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On generalized cohomology of infinite loop
spaces

R s GER)

Ordinary homology of infinite loop spaces of the form QX (here @ =
Q*°E* = colimQFLF has been know for a long time. ([3], [1]). Roughtly
speaking they are free objects on which certain family of operations arising
from the structure of infinite loop spaces act. There have been various at-
tempts to extend this to the case of generalized homology theory. The first
result is due to Hodgkin, dating back to 1970.

Theorem 1 ([4]) K.(QS%Z/p) = Z/pls, @i, Q%,.. 17"

Here @' denotes the i-th iteration of @, which is a certain analogue of
the classical Dyer-Lashof-Kudo-Araki operation, defined up to some inde-
terminacy. Later in the begining of 1980’, Miller and Snaith determined
K.(QS™; Z/2) as well as K. (QRP™, Z/2). Finally, McClure succeded to de-
fine a well-defined operation from K,(Y, Z/p") to K.(Y,Z/p"%) (r > 2),
for infinite loop spaces Y and described K, (QX;Z/p") (r > 1) in terms
of the Bockstein spectral sequence for K,(X) ([13]) (that is, the knowledge
of K.(X,Z/p") for all r > 1). Naturally the next cases to study would
be the higher Morava K-theory. The computation by Hodgkin depended
on the theorem of Atiyah on the K-theory of the classifying space of fi-
nite groups K*(BG) = R(G)" and the intimate relationship between the
classifying spaces of the symmetric groups and QS°. Unfortunately, in the
case of Morava K-theories, we only know that dimension of K(n)*(BG) is
equal to the number of the n-tuples of commuting elements of order power
of p [5], provided that it is concentrated in even degrees (which is the case
for symmetric groups ([5],[6])) and we don’t have their functorial descrip-
tion. However, it turned out to be that these formulas were sufficicent to
recover the results of [4], (see [7] ). Furthermore, by doing quite involved



calculations of characteristic classes, K(2).(QS") has been computed ([9]).
Unfortunately, computation for arbitrary Morava K-theory by this method
seems to be too complicated to carry out. Thus we are lead to consider some
other aspects of the classical computation. Namely, results by Lannes and
Zarati relate, implicitly, at least when the space X is a suspension, the co-
homology of QX with the derived functors of the destabilization. Our result
in [11] identifies BP*(2*°Y) with DBP*(Y) where BP is the p-complete
Brown-Peterson cohomology (with coefficient BP* & Z vy, v,,...]), D de-
notes the destablilization functor for BP, Q> the infinite loopspace asso-
ciated to a spectrum, when Y is a spectrum with cells only in even non
negative dimensions. What is meant by the destabilization is as follows.
BP-cohomology of a space has a structure called BP-unstable algebra[2],
whereas B P-cohomology of a spectrum is just a module over BP*(BP) (the
algebra of stable operations). There is a forgetful functor from the category
of BP-unstable algebras to that of BP*(BP)-modules, which is compatible
to 3. Tts left adjoint is the destabilization. Thus it is a sort of algebraic
model for 2°°, and our result says that this model is perfect in the situation
considered. More concretely, for example, in the case of sphere spectrum, we

know
Theorem 2 ([11]) BP*(Q5°") is the cokernel of the map

®BP*(Qenxn+) gp) BP*(Q*%?*"BP)
(in the category of the algebras augmented over BP*).
For Morava K-theories,

Theorem 3 ([11]) 1. K(r).(QS™)’s are polynomial algebras (n > 0).

2. K(r).(Q5%) (n > 0) is the kernel (in the category of Hopf algebras)
of the map

K(r) (Q°*BP) 4" K(r),(Q*S%+) Bp)

The objects that appear in the statement of the Theorems have been
computed in [14]. In [16], a method of evaluating the maps is shown. Re-
sults in [8] imply that this evaluation can be reduced to that of the stable



BP-operations on BP-cohomology of products of CP*’s. This is a purely
algebraic problem, but seems to be difficult to handle. In the case of Mod p
K-theory, however, results in [12] show partially how to handle this. Namely,
we have,

Theorem 4 Let A be the set of the sequence (ay, az,. .., ), & € K_.(BP; Z/[p)
such that ay = ay41 = -+ € Im(BP, — K,.(BP)), with the obvious ring
structure. Then we have an 1somorphism of graded rings

Ind(Ky(Q@L*BP)) > A

given by
z — (0%(2),0%(V(2)),0°(V?(z)),...)

here ¢ denotes the homology suspension, V the Verscheibung, andInd de-
notes the module of indecomposables, which inherits the product structure
from the so-called Hopf ring o product, i.e., that induced by the pairing be-
tween infinite loop spaces for BP corresponding to the multiplication in BP-
cohomology.

This result reduces the evaluation of r;, on K,(Q2°X*BP;Z/p) to that
on K.(BP, Z[p), which is dramatically easier. For example, one can conclude

Theorem 5 The image of IndKo(QS5™; Z/p) (n > 0) in Ko(Q°X**BP; Z/p)
corresponds to the set of sequences (ay,as,...,), ay =0 for N large enough,
a; € K_2.(5% Z/p) & Z/p.

One can also show that the K-theory version of Dyer-Lashof operation
sends (as, dg, ..., ) to (0,a1,az,...,). Thus one sees that K.(QS*"; Z/p) is a
polynomial algebra whose generators are ig,, Qtan, @%* and so on, which
agrees with the results obtained by McClure and Miller-Snaith. With a
little bit of care on the connected components, one can recover the result of
Hodgkin as well.

To conclude, we remark that the above result has been obtained by the
consideration of so-called Hopf ring structure (ring object in the category of
coalgebras. Hopf algebras are group objects in the category of coalgebras.)
The Hopf ring structure of mod 2 ordinary of homology of @.5°, described in
[15], [10], is in a sharp contarst to that of mod 2 K-theory of Q5°.
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AREL BRKE B

HEZEM BG OFE Y —FOHIRIZS 0FER L VRENWICEE LTV AEHHTH S,
DREVY - L BT R E, 7T 0ERTEICREGTH o -2 OFHFORZEL, 8
0 EARUCA Y H. Miller [M] %% Sullivan Conjecture % FEHH L CLIsE, Lannes D#EHEE (1],
[S] & &b TRITENSE TCOERELBERIBE RSN, ZDH T, Dwyer-Miller-
Wilkerson D#ER, KU Jackowski-McClure-Oliver DFERIINFENTH B, £ LTI 04
AR Y p-compact B & > ) BEADTE A S AUSEITHE L ST FEORME DS ST
ETWn5h, Tbb, FEME—FRHFEICLS Lie EGmO—BILTH 5, M, HFEZEMIC
DWTOHA KTy 2 LTIE N3] 25t 2 &2 BEID LT,

EE 1 [M] RFAERETLFR CW-HAE X L, RDEE (evaluation map)
map(Br, X )—X & weak equivalence TH 5,

22 X \IZHErMERALTWwA ET5, TDE = homotopy fixed point set X ™ iE En(free
contractible 7-space) 2»H X ~\Dr-BEDO AL LTEREI NS, Thabb
XhT = mapy(Em, X) TH Y, FZr D HBIVER TS & &1L X = map(Br,X) L 725,
AEHES X™h0 XM~DBRRERES 2 bhb, Z2M XD p-completion [B-K] %
X)TROTE, B HR p DR, ROBERIMELN5,

EE 2 [M] BB CW-HE XDS mspace TrdVER p-# e D135 % (X™)p— (XM
FAEME—[METH 5,

Steenrod %% A, TR T & elementary p-abelian group VIZx} L Lannes’ T-functor
Ty iZRD X 9 7z adjoint functor & L TEHZEE NS,

Homy ,(M,H*(BV;F,)® N) = Homy,(Ty(M), N)

ZZTMEN T Ay ED module i algebra &35,



TH® 3 [I]
1. 22f8 X3 nilpotent T H*(X;F,) # finite type »2m (X) ERETE, DL E
BARLERE
[BV,X]———f*HomAP(H*(X;Fp),H*(BV;Fp))
& bijection TH 5,
2. b L Ty (H*(X;F,)) * finite type T 1 RITIZBWTHPR L

Ty (H*(X;Fp)) = H* (map(BV, X} ); Fp)

M BG REE 2D XOWEE &7-FTD T, X2 BG2#RALTELNAERIHY LD,

1 SEZERODE

SHEZe R ORI B EIC & B3R D B IGIE PR L 12 5, FFIC p-toral ERTHE
12X 2% DL elementary p-abelian subgroup @ centralizer {2 & % b DD 2 DDFEDIM
EHCTH DY, TTRIABREIC L 5EBIIOWTHENS,

T4 [F-M] G a3r b Lie OB, FHqldno(G) OBz E SR ET 5,
ZDE gk BB EH p ikt LBITE BBy 0FE L T mod p AEE#E By—BG 7%
bNb,

T TR G OBMASE L FBEL R, 1 2EGE=Um)ELT(p,q) =1DL
% BGL(n,F)—BU(n) ¥ p-EP %52 %, 1272LF,iX F, @ algebraic closure N Z &
Thhbo

KiZ G DAL B BG D5fETH B, T51d p-toral BAREICL B D EEIT 5,
23527 b Lie B POERERS Podf b =5 ATH Y, »OMEE P/Po0HE p DL &
p-toral X =5, G O p-toral {AH PTHEs NP/PHEFERTHY, »OEHW TR
WIEH p-ER A EE R E 22w D % p-stubborn &R, 72720 NPIZ PO G IZBIT A

normalizer TH 5,

Z 2T G @ orbit category @ full subcategory C p-stubborn 2255 b D% R,(G) T
FbTe I 1 Ry(G)—Top % inclusion functor & § 5 & Borel construction {2 & ) KD
functor

EG xgI:Ry(G)—Top

WERENS,



EHES5 [J-M-01] 3237 b Lie# GISH L, RDEAR holimg, () EG xg [— BG
it p BETEMETH %,

K i elementary p-abelian subgroup @ centralizer iICL 5 G HETH 2, 4,(G) % G DH
BT 72\ elementary p-abelian subgroup @ centralizer 7> 5 %5 Quillen category &4 5%,
Ag(G) %% D opposite category & T HUE, C(—) IZ&L D centralizer ¥ Eb T &ICL D,
XKD functor

EG x6 (G/C(=)) : A%(G)—Top
PERSND,

EE 6 [J-M-08],[D-W1] 237 b LieBEGICH L, XROEE holim aa(6yEG x
(G/C(-=))——BG it mod p [AMETH 5,

2 NDHRZERLOER

Ry : K—G 1 35EZEM E0E#E Bp: BE—BG #5845, LI LETCOER
HDHEFENC Lo THFE S LB LTRSS % vy, unstable Adams operation 12 ZDFITH 5,
T, ol RiE FEME—EE[BD,y,, BS i p+ 1 AOTT 5 H 5

Eff BK—BG O akRE0 T —HMIZIZ 7 0 ERICHETL XN/ Adams—Mahmud 13
Q-2RET Y — % H\T admissible map & W) &L EA UCTHEMNT 21T 072,

EET [A-M] KEG%ayns MEELeBLL, ZREAOEBRK -5 2% Tk
FLTTgeT5, FENDEHE BK—BG 23 L, b—S5AMOER I : Ty —Te 2
TEL, ROKREFINE—THBERLES,

BTy —
K P BTG

! !

B, B Tg—Tedb T/ L) LERBLZHIE G D Weyl BBOBH BT w 128 L
B=w-akltb,



ZZTR=Q %3 F oL H*(BK;R) = H*(BTx; R)WE RV H*(BG;R) =
H*(BTg; R)W (@ 352, ¢ = (Ba) EBLERED we W(K)IZHL v € W(G) %
ELTwp=9guw' tichr, 20 L) RERE % admissible map £ F I,

H*(BTg; R)

H*(BTk; R)
¢=(Ba)®

T I

H*(BG;R) —— H*(BK;R)

H*(BT™;R) = R[t1,---,tn) (degt; = 2) 7ZH 51t 2 RTTDEIC Lo TREENS, fEo
THREFITHIE AT EDTE D, 12k 21T G = K = U(n) D¥A1E H*(BU(n); R) =
H*(BT™*; R\WUENTH ) WU (n)) EAHEZPS, ¢lIRD2ODF A TDVTRPT
i)éo (n = 3)

a b b 2
b a b F/0E| ay as as
b b a
8 0 4EfLetE, Miller DEEDOSHA & LTHIZ p-toral B PIZOWTid&THER BP—BG
FEFEC L o THEIND Z EATREN, TLEEZEM map(BP, BG) OFTE L &Nz,

FHE8 [D-Z][Z2][N1] P%ptoral BZLTG%R2a37 b Lieff&d5L, B
#:72 B 4% Rep(P,G)—[BP, BG] iZ bijection TH 5, F7zp € Rep(P,G) 128 L, KiLk
EME-[METH S,

BCg(p(P));: ~ (map(BP,BG)Bp);,\ ~ map(BP, BG;)B;};\

Adams operation {¢*} iZ BU® self map T Q;’%ﬁ3ﬁ<%ﬂ ¥— H>™(BU;Q) LIz
WC (PP =k" Id Eie B, ZOUEZIDOEZIFBGIIHLTEREINLLE, £
% unstable Adams operation £ S 9, ¥* : BG—BG P HHET H 10D UETFEMGITk
D Weyl EW(G) D order LEITRBIETH DB, FprO—FBUIHOLNT W5,

BCEMo 87 P Lie B G LTIk, ROEFEIFTRT LI I, BG D self map I
unstable Adams operation & Lie # G DECREPSFEINIZERTEDEINS,

FHEO [J-M-01] BEfzrr b Lie#E G L, KDL % bijection 5% 5 ©

[BG, BG]—({0} [T Out(3)) A{k > 0: k= 0or (k, [W]) = 1}



F/z, 22®self map f,9: BG—BG IZDWTRD 3 DDE&MIZFEETH %,
() 2200B#& f& gil3REMNE—[AETH S,
(2) 2 DDHE leTG & gIBTG FHREINE—[AMETH S,
(3) QB aKRET Y - LOFEI NIRRT f+ L g 3L,

RICHFEZER @ fibration |2 DWTiR-R 5%, Lie £ short exact sequence H—G—K
13822 O fibration BH—BG—BK %##E 3 5%, ZZTb L fiber space, total space
% LT base space D 3 DDZEMD 5 L 2 OPFHEMTH B L &R Y DM T /1-405E2
HpEIPEVHIBEEZEZ S, RDOIDDBETH 5,

1. BH—BG—X
2. BH—Y —BK
3. Z—BG—BK

WTNDFED —IC X, Y, ZIZHHEEMEE 2577w, (1) & (3) I22oWwTiIES
ICEBIBREOND DS, (2) DWW CIEAHEZERM O genus FIEDOFE2ET 2, a3
b Lie O SHEZEM BG @ genus 4 Genus(BG) &3, TXTOEBp oL
(X)p = (BG)p 72 % CW-complex X DM bEETHS, B4 Genus(BG) 1%
G 7% non-abelian 7z 51F uncountable THh 5 T EWMOLNT WA, KD I DODEBETCITF
NENOYE 2T A5 FIZ (1) & (3) 1T LTk X XU ZI finiteness condition
52 AHZ Lo THEEME 2B EEERT,

FH 10 [[I-N] HEGmavnrs MEELie#LT5,

1. (BH), —(BG), — X % fibration T H*(QX; F,) #* finite 72 &1L, 22787 bk,
Lie# KOHFHELT X ~ (BK)) Th b, HIEH (BH))—(BG)) %S monomor-
phism IZL o THFEENTWE LS HiF G OERRFHTH B,

2. BH—BG—— X7 fibration TV — 7 ZBHQXDPER CW-HEEK L =E Y —[[EL
HIX, 237 VEE LeBE KPSEHELTCX ~BKTH 5,

FH 11 [[I-N] HE K%aunxry bEkELeEEET 5,

1. (BH), —Y —(BK)} % fibration 72 5iF, 2 /%7 T HE# Lie # G FHEL T
X~ (BG)I/)\(‘:@Z)O

2. BH—Y —BK?* fibration 251X, T 7 VEF Lie B G PEELT X ¢
Genus(BG) TH 5,



B B > /%2 b Lie B G 123t L., unstable Adams operation ¥* : BG— BG
EQ AL (W’)Q . (BG), —(BG)p; D&E F ¥ =T 7 /3= % special Adams fiber A =
p—type @ special Adams fiber £ IT5,

FHW12 [[IN] Gt EKhavny bk LieBrts,

1. Z—(BG)A—(BK)} »*fibration T H*(QZ;Z,)®Q 7* Qp LOFBRITLAZ b IVzE
MITH B2 561E, 2327 b Lie BT R U p-type @ special Adams fiber F,---, F,. %%
FHELTZ = (BD)Mx[] FiTH 5, BiC H*(QZ; Fp) H¥finite 2 513, Z = (BT); TH
%o F72(BG)Y—(BK)p HEERBI Lo TREES N T B2 5, €1 epimorphism
THbo

2. Z—BG—=BK?7* fibration T H*(QZ;Q) »°Q FoOEBRKRITRNY PIVERTH A
7 50E, 3 27%7 b Lie BEI K UF special Adams fiber Fy, -+, F, PHFELT Z =~
BU x [[F;THh b, BIZQZFER CW-EELREFE—FERSIE, Z ~ BTT
H5 )

3 SETEROIFEAT -

G#®avy MNERELeBEET5E HY(BG; Q) & H(BT; Q)W (@) L MA 2L ERIRT
Hbo $1F, HBPaFETT— H*(BGF,y) bITLALTRTD p IZH LTSEREL
%5 Steenrod & EAGRSERIR H* D% 522/ X1xt L H* =2 H*(X;F,) &abhaw
MR RE L,

EIHE 13 [A-W][D-M-W 2] Steenrod fRE EDEIERIR H* %% % ZZH D mod p 2
RETTV— (p BHEZEH) L LTERINLLRLIE, H* = (BT, F,)V &b X9 7
pseudo reflection B W — GL(n, Z)) *FET 5,

T 14 [D-M-W 2] Steenrod R EOLERIR H* DERTORTTI p EETH S
L¥h, SDEE H* = HY(X;F,) &7 5% &9 72 p-complete 22 ZZM A% E + ¥ ——FH
IZHET 5o

THE 15 [D-M-W2] G%avis MEELeBHEZLT(p,WG))=1EF5, b
L p—complete 72 22/ X12x L H*(X;F,) 2 H*(BG;F,) 251X X ~ (BG),; TH 5o



ZZTG = SP08 [D-M-W 1], §%bb H*(X;F,) = H*(BS%F,) #LTp
FRERB2OWE X ~ (BS®))THsHZ L DIMOMEE =T, — I p [/ |W(G)| %51
(BNT)p = (BG)p 725 X =~ (BNS ))& 7x¥ X L\, Lannes DFER LD

[BZ/p, X] = Hom,,(H*(X;F,), H*(BZ/p;F,))
= Homy,(H*(BS®%¥,), H*(BZ/p;F,)) = [BZ/p, BS?]

o THE i - Z/p — SPLVFEIN/LER Bi : BZ/p—BS*IZInT5EE [ -
BZ/p— X2 5N5B, ZDERIE BZ/p—map(BZ/p, X );— X EFHE NS, map-
ping space DIAFRET T —%2FHT L &,

H*(map(BZ/p, X)s;Fp) = T(H*(X;Fy))s
= T(H*(BS®%F,))p: = H*(BS";F,)

$oTmap(BZ/p, X); ~ (BS )y Tobo ZZTL/2HZ/p W (-1) BELLTELX
BB 5 L & :

EZ/2 X7, map(BZ/p, X);—EZ/[2 X1 X—X

5o ULEEY X ~ EZ/2 xg,, map(BZ/p, X); = (BNS'), ~ (BS®), &5,

FHE 16 [N2] FFEHp Lars MEE Lie B G lZxt L BG 13 p-torsion free &
5o 22 XS p—complete D & &, RIEL D LD,

1. H*(X;Fp) = H*(BG;Fp) % HiXa >3y b i#ik Lie # HOHEAE LT X ~ (BH))
b,

2. b LGHHEEE 2= YBORS VI (p, [W(G))) =1 7% 51F B (X;F,) =
H*(BG;F,) TH B L & X ~ (BG)N IBEFHTH B0

W& LTHIC GL(n,F,) 2Bt & &, Tbb HY(BT™F,)L0E) 7243
H*(B(Z/2)";F2)0L0F2) 30 8 N5 £IHAB% Dickson algebra £ S5, [S-S] 1L .
BEALDFEERRTRTHEDT, RIVERRBIE 25,

AT [D-W 2] REWTEM XFAET B
H*(X;Fy) = H*(B(Z/2)*; Fy) L4 F2)

ZOMREAD L HY(B(Z/2)";F2) 0L Fo) psse sl it <& 2 70 BB+ 5412
n<4THAHIEIREND,



4 HIRIL— TR & p-compact group

Lie B G OB % HJE25M BG OFRE P E—HNBETEDLIFN 2AEL L
T p-compact B & \» 3 EA05 Dwyer-Wilkerson 12 & o TEAE N7z, V— T2/ X 2% p-
compact B & i3 X 45 F,~finite T Y, 7D BX# Fp-complete THDHLEZFIo bbb
% A3 37 b Lie B G 25855 72 & p-compact B TH 5205, —#ilno(G) 9ER p-#T
72T S p-compact TETH B L IFRS 2\,

Z =T p-compact B & Lie BEF O EARN B2 R To

1. ®FAR f: X—Y3EE Bf : BX—BYDIZ L Th5,
2. 20Q%RM f,g: X—YIHBELIER BfL By REFE-RETHLZ &,

3. BEA . X—Y2EE (Thbb XiFY DS p-compact #) EWZER Bf OF
EME—T 7 A3= X/Y D F,-finite THhHI L,

E 5|7 p-compact FEIFEAR F—F A L Weyl B Wx %z b D Lie BoOBag M- HEE
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MODULI OF FIRST ORDER PDE WEB
GEOMETRY OF THEIR SOLUTIONS

Isao Naxkal

Department of Mathematics
Hokkaido University

Web is a classial name of configuration of foliations. Web Geometry goes back to Lie,
Poincare, Blaschke. One of the intrinsic web structure is seen on the canonical divisor of
Riemannian surfaces R of genus g > 3. Let wy,...,w, be generator of holomorphic 1-forms

on R and let
/w:(/wl,---/wg):R—ﬂCg

be the integral. The canonical divisor is the g — 1-fold translation hypersurface
C+---+C

of the imagei)f the integral, which is foliated in ¢ — 1-ways to give a g — 1-web structure
by the leaves
C+:-4+*+.--4+C

* €i-thC,t1=1,...,9 — 1. By Abel’s theorem

(/mw+...+/pg_1w)+(/pgw+...+/g““2w)=0

for canonical divisors

(dl + .. +dg-—1)+(dg +"' +d29—2)‘

This shows canonical divisors split into to union of two degree-g — 1 divisors (which are in
one-to -one crresponcense), either of which defines the g — 1-web structure. Therefore the
canonical divisor admits 2g — 2-web structure. As well known Gauss map maps the divisor
to projective g — 1 space and each leaf to hyper plane, which is projective dual of a point
on the canonical curve R of degree 29 — 2.

More generally given a projective space curve R C P™ of arbitrary degree d, projective
duals of points on R form a d-web structure.

A germ of 3-web of C? is hexagonal if it is isomorphic to the 3-web defined by parallel
lines in three independent directions. A d-web of C" is hexagonal if on every intersections
(dimension 2) of n — 2 leaves, any other 3 foliations cut hexagonal 3-webs.

The speaker proved

Typeset by ApS-TEX



Theorem([32]. Let W, W' be germs of non-hexagonal d-web structures of codimension 1
of C*,n < d-1. Let f : C*,0 — C",0 be a germ of homeomorphism. Assume h(W) = W'
Then h is +-holomorphic.

By this theorem

Theorem [32]. Let C,C' be Riemann surfaces of genus > 2 and E, E' be linear systems
of positive divisors of degree d such that C,C' embed to the projective duals of E,E' in

the canonical way. Let h : C — C' be an orientation preserving homeomorphism. Assume
h(E) = E'. Then h is holomorphic.

These theorems tell the topology of web structure contains complete information of
the analytic webs. Later on in this talk I will introduce the differential geometry of web
structure, which gives an intrinsic invariant the so-called web curvature, and apply it to
classify webs defined by certain partial differential equations with complete integrals.

Before introducing our PDE, recall the definition of wave front from a view point of
deformation theory of functions The study of the oscillatory integral

1 s(p, n n
IA(Q)=/exp—(f\)i)dp, pER™ geR

is one of the main subjects in the quantum physics. The stationary phase method suggests
that the principal term of the asymptotic expantion is determined by the geometry of the
family of the wave front Dy C R™ in the configuration space parametrized by d € R defined
as follows: ¢ € D, if and only if d is one of the critical values of the function s(*,q). For
example the Airy-Fock function

[ee] (3
Air(g) = / exp AZ 3+ 20) ?’A"*p“’) d

(A¢; = Ai) has the asymptotic expantion

N

7=-T-';;Sln(:3 )\ +”)+C)\3/2+ (q<0)

Aix(q) = 5—3—,5-\7.7;1"(—)sm(—ﬂ')/\l/3 (¢ =0)
1/2 7
ﬁ;;\—ln-—?r_—-l-c N2 4 (¢ >0)

as A — 0, where %L,\_ is the critical value of the potential function @L?—\i’iﬂ [18]. The

asymptotics of the integral

co 7 4_'_ 2+,,,
INg,r) = / exp L2 qf 2) 4

was studied by Pearcey [25]. The wave front associated to this is modeled on the spherical
optics and the integral approximates the intensity nearby the cusp of the caustics. We call
the family {Dg4} the web since the wave fronts form configuration of foliations at generic



points. In this talk some differential geometric properties of the webs are investigated and
the various problems from the web geometrical view point are proposed.
From a view point in the singularity theory of functions we study the generalized oscil-
latory integrals '
[AV SN n
I,\(q)=/ exp—%——)dp, g € R,
v,

q

where Vj is a variety parametrized by ¢ € R™ and s(*,q) is a function on V,. All first
order PDE are realized as the webs of the generalized oscillatory integrals. We apply the
singularity theory to our web and prove the existence of the (uni)versal model for almost
all webs. In the complex analytic case a result due to Goryunov [14] tells the complement
of the singular locus (= caustics) of the generalized versal webs are Eilenberg-Maclane
K(w,1)-space: the fundamental groups m are finite index subgroups of the symmetric
groups S(m). The order m is given by Milnor number of s(*, ¢) and the index is the local
intersection number of m solutions. Secondly we apply the web geometry to define the
affine connection on the configuration space R™ and show that in some cases the structure
of the webs are determined by their curvature forms. In analyzing the moduli of the normal
forms of the webs a certain residue of dynamics acting on the phase space (d-line) R turns
out to give a formal invariant,

The webs are defined in another way by first order partial differential equations with
the complete integral s (PDE). A first order partial differential equation (PDE) on R™ is
a subvariety V of the projective cotangent space PT*R"™ (or PT*C,) furnished with the
canonical contact structure [6]. Our subject is the local topological structure of the PDE
at the singular points of the projection of the variety to the base space R®. So PT*R"
may be replaced by the 1-jet bundle J}(R"™!,R) with the contact form w = p dz — dy,
where z,y are respectively the coordinates of R®™1,R and p is the coordinate of R™™!*
the fibre of the projection ev : JY(R* 1, R) — R*! x R = R® Assume V = R",
evoZ(0) =0€ R*"! x Rand Z:R* — JY(R* ! R) is an immersion. The direct image
of the pull back Z*w under the projection ev o 7 defines a multi valued 1-form (implicit
differential equation) on the configuration space : the base space R®™! x R. A complete
integral is a germ of non singular smooth function s : R®,0 — R, 0 such that ds A T"w
vanishes identically on a neighbourhood of 0 (from now on we assume the existence of the
complete integrals). Then the images Dy = ev 0 Z(s7!(d)),d € R, constitute the integral
submanifolds (possibly singular) of the equation on a neighbourhood of 0 € R®. We call
Dy a solution of the equation and call the family Wr = {Dy,d € R} the solution web of
the equation Z. Web geometry [3,9,13] applies to the solution web and defines the various
affine connections on the confuguration space R™. In some cases, this gives a one-to-one
correspondence of the moduli space (function moduli) of PDE and the curvature forms of
their affine connections.

Two webs Wg = {D4}, Wgs = {D}} of PDE’s Z,J are C* equivalent if there exists a
germ of diffeomorphisms % : (R®,0) — (R”,0) and % : (R, 0) — (R, 0) such that ¥(Dgy) =
D?c( 4) for d in a neighbourhood of 0 € R. In other words Wz, W7 are C'® equivalent if
there exists a germ of a contact diffeomorphism di of the Legendre fibration J}(R®™1,R) —
R™ x R sending the image of 7 to that of J: Z,J are stricily C*° equivalent if k is the
identity. We discuss some classification problem of PDE in terms of the geometry of the



solution webs. We say that the solution web Wr is a non singular m-web at ¢ € R™ if
the number of d for which Dy passes through ¢ is m, those solutions Dy,,i = 1,...,m,
are smooth and meet in general position at ¢ and Dy forms a non-singular foliation at g
as d varies nearby d; for each i = 1,...,m. We call the maximum of such d for ¢ nearby
0 € R™ the web number. The web number is the topological multiplicity of ev o Z for
generic Z. The singular locus Sing(Wz) of Wr is the set of those ¢ where Wy is not a
nonsingular m-web, m being the web number. By an easy calculation we see that the
C'* equivalence classes of m-webs, n + 1 < m, form subsets of infinite codimension in the
jet space of m-tuples of level functions defined at ¢ € R™. So C*-classification of the
solution webs fails in the ordinary sense. In fact Arnol’d [2], Carneiro [7], Dufour [12] and
Hayakawa-Ishikawa-Izumiya-Yamaguchi [16] showed that C* classes of some PDE have
moduli of infinite dimension called the function moduli, which are parametrized by the
space of smooth functions defined on the configuration space R™ at 0.

A "wersal PDE” I' (versal unfolding) of a PDE 7 defined on R™*" has the following

properties.

(1) The solution web Wz is induced from Wz by the natural imbedding R®* — R*+*
"transverse” to the solutions of Z',

(2) For a deformation Z; of Z, there exists a family of imbeddings i; : R® — R™*7
transverse to the solutions of 7' by which the solution web Wz, is induced from Wz,

(3) Wz has the web number < n + r and any deformation is trivial

(The imbedding of R™ is not transversal to the Wz in general in the ordinary sense.) The
property (2) suggests that Wy possesses a certain universality. The classification problem
falls into the following two problems.

(A) Classification of versal PDE’s Wy,
(B) Geometry of sections of Wy.

Problem A is reduced to the singularity theory of functions s(*,¢) on varieties V, (see
c.f. [4,14,15, 21,22]). Problem B is closely related to the web geometry of the solution
webs, which is mentioned in the later part this note.

Hayakawa-Ishikawa-Izumiya- Yamaguchi explained in Master thesis [16] a link of the first
order PDE’s with complete integral and the singularity theory of the so-called generating
functions of legendrian submanifolds using, and classified generic PDE with complete in-
tegral on the plane as follows. First recall a well known result due to Hérmander and
Zakalyukin [17,24]. Let A : R"% 0 — R™*1,0 a germ of smooth map of corank 1: we may
assume h(z,z) = (2, hs(2)), 2 € R*,z € R". Assume that (Oh,/8z,...,0h,/0z)|R™ x 0
is non singular. Then X(h) is a smooth submanifold of dimension n, on which h restricts to
a finite-to-one and generically immersive mapping to the discriminant set D(h) assuming
a certain generic condition. The Legendre submanifold associated to £ is the image of the
map

(z, ha(2), Ohp/dz1(2),...,0hy)0z(2))

of £(h) into J!(R™ R), which is nothing but the Nash blow up of the discriminant set
D(h). The family of functions A, is called the gemerating function. It is known that all
germs of Legendre submanifolds of J!'(R", R) are obtained in this way (see e.g. [17,24]).



Next we recall an idea from the paper [16]. Let 7 = (Z;,Z,7,) : R®* —» JYR""},R) =
R™! x R x R*!* be a germ of imbedding at 0 € R™ transverse to the contact elements
and assume it admits a complete integral s. Define the germ of Legendre imbedding

T =(Z:,5,Zy,Tp a) : R® = JHR™,R) = R*™! x R x R x R™

with a function « in R™ satisfying I2 = T*w 4+ a ds = 0, where w,& are respactively
the canonical contact forms of the jet spaces J!(R™™1, R), J}(R",R). Then by the above
construction of Legendre submanifolds, the image of the I is identified with the image of
a map

(1, s Ty by, Ok /Oz1,...,8hs[/022) « T(z, hy) — JH(R™,R).
We identify the divergent diagram

R s R™ evol=(Z;,Zy)

R xR
with the restriction of the divergent diagram

f=(3,'1 ,...,In—lyhz)

(*) R < %(z,hs) R™! x R.

Then the integral curve s™(d) C Z(z, hs) is the critical point set of the restriction of
f=(z1,...,n-1,hz) : R* ! xt x RF — R""! x R. The solution Dy is the discriminant
(critical value) set of the restriction, which is the intersection of the discriminant D(z, k)
with R*™! x d x R.

In this way we are led to the study of the divergent diagrams (**) with corank (f,z,) =
1,

(**) R <=2 gtk L, Re-l xR

Define the solution by Dy = D(f,s) N R™ x d: the discriminant set of the restriction
fa:s71(d) — R™. We denote the family of the solutions Dy,d € R by Wy , and call the
solution web of (f,s). On the one hand the diagram (**) can be regarded as a family of
the restrictions of s to the fibres of f,

s¢: fH(e) — R

with the parameter space R™. By definition of the solution web, for ¢ € R™ — D(f), ¢ € Dq
if and only if s, has the critical value d.

Let e(n) denote the local ring of the function germs on R™ at 0 and m(n) the maximal
ideal which consists of the function germs vanishing at 0. Similarly to the contact equiv-
alence relation for map germs, we say divergent diagrams (f,s),(g,t) are algebraically
S-equivalent if there exist an R-algebra isomorphism ¢* : Q(g) — Q(f) and a germ of
diffeomorphism y : R,0 — R, 0 such that ¢*(¢) = x 0 s, and we say strictly algebraically S-
equivalent if x is the identity, where Q(f) = e(n+k)/f+m(n). Roughly stating (f, s), (g,¢)
are algebraically S-equivalent if the restrictions s,,?, are equivalent.



Two diagrams (f,s),(g,t) are equivalent if there exist germs of diffeomorphisms ¢, %,
such that the following diagram commutes

R] 3 Rn+k f R™

Lol
Rl e RAHE | R7.

t g

We denote this diagram by (x,%,%) : (f,s) — (g,t) and call the triple an equivalence. By
definition, ¥(Wy,s) = Wy holds: ¢(Da) = D), for d € R, where D} denotes the solution
of (g,t). We say (f,s),(g,t) are sirictly equivalent if x is the identity. An unfolding of
a diagram (f,s) of dimension s is a pair of a diagram (F,S) and a triple of imbeddings
i = (41, %2,%3) such that i3 is transverse to F' = wo(F, S) and (f, s) is given by the following
commutative diagram of fiber product '

R S Rn+r+k F R7+T

Il ] of
R! «— R"* ——  R™.

s f

We denote i : (f,s) — (F,S) and call 7 a morphism.

In the manner of Thom-Mather theory we say diagrams (f,s),(g,t) are (strictly) S-
equivalent if they admit unfoldings, which are (strictly) equivalent.

Let 8(n) denote the ¢(n)-module of germs of smooth vector fields on R™ at 0. For a
map germ f : R** 0 — R",0, let §(f) denote the ¢(n)-module of germs of sections of the
pull back f*TR". We say (f,s) is (infinitesimally) stable if the morphism

T(f,s):0(n+k) @ 6(n) — 0(s)® 0(f)

defined by
T(f,8)(x, &) = (ts(x), tf(x) —wf(£))

is surjective, where tf,ts denote the diferentials of f,s and wf the pull back by df. The
following is an easy consequence of the deformation theory of singularities of functions.

Theorem 1. Let {(fi,si),: =1,...,r} be a generator over R of the module
8(s) @ 6(f)
Im T(f,5) + f*m(n)(8(s) @ 6(f))

Then (f,s) admits the strictly stable unfolding (F,S) : R*tstk g — Rrtr+l 0 —
R™*7 0 defined by

F(zvu) = (f(z)'l—zuifiy u)7 S(Z,U) =s(z)+2uisi y 2 € Rn+k7 u€R".

i=1



Stable diagrams possess the following properties.

(1) s is non singular,

(2) f is stable as a map germ, i.e. for any deformation g of f a germ of g at an (z',u’)
nearby the origin is equivalent to the germ f,

(3) (f,s): R** 0 — R 0 is stable as a map germ,

(4) the rectriction f : s71(0),0 — R™, 0 is stable as a map germ. In particular a solution
web of a strictly stable divergent diagram is a one parameter family of discriminant sets
of stable map germs f;. The restriction s, has at most n critical values and the following
conditions are equivalent.

(i) The web Wy , is a non singular m-web at a g,

(ii) The first projection 7 : D(f,s) — R™ is a non singular m-sheet covering over g,

(iii) 84 : f~'(¢) — R is a Morse function with m distinct critical values.

The next theorem is fundamental in the singularity theory of composite map germs

Theorem 2. Let (f,s),(g,t) : R*"**,0 — R™*',0 — R",0 be strictly stable divergent
diagrams. Then

(1) (f,3),(g,t) are strictly equivalent if and only if strictly algebraically S-equivalent.

(2) (f,3),(g,t) are equivalent if and only if algebraically S-equivalent.

This reduces Problem (A) to the classification of germs of functions on varieties. In
the complex analytic case the tuples of the critical values of s, defines a mapping of the
configuration space C™ onto the quotient space C™/S(m) of C™ by the permutation group
S(m), m being the web number.

Define the R*-equivalence relation of functions germs of varieties to be generted by
the S-equivalence and the relation s, ~ s, + ¢,c € R. A result due to Gryunov [14] is
interpreted as follows.

Theorem 3. Let (f,s): C"**, 0 — C"*!,0 — C™ be a strictly stable divergent diagram.
Then the singular locus Sing(Wy,,) of the solution web of the PDE associated to the
diagram is a germ of a hypersurface. If the diagram is simple, i.e. sy is simple in the sense
of the singularity of functions, the complement of Sing(Wy ;) is a K(r,1) space. Here m is
a finite index subgroup of the braid group S(m), m being the web number, and the index
of w ig the intersection number of Dy, --- Dy, for generic distinct dy, ..., dy, close to 0.

This suggests a relation to the ADE problem. Now we explain the relation of the function
moduli and versal PDE. Let i : (f,s) — (F,5),(F,S) : Re*t7+F 5 Rrtr+l  RHT 5
morphism into a strictly stable unfolding of dimension s given in Theorem 1. Given a
deformation ( fy, $4),v € R” of (f,s) = (fs,30), define the unfolding (F',S") of (F, S) with
the parameter v by F/' = (F +(f, —f, o), v),5' = S+ (s, — s). Then by Theorem
1, (F',S") is stable and by Theorem 2 strictly equivalent to the trivial unfolding of (F,.S)
of dimension r. The composition of the trivialization of (F’,S') and the projection of the
trivial family to (F, S) restricts to the subfamily (f,,s,) to give a morphism into (F,S).
By this idea we obtain

Theorem 4 (Function moduli). Let (fy,s,),v € R” be a smooth family of divergent
diagrams. Then (f,,s,) is strictly equivalent to a germ of (f,s.) at an z, € R™** nearby



0, where s!, is of the form

s3(2) = S 0i1e(2) = s0(2) + »_ @,i(2) - 55(2)

i=1

= SQ(Z) + Zﬂv,j(f(z)) : Sj(z)'

Jj=1
The second term in the theorem is called function moduli.

Theorem 5 (Versality theorem). Let (g,t) be strictly algebraically S-equivalent to an
(f,s) and assume f, g are stable and f is minimal: f is not equivalent to a trivial unfolding
of an f'. Then (g,t) is strictly equivalent to a diagram (f,s'),s' € M, where M is the
é(n)-module generated by s;,i =1,...,r.

Example (Verslity and function moduli).

Consider the following (non versal) differential equation in the z;y-plane
(1) y =1y’ +(y")*

This defines a nonsingular variety V = {y = z1p+p®} C JY(R, R), on which the projection
ev to the base space restricts to the Whitney cusp mapping. The variety V is not transverse
to the contact elements at the singular locus. This equation admits the family of algebraic
solutions y = z,23 + =3, with the parameter =, € R. The variety V is the image of the
imbedding Z(zy,z2) = (21,2122 + £3,22) and the complete integral is given by s = z,.
This admits the Legendre imbedding into J!(R?, R) defined by f(xl, T9) = (z1,29, 7172 +
23,29, + 3z%), which is given by the generating function hy(z) = 2% + 2,74 + z3.
Now we will construct the versal unfolding of (1). The divergent diagram

R {s:xz R3 f=(z ,h,)} R2
is not strictly stable i.e. a deformation is not strictly equivalent to the trivial unfolding.
By Theorem 5.1, this admits the stable unfolding with one parameter

F=(z1,u,he,u)

R =22 Rt R3,

where h;u(2) = 2% + 21(z2 — u) + (22 — u). The singular locus £(F,S) of the map
(F,S5) : R* = R® x R is the z1zu-space defined by z = 0, on which the above divergent
diagram restricts to the integral diagram

R =22 9(F $)=R* —L . R3,

and the restriction of F is given by F(z1,z2,u) = (z1,u,z1(2z2 — u) + (23 — u)?). The
level surfaces of the complete integral s = x5 in R? pjoject by F' to the solutions in the
zyyu-space R?, which satisfy the following versal PDE

(2) { Y=Ti1Yz, +(y21)3’}

Yo = —T1 — 3('!/11 )2



By definition F™}(z1,u,y) C R x u X R = R? is the parallel translation of f~!(z1,y) C
R? by (u,0) € R?. Identifying F~Y(z,u,y) with f~!(z,,y) naturally, the restrictions
321,y> 92, u,y Of the complete integral z, satisfy s;, y +u = Sz, uy. Let ¢ be the imbedding
of zyy-space into zjuy-space defined by i(z1,y) = (21,¢(21,¥),y) and j the imbedding
of z1z22-space into zizquz-space defined by j(z1,%2,2) = (21,22, #(z1, hs(2)),2). These
imbeddings define the divergent diagram (g,t) by F'oj =iog and t = Soj. Clearly f = g.
By definition Sy, 4(z,,5).y = Sz1,y + #(21,¥) : 7 (21,y) — R. This shows that ¢ restricts
to s + ¢(f) on T(g,t). The second term ¢(f) is the function moduli. The solutions of the
equation (1) are the transverse intersections of the solutions of this equation (2) with the
z1y-plane naturally imbedded in z;yu-space, and any deformation of (1) is obtained by a
suitable deformation of the natural imbedding.
Generic PDE’s with complete integrals are classified in [16] as follows.

Theorem 6 [16]. The diagrams (*) (f,s) : R « Z(f,s) — R? associated to generic dif-
ferential equation in zy-plane are equivalent to one of the following five forms as divergent
diagrams.

(0) £(2,2) = (3,2), s(z2) =2,

(1) f(z,z) = (2%,2), s(z,2)=z+2,

(2) f(z,z) = (2%,2), s(z,2)=2"+z,

(3) f(z,2) = (2 +z2,2), s(z,2)=2z2+ qb(f)

(4) f(z,z) = (2 + z2,2), s(z,z)= ;%z’i + Lz2? + ¢(f),

(5) f(z,2) = (2* + z2%,2), s(z,z)=22+ aﬁ(f),

where ¢ is an arbitrary smooth function defined on a neighbourhood of the origin in the
zy-plane.

In the above list the normal forms has at most "one” function moduli. This is explined
as follows. Let T be a PDE on R", T’ its (mini) versal PDE on R™"® with smallest
s, and let (f,s),(F,S) be their associated divergent diagrams. Define the partition &
of the configuration space R™* by the R*-equivalence class of the singular points of
the restrictions S, 4,(g,u) € R**°. If 5, = S, is R*-simple, then by the definition of
simplicity, S is locally finite stratification by submanifolds and generic perturbations of
the natural imbedding of R™ into R™** are transversal to S. This transversality means
that the extended farmh 84,0 =8g+¢, (g € R* ¢ € R) is a versal family and the unfolding
(f',8"), (f' = (f,c),s' = s+ c), of dimension 1 is stable by the criterion in Theorem 1.
By the property of stabie diagrams, this has the web number at most n + 1 hence (f,s)
has the web number at most n + 1 and by the argument of versality of stable diagrams
{(f,s) has at most one function moduli of type ¢(f). Therefore it would be important to
estimate the codimension ¢ of the union of non R*-simple functions of varieties. Theorem
6 assirts that ¢ > 3.

Theorem 7. For n < ¢, generic PDE’s have the web number less than or equal to n + 1
and at most one function moduli of type ¢(f).

The function moduli of type ¢(f) has two meanings. The first one is seen by the obvious



calculation
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The function moduli changes only the phase of the oscillatory integral. In particula the
zero of the integral does not change. On the other hand the web structure of the wave
fronts Dy changes topologically [11,12] and futhermore the contour of the phase function d
(multi valued) on R™ form a quasi periodic (Penrose) tiling [30], which changes vigorously.
The structure of those fine structure seems not yet well understood. Here we propose the
approach from the web geometry.

n + 1-webs of codimension 1 on R™ is one of the well-deveropped parts of the web
geometry historically studied by Lie Darboux, Blashke, Chern, ... [3,9,13]. To give a
brief introduction we assume n = 2. Assume that a germ of 3-web W = (F1,F2, F3) of
R? is given by nonsingular 1-forms w;,ws,ws in general position. Since w; are linearly
dependent we may assume w; + w2 + w3 = 0 by multiplying units to those 1-forms. It is
easy to see that there exists the unique 1-form 6 such that dw; = 6 A w; for i = 1,2,3.

0 @

The derivative K (W) = df is independent of the choice of w; and called the web curvature
form. If the curvature form vanishes identically, W is diffeomorphic to the (hexagonal)
web defined by parallel lines with three distinct directions. (The affine connections and
web curvatures are defined also for n + 1-webs of R™. See the book [3,13] for the details.)

Assume that a solution web Wy of a PDE T on R? has the web number 3 and has
function moduli ¢(f). On the nonsingular locus of Wy the web curvature form K (Wrz) is
defined. Clearly the web curvature form is independent of the right equivalence s — y o s
with a germ of diffeomorphism x of R. Therefore we obtain the morphism

The affine connection on R? associated to W is defined by the connection form (9 0>.

right

K : Function moduli/ ~ — Web curvature.

Proposition 8. Let (f,s) be the normal forms in Theorem 6 (3) - (5). Then there exists
a germ of analytic (respectively formal) diffeomorphism x in case (3) (resp. in cases (4),
(5)) such that, respectively,

(3) x o ¢ vanishes identically on the discriminant locus D(f) = {27u? + 4v® = 0},
(4) x o ¢ ==%v+ av? on the double point locus = v-axis, a € R,
(5) x o0 ¢ = v+ av? on the cusp point locus = v-axis, a € R.

The proposition is proved by normalizing the dynamics on the range R of s, which sends
a critical value of the function s, to the other critical value for those g, respectively, in
D(f) and v-axis. The potential function s, in Case (3) for ¢ = (0,a) is of the form

s¢(p) =d* + ag® + ¢(a),



which has the critical values ¢(a) and ¢(a)+ ;a®. Assume that ¢ is nonsingular. Then the
dynamics which sends the first to the later is smoothly conjugate to the diffeomorphism

@+ 167 @)

It is known [28] that germs of diffeomorphism % of R, 0 (as well as C) are formally classified
by their residue. Here we introduce the (reduced) residue Res(f) = res(f) + E£1 (where f
is k-flat), which is defined by

0! = plany/=T Res(),

in other words, writing formally as f = exp x with a formal vector field x on R,
exp OF x = exp (2mv/~1 res(x)) x-

Here (9% stands for the "analytic” continuation of the iteration f* of t-times, ¢ being a
complex number, along the k-fold anti clockwise cycle from 0 to a nearby point in the time
space C. The residue of our dynamics a + %(cb'”l(a))2 is a formal invariant under the right
equivalence. (It is proved in [20] that the formal conjugacy is realized by C'*°-conjugacy
by a result due to Takens.) Introducing in this way the residue seems an adhoc invariant,
although, the following Proposition 9 suggests there might be an ”intrinsic” definition in
terms of the web curvature form as well as the affine connection of the solutions.

Proposition 9. For the webs of the normal form in (3),
(1)  Function moduli/ ~"8" = {¢|¢ =0 on D(f)},
(2)  the web curvature form K(Wrz) extends analytically to R?,

(3) K is a bijection of the reduced function moduli and the set of germs of analytic
2-forms.

The statement in (1) follows from Proposition 8'(3). The statement (2) follows from the
theory of invariant forms. The statement (3) is shown by a direct calculation and remains
valid for some other cases. This work is in progress involving the Gauss map of the webs
determined by the frame of the tangent space by the differential of the phase function s.
Finally I would propose the following questions.
(1) Is K injective?

(2) Study the singularities of K(Wz).
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O HZIEADOEBMEIZ DT

- #Ew
RERTALRFEE R 2 [l4

1 FX

CCTHL BUESEXELT, FUFH BN, AL(), & 288y A
VEBER, P(L;v,2), % z OFBEREBIED 2 O 0 ROBHBER, Po(K;v), D
2DEEZD, co(K;z) € Zat] % co(K;v72) = Bo(K;v) LB kS5ca—5
RN LT 5. MR [8] O BRI L ORBEURIIZ ¢o(K;2) 2T NTEHTES
CERRUI(WRE 1) Fon co(K;z) E7 L FY L5 —ZEA L ORRICDNT
LENTINB,

WUHMBER 1 THB LW 2/EVE L 3BRUVBEOH BIEITDNT o(K;2)
ETVFH T BRI EARZKIBRN O DANTH B, /I OHEERH4 O
Ty VY LIARERBICIGHAT S ENTE B,

ROFLSEBAT S,
Vk(z) : #UB K ®arvwy A LHER

w(K) : #&UB K O#UBRE

WK) : #UH K BHEH
Z T BUHRZORZEEMBNMANDLZ AEIC L > THPWECHICK S, &

NTDFAT 7T LI LT ZOREOR/MID - LA KUE K O BRIESE
W3, 3 IRILERME, B2, LBEUNCE) Z i 1 RTEERE, ¢, EO%t (B3,0) 24



YTIVENS, Rl K ©F VAR (S K) = (B,11)U(BS,t2) T % (B3, 1)
WHBRE n ZDF 7, i=1,2 LBBEIBEONFEET 5, TORIE n OK
INEDZ EEEUR K ORUE OREEE &3

ﬁ?\]li\ E%‘@%(fﬁ K iz CQ(I{; 1) =1 & 66(1{; 1) =0 %ﬁf:ﬁ—: &%ﬂﬂ_\“ L%
DD, best possible TH B I EXFEUEBEE 1 OEUHAFE > TE L.

S 1 (8) EEOO—35 VEER f(z) € Z[r, 2z~ st f(1) =1, /(1) = 0 1=kt
U, HBECERIES L OBUE K st co(K;z) = f(z) DT .

C OREERERZ 8 > TRIEE 2 OFMEMA T b/ I LERE .,

T 1 EBEOD—5 VEER f(z) € Zlr, 21 st f(1) =1, F(1) = 0 iIKHL, &
BIERAEEL M- B3 B U BRI 1 O 248 UE {Kolaen 5.1 co(Ko; ) = F(2)
BT B,

TVFEY T -FBEAIIODOTR 2EZPE THINTERILENI 5495
NTH5, LHLEHD. 3SBEUETRT VFH U —BERUITNTERTE S
Z &R Uiz MAE B EREOT LFH 07 —BHAN 1 OBUEIE f(K;1) =0
Leo(K;—1) 2 1 &fifcd o LaR Uiz, $0mBIE [12] eo(K; 1) = 1 £W7d(F
BORUBE ax(K) =0 & ag(K) 20 2T EER Lice 22T ai(K) 13
WMWUH K Qavy 2 ZBHAD i ROFRKTH 3,

Z DB ADEER I, best possible Th B & AU ERIES 1 O 3BEUEE
i > TR,

B 2 EEOD—5VEER f(r) st fA)=1& (1) = (1) =0, f(=1) 21
L, IROEMARBICHTHUE K MEET 3 : (1) colK;2) = f(2), (i)

Ax(t) =1, (iii) b(K) = 3, (iv) w(K) = L.



EE 3 FE0u—7 BEAC(2?) e Z[2Y] s1. C(0)=1Lay =0, a4 20 ikt L,
ROFM A R T HOEDEET B : () co(K;2) = 1, (i) V(2) = C(22),
(iif) b(K) < 3, (iv) u(K) = 1.

2 B oip

Clay, - ,an), a; €Z : TOROIRICR LIz 248 UE

( __a2 - n
S R I ____j

1« B o-half twists ; 4 [ = :L/\//\//\_F_

B 1:

244 VEBERIE P(L;v,7) € Z[v*, 2] A& SNics O E £ 713828 L ©
T4V FE—ERIRT BRERTH D ROBFERD SRS EI NS,

P(O;v,2z)=1;

v P(Ly;v,2) —vP(L_;v,2) = zP(Lg;v, z),

B 2:



P(L) = Z PZi_l_r(L; v)zgi_l_"

i=1

T, L:r BAoksE,
F/2 L Oavy A BERII. Vi(2) = P(L;1,2) EE3h3,
P Po(K;v) 2RO LS ICEBR LIS Ui, BUCERER (8] & 1.1),
co(K;z), RIROBGED, SBMINICEIN S,
(i) co(O;2) =1
(ii) zeo(Ly; x) — co(L—; ) = co(Lo;2) ,
72720, O: BAEMEUE, Ly, Lo : #UE, Ly : 2H450#%&AH.
(i) L=LiU Ly : 5B\ O 2HAOHKBBET B,

co(L;z) = (2 — l)x_’\CO(Ll;x)c{)(Lg;x).

CCT. L OFHBHE N i3 Ly & Ly ORELTOR 2 1R LSOO 1/2

DZETH D,
S 2 ([6]) 2BV BOERIZROED,

C(mlﬁ" ';mn;ayy,yl)"';ym)
= 61(931’ Tt HaH,(-—l)“(y-{» 6)’ (‘1)ay11 B (_1)aym)’

C(:L’l,-'-,l’n,a) = C($1,~'~,ﬂ§n —{—6,“&”),

ZIT. e=aflal, |la]] = (—2¢, 2, - -, (=11l "12¢).

-
la]-1

HTF  a:=2ay,-,2a9,

b= 2&1,"',262771 (a“bj € Z) &43}2{?_0



il 1 EEO2ERUBHEIZEWHTEUR J,J LEEDEH JIZHL, $5 2
BBV EERIBWECE C st. a skein triple, (Ly,L_, L) = (J,C,0U J"),
Ik(0,J") = d DEHET 5,

. UED S 2EETUE J = C(a), J' = C(b) EF 5,
%‘@H%\ “ko)ckif‘; 2%7&%@@%&50 CE C(b,e,&,?,a),

72720, d=2e+ 22;;1 a9;-1 — 2}:7;1 b2j—1; a = —2as,, -+, —201.
B 3 TR U7z + T skein triple 2825 & (Ly,L_,Lo) = (J,C,0UJ') TH
D Ik(0,])=d THBEZENBRIZHOHNS, O

& - o -
'31 I € | SN B *%] )
G ' i )

B 3:

WUB K O¥A4 7 )V NiE F &3, F C S® EiEmiE st. 0F = K
EHiEEmiE F OERE g(F) EET,
OB K OB, 9(K) = min{g(F)|Fiz KO¥A 7 =V Ml }

e 2 ERO2HE/HEUHE C it LT, 5 2BEUE C st ¢o(Csz) = co(C';x)
> 9(C)+ 3 = 9(C).

fiEBA. U S 2RHETUE C = C(a) &F 5, TOR. 21HUH ¢ ZROKICE
%, C' = C(a,e},2—4,2,2,-4). 22 Tel #£0 &95, ZOM, g(C)+3 = ¢(C")

THBIEDEZ OIS, KR UIEZ AT skein triple %X 5 LROBD



ThHsb,
22¢o(Ca;2) — eo(Cls2) = (22 - )zt (1),

zeo(Cas ) — co(Cryz) = (z—-1)'?  (2),
zeo(Cr;2) — co(Cs2) = (2 —1)a° (3),
ZIT. CL=C(a,2,2), Co = C(a,2,2,2,~4) L b=1+3 1 as-1. (1)—azx
(2) — (3) ZEHET B &L co(C;z) — co(C's2) =0 2B 5. O
f(z) € Z[z, 271 1Tt LT,
a(f) = —F(1)/2
deg(f) : f(z) DRBIRE — RIERY LR

£ 1 ([8]) f(2),9(2) € Z[z,271] s.t.
f(2) = z9() — (z — 1)a’h(x)

L4 5, ZORKRD 3 >OENITFEE :

(@) f(D)=9(1)=1<& (1) =4'(1) =0, d=d(f) - d(g),

(i) g(1) =h(1) =1 & g'(1) =1 (1) =0,

(i) f()=h(1)=1& f(1)=h(1) : 0.
TEIE 1 DIEEA  IEWDIC f(2) ICH LT, 5 2E8EUE C with u(C) > 1 FET
32 &% deg(F) DRWIETTRT.

fle)=1DEE, C=C(2,1,1,2,2) = 8, FEAUT LU

deg(f)=1DEE. f(z)=(1+b)2’ —ba®*! b€ 2) THB. C, ELTHL—F

ZAEVH (2, -2b - 1) ZENUL, co(Ch;2) = f(z) TH B,



bl deg(f)=n>2 &5, TDOR

fl®) = bpa" +bp12" 4 4 b2t
= zg(z)— (z — 1)z 2> 2((1 + b, )z’ — b,xbat1)
EhlcT £DRa—5 VEBEA g(x) FEXBHE. Xb S deg(g) < deg(f) —1 T
BB, FLEE 1S, g(x) Bg(l) =1 & ¢(1) = 0 %/ deg(f) IcBIF
BIFMAED S, HB 2HBHREUVB J st. o(J;2) = g(z) PEET S, HE1 o,
H5 2R UB C s.t. askein triple of C, (Ly,L_,Lo) = (J,C,0 U Cy) D
Ik(0,Cs) =bp —n+ 1 DEET 5, TOK. ¢o(C;z) = f(x).

RICHRRE 2 2085 &, BUOICRIS BERED 2 185508 {n}men with u(Jp) > 1,
co(Jm; 2) = f(z) DEIET B 2 Ebsbd B, (HEILS |g(Jm) —9(Jn)| > 3 (n £ m))

REITEU MR SIEMBEORETU B HED 1 © 218U {Cn}men s.t. co(C; z)
flz) BEETHEE2RT,

h(z) : a—35 »ZEAst. f(z) =z — (z— Dz %%(z). TE 125, h(z) 13
h(1)=1 & B'(1) = 0 Zfi/cd e £ - T EDICEL BMERED 2 1EEUE J,,, s.t.
co(Jm; x) = h(z) DEHET S, WE 1 2FS & 2FHEUE G, s.t. skein triple,
(Ly, L, Lo) = (0,Cm,0U Jp) TH Y (0, J ) = d WEIET Do 5 Cpy 13
SEU RSN 1 O 2BHETETHY co(Cm;2) = f(z) BT, BNICELS
Ll g(Cm) = 29(Jn) £ 1 (m € N) D SERICHI 5, O

2,3 ZRTIHICH B 3BRHUOBOEE 2EBRKUBEI»SBERTZ, FED 2
FREOE C = C(2a1,- -+, 2a2,) 1R LT R4 ISRUZIL r 21D 0-— 7 %%
50 -F1—TD3IEDWH S 2HB~NT L DORBUVENTES, LTl §-H—TH
53 DDFECENTE S, 0-4—7, CUT, IZD0WTid. BWRGECEY»2 D& 2
EUH C 1DTHB, 20 0-H—THoEUR K 2RO XD ICHET 5. N(y)
ND H-757 OO I n /2-7 VTIVICEEBRE B, 72750 n; 13+ TOD skein



triple 75, (L4, L, Lo) = (0, K,0UC), Ik(0,C) = i &155 &5 18k (B [8],
B 4)o —H¥ICIL 7 3 24U E C O lower tunnel EFHENTHS [1] 2D K *

[((2&1, e -,2a2n;i) &ﬁ%ﬂ’é‘%o

( o [
Bt S R _
—
U
( BN A (e
C “ T On-1 “Jffff&/pj
B 4:

K :={K(2a1,---,2a2,;0)|a; € Z}, Ky :={K(2a1,--,2a2,;%)|aj,i € Z}
BMUHODE Ky ICDWTRD Z Ebvbhhd, BFE 1 & K € K, OHERENS

el 3 EEOo—F VEER f(z) € Zlz,z7 st f(1) =1, f/(1)=0iZHL,
BFEVHE K € Ky st ¢o(K;2) = f(z) BEET 3,

EFHEIRODZEER LI,

SE 4 (5]) A() =1 & A(t) = A(t™Y) A¥7-d, EEOT—35 VESER At) €
Z[t IS LT, T LR VS —BERS A() 125 L 575, SHEEUE K ¢ K.

PHEET S, ZIZT flz)=g(z) < f(z)==xt"g(z),ne 7.

EH 2 & 3 WP T E7DICROBERER NS,



S5 ([13]) K : &UH, X(K): S O K *53BEALT 3 _EWETH
b U K ORUBRBHEEN 1S5, So(K) = K'(p) 2WIcd £510HBHEEAT
EVEH K EHE p BFEET 5.

&piE 6 (Cyclic Surgery Theorem [3]) K : b= REEVH TRNEUE
r: BE¥Y, K(r) : K & r-Dehn surgery UTHE Sz 3 IRFLEIRE
b U K(r) OEXRE = (K(r)) PEEIEFZ SE. r BEHTDH S,

HET () K #SU0BEET S, 20B. —c$P(K;1)/2 = as(K).
e 8 ([12) K ZRUHLET B, TR
P (K)=3(—2)%as(K) + 3(—2)%as(K)®  mod(3 - 29).
LD ODEERN S

R 1 c(K;x) = 1 Ml EEORUE K 95, OB K 0avy 4%
HRRKOEBETTT . ay(K) =0, ay(K) Z0.

&E 9 ([8]) EROT LFI ¥ —ZHAN L ORUE K Heo(K;1) =1, (K1) =
K1) =0 & co(K;—1) 2 1 %77

BWE2 () 0—5UBER C(2) € Z2(:?) Hag =0 & ay 2 1 Ziircd

= CH2 =ty =14+ 50 o2 =t~ Y2)A(E +t71), (2 € 2)

(i) B—3 VBER f(z) B F1) =1, F1) = /(1) =0, f(~1) =1 s

= f(z)=142a(z— 1>+ ;cz bi(z — 1)*z,(a,b; € 2)
RD2DODFENSEE 2, 3285,

BE 3 co(K;z) = Ag(t) =1 THEH., BRETEVETE K € K DEET 5.



SFBH. BUBEULT K =2 K(2,-2,-2,4,-2,-2,2,2, -4,2;0) &L ->TL %, &
1 OFFHED S, co(814;2) = 1 BB, TIT. 814 = C(2,2,-4,2). 2T
B C=0(2,-2,-2,4,-2,-2,2,2,~4,2) D co(C;z) A5HET B, ZOK, C D *
TO skein triple 1% (814,C,814U0), k(814,0) =0 TH B LT c(Csz)=1
THB. BT co(K;2) = 1 THB. K € K OF LFH V5 —FHAZKORTE
FTENTE D,

3

Ag(t)=1- Za%(tuz _ t-l/z)z(tz;;:lagk_l + t—z;;:lagk_l)

i=1

kTl Ag(t) =1 THB. BBIT. K BEHPTIRVETE THBEILERT, @
513 05, Do(K) 1355 2HEETE Ky b p/2-Dehn surgery LTHSNLS
ERETH B, ZIZTs p: T, K =2C(1,-4,2,-4,-1,-4,1,4,-2,4). @wfE 2
EFNT Ky 2ERTBE. Ko 2 C(-2,4,2,...) % £C(2,-2,---,-2). W6 %
fHoTs Ko 13 b=S ZBECETROI £ Smi(Da(K)) PMEEFTEL KT

K ZHWPTRWEUETH 5,

& o —
OREORARI 2

C - *
RN i)

® 5

HE 4 EROKVE K € K L, KOL I BHUBHEET 5. K5, K,
KfeKa>0,B€Z st
cQ(Kaiw) = ¢o(K; ),

AK} (t> - AK(t) = i(tl/z - t-l/?)é(xa + :E—-a), a > 0)



3 RXPADT L UTTREE
8 10 ([6]) v4 : KPADT 7 2 ) TIREBIIROBIZES 5,

va(K) = As + Byas(K) + CuVE (1) + Dyag(K)? + Baas(K) + FyVED(1),

T
i Ay ] i va(0) ]
B, v4(31)
Cy M va(31])
Dy v4(41)
o va(511)
| Py | va(52) |
with ) )
1 0 0 0 0 0
5/8  5/8  1/2  —7/24 0 -5/
s = 1/16  11/144 —1/72 1/48 0 —1/48
7/4 1 1/4 3/4 0 -—1/4
~11/4 19/4 —11/2 -5/4 1 -7/4
| 1/96  1/96 0 —1/288 0 —1/288
ZZT.
& b (D)
0] 31 31! 44 54! 52
B 6:



co(Kﬁi;:c) —co(K;z) = £(z — 1)z,
A (®) = Ax(®), pez
co(KE;2) — co(K;2) = 2(x — 1)3,
Agx(t) = Ag(t), respectively.
BERA. WUE K = K(a;0) ERET 3, #£UH CF =2 C(a,e4,2,-4,2,2,—4) &
LB, ZIT. ea=—20—237 ax, a>0. BE2 M5, o(CF;z) = co(C; )
TH5. 2B CF D5 associate TNIHEVE KF 282 3,
c(KE;z) = 1-(z—1Dade(Ci;a)
w(Kiz) = 1-(z—1)a%(Ci)

B co(K ;) —eo(K;z) = 0.

1

&

RIZT VFT U F—-BEREFHET 5 & (M 30HHESE)

AK:’(t) _ AK(t) — (t1/2 _ t—-l/?)?(ta+1 _ 2ta—1 4t +t—a—1 — 9« +t—0(+1)

(tl/z . t—1/2)4(ta + t—a‘).

K74 KE KF o0 ThABICRT S EMNTE S, ]



RO EDRSNT B
P(K;1) = —8ay(K)
4 .
P (K1) = 3V ([12)). (1)

4
P{Y(K;1) = 8ay(K) + 96ay(K) + §VI((4)~

Po(K;v) & co(K;z) RRDBUZICH B0 Po(K;v) = co(K;v72).
v=1TOWD%E &5 LROEAFREE S,

PO (K1) = 482K 1),

PO (K1) = —36¢ (K1) — 8657 (K; 1), (2)

PSY(K;1) = 300cSP (K 1) + 144 (K3 1) + 16650 (K5 1).

(1),(2) 5
ay(K) = —dP(K;1)/2,
VP = 21K 1) - 6P (K 1),
VY = 1289(K;1) + 108¢ (K1) + 225¢87 (K 1) — 6as( K) — T2a4(K).

2183, UEDZ END, KEADY 72 Y LIFZERE. co(K; ), aa(K) B 5
FEBREBTHE LN DB, E/afE 1 .

R 2 K, K : $EUH st Po(K;v) = Po(K';v). %D ay(K) = ag(K').

PQ & v IVETB, P+Q,Py,Pp ZROBTESET 5,

=8 [

Py P, P+Q (P+Q),



&E 11 ([2) P,Q 25 v/ NET B,
Vn(P+Q)=Vn(P)VN(Q)+ VD(P)VD(Q)

HE 5 ERO2HEHEUE K= C(e) & EROEH 418 LT, 5 2FHEUE

K’ st co(K;z) = co(K';52) & ag(K) — ay(K') = 2d DFHET 5,

HEBR.  RBUEEBROKICES, O 2 C(a,2e4,2,-4,2,2,-4) (d € Z). T D
W 77D 5, co(C;z) = co(C's2) THB. ZOHEE —cP(C;1)/2 = as(C) M5,

45(C") = a3(C) TH B Z b B, ag 12DWTIE M8 11 AHLB &

Vei(z2) = Ve(2)Ve(es,2,-4,2,2,-0)(2) + VL(2)Ve(2,-4,2,2,-2)(2)
= Ve(2)(1+ (4 — 2eq)2* + 4d2°) + Vi (2)(22% + 42°
= (1+a2(C)+as(C)+ - ) (14 (4 — 2e4)2* + 4d2°)
+(a1(L)z + as(L)2® + - - -)(223 + 425)
ZIT. L=C(2ay, 0, 2a9,_1) : #AH
&oTs ay(C') = aa(C) +4 — 2eq4 + 201 (L) %7185, O
e 3 & MHRE 45 TRV LROBREB S,

FEIE 4 EEOKUE K 1o UT, % 2808 J, BUBREK L OKUE J/
5.t va(K) = va(J) = va(J') DEET 5,

Concluding remark. % K € K BROEHERBEICHKCT @ (1) BEH3 L
T, (i) (L1D)-&UE (£»-T K 3 X1 OFKUR), (i) HUBBHEKL,
[9,15,16] DIERER B ERDZ b5, U BBHEE L > OEEHESLUTO
DEUE K BB /232K UE, 3, THS, ZOFEEA(-1)=1
(K eK) 5, & K € K IIWHETCE.
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0. Fro

Reidemeister torsion (. [@ UXRICDFRE b ¥ —FHE 2 SRR WA c L T4
A EVIBERICH LTEXS720121 9 3 045481, Reidemeister, Franz, de Rham
LIZE o THEASNH IS PLAZERETY, Lens ZE OG5 PL F#uY—0
FEATFE, Bire b V-5, SASERCEELBREAYE-LTE T L,

L ORBRI S RO AT &5~ & F~DERE 1 ol L ibas s
N % DT, Reidemeister torsion X ZIREDALEE L L TERAB-DICIEERT 2R
ERE L SERABORBETRCEZERLLENHY £7, T%b5 Reidemeister
torsion 1&, RIFEEERDZEMO Lo (-3 EHAKOEMENH L2 F VED
IHT) L% EF. b &b L Reidemeister torsion X LREKRD BAESE], 5 2 WVizH
HaElEfioTERZRENT L,

TDH, 197 0FEMIT% o THh S Ray-Singer[R-S] 12 & o T, U—< Y &Rk
NTTTYTYDE— —BEEE > THMTBIS torsion AZEE AT (analytic torsion)
BEINILTzo TOTON—ET 5 Z & 4% Cheeger[Ch], Muller]Mul,2] 512k 5T
EHSINTVE T, ZOMITH LR ERICE o T Reidemeister torsion \X My, K
BT, 1%R ([S). [WL,2]s [Fri]) LU0 A LTI IR T WIS, &
DIFENTHI % R analytic torsion ISEAAMICIZIAEEE T 25, BEAEMLIEIXIZE A
ET&E+¥ A, Gauss-Bonnet DEBENE LD S EEo0TAH AT —HDEEST 502
HBOBTEFETIANETLAEVRVD LFARETT, torsion ¥ EERIICSE % L
L9, FOERXEZ L) LT 5 EMAEDEHIC Reidemeister torsion #E % 5 2 &
e T,

COBETI, ZX AR E 3IRTEMRE, R, 3 RTERED P0G U H 04
MICEZROEEED LT, TR ERBED SL(2; C)-FBICIHE L 72 Reidemeister
torsion IZDWTHE Lz EEnE 4,



1. Reidemeister torsion.

> O Tl Reidemeister torsion NEFEX BT T, LT, V% F Eon ki
MEEMELET, 220 VORKE

b= (by,...,b,),
c={(C1y-yCn)
FEDET, COLE, o= Sayb EBLTEICE o THIA = (ai;) BEED %

=1

To 2075 A DiTFIR%E [b/c] LELZLIXLET,
F FYBRD torsion MEBEFEHZELIL L Jo

Om y Om 1 7]
C*IO——-+C'm——>Cm_1 — ——’Cl—l-rCo——*O

* F LR ZE O ERRSFREIEE LET,

TIETH CC) KBWT EEcg P F5ADNTWHELET. 61T, By(Cy)
LoEED, £ ZD Cpy(C) ~OFSL EIFb, 2L 0 7,

FEBRNE L D B (CL) — Z,(C,) BRAMLZOT, B & o72EK b, BZT0E
¥ Z,(C.) pEEES5 2 T, FHIC L TRERT

0 = Zy(Cs) = Cy(Cx) = Bg—1(Cs) = 0
L& 2Ty (by,byy) iy Co(Ch) PEEEFAITo TDLEIhbDEEDNERT
FIDATHIR [by, by /cy] PHED EiFb,y DY FICL DRV LREZHITREND
DT, BT [by,by_i/c,] EELZLICLET,

3% 1.1. FEEmIREEAEELR C, D torsion 7(C,) %

LEET Do
IE. 7(Cy) W, ZEE by,...,bsn DY FITLY TEA
BT, AIRIEEARD torsion Z L TO LI CERLE T, 7.
X ARBEEER, XX O%EHEEER
LS, FOLE EARNX N, BEERL LTERL I, RMEBERIC L 5
TooEAERARE LET, #RICEoT, lAGE» ST 288K C.(X;2) K
& Z[m X|-IE O SHEEOEENAD 7,

p:mX — SL(n;F)



ERPLLET, SOp Lo T, VICWE m X-MBEOHENEAY ., oW, o1
BELTVIDOTHIZV,eE(ZLCLET. STV, -REOHBE C.(X;V,) %
Cu(X;Z)®zim, x| Vp EEHELETo 612, Co(X;V,) DEEXRDL D ICEDE T,

{o1®e1,01@e2,...,01®¢€n,...,0k, er,...,0k, Qen}

BL. {e1,e2,...,en} BV DEJE, ZL T, 01,...,04, W Cy(X;Z) @ Zlm X]-h0EE
ELTOREES 25 ¢- KTk,

TITROEIRIEE LT YUK CL(X;V,) . FRRIRE L LET,
Thbb, ETORTLOFETI—F H(X;V,) AL TVE, OB, FH p%dk
RARSEBL L IR U % ¥,

EF 12, p: mX — SL(n;F) 2FHREH L LET, OB, X0 V,-BH0

Reidemeister torsion T(X;V,) % . 88K C.(X;V,) @ torsion & LTEHEL T3, &L
FHICT,(X) LB E1E LT T,

1%. Reidemeister torsion 1%, up to +1 TPLAZLETHA I LR MbA TV
To FEICE X TV B EABH ORI IMB IR THRIADEE Reidemeister torsion I E %
AT well-defined 127 ) F§, LW oTUTEBRATERYECZE LT,

. AT, ERBEOERHE p0i5 260k, FEDOT 2 D & B%p(z)y DT L%
BN, KLFD XTELZEICLET,

2. BARBI,

WL OPBREFICOWTETAT L L I,

1. VIyF =52 85=8"xD?%
EFRE m(S) REBEHZ LA—RL, 20EBT s L LET, BB

p:m(S) — SL(2n;C)
P, FRRTH2 DO LBEFFEME det(X — 1) # 0 T, D Reidemeister

torsion %

7o(S) = det(X — I).

Bl2. 2K —F R T?
FH p:m(T?) — SL2n;C) 1272 LT, pWHERIRTH 5 20 D LEHHE&M4
det(X —I) # 0 &% 5z € m(T?) BHEETHI &, BT, 2D Reidemeister
torsion 1

(T?) = 1.

Bl3. 3RTL ¥ X2/ L(p,q)o
P> R EVICELENERE LET. LT, r=<t|t? > %t TERSNBMHEp
OREFEE LET, T3 ATEHA

5% ={(21,22) € C* | |z1|* + |2|* = 1}



EEXTHEENZME X ANTEE EFo w =exp(IE) L LET, B i3 5% 0
LEHMTo L) CHBCERL £,

te(zy,22) = (wzy,wlz).

COREERE S r 2 L XEMERY L(p,q) LEE T T, L(p,q) ICi& S*» o B
HEE EEEPAD I T, $EABEr ER-HTEEETRt LR 2T LT
2E7, /2 L(p,q) KiZdDD N

UGy .., Us

T OW-BEHEOENFAY 7, INHA4 20N SO ETUTD X )T ug, ug, us, us
REELETNOLOBELTERELET,

(0) uo = (1,0).
(1) wr = {(exp(6/=T),0) | 0 < 6 < 22},
(2) uz = {(z1,4/1 = 2" | || < 1}.

(3) ug = {(zhexp((g\/-—-l) 1-— !Zl|2 I |21[ <1,0< 8 < 2?# .

N LY Lp,q) KRS E 2 5 %, Cu(L(p,q); Z) \CEH Z[x]-INEE DR HS
A Y, BRIEAZER

Oy = (t —_— 1)1_10.
azﬂz :(1+t+"'+tp—l)ﬂ1.
O3tz = (17 — 1)as.

T3 fHL. rid¢g-r=1modp 2 TEETT,

p:m— SL(2;C)

%M0=<§ g)T%i%%ﬁtLiTo@Lwt@wméﬁﬁfio1+w+”.+

Wt =012k D, Cu(L(p,q); V,) KRV BBFEARIEERD VoS b Vo 2kt
LT,
_ w 0 _
61(17@151):(0 >v®uz
G(lv®ug) =0

r—1 0
83(v®ﬁ3):<w0 J)r—1>v®ﬁ2

L) EY, BLEICL Y. Cu(L(p,q); V,) EFFEIRGEEIR L 22 U | Reidemeister torsion
mo(L(p,q)) WEATE SN T A, BEEDEE c,(m=0,...,3) 2 TORICED



ESQENS

c3 = {e1 ® 3,69 @ Us}
¢y = {e; ® lg,e2 Q Uy}
ci = {e1 ®@U,e1 @ U}

co = {e1 ® g, e2 Qg }
BL {er,er} 13 VOIEHEWN K, & 52,

by = {(w" = 1)e; ® &y, (®" — 1)ez @ s}
bo = {(w —1)e1 @ o, (© — 1)es ® o}

EBEET, TNITE D LY A2/ L(p, q) D Reidemeister torsion &

ToL(p,q)) = [ba/cs] ™" - [ba/cs] - [b1/e1] ™" - [bo/co)

‘ w'—1 0 w1 0
_d“( 0 car—1>'det< 0 @—1)

= ("~ 1)@~ 1)(w - 1)@ —1)
=2 - (W +))2 - (w+a)

2 2
=4(1 — cos l)(l — cos ——W—T)
p p

EaNET CORRE L(7,1) L L(7,2) KETHOTAHAELE I, 22T, L(7,1) &
L(7,2) 3AEPE—ETH L Z LML NTWE T, TN D Reidemesiter torsion
(=8

7(L(7,1)) = 4(1 = cos 2_7"-)2,

r(B(1,2) = 401 - cos%f)u +eosT)

&7 1) Reidemeister torsion & L(7,1) & L(7,2) #RBIL ¥, L722%5T L(7,1)
EL(7,2) WPLREBTEZWI D2 D T Lz, (Lo TRMEE TR V,)



3. Seifert fibered space ® Reidemeister torsion.

PLF. M3 %A & {1 T8 7% Seifert fibered space T, % ? Seifert index iE

{bﬂ(o’g);(alaﬁl)v' . ’(amaﬂm)}
L9 5, Seifert index 12k W, MOERBIZLTCEZNE T,

WII‘/I = <a17bla . "3agabgaql7' . ~1Cim,h |[ai’h] = [b“h] = [qi’h] = 1’
R = 1,01 gman, br] . [ag, bg] = BY).

Johnson[J] ¥, Reidemeister torsion % SL(2;C)-BE#MFEBRICH L TER TE£DEE%
Brieskorn &€ 0 YV —REDHEICET LTI T,

CORREEEOICHEL T, ROBEFELNT L,
EH 3.1[HLEF 1], p:mM — SL(2;C) ¥ BE#HERE LT, TOK., Reidemeister
torsion T,(M) &, LT TH 2 615,
TP(‘Mr> = gd—m—dg ﬁ (1 _ (__1)11; cos P.‘ﬁ({ﬂ)ﬂ) H # IO,
=1

5L

(1) H = p(h),
(2) pi, i EEBT oy — Bipi = =102 0 < p; < ay,
(3) ki(p) REHTO< ki <ai®? ki(p) = B mod2o

Bio, BETNEERE LTI SL(2;,0)-FHEEDEHOKRTIXIE & %
L5, EEMICERZED L2 E LTH Reidemeister torsion DY 15 2 {H 1348 RRE
TLPDTRTERICLRLEZ NN T L, (—RIZEEPOREZERERZS,)

Z DFERIE & 51T Seifert fibered space DT, FFIZ STAEHD orbit & LT
BONLHE OB 1 U EDOBEI D SLn; C)-BHEHR I L THBETE F
L7ze p:mM — SL(n; C) 2 BERHFERE LE T, ZORER p0BHMELrL, 1D
n FRAFEL T

H=ph)=AI

EETET, 61T, Q5 =p(g;) PEFER
€51v--5€5n

k%% i—g—o %@%uT@%%iﬁ?&%ﬂi l/f:_o



EH 3.2[4LEF 4 ]. Reidemeister torsion 7,(M) &, UM TFCE L LN D,

To(M) = (A= 1)PC=20=mTT(\¥e;; — 1) ... (Wiejn — 1)

=1
18 L/lj,l/j‘i%%(fozjl/j = Bip; =152 0< pu; < aj.

.
(1) &BRITEBp : 1M — SL(2n+1;C) 123t L T, Reidemeister torsion I£+1 4%

B\ T well defined 12 ) £ 9, TThb, LOREEOEER BV CHRYT
LEd,

(2) z(i/f) DIERR {p(ar) = A1, p(b1) = Bi,...,p(aq) = Ag,p(bg) = By} WHED %

o

INODERIEMEBFRTI 7 AN—DBRREE L ZOBERICHRLTEAE
NDOERS T Reidemeister torsion % 7 L THREICEFNS L5 TET2 2 Lo
LR onEd, TnERBIICRTEL TW 208U TFToMETT,

#ifE 3.3, EIE {c!}, {c;}, {c!} DHALNT W2 n RTLPEEKD =L ZF
0—-C,—-C,—Cl! =0
KBWTSTRTO i LT, [c,cl/e;] =1 %#WirzTELETo SO, L

32D LD 2 ODGFEEEPIEHIRTH 52 biT, ¥ O8RS IERIRT torsion X
well-defined TULF #3672 L £ 9

n
I "

»E -t ! "
7(Cy) = (=1)i=0 T(COT(CY)
8L, g =dimdCl,,, B} = dimdC!,,.

— 1T Seifert fibered space M EAEE D SL(n; C)-BE#EH 0 B HE ko 22/
DRLEETTRH ) €A #o T, BHERORBHIERELEELE T, L
L6, EEEDFERIZ L) Reidemeister torsion 1. EHoBEO LT EROE
RS LRI I, COBRIVKROZ L HHEE L 5,

FIRE. BRI EARIED SL(n; C)-KRBE L BH L 72, Reidemeister torsion HSEFE
MICEALT 2 SRTEMERFET S22 37, EEHEA L b OREET L4 9

SR LT, 3RTEEKED T D 8 DFXEVH D Reidemeister torsion % ERRIC
AIETHAILICEDRDE ) R BB ZBEL T Lz,

B 3A[LE 2], BOFHEVEHONBNY 7V E 2 5L, SL(2;C)-FBIKNT 5
Reidemeister torsion ¥ ZH M E ERENICE/LT 2,

C DRAEBIE Riley DFH [R] 2o T 8 DRV E D SL(2; C)-B¥EB Lk
DEMDNT A= 5 —FREGEATENEFoCHET A LI N ELNE Ly



4. S' EoiEiR D Reidemeister torsion,

L, gomEHT SN zBMlm e U5, IS0 &#E Tl 72 Reidemeister
torsion WHEEFEEHEZE(BIL L THEIT-Z 88 ST LT, Ko EEH-> Tw
9, FIT, —MRICHMTEARDOHE 2o 72 3 RICEFED Reidemeister torsion 12
DVWTEBELTALELL o —BICETOMERIZMANRSFEHEERICLIUTD
Loy,

f:E, =5

R & 2 ROWMSFABHEE LET, 20K, 3KTEME M2 RD L I ICEHEL
E 3
_f\/ff::gg X [0,1]/'\4

BL, ~3EED 2z € S, LT, (z,1) & (f(2),0) ZA—WT B L2 EHRL T
To TLTEALHER
m:Mp— St =[0,1]/ ~
ELET. BRI MiOEAREIROEREREOZ LD ) 3,
miMy=<ay,bi,...,a4,bg,1t ta;t™" = f*(ai),tbit”l = fu(b;) >
LS furmDy = mTS, & fOFETLEAFELORERETT, COFEROTT
T=<t>C 7T1Mf
FmSTEA—HLET, BARE S My — S 5 %H
a:mMy—T
2HBET. SITTER Q0 1 EHAEMEML Q(t) - {0} nEGEELELT

a:m My —T

Q) ENFEREALZLET, ZOFERIZITT 5 Reidemeister torsion ¥ 1 Th T
Lido ZOBEHEER C(Ms; Q1)) BIEBWIRT. %D Reidemaister torsion

To(My) € Q(t) — {0}

i My ® Alexander ZHZ [WA] EAERNITIE—EL f0 Sp(2g;Z) 2B 280%
HEEAUCE D ET,

&) — i DIETTHFEIRITH T 5 Reidemeister torsion 12 L TlE 2 b & ORFEE
HRED—2TT, FIZIRTEREOBMEEL OEEREEL TT, #21F. Wil
W& RED SL(2; C)-FRI D Reidemeister torsion 2 &H 2 W I HHIEEHR ST Lo b —
T ARDERIC 2 ORI ERHEEIBIL L 72 & & © Reidemeister torsion DIE2 &
W ED LR o TWE pk EIEARBEVRIETT,



5. & U°H @ Reidemeister torsion & Twisted Alexander £,

1992 FEICHIAK (BRLK) [FIA] 2L > T, EEOERFREICH LT Twisted
Alexander ZHANEHZ S NT L, COHTHRETCER I LT hE2E 2 4,
T,

KcS: ¥UH., E: #04
I'=mE:K OUHE
a: T > T=<t> BRET7—~LL

ELET, SbIT, MHHEOLODITOEHER LD SL(n;R)-FEHOAEEZ BT &
ELET, CORERER. T @ SL(n;R)-FH p 52 5172 RIZHD Laurent
ZHNAK (1) L LTEZRSNE T, #L T, D Twisted Alexander £ IT %KD

HIRCH M % Alexander ZHAAL (1) D—MIbE %20 9,
Ag(t)=(1-t)Ax1(?)

AL 1:T =R - {0} X1 RTHOEBELEHRTT,
H % Alexander ZHFUICEI L T 1962 4E12, Milnor [M i2] 13K D2 ER % SFHH

Li Lf:o

FEH5.1. K ® Alexander ZHA Ak (t) & E @ alZ31d 5 Reidemeister torsion 7,(E)
Thb, BHL, HUEEDT —Wla: T — T % 1 ZHAEBEBENE R(t) LoFEHEE

BT,
ZIT, ROBARZHWIZEZLNT T,
. K O Twisted Alexander 33, K DOHER E @ Reidemeister torsion & L

THIRTE 55 ?
CITEHp:T - SL(n;R) I LT, KDL I % vV IVFEHR

p®a:T — GL(n;R(1))

%
(p®a)(z) = p(z)a(z)
ELTERLET, ZOF, ROEBEIEYIL T T,
EH 5.2[1LH 3].
A['\"p(t) = TP®O,E.

COEBEOAE LT, SO(n)-RIEADHE D Twisted Alexander ZIHI, DR
DIFUEIRENT T, TNITHLMNZ Alexander ZEFIT BV T

A[{(t) = A}((t_l)

WHTELBEWCHRILT A 2 EDIETT,



TEH5.3[4LE 3]). L. p 2 SO(n)-BREEBELOE, E0L &
AI\".p(t) = AI&',p(t-1)
A5, HF EERBRWTEY L0,

HHE 7% Alexander ZHEISECHEOANLEETTI, #L2 U B DN OAL
MAZLEE TH 5 Reidemeister torsion L[Fl—#HTH T LTk DEk4 L HENEO LT
L72o Bl 213 Alexander ZHF X F D F F Tl cut & paste DEFRFITITD D &AM,
Reidemeister torsion & B 2 1 cut & paste DFEFFITIEO Y 3, F 7231 Reidemeister
torsion % Alexander L E B A WTEAFEZITHOFET A LT E 9, Twisted
Alexander ZHEA.DBEIT BV TH Reidemeister torsion & 9 F L fFEVGIT B Z &1
FORALHEIEONE LRI TVET, [T KBS TWnEZ &RNEE
¥ T Twisted Alexander FHEADHBEIH Y Yo I hdh b DBRETT,
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1 fvbhp¥rvav

FRHEOWMEDHEEIAICFHTEHESRIHD LT,

BEOLZHEOWMS PR oV —THEEHOCENEAN T EAEEET
7 (§2) ZNHR TN, TS EGORESmIIAEEThERTATLUR,

YTV I T 4y I BAICHERMBERENSL Y T, WBHRLAFY = &
ZYILLoTREDIONIHENINT —DEENZNICH 20 T (83), %
FNWT—DRBIZLNE. VTV I T 497 BBEOHGEZHBEIT. £ I
DYV I TF 49 7 EADBERUICL > TRAFICEEREF>TLES &
AZROMIMEEADBbET, COBERTY VTV T4y 7 3MAIIBESHE
S HUH, YT VI T4y IV RIMICBIABRSRVETT I8N H D
EJ

EE, INHOBTFELEIIELTWADIE., YUV 74y 78MICE
A —RLX N/ BT ZEEm T, 12X, BEHBFELTLDIIRS &
NI DI, BESHHICREEEEAALNEREDT, FREL -G %
BiE, DE2NEEDONRNFTA NI E—-Y g v EBEDODNET,

XTCS Y oT VI T4y 7 8MICBARESREIES EX, OUBIIT
AHDE. RO FRAy bm— PL =Bl AR HOEGRORER S5
ENWHZEILEDET, 2OUHASBEROFREIRICEOTERNL T —<Il
BEREENHOE Ui, YTV 7T 4y 78MIZBNTH, T ILT —
DEBIZH EDONT, BERTHDLEY VLI T4y 7V BRERDEHRICESE
T&E9 (84)



<Y =3, BREORE®RET =7 PIVBICHTARESE. THbb, &
RRNZERICBELE LI LI EZY VI T4y 7 REBIZH LEA
THET (85)e COEXETHEIZHIDIE, ZZTWAEREMINIEER
NEIPTT, FFRTHEOWEMEZRBAT 5D ERG T, ARTHS
EL ZTNITER BREDIS VI DEHEDPBEIL I ENDh->TEE L,

VOTVIT 49 ) BEHEANDBERNT A by 73TV I T4y
FRERDBIZELNBICHEE EX IO VET, SEOEBELOEANITA Y
FoEy/EBTT, T4V roEy /BRI ITHEH2REZELE T, B
BERTAZHEELT, T UTRICIIEHOEANEEE LT, 74V b
Vo 7B8I1357 5 00 . 02 REOIEES T, HR KNI HIER
INEEWEBEELUTHRALENBTHE Z E0Nbh-TExFE L, £LT, 74
VhaEyIBBOY VT VI T4y I REBRDRT VI VU REBIZIZNL
T —HOEH ST 28 Uk (§6).

TH—HHTIE. v —OREBWO S ERE LU I2DIITTI, 207
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BEMNMFONTOET, LHL, —BOTAY bay 7B, vxO74E
BOGEI O, BEBELARLEERA, T, BED CRESRITTY —H
IS K DRBICH T PNCGBTEETH, L L, COELETFELKREE
(a7 FEME) ISHIGT AR, YTV 7Ty VR EHRTIIE R
RAEOhTOERA, DR TT, EDOLEZA, Y2x Y71 —L+H
ELUIaBREREETRTHET,

F9. VxR VT4 —DBRTF—RA Y MIHBZOPEHHEETT,

EE(18]): I5 27 LUTFOTA Y bty 7 BRIk UKBFEEE A b

72D,

S oI, —RICERZR Sol, it LT HRFOBMEEN T bk,

BENEGERREDORBIDIC, BRF [ X - TYDL-a5 0%
Tof DSV ELTEELET, L. s ldav P b NV RILOD
BRATODV 270 a0TT. X &Y 2EbiIinRTELET,



FE(12)): Vzx V7B L-a5 07 1UTOTAY ey /BERF X —

Y f= fore: (R0 = (T"R™,0),0<£<Ek<nk+L<n ODShd
EST SV aE 12/ f = fare By RTERESNBETAV bty
JBBFTHD iquof=21,...,¢u10f =g DD

k+1 Z'k_l
m£+1 xi
paof=v=Ermn o o Sty

piof :J{) 0(v,u)/0(z;, x,)dz,, 1<i<n-—1,

XS, INOWNT T I VDA RETHBIEN, vF—RETEIS DD
DET, Il n>4DEXR, 507 1T, L-a507208 2%y
JETA oty 7ERFNGFHETAIEEDh > THET [13],

12 T IV T — O FEDO W,

BT NT —DEFBOIHE N TV T LD TN, TA vy adA
VLB UTVI T4yt ERHO—BRERETT 17, WEV T LI T4y
7 BEEDOCDELYE [ (M,w) =Y 2ZBZTHAELr), ZOEE, Zh
SV VT VI T4y 7 REOEEVNERICEETEET, —F. Yo7
T4y 7BEICERRT ) VEBENIHEL, Thiddb w &EL LY B
KT ) VEEE fuw PFEBINET : {a,b}s,0 ={ao fibo flo. 72U a,b
3 Y OB,

FH (T4 Vv adA0): SOOBREf: MY 22hEhd 7= —
Vs vETh, bUBEBINLET v UHEE (Y, fw) & (Y, flw) BEBE
S fEFRYYTUIT 49 7 RETH B0

BESZHD [ I T 3 RERPEEEOFERII, LEAE, f0a7
14 +aEy 7O, BRTESWENFZFROWALEHE S >0, 0%k
6 D—RIFFERBSENRS XL NE DI TT,
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MONOPOLE EQUATION ON 4-MANIFOLD

ARH SR
BEHERE SIUBEMENER

( BBV CO/—FREESALIH2BCHARETBI b N HIRES
[ Seiberg-Witten i L ¥ v 7 L 7 7 4 7 W% | 1B 2 BHEOBICH VM 5 &
ANV —=D—He @b L b 00E/ICT I LFEZMAZbDTH 5,)

80. Overview.

MESE( 19 9 44F) BKIC Witten 254 RITLEEAELICE /K- VR HETIE
72 £ 1T Seiberg-Witten SRR EIPITN B L 05D L ITH D) LIFiTh s Higst
2BAL, EORDEV2 T AERMEAD & ARTRTMIC L LEELERE b7
LY ENERBEEINTVS,, FEIT, 4 KT Yang-Mills #25( Donaldson H5) <15
DNTRERON £ BEBETELLERHFLVERDL I FLTVL, WHEEICE
N =2 X% % b D Dnaldson B0 H 5 B EE & BTV 545, Donaldson
BRLOEo &N & LABFNLERIE, 22 L I0RBEHECTVABAT
L EHS ATV, L L, BREL TRV DL OBEEHEL IR TW
b, mOBEBNELDE—D2HIT 5 L, Kronheimer-Mrowka 12 & % Donaldson £
ADWEEH TH S, Donaldson ZHERIE L V7T v 47 LIBEN S 4 KTEHE
LTI ETOLRTEEHREEIL VTV AT THBLILEDbRTWSE) B
B . ABREO basic class LIFIENE 2 Rk0 TR E0 Y —EErFAWTEETE S,
EWVWILDTH5B, fiEo T, Donaldson ZER T AT D basic class 12L& Y #E R
NBEWVR B, Seiberg-Witten Hii( LIFATL T TV OR L Cbhbnas)
T E SIZF D basic class BT A THA I LD ONE, HUNOENE
B> TWABDS, basic class & V72 EHIL Seiberg-Witten BHR THFI LFHOE
BLELTHONLOEN BAIZAITEDATRAZMEICHT 5 adjunction A, B
GRS 12339 5 Donaldson ZHEXD LEOFER) . EBOL I AFOWED
2R IT b o Tz vy, EHEICE 213, Kronheimer-Mrowka @ basic class &
Seiberg-Witten B CHN AL IFED V—FII—HT 259, L vwIDRTFET
H5b,

Donaldson Efy & OB T AL, FIULIEERED SU, 72 AIETRE S Fve7-3
MTHo 72DITH L, Seiberg-Witten Hinid Uy 2 A TREL AW/ HHTH S, IE
HEEEREV2 A BN TA2BIEEZELE2 b ko TV DI L, U E
L ENICHIUTIERICH L {5, F72, Donaldson BB TELN L KBTI
BHROE V2 7 4 Z2H1E bubbling of L WIHIBRBDE, VI Thot, Th
BEDITL 2B TERADERTH- 7205, €/ R—VHBRRXOBOEY2 5 4
BAVSTETHD, SHIRFERMITITE/ K- VHREN BTRELIIT) 2%
T—HEOEREZATELTBN ., SHCRIEA DT —METFHEZ DO LICLE, 0

Typeset by ApS-TEX



AH E5L

X9t eER DL, Seiberg-Witten #5H T Donaldson BIHNDE { DT L HFE 2
TLEHLVIDREZLIIAER L L LBX S, LA L, —J5THDIZ bubbling
off 1T Z HEEIC L CTV7z2ds, ZMIddiic E 213 bubbling % 4 4 & & OF) 2 1IZHAR
BOBHRZIMRA BN TELLREZ TS DD geometry BRI E TV Z &
BEETH S, £o T, Seiberg-Witten BHTIZIT 2 b il kb RE
IIHE RIS WTH A ) ) Donaldson HaDHDEL L VI b DL FEET (L
BoTwa, FIzid, BEEF ROV VRV A TBHEETHEN L, 22T
k. SU, DIET ik L bubbling off % & L ATEBHICH V72O THo 72, L LF
bZHMERAONGV, ZELEFWESTELIP. B, HICLTETW,)

§1. Monopole Equation.

1.1) Spin® representation and Spin® structure.

Ci% R EOR*D Clifford f% &35, TNIERAKE LT, Mx(H) L AETH
Ho Sa% Co@pC OEMLEIMEEL TS, CHIZHOH LERTH B, Clifford
RBOTELDS Clifford T AZ LI2E Y, C,QC D So~DEEHEENTE 2L,
INEAE =B Spin(4) C Co@ CIZHIBRT 2 & | THIZBEMTIRE L 2008
WER (Sa=SHe S, =HoH) i<HHT 5,

p+ : Spin(4) — End (S¥) = End (H)
CNERIE (B) AE - VEBL V), ZO8RIE, Spin(d) = Sp(1) x Sp(1) D%
BRI L. BABIZIE (94,9-) € Sp(1) x Sp(1) KA L gp Z HOEZ 1 OTTL
RCE»PLHIT B LI s v,

3T, Spin®(4) Id Spin(4) Xz/2z Uy TRFEE NG, Z/2Z 3 AERATH B, 2

D, KD 4 DD Spinc(4) EHIELN B,
(%) p§ @ Spin°(4) — U,
(©) o2 @ Spinf(4) — U
(D) pf : Spin°(4) — U,
() 65 @ Spin°(4) — SO(4)
BAREICIX, [g4,9-,2] € Spin®(4) L v e HISH L, £ SNEIC grvz, vz, gyvg™?
( ML H TOFRE) TEE % H D endmorphism Th 5,

XZWHA 4 RTEREL T B, XED SpinELZ R TESHRT 2, X2 —<
VEtEZ AN, FMIZ X 5 orthonormal frame bundle % F(X) 55, TN
S0(4) RTH 5,

EF. X EO Spin°tliE L id. X Lo Spin®(4) W P, pS CEMET 5 SO(4) B A
F(X)ThabD, DT &,

ENHRTEELHVT Spin“ &L BHE L7225, Eid Spin°lEZI3EHEICLS
TVWBEETH 5, 4. X EIC SpinliE PF—25 2 6hhiE, Lo 4 o0FFIt
JCLTRDADDRT VEFET 5,

() St =Px, C
(O) 57 = P'Xp“_ c’
(V) L=Px,C

(#) TX =P x, R
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MONOPOLE EQUATION ON 4-MANIFOLD

SEREE( B) AY = VHEV I, detpl = pfffl. L =detSTTH B, ZODW,
KRB LD,

W, 1) ci(L)=we(TX) ( mod 2) .

2) XLD SpintEEOEAE., {z € H{(X;Z)|z = wo(TX)} & —3F— 13T
3o LT 0L Spint(X) L# (o

3 ) WSTE & AT T EE 4 KTUERREIZ VDO TH Spin® #HEE L2,

1.2) Monopole e(juation.

I, B/ R VAR E Witten IZHEVET Y MICERT 5. X &M ST TEE
W5 4 RIGE#AELE T 5, X R Spinciig L )V —< VEEZ —D2BEET 5. €D
SpinHEPOGRELEFREHRL L L35, INd (L) =w(TX) 27§, L
LoBEFEOEE: AL, STOYKOSEET(ST) L&F {,

EF. (Witten). (4,®) € Ap x T(SH) 1T 2 € /K- HBA LI,

{ Da®=0 (M.1)
p(FY) =0o(2,8) (M.2)

S, (1) Dy:T(S) 15 T(S @ T*X) — I(S) & Spin°Dirac fEFAF. Vau i,
HUDICE o 72 =< VEFED Levi-Civita ik L Lo A »HEIPNE SE
DEFE AN L BB ( spin®(4) = so(4) ® u(l) IEE.) Z2o0DERIL, F
BiCL 5 T X =TXDOFR—RDOT T Clifford o

((2) FAl38H ADME 2R Tu(l) = RE2ERLATVE, FILZ0OH
TR ERTT o

(3) p:Q%(R) — {¥ € End(S™) T self-adjoint, traceless } 13£ Ay € Q% (¢R)
WaL, & by T2E Cliford LD XV ETHE—HES, XOHRXEHO T

TH& 72w, ,
NR) = AL o AL
K Il It
so(4) = s0(3) @ s0(3)
Il K K
spin(4) = sp(1) @& sp(1).

( 4)0:T(ST)xT(51) 5 (®,8) — (2®*)y € End(ST)] self-adjoint, traceless o
Z T T, ()3 traceless part ZFE&T,
82. Yang-Mills-Higgs functional.

TITRE/F-VEERXZ, JIOLEPORELZV, ¥, FFF v v H
WTHVLN KBTI ERO FERNEEVE T, Q - X% SUHET 5, Ag

*Q LOEFREKLT 5, XEOFELH VT Ag EICRD Yang-Mills AL E
FENT, Ae AglTatl,

YM(A) =/ |Fal?> = —/ Trace (Fg A%gFy).
x x
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AKH ZEH

CITF T ADHE2HKT, %, 13 XOEE giCB¥ 5 Hodge *EAFR. = DR,
Chern-Weil B % T,

YM(A4) > 8n%|ex(Q)]
L2, c(Q) > 0D, FFRILOLETSTEMHL LTRETHERD HERX
*gFA == -—FA

BHBDTHo 72, 2F 0, RECHITESIL Yang-Mills BB OB/ MER 52 575
BNEHEMTE, 208, ZoHFEREy — 5 —ME DS . Binstein-Hermetian
BRoFER LB SNL, BERERNIF VEDET2 5 4L OBFEERVWE S,
BiC, @A ibENTz, —F ., BRZ2T 2E250TRE ., HOURbMICLTE
RARBTEWHD, Thik, Yang-Mills-Higgs B I bDTHbH, 2Tk, £D
€/ R —VJ51E % Yang-Mills-Higgs FER( MAER) o—fEL LTRAL I L
o =
N 70

XEARTEREL L, g8 Z0—2D )~ VR ELT B, 5,2 g DAIT —

BELT S5, 1. 2) ORRT, Ay x T(SH) LORBEE YMHERTERT 5,
(A,®) € AxT(ST) KL,

1 1
H(A, &) = | |Fal? + —|V D> + —||B2 2 .
YMH(4,9) /Xi al” + CIVa® + 18] + sy | vol(X)
viddh BENG A-5ThHbH, ZDOF, Chern-Weil Fh & 2K D Weitzenbdck A3
D%® = V4V ,® + %p(FA)@ + %sgé, for & € T'(S)

(FEE: TITDsR VAR L LR A & Levi-Civita Bl L 225 &b SED
BRICET DD THB,) 2ffio TEHETH L, ROTLLDOEREN TS,

YMH(A,®) > —4n*E(L) + % / s2 vol(X).
X

DI THESIBILT 2 BOLETDEIE (4,8) FROFEREWLT L TH A,

{ D=0
p(F}) = Lo(2,2).

Chidv =108, F3ICE/ R—VHRKX (M.1)(M.2) XMl 52w,

§4. Seiberg-Witten Invariant.

X %[ & TRERI AP 4 RIGEE L 50 X L0 Spin®Hit c € Spin®(X) =
{z € H*(X;Z)|z = wy(X)} LEEZ—DHEET 5, £D Spin°thiEc OET 51
FEBEX L LT 5, ci(L)=cTh5b, §1ORBFLEAT L, ¥~ V%

G = Aut L = Map (X, S%)
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MONOPOLE EQUATION ON 4-MANIFOLD

LB, DS, BROZE A, LUFOEMD(ST) K ENERRTHEAT 5,
Vs =gVa(g™'s)
g(®) = ®g~.

E/R-VHFRBREZOERT, NETHAI LBESIHEIPOLNAE, 2T, F
—VHBRROBOE T2 5 M %

M _{(A,®) e AL xT(SY) | (4,9) BT/ E—VHRKXOM }
c g .

LB V- VEHOREMAOERIRERTIE 2O THER M ARBEEE b0,
Lo LEIER & 2RO EHEIC D5 5

w4, 1. V- VHOBEMAOEROTH SEEE {(4,0)) THh, #ZToE
EALEIL S1TH D,

€I T,

M:={(4,8) e M | & +0}
LB,

4.1) Perturbation of Monopole Equation.

Va2 T AREPMFEINDLRTEFEOWES P EMEE 25012, FERXE
BETALENDL, ne B (X)2LoT
SW, : (ApxT(8t)/¢ — (T(S™) x End (St)) /G
(4,2) —  (Da®,p(FF +1in) — (28*)o)

LB CTTHBZEME LT, kZTORECED . GRYRLT VA L2 (=k
B ETLPAR) T, A x D(ST) R LI T, 402 L2 ik Zhens
EibLi-boeEZL, ZORERXTTI Sard-Smale @ EEIZ L Y k2550 70,

4. 2. (1) SW,0EBALERIE Fredholm THEEIE
d(e) = index = 7(&* ~ sign X) - (1 - bx(X) + b (X))
=58-@4Xﬁ4%nxn
Te(X) i3+ 49 — %, sign X1 XOEHK,
z)gmam&niﬂ,A@n_sw 10) i@ £ 0D L I AT d(c) RLDIF
L
3)

%%ﬁo
) BIZ b5 (X) > 1 D, generic 2EIE glCB L

Az x (T(S*) = 0)
; .
F2 b5 (X) > 2 DB, BTED generic Z#E g, (0 < t < 1) FEEL
ME* = ocray Men(g) x {t} IO D% d(c) + 1 RS T,
OMEY® = Mey(90) | — Me(gn).

(ERTCIEHETHRRBLICINLDEY2 5 Az /87 N CHEMT T
RTH5, )

(
Y aks
(

M. n(g) C
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4.2) Compactness.

KIFE /R VHBRROBOED 2 T ABHOBRDEELNETH S,
W4, 3. M da s Thb,
FFHHIE Weitzenbock ARE VAL Z LI2L D,

|®%20 < Cln| =55 C >0
T—RICEPSHERTHLZ L, BLURBHEBHS HERR
dy@d; @ Q(R) — Q'@ 0L

OB T 7 ) F VEHMEEZIEFRIEEE LWL DO TRV,

WA, 4. M dMEAHTIRET, M EER7 b VER det(HY(X) @ HY(X) @
Hi(X) omZickheE$s,

4.3) Seiberg-Witten Invariant.
LD OT T4 RTEME XOWSVAIEEZEEL L Jo T,

_ Apx (D(5%) - 0)

B*
g

LBE, ZOF ROV % LLRE, LOFTE—HLAEL U—FEEDPS ., B
35"~ VB G = Map(X, S') OHBEEMTH D, XICEM zok L ). Map(X,R)o %
EEEROBEBOEMET AL, ROT7 AT L Aa V¥ TE 5,

Map(X,R)p — G — SIX[X,Sl]
9 — (g(=0),lg])-

ZIC. L] REBORE E—EHEDH S DT, Map(X,R)pid— s FE M ¥ —FE
i\

G~ S'x[X,8Y =S x H'(X;Z).
ko T, k&85,

#EE, B* = BG ~ CP>™ x Th{(X) iz,

H*(B"Z) = Z[[f] ® /\ 2"
TITte HYBSZ) WRDLDTH D, Gy = {g € Glg(ze) = id} LT 5L,

B = (AL x (T(S*) = 0))/Go — B* 1 S'H L b t HID STHD ¢; Th 5o
v, d(c) = dimp M}, = 1/4(c* — (2¢(X) + 3signX)) L ¥ %,
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MONOPOLE EQUATION ON 4-MANIFOLD
EF. c € Spin®(X) = {c € H}(X;Z)|c = wy(X)} WL, SW(c) € Z ZRTER

d(c) < 0 D, SW(c) =
d(c) = 0 DI, SW(c) = #M
d(c) > 0 TEREDORE, SW(c) = td<6>/°[Mm].
d(c) > 0 CHEODBE, SW(c) =
TiREEDL T afbﬂﬁl%&&%iiz—)o

2)
ZOBIOEHOWENS, RIGEHTE 5,
EH (Witten). b (X) > 2 %51, SWiE XOWSUEAIEETH S,

§5. Applications.

5.1) Vanishing Theorem.

TSy P ERTEET B |8 < Cln| -5y ¥R LIce SRPHEBLITAE
i,

EH (Witten). b7 (X) > 2 CXPEAL T — iR 25EBEHFEFTIE, SW
By T¥o,

K DO5EHIL Donaldson NEEDOWRED KLY o 72,
FE. XWX = Xi# X, TL B b (X)) 2 1 b, X0 SWikEn,

FOXHHBLUEVE, Blb X = Xa#X, 261, £56500 XGIREEET
HoHE., XEHEHEV I,

5.2) Non Vanishing Theorem.

5EB (Taubes). (X,w) % b5 (X)>2%54RTXV VT VIT4 05 ELTH, &
DR, wk FFT HEREE JICHT BERE KL T5 L, SW(ke (K)) = 1.

o T, HIOHWREHRLHDLEHLILITLY

F.( 1) (X,w)2L0o@Y LT D, O, 1) XEBEN, 2) EALT —#ED
HERL LV, o
( 2) BIZnCP?#mCP? (n>2) RY YT VT4 7HEERZ D2,

r—5 —ME OB E Donaldson AEER LTI TR LR P 72DT, 77— —
DB DOEH ML Donaldson BRICL WV HS N TWiz, YT V7T 4 7 DBEI
Donaldson B2 AWV THEBREHRLHBZI LI LIZZEL LTV, £h
BERDEE L 2B EFBEL o Tz, (Y YT VT4 7R HEAHIC
FTLEIREERYANDL L, TV T A ZBEOERESICY VT VT4 JEES
AND I b BN, T\wg%"{%éﬁk BEVa 7 ABHMBRES L2 22 0ED
ICEHE % generic CE WEE R TR LRV, LBLY YT L2714 7 BAZED
FHHT B X D REEFFDOERT generic ICE B PEPIFEELV,) T2, EA
hT—MELZLHEOFEECHEL TR, LOBRI—BRTL 4 RTLEDORERE
VWERLTWA, Bl Hitchin DFRICINIE, XiZT 37 P AEVERET
FAHS —HER 2582 d T, XOAERIZEOTHY ., F72 Gromov-Lawson
DRI T, ABROBASL S5 RTU LOBEREI VNI AL VEBE X 13

—105—



AH &8

WL OPEEMEz LIUE, WOTHERAAS —HFELZLEE2 b0 LML RT
Wk, A TRVERL, 213Y) Gromov-Lawson iI2& ). 5k oI 97k
BEESEEKIIVOTOER DS —lELLEHEY O,

(X,w) 2 bF 228250 TVIF4 2BREET 2, %0 Taubes DRER|C L
D, DL XBX = Xi#X L BT 542013, VH LB EETRT LR b2
Vi, FRE X L LED, OB, RISREED,

. m X BABREMOBABEE bk v, I B (X 2) =0 Th b BT
HEzRTHEINTDDPEE JICRDI LT TELTVE, XIEV YT L o542 4%
TEBRET X = Xa#tXa, b (X1) =0, b5 (X)) 21 L5 5, ZOB, X 200w
LDOEERIRY ID,)

LT — 7 — Dl Kotschick I2 & DR &N T Wiz, EEHIZEHETH 5, m X, BYHE
Bd<oo BEABWGESDLEET B THIHIELT X, 0 d EREX, — X,
BEND, BEMX = mXixm Xp® 2, RRY GICMIBT 5, XO dEHEX - X
PHET Do ZOM, X = Xi#dX, Thbo b (Xg) > 120d > 2 WX b7 (X)) > 2
TXREH TRV, —Hubk X B &R, CARXEDY VT Loy 14 2t
RED D, TNiL Taubes DEBOZRICFET 5,

5.3) by =1 Case.
COBEE SW HALETRE (., FHRICEFT 2, Lo L, HX(X R) OED

WL ADOEGO, FERLHFEROEIHCL A2 EFARTRLILICL VD
PO ENbD,

EH (Taubes ). CP2LIzid

/cl(K)/\w>0

LBEYYT VT4 ZBEBIIAL VL,

BRENLZY VT Vo714 7BETES(K)Aw < 0 Thbd, ZOHREITH .
Taubes IZXDZ L FTEET 2,

T (Taubes). CP?LIZIZ Y YT Vo4 78 (Vv 7 Vo541 7B R
T) —D Lﬁ)&‘/)o

Zhid, B/ R VEBRROBII LT XDH B J-curve BT 22 ( Zh
IZX Y CP? oD HME 22T J-curve DIFEIEISRE N, %3 C Gromov D5E
BEHEHIZLICEYFEEINRS,

—EMRITTCRIFEL TRV, DXDOZ LIFEES,

EH (PMF-KH), XIZR01) 2) &Mz TeT5, 1) 2e(X)+ 3sign X > 0,
2) EANT -—MELZEHBLHET L, JOB, XiCid

/cl(K)/\w>0
BT VT4 2l bk,

PIZ I, CP' x CP* # CP?#kCP?, (0< k <9) BEMEHILTVE, TAD
FRELT, kPO THEILBONL,
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MONOPOLE EQUATION ON 4-MANIFOLD

. A ERETE S — AR BN ET IS BAR IS 72 D B 0,

Z g, B2 1d Kotschick #¥ Donaldson AEE % FWVTR L7232 & Barlow B
IEBHE CP?#8CP? LA M TR W &%, Hiruzebruch F48:CP! x CP! &
WA Z —RBMEIITFE L 225 5, (2R LENC®IEY Donaldson My
ZAVTQin LW EEMICHIPNLTV) 2 EATYE, HL CP2OT7THT O~
ToTRERXDNTV PRGN TWEI LB ol L 3D, FARILIZE D
P, ATIRERDODILEFTSW 2HVWTRENTV A,

EH (Friedman-Morgan). & Z#K X D plurigenera pm(X) = AO(K®™) i
(EEO m IZ2WT) HANHETEE, 151 Van de Ven T8 | INERTCITMSFIAH
AEE. PR LD,

(Van de Ven FHEHE#AIZA LATIC Friedman-Qin (2 X Y, Donaldson BEE % B\
TREHE L TYI,)

s, BERM, 7 — 7 —#M BT 2HBEMOBEN IOV Y S VT 4 2
|HLE LT, kMEH NG,

TH (NF—-KH). (X,w) RY YT V75 1427 LRFEEET o1 (X) = dw, A >0
o wl e HX(X;Z) LT3, Z O,

1) 2<3,3(X)<09.

2) bi(X)=0,b5(X) =1, Todd (X) = 1.

3) mXBHBHEEISEEL b2k,

EREER a(X)Aw>022HX)>0THoThs (RERELEICL BH
fafil) o TN E{FH &, Mumford IZ X 5 fake projective plane (DWW TKRD I & 2%
7P %o fake projective plane X i Betti B2 EMEF L TH 553, EHEHHE
B —RERBHEETHL, (bbbl p#EHQ, 2AVTHEENS, Sk lLd
SORFETAZLPHONTREY, EREBTHA1hRILEMONTVERY,) §
fl— Yau AFERICBVTESTIRILTLEE T, Yau OFRICE Y, Zhbid 2
DHPEOFE— Vi B*/T, T € SU(2,1) ORI 5, THERERRSBEE b2 &
nhH.

i, L&D fake projective plane X 121

/CI(K)Awso
X
BBYVTVIT 4 FHBREELERV,

CCREPLRPoTIMMICLEELZZ LIV H 5, Bz iE, ¥—5 —iE
DHEET/ F—VEBRNIEENIHEC I LATE, FOET 25 (L stable pair
DEV 274 LOBEFRY, BOATN-MEOERICHE T 5 adjunction AZER, (—
AL 3 N7z Thom B, b &b LD Thom FH) R ENH B, FRbIZonTIE
BICEEPBHIETENTEY, FA2RCEROAYRKZ>TLE>TWAEI L
TLHHDOT, ELILRHHHT SV,
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ASYMPTOTIC METHOD IN
HIGHER SIGNATURE PROBLEM

TsuvosHI KaTO

Univ. of Kyoto

1. ZOEETIE. BHEOFEROFE P E—REBRIZOVWTE ), LD
1=, Hirtzebruch OS5 EHZ BEVWH3, BES P2 BSHBEM OF=8I%, #
EVERZEORBIZEZE LW LIZT Chd b, —HFZ DRI, Hirtzebruch @
HEEEIS, FEEAY M) y—F U7 5 A0RTEIT 2 MET, LERL
BRI s b D L(M) OFESTET 5, o T < L(M),[M] > & M DR %
WSRO R E FE—-REETHH I LN 5S,

Ry Py Y —F v 75203, EHEOBEZEZHOBEEETH L, EoTM O
WO BEY—DOBEOTRIAELZDOT, ZOZ X, BHELZI L TIERV,

) EEER RS LR, BRNOFEENAE N -AETHILDE
CCTIRMEICT S, FNODOEMREERIIBTERSLD., BEXEVFEAKRLT
K BETHA,

ZORBEICR L, BE, IREERE2 135N Twi vy, ERRICEM
WM O THEA REHGBIELN TS, B, BEREFROEL
FETHARELEE, FNERFEIE-REETH LI EDFAMEN TV,

(1) FEIEHsEZER AR,
(2) ERRDSOBIERERDY A BEOBEREGEE.
(3) MEHE9EE,

W EIE, SO 70 o TEAIN-EEED Y 7 AT, EHMEEHD

EABOFORMENZEE LW -THEHTH 5,
(1) (2) (3) owWThoEsd, BEEHBEFITEFRRITSHEEITER
LTw5, '
(3) 39EEM K(r,1) = Br (KB 0) SERRTER (BFE

fK) TEHTELZFATH A,

TR MR &G TEERED S TR,

Typeset by ApS-TEX
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(quasi geodesic bicombing groups) ##E L. & 5IC torsion free TH 5
B, TNH ORISH L TEBOFSEIFEME—FREETHLIL2TT,

quasi geodesic bicombing groups X, MHIMBEZ &L, F7/- H*(T,Q) ®
S BAERTENR L TEn,

2. BMEHZHER CZTERALOFSHELIFIINE b ODFHAZ TS, =
TREREEL T, M RHSBEL L. f: M K(n,1) 2EABORFE %
BE{ERLT D, fIIFENE—HOPFT—ETH 2,

4y K(m, 1) PHERE V (dim M > dim V) TEBEEShTwaE L,
PTEODPTHELET L, {OEAE meV ML, W=f1tm)id Mo
EDDPLREIERET, codim W =dim V TH 3, W O cobordism class
X f OFEIE—HTHRE D, T2 [W] € H (M) LR%ETE W @ Poincare
dual 7TiX f*([V]) TH 5, ZZT[V] € HEWV (V) I V oFERIFET Y —
HTHb,

W @ normal bundle iZBHATH 5 LIKET 5, ZTOE

Sign(W) =< L(W), [W] >=< L(M),[W] >
=< L(M)F([V]), [M] > |
Wabe Sign(W) & M OBMNOFEFHELFEINELDDO—D2TH 5,

EF Ji+Mw— K(n,1) 2EHE%258E T2, £EIC 2 € H*(n,1) %
W o TH/-lE,

< L(M)f*(z), [M] > ceek
rENMNOFERE LR,

FE  BENOFERIZRE N —FRLTETH S,

J¥Ea7FEEIThTwA,

ORMEN LR F%2 35, b0/ ¥ I 7FEOREICIZEZH 5 OBEERS
FEEICENTH o7,

F—-X—->M%MED77ANRN-FKETE, X PIESIPLEBLSEED
. X OFFEIL« DE LD, THDEHICIE, HoM% 7743~
FAH(F;R) LRABETHE LI 7 aRTUI—HR" L3425, H ITFHELEAN
7 FVERTHA, H IZIZBERIC involution 2SEFH L. H =H, @H_ L%
Tho & Hy,H_ 13 K(m,1) LORZ P VEZFIERL-DOTH D,

Sign(X) =< L(M)ch(Hy — H_),[M] > ek

— 118 —



ASYMPTOTIC METHOD IN  HIGHER SIGNATURE PROBLEM

Thbhbo HOENICEEL, o THBIFFEFIFE—-FREETHD, RDODZDDH
WIZHRTH 5,

Fs:ﬁ va

(1) « 27 HEW LLTEOD M L7743 X T &4
(IEWb 0) B L,

(2) * OFREPNE—FREEZRT/L-OICIE, 774 NN—ELBIELNLFE
W7 PVEE, FZI/EHT A9 TV involution TN ETH b, fE-o
THEED z € H*(r,Q) I3 L., L0 L) RENLNEOAE ROV X,

(2) OFET, Lusztig ZERBEFEHT —NVEOBEDO/ Y2778
FRLTW5,
(1) W LTINFETICEY L HEDSE Do 72589 PRI S v,

3. Fredholm representation. (2) ®XZ7 MVEOEERTHEVIZ 5 D
DA, Mischenko IZ Lo TRDITHEN/ZT7 L FFRNVAERTH 5,

EFE MR 7 % fix Th, m OV FARNVAFKHREIGE (Hy, Hoyp, F)

ST Hy, Hy ide v~ e, F: Hy — Hy 127V Fav aERZE.

p T U(H},Hg) o= %1 %ﬁfk%ﬁ%fi‘j—a /I’TC,:%O) vy € w b:ﬂb
p(VF — Fp(y) iEa 737 MERR,

TV FRVLERF 75 K(n,1) = Br O virtual bundle 25U T D & 9
LT E NS,

i C equivariant 2B f : Ex — B(Hy,Hy) T 120ER z Tl
flz) = F, BED z,y € Ex L flz) — f(y)ida>yxs MERFE L %
L9 bDEERT S, CNDTURLZDIZEDEEEHANPLTH B, (f -
En Xz Hy ¥ En X Hy)) BB ROBDDTH 5,

Z OxSIE Br £E® virtual bundle @& E b E—$EDOH T well defined T
HO., pF) LELZEIZT A,

 : { Fredholm representations } — virtual bundles over Br.

EHE (Mischenko) f:Mw— Br 2 EHREZEBRET 5,
< LM)f*ch(u(F)), [M] >
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iE M OFEzWNR2RE N E-TEE,

4. Novikov conjecture for word hyperbolic groups. EDEEDH., KIZHE
AAZEE, HY(mQ) OFiFENL bW T L FRVLARBENLELNEEA
AMEV) T ETHD, A.Connes, M.Gromov, H.Moscovici 3ZIZ L 1, BEE
B WM TH S E X, H*(r,Q) OTETSTTL FAVAEERPS 52
ERENTZ, LT TEDHBEE2T 5,

EEE — R DBEREEICHT L, Rips complex & XN 2 8RR THEAREA
DF { Py (1) }1<n DEEL. REWZ2T
(1) & Po(m) 1iE m DMEH L. Po(m)/m 133327 by,
(2) = ?%torsion free TH HE, LOEH D B,
(3) Pl(ﬂ')c...Pn(ﬂ')CPn+1(7T)C...
(4) = PR ORE, FEHKRER n IS L P,(n) 1ET o

K12, AT torsion free T 2 BB ICITER R TEABE R THIESE
BREHRTE S5, P,/r 2BEEKRITCL—27 1) v FERICEDAATEIEE,:
Lolzb D% Py(n)/n &L, Pu(n)/n EEROLVEEEMAEL HZT,
Po(m) WCIZBERICHEEANA S, UTHEDE, o 3N T, torsion free &
T 5

—HRIZZEH X O LD " Dirac fEFZE " 226/EH N5 K homology K, (X)
BHIET Ho K cohomology K*(X) (X ED<7 MVEROREIEDOFL )
& @ pairing 25, N7 MVEEZTFT VIV LTEEEILAZ ETENS,

BEE  ch.: Ko(P, /1) @ Q= HIM (P, /7;Q)
ZZT H™M (P, /m;Q) BRFARGERF = 4 v OFET Y — B,

K homology & K cohomology &K EE/2b DA A0 7D KK B
Thb, KKBIZ/ Ca7FEOERICERIZENTH o7z, EE. [CGM]
. IITRENZRELME) s KK BHIMEARKRE (C* B ) O framework
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KK ZZEox (X,Y) 28 L TEZ 5 bifunctor T, X IZ2oWT #%, YV
IZOWT RETH D, SHITRIFLY LD,

KK, (X,pt) 2 K.(X)
KK, (pt,Y) = K*(Y)
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Equivariant version % %, KK.(pt,pt) 1E7 L FHRVARREFEFE—
HTE-72bDTH 5,

&b EELRMEE L intersection product &IN5 pairing 2SFET A Z &
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ZREETAILTHD, TNIIRDLIHIICLTO2bNS,
P, B’ #ETdh B Z & %o T Poincare duality & { 5%
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WRAEIIERT S, T3 7 ONHEZFEo TROEGEIER INS,
HE ROLIHI% Fy PEETS. REICAEIVI<u<l &5,

Fe: Pn X 15n — 15n Xz Py

(1) RiEx7 7 A/,8—=Z%1Z u Lipschitz,
(2) F; 137 7A4/3—ZL® proper homotopy TEEE R L F,2207% {%
BE L0k FAEAEETNE P, BTHETRIINEZ 520,

+oRERr 20T D= {(2,y) € Py Xy Po,d(z,y) <7} £BLo a %
&L modify LT ,u—laoF}aF_l(D) -_—-aflap—l(D) }_’.&Z)c}:‘}){(: ij5<o
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EBE, ) ) )
Qoo 2 Pp Xy P, — TP,

¥ Qoolp;, = T a0 FL TEHT Bo oo 137 7 A4 /3—T 812 Lipschitz
ThHHILENTTY, EHICEOWE (2) 225774 /3=T,12 o I properly
homotopic TH 5 Z & H%3H 5

EDEIITL TR EN 0 25 ¢ DL B0 2D ¢ 2fFioT

¢ : KK (P,,pt) — KK.(pt,pt)
plz)=¢pxx

EEFET L,
EH [CGM] XROWHRLZRERI D 5,

KKr(P,(r),Q) £ K2*(Br)

lch* lch*

HM (B (n)/n) —22 H2*(Br)

Z Z T PD 1% Poincare duality,

BICZEPTAHZET, aRETY -SSR EOEL | BHEROESIC
JRETED, o T

b w2 DML L, fi M- K(n,1) 2ERE2ERETD, £
DB EED ¢ € H*(m,Q) I L < L(M) f*(z),[M] > 2l & 2 ANn:58
BOKREFNE-FEE, b, p: My — M, X% ANIES» S
FEOBMOFE N E—FEGHRET S, O

< L(Mi)(po £)"(z), [Mi] >=< L(M2)f*(z), [M>] > .

MERHEOSE, Q £ K(r,1) 7WEBRRTESEFRTERTELZ LR E
DL TIIRERICE o7z REMEL VLAWY SAZHHIEE. HIIXIEE
HMEBREZHOELHELSEICB WA FR2 (ZZTHEIHIZFR) Tk, #0Z k
HEDLRV,  (RAFH 20T TRV ) 82 H*(r,Q) ©F ¥ 7 AR
THEDPEI DL DR L,
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5. Quasi geodesic bicombing groups  BEEXEEICXT L combable &9 Bk
ENH DD, INEFHZT 7 I ATIEFICREL, NHBE, £—b<xF v s
HREDs I A%EL, TITHI 27 A 69T combable TH 5,

EH 7 % combable TH 2K, K(w, 1) B"ERTOREOEIERTH
5 &9 7% CWHEETERTE S,

FOEHEIZE 5T, combable group 7 123 L, dim H™ (7, Q)
n oW TWwEb, COZLzfeET, UTTHHIZFATIR, K
FRATTCTHELL L7222, Rips kLT . NEBEDOHRED K(7r 1
B EDT S,

HEEOTER HEEOERTEEDLE, ENLLTANVATT T LR
NG 1 RTEEEETH 2L 0PBHREND, G(r) REELEL,

JEIE M OB BEZEE FoOBHBFEONEL SEICBWTROMEZE
AT B,

EE (FuE7) 7 ROMEZFOR bicombing LIRS, EEIZERR
ToxEH LR, EtT 7w equivariant 72 5%E S

<oo73‘%
(m, )
) K

S:mxmx|[0,1] — G(n)

T, 5 E>1,C>01 L. REMAT,

S0,71,72) =7, S,7,72) =",
d(Se(11,72): St (115 713)) < k(td(v2,v3) + (1 = )d(v1,m)) + C.

SO 71,72) : [0,1] = G(r) iy & v 20 CEREN, HEVERED L
0. [0,1] OHICAE— FEEHICELLLAbEL D TROBELERT 5,

EZE (FUE7) 7 H bicombing T bounded iz & ST 22T H
DD EToHbh, WA k>1,C>0I1THL

d(Se(v1,72)s S (v1,72)) < klt —t'|d(v1,72) +C

7w : bounded bicombing 7% quasi geodesic &1E Ky IZDWT
BHERY ST, EHICROBEZHIZT. S( ,e,v) ML EZ
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Wy = [07 |S( 7677)” = G(ﬂ-)'. a2l d(71772) <LiSxL

Ud(w’wa’)’z) = suptd(w,,l (t)3w72 (t)) S C’
ISC e <kh|+C

&HI2 8B A>0,B>0%HoT

d(77 St(’Ya 7,)) 2 Atd(77 ’71) - B
%?ﬁf:‘?—o
2D S BfE> TROWENES IRE 5o

## (Alonso) m 2% quasi geodesic 7% 51X, % Rips Bk Pi(w) i, +4
R&EZ n=n(i) IZD2WT P,(n) ORTHHTH 5,

L OWES D torsion free quasi geodesic ZRBEREEIZH L Poo(n) 12 Ex @
EHThH Do FIZNMMHEDRLES T P, KM TEHLVOT, WL %
F 2 Py Xg Ppv Py X Py 3BT E RV L LROEAZD family % HEAL
V5o

1l 2 HEEIC {Ni}Ogi z1>> e g DD fiq e >> g >0 s
=L %o &% Rips BHEOF {Poiyos: & BRDFIAFL L TR E 77,

F; - Pn(o) X Pn(z) = 157,,(0) X Pn(i—}-l)

(1) & F; 137 7 4N=Z412 u; Lipschitz,
(2) % F;i37 7 4/3—=Zk1Z inclusion & properly homotopic.

(4
x5
N\
R&

FEoT

Eh
i
i

Oy 2 pn(o) Xz Pn(o) — R

Ta &7 74/3=T &2 properly homotopic ZEEIER X NS, S5IC
pr: R® — RV, N = dz’m]sn(o)

“AY V¥ — Nz projection £ 55 &, proag 13774 /3—I & 12 proper
LEBTH 5,
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IR ag BB PITT 7 43— &1 proper homotopic THAHDT, Bl
D& I ¢ € KKy (pt, P,) PR ENS, n=n(0).

ROZEREL LTV,

B Hi(Po(m)/m) = limy Hy(Pa(r)/7)

7 A% combing DHHE. & H, (P (7)/m;Q) DT v I HFERTHLI L LT
DEELDHOET, ROFEZH

WE  OEEICN RlokB x < NIOHL, BHKRER n & LI,
inclusion @ : Py(7w)/m — Poo(m)/m WK L

H,(P,(n)/7;Q) — H,(Peo(m)/m; Q)

%i E f; ]J T?éigﬁo
FH  ROFESIITHETH S,

KK (Co(Pa(n)),Q) -2  K2*(Br)

lch*

HM (Bo(m)/7)  —22 H>(Py(m)/7)

%« 7° torsion free quasi geodesic bicombing group & Th, TDOLE
HEI- N 2% % o € H*(Br;Q) KH L, 571 FRVAER F
z — ch(u(F)) € H*(Bm;Q), * > N 2725 b DPHFET 5o

%  torsion free quasi geodesic bicombing groups 23 L. B D5
X, MEE2VNIRE PE-FEE,

i*och™
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The Geometry and Topology of the
Fibonacci manifolds

Alexander Mednykh and Andrei Vesnin

1. Introduction

We consider three dimensional compact orienatable manifolds
connected with the Fibonacci groups. The Fibonacci groups

F(2,m) =< 1,9, ..., Ty : TiTip1 = Tipa, 1 mod m >

were introduced by J. Conway [2]. First of all the following
question was connected with these groups: whether F(2,m) are
infinite groups or not. From [3], [7], [24], [10] and [30] it is known
that the group F(2,m) is finite if and only if m = 1,2, 3,4,5,7.
The algebraic generalizations of F(2,m) were considered in [5]
and [15].

A new stage in the investigation of the Fibonacci groups is
connected with a remarkable work of Helling, Kim and Mennicke
[10]. They showed that the Fibonacci groups are interesting
from the geometrical point of wiew. In particular, the group
F(2,2n) is isomorphic to a discontinuous co-compact subgroup
isometries which acts fixed point free on a space X,,, where X, =
S3-spherical, X3 = IE*~Euclidean and X, = IH® is hyperbolic
space for n > 3. Moreover the group F(2,6) is isomorphic to
the fundamental group of the Hantzche-Wendt manifold [38].

We will call manifolds M, = X,/ F(2,2n), uniformized by
Fibonacci groups to be Fibonacci manifolds.
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C. Maclachlan [15] showed that if m is odd then the groups
F(2,m) cannot be the fundamental groups of hyperbolic 3-mani-
folds of finite volume.

In [11] it is shown that manifolds M, are n—fold cyclic covers
of the 53, branched over the figure-eight knot. We note that M,
are isometric to hyperbolic manifolds, described by Hempel [9].

For all positive integers k, the manifolds Mj;. are double cov-
ered by a fiber bundle over the circle [26].

It has proved in [10] and [11] the manifold M, is arithmetic
for n =4, 5, 6, 8, 12 and non-arithmetic otherwise.

In the present paper we continue the investigation of the al-
gebraical, topological and arithmetical properties of Fibonacci
manifolds.

Acknowledgements. The first—named author gratefully ac-
knowledges the support and the hospitality of the Tokyo Institute
of Technology during the preperation of the present article. Both
authors are thankful to Russian Fund of Fundamental Investi-
gations (Grant 94-01-01170) and International Scientific Fund
(Grant RPD 000) for financial support of this work.

2. Hyperbolic volumes of the Fibonacci manifolds

In this section we recall some properties of the volumes of
the hyperbolic manifolds. An n-dimensional hyperbolic mani-
fold ‘can be defined as a quotient space M™ = IH"/T', where T
is a discrete isometry group of the Lobachevsky space TH" act-
ing without fixed points. The concepts of hyperbolic area and
hyperbolic volume in H? and IH? are carried over naturally to
M? and M3. We are interested in the set M", n = 2, 3, of
n-dimensional orientable hyperbolic manifolds of the finite vol-
ume.

Consider the volume function v, : M™ — IR, n = 2,3 which
makes correspondence between a manifold M" € M" and its
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volume vol(M"). Tt is interesting to remark that the volume
functions ve and w3 have essentially different properties.

The two-dimensional case is described by the Gauss—Bonnet
theorem. If M? is a hyperbolic surface of genus ¢ with &k points
removed, then

vol(M?) = 27 (29 — 2 + k).

Therefore the values of vy are positive numbers from the set
27IN, where IN is the set of natural numbers, and we have the
following picture for the values of vy (see Figure 1):

1 2 3 4

2T 47 67 &
Figure 1. Values of vs.

In particular, for each even n € IN, there are compact and
non-compact surfaces with the same area 27n.

In the three-dimensional situation we have the following re-
markable theorem of Thurston and Jgrgensen: the set of volumes
of three-dimensional hyperbolic manifolds form a well-ordered
subset of the real line of type w*. Therefore we have the follow-

ing picture for vz (see Figure 2), where we show some known
values:

1 2 3 w wHw w?

. ; ot s =
0,94...0,98...1,014... 2,029...
Figure 2. Values of vs.

In particular, it follows from the Thurston-Jgrgensen theo-
rem that there exists a three-dimensional hyperbolic manifold
with the smallest volume. The minimal known value of volumes
of non-compact manifolds (which corresponds to the first limit
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ordinal number) is equal to the double volume of the regular
ideal tetrahedron and it is the volume of the complement of the
Figure-eight knot. The minimal known value of volumes of com-
pact manifolds is the volume of the Weeks—Matveev—Fomenko
manifold [16], [34].

In [16] Matveev and Fomenko conjectured the structure of
the initial part of the volume sequence of compact manifolds.
But the set from [16] does not contain the Meyerhoff-Neumann
manifold [20], which corresponds to the third minimal known
volume (Theorem 3).

In [31] Thurston constructed an example of two non-compact
manifolds with different numbers of the cusps, but with the same
volume. This volume corresponds to the limit ordinal of the
set w“. But it was unknown if there are compact manifolds
which volumes correspond to limit ordinals. It will be shown
(Theorem 1) that the compact Fibonacci manifolds have this
property.

Denote by T'h,, n > 2, the closed 3-strings braid (0‘10'2_ l)n.We
note that members of the family Th, are well-known. In par-
ticular, T'hy is the Figure-eight knot, Ths are the Borromean
rings, T'hy is the Turk’s head knot 8;3 and T'hjs is the knot 10193
according to the notaion of [28]. It was shown in [31] that the
manifolds S® \ Th, are hyperbolic for all n > 2. In [14] the
virtual Betti number of compact hyperbolic manifolds obtained
by Dehn surgeries on knots Th, were studied. The symmetry
groups of knots and links T'h,, are described in [29].

The following theorem has been proved by the authors in [17]
and [18].

Theorem 1. For n > 2 we have

vol (Ma,) = vol (S°\ Th,).

— 130 —



Therefore the volumes of the compact Fibonacci manifolds
correspond to limit ordinals in the Thurston-Jgrgensen theorem.
In particular, the following assertions hold.

Corollary 1. The volume of the manifold My is equal to the
volume of the complement of the figure-eight knot.

Corollary 2. The volume of the manifold Mg is equal to the
volume of the complement of the Borromean rings.

Many properties of hyperbolic manifolds are defined by arith-
meticity or non-arithmeticity of their fundamental group [1]. As
proven in [10] and [11] the manifold M, is arithmetic for n = 4,
5, 6, 8, 12 and non-arithmetic otherwise. It is well-known [25]
that T'hs, the Figure-eight knot, is the only arithmetic knot. It is
shown in [31] that Ths, the Borromean rings, is also arithmetic.

Corollary 3. We have the following table of manifolds of equal
volume:

n Mo, S3\ Th,

2 arithmetic arithmetic

3 arithmetic arithmetic

4 arithmetic  non-arithmetic
5) non-arithmetic non-arithmetic

In particular, there exist an arithmetic compact manifold Mg
and a non-arithmetic non-compact manifold S*\ Thy which have
the same volume.

A. W. Reid kindly informed us about his unpublished re-
sults where he constructed compact arithmetic and non-compact
arithmetic manifolds with the same volume by number-theoretical
methods.
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3. Fibonacci manifolds as two-fold coverings.

The following theorem gives one more relation between Fi-
bonacci manifolds M,, and links Th,,.

Theorem 2. For anyn > 2 the manifold M, can be represented
as a two-fold covering of the S* branched over Th,.

The proof of the theorem is based on the commutativity of
the following diagram of coverings (Figure 3).

M'Il
2N
Th,(2) Thy(n)
"~ D
63(2, )
Figure 3. The diagram of coverings.

In this diagram we denote by Th,(k) an orbifold with the
underlying space the 3-sphere and the singular set the link Th,
with the branched index k. At the same time 65(2,n) is an
orbifold with the underlying space the 3-sphere and the singular
set the interchangeable 2-component link 63 according to [28]
with branched indices 2 and n. For more detaled arguments see
[19].

We recall that Meyerhoff and Neumann [20] have obtained
a compact hyperbolic manifold N = W(3,-2;6,—1) by means
of Dehn surgery on the Whitehead link which volume approxi-
mately (up to 1075%) equals to the volume of the regular ideal
tetrahedron. They asked if the volumes are strictly equal and
if the manifold N is arithmetic over the field Q(1/—3). As a
consequence of the above results we have affirmative answers on
this questions.
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Theorem 3. The Meyerhoff-Neumann manifold is arithmelic
over the field Q(+/—3) and its volume equals to the volume of
the regular ideal tetrahedron.

For the demonstration of this theorem we remark that by
the Montesinos theorem [22] any manifold obtained by a Dehn
surgery on a strongly invertable link can be represented as a two-
fold covering of S branched over some link. This theorem also
gives an algorithm for constructing such link. By Theorem 2 the
manifold My can be realized as a two-fold covering of the three-
sphere branched over the Turk’s knot Thy. In another words the
manifold My is a two-fold covering of the otbifold Thy(2). The
orbifold T'hs(2) has an evident rotational symmetry of order 2.
After factorization by this symmetry one gets an orbifold Q(2, 2)
with the underlying space S°® and the singular set Q consisting
of two components labelled by 2. One component of the link
is unlink, another-the Figure-eight knot. The picture of the link
2 can be found in [17] and [18]. In the notations of [35] the link
Q is just 10%5.

Using the Montesinos algorithm for N and some arguments
from [19] we get the following diagram of coverings (see Figure
4):

My
27 N2
N Thy(2)

I T

Q(2,2)
Figure 4. The diagram of coverings.

Corollary 4. The Fibonacci manifold My is the unique (un-
branched) double covering of the Meyerhoff-Neumann manifold
N.
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The existence follows from the above diagram of covering . The
uniqueness can be obtained by computing H;(N,Z), which is
I3 L.

So, manifolds N and M, are commensurable. Therefore the
manifold N is arithmetic over the field @Q(/—3), because it is
true for M, [10]. Moreover by Corollaries 3 and 4 we have:
vol (N) = £ vol (M) = the volume of the ideal regular tetrahe-
dron.

We note that the arithmetic description of the manifolds My
and N is obtained in [26]. In particular, it is shown that both
these manifolds are non-Haken and have 10-fold coverings which
fiber over the circle, with the fiber having genus 2.

4. The Fibonacci manifolds and the 84(g—1)-Hurwitz
theorem

Following [37] we recall some known facts from the theory of
3-manifolds.

Let M? be a closed orientable 3-manifold. A Pair (H,, H ;7)
of handelbodies of genus g is called a Heegaard decomposition of
genus g of M3if M® = HUH, and HNH, =5 = 0H, = 0H,
is a closed orientable surface of genus g. S is called a Heegaard
surface. The minimal genus among the genera of all Heegaard
decompositions of M3 is called the Heegaard genus of M?® and is
denoted by h(M?). The three-dimensional sphere S is the alone
orientable manifold which Heegaard genus is equal to 0. The
Heegaard genus is equal to 1 only for lens spaces and for manifold
S? x S'. In particular, if a manifold M3 admits Euclidean or
hyperbolic structure, then h(M?3) > 2.

The following proposition is a consequence of the Theorem 2
and the Viro’s theorem [33].

Proposition 1. For anyn > 3 the Heegaard genus h(M,) of
the Fibonacct manifold M, is two.
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Proof. By theorem 1 for any n > 2 the Fibonacci mani-
fold M, is a two-fold covering of S? branched over the Turk’s
head link Th,. The link Th, is a closed 3-string braid (o105 Lyn
and therefore has a 3-bridge presentation. Hence by the Viro’s
theorem h(M,) < 2. But for n > 4 the manifold M, is hy-
perbolic [10]. The manifold Mj; coincides with the Hantzche-
Wendt manifold [38] and admits an Euclidean structure. There-
fore h(M3) = 2 forn > 3. O

The Fibonacci manifold M, is two-fold covering of S* branched
over the figure-eight knot and coincides with the lens space
L(5,2). Therefore h(My) = 1.

We will make three remarks on above results.

The first remark is connected with the classical 84(g — 1)-
Hurwitz theorem. By this theorem the automorphism group of
a compact Riemann surface of genus g > 1 is finite and bounded
above by 84(g — 1).

By Mostow rigidity theorem the isometry group of the com-
pact hyperbolic 3-manifold is finite always. Moreover a prior: it
may be isomorphic to an arbitrary finite group [13].

By analogy to the Hurwitz theorem for 2-dimensional case
one can try to estimate the order of the isometry group of the
hyperbolic 3-manifold in terms of the Heegaard genus. But the
following proposition shows that it is impossible.

Proposition 2. There are hyperbolic 3-manifolds of Hee-
gaard genus 2 with an arbitrary large group of isometries.

Proof. The Fibonacci hyperbolic manifold M,, has an orien-
tation-preserving isometry of the order n. This isometry is in-
duced by an automorphism z; — ;45 (¢ mod 2n) of the funda-
mental group m1(M,) = F(2,2n). It was shown in [11] that a
factor-space of M, by this isometry is the orbifold with the un-
derlying space S® and the figure-eight knot as the singular set.
Therefore by one hand the isometry group contains the cyclic
group of the order n and so can be arbitrary large as n — oco.
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By the other hand, h(M,) = 2 forn > 3. O
The second remark shines light on relationship between the
Heegaard genus and the volume of hyperbolic 3-manifolds. -

Proposition 3. There are hyperbolic 3-manifolds of Hee-
gaard genus 2 with an arbitrary large volume.

Proof. It was shown in [17], Corollary 1, that for n > 4 the
hyperbolic volume of the Fibonacci manifold M,, is given by the
formula

vol (My) =2n (A(B+6) + A(B - 6)),

where 6 = %, 8 = % arccos(cos(26) — 3) and A(z) is the
Lobachevsky function

A@) =~ ["In|2sin¢ | dC.

j=

The main prorerties of the Lobachevsky function can be found
in [21] and [32]. In particular, A(z) is continuous on the real line
and

AB+8) + A(B-8) = 2A(3), 6—0,

Hence,we have the following asymptotic

vol (M) ~ 2n Vj, n — 00,

where  Vp = 2A(§) = 1.014... is the volume of the regular
ideal tetrahedron. v

So, the volume vol (M,,) of the Fibonacci manifold M, is an
arbitrary large as n — oo in spite of its Heegaard genus h(M,,) =
2. 0

Proposition 4. Ifn > 10 then each Heegaard surface of the
genus 2 in the Fibonacci manifold M, is not invariant under the
isometry group.

Proof. Let (Hy, Hj) be a genus two Heegaard decomposition
of M,. Denote by S = Hs N Hé = 0Hy = 8Hé the correspond-
ing Heegaard surface. Suppose that S is invariant under the
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isometry group of M,. As in the proof of Proposition 2 consider
an orientation-preserving isometry f: M, — M, of the order n
induced by an automorphism x; — ;42 (1mod 2n) of the fun-
damental group F'(2,2n) of the manifold M,. The restriction
flg: S — S gives us a topological automorphism of the surface
S. From [12] there exists a suitable conformal structure on S
which is invariant under f|g. By Wiman theorem [36] the order
of an automorphism of the Riemann surface S of genus g = 2 is
bounded above by 4 - g + 2 = 10. Hence n < 10. Contradiction.
O

According to [6] we note that the manifold M, has a finite
number genus two Heegaard decompositions up to homeomor-
phism.

B. Zimmermann [39] asked if there is some relationship be-
tween equivariant Heegaard genus of hyperbolic 3-manifold and
its Heegaard genus. Using a technique from [39] it is possible to
show that equivariant Heegaard genus of the Fibonacci manifold
M, is equal to n—1 in spite of its Heegaard genus equals two. So
there are hyperbolic 3-manifolds with an arbitrary large distance
between equivariant Heegaard genus and Heegaard genus.
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RZRDIEARME & 2 DELD

RAEZE (T HEDRDE - KOKE - HEFI)

UTosEL., B8 (B #), KH (BFK - #F). Smith ( Auburn
K-Be). £¥ (BEEK- L) RUEE (BRIK - IT) EREO—ED
KFEFETH 5,

1. IERIME & IE M

XZNAHZEEET5, 220 X2ER (IBR) Lizs (BEs) LHES
PREAICL o THHEINE L TH DB, FHIEEHEP DL Y B o7
WEE2Foz iz lHbhTtnd, 2L z2iE

(1) XHERITY c X250 Y BIERITH S,

(2) X & YHSEHIZ S IEHZEM X x Y AEITH S,

AP EDTOFERMEICOWTIIAL L v, BTICBWTZERIZT
~TIEHI &5,

2. IBFFEZE[E & TR

JEFE e /NS VIEICHERS & 0,1,2, .w,yyw + L,w + 2, .y, ... ERE
Nb, TIT, w BN OEREFE. v BRNOFETEEFHEET, o
2EFHE T 5, a EETIZaRFDOIEFEDOERDESEFET LT 5,
Flzid. 1={0},2={0,1},..w={0,1,2,..},w+1={0,1,2, .0} ETH
5o JEFRE o IZEBOEROBEXBOEED SEPN LM E 5 2 /2048
e R EHFHZEE &) o NEFBZEM w B E 2 ) A 2B L
AAE VD, JEFBRER w+1 1t o —BRET2EEEE LTEDL, Z0fi
DEZICLEE LTROR DB BETRWAAER L EZ ONE, w1
eEHZERICBIT S (22327 M) POREF {0}u{t:n=1,2,3,..} &
ARLTOELOPR RV, BHIZZ DL RWEY, JEFH o L EXITE
FPRZER o 2 /T LITT 5,

@) IKBE L, X 2EEZME L, X x (w+1) DERE & 50 05E+
BREHITPE NI T 95 0ERISHR SNz, 220 X HTE/ S
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(A7) arss b EIIMAEEEOEREBIT] {(F:new} TN e Frn=10
2L TWAIDIRLTF, Cc U, %ﬁﬂ?%%Aﬁ@ﬂ{manw}
T MNeewClUn =0 (e Un=0) LLHEDPHFETHILETHD, E
%7&%72%/\7:3//\57 l\(‘&%ﬂi WEAY VNI P THDB, T/2. 1E
HCTHEAY a7 P CTHNE, WENF a2 37 b ThbH, EFEHZE
BIDOERT 2T R TERTHEA Y a7 N ThHLI L b
TWwh,

19 5 044 Dowker 12X o TERDEI SNz,
TFEIB1. Do) X # ERERETHE &,
Xx@H%)Eﬁéﬂ&YTﬁ“73/ﬂ7b
ZHIUIHI T AR E LT, 197 088127 o T Scott 12 X o TRAS
%ﬂ%ﬂf:o

TEFE 2. [S] X ANV a8y NEMLTHLE,
Xx(w+1) FIWIAVNT b = X WEAZ IV IY b

SETLER X ANV IR R EIIEED X OBREE U 1L T,
U DFMG B HBENTE Y cTISHL, (Y PHEGETELIET
H5bo

EH 1., 22T E, —BHLE LT, BEROHBICBWTRDOE
AP DLT LN -TLATHA I, ’

T ~ TEERT I8 b
(EAHER) ! I
FN) AN ~ TEAYIVINT B

ZDF, TO4OOHEICEBLTWI 9,

T HENG VNI P THAIDNERTRVERR, JE XY 33
I NTHAINTINVY I b TEWEREIIRCEAHLNTWS, #iI
ERTHALENTE/NT 287 b T WwZERIL Dowker Z2[H & I 5,
Dowker 25 1 2 BFE L /25530 T Dowker ZREIVPHFEET A0 E ) o
J 7283, ZOEENLEZ D Rudin THE[Ru] 12X o TEHX N5 T TEIC
THHEDOERIERENT, FEIZD Rudin ZWHEANER L 72 Dowker 22
BHUEANY 2V N THBPTEA YTV INT P TROWERBIZLR-T
Wwh,

T%ﬂ?ﬁ/h/FW@imﬁiyﬂ/nﬁF&@fimﬁiﬁl#E
—{2IC. HAEOEEEPERTHIUIAI NV I 7 P THA D Z LT
FrEEINE, EBICINETHONTELIZLALEDLDIZF ) TH o7
HS, FOMET BRI T A HRADEREBRTH 5,
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TR 3. KY?]

(1) X % (739) avRXZPEBETHEE,
XXw ANV = X xw; EHo
(2) (1) DHEOFIL L2V I3y P Z2EH X bbb,

CHICEEE LR DA 272,

EIE4. [KNY] X %) ¥FL—7ZMETBL &,
X xw; IEH < 8 7: X xw — X 2FERE,

3. IEFEZEDIEZE

B ZEE L9 LOBZEBOEREICOWT D EEDHZHRD—2T
HBo (wr+1) x (w +1) Favey  ZEHOBERL2OTER., 4
wi Xwy DERTHHIEMONT VD, LA, (wy +1) xwy IZIE
HTRV L HI1IE, A ={{a,a):a<w} & {w} xw ZHZETH
HMTELVHERL L > TWALLTHL, THE.” A, B 2NEFHZER o
DEGFZERETHE A B BREDRELRSEEZ - TLE Ax B IZIERDP?
LW RMENBR P LEN 5T B Uk, WiHRWIRD A, B 135 5EFE
ZRDESFER LT 5, ZHICHET 2EE&MIRAR, KH, EFICXoT
5.2 bz, $HIZ A B HF wy OESEEORIIZRD L HIZRINS,

TEIES. [KOT| A, B % w; OBHEMET L&,
AxB IE%E. = "A F 7213 B &% non-staionary . F72ld ANB P

. 29
statonary o

ZZT A D w T stationary &lid, A 59 _TD w; DIEERHAES
ERZDLBIETH S,

Bl wy I EVICER 290 stationary RESES A, B FHEET A
EBEILHONTWADT, 2D AB 2BHUL A x B i2IEHICII RS
BV,

FIRULZEIIC (wr +1) xwy FIERTIZLWA, TE/IS 3837
FCHBILEFHOLNTWS, #oT, Ax B OWENXF a7 ME
LEEEIC 2o TL A%, TRIZD2WTH [KOT| TREMBS 2 bz, #
DR E L TROBWIOHP o720

3. [KOT]
(1) Ax B IE#l = Ax B HE/IFa2/37 |,
(2) #1Z A,B % w; DEFEEETH L X,
Ax B IE#H <= Ax B WB/N5a /37 b,

— 144 —



PDEDX I AxB DIERELTE G 2237 MEIZOWTRGAFT
Xd. BODTOoOWE., ANV a s MMELETEAY 287 M
ZOoWTIEEITHA I T ANV I 27 PEIZDWTIERD D
AP0l

TI2 6. KYI]
AxB IF#H
AxB FWwvarvirzh

EAHE, RRUEE6 2O RS FREND,
FAE.

Ax B TWE/)Fav37 b
(7

)
AxB THEAZYaVINZ b

LU, COFREBESEIIZoTHEENICEINL L LR o7

TEIR 7. [KS] o ZIEERZER L TIUE o x o O LA BESIZEm b T 2
a7 N THb,

.

(1) (KA - KH - EHOMBEOEEMH) Ax B | HE XY a8
7+ THb,
(2) ax o OEREGERIEICTE 732837 FThHb,

BIDO Ax BIETEIEAZ 37 b THAHH, TE/NT 237 MiZidi
LWZ EITEEINW,

TAHESERBIZERG6ICBVWT AXB % axa DEEBEOESZRE X
WCBERZ TOBRITAPOTEL 2o TL AN TIIIRBRTH 5,

SKERRMIFE. X % axa OEBEOLSZRE L T USKIBTT 507
X I8

(7)
X Fvzarvisyhk

T, THETOILPDOERWLESTH B ROGEDIEHEZ B/ % L
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TRE. X c{(f) cw :a<f) £F2E X BAEAY 228 b T
H5o

EDIORDEELFHELFE o

. UV A X OTEA avAs RS LTAE UV
DUEXFT 237 FTh b,

?ﬁ%ﬁZ a<w; ETBE, axw & w xa DEEOLSZRITTE
AFaVINT FTHbB,

HZE 3. C % w) DIERBESLTD L w\C BEVICRLE R
KEEOMES L L TRE D,

%@)%@ 4. TEED v, OFERBESEDIELS I HURSRELS
THh,

The Pressing Down Lemma. S C w; 13 staionary THH f: 5
wy BEED a e SITHLT fla) < a 2B LTWEET S, T5E
stationary 72 S' C S & oy € wy PHNT, BED o € § IZH LT
f(a) = ap L TE B,

RADEEA. {D, 1 n € w} FHHESEDOHEIFAFTIE T Lo a < wy, Y Cw?
L VoY) ={Bew : (0,8 €Y} EBL, ¥, REIFHT 2,

%% {a < wi : Vo(Dw) stationary } % non-staitonay £ %5 m € w
PAERES %

HHEODIMH. A = {a < wy @ Vo(X) stationary } £8<, A 7 non-
stationary D& ZZBAL DR DT, A i staionary ERET S, —iE%
£ Tl AREREFEZZT 2o LRELTEV, ac A T 5,
% Vo(Dy) i3 stationary ZE8522R V,(X) THEST Nnew Va(Dn) =10
ThHoHPrb, H#E4 LY, V(D) PERICEBE % n, cw PHNS,
A 13 stationary TH D% 5, Pressing Down Lemma 45 stationary 72
ACAlmew BN ng =m PEED ac A I LTHETTA L
IKTEDoae A LL.T={y<a:V/(Dp) i w TIHEFF} B
Co By eT ML Cy = {6 <wi: 6§ V(D) DEEEY} EBL
Cy 3wy TIERMEET C =N, Cy LB, C DIERMES,
CNVa(X) & stationary T Vo(Dm) BHFRTH L5, 6 > sup Va(Din)
BT B e CNVa(X) BNE, THE, (a,8) € X\Dm T D, 125
BELDT (A X (0,0]N D=0 2HRF (< an< B HFPND, T
o CHFRERLRETNE, (<y<aBbyeT HPEhbE, T5&,
peCcC, &Y gidV,(Dy) DEBELLED, —FH.(<y<a &
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(n, B8] x Vo(D )—@k&@%fﬁoﬁﬁ( T o TERICED, DEPb,
Rocd LT f(o) <a BB, &y e (fla),a) LT Vy(Dy)
PERICL B L HITTE S, HU Pressing Down Lemma 75 ap < w; 75‘
B, & o€ (ag,w;) LT Vo(Dy) BRICTE S, 2T, BENEE
E{Ew@‘%f:o

T, MADEHDKEEZ L L), FEPLIEARBELS C L mew
ﬁ‘ﬂh EED a e C I LT Vy(D,n) #F non-stationary 275 & 912
T&bo FaeC L CanVa(Dn) =0 2 TIHERBES C, %
WD, C'={BeC:VaeCNP(B e Cy)} &BITIXC IIEFERMESE
ZFIT.U=[(wn\C) xwiNX]UJw x (w\C)NX] EBLE, FHEL,
2. 3O U BWEAZ Y87 M X OREEL:5, X C' OEHR
D5 Dy CU 05, UBHEAY 2N TN, D=0 L0,
% n>m ﬂ:;ﬁj‘L Dn C Un cU %(ﬁf:@_ﬁj%% Un ﬁxmﬂ ﬂn>m n — @
T EOIETEL, S n<m IZHLTIRU, =X £BLZET,
{Up:new} X OUEXAY 2287 MEERRT I LD

4. HE0 BT IV EDRAR

V #BEEWDET IV, P % forcing notion &5 & VP IZV #IEEL
TRBEERDET VIR 2T WA, X & V ONAEZHE L B 7ML
Th, X, 8eV VP “f"%% —fRIZIZ VP BT B Y X DOt
7% wa%k RO ZWHEEEICR o TWA Z EAES ﬁ%ﬁﬁ%%ﬂ%o
HoT VP IZBVWT X ICB 2 EEETAVMHEANLI LB TESL, &
DRAEZERZ VP ”‘H%‘(ﬂfﬁf‘f’lﬁaﬁ X £V, XL LR TWwWA,

(1) V TX ERl = VP T X EHl,
(2) —MRICH (1) KBV TERZIEERICIZEEHEZ 5NL 0,

WL, Jungeira QEERD HROFERIH SNz,

%E@; P % Cohen forcing. X 13V TEHTHAEMP VP CTIZERETE
WedhHe, X 1TV T Dowker B TH 5,

COEHICEE LT, P % Cohen forcing & L7z &, V T X 54
VAYNRZFTHNITVE THL X BNFNVav s s THEDRES HIT
KR TH S ( Dow DEIE),
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987 NC GEEtkDNash G £ ks
IZ2IVT

Nk KR TEES 85
1. Introduction.

NashZ k1T C~ £ #51K & nonsingular algebraic sets & 5 B9 22 F4E
TH 5, Nash AT BREOERR TP 2D, TOEKLHEIZ,
Nashﬁfﬁﬁie: 720 (cf. [15]). C™ZiRfEL LT %7 MUFER [13]TH

o F7-. affine NashZ R RIENashZ R L LT a2 %7 METTRE [14]
T i) %, NashZHE{RiZ C™ 21K & nonsingular algebraic setsD /7 D&
iz T\n5b

FE L WiESETsection 2 TITH Z &1 LT BREERRBDIC
BEREFRDHRT D,

£261.1  G%Nash#if, X&NashZ k& 35, XHNash G L&

IXDGIEH GxX =X bbb, 20O YEABEH P NashERTH A Z

FTHb, Nash G ZFEXHH HGEIBEICNash GEROAALTE S & X
Xitaffine &\ 9,

GIEf%ZEZ2wEE, [1B1I2X), 1XFTULEDIZT FE2H
a3y METTRER C° SRR, FETT B 4ERR{E D nonaffine NashZHk1{E
BELZLOZETHONTWS, C° Sk (C°GERE) DB aITHE
DIRBEIEINF & A EDBERIT 5 DT, nonaffinelZdH 72 5 BE&ILF
TELZV,

G%NashBE & T2, C™GEAREXs%affine (resp. nonaffine) Nash
GLREhHE % b D &3, affine (resp. nonaffine) Nash GERAEYAHAE L
T. XEYH NashGHATFE 252 ETH 5,

KOFEHED (2) HEHEEPLBET W& E L7,
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EH1.2 [6] Gz I /%7 baffine NashBE, X% 32 /%2 b C°GEHAE
RET 5,
(1) XiZNashGZ R % BT, 72750 & Daffine Nash GEREERE
EE b D,
(2) XEDGIERPHERN: 61X, XDF T DNash GEREAEE 1T
(1) THEON/IBIEICNashGEAFH TS 5,
(3) XDORTHIRTU LT, EE»o., XEDOG VEEI R T,

Wiz HE, XIZIET B FRE Dnonaffine Nash GRS % %
D,

EDOEE T XDSCTGEMEL LTav 8y F MLTEEDBEAICD (1)
D—RHIEHIL L2 \2S, IIET 2 = L5 TE 5,

CGEHE X% (CGHMRE LC) a9 MEEEE Lid. BR
20720280 b CTGERME YVHAE LT, 2 DWER L XA C GltA
FEL 2528 Tho,

FEH1.3 [6] G%I2/37 haffine NashBE, X% 22 /%7 Tl
2N MU EE R C* Gk &+ 5,
(1) Xidaffine Nash GZREAMEES L O,
(2) Xi2FEw SR DOnonaffine Nash GEHEMEEEZ b O,

B HENS D, affine NashZ KD nonsingular algebraic setD
BIZDOWTHER B ENTEL, [15] 125D, affine NashBRefkIL %
% nonsingular algebraic set & Nashfll D RIEI TH 5 Z L 2R E N T 5,
INhO—fibE LT, UTF2B5Z T2,

1.4 [8] X Zaffine Nash LKL T 5, 2L XA EERFD
nonsingular algebraic sets {¥,} T%& Y, i& X& Nash #5-FH T 2 75,
nEMLIE, VEY ZREERETZWS OPFET S, [

RICED, a2y b ZRRIZIETEMBMED nonsingular al-
gebraic set D FEEL b DO LA SN T WA, affine Nash ZHEMRI7 0
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LThH, 2OBEOEBIIFFTERETH L Z LA FREINL, Tz,
TEH1.4. @Gf’ﬁﬂ?ﬁ”%ofi’ﬁ‘%%x%;c‘:ﬁ‘fééo ZiE, a o
7 b C” GEREDBEICFENash FE LT AMET, T2E2I2IF
R s nTwiaw (cfh[]) o F72. Nash G X7 FVIEIZDWTIE, [5]
REPHLNTNA,

2, Nash G £ k.

R*Dsemialgebraic subset U TOBNESOERMEEHRT
%=x
{XER|fi(x)=...= f,(x) =0, g,(x) >0,..g,(x) > O},

7272 U, for e fos 808 WER EOZERESRET S, U,V % open semi-
algebraicsets& 5, C*E f:U—=>VNash gLz, fD7F5 7
(CUXV) 2% semialgebraic set Th b Z & LEFHKT 5, ¥IZ, Nash B
BILC* BB THAH, NashBEf U=V NashihsEE & 1E. Nash
BEgnigV>UPFELT, f0g=id,g0f=idb 25 L ThAb,

EFH2.1. (1) semialgebraic set X C R %% tlkjtddDNash #4535

B LT, EXCXITd LT, BEEndsriE Urbx 5L

& V'~ Nash 5 FEE ¢ 25FEL T ¢(0)=x, oK NU) =

XOV bl EThHAE, 72721, RPIER OBRBED (n—4d)
BORTH0 ThHLHETREE AT,

(2) 4 ﬁrcymwww%hgﬁwti\ﬁﬁ@@%v—qu

RODPFELEL. &LJIZH LT, ¢U,NU)2 R D open semi-

algebraic set T, 4,04 .@i(UiQUJ)—*qD“j(Ui NU,) 7% Nash #8577

Beirprllldh, 2OLE, £OF ¥ — FZNashF y —

hMEFER, [15] £ D, thwﬂéﬁwi Nash ZfriE L 725,

(3) X, YxNash ZffEL L, Nash v — + % 1€ {4,:U,—

R™} g, .V, =R T2, BRS: X'-}Y“?Nash BHThibE

iE FLNI LT g (fT()NT,) ATRD open semialgebraic
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set TH D, @,0f0p :4(f(V)NU,)— R" % Nash BRIZ72 5
ZETH D,

(4) Nash ZHME X & Y72¥ Nashi 4 EE TH b &id. NashBEE
f: X =Y, hY—=XPFEHXELT, fOh=id,hof=idt iz 27 &
Th b,

(5) Nash ZfsfEh%affine & id, 2 5 Nash#sZRe1k & Nashi% 4
BTHHEZ ETH A,

HEE E3R2.1 QTORMRUDREIKLIT, Zhh b, Nash ZHE
D8y MUETTRREESE,ND , FiE 2.1 ZTBHK ICEREL
VIR A ZENTE (£ [1]) . Bk b, E£ED EEHAR
L@ Nash ZF-KIE R, F TEHRSN/2H B Nash ZHAEDR E~
DYLER & Nash SRR TH B Z EHHONT W5, F77, semi-
algebraic set DLER & v 2 5 definable set 13 FENERE 2 b 055 #&
F7% b 7272 > o-minimal structure b Tld, cellMBEE 2 KOEF
LWHEZSD 9], L2 L. WMOoMEDERICUHERM, &, 75
DIEE RNz 5 &, % Do-minimal structure 1&3 T2 EEH
LD EFMONT VD DT [12], EBMAE L TNashEH#H % B
BT 5 DWELEEDbNLS,

fl2.2. fl'R@R,fl(x)=|x|\ f,:R =R, f(x)=x°, ¢ €Q,
fi:R R.mn—— 7 £ld,  semialgebraic B TH 5, FEFHRBA

| R @ﬁi‘ﬂﬂﬁﬁ b O IR %L 1 semialgebraic BTV, R,
fi: R—= R, f,(x)=sinxitsemialgebraic B& T2\,

EF2.3. #FGr’Nash# (affine Nash®) &id., GO NashZ Rk
(affine NashZfRfK) TH ., HEEGXxG =G, G~ GHNashBEETH
HZETH D, |

1 RTCH#ERENash BIZOW T, [10IC X ), SEERT WS, F7-,

237 bcenterless Lie®£1Z 14, nonaffine NashBERE ESFEE L2 WS
LYHBNTYD [T,
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E32.4. G¥%affine NashB¥ & 75,

(1) GFEHOF Daffine Nash HOLHkMED G AED E Z, affine
Nash G ff4 L&k LI,

(2) Nash Z##{E X2’Nash G Bk &iX, X0°GIEH GxX =X
b b, F0O VEHAEBD Nash BIETHEL TH 5,

(3) X, Y#Nash G Z#fhL 35, Nash BRf : X > YHGEHTH
HhHrLx, f& Nash G B LR, X £Nash G o RHE
£iE, Nash GBS X =Y, h:Y =X LT, fOoh=
hof=id L7252 TH5bH,

(4) Nash GZRfEXD%affine TH 5 &id, XHH 5 affine Nash GER
SRR L Nash GRZTRIAID & 12w 9,

C” GZHR1K., Nash GZ Ak & nonsingular algebraic setsiZidseG & LT
P o a e BIRATHALY 5o

{nonsingular algebraic G sets} < {affine Nash GZ Rk} C_ {Nash GZ K}
<l GZHRAE)

7272 L. nonsingular algebraic G set i G EIHDF D G A% nonsingular
algebraic set& 3§ 5,

C™G &Rk Tid &k CHo iz BREEDETE & collar EDHFAEL
affine Nash G ZRRAIZ L THARILT 5,

&rE82.5. G% 2> /%% baffine Nash #., X% G &I QLA Daffine Nash
GGk &35, 2D EE, XIZBITANash G EIR i (U, p) #F
X?%E@“Z; 2%, U ZQoOdDaffine Nash G #0Z AT X %a&

AHEp U > X|INash GEBRTH 5, [

&rE82.6. G& O /% 7 baffine NashBE &L 55, BEOER 2L o723

%% kaffine Nash GZ##{AX i¥Nash G collarz b2, ©2F 0, Nash G
D ARG IXx[0,1]> X T|dX x0=idy b 722 L DEET 5, [
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3. Outline of proof of results.

Z I T, HEROEADENE L B2, ARBOFTERER 13 F 7 HRth
TEOT, #LVIERHZ ZRICR D 2nhid, T8 BAudd b 2572
WT,

4] 125D ROEZ Nash FHEOISHRRTE S LT WD,

EH3.1. [4] G& I8 Maffine NashBEL § 2, X2 a2 /57 k¢
GZ kK Cnonsingular algebraic Gset* G F#EE 42, ZDE X, Xitdh
% nonsingular algebraic G set& C*GHA R TH 5, [

EH1.2.0 (1) . (2) DOFEH.

(1) disjoint union XX 13 BRI 20T, EW31.L 0, XUX 43
nonsingular algebraic G set & C”G #73FA TH 5, F 72, nonsingular
algebraic G setDEAH T DL A TCRE % b DIF. affine Nash G
W2 DT, Xidaffine Nash GHAAY YL C* GG TFETH 5,

Z% X DR Daffine Nash G L L, f:Y = Z % C° Gl FIE
LT B, FRIEAEERIZ=QLDEKE L. 2 LB AEUT 5,
Haarl 2138232 LI L), FDEMUqEGEZ D> D F DIBIZZO Q
IZB1T 5 Nash GERIEE UICEETNTWAE LTI v, #hb POgys
NashGir R & 72 5, 7272 L. pidNash G HFHREBUDE R + 5,

(2) X, X, % affine & 1XPR & 72 WXDNashGLRERMEE & L, k: X, —
X2 COGHARIEETH, 6 €X, %, =k(x)ET5 L,

f; G =X, ﬁ(g)=gxi (i=172)

(& &St Nash G B L2, f,=kof,

PIFORRIZ LT, k 25C°Nash BIZ%2 2 2 L 28T 5, Zhpshah
U, k7% NashGBORIENC 25 2 L2505, [13] £ 0, X, 13 C°Nash
HOAHBAHE (C° affine) THb, 2D WORAE [ X —>R (=12)
&L, X'=L&X),  fi=Iof, k=ILokoI? (B, IDLE,
116 =X I 3C'Nash B ThHb, G L X'HS (¢°) affine %2DT, G
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Dsemialgebraic open cover {O}_ PSFFEL T, & f'|O %% semialgebraic
BARI1Z72 5, Lo T, f' bsemialgebraic BIZ7% 5, ¥i2, C° Nash B
BTH5H,

EZAT, KIC'NashBBRETHHZ L LkHC'NashBETH 5 Z LS
FEIC 225 DT, LFT, K 25C°NashBETH 5 = LRT,

[ A =1L2)HC ' NashBEAE 72 DT, G, X, X, DNashF v — ¢, : W —
R™{w U, =R}, o, :V, » RYDPFENENWFIE L T, &L, j, LT LT,

$(£) U, 4L Y )OW)

73semialgebraic sets T,

@01 047 1 6,((f ) (U)OW) = R,
?,0%,.047 1 6,((f, Y (V)N W) > R

DC'Nash BB L 25, 7272, m=dmG, n=dmX,(=dmX,) L ¥ 32,
ZDELE, & gokoy; D EFIEA semialgebriac set 220 FILE HHS
semialgebraic B TH A Z Lo vy, &7, LI LT,

K;, =V (graph(p,0f; 04") x graph(p,0f, 0 ¢")

B 2720, graph (H)IFHD 75 72 FEbT L35, D& XK,
i, (R"xR")x(R" x R") Dsemilagebraic set 2D T, &5 proj :(R™ x
RYX(R"xR)—= R xR 12 X5 % K,;' %semialgebraic setTdH 5,
ZIT, B 0EH, =Ko IZERT A L. graph(gok oy ) =K,/
L7, K HC° Nash BB E 2D Z LaRENTz, [

EE1.2.0 (3) OFEHADFE.

(1) XV, Xidaffine Nash G ZHAEL L TL VDT, XCQREF 2,
EXEX TR LT, BEG (x) 1 ECGHGERHMAETH Y, semialgebraic
setTh &H 5B DT, affine Nash GEFAETH 5, X EDGIEHIHERN T
CL X EFETIRTULEZOT, 25 2HWAZ EIZXD, 5
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xEX |23 LT, G (x) D XIZBIF A Nash GEREEU, p) TU=X L7z
BYDHWHEET B. XICBITAMAUICHE2.6.28HL T, BRIUD
Nash G collar¢:dUx[0,1]=>U % & 5%, ZD¢ ZFAWT, XEGREZ=
D Daffine Nash 2 1217 T, (0, 1) L% &) parameter D& D
Nash G BTz bbb, ZDIF0 HbHIZ Lo THESNI2Nash G
ZRERY, 25 L DOXE CGHATREZ R L, ZY, Haffine TRV & i,
ROMEE FANTRENS,

HifE3.2 [15] M. N% NashZMfk & L, f:M—N % locally semi-
algebraicC* BB LT 5, TD L E, Noaffines H1F, fidNashBETH
5, [

F7o, BT LT, Y, &Nash GG RE L 25 Y.0%, B4 TTEMEE
2B ERRLT, GERASKED S, [

EE3.OFHIZIE. DITOWEETL S,

EMS3.3 [6] G% /%7 bNash affine BE, X% 22/%27 +C™G Zhk
R, X' & XDaARy FCGHEHD ik L35, DL E, affine
Nash G ZHRIKY, YD affine Nash G - ZfRAEKY B X UC*G MmHEE
ERf XY TfX)=Y 2BbDVHFET 5, [

EFH1.3.DEEHH.

(1) Xp5a Xy MEITEEZD T, BRX b o72a237 FC°G
SR X BHEAEL T, XEX ORF BSCGCMAER LD, YEX @
FINET S, Y, X)) ICFH3I3 2 BHAT AL LD, GRIE QLECc G
BORARBF Y = QIFFE LT, F(Y), F(9X' )%%affine Nash GERMAEE 725
7o b, F(X)l3affine Nash G kA & 72 1) | Xidaffine Nash GE R
EEHD, '

(2) (1) X1, Xidaffine Nash G&ffE e LT X<, REE mE
25FHWAZEICLIN, HAHXEX IR LT, G (x) OXIZBIF 5Nash
GEWRIE U, p)TU=X L2 2 00 FET A, LTIREHL2.0 (3)
EEFRICEERE S NS, [
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¥ 7z, T. Petrie®nonsingular algebraic G set® C*G kL LTH o
Yoy MMETTEBEE [11) WA Z EIZE D, REB/BLZELNTE S,

3.4 [6] Gk I3 baffine NashBE L 5, ZDE &, C°GH
Bk X7Saffine Nash G ZHEHEEE b 07O DUETFEHIEIXIC” G
ERRE LTIy MEATRBRTHHZ & TH S, [
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H*(BO;Z,) DHEH®EEE R & &E Wu H

>

LBX - #alFER THES

=2

$1.

M#%n RTBHZHE L 3%, Poincaré OWHEEIC LD, 0<i<n
5L, B

D : H{(M; Zy) — Homg,(H"™(M; Z5); Z»)

E D(z)(y) =<zy,p> KL-TERTSLE,DRIEARERTHS.
T, € H(M; Zy);y € H" ' (M; Z,),u € H,(M; Z,) i3 M OB &
To Y-, <, >3 Kronecker BT% 3. & - T Steenrod fEfI 5% S¢'[6]
ZRGWT, BEFER fi: H"(M;2,) — Z, % fi(y) =< S¢'y,u >
k- TERTEEE,D()=fi&l s H(M;Z,) Oz B—EIIT
BETH, Chixr Mo R WuBievw, o (M) Tt&T[4]. -
T, i>n/20EE 0(M)=07Th 5.

Wu OFEEIC LD, M®D iRt Stiefel-Whitney ¥ % w;(M) TRT
& &, Wu i & Stiefel- Whitney OB ic 3R 0BEHERH 3 [4]:

(1.1) wi(M) = S¢°v;(M) + Sq*vi_1 (M) + - - - + Sq've(M).

BO(n) 2 n RLE~7 P VEOHEZERE L, BO(1) C BO(2) C
-+ C BO(n) C ---0omRZEM%E BOTEYT &, H*(BO; Z,) = Zs[wy, ws,
w3, THB. TIT, wid 1 WTEE Stiefel-Whitney ¥ TH %
[4,[10]. |

L8 Wu B v,(e H(BO; Z,)) & (1.1) L 0BT, ROBIEMN
LEES TV 3 [3]]7],[8]:

(1.2) vo=wo =1, w;=v;+S¢'v_1+--+Sq'v (i >1).

M &3 2D, EE Wu 2% E Stiefel-Whitney Hicfid 3 £
ATRENICERTELETH 5.
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k=HR¥ T35, B

D, : H*(BO; Z,) — H*(BO; Z,)

%, H*(BO;Z,) OBIEAR w,w, --w,(l > 1;11,0,-

“)il Z 1) iz
H*(BO; 7,) ® £z

Wiy Wiy =+ Wiy Wiy Wiy g Wiy v Wy + o 0o Wiy oo =Wy, Wik

Eih s b Lick-THFE SN2 HY(BO; Z,) o HEEEEER
L5, JITi<00EEFw;=0,dmz<0DEE Dz =0 &FE
5

IDEEREHES

FEI 1.3 TEOHARY i>k>1iexLT
vier (k= 2%),
1.4 Dyv; =
(1.4) kY { 0 (k#2)
w; % ¢ RITWAS Stiefel-Whitney $H, B 5 (1 4+ wy + wp +--4)(1 +
W+ Wo+-) =1 %2MeTdD0ET S, v, (1> 1) KB B w, -, u

BT 2 2HERAE< v wy, o0, wp >THRT.

%15 (1) i(>2)lE2o~r+Ed3. coLi

Vi = Wi + Wi Wy + WigWy + 00+ Wiga1Wija—1+ < U5 Wipg,c e, Wy >

(2) t=a+b(a2o~x+, a>b>1) LT3, oLk

Uy = WaUpt < Uy Wam1, 00, Wy > .

% wl wl wl - itk > CHEBRE N H*(BO; Z,) 4 F 7 V&
5., w=1l4+w+wy+---, v=14+v+vy+---&8 .

Fl15z—MILLcERZAVWTREZE 2
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FE 1.6 ([13). () it=ar+ax+-+a (a0 -, a3 BV
RiZp20~%) L9535, COLE

Vi = Vg Vg, ** Uy, mod I.

(11) Z(Z 1) 22 DRF & L, wl,UJQ7'"625&?’3‘5$IEEQ$1,22,...,.’Em
wkoTy =42+ -+, modl&TH. JDLE

Vg = Wy + Woj—q Wy + ==+ + Wip1Wi—1 + Z ;T mod I.
1<i<j<m

(i) v=14+2w +-w; mod I,

2T @B (Gg,eeen) (> 1L1 <4 <o <) T, g, 0} =
{o1, By @y By 1,05 Y} (= 2m4n,m > 0,n > 0); oy+5;(1 <
< m),(1<j<n)BET2DOF, THEHESDEHFKILODVT
ofTh 5.

[13] w2 LoEED () oM, EFEEMOE>»OE
ZRLOBKE <7 b WeEBAVWSh TV, LT3 %
AwvT (i) BRah, (1) & () 20T (i) BREhTL 3.

§2. Olw; ick 3 WuHOE

gt 2w IR I X N7 mod 2 Steenrod ¥ ©L & T B

8° =S¢ =1, ' = S¢*,

2.1 T | |
@) a Sq* + S¢T10 + S¢" 7?02 + - + ST (i 2 2).

koTH =%S¢h..-S¢, CCTE REREDP 25 (51,-+,51)
T, h+-+hi=1 THa3HRbO2EL VWTOMTHS. £-T
0 =S¢ +0'S¢ " +625¢ 24+ 0TS (1> 2) THD, REES:

(S +Sqg* +Sg? + - ) + 6 +6*+--+)
(0O +0 +60%+--)(S®+ St + S¢* +--+) =

1
2.2 :
(2.2) N
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WE-TSqg=5¢"+S5¢"+5¢%-- DHETR O+ +6%+..- ThH b,
w=Squv KbkR%:E 3.

fv 78 2.3. v; = 0wy + 0wy + - -+ + 8%;.

0 I DVTIRD T EBRH - TWD [1][12):

g1 — Sqisqi/25qz‘/45qi/8 e Sql (Z — 2*), |
(2.4) %7170+ = GgimPRi=1=a 4 Sgigim1=(r+9) (i = 2% p = 2*{ > p > ¢ > 0),
62j+1 — gzjsql'

i 2.3, (2.4) T LT 0'(zy) = Sjn=i(072)(6%y) AV E &k
FU, GREKITO WaBid w EBEREK O WaEHTROBiIcEa N 3
CEBGD TV B [12]:

(2.5) Uip1 = Z wfs_lvzwzxw.
s>1

P= 2 2 (5 > i, > 0) D EE, afi) = s, h(i) =iy, (i) = 5,
LB <.
EXIT PNVHOSGBEERDB| AHVTREER 2.

R 2.6([14]). (i) owd)>j>10&%E, 7w =0.

(i) o) <j<oa(i)+1(E) @& &, 07w, = (62" Iw,)>".
T m=oa(i)+1() —j.

Wu 0 25 Sq®w, = B2, (b_a:Hi) Wami Wpti(0 < a < b) [11] Z AW

Cov; ZgBNSOELSIEBERCHET 2L &, <vjjwy,w; > D0
T '

('lUQ + w%)J/Q (] = 20; a Z 1);
(27) < vj3wg,wy >=1¢ (Tt w2 wi/® Y (=204 2 05> 0>0),
0 (alj) > 3).
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TH2IEBFEENE, L LAKS< vj;ws, wy,wy >CBLTH
BN 3.
P, = S¢¥S¢* ™ - Sqtun(t > 0), P, =0t = —1) &8, JE
Wy, Ws, We, =+ 1- & » THERKR SN ic HY(BO;Z,) D4 F7nvEd 3.
toGBEEEHAVWCRESB 3.

T 2.8([14]).
1) vy = (vl = (waws + w2+ wi)/* mod J (j =2%a > 2).

(11) v; = Pa_zw(ii—l)lﬁ + wgi—l)/Zwl mod J (Z = 2@ 4 1, a Z 1)

(i) v = a~1w1+(Pa_2+Pa_3w§i*2)/4+wgi_2)/4w1)2+w2w§“2 mod J (7 =
2°+2,0>2), v; = ()" modJ (j=22+2%a>b>1; i=j/2070).

(iv) wi=Pqw? +P2, wi+Pjw? modJ (i =2°+2"+1,a >
b>1), v; = () modJ (j=2°4+2"425a>b>c>0; 1=75/2.

(v) v; =0 mod J (afj) > 4).

LoEH LB % RicBL cRko#i{tX%2E 3 [14]:
(2.9) P, = (w2 + w%)QHPt_l + (w3 + wgwl)zMPt_g mod J (¢t > 1).

H?">""(BO; Z,) Ot Fppp %
-1 i n m i+ 1
Fm]n:Z'wg_z %Uf -2 (m>n20), menzo(an?_O)
i=n

DB, ELTp=2P14224-- 42 (s > 1,p; > pp > -++ > p, > 0)
D& &

G, = { FPi:P2+1FP2,P3+1 “'FPs—hPs-H (S > 2)’
=
1 (s =
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EBXL.

PieBiI 2 wy,unicB3 22 HA2< Pywy,un >EET. i B
IZBIT D ws,wy,wr ICET Z2HIANT, waO R+ p(>1) Th 2HIQ
bO2EDOM%E P(p) THRT. CoL& (29 2HwTREE 5.

FH 210([14])). p(>2) £ERKEF . coL &

(i) < Pywg,wy >= Figpq gWaws.

(ii) P(1) = w3 Fypq 0.

(iii) Py(p) = ngt-&-l,h(p)HGsz(p),owzwl-
(iv) Pi(p+1) = w§™ Fia pp41Gy Figpy 0-

EH 28 210 ZHwWa &, (27) BRIELWI &b, LT
< vjws, Wo, Wy >IDWTH, ws,wy, w T 2 ELZHIFAR0fE
LCERENICRRT 2 &N KL, LA, i=224+1(a>1) 0
L&, < wy,wy,wy >

Foowawy + waFy_q pwi™ + Z W For1 1(p)+1Gp Fipy,0(ws + wawq )wi.

ThHs. CT, m=2 L BEO@E¥ELE>VWTOMTH 3
[14].

§3. Dy itk 2 WuHoitHE

d : H(BO;Z,) — H*(BO;Z,) % [3] BT 25/, Hb d ik
dw; = wy(i =0,1,2,---) Lk > THE W BEREER LT 2. *
U T Lg% wy, wy, ws, -+ 12 & » THERK & 1tz H(BO; Z,) D4 #7 1 &
5. oL AW, duy = dwytwi) = watwi, vy = witwswy +wi4wd
TH5h5, di=vy, mod [,y TH5., —RICROEEBBESNT
W3,

T 3.1(3]). H*(BO;Z) oz el <

(i) dSq¢'z = Sq*dz  mod I,y
(ii) dv; = vy  mod I,4,.
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CofiT, §1 TERENS HY(BO;Z;) D HCEFREER Diic
DWW TR B [15].

@B 32 H*(BO;Z) 0T z,yic LT

Di(zy) = (Dxz)y + z(Dry).

aik BH. 2, YW wy, wy, BT ABEARD L &R D OERD 5K
L, —#o %éil &%%mfﬁﬂé O

&EE33. i>k>1&93, JODEE Dy = Wik

G, Dpthy = Dip(wi@x—1 + walg—o+ - -+ W10 +wi) = Dpwy =
nR&Eh s, O

a<0DE%SE®=0,b<0DEE w,=0 &LED3, FHE3IG) e
TE5H0ELTCRERD

@EE34. () DiSq'wj=Thos (M) S¢ Tt Wik
(i) H*(BO;Z3)3 ¢ LT, DipSqg'z =Yk (F7571) S¢*~* D,z

. (i) k@) 2REVWTRENG. () CHIBBAEZREANTAB LR
DOHTH 5.

i>j DLE: z>y®é:§5qw3—0ck9)7£1.i0’€%5 Fhi=jDk
&b DpSqg'w; = Dyw? =0 LVEBIROTH S, HRIBVTIR hk—s—12> 5
Hbk>2572% siconWTOEZELNTLO, JDEEI> 7> 425k,
koTi—-s5>7+s—k ERBVELS0THA.

k>i+j ol S¢w; ORI i+5 T, k>i+j KDEDBEOTH
2. EBRBOTIRi-s>0H2j—k+s>0 TEANTIVAE, DL
Ei>s>k—j>iEh5, IOXIWs FRV, XoTHLB0TH 3.

j=i+l1DlE FOIEPSLEL2+1 TEALTEY. COELERD
eBWTE, k—s—1>sHoi+1—-k+s>i—s5 Hb2s=k~-17%
sIOVWTELNIT LV, k- THAR kK BEHoLE0T, Lk PEHOL
& wl(m=(2i—-k+1)/2). RiIcEDERFA~E, Wu 02K XD
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Sq*wis1 = Wiwig1 + Wi Wigs + -+ Wi Wy + Wownigq. >T 1<k <t D
& gEﬂ‘i Wy Wi 41—k +’LU,‘_1’w,'+2_k+"‘+U),'_k+1’w,‘. z L/'C, hit k fﬁ{&]
¥ BB LTcEREN O wi(m=(2i-k+1)/2).i+1< k< 2i+1 D&
el W41k W0 + Wi~k W1+ » -+ W1Wo—f + WoW2i41—k. LT, D&
Eb1<k<i DBASLEILHRITS. —RDBAIR, 1>0,m>0,n>0
ey LT, BRR T (7) () = (’*”‘“)+ (nT 1) mod 2 % GERA
THILIEDRENE, IIT ﬁ%ﬁZEHﬁma®ﬁl %: (5) =0
(B<0), (5) =0(a<~2), () =1, () =0(B>1,a<0). O

$35. kE220D)% L3, ZDEE DS¢r =S¢ Diz.

TH. P Rs=00kE1T, s>00LEENTES. ko

W36 kX200 ELFTBEEE, Dy =y (i > k).

AEPH. kCREREL, @ cBEY BRI TRY. %3.5 & Dyu; =0(5 < k)
b
Dyvy = Dr(wi + Sq've—1 + Sq¢%v—s + - - + Sq*vp)

= wo + Sq' Dgvg—1 + S¢* Dyvr—s + - - + S¢* Drvo = wo = wp.

LoTi=k DLEKD I, FEOILj-1(>k) e LTRDII>E
RELT, i=j OLEIKDIIDCEAR]T.

Drvj = Di(wj + Sq'vjog + -+ + S¢? 7Fup + S¢ =y 1 4 .-« 4 Sqiug)
= Wik + 5¢' Dyvj1 + -+ SPFDpv + S¢'*H Dy + -+ + S¢? Dy
= w;_ + Sqlv]-_k_l + ot Sg Ry = vj_k. O

T 1.3 OFFHA.

(14) 2 k P 2 RMETRS. k=1 D&%, 36 LDKRTT 3.
(14) B1<k<I-1(122) B232Tok e LTHRIT 2 ERELT,
k=1 DB T 3 E%md. B34 2T

™) Dy = wiop + 02 (707N (2L, S¢te Dy yviy).

— 166 —



ZITi=lDEE (%) i3
(**) D = wo+ (1—12) Di_qvia+ (1_23) Di_svi—g + -+ (,2,) Do

LB, ZITIN20FDEE (xx) OHFAD 2 FFEBIZEESH» 5,
Diyp = wo =wg. e l=224q (22 >qg>1) 0&Eicld, BREDOR
FEAVT, (331 Daevsa (1>2°>1) BB bDIRHOVWTELAT L.
2°—1>1-92L1>2 kY a=p &3, £>T D = wot (7))
Dopvop = wo+vg=0. T Dy L TRENT S, £2C Dy, OIS
o BT BIRNETRY. D iod 5 (1.4) 2eToi < j—-1(5 > 1+1)
KHLTRIZLTWR ERET S, CO&& Dy, #FA 5. I CapfEl6
X0, 1iz20~+2BOVT, 1=20+4¢(2°>q> 1) OEEEEZ AT L.
IDEE, FREOREEHAWT, EEERIC2HEEHEFANSE LItk D,
Dyv; = w1+ (21’(1—1) (Sql_q?)j_gp_l -+ qu—q?}j_gp-g 4t qu—qv_g,,) -
wi—p + wj—; =0 (v, =0(m < 0)). T D, icxdd 3 (1.4) k4 5.
O

% 1.5 OFF8A.

(1) vi = cwitwii Xitwimo Xo+- - Fwipp Xijppoa+ < viswipa, -+, w1 >
B CENHRS, CITce 2, X;(1<7<i/2-1) R wy,---,w i
B4 22HATH 3.

D;v; = Di(cw;) = cwo. —F, T 1.3 0 Div; = vg = wy. £»T
c=1 ERiICLT Dicqv; = wy + Xy, Diqu; =0(1—12>i/2+1) &b
Xi=wi = BN X, =0,1<j<I-1)(2<I<if2-1) EREF
5., CDEE Div = w w10+ W+ +wirW— + X, Dijv; =0
0 X)=w + w01 + w_gW2 + - 4wy = Wy

(i) = dw; w1 Vitw 2ot - A wos1 Yoo 1+wo Yot < vijwamt, -, w1 >
EBLCENHERE., CCTAdE L Y;(1<i<b) ik w, ,w T3
ZIHATH 3.

Di'U,' = Di(d’w,j) = d’LUo. *“7,:]‘, riﬁ@ 1.3 X ] D,"U,‘ =0. £»Td=
BIERiICLT Dicqvi = Y1, Dicqu; =0 (1 =1 > a) L0 Y7 = 0. B#IAE
;=001 <7<1-1)2<1<b~1) LRETA. COEZx D
Vi, Dicivi =0 k0D V=0 2T v =w Yo+ <viweeq, -, w1 >. C
T Dy, =Yy, Dyv;=wp 10 Vy=u,. O

)

[

ol

H*(BO;Z3) Dtz LT, z BT % w, -, w ICBT 2BERXE
<zywg, e, wp > TR
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% 1.5 DFFIHEEMICLT, %15 22— b Lk%iE

FEI([15]). i>2&E453. COLE

h(s)2r-1-1 h(%)
Z Z War—s < szf—w+s Vimot; Wap—s1, "+, W1 > +Z;,
p=1 =0 t=p

CCTZ v BB Wl wl (1> >0 21, p1>2) OFOBIE
AOHTH 5.

toFEHET, wj=w,modl,t>p DEE 2 —-2P45>2P—-s5—1, &
DIR%EES

#38 1>2&43, lDLE

h(2) 2p=1 -1
v, = Z Z Wop—y < WsVs—ap; Wap—s—1,--+, w1 > mod [.
p=1 s=0

FH 1.6 DIFIA,

%38 EfVAE, ()i=a+b(a(>2)F20~F, a>b>1) &9 5,
COLE, i BT ARMEILLD, v =0 mod I 25REN S, (i) i
(i) ZRWTREN S, (i) & W FioRocicBid 2 kickoRnah s,
]

LEWaulH v, (1<i<10) BIRDOBEOTHh 5:

v = Wy, Uy = Wy + w%, U3 = WoWi, V4 = Wy + W3Wy + wg + wi‘,

U = W41 + wgw:f + w%wl + wgwf,

Vg = wWawz + ww% + w% + wawowi + w:;w% + w%w%,

U7 = wawowy + w§w1 + wswzw%,

vg = wWg + w7w1 + w6w2 + wgw% + wyws + wsw§ -+ wz +wawswq + w,;wzwf
+u/3wl + w2 + wl,

Vg = WgWi + w7w1 + wswgwl —{—wsw1 + w5w3w1 + w5w1 -+ w4w1 +w4w3w%
+w4w1 + wgwgwl + wgwl + w2w1 + w2w1 + wng,

tuo—-wswzﬁ-wswl4-w7w2w14-w7w14—w6w24—w6w14-w§4-w5w3wz
+w5w3w1 + w5w2w1 -+ w5w1 + w4 wa + w4w3 4 w4w3w2w1 -+ w4w3wf
+w4w2 + w4w2w1 + w4w1 + w3w1 + w3w2 + w3w2w1 + w3w§w1

6
+w3wgwl + w3w1 + wzwl -+ wzwl.
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HRRTTEZHRIEIZE T S
JrANEYHR R DALAE & BEEEALAE

BBRTE - % B TR

FF

Euclid ZZf R™ % BRICWEEREZM RY OFLEM &AL T & X,
UnenR™ 1213 2 DO BKRGAE, T45b5, R' CRP CR* C -+ IKBIT 5
SRR D AZHE & RY OEBAARICE T 2 HMHEIEZL S, 2h
THNOMAREROZEMZ Iim R” LU R, FRMEHIC R® 5L o &
F9. F£i, XM [-1,1) OnBEMERZEM [-1,1]Y TH S Hilbert cube
Q ERL, ARIC Q™ =lnQ" 8L L=0Q% LERTS. Z0LE,
QX ETEHENTNR® xQ & oxQ ICEHTHS. —fkiZ, 5Z ohi-
&/ E &P [EHEE paracompact Hausdorff 2% E % model &7
HAABZRRE, HHWVIFHIC, B-BRRE LTI §1 T, BEMEREZHL
BZEIZED,R®, 0, Q%°, T % model &9 BLEADHEDBEIEHIHS
MTILB Z EZRT.

[ UREA2FFD 2 DOMMEZER X' & X" Ol (X', X"), HBE 2
DOMM T & DEZLIEES X = (X, 1, 7)) DI EA WAMEER &
PRSI, ETEE LI (R™,0) BLU (Q™,2) I IWALIHERM &5, WAL
HEER X = (X, r,n) ITHLT, X, = (X,n),1=1,2 EEFTZ&EICT
5. BAOIHZER M = (M, w,m) IZEWT, m C v T m [ ZEEEMAITA]5E,
M OZ S m IZBT 386 U T 2 DOMMHEICE LTRKIZe & R
KBS E LTHDAD S, Thbb, HEASL L THDAS h: Uy — o
Th:Up = R bHBEEGLLTEDAA LT >THELONEET S &
&, M % (R®,0)- B EFE. (Q°°,0)-2ik bREICEZEINS. §2
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T, (R®,0)-BRfEE (Q, T)-ZIRED N L DO DEFBT T 2/ U, §3
T3, BRICEN S EAEMAAHZERDS (R, 0)- 7213 (Q, D)-ZREIC
155 DEMBNT 5.

1. |WERTHAEHEZERE

K TE SO ERED co-Hifk (WEEBFMEANER) LA ERIE
L5 AREHANERE ERATHASHOESHRE EIF5 [Say] BAER
Bk K OLTEE | K| (35946048 o S BB m 2ROH, £h2h O
EHBOLEME |Klo BLU |K|n EET. ERRTHEAGOEEZREEH O
2 ER®, 0, Q°, ¥ & model &F AEFEEOHEDBFEINRD LD IZHS
YO AR
FEIE [Sas, Sas, Sao]. WEBUKNERK K IS8 LT, UTFORBIEEVICH
BTH5.

(1) K 3ERERTGHAEDEEZRETH 5;

(2) |K|w & R®-ZHEAETH 3;

(3) |K|m & o-ZKETH B;

(4) |K|w x Q 13 QX°-ZHETH 5,

(5) |Klm x Q I3 S-ZHETHB;

(6) K OFBBED Link IZWHETH 5;

(7) K OFBED Link 3BEEETHD, £5 z € |[K| TBWT,
H (K|, |K|\ {=}) = 0.

T, B e K OELEER (2(v))yerxo &L, K| LOEREZ
di(z,y) = Y la(v) —y(y)|

veK(0)

TEHET S L, - OEEICET 550 K] 1 ANR 755, CO%HIL
EHNEE, XS L,-ZHBEEDOERBIRO LI ICHLNILS.
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T [Say). AEBANERE K PERKTTES S h SR TH 3 AT
PEBIETE]" D -k S - 2 TH S,

TIRIRTCAHL A GO L REDSEITHE LTI, RO T 3.

IR [Sap). MBRITCHAEDOEERME K & LIicH LT, UTORMIZE
WICRMETH 5.
(1) K & L 3#AEDOERBETH 3;
(2) |Klw & Ll (£720% |K|m & |Lly) & homotopy FIETH % ;
(3) |Klw & |Llw (F7213 |K|m & |Llm) I2RATH 5.

2. (R, 0)-ZHbL (Q=,2)-BHREDOEH AT

ERER b X Y MEEO Y OBHE U ICH LTH, U-homotopy
inverse ERFOLE, THDE, WEFR ¢: ¥ — X Tgh Midx & h1(U)-
homotopic &78 0, hg #%idy & U-homotopic &5 2 & DIELET 3 &,
fine homotopy FHE &FFHIN 5. X OF%ESE A I3MEE0 X OREHE U
K LUTH, BEEFERO U-FLLEREE f: X > X T ANclf(X) =0 &1z
5bDWELET B &%, strong Z-set EFETHE. DED LS 7 (R*, 0)-
TR L (Q°,0)-ZRECEENIIESHS.

R [BS]. WALMHZER M = (M, 1o, m) I LT, U FO&EE NI FIE
THB

(1) M i (R, 0)-ZRE (£7213 (Q°,2)-LHE) TH3;

(2) My & R®-ZEME (F7213 Q©°-ZRAE), My 13 o-28k (T 7212
S-ZHE) THO, BEEH id: My — My, 12 fine homotopy R
H5; »

(3) My 13 R™-ZHRE (F7213 Q°-BhtE) TH ), [HESH id: M, —
M & fine homotopy [FfE, My @ EATE compact set strong
Z-set TH 5.
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F7z, (R®,0)-BHEE (QX,T)-ZHEEDOABFICB LT, ROBILT 5.

FIE [Sar]. (R™,0)-ZHEfE (F72id (Q°,2)-Z8HF) M = (M,w,m) &
N = (N,w,m) IZBT, My & Ny # homotopy FMENL &I, M & N
EWEETHS. THbD, m & w HHOMHEICBEUTHBEZEEH
h: M — N DNEET 5.

Ihho, DEDRERBEBEOND.

T [Sar]. EAM RC-ZRED o-ZHEDL (R™, 0)-ZHREBERD, <
hE—BNTH 3. £/ Q- T-ZRESFEAKTDH 2.

(CE. [We, NLC15))

3. (R®,0)-BEEE (Q°,X)-SHADH

1. BEMER K I UT, EFEEH id: |K|p — |K|n i fine homotopy
FETHS. [Say] Tk, DEZETRS.

FEI [Sar]. FIEMGARNEGR K MERKTHAEDEERHETH ZLE+
%M (K|, o,m) 28 (R, 0))-ZREEEILHIETHS.

2. BIEAAEZERICE LTI, DERALT 5.

EIE [BS, Bay]. L ZHEEEMT I AIEEIBIEAIMHERE L, v 2 L LOFIR
HiAET 5. (L, L) 28 (R, 0)) ICWFEIZIE B 72O DME+3%ET L
M Re-IRTEELBZETH 5.

3. BEEEZER X OO HEEEEM Y ~O Lipschitz EBOZE[M% LIP(X,Y)
EFET. KL, LIP(X,Y) id sup-metric DOBAINSMBEERD. k-
Lipschitz BB DGR % k-LIP(X,Y) &L,

LIPoo(X,Y) = lim k-LIP(X,Y)
s
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ET5. ZDEE, LIP(X,Y) OMBAZERILDTHS. EEE, DE0
LETHERINS:

N(f,e)={g € LIP(X,Y) | d(f,9) < a(lipg)}
ZIZT feLIP(X,Y), a: [0,00) — (0,00) {38k HEEOEMEMDEE
A0 6 DRI Lipshitz 548 I8 & ORI Lipshitz BEICHLE T X
% & 9 CIEEEZE A ANLE & MRS (cf. [Lu), [LV])

TEIE [BS, Sag, Sag]. X ZEBMED 5% ST compact TEEEEREL, YV &
w4313 8Pk compact ANLE T, DEXD LI WBHE YV 22D L7 5.

VWeV, Iy: Vx[0,1] =Y Ik >1s.t. v(y,0) =y,
k=t < dy(y(y, 1), v(y, 1) < ke[t — |

(Vy € V,V¢,t €[0,1]).

ZDEE, (LIP(X,Y),LIP(X,Y)) I (Q™,T)-ZAETH 5.

4. frEZE] X _EOFR support ZRFOMERAFEDOEM A P (X) EFET.
(cf. [Fe]) % n € NITHUT, n HELT D support ZFRDHERAE DL %
% Po(X) EE L, Poo(X) = lim Pa(X) &9 5.

EIE [BS, Bai, Za). HEREDHEEL compact BEEEZERM X 18 LT,
(Poo(X), Po(X)) 1 (R®,0) ERFAKTH 5.

5. AIHHZEME X _EOHREFIEEDEMZE exp,(X) EET. (cf. [Nad]) %
n € NIZHUT, n SUTOMAMEEDEME exp,(X) EEL, exp (X) =
le)nexpn(X) T 5.

EE [BS, ON]. WALMHZM (expoo(X), exp, (X)) #% (RT, 0) LWFMT
HBIDDOBLEAGTHRMD, X PEREIDRFIRER, RFERKTTH
FIt compact 718 1 G LOBBMZEMELEILTHS.
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X W k-2, 97305, compact #sEE DI DOIRMHIRIE & 7T - T
NWBEEDEE, exp(X) 3 X FOBHHUMEEREL>THSE. —7,
exp,(X) & X O BHFIMMAAEFREL > T 5. (. [Nac])
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2, SRTLEMRELDERE STRIZOWT

B R BB 23
ZIEMR

1 EE S'%

ER SIVHLIISHE 5> MThHoT, £ 7745 1THME 4K
Tl EBRELRFOLODZ L THE. —BICERBELIZ T 7 (/85—
BT 2 EBBEL RO 7 7 AN—HOI L ThHY, &R ERLE
EHELD I 7 AN—HDI L THBEENRLAZENTES,
T, BHRODETOLDIIMESTA LTS, ZofHiTit, EE
SURDERE 2B & LT, MR TE 0BEA HEEIC O WTER
L, $724&4k0 3 —&FHLREICOWVTRRS,

1.1 WeRYFHEEOEBE A M REE

WEDE BRI, Blh, B2 D EoBEMETH o T, Gauss
H=E—1 OFEZFODOE L, NITELOBEYEMTEE (042=)
E55. IS EICESONMEEICET 2 BEIEE Y, 20Tk
DEYMEDEE () BESHEEN TVE — SO 7 7 4 73— SRR 72
EREELYEDA. CNILUTOIIICLERTES : 7, DEN
M B FHE D Poincaré MBER L 35, L, DIZMAEIICIZEA
DZ’C‘\?)OVC, Poincaré M=

4|dz|?

(1 —|z[?)?

FRboTWws L5, DOBEMNHER TDIZEBETSH 395, 20
BENZHMIZEN Y Mo e T,LDIZH L, z 2% L, vlcETA
WA OBIREI € 5o = 0D = S12WMBERZZLIZEIVELNRS

ds® =
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TyD > v+ (z,8) € D x §*

¥ 7z, Poincaré = ICBI9 5 isometry ¥z =2y +iz, € DCC &
# % C, Mobius Z#

eia(.’t —_ a)
1—azx

(HL, a € CAP2lal<1) ThbH. Mobius BHITMERN S, 2T h
HENETZ LIEET S, Mobius BHO 2k (BlH Poincaré Fi&D
isometry 2fK) 13 PSL(2,R) = SL(2,R)/Zo \CRETH A Z L1 &L <
Mo T3, Mobius BT T D EICBARICERL, DxS* EI2b ik
SHECVERT 50, ZhoERICELT, EOBB{LT\D = D x St
EFEZETHE. T2 OIERIZHERTH o T isotropy HATEHHTH
HZl k), BREWMSEM TuD ~ PSL(2,R) "FHET 5.

HEBE D= D x ST I2& 0 TyDEICiE SINDOEBIZX 5 KT

1 EEEREE (B¥ER) FINET A, COEREBEDSE [, BN

7 bPVTHoTENLIH - IR ORR A 5 1 HOTH A L9
b DETH LKA, FFlo, B T\ D EOWMTFH OB DB 5 &6
THY, L2 DERHEE FiT isometry # (PSL(2,R) ) OEAT
RNETHA.

RIS, BWHEBFHBMESIE PSL2, R) DB A BB S HIICL > T =
D/TEgRbE AL L0, SOBEBRNVHAR I T\ =T, D/TE &
ba&hs. IDEOERBHERE FRTOERCAREE o200 TS L4
RIL1 C*BERELELE FITHPRONS. BELAOHALPZLIICZD
ERBEREENEHEAE LY - X077 4 NN—CEITWchs. =0
5 4 TOEREEIT Anosov EEIBE L T 5.

Xk

1.2 #£ki0/ 3 -#R[RE

B M EDIER S'HIZ MOEREND STOME ZEOFEMED
5§ # Homeo, S* D&+ 0O/ I —#RE L TIN5 5 BFEHE S
Lo THABKRTREEIIREENS., FTFORERBMELEREL LS.
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7 E—> M2ERBS'RETE, MOE«ZEZEL, «2FEHALETLH
B AN LTZD BEICRT 3BICHo -8 b EiIFisEx 2. (BB S!
HOBIEEZHOBBLEBICZoTWAZLIZEE.) 20k XIDM
Rz (r(z)=+) 2ETHEETOR[IIMAE LD/ FEPE—TY
REDPLTOARETHS. Bb, m(M) DIyl LTr (%) DEHR
BT o7, ZOER LIZHLPICUERETHD, Fiby — f,
ZEFEBTH S, Al (x) =~ S —2BEZETNIEXZ OXF L HER
B (M) — Homeo S'h 5. ZNEER S'Hr : E - MO
AO/I—#RARERR, ko) I —RAEREREZRVTET S.
T, BERBES OB LbERT ) I —BEARORIE OISR
DR EE DML SUCE TN TS, BB BRI T O BB E R Lo
Anosov EEBEDEE, &40/ I —BEEINHEEOFET L E
KED PSL(2,R) ~DEH (PSL2,R) 1TERM S ICEARICERL
TWa7z) 1T 67w,

WEMIZEFDL Ay (M) — Homeo S'0S5-2 b/ 45. MD
LRERPELEMEMET AL, o(M) ZWEERE LTMIERALTY
%. 7z SUCIXBEFEE BB BELTERT 250, &R (M) IZM x S
CIERALTwA. ChoDERICE LEHEM x ST — MIZRETH 5 2
XU, x (M) OVERTEIRIZT STHM x 5 /m(M) - MPBLNRS.
F72M x SO SUBSOFEIED BRERF = {M x {0}|0 € 51}
FHLPICED o (M) OVERTARETH 5. o TM x §Y/m(M) &
ICHARTC 1 EBEE F = F/m (M) BERENS. ZOEBHBE FIT
BREPLEHLNPICED STEDO T 7 A N—IZHWTHY, FOLku

IS—ldh (ERE) ThHD. COERSHELOBELIER, 20
EERPNZS

e MLEo (NAR) FE STROREESMELE m (M) 25 Homeo, St
~OERBEGOXFELAEL IZEOMIBICE T 1Ix LITHET 5.

COEICLY, ER S'REFOLFrT I —EFRIIFESY E R
25, DT BEESICLoTHE—HFT 22 LD 5,
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2 HEEDERE S'R

BIEiCAZIHIC, TBE 2 EOMEEEICIIEREN2ERE S'H,
EHBEMAEESEET S, TAMEMNITTEEL ST Euler 38
(ZD%E Buler HIZ 2R aABTOYV—3F) ICXoTHHEENAL LD
H, 2RTLEBRELOERE S'HIZERANLEEETD 5.

2.1 Milnor-Wood OAFZE

TEMEEEL, {={E,rnX} 2T LD SWE LT, (¢) € HX(X;Z)
Z€®D Euler LT 5. (D Euler # x(¢) £x(¢) = (e(&),[Z]) 1
LoTERTS. L, D] EZOEFEELERL, *TUYF7 (, )i
Kronecker T RY. X7z, SO Euler BEEZ (D) LEE, x(T) =
max{—x(2),0} LEDSH. TDL X, ¥EE SEOEECEHLTRDE
BLAERDPSH 5 .

[

EHE (ML, [W]) €37 7 A N — ICHERTI e BERBHE i % 0 720 D
BB (6] < x(B) TH 5.

SPLEOER SHIE SPHPEERETHL L L VEHATEINIZES
RV, COBBICLYD = T*OFED, BE S'HIX (S1RELT
i) HHETRINEZ b2V Ehhs.

Z 2T SUHED Euler Bix(¢) DPEFERRTBZ Y. 9Tk
AN ERMRAR LD, =3 —intALEL. EDE~D HIFRELT
REZDE, SHFSDT—FLkEME—RETHLIEE, (HTE
HITMETHE L I DESITHATH S, 22 THBS 2 & x &t
eEES S, —F, (RUWALTH BIHZ, 6 BHILEA = A x St
PHETAH. WEAXSIEE X S1ED (7741 —%1RD) BEER
Fa:0A xS =0T x STET B

£ (A X S)Uq (8 xS

CDEE {0} xSTZERTE LTm(AXS)HZ LEX/LEY(E) =
e~ (0E x {0})] UEL, S'=R/Z) Th5. Hb, SLOWEHDE
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ABALTME T 7 A /35— %[\ o T2 %k B 7-MED Euler By (¢)
Th5b.
WEERERE STHTho/2eThE, m(S) DFER

(al,bl,-‘-,ag,bg[[al,bl] T [agabgD

LepaRn ) I —BEAR AL o TRD L I IEHETE S & h(a;), h(b;)

DEBHEZEM R - R/Z = S OFS BT Eh(a), h(b) LB L &

[h(a1), ()] - - [h(ay), h(b,)] HESEREHET 20 LB X 5F
FRETHS. ZOEH— (&) 1Tk b 2w,

2.2  HliETEIE

SEBE U EORMEE TS, oy, m(2) — PSL(2,R) %
2ODEETT, FNODHEIIKIT cocompact LIRS TH 5
E§5. 22T, T' C PSL(2,R) #° cocompact & I1IBZEM D/T48
compact THBZ L ThHAH. TDEE, o Loy ldAHIEE, Bib, fe
Homeo, S*HFFEL T, FEEDy € () 106 Lapy () = febe(y) F715°
LT AZEFHMONTWS, L L, th, 905 PSL(2,R) DTTIT & o
THBETHRVIEY USRI TRERIC RS (F0 AiF CUck
D 27v) ZEIRENTW A, ([Ghl], [Su] BR.)

WEFER 2 DL OB E S E T Milnor-Wood DARZER THEINEH
MogE, Blb, x(€) =x(2) DBEE2ER L. 1E TR M
WHAMEOBENHERITEZORETH S, SLOER SHE
Tx(€) = x(B) 22T DIE NPT EPFRENRTVS,
o m(Z) — PSL(2,R) 2LORMBEEOHET 5240 ) 3 —#
EHEsrEE, 9198 7THFICRIRENTZ !

TR (Mt]) o :m(Z) — Diff2 ' & x () = x(3) B 5Lk / I —
BEELTLEZ, Lo LIFNARRTHS. BlD, fc Homeo, S
PEELTCo = fpf 12D LD.

EhiZ, 19924, E. Ghys ICX o TCHHMBEETHZ Z LIVR

—181—



=X (O A

EFE ([Gh2]) ¢ :m(X) - Difif, S* 3<r <o) Zx(¢¥) = x(Z) &
peku/ I —REEETHEE, feDffLSPHFEL Tp = fyof?
s A/RTASR

2.3 Seifert Fibration

Milnor-Wood ®/A&313 D.Eisenbud, U. Hirsch & ¥ W. Neu-
mann ¥ M.C.Gazolaz, & 5 M.Jankins, W.Neumann & DHFFEIZ
& o T Seifert fibration DHAEITIRENT WS, T T TIIAFHED
B oA LANANSE Z LR H Y, Seifert fibration DGE D Eiw 1T E W
SHTH 69 #FLLIE, [EHN], [Gz], [IN1], [JN2] #SHoZ L.

3 3REEBKMEFLOERE S'R

SRITCEAELEDER SIHOPICITEEY LS L A DIZRY-6
VDT, WEDEZAIZHE EOER STHOMZZINH L TFED
THEL Loz,

M% 3RTHASEMEL T H. £F, MED SVHEN T 7 4 N—1THE
Wi 2 ERBEE 2 O/20121, Milnor-Wood DARZERPLERE SN
DBEEHEH D .

Zf (MW) : BED 2z € Hy(M;Z) 23 LT [{e(é),2)| < z(2) PH
MY 5.

B L, z & Thurston / V&, BlH, 2 € Hy(M;Z) I L z(z) =
min{x-(Z)|z = [Z],Z C M} L ERL THOLND Hy(M;Z) D pseudo
norm CTH 5. ([Th] Z: 1)
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3.1 CHEMER 225Vl

FT1O0BEERBELLY). ZODICUTOWOPDOTH
BESLEL RS (DR EE gOEMBPMEE L, f: T2 XS2ME%
RORMEE®RET S, fOEREE M =3 x[0,1]/f&EL. 22T,
MDA fO isotopy L L o TEE B H L, TREICERsZ Lo
T f) =« HBELT IV, T5E MOERE

T1(M) = (a;, b, 1 ﬁ[ai,bi], tait™ fulas) ™!, bt fu(b:) )
=1

LEREND, fEoT, BABGITHL, EFRE L : n(M) - GIF
BzbohitghE

o TWRITUT R bR,
ZZTg>2 LTS EICHHIFHEZEALTB Em(E) =T C
PSL(2,R) 72%%, TE~D f.OfERIZ

f*:Fanyyf‘leF

({EL, %€ D%+ c SOHLEFELTf: D — DIXf(F) =425 f
DFHLET) THAbNS.

Fhic2. 2HELFERICe - (D) —» PSL(2,R) #TORMEER
DHES HLkn ) I —EEAMELEY. DEOEBOTICARIES
ns .

T (My]) 3XRTHLE MED STHRETT 7 A /N — [CHERTHY 72
COERBBREIIEOY, T X))k CCERBBEIIFELZVD DI
T 5.

BEEE SEFEHg>20FMEMmEL, f:3 - S2FAHWTZWY
FAHEEGTHEE2E2IDETE. FIZLOEM«TEET A LRET
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b, M% fOEBRELT S M =X x][0,1]/f. RIZK = {x} x[0,1]/f
ELT, Mlne=(2-29)[K| € Hi(M;Z) Ik oTeec H*(M;Z) &
5. eld [K] D Poincaré NI TH 5. (&€ D Euler e TH5H
E) % MED SURET B LEIT x {0} c MEBENHEETH S ©

€15 x {0} = {1y — 5}

VW EREY ;1 (M) — Diff S* (3 < r < 00) THoTED Euler
He() 1T ell—HTHLDPHFET L LIRET S L, pOEDLER
SUHIL SUHRELTELRABTH A, &2 A0, Euler HOED L
E. Ghys OW A RIMEEEIC L DidE =T x {0} Ly & Cr 5 FHHE
XD RERD. —F, FPRBBICLIDDLELLELHE) D S ~D
VERIE fD S ~DIIBICZEL L 2T TR b, & 2 2 DSB8 i
M D isometry FEIZHRETH o T, FIIEFHENZ2 0T Lo
BB EHEICKT LC b isometry 127 DV ER V. o T, fD SuD
PRERIC £ A IRIE COFMTIE H 5 05 CLRMICZ D B2V, T, o
LfIZX Y RD 5 Homeo, ST DEBUIHER TE 5.

3.2 TBEFETEE

RIEDORER LY, | OPRER STROFEEICOVTIEEE (MW)
ETaTIEnE L2505, AN (ElL COBD) ¥B SO
FECELTIE+a2d Lk, EZB, fEOFAOKZERE LTiEH
5D REHZ AR ( monodromy [FI4H f4% pseudo Anosov DIFE) #°
BT O N A2, Jaco-Shalen-Johanson 7 % L C BB IR5- A4 35
i3 (MW) T4 ThAH T LIFEHTE 5 ¢

X (My]) Euler 8 e(é) € H¥(M;Z) FRERTTHA L &, i
77 AN—IHEET 7 CoRREET D,

EH ([My]) M% graph Z#%fk, b, #O0D compact Seifert

fibration DEHR RO bV TELNLIMEMMBELETLELEE, MED
SYREWST 7 AN—ICHEWH 2 CERBEEZHFO-ODLE+ 54
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HhiE, BED 2 € Hy(M;Z) \ZH LT [(e(€),2)] < a(z) FYIALDZ
LTH5.
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