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Topological structures of free topological groups

\H - #=
KR HRF

1 FX (ZEFNESR)

AR RS S RBBE 2 RIS DAEBISE L TR, ThETEZ OHRE
KL o TSN T E e, SIS, Bl (F[#) BB >LTHRRS, BH
(vJ#) MLAEEEIE, 194 148 A. A Markov [11] IZ& o TUTFTOD LI ICER X Nz,

SEE 1.1 ([11])  ZEM X hoAEBRS N HEE FX) I, ROWEERT F(X)
L OB T ABALES (F(X),T) % X »OERS N7 B BATHEREEPE3,
(Pl HIz F(X) &%7,)

(1) X i, F(X) OBAEMELTAENS,

(2) X hoEBOMEE G ~DEHRER f 3. F(X) LOERTERBERICH
RTZ 5%,

R X oI N BHARE AX) I, LEOHE (1) SEEO#HRAM
BGICHTAHE (2) 2T, AX) LOBMME T #8ALEE, (AX),T)
2 X DoERENIc BT RAER SRS, (UBEIZ AX) &&d,)

UTF, F(X) & AX) RT3 DEBOBNWHEE, BEEZRELT GX) T
£ITIERKTE, 3T, GX) OBRBRATIY —WICEZohTHW5E1H, €D
B EH—EREIC 50, £ A A. Markov [12] £ 5iZid T. Nakayama [13],
S. Kakutani [9] itk » TENFNIARINT NS, £72. M. L Graev [6] i, LU
RSN HEMEFEEERL. TORFELME—HZAA LTS,

LIk, G(X) @ topological structure iIZ DWW T DHFEITHON T E 72D ZDE
L5 —<3, G(X) O topological structure ZBHALMIZT B &, £ LUTZER X
DHENENTT GX) ITERTEANERANBEZETHS, LI LEDS, GX)
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F(X)

Fait o) = fa)7 - flz)e
: B 7T HE R Y

S
X G

@ algebraic structure IZH~, Z® topological structure (IAYSEHTH 5, K&,
FAXE [0, 1] 6, HREN S G0, 1)) TXZ b %D topological structure (48
HEMIT DI B, BIZE. T % circle 28 E BV 1RITY 5 T (tree) &EF 5
s G([0, 1)) & G(T) i algebraic IZ% topological IZ &% &5 3 4%, G([0, 1])
& G(S') &I topological IZFE &34 S, Fiy G(X) D8 1 FEAHEEE
eI O X DHERZERDOEEDHICEE ZERFN-TIVB, Fl, HiT, G(X)
(& compact IZIF7E 50 DFE Y, G([0, 1]) I3, metric space iZ & comapct space
IKHE > TS, —F, G(X) DERITITZ DRI D topological strucuture 122
WTHHBRSNTNE, ZHEHDIZ LD, G(X) DAL+ R
bOELTET,

ST, 197 08RICE-T. BERNEZEMDI SAERIN S BRAHEEIC DU
Tid. 4L 9D topological structure (tpological property) DS SMhic I N T -
B, TOEEBERFEREN 12O, M. L Graev 25 E HALHEBEO FEED R IZ A2
Graev DHEEEEIFITN S, BEHEZM X D OEHENS G(X) LObH 2 BAIMEAEA
THHEMTH B, LHOLUENS, Graev DEMEIEAT Z G(X) LOBEMIMEIE. B
HAEBEOREDOMME L D IZFTH 2D, G(X) D topological structure Z®D b D %
FHTHILRTEL, ThiTxUs 19 8 04K - Ty A. V. Arhangel’skif
ZRUDETEERITREDSINV—-TICLD, GX) OBMTOAEREEES
B 5WMENTONI, BODHEICL D, W ODDBATLOTHERIE SN, 2
NozfE-> T, G(X) D topological structure DIFFENTRBIE S A ZIF -0, Z
NODOEGHROBRBLTEHLEERTHY., ATAZEPRETH 72, X TSH
B, A(X) K& 5 ZOBENLBEBIGEBREFESL ZENTE, 20, B
k7% % 9" Section 2 T#H~<3,

Topological property DT, EEL DA compact & metrizable ¥ ( % 1
ﬂﬁﬁ)f%%ﬁ\%ﬁ&ﬁdkiéﬁG@LH%ééuu\mcxﬁbcz{%:
n=12,...} U{0} TEZZ b, compact ( EE&iL. locally compact ) iz b 1 7J&



WWHH S, LHLEDNS, [0, 1]  C @ topological property &, ZHh &6 o
EEn 2 BHUBEBOZNIZM ODDOREEEEZTHWAIRITTHS, €2 TAHE
(3. Section 2 THE- 72alifiR%Z M > Ty £9. Section 3 Tid A(X) ¥R ->T5
Compact HICBId 2 HEIZ DT, Section 4 Tl A(X) - T35 1 nfEH
KB 2 HEIDLTHANERZZNThE~RE I LIZT 5,

P, O section TH. G(X) O > T3 EAMME BB 2 L12T 5,
FFT0LODDEFTEEMT 5,
5 1.2 X Z2EEET S, F(X) OBALILE ev AX) OBALLE 0 L9535, X
T, F(X) DBATUADEEDI g 13, H—DBEWED g = 2725 ---2f» TEX
*LZ)O '1E.(/\ %‘ ) _<_ n ‘:;FJ‘L/'C\ x; € X, & = +1 &T%o :@(‘:%\

ti(g) = esn:a=1}, L(g=Hi<n: =1},
TLUT Ug) = Li(9)+L-(9)

Lo CDEE Ug) % g DEIEMES, (AL, {(e )~0&:§”Z> YEl. K neN

LTS FuX)={ge F(X):4g) <n} £, 51T, X -X@{e}eaX !

EL.X 95 Fo(X) ~NDE# i, % i,((z1,29,...,2,)) =125z, EEET 5,
A@)m%bf%:ﬂé@%%@ﬁ%ﬁ%%éhéo

i 1.3 ([1],[6]) (1) 7o % G(X) LOBMMET, X ETIRZER X OAHEE—
HTBbDETERSE, T<T &5, 8512, {T,:ac A} 2Z0D&9
HWEZiIT GX) EOTXTOBMMEE LI 2EE, T =sup{T,: a € A}
L%,

(2) i 1 3EBETH B, £oTs B U X D compact 12 H13% G (X) bE T compact
L5,

(3) = X RUSE G.(X) I3 G(X) OHigESE L 5,
(4) 2] X LEBED ne N IZH LT, KOEH

fa = inlizmanmaix)
i (X)) \ Faci (X)) — Fo(X) \ Fazi(X)
RBEBEEHRENL S,

(5) ZZM X LEBEDO ne N it LT, kOEH

fo = tnlizt an )\ dnca (X))
i (An(X) \ An-1(X)) — Ap(X) \ Apa(X)
dnl -1 OBESHABE®R LN S,



EE 1.4 ZEE X ICBNT, 0: X — AX) 28858 LET S, CDEX, 1D
F(X) ENDOIRTH 2 EREIERBERE ¢ £T5E. ¢: F(X) — AX) 135
BHEiib, £oTs AX) i3 F(X)/ker ¢ ERBEICRAE THORMEEIC S FHE
ThHb,

RIT. G(X) OBEBELIGE Go 28N T 5. 2D Go ix G(X) D topological
property ZFRBDITRERIZ> T 5B, EBE, LW DO0HBBEMILOEESR .
EIITNT Gy LTHERINTWS, (Section 2 22BE L,)

i 1.5 Go={g€ G(X):4(g9) =L_(9)} EBL &, Gy 1T G(X) DEAEDH
WABLE B, |

& T, compact space X 6, BEFEINS G(X) IZD0TIE Graev %, H 51
J& % @ topological structure ZB5NIZT 5, RO LI, HRERLTWVS,

EH 1.6 ([6]) Z=M X Navs bOEX, G(X) DESEE U B G(X) TH
EELWBZBBEHSEBEI. BED n € N IZHUT, UNGL(X) % Go(X) TH
ERENBILETHS,

Z X N3Ny bPOEEE, HE5R i, BAER. DX VHERLL S, £2T
G T 2 G(X) EONMET, ROFHZHILTHDET B,

U€ETyw < BEDne NITHLUT iz (UNGL(X)) # X" ODBEES,
TEE, FEIE6DORDI EDGFN B,
LT XWavRy ol T,=7 Lk 5,

DFERIZEI LT A. V. Arhangel’skii, O. G. Okunev Z LT V. G. Pestov [3] @
f”%’i”é‘bﬁ‘é EICE D, ROBENDLNB, ( HFHFEDEEIL Section 3 25 H
DI &)

% 1.8 ([21]) HEMEZEM X KBOWTKRIZFEAMBETH 3,
(1) F(X) 3 k-ZR &35,

(2) F(X) i3 k-2, 3 BEHREREL S,

(3) Too 1 F(X) OB EL B,

(4) F(X) RBWT To =T &% 3,

1

2

4



(5) X RRFF I /87 MITIAZEM, Fh MR Em S,

% 1.9 ([21]) BEEEZER X KW TRIZEMETH 5,

(1) AX) iE k-2 &1 5,

(2) Too 13 A(X) LOBNIMHER B,

(3) AX) BT T =T E# 3,

4) X BRI 87 MEE, BD X OBEENTHEHE 5,

F, BH 1.6 Z2HHT 5 EROBEIEHEIRENS,

%110 K % GX)0av_y b iigelsse, b ne N PFELT
K CGu(X) L5,

2 BATOEHER
Z O section Tl [20] TlE- T2y A(X) OEALTCORER DB EBNT B,
ZZM X LOmAR—#FR%E Ux £T5,
P={PClUx:Pi3vH}
EL, BED P={U,U,,..} e Pz LT

W(P) = {g=z1—yp+z2—y2+-+ 2 — Yk
:(:Ciayi)eUivi:1727--'7k7k€N}7 %LT
W = {W(P):PeP}

g:j’b‘<o g‘;b:\ %wnEN%&éo :@C‘:%\

Q(P) = {QCP:|Q =n},
Wo(P) = {g=z1—p1+T2—ya+ " +Zn—Yn
(xj,y;) €Uy 5 =1,2,.00,n, {Us, Uiy, .., Ui } € Qu(P)}, £LT
W, = {W.(P):PeP}

EH<.



EH 2.1 WIiF AX) I35 0 DEHEREE S, £/, EBDO ne N LT,
W, & Agn(X) ICEIF5 0 DiEBEREN B,

ZIT, ChoDiligEREZFE->THRONS AX) OERHEHEIZOWWTA L
w3,

¥ WOREHLD, EZf X PEKERTEVESIE, EEDne N LEE
DOWeWIZxLTs .
W O (Anpr(X) \ An(X)) # 0

LB ENT I D, $1EH 14 L0, BREROZ ENG0 35,

2.2 ZRE X PHRERTRONESIE. G(X) i3 Bairte ZEREIEFE ST, D
%9, locally compact 123 Cech 53HZERIC 7 DB,

CIT BURSZEMT 5, ZH X L5 ne NITHLT, B, X (=
X® 5 XY — Apn(X) BRD &S ICEET B0 FBED (21,20, ,00) &
(y17y2a" 7yn) € X" &:%j‘ L/T\

jn((mlax%-"7$n)7(y1)y27'-'7yn)) :$1+x2+"'+xn_(y1+y2+"'+yn)-
FTHE RO EDGIN5,

%23 X%ZZEM neN,E% An(X) OBHELEET S, COEX0eE &7
LBETGEHE. BEO U clUx ICHUT j U E)NU 0 B2 ETHB,
BU. U ={((z1,22,---,20), (41,Y2,---,¥n)) € X?" : (z5,45) €U, 1 =1,2,...,n}
E9 5,

%24 X 25307 FERE, E % A(X) OBFEEET S, ZDEX,
0€F EBABEBEFLHEBR THENAx#£0 EBBEZETH B,

3 k-spaces

ST ZZ@E X A discrete space THINAE HIE, A(X) &Y locally compact 12 &
ZIESIENT &g Tz, FlZIE X 2% compact ThHiiE, Z D compact
D AX) IZM 5D compact HICPHEE DOV TNWARIZTTHS, EE,
Z D section DEFEIZH L > T3, k-property WENTH 5, X T, k-spaces D
7 5 A&, locally compact spaces D7 T RAEGLEENR T S AD—D2THBE)., F
TZDOEHEELND,



EFE 3.1 ZZf] X Y k-space THB &L, X OESELS Atk T, £8D X
D compact TSRS K IHUT ANK X K @O closed S5HE4 &A1 51,

Ald X O closed R EEELBLIEEED,
A(X) B k-space &1L B 72D X DI LT, Arhangel’skii, Okunev and Pestov
3] 28, DK HUWHEREH Ui,

EH 3.2 ([3]) Metric space X IZHBWTRIZFRMEEE 3,

(1) A(X) & k-space 2155,
AX) & K x D 3R &

(2) 5 k,-space K & discrete space D D\EFE L T,
AR

(3) X & locally compact B> X' 13 separable 755,
CITiE. CORRITHUTHEER 5 T3 metric space X DRMAEFHELU L FANT
HB, T TET, TORBBIIHEIENEBLHEEZRITRO 3 DD metric spaces

ZRNT B,
(1) £FED i=1,2,... 1L T X; % inﬁnite discrete space & U, Xo % compact
space &j—éo %:T\ MI:‘JXVOUU &jﬂ<o “3(/\ {‘/"‘XUUU k=

=1

1,2} 25 Xo ® My KB BEBRET B, &I Xo N1 AT, & X,
DBENTED &%, M THT,
@) C -{l-nzl 2. JU{0} EB <, DED, O IUGEAT & £ OIRFED
baéx@o% T My =0{C;:i=1,2,..}0M,{BL, & C; i C 2
-t 3,

3) Ms=0{Ch:a<w},BL, H£C, B CDaE—-LT 3,

CNSDERMIT. ROMEER T,
FE 3.3 ([20]) (1) HEED n=1,2,... I LTy Au(M) i k-space &75 525,
A(My) 1 k-space &1375 5010,

(2) Ag(My) 13 E-space £72 3%, As(My) 13 k-space EI27T 573U,
(3) As(Ms) & k-space L2 BD%, Ay(Ms) & k-space E1375 5754,



N 5DZE[ME % test spaces & U T, Section 2 DIFEEZRZFHT L E, RO
HEEIMFOoNT, '

EH 3.4 ([20]) Metric space X BT, KRIZFEMETH 5,
(1) FEBD n=1,2,... iKH LT Au(X) i k-space 755,
(2) Ay(X) 13 k-space L1553, |
(3) EBEDO n=1,2,... I LT, FEERLLTS,

(4) iy HHE/RES B,
(

5) X W locally compact THD X D nonisolated ThH 5 mETDESLS X' I
separable LI BMETZIE, X' DY compact 12755,

% 3.5 Metric space X IZBWT, EED n=1,2,... I LT A,(X) D k-space
L8 B LBEA 5T Ay(X) WS k-space ETEBZ ETH B,

T 3.6 ([20]) Metric space X 128 WT, Ag(X) IEHIT k-space £755,
EH 3.7 ([20]) Metric space X \ZH T RIZFEETH 5,

(1) As(X) i& k-space &725,

(2) i, BEERET S,

(3) X 2% locally compact EIE B0 E12id, X' BY compact £755,

4 Tightness

Z DB D section TlE, X &Y discrete space THivE, A(X) W 1 aJE T
SN EICBI LT, A(X) OF 2 1 I BEIC D0 TH#R3, ZOHEDN
tightness Tdh b, ST T O tightness DO[BE LW LEMD Y 5 RXid, 1 0 JEAE
EWIcTEZEDI S A LEELHDTHS, T I TI I T countable tightness
DN TAN 5,

EE 4.1 2] X O tightness 2’0][& TH 3 &id. X ORHES AT,
t€CIABGIE, ADTERHIES BIbH-T, 2€ClB EHBEIETHB,



ST\ A(X) @ tightness DRE L Z7200D X OERBIZOOTHE T, KO
Arhangel’skii, Okunev and Pestov [3] IC Xk B#EENH 3,

EH 4.2 ([3]) Metrizable space X 128 Ty A(X) D tightness DSAJE & 15 2 AT
T4 BT X D nonisolated point £k 575 B4 X' » separable |25 2 & T
b5,

I T, k-space DEZFEFARRIC, TOEELSTNS LR X iIZONTHNAED
Hy ROEIBHERPBONI, ChODRERE k-space iICBT A8 RERIL~NS
EZDOHWEORABEODRRE > THBERbh 3,

EH 4.3 ([22]) Metric space X IZHEWTRIZFAMBEEL 3,
(1) (A(X)) D tightness WAJE L1153,
(2) EED n=1,2,... IZH LT A,(X) D tightness DNEJE L3,
(3) A4(X) O tightness WA B LB,
(4) X' % separable 755,

% 4.4 Metric space X IZBWT, FED n=1,2,... ICH LT A (X) D tightness
DWREIS O3, EBRIE A(X) O tightness DNATEL 513, A(X) O tightness 13T &
L5,

EH 4.5 ([22]) &£ —%?@ r€X IKXNULT, b5 z OFEFHE U BNEELT U I sep-
arable L13573 513, (HIZ. X DY locally separable 75 513, ) As(X) O tightness

FAE L5,
T 4.6 ([22]) Metric space X 1ZBUT Ay(X) D tightness BT E L5,

ST EFE X DELTETHNE, X OPICIRIREAS (BBETRENED) B
FETAD. 4 G(X) I3 X 2% discrete space TV E, B 1 GJEATIRT L, Tid.
G(X) DI, (bBAA X))\ (X @ XY 0olhizy) PGEAFINEGENh B Z
L3, BEAERODEAID? ZOHMICELT, BRICEEEBONERE
AN L'C:MO

EH 4.7 ([5]) ZM X KBOWTRIZFAEER S,
(1) F(X) ZEATRWCRESI 2S5,
(2) AX) FEHTROIREEET,

9



(3) X 1285 {z,:n=1,2,...} E{y:n=1,2,...} DEELTKREBIT, T
BEDOn=12,... IHULT 2, £y, B2EED X LOEHIEER J 1254
LT, dzn,yn) — 0 &705,

(4) X iZg® {z,:n=1,2,..} E{yn:n=12,...} PEELTKERK I, £
BEOn=12,... I8 LT 2, £y, BOEED X L TEBINIEETEH
EREE f I LTS [f(za) — flyn)] — 0 &85,
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STABLE HOMOTOPY TYPES OF STUNTED LENS SPACES MOD 4

B O

1. Introduction

2n+1

Let L%q) = s /(1/q) be the (2n+l1)-dimensional

standard lens space mod g. As defined in [3], we set

L2l o ngy,
q
(1.1)
2n _ . n ;
Lq = {lz,, 2.1 €L (q)lzn is real 2 0).

Spaces X and Y are said to have the same stable
homotopy type (X § Y) if there exist non-negative integers
a and b such that S2X and SbY have the same homotopy
type. The stable homotopy types of stunted lens spaces
LZ/LS have been stqdied by several authors (e.g. [2]1, [31,
(43, €51, [61, [7] and [111).

In order to state our results, we prepare functions

hl’ hz’ o, Bl, 82 and ‘Yl defined by
[k/41+T(k+7)/81+[(k+4)/8] (k =2 2)
(1.2) hl(k) =
0 (1 2k 2 0.
[kK/41+[(k+7)/81+[k/81+1 (k 2 4)
(1.3 hz(k) =
hl(k) (3 2k 2 0)
1 (n £ 0 (mod 2) and k = 1 (mod 8),
(1.4 o(k,n) = or k = 2(In/21-0[(n-1>/21))

0 (otherwise).
(1.5) Bl(k,n) is equal to the corresponding integer in

the following tabie:



K—mod 87
0 1 2 3 4 5 6 7
n (mod 4)
0 0 0 0 0 0 0 0 0
1 0 0 1 1 0 0 1 1
2 0 0 0 1 0 0 1 1
3 0 0 0 0 0 0 0 0

(1.6 B,(k,n) 1is equal to the corresponding

the following table:

integer in

kK (mod 8)
0 1 2 3 4 5 6 7
n_(mod 8)

0 0 0 0 0 0 0 0 0
1 0 0 1 1 0 0 1 1
2 0 0 1 1 0 0 1 1
3 0 0 0 0 1 1 0 0
4 0 0 0 0 1 1 0 0
5 0 0 2 2 1 1 1 1
6 0 0 1 2 1 1 1
7 0 0 0 0 0 0 0 0

(1.7) ?1(m,n) is egqual to the corresponding

following table:

integer in the

m-n
1 2 3 4 5 6
n_(mod 8)
0 0 0 1 0 1 0
1 0 1 1 1 1 2
2 0 0 1 0 2 1
3 0 1 1 1 1 1
4 0 0 1 0 1 0
5 0 1 1 1 1 1
6 0 0 1 0 1 1
7 0 1 1 1 2 2
Let v _(s) denote the exponent of the prime p in the

p



prime power decomposition of s.

Theorem 1. If vz(t) 2 hl(k)+1-a(k.n), then

m,.n m+t o n+t o
L4/L4 ¥ L4 /L4 , where k = m-2[(n+1)/21].

Theorem 2. Set k = m-2[(n+1)/21.

m,. n m+t , n+t
(1) If L4/L4 & L4 /L4 , then vz(t) 2 [k/2]+31(k,n).
(2) Suppose hl(k)-a(k,n) Z i and max(vz(n+1),v2(m+1)}
. m,. n m+t ,_n+t .
Z i 2 3. If L4/L4 5 L4 /L4 , then v2(t) 2z i+1l.
m,. n m+t n+t

(3) Suppose n < m £ n+6. [f L4/L4 ¥ L4 /L4 , then
v2<t) 2 [k/2]+Y1(m,n).

Theorem 3. 1If vz(t) 2 h2(k)+1—a(k,n), then
m,. n m+t, n+t -
LS/LS g L8 /L8 , where k = m-2[(n+1)/21.

Theorem 4. Set k = m-2[(n+1)/21.

m, n m+t , n+t

(1) Suppose m 2 n+b. I[If L8/L8 g L8 /L8 , then vz(t)

2 [k/2]+82(k,n).

(2) Suppose h2(k)—a(k,n) 2 i and max(vz(n+1),v2(m+1)}

. m,. n m+t , n+t .
2 i 2 3. If L8/L8 ¥ L8 /L8 , then vz(t) 2 i+1.
m,. n m+t , n+t
(3) Suppose n < m £ n+6. If L8/L8 ¥ L8 /L8 , then

vz(t) 2 [k/2]+Y2(m,n), where Yz(m,n) is the integer

defined by
Yl(m,n)+1 (n 2 0 (mod 8) and n+5 = m £ n+6,

Yz(m,n) = or n = 1 (mod 8) and m = n+5)

Yl(m,n) (otherwise).



2. Preliminaries
Let g 2 2 be an integer and qo, q1,~~-, qn be

integers relatively prime to gq. Consider the

2n+1 - €n+1

(Z/gq)-action on the unit sphere § given by
exp(Zn/—l/q)(zO,'--,zn)
= (20°eXp(2q0n/—1/q),-~°,zn-exp(2qnn/—1/q)).
Then 52n+1(q;q0,'°',qn) denotes the space S°"*1 with
this action,
2n+1 L _ «2n+l L. -
Lq (qov ’qn) - S (Q9q0’ ’qn)/(L/q)
2n . 2n+1
and Lq (qo, ,qn) is the subspace of Lq (qo, .qn)
defined by
2n 2n+l
= o > .
Lq (ag, 'a,) Lz, ,znleLq G ,qn)izn.real_o}

For 0= n < mg< 28+1, we set
m n - m ¢ o o n s a o
Lq/Lq(qO, Q) = Lq(qo, ,qQ)/Lq(QO, ETRE

which is called a stunted lens space mod g. Then we have

m, n m,.n
(2.1 L /L _(1,--+,1) = L /L .
q/ q( q/ a

Considering the (Z/q)-action on SZ'Q”(q;qO,”',qQ)x{Ek

given by

exp(Zn/:T/q)(z,wl,~ -,wk)

= (exp(QKJ:T/q)-z,wl-exp(Zaln/:T/q),--~,wk-exp(2akn/ff/q))
for (z,Wy, e ,w ) € 82Q+1(q:q0,"',qﬁ)x€k, we have a
complex k-dimensional vector bundle

nlay, -c,a.): (Szg*l(q;qo,~~~,qﬁ)x€k)/(Z/q>

— 22 gy,

We use same symbol! for the restriction of n(al,-'-,ak) to
L2<q0,~~-,qQ> (n £ 20+1) and denote the complex line bundle



n(l) by n. Then we have

sl
(2.2) n(al,°--,ak) > ® -« @
Let &: E() — X Dbe a real vector bundle over a

finite CW-complex X with disk bundle B(£) and sphere

bundle S(£). Then the Thom complex Xg of £ is defined

as the quotient space B(E)/S(£). Define f: §2"*1 x p2kK
g2ke2n+l o
o ) Cpow2 1720 . 02.1/2
f(zo, ,zn,w) = (w, (1-flwll™ 2 , (1=-lwll ©) zn)
for (zgy,ttt,z W) € s2n*l o p2k  here D2E c ¥ is the

unit disk. Then we have

(2.3) Let al,-'-,ak be integers relatively prime to q.
Then f induces the following homeomorphisms.
rinta,, **,a,))
2n+1 1 Kk
(1 (Lq (qo, .qn))
o~ 2Kk+2n+1 , 2k-1 . ..
~ Lq /Lq (al, sak)qov )qn)'
r{nda,,*"*,a,))
2n 1 k
(2) (Lq (qo, ,qn))
o~ 2k+2n ,. 2k-1 . .
~ Lq /Lq (al, ’ak)qo) ’qn)'
rinta,, *°,a,))
P 2n+1 . 1 k 2k
(3) (Lq (qO, ,qn)) /S
~ 1 2k+2n+1, 2k . e
~ Lq /Lq (aly ;ak;qoo ’qn)'
r(na,,**°*,a,))
2n 1’ 'k 2Kk
4) (Lq (qo, ,qn)) /S
o~ 2k+2n, 2Kk s ..
~ Lq /Lq (aly ;aksqoy sqn)'

We define the function h(gq,k) Dby setting



(2.4) h(g,k) = ord <J{r{n)-2)>,

where J(r(n)-2) is the image of r(n)-2 € EB(LS) by the

k

J-homomorphism J: ﬁB(Lﬁ) —_ 3(Lq).

—1 m n * o o
(2.5) (1) If mn = 0 (mod 2), then Lq/Lq(qO, ’q[m/zj)
m,, n . m m
g Lq/Lq. In particular, Lq(qo, ’q[m/2]) g Lq.
{2) Let aly AR ak; bl’ MY bk, qo’ Ct T, qn’ roa C T,

rn and a be integers relatively prime to q.

. _ n+1l
i) Assume qo"~q = *a r

n O'
2n+2k+1 , . 2k-1
L /Lq (al, ,ak,qo, ,qn)
2n+2k+1/ 2k-1

g Lq Lq (b1,~-~,bk,r0,"~,rn).

ii) If k = 0 (mod h(g,2n+1)), then

'~rn (mod q). Then

. [ 2n+2K+]

R N PURE RIS 2k—1.
q q 1 k’*0 n S Tq

/L
q

Lemma 2.6. Suppose that k = 2[m/21+1-2[(n+1)/21 2 3,

N = 0 (mod 2h(gq,k)) and N > m+1l. Then the S-dual of

m n o e e
Ly/Lq¢@1r 28 (na1y/23°% """ 9k/21”’
-n- “m-2
is  LN7P 2/Lg' m=2p

a “obrnem-13/210% T Y k/21 7

1

It follows from (2.5) and Lemma 2.6 that, in the

9

3 m n s e @ * & a e m n
following cases, Lq/Lq(al, 8,590, ’q[m/2]—u) g Lq/Lq

where u = [(n+1)/27:

(1) q = 2, 3’ 4 or 61

{1}
o

(2) mn {mod 2),

_ [m/21-u+l
A% " "Ipp/21-u T *2 (mod a7,

0 (mod 2h{(g,m-n-1)),

3

(4) n+l

(5) m+l 0 (mod 2h{(g,m-n-1)).



From now on, we restrict ourselves to standard stunted
lens spaces. According to [1, Propositions (2.6) and

(2.9)1, (2.3) and Lemma 2.6, we obtain the following.

(2.7) Set Kk = m-2[(n+1)/21 and ¢ = 2[m/21-n.

(1) If t 2 0 (mod 2h(qa,k)), then LT/L" & LP*t /0%t
Q" 7q § Tq q

2) If k2 2 and n+l = 0 (mod 2h{(g,k)), then t = 0

. . m,. n m+t , o n+t
(mod 2h{(gq,k)) f and onl f ~ .
q i y i Lq/Lq g Lq /Lq
(3) If t = 0 (mod 2h(g,2)), then L"/LM & LM+t 0+t
9" "q § Tq q

(4) If 9 2 2 and m+l = 0 (mod 2h(g,2)), then t = 0

. . t n+t
(mod 2h(q,2)) if and only if L™/LP & L™t/ /L0*E,
mo (q if and only i q/Lq g Ly / q

(2.8) (1) (L7, 1; Theorem 1.11) Let p be a prime and r

a positive integer with pr > 2. Suppose k = m-2[(n+1)/21

2 2. Then t = 0 (mod 2pt(¥"22/2(p-121y . m ,n
r r S
p’ p
m+t , n+t
ottt
r r
p P

(2) Let r 2z 2 be a positive integer and set Kk

= m-2[(n+1)/21. Then v, (t) 2 [k/21+B (k,n) if L" /L"

2 1 2r 2r
& LMYt t  Ghere B, is the function defined by (1.5).
S 2r 2r 1

(3) Suppose that g 0 (mod 2) and m 2 n+2. Then

; m, n __ .m+t n+t
vz(t) 2 [Iog22(m n-1)1 if Lq/Lq g Lq /Lq .

In order to state the next proposition, we set

o . =01 -1 0 €1 £ 2)
21
(2.9) 1) 06 = 0402
= £ i £ .
02i+1 o2i01 (1 £1 £ 3)



(2) Let F(x) denote the free abelian group generated by

X X X X X and X.. Then Xi and Xi(n)

1* %20 Xgo Ry X Xg 7
(1 £1 £7, n2 0) denote the elements of F(x) defined

by X1 = 4x1+2x3+2x5+x7, X2 = 2x2+X6’ x3 = 2x3+x7, X6
= KptXo, Xi = X, (i = 4, 5 or 17), Xl(n) - 2[n/2]xl’
X, (n) = 2[n/4]X2_22[n/4]X1’
Xg(n) - 2[(n—2)/4lx3+(2[n/2]_22[(n—2)/4]+1)xl,
X4(n> - 2[n/8]X4+(2[n/4]-22[n/8])X2+2[n/4]+2[n/8]x1,
Xg(n) = 2[(n—2)/8]x5+(2[(n~2)/4]_22[(n-2)/83)XS

_2[(n+2)/4]+2[(n—2)/8]X

X, (n) = 2£(n—4)/8]X6+(2[n/4]_22[%n—4)/8]+1)X2
_2[n/4]+2[(n—4)/8]+1Xl
and
X, (n) = 2((n-6)/8]x7_(2[(n—2)/4]_22[(n~6)/8]+1)(X3_2X2)

+22[(n+2)/8]+[(n-2)/43X1.
g) be the homomorphism defined by

setting w(xi) = oi (1 £1 £ 7).

(3) Let @: F(x) — K(L

Proposition 2.10 (Kobayashi and Sugawara [7]1). The
homomorphism ¢ is an epimorphism, and the kernel of @
coincides with the subgroup of F(xXx) generated by

{Xi(m)ll =i s 7).

For each integer n with 0 £ n < m, we dencte the

inclusion map of Lg into Lg by inm, and denote the

L ~ ~
kernel of the homomorphism (inm)’: K(Lg) ———— K(Lg) by
Vn. Set u = [(n+1)/21 and Si = @(Xi(2u)) (1 £1 £ 7).



2u

Lemma 2.11. (1) V is the subgroup of K(Lg)
generated by .{Sill £i £ 7)), and '

v (n 2 0 (mod 2))
KLg/LD) = { 2u

Z @& V2u (n =1 (mod 2)).
—¢(X4(2u—2)) (u 2 0 (mod 4))
-@(X_.(2u-2)) (u = 1 (mod 4))

(2) ol = 5

‘¢(X6(2u—2)+X1(2u—2)) (u =2 2 (mod 4))
¢(X7(2u—2)) (u = 3 (mod 4))

modulo the subgroup V2u'

Lemma 2.12. The Adams operations are given by the

following formulae, where s, = w(Xi) (1 £1 £7) and k

= 1 (mod 2).
(1) wk(si) =8, (i =1, 2 or 4).
s (k =1 (mod 4))
(2) wk<s3> = { 3
—sa—2s2 (k =2 3 (mod 4)).
. 55 (k = 1 (mod 8))
s.*+8s (k 2 3 (mod 8))
(3) wk(ss) = 5 76
-s5—254 (k = 5 (mod 8))
—55—254-56 (k 2 7 (mod 8)).
K 56 (k 2 £1 (mod 8))
(4) ¥ (sG) =
—s6 (k =2 3 (mod 8)).
s7 (k 2 1 (mod 8))
-8 +28 (k = 3 (mod 8))
(5) wk(s7) = 7 4
s7-2s6 (k = 5 (mod 8))
—s7+254+2s6 (k =2 7 (mod 8)).



3. Outline of proofs of Theorems

3.1, Theorems 1 and 3. According to [3], we have

h, (k)
2 (g = 4)
hig,k) = h, (k)
2 (g = 8).
Then Theorems 1 and 3 follows from (2.7) for the case m =2
n+3. Note that we have L“*l/Lg ~ 5"l g
gh*l v g2 (n =1 (mod 2))
n+2 ,.n
L /LT =~ 0. 2
: b 5Ly (n = 0 (mod 2)).

3.2. Theorem 2. (1) is obtained by (2.8) (2).

The proof of the part (2) of Theorem 2 is completed by
making use of [9] and Lemma 2.6.

The part (3) is obtained by (2.8) (3) and the parts (1)
and (2) of Theorem 2.

3.3. Theorem 4. By Lemma 2.6, (2.8) (2) and [10], the

part (1) of Theorem 4 is obtained except for the case n

m-n = 2 (mod 8). The proof for the case n = m-n & 2
(mod 8) is given by making use of Proposition 2.10, Lemma
2.11 (1) and Lemma 2.12.

The proof of the part (2) of Theorem 4 is completed by
making use of [10] and Lemma 2.6.

By (2.8) (3) and the parts (1) and (2) of Theorem 4,
the part (3) of Theorem 4 is obtained except for the case
Yg(m,n) = Yl(m,n)+1. The proof for the case n = 0 (mod 8)
and m-n = § is given by making use of Proposition 2.10,
Lemma 2.11 (1) and Lemma 2.12. The proof for the case n
= 1 (mod 8) and m-n = 5 is given by making use of
Proposition 2.10, Lemma 2.11 and Lemma 2.12. Now,

Lemma 2.6 implies the result for the case n = 0 (mod 8)
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On the Convergence Problem of Cobar-type
Spectral Sequences

Dai Tamaki
Department of Mathematics
Faculty of Science
Shinshu University
Matsumoto
Nagano Pref. 390
Japan

Abstract

In this talk, a new filtration on the spaces of little cubes of Boardman-Vogt is
introduced. The stable splitting theorem of Snaith, then, gives a STABLE filtration
on Q"L™X. For any homology theory h.(—), the spectral sequence defined by this
filtration strongly converges to A (Q"Z"X). If h.(~) is a multiplicative homology
theory and if ~.(Q" 15" X) is h.()-flat, then the E?-term is shown to be isomorphic
to the E?-term of the Eilenberg-Moore spectral sequence. The construction of this
spectral sequence can be thought of as a dual of the construction of the bar spectral
sequence due to Rothenberg and Steenrod.

The aim of this talk is to give a new construction of a strongly convergent cobar-type
Eilenberg-Moore spectral sequence of the path loop fibration

Q"L"X — PQMTINTX — QMR X
for any homology theory. Proofs are basically omitted. Details can be found in [19].

e Motivation

One of the most convenient computational tools for the mod p homology of loop spaces is
the cobar-type Eilenberg-Moore spectral sequence (EMSS, for short), constructed in [9, 10].
The computation of H,(Q"Z"X;F,) using the path loop fibration

Q"X — PO X — QIR X : (1)
illustrates the power of EMSS. In this case, the spectral sequence
E? = Cotor(¥"'F"XF(F B ) = H,(Q"Z"X; F,)

collapses at E?, reducing the calculation to that of elementary homological algebra. On
the other hand, the Serre spectral sequence for the fibration (1) contains infinitely many
nontrivial differentials and does not compute H,(Q"Z"X; F,) directly.



It would be very useful, if we have an EMSS for any generalized homology theory, for
example, Morava K-theory. In fact, shortly after the introduction of the original EMSS,
Rector [14] and L. Smith [16, 17], independently from each other, generalized the construc-
tion of the EMSS for arbitrary homology theory. Unfortunately, however, it is not easy to
apply their spectal sequences for practical computations.

e Convergence problem
One of the difficulties in using the EMSS is the convergence problem. Namely the EMSS
does not necessarily converge to the homology we want to compute. For singular homology
theory with F, coefficient, the condition for convergence is fairly mild. Dwyer proved in
[7] that EMSS for a fibration
F—©F-—B

strongly converges to H,(F;F,) if and only if m;(B) acts nilpotently on H,(F;F,). Bous-
field, recently, generalized this result to an arbitrary connective homology theory [2].

In the case of a non-connective homology theory, however, we can hardly expect the
convergence of the EMSS, even when the base space is simply-connected. The computation
of the Morava K-theory of the Eilenberg-Mac Lane spaces [1, 13] gives us an important
counterexample.

Anderson-Hodgkin and Ravenel-Wilson used another kind of Eilenberg-Moore spectral
sequence, i.e. the bar spectral sequence for the classifying space of an associative H-
space. The fact that this bar-type spectral sequence converges for any homology theory
enabled them, together with Hopf ring technology, to determine the Morava K-theory of
the Eilenberg-Mac Lane spaces.

¢ Comparison with the bar spectral sequence

This nice behavior of the bar-type EMSS can be explained as follows.

Consider the simplicial bar construction of an associative H-space G, B,G. This is a
simplicial space with (B.G), = G™ and its geometric realization is the classifying space of
G

)

([Ja™ x (B.G).)/ ~ = |B.G| = BG.
The cosimplicial space A* of the standard simplices has a filtration by skeletons.
(A*)(") C (A")(l) C e C A" (2)

By applying the functor ([],(—) x (B.G),)/ ~ to this filtration, one obtains a sequence of

subspaces of BG,
BoGCBlGC "'CBG.

Under a mild condition on the topology of G, each successive inclusion B,G C B,;1G is a
cofibration. The bar-type EMSS is the spectral sequence obtained by applying homology
theory h.(—) to this filtration. Since BG = U, B,G, the convergence of the spectral
sequence follows from the standard argument.

The cobar-type EMSS is a kind of dual to this bar-type spectral sequence. For a pointed
space X with nondegenerate base point, we have a cosimplicial cobar construction, *X



with (Q*X)" = X™. (See [3] for various properties of cosimplicial spaces.) It is well-known
that ]

Map,,spaces(A*, " X) = Tot(Q*X) ~ QX
where csSpaces is the category of cosimplicial spaces. The cofibration sequence (2), then
induces a tower of fibrations (not cofibrations!)

QX = Tot(Q"X) — + - — Tot; (2" X) — Tote(2*X)

where Tot,(2*X) = Map g,aces (A*)(), 2*X). Thus we cannot get an exact couple by
applying homology. We have to modify this construction as follows. Let E be a spectrum.
Q®(Z"EAQ*X) is a cosimplicial space for any interger n. As above, we obtain a tower of
fibrations

oo — Tot,(Q°(Z"EA QX)) — Tot,_1(Q®°(Z"EAQ* X)) —

By applying m.(—), we obtain an exact couple, hence a spectral sequence {E"(n)} for
each n. The structure map of the spectrum E induces a (degree shifting) map of spectral

sequences
{E"(n)} — {&7(n+ 1)}
for each n. Since colim is an exact functor, {colim E"(n)} is again a spectral sequence.

Rector proved in [14] that, if F = HF,, the mod p Eilenberg-Mac Lane spectrum, this
spectral sequence is isomorphic to the original EMSS constructed in [9, 10].

By the standard argument of homotopy spectral sequence (see [3]), the spectral sequence
converges to colimlim m,_,,(Tot,(2°(Z"E A 2*X))), which seems impossible to under-

stand. When E = HF,, [8] gives a complete understanding of the E®-term in terms of
the Bousfield-Kan F ,-completion, but if F' is not connected, nothing is known. This is the
difficulty of the convergence problem of cobai-type spectral sequences.

The most obvious way to avoid this difficulty is, of course, not to use the cosimplicial
construction. In some cases, we might be able to find a completely different construction.

e Encouraging examples
There are some examples for which the EMSS converges with coefficient in ANY homol-
ogy theory. One of such examples is the path loop fibration of a suspension,

QX — PYX — TX. (3)

The James-Milnor theorem [12] tells us that, after a single suspension, QX splits into a
wedge of iterated smash products of X,

- DODX ~ 5 §7 XY, (4)

For any homology theory, h.(—), satisfying the strong form of the Kﬁnneth‘isomorphism,
there is an isomorphism

L(QTX) @



This is exactly the cobar construction, i.e. the E*-term of EMSS. In other words, the EMSS
does converge and collapses at the E'-term. Together with the stable splitting theorem of
Snaith [18] (see also [6], [4]),

QI X = \/ Cals)+ As; XM, (5)

i=1

which is one of the generalizations of (4), this example suggests an attack on the convergence
problem of the EMSS for the fibration

Q"ERX — PQPTIERX — QPTIER X (6)

for n > 1.

There is another encouraging fact.

In the case of the bar-type spectral sequence, there is a construction due to Rothenberg
and Steenrod [15]. Their idea is to use a quasifibration

G — EG - BG

and to filter BG and EG so that the projection = is a filtration preserving map. Then by
analyzing the E'-term of the spectral sequence for EG, they identified the E2-term for BG
as Tor over h,(G) if h,(G) is h,(*)-flat for a multiplicative homology theory h.(—).

We also have a quasifibration model for (6) due to May [11]

Cn(X) - En(OX)X) — n—l(EX) (7)

where CX is the reduced cone on X. If we could apply the idea of Rothenberg-Steenrod
to this quasifibration by dualizing their procedure, we would get a new construction of the
cobar spectral sequence for (6).

¢ Main theorem

In this talk, we introduce a new filtration on the spaces of little cubes C,(j), called the
gravity filtration, which induces a filtration on C,(j)+ Ag; X Then the stable splitting (5)
allows us to define a filtration on Q*Z"X in the STABLE HOMOTOPY CATEGORY. Ap-
plying homology theory, say h.(—), we obtain a spectral sequence abutting to h,(Q2"L"X).
The filtration is finite on each C,(j) and thus the spectral sequence converges strongly.

If h.(—) is a multiplicative homology theory and if h,(Q""'Z"X) is h,(*)-flat, then we
can identify the E?-term of our spectral sequence with the E?-term of the EMSS, i.e. Cotor
over h,(Q*~1Z"X). For any coalgebra C over a commutative ring R, Cotor’(R, R) has a
natural algebra structure by the concatenation of the cobar resolution. If C is cocomutative
and if Cotor®®*°(R, R) & Cotor®(R, R) ®p Cotor®(R, R), then we can define a coalgebra
structure on Cotor®(R, R) by.

Cotor®(R, R) %25 Cotor®®°(R, R) & Cotor®(R, R) ®x Cotor’ (R, R).

We prove that the identification of the E2-term with Cotor is compatible with these struc-
tures under some conditions. Thus we obtain a cobar-type strongly convergent spectral
sequence of Hopf algebras.



Theorem For any homology theory h.(—) and o pointed space X such that (X, {*}) is
a strong NDR pair, there is a spectral sequence, sirongly converging to h. ("L X). If
h.(=) is multiplicative, this is a spectral sequence of algebras over h,(%). If h,(Q""1L"X)
is h.(*)-flat, then there is an isomorphism

Ez = COtOI’h‘(nn—lSnx)(h‘(*)) h*(*)) (8)

as algebras over h,(*), where Cotor has the standard algebra structure. Furthermore if
X 1is a co-H space, e.g., X = LY for some space Y, and if h,(%) is a graded field, then
this is a spectral sequence of coalgebras and the identification of the E*-term above (8) is
an isomorphism of coalgebras, where Cotor has the standard coalgebra structure described
above.

We say a graded ring R is a graded field if any graded module over R is free. Certainly
this condition is not the weakest condition for the existence of the coalgebra structure,
but the shortest condition to state. Weaker conditions can be read off from the proof of
the existence of the-coalgebra structure. An important example of a graded field is the
coefficient ring of the Morava K-theory, K'(n). & F,[v,, v;Y].

e The gravity filtration

The idea of the construction of the spectral sequence is as follows: In order to obtain
the “right E?-term”, i.e. Cotor, the most elementary method (which we do not use) would
be to define a filtration {F_,Cpn(5)}g=0,1,2,- for each j so that the E'-term of the resulting
spectral sequence is isomorphic to the tensor algbra of h,(2"~'£"X) over h,(*). For this
purpose, we can easily see, by the stable splitting theorem (5), that it is enough to identify
the difference F_Co(j) — F—4—1Cn(j) as a set of g “vertically aligned stacks” of cubes.

L]

Stack1 - -+ Stack g

We want these “stacks” to be “stable under gravity” for the ease of handling. Thus, to
define a filtration, we first define a sequence of functions

g : Co(3) — [0, 1]

for ¢ =0,1,2,--- and j = 1,2,3,--- which measure the stability of cubes under gravity,
i.e. the overlapping of cubes, and then define

F_oCa(j) = u;* ({0}).



Then we have a decreasing filtration
¢ = F—j—-lcn(j) C F—Jcn(]) C--C F—-lcn(j) = Focn(]) = Cn(j)

Since the filtration on each C, () is finite, the spectral sequence defined by this filtration
converges strongly.

It turns out that the E'-term of the resulting spectral sequence is not the tensor algebra
on the contrary to our intention.

But we don’t need the cobar construction to identify the E?-term with Cotor. In the
quasifibration (7), we have a stable splitting of the total space

E.(CX, X)%‘J_\=/15n(J;CX,X)
which is compatible with the stable splitting of the fiber (5) under the inclusion of the fiber
Co(X) — E,(CX, X).

We define a stable filtration on E,,(C X, X) by afiltration {F~q¢‘fn(j; CX,X)}on £.(5;CX, X)
for each j with the following properties:

(i) The inclusions

Cn(j)+ /\E,' X,\j — gn(j: CX: X)

are filtration preserving.

(ii) Let h,(=) be a multiplicative homology theory and suppose that h.(Q"'Z"X)
is h.(*)-flat. If {E7(C,)} and {E"(E,)} denote the spectral sequences for C,(X) and
E,(CX, X) defined by the above stable filtrations, respectively, then we have

EY(E,) & h(Q"'S7X) ® E'(C,)
as differential graded modules and (E(E,),d") is acyclic.

Thus (E*(E,),d!) is a cofree resolution of h,(*) over h,(Q""'E"X) and we have, by
definition of Cotor,
E*(C,) & Cotor™ @™ B"X)(h_(x), h(¥)).

Finally we obtain a strongly convergent spectral sequence
E*C,) = h (2" X)
with the desired E*-term.

e Remarks

In the case of singular homology theory, the E*-term of the cobar-type EMSS can
be described in terms of the Bousfield-Kan completion of the fiber with respect to the
coefficient ring. It is very likely that, for homology theory defined by a spectrum E, the
E*-term of the cobar-type spectral sequence could be described in terms of a certain
completion of the fiber with respect to E. If that is the case, the convergence of our



spectral sequence might imply some properties of the completion of Q"E"X w1th respect
to a spectrum F. '

The space of j little n-cubes C,(7) is £;-equivariantly homotopy equivalent to the config-
uration space of j pointsin R® F'(j, R"). Since F'(j, R") is related to braid groups, mapping
class groups and other geometric objects (see [5], for example), the gravity filtration might
have interesting geometric applications.
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Introduction

MIFE. ZZRAS. BIR CWHEHEDRE P E—REROERHAZRD L

Zhit. CT.C. Wall itk - THRREINCHBRBERESICTHE SN E T ([14,15]).
BOTE UTHREEENHRE 57-DI17, ZMid finitely dominated T & W IF
FH Ao “finitely dominated” (31 9 4 0 FMRICEAZINTH Y. finitely dominated
ZRIFVWDEBFRE PE—BEFODOIRHRINTOET, EONENHMLEL & Do

[Milnor, 1957]. B## finitely dominated 2R3, AR CWHEEDKE PE—H
R

DL i, 13 finitely dominated ZRIZER CWEEKODFE b E—BEF DK
AHEFELE LN, Jhid Wall itk - TEHEEEINE LT,

[Mather, 1965]. finitely dominated ZZffid. HRRT CWHEAKDFRE PE-TZ
Do

ERUEBENTREINIETH, TOXBEOTHAILEKRDLDPEH LN
L 3 - T finitely dominated ZEICHN D RTOEBEEMAA I LICE-T. &
BCWHEEORE P —BAEF O DI EERZEDI EEhE LT,

tE L, AS-TEX & MiT Mvs-TeX Z AL E L,



[Ferry, 1980]. I /%7 MEBZERMOKE FE—BERON, HR CWEGED KT
ME—BIAFFI I finitely dqminated TRNEET S, (“CBE7 13 E5%” Tl &
NEEAo) | o -

D& D IC, finitely dominated ZREIL, FIR CWE K EUIHEEZR->TW 5
bbb 59, “HR” T “finitely dominated” ZE0 ML EELE T, &
i Cld, finitely dominated ZROFRHEEEIC>OWTER L E T, (UH. CWE
FICTHEUT A2 EbH D ETNZIETRIBALNC LIZLET,) AREESD
TRIZMR] &, 7 0FERr o RERIZEN., A UETHREENTVET, 22T
(. Lick iIC &k » TEA XN [#AFEN ] BEE w(X) e Wab(X) #BALT.
e d I UET, FICH STORD, 22/ finitely dominated & L. G i3
vy M) —BERELET,

G- ELB %7747 V=3 ittt L. BRAE p.: Wal}(B) - Walll(B)
WEBTEET, e “PIT VAT 7" EMKRILITLET, TR T 7 =i,
HRtESE wH(B) 2 v (E) KBELET, (£-T. B WER CWHEEKTHO
. E AR CWERICITDET,) FARTHE., P U277 —DBIIDNTEEL
7,

§1 T, WHEE Wa®(X), £OTH B, FREESE (X)) 2EELET, §2
Tl TEEE WaC(X) OBBIZOWTHBNET, §8 Ik T, SV RT7»—IC
SVTHRMLETT, BB, §41KTy PS5 VR T 7 —DRIEDNT OB AR~
WERNET,

1 Finitely Dominated Spaces
IITR.GE (TN ) V-BELET,
TEEE. ros%’idx 2Hicd BR G-CW 8Bk Z WVEELT, G-BE2 section s: X — Z

& retraction r: Z — X DWEHET A E &%, G-Z2f X (3 finitely G-dominated TH 3
EWVd, /2. Z 13 X % dominate T5 &1,

TN D F9 DY, finitely G-dominated G-Z2[5 T dominate X% G-Z2fH i
finitely G-dominated T9, F 7z, “finitely G-dominated” (FIRD L HITENHZ 3
ZEHBTEET,



RE. G-Z2f] X 2 finitely G-dominated T®H 3 BT, X x ST DERE
G-CW HEDHE FE—BELDI ETHB, L, ST HEME GAEfAERE->
EF B, (BT, S IZEBYE GAEAARE T4 5 —EH 0 OFR CW ik
CEEMAZIELTEET,)

Liick IXFAZERMEREE wf(X) 2LUTOL I KEHLE Ui,

Egk. ([4]) (Va, Y1) & (Ya,Ya) i3 BIE G-CW HT, Y » Y3 i G-hE FE—F
ETHBEET B, UTOFRE PE—ARHIXESATT G-B /1Y, - X 0’p 5 &
%, GEH fL1VT X & fuYa— X BEAETHEEND,

Y Y, G Ys Y,
X
Heok bf:%‘g%@’"ﬂ@\ SOIREMEBRRICIE A Eb D £,
IDEE,

Wa®(X)={f:Y = X; G-B | Y I finitely G-dominated}/ ~

EEDET, G-Bf kA — B IZH Uy ke WaCS(4) —» Wa®(B) % [Y-54] iz
kEDBBOEK [Y-LA LB #REIREI LD EDET, X 4 finitely
G-dominated ® & % w%(X) % idx ORMEHE L TEDET,

i,

[f:Y > X]+[g:Z = X] = [fLgY T Z - X]
EMETARBMENCRE D 9, GEILOFFEIC “finitely G-dominated” PAE E7IDH
F9,) F7. finitely G-dominated G-ZZfiZ, G-CW #E&ED G-+ P E—E %
EDDT, [f:Y — X] € Wa®(X) 26T, finitely G-dominated G-ZEf V 1
G-CW BERERELTEINZ EBDNYET,

EE. ([4])
(1) Wa€ 1%, finitely G-dominated G-ZZBDIETHTITY =5 T —N)IVEDX
THF T —~D covariant functor TH 5,



(2) wO(X) BNERELBZDIE, X PEREFEDFE PE-—REHFOEET, D
EDEEIRS, ‘
(3) (Wa%,wC) BMEFAEREFE D, THbb, ROTHRRRICENT, k2 G-

754 T =Yg rDEE,
k

KXo ——— X,

N

Xz s K
J2

w(X) = j1,.(wE(X1)) + 2, (WF(X3)) = Jou(wF(Xo))
WA T 4, ( ZOMEIL L. Siebenmann 12k > THERBINE Liz,)

Liick [6] (3, “finitely G-dominated” (3IRD 2B ERMETH B 2R LE Lic,
(a) HBKTL G-CW HEiED G-FE FE—HEHD,
(b) HIREH G-CW BEHED G-+€ P E-REZFD,
Dk LD 220K E FE—REEGHFE L bDTENS & &M, FIE G-CW #ik
D G-RE FE—BAERSEETT, Lick 3. (a) (7213 (b)) 2HUETT2BEE
FREEEOLEXLAKICERLUE Uice LML, AIREESENTTREBICEL R
DI Uy ATHEBIC UIMEZ R TER A, BT, EbobEELMEREREED
ZEHA, (AIETEERSENDOT, MEAEHR

w(X) + jou(w¥(Xo)) = j1.(wF(X1)) + f2. (wF(X3))

TEHELET,) Thid. COBEDSEHEFENH LW EEPTE->THET, (2
NED, FEOV-—HERZFVLINERDNET, RETEEES (DEEREES)
VO L (V)-FHORED VBl k> THETE 3 LEDNET,)

ZDMOHEIZ DT, #wWX 4 bLSRVIF+—/—F [6] 28BLTL
72& 0,

2 Finiteness Obstruction

F9. WaC(X) ERUEIICLT, B Waf(X) #EHELZ T,



EHE. Wa§(X) % Y 2% BaEE (H) O % finitely G-dominated G-CW &k
"o X ANO G-EROFREROUTHET S, 22T, RMEEREIKRTANhE T,
Yi &Y, Z@ER (H) O&%FD finitely G-dominated G-CW #kxE9 5%, G-E
B f1:Y1 - X & foYy - X DEETHZ &L, BER (H) DA% finitely
G-dominated G-ZZ[H V; & G-Bf f;:Y; — X (7 =2,3) 8% > T, Y, (resp. Y3) I3
Yy (vesp. Yy) iICHRMEOD type (H) D G-cell 2L »DITTETED,. FhY, = Y;
& G-RE PE—FRMETHELINKRE NE-TREXIEETZZETH S,

Y, Y, —% Y, Y,
X

ID&E, BRAKABEESR 1 Wa§(X) - Wab(X) BEE D T8, Z D%
RBHESICAVES, oI, Ho#E H OX®EE (H) tHELZLIKL (T4
HhbE, (H)=(K) <> H =gKg™! for some g), #£®&¥ (H) &k%x82r+ &
(ME YN
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26, “BHERAY 2508 FEFE REORHD L, HEM
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[P.] * [Py] — [Ps] * [P.] = mn[P,] * [P.] — mn[P.] % [P.] =0

WO THEENERBIIFELERLIDTH S,

a/b ¢ Q DL &, FEBEIZ « BOFENBRBELINDZZ LIZRLD,
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THZIEODREDEEZD L IO EWNEEOM» T &7, Bz,
X iR [FIFE A & BRI X AR B ZEE 13 Greenberg, Ghys, Sergiescu,
B &O, . KEUEINh, TOSEE”M. 1T v I RARE
ME L DN oTWDE, TOMBER, FRITBND &5 ICERISIFFENL
WX R IIEEL W 2B hn5,

FEMTRIRE AR I EE B & U TR DBIN R € BEARNLREDTH D,

R {0} OBO 1R £ (12 2224424 22) (BB BAKT
REIZIDERBREELS5ADH) MUER e : (2,y,2) — e%(z,y, 2)
TAELZDT, ZOFEMICKDHEER 52 x S DERBELERT
5, ZHUE D? x S! DERANETHY. NEROZEIITLHE L FRHETH
5L IRER R, (Reeb Bi53) DF TN oTW5, ZHEFIIHE
WINIZ T 7 4 > THBH, =20 (Reeb BiAP) &M EITITY 21T
72 8% = D? x ST US! x D? £ Reeb EE R, U Ry IIBEWTIE 4
REIER L > T3, aV37 PEIZBWTEBIIZ ISR -
TWbDTH5,



f(L gb

Mather DEHD T > 0¥ — H,(BPL,(R);Z) = H.(QBIFL;7Z)
WEALU, Ro URy IRIRD & 5 LA KHREIEAE £, , g5 I2&
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TOPOLOGY OF SPACES OF RATIONAL
FUNCTIONS AND CONFIGURATION SPACES

KOHHEI YAMAGUCHI

Department of Mathematics
The University of Electro-Communications

§1. INTRODUCTION.

Recently the space of holomorphic maps between complex manifolds played an im-
portant role in differential geometry, topology and mathematical physics. In this note
we should like to consider two objects: One is the topology of the space Hol(S2%, X) of
holomorphic maps from the Riemann sphere $? = C U {00} to the (quasi-)projective
variety X € CP™, and the other one is the topology of the related configuration spaces
of particles. In particular, we shall generalize the results of Segal concerning the spaces
of holomorphic maps ([S2]) and the configuration space C* (X ) of positive and negative
particles ([Mc]). We introduce the configuration space C*¥(X) of ”particles of collisions
of type Ar” for k > 2 and using it, we can give the finite dimensional models for
the mapping space 2252, We expect that it would be useful to study the generalized
Atiyah-Jones conjecture (theorem) ([AJ]). These results are based on the recent joint
works with M.Guest, A.Kozlowski and M.Murayama ([GKMY], [GKY], [GKY2]).

82. THE SPACE OF HOLOMORPHIC MAPS

If X C CP™ is a complex projective variety and d is a non-negative integer, we
denote by Hol%(S2%, X) (Holy(52%,X)) the space of all based (non-based) holomorphic
maps from $% to X of degree d, where S? is the Riemann sphere, $? = C U {co}.
Similarly, let Map(S52, X )4 (23X ) denote the space consisting of all (based) continuous
maps from S% to X of degree d. Let C% (82, 5%) denote the space of all smooth maps
from S? to itself of degree d. Then it is well-known ([EW]) that when S? is given the
usual Riemann metric, the energy function

E:CP(8% 8% —-R

which is given by
1
B(f)= 3 [ 1D7(z)Pdvo
S2
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has no critical points apart from the space Holy(S?, 52) of holomorphic maps on which
it attains its absolute minimum. So the analogy of the finite dimensional Morse the-
ory might lead one to hope that Holy(S?, S?) is a deformation retract of C3 (52, 52).
Unfortunately this is false; In fact, Holy(52,52%) has the homotopy type of a finite
dimensional CW complex. On the other hand, since CP(S5%,52) ~ Map(52, 52)4,
it has the homotopy type of an infinite dimensional CW complex. However, this is
approximately true if d — 0o, and Segal showed the following result:

Theorem 1 ([S2]). The inclusion maps
ja : Holg(S?,5%) — Map(S?,5%)4 and iy : Hol}(52, 52) — Q252
are homotopy equivalences up to dimension d. O
Here a map f : X — Y is called the homotopy (homology) equivalence up to

dimension d if f. : 75(X) — 7;(Y) (fu : Hi(X) — H;(Y)) is an isomorphism when
Jj < d and a surjection when j = d.

Similar method also proved more general result:
Theorem 2 ([S2]). The inclusion maps

ja : Holg(S*,CP™) — Map(S%,CP™)4 and iq : Hol}(S%,CP™) — Q2CP"™

are homotopy equivalences up to dimension (2n — 1)d. O

However, because 71 (Hol’(5%,CP™)) = Z if n = 1 and 0 if n > 2, although Theorem
1 is the special case of Theorem 2 its proof is very different according to n = 1 or not.
Indeed, the proof of the case n = 1 is more complicated than the case n > 2.

Let X, C CP™ ! be the quasi-projective vériety defined by

(3) Xpn=CP" '\ Urcicjcn-1Hi 5,
where
(4) Hij={[z1::12,) € CP" ' : 3, = 2; = 0}

It is easy to see that X, is simply-connected and 5 (X,,) = Z. In particular, if n = 2,
X2 = 52.

More generally, let I be any corrections of subsets of {1,2,--- ,n—1,n} with |A| > 2
for all A € I. Similarly, let X; C CP™"! be the quasi-projective variety defined by
(5) Xr=CP™ "\ UpcrHa,
where
(6) Hy={[z1: - :2,) € CP™ ! iz, =0forall i € A).

Then we obtain the another generalized version of Segal’s results theorem 1 and 2:
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Theorem 7 ([GKY]).
(a) The inclusion maps
ja : Holg(5%, X)) — Map(5?, X,,)4 and ig : Hol3(S?, X,,) — 92X,
are homotopy equivalences up to dimension d.
(b) The inclusion maps
ja : Holg(S?, X1) — Map(S?, X )g and iq : Hol3(S%, X1) — Q2X;

are homotopy equivalences up to dimension d. O

Remark. (a) It is not difficult to see that there is a fibration 7"~ ! — X,, — V*CP>
and ﬂJ(QC%Xn) = ’/Tj+2(\/nCPO°).

(b) More generally, recently using the result of theorem 7, M.Guest ([G2]) investi-
gated the topology of space Holp (52, X) for a compact complex projective toric variety
X and he obtained the similar results.

(c) The above results can be easily undestood from the point of view of the Morse
theoretical principle. But their proofs are heavily depend on the topological technique
of Gromov-Segal. O

Because 71 (Hol%(5%, X,,)) was first computed by Epshtein ([E]), we shall call X, as
the n-th Epshtein space. Similarly we call X; as the generalized Epshtein space. At
the same time, he also computed the fundamental group of the space Holg(52, 52):

Proposition 8 ([E]). m;(Holg(S5%,5%)=12/2d. O

As a generalization, we can also determine the some of higher homotopy groups of
Holy(52, 5?) as follows:

Proposition 9 ([GKMY]).

(1) Fork > 2,
7Tk(53) d=1
me(Holg(S?,5%)) = { 7(S®) @ mp(S?) d=2
Z/2 d>3 k=2

(2) Ifk >3 and d > 3, then m(Hola(S?, 52)) = m(Hol3(S?, §2)) @ 11 (S2).
(3) In particular, ifd > k > 3, then 7 (Holg(5%,5%)) = mr12(S?) @ mp(S%). O

More precisely, we can investigate the homotopy type for the case d = 2:
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Theorem 10 ([GKMY]). The space Holy(5%, 5%) may be identified with a homoge-
neous space of the form (SLy(C) x SLy(C))/H, where H is isomorphic to C* 7 /4. In
this semi-direct product, the action of Z/4 =< o :0*=1> isgiven by c-a = a™~! for
a € C*. In particular, Hol,(52, S2) is homotopy equivalent to (S3x 5%)/(S'xZ/4). O

Theorem 11 ([GKMY]).

(1) The universal cover of Holj(S?, 52) is homotopy equivalent to S2.

(2) The universal cover of Holy(S%,5%) may be identified with a homogeneous
space of the form (SL(C) x SLo(C))/D, where D is isomorphic to C*. In
particular, it is homotopy equivalent to S x S2. O

§3. CONFIGURATION SPACES.

We shall comsider another finite dimensional model for mapping spaces. For this
purpose, recall the following:

Definition. (a) For a connected space X and a positive integer d, let F(X,d) be the
ordered configuration space of d particles,

(12) F(X,d) = {(z1, -~ ,za) € X" : @i # x; if i # j}.

The symmetric group Sy of d letters acts on F'(X,d) freely by the usual manner and
we define the unordered configuration space Cy(C) of d particles by the the quotient
space

(13) Ca(X) = F(X,d)/Sa.
In particular, we take Co(X) = {0}.

Let C(X) be the disjoint union C(X) = 1,50 Ca(X). Then we may identify C(X)
(Cy(X)) with the space consisting of all finite subset (of cardinality d) of X.

(b) Define the configuration space C*(X) of positive and negative particles by
(14) CEH(X) = (C(X) x C(X))/ =
where the equivalence relation =~ is defined by the following:
(31’32) ~ (tl,tQ) = 8 \ 85 =t \tj for (31932)v (tht‘Z) € C(X> x C(X)7 {7‘).7} = {1’2}
(c) More generally, for an integer k > 2, we define the configuration space C*(X) of

particles with collisions of type Ay by the similar manner:

(15) CH(X) = (C(X))*/ ~
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where the equivalence relation = is induced from
(81,°+* 184, 8i41,+* ,8k) = (81, + ,8Ut, 841 UL, -+ ,s%) for any ¢t € C(X).

The space Qk(X) may be considered as the space of configurations of distict points in
X with the following property: there are k ”types” of points, and a point of type ¢ may
collide with and annihilate a point of type i 4 1.

In particular, if k = 2, then C*(X) = C*(X). Similarly we can define C*(X, A) for
a closed subspace A C X. 0O

Recall the following famous result due to Segal:

Theorem 16 ([S1]). For positive integers d > 1, there is a map
E4: C4(C) — Q352
which is a homology equivalence up to dimension [d/2]. O
Remark. (a) E4 is never a homotopy equivalence up to any positive dimension; In

fact, the fundamental group m1(C4(C)) = Brg, and on the contrary m1(Q35%) = Z,
where Bry denotes the Braid group of d strings.

(b) Consider two maps

% B
Hol% (52, 52) -5 0252 ~ 0283 ~ 02,52 = C,4(C) = K (Brag, 1).

It follows from theorems 1 and 16 that Hol%(S?,52) is homotopy equivalent to 2252
up to dimension d and K (Bryg, 1) is homology equivalent to it up to dimension d. So
we expect that both spaces Hol}(52, 5%) and K (Brag, 1) might be of similar homotopy
types. This is ”stably” true. In fact, F.Cohen, R.Cohen, B.Mann and R.Milgram
showed that both spaces HOI;(SQ, 52) and K (Brag, 1) are stably homotopy equivalent
([c-M], [C-M2]). O

From now on, we may identify R? = C for convenience. Then it is well-known that
Lemma 17. Cy4(C) ~ K(Brg,1). O

If we may consider S = C U {oo} and 0252 = Mapeor1(S5?, 5%)4, then the map
Eq: C4(C) — Q252 is given by the following explicite form:

For ¢ = {z1, -+ ,24} € C4(C) and z € §% = C U {o0},

1+ T2y ifz€C

1 if z=o00

(18) Eq(c)(z) = {
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We can explain the map E,4 from the physical point of view:

If we think of the finite subset ¢ € C4(C) of C as a set of electrically charged
d-particles which each has charge +1, then this induces the associated electric field
E4(c) : C— ¢ — C and this can be continuously extended the map Eg4(c) : §% =
CU {oo} = % = CU {o0}.

Then McDuff expected that if the negative partcles were added then there would
be a homotopy equivalence Eq : C*(C)y — 9252 up to some dimension n(d) such
that limg—, o n(d) = co. But this never happen and on the contrary, she obtained the
following interesting result:

Theorem 19 ([Mc]). There is a homotopy equivalence
S CE(C) = 0%((S? x §2)/A)
where A denotes the diagonal subspace A = {(z.7) : x € S?}. O

We shall see soon that the space C*(C) is related to the space 225° (not Q2521
and this may be easily understood if we add the several kinds of particles.

§4. CONFIGURATION SPACE MODEL FOR %53

Theorem 20 ([GKY2]). For integers k,n > 2, there is a homotopy equivalence

S:CER™ S Qrek(sTt, 00) O

Using the the Mitchell-Segal filtration of the algebraic loop group Q,,5Us ([Mi],
[P], [PS], [83]), we can prove:

Theorem 21 ([GKY?2]). Ifk > 2, there is a homotopy equivalence
C* (8%, 00) = Fy,

where Fy denotes the k-th filtration of Mitchell-Segal filtration of §,,SUs and it is
homotopy equivalent to the (2k + 1)-skelton of QS83. 0O

Since the inclusion map F, — Q52 is a homotopy equivalence up to dimension 2k+1,
we also obtain:
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Corollary 22 ([GKY2]). Ifk > 2, then there is a map
Ey : Ck(C) — Q35°
which is a homotopy equivalence up to dimension 2k —1. 0O

The "model space” C*(C) has the homotopy type of an infinite dimensional CW
complex. It is possible to obtain a model which is a finite CW complex. Let C;“(X}
be the subspace of C*(X) defined by
(23) CK(X) = {[s1, -+ ,8:] € CF(X) : card(s;) < d for all j}.

It is easy to see that C(’;(C) has the homotopy type of a finite CW complex. Then we
have the stabilization theorem:

Theorem 24 ([GKY2]). The inclusion map
ja: C4(C) = C41(C)
is a homotopy equivalence up to dimension [d/2]. O

As an application we also have:

Corollary 25 ([GKY2]). There is a map
Ef:Ccj(C) — 0°S°
which is a homotopy equivalence up to dimension min(2k — 1,[d/2]). O
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B EOR/NER VA 7 =1 VECAEET 3
finite depth foliation ¢ Heegaard 4%
KR ol (ZR)

Gabai ([6], [14]) It X T, U EHZEEIC taut foliation AHER X hets. %
CILB B idea ZIGHAL T HUH RV 3KT M Fr Y- 24 OffR
D& b o AFEHE I Bic, BUBOB/MERFA 721 VEKET 0
TWET 5o

1 HAozLME

knot, K TF link X €T oriented &3 3%,
EE 1.l L% SPHDlnk £F%, cotE, RELDFIf7=n MELE
R 2% S® W@ compact 2> closed component % % % %\~ surface C orientation

FTCADTIOR=L B5C &,
EHE 1.2, EEOlink LK W LT, LOFAL 7= VE B5FHET Do
E#E 1.3. link L © ¥4 7= M R 2
X(R) =max{x(F)|F &L ® ¥4 7=zr I}
tEoTn3eE, R L OR/NNERYA 7= MEE WS,

ER 14 FATzAMNER P 20094 72z M Ry, R, @ (2n) FEMTH

2l RDEENS,

(1) R= Ry Up Ry, I8L Ry N R, 12 20 5%% D - 8D D% v, B, ..., cimy B
EF B e () it OR(OR,) IWEEH Ry(Ry) WD properly embedded arc
KZ->Tw3,

(2) S®* WD 3-ball By, B, T R%HZ%aTHDOHED 3,

(i) BLUB, = 5% B, N By = 8B, = 9B, = S
(i) B D Ri(i=1,2)
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[Figure 1.1]

2 Sutured manifold

LIRS M % 5% %D compact oriented 3-manifold &4 %
EE 2.1. (M,v) 2% sutured manifold & & IRD L E w5,
(1) v & OM ROBEACE D b 250 annulus A(y) & torus T(y) oFn
(2) A(y) 4% component IC & orientation D5 % b/ £ D core & %4 3 simple
loop ZfEEENT W5, (T D simple loop % suture &FFUS s(y) &<, )
(3) R(v) =cl(0M — ) @ # component IC{Z orientation Z5A > T3, HFic,
% o normal vector 23 EE (AME) Db DOEEOFE Ry(v)(R-(7)) &
<o Fiew Ri(7)(R-(7)) @ orientation I s(y) D EFH EEFL T ldh
B bz,

#l 22, S % 89S # ¢ /B compact surface & F B, TDEE, M = 5 x
0,1, = 85 x [0,1], Ry () = S x {1}, R_(7) = S x {0} &FhiE (M,7) &
sutured manifold WK% %, FIC, CDFEEA sutured manifold % product sutured
manifold &\ 5,

[

Bl 23. R % S AD link L © ¥4 7= EELT 2, F(L) = S*~ N
(L),Re = RNE(L) kit Ly (P,8) = (N(Rg, E(L)), N(dRg,0E(L))) 1% prod-
uct sutured manifold K& %, M = cl(E(L) — P),v = cl(9E(L) — ) & L+
(M,~) 1€ Ri(y) = R_(8),R_(v) = Ry(6) % 2% N/ sutured manifold
DT L EHFIC complementary sutured manifold for R & FE4,

% 2.4. M % compact oriented 3-manifold, N % codimension-0 submanifold
of M £ F%, cpE%, (M,N) 3 properly embedded connected surface
SwexL

x_(8) = max{0,—x(5)}
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LED D, Fioy —MRICIEE S; 22 S D connected component @ & ¥
X-(5) = x-(5)
DD, (Bl x(1) & 4780

FEF 2.5. £ notation Db & Ho(M,N) @ (Thurston) norm z % ROBEICTE
Db

z(a) = min{x_(5)|S 1k a € Hy(M,N) #5EHF+ 23 (M,N) &} 5 properly

embedded surface}

Wi, x-(S) = «([S]) A D7D & % S & (Thurston) norm minimizing & \»

EF 2.6. sutured manifold (M,) 2% taut TH 3 &k ROEEE2 BT L E W

(1) M I irreducible
(2) Ry(7), R-(v) & Ho(M,~) o3t & LT (Thurston) norm minimizing
(3) Ry(v),R_(v) & M T incompressible

7 2.7. S % sutured manifold (M,v) I proper IC embedded X #.7 oriented
surface & §5, CD L%,

(M, 7) = (M',7)
23 sutured manifold decomposition TH % &1k Rk BT L E RS,
M' =M~ N (5)
Bi() = (Re(v)n M) U S,
R_(v)=(R-(v)nM)uS._

HL. S =5%x{0},5_=S5x{1}if N(S) = Sx][0,1] and the normal direction
to S points in along S x {0}. ¥/, T D 5 % decomposing surface &FEE,
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[Figure 2.1]

EE 2.8.([6],[34]) £E @ taut sutured manifold (& sutured manifold hierarchy
h0, Thbb, (M,v) % taut sutured manifold &3 % & sutured manifold
decomposition DFl: (M,y) =5 (M, 11) F2 - 25 (M, va) T M, OB
1% taut sutured 3-ball IC%2 3 X 5 &b ODHFET 2,

taut sutured 3-ball (& (D? x [0,1],8D? x [0,1]) % % sutured manifold D &
TH5o '

COFEBOFFAZ, Jaco ([44]) ik X 3 Haken manifold @ hierarchy % ¥4k
LTHELNLD DT, HHETH 2 (LFILE S ), Gabai ([6])(Scharlemann ([34]))
X EEIME (5M@) DRES 2 b A% complexity €L, chxBTw3, &
B%. genus 2 @ handlebody ICBR->T%. £ decomposing surface 73 disk i)
Tl sutured manifold hierarchy 3G bh A VWD ORFET B C L AL T
3 ([19])o

3 BIEEYA T MNEORE

Fie ML tra,nsverselyborien‘ted codimension 1 foliation &3 5,

EFE 3.l FHtaut L1E F D & leaf KX LT, transverse circle % L ¢ {& prop-
erly embedded transverse arc Z3FET 35 C & TH B,

EHE 32, Fi Foleaf 33, FRUF O depth &k IRTEDLND DD
TH 5o
oF 73depth 0 & F g compact.
o depth j(< k) leaf BEE o7 s T2, DL E,
F 7% depth k+ 1 TH % &L F — F 2 a union of depth j(< k) leaves,
F — F 1% depth k leaf &5

oF 2% depth k TH 3 £L k = max{ depth (F)| F: a leaf of F)}

L _E®D notation @b &, RO EHBFELN TV 3,
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EEE 3.3.([6), 8], [12]) R % $»3link L ® ¥ 7 =AML $ 3, RD com-
plementary sutured manifold (M,v) %% sutured manifold hierarchy % % T,
S3%~ N (L) AIC R % compact leaf IC % taut finite depth foliation ¢ N (L)
IC transverse IC3 2 b DHBFIET B0 4FiC, decomposing surface 234-T disk
7z blE. depth 28 1LUFo foliation 238 b 3,

COTEEOIERICE L Tid. 7TE»EH,

SEEE 3.4.([39]) F % S3— N (L) P taut foliation Ty H2%¥A 7 =4 ME R %
leaf Cd D& F 2, DL E, D RIE (Thurston) norm minimizing in Ha(S5%~
N (L),0N(L))o $abb. Rix BNEEFA 7 zr MEICK S,

LOBEID, 5AbNeF A 7 = VERR/PMER»E S % HETSIC
I~ %@ complementary sutured manifold 7% sutured manifold hierarchy % %2
BESBFENEI T LKA B, Gabal & [8] T, 1 0ZFELFD prime knot
(cf.[42]) DY A 7 = VEOR/MNER L COFETREL TS, T RE¥F
A7x2n B R, R, BREFLTELNLIFAf 7= MELT B LE, RDOT &
bbhoTwnd,

B 3.5. ([7], [9]) R 25 B/NEHTH 2 BFETHEER. Ry, Ry, 233 IC B/ NES
Ch3CETHB,

4 B)BEYFA 7L MNEOSE

EFEsl Liklinkels R,RZLO FA7=A LT3, cDLE, R
X Ry REWEEIT Ry & Ry #2 S°~ N (L) W@ ambient isotopy TE V&5 & &

o

C OFERIRIC b & B/NESFA 7 = FEOSIEICET 2 5%e4 Hatcher,
Thurston ([21]), /Nbk ([26]), $E7k ([23]), VEMS ([33]) &iC & > % 2T\ 3o
COBE, ¥4 7= MED REMBEEAREZ R 2L Twd 2 EELTSE
o FFIC, HHAKIZ 1 0ZHLIF D prime knot 13 2 B/MNEHFA 7 = ME
DR EFTEREG L 5IROEE R B o
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THE 4.2.([23]) (I) 10 ZZHELUF @ prime knot IG5 3 5/ MBS A4 7 =4 FER
RD knot #EE\TC unique TH 3,

74 83 95 910 913 918 923 103 1011 1016 1018
2 |2 |2 |4 (2|3 |2 |2/|2]4]/]3
3|2 |2 |3 |42 |2 |2 |2]|2]|3

(I1) % knot DF DR, FETR WFA 7 =4 MEOKTH 3,

Ty CHOREHENICEDX S YA 7= METHEhbbhoTwna,

5 Fiber surface g

E#E 5.1. L% link &35, L2 fibered linkTH 5 &%, S~ N (L) B3 ¥
A 7 zr VER fiber & F 3 S ko fiber bundle KA 3 L E w5, Fh. 2OF
A 7z MER fiber surface &\ 5,

T 5.2, R fiber surface b iE, E/MNERF A 7= VETH B,

COEEP b, 4BF TR~ 10 ZE LT O prime knot W3 3 S/ NESH A
Tzl VEDS B, ¥ipt fiber surface THE L E WSERELOLNE, T
MRE . €18 ([24]), Gabal ([10])) X oTHEL bR T3, CCBNTHHE
MBEATH D, Thid. Stallings ([37]) 23R L KDOBESEK X %,

EH 53.([37) RE¥A 7=A M Ry, Ry % HEFILCTEBLIEZFA 7z b
BEed2, cot %, Ry, R, 233 fiber surface 7 b1 R % fiber surface TH
5.

ey [MCBATCOMBEILT 2T LHBHbIT WS,

6 Sutured manifold » Heegaard 42

EFE 6.1. W 25 compression body TH 3% & &, W %% a cobordism rel d between
surfaces 0, W and O_W such that W = 9, W x [0,1]U 2-handles U 3-handles
and O_W has no 2-sphere components TH 2% & E\n 5,
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HAE%%2 3L, W 2% connected T _W £ ¢ o0& &id, Wiz O.W x
[0,1] Ik O_W x {1} ko disks K{H > T 1-handle W< D attach 33 C &T
Bohddbowhsd, O.W =¢ bl W {d handlebody TH 3. T D attach
L7z 1-handle o#% (W) tEL T LT 3,

[Figure 6.1]

LPIF. RE¥A 7= FEE L, %® complementary sutured manifold 23 ir-
reducible A b DEE X %,
EFE 6.2. (W, W') 2% complementary sutured manifold (M,y) @ Heegaard 53
RTH5,
& &= (1) W, W' {& compression body,
@ WUW =M,
(3) WNAW =8, W = 8, W',
(4) O-W = Ry(7),0_-W' = E_(v).
EEE 6.3 A4 7z ME R kK LT handle number &1 IROBRICEREEZ LS D
DTH5,
h(R) = min{h(W)|(W,W’) i R @ complementary sutured manifold &
Heegaard 43# }

CDELE, RBDHBo
fnrd 6.4. (cf. [38], p.138) R 2% fiber surface <= h(R) = 0.

CofrEE X b, handle number X 54 b ¥ A 7 = FED fiber surface
#6E@ﬁ%h1m5$%§?ﬁ0®ﬁﬁmtafméc&ﬂb#éot@hm—
dle number @ FEHIDO b L TDLBZENVICDONT, RO EHEDR>TRS,

RE¥FA 72N ME R, R, # 20 WML TBONEF A 7= FEL T 3,

#1 6.5. ([17)) h(Ry) + h(Ry) —n+1 < h(R) < h(R:) + h(R,).
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EH 6.6. ([17]) Ry 25 fiber surface == h(R) = h(R,).
CNoDEEND, ROZHE/LN S,
% 6.7. (FEH 5.3) h(R;) = h(Ry) = 0 = h(R) = 0.

EHE 6.8. ([18]) (Miyv:, A = 1,2) % R, R, ® 4 FHFICEF 3 marked
sutured manifolds ¢33, D& %, M; PIC a product disk with A; as an
edge 22 FET 2% X h(R) = h(Ry) + h(R;) AT 3,

marked sutured manifold ICEILTIE [18] b L< 1% [23] %2 M, % 4. &
H42TcHEZ b1 0ZZELITF O prime knot OF/MNMERF A 7 = A +EICKF
% handle number (X 0,1 3 L <13 2-CH B L4 [18] TRENT WS,

7 Depth of knots
Gabai (& [6], [14] TIROEEZE T2,

EHE 7.1. ([6], 14]) K % knot, R% K OB/NERFA 7= MEE+ 3, 20
L&, R¥leaf It S~ N (K) Lo taut finite depth foliation F < ON(K)
IC transverse IC3EH 3 D DHEFLET 3,

R H3&/NES A bIE, %D complementary sutured manifold 1% tauto & -T.
B 2.8, KU FH 33 b oEERE S, C T, BH 3.3 © IHOKE L
% idea #5 % %, (M,v) ® sutured manifold hierarchy o taut sutured 3-ball ic
product foliation (depth (% 0) % A#L%. decomposing surface % EH S be 3
& FIC_EFIC foliation DIKIEE LAaab (D& &, —MIC depth 531 £483)
C & hierarchy ##IC72 ¥ %, ¢ T, (M,7) IC taut foliation % HERL L. S8
T Ri(v) & R_(7) 23V &bETR®D 3 foliation %183, hierarchy 1% HBR%A
DT, B bh i foliation @ depth » HRRIC A4 36

COEET1 XY, knot K RUE Z20F [ 72 ME R ® depth & \» 5 #lE4:
DBIRDIRICTEETE 3,
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3% 7.2 ([2]) d(K) = min{ depth (F)|F & $°~ N (K) £ taut foliation T
ON(K) & transverse ICi%H 3, }

3 7.3. d(R) = min{ depth (F)|F it $°— N (K) Lo R % leaf It % taut
foliation T ON(K) & trasverse Kb %, }

D depth &5 #f&X. handle number & B UEEIC  fiber surface & DEE
MEE2” 2B HEE DD, ThbBE:

il 7.4 RO 3DEFEETH %,
(1) R I% fiber surface.
(2)d(R) = 0.

(3)R(R) =0.

LoTs d(v) & h(:) OHBEE WIEEREL b B, COFER [16] TA
ThTwd, Thbb, ROBXEHLI TV,

EE 7.5, ([16]) FEEOEER n I LTy d(Ry) =1, h(R,) = n & B 594
7 = VI R, BEET 5o

Tl BEE42TEHEL bILA 10 ZELUF O prime knot 0 B/NEHYF A 7 = 1
MEICKHT % depth i 0 3 LA 1 THBC e ibhoTnd, —F. Cantwell
& Conlon & d(K) KDOWTROEREZE TV 3,

EHE 7.6 ([2]) EEOBH n(> 0) Isd LT, d(K) =n &% 3 knot K 24T
%

®oik 3], [4] KBWwT, ZOEHZHEIC taut depth 1 foliation T, » 2 &/
B A 7 20 MEZME—O compact leaf 1T % D foliation 25A 2 knot DERE
EL. 2o foliation DBEERFTA->TVB, A, =iFE [30] KBWT SPHD
depth 1 foliation DRFEAFIT % FLLIZ [31] IK3 T torus knot OEFZEE LD
5 & 7 3 foliation DA¥EETA > Tn 3,
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ILTERY  Fx i Bf3h
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3R mEK@m PN AE R £k 1E 4808
LRI E EXHUE MR FDS At Aok
R LT 034809 7 2R 20560 75 I
COEOGIZTVELIN? LUDERE
%23,

NVRLEL OIS SEWRITPAPAELE &
@) Heegaard 7 f% O & 1 k& 3200 TH.
~ 2O LR HFEF & UTIE . Heeqaard 4
NI EMEDY )LD T D 5 (Haken CH),
EZTOEH T Heegoard #E%24 003280 T
T35 B MW T, ALTR O&D 0 4E
Z(¥. Norwood (INI) ¥ Scharlemann (£51) )2 5%,
PRy ZIVEL A | 04T WA |14, JEaRRE
PR TRABETIT VLA YUY EOTHS 17,
LALAO—7 7. Nerwood £ TR L 34 % T
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fE A LG REY MB 45 B AVBEA T30 C
)L A LTA
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TH3dT velE (P92 BI85 2T L AR KES
T 103889 T D 4E B3Iy & B Y M
. HHSEE L MNANVEI Y 27 B DS
5000 SRt B $EAE T
BWRVEVELD 20T ZESH T2 WEBER
B L(IM2T) . Y5 L A0 kDT %E B nEE1¥%
(A E4T 7 (M31) . L2448 XTI LTIE,
N R B DY L TR A5, JEROH T 4t 4o
2 ﬁhu% tnD 451941513 E1T5 12 (TM4),
AR EE Aoy, EEVEE ORLE E Y5 KR
Bxt, MBI E4E4e0t v V5T
PR fb LIF3TCE &L (LKD),
AE3E TH 10T I0AY5 £ AR
@l ¥R 4 T3,

—128—



L VWiV oE &
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iy AR BY T3, ML) E Ao FRIA (2 ¢ L
EL) =d(S-NLD) &<, MvrnvEg. L)
CREAE S TIRENYNIIA . T340, D
R BOLTEE Y NI K0St s E E
THh3.

ZE 1L Bz proper o 2T Pid it
ACs ¥, e T A0 fE e Tl L (E(L)-
NEVRUvi)) 25 NYRIVIF V153 055 5
ﬁﬂ T NGV VR L BYhuevE

E(LITHE3 T Bl &7 H3.

iF Fl LOETFo#z0720 KATT AL

WL AR EnETELE S arese b0 b C
ﬂ (2 t%/;—:t 13 A0 HE B0 L& F 3),
0L FAMMIIThATES K. ) (BL)-
NRVE V== UR)) [ ARV iE LT3,
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L = @ L)

E(L)-N(HVhV--vE) &

QIS O3 1T ATy L tE DA FRT N IVED
IETFFALL. AV NMETHT, X

SEL RN G k) E Lo Stw
BEEVE RV EN S D, 431Kt o UE (L
RECBABLVENVANTY D, COEEL). CRD
(L) AY well-defined T"H 3,

b, iy lE L0 }
L WRAL VE MRV R
0 L 2V F L 4L BOCS
tL) &, Lo N/ FIVELCU Y,

/min{ +
t(L) =
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t(L)(D‘)f_ﬁ,;s:') t(L) 2 (LOE/2%2) -1 A
QNVATREE U EELIOIERRY I B L I
152+ B 0) L‘/mﬁ@tmmbv

39 1.2 (Norwood (LN1)).

o)
& A3, t(L) =,

IR, LosgElr2b) tLzl, -4,
TROPSTarc YV E X2 LYY EEH T3

Y — ) S )
Y & lﬁ@ii
C/ 5573 EINRR
SO arcx
AN~ SS )
%512 & ( X )
?NS&S

M (E(L)-N(¥) 2 S’ FAWVAN LS
thl- t(L <, Ers. t(L )= TH3.

O

tE o {n e Ryt LERRiRE RS- GP

RO AreS THEITULAI9D,
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BEXZLVvdh, Lok E L8 FREATWED
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EBPRTE 440U D,
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B 30N Lt B0 R B DA E 0
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Nt kR L 4t hr  BA LT ESKibA32 C
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AINTHL, L.o $TPBAESE NV 0% ¢T3,
Li#l, 24 LT St 75 are P ETIROSSICLZT.
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BERISHE Vf & 12350 b o35,

ET N FNVEROD T B F 4k VI AT R ¢
Ekayite ) 4217 E 4803,

2. REVWHO LR $L 113 5E 4o

RETWBRONEL R 20T CR0 2507
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LT RO TR XD R) B2 T,
t(K) +t(K) £ t(K#K:)

FHB: B 130 BT RETHIO EPS.

RNEX VT REWBK, LA B TITH
34

K #K2) = t(K) +t(Ka) + |

EIOF AR KA KL E K IXTOED KRR
I (W |

FH A (L (IM21),

F48 B I E L1 (Morigh - Rubinstein [MRI),

2% 0 (MR [ AZ5TNTO workshop [TH 1179
HE ). K= t(K)=] 40 t(K#Ke)=3
ik Rt v s B AL A TS EA LK
CARS IFEZE LTS, LAOLED"S 350 C L R3EE
BROE Nt R, BALFFREEL S LIS
c" FEIETE I NMERISAS 3D,

Ker U1t TREAEYCIIB LT R0 WA S,
R MNAT R R0 TETEH B
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e bV EVER A L0845 TH 30 ZhIES I
40 VRO 2 ER 151,

FEE9. 9 (IM1)), Ko Ke £ FRTHD 220
Bl . t(K#KD) =2 XT3, zov¥ o i’
a9 A 1o,

) K, Ka g 04N 28 4w EB T R OGS
I wK) =t (K) =1 Tha.

Q) K, Ko 0550t -5V 2% 55 BT
Sl (Ko vek), t(K) <2 TH3. 3t K. lE. 3F
a7 ig st Ao KRG B S 1AL,
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) Ko 04t W RREE N ALA LY LY BT
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125103, Tak5T /g RLE tangle FHE L 753,
—fr MR F2 D EWRIT T TH TH3BT
CAY o5 V3D, D tangle 7HZER U T K,
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27mi?"é&i?ﬂ%‘c&‘biﬁi@%‘cbf Ik ¥
%VEM\” PEVEE L0120 E. E3L2.20

aamﬁm/ww ¥ 760 BlER ERY
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T EE39 (LM4l), 3EBoR7NE ftsov %
34848 WAL | Bt 40X ETSF
15, M7 2 4§t W B ¢ ho 7 #6r BOE
S NS B R IR NE (RS ION ER/-
BLANY AT, TRO G, 1 6 G 0550 L
TN IT isatopic T H B

v Y,

IBANKELBA .  FLEPTe MNANBIOE R
OHen TR ). JEASRT R AT 4005703 A4
#EA MV FNFR | E FE TR AN 26N REor
BUH3CADD3, b1 BIEFWBKY #7352
B REHBL LN AT 40 KEL LY. X5z
K#L = K VK, & 143, 8L K, K, R 4E BT
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2. YeK#L o #Fw BEIEMVAVLL, V= N(KV
Kove), Vo= L(S-V) xd . (W)t 8o
¥ ¥22 0 Heequard 45 B2 T 53

SEK*LD ¥4t 4o 7 EE LI 20 ER T
T3, TOCIE K VK, & 44 57\ isotopy ks T
SYViXoEh )2 TR OED% 3420 AR (:
TE320E 74, ALTroic TFLC A4 L. KoY
24 42 0B. LAVA, 9440 B T HITLERT,
sy oi g %l g YA

K|

b, $E B 4-4EH vaF 4t 4o

AU 1E, BRSN AEWHESL Heegaard i
o & AEF L Nt B B E STho LD
Rl ARl o0TIE AR,
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SR dm FAYSPE 200N Y NI |2
F133CE. F & Heeqaard #fm V.

Ex4l. Kt @HoLtwBrid 20
Heequard B fm 1" KEE L TN B AT 3,
FEBR, KO 1>08FT% HM55 THEoEHIKL
T1ES M3 FAEMm FlE. KES at;Heegaardlﬁ?
mTh3.

O
K O NS szs
C/ 0”0

MRS w ) Ko F 1Hh3, O

EF 4. ROAK) 2 well-defined TH 3.
‘ AY & s 13
J’\(K):/m/m{,p\ szwwuo@ 0 }
Heequard i 7@ A% T3
COAKIE . SE B KO A-4E 5 v o530 KD
TEF) 20T ¥X A B5IX 145
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CBE42 AKHK) £ AK) T 4K

AMKICLK OE & © BRF 73R 55 58) 2k
Y/ DH3. TOCIE Texas K5 0 Aifkfo 1K 2L
uEE VR, BAl k. AN & 493 B
PAIRERLTVT,

FE a3, (k) £ A(K) £ t(K)t]

B F
TEA T AN T

— — NP

S
1N

©

& 4

A OE & F) A= 085 B KIETR
PEWBTH3I. ik AWK =l T3 Kt F-7R%E
WBTH3. LT AWML 7513 KlxJEasin
FrtdoloE GEE IO LA Y3, 11T B
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EXEEZ|IT 3512 0RE F Uis.

FEELL (TM5D). Ko, Ky E BERTUG L 4EH
43, A #K) =2 1751 RK)=AEK)=1 TH3,

FEeOZEzZ1b). K #K)=2 0 tE4%

MK K ) = AKD A6 XS B AYEN ) - X
Nhh3,

ATT T AK*G) 3D LEE E # 230
Th3d* 208 1Lt BE | E4T3.

Ke 3\ 0t wwBeds, #8801 08 0) Heegaard
TEE (Vo) T GaK2s Vi Io & 0F FLis ave

(£=1,2) LH3EN’BAETICT. KT WLWD-4 (8
tt3oT L),

P

S FR 45 (LMSD),

Kl, Kzzé #\k(l,l)"’%}\l%ﬂf
EHF 5 T FILUm L E B 43, X308 K, Ka

VT ME L= FEWB TR0 sIE A=
A(K) =D 1> RK#Ke)=3 Y ER ) 1o,

S
h)

EE o LM ST WER AN TN -FEBEE $F
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20 1. FRRLSOIREENRET £t WBRE
EICE

GRE LG (LM5D), Kot 22 |2#onT
$ETNBCTZ, TOUS TV DL,

(1) AKn)=3

(2) (4% 02t 4E B K in#t L TAKatK) =3

EER 090688 b)), A-fEhk o0k
"9+223”, “311=37, “312:37 Y UHER DY
SN2 T DB, LHLEDTS AWK #K)=3
Nt%s. AWK, AK) A O (EE v)1E
Ao, FENF R AL 2 AANL
fEzmE I T D,
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SRIHAVIESR £ DAY 3 R ZHiF &
Z DWEEEWICDONWT

BH EEZ  (FRmiIk X3E)

1. F

SRR M 5725 L A TOREMES —1 L% % Riemann 5HE d 2858 T
HLE, M BREMEEE DLV, (M,d) 2 NB0SHEL VY. R#E3 %k
TSRO R A E T BB EIC % 5,

% g(> 2) ® Riemann MOETV 254 ZBHE M, &L, Tv52 P REK 3
RS BREOEWBHEROERERS L2185, M, OFP LR HFEEY S, &
T5, BOEE S, BBATETIEH B ([9] [22]) #5, circle packing % b DAY
EZWHA My © dense %5 EE% % T &) Brooks DFEH [2] Ik Y, S, 2° M,
DHT dense BB eXbPY . Sy PEERMANRTHLZ L¥bh b, L L
206, dense THHI L EICS, DOREHIZIZLALAHLON TR VWOREIRT
Hbho TITH, S, #* My WT dense TH 5 LDFEHIC, ERBMERL b 0k
a2y R BEFEN A 3 RITEREEIC DWW T O Thurston DN Dehn F
WOBRPHVONTWAE I EIEBLTAS,

Thurston DM ME Dehn FAH OERIE. W 3 KTEHEO Rl HENZE
BRUEHZD 2N METOWTOERTH 5 ([1] [20] [22])e Thurston H—3*&
L2 (23] [24]) (EvAF—FHEED W) of. [11][19]) T & D, wL O OMHEBEHE
iz L7z 3RS A LICEMNM BEENASL Z EA8bd» 545, HiliKy Dehn F
Woary METE, 2OUHEREEEZRHZE2WE O (0% ) EP 2 non-Haken
EBb0) TEMEUHPHEEE b 0b 07 { SAMBMICHERE NS, 2D, —
BARETHFEAZ VL) 2B 3R TEHELHEZ (BONBATHERZLNT
Hho T, WK I RTEHEOER LI LED TWE, Gromov D E{TFEAIELR
ELTHFESRIESN TV ABREE CERL T oL & DBRES ¥ T2 ICHE
B9 5 Z & 2%, Poincaré FHE% b &% Thurston NDEMEFHEOEHFEN—D L
%5 ([15] [21] [23])0 9 VI M TH, BHiH Dehn FHEHIEETH 5,

FIT, TO3IRTEHBEHCBVTEE LN Dehn FHEROBE IS,
S, DLOFHTITEELoN L VR LEELTHRIV, ZOHMMNITES 227200
—BBELT, RO LERTILEIOBETREELT S,

Thabb, SMEREY b0k vy FPEMNME 3 RTEME (M, d) (£
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AIHEIER EIcid end 3% ¢, ERICH o T duoble 2 &% LFEAR LD L D) %
FoTET, TOIRTERE M ONMMEE do 2EHRLAL S, BRI
IR B S ERRLIZET,

" SRTEHEOWMMBEDERLLER” — " EVaIAZH”
W (%
IRTEHE M LOBNBEE d — HEERIC L b RVWER
Wl 3 kTE Rk
(M, d) DEHIHEEST
DERE RS

LwAEEE, (M, dy) #HAHTENEHEAE (DF Y truncated tetrahedron) 125 L
1l EOGEHILOEFRDING A—5—T, BENICEETIZLEEELT 5,
ds#do Dk s, (M,d) @IEEHEL end % 025, d PELRIETHE L&
(3. MEH Dehn %ﬁﬁﬁ 2k D end ic ST EOWIMAASZ ET (M, d) ONERIETE
CRILERZ IV MEBZONBE I ENFDRLENT, COFERNEN S, OTES
ABERLED, LoT, LOEGZFEETEALI LIcL ), NillE Dehn FHER
DEEAPS S, DO M, ATORHOBFVERTE LI LILRDEDTH D,

R

N 7u%( ¥ end
S

A 3
2 (M C[> C

S J y r\
/9 <«~5)k£ﬁ%gend
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2. WHM 3 RTSHEE T DSEFICL S 5E

SRR M 250725 L A TOWEMES ~1 &7 5 Riemann & d 2 HFET
&, M aRHBEErboLwn, (M, d) 2 REHSHEL NI,

H? % {(z,t) € Rx R| t > 0} BB da? + d?/? 2 ANLEMET B E, &
NEEEETRM e NEYHE TS 5, H2 0mE 2 ROSREREHEY [som H? &
#£+ &, Isom,H? it PSLy(R) LA—HEN2, |

H® % {(c,t) € C x R| t >0} \BHE |del® + di?/? 2 ARIZEMET B, T
., BERTEB LM IRATEHEETHY., IRTHBHEBME VI, Rl 3
RTEHFEIR/IHICHY LEENICR S, HR OM& 2 EOEREMEL Isom, H?
LETE, Isom, H® OEZTICEFNFHET S OH® = CU {oo} LOFEATZEIIC
2B LICE Y, Isomy H® ik PSLy(C) L BRICE—HEN 5,

ZZ T, PSCy(C) O torsion-free BEFERSHE [ 252005 E, H 2 T @
ERTEl > TT&E 2220 HY/T NHM 3 RTEHBETHN. LPOTMTH D,
I, SERRLEEES 3 KTERE (M, do) 2¥5 2005 &, TNITHIE LT PSLy(C)
torsion-free % & B HMERERSFE T FE L. (M, do) = H3/T &£%5%, 250, EER
B89 3 RITTERAE (M, do) 13t LT EAH n (M) 5 PSLy(C) O torsion-free B
BRSO EE T 0 L~ o faithful 2 ER

Po 7!'1(1\/[) — < PSL2(C)

DI LT 5,

SEAR DL 3 RILE B (M, dy) ?FRAERTI T /87 b 26X, Margulis
DFEIT LD, D end I torus cusp K% BT EXFbh b, {HL. torus cusp &
H? OHTO co ~DUTW3 [RALD] OBFEZAIrVEIEE) LA—-HRLT
TEHHBL 0 (LAEMICE T2 x [1,00) TH2) LERMICLD (M, d) BTN
ExvI, '

¢ 1

 tEE ERTIEY
T pyn g R mER,
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3 RFESRAED MWLM AEE S b 0/ D+5 %, Thurston P—H{LE
23] [24] itk ), FO3IKRTEBEOV o OMMBEIC L > THRB L
BTE D, CORBEIRNHNBEOHFAEERETH ). BRHNEHOTHELZ Y, £IT
ERMICHBE 3 RTEHELHE) 72013, b2 ) RTVESICTE L, JEshn
CHS S DD HhEL N DL B THDDH—DDHETHS ), Epstein-
Penner [4] & 0, RHEERI T 32 P RIGRIE 3 RTEHRE (M, do) WV {22
® ideal polyhedron ®iZ ) b N/zdb DL n I L2 5 (ideal tetrahedron &
i, EBLEERE OH® LIcTHA % b2 H® WoRBMEEGENZ Lz v )), /2L,
(M, do) 7% ideal tetrahedron 2% b 204 £ DIRAL 2T RV, L L, (M,d)
#% ideal tetrahedron A% bDT E#bro TV A D B2 N HEL (S® An%
CORMBHEAEBHEmIcoVTIE, BAEHAE L EDOHZEMD ideal tetrahedron
SRR RO £ ) Macintosh ETE) V7 b 2% Weeks ICX VB SN TWD
[25])s Thurston it ideal tetrahedron = & % 4% F v T EARBIC BB B9 3 RTEH
hEHH) LTy, e nBTENEREFIEH L TE 2, ERBIERE S ON
HE9 3 RITTEZ 4RI DOV Tid, truncated tetrahedron 5 & V) b DPEZ SN 5,

Truncated tetrahedron & X, HEHOH A2 EOBEBHLEETH 5, TITIE,
ideal vertex MEITIS LT 4 FEEIH 5, M Tik H®* % Poincaré disk model (3 Xt
BE B KGN MMEEZ ANZDD) TEL TS, TITR, bDsA 7L
bW ERT 5, b,...,0 XHEDETATH S, MOEART T 7/2 THb, b
5 4 7® truncated tetrahedron NEFiL. 3 ONEAS AN (1 2D ideal vertex %
bD0), 1DONEAGCATR. 3OoOD3AXTHERING, HA 0,...,0 i

br+0,+0; =m
O+ 0, +0; <m
0, +0s+0s <
O03+04+05s <m

9,
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HIT, KA 5,

Proposition [5]. £z (*) 22T 6 2DEHK 6,...,0 kG2 h o2 EA
ET3 b 447D truncated tetrahedron PWEEE BV T—BERICEET 5,

(*) %77 6,,...,06 % truncated tetrahedron DELD/INTG A —F — L),
NGRA=F—0y,...,06 552605 E, NHPBAZECBTIREERTHE L
I2& Y, truncated tetrahedron DEBREDFREOEL L L OBDOEEI,,...,0 T
EEFREhD,

Definition. 3 RICEZ#HE M #5\v { 2% truncated tetrahedron ?DiEh) Hh & T
Bonsd L&, M X truncated tetrahedron &b L), BL. Bhdbbe
F, SAEEE 6 AFED T<T% pair 2 LT orientation-reversing isometry TI[d]
—MBL. BRIALE-LTOM 2By LI cfTebhbdbnessb, TOEE, M
I3 truncated tetrahedron @ ideal vertex 254 F o T T& bend b b, IM &
M A 722 B MBI FEES b2 (L2 L end THRM LIRS 2v), & ONHBEE
AL, OM 1Zif-> T® double FEFEAEREICE 2, £/, B OM EITIE truncated
tetrahedron 0 ICATBE L 7283009 3 BFZIC L 5 cell FEIDFREL TV 5B, 2D cell o
B D Fa4E truncated tetrahedron MIEFR 3 /L DL TH 5,

Truncated tetrahedron ?i3Y &b THS N B WM 3 RITL A% BAEHIC
HET 20— HEVES TRV, EFFlicownTi 5] [7] 28R L,
Kojima-Miyamoto [14] % [6] Tita & 4 7D truncated tetrahedron Did Y Hh ¢
TTE& DN 3 RTEHEEZ P> T b, Truncated tetrahedron & EFRIC, trun-
cated polyhedron 29 %2 615 7%, truncated polyhedron Z#|Z D\ TR A o
TWwb,

Theorem (Kojima [11] [12]). EZO&MMEER % b D5 % N 3 KTtk
i3, ZHER 7% truncated polyhedron 3% % & D,

Remark. Truncated tetrahedron f% b 22 & 9 b dr o Tk,
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SHIMEER % b DM 3 XTSI OV Tk, Kojima-Miyamoto [14] %
Miyamoto [17] [18] (2 & 2 HH WA RS %o Kojima-Miyamoto i, &ifl#iHy
BREbSOI VN RN 3RS HEEEEN P TORMIEEL S 2 5 NEH 3 X
TEBRE . ER LD circle packing @ local density 12D WTHERT 5 2 L THREL
7zo Miyamoto (&, WA 3 X TLBAEOEE L Z0ERMAER TH 2 Wil /i E
OHEEOLDO T DFm* 5252 LT, £HMIERY b OFMNMH 3 kTS
BEEEOPTCORMIEL 5 2 5 NlIH 3 RLERELTRE L /2o 05 BRAMFHE
¥5 2 248K a ¥ 14 7D truncated tetrahedron DY) HbETHELN S,

a3

BE

ok

3. WEBEEDER L SEESBICL 2T

B g (>2) oftiEzE S, &£ 75, EFEE 1 (5,) D PSLy(R) ~O faithful

T HERER T /PSJﬁ(Rl ~DED PSLy(R) OHEHERGREIC 22 L) RO L) &

k% PGLy(R) 1T & B LIEATE - 2EMIiZ. CO#IE® Teichmiller 2/ T,
THbo

T, = {m(Z,) — PSLy(R);faithful discrete representation}/PG L2(R)

Chid, Hom(mi(Z,), PSLy(R ))/PG'LZ(R) n—2o0EFEESTH Y, R9C LM
Kb, 2T, T, KAARHMEEICHET 2HHERE - Db TELE, &
NEHRE T, NTERHCER TS LI0E Y, FHao N lHErEs b 0Ny E
WELNE,

—J. B2ETHRA /&) CHEEROEMIME 3 KITEE (M, dy) <37 L
T, m(M) @ PSLy(C) ~0 faithful % #EEFER po 2L, BEOL 2 ERAL
<

{7 (M) — PSLy(C); faithful discrete representation}/PSLy(C)

v BEATE L LN A5, Tt Mostow DRIMEEEICL ) —FIlZoTLE) Z
Eith#B. D% 0. m(M) ® PSLy(C) ~OMMERY —2boTEREE, T
DHEBREYRA AHHEFRICGERNICERL. M Lo NMiEEEZHL LT
Ehv, 0 SEEAERONMN SKATERFERIERTEILEITERZVOTS
5o
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TIT, (M, do) W23 ¥ B HERER po *
Hom(m (M), PSLy(C))/PSLy(C)

DPTERTAIENTELRPEEL B,

GRE M Favns roba, (M, d) PEREREHIEE 3 XTLHE
EwH T lrh, (M do) iZv:{ DD torus cusp % end IZh Do TDEFITHE, po
% Hom(ry(M), PSLy(C))/PSLy(C) 0 CEBMICEHT 5 2 LHT&, 20EH
DRITIL torus cusp DD 25122 B dbhroTwD ([22]) TDHED R
WEOEFR S end ©» (H? o ¢t BICERTAHICBITS) PHOTHDB &, Bl
Bl &) BBEBEPAELEELEICHYETE, ZIRLTLE S &, end THEEMHIZE
5o

1
/ -
< \_ﬁé/
PR, By 2,

& M O%EFit end CBY AL TRESTLEI LS b2 5, End KB BERIIRD &
JEDBVWVHPRBI LN TED, £ cusp RIMIC T x [0,00) P LEABRIBZOZ ThHD, TN
e 7 (M) OFICEHTAoTWT, £ PSLy(C) ~0FEROH 0H® LA LE2EESICb D2
DOBBETTH B, R, TNOENMETS 2 vidBRETICERYICEZ T S EIEYT
2,

MECHMBBENER EB) £T5 L, m(M) D PSLy(C) ~DEHR (k
O/3—Ewnd) OERELTABZTTRES T, BEERICE 2ERMESLET
HBD([1] 3] [22])s ST TRAERERLPFELRVOTHDT/ I—DEFE LTH
B THETH S ([1] (3] [10] [16] [22])s ,

ST, (M,do) DETET. FesefinMiiey 3 kTEEME (M, d) 218555 20
SEDIEEMER S end DL T AT Dehn FMi2MET S &1k H RIH 3 kTS
HELTERE (M,d) ®aryrny MEFBLNRS &) & RRIET 5075,
Thurston OMHAIH Dehn FHHERTH 5 ([1] [20] [22]) DI Y327 FEIZE DR
MY 3 RITH AR MBA ISR T &, COHEMICE > T, H2ERTIZLAL DA
SREEHELICHNMMBERAL bbb, &bz, NMMMELELL, &
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BOBBEB LDy MEOBMEREES T XTHBEEATLE D &,
Poincaré 7% b &% Thurston D EMEAL TR 722 L1292 5 ([15] [21] [23])

BB ENDER *FRBEOER L LTHD 1T Ty 48 L v 2%, Thurston
% Neumann-Zagier [20] . FFEFHEIE 7 > /v 7 P EMAME 3 RESBAEDOHE I
i%. ideal tetrahedron #-f##% & CTif. ideal tetrahedron DEFED/INTF A — 5 — T
HMEBEDEEFRBTEL L2 R LI, COEROEAHIRE AT, R
TNy MELTHELNSE 3RS HEEOFERE L 1 AFEE % Neumann-Zagier [20],
Yoshida [26] IZETE L Tw 5,

COFETIE., SHEBBERE b oFMIET V3o K 3 RTSEE (BR
122w T double % & 5 LEFEHRICR A B D) »F truncated tetrahedron & L 5
AT, MRS OZETEHT truncated tetrahedron DD /T A —F — §;, % FH\»
TRABTELZLEHMET S, E/MRIIKRTH B,

Theorem [8]. (M,do) %33 vty bEfMNME 3 RTLHETET OM »*&H
HWE LB DT, truncated tetrahedron SHENZ DD LT D, THDEL &, ER

PERBBIRNEE. M ORNBMMBEOERIEHRNICITER 5, 61, R
BHRAEEDERHEONME 3 RTEHE (M,d) bERED (M, dy) EHERICE L
truncated tetrahedron 4% % & 5. MM FEENZEZIL, truncated tetrahedron @
ERONT A= =% ATRBENS,

BL.

n = OHEICLER truncated tetrahedron D%

e truncated tetrahedron (2% % 728 D0, D&M )
e truncated tetrahedron M%) & bHEEA®
W:=1{ (6y,...,06,) € R EEWNIIR D200 0; D&Mt (KBHR)
e truncated tetrahedron MAMD E b h T
£F o TLHAEN 2 L2 D5EH (HSR)

o€ W : do WIETBINT A— 4 —

ELzEE,
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“ M OREEIHEEDETLZEM " w

V) v
U ¢ — > 0O

diffeo v
do € >@0

EWIBHEE U & O SEET S & &I PUlAREE OIS truncated tetrahedron
DEFDNG A~ — 2 FWTEREND LT,

ERHBONME 3 RILEHEE (M, d) OFEFIVMBMETH 545, £OMEL
IZ4E truncated tetrahedron SRR L 72, MR 3 BT L 5 cell BEIVHFET
b

/ AN
[‘!“ JARN

D cell ZEIDEIIE., truncated tetrahedron DFR 3 AWDHLTHHENDT, #
D E ST truncated tetrahedron BN NG A— 5 —THFEEKEND, 2F ), M
DRMBFEDERLZER2» S, (M, d) DBEFOEEBS LD cell TEDLOEE D%
TNTA=F —BENDEFEIFEE T, Z0OL, cllFEoAngEsD, M OR
M EFEENETICE T 25 BB ER AW TEHETE %,
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Quantum SU( 2 )-invariants dominate Casson's SU( 2 )~invariant
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Quantum SO( 3 )-invariants dominate Walker's SU( 2 j—invariant
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On Finitely Generated Subgroups
of 3-Manifold Groups

HHREBRARY BIT¥H MHEEE
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fiber &\, fo(m1(S)) 271 (M) © non-singular virtual fiber subgroup %
721 NVF-subgroup & W5, C O L3R gREELRBWVWE X, f(S) %
singular virtual fiber & W\, fi(m(S)) 27 (M) @ singular virtual fiber
subgroup ¥ 7z (% SVF-subgroup &\ 5., MMBWHE I RcEHkED & &
1%, m(M) 12 PSLy(C) 0Bt AETH 20T, m(M) oFBOTHER
Klein#T& 3. m(M) ohEzE A » quasi-Fuchs # ¥ 7 i3 QF-subgroup
THoER, KleinBEADBRBESVERERE CU {co} o Bi#E R
2?3 < &% w5, Thurston [T1, Theorem 9.2.2] ¥ & t¥ Bonahon [B] X
v, m(M) N o hEE iz VF-subgroup # 72 i3 QF-subgroup © g hi
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3B, Li®-T, m(M) HNOMBERRROL S cHEsh 3,

NVF-sub
VF-subgroups = { subgroups

-sub
QF-subgroups SVF-subgroups

%ﬁﬁ={

HEHZEORXX 2HALCHET 2. m(M) oo HB X vm(M)
DLYIEXH LT, ROXIB2BHEOHOIRNE2EHT 2 ;
H(y)=AnyHy™, H[yl= () y"Hy™

n=—00

BGHL, |GlTtG ok, +bs GoBNMNBRTOBBEST.

EE 1. ([S2]) Mem &+ Wtee, BERWHN S RTHSREE
T3, cotE, m(M)NOMER AHLT, RBKDIL-S.

(i) A 13 QF-subgroup <= [A(7)|=07T& 3 & 3 5y € (M) BEE
T 5.

(ii) A 12 NVF-subgroup <= &0y € m(M) e LT, 29 < |A(y)] <
209-1)%2+2.

(iif) A 13 SVF-subgroup <= |A(y)| = 00 T& 5 & 3 iy € my (M) #8
FET 3.

m(M) o ELEA%, A= {yem(M); 83 neNktLcy €
A} CRBTEE, EE10RE LTRBELH 5.

Fl () MBICACTH(M) REE 1 LEALEEEA T b0 &

5. cotE, |AG|#0Th L Byem(M)-ABELET 3 <
A i3m (M) © VF-subgroup ¢ & 2.
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§3. IR uEHREHOTOMERHOREH (20 1)

COHITIR, MiZohich & i afe TEE WK 3 RoTAZ ik
LU, Mo vol(M) 0 LRV E &0 Mo ER inj(M) OE0F R
shBhB i o TW3 &9 %, Thurston [T1, Corollary 8.8.6] X b, & ®D
B g>liexdie, m(M)odo@goMEHOXEHEOBEBIE
BRTdhdIEMByh3. Thurston OFFHIZ H 2D a v v P2 F]H
LTW307T, BBEOBABOFMEE L Z C&BTERV., TR,
Vs 2HWCT CoEBOFMES X 5. 5% r(z1,...,2,) (2 ER %
ik z; EN) BEEHEBOBEALLTHEIRE I TVWT, £8KKE
Aot (21, 2,) KX LT, #Hr(zy,....2,) OELPES VL S THL W
BETHEOh B L E, r(21,...,2,) 2HEEH (definite number) & W5 & &
g3, f: S — MERMOFAME S»S5 M~0#EKEEHEST . S
% lamination A% 85, S— ADRBERSART L, HIR A2 R H#
#y > % KW immersion Th v, 2oAoKleaflicxtL T, f(H) B Mo
geodesic TdH % & %, f% pleated BEff &\ 5.

EE 2. ([S3]) kKO & 5> BHEH ni(g,s) E N BEET 3 : fi (k=
1,....,[n(g,8)V]) 2B¥ gO WM B AL » 5 M~ O m-Bigt pleated
EfgeidsLE, BRIOMME Sov» SE~DOEIHEER hy : So — Xi
BEEL, fiohh:So— Mo > B, iz &b 2@IIBAH s-ELF
ECHiER g C®H 5

o s-EP+TEPE—DERIIS TEAL S, FREOBK gOHME D
5 M~om-Bi BRI, pleated BRI+ E by 7 TH B0 5 ([T,

§8.7), RORWREE2XVHELTH 5.

% 2. ([S3])) m(M) oo g0 HER OB O EEK X [na(g, s)V]
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UTtdh 3.
Kok Sic, FHE 23 virtual fiber o EIc S BHTE 2.,

% 3. ([S3]) R & 5 WHEEH na(g,s) ENBEET 2 : MothofE
$ g o virtaul fiber Siz % LT, WBEH no(g,s) UF 0% 2 MoWEM
cBWT, Sitfiber s LTEHIN 3,

%3 kv, MBPEE go virtual fiber 2 -7z h &3 iz, Mo
n2(g,s) UTORBELZF>HBBZER OB icEY 9o fiber %% > surface
bundle 253 % »» & 3 b ERIE T 1T v, Waldhausen [W2], Jaco-Oertel
[JO] S0 RERMAT 2 LIcEy, CORIEXEFTTZTLITY X4
DEEVPRENS., ROFES, 4icBVT, MIBEEREKRELTEL
LNTWVWB ERET 5.

EE 3 ([S3)) bLs<inj(M)ThH2LI9Bs>0BHoNTVWBIE
5, BAON/AEH D Moo virtual fibers % up to homotopy ¢
RTEB3T7TNVNTY X LABEET 3.

EE 4. ([S3)) bLs<inj(M)Thzr3Bs>0BMohTVWBR
5%, H{ER immersion f: S — MoET5LZon TV 2EE S
virtual fiber 2 & B2 HET 27TV T Y T LA BEET 2.

§4. SR EMBHOTOHMEEHOLBRE (20 2)

AT, WHhey 3 R HRE Mo LT, vol(M) <V, inj(M) >
s>0TH3L5R0V,sBHMohTwBEEE, FEIABKDILO &
%R L7, Thurston o —F(LEE (E@ELFEE) ([T2], [Mo]) W i
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#3 Dehn FE#iE 32 ([T1, Theorem 5.9])) s Lic kv, BYTMHMHAKEZ
Bled IMALHRERIVHABEEZR>DCEBRESHLTVS, D&
SRERBEMOFERBELP OFMT 2 LBTAEERETRVEEN
ZW., FIAE, MBn{E03IRTEE» SBLHEENEFOBEEZR S
BoiE, vollM)<nusTh 3. 727 L, vs=1.0149-.- i3 PR FA 4
FTVBEOKBTSS. MB5 3 3RTHSHE Nod oWl 1 »
H L ® Dehn Fiffick->THESNBEER, vol(M) < vol(N — L) 5k
DiLo. —k, (M) 2T oF BT 20RFNEBEEERILTRE
WkIIEZXBE, LieW-T, BoREmj(M) offfiEBbEEL LTV
BB 20R38% N5, COHTSH, AR Mikm & atE
TEERTWNHN 3 KRTHSHBEREL TS, VEETERENZ M
O HWIicE S solid tubes ofNIES &4 3.

FE 5. ([S6]) e =0.104 £ H< &, RO & 5 RHEEH ns(9) EN 2E
BT s :vol(M)<VThsres, filk=1,.,[n(g)V¥?]) 2BH gD
WA E Sk > M~ DV-Bifli, m-Biff pleated Bg & 43, CD&
&, — DO goFAME Sob» 5L ~OEMEER hy : So — LB ELE
L, fiohe:So— MD>5, D &d 2@IWHMe/2-E0 * T k
Vw7 Th5.

HEEom-BEER f:S) — MZV-B#i3 pleated Btk E P E »
7 TCHBOT (§5, BmE2), ROFMBEKD L.

% 3. ([S6)) vollM)< VTHzLs, m(M)odhoRBE go & O
HEBEO B [na(g) VI T T 5 5.

§5. ¥ 5 I H O HLE
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SkE&fraAtecELBHNET, BRo>1ThsbDEd3. 2
SOEHKEER f,9: S —> Mofloxert—H:SxI — M7, %
Bz € SiE LT, H({zo} x I) 48 MA®E &5 s DI @ rectifiable
arc ThHdEE, fLgRBAMNs-FELUFEIE Yy 27 THB &N,

e>0ix L, Moe-#EE (e-thin part) Mpgdid, RO X5 Hzs €M
ODERETH S : ¢ 2ERETE, MIOTHTHW rectifiable loop T&
SBePTFTHS bDOBEETS. M—Mogd Miz %1} 3 FE My p)%
M oe-E & (e-thick part) &\ 3, Margulis 0B L v, Mick 5720
EBeBHFEEL, Mo gD BERERLS I solid torus & EHH Iz K3 (Ch%E
solid tube & 3) .

KD, Meyerhoff it k 3 MO BEHMOG RN EE S QI CEE S ERE
2RI LTW3S,

E . (Meyerhoff [Me]) g% M OB RN &3 3.
(i) L, goEx I
v
47
/Mg, RoksicEgashizr=r()>0cdL, MicBi}
% g0 r-fEIE (BEHAE hi) solid tube T©H 3.
sinh2r=%( 1;2k—1)—1f:‘fc“b k=cosh( %)-—1.
(i) () o&MBEE B4 MAD 2 >® solid tubes iz —3 4 3 », T
BEWIEKRTH 3.
(iii) e = 0.104 & B &, MDe-HE Mo OEBKES X, (1) OFKHEE2A
729 % % solid tubes It & 1 3.

log?(vV2 + 1) = 0.107

DIF, e=0.104 LEET 2. COTFTEDEMHE% A 123 solid tube 2 M
D solid tube & W3 & &t B, Mog0 KEERS VicdL, ViV
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2&t ME®solidtube & L, Zho2koMESE2VE B, pleated
EHf: D — MyBV-Biichser, fehESEnil f2 (0V) o
FEETHOEPICEM L VBN X5 LAEERSR (i), (i)
2HtT LBV,
G) f7U(V) o BEEERS UMK TH 5 2, %713 annulus T 3.
(ii) U annulus O3 &, intU 3 BMARME (285, f() R’k MoRl
HMEgTdh 3.

HE 1l frorn-BEEERSf.S — M3 V-Bigh 75 pleated B i< &
EFMEYyITH S,

SEEMEZWNHHTEES Lo VWi R X BMANMEOMESE G
T 3. 5 - GoREERDAOEMEA; (AiD% end i RIHIE FE % Rl
DfFR D) L, intA; = A0o—E 2 EET 5. A3, The
FE P E—BEERERT (EREEO) WHKTEE VicEvAins.
pH — NAxBEBEBEET2EE, p-l(e) WO—EEEHLE L N
@ Dirichlet §i8i% D; &4 3. +Rkb b5,

D; = {y € Hz; EZEoy € 71'1(N¢) el ot L'Cd(f,', y) < d(f;,‘, ’yy)}.

1T 75 7 p(dD;) %, N;® z;icB4 % Dirichlet 735 7 & v\, G; =
A;Np(0D;) % ;14 32 A; 0 Dirichlet 7572 0wW5 2 &icd 3. ¥71z,
Ticsits GoxS/PNESREREESE NG) &4 5L &,

H=(GU---UG, —intN(G)) UdN(G)

% (GicBdd 3) T Dirichlet 75 74 & & 32, 5,5, % © £ @ Dirichlet
75748 Hy, Hyct U, Bl &% E-oBE#EE®h: D) — ST h(H,) = H,
ThE2bO0OEETEEE, HHE HREETHBE EWI,
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XROEER, [S3, Lemma 1.4] 0—f#{kTH 3.

BE2 Rox>BHEHEm(g) BEET S Bl g> 1 oFMthELD
Dirichlet 75 7 fioEEE O EH i m(g) LT T 3.

FEHE S5 O OBE: HER n(g) %

na(9, l5)12(29"1)
1’L3(g) = (m(g) + 1) VB(zla)z(g_l)
8

TEHT S, 12701, nig,e/2), VB(e/8) Zix, [S3] cE 2 ontbd
EE—-OBERET D, f T — M (k= 1,..,[ns(9) VX)) V-
Bigl, m-BAH @ g0 pleated BB &3 2. f7'(V) ©& annulus B
SekoMEEE AlbE, AANOBRMKPANMBLEEONESZE G
EBL. Dp— GoRBERBRSAOEHILA I L, intA;N0— & ;0
Bi4 2 A;® Dirichlet 75 7% G; &4 2. chod GifE-T, Gic
Bi¢ 3% Dirichlet 75 74 HibssE& an 3. x(A) < -1 Th 3 » 5,
Y —Gr D EBERSOBEBEB 29— 1) LT ThH 3. Litdi-T, HERKS
k€ {1,..,[ns(g)V*s ]} it L, Sok o Dirichlet 7 5 7 #1 Hy & F#
B hy: So— T, by 2 So — LIMELEL T h(Ho) = Hy, hi(Hy) = H,
LB LOBEET S, coks, hil(A) = b (A)(= Ao) EREL
T&w, £0F, [S3, Theorem 0.1] £ &< F#oHEHic by, BA;icH
LA, = A —intAgNA; &8 &, frohi|Li & fioh|L; & 12 845 e/ 2-iF
PrEFEYy 7 THBEELTEY, /2, ChoDREFE—RHES
iz, frohp| Aok fioh|AgDBDO kP ¥ —icIEBE N B DT, froh
L fiohdbHHMWe/2-EP*E Py 212 B, (&)
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HOHHEORERH

FEXTFRFELZIITRAER
HE i

HUBZRARLIDOIEVHBEZ LML BICERA L TEVEDOZEEE
AR BT &I FEE, BUBMROPLHRRERZIZ/LTELZF
ED—D2ThHrb, CHOLKUHBEOER IR, HUTHOAEEL LTERTRE
Jones ZHEAZ MO L T AL EARALEVFEBER ENT-SHTLHEVERED
BLBNEAERETHLI LIIEDLD TRV,

11989 F EP OFVHBOERIZOWTHIE L TELDS, T2 TIEE
¥ CICEEZ Fo 2 MER E R R TRz,

1. RS,
ERTHEROGEE K cs® 128 LTEOMEHMOEARRE 7,(S° -K) 24
OCH#EL WL a8 TET, BUHB K D Wirtinger R 2

K = (X, X,y (1.1)
ELEY. e 2 E=FEUE (wefoil) DB E

/7\ X, K = (x, X0, %3 113,75 )

1 = XXXy X5

N
1% < 3x'3
Lz

LlzoTwnA,

(1.2)

BOHEE 2k OFEH L IZERER
p:K =G
DZETHE, ZZTGCG=GLV) IHAHEF LOFRRTRZ PVERB VD

O EERBETH LY, DB VOEEE—DEEL V=F", (n=dmV) &L
T

p:nK — GL,(F)
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LE2 5. FH peHom(xK,G) 123 LT G DR ECRFE!

¢;:G—>G, c,(W=ghg™" (heG)
EEBRTBHIELICLY cpop i3 E7 ik ORFUCEBA, TOLEEH p b
cgop IZFMETH B L\,

MU B# K O Wirtinger &/~ (1.1) 2Z 2 nWiEHEH pid ok D& T
Xpoon Xs D (Xy,..., X)e G THREL, FIEEIC (X,,....X,)eCG 5% 7-
EEENOHFEREEDLH-OIZIEFNS DOTHBER

X, X)=1 (@=1..,s-1) 1.3)
2z LTWB I EPUERGTTH L0, RHEHOLH RK)=Hom(k,G) 1
EfE G° DETEE
(X X)eG°l (Xy,... X)=1(G=1,...,s 1)}

ERE—HTEL., ZOR—HICLoT RK)cGF cF¥ KX F ED (Eidzz
tD) BRET 7 1 YRESBEOHEN AL, OB K OFREIOE 2
HETYELY P EEORTCIZIED 595 RK) IZABRBMEBEL LTOREE
EERBEZDDOTHE., ZOR—RO b & TIIRERERIT X, 2—FC PXP
TRYWERLZLICENEONS, BHORMEED DL 522H RK)/~ 13FH
DEV 2 TAZBHETFTN L (RSN TV AN Z Tidfihz v,

HUHHEORBICHLCIERD L) LRAITE L, T2bbEUHBEDE
RERBBUEBORRDOE LEIZATH X, eGL,(F) WL TWTHERET
Wirtinger DBIFRT, (1.3) AN Mo T WAL D THALEEZ B DITTH A, =
DEHCEZIZODERFUFEFUB LRI LICLES.

AX=(4")
@ (1.4)
2 P X=(2 1)

2. ([ RRBEDEN.
HUHBEORH
po : 7K — GL,(F)
DEATHRICE>TVD LT B L py A
K —2(ty—Ls 6L (F)
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AT A, 22T a 3G UEE ik OWRLERRT

a(x)=1 (i=1..,5)
TEH52 N5, fto THMARIIIA Y T4 7 DB ()= p(x;) e GL,(F) 12
I —BWICHRE 5. BUEBBROWRERIL RK) TEX LT G OXNARSE
EDT/E VY Z LT A,

BT, TWHREH pp 2HFRTRERICERTHILNTELNLV)RELE
259, ThIZOWT Klassen iZFFROZEEZRL. Long b P LR
WO BRBEOBEREH/BTNAE.

EEE (Klassen[K], Long[Lo])
HUEHEE K OWREH p, e Hom(nk, G) »°

t 0
X,-=p,(x,-)=(0 1)
IZXoTHE26hTWwaEE p 2IFTREFICT 2 ERNERLEFET S 12
DOVEFGFFEFIRHPE K DT Lo ¥ 2 5 —LHXD
Ag(t)=0
BT THA.

COEBIITHRER o, 2IETREFIERNMELT 5720 obstruction 7¥
TLIH Uy —FERTHEI LEBRITVAS.

FRTIR BTV H V5 —SER Ag() OB & ETRER p, 1345
FETR|ERICEBTETHSI) 2. ELEEENTH L. Ag(®=0 26T
LY =T OBICBRT BT MV ey, a)eFS T ap = =a; LI
LRVEDOVFEETSL. ZDLE

& BIF1F Wirtinger DB (1.3) 5% D - bRV HEE K O FETHREHIYME
N5, 2O L33 iE de Rham P& 1960 £ T L 74 v 57— HNICH
T ARHB L D] DN TRLTVA,

EELIOL I LTEONAFETRERIIHEL DICTHTH 50 0EKH D
FISEIE : 257 L7 9V ¥ —SERXOBRO & XFH o, BN ERICEHBTES,

EWILDOTHAH, THIEIRBEMETHS. ZhIZB L T Frohman &
Klassen &R D X 9 25 HBRE E 15 T A (FK)).
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I (Frohman—Klassen)
TLIH VT —SER Ag(t) DHIHE 1 OB 1=¢° 280k 61F
& 0
X; = po(x;)= ( 0 e—ie]
TH 2 ONAHTMEIR po 13FETHRL SUQR) FH o THHER) LR T
x5,

EFIZOMBEICE L TEREOFS ML TE b o/, FEH#RETRHIC
LT IR AR ER/NERATE 572 D obstruction % MR T 5 &) 4
POURYT LYY —SEAEER L.

3.0 TLIY LA —-2EK.
Fo=(x,...., %)

»HB s OBHBELT S, & reF, O RS RK LGZF EEE

%(uv)=%+u% (u,vekF)

o d -1

=0, S—()=-x6;

&‘xj J 8xj /
WX o TRDBZENTE S,

# O EBED Wirtinger 20 (L1) IZBb 12 BT 1 0 EEBBERE 5 128
WTH X %t I8 Xz TEOND Laurcnt%’llgiﬁa(;;‘“)% GH-BaLtd 5
s-Dxs 1751 A D—2DF, FIZITE s FIRTY BTB b n2EHFTH %
A L THLE

Ag(t)=det A
PRECEBKDOT VYV —2EHAL LADOTH o7,

WERH peHom(K,G) #° (Xy,....X)eG* 12X D EZ bhTwas L L.

BHBASRE 5 0% % £ X CBERL BRI
d)(g’—i)eM (FIF'D)
b G)-BAEF B (-Dxs AL AP, 20 £ FIATY BvTBE R

EFfTHE AL LEVWTINE ns-Dxns-D) ITHIEEZSE. DL &L
BHEKOURYTLIHVF—LHAIRTERS NS,

det AP
«o = =X G.D
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EE., OO 7L oYU —ZENEIEF OFFTE 1™ (ecZ) THNITHZ L
PRERFNEHTEOREETH L. T2DD Ag () 1E K O Wirtinger B
RhDEDPIAZEL B R, EHIZ phY SL(F) RED L ZIZIZUCRDT LS
YV —BER Ag (1) B n BFBE LT w7 &, n MEER O 0 BENT
B2 & EBEE well-defined 1272 5.

SE1. Lin[Lil 20RO 7L o3 v —FEXE T A 7oV PEZAWTES
Lz, iz Q) OGF2 O0RD TLI2H UV —FHAOERE LTWE., &
VE Jiang & Wang BEHZHAVWTWAARNMEAEREEL [R5 ] FELZH%A
LEFOBIELTORD T LISV F—LENEER L TV 5B [IW]).

F2. BUBICHLTR X 1ZTRTEVWICER 2O TERR 2.1) OFFITE
WFEizEe2wn, L2LI0r L TB L E link i L CHREBRIZORD 7
LSy Y —SERERERTAZENTES, FLIE W2 2R L.

E3. FEMEREHR p,p" 1T LTI

AK.p(t)zAK,p’(t)
ERADTORY T VISV —SHEARERNDEY 25 1 M EOBRKEE
bbb,

F4. BFRPRICIE QD OFRAICEIA VRN T LIV —FHK
it P —K O HFENET T X Reidemeister torsion EdEZ LMD E V)T &
THh.

BAFIE LT 14) OFRAECBICH LTORAD T LIH VY —ZHR
HELTHES. T (1.2) D WittingerFR L D

an, on -1 _

. =1, —L =—xxx, =-X,,
X, ox,

or, or,

Dy -1, 2=y,

ox, ox,

THoHHIb
1 0 =2t -t
0 0 t 0
t—=1 0 1 0
-t t-1 0 1
TEo T
detA? = (1-2)*(1+1%)
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L0, DRDTLZH v 5 —£ERIT
_ detAf
Awm_mm-mg
=1+1¢
Kb, COBERB p L=V SEBEAL VRN T LYY S —51E

K A, ) 1 DEENIT B L EDEVT well-defined ThH 5.

4. EELEORRA. . _

ERGETFEE F=F, LT G=GL,(p) 3BEBREEH» bFBE DLk RK)
BEBREESETHD, FEMICETRTOTEYRAINT Yy T2 ENTES,
TbbEAWNIZIL 68 DT RTOMERTIZOVTHEER (1.3) DS D Lo 2
EyprEFEST L v,

FFEL, INEEEDIIR oML PSS BYDRERLETET L L2k D,
INTIEBZIE n=2,p=55=3 COVTRE RO IV Pa— 7 |ZIXFIE 2
%2720, n=2,p=1,5=4 26 XX VEETHS. %2 TEBICITH
BEEDEROT I L AR S,

TPRPEBHORRICHLTETRNTO X; G TEWIHBRTHL I LT
EETHhIE, ¢ OFTRTOHEEFIZOVWTHRRZTARLDO TIERL, GO
HWEE T OFMIIOVTHRRE LT MEARBESORKIIT -
ETH5,

FRDOZEH RK) DEFRBEEMBEOPEWTEZEVEODREEL LTEHE
THRANDDEOIE, REDEE GL(p) DBELREHBE, H1213 SL(p) \[ZHIFR
LTLEoTH IV, NTHZIE G=SL,(p) & LTHBREE 2¥EL- L X
X, eE LRBRBFALVAIT v 7T 5HIH p»* O = F—DEAIZOVTHER
nEIwz Lz s,

ZZTH)—DOMENEDH B, LWVIDIRZDOFETIE—2FH IS o/ &3
HEZFNIIFRMELZERHDTRTIA LNy 7ENTLE D 20 KITFHEIEE
#METhHE SL(p) DMET2bL p(p*-1) TH5H, FiziE p=11 £ 55LE
FRBEDOFEMEETEIC1320BO VAR T Yy FTENRTLEI DT THS. 2 h
TIIBONLT— 9 2 RETLO8KRETHS. bbAHAZ) LTELNI-E
HREBEIZa a2 — 7 TRMEEICSIT T I WhITEN, 23955 50nwh 5
OO FMEREIE IC—BZTANS LT v, FxE X kg
FEORETICI/ELTLEoTI DI THE, 72750 X, LR L0l 3
KEIPRIE I V2P LRI L 25, TNTSL(p) ODHRBEE 2 FD7-
LERBIL PP DA - —DBREORRLETTIA N v I TEBLILICR
5.
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ERIZa V2= 2HVWTEPEROFBRE LORHA L FT7-DIT Riley
FEATHA I (R). WITETEHD PSL(p) ICBITAHNFKY v 7 FH, ¥
bbb AT 4T OBITH A, 1;0,1) (LLFE 14795 (a, b) TE 214727 (¢,
d) DFTFI%Z (a,byc,d) DL H KT, ) ICHEZDDICR o TREL S AL
NGR)y 7 RBIRFTEOFEGLRARLIOPIRIZH LI DTHSL, T
HOMZER»S B ELHOBEZO NlEErOEE A A1/ I —FKHHTN
SRy yRBETHH I L EPLBMIIZ L BH®REH 5.,

ZHSC [R] DFHE T Riley I TFRIIREFKETERT L a7 2 A DETE C
ICOWTEBLTWA., HUHKTIZ7 L7 4 ¥ —2EHANHEZENE
BEHATRZWETHORAE LTS HbhAbDTHAS(KT). &UEB C
BRIV Y oA PNIRE T TORTE F— TV EER L-BICR2F -8B H
BTV T -SERERFDD ) —D2DKTHTH 5 (C)).

BTHR&EUE KT avy A DOBEUEC

INLDOBETHIZEWICI 2 —F Y FTHE I DD Jones ZLHALMDE T
5% ORBIAEEN—ET 5.

T Riley 75 BB 7KT & nC @ PSL,(p) /X7 K v 7 RHEOFEERDE
RIS p<3l OHETITEICE L o7, £ T Riley id PSL,(7) i
BITBIETHT K v 7 FH (Fhbid kT & 2C IZHLT220F0H5)
2RAVCIHTHREELCHMLERLFL O 1 kAT ud —HE2EtETHI &
W2k KT & nC BRBTELZ L2RLL.

T2 KT O SL(7) FEMNT R v 7 EREENO IHHET H50RD 7
Loy —FEHRNERT.

6,(x)=(110,1), 6(x)=(10;61), 6;(x3)=(3,13,6), 6;(xs)=(3,46,6),

Agrg ()=6+3t+4% +66 +4* +3 +61°

6,(x))=(1,10,1), 6,(x2)=(150,1), 6,03)=(L0;6,1), 6(x4)=(3,46,6),

Agr.g, () =6+27+5 +2* +61°
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E2aC IKDVTHRD L ) I2EoT 5, '
O{(x)=(1,150,1), 6{(x)=(10;6,1), 6(x3)=(10;51), 6(xy)=(3,4;6,6),

Agrg (D =6+2t+68 +4r* +38° + 415+ 617 +20° + 610

() =(150,1), 630x)=(110,1), 03(x3)=(1,0;3,1), 65(x4)=(4,2;6,5),
Agr g (9=6+5t+61" +3t* +20° + 3% +6:° +5° + 6'°
CNIZVRDTL IV —LERICE o TOB kT & 7nC PR TE B &
ERARLTWS,

& Z A TRiley iZEXH KT & nC D NTKRY v 7 RHOBITEIZEL W
TH»H ) EFRLTWAS, EHIL19904EE Macintosh LT SL(p) /35 &Y v
7 ER2RARETB7:007075 0 %EX p<181 T D Riley DFENIE
LWZ EEHEPDT. TOBRETEHL:.

EE. B aKT O SL(F) /%7K v 7 BREKRE nC D X5 FY v r KB &
B DBIC 18 1 BRIHFET 5.

WoT aKT & nC WHEELZTTRLTRTOBEBRELTNRSKY v rEH
DEFELVDITTH S,

OB ETRTCODI 2 =7V FRECTHICH LTI R v 2 RBEOKAS
FLLRBZEEFRLAL 22D HNZVA, EiZI a—F > FEIOST
Ry I RADBERLDETEFFETS. 12213 (7,43, H7FLbyya
VETBEE (7,3, 4,3) 7Ly Y x VRE U HIREVIZI 2 — % ¥ } 7328 SL,(7) 7%
SR v s RBEDBIEZoTWE,

BRICEEVSBEIC 2o TR OIER LG BEED SL(p) EHETRTY X
N7y TEAETOTTALAREREBETEL. ThoDET2ITEHOXTE

Fl'nl ... W3 UCTHD n-data b IFIEN 230 T, Z e bBEUE R
EHEITTE H(W1]). WHREFRHIZIZEEIC* IToNnT WS, ¥ BT8R %
D “l=...” EBEVTHAITIEZE LERTDOAYF4 7 ea[ifarurs v 5

2a—FDETHSH., ZhiR5 LU HD amphicheiralitydSb 25, 7275 L
invertibility |22V Tid -SL,(p) DPFRIHHEED=DIZ L b b v, EHOF
BEETLICITTOHALTHE M, $TO X 2FEEICIBLEDDIC
DOWTITEBLTH 5.

CORRERD & KT & nC TIEBIZIE SL,(7) % SL,(13) TEHOBFE
BAHZEDLDPE., DFD akT & nC #R{T 523261 F0hY) 7L 9
Y —ZHEAIIVO o LIRS,
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