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(BfT{LREE] EB O 3 Rugkktkik, +4 7 —BosdFROMEIC X 2 51K
BOMEDBTAEL, ORI, KREIC X 3HF2RECHONIE, SEEOFHEY
%% €70 &3 55 ARMNSREICAERZCD 5.
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B W% & 3 [17). Thurston DGR [19] 2ERicwh 3 &, TR Ehi
RATH,

SROBED i\ 3 TSR LTSS £ 150
L k) EHAGEARI LT AHEETR, CORBEICED 3 BEOERC
DT ET COHER L\~
52. STLOTR

RO I DERRERE T 5. #MLEFHOWKERE: B THS, BEOBRICILH
TEHEZLRBTLIBERENDRYDETT, & 21, Riemann EHEOZESEEL
LTERAL L BN 7eBF%ESS Anderson [1] IK X D AXRTWB.  BEAICHBRALD D
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S ST I AR .
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HY, ZLOANDEREBREHLwERS. ZL ORFTHRBROPTRELA—HZE LD
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A 2B T i vy, RT2ENS &,

[ Gromov D[HFE [8]] RS RECEENEEICVERT 3R ZXZ *8E R1
X Gromov Wi ? '

EWnS KRB B EICAS. Gromov WEMEHIC IXIEFA P 3. SEADORIELEIC
REZGEUN 2RV, BHEHAR - WEATESTICELT 3. chiz A% A2l
DEFTH 3.

SRASRUDERBDOBZ G D A RGHABENEL D, HROMTIE bIC
5 % {f7< T &2 Bestvina-Mess KX DELFD X 5 ICREI T V3.

[Bestvina-Mess DEEE [2]] N #EHA3KTEBkL 35, HARTD = (V) 2
Gromov M#BECH NI, BB oT 1 2ATHEICHEE, ¥EEE N 2 R® o
b, Ebic NUST RERE B® ~Da w2 MEREZ 3.

I' 33557 OF WVERIT 225 2OVEAREDT 7 = h A BB B2 2 CRE: %
YO LHRES. 22T Cabai DHED 1 DRTEOBEESEEELT, 2KT
REICVER T 3 BURBEE Klein BRICABLLEH» 7 ) LRIER2TTH3. C ORER
BEEREE EPETIWEED CHENABSLABLNS.

[Martin ORIRE [14]] 2 RTEKEICVERT 3 BT H S F & IR, HIRS
EHREETHNIT Klein BEICATHEILE S 2

ELTh, RFAEREESEFTELXD 5%, RARES»o T EERL
KR, Klein ROMBEREMOVEROMBRERE XL, IRBOBECED
FSCa8PREL ORI EPEEEECRA VS [13].
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WROFETH 3. o ‘ |

[REABRRIEETFAE] W EEtRIC % + € —RIEAZSEEER I 2 & AR
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% 3 ITEEERISHE, fi N — M % kT E—FEERET 5. f REORET =
m(N) = m (M) %5EF 30T i (M) 1 Gromov WHETH Y, BH Or (M) %
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B, Fel 21 TREH (log3)/2 Ll LRI ZFFOBARIMIRES 2 | H+4HTH
3. chickhid, KEE E» e iics ¥HELRBRFA2X A N BE« AIRE
ThH3. LhdbCORKIORE2H IR ATEHSEEILZEX 1E (Weeks Z#8k)
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Global Rigidity of Manifolds with Symmetry

e FE
1994 4E 7 B 19 B FRIE

I. ROBDTEKRE LIcTFEEZZ S (Gromov, D’ambra [6]).

Vague General Conjecture. I /37 F C*-BifE M LIC5Z oo MEiEL
BOLIIHEATOIRELH G DD LS, TOSHME MIT rigid IZIRE B0

SO TREUBEEEID) VT MRS TH, "THIEE bOBRUA" 115 O
BEDEIUWHBEEILTNEDD, Tl "ZHEER ngid”E V-7 & &, BAHEE
FEODLETEIETEOERED bROV—ZRDBEINI-XD LTV, L
LZOFREEEMIRT SO E UT/MA [12], Lelong-Ferrand [11] DR (1970 4F)
W 5.

FE A, nRIEY —< LB MOMBERBEConf(M) 5. b L MAST <
2+ TERERS Conf’(M) 23/ a0 M oid MIZEEMERKE S™ICEMICFR
TH 5.

O O CHEMEERE ST EEE A E LTO n IRTTRETH 5. SMISDBEEELT
ZDEZFITR D ILEFR (BR) Ik ->THELaA—2 ) v FERM EBERIEENICEE
THBHLIBHEMEEZF->TS. IS LOFEEEENIRTSOELT, 24
B, RO LEBZ Iz,
IV MEEZEDOEZREMEI LS FERREE LI BRIVIC M DIRTTIZEFTH
RiL2n+1 &7, wEIH 7 MEELET S & R-valued 1-form T

wAdw™ # 0 %72 T I &S 2n RIT subbundle Nullw = {X € TM|w(X) = 0}
WEE 3.
ZERTTE BEE M £ T holomorphic ZE#ICHIET 3 & 9 78 M D diffeomorphism f#%
EFFELEDIETAHEE, £7°, Nullw EICEREBE J 'FELTHT f 1 M — MiZ

Typeset by AaS-TEX



NullwZ®E, MoBEEN JER#ENL S LD diffeomorphism & UTEZ 52 &0
T&3. Z0D&9H 7 difeomorphism % MDD CRE# &S, 72, 3 (Nullw, J) = M
LD CRIBEE VD, D&%, MIZCREREEIIEINS.

DI L3I HED complex analogue TH 5. LR, HFHZEM C ! BAIER
ST BARICHESRMNE CRIBEDNA . FHEFHITHIE LT Z OF%EERH S2nt!
% spherical CREZRE L9 [3]. Cauchy-Riemann OREFEHD & BEAIMHDOREEHED
biholomorphic Z#u3 EDESEL D ST iz CRE#E UTHERT 5. 24ERT, 4l
ROFERZR LI [8].

FH B, M% 2n + 1 RTCHEEE CREMEELE U, MO CRE#RBE FAutor(M) &7
3. b L MBI/ b TEERSAutcr (M) D3/ 3237 M55 MISEREER
m S? L CR-ABTH 3.

ZODEE A, BORREZ OFEHIZRO—RILEHFFSE 5.

2. O&EDDHTZ NI BTHEE (integrable G-structure) % D kIRTTEZHlEE M
ET 5. T DHEIRED 6%&%“5%&@?{@&% (geometric invariant) 233 5.

(4 DH4a, Weyl curvature tensor (form), Chern-Moser-Bochner curvature tenosor
(form)).

3. COAREEDREHEELT, TN BB IT ELE, TLTEZDEXITIRD £ DM
ED, M_EDZ D#FHEEL2EDF T stationary 1278 > T3 Z ETH 5.

(4 D354, (original) Chern-Simons invariant, Burns-Epstein invariant).

4. £ LTI O critical 7Z3THEE% b DL K3 Frobenius, Liouville DR (cf. [10])
DORDERT flat ZRAKITIL S: REBPHEET S &, FHIRITTEM X EFRIRTT Lie
B orENnS. I T X3 kIRIT homogeneous space G/G, TH 3. Gpid XDE pilH
iJ % stabilizer {g € Glgp = p}.

CNEE - TRD & 5 73 uniformization 238N 5; M D charts {(Ua, ¢o)}aer DES

M= UU
oy Ve

bo: Uy = ¢o(Uy) C X3 homeomorphism,



NEELT, b U Uy, UgDZETIENFEBERST O ERER (RFFEHS gop = dp 0 ¢t ) D
X &R L TE 5IC GOTTITI » T3 & &, £ D charts DEAER M EIZULED
D uniformization FHTZ B END.

Z @ uniformization @ (M5 3) RMEEOD Z &% M E®D (G, X)-structure & K&
(BAIT geomeiric structure EF 9 T LB, '

“hick D, MOFREBEKT 2 & MIZRBHICETIVER (G,X) EREICT
3. (BWRZ35E ML (G,X) 1T develop E115).

(4 D4 M3 conformally flat Z#kf&, spherical CREMRAEITILD.)

5. SO SEHE A BOGEAFEDO RSV MID2EDLIITES: o
Conf®(M), Autor(M)° W3/ 32387 MES MIZXY % geometric invariant (= Weyl
curvature tensor, Chern-Moser-Bochner curvature tensor) D3HIBY 5 Z & &RT. —
J5, % @ vanishing 236t UCTETIVER (G, X) BN BN, §08E (6,X) &

(Conf(S™), ™) = (PO(n +1,1),5™),
(Autor(S2**1), §27F1) = (PU(n + 1,1), §27+1),

Z 2T PO(n+1,1), PU(n+1,1) i3 orthogonal Lorentz ##, unitary Lorentz BT
XTIDEE LD EDS, MIZBFHIC (G,X) 1T develop (uniformized) & 415 2%,
X 512, conformally flat Z#fk (spherical CRER:ME) M b3z 2h ki S» (527F1)
ERIRENTHTEFME (CREME) TH B EETTIHIT,

IRETH 3Conf' (M) (Autgr(M)?) 23/ a8 b, THbbEZNOIEBT 5 RIS
RIEL 7L B one-parameter BEDEEDEZEHITH 5. £ D one-parameter B% M DEE
WHEZERMIC It Lizb Dl

(%) M DFEAEEE centralize T5 LWV ) MHBHHEZRF > T 5.
lift X7z one-parameter % LD developing I & DEREICE Y Z &2k b, Conf’(S™)

(Autgpr(S?71)0) 2B T (%) DHEHE % b one-parameter JLTLETHEE (C RETHE)
DOFFEMRIEEINS.



LT SDBE, BRELTOIDBER T &i3Conf’ (M), Autcr(M) ' 2FELD D R
1ZFIE7S B one-parameter BEOEHE I TEINWI &b b, ThE VII TREZ .
I T,

II. BRE _Rich -2 S8t (KT conformally flat structure, spherical CR
structure) 24D RAEAZFANS Z EXOBEDOENTH 5.

LOEEHISER A BIZ20 5 4 EMATROEOMBEIZHRET 5.

RiRE C. M*%* G-structure % b DOEE LT 5.

(i) V& integrable G-structure 9 SIRDHEHE (x+) b D M OAKR AT
%; (++) €O vanishing WWEFIVEM (G, X) EHlc i, TOEE, MiF (G,X) 1<
uniformize 2N 5.

(i) (i) DI ZINTNB EEET 3. Autg(M) & MO G-structure TR DOEHEE &
T3, ZDEE, b LAutg(M)R/ Ay Mo Mid rigid . 31805,
M3 X&EGRBERLED.

6. Remark.

(1) LoEE A, Bidbi R-34E (CR) fERADFEIITTHEIT S,

(2) FIEEIZPITEEL analogue & LT, 4n + 3 {RICERE S*" i d
pseudo-quaternionic flat ZE#t & L3N E bOVER SN, T7IVERH
(Autgrs,(S4nF3), $4n43) D a3 (8] (Autmsp(S*"1?), 47 F%) IWBFTAYIC uni-
formize XM 5 LR %E pseudo-quaternionic flat ZEE L3RT LIZT B L, RVZL S
n5.
&8 D. MA3 /%7 b 4n + 3 IRJT pseudo-quaternionic flat ZREE LTS, H L
pseudo-quaternionic flat FEEEEDERE RS Auts,(M)° 28 »a/37 P3G (55
W, Biz R EFIE pseudo-quaternionic flat B one-parameter ZZHEFDFIET 512
‘5) MIZEKE 541312 quaternionically IZFEITH 5.

(3) —7, LORRE C i3Autg(M) O DI G-structure Z R D R ICFAE /I one-
parameter ZFHB LB XBZL B E—RITEK D L2, 72 &R,



Fact E (Lorentz hyperbolic #x&). Spacelike Killing X% Vg% 6D 3Rt
+%2 + Lorentz hyperbolic space form M (222327 b, HIHA5EH, BEMZR Lorentz
Z 114 ) T homogeneous Lorentz hyperbolic space form Tl b DA3H 5 (Goldman).

(4) PSLy(R) DERAIHDIEAE b 72724 Y uniform BESEISBT A & 3 2 &2k D causal
N7 bVBEBDI NS b Homogeneous Lorentz space form PSLy(R)/T 28
TE 30, 4084, MAEMIZIE MIZPSLy(R)/T EFAET, Lichi->T genus
g (2 2) OB _ED nontrivial S'-bundle T# 3. .v

(5) FRIRTTERTE D Lorents isometries DEHI T /87 M TH B (D’ambra).

III. Smooth flow. R #EHAKDO>L ZMBET 3. KA, @ S"EOR O
CoAEAD b RO Y-t UTH SN TS I L2 WY 5.
M _E® a smooth (C*-) flow &% a smooth R-¥EM

u:RxM—- M

DI ETHB. A smooth R—;‘ﬁ%/M:YﬂL L, a smooth circle fEf] & : S x M — M D
LT, pERUBERSDEE, DED MOBH 2 IZTB T

(ulh, )00 € R} = {8(t,2)]t € 5,

D & &=, Z®d smooth R-{’Eﬁijzii reducible &t 9.

—g1Z reducible T~ RS circle #EH & R75 % £13 Slice FH (cf. [2]) ANIZ &
AEBDILIZIENZ ETHE. SBAA, /AT BETS proper fEF, properly
discontinuous VEFIIZHE LTIk Slice EEABR D ILD (cf. [9]). L7zdi=T, RAEAIC
LTI, ETHEOETFZANEIENGIILES. 2 2T, Dynamical aspect
(ergodicity, geodesic flow) I3~ DHEFHZ A 5 DTHE HH T, Geometric aspect 1T
DHEZT B,

7. Flow DE#E (closed orbits)(FE#E) % DE4.

(7.1.) Epstein [7]. I 2/%7 b 3 IRFTCEZRMAIT a smooth flow DiHIc X i & &,
H LI NTOHEIABEDN 575 578 51, £ D smooth flow I3 reducible TH 5.



T 7B, circle fERVEE LU TE OEEN—ET 5. $FI1C M Seifert ZEAKRIZILS.
(ZITIR ST BRI EEZ D L)

ZHd, M _EiZ Poincaré map ZEE T 27D ¥ a v (RSA RITHBHHD) =
YEBZ EWRA L MNTHB. 120 oMoty Va2 5 LD smooth flow
IRt LTI EOBRIBRFTE 5. EAE,

(7.2.) ([1], [17]). T3>/ | regular contact Z¥ki&, almost regular contact ZHkik
@ characteristic N7 MV circle fER=HEL (0F D, £D X D 78 smooth flow i
reducible), T E 1 almost free (RBIE A H727i0), free (BHH) fEAIZIES .

(8BH) M2™*T! ED contact form w IEEFHE w Adw™ # 005

w(é) =1,
FNTOD X € TMITHL, dw(é,X) =0

1o d Ry MV EB—BRICEE 5. T EwD characteristic N7 IV E
WD, MBS %7 b D EE, ENERT B one-parameter ZZEEENNT X B 3T 41T strict
contact ZEEFTH 5 ((iF) M D diffeomorphism fA¥strict contact &id f*w =w&7E
5 &).
Z Z T almost regular (resp. regular ) contact #1& & 13 Z @D characteristic X7 hJb
B EPIREBIZLUTNBEEZIZND: HEAHNIFELT, MOBR p il L, B U
DEELT p 2B ALOBESMBRI-BIT UEE 4N (resp. oD —E) BEBT 5.

ZH p 26U p 283 cubic neighborhood 2 &1, ZDH T p %3 35 slice (B
ETB)EED pHOSRLUT flow IZIh > TEATHUIID TEZD slice IT8RD05 &
ERESHEIEICELDER T: M — MWPTE% (Poincaré map &l i b).
Z D & & almost regular V&R % I &Id THY pointwise periodic EFH 2 & TH 5.
Montgomery OEE D &, ZRAFIIH LT, pointwise periodic {34<241Z periodic map
12785, I 5% D charcteristic contact flow (3 (almost free) circle fEA =5 &
T EDDRB.

ZHUIEFRISED D 55 5 reducible 1278 - 72013 TH B 2%, —#RIZ flow OHLED
TRTHAFETH - Th reducible IZ7E 5D (circle fEAIZTE 5 IZBH S TR,
Sullivan 3R L7z (1976 £8).



(7.3.) ([18]). T >s%7 b r(2 5) RITBREMHE M &% D_EIT smooth flow WEAEL T,
BB TN TH#NE (circle) THADHEDOESINDIEERISONH 5.

MZ3®mTa /%7 bLieBGICH L, BEEG x ST x [#BR TRV EDLEE LT
Z o3, circle hS G x ST x IO immersion 245 Z &2 & - T smooth flow 23
BEn 5 (Edwards). v .

N &IFBIC, 5 RITERTE SO b _LDORES smooth flow R T & 5 (Kuiper).

ZDE DT RAEAIZER LT St-action IZ reduce L7EWy, 2567 S, H LU SY-ERICT
X725 S1-RZ7S Riemann SFENENS. Lcdt->T ST ERICHT 2 X5 4 REHE
EMPANT FEN) I ENSTRTOHMEDOE IV —HITHERICILS-(7.2) D&
IIENDDHB.

8. Flow 2%/ 3 /%7 M#iFE (noncompact orbits) % b D54,
Z DA, IS DM EE TR 503, Seifert 13 1950 4E6H, IRD Z &% fAE
U7z [14]. 2 oFcFehdh o RT3,

(8.1.) Seifert conjecture. 3 RICEKTE S LOEBDOFE TN C™-flow (r 2 1) 134
72 EHVEDDHABIE (circle) 2 & .

Seifert i3 Seifert Z#EE (SYWEAAE D3 RITI 37 FEREK) L LTHSNT
WS DY, %Bé/uﬁai*ﬂ?b“‘o flow & UT circle FERNENT A RHIZITHEBR LZU.
Hopf bundle S1 — 8% — CPYicH T 5 free circle fEf S'FH T B3Ry VB (FF
EITF - T, £ D reducible 7% R-Ef) % Hopf flow &9 Z &129 5 &, Seifert 1 53
E® CT-flow 343 Hopf flow IZIEIFUT (F R Tl 57235 7c DD MIVDILTHED
HBNSVMETIHZSNTNB ENIFERT), D7i< EHVEDDHBIE (circle) %= B
DI EERLI. LDBICZDHIREZIZT U T EOFEZEILT/AAY, LU Schweitzer
I2k 0 C'-flow X UTREIDIHE En/z (1974 4F). (2 O:BITHEAT [16] 1IZ8E L)

(8.2.) ([13]). 3 &kytE@ S® LICETH WL C -flow TEDHESL / 3 /37 i
DRH 5.

CHNEREEIZBSTEREDI N b 3EZREFISHLUTED LD WETL Cl-flow
MHb, BESL,EFEDOLSAIMLT, 3kTEE LI EOEHES /) a2 /%7



N5 CT-flow DEETBDTH 5. flf, ELLEEOHFEENS CITH LTHR
BIDdH B Z ExET.

LA LSS, Fx l3MAELR>I /37 M ZikME_ EO#THEEZ R D flow IZ
%f LT Seifert conjecture ZHEMITRT I 2B R 5.

IV. #AHEEALKITT 5 flow.

—RRH9IT M % G-structure 2 & D kEEE L, Autg(M) 2 M D G-structure 24~
BT HEHRHETS. (BLDOBEINREF Le#HTHS.)

MEiz5Z o7z (smooth) flow p: R x M — MW M®D G-structure Z R D%
BBEELUTERTEEE, 2D £t € RITXL, di(z) = p(t,z) TEBS NI KR
$i: M — M DAutg(M) DFTEL 5 EE, G-flow (3 5 i3 geometric flow) & L&

9. examples.

(1)

MAEHFeHEEA b OERE. &t e RITHL, ¢ BEEEHR (5L o) —<
VEFBICE LT DDR Y MLVOAFEAFROER) 5785 & &, conformal
flow &Uvo (FHFEFEAEE AR D flow % conformally flat flow &UD DAV
T HED geometry DT - D LTHABEEXE, TOLIEEHITHED
L),

(M,w) % Contact ZHEE. &t € RIIHL, ¢ 2 contact TR 575 L&,
contact flow & H. (ZIZT f: M — M contact Z5#1 & 13 M EDIEERI%L
AMNEELT ffu=Xw ZBLTNRIETHS. BBASE, WHGE
# f.: TM — TM3?S contact subbundle Nullwx > Z&TH 3 (1 ZH).
(M,w) % Contact ZHiE. NullwilHFEWE JIVEET S L

(M,(Nullw, J)) 1 CR 844 ThH5. £t RIIHL, ¢y N CREBNST
L% CRflow &9 (ZZT f: M — M CRE#R SIS contact BRT
H-o>T, Nullwk f, - J=J-f, ZHITHD.

(4) FEOHWNN S EOEBMAEL L7, ZOMNANAEEZ 545 (e.g Affine flat

(5)

structure, Lorentz structure). LA UZ OETHEED 3 IRTTEZREITA SN E
I MTFIDHRETH D, Thurston FEIRT LD ICTBHITH 5.

1272 UC, BEAHIEEER 3IkRTa /Yy M ERMEIS contact #8iE, CRIBE%:
b, Lichi->T a32/%7 b CRERE, contact BREBEEEZL B EIF 3K
TETIE—EMTH 5. Conformal ZiflEEFIHERMEICEISZ Y —< VETEDR



EEDMED > 1 BRED Z LD oKL VB HEREIBZNDHEITHS.
(6) LU, Rk L7z &k 51T, geometric invariant NEZ 5 & &, EOZHMEII
- conformally flat 44k, spherical CRERRICHL B2 DITTHBD, EDLDHUE 3
WRITA 87 FEBRENRIN S OBEERFONNIE T XTHN - T,
RIZIRD (a), (b) IXMETH 5.
(a) FEEDOEH g, e 12393 principal S*-bundle @ total space I3 confor-
mally flat structure % & 2.
(b) B (PAEREXS), hyperbolic Z##4k H, /T3 spherical CRI#EEZ
D
(c) BRI, DF S, 3 IRIC solvmanifold (35 DEEIZ A S7EU—T7,
nilmanifold I3 spherical C R % 22" conformally flat &% 77278
Uy, 3 IRIT torus i3 conformally flat ##E% & D2  spherical C REEEAFF
T2IVEE,

V. R

BODET v aTI(1), (3) D geometric flows IZ5%F U T Seifert conjecture 2NIE L
WINE D INEFRANS. LU, (2) DEE

(5%, w) % Contact BRT. {¢:}ier, BT contact flow (RE) % H 72750 con-
tact one-parameter ZL¥LEE) &9 5 & &,

ffE F. S3_EDZE T contact Aow 1234 U Seifert conjecture (ZIE LA,

fif EFHEDR E TRRZA D 700D SIS RIS D S50, B*% S % bound
4% ball £9 5. Eliashberg D#ER T 53 LD contact Z#ld BIZHiKT 5. contact
one-parameter 2Bt {¢: Jrer IS U { @ Jrer IR SN/ EHEE LT 5 & &, Brouwer
DR EEEDN S, ¢13 BHTARE S A D, BRICH T 1ok LHBLEN EN 5.
LA LT DG BARBAERSICHDEE closure {i},cq 3T /87 PEEILS
Z EDTRETT .

Be&ilahin, 6 A 22 HORETRO Z & ULOGERATE S - 72,



W G. 3IRTLI /37 b CRERME M _EIZ CR-flow {$,}1er DMEZ SNz & X,
RO ILD. H%E {¢pthier DAutcr(M) 123513 3 closure &3 3.
(1) H = SY(= {¢i}rer) T MIiZ Seifert BEEETH 5. CR S'-flow 3EED
Seifert 2RI UTHEET 3. {d:}1er 3 elliptic flow EFEIFE S .
(2) H=T*TM =82 M= 5" xS*TH 5. CR-flow |2 singular (ANEh& %
D).
(3) H=T?*TM =T*2%%. CR-flow |3 nonsingular (ABRZSIIT), M
13 spherical CREZEETII U,
(4) H=R, M = S¥&72 Y, %12, M3 spherical CRE#4E. R = {b1}ier 1T
horospherical flow % loxodromic (hyperbolic) flow.  L7z%%> T singular (A~
(5) conformal flow IZ3 LT & FHEIC (1),(2), (3) DBV LD (REY —< VEHED
FIE). (3) D M = S®13 conformally flat ZHEAE.

% H. T T/ CR flow, conformal flow 123 U Tl Seifert conjeture 1Z1E L { T
EFDH5.

VI. GEFAJ5 1 - Poincaré model.

Y% nonpositive Wil k% b D5ef, Bk n + 1 IRTY — < L BREE LT 3.
d % Y LR, HiHHa, 8 : (—0,0) — YIZEWT, 3% L IEELT
d(e(t),B(t)) = L (t > 0) BERD DK, a&BD% asymptotic Eir5, a(oo) Zad
asymptote class &9 5. a(—o0) ELTH H U &EDD asymptote class 3% 5. = D
HOAR D FERID = & % JEBRIE & (point at infinity) &10S.
Y(00) ZINTOMBESDES LTS, MES YUY (0) IKROEICE > TEZ S
1% topology(hrf8) ZEA G 3:
BHEpeY&e>0iTxHL,

C’(p,v,e) = {q eYu Y(OO) l <ip(7p,v77p,q) < E}

—=TveTY, 75, 3 piZHBT tangent vector v% d DHlHIEE, Yp,qldp & gDE%E
FERBHIAR. X 51T <13 pITFI1F B tangent vectors v&y,,, DEOHE.

< @ topology 12 YUY (co0) LD cone topology Wb 3. RABZERY =Y U Y (o0)
(¥ n+ 1 KT closed ball ICFETHS. (KK, E,Y % T,Y D unit disk &9 2 & &,



v € EYITHL, 17&::&3‘)‘5}.5‘ exp(lﬂ'l’llj)”v) A3 X 8 % 54813 homeomorphism T#H
5.)

F# 1 V(o) =0V EBNTY DR LD . n RFTERE S™ICFAETH 5. Isometries
DB Iso(Y) DETTh i3
h(a(o0)) = (ha)(o0).

L4 2 &2k DY D homeomorphism IR 5.

—jigiz, Iso(Y) OYERIE 8Y Lk topological (i#4t) TdH 5. 0Y LTI DIFMEBL
THIIso(Y) D &% (Aut(9Y),0Y) &<

10. examples.

(1) flat =2 Y v K&/ ¥ = R™HUIH L (Aut(8Y),8Y) = (O(n + 1), 5™).

R .

(2) EWEHZEM ¥ = HET 2 U (Aut(dY),0Y) = (PO(n + 1,1), 5™).
A,

(3) HEFWENZEM HEMTwt U, (Aut(9Y),0Y) = (PU(n +1,1), 527+,
CRE#:.

(4) 4 FEEONERZERT HET 2 U, (Aut(9Y),0Y) = (PSp(n + 1,1), $47F2).
quaternionic Z5#t.

Zh & DYEFIE topological LI EITIR#THITH 5.

#ifE J. Isometries DEE Iso(Y) DEZTCIZRD=DD I A FTO ENMTHED D, g%
Iso(YV) Dt &g 5.

(1) gRYVICBOTABIAZE HD.
(2) gid VITHBNTHIZVEDORBEEHD.
(3) glT Y IZBNTE DD ST DDOAREI R ZHD.

(3F) Brouwer OB SEEICED gV - YI3AEIRZ 2. gV Y TAE A
HbloiindEdT B IDEE gIOY L RSB 3 {r,y, 2} EEEL/2ET S L g3l
R (z,y) ZAZEICT S, ABICHHME (v, 2), (z,2) DED. (2,y) KBTI Hp %
LA ZDEXlimgip=z & LTJ:C‘. Bge(y,2) I d(g'p,g'q) = d(p,q) 7<H

t—>CO



5 limg'q = limg’p = z DUXHILD. LA L g3 (y,2) ZAREITL, g'q € (y,2)
720G, limglq=y hHB0IL z2&12D, FE.

U7zh8 - T HAAut(0Y) OERE7S solvable RIS # S35, JO& &, HiZa sy
27 b (L7zdto T, k-torus) TREFICAZOEDRE R ZE 2D, OV LD kR TTER
(1 Sk <n) 2 REEESICHOD, HEVEER HIZ/ 3 2/37 PTIY DI
N2 mEBETS.
St =9V &B<. HOMII,

% K. A smooth flow D3Aut(S™) DTN 5755 L&, & D geometric flow 123 LT
n <5 D&, Seifert conjecture {FIE LU,
ZDBE, n <5 TH SOHESEIC k-torus Hid linear iI/FAT 50 5.

3% L. Iso(Y) OTTiE LD (1), (2), (3)12ULIch¥ > T, elliptic, parabolic, loxodromic
EXiEdNn 5.

VII. #i 2.
FOBRTRIEIICELIZH REANHE L S EARFREE > TLE D (flow
DGR 5 AR — () Seifert conjecture & nonzero flow 2 LT TH %),

REE M. Geometric flow DB R-VEFAZFHET 575 5, flow 13 singular 2> (R (TAH)
R HDM).
(REEd 243 L LT (18] BH).

R M CBE U CERIE S” EOSTRERBAEZLS. RM% R* = R — {0} OERHHS
ET A&, IRD L DL fibration ¥H 5

(R*,R*) - (GL(n + 1,R),R™"! — {0}) — (GL(n + 1,R)/RT,5™),

Z TR - {0}/RT = S™ x RT /Rt = 5™,

BIAIE, & DFEEBBCL(n + 1,R)/RTIE S*O L¥ERE D" EAKITT 5 affine &£
BB A(n) 2EATOS. 05, B RAEANI O affine HABITA-> T B L&
RHEE M I13IE LU, Seifert conjecture {23 U TIZIROD Z EDRREIZIE 5.

A9EE N. A one-parameter ¥853% R 1ZGL(n+ 1, R)/RT O#SET ST ITHRER L
LTERLTWAET S, 20D &EE IO flow W nonsingular 72 5 BBE% D,
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3 RIS DRSSO

average edge order (2D

A B (RERR )

M %3757 b 3RTCEEE L, ZOREFEE K T 5. KA vertices,
edges, faces, tetrahedra DIk ZNENV(K), E(K), F(K),T(K) £ B <o edge ?
order L XFNEET K IO faces DEDZ L T 5, K D average edge order
W(K) % 3F(K)/E(K) L3 7T %o edge D order D% n(K) ¥ 5L, % face
1212 3 D edges DIE T, & edge ITIETFH pu(K) B faces BERE 2TV LHDT,
3F(K) = wW(K)E(K) bbb, u(K) = 3F(K)/E(K) DALY %, average edge
order DABNIE ZMIZHSET 5, Feng Luo & Richard Stong 1. p(K) %3 RTL%
Beth MORABEICHEVEIRZ 525 2L BR LI, TNASKRDEETH 5o

wIF 1 [LS] M %M 3 RTEHEL L, K 2 ZDOBFHEIL T2, ZOLE,

(a) 3<MK)<6

HLEHTIE, (MIZSPT)K=00DLE, PDOEDLEICRD,

(b)) MR526NTVBEET L, EEDe > 0 1K LT M OBEFSTE G, I
Tu(Ky) < 4.5+¢, w(Ky) > 6 —¢ &7z T b DVHFET %o

(c) wK)<45 %20 K3 S DREFETHL,

Bz 2D k9 % K GERICEET A5 FEED c< 4513 LT u(K) < c &M
728 K OHIIEBRTH S,

(d) wE)=45%bITK I1E5%,8%x St T721d 52x5! DEAEFETH S,

2512 (c),(d) DFE. TOBERE K 2RBTHILHFTE 2,

ZZTHBEMIL, average edge order |2 & BHFEATIT & MATT /87 b 1 FAT
% 3 RTEEMEOHEIIIRT 5L TH L, K, EOEHLITIFATICROIE
%75%%“‘9 nflo

T 2 M 2l eI Vs MERA & SRTERMEL L, K € ZOBREGEIET
%O :0)& g‘\



(a) 2<u(K)<6

SERILIZ. (MEBT)K =0 DEE, POEZDRICRS,

(b) MZEZOLNTWAELT S, 3<r <6 ZWMZTEEOFEL r XL T,
WK =71 %5 M OBKGE K BHET 5,

(&) wK)<32bi¥K W B OBESETH L,

B2 DL S % K ERICEET 505, B0 e < 3133 LT u(K) < ¢ 2172
T K DBARTH %,

(d) p(K)=3 5l K13 B3, D? x St ¥£7-13 D?x 5! DEESFEITH S,

E5IC (), (d) DFE. FORMKSE K 20BTHILHTE S,

B 3 RILEHFEOHEICH . & D —iRICEXE (4.5, 6) ADOEEDFEHEIIT L,
average edge order % FDEIZIFOHARSEIDIFEA, EH 2(b) LIFIZFERRIC LT
/-'T-\“é ﬂf:o

W 3 M EER S RTERREL T 5,
(V) 45<r<6 XL TEEDOEEE  ICWHLT, wW(K)=r %&b M DEE
5 K AFET 5o

Floa vy M ERRE M BROFEIIMDE W) I L, TOEASE K OF
L% & DR 72 & & D average edge order DAEIZ DT, ROGFEDITRENT,

WHEH4MEIVNNT P SRTEHE, K 2 Z0OBESE LT, K % nHEL(
MaLdb0% K, 358, n—oo DEE p(K,) I3 66/13 1ZITET 5,

TEIE 2(a),(b) DIEERICDWLT

X 2(a) 1Z [LS] LIZIZFARRICL TREN S, KR, & edge 132D 2L
PLE®D faces IZEENBDT, 3F(K) > 2E(K) PHELT 5, Thbb, uK) =
3F(K)/E(K) > 6.

N=M|UM &¥5L, N ZHA3RTEHETHS, K LVAB N, oM DB

@ﬁ%ﬂ%%%%“n Ky, Ko £T5&, EH1(a) &1
wEy) = 3{2F(K) - F(Kp)}/{2E(K) - E(Kj)} <6

L7245 oT
3F(K) < 6E(K) — 3E(Kp) + (3/2)F(Kp) (1)



(a) (b)
Figure 2~

(1) e1 D order & 20 a% ¢/p < of(a+1) 2 TEHE LT, ey, e3MD order
TENEN a0+ 1o

(2) st(e;) & st(e;)(i # 7) 13D B2\,

e1,eq, ezl m, n D vertices ¥ & o T K'%fli53 35 &, edges DEIZEFNFN
3L, (a+ )m, (o + 2)n. 7z faces DEUIENEN 31, 2am, 2(a + 1)n 72T EMT
%o (Figure 2) WX IZZ T THRONI-BEGEIZ K" LT5L,

p(K") = 3{F(K')+ 3l +2am + 2(a+ 1)n}/{E(K') + 3l + (a + 1)m + (a + 2)n}

ERTIENTES,r = q/p (p,q BEWIZEK) 95, TH 2(b) DI,
w(K") = qfp 272 TIRREE L, m,n PEETHI L, Thbb

33p— q)l + {6ap — (a+ 1)g}m + {6(a+ 1)p — (@ + 2)¢}n = ¢E(K") — 3pF(K")

W TIERER Lmn PEETAZLE2RTIIRET T4, F3Ud, 3(3p—¢) &
6ap — (a+1)g & 6(a+1)p— (a +2)g DRABES L THEI L, BLUY

38p— )l + {6ap— (e + 1)g}m' + {6(a+ 1)p— (e +2)g}n' =0

R TIRBERY, m W BEETAILICLYRENS,

#RE 3 12DV Tl order 3, a, 0 + 1 D edges e, €9, e3% 5%, FIEDHERIC L VEF
BHEN5,



Figure 1

OM V3B 2 RTEERAETE DB, & edge 132 D faces IZEFNHDT
3F(K3) = 2E(Kj) (2)
(1),(2) & Y., 3F(K) < 6E(K) — 2E(Kp). £oT,

W(K) = 3F(K)/E(K) < 6 — 2B(Kp)/E(K) < 6

(%) i3 Ky 3BEESEITHLLIIRO 2, L L, TH 1(a) i cell complex 12
T UCHRIET A ZLIIBEZICHEIPOLNDEDT, w(Ky) <6 D)o

EEHIIZDOWT, p(K) =2 2 513K edge D5 & 9 E2HD faces ICHEIND
DT, K AT 3 BED face ZHAE L TWAFTIIRV, LD > T K AD 3 BfkD
iz 1 oTRITTLE b v,

% 7= (b) DEEBIIC IR ORBE S F V5

BES M, K BP520NT05ETh, BED o >3 13 LT, order o D edge
REOI I K O K' 2R THI LN TE 5,

SRR K WDH 5 3 BAR [abed] DPIERIC vertex v & 1 D& o T K DG E/ES &
order 3 edge [av] 2¥T& %, (Figure 1(a)) & H 12, edge [bc] £ (a—3) RZzHoT
W53 B &, edge [av] D order & a &7 5, (Figure 1(b)) O

VB SITERLED face KD DT A X2 K CHiz 2 3 B BINTAZ L
T, K' IZid order 2 D edge ¥ B L LT Ly L7225 T K'D edges e;, 2,63 T
Re@lzTd0BHBHE LTIV,



32 2(c),(d) DREAAIS DN T

(c),(d) IZD2WVT, ;EEE 1 TIEZDOFERHICH 3 r}LUEP L ZHRIZE vertex v @
¥ A 1k(v) B° 52 &,O'C\/}Z) 3:’5."73‘(’%5'3 AnwTwa, §hbb, v &
lIk(v) D vertices & 0)'&% Mfr% 52 OEMESED PP"C%LA;_\ average vertex degree
2E(K)/V(K) 25T 5, E0ICThE wK) LOBFEERD, TAZE 2T
%o EHR2 Tl vertex v DIk AKE lk(v) %% disk DFELHHDT, FABOHER
(3R ) 3L7272 v, & 2T disjoint 72 3 BEND K2 L. B OFIE T average
edge order DEDEALEFTAB Z & THAR 5 272

MK W525NTWAET R, K O3 8% ALAL. AL, ELT K =
HA3 (disjoint unlon) &’_3‘5 Ky @f%ces(z T K &0 E@C&?beﬁ‘ﬁ-x HILDHD,
?TF”@TZ) faces UD,E/\'COE \/"C[_] jfﬁ’i"ﬁ’i L. Fns E’ﬁ)) ”Efd B ]\0 ViR
LK B TE %,

SiE K @ dual cell complex @ 1-skeleton &TZ) S D% edge 1T Iy D faces 1
FAOFE—HE 14 L IT3FIET 5o BHEDID, S D edge T Ky D faces 1 FD[F—
WERT LTS, S D edges & e, e9,...,en ETHE,

- € €9 n e
fiozDo—ng—%Dgg"'fﬂ)Dn:[\

e HLEERIE Z bb, BREIERRED Dy, Dy, ..., D, \Z. BEIZFNEI T hN-F
—tRDFET—RITITEFEMRIC L 5 LIZR S 2 vdt, IS average edge order
wW(D;)=F(D;)|E(D;) ®EHETHIEWNTED, p(Ky) =2 THAHILEESITD
V%o BEBREFNCREZ LT, w(K) Eu(Ko) L HEHETE %,

D1 5 D; AEBEBOE—IZOVWTERLE, ZOREIZL>T DLy AD 2
X)) facesA A'E—HEINT D, AD 1 DD face 1272 5,

F(D,) = F(Di_l) -1

F72. DigNTALADHET B edges DEUZ LD, F—1i e; % O,1,11, 111

LT Ao IDEE, e 12X edges DHIFENZNS, 2, 1, 0 75T A.
(IE) F—4ROE 0,1, 11,111 13 S edge ZNEETHRF 2O T, Ky — K
DEBONEFIC L ViRESND,

g(K’) = F(K) - E(K) EBLo EHIZRD 2 DDENEILY 5,



Figure 3

W6 u(K) <3 & &K) <0 BRMETHD, & IT w(K)=3 & £K) =0 b
ETH 5,

WEE T D,y & D, IZoWT, etk Bk &

§(D;) =&(Di) +2 -k

T 7% D W LTI T ORE LT 5o

WEE R 520N D 123 LT D; D 220D faces fy, f» »° edge [ab] ZFHEFT
Bz bIE, D; PICiE [ab) ZET faces DI fi = A1, Doy, Ap = fo PBHEELT,
A;‘ k Ai-H Gi Di W@?}% 120D 3%11\.(7) faces ('/:72?9(\/‘%0

INEHIIRLTD DA Figure 3 TH b,

D;AD edge [ab] 12X L. [ab] % & D;AD faces B LU 3 BFITHILT S S D
TaE% Lilab]) EE Lo Li([ab) #cycle £ o TWB L E, TN edge cycle &
LB, S Dedge e I LENICHIET % DD face & [abe] &5 5 E &, Li([ab]) U
Li([be)) U Li([ca)) & Ai(e;) EEL ZEITT 5,

S OESFHEE A X LTy A D vertices [XTLT 5 Ko D 3 BEIZ, A D edges
12X 5 faces DEI—H|ET L 0720 D% N(A) EELZ LT 5,

fHeE 9>Dt~ D 20D edges [ab], [@'V] 123 LT Li([ab]) & Li([a'V]) &ADD %
BCE, #FRT1ED, TR 1ERD edge L FDHRATH 5,
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(a) A(e)

Figure 4

HHE 10 HARIEFITS D edgee; 25 III BTHolbTh, TDLE, Ale) 13
e; LEDERDHZIETH 32D edge cycles b7 D, 72 ((N(Aie))) =1
VALY B, (Figure 4)

LIFIZEIT % F5R A, B HSEEBHD Key observation T3 5,
FEIR A p(K) <3 2OITEEDRIEFIORIC 11T BOR—HRIZHN LV,
FEIR B p(K) < 3 Z51E, BEDOBEFIORIC IT BMOR—RIZHENL v,

AEFA (FR A) HEBRIEFNCBNT, e e SHIITBITH o/ T 5B, HHDT
BAE5Y

Ko™ p M p o=
BT B0 7275 L. 2913 A(e) D edges TRBWIR—MHET) 22 B
Y5, 2BOY—F 2oz DB ELED LI, BICANRALKAZIML
BIDE L PR Y FT, S\Al(e)) AD 11T FID edges ZEET HENTE 5,
T b ROEEPHILT 5,

1 11 S\ Ai(e)) AD edges I~ BT LIZL D, S\Al(e) 12 11T BN
W) R RBAE I EATE S,



(b)

Figure 5

GEER ery1,...,en DI TIT BID edges DXIEND & &, FOFRMIIENL 11T B
edge & e, £ 5,

Ailer €y €r n ~
Ko=Dy ™4 p 5 ... p “m' ... & p = K

XIS % D, AD face & f, £ T 50 N(Ale)) 13 B® LEMHETH A5
D I faces DFY fro = frmgs fagsoos o T Fmng & Frmiyy 13 edge ZHEEB L fi, C
intDy (1 =0,1,...,k=1) D fi 1& D, DEFRIT edge #F2 L 9 % b DOIFFET
Bo [ T HS Dedge & e, ETHE, (i =0,..,k) EET {e141,.... em}
WEINTWE, e, & €miy, W edge ZHEFTHDOT mips € Ai(em;) DIHED
D, (Figure 5) & 2T erqq,y .oy m 122WT

€l4+1y° ° "y Emy—1 :8m1+1, ***Cm,y Emy

DIEIC 2B L HICEIEZEITIe ZDEE, emi1 ... emor DHIT TIT EIHH
TIZBENAZ EIZ Vv, THCDIEFRIZBW T e, 12 1T BlIZRoTWA, &5
CRIBRIZL TS ey, B8 e DRI D L) ICHENBEZERET 5o e, ICDWVTIHE
fmp B° Dy DEFEIZ edge ZFODT II] B2 ) 272w, LizdSo TEHE A
DI~ 2 D% Dy — D,, DEDFE—ROFIZ IT] BPHENL HIZTE B, L
T Dy — Dol III D edges BWHRNIIZFEFOL B Z2THI T Lic L b,
Dy — D, W IIT BN WL HIZTES, O

= T(K) - T(N(A(e)) LT 5L,

= N(A(e)) I] (ﬁ A%)



(a) Afe) (b) N(A (e)
Figure 6

THHMD.

E(Dy) = E(N(Aier))) +tE(A%) =1 - 2t
€laly oy Cn VWAX TIT BIDMENO T, 7 &) D) — D, OET £ DEIZRES Z
i\, O~ II BICEERSOHEEZL I BHDDIE 0 BEDAT, ThiZLoT
BEERSOEIE1IRD 9 %0 D) DEBEGOEIE t+1 THEDD. e,y en I
EERSDBERS T L% 0 Bihtt AL, LidtoT,

E(K)=&(Dn) 2&D) +2t=1>0
IhE WK)<3ICFETS, O
(E5E B) HABIEFNCBNT, e SHIT BITH o7 T 5B, Ale) 12 ¢ T3
HT 520D edge cycles zEATED ., $726(N(A(e))) =0 ThH b, (Figure 6)
Ko=Dy Y p M\ p M p — g
COWTERD, 22751, A % S DEFEHEE LT, M 2 A & estended

mazimal tree THAH LWL, S DH5H maximal tree M’ I3 L M = M UA EET
Ty M ADEED cycle 13 AIZE INbILET S,

t=T(K) - T(N(Ae)) £BL &\
D = N(Ae)) T (JTA%

i

Thorb

£(D) = E(N(A(e)) + (A% = 2t
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PHDTD0 D DEERSOBIL t +1 THEDPE, Dy 24 D, = K Tl t [,
O BR824 TbNh b, LizatoT,

(D) = =26+ 2t = 0

S\MIZIRERL £ 0,1, 1T BOA—RLPHENLVWOT, HET LY D, A
D, TEOMERREA Z L3k, T2bb

§(K) = £(Da) > £(Dn) = 0 (3)

(FICEBRILIE S\M DZETHH, T3 1T BDOADE &)
INiE wW(K) <3 ICFET S, [

TEIE 2(c) DELFA
wK)<3 &F5, M % S @ maximal tree & LT, 12{FF

Ko=Dy %D, "M p =K

IZDoWTEZD, T=T(K) £BLE . MET-1HD O MTHEPD,
E(Dm) = E(Dg) +2(t —1) = 2T+ 2(T — 1) = -2

B MDe ERA,BIZLD, S\M T2 0 FE TRHLPENR VY, ((K) <0 T
HHPO, AT L) S\M 12, F—ROBIEVEND, 7203 T 8A1 BT
Bd, WIThoOBEd M3 BT, fiE0L & K3 TA% (113 A3 Dface T
1T HEFEREN) THY, BEOLE K 13 4TA oW T, #DEBREOEDED
20N faces @ I BITHE—HLZDDIZHoTWD,

ELIEBOBARE T IZoWTWK) =3{3T+1-4}/{3T +3-2i} <3 TH5,
2720 i iES\MAD I Bledge DETH B, LoT u(K) <3 b K IZEKIC
HFET D, T, c<3 2EELT

WK)=3{3T+1—i}/{3T+3-2i} <¢c

bt IR A
T<{3(c—1)+(3-2¢c)}/{3(8—-1¢)}

¥185, L7dioT u(K) <c 25 K OREEETH D, BET (o) BREN,



~ Figure 7

T2 2(d) OFEEA

}J,(I() =1 k?%o
(1) #fEFNC IT BIDSH B35
FiEB D (3) R TEEFRIAULTHHEIIOVTER b,

Ko =Dy 2% p, "M p MM p. = K

S\M = ¢ DEEIZ, M & B® T K i3 NA(e) i (1A% LELLZENTE S,
S\M B ITEIDAZDE &, #HES L) S\M 13 Figure 7 DX )2  DATHBZ
Lok, TDEE MIZ B TK I NB)L (1A% LELLZENFNTED, 272
L. B=Ale)UA(en) EBV7Iz, (2) BIEFNC IT BN 256

M % S @ maximal tree & T 5, F/EFNI

Ko=Dyg 2D, D, =Kk
LTS, T=T(K) ¢BLEMBT-1HD O BETHEDPL,
£(Dm) = E(Do) +2(t = 1) = 2T+ 2(T — 1) = -2

DD, E(K)=0Thrhb, S\M T BB 2EH», £713 0 B2 ET
B END, SMHFITHE2EDL &, K iHTAY IZ2WT, Z0ER DK &
) 20D faces 2B ETNEN I BITRI—HALLDDIZZoTWDE, T2 S\M
OM1IEDEE, KX §TA3 IZOWT, ZDEF LD DY % FFizle\v 2 DD faces
O BITE—HLAdDICRoTwE, ZDL ESHAEE LT K ORESITAEE
BRI NBDPEMPICL 2Ty M 13 D? x ST F7213 D2XS! OWFhhiiloT
Wh, LLET (d) P R&ENize O :



(BHEEBILHFICT & 2384

Figure 8

finel 4 DEFFRA
M DEA3RITCEHRETH AL &, K, D edges, faces DEE . K, D edges L,
faces DR, 3 BAEORIICHT LB L,

E(Kp41) = 2B(K,) + 6F(K,) + 14T(K,),

F(Kny1) = 6F(K.) + 36T(K)
ThHbHZ LW bPrb, (Figure 8)

w(Kny1) = 3{6F(K,) + 36T(K,)}/{2E(K,) + 6F(K,) + 14T(K,)}
3{24F (K,)}/{2E(K,) + 13F(K,)}
= T2p(Ka)/{2 + 13p(Ka)}



PR B b L p(Ky) DO USPCRIER. = = 722/(2 + 132) D ¢ = 66/13 T
H5o o
T <66/13 D& & 5 < 722/(2+ 13z) < 66/13

z > 66/13 D& & z > 722/(2 +13z) > 66/13

ThhHI tie%bdiﬁ?b%%ﬂéwf Hlﬁﬁ@ﬁ?’itiﬁgﬂiéhé L7285 o T,
u(K,) 13 66/13 rﬂxi?%o '

M PR RIS 3 kx%ﬁ%@k &, xeiﬁz( ) DEFERED & & L FEIRRIC,
= MUM IZOWTER %o Ky & P)AZJ N;oM DEFFEE Kyn, Kon £F

%o u(I\Nn)—3b Jan LB L,

W(Eyn) = 3{2F(Ky) — F(Kon)}/{2E(Ky) — B(Kay)} = 3bu/an
20, F(Ky) = 20,B(K,) —b E(I\an) + anF(Kpn)
2 F(I) = 2b,B(K,) + {an — (3/2)ba} F(Kas)
FUK))E(C,) = b/t + {(2a, — 3ba) /40 }{ F(Ksn)/ E(Ka)}
B D 0. BAMSTE L BT ETE face 1 6 58, % 3 Mkt 24 HEIEND
DT,
F(Kpnan)) = 6" F(Kp), T(K,) =24"""T(K)

Thhbo Tz
E(K,) > E(Ksn) + T(Kn-1)

THHDT

F(Kpn)/E(Ky) < F(Kon)/{E(Kpn) +T(Kn-1)}
F(Ka)/{(3/2)F(Kon) + T(Kn-1)} = 0 (n— o0)

BVR 5B,
n—oo NEE by/a, — 22/13 DT, LD

SF() B(K.) = 35 an-+{3(20w—3b) At HF (Kan) JE(K,)} — 66/13 (1= 00)

PR 5, 0O



References

[Ba] D. B. Barnette, The triangulations of the 3-sphere with up to &8 vertices, J.
Combinatorial Théofy 14:'(1973), 37.52. ¢ S

[LS] Feng Luo and Richard Stong, Combinatorics of triangulations of 3-manifolds,
Trans. Amer. Math. Soc. 337 (1993), 891-906.



e-translations and dimension

Tatsuo Goto

Faculty of Education, Saitama University

0. Introductidn

The original notion of metric dimension was introduced by P.S.Alexandroff around 1930
in terms of e-translations of point sets into polyhedra, and K.A.Sitnikov is the first who
revealed the dependency of the metric dimension on metric functions of spaces by his works
in 1950%s. Sitnikov’s construction of a two-dimensional space in R® with metric dimension
one will be extended, and Alexandroff’s theorems on e-translations of compacta are gen-
eralized to non-compact spaces by use of metric dimension. A question of Ju.M.Smirnov
concerning the equivalence of two definitions of metric dimension is answered in the af-
firmative. Some classes of e-translations are used to characterize the covering dimension
of (bounded) point sets which are closely related Katétov’s uniformly 0-dmensional map-
pings. Also, some related open problems are introduced in this talk.

1. metric dimension pdim

Let X Vbe a metric space and U a cover of X. Then the mesh and the order of U are
defined by

i) meshif = sup{6(U) : U € U } where §(U) denotes the diameter of U, and
i1) ordU = sup{ord, U : = € X} where ord U = the cardinality of {U €U : 2 € U}.

The covering dimension dim X and the metric dimension pudim X are defined as follows:

i)dimX =-1iff X =0 and dim X < m for m € Z with m > 0 iff every open cover of
X has an open refinement of order < m + 1, and

ii) pdimX = -1 iff X =0 and pdim X < m for m € Z with m > 0 iff for every € > 0
X admits an open cover of order < m + 1 and mesh < e.

It is clear that pdim X < dim X for every X and the equality holds in case X is compact.
It was a serious problem whether the equality is always valid for non-compact spaces,
until K.Sitnikov([Sil] constructed a subspace S in R® with 1 = pdimS < dimS = 2 in
1953 (see also [Si3]). In the same paper, Sitnikov proved the following theorem by use of
his homology theory[Si2]; it would be interesting, as stated by himself, to give a proof by
means of purely set-topological methods.

Theorem 1[Si1][Si3]. If dim X = dim CI(X) for X C R* then dim X = udim X.



Let S be Sitnikov’s space cited above. By Hurewicz’s theorem[Hu], there exists a
metric compactification oS of S with dim &S = 2. We may assume oS C R® by Nébeling-
Pontrjagin’s theorem[N][PT] and let o : S — a8 be an embedding with Cl(a(S))= «S.
Then by Theorem 1 we have pdim a(S)= dim a(S)= 2, which shows that the metric di-
mension pdimis not a topological invariant but depends on metric functions.

2. Extensions of Sitnikov’s construction

Let X C R® and & > 0. Then a continuous mapping f : X — R™ is called an e-translation
if || z — f(z) ||< € for every € X, and we define

T*(X)=U{T?(X): ¢ > 0}

where T? (X)) denotes the family of all e-translations of X into R™. It is clear that T*(X)
is complete with the sup norm metric.

The following lemma is obtained by a quite natural generalization of Sitnikov’s con-
struction of the space S[S1].

Lemma 2[Gl). For every m,n € Z with 0 < m < n — 1, there exists a subspace SZ, in
R™ such that pdim S?, = m and dim S?, = min{2m,n — 1}.

Let X ¢ R® and m = pdim X < n — 1. Then by Katétov’s inequality[Ka2], we have
m < dim X < min{2m,n — 1}.

Thus the space SZ in the lemma proves the existence of a subspace in R™ of metric di-
mension m which has the maximal difference between the values of dim and pdim. We
note also that if dim X = n for X C R* then pdim X = n since the interior of X in R™is
non-empty by Menger’s theorem [M].

Now we exhibit here the construction of the space S7, . First, we take a sequence {1}
of subsets of Q, the rationals, such that T; = {t; 4 : k € Z} and

i k41 — tig = 1/1 for every 4, k.
We can assume here that {T}} is pairwise disjoint. Define the cover 7; of R" by

T ={ri(k1y ey bn) : (k1y ey kn) € 27}
where 7;(k1, ..., ka) denotes the n-cube JT7_, [tix; ) tik;41]-

Denote by B? ™! the union of the (n — m — 1)-faces of all n-cubes in 7; and set
St =R —U{BF ™! :ieN}

To prove the latter equality of the lemma, it suffices to apply the following lemma due
to J.W.Wilkinson (observe that the family {B?"™ !: { € N} is in general position, i.e.,
dim (Bf ™™~ NB}™™"!) < max{n — 2m — 2, —1} if i # j).

Lemma 3[W]. Let m € Z with m > —1 and {B;} a sequence of closed proper subsets
in R* such that dim (B; N B;) < m whenever i # j. Then dim (X — UB;) > n—m — 2.



3. Alexandroﬂ' ’s definition of metrlc dimension and Smirnov’s problem :

" The original notion of the metric dlmenswn dm X for an arbitrary subspace X in some
Euchdean space was introduced by P.S.Alexandroff around 1930[E][Sm1] and defined to be
the least integer m for which X allows arbitralrily small translations into m-dimensional,
polyhedra. (Here we understand by a polyhedron P in R™ an underlying space of a simplicial
complex locally finite in R™ at every point of P.) Ju.M.Smirnov{Sm1} proved the equality
§mX = pdim X for every X; the essential part of his proof consists in the proof of the
fact that if pdim X < m for X C R™, then for every € > 0 there exists an e-translation
of X into an m-dimensional polyhedron P in RY where N = max{n, 2m + 2}, and asked
whether it is possible to take the polyhedron P in the same R™ which contains X: This
question is answered in the following theorem in the affirmative. Also, the equivalences
(a)(:;»( ) and (a)«>(c) in the theorem extend classical theorems of Alexandroff{A1][A2],
since pdim coincides with the covering dimension for compacta. .

We need some definitions. Suppose Uis a locally finite open cover of a metric space
X and P = {p; : U € U} is an arbitrary set in R*. Then the k-mapping f: X —=R"
relative to U a.nd 'P is defined by

d(z, X — U)
Yvey Az, X = V)

If, in particular, X C R® and for some € > 0, 6(U U {p,}) < € for every U €U, then [ is
an e-translation. We define the generalized nerve N'(U, 77) of U relative to P by

NU,P) = {(pUO, ...,pUr) SO U £ 0, Uy, Uy €U, 7 =0,1,.0)

f@)=2 vy fU(x)pU where fU(a;):

where (pUO,...,pU ) denotes the open (degenerate in general) simplex with vertices PygeiPy
r r

Theorem 4[G4]. For every subspace X in R™, the following conditions are equivalent
wherem € Z with0 <m <n-1.

(a) pdim X < m.

(b) For every € > 0, there ezist an f € T?(X) and an m-dimensional polyhedron P in
R™ such that f(X)C P(or Cl(f(X)) C P).

(c) For every (n — m — 1)-dimensional polyhedron P in R™ and € > 0, there ezists an

7 € T*(X) with £(X) NP = O(or CI(f(X)) NP = ).

Remark 5. In the condition (b) or (c) of Theorem 4, it is possible to replace the
polyhedron P by the one which is an underlying space of uniform complex in the sense of
Smirnov[Sm2], and to prove the implication (a) — (b), k~-mappings are used sending X into
underlying spaces of generahzed nerves Wthh can be tnangulated into uniform complexes.

4, An open problem of Alexandroﬁ'
For a subspace X in R® a,nd m e VA Wlth 0 < m < n — 1, consider the following
conditions:

(a) For every ¢ > 0 and every (n —m - 1)-pla,nev H in R® there exists an f € T7(X)
suchthat f(X)mH 0. b S , .
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(b) For every € > 0 and every (n—m—1)-plane H parallel to an (n—m—1)-dimensional
coordinate plane of R™, there exists an f € T™(X) such that f(X)NH = 0.

Alexandroff’s problem. If X is a compactum in R™ and satisfies the condition (a)
or (b), then is it true that dim X < m?

G.Chogoshvili[C] asserts that the condition (b) (and hence (a)) implies that dim X < m
for every (non-compact) subspace X in R™. However, as pointed out by Alexandroff{A3],
its proof contained a gap; indeed, Sitnikov’s space S cited above satisfies the condition (a)
for (m,n) = (1,3) but dim S = 2. Also, in view of Theorem 4, it is natural to ask whether
the condition (a) implies pdim X < m. However, it is not the case, as the following exam-
ple shows:

Example 6[G2]. There ezists a bounded subspace X in R® satisfying the condition (a)
for (m,n) = (1,3) and pdim X = 2.

Recently, Y.Sternfeld[St] has proved that the condition (b) does not imply dim X < m
in general even if X is compact; more precisely, he proved

Theorem 7[St]. For every integer k > 2, there exists an k-dimensional compactum X
in RN, N = N(k), which satisfies the condition (b) for (m,n) = (1, N).

However, it remains open whether the condition (a) implies dim X < m for compacta
X.

5, Another extensions of Sitnikov’s construction

For z = (z;) € R® we define r(z) = the number of { i: z; € Q} and
N? ={z €R" :7(z) < m}(m=0,1,..,n) and N* =

Thus the space N?, — N7 _, consists of those points exactly m of whose coordinates are
rational, and dim (N?, — N™ _.,) = 0. Moreover, it is known that

pdim NP =dimN2 =m, -1 <m < n.

The space ST, in Lemma 2 can be now expressed in a similar way; let {T;} be the sequcence
of subsets of Q in the proof of Lemma 2 and then we can write

St ={z €R™ :7;(z) < mfor every j € N} where r;(z) = the number of {i : z; € T}}.
Obviously 7;(z) < r(z) for every j and we have N7, C S}, for every m. We set
Spp =Sy NN, 0<m <k < min{2m,n - 1},
and consider the sequence

Nr, =8¢ . CS% 1 C oo © S g C Sy mo = min{2m,n — 1},



Then we héwe the following theorem which improves Lemma 2.

Theorem 8[G3]. For every m,n,k € Z with 0 < m < k < min{2m,n — 1}, the space
Sy x in R satisfies the equalities pdim S7, , = m and dim Spk =k

Corollary 9[G4]. For every subspace X in R*and m € Z with 0 < m < n —1 the
following conditions are equivalent.

(1) pdim X < m.

(2) For every & > 0 there ezists an f € TZ?(X) such that f(X) C N, (or CI(f(X)) C
N© ).

()3) For everye > 0 and k € Z withm < k < min{2m,n—1}, there ezisis an f € T?(X)
such that f(X) C Sp, , (or CI(f(X)) C ST, 1)

(4) For every € > 0 there ezists an f € T?(X) such that f(X) C S}, (or CI(f(X)) C
st).

6. Nemec’s universal space

Let M™ be the class of metric spaces of a given topological weight 7 and pdim < m.
A.G.Nemec[Ne] proved the existence of a universal space in M7 in the following sense:

Theorem 10.[Ne]. There exists a space MT* in MT with the property that for every
X in M, there exists a toplogical embedding f : X — M which is uniformly continuous.

The proof given in [Ne] is based on his factorization theorem which is a metric dimen-
sional version of Pasynkov’s factorization theorem[P]. It is desirable to construct explicitly
"a concrete space with a universality in any sense for the class M™ | such as Nobeling’s
universal space N2°+1 for the class of n-dimensional separable metric spaces[N]. The fol-
lowing is a quite natural question in view of the above result of Nemec:

Suppose X C R® and pdim X < m. Then does there ezist a toplogical embedding of X
into ST, which is uniformly continuous?

We note that the answer is yes for compacta X since every m-dimensional compact
space X in R™ is embeddable in Menger’s space M?, by M.A.Stan’ko[S] and M?, is embed-
dable in N7, (and hence in SZ, )[E].

Let f be a real valued continuous function of X C R* with 0 < f(z) < 1 and I the
graph of f in R**1. Then it follows from J.H.Roberts and F.G.Slaughter[RS] that

pdim X < pdimT < pdim X + 1.

Hence we obtain the following:

Let X ¢ R* with pdimX = m. Then for every e > 0 and integer k with m <
k < dimX there exist a homeomorphtsm f € T¥(X), N = n+ dim X, such that
pdim f(X )= :

This result is closely related to the product theorem for metric dimension. Y.Hattori[Ha)
has proved the product theorem of general metric spaces for metric dimension.



7. Uniformly 0-dimensional e-translations

The notion of uniformly 0-dimensional mapping was introduced by Katétov to prove
the equality dim = Ind in the realm of general metric spaces. Also, Katétov proved
that uniformly O-dimensional mappings do not decrease the covering dimension and that
a metric space X has dimX < n iff X admits a uniformly 0-dimensional mapping into
R [Ka2]. We intend to characterize the dimension of bounded subspaces in a Euclidean
space in terms of uniformly 0-dimensional e-translations.

Let U be an open cover of a topological space X and A C X. Then we write

U-dimA <0

if there exists a pairwise disjoint open collection U ¢ in X such that Uf ¢ refines I/ and
UU o D A . Moreover, for a continuous mapping f: X — Y, we write .

U-dimf< 0

if there exists an open cover Vof ¥ such that & -dim f~1(V) < 0 for every V € V. It is
clear that if f is i/ -mapping in the sense of [E], or if f is I/ -0-dimensional in the sense of
[Ka2], then ¥/ -dim f < 0.

Let f: X — Y be a continuous mapping between metric spaces. Denote by U/, the
cover of X consisting of all spherical neighborhoods of radius € > 0. Then f is called
uniformly 0-dimensional[Ka2] if for every € > 0 there exists 7 > 0 such that

U.-dim f~* (A)< 0 whenever A C Y and §(4)< 7.

Lemma 11[G4]. Let U be a countable star-finite open cover of a metric sapce X with
ordU< k+1and P= {py : U € U} an arbitrary set in R™. If the generalized nerve
N = N(U,P) forms a complez in the sense of [Kul(i.e., N is locally finite in R™ at ev-
ery point of UN') and consists of non-degenerate simplezes, then U dim f < 0 for the
k-mapping f: X — UN relative told and P.

Theorem 12[G4]. For every subspace X in R™ and every k € Z with 0 < k < n, the
following conditions are equivalent.

(1) dim X < k.

(2) For every € > 0 and every finite open cover U of X, there exists an f € TF(X)
such that C1(f(X)) C N} and U dim f < 0.

(3) For every € > 0 and every finite open cover U of X, there exists an f € TP (X)
such that f(X) C N? andU -dim f < 0.

Theorem 13[G4]. For every bounded subspace X in R® and every k € Z with 0 < k £
n, the following conditions are equivalent.

(1) dimX < k.

(2) For every € > 0, there ezists a uniformly 0-dimensional mapping f in TP (X) with
CUF(X))C N -

(3) For every € > 0, there exists a uniformly 0-dimensional mapping f in TP(X) with
F(X)CNE.

We give a sketch of the proof of the implication (1)—(2). Assume that dim X < k and
let { H?"‘"l } be a sequence of (n — k — 1)-planes in R™ such that



R* — NP = UHP™F1,
We set for ¢ € N ‘ ‘

8 ={f e T(X) : CX) NH}*! =}
T ={f € T(X) : f is uniformly 0-dimensional} .

Since f(X) is bounded for every f € T(X), S; is dense and open in T(X). Moreover, by
Katétov’s theorem[Kal], 7 forms a dense G subspace of T(X). Hence by Baire’s category
theorem, NS; N7 is dense in T(X). Thus for every € > 0 there exists f € NS; N7 with
d(1x, f)< €, and then f is an e-translation of X with CI(f(X)) c N7 .
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%X FORBEEREREEI 622845 L, Cp (X) 2C (X) LHFRAMR
G2 W L T 5, &RIBERMMAET /80 b EAAES —RIBCR A
EOFPNGHTH Y., XOMENEEZLSKBRLUTED ., Fiin v 7 olF
RO NTETWS, 2ZTECp (X) WKHELTED LD REENE
IBENTVEDNEATHEN, COFTFOHMEL UTIX[LI]EZATHWEEEEWY,
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p (X) &Cp (Y) PEMMEZERE LTEEOEE, Cp (X)ox Cp (Y)
eh <o
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C (X) ic—RBIEEMEEZ =B Cu (X) 295, a2 EERE
o Cu (X)) ofFEIFEICHSNTWS,

B[] XeYZzau)$y VEBEIERIE T2, ZokE, Cu(X) &
u (Y) PREEANMEERE LTERBL 221200 RE+SFMET. RO ENDH
T B THD,
(a) XEYELBHICEREATHLEEIZFLY,
(b) H2HTEIHFH a & b BEELT, X=[1, a],Y=[1, b]
max(a, b)<[min(a, b)]a,J

(¢) X&YZEdIZETE,

FicCEAY MVES, 12BRHHARME L2 &, Cu(C) &Cu (1) X4
FRETH D, LIADVEHABEMEOBEZBEEBMNERD . i~ 3Pestov
DFEERLDCp (C) &Cp (1) FBEARE RSV, 2FEL, 0—KTDa Y
N7 MEEERIOBRORP TR EOEBEEE UABEEENE DI D ENHIS N
TW3[2], U LIRSV LB oBEII>WTRSEEHITEIR TRV,

Cp (X) ZUMBRELTERZLE, ROERBHSNT NS,



=3[3] Cp (X) &Cp (Y) BB UTEETHhIE, X YIXRH
T&%O

COEBELD HRICROMBENEZ 6N S,

RARE 2 Cp(X)ew Cp (V) 0 E, XOE¥D LS RAHENEEMNYICHK
FEhah? .

—fB12Cp (X)) Cp (Y) TH, XEYREMHEERSRL, HIZE, X2
IEE SO R B, Y2 X 0BT 2EHEL2EE LR LEZERE
T2, Cp (X)ae Cp (Y) THBM, XtYiHmem

A2 1B U TR OEREDPH ST WS,

EH[4] Cp (X) Cp (Y) THHIL, din X=din Y,

NFwNEMBIEMEE VR EEEE (B, w) £95, (B, w) oar
JS B ER4ZeR » EAE R 22 % Eberlein v 80 PZERIE LR, FIZIE. BER
72 1 Ea v 3y MElx Eberlein 387 M T#H B, Eberlein a3y h22
MOBEMIFIENANWAH SN TWSEM, Cp (X) 20ohoRHEMIT & LT
DOFERVHENTNWS,

EH(1] X&E2a2)37 PEME T 5 & RIZEE,
(a) X Eberlein 337 b,

() HBa37 PEEIYMBEELT, XiECp (Y) HEDAD B,

—RIZHDa7 PERIY EDCp (Y) ICHDIAYD 522/ % Eberlein-
Grothendieck ZEf] (BE L T. EG- Z¢f) & Lxo izt 5[],

FHEE3 : E-ZEEoWHRMTITIEEZ &,

PEERZ2RAIT Eberlein O /87 bz ayv ity MERE DI EHBAISEN T
50T, FOFBEIDE-EETHS, LrL—BOEBICZNWLT ;t*nur.@
ZriFEsRTWRN, BEERELT, ﬁfﬁﬁﬁfvaowﬁ;cmﬁr’aﬁ@f%
HEBBATICOWTIHROBERPA SN TN,

FH[9] HArzZHMXoM—0ofE™RLT 3, :@agmmﬁo
(a) XIFEG-Z2R,



() W (X, p) = {fe {017 : fOxpOERH) Iy MEE
DOHEM,

#1[9] (1) sequential fan & EG-ZEfEClL7Rw
(2) pe pw-wplr &, cwul{p} d EC-ERETEZV,

ZITIREREANV LD UhRWERDS EG-ER L 3 5 7 & ORI BT 23

k- ol EIc L > TEAIBNEILERT .
FFOlIcBWTEAXINE -EHEMOEEZS5X 5, HESGOHAT L

TWAESEFHHEEL LT, P (X) 2X0EHMEEE£EIP LR 2EG L

T2, XxP (X) »o0EREREBERFIZRO420FHFEHzTLEXD

k-FEfE e LiZN Do
(1) F(x, R)=0¢& xeR IHEME.

(2) A DB OHAESETHNIE, TARTOXIZTENWLT
F (x,A )>2F (x,B) .
(3) ZRIzEWVWLT, F (x, R) ExICEUGERREE.

(4) {Rgy } MEEEXTHNIIL,
F (x, URY) =inf F (x, Ry) o

k-FEEEDSFEAE 9 B 22l R k-BEAEZE M & 25, PEAEZERHIE B AR ICk-EEREZE ] IC 72

O"Ct/\%o
BEXZ0EPIZZVWLT, X (p) 2XoplAoeToRreMiLR{EL

tg‘gﬁﬁﬁtj‘%‘o

ML XEL-ZHTHYRPDPXOG-EETHNE, X (p) idk-FEHEZE
FBEHZ@ZM

HWEZ XEEEAZOEOLrdERVWET R, 0L & X Dk-TEREZEH
i, XIFEC-2E ez s,

INGOMBLDROEEBELND,
EH] XORBRIZZVEOTHY, TORIBG-BETHILT B,
DL ERIIAETH 2, |

(8.) X CiEG—%Fa‘i\
(b)  XIiZk-EEEEZER,



% XAAEZEEE L, EEAZVEOULPRNWET S, JO& EFRIEFEE,
(a) XILEG-ZEFH],
(b) XixCp (C) IKHE®DIRENDB, ZELCIEAY PIVEE,
(c) Xixk-PEAEZER,

BEEE e O M ER R R o TWAERIES A X 7 B Kidhd, SRR TE
BT b, k-EEHEETHH L EHILERLLARTHI L BHMAENTWS (8],
FloWIioBIT2EEIES A2 72T 2 HEEETgETIIRVwWo T, EoEH
F O EG-EBRTIER W EDNEB IS, £=, extremally disconnected 7z
k-PRERZCR BB e B 6lc e &b, HloQ)DEMBEC-EH TR I L
BEBHIZO»5,
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MEDETAFEPRDTHNTNRN,

ik

[1] A.V. Arhangel’skii, Topological Function Spaces, Kluwer Academic
Publishers, 1992.

[2] J.A.Baars and J. de Groot, On Topological and Linear Equivalence of
certain Function Spaces, CWI Tract vol.86, 1992.

[3] J. Nagata, On lattices of functions on topological spaces and
functions on uniform spaces, Osaka Math. J. 1(1949) 166-181.

[4] V.G. Pestov, The coincidence of the dimension dim of l-equivalent
topological spaces, Soviet Math. Dokl. 26(1982) 380-383.

[5] M. Sakai, Embeddings of k-metrizable spaces into function spaces,
preprint.

[6] E.V. §Eepin, On k-metrizable spaces, Math. USSR Izvestija 14(1980)
407-440.

[7] 7. Semadeni, Banach spaces of continuous functions, PWN Warszawa,
1971.

[8] K. Tamano, Closed images of metric spaces and metrization, Topology
Proceed. .10(1985) 177-186.

[9] V.V. Uspenskii, On imbeddings in function spaces, Soviet Math. Dokl.
19(1978) 1159-1162. ~



Vassiliev #% & ¢ knot diagrams
LEBIERE Kz

1 9 9 04 Vassiliev[23] IC & Y, quantum group invariants & & 3 &
> 72 knots invariant DMEEFINEHZEE =, /=  Birman & Lin[5] &
Vassiliev invariants % knot diagram %> THETE S5 L DICERILL
. ZOFTIE [BlICULEA>THEFEEHHEL, BETLMEICS
h BRICEFZORRERNS. ‘

1. Vassiliev invariant D2
52% ([5])  knot @ numerical % invariant v AEA BN B'L, KONT
knotted graph @ invariant NEH SN 5.

) o)) =5 )=o)

7 2T knotted graph £i% circle @ R* D immersion T singularity
iZ double point @& TH Y, flat vertex graph & UTH Y D.

K™ % n double point % ¥ D knotted graph &9 5.
(2) v(K™) = 0(n > 1)

Rt =, B/ME: 2L Y v % Vassiliev invariant of order ¢ & & T}
v &<, »

¥7= Knot OFZEMN finite type TH DL HI2EBH m RETE
LT, ZDFREEMN Vassilievinvariant of order m 22 oTWB Z & & T 3.

TOERBICEIYDMBEDIC, < D invariant A Vassiliev invariant
Y724, invariant £ WD kUL  invariant OBEEBA TN LN, 2D
Vassiliev type invariant iIC1d ROEETREND £ D IC quantum group
invariant WEENTUE D,



2 ([4] [5] [11]) Q¢(K) % knot K @ quantum group invariant & U,

inf .
P (K) = > w(K)z'
i=0
B QUK)ICg=¢€ ERAL & 2745 -BHEITDIILICLYEDN
EREFHLTH. 20kE 2 OBRBEwE)E i=00kETL 12>1
M & = Vassiliev invariant of order 1 TH 5.

quantum group invariant &% braid group D R —47FIFRIRD trace &
LTENB2HDTHY, Jones, HOMFLY, Kauffman. polynomial %4
FEND.

ZDEDIC ZLOBHEREAEEEHETODITHEN, BH
ICRoTHaBE &M (2)iF | v(KY) & knotted graph DA HITHK
BARWZE LEMETHSD. £ZTET [i]—configration & WO EEHE
5.

[{]—configration &% S'ED 2 HOEAE (EOMICHTITHHITHFTH
J, WOEDEIICHET2REMI THATHODT.

@ r5J- cm{;gmt«‘m

- Knotted graph K* % 5! @ immersion & HEELE —HT5EEN

LUTHBE K IZWUT [i]—configration X632, EHIB %
f(2) & v(K*) B [{]—configration ICOBHEET B L WVWDIZ LICRD.
[i]—configration ICHENWT MOZTEROLRVWESTAHELE, ZD
[{]—configration & inadmissible T3 % &\ 2 (inadmissible TRV & &
admissible) . Inadmissible [j]—configration ICZWL TiE FTERD X DI
1 D double point YKL & 2 D2DHELSICHHN B & D & immersion
Mehsd., Zh% inadmissible configration IZxf 3% good model & &3,
good model KV [Z/20wWLTid (1) &Y £ED i IZHL  y(K) =0



b,

BFD22% v(K) IZHT S initial data & K&
(B)FEBED 1120wl %(0)=0. 22T O ¥ trivial knot 2H b b 7.
(4) 2 <j <I935 admissible [j]—configration % ¥ D knotted graph
K7 (model graph & &&) @ (k) D1E.

Axiom(1), (2) & initial data(3), (4) iIC& VY, w(K) ik ‘HETBZ L
WTED, EBEOEHEIT &®RDE D% resolution tree #EF X niX kW,

% O/O\‘o ICHBWT 3200 axiom(1) ICH B DS 3 DD knot-
ted graph T HTFH 1D double point BEVWEDE TS, ZHEEED
polynomial invariant T H 14, % resolution tree LHHERDH DL FZ 3,
HFICHED D8 double point X TWLS DT, (2) LU (4)I1C&Y
double point 2V ¢ ICR - ERLATHENNEBTHY, ZTFICHDDFKICD
Wit “[j]—configration %% DEE D knotted graph & cross change
T [j]—configration @ model graph ICFT2Z LN TEZ" DT (3),(4)
CEYRERRBL 3.

2. Initial data DOEE

Vassiliev invariant HZ < @‘fﬁﬁ’%ﬁofhé@ﬁ # @ initial data
DEHEICHD. FREMOD knotted graph D v; ERDHNIT LI VWD TH B



W, —BETEDL &@kkﬂ@%ﬁ&ﬁ~ Ed T I,

() /y\ — ;(

oK
v; /K\ — i
ZEC (5) DERETATHET IR ROLILBIRD.

il

[l

mf/

< j > —configration % [i — 2]—configration I3 & z,y,z ZMAZ
DL L, < j> —configration %% HH T model graph X z,y,z BH
—HExhTWwded5, BB 1D0D triple point & 7 — 2 D double
point % ®H o T\ % immersion THDH. Z D triple point NHIKD 6 DD
resolution £ < Y, (5) DR % list up FTHRTE W,

//_’\\

{ \
} z_Y
> /t\ e
\
NG

local picture of an immersion near a wiple point

%




ZZ2T BFEELRILERSRVOIE v O initial data ICEWT
[i]—configration IZ#9$ % model graph @ v; DEIL embedding TR 5 72
W, BB [i]—configration M HIC & B DER, [f]-configration (5 < 1)
ICBWTIE model graph IC&k 2D T HEBREFER->TL S, |

3 v D [i]—configration ICX U TEHKRD & D id &,

o1, 09, -, 0n % admissible [1]—configration & U,
(X17X27 o :Xn) = (Ui(al)a Ui(a2)a v 1'Ui(an))

L. {Bs:8=1,2,--+,m} & admissible < 1 > —configration & U
FIoD (5) OREEL, AREYZIRFBRELTEEIVWDOTHS. 17
FicEEIE ’ .

(6) MPX, =0,

Xy= (X1, X9, -, Xn) T M; & 2m X n ORBGINTHE. DHHA
nontrivial Vassiliev invariant of order 1 WEE T NIX, (6) DEZERED
RIGEIEIC RS,

[j]—configration (j < ¢) IKDWTHEMRICTNIEE VD,
< j > —configration IZ® model graph 22< Y (5) DREEIED,
(5) DR TH BHH 3 knotted graph DHAICIEE U= model graph & i
[j]—configration iZ[f U TH embedding BERDDHDATTL 5. £
N% axiom(l) CHETBZHENHD. BIL FEAREILZFEXADTTL
BHZIlies,

(7) M;' X = N;(1 < j<i—1).

zZ2T X=(X1,Xs, o, Xn) W& TNTOD admissible [j]—configration
@ model graph ICX$ 3 v; DETH Y, M; & (5) DEBRNEIYELN
BEBATIICH D, N; & model graph ICT 2 EHICTTLBEHTH Y,
Xitt, -, i QED LRATHOLDLINTWS. A OEICHLT (7)D



EREELRTNIE RS 2NV IR 5.

Nij B Xjgr, oo, & D LIRRBROEND, (6) & (7) E—#ICLT KROL
S REREN LRAFEIDS Bohsd, 2EL X = (X, X, -, )
THb.

(8) MY = 0.
523 [5]  order ¢ @ nontrivial Vassiliev invariant NFEETNIE  (8) D
R DIRTTNIEL 2 5.

3. Vassiliev invariants of order 4

EEC 2 OB Y B YIS order 4 @ Vassiliev invariant @ initial data
RHELTHS.

admissible [j]—configration (j < 4) & HIT 5.

@@@@@@%

X, X

7

admissible 4—configration

S, 5

admissible 3—configration & model graph

"

admissible 2—configration & model graph




T1,Z9, o7 & B D configration ICXT 2 vy DE, y1,y2,21 & H
@ k& > 72 model graph @ vy DIETH 5. ' ‘

F¥ = 4IKKDVWT 1,3, 0,0 KWERYMDAREZATHS,
z,y,z DOBL2EDPEH > TVWBEHEE HrwEdHhzezmoB5 (5)
D2oODEMN L DIC reduce INb., BEREBDODETEH T THDEIRD
kB,

<47 -cmfijml/'m
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NN,

SEAE,
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j =3 DHE admissible < 3 > —configration FHE 1 DTHB.

The six resolutions of & and the [3]-configurations they respect

. ®; 1T <3 > —configration @ immersion A H TT < % knotted graph
TH5.



®, & g A isotopic £ U,

v4(P3) — vs(By) + va(Ps) =0 |
B, £ &g 1M U [3]—configration HFDNDT axiom(l) &V

ve(P3) — va(P6) = w6
?)4(@3) = ’U4(@6) -+ T
£oT

2'04(@6) - ’04((]:)4) + g — 0
S 2y1—ys+we =0

j=21CDWTIt admissible < 2 > —configration FHFEE LRV, o
THOFBHOM NI LITRD.

Dk FehHde

9 —x3+ x4 =20
3+ x5 —2x7 =20
Ty — s+ 2 =0
£ — 229+ 23 =0
—z9+x3— x5 + 25 =0

2y —ys + 26 =0



0 -1 0 0 0 0 0 0
0 1 0 1 0 -1 0 0 0
0 o 1 -1 1 0 0 0 0
1 -2 1 0 0 0 0 0 0 0
6 -1 1 0 -1 1 0 0 0 0
0 O 0 0 1 0 2 —1 0
0 o 0 0 0 0 0 0 0
ZOREMIZEICEY

T -3 2 1

Ty -2 1

T3 -1 0 1

Ty 1 —1 0

Ty ., 1 +h 0 L. 0 g

T 0 1 0

Ty 0 0 1

U 0 0 0

Yo 0 1 0

1 0 0 0

“a,b e, d e IFMEEEH.

ZZT g =4 D v ODENTRNTODES

N = O O O 0O O o O

0

T
)
3
Iy
Zs
Tg
7
Y1

Y2
2]

O O O O O O o oo o

1

o O O O O O O O o O

order

3 @ Vassiliev invariant ICR2 > TWBAZ LICEZEXhEW, D Ficky
KD & D 7% initial data DF (actually table) BWEDH 3.

D

(1)

Actually table for ; =9



1@ &

(1) (2)

T

Actually table for ; =3

- 62| | BB | D&

(-3,2,1) | (-2,1,0 ] (=1,0,0) | (1,-1,0) | (1,0,0) | (0,1,
(0,0,0) (0,1,0)

D

(0,0,0)

LV
B

[e)

) (0,0,1)

/s

j=3

Actually table for i = 4
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VASSILIEV INVARIANTS, GRAPH COMPLEX AND
DIFFERENTIAL FORMS ON THE SPACE OF KNOTS

TosHITAKE KOHNO

ST 1% AL (RARBLIL)
Introduction

The purpose of this note is to describe Vassiliev’s knot invariants and differential
forms on the space of knots from the viewpoint of de Rham homotopy theory.

In conformal field theory, the representations of the braid group appearing as the
monodromy of the Knizhnik-Zamolodchikov differential equation play an important
role (see [KZ], [TK], [Ko2] and [D]). These representations of the braid groups have
been studied in relation with representations of quantum groups, and revealed a
new relation between conformal field theory and topological invariants for knots
and 3-manifolds (see [W], [RT] and [Ko3]). On the other hand, knot invariants
had been studied by Vassiliev [V] as the zero dimensional cohomology of the space
of all knots, and he defined the notion of invatiants of finite order, which are now
called the Vassiliev invariants. It was pointed out by Birman-Lin [BL] that the
derivatives of the Jones polynomial, or more generally quantum group invariants,
can be described by the Vassiliev invariants. One can show that the invariants
derived from the monodromy of the Knizhnik-Zamolodchikov equation also admit
a similar description.

One of the ways to express such monodromy representations is to use Chen’s iter-
ated integrals of logarithmic 1-forms. The expression for monodromy of braids was
recently generalized by Kontsevich [K1] to the situation of knots in 3-dimensional
space.

It has been known that Chen’s iterated integrals provide information on the lower
central series of the fundamental groups. Let us consider the Vassiliev invariants
for pure braids. The de Rham homotopy theory suggests a relation between two
filtrations, one obtained from lower central series and the other obtained from
Vassiliev invariants. In the first part of this paper, we shall show that these two
filtrations on the pure braid group actually coinsides (Theorem 1.2.25).

Another approach for a description of the Vassiliev invariants has been pursued
motivated by Chern-Simons perturbation theory (see [W], [AS], [B1] and [K2]).
In the process of examining the asymptotic expansion of the Feynman integral of
the Chern-Simons functional, it was discovered in [GMM] that the second coeffi-
cient of the Conway polynomial, which is a Vassiliev invariant of order 2, has an
integral representation. A relation between Chern-Simons perturbation theory for
3-manifolds and graph homology was pointed out by Kontsevich [K2]. In the second
part of this note, we are going to discuss graph complex for the space of knots. To
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each graph we associate a differential form on the space of knots and we present an
algebraic manipulation describing the differential in terms graphs.

1. Vassiliev invariants and de Rham homotopy theory

1.1. Review of Vassiliev invariants for knots
Let us recall briefly the notion of the Vassiliev invariants for knots. First, we
consider the space of smooth maps

M={f:8" = R3.

An element f € M is considered to be a knot if it is an embedding. We denote by
% the subset of M consisting of maps which are not embeddings. A knot type is
clearly a connected component of the complementary space M \ L.

A starting point of Vassiliev was to compute the cohomology of M \ . In par-
ticular, the zero dimensional cohomology corresponds to the knot invariants. In the
study of the spectral sequence obtained from the stratification of the discriminant
set ¥, Vassiliev reached, in a natural way, the notion of finite type invariants.

According to [BL], we shall say that a knot invariant v is a Vassiliev invariant
of order k if the following condition is satisfied for any knot K and m > k.

> e emv(Eeoe,) =0, (1.1.1)

€1 €m

where ¢; = 1 or =1, j = 1,---,m and the symbol K., ..., stands for the knot
obtained from a diagram of K by interchanging m crossings into positive ones or
negative ones according as ¢; = 1 or —1.

Let us denote by V), the vector space of order k Vassiliev invariants with values
in C. We have an increasing sequence

Let us extend v on diagrams with finitely many transverse double points recursively
by
v(D,K)=v(K;)—v(K_), (1.1.2)

where D, K stands for a diagram with a transverse double point at z. The symbols
K, and K_ represent diagrams obtained from D, by replacing = with a positive
crossing or a negative crossing respectively. If v is an invariant of order k, then
it naturally defines a value on a diagram with k transverse double points. This
does not depend on the other crossing points, and determines a value on a diagram
with k chords as shown in Figure 1. Moreover, the obtained values satisfy the com-
patibility, so called 4-term relations and framing independence depicted in Figure
1.

Let us denote by Aj the vector space spanned by the diagrams with k chords
modulo the above two types of relations, i.e., the 4-term relations and the framing
independence. The above construction shows that we have an injective map

Vk/Vk—l - HOTI”Lc(Ak,C). (1.1.3)



FIGURE 1 4-TERM RELATIONS AND FRAMING INDEPENDENCE

It was shown by Kontsevich that this is actually an isomorphism (see [K1] and
[B2]). The construction of the inverse to the map 1.1.3 involves a generalization of
Chen’s iterated integrals discussed below.

1.2. Bar complex

We are going to describe de Rham homotopical aspects of the Vassiliev invariants.
Let us first recall the notion of Chen’s iterated integrals and the bar complex (see
[C] for details). Let X be a smooth manifold. We denote by

M Xi=Xx...xX—-X

the projection on the i-th factor. For differential forms w;, - ,wy on X, we put
Wy X -t X Wy :wal/\---/\ﬂ';wq.
We set
B"™ = @p_q=nCP™? (1.2.1)

where CP~7 is the vector space spanned by the symbols
i) -+ g = w1 X -+ X wg

with differential forms of positive degrees wy, - wg on X such that
degw; + -+ + degwy = p.

We denote by ;X the loop space, i.e., the space of smooth maps v : [0,1] = X
such that v(0) = v(1) = z. Let A4 denote the standard g-simplex defined by

Ag={(t1, - ,tg); 0<t1 <+ <ty < 1)
We have a natural map
P QX XA =2 X=X x---xX (1.2.2)

defined by
Prite, ) = (v(t1), - v(2g))-



Chen’s iterated integral of the differential forms wy, - ,wy along the path « is by
definition

/¢*(w1 X X W) | (1.2.3)
Aq

which is denoted by

fywl-an. (1.2.4)

The integral (1.2.3) is considered to be a differential form of degree p — ¢ on the
loop space 2, X. Let A™(Q,X) denote the space of differential n forms on ,X.
The above construction defines a map

p:B* = A*(Q.X). (1.2.5)

By introducing a differential d : B™ — B™*! in the following way, we can show that
the above u determines a morphism of complexes. Let us introduce the following
two differentials di and ds. ‘

difwi] - |wg] = > (1) [Jwr| - [Jwiog|dwlwigs] - - - [wg]
: , (1.2.6)
dofw] -+ Jwg) = D (=1 Jwy| - [Jwiza| Jwi A wigs|wigal - Jwg]

i

where Jw stands for (—1)4%8“w. These two differentials make @, ,CP~¢ into a
double complex. It turns out that the differential on the de Rham complex for the
loop space correponds to the total differential dy 4+dy. The associated total complex
(B®,dy + dy) is called the bar complex.

Let us summarize basic results on the bar complex obtained by Chen (see [C]).
Let us suppose that the manifold X is simply connected. Then, the bar complex
computes the cohomology of the loop space 2, X. Namely, one has an isomorphism

HY(Q,X;C) = H/(B®) (1.2.7)

for any j. In the case X is non-simply connected, the 0-dimensional cohomology
of the bar complex extracts information on the fundamental group of X in the
following sense. Let C[m;(X,z)] denote the group ring over C of the fundamental
group and let I denote its augmentation ideal. We have a pairing by integration

H°(B*) ® C[m(X,z)] = C. (1.2.8)
We have an increasing filtration on the bar complex defined by
FkB. == @qSkay—q» (129)

which induces an increasing filtration on the cohomology FyH°(B®), k > 0. The
above pairing gives us an isomorphism

FyH°(B®) & Hom(C[m (X, z)]/I**!, C). | (1.2.‘1‘0)



By taking the projective limit, we obtain an isomorphism
H(B*) & Hom(C[m(X,z)],C), (1.2.11)

where the symbol C[m; (X, z)] stands for the completion of the group ring with
respect to the powers of the augmentation ideal (see also [HJ).
Let us apply the above construction to the configuration space

Confn(C) = {(21,"-+ ,2n) €C™; 2z F# 2z; if 1% j}. (1.2.12)
We put
Wij = QW\/__leg j), Z# ] (1.2.13)

It is known by Arnold [A] that the cohomology ring H*(Con f,(C), C) is an exterior
algebra generated by w;;, 1 <1 < j < n, with the quadratic relations

Wij N Wik + Wik N Wei + Wei A Wiy = 0, i<j<k. (l.2.14)

We denote by 2 the above cohomology ring. Let us recall that the fundamental
group of Conf,(C) is the pure braid group P,. We denote by C(X;;) the ring of
non-commutative formal power series with indeterminates X;;, 1 <¢ <j < n, and
7 the ideal generated by

Xij, Xix + Xy ] for distinet 4, 5,k

[
. (1.2.1
[Xij, X) for distinct 4,7k, L ‘ )

Here we put X;; = Xj;.
By means of the de Rham homotopy theory on the configuration space of n
points on C, it is know that we have an isomorphim of complete Hopf algebras

e,

CIP.] = C(X:;)/T. (1.2.16)

We refer the reader to [Kol] and [Ko2] for a more detailed description.

Let B°§) denote the bar complex on the algebra 2. Namely, we define the
complex as in (1.2.1) by taking elements of positive degrees wy,--- ,w, from the
algebra ). The following Proposition asserts that it is enough to consider the bar
complex on the algebra {2 for our purpose.

Proposition 1.2.17. We have an isomorphism
F,H°(B*Q) & Homc(C[PR,]/I**?, C),

which induces an isomorphism

e

H°(B*Q) = Homc(C[P,)], C).



Let us recall the notion of the holonomy Lie algebra. Let
U: HY(X;C)® H'(X;C) = H*(X;C)

be the cup product homomorphism. We denote by Lib(H;(X;C)) the free Lie
algebra generated by H; and let J be the ideal generated by the image of the dual
of the cup product homomorphism

n: Hy — Hy AN Hy.
We define the holonomy Lie algebra for X by
Gx = Lib(H,(X;C))/T. (1.2.18)
The primitive part of the complete Hopf algebra C(X,;)/Z is identified with the
completed holonomy Lie algebra for Con f,,(C), which is isomorphic to the nilpotent

completion of the pure braid group P, over C.
We have a homomorphism

6. P, — C<X1_7>/I (1.2.19)

given by the iterated integral

9(7):1+/w+/ww+...+/w...w+...
v v 2

with the connection
W = Z X,ijwij.
1<g
This is a universal expression for the monodromy representation of the Knizhnik-

Zamolodchikov differential equation.
Let us notice that the condition

d (/ Zailjl...,i"jnwiljl s wz’n]‘n) =0 (1220)
Y

can be expressed as a linear relation among the coefficients a;,;,...;,;, € C. This
relation is nothing but the 4-term relation and is shown diagramatically as in Figure
2.

"FIGURE 2 4 TERM RELATION FOR PURE BRAIDS



1.3. Vassiliev invariants and lower central series
Let us denote by I'yP,, k = 0,1,2,. .-, the lower central series of P, defined
inductively by
ToP, = P, Ti41Pn=[TkPy, Pyl (1.2.21)

We say that v : P,, = C is a Vassiliev invariant of order k if the condition

> e emv(Yer,em) =0 (1.2.22)

€1, €

holds for any m > k and v € P,, where the notation is similar to the case of
the Vassiliev invariants for knots. Here we consider only the crossings of distinct
strands. We denote by V;* the vector space of Vassiliev invariants of order k for
pure braids with n strands. We put V™ = U>oV}*, which is the space of Vassiliev
invariants for pure braids with n strands.

Let v be a Vassiliev invariant for a pure braid with n strands of order k. As in
the case of knots, this determines a value on a diagram with k chords by considering
singular braids with double points. We have the 4-term relations as shown in Figure
2. Let us denote by A} the vector space spanned by the above diagrams with k
chords modulo the 4-term relations. Let us notice that A™ = HZZO Ay is equipped
with a structure of a graded algebra. This algebra is generated by diagrams, {);;,
with one chord connecting ¢-th and j-th strands for 1 < 7 < j < n. Here the
multiplication of the algebra is given by the composition of diagrams and the degree
of Q;; is set to be —1. The above construction gives an injective homomorphism

V[Vt — Home (A%, C). (1.2.23)

As in the case of the Vassiliev invariants for knots, we have the following Propo-
sition.

Proposition 1.2.24. We have an isomorphism
an/an—l = HO?TLC(AZ:, C)
It was noticed by Stanford [S] that if v € I'y Py, then any order k Vassiliev

invariant for -y — 1 is equal to zero. Combining the above construction, we have the
converse to this statement.

Theorem 1.2.25. For«y € P,,, v is an element of the k-th stage of the lower central
series I'y P, if and only if any oder k Vassiliev invariant for v — 1 vanishes.

The following is an immediate Corollary to our argument.



Corollary 1.2.26. We have a canonical isomorphism
Vit = F H(B(Q)).

By taking the projective limit, we have an identification of the space of Vassiliev
invariants and the 0-dimensional cohomology of the bar complex

V™ = HO(BY(Q)).

- It is known that the pure braid group is residually nilpotent, namely, the intersec-
tion of the lower central series for the pure braid group reduces to {e}. Combining
with the above Theorem, we obtain the following result.

Corollary 1.2.27. The Vassiliev invariants for pure braids are strong enough to
distinguish any pure braid. Namely, for 1,72 € P,, we have y; = 7, if and only if
v(71) = v(7y2) holds for any Vassiliev invariant v.

2. Graph complex and differential forms on the space of knots

2.1. Graphs and associated differential forms
For x € R%\ {0} we put

w(x) . 1 .’Eldmg A d&?g + :IIgd(L'g A d(L‘l -+ IL’3d£C1 A CZCCQ
4w l]|® ’

(2.1.1)

which is the volume form for 5% normalized so that [, w(x) = 1. Let us consider
the configuration space

Confn(RE\{0}) = {(x1, -+ ,X%a) ; x; e R®\ {0}, x; #x;ifi # 7} (2.1.2)

The differential form w(x; — x;), 1 < i # j < n is considered to be a 2-form on
Confn(R?\ {0}).

In the following, we consider a finite graph I" whose boundary consists of finitely
many points on a circle, satisfying the following conditions (see Figure 3 below):

(1) For each vertex which is not on the boundary, there are at least 3 edges
meeting at the vertex.

(2) There is no loop in the graph T', i.e., there is no edge adjoining the same
vertex.

We suppose that each edge of the graph is directed. We set

or = {Pl,"' 7Pk}-

The circle is parametrized as 2™ 0 <t < 1. Here we fix a base point O on the

circle corresponding to ¢t = 0, and p; has coordinate tz, so that 0 < t; < -+ <
tr < 1. These vertices are called external vertices. We fix an ordering for the other
vertices called internal vertices and we denote them by {pr41, -, Pk+i}. |

We denote by m the number of edges of the graph I'. We define the degree of
the graph I' by
. degl’ = -k — 3l +2m, . o (21.3)



which may also be expressed as

S G =Dki+ Y (5 - 3)l

i>2 §>4

where k; and l; denote the number of the external vertices with valency 1 and the
number of internal vertices with valency j respectively.

To each graph I' satisfying the above conditions, we associate a differential form
on Confrri(R?\ {0}) in the following way. First, for each directed edge [p;p;] we
set

Wpips] = (X5 — Xi).

Using this, we define wr by

wr = /\ Wip;p;]- (2.1.4)
[pipjl€edge(T)

Here edge(T") stands for the set of edges of the graph I'.
We define (M \ £)o to be the space of embeddings f : S' — R? such that
f(O) = 0. We define X ; by

Xk
={(f;t; %1, - x1) € ( M\ Z)o x A X ConfiR®; x; ¢ f(SY), 1<j<I}.
(2.1.5)
We have a map
d) : kag — Conka(RS \ {0}) {2.1.6)

defined by
(:b(f;t;Xl)"'xl) = (f<t1)7 3f(tk);xla"' )Xl)‘

We denote by m : Xz; — (M \ I)o the natural projection. The fiber m~1(f) is
equal to Ay x Confi(R3\ f(S1)).
For a graph I' of degree n in the above sense, let us consider the differential form

¢*wr. Then, the integration
/ ¢ wr (2.1.7)
©=1(f)

defines a differential form of degree n on (M \ ).

2.2. Graph complex

We denote by D™ the vector space over R spanned formally by the graphs of
degree n in the above sense. Here the graph obtained from I' by making the direction
of one edge opposite is identified with —I'". Let W be the subspace of D™ spanned
by graphs with double edges, i.e., graphs containing two distinct vertices, so that
there are at least two edges adjoining these two vertices. We define D' to be the
quotient vector space D™ /W.

For I' € D" we define 6T as a formal sum of graphs obtained by contracting
edges in the following manner. For each directed edge e we define a new graph I'/e
obtained from I' by contracting the edge e. We define the direction of the edges



of T'/e as the one induced from I'. In a similar way, we define I'/p;p;37, to be
the graph obtained from I' by contracting the arc P;p;+1 on the circle, with the
direction for edges induced from I'. Let us notice that in the above contracting
procedure the resulting graph might have a loop. We define 4T' by a formal sum

0T = (-1YT/Fprn+ », ele)T/e (2.2.1)
J e€edge(T)

The symbol €(e) is 1 or —1 determined in the following convention.
For 1 < i< j < k+1, let us consider the edge adjoining the vertices p; and p;.
We put . ‘
e(lpi, ps]) = (=1) 71, e(lps,pi]) = (=1 (2:2.2)
We define C™ to be the subspace of D consisting of = € D" such that dz is
expressed as a linear combination of graphs without loops. Thus, ¢ is considered
—n+1
to be a map from C* - D .

example: We indicate below simple examples of graphs and their derivatives. The
graph T'; and Ty depicted in Figure 3 are both of degree 0 and their derivatives 6I'y
and 6Ty are shown in Figure 3. Consequently, we have

(I +T) = 0. (2.2.3)

It follows from Theorem 2.2.5 below that the integration of wr, 4+ wr, is locally
constant on the space on knots and determines a knot invariant. Let us recall that
wr, + wr, — % defines, as a knot invariant, nothing but the second coefficient of
the Conway polynomial (see [GMM] and [K1]).
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FIGURE 3 EXAMPLES OF GRAPHS AND THEIR DERIVATIVES

We denote by A™((M\ Z)o) the space of differential n forms on (M \ X)o. From
the construction of the previous paragraph, we have a map

pt i C" = AM((M\ B)o) (2.2.4)
by defining u™(T") to be the integration of ¢p*wr as in (2.1.7) for a graph I' of degree
n.

Theorem 2.2.5. We have
du™(T) = p™*(oT).
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ROEHIIS TEVYINSG, (2) BERICLIVHESHLTH 3, (3) i
H' (M x 5*) il & i3 HY(M x SY) 0l & ¥ ThH B Eic L B, -
T, BERT(M) oRHEAE®TEH 5,

(M) OMERERRITERICES> EROE I 3,

ari, (M) i3 (a) M x S'oFt &R, (b)) RESHHFEROEHO &b
5. () p([M]) oHMENEE Vagic 813 3 Chern-Simons functional @
EAMED & 0 E . (d) p(y) OERMFHERV, B3 50k, 0D H,
(2o = G G £ G A ’

REMARK: T T, —Ib. ply) OBAENER BT 2+, I —F
BOIERAER ] CEETILELD 3,

InoRr(M)BEIoRVWI LR, BEANCRERBIELF 4 TAR
EBTHBI &Itk B,

PIZE, (a) ST BIC L SRV E 2RI M xS ED > 0 generic
BREBZ go. 1&T 50 gi 2 gol 12 2R CHBOBET 3, git & D
T2 I AEMN (o) & N(g1) PED 2 F 74 XA, N (g:) x {1}
EEDL VDT REB, CCTCHELRIOR. N (g) PERARRE LT
WIEODREHBRAETHE LI ER—BICRbILroRIWVWIETH 2, B, 53
GBI LT. N(g) CRAKBRECTHERELENZH b LIZ b,
z0E & N(g) CARBER BTN LS A g2 LN BB B
MELZ5. 3. 2HOBBLENMEEEZELR. (X)) >11siL%
DEIBEBEETEHIIEBbL B, (E-T. Donaldson ZHEADBLRE
%&LT%%S&%t@K@bﬂX}>1thi%@ﬁi%%ﬁ%%&m
30) ETHRX=MxS'TH0. b =0Th2, LOLEHBS, D
BE. CLAREREVDBRHIIB-TWE, b, 3. 28O 05,
QG§¢OT&%QD\EE@J§ LT, PricRE s RE D WS
BEREIEFEELZV, - T,

L= || V(g) x {t}

0<t<1
TEAZBELRBOLBERITERET, BRIZ
0L =N?(g0) | |V (91)| | M x [0,1]

ET B, Mtk T v—SREWA. M x [0,1]0EMREn, Wik,
N?(go) DIEH E N7(g1) DIEEIRE LW
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N1, SHIOMBEA ILETENILEZLEZ LD TH S, L LENS.,
BMEBIELTRESDEIA, IL{bh 5K,

§5 EVaFAEMEORE VEE

—MBIEREY2FAERRAC VEELRE>PEhbrod. ER. B
R Wb DEET S, CCTRB AV VBEVALZADL L T44%
BEEBZ2, N CM» CB* kBT, #HFH D normal 3 i 5 IH
THhBIEDhE,. BPRAEVEESAZIEE, MY N7 T2 & v
EBRADCEREETS %,

Ac MBI aE~Ny P VERIIE. BHEEE

d+
0 — 0°(g) <4 Q*(g) = 0% (g) — 0

O H'EFE—#H& %, genericicid Ae M*icdLl, HO=H? =0 v
o BN PVERMBEOBHEEED index EEA MPOE~R7
HidZDindex & ( KOHoxxELTR) BA—HTEE, EVWEX3
&L FEHIEERE

Da=dy@dt : Q(g) — Q) ® 02 (g)

% LI B, TM* = |0 Ind (Da) = Ind (D) 5 KO(M*) 0575 &
LTHEDILDe ZITUTTIRInd (D)2 B*LTEL. T O w251 E ¢
%o Iz Atiyah-Singer @7 7 3 Y —[R D index EHE % W THITT %,
L2L. 773V —0BEKEKOTHREEPRE(RT 2, KFHOT
DFD.EHR~NI PVER S Chern 8E % #H - T, %% ( Chern #)
EBENICEETICERTEIN, KOBOIXT2F 0D, EX7 PVER
543, Chern f51E 3 H A 7 FH S < Stiefel-Whitny 3 ® & 5 72 torsion
HZEBEMILEESTICLREETH 2, R LB BN b
WDO77 3Y—Oindex DRFEEEEETITHEEZHNSOB L, (5B 5 A
BRIALTLEAE, waOBWRERBATLE I0)

TIT, TR XBMERBELZR 2ERET 30 < D& & RN
DiILDo

EE., XEBERBELZRDL. Hi(X;Z) i3 2-torsion 227X W ER
ET Do COEE, (1) £k (2) OB, B*RREVEEEE S,

(1) XoRXERNEZHFs 1 7

(2) XORXEARBBES A T ThHD ea(P) 3FH

XPBERBEEERE 2 0. 2nEAVWTO(g) =T(APT* X ®r o)
KEREENAS. BEic. XOoBERBEEJ L X Loy —< vEtEgE AW
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Tw(ly)=9(J¢n) LEDZE. CHEFEBILR2EREED S, wi
vz, 02(g) 3% weQ®(g) tE—Hah, BicQ(g)e0%(n) w
2Iw/V2=-1.11=w/y/2ick0Q%g)® tEB&icdn. D ik

D : QOU(g) — Q%) @ QO (g)
B X M —5—0DEiZ D it Dolbealt fEEZ
G eds : 20N(g) — 2%0)° @ Q% (g)

WK SV, > T, Dy BEZRBECT. Index T K HOTEED %0
(X Br—95-1256, Va5 4 ZHRERSHERCBTI0TE-T0) L
L, X BEHECHERERETYr -5 —TRIFHIE, Dy BEZREN T
BV, EXAN, RERBIER,. Dy Oy Yy FNVRERBE T, po*
Dy rFENs 5 X Dolbeat TEAHZ DO v v R NI SR E—-HFT B LT
b oT. . indexi2FD Y YRV ISAKCDALEDEZ DS,

Ind (D) = Ind (0* @ 8) € KO(B*).

L - T,
wz(Ind (D)) = wy(Ind (5* @ 9)).

—7 « Dolbealt FEFHZRREZRBRETH I 0 5,
wy(Ind (8* @ 8)) = c1(Ind (5* @ 9)) (mod 2).

£-T. ci(Ind (6*@0)) 2tEF i &V, ChidIndex EETHET
Ebdo BRR

(V) c(Ind (8* ©8)) = —2u(P.D.cy(X))

LW B0 CCRpB1EDOSDOT, PD.RET vy I VR EET,

RIZHBER, ERXORQLTUL»E VAT EKREE LRIV ET
Hb, RENRS, Index FEEHVWA EEHR 41275 T Chern l5EAXH
WTEBD, TR Q ETLLrEENZ L, LhL, CCTEALER
OHLAIREBICZL EEBEINTVWEEDTH B, -T. LoQORZ E
DEHBHFTOERNTIE S 3 M, torsion FHIKH>VWTRABICSEAR
Vo modulo 2 LTdwy =0 EREWYIRAZV, 22T, HY(B%Z) ®
torsion N5, TNREERKEE I L. Hi(B*;Z) D torsion %
X EOHIF T, ThiERTHE 3,
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g, Hy(X;Z) i3 2-torsion 2 FcinwE&d5, D& &,
(1) XORXERADBETS 41 TE7B. ES A 7T ThDco(P) BHEEK
R 4N
mB* = H}(X;Z).

(2) XORXBRHEBS 4 7Tho cy(P) BERE 5., KOELT
G158 5o

0 — Z/2Z — mB* — H3(X;Z) — 0.

it Steentrod O EEME., b2 VWEREEZEHZEZAVT, W 20D
REN P E e Y- DBEREITRIEICLD, SFEEN 3,

WEic, COmE» S, (1) OFE, Hi(B*;Z) 13 2-torsion 2 E 7 7k
W ERDLDPY, Lo T ORZ/2Z ETHROVUSERXTH B, 2D, &
DEEEY 274 EMRAE VBEER e B X =MxS'T.cy=1
DR E U REEEES,

fl1. X =CP2%

M1(CP?) 32T, My(CP?) i CPPDRhDEL 0RTD b 2 EILH
GERGER-MTELRIEBHONTVWS, £oT, THIFRE v,

flza. X =K3 #hiiE,.

COBE MWREBY -5 —HBEIAL I EBFELLKOERTH
PoTHBD.ar=00BThe &-T, co(P)=kBEHTH 2 & v &
Abo XIBPF—5 ZDBELEIMTH %,

#l3. X = CPz,

HHEREROERICE D, M(CP?) BCP2ED cone TH ., Chid
2 VEERELE Y, CPAREEZERE TN

Fla. X =54

bbb 5 AMBERSHETRZ YV, Atiyah-Hitchin-Singer 1z £ 1 .
Mi(§*) =B cohniBa v, —F, MBRKREEDERIC LD My(5Y)
B752= 2B EGrs(R) Lob 252 70E~7 P VEOLZRN
THhb, SRR YT,

Remark (1) SU(n)(n >3) #BEH LT3 FEHROLOBEFDOE Y 2
SATEHORE YEEIKSOVTRIRMBEKD To,

EH. XIBERBEZRS. Hi(X;Z) 13 2-torsion 2H 727w & (R
T 5o

(1) nBEEBOE, TV 54 EMEIE vEEEE-o,

(2) nBHEBT. XBR2E/EBOE, TPa51EBR2 v EEs
oo
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Remark (2) 4 RuZHEOHMERBEC>VW T, XZFHREPEFA 4R
TEMEE T 50 wy(X) O integral lift o € H*(X;Z) Th» Ta? =
3sign (X)+2x(X) 2#7d ((X) R X044 5-H) b ONEETH
B XEBHERBELZR O CEWRE 2. £BD 4 RTEMHRER Spin k&
2F D DT, wy(X) D integral ift B AL FHEET 2, BEica? = Isign (X)+
2x(X) (mod 4) %W/ d ift aW B FEET B L bbb, fo Ty
BiokZ2@EY i Eh il X#k(S?x S?) REERBEER X 2 TE 5,
XORRBRBES 47755 X4k(S? x §?) b% 5T, X ORXHRAS
By 47100, X#k(S*xS?) 6B TH 5. £»>T. TOEKRT. "stable”
iR, EOEEOR P THEREREORERRIT %0

§6 MIES

(1) 7(M) % Casson FNEBMM) & —HKT 2,2 %D/l Casson
FEBORESWUE2r(M) BE>» EI»ERFEK, FlZIE,

(1. 1) F2R r(My#M,) = 7(My) + 7(M3) ?

. RIRTT1 O surgery TRECHHEERO TV 2 5/ BEIED
B &L\'y)ﬁ:ﬁ%wcééo

(1.2) Dehn surgery 2o K CM%Z knot & L. M'% Kicin 5 + 1
Dehn surgery L7cdD&EF %, D& &, 7(M')— (M) =1/2A%(1) 7
BL. Ag(t) B Ko7 v+ vy —2HK, Chid. 7(M) O relative
version 2 fED . % @ coupling formula Z{Eh & W 5 BB I 520,
relative version ZfE2 B, SR b —F R EZBRICE D4 RTEHED
tTr—vEBmEPL LSRR ST, £1id Morgan-Mrowka-Rubermann
BlOBITBLEILRZ, LhL, ReoBF&oFRBER. (M) 2F
BTIRICAVAETEn V-HEBBERLEZDLB LD (ye Hy(M xS ic
HE) &, A ICERICCB60 ([M] € Hy(M x 8Y) wil) :2ikbh
W72 5720w 2 & Donaldson £ @ relative version DIE& 2 (Rt D &
TR Y—HFHEAVWEE, CNSRBEREZTDLSR VLD THIRICIL
ABVBAEDIP>TVWE, BREXZX DI T EeV-HFE@EI>BAE (Fx TR
Hi 0K BGd %) &, Braam-Donaldson[2]ic X D EABER D4 v 2
g rvirrviEwY—icfl@lEE>2d0D &L T, Donaldson & ER XL
ENTVEYN, BAD Hgik AIBT 3BT RABCIBLINTVWIERVWEED
Ndo £72.(1.2) BRINBIERB knot o7 VI v 5 —FHER
S —VEBmPOEABLVICLEERL., ThEHEAEREVW. & &
Ebh iz,

(2) M Seifert fiberd # € v ¥V~ 3REOBAE V2 54 EENC
i3 Milnor fibre 22?7073 < & & Milnor fiber E 2 E N §F v rHh 25§D C
EPON RREZBERALOBVWE LS, BRERNRBE&E LT, M
BT A VEREORE, NTORXERE-E EEE» 2
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(3) MBS Z/2Z *&uwY-3REOBE. EAHic LT, (M) LEH
T%%ﬂ7fét&?6&%ﬂmUhMImPﬂM) p(M) (mod 2)
Eeh?2(hidk Walker REBORORILHIET 20) 7(M) 2EET
2 MMPZ/2Z xEw Y —3KREOHE. Va2 54 EMICHNELRIC
HICT2RERDBAN, TO0R TV 2 34 ZHOBHRICD LEBLEDXTD 5
2T THA5 0

(4) XZ2ABHFA4LRTEHET. M x STEABETHE ET 5, B
LMRBZ*TeY—-3KREH. ReDHFETXOWMANHEAELERRES
NV ? Zzofkic, Hi(X) oERTRESH»EEDAE R ST
EHTEIN, Hy(X) OERTIZI MOEDASTERTE 20?7 — i
Hy(X) OtRFEIH 23 RTEHE NOEDABTERTHIERT
E2N. N=Micthdh, VI ETHB, F7 VA LI &
Hy(X;Z) = HY(X;Z) ©.

HY(X;Z) = [X, K(Z,1)] = [X, §7].

fel[X, 5% smooth itk » T, ZDOERIEa D¥E f~1a) R XOK
Rl oW ERELTD, Chd feibd 3 Hy(X;Z) onzEH
LTWwa, fE-T. MBREOXICEVWELI NS [f)] € [X,S] %
Hy(XZ) oERTicdits 2: b E—3ET 3, COEE, fgbt®
PE—EEREOPBER f: X - S Th-T., #OEREOHE R
MEBLZLOREFEETH 2?2 L. CABEENL O, XOMAIMHEAR
EBNABOFETEONS, TEELT, u_il’L%:'r(X) EEL TR
T5L. xOWEELTr(X)=p(M)(mod 2) BH Vb, Hicr(X)
ODEHEXOMEALAEETHE LD I, —BRROI EBTFHEEH
T,

F18. Donaldson 2 (B AHS 4 RoEBRIEOHMIUELEETH 2
B, ) OBRFRBAUEAEETH 3,

(5) EYa 54 EMOBERIIFANF 4 TLAREBB A RTEHREBOM
SGUEAEEBZEAS, LVIOBY - VEGROBANUREBETHZ & T
BRHLIE, EVaSAERBAL VEEE B LEZORE Y IR LT 4
ZLREBBARTEREOEDLIBREEZEZ LD 507

(6) Barldey(P)=10L0EEROEY25AZMERVT., 7(M) %
B, ca(P)=k2>22RB3WEAVTREID?IDEE MINV, NV
DIRTIZ 8 —4 127D, 4 DEROAIBHBERSNLE, 20K M
DAREBIRZR? 6 LNBBNL, thin(M) LB &,

(M; )—Z”(M)qk, BL. r(M)=1

EBCE, TNEBBEM?
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HOMPFLY polynomial via an invariant of colored planar graphs

KW &8 CGRREOR - #08)

DT ORFEIHNER CRERAR -2, \WEETE CGUEmER - 2)
DOHjE & DRI TT

§0. Introduction.

HAERT Witten 12X D “BF G AZER"PREINE Lice TNid compact 73
SIRTCERAEDMAAREET., Lie G 2523 T ELICAERN1DTEET,
fo i Witten @ “EBZ IZHFMICHFE TLOEWLIBRTODODPDLOSDTH
D, ZLOAILE>TIDAREREZESBALERLT BE I INTEE L,

B S NICEID L7 DA% Reshetikhin-Turaev T, BFE U,(sly) OEH%E
AT link @ isotopy NEEZEI SAMBBL I NELLHIFEZILICLDET
SUQ2) NEBDBELRERHELEAE Uiz, 6D 7 7o —F1d conformal field
theory 75 3B ETRIAMIC L > THEREZENM HDONTE D, TOHBAIE
PEBPEETHIEZELZIEBIITTHTTI, WDHATAZTDENWIEADE
IEMEBICHI A E THEBTIDORBEATRODEEA, (FcEA TN &L 1E
FFBRIZE D Jones ZIHADERZR TN A LI UKFHHBLNLET,)

FEZ LT, £0D% Lickorish V8 F SU(2) REED elementary L EHY 5
Z % UTzo #4113 linear skein theory 12k 9 link @ isotopy AERE 72 { SAE
HLEZNOZTZUHITTIRITESHEBEDMEAZERIZT AL NI DDTT, 2D
7T a—FDOIFEE UT, MAHARERDIEAY (“XaTHhONBIFE”) Bk
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Kot &, BREFIOHENRFETTES LI > ERNBFoNET,
BT SU(2) AERBDHFFICIZ Lickorish ODEHORPEIINBD LI >THET,

wIZEEEIRT SU(n) AEELDIFTTH. THRETFE Uy(sl,) OEBL
NGB GHLS link O isotopy FEBEL LBIFSE D Ik - TRBENET, 2
LHiFohn 3 link OFREEDOFT—FHEL DD sl,(C) D7 PIVERV
(37505 sl,(C) D C* ~DEKRIIER) 2 Uiz Uy(sl,) DEFN O/ SN
% link OAZRTTH, ZhHREEO HOMFLY SIHATY, sl,(C) ORI
EV, AV, AV, -, AV TEEENB IS, BT SUM) REBEEHT B

ICEBICHEILEDIE. ChoEER LUK Uy(sl,) OFEB Vi, Vo, Vs, -,
Vo1 2E-TE OIS link OREETT, Tho bUTTHENRBHFEITELD
FIREICHERT 5 2 & TEE 905 AR TIRIEHEO/Y HOMFLY ZIRKOE
2 (EREICIE. BReICLAHEER) L £ 0 isotopy AEMITFEZIRD £7°, KT,
elementary THIERNIEEREEZ DI LN SBRET SUMn) ARBEMRT S
IHIi-TEETHS EEDLNET,

HOMFLY ZTERARZINICEZE LIzDid [F+] T, ThlBR I EHN 501

skein relation;
¢"/*P(Ly) — ¢ " P(L-) = (¢/* = ¢V/*)P(Lo)

kB SITY, 2T Ly, L, Lo i3/N&E W 3-ball DA-TIZE UFET 3-ball

DOFTIE Fig 0.1 D& DI ->T3 32D link TT,

AKX

Flg 0.1
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EED link L OfE P(L) % skein relation 12 & - T trivial knot DEICEZ X H
52 ERESFICHNBDT, skein relation 28 HOMFLY ZIHN %+ E#H T 3 LB -
THONDIF T, skein relation %272 EE S & well-defined TH 5 = &
DFEAVESZ TR H D ELA ([PT]ER), 2% D 45E Tid. TH% elementary
K95 LFENHAICC L BEEEHBERMICT 5 LEHEEPAREMOTAIK
ETHb., Lok T LR,

PIFTid, HOMFLY £ % elementary D ORI 2 308, Zhdt
B SUn) PEEOHRII DL > T S EEPFF LI ERNET,

§1. graph OFZEE.

U EDEH n REEL N = {—(n—1)/2,~(n—3)/2, -, (n=1)/2} &%
E2ET, £l g EARETELET,

LIFTH 2D graph &3 oriented planar trivalent graph T4 edge 137D
SERAD I BLONTINITT, BFEHOIEITH D & MEDOKINI, U,(sly)
DFEIR Vi edge IZIZDDIFBZEXZELTET,)

A
V'

A 4

\ 4
\4
A\ 4

Fig 1.1

% vertex IZIBUT edge DREIOMIIREZIN T EELET, UTF. 20X

DL b DB graph EXUFET,) FBEHO:D (WEL S isotopy TH =
LTI & vertex D& I AT edge DERY MUIZ ERAXICH T3 ELE
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T T BHEHLD graph 13447 Fig 1.2 [T Iz piece IZ40ET 52 &N T
£,

YT Mr%
JULJT HIH

Fig 1.2

ST, BA 6Nz graph G iI220 T, state o &3 graph G D% edge 12 N
DILZEED DI IebDD I ETT, 72720 edge I DTV BEHOEEIIT N
DIZEIFYDITET, THbE

o:{G ORI 120 edge} — N

o:{G DERH2DOD edge} — { ACN | #A4=2)

0:{G DRHI3DDedge} — { ACN |#A=3}
(2N, VO base % {e;}ien T35 & /Z\V @ base iZ {e; Ae;} THD, /S\V
D base I3 {eiAejAer} THBIEEHELTIET,) X5I12% vertex I2

BOTRIDDIFoniz N ORFSESRBEEINTNEELET, 2 h 250
edge e; & e DEWMLT e IZB (Ehiz edle; & e 2N B) &
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o(e) = o(e1)Uo(ez) 2HILTBELET, (REIDBPREFESNTNSI L
£ D MR o(ey) & a(ez) 1 disjoint TRIFNIETE D ERA) TDLIED
DAY T T state EXUET,
BeDAEER <G> BROLIICEHEINE T,
<G >= Z H (% piece D weight)

state piece

7272 LRI ETRETS state £ & D7D 9, F7 state D5X o7z & &% piece
1%t LT weight & Fig 1.3 DX ICEDHE TS

{i} {j} .
L (i} {q—1/4 if i<
; q1/4 if 7 >]'
7 (i} (i}

ey {k} Lk q~1/? if i<j<k
= = 1 if 1 <k<y

ik £ij) {k} g'/? if k<i<j
{i} {J, k} ik g~1/? if 1<j<k
= = 1 if j<i<k

(hik} {i} Lk} L gY/? if j<k<i
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= ¢4 JEL A=) a

). ez
C

Fig 1.3

PED XS icEHZEIN: < G > 2 R? @ ambient isotopy THAETH S Z &l
BRI DT

§2. link OARZEE.
L % oriented link, D %% ® diagram & L& 3, link ODFRTDHESFIZ “1D
RV EOIFTH 6, Fig 21l ORicL > T §l OFREEENERLT <D > &

13—



#LET,

/

- q~1/2 A

r
o
>
|

vt

>

.
I

(

Fig 2.1

2% b diagram D O crossing 2% % & local 122 DEF%EHGLD 2 DD graph

IKEENAT, THhODAZKED 1 RiEE & LT diagram DAKEEEET 5D

13T, EREICIE. Fig2.1 O D, F 9 crossing 711 DD “graph @ diagram”

ICODNWTAEER < - > PEFEX N RIC crossing 282 DOBEICHGEEE N -+ &

0 Ed, BIORA% LT, crossing 2% NED link diagram {22 vT. 2VAD

planar graph 22¢ D ZDREED 1 KEAE LD, LB THMELER Ao
RD 2ZDODEENEERTT,

FEH 2.1 P(L) = (¢"/?)"¥(P) < D > {3 link L @ isotopy FREETH 5,
72720 w(D) i diagram D @ writhe T, T 75 b,
w(D) = #{D® positive crossing} — #{D®D negative crossing}.

EH 2.1 13 84 TREMLE T,
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EH 2.2 P(L) 13IRD skein relation & H7277,
¢"*P(Ly) - g7 "*P(L_) = (¢"/* = /%) P(Ly)
g7 b P(L) 12 HOMFLY 2EHKXERETH 3,

SRR Ly, L, Lo @ diagram % Dy, D_, Dy & L& 9, Fig 2.1 ® 2 SO
&b &

<Dy >=<D_>=(¢"2~¢¥?) < Dy >
EDET, wDy)—1=wD)+1=w(D) IKEETEEEXNEONE
To 0

§3. graph OAZEOMHE.

§4 TEH 2.1 DFEEA%E T AUEMRE LT, §1 TEFEL 72 graph OFEE < G >
OHEHEEN D)EEF T, lHOLD <G> 2LIEELIE G ORTELE T,
R/

k] = (¢*/* = ¢7*/%) )(g*1* = ¢~ V%)

= g kD2 L = (k=8)/2 g (k=102
EBEET,

#HRE 3.1
= [n]

— 115 —



SEPR edge (21 DD TID edge 1IN DT k ZXEZHE 5D state TH,

weight 13 ¢F DT

EB =) ¢ =n]
keN
ERDET, B
#iRE 3.2
= [n=]] A

EERH ZEICHE T EEO state 1 e N E L. SThEBELET, FIKAT
state DESIZFEEINLIOTTHDS 1 1IKHDET, GLELE>TNBELTD

state & § £F{ &I D graph @ weight 1T

i< e gV g = g1

P> DEE gt gt gi = gitLr
EWDET, I DONTRIELESE E

qu——l/2 + qu+l/2 — [n . 1]

j>i i<t
state 2FICDNTHIEZE ST DOWARERICHEBZD T, KT j i 20Tz &
A EiCThiE, ¢ DEICESTIC (L > THORICEBRIL ) . <EHD

graph> & <GHD graph> D [n — 1| {FIZEE 2 LDV ET, B
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fiRE 3.3

il
—~—
[N}
\4
-
>

=

HLPA 75D L ®D state & {i,7} &L CHEBELE T, O & EHROLRLS
4,5 EMBM G, i EIEBDD2EY T, weight 13 ¢71/2 & ¢V/2 2l ¥,
& > T <ZEAD graph> 13 <HBD graph> @ ¢~1/2 + ¢1/2 (= [2]) {&ici5 D
E3CIN |

g 3.4
N —
= [n-2] -+ ) ;(
e

HER Z5BiBOTELD state 21 £ F5&E, ZD i BEILDSTTOIA
RSBV OTAEENETIR i IR ET, LoTAMBO state (3110 17,
2L DOVTIOTT, 4BBEZDEHICEE Ui & ST EALD weight At
HLLI EEEIDET,
| LD E &, FAD weight 13

Y+ T =n -2+ ¢

k>i k<i

ERDET, GHOEIHIZI [n-2| TE2HIZ ¢ BOTIhicZELL{rhEd,
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DEE,i1>) ET5HE, EHD Welght I3

qu 1y Z q +qu+1_ n——2

k>1 1<k<j k<j

i
JJ

EHDET, i< DEXLREMKIC -2 LA EDDLIMDET, —H. B
OEITEIZ (0 -2 TEZHIZOBOTINIZELILEDET,

Yi e, IO weight 13 ¢/2 + ¢ T, ALK 1 0 TH 2 EHE
¢+ ¢t BOTIIE LB DET, §

#ifE 3.5
A
A A
A — A
) A - A A +

Y

AN

.
v

i {11} {K} {73 {k} B 3
REDEHE, (M ER) 2 &) i<y EB L E. LD weight 13

144¢ if k<1
1 if k=1
2 if 1<k<y
1 if k=
14g¢71 if k>

EWRNET, TNTNDOHEIIODOWTELEZELOI EEBEZIZHOID LT,



BEOEE. LD weight [T ;o
q~1/? if i<ji<k

g~/ if i<k<y
11w j<i<k
q'/? if 5 <:‘k <
1 i ok<i<j
Wk if k<j<i

EBDET, ChoRALOFE2HELEL LY, HLAOE1HIF 0124 D &
EXN |

O Ak

FIERH 58 130 (resp. B2 IO T LW (resp. TUg) O state % ¢, 7, k &
LET, filmdD state 13 {1,7,k} TI o LD weight i3

(g3 if i<j<k
g1/t if {<k<j
‘qﬂﬂ ifj<i<k
<ql/4 if j<k<i
g/t if k<i<j
[ ¢%/% if k<j<i
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T. GIBD weight bR CIETI, B

§4. TEE 2.1 IR, |

Reidemeister move @ I, II, ITI (BLF RI, RIL RIIT &) T (¢V?2)~¥D) <
D > WAETH 5 LERHENIDNETHTT, (link O orientation {3 RII THX
T D orientation (22T ®DNIE, RI & RIII (39T LA & D orientation

KOWTRITEIDNIE TR THS Z EITERLET )

Eﬂl

RI TOAZY Fig 2.1 OREME 3.1, 3.2 o0 &

t

= gl? A

= (g"[n]—=[n=-1])

- qn/2 A

y

Fig 4.1

LD, ¢V iF (¢™?) D) DEEALES BIFLH I DT, positive crossing %
139°9 RI THRZEIC D £9, RIS, negative crossing T ¢~ ™/? IMBHUIC
TT. (") ™D DFALES BiF LHL, RI TORERENDND ET. §
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RII TORZEM: Fig 2.1 ORERE 3.3 2o0H &

\
> = A - (q"+q"") + =
4

v

>

Fig 4.2

&7’;‘9??‘0 iﬁf:< E’j%&:\

A A = <

Fig 4.3

/

N\

bRENET, T Fig2.1 OXNEHES.1, 3.2, 3.5 2OohH &

o500

e . e

e

([n]—=[2][n=1]+[n=2]) +><=
T S—

Fig 4.4

I
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pmsd. LLET RII CORERMPRENE Lico B

RII TOARZEM: T _EF %D orientation oW DNIE S TT, Fig

X
)

n

2.1 DR EFHE33, 35 oD &

A

N

\:qwu A A —2g¢ A — 4 A

+ q1/2 A + ql/z % + q1/2
= q3/2“ A \__q \q”‘X_{_ 172

Fig 4.5

!

ERDET, XSICHES6 200 ) EELRELARHTH S I LD 5DT,
Fig 2.1 OROGELOLELMHISEET 5 &\

QR

Fig 4.6
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DD £F, Lldi>T RII TORERNTENE Lice B

PLEic XD (¢™?)~*D) < D > iZ Reidemeister move THRETH S EDib
Hho, T 2.1 EEEAE N E U7z B
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The Jones polynomial of an unknotting number one knot

INOKREEEE =ERT
0 iELHIT

Z T, 3RITCEE S* WO UTH2EZEOMER LT L, HUTEFF2 LIz L

X, FOETEHD “COLbWHEEDP LI E2L, BREZKEUHE &R
CHBVWRITHNRTWAEREEoTh LW, LAL., “BHE &, “PITEERTY
B LV DL, BT, BEHTRRZWOT, dILLEDAL LEER? D
Elhh, T, F1IHIIBNT, “BHEI” LENLEZEDLTEL ZEERT 5.
THICE ST, 52 oNETHICIE— DBEMNTS ZENEZ LI D, B3
T, 08, $bb, BUHO “EiEL” %, 8. RETHHEL LT,
INFETIHMSNTWARREEZBANT S, LT, SEEBLNIERIL, F4HIC
BT ohs (EH4.1, H4.2) o M. TheELLIHIzoTIE [ 8,8

118 128FICLTW5S,

1 FHUHBHEE

HUBOBMS Z2ERTHICHI), 52 ONLHETE 2HRLETHICERT S
BIE, Tbb, HUHZ 3L BE2E2 5%,

E#E1.l HUTHOTFEREREOBET, F2EABEETILICL>T, £ED
HUHZEBHEZEVBEICTEAb D2, FEUTHBHEEREL TR,

HUHDOERFERIIBWT, R1DL) e E2 5,

(2 A = X
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COHEE, WO IHUBBERIEL 22, LT, THBEREL VW2, &
DEIFERERDLT , EEDO2OOKEVEHIZ, HUHBERETEVIZEYE) DT,
HMUBOMICHEMZ A2 Z L2 TE 5,

EFEL.2 2200FTHK,K 2 LT, K 25K 2B201CBHELEVHRY
BVEOR/ANEE, KEXK OBOES L R,

LOBBETERICEHISSZ ONZZ LI TR E, 200TEDH H—F
THAZFETEIZT AL T, 52 00ETED, BERETE &L ORI @
THEN TV vy Z 2 AAMICERTE 2,

B 1.3 EEORKUTEK WL, BEAZEVE L OESE (T2bb, &EUHMBN
BIUFORNE) 2R TEBHE LT, (K LEDT,

HUHBEBSERTELOT, X, 5200 TEHOKTEMEEZ? ket
HEW) ZEDSHIEIIRE, LaL, FUBBEKI. SUHOERERSTT
ERILZORVEHBEREOR/INITH B0, FORFEES TRV E NS
CEVHERMEN D, EBE. FRIRROREEZE L Lz 05 & UHBEBREOK
Bl BB [19] 6N T VA,

2 Jones ZIH3. Conway ZHER,. 5

DT o TR, SUBBHEEZE,. BET2HELD WTRREA, 22T,
TOIDILELZENECERT 5,

EFE2.1 MEFTOENTHEARE L D Skein FIER, PL(v,2) [ 5, 131 & 12,
(1) H20k9i2, 1B R%25320085 8 L, L, Lo 124 L,

v P, (v,z) - vPL(V,2) = 2 PLy(V,2)

(2) EBE2HEVTHUIC L. Pulv,z) =1
WKLo TEEINLZEATH A,

O\ 7
\ /

L~
L+ =2 Lo
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A E L D Jones ZFIER, VLM [6]. Conway I . Vi(z)[4]. Alexander £ THT,
AL X, Skein ZEADPLRD LI I LTERES NS,

ETF+2.2 VL) = PL(t,tl/ 24U 2)

VL(z) =PL(1,2)
AL(t) - PL(I,tl/z-t-l/z)

ZpkE, FUH K @ Conway ZHEZRIL,
Vi(z) = ap(K) +ap(K)z2 + a4(K)z* +- - -, a24(K) € Z
LIEbEb, £, V(D) =V =Ax(-1) THH, In5DMEELZETHD

determinant &\ ,

F32.3 #HUH K O Seifert {75 © 124 L, 175 0+0T 0¥ 5% K 0FEH &
W, oK) EEDT,

COLE, MUBOHFFEI, BEICE D,
3 MMUHBHEROM. e

TTIBRLH I, GUHRBEKZRET A L3, ELVWHBETH» 525 &HU
Hi#EH 2 M. RET A HELELT, ShETIZALNTWARERINW D0
HDT, TITik, #NBIZOVWTHMNT 5,

T3, BEOBHOKUTHICEETA L.

FHE3.1([7) KZEHBETZ2V2EETHLT S, XD 3 DiEEME,

(1) v =1

(2) 2FHp(>1) &, 2mn=pi"1%?ﬁf:@"ﬁb‘ﬁiiﬁZO@E%ﬁm,nﬁ
HH, K=S(p,2n?)

(3) K= C(a,ag,a,--an*2,-a5---, -2, -a1)

FEH3.2([11]) Tpoq% (p,Qtorus FHEFEET B, TDLE,
u(Tpq)=(p-1)(q-1)/2

EHE3.3([9]) BEFHTRZVpretzel ETFEH KQp+1, 2q+1, 2r+1) DK HFEH
BB THEIODDLETDZEMIE, {2p+1, 2q+1, 2r+1} 25 (1, 1}, {-1,-1},
(3,-11, (3,1} DENPEEL I L TH S,
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EHE3.4([9) EHATLT, HUBMEES 1 OBTER, »2#&TED 2 8L
HUHICES,

ERHIToNE, —BOKTHIIOWT, HUHBHEEZFML- DL LTI,
EH3.5([17]) S u ) 2oE)/2

EH3.6([18]) u(K) 2 m (K),
ZZT, mE) IZHEEHR. Thbb, FHUH K D Alexander {75 DB/ DH 4 X
BEbLT,

FHE3.7([3]) MEMNTLNIETE KOFE c OXEET, BUOBHBNERER
ToT, EFHZETE SO 2 61E,

A(a,a)=2¢en¥ A(-1) (mod 1), ae Hi(M(K)),
ZT, e=%1, MK) iZ K B4 2 3RTCERE S® @ 2 ESIEHEZH., AL
VER VIR HHME) x HiMEK) » Q/Z #FEbT,

v

EPBHb, FCHOAEEL LTLIFIHENALZERICOWTIEEI DLW &
KEH LN T WA,

EH 3.8 ([101,120]) f(1)=1,f( tl y=1f(t) 72 ALaurent élﬁ;‘cﬁ fe)y L. FOF
HEWEDS 1 T, Alexander ZIEZITH(t) TH A &I 2k UH K PHFLET 5,

CDFEMIT, Alexander ZHANE TEHBHEHB T RET AEREZ ATV EZVI L %
ERLTWS, BOZERITOWTIL,

AEE3.9(181)

(1) . u(X) =2log| Pk T. V-1,

(2) u (K) 2 logs | Qr(-1)[,

ZIT, Q) QLEA (BHEIIAW) 2EDT,

MR D 00 $o Ty Skein SER, Q SERILECE BBY 2 e+ 2 EHE S A

TWasZ eWbhrb, LiL, 3.9 DFHMIL, K'E%k*’ﬁ#‘ﬁkiofw%
DT, TNLEOFRIZBLN R,
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4 FECBHEMEE 1 O UHD Jones ZLIER

HIEi O Y TiE, BUBDZERNAEE LT EBEEEIC DOV TIEB-722%, Jones %
HAWCEHLTREI L) EROEE RS

EH4. 1 KzmEMFFoni, ETEBEE 1 OFETH, oK) & K DHSH
E4 5,
(1) 600 =0. #2 K D5 e DRENT, MUBMBREEST> T, BALH
CHFELND 25

v“)( D=244K) +%(8-1)(8-5) (mod48),
(2) oK) =2¢e 7% 513

v<é>(-1)=24a4(K)-%(5+1)(5+5) (mod 48),
TIT, e=+1, 812K O determinant . Vi(-1) i K O Jones LR t=-1 12513
% 1 BT a(K) iE K O Conway ZERD 4 ROKHEEDT

Fd. 2 FBTHKD o®)|<2, V() = Vi(t), Vi(-1) =9 (mod 12) 2= T 7% 5
. u® = 2,

EH A1 OFEEE SEUHZOES &5 3RITCERE S* O 2 ESIEEE RO
Casson NEEZ 2B DOFHETHETAZ LICI D RENLD, T2 TIEELWVE
mdEET 5, (BEWIX (1), [2), [12], [14], [15], [16], [21] )
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Example 1.2: Let M = Z, M = Ny = NU {0}, N = {0}, D, = {0,1,...,n}. Then
QPN (X, Y) = Sp(X/Y), Y #0.

Ezample 1.9: Let M = Z%, M = {(0,0),(1,0),(0,1),(1,1)}, N = {(0,0),(1,1)}, Dy =
{G,i) |i=0,1,...,n}. Then QAS’T’LN (X) = CE(X). This is the space of “configurations of
positive and negative particles” in X, where (in each configuration)

number of positive particles = number of negative particles < n.

This space was introduced in [Mc].

Example 1.4: Let M = 2%, M = N2, N = {(4,4) | i € No}, D, = {(4,4) | i =0,1,...,n}.
Then QJJ\DJ;N(X ) = Gp™(X). This space is the “partial group completion” of Sp™(X) which
is defined as follows:

Gp™(X)={a—-B|aB€Sp(X),i=0,1,...,n,anf =0}

82 Stabilization.

Choose a sequence Dg, D1, Do, ... such that D, C M and D, € Dpy1. We have
natural inclusion maps

$n: QMY (X) - QMY (X), i=0,1,2,... .

Definition. QM’N(X) = UnZO QJJ\J{;N (X).

Ezample 2.1: In example 1.2, the map s, is just the natural inclusion Sp™(X/Y) —
SprtH(X/Y). We have QMY (X,Y) = Sp>°(X/Y). (Notice that we must use example
1.2; we cannot use example 1.1.) This space is also equal to QN {0} (X V).

FEzample 2.2: In example 1.3, we have QMN(X) = Qg}l’o’l}’{o}(){).

Ezample 2.8: In example 1.4, we have QM’N(X) =Gp>®(X) = Q{Zdio}(X).
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§3 Two principles.

Principle A. If m > 2, then

QMN(R™) =~ Qp MY (8™, 00)
(ie. QMN(R™) is homotopy equivalent to the identity component of QmRMIN (8™ o0).
Here, S™ = R™ U {co}. This principle is valid (i.e. the statement is true) under certain
technical conditions. We do not give these conditions here, so we call the statement a

“principle”, instead of a “theorem”. The proof uses a method due to Segal and McDuff
(see [Se2],[Mc]). An important idea behind the proof is the idea that the functor

(X,Y) —» mQMN(X,Y)

satisfies the axioms of a generalized homology theory (on a very special category of spaces
and maps).

Ezample 3.1: (See examples 1.2, 2.1.) Dold and Thom ([DT]) showed that
TSP (X/Y) = Hi(X,Y).

In this case, Principle A says that
Spe(R™) =~ QF*Sp>=(S™).

(This is not very interesting, as both spaces are contractible).

Ezample 3.2: (See example 1.3.) In [Mc], McDuff showed that

= |J CE®™) = QF(S™ x §™)/A

n>0
(Here, QMN (8™, 00) = (S™ x S™)/A, where A = {(z,y) € S™ x S™ | z = y}).
Principle B.

(i) The map (sp)« : H*Qg;N(X) — H, Q]g ]rl( ) is an isomorphism for * < r, and a
surjection for * = r, for some r = r(X,M,N,D,). (We say that “s, is a homology
equivalence up to dimension r”.)

(ii) There exists a sequence Dg, D1, Do, ... such that lim,_ .., 7 = co.
This principle holds for many examples (e.g. [Se2], [Ko], [GKY1], [Gul], [Gu2], [GKY2]).

In these examples, “homology”can be replaced by “homotopy”. We have a method to cal-
culate r in the general situation, but we do not know whether (ii) holds in general.
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APPLICATIONS OF LABELLED CONFIGURATION SPACES

MARTIN GUEST, ANDRZEJ KOZLOWSKI, AND KOHHEI YAMAGUCHI

§1 Definitions.

Let M be an abelian, associative monoid. Let M be any subset of M. (We call M a
“partial monoid”.)
Definition. Let X be a topological space.

(1) QM (X) is the space of “labelled configurations” of the form {(z;,m;)}ica, where
a) z; € X, and 1 # j implies z; # =,

b) m; € M, and

c) |A] < 0.

(2) For D € M, QE(X) = {{(zi,mi)}iea € QY (X) | Fjep i € D}

The space @M (X) is topologized so that a point (z,m) can collide with a point (z/,m’),
if m +m’ € M. Thus, the topology of Q™ (X) depends on the (partial) monoid structure
of M. Because of this, our space @M (X) is slightly more general than the usual “labelled
configuration spaces” in topology.

Ezample 1.1: Let M = Z, M = N, D = {n}. Then Q¥ (X) = Sp™(X) (the n-th
symmetric product of X).

Definition. Let N C M. Let Y be a subspace of X.

(1) QMN(X,Y) = QM(X)/ =, where the equivalence relation = is defined as follows:
{(zs,m4) Yien = {(z}, m}) }iens if and only if

{(wi,mi) ! 1€ A’xi ¢ Y7mi ¢ N} = {(x;’m;) | (RS Alyxi §é Y7mi ¢ N}
We denote the equivalence class of {(z;,m;)}ien by [(2i, mi)]ien.

(2) For D C M,
QN (X, Y) = {[(@i, mi)lien € Q™ N(X,Y) | Cichougvimegn i € D).
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Principles A and B imply that the configuration space QJS;N (R™) is a finite dimensional

“model” for the iterated loop space QS”QM N (8™, 00). To get interesting applications, we
must establish Principles A and B, and we must identify the space Q¥ (5™, co).

§4 Applications.
I'Rational functions

Let X = C, and let

M =17

M ={(i,j) €N} | 4,5 > 0and i =0or j =0}
N ={(0,0)}

D = {(n,n)}.

In this case we have

WN(C) = {f: 8% — §?| f is holomorphic, f(c0) = 1,deg f = n} = Hol, (52, 5?)
where S? = C U {oo}. (This follows from the fact that such a function f is given by
f(z) = p(2)/q(2), where p, ¢ are coprime monic polynomials of degree exactly n.)

In this case we have QMM (52 c0) ~ 52//S%, and so Q3QM Y (52, 00) =~ Q2S52. Segal
established Principles A and B for this example (in [Se2]):

Theorem (Segal). The natural inclusion Hol, (5%, 52%) — Q252 is a homotopy equiva-
lence up to dimension n.

Our proof of this theorem is technically simpler than the proof in [Se2]. (In order to define
the stabilized space, however, we must modify the space Q%’N(X ). We use the same
method that is used to obtain Gp™(X) from Sp™(X). The stabilized space may then be
identified with QF 57BN} (x) )

In [Gul],[Gu2], this theorem was generalized to the case Hol(S?, X ), where X is a toric
variety.
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II: ‘A ‘generalization of positive and negative particles
Let X = C, and let

M =1ZF

M = {(e1,...,€ex) | g=00r 1}

N={(et, ..,ex) €M | (€1, rer) =Y (0,.-,0,1,1,0,...,0)}
D={(d,...,dg) | 0<d; <nand (dl,...,dk)=Z(O,...,O,l,l,O,...,O)}.

In this case we have m;QM"V (52, 00) & mQS83 for ¢ < 2k + 1. In [GKY2) we establish
Principles A and B for this example:

Theorem. There is a map Q]g;N(C) — 353, which is a homotopy equivalence up to
dimension min{2k — 1, [n/2]}. '

Another example is given in [Sel].
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Prepen variely K39, Xto G- uechor bundle
T serusiwple powt 4 e G =392,

ndg(F) = “>;c~\>‘ﬂc3: H‘(xﬁm)

E Fo Iriov-—aE E %I eI,
FFBIE2 I BIE KB o BATACEFR ETERR L.
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12357 Fixed poid Sormulo ofBALERC S 2 F32 &
ETRLFT. 22k 3. reducive group (B123 Gla ) o
55TF compact 2760 Lie BF o /ER T3 veclor burdle 125112
£ ABETACIRTIT compact Lie#o/FR T34
B o Fied point formulo HRILTS & DFT1=HV 3T,

o B 2ound . R TRomason o ffﬁ;«zﬁ% ™HHIJ,
L. BaBurd & wsp F2 G FE o b8 iR
cB.23F. R B3 FHeIRL < [T 3]ake
QU 38 e 38R L3,

1. equivariadk algebraie K thaeory

CoF . W TFa FRER 20 DI EVE R 25 3 B AES
KZEE Thomason o Bp [Th 1] 1278 ,2 B453, 39
5280 BRTLIY, schomo 13 FA neetherion, Separated
THILRE 3T,

S & base schome , G & Jaithfully flat, offine group
Cscheme /5, X E GafFRFS schome/c (3 J. ToT .
X o coherent G-modulle o NT V-0 o LEEY KBRS
BRIITLNDIZT . TNE Gul§, X) BT, loclly
Free G- modwle DSTeS Sull §ubco\TQ90r‘z; (T3 G-
VQ&OY bundle » NT 3~ EB- B FZFF o) 12T L2E

BlU< fCHE KB b TR 0337, THE Ke(g,X)E
Zl3T.

Bz Go(Q, X ) 13 coheyarct G-wmodule s 173 —
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5 Grothendiock 5 (216D KolG,X) (T & - veclor bundle
7 HT 3= 9 Grothendieck BT 12TeD F7 .

S o KBE F BHFRT e schang o KB o428 E
(FrAe ZaF3 =0 Fd. FF <3 [TLI]1 TRZFI v,

2. local 3ation Theerom

Mt ARIER abel Bt . ZIM) E TR FT
1= SpeZIM] (3 ZIM] 9 conuw \tiplicaTisn (M > mem)
23,2 Fro BE M AYET . T = diagenalizable Jroup
rofar tezliId ., MW Bdacd T E Torus € uv3dd .,
To £ 3 - RTER B =AHBRL. ToZhE
RIT) e&de. RUT)= ZIM] oW )E53 9.

X E T4 BB 12AFRA T3 base schone S =0 schone
CIFde X Egcohoperil T - podulle 3 me Mz

T2 weght ABECEX. DD
T = @Mj'm , Cﬁm a3 meM 125,20 | IFR IS
mé

Tl S .
QCO\/\QPQ\/\_X T Wk,odv\in ) o~ @ ( CO\/\,QYQL'\* @X Wwd'bbaﬁ
N5 — omeM\ o T AN "
e, 2. Ge(T X)= G(X)®ZM), K02 ko ZIM]
MR IZLFI T, L Cen), ke(x) 13 schowe X 4

Quilles (= F3 K/*‘ﬂ&or% e K- 'Ar\f\-ftb‘”%h PANC I
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ZAZEDS base schawe S o BIE K EF Ko (T.S). G(T.S)
3 ZIM] B = Te). T afg@ T3 Sk schome 9
AT KB 1ot ZIM) B BE 03 Ze v h DY
ECR
AE dtoy-ml s m=oeM§ T ER I03 ZIM1 2
FRPAEAC(FT. AT R TUR K2t k(T X0n
Cu(TX)p EEZITe M 2FFT. Zacd. 0o
EER RIS T,

Maun thoorem
X'e St EE v TalE@ 33 schawe T Y1 S
R Bute type ©LIF, Yo TolER=PE T3 Fied
poirt schawe € X' €EFT e fBuzh 1Y s X
S E, 7B A Td 5B
L - GelT XDy — G Xn

R

ZEBR, BOoF LT 54 L A2TFI .

X E vegular T-schama €39, Zat? Lyed
Poict scheme X' % regular2’. @ W X g conormal
shea? &/ 3 locally Preo =TV FTo A = T [AN]
€ (T XT) £93Y Zhiz AT B TILIETIZTY .
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el GUTAT) = Gu(T.XT) @ AN E BiTHhES
9% HlcTaN3Id, ~azens Rafhd Bodh3d.

KT X)) — KT, XT>/\, (=R
‘iz sphit veductive grewp WAER G3RAE B2
T9, G e sphit reductive qeup/g . L & E
mavimald Torus 13T, RG) E Ga TR . W
EGa Well B (39, R6)13 MNZEF L3 BRAY
LR RT3 BN RE) = RT)wRY
nT37T,
ME T ol (T=CueZiM)) v A=
%EW (Lod - [4??“)]> om0 & M (‘( YR TS ?QT)W:?\(@)

O R EA T3 T

CGVOHQLX 2
X & Ska QA FREES achome 20 Qr of fHinite
Type . 3T

G (6, X)) — G (6, X)n sRE

®P) KolG, X) — KolT, X) T BET 53" 25

— 140 —



Maon Hgorewm 1= & F 202 3 .

3. Lived gﬂ& Lormula

ZnfTd S=Swek, kMR cfRIELTT,
G & Yeductive Jrewp e X & Dropen Sme et
G- vartely/n , e X Ea G- vector bundle (39,
ZatI. Foa G- index &

mde (F) = T ) LU G TO ] € R&)

CEE 3T, FEGR) . k- powd 1=XIL

onlg (F) = T ) Frace (3 HIGT)) € k

CERLZT. FTiv T i@zl
(@, X) - Re6)
I'ﬁzxu G‘P 8

R

nd

MRV T=5574 .

9eGlk) 13 sevusimple elemant THI L ARE (3T,
T'=(3) & IEATV CamMaBRTHBE LI T
17 ko FHALCES B3I d'(agom\\fg@ble Group 1T
T zd. Calens §iX X o fived PO%\J schama.
X e regulay 2 E3Te R b T T Bris X X
2 conovimal Sif\aawc 1S /V% LT,
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AC ) & iz-\ra\rfeﬂy ) Cohomo\acdy —Hmzomg AT D e
/l.‘miy@“ Chow 73% zBH. }’\’:@v‘bi%/m\\? Sin%u\qr Co»\om@]o@y
t %979, chy ®

chy K6, X — KT XY = Ke(xHo RIT)

_LC\/\@JC\}

Aok
YRR (3T, 33% AL Ay = 2 I e kel XY)
Tt chg (A ) e ARD)® Rk 3 TET = TENIT .

'T\/\QJ)VQ/\N\ (i?chk PQ\\Y\* ‘%)—O\rvy\»\{o\>

=l Y3=¢ o ez R O cERTI.

). BT Mk k TR EAT Tea 2. T
df&gom\\jcx\)l&’_ e s\, £2 o Mo Thoorem &
70 % R Riewmawn ~Rocl o B3R THRR X H T3
rora REPAEL NI,

fa . Man Ahoorewm o BEPR
KEE - /Hﬁ%{ iz local u}c{((‘m exact sequonce €|
roctherione  nduclion E18.2 &Y C{%\ﬁ?}“ THA T
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AT (3 ]:P"n 5o 1)%% Ny g \ \C\\r\> o B 7—3—@,\, ey 5 )
) X =db = GilT, X)= 0 EFEF I

g KB4 loceli3aliew erRact sequence &) =
N3

D S vk el A TE3
g”b\‘\ veduczd L2 &v T (F BHQ“{)\ N

Syl
eetherion  wmdict ous ERLWITuIR S, X— S

gg/m/u\qgﬁé%a sungedlne 20 S Q\JEM schewa
ClrFuz et ges .

UcS & ofPre epen adadt . Z7=S-Jc33r
e G;(T/ Xz)A — G\;KT/XM» —> G;(\\','XU\)A —_

\'F 2xact | =l X=XXZ, Moo= ><>§ U . psetherion

duction 12 8 Qi T, YXz)a <o C2XlUe 3
Gl X )a & G (T oA

TAOD U mon? ik B3

GF(_T/X)/L = @G,(.T/YU‘)A
= G\‘(T; @XO‘)\/L
Lt L “Qaéi“%\r =

= X% Swock(S) . kis) 17 SaadiiA
s . 9= Shek(s) o c32BAIS,

T2 71252 X a 1~ tnvariowd offine spon subsel
MBLTI., X 20?2 necthorom tnduchion KEB;»SD
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localization exact sequence (=52 X1 affine v (2
I,

T= TixTa . T o, (2@ faite graup scheme
CABRTI. To v B2 torus 12 o BEARE 253
9 3. ;\V =T, Xﬁi “torwe Cd 3% Tt?%@?‘?ﬁ Eﬁ@\ﬁjf
2% 3, %‘XX na To/ERe .0t = (Tt 7%
TEETI, TyX & ToffR i, = quotiedt 87%23¢
T ;(leX E T, 2, = quotied v —3X93 :ix' X r
affie 20T, = Snite Tra O q\ADJﬁ!evCX schowe BERT 3.
Morita QC{MUO\ZQV\QQ 1= &Y

Gi(T, )2 G(T, TxX/ )
MTE) =S o Torus /TV a)fﬁ%/& = ‘)?P% 7S o
K1= B 93 neethoriave induction o K& 4 localizah s
exact sequence 12&Y X (2 regular L1281, Lsudizah
Xg T-owle line bundle €52, 7 FD . AT | -
ZH A E 973,27, X460 PE) Aq Sp a3, Y=o
LARE g 2
T X e PE) - PE)T
RT3,
G, ¥ 17 Ko (T X a = module T 600 kol T, X Ja= 0
ERt@Fu, X k(T PE)-PE)T ), — Kel(T. %4
FIHERT E 2L L(T.PE-PE)T )i=o B FTe's ),
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PE) -PE)T 13 smesth B9S  ko(T, PE)-PE)T)
= G(T.PE-PE)T) . cet-2 PUE)aBA=
FE T3,
4) P(E) g3

$2. Corellary 1. 2T 5712

(T PE) Y — KO PE) Do R

EELRR TP T . CaBA T Fh Ao KBEE STE

L2\ emnd, %L( 3 L Ta) &8 2 F T

[QA] H Slmqk\m ) Equ\vcxr{owj Cowp\e‘\’&w\l ,
J . Mecth . kyo"‘(o Univ IS 995) §73~4o0 &

[Tl V. Tokeda | Loco&goﬁ{)w\ “heovome v equiay ot
algobrode K-Hroory , To appear ou TPAA
[Tho 13 R Thomason , Algebroic K-treory of group
schowe acliong . Awm. Mogh. SHudies 113
$39—-56% 3
TTh-2] R Themason , Lebsclaty ~ R wanm~ Rocle Hhaorow
amd. cohevedt Trace $ormulo , Taveddt | Mokl . S
(U786 ) 78— w33
[Th. 3T R . Themason , Une Formale de Le'?scbfb 2m
K~ 4lGorie Equivarieitte algebrique . Duke Math J.
€3 (772) <@w72- <62
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%ﬁ%{%ﬁ@ FRa v é:-——.:.-— k /[2]}1‘,

& LR 183

}?0 Zgﬁ’iglﬁit f(a:,y) =Zaij£i’yj (Ci’ﬂ‘b CL,;J' =,é0 5 & 5 fi}f—i (7".7) é(ﬁi@;’?ﬁé
Oa%t foza— b vEFBERT Af) THRT. AR TREER FOBEESED I E
hU—b foma—t vEE AF) EOMERRT B0 (RMORZ R preprint & LT
HEERTH Do)

wFHroHLrLa—F VRERBLMSAN TH L. CCTELRBERAST AT
EHAE VI EETH B, BER fle,y) kB e i, Nﬂ@§@<ﬁﬁ B A(Sf)
H5) Y%L fn,(z,y) Z(sJ)Eva‘Jzy OB~y v (C 0 rZE3 &2 A0
gmm%%maoc@&%f@%iti@%@@ﬁ%Amﬁﬁﬁzitiﬁﬁﬂ/na
Fh—U oy 2 fiE Pa(K),E=R,ColbhcHEBERESHEL LTI v/v7 HEE
N, coEgrzhzh ZR),Z(C) LEF, b=y JHE L2V TRERETHEN
ABT7 A Y EECHETH., FEEROERREEEINOBELLTETHE O
52 ThHb, COLEROEEMNHFAMIMSN TV B,
g (HARNACK 0 L&) Z(R) o#Ems ok g+1 28AT v, HL g 1
Z(C) 0BT H %o

M=g+1epx ZR) omggmss M—i@s s 2 2 (M—i)-#m(M-i)-
mw@,W&EET®%O%®%AAG)®W%K%%ﬂl@ﬁ@@ﬁﬁg?\Cﬂﬁ
g =1—1Voli (A(F)) +Vola(A(f)) (Pick © AR,) 2 Hifc$o & T Volu(A) i3 A @g
o kRTHO F-RTEBORTEE T, BEL. M 0BEO—HTEKE NS B RTTE
TEEEOERE 1 & LTWS, Hamack o R&EX ol (W, 6] v, Z(C)-Z(R) 0
HERS REA 22 TH b0 Z(C)—Z(R) ogss s 2 >0k, Z 14l (dividing
curve) 9, (W, 86l ic b BB LTH B LD ic. M-BHBRAEEMBTH 0. i BHFHD
B (M —i)-ghig RO ICE 570 WV,

M Bi CPa(R)i=1,. s BEELTRERK LT LE Z D nest QX s TH B
w3, '
(i) & B; oRI Z(R) 0 #EEKRS-
(11) B UDEﬁﬁi Bt+1 @V{Jnﬁahfﬁinéo

FBA. Z 0 nest iz Voo (A(f))/paBAR V. AL, Pk A(f) kg En sy
SOEE (=R LOBKAOER-1) 0B AN,

Py =PYHETHE) Oz OFTERFHNKL Béout 0 FE B ¢ Hilbert 0%
Brunws, coEBomER (1.9) oBETE A %,

BE = {(z,9) e R? : £f(2,y) > 0} B, ENE AT A BEERA OB NS
O 2> TVBEEVS, dblLox—F vEE Af) BERE ., 84 B i
tiRoaves bEF~-YysHEORTERMEHEE LT v MEEN B, TV
sy MELTEBON2BEAEEE PE cEd, Re ko 0Be Py o4 4 5 -8 x(PY)
L EREE S, Af) BEAEEA Bt o vy v PP=BT b2, =Yy
EREOREEABI DI, FTRUBLELECOREEZRET 2, BLELEK
F OB Ot ERERBORET 774 v EERNOERE R EHEERMBETEH
D, Bz W2POEWRELLHW St OAHBEAITE B,

— 146 —



8 B. 2EN [ HEEAT AS) BELPORAESA. o BT psa vy b LR
EYT Do
(i) Z » M-gaggin > x(BT) =3 VOlz(A(.f)) (mod 8)
(1) Z s (M —1)-ghgiz o (ix(B“") LVoly(A(f)) £ 1 (mod 8),
(i) Z & (M - 2)-gig oI n o wx(BY) = W&MUD@WmAGHﬂ
(mod 8),
(iv) Z pssygigg i 5 x(BY) = Vol (A(f)), 2Vl A(F) + 4 (mod 8),

Pr=P o, $RDEBHRREFEEHEMEOE S AMarin [M1] iz g &
NTWwa, Pa=P oige. BEmici (i) ) D.A.Gudkov [G], V.ARokhlin [R1] iz
& - (ii) it D.A. Gudkov-A D.Krachnov [GK], V.M.Kharlamov [K2] iz & » T (iv) i1
VIAmold [Al itk - TS TV, PA=P' x PUBEESEOERE) 0B NES:
FEH MM cE##RAEARETEH L., 2 TR, COFBO - v s HE~O—
fibE = DiEHEES X %,

F8 C. 2ER f kBT Af) BERSE. ROFTEXMBED Lo
—e(A(FN)+ -VddAGD——VdAAU»<€dP+)<1—1VddAU»+ VMAA(D

BL e(A) REZHE A 0T OEH,

Pr =P’ piga. CoXx%ER 13 LPetrowsky [P] BRI EBREFFHBC> VT
RLELRERFDL0TH %,
FOERESESOEERSPRRES (0-ova) b B+ W N EAROBRE I & &4 1
S, (CORUFRT IR T D local rule TH 3, ) —ffic., EBBEEHTER O ELE S
THHEEZEE b o b0 2B (oval) LIESR XS Th B, Dk A(f) BEARS
Ao BYdavoes v o fFBIEEBILERET 2, cor s Z(R) RBHFEHOAH
5103, HAEMHEHEBAMD B (FH) BobolEE» SEEh 3 E & 2 OIFE
BEE (F) BERTHIEVI, B (F) WEHofEH:s NT (N7) s, Hon
w x(BY)=N*"—N"t5 3, & (F) WEEST CHAED BT (B™) o #ERS
DA45—HMBE, 0, BEOL & OHBHRE. 0, BTH2E 03, F. 0, HoE
<§>wﬁﬁ@@ﬁ%%n%nNLMiN (N7, Ny, N7)c#

FE D 2B f ¥EBLT A(f) BEL-oEAEZSE., X5 Bt sa vy b o
B, RORERDBE DL,

(%) NE 4N <2 7Voh(A(f)) + 3 Vel(A(£)
(24 N+§1—%VddAUD+szAAU»+Nf
(27) N™ < 1= JVOL(A(F) + $Vela(A(F) + B? +e(A(£) -

soic, (1F) cgenmyyag NE=NE =0,

PA=P2@ﬁ\%B%ﬁ&#%i%%&ﬂﬁ@%éwmcox%ﬁﬁVlAmde]
TEZOEHDOTA 7+ THEBEN iz, G Wilson [W] §7 icsEiE»s 5 2, §3 vizse®E C,
Dobr—yy s@iE~0—{bEzDEHEEEL 3, it%ﬁ%?&@[MﬂhﬁﬁC
Do PA=P'xP' 0B 0RRES5 5, s
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%, 2ER f BEBRILT A(f) BBIOEAEES. dbi BT avoes r ERE
¥ 5,
() Z »s (M —qi)-giggis 518 N} + N7 > Vol (A(f)) —i.
(11) Z M (M —Z)Hﬂfﬁ’c Bt 1)3EL\‘<_§%)‘97»AL\P:]W@$D%A*& 5 e > 1
1Voly (A(f)) + Vola(A(F)).

gl A(F) 25 3% (0,0),(6,0),(0,4) o e s & > uEB{BEER f2E X5, ¥
5

10,4
e(A(f)) =3,
2 Voli (A(f)) = 12,
‘*\ Volo(A(F)) = 12,
(6.,0) g= 7)
(0,03 G b0 M=g+1=8

BB, Bt o vy iy b e EE Aky nest s 3EH L4 2T FE B Xy
—6 < x(BT)<T, %8 Cky Z i M-ihgn oy x(BT)=6 (mod 8), Z ps (M —1)-
g o x(BY)=5,7 (mod 8). koT Z(R) o4V brE—BHEITOoROVWTLLL T
HLEBUB, 2HIDEDEOHIERCEET LI EMBH-TWE, BELAZIET
g D2 uAETHOMEA Y b E—E%E bofBERT,

5 1
31 v 2 15 : 7
3 : 2q ! 39 2 1y . 6
' 3 ' 31 ' 29 ' 13 ' 5 5 R4
1 s 1 2 1 1, 1 . =20 +
1 1

e

S LR o
T 2 O Q
1
)
sl P—VUw 72K s5 1y, /2 BAoER2EBLE 50 @3 4
FEiKo#ie [0], £ i& V.I.Danilov [D], W.Fulton [F]| 28K o0 < &,
(11). BF Z" % M cH L. zoWHHEF Homg(M,Z) %2 N cx+, M oxti
~xg b, NOTEHNI FPVTETIERTE, MRp=M@zR, Ne=NQzR &
Elo NOBEREOT v1,.,v OHEERYERRESGE LTRSS Nr OBHES

O E ViyeoVs DEKTZ N Offi(conein N) 3, oN—oc=0%2FELTEB, N
D& ot L.

oV ={ue Mr:(u,v)>0,Vvedc}
={u € Mg : (u,v) =0,Vv € o}

EBlo 0V 13 M O#TH B, MERE MNoY BEKT 24 K Fofkz K[MNeY]
L&, Spec(K[MNoY]) o K-iifiethkogex U(K) &8, v2& Ul K) i
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EKMnNnae'] s K~o E-REELTOHRLETHD, Y1,..,% 2 K-REELTO
KMNoY] okt es 3 &8 U,(K) 3 am (a(uy), wma(u)) €K™ ik U, (K)
KT 774 vREWELGOEENAS, UJK) BT 224 v b =Y 9 1 BHETE 2,

(1.2). 3¢ oy 735‘% o2 DEE . K[MNoY]l & KIMNo)] BRI LE&KE 6> DT, B
R DEEG oy Cof REERA U, (K)CU,,(K)2#5FH8 T 3, -7 2 »5 (fan) .
THROLEETH L5710 N ooERES., Tohid U.(K),c €, 2linabe
T K FoRKEHWEEPEON S, C08E&%E Xs(K) TR LI =Y v 2 SR & IE 3,
goeliHlTtoNNB NOEED—FTENRIN S s D HIESEETE S &L
5, cméE Xo(K) BERERKERE LT 3,

(13). o : N' = N 2Fost. 2% Nog. 2 % N ogetd2, & o €%
L e(c!) Conzdo e B pgrdses, (N (NE)AFHT2 00
(N',2) = (N,2)(N=N' 0B CEROBAORVEEREL Y D) 2&, &
DEsh oidht Up(E) > U (K) #5FH L, & 5icg Xp(K)— Xs(K) 2584 3,
BIZrHl.® c ERDEAAROSHESE: B &, cné& Xu(K)— Xg(K)
BEH (proper) TH2E L N(|B]) = ¥ tEETE 2. Bic Xs S vs b T
H2rER D] =Nr &EHE,

(1.4). K-t K[MNo*loz~2 b o K-gstkosesr T,(K) 23, T,(K)
REREH =352 (K—-0)""4m s @ftlcs 2, o8 oy OEASE. & a: K[MN
o] - K ok a: KM NoY] - K 258200, R T.(K) i
U (K) 03 B2, To(K) % Xs 0 -8 E & 3o HEDO M~ » 7 SHiE IR
Xs(K) = [,es To(K) 2 2 BBREBH & 5, To(K) 0 Xs(K) Wecomaxr V,(K)
C’:%<O

@@-A%%@@@ﬁﬁ%éok&ﬁm%@&%@@&?%oﬁ@%ﬁF
L. 77 = Cone(A;F) = J,507(A—m), BEL. m 3 F OHMHTLOL, 0
Pa={p} BETH 2, COF Ba K@lBT 23—V 2 E88EkE Pa(K) TES,
0A =lim,,10€A LR 5 & & Pa(K) 12 Spec(K[MNOA]) LosEEHETH 3,
EE Sd(K>:€9mEMmdAKm EECL S{K} @d>05d( ) CIREBOBEESAD
PA(K) it Proj(S(K)) © K-fR&tsinsd, Sa EBREOK., A RIEBE L IFS,
AVAZ 220 MBEKET 2, Ba 28 Da 2FXET2E5A B AXFHA4 2 E 00
A" A Ehl, COE &Y Par— Pa BEET 3,

(1.6). T % N oF. 01,00 % 20 1 RTH. v % 0; 2EBT LB LEVE
Ry NET B, Xxs ORF Vo, 2 D ©FEFo BF D= a;D; BIRDELME% -
3 &5 T-Cartier tWH, 8 c €L LT mlo) € M BEFELCTo; Co oI
(m(o),v;) = —a;, T-Cartier §F D oEH T 2E85% D] oRENKMEOHELES
OD) 8¢ cn:&T(U(K),0D)) 2 f—e™f c KMNo'| gEB <. &
cEN T LEERSE & NIE

o}
& &

(1.6.1) I(X3(K),0(D))= € K="
mEMnNAp

%=1 'Z)o{ELAD {HEMRI(QL,QI;>Z—G;,Vi}O LI XE:T://\oﬁ FEEELELE .

m(e),c ESOMEaN Ap RO WRE—XFE |D| REFAE 727, S5 Ap & 1k
o DiRBE (ample) Th 3, £ EHORZAY D(C)" i nlVol,(Ap) it —% ¢ 3,
o, BARESEEEAZEILLD., X(X3(C)) =da, x(Xs(R)) = Speo(—2)*dns
Boh b, BL dp 3FE XD kRTH OB,
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(1.7). (1.6.1) @L< A(f)CAp 3 K alm— 5 v2ER f i PA(K)_}:@E
@ O(D) OWiEE B RTERNTE S, Do —5 yEEALWEEZFE R L THERT
3, 2a—bvEEN Ap iciiskdnEn—35 vyE2ER f 2ERLE A ORE 7

et L fy oAEN (C—0)" LE2 L AHABVEEVWI, A — A(f) R2ERE
7:\ Arz, kBt foBEES Z(K), K =R,C i Pa(K )@#%;ﬁﬁ@@ru
RE V(K)o € Za) iHlMIcEb 50 PA(C) o4 Chern $HiZ H, 1+ Di(C)) <
Z(C) C Pa(C) ok [D]IZ( )w)r Z(C)ox 4 5 —#i

(1.7.1) X(Z(C)) = 3 (~1) hIVol(A(£))
k=1

“5 % 5N %, (D.N.Bernstein[B1], A.G.Khovanskii[K1]) chig+ 4 5 —¥omEkk%
g LTy x(f=0)N(C=0)") = (~1)""*nlVolo(A(f)) LB L TH < LR A
cn=1orsn. B —EH dREEAR dEOHRETIERRE C-0 K
bo ) EWIPENEEO—M{LEARFTIEBTE %,
ERABCE L CRZRZARESE2E A 0E,

(1.7.2) x(Z(R)) = i(ml)k”lk!Volk(A(f)) (mod 2)

k=1

1550
(1.8). B MIERBRE b — U » 7 B8k oW T Lefschetz o8 52 iy i A ER D
oo (J.Milnor [M7] L§7) 3 b

H,(Pa(C),Z(C);Z)=0,for ¢=10,1,...,n—1
7(Pa(C), Z(C)) =0,for ¢ =0,1,...,n — 1.

e Po(C) nBEgroT, n 23 1m0 Z(C) b BER,

(1.9). A ’«‘“:3!54%;% nRTENEET 21,0020 % Pa ORFELA; = Az, L8, &
1Z] REEAE bRBVWEEET 3. T3 t/ﬁmi 3 75 Bézout o FE M D L 2o (/N
o # #= [0]2.2, D.N.Bernstein[B1], A.G.Kouchinirenko[K2], A.G. Khovanskii[K1])

Z:(C)nZa(C) = > (-1)H VL, (Y A)

Ic{i,...n},I#0 iel

HR Ary ey An OREER V(AL An) EBENZ 500 0l ETH 5,
(1) ~o@EE. (L9 oF & Lr@zygﬁfa A=Az n—-1kTHE2ET A %
L3, e PA(C)—= Pa(Clovy4v—& Z(C) oA R

-1

e N 1
pV(A(F),Ax, oy ML) nz(“l)n—k—l Vol.(A(f) +kA)
(TL - 1)!V01n_1(A1) N (n - 1)!V01n_1(A1)

k=0
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TELZoNB, chkb Pa(R)— Pa,(R)D 774 v—& Z(R) 03 EEE 2V(A(F), A)
EHMAL G, g n=2, A BBH LT 5,

R(A(F), A1) = inf{A > 0: 3z € Mr, 2 + AA(F) D A,}
=1/sup{A > 0:3z € Mg,z +AA; C A(f)}

&8¢ & Flanders 0 RER, (/MHEHEKOHBE [O],§A4) X
V(A(F), A1) < R(A(F), A1) Vol (A(F))

BERDILD. ChEVEDIKER AZ2B 5, o

(1.10). Pa(K) ko T-Cartier @F D psf ek D=2D iz 3 T-Cartiet §F D 2575
ET2EEVWI, Co&s. & mo) 3 2M it A2EEELTL VDT, € PA(R) iz
HLT Fla)>0 20 2 EDERE D, PE={ae€Pa(R):£f(a) >0} &<,

(L11). s T BB v s b b= Yy 7HEZELL Y0 CHRROKBEBLTR
BRETEI 0 b A PSRN 7 PV w0, V1,0,V = U TREE B0 () BE 530 v, viq1 DB
FN=Z2&mT 5, vi=()(i=0,.,d) &8 & l b Z:il =1,(6=0,..,d=1),
IoEE v RUBE D vi,vip1 OEKT 2HESEREBRERRICT 3, D& s
Vi +vipr o = 0,1 << dEFBATLIONEY o BEET B, v DART
BP1LRTHOBEDZREFE D &8, 3 & Di(C).Di(C) = ¢;,D;(C).D;11(C) =
]-:D'(C)‘DJ(C) =0(Z:0,1,,d—1,‘1——]] > 1) LB EBREa vy P b=V
MERHENTE 5L b T Chbdo £ Hy(Pa(K)Z) 13 Di(K)i=1,...d) ¢k
Bis . Dimy @i Di(K), Siny biDi(K) 0% Ha(Pa(K)Z) ORHBETH 5o

gl 1vg = (g),v = (7)o =(5)vs =v 08, Xz RHETE PP chs, 27
d=3 sz BRa ves b b~y s HliEE PP icEE,

Bl 2: o 2FEEEHET Z, o= ((1))"01 = ((1)))7-’2 = (_,',,1))”3 = (_01))04 =vp OB, &
D b—Y s ghEid Hirzebruch g F, L Eh 2, /- d=4 7 23 EBEa v b
F—Y oy 7EERELdO F, c@E, i Fy= P! x P,

(1.12). M1, e Mg FM=2Z" 05, A% m,.,m,0ha8sT %, B T,(C)=
(C-0)"32— E'i T Im " i ER" ¥4 256 p: PA(C) - R™ % moment map
& IE 35, moment map 0)1’%&1 A w35, moment map © To(R) = (R ~0)" o#&Em%s
~DEIBIE A ODHEAEE~OERTNRAEEE TS 3, R 0OBEBEECORDEL M
£ 28 G, To(R)=(R—-0)"CR" tHAREALTVS, B i:To(R) = R
% fiog(z) =gop(z), 2 =(21,..,20) ETo(R) = (R~0)",2; >0, g € G THEHET 5
Lt ABE-BBIS3LETTS. COL s AREMEERTH 3, ZR)NTH(R) o
ks @EEER f o chart v Ca(f) tE+,

2. BRNEEER P, comresysneoxgmm (26,27 5508
RELTOEARTS 5, (2.7) © Bw,fr,fu i (2.8)-(2.10) 2 W THEE N B, C
NSRBITBELLTFOEEBEEC, ¢ ¥ 75 v v REBEHEIL L5,

T5y v AER.V 2 L2 LOoERKRTE~S P AEET. BT R— KB,
VXV —=Z/2065b0s45, COLxE q(u+v)”q(u)+q(v)+2uv7&%7_?‘3&
q:V —Z/4 % L[4 = mFH(Z/4-quadratic) & 1P 5,
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Bl LT Z/4E—RIER OBl ZEH T 5.

Pu = (V = Z/2(v);0 = Liq(v) = £1),
To=(V=2/2(u)® Z/2(v);vu=vv=0vv= 1;9(u) = g(v) =0),
Ty = (V= 2/2(u) ® Z/2(v);uu = v = 0,uv = 1iq(u) = g(v) = 2)

BLrUh o OEM,. :

FasmTsry LAEZREREEO Py,To,Ts oWFhb cEBREOT, 8O
7/4-E =k Pa,To, T OEFKEARTH 5,0 ¢85 aPL ©bP- @ cTo®dTy tEE
ok, Blg)=a—b+4d (mod 8) 2 gD Z 3y YAEBLV I, IOLERDANRKD
Do

> ,B(q)z\/j _ g-dmv Z exp q(v)w\/fl"

(2.1) ex 5

vEV

i (2.2). ¢(H)=0,dimH = ;dimV n 2 85 %M H »5nihle) =0.
75w v RER >V T ORI BHBrown Jr [B2] 2,

bk ) vBR. B ARTEREE Mok BERE F 224 5, AREEEG H(F2/2) —
Hi(M;Z[2) BEEREFET 2, co&s FRcRvAFNALEREOHK C i
woTb MKITE M BN 3. ¢ & ¢l(membrane) tvwy ok O 2ERICH O
MuohiEm M© C ol PELEEXL. E3L25 P LELIVLDOEWV I, HEA
CCFophz 3vds MCMoEdEoRSEBREICLET 2 LE0BERS
(M,C) OEAFTHEL TEB N3 BH (EEH) % n(M) &po T F o 2/2
rru v —HoET vy AW M 0% 2 Stiefel- Whitney 1 & — 83 2 & REL &
3. %45&. ¢(C)=n(M)+2M.F (mod 4) iz C 0 Z/2-5 0 v —HEHTRES, D
q: Hi(F;Z/2) > Z/4% Foos) vyEREVS, gik F o Z/2HEZRRER LT
Z/4-E_ R LT > TV B,

8 (2.3)(GUILLOU-MARIN). LI L ORED & & icROEREADED AL 20
MowsE¥ =F.F+8(g) (mod16).

mL FPF i FCMopgEt+4s—Ho
%2 it : L.Guillou-A.Marin [GM1-3], A =X Ko [M2]

BZep Ph. RB(LE 2 ZHESER F e, A= Af) n3kBRER A2Ls, UT
(11) pEBA A VS, ERLEBEHHEET 2 Pa(C) LOREAHEE 7 THRTo [ O
mEsED 3 Pa WOREKEEEY 2 THT. W& 713 Z(C) LodasHEET 3, &
NLELEET THEY,

WiE (2.4). Pa(C) oxl& Tick %M Py & S* cEETS 2,

Pl A(F) BB LEEST 2. D% Z €|D| 733 Papyo T-Cattier @F. D% D =2D
7% T-Cartiet IF &4 2, Wobic A(f)=A8p =205, Z' % Z 0 7 it X BEHEM.
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F % Z'UPH % P, jy© smoothing Lz &43, Fo PyHOES1 5 —HikK
DLAERTHA OGNS,

(2.5) F.F = %D(C).D(C)inpA(c) - 2x(P).

(C).D(C) #8535, « ctD(C).D(C) =
wEER, 23) X0, KOEFERAED

BTy F oasE &M AR s x(Py) =
LVoly(A(f)) it Eo F M & 113 TheTni
VDo

(2.6) x(PX) = D(C).D(C) +f(g) (mod 8)

ELBAQRrR Forxy vBReDOT 5y v REBTH 3,
L-T. Blo) otEBTEIX(P) cMT 3 2R BEETES C L b,

EEA LT OEH. TS ZEAT 2,

U =Im{H(P};Z/2) — Hi(P},Z(R);Z/2) — H:(F, Z(R); Z/2) — H.(F;Z/2)}
W =Im{H.(Z';Z/2) — Hi(Z', Z(R); Z/2) — Hy(F, Z(R); Z/2) — Hi(F;2Z/2)}
L =Im{H.(Z(R);Z/2) — H.(F;Z/2)}

I={uec Hi(F;2/2) :uv=0,Yv € U W}

EBCo 2% (M —i)fifges 2e dmW =i,dimL = M —i— ho(Pl),dim L =
2M ~i—ho(PX)). &5 Z/2-ERARR .- 0 U,W, L ~osiRuskElLe. F o
A4 5 —BotBELy Hi(FZ2/2) ~U0LeW t53, x-1<h = BqU),Bw =
B(alW),Br = B(alL) & B LWBED L6

HE (2.7).
B(q) = Pu + Pw + Br.

BE (2.8). Bw LoV TIREAEEYD T2
() Z 5 Mgz o Bw =0,
(1) Z s (M —1)-ghggis 513 Pw = +1,
(i) Z 28 (M - 2)-ghg CHSEEB T 51 Pw =0,£2,
(iv) Z sy sighigis 51 Bw = 0,4,

M AmW =497, $/2 ZBSREHETHIELE Z BEEMITETS 2ERE
o £>T Z/4AE_RERONBEL0EESXES, |

wic LL =0#now ¢(L) C{0,2} wx&sT 2, ¢(C)=2nu2 ZR) oy C o
2z Ly TRy, Woric L oOnRERETS 3, Z BHSEELT SR Z' 35
METHD Z(R)ic 02" L LTHENA 3, Py BEEHTEO L & Z(R) 0P} &L
THEEPANZ0 L ORXRTIZoDEER—HLB VS OBEY () Mo, L, i
B (H) &3,
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B (2.9). B kO VWTRIRBED I 2o
(1) ¢g(L)=0usi fr =0,
(i) Z o gl Py sEEHEE T 50 L 8FB 51 Pr = £2,
(iii) Z o gidigmT PY sEmMEE v 50 L2 @R W fr="0,4,

wo (2101 LOU Lo q oA R»20EN TS 50 &1 Hi(Pa;2/2) 11
Di(R)i=1,yd) © Z/2% e 0 VB TERSNIELERT 5,

& (2.10). #ig C 28 FNPA(R) micshid ¢(C) 8 Pa(R) to C 0 Z/2-k 2w
O—HTEE B, &bl Coxd H(Pa(R);Z/2) toxEa v—HEN) oy Di(R) ©
e —8d 57151 ¢(C) = Tierle + Voly(B:)). BL By i3 vi %% 5 A(S)
DA o

(2.1) & (2.10) % @Ex1E fr RRE S N B H oz R i (2.10) Rk OHE (2.11)-(2.13)
hHEBERE o
g (2.11). g C C FNPA(R) » Pa(R) WO HEPEFR 2 5 g(C) =0, #ic
Hi(Z(R);Z/2) — Hi(PaA(R);Z/2) 8B E &k 5. o(L)=0,

i OM=C i3 Pa(R)RomE M%2 &2, ClcERTs MLEo~s Vg vic
HUV—lvo MoOFEE~DIEE ?2EA N, ICREACCFOE~s FVER
o, 9|C 2HA M CPA(C) 0~ b VB RIEET 3 & s oEEH I —x(M) k-
Bt b &oT n(M)=2(-x(M)) ch 2, ik _EHWAE Pa(C) — Py © M ~OHIR
M= M 52Zzhid. n(M)=2n(M)=0 (mod 4) c& 5, & M.Pf=2MP}
kv, q(C)=0 (mod4) =%B5, §

i (212) TL(D,(R)) =c. LT q(D,(R)) = ¢; +V011(E,')0

A EEHE. B

W (2.13). C % FNPA(R) mogh. Moz H(R)-Cowvl>bo@Eks0s
pEsoBaTE0BREYS C2a0L2Mb0ET 3, [ 2 O0Mo = CU;; Di(R)
155 {1,.nd} OBHBEEETE, c0t & Coxt Pa(R) 0 Z/2-v v v —Hi
ZiEI‘Di(B’) D Z/2-rh% o V- L, TSI q(C’) = ZiEI(ci +V011(Ei)).
o M=MoUU;er Dl 2853, D o ¢(C) ~oF 5 (212) © Mo © ¢(C)
~0Z5iE (211) cHETE 3,

Bl 1. A(F) 55 34 (0,0),(6k,0),(0,4k) 018 @ & &0 Pl OEERS &L THE ]
PBIMAE S > W 2P OMEREIVWibDLbbobhilneT s, HEL f DEH
i (112) BB, A L LTRTEE3 0% &2, v = (3),0 = (3),v2 = (J}),vs =

(o= (Dyvs= (") ve=v.42& gL)=07. fv kE 10 fv ~0E5%
A4 b DI B o

%1

ko |<© <> | <>

Bu~nZxs | 0 4 (-1F2| 0
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7 2. A(f) B3R (0,0),(10]6,0),(0,6]6)@%?]@ DEE, PZ(]‘) DEFERSELTHRE 2
BBETAT» VW >LOEEZ WicbD Lrbobhilwed 3, AL LTKRTE
EBLDEE Do v = (g),v1 = (7),v2 = (I1),vs = (12,0 = (23),vs = (I3) 06 =
(_01),1)72@0- 72&qL)=07T, By RE 20 Pu ~0FEFEZMALbDIIE 3,

QO P @ | D @ DS

Bu~oEs | 0 2 4 R—(=1)F(=1)F3 (=1)e"|(~1)F1| 0 0

R AHORRRBRRENERRERCHT 3 AMarin Ml 0 2FRO b —y .
SHEA~D—fE{LE B2, AMarin OARRR B OEZB L L - T (TREFEE
ModoERLRTNEHELHL) —B{baxhTv3, KV,M3MM6l S 8B 0%,

13 A FERE _HBAE Y 2nnossk AL, «A) 2 A ouoEx
g pe. x(Pa(R)) = 4—e(A) T5 > %o 'ﬁ?an@% flz,y) & A(f) = Ap s
B2 ZHEEBILELERNET 2, FIFiETO ZRlaHmEAVE, A — A(f) 5
FBESHFE A %L b, Pa — Pagy ﬂa&/l %é’i,ﬁﬁtﬂﬁ L“C—*szj:%i"i@fd&\o D
% D =2D 4% Pn ORFT. 7 ztxﬁ’* w% |DC)| o—@oToOBE &+

g=1-3Voli(A(£)) + $Volz(A(f)), D(C).D(C) = Vol (A(f)) ik EE L & 34
EE (3.1).
X(Pg(;)) <g+ D(C).D(C)

x(PH)+x(Py)=x(PaR)) #FwvT 3 xpEm C c{vémai%LL o (3.1) %

Ryt fle,y) OBKR Z THKTE PA0ZERE Y 2E14L5, Y usEk
F(z,y,2) = 2" + f(2,y) TEREN260:¢ 5, A = A(F) 53 3&%35;%;@%
Hik AZ2Ex3, (1.8) x v Y(C) wsEETtHhr ., - (1.7.1) kv Ho(Y(C);Z)
B 2e(A)+g9—-2) DEHT—<VETH 2, EREKcHET 32 A.G.Khovanskii
Kl oazt&v, Y(C) 0@z § . FHizebruch t 1 2 9 BEHBOBFEH O
ARE0. Y(C) omE#iz 2(4 —e(A)) — Volo(Ap) t5 3, T- 2 Y(C) oz #
#. 0% Y(C) = Pa(C) o BEEHR. Ty =T- 00 &8, T oBE&AEaz VT
EpCE.YE 3 Z(R) cHikT s Py 0ZEWE] ThHE. Py, & PE o
Ry YT x Py, kxS s YE o#gms v, VE SEEHITETS 3
e P mofEgomans (D+ i D)R) 0 Z/-ERARRSETS 5 H R
FET. chizBie, (L11) oRS2@Eilk, Py, RogS&o gl Pa(R) o
Yienki =0 (mod 2) 53 i kD;(R) 0 Z/2%% 20 v—HERTEELEETH 5,
Bl h={jic+iVoli(B;) =1 (mod 2)} B i v; 0% %+ 5 A(f) o0, Y
O &1 DL EERATHA 5 —HE. B, ﬁ®é®®@ﬁ%%n%nn+,n§,nf
L&,
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EHE (3.2). COLERDORERXNBKD Lo

(I%) nf4nf<g+1
(IT*) n§ +ny <G+ D(C).D(C) —x(PF s
BT,

(1) X (It) cEENKITIIF. Z ROZHET. VE 13 & A1 R b S
SUDELT., &6 nf_:nf:()o
(11) (I+) & (I—)@%%b‘ﬁa#ll}&ﬂj‘ncf\ HLEH aBEELT Pa i Hirzebruch
BifE Fo & EBIE,
coEBRLDEE DEE %m;tggu\
(3.1) B ¥ T

H(Y(ChR)=2Vi®_ 1 Vi@ Vo1 ©1 Vs

2725, BL pVo it (T4,1-) @ (o, f)BEEZEM. 0 = T4 oT- o LEHFZEME
Hy(Pa(ChiR) w@EE T, To i3 Pa(C) oHEBOBBE LTRSS, 1Vi =0, & sV
A A B L TIE E iﬁ%fﬁfaﬂﬁéj\mFsﬁ@‘ﬁfﬂéuﬁ}ﬁ%i?‘éz Vo =3 VI ®s Vs,
H1V~1 _Hz(PA( ) ) & Hodge Taﬁiﬁfmct@ dim _ 1V -—]. dim _ 1V_1 ——-6( )—‘3
"1V1) 1V1 71V1a1V @/ﬁqjc%%ﬂ’b%na+b , G ,b EFT B ERMED LD

) — 3) = dim H,(Y(C); R)

)—8) = ¥(C) o B
++b+——a_—b'—1— e(A) —3)

) -

BEwo—->oXREET. 3BEHoR I Ty B4 3 Lefschelz o RBRANORFHE.
&% o Rz Atiyah-Singer o3& Ty OFSH BT I EEORE TH 5. CNOEM
L\T\

(33) a:t=§

(3.4) b* =g+ D(C).D(C) ~ x(PZ)

820 B % Pa = Pa) OAAREET B L, E@%ﬁ%ﬁﬁ®%%iP+§t

ProwFhbhicA->TWa, EHH PEHiA-Tw3 E 0EURS 0 EN%E &
£, T5&

35) x(P3) = (P;fu)) e*.

E=J,Bf U, Bl ##5Re+ 5. BEF(R)C Py s#MmLTB<, Y = Pac &
5 Bf ogoums s B, BL t# G
T—(E:i) = —Ez:l:) T+( 1—:'1:) = ‘.E;F

T_(EL)=-EfL, TW(EL)=-EL
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~
2B, £oT BE —Bf waVi onE 2% ¥, ERfIABEBOTINS R—K
M., Lo T

(3.6) e¥ < bE.

(8.4),(8.8) & (3.6) x v (3.1) 2183,

(3.2) DEMET DI OLHES ¥, b 0Th o 0RMBmEELSL 50

Et%Yi@m%ﬁfi%ﬂﬁﬁﬁ%TPi®@%@%lfﬁmﬁmﬁé@@&?é
. DEIEF = —x(IIF) = -2x(Py ). T & Vif @V ox [ 2% 5,

BNFEDF 45 —HER (0] s s — g 72 5 1 . 4 n < o)

(3.8)Fmo A4 5 —HEH-o [IF] e B @n—mmin s, n+ny+e¥ <bE,

- ~ =+ :

TE e B ustassssntl; gu—w@inoc ] #o— kit 5%
mrhigdve % 0EE Hy(Ye;R) — H(Y(C)R) o Hs(Y(C),YHR) 2H~
NE+HTH 2. EEAERFEERLY

Hs(Y(C), Y% R) = Hy(Y(C),Y*;Z) O R
Hs(Y(C),Y*;Z/2) ~ Hg(YV(C),Y*;Z) ® Z/2 ® Tox(H,(Y(C),Y*;Z),Z/2).
BE- T
dim Hs(Y(C),Y*;%Z/2) > dim Hs(Y(C),Y*; R)
85, £oT Hy(Y(C),Y*Z/2) 2~k 5, & 0 & Y(C)/Y* wfi¥ 5 Smith
ORELFI. REWF ¥e V- OBRBRNHELFTAE. RORLFI%EE 5

(3.9) 0 — Z/2 — H3(Pa(C), PE UZ(C);Z/2) — Hs(Y(C),Y*;Z/2) — 0
2235 (Pa(C)/PE,Z2(C)/Z(R)) 05451 & D iREB 2

(3.10)
0 — Hs(Pa(C), PE¥ U Z(C);Z/2) — H3(Z(C), Z(R); Z/2) — Hy(Pa(C), PE;Z/2)

Wik X

7/2 Z BEHE BB O,
3.11 Hy(Z(C),Z(R);Z/2) =
(3.11) (2(C), Z(R); Z/2) {Z/mz/z A
& T (8.9),(8.10) x v Hs(Y(C),Y*;2/2) okt i o BT
(3.12) nE +nf <a* +1,
(3.13) nE +ny +eF <bF 4 1.

EoTHRER ([F) e RER () 0BDic 1L 2MALSORBHI I OEN D> B,
(i) oEH: Z pdasimns (3.9)-(3.11) kv Hy(Y(C),Y*;Z/2) =0 koT., K
2 (I1%) R0 o0 Z RASIHE L EET 50 (3.9),(3.10) X b

Hs(Y(C),Y*;Z/2) = Z/2
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i ' ' ‘

Hy(2(C), Z(R); Z/2) — Hy(Pa(C), Py Z/2) S BEHRTSH 5
cremET. Hs(Y(C), Y 2/2) =2/2 L G+ 5 & Ho(Y*;2/2) — Ho(Y(C); Z/2)
oMY 0 L/ Tn v —BETERENG, ko THE (FLBFE) 0445 -8
% [Hi] ERE—REBE O Y 0RAERSBE SR HARTAA 5 -HBETH
Hhidnsidwv, B

(i) oaEs: (Pa(R), Py,P ) 2% & LUtc Pa(C) o#fa Mayer-Vietoris 5 £ %5 & 0 |
Hs(Pa(C), Pa(R); Z/2) = 0 e,

H(2(C), Z(R); Z/2) — Ha(Z(C), PL;2/2) ® Ha(Z(C), Px;Z/2)
HEEETEEV, 2oT (IT) & (I7) 0SB REBICIEKRILEV, IIT
Hy(Pa(C), Pa(R); Z/2) = 0 |
i Pa(R) 75 = Z/2-% w42 ERfE. &2AT Pa(R) o BEXAER
—x(Pa(R)) = e(A) — 4.

YT e(A) # 4 7 513 He(Pa(C),Pa(R);Z/2) # 0, e(A) =4 154 Pa = Fuo
(1.11) piEE%@E> &, Pa(R) & V=1+y+ye® =0 0EHT 5 Pa(R) NOEHRIE
FRUMEBED Z/2-EREME aRoTanFEB S PAR) R T Z/2-vE0—42
TV, |
(IT*) oEw: (3-13)T%%bi&ibfw\«_&%%ﬁt_i%*%o ¥ AF)EBRET 2,
+3L A(f)=Acef =0, 7 DRIBEEDS D(C)"( )>0, -7 (3.13) T
%%&ﬁ&{&ﬁ@“%&\nf—n_“ﬂ,x@ )=0n0oT (I*) cFBET 5,

X - T A(f) i}lit%;:g'cfo\mc‘:‘é‘%o PA — Pa(y) %ﬁ/l\%;@,‘f—iﬁ@(ﬁéﬁ% &oe(A) >
4, (313) CHEERILEEET o nf =n =0,x(Py) =0 noTx(Pf)=4-e(A),
% 7. D(C).D(C) = 2Voly(A5) = 2(7 — 1) + Voli(Ap) o (I) kv nf <F+1nDT

93 — 1) + (Voly(Ag) — eF) + (e(A) — 4) < 0.
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T30
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BE (3.16). BO N AR AL, sz AORKREROEMEY 2o A @wﬂ{uz VA
ofEEE . Vli(A)<s+2 ERET 5o

() N=3usiE, AoBEERRIEL — 20
‘()N>4nbm A RERERERLE
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11 AR, Vob,(A)=1o&si A@%éli 2C. MEWRERICLD, E&
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CEAM 2P b 0BEAE PPl ik PRrovwgFhh, N=30Ba0EELY

P c;t%ilﬁ;ﬁc:r&w&m |
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FEXRERBEBRHNOERKSHE I Lt V.MKharlamov [K1,K4] 1z & b — &1t
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Survey on 2-dimensional braids

Sericat KAMADA
Department of Mathematics, Osaka City University

We work in the piecewise linear category and every manifold embedded in a
manifold is assumed to be proper and locally flat.
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1. GEOMETRIC BRAIDS AND BRAID GROUPS

Let D? be the 2-disk {(z,y) € R?)|-1<2<1,-1<y<1},y;=1-27¢
and z; = (0,y;) € D? for each 1 (1 = 0,1,2,---). For a positive integer m, we
denote by X, the set {z1,---,2zm} C D% Consider the product D? x I of the
unit interval I = [0,1] and D?2.

A geometric m-braid is a compact oriented 1-manifold b embedded in D? x [
such that pra|y : b — I is an oriented covering of degree m and pri(9b) = Xp,.

Let b; (1 = 1,2) be geometric m-braids in D? x I; where I; is a copy of I.
Identifying I; = [0,1/2] and I; = [1/2,1], we have a geometric m-braid b; Ub; in
D?x (I;UI) = D?x I. We call it the product of b; and by and denote it by by - bs.
(This product does not satisfy the associative law (b1 - bg) - bg = b1 - (bg - b3) in
general.) Two geometric m-braids b and b’ are said to be equivalent if there is a
continuous sequence {b;};er of geometric m-braids with by = b and b; = b'. This
is an equivalence relation on the set of geometric m-braids. The set of equivalence
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classes of geometric m-braids forms a semi-group together with the multiplication
induced from the product. It is easy to see that each equivalence class has the
inverse element under the multiplication, and hence the semi-group is a group,
which is called the m-braid group and denoted by B,,. Each equivalence class is
called an m-braid.

The configuration space of ordered m points of a topological space W is
{(wy, -+ ywp) € Whw; # w, for i # j}.
The symmetry group on m letters acts naturally on the space by permuting the
coordinates. The quotient space (with the quotient topology) is called the con-

figuration space of unordered m points of W. We denote by C,, the configuration
space of unordered m points of the interior of D?.

For a geometric m-braid b, let g : I — C, be a path defined by
gs(t) = pri(bN D? x {t}) fortel.
Then g is a loop in €, with base point X,,.

LemMA 1.1. The m-braid group By, is isomorphic to the fundamental group
71(Cm, Xm) by the mapping [b] — [gs].

L

LEMMA 1.2. The m-braid group B, has a presentation of generators:
Ol Omen
with defining relations
0i0j0i = 050505 ([i—jl=1),

005 = 0j0; (i —j|#1).

The geometric m-braid corresponding to o; is the one whose jth string and
J + 1st string are twisted once nicely and other strings are trivial, see [Bi].

LEMMA 1.3. Let b and b’ are geometric m-barids. Then the followings are mu-
tually equivalent:

(1) b and b’ are ambient isotopic by an isotopy {h:} of D? x I such that for
each t € I, hy is fiber-preserving, where we regard D? x I as the trivial
D?-bundle over I, and hi|p2 51 = id.

(2) b and b are ambient isotopic by an isotopy {h;} of D? x I such that for
each t € I, hy(b) is a geometric m-braid and hi|pz«ar = id.

(3) b and b' are equivalent, i.e. there is a continuous sequence of geometric
m-braids from b to b'.

For proofs of Lemmas 1.1-1.3 and for further information on braids, refer to
[Arl; Ar2; Bi].
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2. 2-DIMENSIONAL BRAIDS AND 2-DIMENSIONAL BRAID SEMI-GROUPS

Let D? and D2 be copies of D2. A homeomorphism h : D} x D2 — D? x D}
is fiber-preserving if there is a homeomorphism A : D} — D2 such that pryoh =
h o pry. Furthermore if h is the identity, then h is an isomorphism.

A 2-dimensional braid of degree m (or a 2-dimensional m-braid) is a compact
oriented surface S embedded in D? x D2 such that pra|s : S — DZis an oriented
branched covering of degree m and pri(0B) = X .

Let S and S’ be 2-dimensional braids.

(1) S and S’ are tsomorphic if they are ambient isotopic by an isotopy {h:}+e[o,1]
of D} x D3 such that for each ¢ € [0, 1], h; is an isomorphism and h:|pz2xgpz = id .

(2) S and S’ are equivalent if they are ambient isotopic by an isotopy {5} g0 1]
of D} x D such that for each t € [0,1], R, is fiber-preserving and h¢| pz xspz = id .

(3) S and S' are braid ambient isotopic if they are ambient isotopic by an
isotopy {h¢}eeqo,1) of DI x DJ (called a braid ambient isotopy) such that for each
t €[0,1], hy(S) is a 2-dimensional braid and h¢|pzyspz = id .

(4) S and S’ are braid isotopic if there is an isotopy {S¢}iejo,1) (called a braid
isotopy) with Sp = S and S; = S’ such that for each t € [0,1], S; is a 2-
dimensional braid.

By definition, (1) — (2),(2) — (3),(3) — (4). In general neither (2) — (1)
nor (3) — (2) holds. It is unknown to the author whether (4) — (3) holds or
not. (For classical braids, these four equivalence relations replaced D2 with I are
mutually equivalent, Lemma 1.3.)

A 2-dimensional braid is trivial if it is equivalent to the product X, x D2.

Let S; (i = 1,2) be 2-dimensional m-braids in D} x D3,y where D3, is a
copy of D, The boundary connected sum Dg(l)hDg(z) is also a 2-disk, which
we identify with DZ. Then S; U Sy in D? x (Dg(l)hng) is a 2-dimensional m-
braid in D? x D2, We call it the product of S; and S, and denote it by S; - Sa.
The set of equivalence classes of 2-dimensional m-braids forms, together with the
multiplication induced by the product, a (commutative) semi-group, called the
2-dimensional m-braid semi-group and denoted by B,,. The identity of B, is the
equivalence class of the trivial. For a 2-dimensional braid S, we denote by n(S)
the number of branch points of the branched covering pra|s : S — DZ2. Since

n(S) = n(S') for equivalent S and S’ and since n(S; - S2) = n(S1) + n(S2), we
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have a semi-group homomorphism
n: By, — Ny

where Ny is the semi-group of non-negative integers with the additive multipli-
cation.

LEMMA 2.1. A 2-dimensional braid S is trivial if and only if n(S) = 0.

COROLLARY 2.2: Any non-trivial element of B,, has no inverse element.

A 2-dimensional braid S is said to be simple if the branched covering pra|s :
S — D2 is simple [BE]. The set of equivalence classes of simple 2-dimensional
m-braids forms a sub-semi-group of B,,, which is called the simple 2-dimensional
m-braid semi-group and denoted by SB,,.

3. CHART DESCRIPTION AND BRAID MOVIES

Let S be a 2-dimensional m-braid in D? x D%. Fix a parametrization of D3 by
IxTandlet by =SND%xIx {t} for each t € I. Then {b:}ses is a continuous
sequence of m-braids except a finite number of b;’s where string recombinations
(intercommutations [K1]) occur. We call the sequence a braid movie of S. Refer
to [R2; R4; CST; CS11; K1; K2

THEOREM 3.1(CARTER/SAITO). Two braid movies are equivalent if and only if
they are related by a sequence of braid movie moves and locality changes.

Refer to [CS7; CS11] for the terminology in 3.1. Braid movie description is
the easiest way to understand and tell the configuration of S. But it is not so
convenient when one wants to deform the configuration of S up to equivalence.
" So we introduce another method called chart description. Let m > 1 and n > 0
be integers.

An m-chart T is an immersed finite graph (possibly, the empty) in the interior
of D2 satisfying the following conditions (i)—(iv):
(i) Every vertex of I is colored in white or black.

(ii) Each edge or loop is oriented and labeled by an integer in {1,--- ,m —1}.

(iii) Each black vertex is attached an edge and white vertex is attached six
edges such that they are labeled by i and ¢+1 (z = 1,- -+ , m—2) alternately,
consecutive three edges are oriented toward the outside of the white vertex
and the other three edges toward inside.

(iv) The singularity is empty or consists of double points where two edges or
loops whose difference in labels is more than one intersect transversally.
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An m-chart with n black vertices is called an (m, n)-chart.

For an (m, n)-chart T', we can define a simple 2-dimensional m-braid p(T") with
n branch points, see [K1; CS7]. A simple 2-dimensional braid § is said to
be represented by I' if it is equivalent to p(I'). (Although the notion of chart
description is extended to non-simple 2-dimensional braids, we do not discuss it.)

THEOREM 3.2. Any simple 2-dimensional m-braid with n branch points is rep-
resented by an (m,n)-chart.

THEOREM 3.3. Let I' and I be m-charts. They represent the same (equivalent)
2-dimensional braid if and only if they are C-move equivalent.

Refer to [K1] for the definition of the C-move equivalent.

For m-charts I'y C Dg(l) and 'y C ng, the union I'yUT'g in D? = D%thg(z)
is an m-chart, called the product of I'y and I'y and denoted by I'; - I';. This
product makes the family of ambient isotopy classes of m-charts a commutative
semi-group. Since p(I'y - I'z) is equivalent to p(I'y) - p(I'2), we have a semi-group
homomorphism p from this semi-group to SB,,. Theorem 3.2 asserts that it is
onto and Theorem 3.3 that it induces a semi-group isomorphism from the m-chart
semi-group modulo C-move equivalence to SB,.

An edge of an m-chart is called a free edge if both of the endpoints are black
vertices. An m-chart is said to be unknotted if it is empty or consists of free
edges. A simple 2-dimensional m-braid represented by an unknotted m-chart is
called an unknotted 2-dimensional m-braid. A simple 2-dimensional m-braid S
in D? x D = D? x (I x [-1,1]) is called ribbon if it is equivalent to a simple 2-
dimensional m-braid S’ such that S’ is symmetric with respect to the hyperplane
D2 x (Ix{0}). (For any unknotted (or ribbon, resp.) 2-dimensional m-braid, the
closure in R* (§ 7) is an unknotted (ribbon, resp.) surface in R* and conversely
any unknotted (or ribbon, resp.) oriented surface in R* is ambient isotopic to
the closure in R* of an unknotted (ribbon, resp.) 2-dimensional m-braid for
some (non-unique) integer m. This is the reason for using the terminologies
“unknotted” and “ribbon”.)

THEOREM 3.4. Any 2-dimensional 2-braid is unknotted. Two 2-dimensional 2-
braids are equivalent if and only if they have the same number of branch points.

COROLLARY. By = SB; is isomorphic to Ny.

THEOREM 3.5. A simple 2-dimensional m-braid S is ribbon if and only if it is
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represented by an m-chart I" such that I' = —I'*, where * means the mirror image
with respect to the Iine I x {0} C I x [~1,1] = D% and — means the inversion of
orientations of edges and loops.

LEMMA 3.6. Let I' be an m-chart. The following four conditions are equivalent:

(i) T is C-move equivalent to an m-chart I'y such that I'y = —I'7.
(ii) T' is C-move equivalent to an m-chart I'y which has no white vertices.
(iii) T is C-move equivalent to an m-chart 'y such that every black vertex of
I'y is an endpoint of a free edge.
(iv) T is C-move equivalent to an m-chart that is the product of charts each
of which consists of a single free edge with some (or no) concentric loops
around it.

THEOREM 3.7. A simple 2-dimensional m-braid is ribbon if and only if it is
represented by an m-chart which has no white vertices.

THEOREM 3.8. Every simple 2-dimensional 3-braid is ribbon.

For an m-chart T, let w(I") be the number of white vertices of I'. The w-indez of
a simple 2-dimensional braid S, denoted by w(S), is min{w(T")|T" represents S}.
Then Theorem 3.7 is that for a simple 2-dimensional braid S, w(S) = 0 if and
only if S is ribbon.

Let F' be a compact oriented surface properly embedded in a 4-manifold W*.
A 3-ball B® embedded in the interior of W* is called a I-handle attaching to F
if the intersection of B® and F is a pair of 2-disks on the boundary of B® and
the closure of FU8B® — F'N B% in W* is an orientable surface. (We assign the
resultant surface in W* an orientation induced from F.) It is called a surface
obtained from F by surgery along B® or simply the surgery result.

Let S be a simple 2-dimensional m-braid. A 1-handle attaching to S is nice if
the core is contained in D? x {y} for some y € D2 such that y is not a branch
point of pry|s : S — D2. Such a 1-handle corresponds to a free edge with some
(or no) concentric loops around it in terms of chart description. We define r(.5)
(or u(S), resp.) by the minimum number of nice 1-handles attaching to S such
that the surgery result is a ribbon (resp. unknotted) 2-dimensional braid.

THEOREM 3.9. Let S be a simple 2-dimensional m-braid.

(1) u(S) < r(S) +m —1.
(2) r(S) < w(S).
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4. BRAID MONODROMY REPRESENTATIONS AND BRAID SYSTEMS

Let wo be a point of D2 and fix it. Let S be a 2-dimensional m-braid and
W the branch point set of the branched covering prals : S — D3. A path
¢ : (I,0I) — (D% — Ws,wy) induces a path ps(c) : (I,0I) = (Cm,Xm) by
ps(c)(t) = pri(SND? x {c(t)}) forte I. If c and ¢’ are homotopic, then ps(c)
and pg(c') are homotopic. Hence we have a homomorphism

which we call the braid monodromy representation of S. The idea of the braid
monodromy representation is due to Moishezon[Mo], Rudolph[R2; R4] and Viro.

LEMMA 4.1. Let S and S’ be 2-dimensional m-braids. They are isomorphic if
and only if Weg = Wg and ps = ps.

THEOREM 4.2 (MoNODROMY THEOREM I). Let S and S’ be 2-dimensional m-
braids, and ps and pg their braid monodromies. S and S' are equivalent if and
only if there is a homeomorphism h : (D2 Ws) — (D2, W) with hlapz = id
such that ps = ps 0 hy, where h, : m; (D2 — Wg,wq) — m1(D} — W, wg) is the
induced homomorphism.

Let W be a set of distinct n interior points of D2. A Hurwitz arc system for W
with base point wq is an ordered n simple arcs A = ay, -+ ,a, in D2 such that

(1) foreach ¢ (=1, -+ ,n), 0a; = {wy, w;} where w; is a point of W,

(2) a;Naj ={we}if ¢ # j and

(3) ay,++ ,an are ordered in the positive direction around wy.

Let ¢; (4 = 1,---,n) be a loop in DZ — W with base point wg such that it
runs along a;, goes around w; in the positive direction and returns along a;. We
denote by 7; (i = 1,--- ,n) the element of (D2 — W, w) represented by c;.
Then the fundamental group is freely generated by 7n1,---,7, and the element
represented by D? is the product ny--- - Nn. We call them the generator system
of m1 (D% — W,wg) associated with the Hurwitz arc system A.

Let S be a 2-dimensional m-braid, Wg the branch point set of the branched
covering pra|s : S — D2 and ps : 71 (D% — Ws,wg) — By, the braid monodromy

of S. Let A= ay, -+ ,a, be a Hurwitz arc system for Wg with base point wq
and ny,--- ,Nn the generator system of 71 (D2 — W, wg) associated with A, where
n = n(S).

The braid system of S associated with A is the n-tuple of m-braids

(ps(m), ps(n2),- -+, ps(nn))-
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(For a 2-dimensional braid S with n(S) = 0, i.e. it is trivial, we define the braid
system is the O-tuple.)

The braid system depends on the choice of the Hurwitz arc system. But there
is a relationship between braid systems of the same (equivalent) 2-dimensinal
braid, which we observe below.

Let G be a group and G™ the n-fold product of G. The slide action of the
n-braid group B, on G" is defined as follows:

Slide(aj)(giv' © 7gn) = (glv' o agj—lvgjgj+1gj—l’gjvgj+2>' o ,gn>,
slide(a; ) (g1, 9n) = (91,7, Gj=1, 95412 9711959541, Gj+2 "~ » n);

where o (j = 1,--+ ,n—1) is a standard generator of B, (Lemma 1.2). (slide(o;)
and slide(crj_l) are known as Peiffer transformations of the first kind, cf.[LS,

p157].)

THEOREM 4.3 (MONODROMY THEOREM II). Let S and S' be 2-dimensional
m-braids with n branch points, D = (by,+-+ ,byp) and o = (b}, ,bl,) their

—
braid systems. S and S’ are equivalent if and only if D and b’ are in the same
orbit of the slide action.

Let § = (g1, - ,gn) be an element of G™ (n > 2). A Peiffer transformation

of the second kind is replacing § by ? = (g1, »9j-1,95+2, ,gn) € G*7?
where g;j - gj+1 = 1 in G for some j. When we consider braid systems of simple
2-dimensional braids, this transformation corresponds to a deletion of a free edge
in terms of chart description.

" THEOREM 4.4(RUDOLPH). Any braid system of a simple 2-dimensional braid is
transformed into the empty braid system by a sequence of Peiffer transformations
and their inverses.

For a braid system of simple 2-dimensional braid S, we define the Rudolph
indez of it by the minimum number of Peiffer transformations of the second kind
and their inverses appearing in sequences as in Theorem 4.4. From Theorem 4.3,
we see that it depends only on S, hence we can define the Rudolph indez of S by
it.

THEOREM 4.5. For a simple 2-dimensional m-braid S with n branch points, the
Rudolph index of S equals 2r(S) + n/2.
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5. BRAIDED PRODUCT AND INVARIANTS

For a 2-dimensional braid S, the degree m(S) and the number of branch points
n(S) are evident invariants. The fundamental group 71(D? x DZ — S) and other
invariants arising from it are nice invariants. In case S is simple, we defined some
invariants; w(S),u(S),(S) and the Rudolph index. Here we introduce another
invariant which is more practicable.

An automorphic set is a pair (A,*) of a set A and a map * : A x A — A
satisfying

(1) for any a,c € A, there is a unique b € A with axb =, and

(2) for any a,b,c € A, (axb) *(a*xc)=ax*(bxc).
A morphism f : (A4,%) — (A’,*) is a map f : A — A’ such that flaxbd) =
f(a) * f(b). (We use the same symbol “+” for different automorphic set, if it
makes no confusion, and usually abbreviate (A4,%) as A. Our terminology is
due to E. Brieskorn [Br]. A similar idea was given by D. Joyce [Joy], called a
quandle.)

Let A be an automorphic set and P,(A4) = A™ the n-fold product of A. The
n-braid group B, acts on it by

Uj(xla"' 1$n) = ($l7"' 1 Tj—1,Tj *Tj4p1, L5, L5425 " 7In)

O—j_l(xla"' 7$n) = (371,"'.' s L g1y Tt Yy T2, 7" al'n>>

where y; is a unique element of A with z;4; *y; = ;. The quotient of P,(A)
by the action of B, is called the n-fold braided product of A and denoted by
Qn(A) = Po(A)/B,. The n-fold symmetric product of A is Su(A) = Pa(A)/Sn
where the symmetric group S, acts on P,(A) by permuting the coordinates. Let
P(A) = I P,(A), Q«(A) = I Qn(A) and Si(A4) = 1122 ,S,(A), which
are semi-groups with concatenation products. An automorphic set A is trivial if
axb=">bfor any a,b € A. If A is trivial, then Qn(A4) = Sn(4).

For a morphism f : A — A', we define a map P,(f) : Pa(4) — Pn(4') by
—

P.(f)z1, - ,z0) = (f(z1), -+ , f(zr)), which induces maps Q.(f) : Qn(A4)
Qn(A") and Sn(f) : Sa(A4) — Sn(A").

Let G be a group. It is regarded as an automorphic set when we define a* b =
aba™! for a,b € G. Tt is a trivial automorphic set if and only if G is abelian. Note
that the n-braid group action on P,(G) is the same as the slide action in § 4. A
subset S of G is self-conjugation closed if aba™' € S for any a,b € S. Then S is
an automorphic subset of G. We denote by P1(.S) the subset of P,(S) consisting
of (g1, ,gn) With g1 ---g, = 1 in G, and by @;,(5) the subset of @(S5) which
is the quotient of P1(S). Then PL(S) = I, PL(S) and QL(S) = U2 Q1(S)
are semi-groups with concatenation products. Let B, » be the set of equivalence
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classes of 2-dimensional m-braids with n branch points and SB, . the subset
of By, n consisting of equivalence classes of simple ones. Let A,, and SA,, be
subsets of B,, defined in [K6)], which are self-conjugation closed.

THEOREM 5.1. There exist canonical one-to-one correspondences

e Qi(Am) and SBm n < Qi(SAm)

Moreover they induce semi-group isomorphism

B, «+ QL(An) and SB., « QL(SAn).

Let f : B, — G be a group representation of the m-braid group, which is
also regarded as a morphism between automorphic sets. The composition of the
inclusion ¢ : A, — B, (or i : SA,, — By, resp.) and f is a morphism f :
Am — G (resp. SAm — G), which induces a map Qn(f 017): Q1 (Am) — ( )
(resp. Qn(foti): Q (SAn) — QL(G)). By Theorem 5.1, it is an invariant of
B n (resp. SBpm n)-

5.2 A SERIES OF INVARIANTS OF SB,, ,: For each p (p = 2,3,4,---), let f, :
B,, — SL(m —1,Z/pZ) be a group representatmn defined by

1 1 0
0 1
fp(‘71>:G1:
0 1
1
1 0 0
foloj) =a; = -1 11
0 0 1
1
1 0
fp(o'm-—l) = Om-1 = 1 0
0 -1 1

where 7 € {2,-++,m — 2} and —1,1,1 appear on the jth row.

Let S be the self-conjugation closed subset of G = SL(m — 1,Z/pZ) gener-
ated by {al,'-- ,@m—1}. Then the image of @,(fp01) : QL(SAn) — Q(G) is
contained in Q1(S). Hence we assume the morphism to be from QL(SA,) to
QL(S). By Theorem 5.1 we have an invariant ¢, : SBm . & QL(SAR) — QL(S).
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6. NOTE ON NON-SIMPLE 2-DIMENSIONAL BRAID

It is well-known that a non-simple branched covering map is deformed into a
simple one by a sufficiently small modification, for example see [BE]. A natural
analogue of it does not hold for 2-dimensional braids. In fact there is a non-simple
2-dimensional braid which cannot be deformed into a simple 2-dimensional braid
by a braid isotopy.

THEOREM 6.1. Form < 3, any 2-dimensional m-braid is braid (ambient) isotopic
to a simple 2-dimensional braid by a small modification.

THEOREM 6.2. For each integers m > 4 , there are infinitely many non-equivalent
2-dimensional braids S such that S is non-simple and any 2-dimensional braid S’
which is braid (ambient) isotopic to S is equivalent to S. In particular, S is not
braid (ambient) isotopic to a simple 2-dimensional braid.

THEOREM 6.3. For any non-simple 2-dimensional braid S, there is a sequence
of conjugations and stabilizations (§ 7) carrying S into one that is braid ambient
isotopic to a simple 2-dimensional braid.

For proofs of Theorems 6.1-6.3, refer to [K6].

7. TOWARD 2-LINKS

THEOREM 7.1(RUDOLPH). Every compact oriented ribbon surface embedded in
a 4-disk D* = D? x D2 is ambient isotopic to a braided surface.

Let S? be the oriented 2-sphere obtained from D? by identifying dD3 with a
single point and p : D2 — 5% = DZ/8D? the projection. For a 2-dimensional
braid S of degree m in D? x D2, the image of it under the projection id X p :
D% x DZ — D?x 52 is a closed oriented surface embedded in D? x 5%. We call it

the closure of S in D? x §? and denote by 5. Then prﬂg : § — $? is an oriented

branched covering of degree m. Identify S? with the standard 2-sphere in R*
about the 4th axis (assigned an orientation which we fix) and D? x S? a tubular

neighborhood of it. Then the image of S is a closed oriented surface embedded
in R*. We call it the closure of S in R* or a closed 2-dimensional braid in R*
and denote it also by 5.

THEOREM 7.2(VIRO). Any closed oriented surface in R* is ambient isotopic to
the closure in R* of a (simple) 2-dimensional braid.
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In [K4;K5], the notion of conjugations and stabilizations is defined in a geo-
metrical way as an analogue of the classical one. We explain it in terms of braid

systems according to [K6]. Let D = (b(1),-+-,b(n)) be a braid system of a
2-dimensional m-braid S, which is an element of Pl(A,,). For an m-braid v, the
n-tuple of m-braids

(yo(L)y~h -, vb(n)y™)

is an element of P!(A4,,) and determines a unique 2-dimensional m-braid, said to
be obtained from S by a conjugation by v. The (n + 2)-tuple of (m + 1)-braids

(e(b(1)), -+ (b(n)), 02", o'm)

is an element of PL,,(Am41) and determines a unique 2-dimensional m-braid,
said to be obtained from S by a conjugation, where ¢ : B, — B41 is the natural
injection.

THEOREM 7.3([K5]). Let S and S’ be 2-dimensional braids. The closures in R*
of them are ambient isotopic if and only if S! is obtained from S by braid ambient
isotopies, conjugations, stabilizations and inverses of stabilizations.

COROLLARY. Any function of 1S°_ QL(A,,) that is invariant under Euler fusions
(Euler fissions), conjugations and stabilizations is an invariant of 2-links. [J

Refer to [K6], for the definition of the Euler fusion.

THEOREM 7.4. Let S and S' be 2-dimensional braids. Suppose that S’ is ob-
tained from S by braid ambient isotopies, conjugations, stabilizations and inverses
of stabilizations. Then there are 2-dimensional braids S and S' such that they
are braid ambient isotopic and they are obtained from S and S’ respectively by
conjugations and stabilizations.

THEOREM 7.5. Let S and S’ be simple 2-dimensional braids. The closures
in R* of them are ambient isotopic if and only if there is a finite sequence
of simple 2-dimensional braids S = Sy,S51,--+,S, = S’ such that for each i
(: = 0,1,---,8 — 1), S;11 is obtained from S; by a braid ambient isotopy, a
conjugation, a stabilization or the inverse of a stabilization.

Let e; be the Artin automorphism of the free group < z,--- , z,, > associated
with 01 € By, (cf.[Arl; Bi]). An ordered n Artin automorphisms fi,: -, fa
satisfy the 0-condition [K3| if we can choose ¢; € {£1} (i =1,--- ,n) such that

H?:l f_lei' i = 1‘
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THEOREM 7.6. For any integers ¢ > 1 and ¢ > 0, a group G is isomorphic to
71(R* — F) for a c-component (total) genus g closed oriented surface F' in R* if
and only if
(1) G/|G, @] is the free abelian group of rank c and
(2) G has a Wirtinger presentation < z1,--- ,Zm|fi(z1) = fi(z2)(t=1,--- ,n) >,
where f1,--+, fn are Artin automorphisms satisfying the 0-condition for
some m(> 1) and n(> 0) such that 2m —n = 2¢ — 2g.

This theorem is proved in [K3]. It is also obtained from [R2] under assuming
Theorem 7.2.

For a closed oriented surface F' in R*, the braid indez of F', denoted by b(F),
is the minimum degree of closed simple 2-dimensional braids which are ambient
isotopic to F'. The braid index is one if and only if F'is an unknotted 2-sphere.
If F'is ¢ unknotted, unlinked 2-spheres in R*, then b(F) = c.

THEOREM 7.7. A closed oriented surface F' in R* has braid index two if and only
if it is unknotted and homeomorphic to either a connected orientable surface with
positive genus or a pair of 2-spheres.

From this theorem, we see that no 2-knot has braid index two. There are
infinitely many 2-knots of braid index three.

THEOREM 7.8. If the braid index of F' is three, then it is ribbon.

The 2-twist spun 2-knot of a trefoil knot is ambient isotopic to a closed simple
2-dimensional 4-braid. Since it is not ribbon, the braid index is four.

THEOREM 7.9. Let F be a spun 2-knot obtained from a 1-knot k. If the braid
index of k is b, then b(F') < 2b— 1.

THEOREM 7.10. Let F' be a connected sum of Fy and Fy. Then b(F') < b(Fy) +
b(Fy) —1.
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Homologically antipodal locally linear involutions on 4-manifolds

BAtRIEEA (T BT AL RZ IR FEER)

DT, fAHM S 7 T —CEEEED T3,

M%BERFETHEOT b7z 4 RTCHERE T, Hy(M;2Z,) =0 i/ TdD e L
T3, 612 MEIE, MEZROBIRIE L G0 (0? = id) BBV . Hy(M;Z)
EC, -1 BEGYFETLHIOLLET, CITRFMEL L. BEROERET
M EREREE WY ERTT, oD EEREhnEsE FELET,

MASERETH E4HT 5N 4 RTHspinZ R0 Hy(M;Z,) = 0 T, oaf
Ho(M;Z) LCESEERZHFETLE X, sign(M) = 0 THAH I EFRRFBER
2k, RENLTWET,

ZOFEBICIE . SREDSEHE T BT 5 FEF, FRCHVLR TV T,

FETIOHEZDLEELTT S O—FT52L1CLh), BADHBEEDD
ETIE, FBIXU, MR ED LI BBEZ 00N b nwHZ eaEZET,

T, oA EEREBROIEDPDS FOEERSTITZORTP2RTICEZNET., £
TENIHIB LT, F=FPUFtElZicLET, &5, B w2
b, BEADT DY) TOMBEZEM M/cDBFIE, KTTIZE LT RPPOED 5
Wit DUz TWET, §Eo T,

1.FO=¢DE &, M/olZE&RBEICRY 7,

F72. 008D MOFBEREAET YV - B EOBEETEAH.(M; Q)™ i3, Ho(M/q5; Q)
ERBIZEAZ ERDL,

2. x(M]o) =2 TY,

B2, 3. FO= @02 F2 4 ¢ 0Om(M) =0 2 KET A &, M/oid S*L A4
2720 E7,

BBz N oPHTHZEIZLET,

a1

S$% x St EDxt4% 5L antipodal, S* LEHERIILo T52E T, pe SPL L,
S%x S'% {p} x S*U{—p} x S! Tsurgery L72dD% MELET, MiT 5? x 5?
EEAEICZ D 525, EOBED S BRICHEGoAD, F=9¢%20 $7,
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ZDEE M/oid, RP® x $'% {[p]} x S T surgery L7z DIZ% D £,

pl.2

M=S*CR\EDXMNEcERDEIICEDF T,

o(z1, %9, T3,24,25) = (— T1, ~Tg, =3, —T4,75), 3 B & F=2 H T,
M/ott RPSEOBEIC D £ 5.

1.3
M=25*CR L L, oz, 22,23, 24, 5) = (=1, —z2,23,24,25) &£ LET,
ZDLE, F= 52T Mo = ST,

$1.4
M =CP?, o([n,2,2)) = (7, %,5]) £ TH L, F=RP2T, M/o = 5%,

BI.5
M = 52 X 52 CPl X CP1<E L ([21722],[23,24]) = ([2_1,2_2_],[25_3,2:]) k‘?—%) (1:_ N
F=RP!'xRP' =TT, M/o =S4

1.6

#l4 &5 TENENAEEENE LB L2k,

m4JPAUU):(mCP%nCPa(m+anP%Sﬂ,%éuWJ\0452x5%,nT{55
EBBHFNTEET( 2720, mCP2E. CP?2 O m ADERFDOETT,)

—RICRDEEBIREET,

T

MEBIUoZ EOBY T3, BEAES FRROWT WD DBEICE S,
(NF=¢

(2)F =2 &

(3)F =EHAERARNE

SEIC, FICEY ., MIZBRD &S btz 7,

EIE 2

FE1OEFBEICDOVTK b‘hﬁ‘}_L’)

(1) DEZE. 2RTANY FEb(M) =

(2)DEE. by(M)=0

(3) DEZE., FIRZMIEIEEL 51X, MOZITHIE even. FHTEZ T
RuJgel 51F, MDIAZIHIE odd

EE 1 DRI RICHT 3 4 DDOWEEHAVTITHONET,
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£ OP? — Int(D*) & $¢ EDA 15 —8-1 D DSRTHY . ZhiZ o—EIMi%
BEEAE LT, fiberwise ICEEAND I EITEN . RYE/ENET,

fHRE 3
s EFLT B, ZNDEE. (M,0) EHELT. (M' = M{CP%0") &FV .
HEEBEEERESHY F' = (F - {2}) U S? (disjoint union) £EAH B LIICTES,

W4
Fy, - F, % M*A® disjoint TRFFELBEMEE L. ThE0TRHLTHREOY —
B(R), - [F) P H,(M;Z,) TREERET &, FEOEMEHNES L THORT

3 MOZERBHEIBRTES,
WA Hy(M-UF;Z) AD U D BRNETEEABZEICkY . BoNET,

S5

Sy, S, % MR disjoint CRIAFELIREE L. [Sy], - [Sa] 1 Hy(M;Z,) T
IEFIRILET B, 3 HIC, B WU [S) DESKIEFBETHD. 2n > b(M)
THDEE, SENELLMESLTHIRT 2 MO_EDIEHBIBR TE S,

FRES 3. MEDTIWHICHWT [S] BOERT 384 lattice & £ DI
lattice & MZED 2-torsion part EPFND 2 &IC&N, BE5h T,

ROBHERBSENRICSWTERLHEIERLL TSN, B4 DBEICHERT
BLENTEET,

HEE6 ‘

MEDHEAIH L., TOEEAES FERRT2E L. M/o3EHELT S,
A5, FyCF 2 QIRESET 3 M/oDZENEHEIF End3 B 51, MIZIE
B ZERNTEHEIEFET 5,

ETIRED S M/oD Ly x LD EHEM 560 £T, MICIEERIZ2 DOHE
PHNETHF, ShOBTRTHNERELBLELHEICEY. Ly bEERY
ELBNET, 32T MEho TXB3ZEICLUKERIBONET,

LIEO#HEE D EIC. TE1OHBANRTy FELET,

T, PP =g DR £ gNEZE., A5 —BREADZLICEY ., FH2
AUTELRBZ b ET, SSICHEIZAVT. 1 ADBErEVnI LY
TEET,

RIS FT AP OO £ ¢ DEEE, BE3 ERYELERLEESD 0K
TR ELELLET, COEETE/-ETEAESODHEZRFES DEREE AL
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TTo P#¢uDT, WECEAVTHED MICZSHBI ENBZ &2k 7
7)\‘.\ :ﬂ‘i Hl(M, Zz) =0 ‘:%Ebi—a-o

BMEBIS, FP£ DD F0 = ¢ DEZIS, FOERRS FPBEL ORE S5

2LLTWBDT, PPrERTEVWERET 3 &, BTERBICHEG £HNT. FE
HTET,

SE

T.Matumoto, Homologically trivial smooth involutions on K3 surfaces,
Advanced Studies in Pure Math., vol.20, (1992) 365-376.
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FERMISRO e Y —&=a— b vEE)
BLLTFOE B0 £ OTITELE I (EIFEHE)

17 1847H:

(g):fBL. M ofiEo—iThiasn s kxRICITETH kO KRR i LLTWwA,
(E):EL., Z" ot o —WThEmasns FROPTFHEROFERE L L LTV,
5E (1.7.1):
n—1
() X(Z(C)) = Y (=1 kVolu(A(S))
k=1
(iF) X(Z(0)) = Y (=1 kiVolu(A(F))
k=1
57 (1.7.2)
n—1
(=) X(Z(R)) =Y (=1)* " kIVoly (A(f)) (mod 2)
k=1 .
(if) X(Z(R)) = > (—1)* kIVol(A(f))  (wmeod 2)
k=1
6F 1i7H:
() cirdk b Pa(R) — Pa,(R) 07 7 48— & Z(R) wazdii 2V(A(F), Ar) % ia

A TR W0,
() chdb PaR)—=Pa,(R) 07 7 49— & Z( ) OZFSEER Lo E AT W,

TE E (2.3):

() MomeEy =FF+P6(g) (mod 16).
(iF) Mofey = F.F+28(q) (mod 16).

97 Bl 1, 1i7E:
() A(F) 25 35 (0,0),(6k,0),(0,4k) o1& © & &,
() A(F) 2 3 4 (0,0),(6k,0),(0,4k) o /y&8 © & &,

10F ¢ 2,1478:

) A(SF) #5344 (0,0),(10k,0),(0,6k) ofa @ & &,
(IE): A(F) 7 34 (0,0),(10k,0),(0,6k) o &L © & &

147 E&,31TH:
(m): Fx o rg= (3.1) it V.M.Kharlamov [K1] o R % T4 ORI @M 3411 .
(if ): V.M.Kharlamov [K1] o RER 23 & 0 R o @A 4 1.
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