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ZRILEHME LD Essential lamination & 2 D
MR RERER HARERR  &MW %

Incompressible surface % &t =X T4 /KL Haken manifold & MER., 20
surface & FAD Y & LTZD surface A4 #~4 B THESINTET —F. taut
foliation & v 213 incompressible surface & ) & ¢ v & Th 5 120 7 DIFELE

SEAIUTRN T ENEX 5%, BIZIE cut and paste &\ S BIEIZE L TIRVIC <
WIS TH o EB Y 2D L) RiKIROH, Gabai & Qertel (23] 12 & o T WiH D4
REMAEDHER L) % Essential lamination &\ 9 BE&25% 2 X, WIS & T2
REEABLTV5, $12, Dehn surgery IS S, B2 1L, Wu [B1] k-
T, [Arborescent knot 13 Property P ##2] 113 = EWRENTZ, F72. non-
Haken manifold MICHFET HH L VA0 AR200THEY), ZN52HENLESHD
W bDTIE e L HfFETwns,

FEETIENL O~ 2 HET 5,

1 EFE

SHIE Q LT N(Q) T Q OEALEEY 0Q THRE Q 713 int Q CHAR
HobbdIlld b, M % compact orientable 3-manifold &3 5.,

FEFE 1.1. L 7% lamination ThH 5 L1k, 2N M ® closed subset I foliation ®
L&,

B 12 ML Y M- N (£) £ <o TMIE M IC immersed &2, {HL.
M|L ¥ M @ Riemannian metric #*5 M — £ 12 X - T#fE9 2 path metric % b
manifold M — £ @ metric completion & L TEHT %,

FEF 1.3. D 7% disc with end Tdh 5 &1E. disc DEFRH 5 a closed arc 2BRWT D
PELEND L&V

Figure 1

EFE 1.4. L 7213 O(M|L) 7 end-incompressible T 5 L ix, EE D proper embed-
ding d : (D,0D) — (M|L,8(M|L)) Ik L. proper embedding d' : (D, D) —
O(M|L) with d = d' on OD BHEET B L &I,



end - cowmssih@ disc

Figure 2

7% 1.5. closed 3-manifold (35 % 4 > 3-manifold) Y £ #° essential lamination T
HBLBUTOEEZHTLE N,

(1) sphere % 7212 solid torus % bound ¥ % torus % leaf {23772\ (+ closed disc
bz,

(2) M|L iZ irreducible.

(3) (M|L) & incompressible %> end-incompressible. (OM N (ML) BLU
O(M|L) — OM & M|L P incompressible 2°2 d(M|L) — OM I3 M|L A o-

injective).
lamination & foliation [ —#%!Z non-compact leaf %D D TIHIZ ¢ W—T
& Lo%%, LUT? essential branced surface (compact) 2 &h¥TEX 52 L TER
VERSBHIND (FH 1.14 L B]R),

FEFE 1.6. BITESROROD X 5 271 % B compact singular surface % branched sur-
face E\vr9,

>\~ e B

Figure 3

7% 1.7. Branched surface ® regular neighborhood # Pigure 4 oL Hizeh, &
L% fibered neighborhood &IEST L1235, T DRI vertical I-Gber v I- trans-
verse % horizontal part, 8, N(B), & annulus ® union T % vertical part, 8,N(B),
W2 hit A o



Figure 4

£ 1.8. Branched surface B 243 2 disc of contact D & 13 N(B) IZ embed &
N7 disc T OD C int(9,N(B)) &% 0. 42 v I transverse %2 b D\, % 7.
half-disc of contact LIXLF D4t % i/ disc D 9 (Figure 5 £H),

(i) D & N(B) I embed &#17: disc T v IZ transvese,
(ii) an arc a of 8D is embedded in N(B) N oM,

(iii) 8D— & is embedded in int(0, N (B)) intersecting fibers of 8, N (B) transversely
in their interiors.

523 1.9. M— N (B) & embed %7 disc D TRDOFEME T L D% monogon
L) (Figure 6 £28),

(i) DNN(B) = oD,

(i) D& 8,N(B) I single fiber Txh 3.

5£%% 1.10. Reeb branched surface & i3 Figure 7 @ branched surface O = &,

5£5% 1.11. B %* lamination £ % fully carry 5 & 12, N(B) A L % isotopy TH)
PLTv EWV/BPTT transverese 12, 72 v DLTH fiber L%h b LS ICHisE D
L&V,

1 1.12. Figure 8 ™ & 9 %2 & = % % % -2 branched surface & lamination % fully carry
Lo LPLINA+HHTRNI L (23] TIRESNTWT, 20k ) BEns
BEEROTHEHMELE LTRESNTVW S,

oM

Figure 5



Figure 7

=Ye

Figure 8
EFE 1.13. Branced surface B #% essential TH % L IXMTF D&M A 4L 23,
(i) B iZ discs of contact 35 & UF halif-disc of contact % % AT 30N

(ii) GpN(B) 1 M~ N (B) M incompressible 7°> boundary incompressible,

(i) M~ N (B) P monogon IX7E L % v,

(iv) OuN(B) 1 M P proper (Z#5h % i/ disc ¥ 7243 sphere % Bi4MC b 7= 72
vy,

(v) M= N (B) 4 irreducible 72 M — N (B) it M— N (B) M incompressible,

(vi) B 1% Reeb branched surface % & F 72\,

(vii) B fully carries a lamination £.

FEHE 1.14 ([23]). L is an essential lamination if and only if it is fully carries by an
essential branched surface.

B COBEPLELLEZMNFoTHOALLENS = & W2 505 EBRIZIRYIES
BIIZENENOER: lamination 1213 singularity #%72\*, branched surface I
compact TV LTS L5 Th 2,



2 Bl

CDETIX [25], [26] 1Pt > TRV BHZ2E 0 Essential branched surface ®—#% £
5T EIT B

5EFE 2.1. 3-ball D? & D® N proper arcs t D (D?,1) % tangle &\ = ¥
bo FFIZ. t B nAD arcs Hb L &, TNk n-strings tangle &£\ 9, tangle
(D3,t) %% non-split ThoH EiE, t LXbLLWEDHEL D WO proper % disc D
WL oTH ¢t PREESN L VwE &N,

7EF% 2.2. RUTERK S N5 n-strings tangle MO punctured torus % T'(t;) LB T
EWXT Do (I —MIC 4 3T oTWT, ¢ IZIB> T tube 25E-> TV 5, )

Figure 9

EE 2.3 ([25]). (S%, K) = (X,t) U (Y,u) BL (X,1), (Y, u) #%i2 non-split tangle T
22 T(t;), T(ur) %% E(t; X), E(w;Y) P incompressible &7 5 & 9 72 t;, up HHFET
b5L9Bo THEE, (persistent) essential lamination (essential branched surface)
25 B(K) PUCHET 5.,
i . ‘persistent’ &1& K I non-trivial Dehn surgery % i L T 57z 3 KT E %4
MTH £ ? lamination (branched surface) i3 essential 1272 % &) B TH 5 (3 &
BH), $72. EGX)=X— N (t) &3 50

LT, COFEOERHOMIEE R T EI2T 5,
B2 knot K, 0X =90V BLUON(K) 2 BAMIZH ERED L 31225,

Figure 10

5



CHEMALTE(K) MIZRED L 5 7% branched surface B #{E5 = L ATH#E

Figure 11

VT, B %% essential THL I EZIERE TS,
(i) B— (branch locus) 2 disc 1372 \» = disc of contact 1372V,

(ii) OpN(B) i incompressible (W7 5 OE(K) #°% 5 7714d disc 372\ B(t; X)

homeo.
D IWN(B) D—2>D R4 T'(t;): incompressible ({K58), E(u;Y) D 8, N(B)
Db ) —DDRHS = T(ug): incompressible (1R58))e 72, B IZEREZE-%
WD T boundary incompressible.

) % L monogon %% % L—D® arc #* trivial = split (IRFEIZK T 3).
) (i) F704 #EEL L DS A,
(v) SAVLEERLL OIS 2.
) (i) &
)

< @ branched surface ?® branch curve 1213 singularity (&) 25V DT, &
B# & 51z, fibered neighborhood ? & & % T Cantor set 12if - T lamination
PR TIIT LV,

Figure 12
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Essential lamination % & ¢+ 3-manifold ® 4% & Dehn surgery ~OJif O —F % i
N5, %%@:&‘o T”‘éﬁﬂiliﬁt“(&)éo

7B 3.1 ([23]). compact orientable 3-manifold 7% essential lamination % &I, 2
@ universal cover 1X R3 1272 %,

& 3.2. essential lamination % & s compact orientable 3-manifold #7213 4 fR 7
W27 %,

% 3.3. essential lamination % & & compact orientable 3-manifold I3 irreducible

Hbo

INOILEY OB EED L SIZ Dehn surgery % L C?% essential lamination %
HATLE IR (persistent essential lamination % &tk 0 H) K DUE & 3>
Z e B,

FEFE 3.4. #5U°H K 2 Property P % b2 &t K L OEED nontrivial Dehn surgery
T 515 3-manifold DEREH 112 bRV E E NS,

ETOHRPENZOREZH OO TRV &S T8 property P F48 & 1E:13
WTW2A%, Wu [31] 13 2 ETHERL L 720 & 0l7: essential lamination 2 L. Ar-
borescent knot &\ ) B DIEIZH LTI OFBAY O L 2R L7z, (2ED
essential lamination 7% persistent TH 5 Z & #RTOIRFIIIEEL { Hve B
I, WUHVPHLHIHALT E 1.13 QLM SN EI D 28 TR/
EIEF 2y 7 LTIE OK T¥, ) 72, cable knot & torus knot L&+ U H
L. f£E D Dehn surgery T 5415 3-manifold i irreducible TldZ v £V @
2%, cabling conjecture LIFIEN TV EDTHBH, % 3.3 25 OFHEICKHLTD
CDFEFEN LI LI DD D, EBE. Wu BF UHLOF T Arborescent knot 12
FHLTEOFEIBEY LI L LR LTV 5,

T O, essential lamination K& U° 241 % & s 3-manifold IZH 244 LB
BES S HBONDDH) T+, AP HoTVEXEBAEMUTICH I THBEE Y, Essen-
tial lamination |ZP44 % M&H7% L'i3 [20] % Brittenham &AMk — 42— (hitp://
math.nmsu.edu/~britten/home.html) B EI127% 5 L B $ 5,
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EFAD. TIUIMABEMANIC BT E T S NEE 2 RTESRAETH D . TOMETEEIC
FOTEZILEZAOND., UL, ERSBGEERELESRRENERTBHD HbENSLOIZE
WIZRZSLEZABDDT, B g(>1) 21 ORDTHHY T EIIKE<EEL. ZI1R
FRIFERORE. TRDBES 1T %EM M, BEASND, M, ld g=0 De=1 4,
g=1DETER1IKT, g>2 DEFHEH 39— 3 KTD V-BHETH DI EMNDHNT N
Do oo RIS n S EU - UEDED 251 ZM My, bEASH, B g>1 Qe
39— 3+n KTOER V-ZHETHD ZENMENTNS,

CNSED 2 71 EMIE, RESMCEEROERICESEST, 2O MROV—Fy1EI 2
T—ZEM  BREHEEBLTE2ATHEE Y 7 A N—E U727 74 N—30 3 KT L
DoTn2RE, FPROVARMIEO THEKENLDEEDND, T2 THRAIE. U—<2HEHD
BRBEVPEMLLTO<HETFZECRTHASNELICTERVESI D, Thbb, Va4
TAEMEREMICHAD LR TERVESID, EVNSEIANE—DDY —T L EH DR
BEZEAZ. TN, HIAEE C LOFITTEETDEL N 2EDOEH O ED &1z LTER
TR2HETH2. B2 [KY] KEELAHERHOBECEATI I W80 02 Lo
THAT L) EBETA BIELT ) SRR iz L.

EE L OHA LR, (WUVAFELED) PHTEIOZLV 2EX0ESOMOZ ETH B,

HESADAFE LI 1 DB o7 L&D, Z0EE, HYRAEE C 220 250BSDET 3
TAY MU, TEEZ2DDRY y FOFEMEZNENETREICL DD ShE S, (Figure 1 @
i@Eo:@&5K%Débﬁ%#%%“ﬁﬂ#ﬁ&@&C&ETéo)é%t\ﬁﬁﬁﬁpm%
HWMATIS NI MET 2. T5HE, (HEMICIIER 1 ORI SNEE 2 RTSBENES 1
Do . HIBEL C ONERERTHENS C OEERENTOETEZED. Bohid

DN R oo TEBE 1 DU - CETHDZ NN S,
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FIGURE 1. MTHr & BT HA

F/z. Figure 1 O TFTORO LD, HUAFEICTERZ2 D0y bOMAlZ, FHEEH

TIE72< 180 BRI TEDEHETH, AULLIIC I AMEER IOV —Y  ENESNS,
(ZDEDICHED EHLEZHTE “KETHF EMRZEICT 3, )

LROLII, HTHTTHNRETHETHENHA T ALH C IZHFEN 1 DH5EEH 1014
HEV—TVENMESEND, FRIC, HHFARETHOD &R AFMEES N g BOHHTISH
T, ZZTRICBICTIVAD 2922812k 0, B g D1 AEU—<  EMESENSD., Th
ZH BL) BV =T EOBME EIEATWS, GHREILIThBEEHEZL SN
D, EDHAT. THDORW g BOFHEZEZTIEL N, Figure 2)

L, HHi3ETOrRETIOMBDELEAMEEEINTVEHD LT 5,

ST, AVAYE C LO 1 DOHHOEEL C LO 3R THREZDT, g BOHHOEER C
D 3g BEORITEDB®RESTWS, b5, g BOHNOEBZEM I;n 13 3g RITOERSHET
HDIENDPD, Fiz, HUAFEOEMECHE Aut(C) B 1ARAXTEHENZHOLKETH
D, WR2KTTHS. LizitoT. In/Aut(C) 3R 39— 2 KD V-LRETH S Z LA
Nd. TLT, THUE My DRILE—HLTVWS, ZOZENS, BLF1LAMEY—ED
BEREEDE(LE NI ATEEH LOHHTORBOEME L THASNIOTRARWNEEZ, FigEEld
Uidic. EEMZMEIRADSDTH S,



FIGURE 2. FHFIZ LB

FAERE

1. HHOEBOEIRTHICEY 251 2FEbLTWVSD,
2. HTOBRETIRTO 1 AFEY =< VEIERTE B0,
3. RELZHMORBTRILCY - VEMERIND DIV DIN,

UTFABETIE. T 2AYALACEESNE g BOZTH0 ORVWHFOES. (Rr, pe) % T
NOBRINDER g D1 EMNEY—< 2 EET S,

Remark 1. B 1 OV—< 2@ (BHEHR) ETgo—1EofmeErnld. B g (14
HETEW) U< ENEDND. OB, HHOEHOZEMIL. ERBROEHTER 1
KT, FORBTHEE 39— 3 Kih . BABKOEDFAEN 1 KTh20T, BELTHE
% 39— 3 KRB, THUL B g OU—T SEDEY 251 EEOKTE—KT 5.

§2. ALY —< > EAMER = 115 4]

EARRRE 3 ICEEL T, ZOHTRERZZHFOEBTRCY =< ESER S N A5 2% D0
TS 5. EARE 3 ICBEL T KE® hyperelliptic curve D& EZ2BE, SDETATNEL
EbdhoTwinn,

B 1. ROHTHATO 180 EElER. (Figure 3 T, YTIAK A 2 C »5Y)0EEL. 180 EE
EIETC-ACRDET. §5&. A OLORFETHTOFMIYVEEDZEN, C— A4 128
BB, ADEOD2UDFE, C— A L8NS, RETHIFICRS, )



C —

LI

FIGURE 3. K¥THHTD 180 EElER

FIGURE 5. 2 DOREFHETHPOLDEAHMHTER4LABOYDER,



5
@l 2. 2DOORTHANSREIETRER4LAROYIDER. (Figuwed T, A & B B\ ¥ETH
HMTBOHIBARARLIARTHEEE, A BZ2C »oU0EL, ANBATC-AUB K
HOET. $§5&. A, B OROETHFOMEUTDDNzTn, C— AU B ITENS5D,
A BOBEDOIE., C—AUB EBPST, FETHMTIIRS. )

fl 3. 2DDORVHTHMTNSR2AMHRER4IABDYIVEL. (Figure 5 T, A & B #1
ﬂﬁm‘&ﬁ%b:iﬁ%%ﬁfgélﬁﬁ‘ﬁ'@%%lc‘:%‘ A, BZCHIroYIDEL, ANNEATC-AUBIZ
WEHBET, §5&. A, B OROKETHITORIVDEDAVaEh, C—- AU DB ITEXD, 520
DR ETHMTE L TED, )

§3. MMFRREFFTHFTITE D hyperelliptic curve DREAL

I OE T, EAME 2 ICHEL TRETHTICE DEED hyperelliptic curve LS 115
ZEERD,

hyperelliptic curve GBEMEE) i3, V—<2EkE CP, O 2ES B LD ) —< VH
DT ETHD. Tiabs. R M hyperelliptic curve TH 5 LIk, R ICIRIERIZZ involution %
BFELT. TOMEZEMS CP 121232 &2 EKL T3, hyperelliptic curve 13, Aut(CP)
ZEELRE CP, LDRRD 29+ 2 BOSEROEBICIOSEEINS, 29+2HBD35,
Aut(CP;) OERT3 AEEBICRRT EMTEZOT. 0,1, co REENTVEbDET S,

( Figure 6 ) )

T BREFTHFOHN S0, && ORETHITD 2 EOELPREFHRICEESNTND L&,

I oEREns ) —<2E Rr 2ERIC involution 5D, Zhid., C @ involution

C—C

Z— —Z

MOEBIN, TOEEMIE CP, 123, §72bB, Rr i hyperelliptic curve TdH %,
IIZT. BEAEZELEDD Aut(C) OERICED. 1DOHMOHEN 1 THDEL TN, HF
moMEE {a; = 1,0, —a; = =1, by, a9, by, —ag, —by, - - - ,ag,bg,—ag,—b;,} ETBE.
NoHMHRAEES 0, EFREA co IKHIET 2 Rr ®&AY involution DAREH. DED.
{0,00,a} = 1,b},--- ,a2,b2} C CP, 72 EHBEONERREIR 5. (Figure 7)

#ic. CP, LD 2g+2 BOREBE {0,00,00 =1, 0y} MEABNEEE, C LIT 4g
BORIEBE {£ /a5, -,k /a5) 2ABTE. TN5EHWALT B AR P H A
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FiGURE 6. Hyperelliptic curve

—
,b%\

2 e -2

\
ﬁ = Kr

FIGURE 7. EsUEFREETHT & hyperelliptic curve

EEZZENTES, (JEVDFR1IETIEARWN, ) £, BENIXE 20U - VEIRTAX
T hyperelliptic T2 ZENHMENTNEDT, L2l d EROEEITIES.
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7
EE 1. [ WERANBREETHFORNS25 &, Rre i3 hyperelliptic curve 12720, 7z,
T TD hyperelliptic curve HEAMBEETHANSBRINS. Fio, @1, 20U—7
CEET R TEANRR T HAP S BRENS,

Remark 2. 53sahs {0,00,a1 = 1,09, -+ ,asg} T#H S hyperelliptic curve &, KORTE
A56NBHDTH 5,

2_—:

Y z(z —1)(z —az) - (z — @)

LMo T, {a1 =1,by, —a1 = =1, b1, a9, by, —a2, —ba, - - - , ag, by, —ag, —bg}' = I OHHD
MEDEELTHEE, Rr 2R THRDOTE, TIUIWADEEDAICELY,
v =gz(z —1)(z = b7) - (z — ag)(z — bj)
THEAS5NS,
Remark 8. T' D3 ET V3R SR WRAMFRHHTN 5725 £ &6, F#ED involution 2E A 541,

Rr V& hyperelliptic curve 1272558, CP, ~"OFEND ELERTET, DL 57z hyperelliptic
curve NEHILTWBEDNHN BN,

§4. FHFE T T2 UT BT EE 2T — VS

i T D5U—< M (Rr,peo) EHRTBE. R ERHHOAY Y MTERTSIN—T g
ETE3 (Figure 2 ® oy, -+, a9 « CNSDN—TTERENS H (Rr; Z) OFSEE Ar O
BNSRDEDWCI TSI UIT URTEEERT 5.

%3 2. R £MK g OEEOHU—< EET S, Hi(R,Z) OBHE A NS5 I7 VBT
ThaEE, RVBROVIULDIETH D, (7 BEXBERDT,. )
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5, 4. [ BETHROBNEEIEEELES. FTBML I ZRDODTI( 5 Ry EIZFE2
B — VS wp BEBEEND, wp BROHEEEZ LD ENTSITHND,
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WBDT, TOEAEREWET DT, I;n OBDESHEELLTROLIIC [n E2EET 5.
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BTV, F7abs, FEE I(Br,po, Ar) BETELT 2. —F. HEFE [ TERRAEE
THB. TTT. bL f AHERTAVET D&, FEE Im(Br, oo, Ar) WELLIZVFTS
BRTTHENE, MERTHD I LAhh 5,
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TE 2. oHEEH
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ITHERTH S,

C OFBE HEHE T EREESE < T L EERL TV, [t KEL T, 3510k
EBERD IO,
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C) #BABTEI0ED, [l Ll 39— 1 KO~ MVEAEBENS, TOXY MLEIZE
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J Whrpeotr B ERRORY MVERSEREND I LOERNEER CPy_y 27 71 /N—
ETBT7AN—ROEAGIE TH D, 77 AN—RBERICT T FTHBZEEFRALTHERE
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DELERDOL TS,

Remark 6. COHOERIS, HTOHANELZSIZWED, THoeHHTHRIT2. G-
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ZOEHTREATHFICE D) - CEOBREEEEL T, TXTO1LAME) - EIRS S
TUTPT URTFERBET D IERIOHTATED SESITHR > THVRARE NN, EFEEICLD
MDEHOERZLICLVBRTESZEE2R S, ZHIEEXEE 2 N0 1207 70—FThH 3.

=Y. FELOZABICETEINRES =V ET) 2=V OEBERNTT 5.

M % R? OhOLABOERESE LTS, M ITHLT, Area(M) & M Z&EN35AED
EEOBMEERT 2, £ SABOERITR o TWEHRSIE. ENE2Z2ABONBET 2ME %
T TRZBIVEEZD ERRZMIVEVNIZEITS) . ZOEE, R2 QEM~RZ ML v
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LT, J,(M) & M KEbNS v KETRERARY MIT_TORKINE L TEET 3.,
(Jo(M) BENEESF— N FEEBENS, )

M, M' #2NTNR? OFOSAHOFRESE L. M & M BGHTHY M3 &S5
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3EITBE, ROFEEMRED LD,
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U= YEEZTDLEDT — GO (Rw) 88X 5&, R ETETYRHI"NEZONS,
DED, BHy:[0,1] = R ‘WS THBER, vy i w OBITIEST. EH
v(£)
0,1] 2t~ weC
7(0)
NC ORGFERBEEENS, WA fwAD TEHSIND R £ metric DRMHRTH 2.
(Z D metric iZ w NDEHT conical singularity %D flat metric Th3., ) R % w75
THY bT2E, w-BATEERERALTHIEMIE) - P ENRDNS, ZOXI5HDITHLT,
R ODBEFICEENDZTHV DRV 2ED w- 5 4,7 :[0,1] — R o3

7(¢) 7' (t)
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THRIEN w BT 2 ETREC L DRV AR RSB, (CPy(=CU{o}) IKHLT, 7—
AOVES dC BEADE, dC-BHIEBEOERD C DB THY, d( KET I EFBEIC L B0
DEHLEREBOER TOEFEHICL M0 ShETH S, )

TR E DY —< VU EICH LTI, CheOFBEOYINEENICENBD S S L 2%,
DT END ZEWT S, (Figure 9)

KIC2DOFEERBEAT B,
EE 4. B g OBV - UELETOLOE 2B — VEA O (R,w) KL T,
PT(LL)) = {ni}iez+ ( 74 Li{zﬁ 1 O)@@@& )

g

S(w) = Im(Z/ QA w), ((a1,fr, - 04,0 HI(R,Z) O >TVIT 4 v 7 EE)
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FEOBEICEISTNREF =)L« ) a— VOFBREZE2ET — IS FFED) —< 2 @EIC
HTHEEBIIEVET ZENTES,

TE 4. R, R #BV—< E @EXERAUITERREAY) | w, o 22hTNO L0 28
F—r VS ET B, TDEE, PT(w) = PT(W) #D S(w) = S(W) DEE. TDEEITR
D (Rw) & (R, W) RABEGFTH S,

LERES VS UT URTFRHEY—IUE (R,p, A) KH LU TEREERVTEE 3B 287 —
ISy wrppn B 1IDEEL, ZOE2ET—~IUHSHEY —< VE (R,wrpa) & (CPy,d()
BUET S, THE, BAGTREEIK. NS0T — VBB OBREICHL 2 O 1 HTSH
B5 PT(wrpa) = PT(dC) &E7353, £/, A LTD wryn OEABHEA TS ZELD,
S(wrpa) = 0= 5(d¢) BoMns, UEEOROEERS.

% 1. (CP,dC) & (R, whpn) WARES.

LRI, EFED1RAMHEY —-7‘/ﬁf)§§75"/“)7‘/%?’a’:.§ﬁiﬁ‘éT_&b:J:_D‘ HIAFEH
DEBAEDNY FERTERHICEISYDMBOICIDERTESD ZLZRKL TN,

87. 1RANES T S0 U7 Vg FAHEREMAdhR

BIfiC. RO IANES I 0I7 UBTREV - VEANATAEEANS. BRI DTY
FERTBEICL DD EDORICIDERTES ZLZREN, TNRHHIEREFEEETHD, B
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2T DR DHFERT O TN o7z, TI T, ZOETIREREN L OEE, DEDIEME
BICDWTEERZY DD DG 207 5.

Figure 10 O &SI 1 ARE S Y 52U 7 DT EHAEE (E(a, b, ), Poo, Ao) EH I X
SEENSESICED Ay FERTBREBICEIZBDEDE., & po TIVNT MELTHERT S,
(Figure 10 OEBIZH v T 280, ¥F (1),(2), - IR EANREREDEDEZNERDL
Tnd, )

I: (a=0,b=1Tz BEFFECHDEREPHKME (0,1) KHBEMTHHHE)
z([0, 1) U (z([0,1]) + 1)

THIREEEA Y FL. =008 o([0,1]) & (([0,1]) + 1) ORI FFBEHTIED
DB, (FIFHTICEBHRR)
IL: (a,b REWCRAEOEY, ¢ L PEICHDEERTHDHE)

([0, 1]) U [0, @ + b] U (([0, 1]) + a + b)

THOAFE®EEZAY bL. z([0,1]) & (=([0,1]) + a + b) ODEAZFTRETHED GHE,
[0,a] ®ERIE [b,a+b] OFHEL [a,a+b] DEHIE [0,0] OTFRIZHTBEHTUED GDES,
IIL: (o, b IFEWCHEZRABEQEK. = 2BXM (max(a,b),a+b) KHD2EETHIHE)
HIAEFEZ [0,7] THy bL. [0,z —a] OFHE [a,z] © LB [z —a,b] DTFH
&z —b,a] O LB, [b,z] OFRE [0,z — b] O LEEZNENEFSHTHD &Y 5,
IV: (0,0 BEWCEREDCEHK, =0 OFEA)
HUAFEEZ [0,a+b] Thy bU. [0,a] DLEBE [ba+b] OFH. [a,a+ b OLH
& [0,0] OFRIZENENETBHTHIEDE S,
ThEND E(a,b,z) \oHd d¢ HEHEINZE 2B7 — IS we #55. E(a,b,z) D5
TS50 TT UBTE w ODREES

/wo : Hi(E(a,b,2);Z) — C
@ kernel ELTHEET S, £L T, ROEENREDILD.

EE 5. LED1ENESYS U7 VETRESETEE (B, p, A) L. 20 (E(a,b, T), Pos, Ao)
Dizivz (E,p, A) EREIZ SO 1 DEET 5. $72b5. EROUA R {(E(a,b,7), Do, Ao)}
REETH 5.
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I (E(0,1,z),pe) where = € HU(0,1).

T a+b+z

FIGURE 10. (E(a,b,Z), Poo, Mo)
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EBEDOIRAMNES TS U7 VBT EEHBE (E,p,A) ITHL. 1 2EEFHICLE,
P TDH2MDEBELE, STV TEF A LTIEHEINEATWSE 2B — LS w T
HEEFROTRET 5. LAt T, metric fw Aw B—BICHEET 5. IO conical singularity
ZHD flat metric DPHFZC->< DERTHILICKD. FH 5 ZHATHILNTE S,

£75, {(B(a,b, %), ooy Ao} 17 (a, b, 7) BFIA L THEHEASA ST, £a 5120 ML, ,
DERBEITR>TNS,

(B]
[H-01]

[H-02]
i
K]
[Mo]

[Mu]

[S]

REFERENCES

FNF v o 2F— . TEHEEF , BEE, (1994)

Y. Hashimoto and K. Ohba : Cutting and pasting of Riemann surfaces with Abelian differentials,
I, preprint.

Y. Hashimoto and K. Ohba : Cuiting and pasting of Riemann surfaces with Abelian differentials,
I, in preparation.

ANERE - TERSEER 1 I 111, Siks iR fee.

BpEL. BERT . [HRWORR) , XA v /8 1 T2, (1993)

R. Moreli : A theory of polyhedra, Adv. in Math. 97 (1993), 1-73.

D. Mumford : Tata lectures on Theta I, Progress in Mathematics vol. 28, Birkh&user, Boston-
Basel-Stuttgart, (1983).

C. H. Sah : Hilbert’s third problem: scissors congruence, Research Notes in Mathematics 33,

Pitman Advanced Publishing Program, San Francisco-London-Melbourne, (1979).

_24_



RRITCDENERE DIFIELE
IRERFEER 2B KER

1.

AHEHTIIE T, REATOE NG OEBREEDRIEDEREE Bott[4] IiE>T
AR W<SODPAHSNTNBDERRITDONWTIN /=18, BB I BT &
WO BEER ORI DWW TR,

128, IEHOWERCRIEEOE AT - 10| - EREORRICE D T8 o
W17 ZBHIC Uk,

2. EREMEORE
LR, SREPERL SIS 2R TRT 0 BT 5,

EE 2.1. BARIE M ORKTT ¢ DEBHIE F &13. ZDHA {Ualtas {fatar I
T, RERZT (MK HDOENS,
1) {Us}a 13 M OBRSE
2) fo:Us — RIEBE Uy O LETEHSNIZILDIAS (submersion)
3) I' & R RTINS 8T, & o, I LT, 5 I' OIC
Yoo WEFIEL. UyNUp LT

Ypa © fo = fp

MR OILD,

FIM OEBBEDOEE, f, O (RFMICESESNE) 771 N\N—13543) i
KOBEEMTHEDEDE ST, M IIDRAENZLHERITRDN, 2D L2
(leaf) £V D, TEDLRITIE M DRITEERBEEDLRITOZEI LD, M DR TM
DILT, BEITEL TS HO2EE TM O HRERARIC/sd, e TF &
BE, AR QF)=TMpr teon, -, LOTET. ' R DX 2R
DA R T N S22 & &, FIIEHWICMEMAITEEE WS, DT, EEiEis
I TR E T RIEEE T 5,

(M, F), (M, F") 22 TNEBEBELTHEE, MOTRESE®R [ M — M’
MM PS5 M ~NODRTHZER, flzof B8 M OEREE F BT L2V,

_25_



. THL, BEEBESEIIE OF) 227, $5&. MSMNICIT. EEESEOBIE
HIxkok>icEzsasns,
R 2.2, (BWTHGICHZ I TIRER) /AT ¢ O EBEED R [GROEMEES 2.
B SRZ5H

a:C(") - H*(M; R)

DZETHB,
L CicTaiibi s,

UL CNTHEERICHEEZFHELICS WO T, — I ToL S in @
N5 2HREHEEFINE bDEEZ B,
EE 2.3. [¢] T, ¢ 2BARVWEKROTRESET, Z0O& =, Differential Graded
Algebra WO, ZEL T DX SIZED 5,

WOy = Alhy, b, -+ byl @ Ryler, ez, - - » Cql,

T, W
dhi = C4, de = 0,

EED, EEHERTOLE %
degc; = 21, degh; =21 — 1

EED D, £z Rgler, e, ,cq) 1d Rley,co,- - ,Cql BREDS 2¢ + 1 LIEDTTH
5254 TF7IVI TE-ZbDTH S,

TDL, HY(WO,) BHRKTT ¢ DEBBIEDBEEEZED S, DED. KNHKD
AYASN
FEIR 2.4 (Bott[4]). ZHRIE M & M ORKTT ¢ DEBESENEZ 5N5 L, ERE

¢ H*(WO,) — H*(M; R)

MEZED., ZNICN) FOBREHREZED S,

BEOER o IRDEICED D, 9, EEEE F 2N52 515 &, Bott B8
EIHING, EBEENSEES Q(F) DRt Vg MEZEEND, FLTE i Chern
ZENZE ¢ ELT o(a) = c(Vp) EEDD, ZIT (Ve) 1 Ve B 0WHIDS
Chern-Weil #BRICE D EESD M FLOBWHFRTH S,

i NEEDEEE (V) RaTERP—DRE LTIREBETSH 2, 20 s%
KT, DED dhi(F) = ¢;(Vp) ERBWHTR hi(F) & Q(F) ® Riemann &
(EXTRREER) ZEEV. B Chern-Weil BN SEHET B EAHkES, 22T
o(h;) = hi(F) EED 3,

¥26_



BRI, EROTT TV T DT ¢ IKH LT ¢(Vp) = 0 THB (Bott DIMIKELE)
FHRIM0. 9 WO, 5 M EOMAHRDOBEADELE LTRSS, ZHT
RASNCAREO D —DEREFETZ0T, B ¢ LEL,

AR 2.5. DED. WO, 13 Bott DHIBEEE . i 2B c; MEEED Pontrjagin
H(CHIL2bD) BHETH S, LI 2DDHEEEEZELZbDTH S,

H*(WOq) DT MVZERE U TOEEE Vey k> THEIBNTNS, BEEW
B EBRDENIFL B ZEET 3,
I={iy, i} C{L3, Mg}, T = (n, o ,dg) € 29, 72FEL G >0 &L T,

hr = hiy iy cg=cft - clo
D,

1| = (202 = 1) + -+ + (26, — 1) = deg hy
]J]:2(31+2j2++‘1]q):degc‘7

ER< TZREUL hy=1 EEDD, Fiz, [ £ ¢ OB, iy TIICETAEIONE
=7
EHE 2.6 (Vey([8]). H*(WO,) DRZ MLZEME U TOEER hyey, |J] < 2¢ Ts 1,
J ISRONT NN ERZTHDTERZ 5N,
1) I=¢, 2D k DZFEIED jp =0
2) k% ji # 0 BDBNDEFRETDLEE, ig <k T, THIT (2ig—1)+|J| > 2¢
(BHEDSEIHE hycy RTYA ZINCIZD TRD EVNIEHETH S, )

EE 2.7. H*(WO,) DEENDSS h, ZAEVODEERD 2 KEHEE NS, o 1T
KBED 2 REEE S IEL,

EE 2.8, EEO 2 KB E UTIE Godbillon-Vey 7 5 AMNE 24T H 557 1
H*(WO,) DFE hyc? Ichtisd 3.

3. W DhDHMENTNEESE

ZZTHEHRRITOBENERDREEADNS ONDO T O —F L4 FTI2i 50
TNBEEZN DMNIFFHEE IS,

L2 REHMEERD 1 RIS - JEE M. E/

EE 2.7 ITXNUT, ¢ = 1 DOIFITIE 2 REEEZ Godbillon-Vey 75 2 hicp D
BHTHDN, RRITT q BELI8D & 2 REBEEORI A TS 3, flzidg=20
RFI hict, hicy & 2DI72% (BIRAIT g = 6 TIXZOHIIKI 7 01 H733), L
L. ZOODELICTRTARENCERBBIEEEZEZTNDD, bHo & B E

_2’/‘_



WCHBNICZ> TLESZD LBNDOME NS/ IFEITEH LU WEETH 2, /-,
ETHMND DT, EROD 2 REEED V< DMIE Chern 73 & Dl EdE - Bt
0. BEEZERACELL TOhomBRGEGICELT 2 2 &8 5N TIN5,

ETBRMICHEZEVWRAS ERDE DTS, EBEEITT > 18—/ R
Wig & LIRS BEZEMNEET 2, IE BT, &EBLZEICT5E, HRENS
T 2.4 OERIIER Y

po: H'(WOq) — H"(BI,)

ZIHEETDON, INDOEBINESRDED D, £ix. BOEET 200 ED NiEL S
WA ETH B,

ARITTHY 1 DEFITIE Thurston[22] 12k 1. Godbillon-Vey 27 5 2 hicy JEEEHE
BENWSNAEEZZE R DR TOEERS, Sl UL H3(BM) — R MY
FETBIEPHENTNEN, FNTETAETRIH SN TNS,

EH 3.1 (Rasmussen(20)). hicl, hico W IEBHEIEZ A WNWBE XTI, JNTICEI<,
DEV, 25 H5(BI;) - R® R MWEET 3,

BRI w(hic)), o(hice) WE—HITIIIEEBATH B L. p(hic?) = cp(hicy) DVEITHR
DILD R D IREE c lIFELZN,
Ho L, ROLH I EHHAENTNS,

FEHE 3.2 (Heitsch[11]). V &, H2FY(WO,) D hicy D% LI=TTEREINS R-
HAZERET D, T2EV D @ CRBBRIIEBBEEEFNICER TS Ltk
0. (BB2—EDHETRBRTES) NF MIVEEZERICEIS. DED. ZORY K~
WERORTE d &9 24 H2+Y(BI,) — R EEL. Z0O253EBD
EREHS TR TE 5,

2 KB DEFEFIZDONTIE, BCADAESNTNS,
FEIE 3.3 (Heitsch[10]). Fy 2 &KTT ¢ DEBEIEDIE SN 155 A—F —H &
T2, ZDEE (g~ 1)+ |J| > 20+ 172BKIBETD hyey € H*(WO,) 12D
W,
hreg(Fo) = hres(Fi)

MROIZDe TITT hicy(Fs), s = 0,1 BFNFN F, ITHET S o(hics) THS.,
IR 3.4 2REHEEEICDNT (2ig— 1)+ |[J]| > 2¢ TH o= EEBVHIN~ZN,

RERENVENTR S e ORI~ RS X VB EEIC DN TR L <A
SNTND, EEEENVENIEEZHD LT, EBEEDTESE (2.1) 12BN T,
I NERRTICEND &2 E 5. AIZIZRDE D225,
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REEE 3.5, F ZERELELT 5,

1) ¢=2¢' T. R¥ =CY LBBHT T 2% CY OB B FMA FIAR
LB EE, F B EEBITNRER S WS,
2) RUITIESMIZ =T EEBBASTWT, I' NZOHEEFEOE, F i1 —
NEBENS,
FiZ, 2) DU =X CERBOBEIIRDEL WERND =D,
I 3.6. U= ER FITDNT,

H*(WO,) — H*(M; R)

Vx> 2¢ I L TEEERTH S,

CAUIFHE D E R DOPRICIR 7= Bott $5#65& . Riemann BEEASFE—ICE S =
LIZE D, Pontrjagin FAAWHA 2 Z &5 2 REMENEETE/-L91C. Lo=
RS Y = PERBICH L TREEICIEND (FEEHT. SR T 25055 5)
FAESEES TE B(15,16), —RICEBIENI SR ZoE2HAL
T H*(WO,) MBEEINDHOLITMNCH < DRIEA TR TE 2, CDI &I
DT IS R 2 B 5 10 Tk 3

TOHLTHIDRIHBDHEEEFFDEREE A5 DIE, Thurston [23] IZH RSN
DEDIT, RATTN 2 DL EDEBREIIIEH ITEMTIRAIC WOT, 2 2%EE
MEZHEIREL T, Z0ROVICEOWEZFEHL <RI S E NI BIIC L S,

I ZEE DA & OB

R DORHEEOMEO R BEIT PV EBEEE SO THEN 5., 2550
EOMEE L THEIAENTH D LEZLENS, LML, RKTT 1 D Godbillon-Vey
BMOGE B, —ROKRKITTITDONTIE Godbillon-Vey 2ICDWTE 2, EEKE
EE & & OBRIZHAREICIZ 2 > TWR, IEFNDEEEIC DN TIE. ZhZERO
MZRLTHEDNES/e<hhro TN EE>THhENEELNS, KT 1
DRHZIIRD Z EDFI 5N TWS,
7 3.7 (Duminy(6]). SAKIC 1 DEBEEIC DT, resilient leaf &V ybis B4
HETEEM < KO RENEFE L2 UE Godbillon-Vey $EIZHATH 3,

INDERRITRE U TR SNTN S, ’
EHE 3.8 (Hurder, Katok[13)). F 2EB#EIEL TS, 1F&AELTDEN subexpo-
nential growth ZFFTIE F D Godbillon-Vey $EIZEHBITH 5,

subexponential growth DEFILZ T TIEL72WAY, FHOLMET resilient leaf 3
2N, ENS KD BENGEHTH S DT, Duminy ORERDIFWE TOILEEIZ/ 2> T
N5,

#3X (18] D72/ T, Hurder, Katok SIZZERBORMEZ L > FOFEZANT
L T2, ZHUTIERO LD BEENERICHZ EBEDND, DED, EE,

_29_



bhDE, BED2HAFEEIZEOHAT C-HT T — TN EFFZEX IR,
Godboillon-Vey BiZ LIXUITER D (T EW) C FIOMEIZ L L 50k 37
BERZRTIENDD, ZDZEND,
1) 213 Godbillon-Vey 38 (2. 1Fh OEHELE) IZZEB DAL (B2 WidEn
B O BD) EEIZ UME S T2 WD TR, THD &N,
2) EBIT Godbillon-Vey #IIMAHWN A F T —, C 5T —TEES
NTLUED DTIFIZND,
EVD ZENEALND. 2) FEIEBORKTLY, EEOKEEOBEICLST
FIZIEL <7203[24] 23, Godbillon-Vey 3D FEZHHDL, FTLWEBEH TOEDENT
RETTPEDLTTH | ORI DS N TN B[25], —F 1) I2DW Tk
Hentng,
FEHE 3.9 (Raby[19], Ghys-Tsuboi[7], Asuke[1], Moriyoshi[18]). EEZEE(RDEEBHEE
D Godbillon-Vey Bl CL-ARETH D, DFED. (M, Fy), (My, Fy) ZFNENE
SRREDIEONBERBEEE L. ¢ My — M, & C {ROWSFEHET, F, OER
Fo DEANETHDET D, ZDEE GV(F),i=1,2 %2 (M,F;) ® Godbillon-Vey
T Dl
P GV(F2) = GV(F)

RO LD,

ETHIRAR/zE 51T Godbillon-Vey 8l C! hF TV —TlidEREEI NN &%
EZD L EOFEBIIPPFRIZAZDN, —HT IS Godbillon-Vey EALIFL
BAELZEO—DDOHELNEDEZD, LML, WFNIcE X FOEENMT2E
BRI 2D0ONEEG—D L <hhBiRn,

4. EBTECHE SRR ISB A
Z CTIBERTRNICERETI E Wb N A ER OB IEEIC DO W TR S, DT
RRICET S 7R WE D ERIZ TN THEBICERBN N E T3, £/=. EBOKRKIT
i C EOXTEERZEITT B,
ZDEIBEBZEZLSEHIINDONGZM., EbDELT
1) BB 2 RFEEOEROFTIL, YIhoEZ SN TWEERTHEDZ &,
2) 1) IToH 5T, BHERINZIEnT &,
3) EITHERTEYICHERBTIREBIC DN TV DERNH D [5]. BEEHENT
WHRRTHDZ &,
MHFEND,
FEVEDENC, BEERICERENNCERORHELZEEHT 5.
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E%&LDﬁﬂm&&wMA@MMM%thEMWﬁw&

VVUq - A[lel’ﬂz"” ’aQ]®CQ[v1)U2)"' )Uq] ®Cq[m7@,"' ’%}

W = Aluryuz, -, ug] © AT, -+, Tg] @ Cofvr, v, -+, 0] ® Color, 73, , 5]
Z TR
du; = v; — T;, du; = v;, du; =73, dv; = dv; =0
LD, BAERRITTOLREIT
degu; = degu; = deg@; = 21 — 1, degu;, = degv; = 2j

TEDD, £z, Cyluy,vg, -+ Vg IREW Ryles, -+, ¢q) ERBRIZ, Cluy, vy, - - , Uq)
ERE 20 FOKREWTNERBAITTIVI TESbDELTED S,

CCTHRREG H (WU, — H*(WS) WEIET 5 Z &I0EEL TR, £,
Cqlvr, v B EDRDOVIT Rylvy, -+ ,vy] R EEZEZTHEN,

THLIEH 2.4 ERKIC, ROERDILD,
REIE 4.2 (Botb[3,4]). ZHEIE M & M OERLRIT ¢ QBB BT/
EENEZ s &, wERR

v H*(WU,) —» H*(M;C)

WEED, CNREBOREEEZED S, £z, Q(F) = TM/pr 345058
N7 MVERICZ2 M, I EBRRIC

o T c * .
(»OC-H (Wq)—)H (M,C)

MEFESN, Q(F) PHHALEBEEDKEEELED S,

CITHEHIDERIITU TEE 2 HIHEEE SR E S EEIICIES,

oo DOFERRIE. Chern 8 v; 1IHEZRILBICDOVNWTERE (DE D Chern %813 real 7%t
F)THDHEND L&, BWICESRMTHRERBICNT S Bott OMEKERE. 3
BB T DIT W LT e(Ve) AR ELTO0, EWSZ &[N, HEITE
B 2.4 EFEOTZ<ERRITITD. DED. v; ITIEEE i Chern 3 v (F) 2XIHSE, 4
ICI3%E ¢ Chern Y real THB LN ZE2H 5HIWOHR U(F) &6 85
Z&LIT D, ZOLE Chern e RTWMAMHIUI (EED)Bott Btz AL, u(F)
DIERKICIEE D Bott ks, TOHEZILBEZH NS,

Q(F) WEPZEEITIE, Chern BITNTHBIC/Z 2N 5, FH 2.4 TD Riemann
BEREDOMRD DIC Hermite BEEAWT duy(F) = v (F) bW WREERL.

bc(ui) = ui(F), o) = u(F) EFD B,
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EEE 4.3. H* (W) OIT wiv] HLLIZEND G 1ok D&% Bott 28 EIEL,
ER 4.4. FERENITIE Godbillon-Vey #8810 % Bott $DIE D A85ic 1 5TV,
Tz, BENSDD S E ST Bott FF—HED (55 1 Chern ¥EAIEE B/ BEEFE9IC
BB ZERICH U CIIES TERN,

H*(WUy) ORZ MVZER & L TOREERZEEOH SR 0 BEEMICIZA 5T
2. LN, EBE2.7 ZELTRDE S ICESET 3,
EFE 4.5. H*(WU,) ® H*(WS) DFET, U ¥ wy, 7 2EDHDE (HER) 2K
FEE S WS,

BWTHI ST S BB ORISR £ LD TR =3 & LTI [12] ®
21] 2 EDB D, EICHEEOEGRNAERICONTE > TWS, TTICM] KRS
N2 KD IR B RAS TH 0. BB S Bott 321I U
LB P (WE) oFtRe, —HD HYH (WU,) OTTZIEEBAT, /2B DBk
WZEET D ENHsN T\,

EH 3.6 DETHRANTzE ST, EFOBMEEDO S - & bEARR D DIZ H*(WO,)
MOEEDHDTH O, ERFITHIEI A NS A TIT I DITE DD EEE
EEINTWS EEAD LT DL, MM EEBIT R E BSOS EE -
LTHD EHERWEERDNL H*(WO,,) MBEEEDHDTHBEEZ S EhHsE
D, JHUITIaDG, EEOENRISEREBEZENS & WD 2 LT, HEEROS
ETEAER

BI'Y — BIy,

EHEADLNDIETHD, TIT, BIT IFERALKTT ¢ DEBEIEOHIEZRT
HB. THEAFERDS—TIT

H*(BIyy) — H*(BIY)

ENDSEENEETED, ZIUIATEHL WD EAFEINZOT. Z2TIE 2%
FRERBICEE 205, DED., B

A H*(WOsqq) = H*(WU,)
EEDEEEADIEITTEN, TOBEEOEED (—F) BETIEZN, Ll
130 ZOBBIIEET B (2. BIZBEIIIRL]).

I 4.6, B EREEE2ENS Z LICHINT 258

\: H*(WOgq) = H*(WU,)
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WEFEEL, OF A L)L TR TE S, BEFIICIE

k
Aer) = (V-1)F Z(—l)jvk—j@?,
__1)k: B 2k+1

Miznsn) = 5T S (<1 vy +75)
i=0

EEETDE, THUL H*(WOy,) — H*(WU,) #FEEL, KERWZT,
EE M E ST ERSE (M, F) 52 5N, T 2.4, FE4.2
IZED 2REEEIEE 52 2 B8 ¢, o DEET DN, Z ORER

H*(WOy,) —>— H*(WU,)

0| |¢e

H*(M;R) —— H*(M;C)

MR/ 2,

V=< ERBOEHICE LMo/ L D10, EESMEEaEEEEDOEaICIE
H*(WO,) (5 DH& H(WOy,)) 5 £ 2 KEHEIT— RO & 0 I
W2/ ZEMNTEEIND, BEED 2 KL TIE Godbillon-Vey 3EVEATH >
NS, ETEDGERTAEDSE,

A(hic3?) = Cyvlor?

L72% (CVWEE). ZORERPHSENTNS ([21],]2]).
IR 4.7. Godbillon-Vey 3 uyvivi? 233EHHZEBHEIMEEDERLKITT ¢ 1T
WU THEEYS %,

CIUSESRARLTTAY 1 DFEITIE, BIAITEEHEZ AR _ EOBAERFEH_ED Anosov
MEMINZHDTEREINS,

LINL—FT A DBRZER TR RN 5[2),
EIE 4.8, HESKITN 1 OERITH LT,

A(hic?) = 2X(hico)

INEITER DAL D,

CHUTEHE 3.1 ST TH S, Fo. —RICERSRIITTE WS IS B4R
BEARROVER 2.6 ITR L7z H*(WOq,) DEEICAEL S, BT ¢ = 2,3 DERIC
WL DOBRRIIRESNTND, £z, ROLDRI EBHEKDILD[2).
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I 4.9. V & by, hyg R, e EFTEF DL 572 WOy, OITH SRR
IND H*(WOqq) DEDEMET B, ZD & SEBEOBMANICHE BTN/ EBE
B (M, F) IZ8 LT, ¢ itk? H*(WOz) @ H*(M) ~DEIZV D ¢ lzkds
—EHT D, DED. 2REEEL 0] 125,

THE, 3. THAMNZL DT, BRI SRR RERICH L T DL
WSR2 EER T D T &AM D, FIZNE. k> ¢ DEITE k Pontrjagin #64Z 5, @
o KL DEPHARRELTHAD LN EOEENEDND, TIT o(h;) 25FE
£ LD ERUAET Bott ki & Riemann Be0 5 dng(F) = o(Pr) E72585>
JEHZERT &, SO5E n(F) 13 HY (M) OTLEED S, E512, Eid o 13
H*(WUq) DBBITLD o IKLBEELTET S EMMhn5, 20 &id, WU,
W& BEHET WOy DIFRIZRSTNDEH NS,

E(XIZ Bott ¥8& Godbillon-Vey BDBRICDWTIRRS, EE 4.4 Thib~/=&
212, Bott BITEITEETE DR TIE/RW, L L Bott BHOBEICY =2 5D
HICEZETE ., BEECESRAT S ERBESICRVWTERNTH A > LEDNS,
EEE 4.10. H*(WU,) OIT € %

¢ = V=1t (0] + ol 4+ 4 779)

TED D,
B LR R BT & D R ASh A B([2).
FEFE 4.11. Godbillon-Vey $813 ¢ &% 1 Chern BITHME T 5, DXV, HEEK C'
WEELT
A(h1c2%) = C'ev?

MDD, F7z, 5 1 Chern ENEHHATHNIL Bott ENEETEZ SN, O
V€ 1L Bott ZHEOBERIC/R S, T BT, ZD7 TR € WTERICERT S,

F 4.12. 55 1 Chern BT H 3 X D72 EELHAE L OB ESZBITs 2=
EEIED Godbillon-Vey HIZEHTH S5, ZIT. BENLZEREEILEBEDE
REENSADDDET B,
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je HH T D5 & D oA

Bl N BH G

1 Introduction

Theorem 1 ([14]) EREL I V37 F ERFEESBE F CP” PEERETHLET R, F LT T4
vEW OV OB Fx CV 0RPOBEE W #%25. CV O o 52 bR, Fx {d)
EW ORIELTELND F OBGE/REE W, LB S % W, PEYRBHETR 25
a€ CN &hE0LTMAIEHELTH. bLE M CV OFTRAT 2 MEE b TIE (Fx CV)\ W
DHEARBEEL a % general ICRATZED F\ W, OEABIIFEIZ: 2,

T, ZOFEHEOW L OPDIRFIT DWW TR,

2  Zariski OBFELVIMEEO—#E

Zariski DEFHEIBEELIZ, P” (n>3) OhPOBME D 755 % &7, 2 RTEEY
SZEM P2 CP® & D IS L T—OREBIC LU, m(P?\ (PN D)) & m(P™\ D) KA %
HLEILDTHB. ZOFEE, [22] KBV THD TR SN2, THIETRELTH- 7=, BH
ZFEERI [6] THZ b,

2.1 EHDEDORRXZERDIEENDIEE

To, vy Tn TREDdo, ..., dy TEIZONBERLL, F(zo,...,z,)  ZOBERIC X BRE
KOWTHRTHEEEAL TS, S & CH 0T F =0 I0ko CESREN-BHELT 5.
CMHIN S i X A

(zo,.--y2n) = (/\d"z'g,...,/\d":c»n)
THEALTWS. Licd®s THRLZERE 1,(C*) —» m(C"\ S) BHETS. fo, ..., fa %,
UV, W) DT DREAD do, ..., dn THEIFREERET S, FIC fo, ..., fn ZRALTE
LRBZENE (U, VW) KOWTHRICE S, SORREER F(fo, ..., ) K Eo TEHENS
P’ Lot ¢ L ¥ 5.

Theorem 2 ([18]) fo, ..., fn & —HRISE~T 7r1(P2\C) i 11 (C*) = m(C"\5) D cokernel
LR B,

dy=--=d, =1 D%, HHMAL Zariski DEBICH & vy,



Example 1 f, g ZREAFENTN p, ¢ O (U, V,W) I22WTD general %2FREER LTS,
fi+ 9P =0 TEIBESNIKRE pg OWMBOWEESOERE, Z/(p) & Z/(q) PEEZELART
H5.

TORERIL[10] BLU[8] TERENE L BR A HETEH STV,

EOEEERAVAE, FLLTEIRbORBATRHILICLY, = (P?\C) HSETHER
BEL 25 EEEBE C O LWBINT: C SABBTE S, 20 &3 & oA B b9 2 LA
BRTW 2o 72 ([3], [7]).

2.2 BMETIHEE, bLUMOEELEADILE

P" EICEHEE D "5 260 Tw5 LT3, P" 2k G := PGL(n+1,C) #EA LTV,
[ X - P 2 RREHESHET 2o0HE L, BCX #BHELTS. X =X \B LBE
F:X =P % FDX~OHBEET S,

Theorem 3 ([15][20]) [ B RD=DODGEMEMATET 5. (a) dim F(X) > 2. (b) B; % B ®
REOEMBSETHEE dim F(B;) > 1. (¢) X OHT Jow 1 To x — Tf(x),P" D rank ¥ 0 &
LHHE e PORBETEHEIT X OUPTHRRT 2 U ETHE. ZOLE, y€G % genera 12
ENTERLZERY 1(X\ (vo /)™HD)) — m(X) x m(P*\ D) BEHERD, 20 kernel i
wo(X) — m(P™) D cokernel 128 L\r,

X =P? B=0 T F % linear embedding ® & &%, Zariski O HE 2 EHICMZ S 72us,
FIREICRDEEORES, U=C" %, 774 VZHEL, G% C* 0774 YACEESHE
DETHETE. DBIVF X =U,f: X>UBELARICELONTWALDET S,

Theorem 4 ([20]) f P LDZDD4M (a), (b), (c) 22T LT 5. ZDEE, ye€G % general
BRI (X \ (yo £)"H(D)) 1 m(X) x m(U\ D) EREZH 3.

3 FHEFEOHEESOENEIZVWOTRICZL B H?

FED Zariski OBFEIMERIC LT P\ D 0ERBEL KD B 121, D 3 —BOEEICS
% 2 REMHIMASER T THLN FEFERBORESOERBLROIT IV, £ 0tk
RIZBT (72& 21 discriminant locus, branchi locus, etc.) & DEEHMBILEY 2 BE L BES
AOLEHFRRICSD, T TROMENEZONS.

Problem 1 HI#OKE d, BLUBEE 2 EALBEELAOER n & k HELLNTND LTS,
CunEDOEE 2ERL F EOBELEOARBEESL LTho%kH d DEHZ MY TEEE L
T5. m(PP\C) FWEITRTH B DDEEERD k.

EAW, k=0%b, 2F) CPBE 2BAOARBESILOLS, n(P2\C) RTHRTH
5. Z#Ud, Fulton & Deligne i2 Lo THEBE & 17z Zariski FAICME 52\, ([2],14], [B]) HE=E
TOLEZAHONTWAREDERIE, ROEETH 5,
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Theorem 5 (Nori) 2n 46k < d? 225 n(P?\ C) W TH S,
3T, Theorem 1 VA Z LICLY, kOEEIFHEINS,

Theorem 6 ([19]) C C P? 2EE# L EHMELT2. CIE PP OLD 9 RITHILER S22 b &
ENTVRWET S, ZOLE C D general ZEEDBRE LTELNS PR D H A D Feak B
IEEHRIZ S .

COREREAED L Nori DFEEE DT PRI KEATE L. BE LTwizZ&zvwoid, m(P?\C) ®
RS, dn BLPEICEo TEEBERMOZVENI I ETHS, D EDRRFIIE ST
o ([21], [23], [12])

Example 2 6 HOBELZRDOLEHREAL LTED 6 RBOBEEE L L 2 DOBERERS %
b0 DLODRICET B 6 BOBEHLANDH B 2 RO LIt TWT, m(P2\C) i
Z/27 & Z/3% OEEBERABICL S, b5 —20BRIET 2 MO m(P2\C) ik Z/6Z L FE,

CHLS, HRROBRE- 2KALTY, HEPE~OEDRASFFARE TRV HEEORT
% Zarsiki pair £V ([1]). [17] 2B WT, IO Zariski pair OBIAERERR S LTS,

ZE
[1] E. Artal Bartolo: Sur les couples de Zariski, J. Algebraic Geom. 3 (1994), 223 - 247.
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CLASPERS AND THE VASSILIEV INVARIANTS
KAZUO HABIRO

In this note we redefine the Vassiliev modules of knots to make clear topological

structures behind the combinatorics of trivalent graphs.

1. USUAL DEFINITION OF THE VASSILIEV FILTRATION

In this section, we will recall the definition of the Vassiliev filtration on the module
of knots and the Vassiliev invariants. For detail, see [V,B,BL,BN].

Let £ be the set of ambient isotopy classes of oriented ordered knots in S3.

A singular knot is an immersion of an oriented circle S! into S® having only finitely
many singular points all of which are transverse double points. By £ we denote the
set of ambient isotopy classes of singular knots and by £, the subset of £ consisting
of the classes of singular knot with exactly & double points. We associate to every
singular knot y an element e(y) in the module ZL£ as follows. Let p, ..., px be the
set of double points of y and let €;,..., ¢ € {£1}. Let Yer,e, D€ the knot obtained
from +y by replacing each double point p; with a crossing of sign ¢;. We then set

6(7) = Z (_l)eldk [761,---,6k]

€1 40ens€k E{il}

where [-] denotes equivalence class. This defines a linear map e: ZZ — ZL. By J;
we denote the image of ZL; under the map e.

We have a descending filtration
Z,CZJoDJlDJzD

We call this the Vassiliev filtration of ZL. A Z-linear map f: ZL — A of ZL into
an abelian group A is an invariant of type k if f vanishes on the submodule Jpi1-
Invariants of finite type are also called Vassiliev invariants. The module of A-valued
invariants of type k is canonically isomorphic to Hom(ZK/Jy41, A).

1
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2 KAZUO HABIRO

2. ANOTHER DEFINITION OF THE VASSILIEV FILTRATION

2.1. Claspers and graph claspers. A clasper C' = (A1, Az, B) in a compact con-
nected oriented 3-manifold M is a triple of two disjoint nonoriented annuli 4; and
Aj embedded in int M and a band B also embedded in int M which connects A and
Ag. We call the two annuli 4; and A, the leaves of C', and the band B the edge of C.
We obtain from a clasper C an associated framed knot Lo in M in the way depicted
in Figure 1. Here we use the orientation of M, but we do not need the orientations
of Ay, Ag nor B.
Surgery on a clasper C' will mean surgery on the associated framed knot Le. We
denote by M the result of surgery MZLc.
That surgery on the clasper C' depicted in Figure 2(a) transforms the knot « into
the knot v¢ depicted in Figure 2(b) explain the name ‘clasper’.
A graph clasper G for a knot ~ consists of the following data:
e disjoint disks V4,...,V,(p = 0) in S®\ 7,
e disjoint disks Dy,...,Dy(g > 0) in S®\ (L U--- U V,) such that each D
intersects transversely once with + in the interior of D,
e disjoint bands By,...,B,(r > 0) in 5%\ 7 such that each B; connects two of
the disks V4,...,V,, Dy, ... » Dy, here B; may connects one disk with itself,
satisfying
(1) each V; is incident to exactly three bands,
(2) each D; is incident to exactly one band.
We call the disks V,...,V, the vertices of G, the disks Ds,..., D, the disk-leaves
of G and the bands By,..., B, the edges of G. The total space of G is the union
VlU~-'UVPUD1U---UDqUBlU~--UBT, which we often simply denote by G.
A graph clasper G is admissible if each (connected) component of G contains at
least one disk-leaf. We can verify that surgery on an admissible graph clasper &G
for a knot v in M yields a 3-manifold M homeomorphic to M and a knot 7% in
MC. We can naturally identify M with M, so we can think of this Surgery as a
transformation of a knot + in M into another knot v% in M.
The degree, deg G, of a graph clasper G is half the sum of the number of vertices
of G and the number of disk leaves of G.

2.2. Definition of the Vassiliev filtration using admissible graph claspers.
By G we denote the set of all ambient isotopy classes [y, G] of pairs (7, G) of knots
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CLASPERS AND THE VASSILIEV INVARIANTS 3

and graph claspers G for v. By Gy we denote the subset of G consisting of the classes
[v,G] with deg G = k. Let e : ZG — ZK be the Z-linear map given by
e([v, Gl) = (=1)"D 37 (-~ 59T,
G'ce
Here v(G) denotes the number of vertices in G, }G denotes the number of components
of G, and the sum is over all sub-graph clasper G’ of G.

Let Jy denote the image of ZG; under the map e. We have a decending filtration
on ZK:

ZK =Jo D Jy D Jy D
Proposition 1. We have Ji, = e(ZG},) for k > 0.

Let Ny = Ji/Jgya. Let ep: ZGy — N, be the surjection e| Gy: ZGy, — J; followed
by the projection p: Jp — Ji/Jey1 = Ni.

In the foilowing, by ‘chord diagram’ we mean Bar-Natan’s Chinese character dia-
gram (see [BN]). That is, a chord diagram D is the following data:

® a graph D with every vertex of D either univalent or trivalent, here we allow
double edges and loop edges,
e a cyclic ordering for the set of three edges incident to each trivalent vertex

of D,

e a cyclic ordering on the set of univalent vertices of D.

Two chord diagrams D and D’ are equivalent if there is a structure-preserving
isomorphism of the graph D onto the graph D’. Two equivalent chord diagrams are
regarded as the same in what follows.

Usually a chord diagrams is depicted as in Figure 3.

By Dy, we denote the set of chord diagrams of degree k. Let A denote the quotient
Z-module ZDy, [ Ry, where R, is the submodule generated by the elements depicted
in Figure 4.

We define the map 7: ZG, — Aj as in Figure 5. To define the sign, we first choose
an orientation of each vertex of G. We also orient disk-leaves of G in such a way that
the intersection of disk-leaves and the knot v are all positive. Then the required sign
is (—=1)", where n is the number of edges of G such that the two incident vertices or
disk-leaves are not consistently oriented.

We have the following result.



4 KAZUO HABIRO

Theorem 2. The map ey: ZG, — Ny factors through 1: ZG), — Ag.

Remark 1. Theorem 2 is, in a sense, a generalization of Ng’s result [Ng], where it
was shown that for a connected chord diagram which has exactly one ‘internal cycle’

we can construct a corresponding (ribbon) knot.

Remark 2. As is well known, we can interpret the IHX relation as a kind of the
Jacobi identity. Using claspers, we can re-interpret it as a consequence of some
‘topological Witt identity’ in a category of cobordisms of surfaces.

Remark 3. By loosening the definition of graph claspers, we can generalize the
notion of Vassiliev invariant in several ways. Especially we can generalize the notion
of the Ohtsuki finite type invariants of integral homology 3-sphere [O] to compact
connected oriented 3-manifolds. These generalizations will appear in forthcoming

papers.
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NFAEREREENZHET HEMIZDONT

JEEA 5

MHAERIZBODTHRENANWARIAAEBBE X b TWD, HIXIE, tran-
sitive, sensitive (= sensitive dependence on initial conditions), chaos in the sense
of Li-Yorke and Devaney, expansive, continuum-wise expansive (= expansive &/
A ZHREBRO—RL) R EPREHRBOTHD, ZZTHKRO X SR, SHkk -
smooth Z{RE LgW—MI2HEEE % 5,

MR8 : ED X5 722E/ (Fio, =%y MEBEZER) w8k 5 4 ARMRE
BREET D0

1 ZEFERVPAH—SHAELOAAX

E9\ transitive, sensitive ZEEERIZONTE X L H, ZORIEIZOVTIL, Besi-
covitch [7] 23 1937 G2l LD RIFEEAS T transitive 72 b D &ML Lz, £/, [
C4HEIZ Oxtoby [40] 13, RIS LORBIFHEBARD T transitive 72 % DI Gs-dense
EOFET DI LR Lz, ZO/RRIL, BERL MR P—0b 7Y —gmso
BRROAE OO E 2T b D TH D, Lk, HIZZ OEBO FICERTR&£L
DFREREHTVD, ZOF@ONTIIEDZEE Measure and categories, GTM
2, Springer] ZZMEN72V), 19414F Oxtoby — Ulam [41] iZregularly connected
polyhedron M IZ33V>Tidnonatomic locally positive Lebesgue-Stieltjes measure (=
LS-measure) tINABRNCHE—DTH Y, LS-measure p DIRBIFEEREME H (M, 1)
DT, ergodic RESR E(M,p) I Gs-dense 72> TWAHZ L HEA L, L
dim M > 2 DB &, HOOFHAFEEZFELLFARTAD L, TNLIILIEELY L
L LAA T —SRBIZ LV BENISATE 25 ETHDE L3 ohnd, DFV.,
D758 & RFR B DWERRE & 5 FETH D, nikILA v A —ZKE1% homogeneous
T&Y, n-dimensional compacta (2% L C universal space TH Y., 75 7 X Lk
EERSTWDEMTHD, A VW —SREDORBAT R OEARIMZ L Anderson,
Bestvina ICE D /BHLITV D, A ¥ H—ZREFRORKITE TO I —~A 1220 T,
Chigogidze-Kawamura-Tymchatyn [10] Z &R X 7=uy,

WIS D fERIE. JIF-Tuncali-Tymchatyn K & OIEFRFSE [31] THEOIZ S
DTHD,

,4'/7_



Theorem 1.1 (Kato, Kawamura, Tuncali and Tymchatyn [31]) For any nonatomic
locally positive LS measures puy, pip on o compact Menger manifold M with pu, (M) =
p2(M), there is a homeomorphism h : M — M such that py = ph.

Theorem 1.2 (K-K-T-T [81]) Let M be a compact Menger manifold and let 1 be
o nonatomic locally positive LS measure on M. Then the set E(M, ) is dense Gy
in H(M, ).

FriZ, ZOFEMIL transitive homeomorphisms DIFELE EWT 5, Li — Yorke,
Devaney DA A AZBA L Tk, kREET-,

Theorem 1.3 (K-K-T-T [31]) Let M be a compact connected Menger manifold
or a compact reqularly connected n-dimensional polyhedron (n > 2) and let 1 be a
nonatomic locally positive LS measure on M. Then

1. there is a dense Ggs-subset L in H(M,u) such that each f € L has a dense
scrambled set S which is a countable union of Cantor sets, and moreover,

2. lhere is a dense set L' in L such that each f € L' is chaotic in the sense of
Devaney.

AT —SRRECBE L THEEZ S 2/MEE LT,

RE: A T —ZE L DORIEE4 T, topologically mixing, minimal, or (continuum-
wise) expansive 72 b DIXFIET B0 2

fEIRE: fth> homogeneous ZERNZDVNT, EDEERASFRILT 5 H>PHHT., the pseudo-arc
WZDWTHEE 9 %3? Kennedy [34], Minc-Tansue [39] 1Z 45T, Devaney, Li-Yorke
D Z AFMRBBROFET 5 Z Limbh T3,

Li-Yorke DA A AIZBL T, BUIFIRER I A AN END Z & B3d D, Filx
. TR T 1= [0,1] = I X2 DI 4 A% b2, FD scrambled set THJ
A7 b DITRIEE 2 Th 2 =8HITRAEE, LarLads, EEDOSEEE o IR
BB72 Li-Yorke WA ABBIZH L, WL BTHIEIFNER U AEREZ B B8
I PTRE7S Li-Yorke WA ABARMBIFIET DEN D, EEE, BUEIFTEEZ scrambled
set & LT HOREQRIY P—NVEEGDOFENE LD LNRTED 28],

2 EELOAA ZAEHREE

RIDE 7 23 2T, Oxtoby DB FIZHIEZFIE L TEBEERA U H—LHE{k
LIC A A AR BB OEREEX TE R, M T ARRERZEREHTHED L
LTAIL Y - T o7 Z—%FBTHERDD, RARMESTIIT 57
F—ZHE LN EIZER. 29 LA MLy - 7 M50 7 — T, BIZEN

2
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71 A AT B hyperbolic, expansive, £7-/34 Z haZb#a b expanswe 0) wibTH
% continuum-wise expansive 72BN E TND T LMLV, TOHBEAE. T 57
Z—& LI ERE 2 B DONBERTH D, EBE, ALY -7 h5 7
F— 1 LEGEARTUN D mdecomposable continuum [35] 1272 2 FIALY, T DOIFHED
FFtIL. EIZFEm DA IZ Brouwer, Birkhoff, Caratheodory, Cartwrite-Littlewood,
Charpentier {Z &> 'CﬁL‘?iD DIV, FTET A U I & PILICEONERIZHIE Stk
DTG [5], EER, FEANDIIFER, B DV RN OESAFRHIZRE> THTHIK
RE LTIRRENTORWE L ORERH D, 7oL 2L, RbEEZMED—>&
LT, FEzmE LW EGESIRgm, SE8Eaz bon?, 72 E0RER
HD, WIZZ ZTH H expansive homeomorphisms D—fEAWEE K O hE(E Lotk
BIZOWTEHBHEE TE S DERTREFERBPE LN TS, Fixid, EA—HE
Bl A [2]. BAR—IFEH [4] 22 LIZEELYY,

I TROMEEE X 5,

MR : ED XD 2EFRIZ (continuum-wise) expansive 72 [FE B FET D5 7
Fr, FESCHEOEGARIZ OV TIZE 95?2 v

FrIZ, Williams OREVNEETH S -
RE : 2 478 L 72V BRE(S IS expansive homeomorphism ZFFAT 57> 2
IO DREIZOWTIL, BUEE CTERNT 5 LIROBFRERI RS TN S,

#&®R : (continuum-wise) expansive homeomorphism i 7 4 A EEAE" LEETNH
DBHEIEF AL ES Y, BEOVAANZD ETELTND, & BIZpositively
continuum-wise expansive homeomorphism (=/3A Z10Z58) OB/ND X A4 A
eI indecomposable Z2EATH V|, EHE/2 stable (or unstable) sets 25, 0D
composants & —E L T35, —f%®D continuum-wise expansive homeomorphism @
TRV, ol f L DEGA Tld: positively continuum-wise expansive homeomor-
phism DIFFEEEMR L. L7223- Tindecomposable 72 7 A XS Z&te s L1275
Do DEV., FELHEDA hL Y e T hT 7 ¥ —iF indecomposable continuum
TN AAERGEE UCELENDD D, £72, continuum-wise expansive 0 b A1
ANV = bR E—IIETHS (expansive homeomorphism DEFAIZIE A. Fathi

12k d) , Williams ORIREIZ-DVNTIE, chainable continuum ' decomposable
continuum 22V Tldexpansive 72 b DIFIFE LR2WNZ L3> Tz,

FLSEHDETHERD ELUTD LS IT2 5,

Theorem 2.1 ([17]) If f : X — X is a (continuum-wise) expansive homeomor-
phism of a compactum X with dim X > 0, then there exists a o-chaotic continuum
of f. In this case, if Z is a o-chaolic continuum of f, then the decomposition

3
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{Vo(z,2)|z € Z} of Z is an uncountable family of mutually disjoint, connected
F-sels in 2.

FOFEDOEEDT T, H5 f-invariant closed set V, dim ¥V > 0 BFELT, ¥V
BT f I transitive, chaotic in the sense of Li-Yorke Thd Z & 230025%, L
scrambled set & L T countable union of Cantor sets T2>2 Y THHE & 725 L D08
s [20,28],

WDEIL, P 21334 ZHZEH)Y indecomposable continuum &4 42 &
2 =) e
ZRFEL TV D,

Theorem 2.2 ([2/]) Suppose that [ : X — X is a positively conlinuum-wise
expansive (= expanding-folding) homeomorphism of a compactum X with dim X >
0. Then the followings hold.

1. There is a u-chaotic continuum Z of f such that Z is indecomposable, and for
each z € Z the composant c(z) of Z conlaining the point z coincides with the
continuum-wise u-stable set V*(z;Z) of Z.

2. Z 1is an indecomposable subcontinuum of X such thatl for each z € Z, the
composant c(z) of Z conlaining z coincides with V¥(z; Z) if and only if Z is
a minimal element of the set of all u-chaotic continua of f.

ROFERIT, HENDOA MLV« 7 857 #—33, indecomposable continuum
ZElel 0D ZEEER L, BEHR TSR TV A DL R EIEL TV,
TEHE 2 VR0 hAR e P — R

Theorem 2.3 (/24,30]) Let X be a compactum in surface M with dim X > 0. If
[+ X — X is a continuum-wise expansive homeomorphism, then there is an f-
tnvariant subcompactum Y of X such that dimY > 0 and either f|Y : Y — Y or
(fIY)~! is positively continuum-wise expansive. Hence for some o = u or s there is
a o-chaotic continuum Z of f such that Z is indecomposable, and for each z € Z the
composant c(z) of Z containing z coincides with V°(z; Z). In particular, X contains
an indecomposable chaotic continuum of f.

Theorem 2.4 ([21]) In the plane R?, there is no (nondegenerate) locally con-
nected continuum(= Peano continuum) admilling continuum-wise expansive home-
omorphism.

LIRTTD RFTERE ZEEIZ OV TiE, JIFY-Tuncali-Tymchatyn (2 X 0. kOFERED
BHITVD, 85T, b L expansive homeomorphism 23FET 5 &L, Fi
WA T =N —T B LITRBTEA D,



Theorem 2.5 (K-T-T [33]) If X is a 1-dimensional locally connected continuum
admitting an expansive homeomorphism, then X is nowhere planar.

Theorem 2.6 ([14]) Let F be a finite family of graphs and let X be an F-like
continuum. If f : X — X is a continuum-wise expansive homeomorphism, then
there is a o-chaotic continuum Z of f such that Z is indecomposable, and for each
z € Z the composant c(z) of Z containing z coincides with V°(z; Z).

Theorem 2.7 ([15]) If X is a tree-like continuum admitting a continuum-wise
expansive homeomorphism, it must contain an indecomposable subcontinuum.

KOEEL, Williams D 2 >F4ED 5 LG LWHFOMFETH D, HLVHIL, %
(ZHT TR, EIRIZH D pseudo-arc I, Bing, Moise %7 & - THFFE S -3k
IZEBAVIEFAETH Y, Bing [8] 125 W ZDREILDE HILTWS, FEEROIERIC
%, Mioduszewski @ Mountain Climer’s Theorem & Bing @ crookedness D 5iE%
fFHT 5,

Theorem 2.8 ([18]). If f : X — X is a homeomorphism of a continuum X and f
can be lifted to an onlo map h : P — P of the pseudo-arc, then f is not expansive. In
particular, chainable continua admit no expansive homeomorphisms. In other words,
if X is any chainable continuum and [ : X — X is any homeomorphism of X, then
Jor any € > 0 there exist two different points z,y € X such that d(f™(z), f*(v)) < e
for alln e Z.

p-adic solenoid I3 expansive homeomorphism %2 Z & % Williams [44] 35ERA
L7e3, 36132 T indecomposable CEMAIZHEDIAD 2V, decomposable circle-
like L2 THEITIEDIAD D Z LITER, ZIUZOVT,

Theorem 2.9 ([27]) If X is a decomposable circle-like continuum, then X admits
no expansive homeomorphism.

LRTTD T T 7, B arc b tree DFIFFR, BIZ= o —DFH7 28
TR BRI ENTE TV DAY, sensitive BAEDB AR OFERE187-, Z
ML, 77 7 LD KRR 25 £ CIE, Smale — Bowen @ spectoral decomposition
theorem & [FIERD TEHAS sensitive & VNI FHORETHILTH Z LEBHEL TV 5,

Theorem 2.10 (/19]) Let f : G — G be a map of a graph G which has sensitive
dependence on initial conditions. Then M™(f) # ¢ and M*(f) = {G;|]1 <i < N}
is a finite family of subgraphs G; of G satisfying the following properties: '

1 If1 # j, then G;N G, is empty or a finile set.



2. For each v, [ ts chaotic on G; in the sense of Devaney, and there is a con-
nected subgraph H,; of G, and o natural number n(c) > 1 such that H; is
IO inyariant, f~O|f5(H;) fk( H;) — f*(H;) is topologically mizing for each
0<k<n@E-1,G = U"(2 R(H;), and fE(H;) N f¥(H)) is empty or a
finite set.

8. If L = QUG — UL, Gs) and F(f) = {z € L|f*(z) € L for eachn > 1},
then F'(f) is a closed set of L with f(F(f)) C F(f) and dim F(f) < 0. In
particular, if x € L — F(f), then there is a neighborhood U of z in G and a
natural number n(z) > 1 such that f*(U) C UL, G; for each n > n(z).

WHERE &5 &

Corollary 2. 11 Suppose that a map f : G — G of a graph G has sensilive de-
pendence on initial condilions. Lel f:(G, f) = (G, f) be the shift map of f. Then
M*(f ) = {Y1,..., Yy} is nonempty and a finite set and the following conditions
are saizsfed

1. YiNY;(i # j) is empty or a finite set of periodic points of f.

2. Both f and f~' are chaotic on each Y; in the sense of Devaney, there is a
continuum Z; in Y; and a natural number n(i) > 1 such that Z; is f*0-
invariant, Uyl f*(Z:) = Yi, fHZ)NT¥(Z) (0 < kb # K < n(@) — 1) is
empty or a finite set of periodic points of f for each i, and f”(”lfL (Z;) s
topologically mizing. In particular, Z; is a u-chaotic continuum of f which is
an indecomposable continuum.

3. There is an f-invariant closed subset F'(f) in CI(G, f) — UN., V) such that
dim F(f) <0, and if z € [(G, f) — (UL, YiUF(f)] and any € > 0, there is a
neighborhood U of x in (G, f) and a natural number n(e) > 1 such that f*(U)
is contained in the e-neighborhood of UN., Y; in (G, f) for each n > n(e).

—WRIZ, EREE LORIEEGNRT FT 7 X —& LTERINE LE5M0T
TNDSEEDOT T FEHRE LTREDZ L THD, Plykin attractors [42] Z’E:F@
D hyperbolic attractors THY, I 7DV 7 NEBETEEDZ X385 TH
D, TOEFMEIT FEOW” [47) & LTHMLhDERETHD ([47]) DFMSTIEH
ATEHO MRB V-0 . LizidoT, TEOW, 7272 LMoEES 3 L
k. 2EVEEE 428 RIZST BEGAE _EIZIE, expansive homeomorphism 23 7F
ETBHZEeNond, 7 77@ 7 NEB L expansive IZDVWVTIL, IROMUE+Sy
FHERH B,

Theorem 2.12 ([15]) Let f : G — G be an onto map of a graph G. Then the shift
map [ : (G, f) — (G, f) of [ is expansive if and only if f is a positively pseudo-
expansive map with respect to KV where KO is the set of edges of some simplicial
complez K with |K| =

¥52,



ROFEBIE, 777DV 7 VEBIZ X B HETIE, FlE 3 LU Tichl) 5k
{&_EiZ expansive homeomorphism ZHER TX AN L 2R LTS,

Theorem 2.13 ([23]) Let f : G — G be an onto map of a graph G. Then the
following hold.

1. If f s null-homotopic, then f is not expansive. In particular, if G is a tree,
then every shift map f is not expansive.

2. If a graph G contains a simple closed curve, then there is a map f : G — G
whose shift map f is expansive.

3. If rank(H1(G)) < 2 and f is expansive, then (G, f) can not be embedded
into the plane R?. For each k > 3, there is a map f @ Gy — Gy such
that rank(Hy(Gy)) = k, f is expansive and (G, f) is a plane continuum. In
fact, if k > 3, there is a Lakes of Wada with k lakes admitting an expansive
homeomorphism. This result implies that an expansive homeomorphism on a
plane continuum which separates the plane into n domains (n < 3) can not be
obtained from any shift map of a graph.

4. If f is expansive, then W*(z) = V¥(x; X) is the arc-component of X = (G, f)
containing z, Wé(z) # V*(z; X), and they are 0-dimensional, respectively,
where

W(z) = {y € X|limy_.ced(f(z), f(y)) = 0}.

HHE 7 expansive homeomorphism DIFEEIZDOVNTIETEH [12], Lewowicz [37] @
ERTAREFRER DD, 2737 FCRVEREOBAITIL, WE [36] DEEHE M
(22T M x (0,1) ki expansive homeomorphism STEET 2 2 L 2R LTS,
FIZ open n-ball (n > 2) EIZiX expansive homeomorphism 2 FAET %, &
BELT, ¥7 MNER LI DER [36] &7 NEBDT b5 7 Z—~DHDALE
FRATDE, RERTZENTES,

Theorem 2.14 ([26]) Let M be a surface and let M(n) be the surface obtained by
deleting from M n disjoint 2 cells. Then

1 if M # 5% P? K? M(n)(n > 1) admits an espansive homeomorphism,
2. M= P K® andn # 1,2, then M(n) admits an espansive homeomorphism,

3. if M = S® andn # 3, M(n) admits an expansive homeomorphism.

EOEBEDL, 2, 3LUSNOEBIIFEETB0E 5 pxbdso TORLY,
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3 [EEE

FIRE . % 3 DLA T 2EkEfA T expansive homeomorphism AT 5 %
DIFFET H02? 22124517 5 indecomposable plane circle-like continuum 1 & 5
2> ? BFIZ, the pseudo-circle {LE 5 7> ?

RRE : hereditarily indecomposable continuum Texpansive homeomorphism % &

BT BLDNHIN?

FUIRE : tree-like FIZIZ trivial shape, or pro-mi(X) = 0 723 {4 Texpansive home-
omorphism ZFF2b DA3H D7 ? weakly chainable tree-like continuum THLE 9
P

RORE : EEAIOEGHE T minimal FEERZHET D bO2nEE L,

FIRE : chainable 7Z2EEER)S topological entropy h(f) > 0 Zf7/= 9 RFIEEAR f %=
FFART D72 BE, horseshoe F7zidindecomposable continuum % & e ? —i%IZ,
R(f) > 0 X EDOREEFGEDEME L BT 5 D0 2 #l21X. non-Suslinean %
BT 502

MR8 : 3Tl bn2—7 U FZER] L2 minimal homeomorphism 1Z7FAET B 02
(2RTDOBEIL, Brouwer IZE VFELEZNI EBEHILTVND)

MIfE : B /A—a7 « B2 F—0 depth ZRET D BWOHIEIZ RV B, 7
F 7 OBEVIAN? arc, tree DFEIL2LLT, 3UTTHLZ BB TS,
F 77, dendrite. MHE FETIHEATOFE ordinal numbers & & VEDZ L0¥bnd
29,
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Free topological group and the inductive limit topology
WHE #= (FERZEEEFEN)

1. i

PAEZER] X S HERLE T free group & F(X). free abelian group & A(X) T
RTIERULET, DED,

oy

F(X)={g=af"23 2z € X,e; = £1,n € N},

n

AX)={g9=ez +egzr+ - +enzy 2 € X,6; =+1,n € N}

TRINBWEELLET, TI T, ZEH X D topology Z KBS HE S group topology
T 2 F(X) (A(X)) LICEATHZ2DOTTA, ROLDHEMEEREZTEE, HUR
F52E->T F(X) % free topological group on X, A(X) % free abelian topological
group on X LRI EIZUET (3], [7])

()T & X THIBETSETLD X @ topology £ZEL <MD, DEN. X &
F(X), (A(X)) DEBRZERELTEENTWVS,

(2) X DS{EED (abelian) topological group G ~DEBEEHE f ITHL., [ 2
F(X), (A(X)) £ f 2GR U2 HERIBEGRE L&, DED
F(9) = flay) flaa)® - )
(F(9) = erf(z1) + &2 (z2) + - - + enf(Tn))
for each g = z{'25*--- 25 € F(X), (9 = €171 + €220 + -+ + €,7,,) EEFTUI
CE, fNEICHEBEERD,

ZZT. (2) MBI, ROKDICEVWHRADZENTEET,

(2) T 13 (1) 2W=TE D7 F(X) (A(X)) LOB> EBHIN group topology T
B 5.

ST, F(X), A(X) OIAERIEE IR T OREEIEE LD EEBICEMICR> T
E7, TS, ETRNEEBEDNSIIMEDVAZVWDO TN, BT ¢, (0) DiFEE



FaHTHhDETOEMINSNEERNWET, SEOERZESDICTHZEDNEE
REEIDT, CZCTEDEBEZHRNLTBEET,

AX) DiFE
[12] TOEFRIIESRBZOTIITIR[I6) TEES N HDERNMLET,
F9, B X LOWMK—ERE Uy ETB, TIT
P:{PCZ/{XPZ{UI,UQ,}} CI:,L/\
VP:{Ul,Ug,}EP@Zi"fbVC\
W(P)={g=z1—pr+z2—y2+ -+ ot — W
2 y) €Us, t=1,2,... ,k,ke N}, ZLT
W= {W(P): PeP}
EBEFT, TBHE ZOWMNDREERERDET,

F(X) OiFE [14]
P(X) & X LTERINZTNTOELR pseudometric ZEDEEAELET,
Vp={py:9 € F(X)} CPX)F® izl
pp(v) = inf {300 py. (i, y:) 1 v =TTl giziiy; “'g; '} for each v € Fy,
Bl Fo={v=IL e € F(X): Zl,ei=0neN}, &T5&Lp, 13 F Lok
%t/ seminorm E725 T EMGEATEE T, THEIDEE,
{{ve Fy:p,(v) <1} :pe P(X)FX)

Ne DILFERERBDET,

& C. free topological group IZEAT B, TNAEFR S Nz 1940 FEEM B,
ZLDEFFECI>TENTEELE, BEATHHEU 1940 FERIZ Nakayama [8],
Kakutani [5] DFXH D £9, g, BECESETOHERERPSETELN
TEREFNRBFEEIIDNTI, 1993 F O MAROY— -« VORI LAOHRELICE
ZFFELEDTENZSEZIZLTTEN, ([1] 1 F(X),AX) D survey A< E
NTVET, ) TIT, FEIFENUBICESNTEHF L OERZPLIRNZN
ERWET,

2. INDUCTIVE LIMIT TOPOLOGY

P, LIZB< oM F(X) KBEL TESSREE T, AX) OBEbRAKT
TOT, BELSMNIECHES BN SICLET,

AGO‘



STHIETRNZL DT, F(X) OPAHRMGEIRZORBIEE £135 5351k
WMo TVWET, LAL—F. &ne NITHL

FuX)={9€e F(X): ¢ DHEMEZRDOEZIN n LIF}

EBFIE. & F,(X) 13 (X@X ' @{e}) 15 OERITEHETE i, DBITE-oTVE
TU. EBIT Fp g (X)\Fo(X) 13 b KEBHBREFM, DFED (XX 1@ {e})!
DEAZER EEZ SN2 D TEDMEHEEIIRNLTNHD ElxoTnET, F2
T, F(X) =UZ, Fo(X) £ TWBZEIZEB LT, F(X) @ topology 2% {F(X) :
ne€N} TOESRETERVWNEVNIBENEZASNTEE L, ZOREZIERE
WWBRRD7ZOITIEET. KOEBMNBELIZDET,

Definition 2.1. F'(X) 2% {F,(X) : n € N} @ inductive limit T3 &I, ( LitE
P(X)=lm F(X) EECZERUET, ) RVMILTHEEELET,
F(X) DEREE U IZBNT, Vo e NIZHL UNF,(X) 2 open in F,(X)
7251 U 1 open in F(X) TH 5,

ZDEFZEAND EMBEIIROIDITRRENET,

Question 2.1. F(X) l3WD, DD X BNESVWIRERMETEE, F(X) =
lim F,(X) &350 E5ICE. F(X) = lim F,(X) &735700 X OREEF
A I

fAH7E Z & TN inclusion map ¢ : X — A(X) 20 L 2 EiE /RS &
i F(X) = A(X) v &, F(X) = lim F(X) 25 A(X) = lim A, (X) &7
HIENONDET, ZOFEEBUBNBEWER SN THENET,

T, ZOMEIIHT 5HADOERIT Graev [3] Lo THELNE LA, DED,
X 7 compact THNL F(X) = lim F,(X) 12725 ZEMEAZINZDTTH, 2D
FEHRIE. Mack, Morris and Ordman 6] Lo T—MRILEN, S X W k,-space
ThhT F(X) = Im /o (X) KD ZEBRLUELTZ, ( TNHDFEEIT AX) 1T
DWTHHALLET, ) . BOWHLETARBRESNAN /2D TTA, 1994
HIT78 5 T Tkacenko [13] BRDIERE/E Lz,

Theorem 2.1. X % pseudocompact space &9 5B &, KINFEILT 5,
F(X) =lim F\(X) <= Vn € NIZHL X 4% normal countably compact L7825,

Free topological group IZB89 %% < DHRIL. F T free abelian topological group
DHEMNF LI, 12725 T non-abelian DHFEHIZDNTEZLNZDTITA, &
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DFEBITTILED> TWT. AX) OBERERZCHP>TWERA, 2O
BSR4, pseudocompact space D7 T AWE -2 H DD T, 7= & AL E /520
real line R IZH L TE A H ZOFEHED SITHETT D I &N TEER A,

S BIZHITIZ/A ST, Sipacheva [11] 7% countable space (2381} % kD &5 7 F{E
FHFEEELE,

Theorem 2.2. X & countable space T non-isolated point W7z 72— )32 T HEET S
el TNZz £T2, ZOLE F(X) =lim F(X) LRBLETAFHE. X H
ROKGEWIZT ZETH B,

Y collection {U, : n € N} of open nbds of z 128U 3 nbd of V of x s.t. Vn € N
WL VN (U, \Upyr) 728 finite set 12D T ETH 5,

ZDTEZ AX) KDOWTHRRBICRIT 5,

ZOFEBROEMHEIIDLLOHNDIZ VWOT, ZOLRGEEZ TG 20 &D
BAULET, WD sequential fan EIFIZNTWA LM TTM, BN wE
DHD V(w) NTDOEEEHZLET,

V(w) DES:

V(w) = U{S: = {zin : ¢ € N} : n € N} U {z}, & z;, /& isolated point T.
Ur={zin:i> f(n),n e N} 2’ ¢ OEFFHEEARDET, HL, f:N— N: map
ELET,

V(w) BEOEELD F(V(w)) = im F(V(wv)) &2 T A(V(w)) = lim An(V(w)) &
BOET. bBSA. V(w) id pseudocompact TIRIRWD T, Tkatenko DEEM 5
WFHETERVHLVWS A TERDET, ZOFERIZED. compact space DT T A
DEATULDGD D TP 72D, FILWERZAES Z &RV ET, 7272,
PIRO RBIOHRNSBELHB TEER A, TITHEOLED. R, QP £
D metric space IZB D F(X) =lim F(X) £RD5720DDURE+LFEERD S T
LRBVET, |

3. CHARACTERIZATION

ZDEDFERN Pestov & DHFZE [9] TRENEZHOTT,
ETRIIC. FHERIEREDTBEoMmiT Lot DADEEERNLET,
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Proposition 3.1. F(X) 2% k-space L1857 DUBTHEER. & F.(X) B k-
space THD F(X) =lim F(X) ERHZETH B, AX) IKDOWTHRAL,

CDERTHEINSLLASNTWSE DD T, £ F(X) @ compact subset 3%
KHD F(X) TEENSEEIFEERFEALTITHHTEELY, ST, TOHEE
EHOETEZD LTI TEERERER>TL DM, Arhangel’skil, Okunev
and Pestov [2] IZ& 2 THELIVZROEETT,

Theorem 3.1. Metric space X WZBWTKIIFEEE/TS,
(a) A(X) & k-space &72%,
(b) A(X) 1d®H 5 k,-space & discrete space & DFEZEM ERIMEIZIT S,
(c) X V& locally compact THD X @ non-isolated point S 5 755 B4 22
X separable E735,

Theorem 3.2. Metric space X IZBWTRIZEEEZS,
(a) F(X) W& k-space &35,
(b) F(X) & k,-space 7213 discrete space E755,
(c) X W& locally compact separable space E7z13 discrete space &725.,

CDFRESRMFIC AX) = lim A(X) TUT F(X) = lim F(X) 2YAS O Tid7z
WhEWDITRZ/TEDTIT A, Proposition 3.1 0. A(X) A% k-space 7% 513
A(X) = lim A, (X), F(X) = lim Fy(X) E720 0T, A(X) = lim Ay(X) E7242
F(X) = liEian(X) 7o TNBHEEIT, X A% Theorem 3.1 & Theorem 3.2 DEN
TH (c) DEHEEH=THEIDERARNTRNUI LI W EICRVET, 22T £
Theorem 3.1, 3.2 @ (c) DERBEMIZXIRNETBHE, EHINIERNEDNERHR
HERDIENGMNOET,

X 7% locally compact TZ2W& T 5 &, hedgehog space J(Rg) A% closed set & L THE
BENnTns,

X @ non-isolated point & 5725 ERZEMIA separable TRV &5 &N EFI
DIETTERD topological sum S = Bacw So, BL Sy = {z4,n 1 n € N} U {z,} 13K
R, 2 closed set & U THEEINTNS,

X 7% separable T® discrete THRWE TS &, PERES C = {z,, n e N} &3En]
BE®D discrete space D = {d, : a € w;} ED topological sum T = C @ D % closed
set EUTHERENTWS,
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ST, metric space X EZD closed subset Y IZBWT, V HhEERIND F(X) D
topological closed subgroup 13 free topological group F(Y) & topological isomorphic
([10] ) TT L. F(X) =lim F(X) THNEFY) = lim F(Y) &0 &ET. I
i AX) KDOWTHWAETOT, L0 3DDLMICDNTHND = ENEEIC
DETH, KNGEESNZHETT,

1. J(k) EDWT
J(k) = {8 ={za; 11 € N} : @ € k} U {2} 13 & L Tid sequential fan EF U T
T, z OEREENRTELSNET,

EneNIEHL., U, ={z,;:i>n}U{z} 7z OEKTLE,

Theorem 3.1 &V A(J(x)) V& k-space &3 D EFA. F2THITDWTIELIRTIC
AR Z ETTA ([15), [16] 2B ) & A,(J(k)) 13 k-space &725 T ENDM o
TWETY, &Ko T, Proposition 3.1 £ A(J(k)) # lim A, (J(k)) £725 Z &N H
DET, £oT F(J(x) #lmF,(J(x)) LR ET,

2. SIZDO0WT
SIDNWTI A(S) # lim A, (S) LIXBBEEHEALET, DED. A(S) O
DEREET. EneNIHL ENA,(S) 13 A (S) Tclosed £7250 0 E\E &
BEBOZENELINDOTTAN, EBRRDODLSITEDET,
Vacw \wiZHL {f:feal={o:1cw} EBBEZHIRBLTBEET,
TIT, BneNITHL,
By ={tan — 2o+ 1(Taym — Ta;) € A(S) in <m < i,0 € w; \w}

EU. B =UR, By EBSETNARDBBOEBDET, £oTo A(S) # lim 4,(S)
BD F(S) #imF,(S) &85 T EMADDET,

3. TIZDWWT

T 1d Theorem 3.1 @ (c) FHEZL TWETOT, A(T) =limA,(T) &725 2 &M
AMDET, SBEROE. F(T) #limFy(T) TTOTINE TOMD LS ICIE
HIZETERWLDBRTFENRD 72O TTI, BEOEINZFRTDIZE  DERIAN
Mo TLUEWE L, HREMICIZFAHTEZOTTA, ZOFIZEEDH inductive
limit IZBAL T abelian DB E LTI TRNEEZDEES TERAFERITRDE—DH
LizoTWET,

ST, TORAFETTNEBICT I ZHINIRFIET, K02 EmE
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FIBER [ F(T) — A(S) ZHELL. A(S) # lim A,(S) THBENS 2 DR
IJRESVHDTT, —HIDHETIE, EBRICF ( ) DEHEE E TE ENF(T)
13 closed in F,,(T) 20N ES E &% not closed in F(T) &722BAERHNL <5
MBEIRRVWODT, RIZEOHZMALET. BL. ROKEG E NI ORMFZMWILT T
EERTICE, RV EFEOERGRERUER [f OBITELELLET,

2 EFALEIICET. Vacw \w il {f:fca)={a:icw) EBEEHM
FaBLTBEEY, £IT. EneNiTHL,

E, = {datpz™ d (dotme )" in <m <4, € wy \ w}

Uy E=UpL B, B EINDRDZDBDERDET, #&R F(T) # lim F(T)

75?@%?5315@'(’3‘

LAEDHERIZEL D, ©T/2< Theorem 3.1 & 3.2 DEMADEHEEELL T AX) =
lim A4, (X) & F(X) = lim F;,(X) RTMH2 LA TELDTY, WHTHE
ETERDEIIITEDET,

Theorem 3.3. Metric space X IZBWTRIIFME LS,
(a) A(X) & k-space E72%,

(b) A(X) 1d® % k,-space & discrete space & DFEZEM EFMHICRS,

(c) A(X) = lim Au(X),

(d) X 13 locally compact THD X @ non-isolated point ZRM 5725 7H 22
I\ separable &£725%,

Theorem 3.4. Metric space X IZBWTKRITEME L2 5,
(a) F'(X) 12 k-space &735,
(b) F(X) & k,-space £7213 discrete space L7835,
(¢) F(X) = lim Fy(X),
(d) X V& locally compact separable space E72Vd discrete space L7125,
WREELT, F(R) = lim Fa(R), A(Q) # lim An(Q) & LT A(B) # lim A,(B) &1
BT EREBDNBDTT,

4. APPENDIX

Theorem 3.3 & 3.4 2T metric space X AV isolated point 2 < B2 I AT
TWTH, AX) ITEU TEEEITRWA, F(X) ODSERIEEENH S Z &IZ&00
NBHEENET, ¥, DI EFRITH metric space ITRE272Z ETIEARI WD T
HLAIRBDE LR > TWEDTTH, D URIMAZED > TEE L7z, Theorem 2.2 D
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BICHIT &2 sequential fan V(o) WEDRMEZEZ B TT, V(a) i3HITP metric
space T2 WD T, Theorem 3.3, 3.4 ZEATAHEIITEERA, LrLENSE,
Sipacheva D#ER Theorem 2.2 £ V. o NEBDOEHEIL, F(V(w)) = lim £, (V(w))
HD A(V(w) =lim A, (V(w)) £RBZEBHMOVET. —H, a BEATRELLET
ELPRAR o =w DEZ V(o) OFIZIE closed set &L TRIED 3 @ T MR
ENTVRET, LoT F(V(w)) #lim F(V(wn)) EBDET, ZOFER F(X) 2
BI L Tl isolated point ME W ERENLEDH B &1 D Z & DR s Bin D THvE
NN ETATY, T, A(V(w)) KELUTIZHE THMERNEE TN 2720
TN, FRANZEEZIDMERS AV(w)) =limA,(V,,) £&5EBoTY
DT, ETHN. DOEERED 2 TS FEE AV (wy)) KHEAL THEE
5 A(V(w)) #1lim A, (V(wr)) 122D ZEBFMDELZ. DED A(V(wy)) OFEB
NEE EEBRODEIDICERELET,

EI V() = {20, i € Nya €wJU{e} EELTBEET, £IT. Vaecw \w
WKL {f:feal={a:icw} EHBEFRZMIRBLTBEET, EneNITHL,

By ={%an — Tai + (Taym — To,z) € A(S) in <m <i,0 €wy \w}

EL. E=UL B, &B<E & ENA(V(w)) B A(V(w)) T closed &7
0 E\E &5 ENGEEHENET,

ZDE DI, metric space TIRWY SATRELZFZRERNPDLDOND LNE
A,
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BRAID MONODROMY OF ARRANGEMENT OF
COMPLEX LINES
Nguyen Viet Dung

The purpose of this paper is to give a method to com-
pute the braid monodromy (in the sense of B. Moishe-

zon) for an arrangement A of complex lines in t?. This
braid monodromy has been determined before by M.
Salvetti for the case when A is an arrangement of real
lines in £? using his complex. Qur computation here is
based on the so-called labyrinth of an arrangement of
complex lines.
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VASSILIEV TYPE INVARIANTS OF ORDER ONE
OF GENERIC MAPPINGS

Toru OHMOTO

Department of Mathematics,
Kagoshima University

ABSTRACT. Thisis a short expository note on Vassiliev type invariants for generic map-
pings. As well known, it is V.A Vassiliev that firstly introduced graded knot invariants
( knot invariants of finite type ) by using appropriate startifications of the mapping
space from S! to R? ( [30], [28] ) . Laer, his method was used to produce numerical
invariants for immersed plane curves ( Arnold’s J* and S¢ invariants [3], [4] ) and for
generic mappings from a closed oriented surface into R® ( Goryunov [10] ). In this
note we shall quickly review these works and describe in a formal way Vassiliev type
tnwariants of order one for isotopy classes of generic mappings ( especially, C°° stable
mappings ). Such an invariant corresponds to a l-cocycle of the“Vassiliev complex” for
A-classes of multi-germs. As one more concrete example, we will descuss on Vassiliev
type invariants for C°° stable mappings from a closed surface to the plane ( cf. [21] ).
Throughout this note, we assume that all manifolds and mappings are of class C°.

§1 INTRODUCTION

Let N be a closed C* manifold of dimension n and P a C'* manifold of dimension
p. Recall that f is C°-stable ( simply called stable ) if there is a neighborhood I/ of f
in the W topology on C*°(N, P) such that ¢ € ¢ implies that there is h € Diff(V)
and k' € Diff(P) such that g = h'o foh (i.e., g is A-equivalent to f ). In other words,
the A-orbit of f is open in C®(NV, P). We shall say that two C'™ stable maps f and
g from N to P are C* stably isotopic ( or simply, isotopic ) if there exist a C'™®
mapping F': N x [0,1] — P such that

(1) foreach 0 <+ <1, themap F; : N — P sending z to F(z,t) is C™ stable ;

(2) Fo = fand Fy = g.
It can be shown that the isotopic relation is an equivalence relation among all C*®
stable mappings in C*°(V, P), and also that any two isotopic C'* stable maps are
A-equivalent to each other. We shall often write by [f] the isotopy equivalent class

of a ' stable mapping f.

Let M denote the mapping space C®(N, P) and I' the subset of M consisting

of all C*° maps which are not C'™ stable. The complement M — I' consists of all
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C= stable mappings. When the pair (n,p) satisfies some suitable condition, T' has
"codimension one in M7 : for instance, p < 2n + 1 and the codimension of moduli
spaces of A-orbits is greater than n+41 ( cf. Mather V, [17] ), the regular part I'ge, of
I’ consists of all ¢'*° mappings which have only a (multi-)singularity with codimension
one except for C°° stable singularities ( namely, there is a finite set S of N such that
the germ at 5, f : N,§ — P, f(S) has A.-codimension one, and also that f|y_g is
C=* stable ).

We are interested in numerical invariants of C'°° stable mappings. Let R be a
comutative ring with unit. A locally constant function V : M —T' — R is said a
R valued isotopy invariant of C° stable mappings : for any f,g € M —T stably
isotopic each other, V(f) = V(g). It may be worthy to note that the 0-th cohomol-
ogy group H'(M —T;R) can be regarded as the module consisting of all G valued
isotopy invariants. Let a C'™ stable map fy € M — ' be fixed such as it defines an
argumentation € : Sy(M —T') — R of the singular chain complex S,(M — T'; R), and
then each element of the reduced 0-th cohomology group H(M — T'; R) corresponds

to an isotopy invariant which vanishes on the isotopy class of fj.

Definition 1.1. Assume that R has no elements of order 2. An isotopy invariant
Vi:M—=T — Ris called Vassiliev type of order one if V can be extended to a
function M — R satisfying the following condition : there is a locally finite partition
G of I'gey consisting of some cooriented strata {E;} and non-coorientable strata such
that

(i) V is constant on cach stratum of G , and especially, constantly zero over non-
coorientable strata ;
(ii) V is constantly zero over I' — I'pey ;
(iii) ( the difference equation ) for each cooriented stratum Z; and for any family
of C° maps ¢ = ¢: : (—a,a) — M, ¢o € E;, which is transversal to Z;

compatibly to the coorientation of the stratum, it holds that

V(ED) =V([¢+) = V((d-),  (e>0)

(iv) ( normalization condition ) V is constantly zero on the isotopy class of the

distinguished map fy.

In particular, according to Goryunov’s terminology [10], we state one more defini-

tion :

Definition 1.2. A Vassiliev type invariant V of order one is called local if each stratum

of the partition of I'rey corresponds to a singularity type with codimension one, and
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the coorientation of a stratum depends only on the coorientation of the corresponding
singularity type. ( that is the coorientation of the parameter space of its versal

deformation ).

Remark 1.3. (1) We can also define Z, valued invariants of order one, by ignoring the
coorientability of strata in the above definition. (2) Given any Vassiliev type invariants
V and V' of order one, by taking a refinement of both of accosiated partitions of I'g.g,
any linear combination aV + bV’ (a,b € R ) also becomes an invariant of order one.
Thus all Vassiliev type invariants of order one form a submodule of H'(M — T'; R).
(3) As in [3], [4], [30], there may be several way to coorient strata by using the data

of configurations of singular point sets of maps in IN.

Remark 1.4. In the above setting, as the mapping space M, we consider the space
of all C*° mappings. Of course it is possible to consider the space of C'*° mappings
with constraint as M, for example, the space of immersions S' — R? with a fixed
winding number ( Arnold [3], [4] ), the space of plane aimed fronts ( i.e., Legendre
immersions S' — ST*R? ) with a fixed Maslov index ( Arnold [5], Hill [13] ), the
space of algebraic projective plane curves ( Viro [31] ), the space of Fourier curves
( trigonomic curves ) in the plane ( Ishikawa [14] ), and so on. As to the topology
of the space M of mappings without prescribed singularities ( e.g., Smale-Hirsch’s
immersion theorem and various generalizations — so-called h-principle ), see Ando

[1] and its reference.

Embeddings of o circle into §-space.

Let M be the mapping space C°(S'R3?), T' the subset of all C*™-unstable map-
pings. The element of M —I' is a embedding and the singularity type with codimen-
sion one of maps is only the self-intersection double poiﬂts whose tangent vectors are
linearly independent. Through a finite dimensional approximation of M, Vassiliev
investigated the homology of I' using simplicial resolution of I and spectral sequence
techniques. Presumedly, after Birman-Lin’s paper [7], Vassiliev knot invariants are
formulated as follows : V; is an Vassiliev knot invariants of order less than or equal to
i if V; can be extended to invariants of smooth knotted graphs ( i.e., immersions with
self-intersection points whose tangent vectors are linearly independent ) satisfying
that

(1) the difference equation ( skein relation )

V(X )= v X)-v(X)
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(2) the value on any knotted graphs with more than i + 1 double points vanishes

i

YXX-X=0  der 4>

Tt is easily checked that Vassiliev knot invariant of order one is trivial.
Immersions of a circle into the plane.

Let My be the space of immersions from 5! to the plane with winding number d,
T' the complement to the set of immersions with transversal double points. Note that
using Smale-Hirsch theorem of immersions, it can be seen that Mg is contractible.
Arnold introduced three order one isotopy invariants, the strangeness invariant St,
the direct-tangency J* and the opposite-tangency J~, whose difference equations are

expressed as follows :
F() =700 - 7(X) J(X)=7(=) - 71(X)

SH(3X) = $1( ) - 5:1(°X)

St is not local in Goryunov’s sense , since its coorientation depends on global deta —

configurations of triple points on the circle.
Generic maps of a surface into 3-space : Goryunov’s invariants [10].

Let N be an orented closed surface and let P be R3, then C' stable ( generic )
singularities are of type normal crossings and the so-called Whitney umbrella, or say,
Cross Cap ( ¢f. Whitney [33] ) There are three generators of local Vassiliev type

invariants, say Goryunov invaeriants , which we will see in 84.

ber O

1

Figure 1

Generic maps of a surface to the plane.

Let N be a closed surface and let P be the plane R?, then C* stable ( generic
) singularities are of type fold, cusp and double folds, that is, bi-germ of fold types
whose contours are transverse to each other ( cf. Whitney [34] ) . There are three

generators of local Vassiliev type invariants, which we will see in the last section.
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§2 VASSILIEV CYCLES OF ORDER ONE FOR A-CLASSES

In this section, we describe a part of Vassiliev complex for A-equivalent classes of
multi-germs of C'°° mappings, which will be used to produce order one invariants. As

to general reference of singularity theory, see, e.g., [32], [6], [8], [9].

We comsider the classifications of ”generic” bifurcations of multi-germs with 1
and 2 parameters : For coorientable A-equivalent classes of multi-germs with A.-
codimension 1 and for A-classes of multi-germs with A.-codimension 2, we take

miniversal deformations of multi-germs representing these classes, denoted by

Fi :R" xR, S x {0} > R,0, (:=1,---,10).
Gi:R"xR? 5; x {0} = RP,0, (j=1,---,0).
( There may be A-classes with A.-codimension greater than s (s =1,2) which

however admit topologically versal s-parameter deformations. We add these classes

to Fy’s and G;’s under our consideration. )

We can assume that every F; (resp. G, ) is presented at each point of S; ( resp. S}
) as a polynomial map-germ. We fix the orientation of the parameter space R of each
germ Fy;, by which the corresponding class are cooriented. We also fix the orientation
of the parameter space R? of each germ G j(ky, although the corresponding class is not

nacessarily coorientable. We simply write (F});(z) = F(z,?) and (G5)p(z) = Gj(z,p).
Then we set as a formal way

Cl(Af,f;) := the free R-module generated by {F,--- , F},
C*(Anyp) := the free R-module generated by {G1,---,Gr},

‘We should remark that for each F} the A-class of the induced deformation ¢ F;, where

¢:R,0— R,0is a germ of an orientation-reversing diffeomorphism, is identified with

—F; as an element in C’ (A;’l’:;, .
Next we shall define an operator § : C1(A9%) — C%(A,,). To do this, for every

pairs of F; and Gj we define an integer [F; : G;] as follows. Simply, we write F and
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G instead of F; and G;. Let G : U x W — R? be a representative of the germ G, U
an open neighborhood of the source points § C R" and W an open neighborhood of
the origin in R?. We let Wr(G) denote the set consisting of p € W satisfying that
there is a point y € R? near 0 and a subset S, C ép— !(y) such that the multi-germ
ép 1 U, S, — R?y is equivalent to F. If Wr(G) is empty, define [F : G] to be zero.
Otherwise, by the multi-transversality theorvem, taking U and W sufficiently small
if nessacary, the closure of Wg( é’) is one dimensional semialgebraic set in W whose
closure contains the origin ( since the closure of a A-finite orbit in a multi-jet space
becomes a semi-algebraic set ). In particular, it turns out that there is € > 0 such
that for any 0 < € < e, the circle S, centered at the origin with radius € is transverse
to Wr(G). According to the fixed orientation of the parameter space of &, we let
the circles be anti-clockwise oriented. Since the class equivalent to F; is oriented,
the stratum W F(G’ ) has cooriented. Thus an intersection index of S! and TfVF(é') is
well-defined, and we denote it by [F': ¢Z]. Obviously the integer is independent of the
choice of the representative G, and if we take another orientation of the parameter

space of (7, the index has opposite sign.
Now we can define a R-homomorphism

l’
or ,A"” R) — C*(Anp;R), by 6F;:= Z[E : GGG

j=1

Definition 2.1. Let ¢ be a non-trivial element of CI(A;’}'J such that éc = 0, then we

call ¢ a Vassiliev cycle of order one for A-equivalent classes of multi-germs with the

pair of dimenstons (n,p) .

Remark 2.2. Vassiliev complex! was introduced in [29] ( and [27] ) in the study on the

! The complex has various topological information of the formation of singularity sets of maps
: For example, consider A-equivalence of map-germ R™,0 — R” 0. Let G be a certain A-invariant
stratifications of the jet space .J'(n, p), I being sufficiently large. We set for non-negative integer s

C*(G) := the [ree R-module generated by cooriented strata of § with codimension s.

We can define the index [F : G] for each stratum F of codimesion s and G of codimension s + 1,
in the same way as just described for our case of multi-germs of codimension 1 and 2. Hence the
coboundary operator § : C'*(G) — C*t1(G) is defined. Each cycle of the complex corresponds to an
A-invariant geometric cycle in J'(n,p), and then we can also define a geometric cycle in the total
space of the jet bundle J/(N, P) of any n-manifold N and any p-manifold P. It turns out that for
each cycle ¢ and for any mappings f : N — P whose jet extension is transverse to the corresponding
cycle in JI(N, P), there is a polynomial of Stiefel-Whitney classes of TN and f*TP equal to the
dual to the homology class represented by the singular set of f of type c. The polynomial is called
Thowm polynomial for the singularity type ¢, ( cf. [26], [11], [20] ). In particular, for a cycle ¢
with codimesion n, it is possible to count the number of singular points of f of type ¢ in terms of
topological information of TN and f*TP. It can be regarded as a ganeralization of Morse’s equality
or Poincare-Hopf theorem.
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combinatorics among equivalent classes of singularities of map ( or function )-germs
under various equivalence relations, e.g. A, R, K etc ( see also Chapter IV of [6], and
[20] ). As to related topics and further developments, see [27]. and e.g., [19], [16],
[12].

§3 INVARIANTS OF ISOTOPY CLASSES OF C'*
STABLE MAPPINGS TO EUCLIDEAN SPACE

In this section we treat with the case that P = R?. As in §1, we let M denote the
mapping space C*®°(N,RP), I" the subset of all non-generic ( C*° unstable ) mappings,

and fy a fixed generic mapping in M — T

First, since the target space is a linear space R?, it is easily seen that the mapping
space M(= C®(N,R?)) is contractible. In particular, any generic mapping f can
be joined to fy by a smooth homotopy 7 : N x I — RP, I = [0,1], with 7(z,0) =
folz), 7(z,1) = f(z), for instance, which can be acheived by fy +t(f — fo). For
t € I we simply set 7¢ : N — R” to be the map sending = to 7(z,t). It is convenient
to regard a smooth homotopy as a continuous path in the mapping space M with
Whitney C™ topology, and when we distinguish them, we will often write 7 : [ — M

(le,7(t) :==7¢ ).

By using the parametrized transversality theorem, we can assume 7 to satisfy that

there is a finite subset A of I such that

(1) at each point ¢ outside A the map 7; is a C* stable mpping ;

(2) at each point ¢ of A there is a point y of R? and a finite set S C 7,71 (y) so that
the germ 7; : N, S — R? y is A-equivalent to an oriented class in C 1(%1‘,’2’: 1’;
and the germ at each point of 7,7!(y) — S is non-singular.

For a smooth homotopy 7 satisfying the property, we say roughly that the path 7 is
transverse to the discriminant I' . For such a path 7, we define an integer €;(7) to
be the number ( taking accounts of sign ) of events of local bifurcations of type F;
moving along the path 7. Namely, if the germ 7 at S x {¢} is equivalent to the normal
form of the class F; compatibly on the orientation of parameter lines, we count +1,
and otherwise —1. Summing up the signs at all events, we obtain just e;(1). We

regard €;(7) as the intersection index of the strata of type F; in T’ and the path 7.

Let ¢ € kerd, a Vassiliev cycle of order one, and assume that ¢ is written as a

linear form Zf: | AiF; where F; are generators of C I(AZ':I’;) and A; € R. For ¢, f and
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7, we define an integer I.(f;7) by
L(f;7):= z Aigi(T).
=1

Lemma 3.1. The value I.(f;7) depends only on the isotopy classes of f and fy (

docs not depend on the choice of T ) .

We shall write it by I.(f; fo) or simply I.(f). This defines a homomorphism
I:keré — H°(M —T;R), and the image is the set of isotopy invariants of local

Vassiliev type of order one as described in §1.

§4 GENERIC MAPPINGS FROM A CLOSED SURFACE
TO THE 3-SPACE AND (GORYUNOV’S INVARIANTS

Let us consider a C* mappings from a closed oriented surface N into R®. A.-
finite germs R?,0 — R®,0 ( up to codimension less than 6 ) was classfied by David
Mond [18], and all' A-equivalent classes of uni-germs with A.-codimension less than

or equal to 2 are listed in Table 1 below.

Uni-germs

+ }
B(AD N s =~ K(A) 0 . P <)
---------- A KD
Bi-germs
E = H
=
S @ @ —

Figure 3

Generic 1-parameter bifurcations of R?, 5 — R? 0
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Table 1
A-codim. Type normal form
0 regular (z,y,0)
0 Ag(WhitneyUmbrella) (z,9%, zy)
1 Af (z,9%,9° £ 2y + ay)
2 Ay (z,y%,9° £ 2%y + azy + by)
2 By (#,9%,2°y +4° + ay® + by)
2 H, (z,2y +y° + ay® + by®,y° + ay)

Goryunov determined Vassiliev type invariants by careful studies on the partition
of T'Reg

Theorem 4.1 [10]. Let M be an oriented closed surface. Then the Z-module con-
sisting of local order onc invariants of generic smooth mappings M? — R® is freely

generated by the following three basic invartants :
(1) L =2T+C; (2) I,=B+K,;

B) L=E*~-E'+H +T+C™"+CT~ 4+ Bt +K*

Remark 4.2. (1) Taking any embedding N — R? as the distingushed map fo, then
for any generic map f, I;(f) ( resp. I,(f) ) is the number of triple points ( resp. the
pair of Whitney umbrellas ) of Image of f. I3 mesures a modification of the number
of opposite self-tangency (i.e., tangent points, two sheets at which have opposite
orientations ) occurring during a generic homotopy between mappings. (2) The Euler
characteristic of the image f(/V) of a generic map f is a local invariant, because
Izumiya-Marar formula [15] implies that x(f(V)) = x(N) + L(f) + L,(f).

There is an interesting application for bifurcations during arbitrary sphere ever-

sions.

Corollary 4.3. [10] The number N(x) of bifurcations during a generic sphere ever-

ston are subject to the following relations :

(1) N(T)=0;
(2) N(E*)—N(E°)+ N(H")= -1 ( the number of opposite self tangency )
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§5 GENERIC MAPPINGS FROM A CLOSED SURFACE TO THE PLANE

Now let us consider the case where IV is a connected closed surface and P is the
2-plane R% The lists at the end of this section show all A-cquivalent classes of multi-
germs from the plane to the plane with A.-codimension less than or equal to 2. The
clssification of uni-germs was carried out by Rieger [22] and Rieger-Ruas [23] ( see also
Arnold [2] ), and we use their notation for uni-germs ( for multi-germs, see [21] ). For
1-parameter deformations, we consider A-equivalent classes of oriented deformations.
In the list, every multi-germ N,.S — Py, S = {pr }, is described as the set consisting
of I germs R™,0 — R?, 0 taking local coordinate systems of N centered at pp and a

local coordinate system of I centered at y.

As to the coorientation, we define the orientation of the parameter line as the
direction such that the number of cusp points and double fold points increase for
uni-germs and bi-germs, and the number of sheets covering the “vanishing triangle”
increases for triple fold points, Ty and 7y. Figure 4 depicts local bifurcations of

apparent contours and shadows ( the image ) of the map in these direction.

This proposition follows from direct computation :

Proposition 5.1. The coboundary operation & : C1( A7} Z) — C*( Ay 2; Z) is deter-

maned as follows :

60t =[4s], 60 = ~[43] - 2[115], &5 = 2[11],
§FFT = —[115]+ FC, 6FF; =—-Q-, 6FFT =Q_+ FC,
S§CFt=Cy+C_+S5—-FC, 6CF =-C,—-C_ -5~ FC,
6T, =—FF, —FF, +CF, +CF;,
§T_=-S+FF, +FF, +CF,+CF.
In the case of coefficients in Zq, the above equalities hold modulo 2. Solving the

equation ¢ = 0, we can determine order one invariants [21]. Here weset C = CT+C ™,
CF=CF"+CF ,and FF~ = FFy + FF] -

Theorem 5.2. The submodule of H*(M — T',Z) consisting of local Vassiliev type

wnveriants of order one are freely generated by the following three invariants :

I :=C+ 5,
Ip:=S+2CF+2FFY +2FF~,
Ip:=92FF~ +CF

_80_
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Theorem 5.3. The submodule of HY(M — T',Zy) consisting of local Vassiliev type

imwariants of order one are freely generated by the following three invariants :

IC;Q = C, ID;Q = S,IF;Q =CF.

Remark 5.4. (1) The choise of fy is of course not unique, and there is no standard
way to choose it. (2) There is a parallel argument to Goryunov’s invariants : The
value of the invariant /¢ is equal to the difference between the number of pair of cusps
of f and one of the distinguished map fy. Also the value of the invariant Is is equal
to the difference between the number of transverse double fold points of f and one
of fy. Ir mesures a modification of the number of opposite self-tangency of apparent

contours occurring during a generic homotopy between mappings.

Uni-germs

by b
AERE

— —p>
— —
Figure 4

Generic 1-parameter bifurcations of R% S — R? 0
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Table 2

Stable-germs

Type normal form f(z,y)
reqular (z,v)
fold (z,y?)
cusp (z,9° +zy)
doublefold (z,y*), (_:v’z, y)
1-parameter deformations
Type versal deformation F'(z,vy, a)
C*(4y) (z,y* £y(z? —a))
S, (5) (z,y* + 2y — ay®)
CF* (z,v* + zy), (iy'z—a, z')
FFY (z,y* +a), (2" +y'7)
FFy ,FFT (z, Fy* + a), (;r’,:r’ziy’z)
Ty, Ty (z+y%z -y +a),(z',y"), (F="*,y")
2-parameter deformations
Type versal deformation G(z,y, a, b)
4y (z,y® + 2%y + az’y + bay)
6%(7) (z,2y +y° + (£y") + ay® + by?)
115 (z,2y° +y* +y° + azy + by)
I;:; (22 + o> 4+ ay, y? + 2% + bx)
II;,’; (2?2 —y? + 2° + ay, zy + bz)
Cc* C* and (z'* +b,y")
S S and (:0’2 +b,y")

Qx (e,2* —az +9%), (¢',+y” +b)
F~F+ (msz —!—yE),(:C',y’Z—}—a),(:E”Z —{—b,y”)
FF,, F~F1_ (z,22 +92), (¢, Fy'* + ), (z""% + b, y'")
cC (m+a,y3+xy),(y’3+:c'y’,:c’+b)

FC (c+ay +ay), (> +az+b)
CNFEh62 (z,y° +zy), (z'+ ey’ z' — ey’ + a),
(e1,€2 = £1) (2" + eay"?, —2" + eay* + b)
j—'(h T1 * TU,l and (zm + ym?’ gt + ym'l 1 b)

* Ty,1 are topologically versal deformations.

_82_
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Normal Surfaces Immersed in the Figure-8
Knot Complement

Saburo Matsumoto

June 16, 1997

1 Normal surface theory for the figure 8 knot
complement

We begin by describing normal surface theory as applied to the figure 8 knot
complement. We refer the reader to [He] or [JT] for the theory in its full
generality.

Although the theory was developed mainly in the context of embedded
surfaces, we consider immersed surfaces in general. These surfaces are not
necessarily connected or orientable.

We begin with a short exposition of the theory of embedded normal sur-
faces, along the line of [He], included for completeness. The theory was first
developed by Haken in the 1960’s (see [Ha]) and used by him to prove several
important results in the theory of 3-manifolds.

Let M be a compact 3-manifold with or without boundary, and suppose
T is a fixed triangulation of M; here T' may or may not be ideal. Let 7 be
a tetrahedron forming part of T. A normal arc in 7 is an embedded arc on
some face of 97 which has endpoints on different edges of the face. A normal
disk in 7 is a disk properly embedded in 7 which intersects each face of 7
in at most one normal arc. There are exactly seven normal disks for each
tetrahedron in 7. Normal disks may have only three or four sides; those with
three sides are called T'-disks, while those with four sides are called Q-disks.

Definition 1 A surface F' properly embedded in Mg is a normal surface with
respect to the triangulation T if F' meets each tetrahedron of T in a collection
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of normal disks, such that the normal disks within any single tetrahedron of
T are disjoint.

Suppose there are ¢ different normal disks in 7'; order them in an arbitrary
manner. We can now construct the normal solution space for the pair (M, T),
as the vector space with one dimension for each normal disk in 7. A normal
surface F' in M with ¢; normal disks of type 7 corresponds to a vector Vp =
(01,09,...,0m). A convenient abuse of notation lets us write F for Vp and
vice versa.

We may determine the set of possible vectors corresponding to surfaces
in the following way. Choose a tetrahedron from T, a face from that tetra-
hedron, and a normal arc type v from that face. For any normal surface F
in Mg, the number of normal disks on one side of the face which contain v
as an edge must be equal to the number of normal disks on the other side
with the same property. This gives a set of linear equations, one for each
normal arc type, called the matching equations. The solution to the matching
equations is a subspace of the normal solution space. The vectors which may
correspond to normal surfaces are the vectors in this subspace which have
non-negative integer co-ordinates. Vectors with other co-ordinates have no
geometrical interpretation and are discarded.

A further criterion is necessary in that case that the normal surface F is
embedded. If any tetrahedron of 7" contains two Q-disks of different types,
then these must intersect and the surface F is not embedded. Hence, we elim-
inate vectors with this property from our set of solutions. This criterion does
not apply in the case of immersed normal surfaces, In the case of embedded
surfaces, there is a one-to-one correspondence between vectors satisfying the
above properties, and normal surfaces in My. This correspondence breaks
down in the case of immersed surfaces.

Now, let Mg be the figure 8 knot complement, and 7" be the canonical ideal
triangulation of Mg given in [Th]. We can form T by taking two tetrahedra
7y and 73 and identifying the faces so as to match the edges appropriately,
and then deleting the single vertex.

We know that T has two edges and four faces. We may view My as a
hyperbolic manifold with a single cusp. The link of the deleted vertex of T
is a torus.

It is a well-known theorem that any incompressible surface in Mg may be
isotoped to meet T in a set of normal disks.
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As there are 7 such disks in each tetrahedron, making 14 in total in this
case. To each normal surface, we associate the vector

(tltha t37 t47Q1,Q2a Q37t,17tl27t137t£17 (1,17 ql27 qé) € 214

where ; (g;) is the number of normal disks of type T; (Q;). The first seven
belong to 71, and the last seven to 75. Each 14-tuple with non-negative
integer entries is called a class. ’ ‘

Suppose we try to reverse this operation, and ask what classes can corre-
spond to surfaces in M. The class must satisfy some equations, called the
matching equations: for each normal arc on each face of T, the number of
normal disks meeting the face in that arc must be equal on each side of the
face. These define a cone of 2 called the solution space. For Mg, this is the
intersection of the positive co-ordinate half-planes and the subspace spanned
by the vectors

A=(1,1,1,1, 0,0,0, 1,1,1,1, 0,0,0),
B =(0,0,0,0, 1,1,1, 0,0,0,0, 1,1,1),
C =(0,0,1,1, 1,0,2, 0,0,1,1, 1,0,2),
D =(1,1,1,1, 0,0,0, 0,0,0,0, 1,1,1).

Given a vector v = (v1,...,v14) in the solution space, we define the
projectivization of v to be the vector [v] = ET‘_IT.-(M’ ..., v12). Geometrically,
this corresponds to projecting the vector v'(z)lnto codimension 1 hyperplane
defined by the equation

1+ ...+ z14=1

"The set of all vectors which project to the same projectivized vector is called
a projective class. The set of all projective classes is called the projective
solution space and denoted P. We can visualize P as the intersection of the
normal solution space with the codimension 1 hyperplane z; + ... + T14 = 1.

Each point [P] € P is the projection of a sequence of points mP’,m =
1,2,... in the normal solution space. Clearly the projective solution space
has dimension one less than the normal solution space; in this case it has
dimension 3. Jaco and Rubinstein showed in [Ja] that, for immersed surfaces
in Mg, P is the three-dimensional solid octahedron with vertices the classes
[A], [B], [C], [C"], [D], [D'], where C" and D' are defined below.
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[C] and [C"], the other flipping [D] and [D'].

A wvertex solution is a vector V' in the solution space which projects to a
vertex of P. The following result from [JT] gives an algebraic characterization
of vertex solutions.

Lemma 2 If a vector V' is a vertez solution, then the only solutions A, B to
the equation mV = A+ B are such that A and B are themselves multiples
of V.

The vertices of P are the projectivizations of the classes

A=(1,1,1,1, 0,0,0, 1,1,1,1, 0,0,0),
B =(0,0,0,0, 1,1,1, 0,0,0,0, 1,1,1),
C =(0,0,1,1, 1,0,2, 0,0,1,1, 1,0,2),
¢'=(1,1,0,0, 1,2,0, 1,1,0,0, 1,2,0),
D=(1,1,1,1, 0,0,0, 0,0,0,0, 1,1,1),
D' =(0,0,0,0, 1,1,1, 1,1,1,1, 0,0,0)

These may be interpreted geometrically as follows:

e A consists of one each of all the T-disks. It is the link of the vertex,
the torus neighborhood of the figure-8 knot.

e B consists of one each of all the @-disks.

e C and C' are related by an involution o; of Mg which respects the
triangulation.

e D consists of one each of the T-disks in the first tetrahedron together
with one each of the Q-disks in the second tetrahedron. D and D’ are
related by a second involution o3 of Mg which respects T

The projective solution space has been extensively studied; see, for in-
stance, Jaco and Oertel [JO], Tollefson and Wang [TW], and Jaco and Tollef-

son [JT]. These papers suggest the importance of the vertices of P in normal
surface theory.
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2 The regular projective solution space

Every vector in the solution space may be represented as a collection of nor-
mal disks glued together, but this 2-dimensional structure is not necessarily
- an immersed surface. If a vector represents the set of normal disks produced
when an immersed surface meets the tetrahedra of Mg, then it is called reqgu-
lar. Irregular vectors correspond to collections of normal disks which cannot
be glued together to give a surface.

An example of an irregular vector is D, consisting of four T-disks of
different types in one tetrahedron and three Q-disks of different types in the
other. There is a unique way to glue the normal disks together, which forces
the disks to meet each edge of Mg at a single point. The link of this point is
a circle which goes around the edge twice. Hence the surface is not immersed
at this point. Such points are called branch points. The order of a branch
point is the number of times the link winds around the edge. If the order is
1 then we call the star an edge disk. Clearly a 2-complex is regular if and
only if it meets the 1-skeleton only in edge disks.

Definition 8 A projective class [V] is regular if there is some reqular class
which projects to [V]. Otherwise, it is said to be irregular. The regular
projective solution space R is the set of all reqular projective classes in P.

The regular projective solution space R is a convex sub-polytope of the
projective solution space P, since any linear combination of two regular
classes represents a set of disconnected immersed surfaces. Note that points
on the boundary of R need not a priori be in R itself.

Section 4 deals with finding the shape of R. Because of the two sym-
metries mentioned in Section 1, we need to consider only the subpolytope
enclosed in the tetrahedron with vertices 4, B, C and D. The vertices A,
B and C are all regular (see [Ra]), but as noted above, D projects to an
irregular point. Since R is convex there will be “critical points” on the edges
connecting [D] with the other three vertices of 7 marking the closest point
a vector can be to [D] without losing regularity. It is this question of “trun-
cation” around [D] (and [D']) which is central to determining the shape of
R for immersed surfaces in M. In the following sections, we will introduce
various techniques in search of the solution to this problem.
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3 Dual normal surface theory

Since a regular surface meets the 1-skeleton of Mg only in edge disks, it
is natural to reverse the process and try to construct normal surfaces out
of edge disks, instead of normal disks. We call this approach dual normal
surface theory and develop it analogously to the standard normal surface
theory.

First, we construct all the possible edge disks. There are 128 of these
for Mg, 64 about each edge. A handy way of describing the edge disks is
by listing the sequence of normal disks encountered when proceeding around
the edge in a fixed direction. Since we are not concerned about where we
start, the list is only defined up to reflection and cyclic pelmufauon Such a
list is called the label of the edge disk.

For each such pair of normal disks, the number of edge disks coming from
one side must equal the number coming from the other. We obtain a set
of equations, the dual matching equations, as a necessary condition for the
surface to exist. Each pair of adjacent normal disks (normal disks which
share a common edge) produces a dual matching equation, analogously to
the way each normal arc gives rise to a matching equation in standard normal
surface theory.

As in the standard normal surface theory, we identify each type of edge
disk with a co-ordinate of a vector space over R, so the dual matching equa-
tions define a subspace. The set of vectors in this subspace with all coordi-
nates non-negative is the dual solution space. Note that not every vector in
the dual solution space need correspond to a regular surface.

4 Determining the regular projective solution
space R for the figure 8 knot complement

To determine R, we first find a set of points which we know are regular, and
then show that all points outside the convex hull of this set are irregular. We
make great use of the fact that R is convex.

The first step is accomplished by referring to the results in [Ra], the
results of a computer search for regular surfaces. From this we know that
the classes [A], [B], [C], [A 4 2D], [B + 2D] and [C + 2D] are regular. The
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classes [C'], [A +2D'], [B 4+ 2D'], [C + 2D'], [C' + 2D], and [C’ + 2D'] are
then regular by symmetry.

"To show points outside the convex hull are irregular, we use the fact that
regular surfaces must be the image of points in the dual solution space under
- the canonical linear map to the standard solution space. We know that the
dual solution space is a cone, so its image must likewise be a cone. We
proceed by looking at particular vectors and converting the question into a
linear programming problem and use Mathematica to solve it.

The results are given in the following

Theorem 4 The regular projective solution space R is the convez hull of the
points [A], [B], [C], [C], [A+2D], [B+2D], [A+2D'], [B+2D'], [C +2D],
[C +2D'], [C"+2D], and [C" + 2D').
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B RITTE a 2327 ML
A B ERHE)

RITEEBIGBRAE bDESTTHINE, P &b 6@E(Ind, trind, Ind, trind,
dim, trdim) 3d0O, 337 MLEB G, BAB3EBD 7 32, 550k, FHikay
N7 MEEEABIET, B LDV MEBEAEZ SN S, BT, 7 5E
BER D7 5 A, weight N—EDEMD 7 5 2. Stone Cech 2 2237 pMLEWS . 348
Hozao»wy MUEBREEZ 5, BE TR, WHHEBEMOA AL 2, A5 IR %
BN FRLHTERAE®AA, 2 CCHAEE NI, TR TOEMO I vy MMzt
BHo CDEE, BN MIHARNDEZEEHESEROELS IC—HBIIURMBESE AN 22/
BT, MlaAz2&-7a 37 MUEDRTITNTDZEMORTELE LB &I BEDAL
2IRD residuality 2% 3,

1. R EZFE

BIEDIRITTDEFE LB D,

1.1, =8 EER X ol L, AS0OBREIBMIKXIS ind(trind) %KD
LIICEET B, BL, o BIEFHET S,

ind X = | = X = ¢
(trind X = 1)

ind X = n < VvVx&X. VF:closed in X with x € X—F
(trind X £ a)

4 U:open in X
s.t. x € U <C X—=F, indBd U < n
(trind Bd U < a)

ind X = n <> ind X £n »> ind X £ n
(trind X = a <» trind X £ a »2 trind X £ a)

ind X = o <= ind X #; n for ¥n
(trind X = o <> trind X £ a for Va)
X :trind 2> <= trind X £ @ for some «a

1. 2. "= FEHEM X L. KEOGEBRMBMHBKT Ind(trind) &0
KON EET S, HL., a BEFEH LT 3,

Ind X = | <= X = ¢
(trind X = 1)

Ind X = n < VE,F:closed in X with E ¢ X—-F
(trind X £ a)

J U:open in X
s.t. E C UC X-F. IndBd U < n
(trind Bd U < a)

Ind X = n <> IndX £n »»2 Ind X £ n
(trind X = a <= trind X £ a »2 trind X ¢ a)

Ind X = oo <> Ind X £ n for Vn
(trind X = o <> trind X £ a for Va)
X:trind 25> <= +trind X £ @ [or some «



WEXGT dim Wd, BENEE, ARaFo@BBEICHT 2450 order TEFET 228,
T, tﬁ&%&’?«km&@ﬁﬁﬁgb\b%ﬁ%ﬁmwi’%&mﬁm SHEEAS I L B EFE AR AN
5, BL, COREGMEBERZERZEBICHLTOABROI>HEEDLOTE L, UTFik~3
FHO—MEF a3/ 7EBIEH L THEITT 20, ThoicBLTiE, Fa/ 7228wt
LTOEBIZEEMNLESRBICLEbDET 3,

EHZER X oXboBw2o0FES E, F & X OFES L owL.,
X—-—L = UJuvVvV, E C U, F ©V
B3OSV 2ZODEES U, V P’EETIEE, L & X tbWwT E & F

&7
BT A EWV S,

A= {A.B) 0 £ i £ n} ZEHER X @jgzbbmcha)Fﬁ;fg/\@ﬁyb\b
A ET S, FEO iG=0, 1, 2, ..., n)y L

IA”L;IO_g_léﬂ::‘?j

LB A & B DHBEES L DNFEHET A EE, A inessential in X Th A
EWwSH, F/o, inessential in X THRWEE essential in X ThaBEWVS,
1. 3. ZE=E FEEZEN X @ Ll., ERT din 20 E S IcFET 3,

dim X = | <> X = ¢

dim X = n <> VvA= [, ,B):0 =1 £ n}j:a coll. of pairs

of disjoint closed sets in X
—== A:inessential in X
dim X = n <= din X £ n > din X £ n
dim X = = <> dim X £ n for Vvn

COTEED n BEHTHY, W BERTOBENEZRI I E B EOMES D order
TEETHHN., ChOEHBOTHEMHNRITO LI ICHBENICEZDIEREEICHET 2 C
ElETEL WV, Borst[Blld., LOBEBBRTOERE RS ELIMEL. BERTEEFEHICE
THLR LAz #RIZ. Borst[B] I X 2 MEHERT trdin 2FHT 272000 2h 0
x93 5,

E4 L oealL
Fin L :the collection of all non empty (inite subsets of L
sk <,
M C Fin L, ¢ € Fin LiU{o}
kL
{r:rUU&M and Mo @}
EB<{, HL, a & L il
M = M*
End,

1. 4. s ti&o L, MlcL., M @ order, Ord M, 2R CTEZET 3,

0rd M = 0 <> M= ¢

0rd M £ ¢ <> (Urd M* < a Tfor VYa & L
Ord M = @ <= 0rdM =2 2 7> 0rdM £ a
Ord M = oo <> Ord M £ a (or Va

EHRZER X ool :
LX) = {«A,B) : A and B are disjoint closed in X]

EBE., L C LX) wexnlL
M, = {o & Fin L : o is essential}

&k <,

ho



1.5. "= EHZEM X L. BEOEERT trdin TRDEHIICEFET B,

trdim X = 1 i[ X = ¢

trdim X = 0Ord M, x, il X = @
LEET B, £

X:trdim 2 b2 <>  trdim X

= a for some «
(<= trdim X # o

)
LREET B,

wﬁm&%(#%wﬁ\ﬁmﬁﬁQ%éﬁﬁﬁdm&~ﬁtf&tm%‘%%\%mt
Bl Ik » T, FFH#HZEM X WXL dim X # o &3W0iF trdim X < w ot
dim X = trdim X &3 EMMONTVWS, 72, FL< Borst[B] iz kb, EE
ZEE X W trdim 2o EE X A Swi.d ThHBHIENFEMETH L ENTEH
TW3,

2 . FISEEBEZERG O 7 S5 =

WSRO U, RTEGRET B IEMLE R T L5y MEDTEEIC DWW THEES

[}

%
(a) ind. Ind, dim 2>\ T

ﬂﬁﬁ%%ﬁ){wﬁwfm\ﬁm\mdx:=de==Mmﬁ&@ﬁo@f\ﬂﬁ
W%%%@?%ZE%H%ﬁW@ﬁ@:)N7%kiﬁfu\miIM,Mm®W£®&
ITEZTHLLE G, /2, COEx, a3y MUEBENHILT 2 2 & byl s &
LTE{mohTn 3,

2. 1. ZEFEE VvX A[SESER
Ja X PEEEENEETS X Do vy L
s.t. dim a X = dim X
(ind ¢ X = ind X, Ind ¢ X = Ind X)

(b) trind, trlnd, trdim l2>W<T

trind, trind, trdim OME, —RICF. THEREMO 7 S 2B VTHRLZ DT,
TNZNICELTEENICEZ T RIER S0, trind B LTS 5 2 &g,
Luxemburg [LT iC&k > TEH AT 3,

2. 2. ZEEEL vX 045 EMEER
Ja X FEEEEATEE/S X D3 vy ME s t. trind @ X = trind X

trdim ICBI L THRILT 5 C Lk, FHIK2]. Chatyrko [Cl. YokoilV] iz & » THEME &
nTuwa,

2. 3. ZEEEUARLICLIVD VX4 iEkk2en
da X fEEELElEE/S X a2 %y ME s t. trdinm @ X = trdim X

LREROES I, AIAEHERO S 5 2T trind, trdin KT3I 292 f LA
FRALT B H, BA A S, trind KX LTSI LAA WS &A%, Luxenburg/L] 1o &k » T



A

mENTWA,

2. 4. L] 3X 0o st
Voo X PEEEERIGES X oo vy Meicx U trind @ X > trind X LB,

RIS LS WY, RIS T B, EIE. LuxemburglL] Ok DER LD |
trlnd 25252 &3 trind 2BET 23037 MeLE boido+a&Tch s &0
hind,

2. 5. ZEEETL] AI4MEER X ol
Xotrind 26> => Ja X JEEELTEEES X oo 257 M
s.t. trind a X = trind X

EOF 2.4 X0, HEENMOHEZZEVIEVIED T L7 MEREOFHIZE D
BV, FHOWEDOa vy MUEBERBHTT 5, +4b 5, trind OEEZEBLE LI,
LEORZHEEZER X wxtl. X 2% trind 2T, trind 2 b > MEE AR X
Dany M aX BEET S, COKERLD., TSEHEM X wwx L, trind O
/NS HEEELE BRI o vy LD trind OECEERS 2, JOMEICEL T,
Luxemburg[L] DR DFHENH 5,

2. 6. FABEIL] trind X = A+n(AL. 12 GEREFS n @ 0 ULok
BOLIE R MEEZER X oL
trind ¢ X = A + 2n + |
I B LEIRER o %Y MME a X WNEET A THE A S,
3 . weight — 5 & &7 = ==
weight ZBHET 232037 MULDTEEICDVWTEERT 3,

(a) ind, Ind,dim 22T

3. 1. ZEFE vX: FHEHZEHE
JaX:X Oarv:37 e os.t. wlaX) = wi(X), Ind aX

Ind X

3.2. & vX:Fu/)7%EH
JaX: X Dary7 Mb s .t wlaX) = w(X), dim a X = din X

FEOE S, Ind, din CELTH. veight 2EREF 23 250 MEREARTT 5.
/o, ind CEALTHLOMITOBERBIT 2., EE. ind X = 0 EHEETHIE. X
id D" OESEMEABTIENTES, BL.

D = {0, 1}, m = w(X)
L9555, 22T, aX 2 X @ D" icbWaHEETHIE. HOMiC aX 1 XD
Yo7 MMET, w(aX) = w(X), ind aX = 0 %ELT,

FoERED, O ZEBICH L TE. ind LTS weight 2EET 23 /50 -
fLEEDNHILT 5, L L. van Will and Przymusinski[vMP] ic &k » T, ind ICEAL T
F. —MBICEBILEw I ERash T 5,

3. 3. BZ[viiP] 3 X EHELH
s.toind X =1 22 VaX:X ©oa 237 bl => ind aX = o
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EtoEMOT T MM aX LT, ind aX = o k0, trind aX =2 w T
HBEIEEDLNEN, trind aX = © THEINEMNI(THDbLBE, trind 2 & 20EH»
éi)j’)ﬁ\‘;)fét(l\o

(b) trind, trind, trdim T2 W T

HERxITOEZ L, trind, trdim B LTI weight 2> 23 o3y MEEM MY
’d_éo

3. 4. EFE(P] VX FE#HZERM
JaX: X oars»87 ML s.t. w(aX) = w(X), trind a X £ trind X

3. 5. ZEFEE(K2L,ICLIVD) VX IEHZ%ERN
AaX:X oars7 ML s.t. w(aX) = wi(X), trdim a X = trdim X

ind 12 LT, 9 TIC weight 2BET B3 037 MEEBIEMZLEL VDT trind
LTI A 7D 37 MUEBIEEIILE Y, LiL, AI9BEEBERD Y 5 %
Tld., 20oDEEMBERENELNTVEDT, AN &2 veight 2EFET 23 29
7 MEICBILTHEZL SN 5,

1->HOMEELTIE. A9 EBEMO 7 5 2Tlk. trind 2 & T, trind 2 &>
a7 MMEE L] 0T, BEESIEN RO ERICE L TOLH O ONENNHEE S

155,
3. 6. BEEEE trind 2b22lI, trind 2b2>a3 057 Mz OO0 ?

ez 7o k90T van Mill and Przymusinski[vMP] o fl X 3. &0 a3 37 ML
aX il ind aX = o %, trind aX = o THAEANENTONSH VLD T,
COZEBN EOMBEORFNCIE > TV BENENE, HHICEbO LBV, LR OMEICHE
LTld, BEIK] WAoo K ol% 521,

3. 7. FUIKLT 3X:Fa3/ 728
s.t. trind X =1 2 VaX:X Oz /37 ph =>  trind a X =

2OHOMBEELTIE, TAAEBERO 7 5 2Tlk. trind 25 TlE. trind OfEH
ZLwvwarny MeeE Lol OT, ABRIERN—BOEFIZELTLHD I 2hELH
RIRE & 185,

3. 8. FEE trind 222/, trind 2BHET 23220 MMEadE Lo 2

COMBIE LTI, MEMEBEECENLZERO 7 7 ATEEH>ETRIT S &
N B [Kl T,

3. 9. == FE [K4] X :metacompact, strongly hereditarily normal, trind % & >
trind X = w?
=> HJagX:X ©0ar 7 Mk
s.t. wla X) = w(X), trind aX = trind X



v
4 . Stone—Cech =—=2 - -2 A1k
b4 - I > - .
Stone Cech I /37 MEDRITTVITTDEBORTGEEZEL VLGN D VWTERT 3,
(a) ind, Ind, dim T2\ T

Ind, dim 2B L T. Stone Cech avs37 MU T 23 037 MUEENETT 2 2
ElEL{mohTina,

4. 1. Z=EFE X:EHRZEE => Ind 8X = Ind X
4. 2. ZEFE X:F¥a/ 7B => din BX = din X

LUl trind ICBAL TEMIL LS, EEE, 22/ X % ind X = 0, Ind X #
0 B ZEMETE, 22T, ind X = 0 EWRFTNIEE, (2057 PERE Y T
3. ind Y = 0 f%%:&&IMST:()TﬁéléuﬁﬁJﬁ®T\MdBX =
0 &b, Ind X = Ind X b, Ind X = Q0 EHBYFE,

ER DR T iﬁﬁ*ﬁfﬁﬁ[ﬁ@ﬁ FATHEET BT &1E Roy[R] O & LT &L
HOoNTWb, &-7T, trind 2B L TliE. Stone Cech a Ny MMuicBid A5 a8y
[ﬂiﬂiﬁ&Wﬁ@77AT%&4LH“C&#%#@OL# L., DL 0 a] 508
WER D 7 5 2 TN T B,

4. 3. s BE X A4 MEMZER => ind 8X = ind X

CELM)
ind X = Ind X = Ind X = ind X
ESEIN
trind X = trind X
ElL B,

(b) trind, trind, trdim 2>V T

Stone Eegh a7 MMUICEET B 3 vy MEEBIE. trind, trdin WKL T H AT
£

4. 4. TEEE(P] X IE#MZEM => trind 8X = trind X
4. 5. ZEEEJKRLICLIVD X EFEHZEME => trdinm 8X = trdin X

trind f,i.]L’Cﬂ):U LB &, ind TITRMIZLBOIEEDELHTH 2 Y,
F D IFEITIRDE D ST,

4. 6. m=HEHE BX:trind 2D <> X:trind &b
CEEHA )
BX # trind 26T, T3 /37 bERBODIZ S 2Tk, trind b & &

trind 25> 2 LERE] BOT, X 13 trind bbD, £->T. X iF trind 2 H o,

FRICRAZE SIS, EEOFSHEMZER X L, ind 8X = ind X 2FTd 34,
trind ICBHL THE. Al EEEEH OB TS, Stone lech o2 Vo7 MMLIcE T B o v
N7 MEEEIERII LSV, EBE, X 2nRkaiaFEOMEmETRIE. ind X = o
THBM, X i trind 27200 TEOFEEED BXIE trind 2 b7,

SAN



FH 16 LD, Stone lech T2 /%7 LD trind %% 2841, X 2 trind% b
DEEDHNERELODT, trind £ b 0w SIEMZER 23 LT Stone Cech = o /<%
MEICBET 2037 MUERAEZ 2, TOEX, RV 7O,

4. 7. ZEBEKM] X:trind 2 bOR S HE#ER => trind X = trind X

Roy DFI LD~ FICIEWMIZ LW Eldbhsa, trind 2 b2 Z2ficx LT,
trind 8X & trind X 2’EDEHIBEBRICH 00BN SN2, COMBEICEL
Tk, ROESBAEBL  ENTH,

4. 8. J=EHH KA1 X :metacompact, strongly hereditarily normal, trind % & -
Ctrind X =2 ow?
ir

= ind 8X = trind X

5 _ Hilbert cube -~ @RI 3 £ D HE 55K 2 oD
residuality 1Z D U~N"7T

KILE RO WIAS D residuality (KB L TEET 3,

n S REREZER] X %L
CCXL, T e X e 10 NDEETRLK
EFBEUEL. 1v 1 Hilbert cube &9 2)
g & CCX. 1)
L
dil,g) = supl o (f(x),g(x)) : x € X}
LB HLU, o 13 1" oML T2, LT, C(X,I") &, EOEMA boEMEZeR &
T 5,
MY OESEA A A residual in Y THBEIFE A A dense G, set 2882
EThH B,
["Ea sy boT, X, 1) BRMEREREL), R—LEETHE, L-7T.
HELSHESDIBEMOXBH S 2 ELEMAPES T residual TH 3,
COHITIE, RITEE d L. fh € C(X,17) : d(Cl h(X)) = d(X)} &
residual in C(X.,I") THEIZNENERERT Z, HEEDORHFEEHZER X o3t L
th & C(X,I") : h:embedding} 2% residual in C(X,I") ©hztizLimonT
WHDT {th e (X, 1)« dCl h(X)) = d(X)} # residual in C(X,[") Tk 3
EERE, {h e (X, 17) : d(Cl h{(X)) = d(X) and h is an embedding} #»°
residual in C(X,I") THBZ&EBDn 5, :
din LT, ROEENPBILT LRI MbNTVS,

5. 1. Z=EEE X 049 FE#EEH
=> f{h & C(X,[") : dim Cl h(X) = dim X}:residual in C{(X,I")

ul o PEBEZER] X XL TIE ind X = Ind X = dimn X ROT. FEL I &N,
ind, Ind ICEILTHAILT 2, LAL, trind, trind, trdim O EIE —FICIZRLT 2D
T, ZNENISHLTEELZTNEL 50, Luxemburg[L] . trind KB LT, &
DABZLE > THRITERET 2HDAZN residual 18hb2EE2R LI, THbOE,
IRISERILT 5
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5. 2. ZEEE L] X A 5MHEHEE
=> {h & C(X, ") : trind Cl h(X) = trind X}:residual in CeX, I

trind WL T, EED a7 bME aX 23 LT, trind a X > trind X &
75 Bl 4 PR 7 R X NEFEETHDT, 20 X WL TRIKRAETT 3,

5. 3. UL X a5 MEkZe
s.t. fth & C(X.I") : trind Cl h(X) = trind X} = ¢
(& =Ty #IT residual in C(X,1v) T

Jlabhb, —iicid trind WL Tk, BMHALD residuality 3T LAV, L
L. LuxemburglL] ik 2k DEEELD trind 2 b O HEEMZERIZH L Tk,
residuality 23379 %,

5. 4. SEEE(L] X:H4EHEZEME, trind 25
=> fh & C(X,I") : trind Cl h(X) = trind X):residual in C(X,I")

LEORERED trind 2622 LR+ RFEBTHE T ENDO BN, B Pol[P] DiEEA
GEOETEABLCHRBVLEZHTHE2Ebbh 2, THbE, KNETT 2,

5. 5. ZEEHE X uSEEaEmcL
X:trind 286
<= {h &€ C(X,1”) : trind CI h(X) = trind X!:residual in CCX, I

trdin 1B LTIEZEHK2) SLIRTA SEIREIE L T2 7245, — B0 TR 2 C & 2
DN - T,

5. 6. Z=FH[K3] X 64 iEEEzRy
=> |h & CX,I") : trdim C] h(X) = trdim X!:residual in C(X, I

LDV O DFEEED trind £ HOFASEMER I LTI, RSO T2,

5. 7. ZEEHE WOEEBER XL
th & X, I - h i3 X 25 17 ~OEHAS, trind C1 h(X) = trind X.
trind CI h(X) = trind X, trdim Cl h(X) = trdim X} 1% residual in CCX, 1)

%%@uﬁ\wmd%bﬂﬂﬁwﬁﬁﬁzimﬁLtﬂm,wm¢tmm%TNT%
T BEMMLEIREIS 3 3 MEDFEEEZF LY, T8 5.7 2FH0AE. izl
NTH 5,

5. 8. F& X o9 MEEERIcEL
X:trind 2 &2
=> _a X PEEHLRlgEL o s ML
s. t. trind a X = trind X,
trind a X = trind X,
trdim ¢ X = trdim X
5.6 DEEEH DS )
T, th € CCX,I7) ¢ trdim CI h(X) £ trdim X} 2% residual in C(X.I%)
& DR ERT,
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t:linite coll. of pairs of disjoint closed sets in X, [ = C(X,1") oL
[Ct) = {«Cl ICA), CI f(B)) : (A,B) € 7}
UCr) = Intlg € C(X,I") : g(t) 1is ineseential in CI g(X)}
EBL, TDEE,
T rinessential in X == Ut ):open,dense in C(X, 1)
EW B,
B:countable base for [” s.t. ».B B
EBLDEED
S ={Cl B : B & B}
b xE
fr : t isa linite coll. of pairs of disjoint sets [rom S}
={7,: i < w!
LB, ki
e CCX,I17), 'n < w
ot L
Udh,n) = N{UW () i £ n and [ '(z,) is inessential in X}
EBiiE, ’
Uf,n):open, dense in C(X, ")
LB, INEBOVEBHGIC, KE2H72T G, [ 2& 5,
~G.:pairwise disjoint open coll. in C(X,I”), if, &€ U (+U & G,)
U G.:dense in C(X,I")
s. t. mesh G, < I.n
G, < G,
Uiv € G,.,: V Cc U} € Ulle,n) U € GO

H. = UG,

H=n{H, : n < w}
EBTIEL. S

H:residual in C(X,[*)
LB, Fl(ZVHETSZET)

&= H —= trdin CI ((X) = trdim X

ERBIEBRTIENTE, (h C(X,T1°) : trdin €] h(X) = trdim X} 2°
residual in C(X,I1v) ThHAIERbnr b,

=== ST |k

B P. Borst, Classilication ol weakly infinite dimensional spaces

Part I: A translinite extension of the covering dimension, Fund. Math
130C1988), 1 2a.

{C1 V.A. Chatyrko, On the trans{inite dimension dim, Q & A in General
Topology, 9¢1991), 177 193.

[K11 T. Kimura, A space X with trind X : | every compactification of
which has no trind, Top. Proc. 17(1992), 173 180

[K21 T. Kimura, Compactilication and product theorems for Borst s
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HERE U E O 3 RITEM~DHREI T

LS e R S S mAT

R* IO knotted surface % R IS 2 HIC & W IFES B 5N H 2, AT 1oF
& LT EBDOHE%RDH S knotted surface DRES R, 2-9H & LT knotted surface |2
DUTHEREVIIET 2 HETHLN TV B EER~, BRIC 5555177 knotted
surface (DWW T DEF DR LIRS,

1. UNKNOTTING PROBLEM

I' % R* ND oriented knotted surface &9 5, (R4 FY 8 Z \ZRB 7 6513 F i
trivial ThD5? LW RERD D, T ORIBEDE X it topological category {2 DUV TILIE
LWEIREN TN D, FREDEATE Freedman K2 LV | — RO & (1) AR/ thilg 4
BT & Hillman KICE VR &N, PL category ¥ 7213 smooth category 2RV T
BRI TVRV, IARKITE D 1-fusion ribbon 2-knot DEEIT, FHEANEIC L
Y symmetry-spun torus DIFEIZ, Scharlemann KiIZ X Y 2-sphere T critical points 7254
DOGFFITELNZ EAVRENTWS, 4ED 120 BEE LT 555645773 torus &
Klein bottle (25 L Cid EORENIE LWEEENT5 (Corollary 4),

2. RIBBON 2-KNOTS

W LT b SICRND surface DDV 25 2 BADHO & 12Tl D BN & < 4770
DTS, ribbon 2-knot & FEII 5 knotted surface DRFZEIZHUNTEN LBIVTWAHER%
hB, T=1[0,1] £B<, G % R* N®D knotted surface &35, R* PN knotted surface
P9 GH B mfusion LTHRLIE surface 13 3% embedding hj: B?2x I —s R* %
FEL (j=1,2,...,m) IRD 3 >D&HE -

- BR¥IFRRS BRIBIRE
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(1) hi(B? x 1) N hy(B? x ) = (i # )

(2) 2T jIZKRL hy(B? x I) mﬁ: hi(B? x {0,1})

(3) F = (G'\ Uhj(B? x {0,1})) U (Uh;(8B? x I))
FFZ G 23 trivial 2-link (V< 230D S% 725720 ambient isotopy T R3 x {0} Dz 5
7R S BITHIRD) DRF, F % ribbon surface £V H, & 51T ribbon surface F A% S2
f. I % ribbon 2-knot &5,

p:RY — R® & p(31, 23,73, 74) = (71, %0,23) TEDBNS projection. F % R* 1

% knotted surface, p|F 4% general position (282 &35 (JAETEIIC p|F DD Figure
L DESZ>TND), pHz)NF BB xH L2808, ¢ % 28E (double point) &
W, pTHa)NF BB x D L 3ADKE, ¢ & 3ES (triple point) £, INF*) = {z e
p(F);p N z) NFR 2 UL}, T(F) = p~Y(D(F*)) N F,

Theorem ([Yajima 2]). F % knotted 2-sphere T p|F 3 general position 123 1 T(F*)
M2BERDOIBNPOIRDETDH, ZDLE F b5 ribbon 2-knot 1= ambient sotopic T

H5,

Theorem ([Marumoto 1]). F % I-fusion LTHEBILE ribbon 2-knot L5, % L
T (R4 F) 28 2 B BIE F i3 trivial Tih5,

FAERICEY 2EADHED 2-sphere T singular set DR E % 5LUTOHDIZD
WCHENENTZ, (ZD 5B singular set DR E 4 2L TFDO L 213 20 2knot X
trivial ThHE bR L)

3. KNOTTED TORUS & KNOTTED KLEIN BOTTLE

ribbon 2-knot [ L <HFEES TV B 2 genus D DEE THE Lz & X 2FEND surface
DELY B 2ERADHIIONTHLON TV A EZHRS, 79 FEARIC L EBSH
7 symmetry-spun torus Z#NT B, 1o : B2 — B3 % Z EhEHINC 0 EEET S map .
5% =0B°% =9B3x B?UB3%8B2 k7%, $* FID knotted torus F 7% symmelry-spun torus
CIEEHa &b & B AD link K, BEEL RO 3 >OFMH2R27,
(1) Ky & Z 8idzzbban




(2) 72z (Kp) = Ky

(3) F'={(ree(x),0); = € Kp,0 € 8B} C B® x B>
B L-a=£0 222 B2 13 [0,27]/0 ~ 21 LR—109 5, 2D F % T*(K;) THY, FHEICL
T spu;?(“lein bottle b EZEHK D, 5% D knotted Klein bottle F' 7% spun Klein bottle
&1 B3 O knot K & BEH o BIFIEL IRD 3 DDEME T,

(1) K & Z #lix 2 mcisbs

(2) ra(K) = K

(3) F= {(r(a+%)9(x),t9); z e K,0 € 9B?} C B? x B2
ZOF % KI*(K) THRY, symmetry-spun torus & trivial 2-link @ split union 7> m-

fusion LTI torus # BT symmelry-spun torus H>5 m-fusion L CEDHITE torus
L9, [EHRIZ spun Klein bottle & trivial 2-link @ split union %> m-fusion LCEBH
7z Klein bottle ZEZ spun Klein bottle 735 m-fusion L TEHIE Klein bottle &\,

Theorem ([Teragaito]). T°%(K}) % symmetry-spun torus, a & b IZEVIZE LT3,
(1) T(Kp) V& TO(Ky) F720 TV (K1) 12 ambient isotopic Th b
(2) m (S*\ T*(Kp)) 23 Z ERER BIE, TKy) 13 trivial ThD

ZIT Ky Ky/ras(z) ~z TROND knot L%,

HNES & FINEGIZ & U oriented closed knotted surface 75 R* P9 handlebody DHE5R72
HIEZ D surface I trivial THIEIREN TS, WX knotted surface 28 trivial T
BB & EFTITIL surface 73 5 handlebody DERIZ/ 5 = & BREiF+H40Th 5,

Theorem 1 ([S3]). F % S* D knotted torus T p|F % general position 121 T'(F*)
DB2ERDBDRDETD, b L D(F*) OSBRI EX SUTOLLE F i ko4-o
D torus EIND>1 DT ambient isotopic TH D,

(1) standard torus (% solid torus DIER L 723)

(2) trefoil knot 7>H48 LIV spun torus

(3) trefoil knot 2>HB HIVIZ twist spun torus

(4) trefoil knot @ spun 2-sphere \Z 1-handle %2} TE LI torus
L D420 torus IXEVNT ambient isotopic TIX/RV Y,

Remark. T'(F*) ORGBHRE 2 2LTFO L 372D torus 1T trivial Th B,



Note ([58]). I % S* D knotted Klein bottle C p|F % general position 2% ¥ T(F™)
PR2ERDHZNLIRDETD, b L D(F*) OFSHIEL SUTDE L% F 13 standard
Klein bottle IZ ambient isotopic ‘T b, (standard Klein bottle &3 R3 IZ5H& L7 &
Figure 2 D &L 91725 T 5)

Theorem 2 ([S4]). F % knotted torus T p|F 7% general position 123V D(F*) 252
BROBDPOEDETE, D&% F it ribbon torus ¥ 7713 symmetry-spun torus H>5

m-fusion L CIR:BAVIE torus IZ ambient isotopic T 5,

Theorem 3 ([S7]). I % knotted Klein bottle T p|F 7% general position =3V [(F™)
M2BERDHENLIRD LT D, ZDLE F I ribbon Klein bottle ¥ 77 1% spun Klein bottle
D35 m-fusion L CEBNT Klein bottle 17 ambient isotopic Toh D,

Corollary 4 ([S4] and [S7]). F % S* ND knotted torus F 7213 knotted Klein bottle & .
3 Do p|F B general position \Z¥H Y singular set D(F*) BR2ERDINPLRDETD, F
D LD singular set T(F) OFXTORSE F T homotopic zero TRNE 5 (DEY
F T disk DR L 725720 simple closed curve Tk D) L m(S4\F) MR Z Fimix
Ly \ZIRE2 O F i3 trivial TH B,

Proof. Theorem 2 & 3 &Y F |3 symmetry-spun torus ¥ 721 spun Klein bottle I~ ambient
isotopic T D, symmetry-spun torus 72 &1 FHENED Theorem & V) 73, spun Klein
bottle K1%(K) iZ ambient isotopic 72 51 B3 PI0 knot K 13 &5 knot [ 2350 K — 14+
ELTHEY, DFD m(SA\F) 2 m(SB\)/ <m2=1> &85, 2o Tmixl D
meridian curve, 71(S*\ 1)/ < m? = 1> Z R 61T [ I trivial knot Th 3, DI F
{3 singular set 2% 1 &72572% Klein bottle IZ ambient isotopic T 5, Note LV F i
trivial THd, O

4. S§3 ~m 82 @ IMMERSION

immersion #5895 Z &1% 3EH%E b0 knotted surface ZHIZETS = & & o7
Do Banchoff KIZEVKRDZ LARENE, F % closed surface. [ & F 55 8 ~0
immersion &9 5, ZD&E f DIEADEKIL F ® Euler 88 & modulo 2 TZELLY, o



%Y immersed 2-sphere DHF T3 ESAZ b OLDONT I EHER LD IESS 235
bOTHD, EWBRIZEY singular surface T 3EEN 1 2D EHDIZHONTHERLAT
W%, LATCId immersed 2-sphere T3EAZH L9 &2 2H 0 DIZ DN T IERT
5,

Theorem 5 ([S6]). [ % S? 1°b S® ~D immersion L5, C % S(f) OFLSTIE
RE|Z23b2b0D, N & S 128175 C O regular neighborhood &3 %, =D& x
(N, NN f(S%)) i (N3, NiN fi(S2)) I homeomorphic Th3 (i = 1,2,3,4,5 F7-1% 6, T
ZT f; I ERTRITT 261 i @ immersion. N; 1% S® 12815 singular set S(f;) ® regular
neighborhood L9 5,

Ezample 1. immersed disk THx 9 3B A% 1ab2bD% 2-5L 3 (20D immersed
disk & [CS1] IZHDHITH D), ZhbEAEY AW THE b immersed 2-sphere 25 1
T D, Figure 3 &7, 1,

Ezample 2. #11 LTS immersed disk Th: 9 F3ES% 1 abobDE 2oL 3,
INBHEIEY AW TR LI immersed 2-sphere 23 2 T 5, Figure 4 # R X,

Ezample 8. 320 2-sphere ¢ immersion T% 2-sphere I3 embedding T D 22D 2-
sphere % & > T% singularity 2% 1 A0 simple closed curve ¢ 350 immersed 2-sphere
BHxro&2am 3EREH D5, 20 immersed sirface 1 1-handle %1 TEH
AUl immersed 2-sphere 231 3 T 5, Figure 5 % B L,

Ezample 4. 220 2-sphere ® immersion T1-2H® 2-sphere I3 embedding C 2-DH
7> 2-sphere I singularity 23 1A simple closed curve b5 Z?D 220 2-sphere 7>5
7 immersed surface I3H X9 230 3EAEH DL T B, ZD immersed surface 12
I-handle %2 T/ b7z immersed 2-sphere 23514 Th 2, Figure 6 % 5.4,



immersed surface ™ _E® singular set Z#E5 arc % Z Z TiE Figure 7 ® X 512 are 12
T2 CO Tz 1-handle & FH—7 3,

Ezample 5. Example 3 TfE>72 320 2-sphere D immersion %9, =@ immersed
surface {Z arc IZZ > l-handle 217 TH SN/ immersed 2-sphere 435 Th 3,
Figure 8 R X,

Ezample 6. Example 3 T/ 3-20 2-sphere @ immersion %{# 9, singular set
2R&E D, TD2 KD regular neighborhood %< & Figure 9 DREEBS, 70D regular
neighborhood MBS & immersion DILEESIIE Hopf link DHELZ 725, # 2 C immersion
¢ (Hopf link D&)< I % Figure 9 M & 53R Y 1) TS immersed 2-sphere 734
6 Ths,

immersion 7% V2% knotted surface DFFE THLND LIZR LAV, 72 TROES
238D, closed surface F 735 R® ~0 immersion 28 RY ~0 embedding = lift K35 &
i% embedding f : F — R* BEEL po f = f &%+, Carter K& Saito iz L
Y immersion 75 R* ~ embedding IZ lift Hi3E3 7= DULEASE&ENRD i, 7
LT embedding T lift LRVWVEIEZLS SABR L, OB 1 HHH612T RE ~0
embedding IZ lift H3E5,

Conjecture. F' % S* D knotted 2-sphere &35, p|F % immersion, T'(F*) iX3E 5%
mx23bh, T(F*) OETORSIE3ER%EETrL 95, (Theorem 5 &Y I'(F*) i3b k
HSESERZ2aLDL EFEILRD) 20L& F i trivial 222
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Vassiliev Invariants of Knots

I

EIEFRIE PN TN S St

199746 A 10 H

AEBIAEE & 3 MEDRHCIRFTBOMMTERE 02T 5. BRAF2EAT,
TRE D flat vertex graph & LT BRI VR (singular knot) OREEZ vEILE L
TRDEHICEHT S .

o(Ly) = v(Ly) — v(L2) (1)
7L, Ly, Ly, LiZ100O%ENFbY 3 TFig. 1 0L 1Kk 300UTETH
5., TRTOn+ 1D 2ERE HOHEEUE KM LT,

o(K™) =0

LB EE, vENEin LT O Vassiliev FEE L9, [AZORWIERBIZOWT D Eﬁ%b
IZERTE S, M¥in LT OB UED Vassiliev FEERS 257 MUVERE V. EH bbb
T lDO2ERE L ORBRBUE K% S'0 immersion & 45 & &, —B+ s EEha—
FCHRAZRZMNE n 03— FREVY, v n O Vassiliev FEE 7 513, v(K™) i,
K"Oa— FRIZOBMEFT 2. 22T, HUHOSZERFREED HE 5N 5 Vassiliev
EREPZETD. §1-31C0WTR (L, 3, 4] 251,

1. HOMFLY ZIE
MAH B L O HOMFLY $ER P(Ljv,2) € Z[v', 2% 3 R0 & 5 o8+ 5.

A'P(Ly) —AP(L_) = 2P(Ly) (2)
P(U) =

[y

72720, Ly, Lo, Lold—847503 4 Fig. 1 DX I1CE) 3 00KAE, UkEB2E
CHT®5. (Ly,L_,Lo) # A7 4> 328k LA,
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L, L, Bo L.

X

Fig. 1

Fig. 2

-124-



#U'H KO HOMFLY £33 P(K;v,2) i3
P(K;t,z) =) Pu(K;t)2* (3)
i>0
LT B, 12750, Pu(K;t) € Z[tHY.
Birman-Lin %, #H4ICEREEH L7280 B D HOMFLY £1H53.0 Taylor BEIZH &b
B RS Vassiliev FERICE S Z LR LTWA, LosEskcid, PP 1) & Puy(K;t)
D EEEERICBIISt=1TOfEL T2 L

&E 1 PP(K;1) B8 20 4+ kLLF D Vassilien REETH 5.

L7282 C, & nic2nT [n/2] + 1 lORH n LT D Vassiliev FEB Y H 5. 0k
e Ho k75
Hy = {PF" (K1) |i=0,1,...,[n/2]) C Vi,

kt+l=n+1DEEIZ, o™ o, af® Fig. 20 a— FRET5 &, (2) 6
Py = 20P (o) + P, (o) (4)
L72%%> T, HOMFLY ZHR 25 D Vassiliev AZEEDflilY, 203 — FDO%w rfl0
MEU OEICRESNS.

(r=D(=2)"1 i=10Dk X,

ﬂft@U%U:{
2i-1r 0 i>1DE X,

Af, B (n>1, 1<i<n) &, ZhZh, 1HEOME, LU, 2HOME Fig. 3
DRFnDa— FRET 5,

HWE1In=Fk+0LT5,

(i) :
(G—1)127" f=i—-10Dk X ;
Pk(f)(A?)z ——(i—l—l)!2i+1 L=i4+1DL % ;
0 LDGELAL.

7L, k=0,2,...,2[n/2].
(ii) ‘
(-1 f=i—1Dkx:
POBH ={ —(i+1)2*# f=it1lnk X :
0 LDGELSY.
7720, k=—1,1,...,2[(n +1)/2] — 1.
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T7z, HAZBWTRD X9 RS 5.
EIE 1
[/7] 1 o)
Z%@taﬁﬁzgi (K;1) € Voy
UEHRS, Rd¥brs.
EE 2 V,/Vo i lBWT H, D ED [n/2] D —RMTTH 5.
# B L @ Conway ZHHR Vi (2) € Z[2] i
Vi(z) = P(L;1,2)
THEzohT, .
Vdd=§¥mwﬂmfw”
DWTeb 2B, 72751, arpaioi(L) € 7. BT, Prygic1(Li1) = arpniy (L) TH 5.
i 2 KERUBETDLE, an(K;1) 3 2kD Vassiliev NERTH 5.
#AH B L D Jones ZIER, V(L;t) € Z[tF1/?] 1%
V(L;t) = P(L;t, 47 —71/%)
THEXON%. Fig. 30— FE A2 L RIhh2,
R 3 KU HETALE, VO(K;1) BRI D Vassilico REBETH 5.
2. Kauffman ZIERX
#AHE L O Kauffman ZHR F(L;a,2) € Z[a*, 23] # KD L 5 K88+ 2.

aF(Ly)+a  F(L2) = {F(Lo) + a~ F(L..) (5)
FU) = 1

72720, Ly, Lo, Lo, Leold, 1DDFREICBWC Fig. 1 D LI ICES 4 00kAH,
VIZEIG & & N LSO E S & OB DR BIEE B3

#WUH KO Kauffman ZERIE F(K;a,2) = Ym0 Fn(K5a)z™ LT B, 72721,
Fn(K;a) € Z[a*']. HOMFLY B0 & % » F#IC, Birman-Lin I3, 8% 10583 258 L
7245 0°H @ Kauffman ZIERX® Taylor BEAIZH & b 425045 Vassiliev FEE|1C722 = &
%ﬁbfw%.L@%%T@,EWUQQ%FMKyQ@%k@ﬁﬁﬁmﬁﬁéa=i=ch
TOEETBE,



Fig. 3
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R 4 KERUBLETBEE, P E®(K D) (k> 0) B m+ kBT Vassiliev RZS
ETH5S.

T2, O ROBHEBER T Po(K;t) = Fo(K;it™!) LI BHRITH S, 512, win
@D Vassiliev "% E{Fkn k)([( )1 k=0,1,2,...,n =1} IZBWTEKD X 2 ZEETH 5.

T 3

iﬁ G V) € Vi

3. BOWAEOFEUH D Vassiliev R EE
Bar-Natan &, RO L) 25 ERKEPBE TS,
n 1 2 3 4 5 6 7
dimV,/V,_1 10 1 1 3 4 9 14

R 14 ZOP 2T, Vo /VuaDEREZSEAREETH bbb,
Vo = VIOEIE T EMEEE.
oVH/VIOEIEE LT ap(K) FEenB., ZNEI), ROBPERIEBLND,

POK;1) = —8ay(K)
VA1) = —6ay(K) (WLEF)

Vo/VaDEIEE LT PO(K;1), F72 POKG1) 95 s, chk ), RO BEERS
Bohs.

I

PV(K;1) a2(f)——P (K1) (E8)
3 .
vPa) = . O(K; 1) (EE)
‘%/%@%}—E\C LT P()(4)(I{;1), PZ(Z)([{;I), a4(_K) @5 LD 20E GZ(-K)z ; fff:@i,
{FE™(1Gi) | m=0,1,2,3) D3 50300 NB. Thil), ROBRRIBEBLNS.

1
(K1) = —5aa(K) - _P<3 (K;1) — 8ay(K) — 4>(1{ 1);

v = —6a2([()—72a4(1()+18P(§4 (K;1).

oV /VaDEIRE LT {EF™(K;4) | m=0,1,2,3,4} D3 5D 4 0% 7-1%



{PET7PM(K1) | m=0,1,2} D3 b D 20 ag(K) PP (K3 1),
{FE™(K;0) /i | m=0,1,2,3,4} DI bD 1 DWEND,

Bl 1 12353 LLF @ Vassiliev RZEE 1L Jones LHAS 1 Tk % 2 W%, NLEL 4 O Vassiliev
AEEL Jones ZIHATIT TIEWRE & 2\,

10 3830 2AFEREUH S(49,-15) (= 1055) & 5(49,27) (= 10s5) (2 U Jones ZIH
2 b0, auK), POK;1), PY(K;1) ofEid~TE% 5.

Bl 2 5% 4 LUF @ Vassiliev R 13 Conway SIET L Jones LHA CHT 2 W5, g5
? Vassiliev NEE 1L Conway ZIET & Jones LIHRZ T TldiF & 72\,

K% [7, Example 19], O&EVB T2 &, K& 20§ KULF U Jones LIRS 4 o
(bH2A, Conway ZHERUEF L) 2%, PE-™(K;1) (m=0,2,4) OEIET<CHEE2.

il 3 KL% 5 LUF @ Vassiliev ANZEB i Kauffman ARSI Tot T 5 %5, HOMFLY £
AT TERE S 220,

14 ZZRD 2GR U E 5(297,215) & S(297,233) i3 [F U HOMFLY £ % b 075,
FE=m(K;i) (m=1,2,3,4) Offiid+~TE%3,

51 4 £7% 6 D Vassiliev AZE 1% Kauffman ZHEAZTTIIERE S 20,
133850 2 FAEHEUTH 5(245,-103) & S(245,137) 127 U Kauffman £HR% b o
5 LT @ Vassiliev FERIZF L) 27, ag(K) DAL R 2,

4. CBIEKX & 2 kRt R 4EVE
rBSFDiESH B L O HOMFLY SERDRBSER Py, (L;1) € ZoF] 12d &b 2
tORBE, rFFHRD L S B, rPBHO L FEFRAOT, C(Liz) € Z[oH] %

C(L;t™%) = tl‘TPl_T(L; t)

TEETS. CNE LOCEERL L&, A7 4308 (Ly, L, L) I LT, Ly, L_
PHRECE, Lod* 2 B DHAEDE S, (2) kY

2C(Ly) = C(L-) = C(Lo) (6)
7o, 2B OMAE K UK LT, A =Ik(Ky, K;) £ 54 L
C(K1 U Ky) = (z — 1)z C(K,)C(K,) (7

WOH KIZoWwT, C(K;1) =1, C(K;1)=0 TH 5, iz, fp [5] " RERLT
w3,
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WS f(z) € ZH] 25 f(1) =1L f(1) =02 72T L&, CHERD f(z) DIFU BT
HE 1 DHPE K PFIET 5 . C(K;2) = f(z).

BRHERIL, RO L) BB L.

iR 6 f(z) €ZH] T f() =1k f(1)=0%2&H7zF L &, (1) CHERD f(z), (i) &
OY B REEDS 1 DR D 2 AR BT 5.

o, 7% Fig. 4 D 3FMMDERTT, a% 3 FHMr2ag ir2eg=2% | 2nG=2b )47
& &, Fig. 4 D2HEEH B % D(ag,by,a2,bs,. .. 00,0 n) ThH LT, FlxiE, Fig 5
D(1,2,-2,-1) TH 5. &6, HEHII, ‘ét@Ait%%zt.

np% 7 22{:’ /}T:EU\E D((Il,bh(l27bg7 . n7bn) @ C%Eiﬁ C(al,bl,ag7bg,. . ,an,bn;z) Oi
DEDLH IR B,

x_bl—b2—“‘—bn(1 ;) ‘i_mal'{‘bl — portbitas g™ +bitastba portbitetan +xal+b1+'“+ﬂn+bn>

xX

BHZ#ABIC2ZRITINY PV m R O3 CELNS 2 KTV E % m-fusion
D2RTC)FEVIECH EVS, Fig. 6 DY EVEFE R BR2EY) 012D D 1-fusion D 2
RIT) K UAEB % R(ay, by, az,bs,. .., a5, b n) THLDHT. 22T, S, Thz Fig. 6D %
7. BZIE, Fig. 7T R(1,2,-2 ,—1) TH5H. BT kA5 E, I-fusion D 2 KT
RO B D Alexander ZHRICHT 2 ROARSTEVHIE NS,

tned 8 (cf. [8]) R(ay,by,a0,by,...,an, bn) @D Alezander ZTHRA (a1, by, ag, b, . .., Gn, by 1)
BROLIIZREB.

t—bl~bz—"'-bn(1 —1% perth _ geitbitan + partbitastbe portbittan + i.a1+bl+"'+an+bn)

2AREHE B 5 I-fusion D 2 KT KV EB~OIS ¢
D(a1,b1,a3,by,. .. ,n,by) = Rlas, by, a5, bs, ..., an, by)
&, BHETER (10]) 75, ZERICOWTRE,
Clay, b1, a9, b, oy Gny bos 2) = Aar, b, az, by, . . ., G, by )

EHWIC—FT 5.
BT [6] RO = & 23 L7



X
X
Fig. 4

Fig. 5: D(1,2, =2, 1)
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Fig. 6

ML

Fig. 7: R(1, 2, -2, 1)
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W9 f(1) = £1 BT U-9 YEER f(¢) € Z[F] KK LT, f() % Alevander £
HFIZH D 1-fusion D 2 KTV KV EVHIFIET .

2 RICY R HEVHD Alexander LENA(t) i3 Z[t+Y] @ unit Dt % BTk T 295,
A1) =1 &A1) =1 W) FHEFTMAS E—BHICkES, 2%, CLERE 2
R OH THREA T -G8 6 (RO EMNEAT L L) SRR L, &ET L 9hb
TCICERPNS,

p(T1,%2,%3,24) = (21,22,23) CERMENBLEHE p : R —» B33 E2 2. 2KGED
H KL, p(K) 1& R*~® immersion 127 575, % DR SEE, Thabb, #{z ¢c
p(K)lp~ (&) N K} > 1 /- MOEESTERE 2 0FREOMRE %% & 512, K
id simply knotted TH 2 &\ 9. 2RTHEVE K55 KVEUBTH L0101k, K
simply knotted TH 2 Z LAWEFFTH S ([9) . 22T, 2K KUk H% simply
knotted sphere & AT, 1 RTGEPFHD X 512, HEBR* Fo THEET 2,

M OE AR (BE) OLTZ2EEIC AN E, BWRLECHOHERIC 2
b, 2RV R VETHOFREHICBWT, DX 20 BMERIEO RN LY, 20
RO RV CEEE L VY. 612, 2XTY RVEUH ROFT_CONER
AT, TRHDY R UEC RSO/ E RO BENEE Vv, o (R) Th b
Y. ToL, 6 DIERERD ERFTDRS.

i 10 f(1) = +1 #il/- 0 — 9 Y SER f(t) € ZF) Tt LT, f(t) & Alezander %
HRIZ S DY RV E BRSO 1-fusion D 2 KTE ) K VO H DFFAET 5.

DEY, 2RIV RVIECEDY K VRV HMENBIE Alexander S HR CIISHET X 7
w.it,4%%&@W@2%iﬁﬁﬁKKZkﬁlnwa@w<o@%noﬁét4
%ﬁﬁﬁfnyF»%@%ﬁt&%@%&%@ﬁ&%.:@;5&1AyFw@@ﬁ®%
MR KORBUBREB L W u(K) Th bbbt (f 2]) . —IC, 2%55Y REUREUH
KiZoWTid u(K) <u,.(K) H% Y 7=,

2RTEY K YAEPBO Vassiliev WAZR (HRBALE) £ 1 KFTEOBIBIR b oT
%%Té:véﬁﬁﬁuﬁ%t%zﬁﬁUﬁyﬁwawﬁﬁﬁﬁﬁtTé.2%%Uﬁy%
CHO KL ) 22N E S OMER DICBWT b+ 1 HORE 352EME > 6 7 2
%ﬁc%%&ﬁk%,O@%ﬁ%%XﬁﬁLTDX%D@&EWE@LT%K%%%T%
ENBHEBRETE, CDL X, vif

> (=1)* v(Dx) =0

Xco
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ehicT L&, BB ELT® Vassiliev IREE (ARMAER) LEHT2.

il 1 225, CLEMIZOWTY CONL;1) 33 n @ Vassiliev FEETH 2.

L0 2AIBHEUE L L-fusion 0 2 KT8 ) KU B OMIEE RS &, 2 %501 K Y400
H® Alexander ZIHRA(L) A1) =1, A1) =0 #H72% X 3 ICEHILT 2 EAM(1) i
R(ay,by,a9,by, ... a0,0,) D XS T, I8 n @ Vassiliev AR DEME Hi
LTWB5DT, —#IZd, Vassiliev BALEETH A I EHERITE B8, ERE, I L,

IR 4 2K R VB Alezander HHRA(L) B A1) = 1, A1) =0 2R7=F X5
WZIERIET 5 (EA(”)(l) ERLE n LT O Vassiliev BIRZEE 1272 5
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