S, Bkl A, REZEHUS T 2805 LWIERBOBTEZLUT T
BATD.

f : G — S3 781@&55230—9\, L,, = Kil UKiQU"‘UKik.’.l (’L = 1,2,...,71) %9’]’ 7
EO#HE, (04,B) BZDEFNVET D, L, Ly Ly O HEEME L 2T 5. RPN A
g: G — B Ly, Ly, ., Ly & fOINYRTH B LI, BWZIER IR B DIAH by -
Ix]—8@GE=12.,n j=12.,k+1) &, HWZIEZMRME E 2 HRET H5EHDA
7 W; : B — Sg - f(G) (’L = 1,2, ,’IL) T Li = (pi(Oli U,Bz) T?}%%}@b’ﬁ&b, ?k@%
fFriizdeEsznd. :

() BB i, (6= 1,2, 0n, § = 1,20 b+ DK LT, by x 1)1 F(G) = bis(I x
NN f(G = V(G) = by(I x {0}), by(I x I) N (U @u(B*) = byg(I x {1}) THDY,

(i) f(@) 15Uy, bis(I x {0) REENRWBAR f(a) = g(z) BBILL, REWET.

9(G) = (F(€) U L = | JbislT x 81)) U Jbys (01 x D).

4J 4

corE, g% F(f;{L1,Ls ... L}, {B1, B2, ..., Bn}) LRI ZEILT B, 2L, B =
bn(I x I) Ubp(I x I)U++-Ubga(I x I) (1 =1,2,...,n) £ 5. &iz, bij(IxI) &IV
R, (B % L ICB&E U7z 3 onhkik L IR5.

FE. (1) EORAARgHIA T EOEHBE L fONY FHRLE, gid f & Ay EETHS.
EZZOFEHRILT S (R 2.1).

(2) A 7 kDA H L1,L2,...,Ln & f DN R F(f, {Ll,Lz,...,Ln},{Bl,BQ,...,Bn})
L, B®5-(), (i), (i), (iv) DBFFERE Apn ERICKLDERTES. KRN 5-()
i3 A BRON Y FEBLERICMZR SR, DED IR, A BERTH L. BRER
9 5-(ii), (iii) XM 5-() DS BEHIBOND . BIRERE 5-(iv) & Ay R TERIND
(6). $£oT, /N> FOMBIE App FEQ T CHBIZZEZ 5N 5. V32 FEBLZER
WS EFIRERS DI OERICHEKT S. '

X 5, 6
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h:G-— S®2BDIAH, HEAHBRELTD, TEE ¢ (bl — HDEER (n k) O
BREFTEETH S L, FEOEDIAA fe bl & (n+D)EDY 1 7 k-1 DEAE
Ly, Lo, ooy sy L OEBED IS B F(f: {L1, Ly, ooy Luga}, {B1, Bay s B }) 123 L,
DHILTRHEEZND,

S CD)F(F(f | LY, [ J{B) =0€eH,

Xc{1,2,..;n+1} iex ex
ZZT, # X ZEAE X OxnOEHZERT 5. I (n;,2) DERETEESR, ¥in
DERBTEE [11] (H B0V Vassiliev TEE) ISR,

FE2. Ay FEER2DDEDIAR f,g: G — B DA, FETH % =D ME+554M4
&, [ (1, k) OEBOERE A, BETEE @ I LT o(f) = o(g) BEILT 2 Z & T
H35.

Taniyama [13] 2L 2T, /27 GD P ~D2DDEDIAHD A, FHETH D EDLHE
FTAREEZZENE DO WuTEE 19 P—HT 2 ehRINTVWS. £z, WuTERIZ
N (1;2) OFRETEETH D I LH[13, Section 2] 50 H 5. 2 DDEDAMAITEIZ
A BERRDT, WORZHFS.

% 3. HOHAH f,9: G — SPITHL, RO3DOEHIFEETH .
() fLoglZ ARETH 2.
(i) fE&glEEL WurEEEZFD.
(iii) 18 1 DEBOERETER ¢ KL, of) = p(g) DRI
e, ROBEDVRILTS.
R 4. U (n+1)(k—1) -1 DERETEE o i&, ME (n, k) OBREETEETH 5.
3. A EMEEE

MRE 5. 2DDIEDIAA f,9: G — SPHAFAERSIE, gldZ A 7 EkDEARB L f ON
YRHCT7T o EZ N TA VNI THB.

BHIAH b G — SPIIHL, [fulk ol € [Ma—1/(AFME) £33, fi & lidEiTh
A BERDT, ®ESED, [l (=1L,2)DTELTIA T Ek—1DEAHAE L R L
DIy RFDF(hs L0 B) DS END. T2Ty 1y KBy & Ly o B L7 3 RoTEEIE, />
F By & LollBELE3MAEREDE B L L HHEREEELRVWIDELTELZ IR,
ZDEE, FILWNY FRIF(h LU Ly, BiUBs) BB 5 N3, 22T,

[filk + [fele = [F(h; L1 U L2, B1 U Ba)]g.
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rEETB Y, O 4+, 1 well-defined TH D, ROEEZTD.

BB 6. H£A i1/ (Ar-equivalence) [EHHE “+p’ DT T (bl Z BT L T 2 AMAEFICRS.
ZOBE GO b BEMTE T2 A BMERF R, Gr(h;G) TRT.

SR, [flk € [hlea/(AxEME) IZH U, BIHFET 2T LEREETATHE. fEhiT
A, BAfEROT, GESLY, f, hidZhEhSY B F(L,B), F(fL,B)IE7E
IV%?%VFEV?T%%.ZZT,ﬁ,ﬁﬁ?{7%—1@%ﬁ§@%ﬁ?%%.ﬁo
R (P LB L B) £V EEY FFAV N ey 2 s, LICHET B 3 UK
ke Ny KB 7 A, BEORETCERT A LICLD, ThoELIZBET S 3 WITERAR
DY R BB LA EERERNLS I TES. 0T, F(F(hL,B)L,B)EH BN
KA F(h: LCUL", BUB") & A BfEE =D (R7), RERD.

1k LR £, B = [F(hs £, B+ [F(h; £, B")]e = [F(h LUL", BU Bk = s
S, [F(h £ Bk B [fle OMTTH B Z Ltz sz, O

X7

S5 557 G OEBOEDASh: G — SR, (b GO S ~DEDAHEE
DAl B B . Yasuharald [17] 1B WT, Go(hi ) £45 7HREOT—BEMT, T
OBEOERNREFEREZEZ TN D.

IR 7. Ap_q FHER 2 DDMEDIAB by, hy : G — SPIIHL, 2 DO Gr(h1; G), Gr(he; G)
XRAETHS.

&858, HARREE p: [Ble—1 — [hls—1/(As-equivalence) = Gi(h; G) X8 (1; k) OFR
A FAENEETHD.

%018 2 (DIERE. DBEM XS DPROT, T 2TRT. AR f,g € (A1 IWHL, £
N5 D (1; k) DEREREEOHEE—H LTV DL T 2. @E8LD, p(f) =p(9)
5185, 22T, p: [ — [hr-1/(As-equivalence) = Gi(h; G) FERREETHD.
woT, k=g 2®"5. O

4. EUBO Ay FEMERE

COET|S TSI, %OPOY—ZIVDOIEZMSTUSU---US, LRMRbDL
2. BHAH R SIUSIU---US, — SPITHL, ZOBhSTUS;U---US) B L L
B, EEL, LORACRAE LIEEPEEINTVAHDLET S, ZOLE, hZ
BT LT B Ay FHERE Ge(h; StUSSU---US,) 2 Gy(L) TRT.
=19, 0 HERECEET 2. FEROEAETE KIZH LT, Gi(0) & Gu(K) (=Gt
THs.
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EE. RO ST G(# 8Y) LEDAR B K G — S IZHLT, Gi(h;G) & Gu(H;G)
T UBEBICR SR, EE, QEAEAE L & Ly T, Gs(Ly) & Ga(Lo) BABTR
W DDFELET B [15].

Habiro [4] i, M B DM TH 3 ‘clasper theory’ ZEEL, ZhHr6E6N5 120
R LT, ROME (A BRPCLERTHZ25E) ZmLk. 2 I Tid, Habiro DFE
2N RO EETHESELEDDEEZ 3.

%% 10. (Habiro [4]) EEOHVTE K &, EEOERE > 1ISHL, H5#EUEK T
K#K DEERECE L A, FEICR5 D ONEET 5.

EEBH. KICBET ARMMETIT A, k= 1OBEABHLPICHIT S, FUE K B
FEL, K#K DPEWHREVCEHO L Ay BE (k> 1) THEERET . B LD,
O = F(K'#K;L,B) £BIT3. 22T, LE¥1M 7 k- 1DRVBEBOEELT S, —
B, F(K'#K;,L,B) 3 % E&EMN K#F(K;L,B) & Ay BfERS. -7, RKOBFEW
HF(K;L,B)D»EsND. O

BRECBED Ay BEE2EOEEE Ky LB L. [Ki, Ky e KeloW L, f1% [Kp+
(K= [K#K |, LEOD L, MIBEIOLD, ROEHZES.

I 11. (Habiro [4]) Ky IZHE ‘+ OTT, (O ZEATE T 20HEICRS.
5. Clasp-pass FE{EfED D 5E

8 DEFRZIE Habiro IZ L W BRI NEDH DT, clasp-pass Bz L MEIN B . clasp-
pass BRIF Ca B L AMEREETH . 2T, CsEEE WS EEDH D DI clasp-pass
FAEEVWIBEZFEIZLIZTS.

Habiro |3 clasp-pass BRI L AR UPEHOSEEE L LTROFEHREZR LE. X, 8B
2EI TNz 1 (Habiro) DRBILRBETH 5.

FEIE 12. [2] [3, Proposition 7.1] S D 2 DDFECE Ky, K, D clasp-pass AfETH 3%
DREAZTEMHFE, a2(K7) = ao(Ko) PR T AL THSD. 2T, ;lda>w=4%
B i ROBBZERT 5.

X8

COHEITIE, MDD 4DDFE: (1)265%»H; (2)3 5o DiEHE; (3) REH S EEE A
H; (4) MV A4 7NV EBEERWVEENYT S 7 OZEBADEDIAA, IZH L, clasp-pass
ERICET20EEEREZ 5.

FElZai /= £ 512, Ay BRIE Murakami-Nakanishi [7] 12 & D &S /= delta B &
FERERTHS. 22T, ALEELWIEEDOPDDICdeta AEL WS EEERFEAT
B LIZTD. 2DDZE/E TS 713, clasp-pass [FHER 5 1E delta [F{ETH b, #iT—H%IC
EBSL LW, fE2 T, clasp-pass 54E L D delta DDA DHWENZ 5 2 5. BREEH
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B delta MEICEI LTI, BICROBREBHSN TS, Jhid, B2 THNZR3D
ARG ETHD.

#1213, [ ®ABL=JLU---UJ, £ M=K U-- UK, Iz L, WD 2 RMAEFEET
H5.

(1) L Middelta BfECH 2.
@) Lk(J, J;) = Ch(Ki, K;) (1 < i < § < m) DRI

ZIT, iTHBABEERT S.

“HE LICEENBEED 2BAEAEORABDED L E, L2RENosigasEL
Wi, FOEEL D, REAEEE S EEROESEERREAEDET 2 delta F{ER
Y —Ed %, WOERIE Habiro ROEHIC L D EFLNIE.

=8 14, IS EEEAR L= U---UJ, E M=K U---UK, I U, RO 2
FMETH 5.

(1) L & M I clasp-pass FfET®H % .

(2) CLQ(J.L') = ag(Ki) (1 S ) S n), ag(Ji U JJ) = 0,3(Ki U K]) (mod 2) (1 S 3 < ] S n) 7.)3
D (U J;U ) = (K UK; UKL (1<i<j<k<n) DAL, ‘

22T, p= pi i Milnor RZ & [5] 2EKT 5.
=15, OAEABE L=JiUL & M=K UK IZHL, RO 2FHEFRETHS.
(1) L ¥ M i clasp-pass AIfET® % .
(2) Ek(Jl, Jz) = Ek(Kl,Kz), 012(.],') = a2(Ki) (’L = 1,2) 7’33‘9 ag(L) = ag(M) (mod 2) 733
%7 . '
=18 16. SRAEAE L=J,ULHUJs & M=K UK UK IZHL, RO 25&HEFEE
ThH5.
(1) L ¥ M i3 clasp-pass BfEC5 % .

(2) th(Ji, J}) = h(K;, K;) (1 < i< j <3), ag(f) = ao(K) (1= 1,2,3), as(LiUJ;) =
a3(K; UK;) (mod 2) (1 <i<j <3), (L) = p(M) 22 as(L) = as(M) (mod 2).

22T, w(L) = paos(L) & SHDABLE(1, o), Lh(Ja, J), Lh(Ja, J1) DERLKIEZ
HE LTEZINS Milnor TEEZERT 5.

WD FEE I [12, Theorem C] & [8, Theorem 1.3] H5EBHICHLN 2.
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BE17. 757 GIINL, MO2EHTFETH .
(1) GORTOZEET S 7 b delta FETH .
(2) GRFERTH D, FERMRYTA ZNVOMESERL.

WoT, FEMPDIEZMBRY A I NVEESERNT S 7 DEDAAL delta FIEDEE
TRHEBDPDODPRNT DD 5. clasp-pass AEOEHEE CIZUTOREEE-.

EE18. G2RMBR YA I NVEEERVWERNI 7875, fLgz GDSB~DHE
DIAALTDH. COLERD2EHFIZAETH 3.

(1) f(G) & ¢g(G) i clasp-pass FIfETH 5.

(2) GOEYA IV yIZHRL, ax(f(7) = az2(g(v)) DEILT 3.

727 GOBDIAAIIHN T HHRE 2 LT D Vassiliev TZEEZ v & § 5 &, clasp-pass [
fE72 2 DDEDIAA f,g 12 U, v(f) =v(g) PBRILT 5 [1] [3] [9] [14]. F 7=, a lFA1%L2
D Vassiliev "EBTHD. (o T, TEHIB LD IRODZRES.

219, GZIEZMGRYA VIV EEFRVWEENZS 78 L, fL g% GD B ADEDHIA
ALTD., ZOLERD2FMFIIEETH S.

(1) f(@) & g(G) X clasp-pass FETH 5.
(2) fF 2 LT DERED Vassiliev FEE v 2/ L, v(f) =v(g) BRI T 3.
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Projections in 2-knot theory

RIRTILRFEER  LRE

2-knot theory |2 B 24T HDEEIE . Carter & Saito 12X 5 —ED
MEICLoTTILT oD oTETWET, classical knot theory 1213 HI=
BIICEEZET X AAEE L L T, linking number % minimal crossing number
A3 ) 9T, 2-knot theory |23 TN HIZXFIET 5 & 9 R AREENHRZEH
LEHRETEIET, TORTIL, surface-knot DFEZEIIE DL I 2 b D2 %k
SHEAL . EE0ER% €9 T branch point & triple point IZEE T A 5588 (%5
IZfFE L Z ORI, BAMEEIZOWT) 2R RITET, ZOFEDOEKRNL
ZEEL L TE, Carter & Saito 2 X 5 3] 25H 0 T 7,

1. &Fh

2 RITHEV B HEE (2-knot theory) & V29 DId ., 4 RTEMHRE, B2 4K
Fx—2 1) v K2R RE % 4 RTEHE 5410, BHPEICEBATNS (1<
SR DFSE D) BHELFEARL L $T, ZOWTE, R HOED
AFHxEZ T, R D ambient isotopy IZ & AHEDIAADFEELEZ . FEE
WEFED & & surface-knot. FAMENIEERE D & & surfacelink & TN F T,
EOMMEDBD AL TR ) PEERLIVE S, 2L ZITHEmIEE b —
FA2MDEBDOAADE Z 2, SPUT?UT>link &L (ZORBTIE) £
TZEIWLLET, 72720, @ E LT S%knot 1 2-knot & Wiy F 1,

2. IEBIGR & ERIZETR

12 L 912 classical knot theory (28T % knot DFERAEZEBL 7, &
7ZZARPAD knot ZAEIZH L &L FER — R L BEEFFEVT T,
FIZRPIIBIT 2 HCRENERE 7 crossings 721705 7% 5 5 D% knot D
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FRIEES & v, # D% crossing D& & AT, under-path Z9J ) Mo TLET
REHEL-b0R ., BUHD FRIFER EVWET (H1 ),

ERIHRE ERIFER
1

ST L T, RO surface-knot (F7zid link) 2 RAL ST, &
LURHER — REZACT, RAFELEEFAETLAI LN TEET,
T FOBETREORD (I % double point set &V W FEF) A%, double
point cﬁrves - triple points - branch points 7213 7> 5 722 5 % D% | surface-knot
(F7-13 link) @ FERIHE &\ & double point curve {23F L T under-sheet
2D EoT ETAERLD D%, surface-knot ( F 7213 link) @ EBIFIR
EnHTEIZLET (H2),

Carter-Saito D& T3, IEBISHE % generic projection, IERIFR%Z
broken surface diagram & FFATWE 3745, T DFHTIL classical knot theory
N7FOY =6, ERIFE - ERIRROTEZMHEN A LIZL T,

o under-sheet

| |
over-sheet

X 2

3121, » A S2UT?UT?-link ®IERIESR - IERISEIR - double point set
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DEFENTH D 5,

\ Wv< AW

e -

IAIA}

————— YRR VAR UL
\
|||||||||| Sl e ot
CLALIITRILLTTITIY RS S s
\ ’
A} 7
S~

SIIIIIaz [ fel Y Syl
xxxxxxx [ . -
v non

3. Branch points

BT 20T ET, 1

i

BdT5
2T, 2DHIE branch points @

-
~

BI5+% £ @ branch point |

D H I branch points DF & & FDF|

BT,

ZD

4

—

SVT T,

-
—

/NMEEL

E B

JZ=RT

2

BT 5 branch point DL, TF

-
—

surface-knot @ IEBIEES|

4DEL L

#7255 47D branch points T, #

bl

ZoTWwEd, 2h

-
~—

D7 7% 5 double point curve D _ETFDIEHN S FOFE%

-
—

@ branch point |
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L@, M4 nEHicEEL T

positive negative
X 4
branch points DFFFDFNZEIL Tld . k® Banchoff DA A3 H LTV

T3, L7252 T, ZOFNTERSEOIY 72 & 53 surface-knot DAZE
B AT b FT, '

FIE 3.1 ([1]). surface-knot F' DIERIFER ED$ T branch points 124
7= A EOFNL, F D surface-knot DD AAIZE T 5 Buler number e(F)
0: '—‘::Ei‘gﬁ é o

O, FE RETHTHICT S LT, F & branch points D & Z
ATIENTEON B D DOERTE . FDIETO intersection number 755 &
5 & branch point DFBIZ—HT LI L P LREE T,

X |Z minimal branch point number IZ2DWTTIH, ThizbrHE
classical knot theory {2 31J % minimal crossing number D X 5722 b DT, 5
% b7z surface-knot DT _TOIERISEEEZ T, #D LiZH % branch
points DE/MEFE L TERIN T T ZHITEL TiX, §TIC Carter &
Saito 12 Lo TELEICRESN TV ET (EHE 31 L HEL TATLZEW),

EIH 3.2 ([2]). surface-knot F' ™ minimal branch point number (T, [e(F)|
Th b,
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COREHDF A Y NI ICHNTH D 5, BL VIR 2] 2 RTY
728\

& 5

Z Z T Whitney-Massey DEBEEZ BT TBE 1,

T 3.3 ([6]). surface-knot F 7% orientable 72 & &, Dhile(F)=0Th
" . non-orientable %z & &, e(F) A& ) 9 A{EIE 2y —4,2x,---,4— 2y T
Bo 12721 xiZ F @ Euler 8% & 45,

32&33%EbEhE, 72k 213 orientable surface-knot 1F branch
point ¥ & EZVIEAISE (Z0L 5 READIRDARITRD) 2b07 &
72 P2-knot (ST FEDIEDIAH ) 13 branch points ¥ B x 5 & 2 [HHESF
Bt b o2 b &dhh ) £9,

EHE

4. Triple points

ZOETIE, EBISTE LI 5 triple points 12 EET 2 3 DNDEEE .
- —RED surface-link DB EIZEETE S {0,1} I21ER L 2FEE,
- oriented surface-link DIFEICERT X L EHRER & 21T E.
- IERISTE_E D triple points D&/ MBS .
IZDoWTaET T,
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WE | 4SO oriented surface-link  F = FiUF,U---UF, &L E§, 72
73 L% F, 1% orientable T % non-orientable Th W F& A, FDdH HIERIK
5% o triple point i2x+ L | upper sheet 4% F; 12, middle sheet 2% Fj (T lower
sheet 7S FL ICBT A L% b D% (i,7,k) ¥ 47 @ triple point & L &2 &
wLEY (H6), /- FOERIFRRET., (i,5,k) & A7 D triple points O
% NG, j, k) L BLZECLET,

|,— middle sheetC F; /

— top sheetC F';
L]
bottom sheet CF'i,
IERIS ERIFER.
6

5 FDOERIZBNT, (4,4,7) § 47 £7213 (4,7,7) ¥ A 7 D triple point
RUEEL 505, 728 2IEN(G,4,5) ° N(G,5,j) 15 FOREEIZIEZD
CFRAD, EHITH oL —RICED N(i, 4, k) DAEEIZIZZR ) TEA L
L. ROZEFHYILHLET,

I 4.1, (1)ikj£kRHIE. NG, j k) (mod 2) 12 FOFEEIT 2o F
2B FOEIFRROIY FIZL L%,
(2) 2 %@ surface-link F = Fy U Fy D4

N(1,2,1) = N(2,1,2) (mod 2),
¥ Fy & Fy 7% orientable 72 513,

N(1,2,1)= N(2,1,2) =0 (mod 2).
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(3) 3BT D surface-link F = FyUFRUF; D4, a+b+c=0 (mod 2)
T2 T 8L a,b,c€ {0,1}45H - T,

N(1,2,3)= N(3,2,1) = a (mod 2),
N(3,1,2) = N(2,1,3) = b (mod 2),
N(2,3,1)=N(1,3,2) = ¢ (mod 2).

SERRIZERE L £ 9, 7275 L FOE DS D orientable 23413 . B TH~<
HEHEL2MHEL T EHTEFTT, non-trivial 2815 25 2 & . P2UP2-link
T, N(1,2,1)=N(2,1,2) =1 (mod 2) £ 25 DHH Y T¥,

F % oriented (F D& OEHESD orientable T orientation 758 5%E S
TWaH0) ICRET L, SEIIERES L AFEELERT A LT
EF T, FD/DITF Y triple point DFFIZOWTHBEL T4,

| vs
\P)
P/ G ] \p. /
ay! A
Jap /et
| . |
/ positive / negative

X7

oriented surface-knot ( L7213 link) DIEBIFER EIZH 5., % triple point @
¥ U @ upper - middle - bottle sheet [ZTEE 27 V% . BT U, Upr, Ug &
LET(H7EE), 7272L N6 DN M UiE, #NFNOD sheet D A5 =
ZIELARLTWAES 0% LD TT (2 T surface-knot @ orientation % fEV>
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F4), FIT. NZ MO 3D (v, v, vp) BETFHR%E DL D triple point
DHEIZE. EFERLZOE. LEREL I,
oL x. B classical knot theory (2 B1F 5 linking number (4t

+ ] T. TRIERLEICBIT S (4,5,k) ¥ 47 O triple points (= IR > TR
@ﬂ%&ot%wéT@$mt£<t\ﬁ@:aﬁ&bﬁo:&ﬁ\%ﬁ@
Carter b OWFEIC L o TREN T L7
FIE 4.2 ([4]). (1) i # ] # k25, T(i, 4, k) |3 oriented surface-link DA
P B T2 B, oriented surface-link DIFHIEROBY FIZ L 572V,
(2) 2 B&4r® oriented surface-link F'= F1 U F3 DIHE

T(1,2,1) = T(2,1,2) = 0.
(3) 3 Bi5? oriented surface-link F'= FiUF, U F3 DiaE. a+b +‘ c=0%
WY a, b,cD¥H o T,

T(1,2,3) = ~T(3,2,1) = q,

T(3,1,2) = -T(2,1,3) = b,

T(2,3,1) = ~T(1,3,2) = c.
I a+ b= 0% BT EEOE M, b, c IS LT, EOSREMHT 3
Bi%-? oriented surface-link 23FF7EY 5o

= ® T(i,j,k) % triple point invariant & V> EF L AICK3IEED
P[4 THEL7-b 0T, ThEFIALT (@) 0RFERLTVET, HLP
\= N(,5,k) = T(i,5,k) (mod 2) TFH 5, £ DERT orientable DHE L
N(,75,k) (mod 2) X T(i,j,k) X Do TWE I, AIER non-orientable T
LERTELLEWVI AT, FNEVICERFHEDD LN T A

£7%17 triple points DR/MEE D% L T 9o surface-knot (F 7213 link)
F @ minimal triple point number & % \*1Z HIZ triple point number Lix.F

-102-



DIXTOIERIFTHEZEZ T, 2025 5 triple points DEI D B/MED
CEEEELIT, INEHF) THEL T, branch points DE/N L E 5
TIHhiZ L hDPoTHRVOITHEIERTT,

R* I trivial 2-link (3-balls DIEDAARDERIZZ o TWVE L D) 124F
L T, l-handles iZ > TH LN 5 surface-knot (7213 link) % . ribbon &
Vi F ¥, ribbon surface-knot (7213 link) FI3 ¢(F) =0% &7 L £3
5. classical knot theory ? minimal crossing number & &>, ¢(F) = 0755
BV o T F A trivial T 5 £ 12D $HA. F—RICIE 4(F) = 0 % &
729 non-ribbon %% F28& ) 575, FASS2 L @AM L 213 kD 2 2555
nTwEd,

T 4.3 ([9]). 2-knotK #5£(K) = 0% &72F7% 513, K 13 ribbon TH 5,

surface-knot (7213 link) (24 L T 14D 1-handle % 5 T LBEB & . 2
DIERISTFT triple point # 1 AHEETAZ T2 2 (H8EW) Z b7
ExHAWT, 2-knot DBEIZKRDZ EDEFFH I TWE T,

EE 4.4 ([5]). EEOEKHE nITHL T, 2 2-knot K THK) > n % &
729 OPFET B,

i
1
1

R e Tt e
P

el 7
e S
. - '
=-- T
' ' 1
' 1 )
1

X 8

Tz, —RICROZE IR YL E T,
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&8 4.5 ([7)). FEED surface-knot (7243 link) FIIWL T, ¢(F) # 1.

t(F) = 0 LIS T, ¢(F) DEAFSRT > T 2afle LT, KDHODBETH
N E4, 4T Plirreducible 7 surface-link (trivial P?-knot & D EiEHIT
SEEN VD D) 128 L T, triple point number DT A5 DEM 52T
SFHTE T,

FIE 4.6 ([8]). FEOEAE mITHL T, &5 2 &5 D surface-link F' =
) UFy, THF) =2m%&712T S DHFHFET %o

261 ¢\ k. & Fid non-orientable T, Buler #7752 - m Db DT
4. BT,y EFNFNO meridian & LT, R*IZBIT A F DFEZEE O E
AEmMR - F) D

< 3, ylryr =y, yzy =1 >

P WO ETREBELET, UEERFLOTIOREXLDDICLET,

t(F) 0 1 2 3 4 Bl ...

2-knot | (O (ribbon) | x ? (1) 7 7 70 (1)
O (ribbon O O

—# | rEEssv) | X | PPOPY) | T (KUK |

(1) » 53T H(K) =2 %5 % % ERISFIE branch points Z &1 (TEICL A )o
(1) W< b THRE R t(K) % b2 2-knot DFHEFHEIESN T Do

DN
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HAWAIIAN EARRING OEFHICDONT
(1RFART / EEDEFE)

ILH BsEk

Hawaiian earring H &3 zy-FHE O 522

H=J{(z,9): (z - 1/n)* +y* = 1/n%}

n=1

"C“To

(1)

Z DZERNE Algebraic Topology Tld 472 & Z A MBI H & L
THENSZEFTY. ZOETIRROTEEDOLHADEKEZ RS % HiE
EL72H5 2D Hawailan earring DEXFHO S DOUHEZHAL LS5 &
BNWET,

ZER] X DR ¢ THEEFTEE# (semi-locally simply connected) T
HBHER. ¢ DIEBE U NEEL. U OFD ¢ Z2HAET S loop
null-homotopic TH DI ETH D, X7/ EHEIIEARM [0,1] DEEE
&, DED., B, BIER. 22/ NEEZERTH 5.

EE Bl X,V BN LRTAT /EETHUAR S S THERHNEERE

TRWET B, ZO&E, X LY OEEENFEEZST X & Vi
fIAEEE T2 B,
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TH Bk
bEBA. COEBITTRTOATERMEERE TRNENINA
D RERZEMICHL TRITSHOTTN, LBEOEHEEADRD &
THRILEIBRNIETY, bebe, TOZEEFEALELDIEL
7= DTIE72 <. Hawaiian earring, Sierpinski gasket, Sierpinski carpet,
Menger curve DEFHNFEFMBTHDENI T E BEEAL KD EE -
TWEOTERRS>TNE5LnEBo kb MENRHFAZD <5
S5&LELE. £5%. BT HLSICBABMOENETY . T
T B EEEE TN AD T &% wild point EWWET, |
~ OIEHTIE Hawaiian earring DEFFEN K E2REZZIZL £7.

Hawaiian earring {3 — B CTD BT wild point TH HERTING, EE
DHEEIT>TWBHZERTIES D ERAM. TN 5 DZEMIE Hawaiian
earring DEREDETTETRHEND BETEZIDLENNDLN
F4A, Hawailan earring DEAFEOMEE &L TRD 3 DA OIEHA
BB ET,

(1) ARy I—HE

(2) HERRIEFTHME

(3) Bh Tk
2y H—EHREND LENT A. Blass [1] 28 5 FERNCAMITZHD
T, ROEBEEZHLIIHMBELELL.

Specker MEEE (1950) (18] Hom(Z*,Z) = @new(Pn)» < Thn E8:5)
.

CTOEBIRSENASNTVWRVDOTHLHBALET. (v IIERE
BOESTR/NDERIEFHZERL £, ) Hom(Z¥,Q) BEAET
L. ZOBEEZ 2P DV EROEEDMSEELEORELLD &
THAEVNHDERDET, DED., RObHSHNEREERIR
Widh 3= Lz abiF TFH, Hom(z,Z) TT LERAEERKIIER
PRERBEGHELINTIZRNENSI ZEENOTNETY, ZOIERS
BE7—~) VB H DBEE T Zreflexive £725 T LA S5NTNE
ﬁo:@ﬁﬁﬁzﬁﬁwl%zﬁGH@mmuﬂEiafﬁﬂ@tﬁ
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HAWAIIAN EARRING DOEFFIIDNT (1RFTAT J ZEROERE)
EBEINFELRE, 772 DRPDDIZ &n(*«,ﬂi :m<n<w) DEDHRE
EROBEHEOEEBRETY., ZL TEHOW EZEEETY. £
Qr_r_l(*KnZi :m<n<w) DRDDICTEDEHTE %< Z, THRILT S
ZEZBRNTNWET, ZD X,c,Zy, B Hawaiian earring DEEFHTT,
LU, ZOFEH Hawaiian earring DERFETH 2 ZENREINLD
IEE DED H.B.Griffiths [15] ICXBHDTT, (ZOFHAICITF vy T
@ > T 1985 % Morgan-Morrison [17] IZ&E 2 TF vy 70733‘@&5 5
EENTVWET, 8 DFDZEMIL Hawaiian earring DLV 57 KT
M5, Hawailan earring DEXFEDRRICDONWTORERAIZ 2 RDE
HELBDIHEOEAZEATHRITNERD E¥ A, Grifiths DE
BHENDDIZZE DR TWRN-ZDTY ., #TWAIL, Griffiths @
AEAE WS DT TERFEFHECLEDLS | NENWTHEDOTHE
PNEREOCHEOHEHEZME S ENTEL WERASIZoTNEDTT,
TINS5, BEERICF vy TRHo72End KD b HERRH O
DIEFH] ULHABNWTRD - EVNIFRH > TNBEBNET,)

Higman DFEBAL 7= Z & % Hawaiian earring & > T2 & KD
EDTIRVET, ZZTrH—= U {(z,y): (z=1/0)*+y* =1/*}
Z UZellzy) i (2 =1/ + 2 =1/} Zo XDATL T T3
ELET,

EREOHEANES b : m(Ho) — F (F ZEEE) KEnLT
n<w & hm(Ui{(z,y) : (2= 1/ +y* = 1/%},0) = F IEIE
l/\ h :‘EO'FTL* ﬁiﬁzﬁﬁ—éc

ZZT F % Bouquet B DEXEELE->TH < &, Bouquet (3 wild
point MHDERANS ., EF h=hor, WERITAHNIZ &I f:
H— BWR®d>Th=f ERBDEVNDIIEEFALILETY, EEDIE
RICED EZEFINZESIDLELEDEDD (%) RUZDO—#{L
EEVWET, ThED. ZOLEOEE, D0 THRAREREEL)
LBAEFEELZWIE, 2L T TERAREREER] SdERESTH
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LH Bk
ERIENDZEETH DL, BREMZDONSERBZbOES]
EHTELNERTT,

KIZERIETHRETT, EARIIEAHRT, FERETOI—FITN
BELBRICDWTREDT = IETH B I ERESHAENTNET.
Lal. Thooaon=HErTIcEEL T, U TRERCZERIC
oL THEABICRE M —ICET 2 E®Z T TR s
DEBRNMA>TNDENIBEEEZE DI LTI TEEEA. RO (3)
Dk > EEOREOEMNIBHFHICENWEEEZ S > TWHZEHMTHE
LAEIEORLTHRERE Y 7 THo>TH (2) LEFBIIEDOMN
B0 EH AN wild point SFHE EF IIFNHARNEND LT BITE
BLEY. .

Hoadr—% H, H, (BXEEOAEZEDEDOEFREHOA
EagEnibnELE3) &L, FEOX 572 one point union & XMH
EESTDRNWEDBDEZAET.

B (2) B (3)

(C0)(GL

K (2) i3 Hawaiian earring & AT 2 S EEBHIE % Zn TT
AN (3) DEEENTIEHME %ucwZon * Xncwlingr Clo ZD2D
DENFARTEZNEND ZERRDEILTWAET, ANy~
BHRIZES T,

(%) EEQEREER b : 71 (H,0) = m(H, o) ITERFHR
FH—-HREEL flo)=0 & ullL2Th=u""fuu (D
E0 hz) = ulf(z)u BWTRTD ¢ IKDWTHILT D) &
WHBTHEINET (11, 2.11).
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HAWAIIAN EARRING OEFFEITONWT (1 RFERT /) EROEEE)
HEBEORL %, Z, DBAETH BN INEESI T LITED
FFRBETHDTENNRET, ZIITRERETHEEL NI REH
HOBEBRLTWET, TRk I EnsbNDET, ETFEICBNL
T Hawaiian earring % Bouquet TEEHA ET, 72 L EARRITH
CAIEAROBHBEETHD., T ZEEMICAZTT. 1D loop
L Bouquet IZIIERBEIL NEEMTZNDOTIIRZIDTINS, &
FREDBIRL TWa ZEADM D £7, K Hawailan earring % n-XK
@ Hawaiian earring TEZ# X n KX Homotopy HEEZET (/=277
Ln>2), B (1) ZHETZHDIE Zv Liz0 13]. B (2) iox

T BDDIE TpcwZon @ TnewZonyy ERDEERICERTYT, 202
EMBSIETHEENBERLTNE Z &N D £T, (n XD Hawaiian
earring @ n X Homotopy A% Z¥ &£725 Z &1 n K Homotopy BN
FETHTHZENIETTRL., ERTRTHIEVSAEEEL
TWEIH, TDEZ AL Whitehead FEE DEEEN H D 7L< bA
SIBNTERHVET,) ZOEREFMHIEICLD 2 DOEENL< 5D
WTWBHBEN TV SN ERETED LRV ET, £ X A% 1
RITTRT ) EfETE DED wild point 73 5 X EEFOBEALHED
BHRESA SRR RATEET.

() 1wy (H,0) 75 1 RITDZEM 7y (X, 20) NDEFMBES b D
BEICHREINET. DEVERER f - H - X & flo) 15 1,
D path p BH-T b = (p~fp). BRRILLET, ZHITKD, EE
timy(X) = (YY) & X @ wild point z IZHL TY @ wild point 7(z)
W—RBICEEL . TERICRVET. ZOEGEROEENTEDS
ATIIRENLZEZTY. TEOREDD L TIEZEEFRNFEREZOT
FAMNSEGEGNEZOSNET, Thn S EHOMAREN ENN
N

I i(z) IN—BITEET BL NI T L &2HA BREBMEED ,(H, o)
DERFHELONZ BROEETT.

Ti(H,0)  AxB D&EE A E2IE BIZFERERTH 3.
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TH B

w1 (H, o) IZBHID m BE ETORWSD &RV ORHTERIEINT 1oLy *
XosmZn & EERICHETEETHE (3) OEFEE %, culan*XncwLantt
CRAEENER A, ThEFTRLS, &30 THBT—HIIHE
EREBDET, B (2) OEFED x,0,Z, EBHTEN5, wild
point DE D QEABOHEIRERMERICE D EFRERICHES N
BB EX £ THIEEAENH B —AIET BERTS D FT S
NS T ETY. CNTIRIFEHOHOHEIIED TY . Preprint 13
R AR—TI7 dvidfile #BNTHVETOTHELNI EEEES 2T
5ATFEN, m(H, o) DEMTFHIIONTIES 3L —BHEIED
BT BOTROLICFRLTHET,

(FH) A+ BH n(H,o0) ODERMEGIZSE A £/id B iZHRER
TH5.

Hawaiian earring DEEAREOFRIT H.B.Griffiths I &2 TR
XN ZERRREL ., ZOBTAEBRERD B HBEOWEEIRE DT
BLRAEDWBENEREL TOERREED ZEHEASNETA,
CNEEOREERETSIORIIHEVEAVESHV EEAL. HE
BOEHHEEALEICEELLTETIENELHNOTY. L. T
ZDEREROES., FEAREBEROEFICRSALETY . ERE
i3 [10] THAL REMEEEBRELED. TO%, FRXFOIHN
—FEE D 1 RTDZEM X OBREREDI—# H (X) 2 torsion-free
THBHENIZEFRTALAZDT H(H) IZRDOEDICREND I LN
HMDELZ [14].

Hi(H) =~ Z* & pprime Ap © 20 Q,
TIT A 1 @yned, D p-ESERLTT, 13 pEBEEHTH D,

Z D MyprimeAp ® om0 Q DESFT torsionfree algebraically compact
Lo TNAES T TN ERMREEEZEL TWDEIITIERA

Fth., ZOBHEOEOHEELO>TVET. (nl ORHD p» &L
eHDHERIL ET.)
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HAWAIIAN EARRING QOEXBIZONT (1 RFENRT / EHIOEARE)
T=NIEE ADERDH a, (n <w) B (n+ )| apg1 — a, &F
TR (n+ D! o — a0 BTRTD 0 IZDONWTHRIELT B ag NEFELE
ER-N

F—AEDZER X 1T wild point WHEET R E H(X) ICZOEE
ZOHDOMABPENET., TINS5, 0D U, primed, © Oone Q DERSY
IZZEFOENT wild BEBH DI EEZERLTNEEEZTHNREEN
£T. LA, EARED CW-EEOEEXHIZNDZDOTTNS Q
I ®mn TLTH IKREZEZHADOTTHENS T8N S EE
FKEIZO o RZZEMT, BCEMELTHEELTVS DD TIRZVLD
T, ZOEIRXBATENERNET,

TOMIDELEROD HREEERRET,

1. (J. W. Cannon-G. Conner [4]) —RITZERN 5 —RITEHENDED
RABEEAFHOEOEDALZIERIT,

2. 1KY J EREOEEREN r(H,0) ERETHZDIL. H5—
R wild point THBEETH S [8],

3. LREART /JEHEIZHEOIE— CDHD. ZD C OENRTN
T wild point 72 51T FDEXEIT 1 (H, 0) OESEEFEITZ SR
[9] |

4. 3 DFER. ROE B(1), B(2) DZEMOEREL =, (H, o) DESEE

FIETRWDE A1), A(2) DEMOEREL r,(H, 0) DS EERE
L7235 (7],

(AD) (A2)
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M

ILH B

(B1)

1 &3 DRERENS 1RTRT /) EREEDEERERTT 205
enger sponge DEABEZFAND ZENFHNTH DI ENONDE

T, [7] TEMREEH > T edge-pah group ZWR(LT DI LEL XL

7=
2

10.

11.

12.

13.

14.

Y. EREEEDA D DIT Menger curve @ path ZFEEIENI T L
EZZONET, ZOZEF, FEIEATRER A,
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M O EERE L /B I T A 7 Ve p-TEE

&N RFE
BRI EAFRFERBETEFEEFEY L

1. BX

CABEE L. c #EEBER 2TF A2V ET Do clZ GO 2RTIFET YV —REED
295, FRHEERETHLREEEL D, TOFK, GN1-a3F =4V d, BlL G EOK
HT. FOTNT YT = li—ET B b OVEET B, TOFE, IFEAT—HO
EHPLTCAPLEETH L, o T, 1-a3F4Vd REDRICEE T B 00 HE
7o T D BEG & 0-T¥ A 7 )V ¢ HSEITRMFMICERENLHE, BIL1-TF=A
v d OERTEERER T DA LRRIE L LTEL S, ZOMERE LT, Bt SL(2,Z).
9. A 7 & LT Meyer DIEETF 4 7 VHETF 515 (1,12, 15l ZOIH A TN
msmwﬂ)@%ﬁ%&2kﬁ:$%mv~ﬁmmunﬁ%%b5:aﬁ%%nfméo
o T HEEGETIRERARREOY—ELR DT, IV X5 —% Meyer D
SH T 4 2 VT D SL(2,Z) LOFEEHIE. BIS Meyer MED B ONL, ZOHE
u%m\~§ﬁﬁ%ﬁénéommmulb\ﬂ@%ﬁmméﬁmwa%ﬁuuT%%
t#éﬁ@b@%ﬁﬁ%i&hfwéukﬂmwmmwﬁﬁkﬁ\m@mmwﬁwh
Quillen ? determinant line bundle. AT L-BA%k. Atiyah-Patodi-Singer n-AEE., WiEk
HlR, = ORICEMENEREELS I LIZL Y, Meyer MBOBEMEIRR NS,

= OBIOHEEE LT, ESEEOMEOBEHNESERN L Meyer ORBIT A7)V
Wb BETF A 7 VEERBACSEEER LICERSL—RICIFEERETLE
BEIZI27 b7 7S, BEEBEORASRTH L BEMNEEERICHIRT 2 b, ERLe|
LRI Do & oT, BEANEEER EOBEIELNL, TNb Meyer BIEL
W@h%bﬁ&lﬂoZ@@ﬁ@%@?%ﬁﬁuiﬁ\W%ﬁﬁl@%ﬁ&%&étiﬁ
1T, fEo T, BMFNERESLL I LRI, LOMETH S,

R EREICRE T, BG 0 2aF A 7V e EERE TRV -HEED LY
%%%iéoC@%ﬁﬁ\EK%@}3ﬁ47Wdﬁ%U\ckﬂ@3$%ﬂy—ﬁ%ﬁ
ELTVDLRET Bo fEoT, FNLDEc— RERALELEDLHOT, G LDHL
BE dDaNT v T ) —lihoTnh, JOEETHR LRI G,c,d DETHRMF
HIC 52 bNTVAEEE. dOBISIBRIEL 25, JORREIL LTIE, HREX
TRIZIBENEH D 19, 20]0 BEL LTERE—DH- PHMEOEGER, 2-2F A7V
&quMwa@%ﬁ:%f7waﬁmﬁﬁﬁmiéﬁi:%47w%téo:@%ﬁ
. TRLDHLBERESE L LEEEIAER Y —EER Y, Eo T, TOERER
FOBEIELND, DML, Heegaard M EEE LT, 3RXTAETR Y —HKED
Casson RS LIELETDWT WA Z EPFEHRIZI o TRENT WS,

DF O BUEEE L7BITH B, 78 2 EEORE 272 &7 { THRTERFIRT
BRI 2-TF A VR BRI LRERE DL LEZ LML, T T, EICHEDNE
eEE. L L EZOBSHLCEREOREPLBOND 223 A 7 VERRL, £
N DEDUBMEMFRE 52 b, SO LIFLTFICRENL LI 2-3F 4 7 VOME
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) BH

BPORALDPROTHEY, EREROTETELIELABELLT, SIBK1L, 20
Meyer BE~DOEHZB<E,

2. HEOaREOTY—

COFTEEOIREO I —-BHOERLEL TS 5o G #BEL, M % G-lEEL+
Do AF A VI CHG,M) ¥ RTEHET S,
n> 0120 LT,
CMG,M)={f:G"— M}
LB TDTLE n-IF 2 A LR, AL, CUG,M)=M L35,
a2 F ) —{EHE
§: CHG, M) — C™(G, M)
z feC™HG, M) iZx LT,

n-—-1
(0F)(g1s--9n) =01f(92,- -, 9n) + Z('_l.\)if(gl, w3 Gim1, 9iGit1s Git2, - - On)
=]

+(=1)"f(g15- -+ 9n-1)
TED D,
Z™MG,M) = {f € C*G,M)|6f =0}, B*(G, M) = {6f|f € C*1(G, M)} LBE., *
NENDOETTE T A 7V, p-TNT &) — LIRS,
BGOMIGErEOarEO Y —EE
H™G,M): = Z™(G,M)/B"(G,M)

TEFT 5o
BIZMELT, B2 G-IEEZ(Q,R,C TH AR 2@R L,
5f=0 f€CG,7)
6f(a,b) = f(b) — f(ab) + f(a) feCYG,z)
6f(a,b,c) = f(b,c) — f(ab,c) + f(a,bc) — f(a,b) feC*G,z)

Lhbo TNHL. HYG,Z) = ZYG,Z) = {f: G — Z|f : RFRER } 545, B
2. 2-TF A7 eBFaAny T ) —DEE, c=6d BT 1-2F =4 > did HY(G;Z)
DEEEZRD. toT. HY(G;Z) =0 DHé&. dII—EWIZET 5,

LLMEN/BELLT, 2R ET V-8 HY(G, M) 1% G @ Eilenberg-MacLane 22
K(G,1) D G-1E: MP» LB oN2BETAM 238 L T 5 BRaRE0 Y —8 H*(K(G,1);
M) LR—HEn5, &1L EOMEZ Eilenberg-MacLane ZETH2 Z 2 EELT
B <o

3. MEYER D38 T 1 7 )V & MEeYER B3

COETHE., BEOESGER LD Meyer DIV 4 7 L & Meyer Bk EET 5
[2, 6, 15, 18],
TT. EREDEETEET 2., YEARTI VY PEREHEELTL, BL. 1T
BEETE, Ay TREERELOFMTELNSLTE
HY(Y;R) x H(Y,0Y;R) = R
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1%
H'(Y;R) := Im[H'(Y,8Y;R) — H'(Y;R)]

E. SEB L ISEERE FET 5, SBEY DY sign(Y) &  OTRBERADRE
H. HHHET AAFOENEAENR L ANEFEDBOZE, TEHT L. HICHHR
EOIEEI SR T CERM ESREFIST LT ER SN, ZOEBISK LT
Novikov DHIARD LT 5o BlL. Y =Y, UY,, Vi NY, = (i DEREHD) (1 = 1,2)
D& &, sign(V) = sign(Y1) + sign(Ya) BHILT %o

5, 2 Mk gD AT L3 5o 8L, g > 1 £F 50 M ET,OME EROEERSE
BL4 5, PR 2ATHEANS 3 00HBEERVIHMEL T2 &, POERBEIIEE
2 OEHETH D, TED a,b € MJIKH LT, Mgy — P% PLEOT R THEFROM, o
M, My Mgy T B bDET B, HL MIEE, x [0,1]/(z,0) ~ (a(z),1) THZ BN
5 EDSRET Do & IT M,OWBICHE, o #RET 25, OMAFRERE &>
795, FOREOMY FIKS 2\ 2 EITEBLTH (o

M, Meyer DI TF A 7V

signg: Mg x My — Z

% signg(a,b): = sign(M,y) TEHT 5o ER, M,y % 2 RICEKED & 4 2O
%[@\nt@ﬁi@&%“@%ﬁﬁ M, I My 11T M, II M(abc)—x’C“?) HbDELThHE, Ma,b,c =
My U My = Mype UM, THBDT, ZOZOD5EIK LT, Novikoy DA % B
FT % L. signg(a,b) + signg(ab,c) = signg(a, bc) + signy(b, c), fito T, bsigng = 0 V%%
Bt THA 7 VEERHIZT .

—F7. Sp(2g,Z) ® Meyer DIFETY 4 & Wr, HRLLT ORRICEFR S 1o

A, B € Sp(?g,Z) ‘t:ﬁbfl\ N7 b VZERH VA,B%

Vagp: ={(z,y) € R¥ x R¥|(A™ — Ipg)z + (B — Ipy)y = 0}
VB o ML, Ly X 20D BHATIICH B o Vap LOBMBIER<, >4p%
< (21,91), (2,%2) >4 = Yoy +11)J(I — B)ye

T B, CIT, JiE 2g-1575ﬁ§u(_01 b) e gy, = oRBEIAEELT 2%

9
LbHEVHHERTHE I EWFELEDT, TOEBEZEL DI LW TE Do Meyer D
B A7V
74+ Sp(29,2Z) x Sp(29,Z) — L

137,(A, B) = sign(Va,s, <, >ap) CEFEIND, & T Meyer DI-E I A 7V signg,T,
B EBARETH L L EE LTS o BID signg(faf ™, fof ) = signg(a,b).
7,(CAC,CBC) = 1,(A, B) % #i%T,

EHERE M, DD, D—RTIAET Y —8 H(S52) ~DIEREZR %o H (Zg;2) D
STV T Ay I ERR—DOLVEETA L. LA NTZRE

Cg: Mg - Sp(?g, Z)

¥B2, CORFELELT, My Sp(29,Z) ED Meyer DIEEIH A 7 Vid—FHT 5
EHELHENT VS, BlIL. (1 = signg D BILT %o

Meyer D82 T4 4 7 )V signyi3FEEB% TR E D Y — 8 [signy| € H*(M,,Z) EED
B, M OEHBETH B BEHMERER H, (9= 1205812 M =H,TH5) I
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FRYT 2 &, BEAHTIE, AUNATE2EDL0T, FEEBRECRETE LD, —F.
HY(H,,Q) =0 FENTWEDT, H,0 QLD 1-3F = 4>, ElbEEBREDE

¢g'H - Q

T, 0y = sign, ZHRET S b DOF—EWIIHEET S, u@@ﬁﬁlgbg i& Meyer B& & FEITH
'C\J‘Z)o
Meyer BAZIZLL T OBEE 20,

1. ¢g(1) =0,

2. ¢y(a—1) = —¢y(a),

3. ¢g(faf™') = ¢y(a),

4. signg = d¢g, BB | signg(a,b) = @g(b) — @y(ab) + bg(a).
L. ab,feHy kT 5o

g > 2 O Meyer BAELDEIX #,D Lickorish £ Jt. BSCC B Lioxt LTk, i
R, BFRRK, HFERIZL T, sHESATWV5 [6, 14, 18]0

g =1D%E1L. Meyer,Atiyah IZ X . DUFD#IZ Dedekind 1. Xid Rademacher B3
BERAOWTEETENTWS [1,12,15,21]c BL. S <HMONTWA LI IZ. M =H, =
SL(2,Z) Th 5.

9" SL(2,Z) & PSL(2,Z) L DBE % EXAT 5,

Rademacher Fi%

0: PSL(2,Z) = Z

%
_fa b ¢ c=0D%E
A= (c d> = p(d) = {“ — 12sign(c)s(a,c) c#0DHE
TEZET Do BL A€ SL(2,Z) 1 [Al € PSL(2,Z) DV 7+ & L.

le]—1

s(a,c) = ZN

HEWICRTER o\ 127 5 Dedekind ITHD, ZZT, e FEHD L & ((z) =0,
ZITHEWVEE (p)=z—[z]-1/2 TH 2,

EREREE
v: SL(2,Z) = Z
a b sign(b) A= (L F kez 0%&
A:(c d)Hy(A): 0 1)’ T
sign(cla+d —2)) FOMOBE,

TEET bo g=1DHED Meyer B¢ : My = SL(2,Z) — Q i

$1(4) = g@D(A) —v(4)
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4. ATIVAH OFE# 2-#¢ * DIFFERENCE DEGREE

ZOHTIE. BRERE ED Meyer DI TTA 2V EWEPLEONLEFBICLD
FNDFIERLEDERE L bo

M#% 3 RTAHBEEAETHE, ZOENY PVE TMIZEHRZOT, 2TM =
TMeTMbHEETH Y., BICEKE Spin(6)-EEE b2 LHMONTV D0 MD 2-#
% 9T MO Spin(6)-FH & LTOEBLOKE N E—HTEHRT Do MD_DD 2-HeB, y VXt
LC. difference degree d(8,7) % 3p1(2T([0,1]x M), —f+7) TEET %o Bl [0,1]x M
PEFOx (—M) £ 1xME—fEyk AWTEBMLE5X 17T b IV 2T([0,1] x M)
D#— Pontrjagin DL TEFET %o Atiyah OFEHE 0 Feay 3 MEFEFRICEOI VNI b
4 SR SR 2108 LT signZ = 1py(2TZ, o) WY 2 242 LTERSND
[2)e ZORUFIKELZWI LR EBHEPDLNLL, 2-Feld BT FAHEZIC L 251
X UNTEECH S & LIZEE L TH Lo KO proposition (FAERYIC R lmehicE
ETH5D [3, 4,17

Proposition 1. m: M — M% 3 XA RMSHE M EOREE NOREREL L. 2
b MEBFCHO T Y Y N ARTHASHE ZET 5o BiC, BErIBEZ — 21
WET D LARET Do & DR, Nsign(Z) — sign(Z) = —3d(7" o, o) DRI T 5o 1B
L/\ ’IT*C\!ML;)\:OLM@WL: J: Z)gl %E L%Zﬁéﬁ_o

R DR EGEHOSETEERIThDL, 28 g2 1 OFMARE S L.
Hpx e D, EWD, BELTB G MuERE LEEBPROS,DEGEH LT 5,
p:Th o T, WBE NOEREHEELE L, T 0EE (INL«TRTILICTH) &
WEER p T, OEEKET LI ICMoTB S, DfERIE h=N(g—-1)+1TE
2 5NBo K = pu(m(Sh,*)) C m(Ty,*) EEEL m(Ey,*) ~OVER AT K 2 R0
b DR B 12 B BAERE M OB HEE MELE BN ac MELTF LTy Mg
OFEMe) Ta DFEHETIZEoTRS bOYP—BRHIHEET S, COS,H, EFE
A: M;(,; — M.
PELENEENSDE. K a € METRHLT, N Br,: My — MW HERTE 20
OB L ST EOMER My, MoD7 7 AN = FARDEZIZ T o T A, difference
degree # FI\V»C. BE%L
% di(a) = d(mian,, o) CEHRLTE o RIS, EENPZT T a,b e MEITH LT,
NAE BTy Myayap) — MapDHER TS 20 Z b D N-#HEITH LT, Proposition 1 %
BHLTXRZ®5,
Corollary 2. ME L. Nsigng — A"signy = —30dg WRILT B o

B g =1 DHLEELD, COBE ERER M EEXL LY 5 &0 b SL(2,Z)
L. FOEEERIELTHL, ZORICE2 BRIEIE. SL(2,Z) BRRERD L
W ETh D, Blin > 21 LT, K, & BARRERE (T2 ) — H\(T% Z,) D¥
Y LTE L Do SL(2,Z)K = SL(2,2) TH Y. MulTAELT 2 b DI SL(2,Z) BHTH
270 EL:\ ﬁmﬁAii‘fE%Ef%k&%o ﬁEOVC\ SL(2,Z) _.t\ (77/2 - ].)Tl = '—%5(1](”%%%‘
3o X oT. Meyer BEO—BUIPLREHL, '

Corollary 3. ¢; = —§(n—zl_T)dKn.
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5. MUNFEE a1 70

COHITIE 3HTRNIERERL Y VT V7T 49 78O Meyer DIV A 70
DdHHEO—HIbEBRSB,

SREDRBIISHEL ZOLEOFEHEI NI - b2 P AVEOBAIHT LTEES R
5o YEARTI VNI PEREREE L B2 Y EOFE (REME) TVI—FRS ML
WET5, BL. HIFHETH Lvy,

TROEHREDEBOERIIBVT, RERZ E (LT EFLELNLBHR) IKE
Bz b, H(Y;E) DRIIBICEOIIV I = EEHAWS, fEo T, IPBEROBAITE
DNBRERIZTN I - PRERL 2525, BEIIERTESL, B2, INFHOBEIE
INVI=PMRADPELNEOT, ZORRE METHL. T I—-MERER D, IDPFH
. BEVWTNLOBEEL . (V,B) OMAIIHT 538% sign(V,E) 2 Z0RICE iz
W3- P EROBBTERT 5. ZOIRSNHBHUTH LT . Novikov DFIARARL
UTHIEFHMLENTWA,

IR LNBRBIT A I V2 EHET o w: m(Ty,*) = Un) X HES, 0EFEOL=
Y)-FHET 5, ﬂ%ELL&%ﬁ%fw%%@ﬁ%@#%&%gﬁﬁﬁN@@%“ﬁ
T MO LB I LT B, pp e P POERELEZELTS ﬁ:‘a@abGM“’Lﬁ
LT, PEOSHE My k%2 50 M, b‘i%’ﬁ%%’)ET%ﬁﬁ@jﬁﬁ‘%%ﬂLf’@’( HiC
5, & po € Pl B BT 7 A S Mo ploo DB —Hpe: g = Maplpy C Moy &S 0F 5%
185D 51 P — My %5 £ LT &\

Lemma 4. =% Y —FH wep: m (Mg, s(po)) — U(n) ClypWap = w & s*wep = 1%
W75 b OVME—DFEET 5.

Wap DO ND Mop EOFHEINV I — NS P VERE B, , LB MY,ORCNIE

gy e 7 %

signy: Mg, x M, — 7
% sign,(a,b): = sign(May, By, ,) ’CE%'?‘%JO INH AT A7 VEFEFHZTI LR
Novikov DFIEFAEILT A Z L6 HE 9,

RIZ, Lie B U(p, q) DIEAY A I V2 EFET 5 [l BED A, Be Ulp,q) LT,
Esp — P% EA,BIBP =E, 11 Ep HE(AB)—I EA PEDOFHIVI - ART M VEET
Bo BL. Eald[0,1] x CPT/(0,v) ~ (1,Av) TEZH6NAE SPEDFHI VI —P T b
WVEEERT,

U(p,q) LDV A 7

Sign: U(p,q) x U(p,q) = Z

% Sign(A,B): = sign(P,Esp) TEET 5.

RIZME DAY A7) sign, & Ulp,q) DIEBIF A 7 )V Sign DBIFEZBE5,

FH w: 7r1( %) = U(n) 12L& o T, C"%a\rl( )ﬂﬂﬁkiﬁéo CDOMEEE V, TET,
HE-T, ‘J‘ﬂ:%U:}*ﬁH (m1(Zg, %), V, )%%x_% ERTED, ZOaFETY—FEIT
B, A TREV,OZNVI—-RES,DERBFICILEMICL o T, (REE) =3 —
FMEDPERI NS, ML Z (BEERD) FIZRLTIOEICTIVI— MRERoTERAT
Bo TIVI—MEICHEE LS H (1 (Z,,%),V,) DEEZ A2 Li2X ), EH

, (out Mg = Ulp, q)
EBh, TIT. pgld TV I — b ZBH HY (S, +),V,) P bk AEEBETH S,
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HEOEFERLIEH Y A 7V Ep-TER
Proposition 5. LOFED T T, sign, = ((4)*Sign DL T2,

SFBHIZ Serre A7 M VRFIZ FV5 [8, 16, 22]0
wUL) ~DEHZEROEAE. V,=20C 2ZE LT Sp(29,Z) = U(g,9) L A%
L1l Sign DHIBRTH Y . Proposition 5 1& 3 Hi TR~ 7BAER( 7, = sign, & 5 R %o

6. ATIYAH-PATODI-SINGER p-FEE

Z OHITIE, Atiyah-Patodi-Singer p— RZEEOHEY (3] L+ NICHT 2 EEOMED
ERFEHOSEICLIEEHRI LTI o '
—fiFic. M%E2A-1XTEREBEY —<yEHEE L. a:m(M) = Um) €2=5 1 —
FHET 5, MOBHEREN L0 B CHEERE
D: Q¥ (M;C) — Q°(M;C)

%
D(¢) = &'(=1)P*! (xd — dx)¢
TEHET D, 22T, o3 2 XERTH D, BlL, Didall Lo TERENET VI n D
FIEEN 2 b VRIEE FOEEAESR O B TIEEAR Do IR Y 50 /EHFE Do
W2 LT Bafa(s) & ,
na(s) = (signA)|A|™*
A#£0

TEHTHo TSI Ty NI D 0 THRVERBELELE (o DIZHT 2 2 DMEEN(s)
TET, SNOOEKE s =0 LBV THROETIERT 5, Z1bDMEN0). 7.(0) &
1) — 7 VEREDON-AREE LV ),

fla(8): = na(s) — nn(s) LB <o
Theorem 6 (Atiyah-Patodi-Singer [3]). 7o(0) IEETEICL D2V o 82T, M EaDMy
FHAREE L tho ZOER pu(M) TETe M=0NTH ). aldm(N) D1=F1—%K
BICHEERT 5 2 513,

po(M) =n sign(N) — signa(N)

WRILT B o

Atiyah-Patodi-Singer p-REEDEICH LT, FHodFRELZBLTOBRT 2585
B2 A EHHON TS (3

KICZDERLHANOEEEROSETEE BRI boaec ML LT Do PEDEIR My
DA LRABICLT, S LOS, B M, OERBENPLDL= 5 ) —FKHw,: (M, 5(1)) —
U(n) H—EBHIHER T %, {£5 T, Atiyah-Patodi-Singer p- N EE ., (M,) 2155 B

pu: My, — R

% po(a): = pu, (M,) TEHT 5o Atiyah-Patodi-Singer DEEE N = Mop, 0 = wap, M =
OM,p\ZEH LT RO proposition DRIF 21550

Proposition 7. MY, EOBHp, 13 My, -FEEAETH 0. n-sign, — sign, = p, 2 HM7Z
To BT L NZpu(w) ~ORIRIE R NOEFRBERETH %,
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ST Ly o= Ker[Qoe: Mgy — Sp(2g;Z)), Lou(w): = Ker[(¥,: MY, — U(p,q)] TH
5o BRI Ty ld Torelli B L IPITN TV A EBRERE M, OMGHTH b, wdSU(L) ~DHE
BRLEHROBEE T (w) 13 L —8T 5, '

Proposition 7 D43 Proposition 512 & U Ty, N Ty (w) L sign, = sign, =0 £ 725
ZEprbEbhb,

C DR —IRB R RRE TR B Hp, DIEBBAMIIBE O N VA, REICBWT, BHT
TR D BE R0 LT, ZOFEHME L Meyer BE~OIGHZEL 5,

7. % 1 & 2 D MEYER BIE~DIRHE (10, 11)

Z DEITiE Proposition 7 DIGH 252 5, UTIHEEPRERw: m(Z,,*) — {£1} C
U1) DHEEEZD, ZO%E, wDRIR {1} LV, wzBLT, Zidm (T, )-8 LR
Edo TOMEE Z,LE
Lemma 8. HY(m (5, *),Z,) & 7291 @ Z,. ,

HY (11 (g, %), Vi,) DB & EFRRIZ LT, HY(m (S, %), Zy,) [torsion 121&Y ¥ TV o7 5 4
IRADEREND, INid, 22V EDOERN R VT VLI T 4y IR THD I LA
BrOLNE, foT, YT VI T4y 7EEZ—DEVEETAHI LIZL > T, MY,
D HY (w1 (2, *), Zy) /torsion ~DEF|ER LIZ X BERIZERR

Mg, — Sp(2(9 - 1),Z)
FET D, ZORB Looijenga IC & 2RI L BRTD B (10, 13], V, =Z, ® C ITHE
ERCRANE % Nk
Cout Mgy = Sp(2(9 —1),Z) = U(g— 1,9~ 1)

iR

il

i

PELND,

B, Sp(2(9~1),Z2) ~DEASFLEFCTRT I LIZT 5,

CORBAOUEZBRNLIZDICEGEE M, DH5HTHyEAT L, 5,22 00E
R B BRI IZIG 572 Dehn v 4 A b TEBEND M, OR5EE K, &
B o BEHR Ky C Ty C ML NTWS [9) ZITEZTWAwIIHLTIZ
Ty CMYE,THBZ LITIERT B0
Proposition 9. RH(,: My, — Sp(2(g—1),Z) BEHTH B BT, K0 (I2L s
i (1, 1) o byt SLRIOEABATTHE.

BWIZg=2DKBa%E2 5, Sp(2,Z) = SL(2,Z) ITEET A L., 1

¢ My, — SL(2,Z)
PEONIZZ &% b, SL(2,Z) EDEEIY A 7 b3 Meyer g, 2 VT, 7y = 0¢y
EEENDHZ &2 HWT, Proposition5 & 7 £ 0. MY, ET,
sign, = 5;04.; + sign, = 0p, + (Cs)*)*Tl = 6:0w =+ (C;;)*(agbl) = 5(pw -+ (C;;)*(ﬁl)
a%%@%éow%i@ﬁ@ﬁﬁ%&w%
Hy = po + (Gh) 1

TEET S0
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Lemma 10. Byl ROBE %727,
L p(1) =0,
2. pg(a™h) = —pi(a),
3. w T (faf ) = p(a),
4. signg = 6u?.
BL., ae MY, fEMauTH b,

Theorem 11. JEEBLEFRW: 1 (Z,,*) = {£1} C UL) 1T LT, putd T NZp(w) £
JEE R BB R B TH B o BT, Ko NTou(w) ICHIELTHEERATH 5,

SERAIESET g = 2 OB EEBIZEHR L. TOMED0 TENWI EE2RT. LORICE
Fu @ Lemma 10 OME R FHVTEHET 5, — D gDBER g=2 ORAZEFDPY L
LC. BRI ERT S, BEEICELTIE, 3 RTERELOpAEREIIRFwDER
R LT R/ZEMBE LTIR—EE RS ([3,7]) L. ac Tl L MOEFRROR
Blw,ld UQ) ~OERL LTHRALERICEREE TZ 2FPLTD 5,

12, Meyer BEICHT A6 %2525, Bl g=2DHEIIR%,

52 L FF 1 — m1(Ta, %) = MY, = My — 1IZEE LT, Lemma 10 L &IV 1 7
W osigno DM F VD & BTy » 5B

u’: My = Q
RFEEEND L EEPDDLIENTEL, COMBOwICLE2FHEELZLIZL-T,
HLED—EHEPOROEERESL, EL. ME: = {a € Myla* = id on H(Z;Z5)} &
T 5,

Theorem 12. MEFE. ¢y =% . pDIRILT %o BL, L0 T2V HY(%,,7Z2) =
Hom(my (T2, ), Zz) DTEwEHETE %o

RIZg=1DPE%ELD, TDHE ., Proposition 5 & Lemma 8 £ 1) sign, = 0 2°5
PHDT, M2 E. sign, =0p, %185, g=2DGHELRAKICLTRERS,
Proposition 13. ML, ¢, =13, 0 p. DL T Bo L. FE 0TV HY(D1,Zp) =
Hom(7r1(21, *), Zz) @ﬁwéﬁif“ L5 o

= @ proposition & Corollary 3 ZH_BFICL D, ME Ldg, ZpAZEECAVTERY
BENGPD, TOBRUMOFEDP L ORTIENTES [3, 11, Z DFERIT Theorem
12 % EHEEE M, BB T B 5A I p- ANEE DM OE G DOYEER & LT difference degree

BENBIEERLTCRALEELOND, HITEH & Meyer B & differnce degree &
DEZ My TIREIRSNEPIVMEL 25,
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EFREOT - ERBIBIEH

FIE AR
RRKRFRF R FR 508

1. INTORODUCTION

Gr(r,N) % CN ©H»® r-FHED%T Grassmann yﬁ'ﬁ;}:ﬂ‘éo
Gr(r, N) @ Schubert 38 & Schur ZHHR & ORITKD X 9 % BLRAIL
ST AZEFEMLNTWS ([Ful, [C], [H]) :

A RS EROETERE TS, Young B A IIIET 5 Schur £

TH5 s, & Schubert 38 oy #E 25, ZOK, DEOMEL L TO%E
7

®:A— H*(Gr(r,N))

SR Young B A 45 r 47, N —r FILLF D & &
(1) {0 FRLSO & X

Y LCOERETH S, ZDOZHIE, Schur LN s, &L= Vit
U(r) O3t 28RV, OWBELE L &, U(r) OFHE L Grassmann
EREOIFED Y —BOBEEBELS T HI L TERT 5,

KEETIE, COFEER [BEFIAT0V-ROBEEE (Gromov-
Witten ANEE) L7 74 - )—BOEHD S %5 Verlinde RE D
EEH (72—Tav—V) P=HTL] LWIHIETIERT 5, &
512, Grassmann ZREOB OB R FE Gr(r,N) = Gr(N ——r,N)
AT 2a—Va v - V=D level-rank duality & L THO N HE zE
CHEERT,

2. GROMOV-WITTEN RZEE

(Viw) 23 v TV o7 49 788K ET 5, MICEZIE, Gromov-
Witten AZEERZ Y =< VHE S 225 V ~OBREMEBEDEY 25 A2
BMOdEOTEHTH). DEDQI)ITERINSG !

Mg %n59%@@*&9@‘)—V/EUD‘E/J-7’T'7°F"3<‘:L z
DIT (E {p1,. ., oa}) % (,{p}) LBERLT Do J Zw-tamed ZAHAER
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BELETH (2F), JREBEDETREVWERZ MLoeTV KL
Tw(v,Jv) >0 Zi72T,) FEOY—$ Ac Hy(V,Z) 123 LT

MA(g)n)
={(EAph N (B Ap}) € Mo, £: 2 =V i3 J-ERIBE, £[5]= A}

LB, 22T, JERBZEE ) 2 V- VE D OBEFEEL L
T, 2 EDHFERA ( Cauchy-Riemann HHER)

Jeodf+df -5=0
ZizTbDEET, DEDER
¢ :Ma(g,n) =V
(ZoAps, - sty 1) = fp)

EFR T Ma(g,n) = My, ZFAVT, VOIRED Y ~$ ... 2,
L Myn, ODIRETY 4 K 123 LT Gromov-Witten A& T (B
)
lII(Aﬂ:”)(A,; CAERRRR m”) = /MA(Q,TL) éi(zl) Ao A ¢;((En) A" K
TEz2bNb, EV2TAZEM Mu(g,n) F—KICa 287 » Tid
2, IOEHEEZLEL(LTE7-0I0E L OBEBEOENIHLDN (L.
R-T], [K-M] ). ®|iE. EEOY YT L7549 7 SREICH LTk
TREFEIE 2 bz, ([FO), [LT], [R], [S])
o1,.. 0, & HY(V,C) @ (Fk) £EE L, 20ZAT5% (g5)
ET B, HATH (¢9) = (g;5)7 THWT o i= T L&
0 & Gromov-Witten AEEZHWT, IHFED T —F HX(V,C) O
z,y LT, Iy TRZERLTH LWEEEE

zoy= 5 Uoqy(pt];z,y,a)oe @
A€HVZ
TEZEL., IOBYBFIFTOV-BEVI), 22T, pt) HA
DOFREQAY—FHOET VI VBT S, (—RIZIZERNTHY), =
REOY-BEORE % Novikov BICIEET AUENH SH,) /85 A—
y—t 2EBERICTHLEBOY v TRIC—HTHEILEET 5,

3. Ja—Ta =)

Ta—=av=NVET 74— BOFEEEEOED—FED inter-
twining operator THAHI T+ =)V - 7O v 7 DEEDXRITLE L
TEEEN, EEBERIBTRLELNEZENV—D2THS ([B)],
[T-U-Y])o #ARYIZIZ, V—<YEED/SSEY v 7RI+ LVEOE
VoS AZEDB 5EREOEATOERORITLE LTHENLS [P,
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§RHMER) R g IHIETET 74V -RET S, DF D,

a=g®C((z)) ®Cc
THh. U—BEOEEIT (EHRILENT) Killing B (|) 2HWT

[X®f,Y®g]=[X,Y]® fg+c- (X|Y)Res(gdf)

TH 25, LANVEIRENLEDER | #BRTLICHRNTELZ Y =
4 b DES P OESESE PFEEN. POZET AT 74—
g OUESESY o A4 NRBEEFENSER H, 23T 2 F0H
LT3 [Klo

IvTA—I T Oy I OEBMEERT LI, By D) -
< VHE Y OABREOEDES F={p,....pn} PDEIT p; IZ P DT N
ARG EE. § OFERHy=H,® @H, €E25b, FTHp TO
FEIE o, %BU, §TOREE b OFEBEBDOETR O -p) O f O
p; TO Laurent BB % f,, € C((z)) £ T b0 X ®fp & § DERD
2% oy CEBEWMAT 74V -ROTEEL, J-RgO(Z-7p)
D Hy ~OFEH %

(X®f) 1n® - ®u)=2 1@ - @XQfr)u® Qv
=1
TEETLE. BHEBRLIL NN L LTOERIC L 25059
Ph, AVTF—=)-T Oy IDEHET

V(5 X) := Homggos-p(H, C)

TEET 2o
B g D7 a—Va vV N, id

N,(Ats -+ An) := dim VI(5,X)
THEz b5,
P OTREEETHHBE Z N Ri(g) ¥F 2. BZ

Aopi= 3 No(A, p,v7)v
veR
T5% . g ® Verlinde fRE &R, TIT, v ZPFFERITH T
27z A FThh,

ZZF TR TH HD5, Grassmann ZHEIK Gr(r, N) O Gromov-
Wiiten AZEEIFET A D1 =& u(r) = su(r) xu(l) TEZ U —
BU®r)=SUM) xULN)/Z 072—T3 Y V=VTHEDT, b9
—BRIETA (0F). KEEZ OFERATZZEET ) !
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I, BRTri7d2I=N—r 5 TH5 Young HFITHTILT 5
U(T) Dy AMDEEY P[YN(U(T‘» ET 5, Ayeai Mg € PI’N(U(T))
[ PN

Ly(My. o da) = = Z Ny(A1y - Anc1y 2(An))
ZQZr
EBs, L, 2R g oL (], N) DUF)-7z=Varb—lk
5, CF_“C Aoz osu(r) xu(l) DTz AP ERT su(r) x u(l) O
Ta—Vav—V N, ZEHL. 25IFI~OKEEF Z, DA
TRLBITTWwA,

IOXIITEREENI: L, RAVT PyU(r) 2 EEETAHMA Z-
INEE Ry v IS EE FRRICEIBEZ AND LD EMEITERTE, 20
#2212 =5 VE U(r) DLV (I, N) ® Verlinde fAE L5, 2D
B, Faltings DFEE [F] 0= VB TH 5 RDOBREEL

fzE 8.1. W = U(r) ® Weyl 88 &35, R.xy®C D spectrum (2
0. COREBEREEE) 3
{Tra(t) hierresw

THz b5,

CZT R U(r) OB —F AT Ot = diag(ty,...,t)
TOoDEN

LtV = (=1)-d . Id 131EZFT5

2.t %t 1#£]DEE
EWzTDEETHY, Tr(t) BETz AP A€ Py 1272 LT,
j#m'ﬁ—% U(T‘) @%fﬁ. Vi DFV—A TrV,\( ) K%—K%w‘?\%gf? “H5 o

4. FEHE

¥, Grassmann & Gr(r, N) EOEERS P VEOWIT % E*
ELT, ZD Chemm %z z;=cq(E*) i=1,...,r) £THEL, I5F
"CD/ fﬁi&@%é‘?ﬂﬁ—t I/Vo Wo((l:l,...,lfT) %}ﬁ‘/lf

H*(Gr(r,N),C) = Clz,...,z.)/{(0W,/0z1,. .. 0Wy/Iz.,)

t%éﬂéo FfIZ. EFIFERDY &R QH*(Gr(r, N) C) i3 Landau-
Ginzbrug A7 ¥ ¥ ¥ W ETHINB LB W = Wy + (—1)e~tzy, &
W

QH*(Gr(r,N),C) = Clzx, ..., 2,/ (0W/0zy,...0W/dz,)
LEENLZEFMONTVS ([ST], [W])o
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EEOBIER 2/ ... o™ 123 L THEH g © Gromov-Witten NEE

U(a,gm) P A€ Hy(Gr(r,N),Z) IZRET A
m1 8 . mr 8
(/. zlr)y = > \IJ(A,g,n)(xl,...,:cl,...,xr,...,mT)
AEH2(Gr(r,N),Z)

BEZ(n=Ym £T5). C-HTNCHR L TEEDEZHEN F =
F(z1,...,2,) lCDWT (F), 2E5% L T g ORBERZ LTS, =
DEx, DEDFEREHD,

FH 4.1. 0y, € H(Gr(r,N),C) 7 x4} X € Py(U(r)) IZHHs
% Schubert ZHE T 5 &,

LAy ) = (03 - 0n, - 270N
ﬁﬂﬁ b f:oo

Z OEEOFHIEAE 3.1 TEEIYIHEEL S Nz Verlinde 3L Riv®
C @ spectrum #* Landau-Ginzbrug &7 ¥ ¥ v )V W DEFEDOESE
FERIC—FTAEILELNS, Gepner DEKREWE [G] 12D
ST, Witten 30 [W) O TO XD L) HEMTERONZE
WTwa !

1. V=< YE T LOE U@F) WP OEHE A & ad(P)-fED 2K Q

Y P xup CN OWHT s O TEMEODDERETEE X 5o

9. AL QI LTHRICES 2EITT 5 & Grassmann ZHE = 29
22 L 57 BB TORBRESVHEN,. IHEROGILE
52 %,

3. BAONEEEEL T, %2 s LORSEFESTL P OFBEHRD
EV 2T ACEORERICET 2EREB T, IhETa2—-Vs
V=V EDHEOHSN TV ABERERAVCEENELZE

OB F ST (FzkxiE, V-~ VE D R EAGE L TRERE
Sl LT) AR ETT S I LIREEREY,

Ta—TVa = NE Y EORFTEY Y 7RI P VEDEY 254
2 F D HEHROTEBIMOZEORITE LTHRLNLDT [P,
(Riemann-Roch W EEZEELT) LogHE,LD XORETZ 2
B EIIEHRTH B,

RISE 4.2. ¥ EO/STERY v 7 _RT P IVEDEY 27 A EBHTOREHE
=+ Grassmann ZREEANDOERBZOEY 25 A 22 T O S BRm D
R EER XTI EH 5007 '

ZOREE|IC4 2 B720iE. FRINZ bV E Grassmann ZHE
~ADOERIBEEOEOBE LML NIt M2 0 =< VHEIZ (b5
EHRT) WEETAZ LAV EEEDN L,
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SEH 4.1 5. Grassmann ZHEICE T 2 &M BHT 7 1 >
V—EROEBRBIIBITIBBHREL 0T L8502, B2, Wit
ten DT AT TIZL720%> T, Grassmann ZHREKOE OB S5 FE
Gr(r,N) =2 Gr(N —r,N) WO EDR%HE2,

% 4.3 (level-rank duality). A € P, (U(r)) 1234 LT Young M DR
BT 2TLEN € Py(U0) &5, ZOE, LV (,N) D
Ulr)-72a=Ya»Vv=v Ly LV (r,N) DU)-7 2=V a3 ¥ v—
V My 122w T, DEDOBBRR

Lo(A, .0y An) = My(AY, -+, A%)
DILT B o

level-rank duality I& Goodman-Wenzl [G-W] IZX > THER S, &
TH [S-A] . ZREEBREOFREE [K-T) . WZW B [N-T] %2 &0
4 RMEBUCEN S

REBICD ) —DORMBEEEZTERDIZLIV, Ta—Ya yb— s
T =Ty IOEFORTLE LTEZEENTW-BI0E
B2ELT.

ffiRE 4.4. Grassmann ZHEOEMOPIZI Y T 53— - T Oy ¥
DZER % Bon7Zd 547

COMBIZEZB7DIZE, V—TZH LGr(r,N) LON—TE
LU(ry 7 7 A= LT BRTO—RILEN - EHEOWMEHINE L B
bbb, DFY, BROEDY—<VHE T 25 Gr(r, N) ~OM5TT
BER f ¢ V—7ZH LGr(r,N) ® “BE” &Ez ., “ETEEH” &L
TV=T78 LU(r) ® (F%) EROBOBEES S5 2. B2 F5
FHEZOBEIZaY 75—<V - 70y 7 OEEOT452 5 15
TR HNIE, EOMBEICEZ, ES5IEHELIIDINEo50 b

IEEESBOND LEDNS (cf. [Se])o
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FeorAn & iR O AT

RER - B R ZER

0 EU®IC

SRARIC BTSN S 2 bNA L, FhEOBRIC LD HROBMEICE P BHHED
5z b5NEFT. EMESRMEICBIT S, EEHETE, Legendre U HSFARWHIT
4. EEOER, BAA GMESRR) TEENIEMELETYT. 4EIE, 23X
THRE O 2 OB F L, FRICHTAMBEZR 0w EBnEY. WEEEE
PR DERE L72bDICEIE TV T Lz, e BBTELLL T, EFOD
EEDOWE X BETAHDLDEMIT L) & LIERTY. BRMZAEL LTH,
«3RITIEMSRENOY = 3 v F RECE? L, “3ATERBELOBEH 2OV = 4
Vo s BESHICETAY VY FaE (Ab) » OF2 EETHEI) EEXTWET,
BEERE I A PR V=, BEAALERCEEEREDTVASHLLRVET
25, FREELESAEVIBEELS, HEERTTwELZVWERVET.

1 3RTHEMSEARO Y XUy 7 ERECE
1.1 EA

BEEs L3, BHATOSRELORDIETES LHRT 1 DBSHE LTERS
NEFF. 3SRTEMEBEAOKUE L LTIE, Legendre b D (FIEAEEIC
BELTWD), B 200 (BICEmEEICEET) PRGN TWEY. Zh
S LT, BB OOHEL LT, “Dxr) v 7 EfEUTRE ) b 0%, AR
B S CHEMES ICEMITBELTwAbD L LTERLI L

TEFE 1.1 ([AdL]) (M, ) & 3RTHEMSRE, ¢ & (RUINIC) ERT 5 1 KES
BtE o L5, Bk 4 S — M THRUBEET. KRR 47(0/00) =0 7
EREORMBELFOLERUE v i3 Y3 vy THHEE). IIT, 413 51
DEEETH 5.
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EB ST DETOH p T 4%(8/80), = 0 DB, #UEH v & Legendrian,
Y (8/86), # 0 DB, FUH ~ 3BT
FNZNOFKECEDEIIB VT, FRENOETHAY b ¥ —ICF 2 58S A
ZAONET. Legendre, BT R BICELTIE, SEIIIEEIHEETH 2
HOENTWET, ERICHEFTETWIOR, ¥4 F pEMEE T 26000I- 8

LBL, VxR v 7 EU0EI R e 12 (MERIWIC2D) B TR WS
TR, RRRBKELEDoTEET, BMEEF YA M ThHALLICELLT, %
72, BEOFEUTHOA YV PE—HIZHLT, Y23 v riA4yY b= cET A58
HETLEIDOTT. FRIILDTOEY TF.

TEHE 1 ([Ad1]) T, IV 23RTHEMSEE (M, €) A0, BIFITIREY, Yoi) v
SHRECBETAE T LT V2R v AV v 7 Tharind32LE, 20
5, MUBLLTAV ey 290, BUROIEMNL S22 LiZFETS 5.

EHE 2 ([Ad1]) BUBOREEDA Y PE—48, EEOEDBEY 2k it LT,
ViU v s BiEUE v C (M€ T, BUBLLTHZDA YV FE—HIZEL,
2k BEOBMFHITHVEEED S DHFEET 5.

1.2 BOAZhEHEICR AV XUy IBAY PE—

F C(M,§)  SATTHEMEHFICEOA TN HMEE LET. T58, F LicEhE
EEDP M —ATERERAT o I RTEBIELONET. %, BRI
5P LOBEERELNY, F, LEZIT. BEAICHW TR, B - BETE S
—ELTYIET. Y=Yy 2 ICEKEARMEZL T T, #AA (Figure 1-(d), (e)
(£)) @B (Figure 1-(b)) TH2 I L #HMbhTWET. ([E1], [G] 38.)
1 AR Plaff FRADOBESOHES, D, RO L5 ho TWEF

EIE 1.2 ([L], [Zh]) BEEm3 ATEE (R, &) OHEOEEEL 1081} 53
i3, BEMAREERICL T {y =0} OESCBAFICREENE, 20T,
Eo WEBEEMFR oy = dz — y - dz OBTH 5.

EIE 1.3 ([L], [Zh]) EBEEMMIATEE (R%,&) V=3 y 7 IcBHRzh
ZTHEORERICBITAFL, BMHESFEHEERICL T

7

F:%—%W+G=®
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(a)

(d)

Figure 1:

DESICBITAFEIRESNS., 22T G =G(z,y) & (R%,dzAdy) CRITH 2R

DB, 0 TRBEDER 4,0 WHL Gz,y) = —p-zy T2 Gz,y) =
+(1/2)(022 +y?) TY.

FRNENOEER L F-> TRIANZESRER L Y =2 v 7 2 lROBRT N2
L, ROFBERIBONET.

& 1.4 ([AdL)) FC (M,¢) %, 3RTHMEBREICBDOLINIHEL TS,
F Lo v PSSR OFFRA TEANER ¢ I WHICEL TR I LIE, Wi
N2 F LORBHER F KB4 2RTELTVWAILLRETHS. (Figure 1-(a)
£HE.)

%88 1.5 ([AdL]) 3ARTHEMEBECBOIINLEME F e (M,£) LOBRD
O {phepy Y =AY v 7 %AV FE-EEETHILE, ROKEEHIT
ZELAETH B,

() HAREE v, 1, &y OEREOEERCT, BERE Fy ICHIFINTH 5.
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(ii) BB TIRR VAL, KD 354 T THD,

o Iy DIEL x4 7F, BA 2RDEMELTVEA,
o [ ORHIET 4 i3£/757 MU v 7 ACEEL TRV,

o fBHE.
(Figure 1-(b), (d), (e), (f) ZH.)

Tbb, Figurel TEENEL) %, BUEEBORESZBBTAV =3 v s
AV ME—DEETHIEDFPDE LI, 0, BREEZBEBTL LV E, &
WTHY 73 & & DIRER G EWTT,

1.3 ®AAOT7AIF7

LTEEBL:, V23V 04V P E—DEFNEFoT, HUEELTRELAY b
Y—EICBTAHECHOEIC, V2R Vv s B4V -2 BRTAZLE2ELIT. &
UHORMOA Y bE— &: ST [0,1] — M 1, AREOBORAS ©: S x [a,b] — M
TEENLZEZRLET, 7oL, VRV v s afEUBOBOY 23 v 24y
FE-ZBRT AL, FOFREOEOATIN:HABEICHR Y23y 2
VIE—ZBRTAILIIRESNTT. 22T, 2200V 23 v s 20 H 2 ER
KR OMRELOBEEEZ R 2D, FTHRLZY 23 vy 4V FE— %A
LTWwEIT. BROVF) v/ VB2 BEEBOBRES 2 BB 2 LS, W
FINBE ST I EICL), HEELEOBEER |IZBREES2 WIREEICT 3 2
PFHEIT., SCTERELZTIVIT 2V, BEEEREY A P TRZVESIC
i, BHEBRS IV MA I VEREOILTY. FOBAICE, EOATN-HE
ZEBEELILICIDII v M A7V EICBRREEREoTRo T, BT 52 &
FHETZT, SHRKEXZTRNIET L, HEAOEEFOY 232 v 7 2EUHIZ
Figure 2 @ & 9 ZRRICE Y, HLEBERBICV 232V v s AV FE—T—F 225
hEd.

RIZ, BE 2 2EZET. BREBEICEDATNEEER, COUBT/IhERAY
ME—T Legendre iZH3R2 Z &4 bR TwET. (B, [El] 8]B.) #27T, B
ZE A Figure 3 OFRIZE A £ 912 Legendre BRI - THE X EDAR, FOHE
IZino THiI#Z Figure 3 DIEICT S L TR IS, T3, 20T oW TRV E
AHR, ®KDB, VxrU v rrEEIELNE T
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Figure 3:

2 3IRTEHEGLEOEH2OY Uy 7EEITICET
30Ty REE
2.1 EA

%ﬁ%h@%ﬁﬁkm,~&K@%ﬁ%@%ﬁ@%ﬁﬁkLT%%%héé@%%i
F4AS, ZITIE, SHI—IELT, RETORTOE[LEHTINITELIT.
M % 3RTEREE LET. ZITE) M LORH2 0 BIMm” LT,

(a) Plaff AER {w=0}, SITwid, 1RHHER.
(b) <7 b X, Y OERT S CO-BEOETREOME (X,Y).

LLTEDLENLLDT, MELATORTOEMEZHTHOTY. MLALDITIE, 2
KTEEES Y. EhEEE, RLEORTRRENM T LA, EBMEEIE, WO
BREAATT. CEBEEIY A v 7 TRH Y TEAD.) I TR, LOFHOE
SRR RZHEO L IRV 2R v VR ESHEELTT. IRODEGHORER, B
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BB 2 iR¥ETIE, J. Martinet, B. Jakubezyk, F. Przytycki, M. Ya. Zhitomirskif
BICIOBIESNTEE LA 228 8.)

BEOMICEICETAMBIE PRI v T LIRENRET. EEECHT
Legendre HI# G L TWET, T/ & &3, BRE I 030iasEr s, 7
FIv v TVGED) S, MnREEOC-ROBEITEELDDIE, “)Yy KT
HDHEMINTT. DL LEDHFEN, R. L. Bryant, L. Hsu ZIZ X WS h
T L7 5 Goursat BlOEST (ERTLOSHE LD 2 DEGHT, BLES
AAEER D D), FFIZ Engel #5E (4 RXTEHBBELODL D), CBLTHEECHET 24
EtaatrzmL L7z, ([BH] £H.) %72, L Zelenko, M. Ya. Zhitomirskii
12, SKRIESHELDOY 23 v 7 22 OBGHCHE—ENIDICBELTY Yy
FREDHFBMNIT v E L7z, ([ZZh] 28.) 22T, I TRBEEOEIERD:
VxR s BESHIIHLT, HOORROEEEELTT.

ZITERTVE 3RTLEHE M LOESH E OBKL (a) 0%4 2, 3,
(b) D& 2, 1, 0 LELLET. dimE, #2 ThhH pe M 2BER LU
Y. I, BlEIAddmE,=27T, p KBWT E BEMEETRRVEL &
RN LHBUET. BOM EV V242 v ThHIRE, BRESKOES S = S(E)
B2RTHEOCHEELFHHET. TNt Martinet BhlE LIFRZ L3 H D F 7.
Martinet HIE S(E) L2, N7 VD, 0oV EHEELBWTESH E 0
- T, BEENIT. FIZE, E={w=0} DHE, Zpg.Qs=w|ps 12&D
Zg BEENET. ZIT, Qg i3 S OEBEEFR (M »MEFITIATEROEEE, B
FTIIC) Y. E=(X,Y) ODHEELIZZFEFETT. IhE E OBMEART MLEB LI
U9, BERY Vg Zp OREEE THREIA, Zp OBESTEZ{P»2 E 0B
LT 2V BTG R SIFUE Y. B Sefofs% Tr(E) LE{EIC
LEY. BT PVBORESIR, 20ORMNLS2 0 EESRHOBIEIZLY,
ROBICHEENDL LT TWET. (BH 2.1 28.)

(a) B 1%, Plaff A2, | (b) £, X7 FVBOME.

(0) BT %2 = (0) tEbTHY 7% B

(1) A= (1) Bhs=

(2) M= (2) 1M

(3) &2 (3) &=

(4) #EER A (4) FEE A

(5) WL (5) Wl

(6) IERIZBILR

COHFHED) Yy PR, KDL IHEEIIToNTET.
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EIE 3 ([Ad2]) E £ 3RTEMME M L0V =Y v 7 B2 OBFHET 5.
FTRIVYTNVERE v lo,fl = M BPVY v FThHrILE, REFAETHS.
N D (o, B) ~OFIBI, Tr(E) ol THH, WA, (a)— (0),(1),(3),(4),(5)
F7213 (b) — (0), (1), (6) THNH, HLb—FHiE, (a)—(0),(1),(3), WHEDH
mELTo(4), F7213 (b) = (0),(1),(6) DVITh2rTH5.

(a) — (4) OxFRE L 1S, S 2.1 DERERATINT 5 20(8/0z) — (0 — /8% + 46)(9/dy)
Koo Z & TY.

2.2 Tz EESHORBREER
FTRTOBEEISEINL TV, BRBLZEERESROLIIZEZONTVIET.
(IM], [Zh], [IP], [JZ] Z1&.)
I 2.1 3RFTEMEE M L0V 230 v 7 R 2 OBSH E OEEORRIIZ,
KDTATOVTFNPTHY) ., FRENOBEERIIFEENS., 2T b, 0, A,
EV2TATHA.

(a) E &, Pfaff 71X {w =0} O%E.

(0) MW % 8 ¢ {dz + 2*dy = 0}.

(1) B {dz + (zz + 2y + bry?®)-dy = 0}.

(2) ¥HAA : {dz + (32 + 2*/3 + zy® + bay?)-dy = 0}.

(3) ¥« {zdz — Oz-dz + (fz +y)-dy =0}, 0 > 0.

(4) #8H : {zdz — Ozdz + 0z +y)-dy =0}, 6 < —4.
(5) Wt {z-dz — Oz-de + (fz +y)-dy =0}, =4 <0 <0.

(b) E i3, ~z b VBOmE (X,Y).

(0) MBS 2 =« ((8/0x), (0/8y) — 2*-(8/0z)).

(1) RS : ((8/0z),(8/0y) — (zz + 2%y + ba’y?)-(8/0z)).

(2) WM& : ((8/02),(8/0y) — (zz + £°/3 + zy® + bz®y?)-(0/0z)).

(3) & . ((8/0z),z-(0/0y) + (z + Az* +4*)-(8/0z)), A > 0.

(4) %82 : ((8/0z),2-(0/0y) + (z + Aa? +y?)-(0/0z)), A < —4.

(5) Ml : ((8/8z),z(8/0y) + (2 + Az? +y?)-(0/9=z)), —4 < A <.

)
(6) ERIZEILE : ((8/0z),2(8/8y) + v-(8/92)).
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2.3 SEIHE

I. Zelenko & M. Ya. Zhitomirskil 12X 1), [ZZh] 12BWT, SEIMEE VS 0I5
SNnFE L7z T 2MEHE o, f] LTERSNE, v 285K [q, 8] C [o, f] ETERSN
THELLEY. FHT € [0, b] %, Imy ¢ ImD” DK 7 := inf{¢t € [a,8] | (t) & ImI'},
Imy CIml OFF 7:=0 LEELET. B y((1,0]) 2 T CHTE v OHBESS &
FpTF, SP(v,I) LELHFICLET.

E & 3RAUEHE M L0V 23 v 7 2B 2 0BSH, T [0, —» M %7
FIvP7WefE UCM%zInl OEEELET. U CRWT Iml 2 &4 ME G
T, UZ220EEHRBAEBUT L U- WH5ElT6b05E2 T,

B 2.2 BHRM [0,0] C [o, f] TEHENBEEDOT FI vV TVEE ¢ T Dy
W CHETHAE L, Iml DRAZBRIEOLDIHL, SP(y,T) i Ut itgTh
s, HEGE D O U RIS HEEE L2, $72, Ut % G0 EO@ &
S

TEE 2.3 G 3HEMET, »OHAERE [a,b] C [0, f] TEEENIEEDT FI v
YTWEAE 4 T Tgy 1 CTETTHELS, UT ORTHBAREDbOITHL, i
Imy C U+ #B0 2ok &, WE G iy ® U IKNT 3 BOERDSZIEE & 1713
nz.

AR ERILVHEALPIC, FEFEEFOLZLE T RYY Y FTT.
I. Zelenko & M. Ya. Zhitomirskil i, [ZZh] 28T, BWTE9S L Wes S0
BE 2 5 lEOFELE R LE Lz,

1858 2.4 ([2Zh]) E % (2)-(0) $7243 (b)-(0) TEHEND R® LOBAH,

T(t) = (F(),5(t), 2(t)) = (0,£,0) # [, f] TEEENET FI 9 Y TUBELT B,
TaE, HEG={z=0} 3T ® U=R® CRI 2BV ERD SEHETH 2.

Ut ={z <0} PEOHTH .

R 2.5 ([ZZh]) E % (a)-(1) Tz (b)-(1) TEZEE N R® LOBESH,
T'(t) = (=(t),7(t),2(t)) = (0,£,0) = [0,0], £ >0 TEZEEN/: TFIv YTV
Bryn, (BEEBEATHLILITEE. ) T5L, BHEG={2z=0RT®
U=R KR 2HEBETHS. Ut ={z <0} PEOETH 5.

FRRIC, B, SHSCELT, BRM2oSMEEERLE L.
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H#7E 2.6 ([Ad2)) E % (2)-(3) ¥7cid (4) TEEEND R® LOBST,
T(t) = (z(t),7(t), 2(t) = ((0 + V&7 + 40)t, 20%, 0)

%[0,8), >0 CREENATFIv Y TAREETS. >0, <413, Th
F1(a)-(3) or (4)THEX oN7bD. (B, BEILREHETHEI LI
B ) TaL, WEG={20z= 0+ +W)y} & T O U =R CRIT25H
HBECH S, EOBIE, (3)0%He Ut = {200 > 0+ VP +40)y}, (4)0%&
Ut = {203 < (0 + VP +40)y} ThE.

R 2.7 ([Ad2]) E % (a)-(3) TEHENE R® LOBSH,
I(t) = (z(t), 7(t), 2(t) = ((0 — V67 +48)¢,26%,0)

200,6], B>0 CEHENIT FIv YT VEEETS. 0> 01, (a)-(3)ThHr
bh7zb o, (Baid, BuTHsr I LICER. ) TAHL, WHE

G_{72+9+4~\/02+49

7 a {—92+(91+y)-y}:0}

Lo U=R ICATESEMETHS. EOHEIL,
— 2
U+={z2+6+4 V02 + 40

7 {—92+(9z+y)-y}>0}

TH5.

2.4 EFADTATT

Yy R7#RE, Martinet BiE EICH 52 &4, W. Liu & H. J. Sussman 124
TREhTWET. (LS| 2H.) LoT, H&, Martinet HE EOFFENRT P VEHD
BOMBEATNTI VWL ICRY 7. T, AEICNEE, B, BERTEOL
3R alE, CHBTHEAICT FIv YTV aEEHOI &%, EBRICER L TRL
¥4, F72, Martinet BIE EOEHENRY P VEOFES AT CL-HETEV D DHFE
B0, BHIBHTEIT. He0BHd, B ASEMEZ 0% &b TR
By 7SI 2 AR L 9.
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AR EBRFOEEREDHIEE

[iziy S T
RRIRESLRFH T AR

e-mail:takashi@edhs.ynu.ac.jp

COMEONEL [C° BEORBIHIZLE] TH Y, AR
BHOETHDHDOT, £ OFIELATETNITENTT,

JAFTHIE IR DT,

w3, C* BRFf,g: (R"0) — (R,0)

THhV., HEIIED

FUEEIMRITL, WY 72 O~ EEERIZIY—BT5, TRbb,
3 C WMoy s : (R, 0) — (R™,0),¢: (R, 0) — (R”,0)
such that fos(z) =to g(x)

<hBETE, ZORERGRE EERE (HDWILARIE) &R
%, IROEAMME (recognition problem &FEIN D) & X D,

5B 0.1 Sxbhi=o0 C° BEFNAEREDNLE D PHIER L

PH B —FOEMSIE (DFEAICBITHYae{Tsl) »7v7 7T
HIITEAICHRETE S, LWH ZENEEEERENO DML L, &
55— OBEENEE CThIUIREICRETE D, &WVWH T L
B ER N b5, LrL, ZhEDBREERIL. LEbDER
FLIEBETHY. Lanb, BABFEA Lo TVDOHEIIHLT
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. BB LEBROHS AMSEROBESR) LELY. (1505
1.1 72ED) BiRGEeERE, BURFIEEZHAEL WP LE
% L5, BEERELE LTROBREDKEYE L THD,

B 0.1 fulz,y,2) = (z,2y +yz + 2%, a2y +4°) (@ €R)

ZOEBGFEOEIT o= —4 IRV TOHBLELTEY, f, (a#—4)
L oy LIFEERETHESY AW LD, ARRTY =y FERR
TOBEORRTEZHET S (ERETa U Ya—FICHESED) 2
Lizknbhnrsd (3 0EE 3L (2) 2AI2BTEIN), —4 YA D o
B, LV, R—{-4} DERDERFRS LD o BIZH L TLED
FOWHIETERDEAIM?2 DX REATHERAT S, HER
B TH—RHEEIERSRE L TN E TIHEE Lo T,

IOEETIE., MELICH LEENEEL 525, M OE
R (TE-> TRIEDNLEMES) ThY, Lrb, Fi—WRHEEL
B35 (81), sERIELNAHBAREE A 28 TR L%, 20
HIEEIZETHFERTHAZ L 2ME L TEL LD, ZOHEEEF
0.1ICH LTHEALTADENS Z 2T, R—{-4} LOFEED o
WRL, fold fo CEERETHLZZRLTADS (83), Z0Df#
ECIHHEEOERIIER L THWADT, b LT s LEREICRIT
LB Ly, ENTIIR DO T, BEEEHoT 6,
B 0.1 1okt LEERES 5 %2 D BELEIRE BEAEMICRDTHD VD
T EERABITITW Y, BECRILEZEITATZOMAL T &, &
BEHREOBEFENFEREIH ETRIEYM TH > T, EBELRZ BEMIZ
KO TEH (Tbb, C° MuREFOREOTLNIT-o& Y Lidb
NHR<TY) BEILLICEENIZEZRS (Thbb, FERMETH
HZLEFRT) ZEWEWEROTHS §3 DEE 3L (L) 2I&BT
=),

ZOFECEIEOIASEMIT 8] 2 ZBE TSV, ZOFEICE, &
BR/eishE ([4]) . ACFERAZERMEIZ W TOSHSR (5) . fIEEE
BEBRFEOMNAENSEORA~OIGH ([6) 0T 7V 7 FHBEIC
FETD, 199812 ABRETINbEZR—MICER LIz —T =1 &
LT [7 235,
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1 ¥IEE

FE 1.1 (1) C~ B3F f: (R"0)— (R?,0) IR L, @(z,0) =
flz) ZWT C™ B&3FD : (R x R (0,0)) — (R7,0) 13 f
DERE & REN D,

(2) C=® B3 f: (R",0)— (R?,0) OEHFD : (R*xRF,(0,0)) —
(R?,0) BBFFEBETHS & i3, LTFORK () & HRICT 5 O
wsSTRAEZE R - (R™,0) — (R™0). H : (RP,0) — (RP,0) M7
THEETE D,

(3) O Bg3 [ (R",0) — (R?,0) OEFEHFS : (R*xRF,(0,0)) —
(R?,0) DMEMMBIIEATHL S LI, BRFEBATH Y, B (*)
WWENLD O MM H ok L, 8aSREE (H({0} x
RF), 0) BESSHAESF ({0} xRE, 0) ICBHHITH D L E&2F D,

R" x R, (0,0) 5 (RP x B, (0,0) —— (R¥,0)
(%) hl () Hl ) I

(R" x R¥, (0,0)) —— (R?x RK,(0,0)) —— (RX,0)
Ex bR 200 C° BgH#f,g: (R 0) — (RP,0), C™ #RHE

#s: (R*,0) — (R",0) £LT C® BE&3F M : (R",0) —» GL(p, R)
WL, RO 454 (2)-(d) ZEET Do

(a): f(z) = M(z)g(s(z))

(b): LIFOF® f OERHFF : (R* x R?,(0,0) — (R?,0) B
B 9.
F(z,\) = f(z) — M(z)A

(c): UTFORD g DEFHEG : (R* x R7,(0,0)) — (R?,0) ILRET
B,
G(z,\) = g(z) — M(s7H(z))7*X
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(d): LTORD f OEFRFF : (R™ x RP,(0,0)) — (RP,0) 138889
ARt B,
F(z,\) = f(z) — M(z)A

Zhb (a)-(d) ZEEV, f,g CHTHUTO4EHEEEET S,
(i): f & g i3 BERME,

(il): (a) & (b) &WT=d C WAFMIES : (R, 0) — (R, 0) & C=
E483 M : (R”,0) — (GL(p, R), M(0)) BEET 5,

(iii): (a). (b) & (c) &M/ C= MRS : (R",0) — (R,0) &
O B3 M : (R™,0) — (GL(p, R), M(0)) BSHELET 5,

(iv): (a) & (d) 22T C™ WMo FEMEEs . (R™,0) — (R™,0) & C
B3 M : (R",0) — (GL(p,R), M(0)) BEET 5,

LIRHIT, fg B

(v): (a) Zl@7=9 C* #WmwEMEEFs : (R, 0) — (R*,0) & C* By
* M : (R™0) — (GL(p,R), M(0)) BTFET 5,

VO RIEERWIZTEE, f,g 12 K-RELFTND,
1) = (v)

IEEITEL Y S2oh%, T ULH ALY S272720y (M ZIELTFof 1.1),
IO K-FMEE NS BEIETMOHTEILSNEZFICRARBRIZRZ 50
b LIZWR, R 2250 C° BHENES {(R*,0) >R C*} I R
PHEFEINAIREEELE X R-STEROFT f X g DERSE
HCEREINBATTNEEZZ X, 175 M I3ERTOHWIEDE
B r 52, EEHOEEZELE s IFEETROFBEZHEETS, L)
T LR L BARREEBRTHD Z 30D, T J. Mather
DIEELZEHRBEDREROIDICEA LZREEERMSTHY, #E
B ODOREERT v M3, FERMEL K—-REZEEZEUDT 5
Mather O453EERE] CULTDFR11) Tholz, —F T, K—[FEIZZ
NEEHEELS . BT EEBOEHANDL) ETHLRETHD,
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$7-. BEREICEARS E2RVFNENOT, EEREIZOW T
Z10ET. K—FEZTREEICOVWTHRANS] Z &2 J. Mather BMED
T4 45 B DI B S DTN D— DT /2 o Tz, Lip LIS T, —
B EEREL Y bRV BVRERHRTHD Z L b2 TND
B2 LA FoF 1.1) o, REEE 0.1 OfEd, FHCEERRRIZON
Tix K—FUE T TIToFHR b &L,

T DEMICRED, & (i) — (iv) WAEERE L K-RIEORR %
54 LTEASHIS

Eﬁlj_ﬁg%ﬁﬁ?@%:fﬁﬂ@%ﬁﬁﬁm@GwE@%kT
Be FDEE, RHEIL,

(i) & (i) & (iii) < (iv)
EH 11 0BT, BEROEEER ST LIETERY,

1.1 flz,y) = (2,9 +3y),9(,9) = (z,¥°) & L.

<[} ¥

L, THE. flz,y) = M(z,y)9(z,y) THD,
EﬁﬁfMﬂMMMy®ﬁ17®%@%kWﬁhé%®T\ﬁiﬁ
Bl Ths I EREMbBN TS, o TEREFRFOER (U
TOEEL2) L0, f OFAREHFLLTREIEHL 25, FIC (i)
%ﬁﬁ?o@ﬁ\m%ﬁkéﬁW:kﬁTCb#é(fkgﬁ&ﬁﬁ
ERETT HRV),

S OBl LY. EEROEEESN L TREREL BFEAT 2010, &
PG IEBTE D Z R bhd, LL, RERDIL MTE Do

FHE 1.2 f,g:(R,0)— (RP,0) & C~ BEFLT D,
FD L& WHALAL

(i) & (i) & (iv)
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& 1.2 CPEEE fid. f OLARTERELEFEHATHS & X,
BE &I 5,

RT B3 B2 D2BZEDEZHMIZHE N 20h 508, Fnbiddt
TRETHS BIZIZ 922K, ZITHERE 12 2HAT2. &
H120DF%RELTLUTEZES,

% 1.1 ([3]) f,9: (R"0)— (RP,0) 2LXEEHFLTH, TOLE,
R HSRLIL,
(i) & (v)

CORITEE 1.2 D (i) < (ii) DI N, —ROBEEZIFITT LTk
S (ih) BT LHENRT Yy (RFEREEZHfIcCF =y 7§
DOEDED LAEW) . &G L0 bENTNEEE LT, &
fF (iv) BEA SN, 3SEHITIE., ZO&ME(v)IZrkvERTHLZ L
Z, FloT I LTEALTASDZ & CTERRS,

2 EREX

Y. ZOHDOLHDOREFLEAT D, ZOETII2BED p-kT=—
7V y RER R 25, BEZBTAD, ¥—Fy VERELE
ATWDHEEIEIR, ERTILICL, NI A—FERMELELTND
LEIRE LT ILICT A,

f,9: (R™0) — (RP,0). M : (R",0) — (GL(p,R), M(0)) & C=
EBFLL, s: (R0 — (R"0) & C™ W4 RAMEEL T, 4.

THY., SHICKOFED fOEREF : (R* x R, 0) — (RE,0) 238
FTBEATE L {ET B,

F(z,)\) = f(z) — M(z)\
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FBL. BREREOESRICLD . UTORRETRICT S O 4T
F%h : (R RZ, (0,0)) — (R"xRE, (0,0)) & H: (REXRE, (0,0)) —
(RE x R}, (0,0)) BFET S L 2725,

!

(Fyma) v
(R™ x RZ,(0,0)) ——> (REZxRZ,(0,0) —— (R3,0)
hl (fvﬂ')\) HJ' ) “

(R™ x R, (0,0)) ——> (R? x R%,(0,0)) —— (R%,0)

MO L D,

h(l‘,)\) = (h’l(m)A))A)
ZLT |
EBIT D,

W 2.1 f(ha(z,9(s(2)))) = Hi(0,9(5(2))).

W 2.2 bLb

(2.1) A Hy(0,))

TEZEND (RL,0) 25 (RE,0) ~DEEIHFN C° WoFRZRLE,
(z,)\) = (hi(z, A), H1(0, X))

CREEINABEEEICLD (F10),(0,0) OBRIZFERICRITD f OF
7 73,

W 2.3 LD
A — Hi(0, )

TEZEEND (RE,0) »b (RE,0) ~DEESFN C sy FERECHhILE,
(2.2) z — hi(z, g(s(z)))

TEZRENS (R",0) »bASBE~DEEREL O HOFHETH 5,
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IO OMEDHERITVTh b WENTH D, LT[R 2JET
SV, ROFEE 24 B ZINbDELDTHD, —RT3E., #HEE22
THERWE S TH D, EiTMHE 2.3 OFEROEL > T W5,

fH7E 2.4 ZOETOREDHET, B L
A Hl(O, A)

TEEIND (R},0) 225 (RE,0) ~DEEIFH C° R bIT,
f &gk FEERMETHD,

FE 2.1

(1) [SEATRE) (v, \) — (y— H1(0,A\), ) & H IZE&RTHIE . &5
BRFIITHIERFE ) BEr~y 7L R5DT, (2.1)13E
B2V DOTIL? ) EBbAME Ly, ETBEIZ H I
HEC LT BITREDNZE H TED, AT DRSS BN H B
Thd, EBE. Fx OBIEORERNRETII(2.1)ICEE LEER
CBETHEIAIHY, ZORIZBWT, J. Martinet OF Y
W ([2]) EREEICERDZBDTHD, (21)0BNFIZLY, &%
TLOEETRWERFZ ORI LN TELDOTH A,

(2) Fex OHEIEIL, BERMOTHINDZIC, FEFIEELIFORE
FMEDOAZZEZL TS, LnL, BIR&EZLIZ, ZOFEEI
BRI DR EREOCHOBET, AERMEIH T 2EEamORKE
DIFLAVETRTEETTHI LN TED,

(3) RIEAERMEIR LT REOBIERNERT S ([5],6,17).

-151-



3 {ERAH

FE 3.1 F 01D fu IR, a# -4 726 fo & fo FEERE

Fik 3.1 DEEA

1 00
fo(J?,y,Z) = 0 10 fa($7yvz)

—ay 0 1

ThoH1b, & (v) O (a) Y
LTFDED fo DERE F, 252D,

1 00
Fa(ﬂf,% 2, >‘11 A27>‘3) = f0($7y7 Z) - 0 10
0 1

A
Az
Ag

m—2 ey NZER R® OAZBWEREER E KFE (XY, Z2) TRII LT
HE. HALMMNT,
OF,_ 0 0RO
O\, 9Y' 09\3 0Z

ThY. EHIT, RAL TS TS LW BEERVIET L RERD,

o | Lo,
o T X
—ay —ay
_ _f?__ﬁﬁ(fHﬁ E)r
T ax 25y T 2 “702
0
0 a o « o
- 2 2 (r)-= =
X 2ay(“) 5| O (Mt et
- 0
d ad 2. 0 « d
= ax " 2g W TNz TR P ey
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1o, a o o? 0 « o,
— a—X**“é‘éZ(Fa)‘}"z—Ala—Z"i‘ 2(X+)\1)6_Y:
a 0 a 0 a 0
+Z§;(Fa)_z_a—£(f0)+zaxt
a 0 ad oo
= (“Z“a‘; - 55?; + Za;)(Fa)
4+ a) 0 o d o 0
T ax T TMgp Mgz
FZ T
a 0 ad «ad
1,0 _Z%~§5§+23 v §20=0, &4=0
Z LT
400 a0 a9
L I ax X TMgy — oM
__ 9 0
2,0 ay) 3,a YA
EB, 758,
oF, 4
(31) - aA = gi,&‘(Fa) - ni,a O (Fa77TA> (Z - 1,2, 3)
L
(3.2)
_ a0 0 _2
771,04(07 O) - 4 aX) 772,&(070) - aY’ 773,&(0)0> - c?Z
5D,
(3.1) &0, 0 <7 FIEEF

%) 0 . ‘
‘Si,a"‘gj\’;; ni,a“—ﬁ; (/L_ 172)3)
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ERESTIE, UTORKETHRIZT D C™ #MoRMEF

hi' © (R®*xR%(0,0) — (R® x R (0,0))
H' : (R®x R (0,0) — (R* x R%(0,0))

EERDLILINTE D,

(Fa,‘ll') 7Tl

(R®* x R3,(0,0)) —— (R?®xR?(0,0)) — (R?3,0)
Th;l o) THJl , I

(R? x B?,(0,0)) —— (R®xR%,(0,0) — (R%0)

iE> T, F, IZRETEATH D,
= bl

OH!
O\

DT, a#—4 725 (H7H({0} x R¥), (0,0)) 13 ({0} x R?,(0,0)) i<
ML TWA, fEo T, (Ho({0} x R?),(0,0)) 1% ({0} x R?,(0,0)) &
R LTS, EWVWHZENB2)nbbnd, LoT, a# —47220
X, &t (iv) O (d) b2 LTV D,

TE-TEE12 LY. a#—42b1E fuldfo & FERETHLZ
BB, O

5}
(0,0) = 1;,(0,0) +

s (=123)

FE 3.1

(1) EOTEHETEHMI DL, (31) 25 F, ORETEAENTE
5L, (3.2) P LEEHELEOND, EIR 31 2T OICLER
I C—RMEMEE (3.1) & (3.2) K ROTHD, EEEHROR
REI R T — B2, BERIRIEE MY fo Dy bV
3 Mo DEFEOHIZDTH D,

(2) fa o —A L, fo & fog WEERETRY) E0)IEE
LR LTVE DT TR, (BE 1.2 HLBE+HRFROT)
= 1.2 BPEVTFEELONREE LWV, L ({(s,M)} &V
B D foldTB7AY FrE—HOEOT S TOTITONT
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ZEVYNRIETROT, EELIIER, Z0X 5B TT 4 TR
15 DI ORI A R FER EERITEHES) &
WO B DIZH, ZOROHEIL fo ITEREETIIR, HERF
FIFELRY, L2L, ®ROEZENTLEY [HRKRT
Vzy PERAOUEORKIT] ZHE LEVRENNIETS 2
DTINZFRETDZEITT D, ROFHETITETHENERL
MIEEXTLEIN, W Z &I TFRRTEY =y MERNOEL
EOREZER) OFMRIEREZEDOI BITELZ LA HES, (B
#HC& 5 Maple /¥ v/ — [Transversal] 2% Neil Kirk(Liverpool
University) (2L > THRESNTWS ([1]) DT, ZREEHL T
5 &,

J43,3) ICBIT D fo (a# —4) OBEORKTIL 12,
J43,3) IZBT D foy DEEORRKITIL 17,

L0, BERMETRNWI LD D,

EEREZS A DEZEROEFRLT

e (R X R3(0,0) — (R%0) 7 MEF &, Da—aL7

B—FL45(i=1,23), 5L, 3HLY

a 0 a 0 I,

SR ER AR

THholeDTRZHED,

El,a(/\l; 52,01()\2; EB,Q‘(A3; ($7 Y, Z))))

o o o, ..
= (z-— Z>\1,y - 3/\172 + Z/\l)

e~ T,

h'ot((xv Y, Z)) </\17 A2a )\3))

= (@+7

a a
ALY+ §>\1, z— Z/\l)a (A1, Az, Ag))
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L7210
ha((@, 9, 2), fal2,,2))

_ d+a) a o«
- (( 4 x1y+ 2$,Z 4x),fa(m,y,z))
BELZ D, £EZT
_ +a) @
Sa(III,y,Z) '( 4 T,y + 23))2 433)

L< QEDEEE(22) 2B,

WIZ, Ot (RX R (0,0)) — (R3,0) 237 Ve OE—H
NTe—ELT5 (1=1,2,3), TH&. 3ELY

2
Mo = —(41—@)% - %(X+>\1)£; %‘ 1582;
0 0
2,0 = Ty e = ~ a7
TholzDTREED,

O1.0(A1; O2,a(A2; Os,a(A3; (X, Y, 2))))
= @l,a()‘l; @2,01()‘2; (X,Y, Z — /\3)))
= @1,a(>\1; (X, Y — X, Z — )\3))

(4 + @) o?
4

2
(X — My-&-%xh+ ﬁj—&—%&@

16
roT . )
H%:Y+M+%X+(ZMMM—%ﬁ
L BT,
Ho (XY, Z), (M M, A3))
:(M+MZMMﬂMZ+&+§ﬁM%MAm
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TRd, €T

Ha((oa O> 0)) (/\1: /\Za )‘3))

4+« S8a + a? a?
= ((( 1 ))\1>/\2+(*‘“T)/\§7/\3+ZA?);(A1,)\2;/\3))
ETIRBDT,
2 i 2
ta(X, Y, Z) = (——(41‘“))(,)/ + ———(80‘120‘ )x? 7+ = x?)

LB QEHOERE(2.1) ZSHR),
TAHE, 2ENOFE 2.1 ICH B X OIT, FENIT

fO 0 SQ(IE,y,Z) = ta © fa(xaya Z)
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