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Effective homology, a survey.

Francis Sergeraert

Institut Fourier, BP 74, 38402 St Martin d’Héres Cedex
Laboratoire de Modélisation et Calcul, 46, avenue Félix Viallet, 38031 Grenoble Cedex

1  Introduction.

Algebraic topology consists in associating to topological spaces algebraic invariants
in order to describe their essential properties. In some (exceptional) cases, it is
possible in this way to classify a particular topological space inside a more or less
large set of spaces or equivalence classes of spaces, for example up to homotopy
equivalence. In the most important cases, a functor is defined, capable of working
on some topological spaces to produce an algebraic object. And very frequently, if
this functor works on a “finite” topological space, then the result is also a “finite”
algebraic object. The meaning of the adjective “finite” is the following : an object
is finite if it can be “reasonably” coded on a theoretical or actual machine.

For example a finite simplicial complex can be easily implemented on a machine,
and such a topological space is therefore considered as finite. A Serre theorem
asserts that, if such a space is simply connected, then its homotopy groups are of
finite type, and therefore are “finite” with respect to our point of view. Consider
in this way the 4-sphere S* and the functor 77 (seventh homotopy group); a table
of sphere homotopy groups shows that m,5* = Z;, @ Z; if we decide to code by
the list (dy dy ... d,) the group Z,, & Zy, & ... ® Z,,,, then the group 775 is
coded by the list (12 0), a finite object.

The main problem solved by effective homology is to make available algorithms
capable of computing finite algebraic objects associated to finite topological spaces
according to the various functors of algebraic topology. The problem makes sense
because the initial datum (input) can be coded on a machine and also the final
datum (output) so that the challenge is, given some “reasonable” functor of alge-
braic topology, to prove the existence of a theoretical algorithm constructing the
output, starting from the input.

The problem makes sense but also is not trivial : it is easy, using Novikov’s
theorem about the word problem, to give examples where such a problem has a
negative answer. Let us consider for example the following problem : we define the
functor ISP (Is Simply Connected) on the topological space category as having the
value 0 on some topological space if this space is simply connected, and the value 1
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otherwise. This functor is in particular defined for the finite simplicial complexes
and its value is also a finite object; the question of the existence of an algorithm
implementing the /SP functor (for finite simplicial complexes) makes sense but
has a negative answer. As a matter of fact, because any first homotopy group of
a finite simplicial complex has a finite presentation, and conversely any finitely
presented group is the first homotopy group of some finite simplicial complex, the
algorithmic problem for the /5P functor is equivalent to the problem of finding an
algorithm capable of working on any finitely presented group to determine whether
this group is null. But, using Novikov’s theorem about the word problem, Rabin
proved [15] this problem has no solution.

- There are many examples of positive answers. The simplest one is the compu-
tation of the usual homology groups (Z-coefficients) of finite simplicial complexes;
it is quite elementary to write such an algorithm; a simplicial complex determines
a finite simplicial chain complex and the homology groups come from a simple
normalization process of the boundary operators. See [6] for an interesting study
of the related complexity problem. A more difficult problem is to compute the
homotopy groups of a finite simplicial complex. Firstly it is better to only con-
sider the simply connected case because of the Novikov obstacle. For the rational
case, in other words to determine the groups 7, ® Q, Sullivan gave in the seventies
his famous solution [20] based his on the minimal models theory. For the (Z)-
homotopy groups themselves, Edgar Brown published [3] a solution based on the
Postnikov tower (a tool used by Sullivan too) and finite approximations of infinite
simplicial sets.

By the way Edgar Brown’s solution has a larger scope than Sullivan’s one.
Why did the latter obtain so much success with his “weaker” solution ? Because
Sullivan’s solution is much more efficient. The theoretical existence of some al-
gorithm is of course important but the complexity of such an algorithm is not
less. From this point of view, the complexity of computing usual homology groups
is quite good (polynomial, see [6]); Sullivan’s algorithm is relatively efficient; it
has been concretely used in many situations, see for example [10]. However there
is also a negative result by David Anick about the problem of calculating ratio-
nal homotopy groups [1]; this problem is # P-hard, that is, if, as it is generally
thought, P # NP [8], no algorithm can be extensively used because the comput-
ing time will necessarily become unreasonably large. But the situation for Edgar
Brown’s algorithm is much worse : Edgar Brown himself quoted in his paper that
his algorithm has no practical use : even for very simple situations where human
beeings succeeded in computing homotopy groups by hand, the Brown algorithm
cannot be used because of enormous space and time complexity, even with the
most powerful computer it is possible to imagine !

We present in this paper the effective homology method to solve these prob-
lems. It is an adaptation of Hirsch’s method to construct finite chain complexes [11]
which compute homology groups of possibly complicated spaces. Using the mod-
ern sophisticated programming tools (funetional programming), Hirsch’s method
becomes a real computing tool for homology and homotopy groups. For example a
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simple and elegant solution has been found in this way by Julio Rubio for Adam’s
problem about the computation of homology groups of iterated loop spaces [17].
Among others ([2], [18], [21]), it is at this time the unique solution that has been
concretely implemented on computer, giving many interesting results, allowing us
in certain cases to compute homology groups for which there did not exist previ-
ously even theoretical algorithms [16].

2 1Is a spectral sequence an aigerithm ?

The simplest general methods to calculate homology and homotopy groups are the
various exact sequences and spectral sequences. For example the Serre spectral
sequence gives information about the homology groups of the total space of a
fibration, which can be considered as a twisted product. Conversely, the Eilenberg-
Moore spectral sequence gives information about the homology groups of the base
space (resp. the fiber space) when you know the homology of the total space and
of the fiber space (resp. the base space); this is a sort of twisted division.

But are these spectral sequences algorithms ? Are the various classical exact
sequences (that are in fact particular cases of spectral sequences) algorithms ? The
answer is negative for two main reasons.

The first reason is the computing problem for the differentials. Nothing is ex-
plained in spectral sequence theory about computing the differentials. We shall see
that in fact a good solution can_be given using functional programming. Another
quite different problem is the extension problem at abutment. A spectral sequence
process gives you a filtration :

HnE - H,,,,O_E D -Hn-—l,lE D...D HO,nE D 0

and some groups traditionally denoted by E% = H, E/H, 1 411 E and the exten-
sion problem is to guess, knowing these groups, the group #,Z you are looking for.
Nothing is said about this problem so that usually people prefer to wisely work
with coefficients in some field. We shall see that the perturbation lemma gives a
perfect solution for this problem.

Carefully combining functional programming methods and perturbation lemma
gives the effective homology theory. v "

To convince the reader that computing the differentials of a spectral sequence
is hard, we quote two paragraphs extracted from McCleary’s book User’s guide to
spectral sequences [13]:

(p. 6) “THEOREM”. There is a spectral sequence with
E;* = “something computable”

and converging to H*, something desirable.
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The important observation to make about the statement of the

theorem is that it gives an Es-term of the speciral sequence bul says
nothing about the successive differentials d,. Though EX* may be
known, without d. or some further structure, it may be impossible to
proceed.
(p. 28) It is worth repeating the caveat about differentials mentioned
in chapter 1: knowledge of EX* and d, determines Ef_: but not d,41.
If we think of a spectral sequence as a black box, then the input is a
differential bigraded module, usually Ey'*, and, with each turn of the
handle, the machine computes a successive homology according to a
sequence of differentials. If some differential is unknown, then some
other (any other!) principle is needed to proceed. From chapter 1,
the reader is acquainted with several algebraic tricks that allow further
calculations. In the non-trivial cases, it is often a deep geometric idea
that is caught up in the knowledge of a differential.

Computing the differentials of a spectral sequence consists in considering the

sequence :
T d 7
Ep—r.q+r—1 :‘: Ep.q

and to find what is dz for some z € E] . You must choose some representant
z of z in the chain group C,4,, then compute its boundary dz € Cpyo—; and
finally determine its equivalence class y = dz € E7__ . _;; the plan is quite clear
but the chain groups such that Cpi, are in general highly infinite. Two main
solutions are possible; the first one consists in working in such a way that all
chain complexes are “finite”; this is frequently theoretically possible, but the finite
complexes will usually be so enormous that such a solution is not of practical use.
The other solution, in fact much more elegant is functional algorithmic. But what
is functional algorithmic? This is sketched in the following section.

3 Functional algorithmic, a survey.

Frequently a mathematical object is a (possibly) infinite set provided with algo-
rithms. For example a ring is a 4-tuple R = (S, 4,0, M) where:

e the S component is a type, in other words the underlying set;

e the A component is the addition algorithm;

e the O component is the opposite algorithm;

e the M component is the mutiplication algorithm.

The type component could be the integer type if the ring is the integer ring,

or some appropriate type for other situations such that polynomial rings, power
series rings, etc.
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Producing and using such objects (a type and a set of algorithms defined on
this type) is functional algorithmic. Using such objects is not hard, but producing
them needs sophisticated tools that are not available in ordinary programming
languages (Pascal, C, etc.). If you intend to use functional methods, you must
use a functional programming language, the most efficient one being at this time
Common-Lisp.

To give an idea of what is possible using functional algorithmic, we. give some
typical examples of functor implementations.

Theorem 1 — An algorithm can be implemented:
Poly : Ry = (51, 41,01, M1) — Ry = (Sz,AQ,Oz,Mz)

constructing from the ring Ry the polynomial ring Ry = Ry[X].

Note that the “Poly” algorithm is a unique object able to work on any ring
to construct the corresponding polynomial ring. By a simple iterative use of such
an algorithm, starting from any ring R, it is possible to construct the ring of
polynomials with two variables R[X,Y], and the ring of polynomials with any
number n of variables R[X},..., X,]. This is a classical work with a symbolic
computation system such as Aziom (ex-Scratchpad), and is usually the first step
of a functional programming course mathematically oriented.

Theorem 2 — An algorithm can be implemented:
Indlim : ® =(Ro B R, B R, B ) — R =(54,0 M)

where the input @ is an inductive ring system and the output R is the inductive
limit ring of this system.

Combining the algorithms of theorems 1 and 2, it is easy for example to con-
struct, starting from a ring R, the polynomial ring with an infinite number of
variables R[X;];cv. The following algorithm of this type is more oriented homo-
logical algebra, but it is essentially analogous, ’

Theorem 3 — An algorithm can be implemented:
TensorAlgebra : C=(S,4,0,d)— C'=(5,4,0", M’ d)
where C = (S,d) is a chain complez, and C' = (S5',d') is the tensor algebra of C:

C' = ®2,C®" with the usual grading, multiplication and differential.

The “TensorAlgebra” algorithm is one of the numerous algorithms constantly
used in the actual effective homology program.
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Theorem 4 — An algorithm can be implemented:
LoopSpace : E=(S5,8,n) — E' =(5',8',7')

where E is a simplicial set (8 is its face operator defined on N x S, n its degeneracy
operator), and B' = QF is its loop space.

A simplicial set is a kind of algebraic object (S, 8, n) where S is the underlying
simplex set, & and 7 are the face and degeneracy operators, defined for every pair
(n, ) such that n < dim(¢). As previously, the “LoopSpace” algorithm is a unique
object able to-work on any simplicial set, maybe a simplicial set which is already
a loop space, and so on. So that it is easy to build an algorithm (n, E) — Q"E.
And combining with a suspension algorithm and an inductive limit algorithm, a
new algorithm E — Q®S°E can be implemented, etc.

It is frequent that a coding for an infinite simplicial set does not allow the
user to reach global information about this object such that its homology groups.
In fact such a coding only allows you for example to find some face of a simplex
which is known to be in the simplicial set, but is quite unable to give you the
list of all simplices in some dimension, a list which is in general infinite! This
is well described by the following terminology: such a coding is called locally
effective, because it is able to give you only local informations; on the contrary, if
supplementary information is available giving global information, then the coding
is called effective; such an object is necessarily of finite type.

The history of computer science is fairly amazing. Hilbert stated the complete-
ness problem of formal mathematics and also the existence question for a universal
algorithm solving any mathematical problem. G&del proved in 1934 his famous
‘incompleteness theorem, and, directly guided by Gddel’s proof, Church and Turing
also gave a negative answer to the second question of Hilbert (1936). The main
ingredient of Godel’s proof was a mathematical statement capable of saying some-
thing about itself, and in the same way, Church and Turing used programs capable
of working on themselves. This is not obvious in ordinary programming, because
of the traditional splitting between programs and date. But Turing proved that
after all a program can be also considered as a datum, and in this way a program
may work on itself; Turing created his famous theoretical machine to define such
an organization, which is the source of classical computer science (universal ma-
chines with recorded programs): Von Neumann, Fortran, Algol, Pascal, C, Ada,
etc. Church’s proof has the symmetric organization: any “object” is a function
(program), even a datum! This is the functional organization of computer science.
It is only in the fifties that computer scientists, essentially McCarthy [14], under-
stood that Church’s ideas could also be at the origin of another organization of
practical computer science; it is the creation of the Lisp programming language,
which is not yet totally ended (see [22]). And because of the very functional na-
ture of Lisp, this language is particularly well designed to create and manipulate
function sets, such that the various objects considered in the theorems of this
section.
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4 Objects with effective homology.

Definition 5 — A reduction is a 5-tuple (C, C,f,g,h):

__L"_.)-'C

5 g

OS5

where C and C are chain complexes, f and g are chain complex morphisms, his
a homotopy operator; *C is C shifted, in other words h has degree 1; these data
must satisfy the following relations:

1) fg=1c;
2) fh=0;
3Yhg=0;

4) 15 — gf = hd + dh.

The morphisms f and g and the homotopy operator h describe the (big) chain
complex C as a direct sum of the (small) chain complex C and an acyclic direct
summand.

Definition 6 — A homotopy equivalence between two chain complexes C and EC
is a pair of reductions: .

o

pL s N\ P2
C EC

If C and EC are free Z-chain complexes, a usual chain equivalence between
them can be organized in this way. Frequently the chain complexes C and C are
locally effective and on the contrary, the chain complex EC is effective. So that
EC can be understood as a description of the homology of C, more precisely as a
tool allowing one to compute the homology of C. The chain complex C is only an
intermediate object.

Definition 7 — An .object with effective “homology is a 4-tuple (X,C,EC, k)
where: :

1) X is an object ;

2) C is the chain complex canonically associated to X ;e
3) EC is an effective chain complex ; '
4) h is a homotopy equivalence between C and EC.

For example X could be a simplicial set (and C' = CxX), or a group (and
C = C«(BX)), or even a chain complex (and C = X).
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Evidence 8 — An algorithm can be implemented, where the input is an object
with effective homology (X, C, EC, h) and an integer n, the outpui being the group
H.(X).

This algorithm takes the EC component from (X,C, EC, h), computes the
boundary matrices dpi1 and d, and, normalizing these matrices, computes the
homology group which is looked for. Computing the boundary matrices is possible
because the chain complex EC is effective, in particular of finite type in every
dimension. So that the complex EC simply describes the homology of X (of C);
the proof this description is correct is the homotopy equivalence h. But, and this
is the case in the interesting situations, the complex C could be highly infinite.

Meta-theorem 9 — Let F be o “reasonable” functor. Then an algorithm Fgy
can be implemented such that if Ogg = (X,C, EC,R) is an object with effective
homology where F(X) is defined, then Fgg(Ogn) = (X',C', EC', I} 1s an object
with effective homology where X' = F(X).

An algorithm is “reasonable” if it does not meet the Novikov obstacle, in other
words if some connectivity hypothesis is satisfied. A typical example is Rubio’s
solution to Adam’s problem:

Theorem 10 — An algorithm can be implemented:
Omegazy : (X,C,EC,h)— (X',C', EC,K)
where X' = QX is the loop space of X, a simply connected space.

It is important to understand in this statement that it is neither possible to
construct EC' from C', because C' is only locally effective and no global infor-
mation is available from it, nor it is possible to construct EC' from FC because
the information in EC is too poor; mainly EC does not contain the coalgebra

structure of C. But combining the whole information available in (X, C, EC, h),
it is possible to construct EC' (and h').

Corollary 11 (Solution to Adam’s problem) — An algorithm can be imple-
mented:

IteratedOmegagy, : (n, (X, C, EC, k) = (Xn, Cn, ECy, har)

where X, = Q"X is the n-th loop space of X, an n-connected space.

In fact previous theorem’s algorithm constructs an object with effective homol-
ogy, so that the process can be trivially iterated.

I



5 Perturbation lemma machinery.

The main tool to prove the various instances of the effective homology meta-
theorem is the perturbation lemma which should be called the fundamental theorem
of homological algebra.

Theorem 12 (Perturbation lemma [19] [5]) — Let p = (C, C,f,9,h) a re-
duction and § a perturbatlon of di, that is an operator defined on C of degree -1
satisfying the relation (dg, +6)o (dg +6) = 0. Furthermore, the composite function
hoé is assumed locally nilpotent, that is, for every eC, (ho 5) =0 forn
sufficiently large. Then a new reduction p' = (C' C' f',g', ) can be constructed
where:

1) &' s the complez obtained from C replacing the old differential de
by (dC + 3) y

2) the new complez C' is obtained from the complez C only by adding
to the old differential d¢ a perturbation § ;

38) (analogous statements for f', ¢’ and h').

It is essentially an implicit function theorem. A reduction is a fixed relation set
between several maps; if the differential perturbation is sufficiently small (nilpo-
tency condition), then there is a unique way to modify the other data to keep the
reduction hypotheses. It is important to note that the graded modules ¢ and C
remain unchanged in the process, only the maps are modified. ‘

6 Rubio’s solution to Adam’s problem.

As a typical example, we roughly describe Rubio’s solution to Adam’s problem
(theorem 10) [17]. It is a tricky assembly of three different applications of the
perturbation lemma. Two of them were already known, the third one, due to
Julio Rubio, completes the process giving the solution to Adam’s problem.

w“

AY

6.1 Step 1: Shih’s theorem.

If X is a simplicial set, Kan defined [12] a simplicial model for the loop space X
of X. He defined too a twisted product X x. QX playing the role of the usual
contractible path space of X. Applying the Ellenberg Zilber theorem to the trivial
product X' x QX gives a reduction pgz : Cx(X x QX) = C’*(X) ® Cx(X).
Kan’s twisted product induces a differential perturbation in the top complex of
this reduction, and, applying the perturbation lemma, we get a new reduction
psu @ Cx(X %, QX) = Cx(X) ®; Cx(QX) where the bottom chain complex is
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now a twisted tensor product. This is Shih’s version [19] of Edgar Brown’s twisted
Eilenberg-Zilber theorem [4].

Furthermore the space X x, QX is contractible, and therefore a canonical
reduction pryr @ Cu(X %, QX) = Z (KM = Kan-Moore) is defined, and the
pair (psa, picar) can be considered as the effective homology of Cx(X) ®, Cx(QX).

Theorem 13 — An algorithm can be implemented:
Shih : X+ (Cx(X) ®; Cx(QX), Cx(X) ®: Cx(QX), Z, h).

where the output is a chain complez with effective homology.

6.2 Step 2: Hirsch’s complex.

If A is a differential graded coalgebra (DGC), B a differential graded left comodule
over A (DGLCM) and C a differential graded right comodule over A (DGRCM),
then the Cobar®(B, C) differential bigraded module can be defined, which is the
heart of the Eilenberg-Moore spectral sequence. We will assume A simply con-
nected, that is Ay = Z and A; = 0. The augmentation ideal A of A is the quotient
A/Aq. The (p, g)-component of Cobar*(B, C) is (B® A" ® C),. This Cobar has
two differentials, a vertical one d,, which is simply the tensor product of the differ-
entials of the components, and a horizontal one dj, coming from the coalgebra and
comodule structures. If we remove the horizontal differential dy, we get a poorer
object which we call PreCobar®(B, C), and the usual Cobar®(B, C) is obtained
from the Precobar by perturbation of the differential.

Theorem 14 — An algorithm can be implemented, where the input is a triple
(A,B,C), A a DGCgy (with effective homology), B o DGLCMgy, C a
DGRCMgy, and the output is a differential graded module with effective homology
Cobar®(B, C).

Simply stated, the effective homology of 4, B and C allows this algorithm to
determine the effective homology of Cobar®(B, C). The proof is a simple applica-
tion of the perturbation lemma from Precobar to Cobar. Ronnie Brown observed
[5] that Hirsch’s method to process the Serre spectral sequence [11] is nicely pre-
sented with the help of the perturbation lemma. This organization can be applied
also to the Eilenberg-Moore spectral sequence (see for example [9]) but the situ-
ation is much more intricate, and functional programming theory is necessary to
obtain the statement of the previous theorem.

6.3 Step 3: the missing link.

If A is a differential graded coalgebra, and Z the trivial A-comodule, then it is well
known that Cobar?(Z, A) is acyclic. More precisely a reduction

Cobar?(Z,A) = Z

#



is canonically defined. In particular, if X is a simplicial set, and Cx(X) the
canonical DGC associated, we have a reduction:

Coba,rc““(x)(z, Cx(X))=1Z
Applying the “@C«(2X)” functor to this reduction, we obtain a new reduction:
Cobar®*¥)(Z, Cy(X) ® Cx(0X)) = Cx(QX)

The tensor product in this formula is not iwisted. Applying for the third
time the perturbation lemma, we can perturb the differential of the top complex
to replace the non-twisted tensor product by Cx(X) ®, Cx(Q2X). In this case, a
careful examination proves the differential of the bottom complex Cx(Q2X) remains
unchanged. -

Theorem 15 (Rubio) — An algorithm can be zmplementea’ where the input is a
simplicial set X and the output is a reduction:

Cobar®*¥)(Z, Cx(X) ®; C+(02X)) = Cx(QX)

In the classical treatment of the Eilenberg-Moore spectral sequence [?], filtering
carefully both complexes allows to prove they have the same homology. Here we
(effectively) construct a homotopy equivalence between them.

6.4 Step 4: assembling the puzzle.

Let X be a simply connected simplicial set with effective homology. In other words,
Cx(X) is a chain complex with effective homology. The step 1 has constructed
the effective homology of Cx(X) ®; Cx(£2X). Using the step 2, we can construct
the effective homology of Cobar®*¥)(Z, Cy(X) ®, Cx(QX)). This is essentially a

pair of reductions:
p1: C == Cobar®™ ) (Z, Cu(X) ®; Cx(0.X))

and
C=> EC

where C is some locally effective cham comiplex and EC is an eﬁectwe one.

The step 3 gives another reduction:

p3 : Cobar™X(Z, Cu(X) @ Cx(2X)) = Cx(0X).

There is a natural way to compose p; and p; to obtain an qther reduction:

ps: C = Cu(QX).

The pair (ps, p2) is @ homotopy equivalence between Cx(QX) and the effective
chain complex EC. This proves the theorem 10.
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7 A program.

Theorem 10 is not only a theoretical theorem. The algorithm the existence of
which is proved has been actually written and used. It is 2 5000 lines Common-
Lisp program which has already given numerous results. As a typical example,
no algorithm was previously known to compute the homology groups of X =
Q(QS® U; D®) where the 3-disk D? is glued to the loop-space 25% by a degree 2
map 5% — Q.5°. But using Rubio’s theorem, Q5% is a simplicial set with effective
homology; it is very easy to prove 5% U, D? is also with effective homology
(come construction) and applying again Rubio’s theorem, a version with effective
homology of X can be constructed. Our program does that and computes in less
than one hour H;X for ¢ < 7. For example:

CH X =7 78
HX =7} @ Z,
H7X = Zgo
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E R XOWHLEOLBLIIC, IBERELTREMLLDTHS. H %
Hénon map &WH (ZFDMINT A—%— o, b DT, H.,p £ELZEDD
3) . ®-T, “R?LM2EASEATEDENS diffeomorphism T, 0
BEBRLSREATHY, H¥ERE LT nontrivial EHDIE Hénon map &£45 3~
EVLIBIFDhAB. C? Lhs, "#ERLSERL " LI EEI T ED
BMUEFEZ 3.

—IC, BIRATRDENS diffeomorphism TH->T, ZOWEED * -1
REBB LI HEHNDE polynomial automorphism &1V,

Friedland-Milnor[FM] &, R? RV C? EO—#XED polynomial automor-
phisms {CDWT, LERBOSEERZIMBALTVS. Thabs,

Theorem [FM]. R? ¥713 C? £® polynomial automorphism &, gen-
eralized Hénon map DERBOER EL>TVWBER »E 7l elementary
map DEE S HIC affine map IC& > THZICH 3.

Elementary map & 13,

e(z,y) = (ez + p(y), By +7)

&7



WA ELEBIRTSY, T/ generalized Hénon map &1,

9(z,y) = (v, 9(y) — éz)

EWHITHNERTH 3.

22 ply) BBBSERTHY, oly) B yd o+ caay® o Fay o EV
5§ monic polynomial T# 3. ‘

[FM] KD E S LBVRBRMENEPRT LS.

Jacobian Conjecture.  polynomial mapping # constant % non-zero

Jacobian #¥TIE, # N3 polynomial DB/ EHEDTHS .

1. Hénon attractor.

Hénon map NHEHR & L TOMEE & SHCHZ L0 M.Hénon T&% 3 [H].
% Ho TEM AT OESHEHSHERY, non-trivial % attractor EFFD LW
5=, 196 3FEEICHESFED E.N.Lorenz IC&£2 TTTIERREATVE
¥, TRPELHONB LI EoENRT 0EROPETHS .

[H] (3T Hénon &, Lorenz attractor #EUBET S strange attractor
DB EHET3EHI, bo CESMETFNEZTTRATHEIEWND “re-
duntionist approach " #BELTW3. TN RHAAFEAINECL
%, %O Poincaré map & LTEDHNBZFELD diffeomorphism EERANBZEY
B THBE L, strange attractor OB HEHL diffeomorphism EFANT
k> EWSIIBEWA.  ZLT, (BE Hénon map LMERTL3) &
) Bl 1 B8 diffeomorphism #E 128 3/35 A —F — T strange attractor
EEDEV) T L EBEREIC Lo TRWELL. |
Hénon X2 200 (387 Hénon attractor EFEIEN TV 3) attractor DILHHR
EHEN, Z I scaling structure D& U, attractor O transversal AED
HSEIE Cantor set TH55 EFRLTVS (ZhiEHT5 CREVTSB) .
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JSVU AL EEZIE Hénon attractor BEFBICHE ¥ TES. LPLIO
non-trivial attractor NFEEFBERICHBEIhADOE, ZO[H] #510 FLE
HEDZETHS.

Benedics & Carlson i [BC] IC3BWT, |b| FHAIT/MESVE, TEH5 H Y
T 1 RTD 2 REEBUSIEVES,  positive measure D/ST X —&—  (a,b) I
% LT, Hénon map H,; K non—trivial attractor 2822 L &REHAL L.
Lirl, & <BW IR LTSRACHEREATWANL, 27 [BC K&
TZDEENRIEE N attractor TH>TH, TNDLED dynamics PED LS
EHOEOM KR E LTHLSLTVEW,

2. Horse shoe £EDEF N & LT Hénon map.

Hénon map H,; ® Jacobian & constant {Z ~b T#3. b=0 BHEx
® dynamics 1 RTD 2 REHERLICHE->TLEW, b <0 &5 orien-
tation preserving , b > 0 % 53 orientation reversing , [b] =1 & 51 area
preserving €4 3.

Hénon map ® dynamics WMRA/NTA—2—ICE>TEDS. MELEHED
5, a>—(b=1)2/4 LW OPFRBERIEET S HDDETHEHTH B
EFb»BH, BEI2DEMAREEODIE > 3(0-1)2/4 THY, Brouwer O
translation theorem (R2 £ orientation preserving homeomorphism f #* &
EEEEEWED, FENpe R ICHL, f*(p)— coasn — oo TH3B)
£V, > —(b—1)2/4 EVSIDR, QHay) 0 LEBDETIRHTSS
CEbhhB. DEVY, a FHIBENEVEICE Hénon map i, trans-
lation DEEHDICE > T LEL, EHIARDSSA, non-wandering point
Vo EUVFALL.

FATR o FHORELBICRESRDEAIN? ZHIEDVWTHE Devaney-
Nitecki DEND & D LIEREI S 3.

Theorem [DN]. a > (5 + 2v/5)(1 + [8])2/4 & 51 Q(Hap) & hyperbolic
set T}, 2-shift & conjugate TH3.

£9



%4, Hénon map ik, AHLEVET A S horse shoe map #FHEERENSZ T
O&RXEEATWBIENSZLICE B,

—8iC, 2RTUEDERVOERICHE VTR, TOEEFEIrH3BELLE
BLwE, 53NHBEOEHRANDRESREETRESRED transversal 123 H
3. IO uA% homoclinic point £V 5. ¥ L homoclinic point #'7Z
ZETNE, T I horse shoe map LA L & B invariant subset FFHET 3
ZEPFHLNTWVS.,  FIWVWHERRT horse shoe map DAERBIEL, FERT
NERODED, RLEFNLEEETH 3.

horse shoe map D AEEFARNS-9HICE, R? 5T hEEANODEHBOES
ERSHPDAETCRETELINEE S G, ULALSDRR, 257348
DB EFEERDOPoTnw., 1 RTOEHIE critical point &5 555!
EREF>THY, 2L DBEXTDENERADEHEN: T T2HD dynamics #°
EoTULES. L»UFEELD diffeomorphism IR BV, ZD
dynamics 2FRIRT 3 & I L5 H»D topological invariant ZRDF 3 Z &H,
2 XTI LENEREELZ LTCOVEDOFRETH 3.

LT 51C, Hénon map 13 b= —1 DEFIE area preserving map M 1-
parameter family &% 3. 42 H it —1 < a < 3 TR elliptic & fixed point &
2. ZOEID fixed point DEHV T, Hamiltonian system »5E 5N
3EBTRSND L%, invariant circle ¥ islands DEE, EHRPFEEZS. 2
DEBET Hénon map (&, area preserving map (2% %\ \[$ symplectic map )

DREDZH EHL paradigm TH 3.

& 5(C Hénonmap 3 a K& {4 3 & horse shoe map & £3 th‘: »5, KAM
theoretic Z& < HA 5 LVGFIEA, Bernoulli system &4V 5 L hro B
ZHDIEERISNEOTREVS, EWIBBEROILHTE 3.

FEHI (U ICBWT, b=10BE, T4 hDB area preserving D orientation
reversing MIJFAIZDWVWT, Hénon map i, ﬁ%?ﬂ@f?iblﬁf)‘?ﬁbﬂtﬁ?ﬁb‘&
T, BRECABAEZHFOILEHEALTVS. b= -1 THAKTSHS

[D]. |

4o



6

Hénon map @ topological entropy (DWW T, ¥ Newhouse ¥ Katok-
Mendoza MIERICE ST, I85A—4— g, bICHULTERTHS, £EWH 2
EFHMBENTVWS, ZNDEELLEED Devaney-Nitecki DFERHD S, FEIC b
% fix UE, o 28T Z&ICE-T, Hénon map O topological entropy
i, [0,log 2] DEDLTDMEEEBZEF DD,

Milnor i [M] IE5WT, ROXEHAFEEHHL TS,

Theorem [M]. EED b ICH LT HBZREES T, C[0,00] FFEL, H,p
il expa.nsivé B5IE h(Hyp) €5y TH5.

D% b % fix LR, Hénon map 4" expansive &% % & 24 topological
entropy DERAIEBLABEVNEVWIDTH S, ZDHIICPS Sard DEE%E
BhE3BALBRERRMALTLEI> EVWD EZ A, &9 Milnor T
3.

3. Complex Hénon map.

Hénon map &, 2TDERE/NTA—2—EERHELAE, C?2 »5FhEH
HAD diffeomorphism &4 3.

1 REDNEBNHS, C 30k C LOTRBERONERE LTOMER,
TTLHRNEROBERE LTELCEBREATVS.  Zhiz, BERYS
TeIa—F-BREENAIELICHZ W HERTHHS. FLTIOE
EHEROERIE, E1ATEBICODVTOWVW 2HrDEH TEELHREH
BAT 3 -oiC, FERICEDATWVS.

RBEOEF2RTNEERERI LEICHEINED, CHETIORERES
7. ED2RTEBEERIADOFHLEEEREELAEFS A TVWEWY,
HRL S, SEBEFBERIEI I »IHMA LGN, ZhEaERBCEFTLE
D Bedford & Smillie TH 3. HLHRBEBFRF I vIREFESIZEICEL
v}, complex Hénon map ICEF 3 2 < DERMEMEEDERRICRINI L /= [BS1-
4].
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K. = {(z,y) € C?| |H*"(z,y)| does not tend to co }
J.=0Ky, K=K,nK_, J=J.nJ_

LEHBD. O Ky E1EBOBED filled in Julia set ICHIBL, J & Julia
set (AT B,

HEODBEBROWC DI ERNB L,

(i) K & perfect set TH 3.

() Ki Jy BEETSH3.

(i) Q% int K4 NDHZIEERTETIEN=J, TH3.

(iv) p % sink, B #%® basin £9T35& dB=J, TH3.

(v) H #"22LLED basin component £#TiE, J; REBEDRT embedded
topological manifold & 1374 5 &N,

(vi) p % saddle £T3 &, TNRESH#EME W(p) T, OFT dense TH
3.

(vii) p % sink, B £ %® basin £¥ 3. £FED 1 RT algebraic variety V C
C2ic¥L, BNV#QO»DV ¢ B &h3.

(viii) J " hyperbolic set & 51, BRIRIE J T dense TH 3.

[BS1] THEE L T3 & 9 (C complex Hénon map 13 strange attractor &5/
V. FThbhB attractor AT HERMED sink EE&-oTULED.  F 7 Smillie
# [Sm] TEEEAL TV 3 & 512, topological entropy 12/¥5 A — &2 —(CRARY
{EIZlog2 THB. ZNDEHIC real & complex TREVWRIRFHIELS.
L# L complex MIJBEE T EII VA, Hénon map ICET B NIEERBHLE
MV AR I NETICE D o 1

Complex Hénon map M %ET 25 H 9 V& DD motivation & L TIE, Fatou-
Bieberbach domain (C™ & biholomorphic £% 3% C™ NEEASESTH-
T. ZD complement PHRAEHFEDIDHD) NIBEEZEFL (AN EVWSIEY
3L 5T%H3. Hénon map # attractive periodic point 2245, TN
basin 137" Fatou-Bieberbach domain & Z 23BN H SN TL 3.

(2



HEHEROAKRED— A Hubbard &, ZD & 5 % motivation HH - T,
complex Hénon map DX & FHLA U 7= [Hu],[HuO]. L #» U Fatou-Bieberbach
domain BERPEVELWS L, ZZTRZOD conplement EHEINED
DOBEVFLCBENEGNA TS,

Uy = CH\Ky

LEH3.  [HuO] THID Uy OEEE, 200 H OERFHEL <HEH
ENTWE. ZOHXELBOE, 1 EHOBOTFOS—25

1 .
he(z,y) = lim '2‘,;109+IH:E (z,y)]

ELTEESEND pluri-harmonic submersion hy : Ux — Ry TH3B. ZZ
T logy(z) = sup{log z,0} T&%3. S® DHD solenoid & Ty £F 3 &,
hy iUy — Ry W S*\S % fiber &9 3 fibration THBZ ENFRAND. %
o, Uy OFEXRFR i (Uy) 2 Z[3] EXVAERERTR AV, 204k, FET
BV DD DEHEN MRS N TS,

3. Hénon map N IEIEE.

LIFTTIE R? E® Hénon map NHEEZBIEBICL LS.

Hénon map 12 b = 0 MBSE, 2O dynamics 12 1 RN 2 RERER LIS
i), kneading theory B EICL T, TOBELFEEHIBEL (D> TW
3. XINTRODPOLADATREIL-2TVWBDESIN?

FE [U1] & El.Hamouly—- Mira [EM1],[EM2] & Z hZhIKILIZ Hénon map D
INTG A= —ZEEBESEIC L > THRAN, ZTDPIC cusp connection & FEIE
N3BEWLEENTFEL, TNICEL - T standard % quadratic map D& 17
DEL ZEAMAD Hénon map D/IST A —E —LEOFRTEFREF->TLBI &V
PEEERRLTWS., 7z Hénonmap D/ST A —2—LEOFRIZH, 1K
JtD quadratic map D& 9 IC self-similar structure FHEETIENEBREENT
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W3, & 5IC [U1] T, cusp connection 125113 H3ENRAMELIREE
hTwa.

[Sanl] TRZ D [Ul] DEEZEICS S DJBEICTLL, cusp connection DX
B oW H 3 FHEEBELTWS. 4 [San2] T, [U1] ® [EMI],
[EM2] COBUESE TR DA 5% cusp connection DMREZ R/ S 12,
Hénon map DERRND $ 37 5 X % topological type IC&> THHL TV S.
Z D8, hyperbolic fixed point DRESHEHEICH 7, self-similar RORILR
MNP BEDho7. LB orientation preserving case ICDWTIE Holmes #, |
20 [San2] DIEREET. LWEWIFAICH L TREOEREEAALTWVS
[Hol]. ‘

Hénon map # P LIELT#HEB 5N 3 Lozi map O cusp connection {2V T3,
[Shil],[shi2] D#ERPHSB. F7=, Hénon map ¥ generic bifurcation ¥
2 L{RTE L 7=B50 global bifurcation structure (22T 13 Holmes-Whitley %
[HW] TF# L (ERRNTWS.

Fournier-Kawakami-Mira &, [FKM1=3],[K] 5\ T, Hénon map D AR
% horse shoe map PEIMIAE A LTI EICE T, symmetric THDEEWIC
{0 symmetric image &> TWA &% pair LICHETEDZ L &AL,
FhEHE-T global BHIFIBEBEEZRNTWVWS,

2D 312, Hénon map DA E SIRIBEICDWVWTI, WAWALEHFRAD S
EALNTEREY, —REHEICRA S bifurcation diagram #°, EldH 3HEL
BMANCKEIhTWB eI 2 EF b o TEL [SS].

F,:R*—>R? ZRDLIICEHET 3.
)
E\(m’ Y, a, b) = Hc?,bv; (@j y) .

Z 5% 3 &, algebraic variety F71(0) DEA (z,y,a,b) &, Hap O (mini-
mum ERESEV) Bl n OBFER (z,y) ERHDITEICES. £k, B
LR © % 7(z,y,0,0) = (a,0) T3 &, n|F;710) D critical value
 bifurcation parameter £ > TWANT, F1(0) OHHFhHhiE, Hénon |
map @ global ZRHIEDIEBEN DN B LICED.
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Hénon map ##->T\\3 |b| =1 ICRAT 3 3¥5iE, 2L T a PHRICKELRR
T3 hyperbolicity 7% 2%, H LU 2 XEBICEIT S kneading theory B & %
S &, 2REABOBERBAY F7H0) DECELZR S LICH2-0D0, 3
BT IREEBIIEHTES.

4. Hyperbolicity in the Hénon map.

H235A5NEEGOBAMANARERBICKDI LI, AT RTD?2
REAEX Hénonmap D& 2%, EhHTEMEEBRTH > THIERICHL L.
ZDNHEELTHADI Newton iE < SVULHPBVIPHEVDITEN, ZhT
PIEABREEVENTOLLSWTHY, REHERBLETHEY I AEST
HI1I5LH5VWHRFEEDND., FAFZETPo4AELTH Newton ET
i, BoNABOBEEICFALHIZS. LHL198 9FHE, Biham & Wen-
zel £WD A/BD Hénon map ICH U THETTIEH 2, BERNLAEERER
LEDTS 3. '

Z NI EERCIE Aubry-Mather @ Lagrangian £V HDICETNTHY, £
TEE p OBEAD Z D critical point IZT1XTICHIBELTWEESE R? O
% % gradient vector field EE&ET 3. ¥ LT ZD critical points #2THE LH
T, EVWDIZEETLEOINTHS.

b = —1 ( area and orientatin preserving case ) DI{FEIZ, D Biham-Wenzel O
FEEE-T a EELE €L SAM2 0 £ TORMANEREHEL THL
E, B3I 2EV o OXET, AHERADBERI—FELEDIHDI VDD
FETIZEFbr3. ZhRBINL5NDINT A—&—$EET Hénon map »°
BELXTELBZLEERLTWVWRLIICRAS, BEREMTEELY, 20
(¥ non-wandering set 7" hyperbolic set &4 % Z & %# BT 3.

[DMS] TREFMNICEBLIFARZVWHDOD, Z0 hyperbolicity DA HZ X L
EWEAL, ZIA5BONBYNITHEITCHE L ABANEKE, Biham-
Wenzel DA ETHELABHEEY, B2 0ETREI—HTIEVIERS
BTWSE (T A—2—lk->THESH, A2 0 2 TCORBADBELRIZH
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100ALBWCHES) .

% /-2 2 THEAS N7 320 hyperbolic case 1227, missing block expression
EWHFETHENBEEICZOBEERETE3. I0OERIE, horse shoe
(=7 B LIBTO Hénon map DIEMES, 2-symbol full shift DFD, &3EFED
type @ sub invariant set TRETE 3. . . LW HREETRELTVS.

[BA].

[BS1].

[EM2].

[FKM1].

[FKM2).
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WX - & g EZ

FF. Connell-Hollingsworth [8], Chapman [6] & L T Quinn [15],[16] &ic & - TR
Fand, Whws [HI#l F e - | ORBETS. ChERBO SPRRBETETED,
Chapman &3 5Dk AN + e V—DEEERAW, OISR LA EICiEE-o
&z (. —% Connell-Hollingsworth ® Quinn @ b O R FEMALAKN F ¥ o o— 08
B (B, EENEE, $EE, - © TEARHE] 2R5A0 0T, it EVEL. Co
BV, Bx38, RUA Ay FHROERV2EE (75 722 AWV 2L S0 &7
ERAVWBRENLIOD) 532 LiBLTVE. b53AEE03EECHy, FENICAL
bDTHE. SHLARBNTPVDFLBIITHANTE [l r o v— ] & [HREH -
e =] DX ODFIRSS 5. [HREM ) cBAL TR CTR—5Ahiv, Ferry itk
BEEMBTEL LVDTEE LR TWREZEAW,
SEBRD 22D L MSNAEZOLEPEEANT 3
1. R CW HEOMOREEERIEM TS S, ChARVDYE [®T 4 b~y FORMLD
PIAEARZEME ] ©H D, Chapman [3] ok » B¥NICHFH S h v,
2. fBD3 ¢+ ANR RHWR CWHEO*® b v —FZE-o. Shit [Fx s F3]
LI, West [23] ic& b B¥ICIEH & i,

CCTHABMERFIRILEEE A, Ranicki OFEIRZE [21] KL 20D TH3. 794 b~y
FORWLD [HAERHARZEM ] OIEHIX Milnor [14]4c B2 &N TE 3. % DI BT
wky, @Ei-7 0} Higman [12) ik 35 E Wh({1}) =0 TH-7%. 1T 2bh
DNORRIIIREH DR L 25 D bEH I Bass-Heller-Swan [2) 05t E Wh(Z") = 0 T
5. 20EWS 1 OEMICEF ML TV 3,

ERIBLUTOED TH5. §1 T 9 Quinn KL 3 HMINBEL LUEN S ORI D %5
OEAEEE L, RISAFAMBEELE L CHENMBOMSEEAT 3. §2 CREFNEHD
W2EBAT 5. §3 TREMMHPER Ko(X,px, ) PHMRNOR Wh(X,px,e) 255

b¥



T5 4 TRERSE (HE] T OREHEEHE~E. §5 TRECHON T B M
Ko(Z[x]) —» Wh(r x Z) (Bass [1]) O#IEROENEE 5. <t §6 cals K-Brg
Bild 3 — Y RBOREEB20AVEINE. TR~k 1 BLU 212 §7 TR&N 3,

1. 2{Tmsr (Edmi) Ssms.

COMTRF. Quinn [17] kX 2 RAMBB L OEh o DL OLAK OB+ 28+ 3.
7fZL, W 2> diEE R Connolly-Kozniewski [9] ® Ranicki-Yamasaki Riloboxm
WTW3, =51 Quinn [15] OKAMLFEMBEL LCTh b OB DN OB % R+ 5.
RAMEREEOBRTO (EEM &) GomitcdisL, g‘fﬁ?ﬁﬂﬁili, TOEDEBYD, @
DEHRTOMEIMBCHITT 2 60TH 5. TOHER [TV 7Y | LIhEZoh 5.

M EEHEEEE L, 24 (5] Lo5g
S+ |S]—M;|s|—1s]

EEXL UTEBOTRERLEZO S 72F—835. LidoT S BEgEEExOY
57 (|S|x M ORIBE) OFiA2HRY. EseSC [S| % M OF185% |s| € |S]
T, ENE2HSE [sJeM TRT. ox0vELS I ls| % [s] i+,

R 777 5 ORTERE OB HE ZNBFE M LORAME Lo\, Z[S] E5<. []
PHBRETH 5 & &, BAME Z[S] RHBER (fg)Th3E05. M FoSmnEo
B {Z[Sol}aca ( A BEFEE ) KBUT, [Sef REBHEWRZDbSHWE S, z0ER
Daea ZISa] Elues Sa i Lnea 1Sal = M ©EH 3. 0B e EM [ o -1 %
fE-T, EfIZED 3.

Bl (1) |S| #=BeoL s, Z[S] 2 0 &84,

(2) M %2 CWHEELEE n >0 2EETE. M 0 nfilishosmss [S| L%, Bn
faEee|S| ML, po: D* - M 22 OBHERET S, U5 S - IS| = M;e—~ ¢.(0)
# M _EORFINE Z[S] £EDE. CIT O I Rl D" 0t it s, By s TRRLE
ARINR M OEED ZEYHEHnES TS 5.

T M= M EBESEELLS. M Fosins Z[S| BEA shik &, 2o [E]&
RUJ Z[5) zE% 03RS |§] = $*M( c |S| x 77 ) — M; (Js], ) = 7 ic o

¢7



TbB. i M LORANHTS 5. » REAIRBETH3LREL LS. 7 OBBELHRBE T
i |5 REECER L, TR E LTZS] REHEs S DRETAB L » THEIERS
n3. coHH ZMME 2[5 0ce® L[S 0T Y TU L X Bz M BEERELRE
Sr&ik, Thicli+ 37y 7Y & LCHBZ[m M)ME Z[S] 2HEmcE 3. —F, £80
B Z[m MmEi M Eos s 8AMBOEERACH T2 7Yy 7Y LARTH 3. 2%

D M EOSEINE L REEN S HEZ[n MR SASMCER L b0 EE- TR,
E#. Z[S| BLU LT) & M LORAMBETS. S OBRs, T OBR 1 BLU [s] #5
(] ~o M Lowp: [0,7] = M (r 20, p(0) = [s] , p() = [) OH(s, p,1) 2% 3. %
DXHEME s DI ADBEE VI, BFS [ T[] — Z[T] LRk 3k T[S DR
Tin b Z[T] OEET~OEOHRIEIAO C L2V :

> ma(sa, ox [0, 7] = M, 1),
AEA

IR AHDIBETEETHY, BERTO S T2EOHRERETHE L ZERT S,
Z[S] # & Z[T] ~DZ2DEAHS = 3 5ca malsn, pnita) ' = Lyer my(sh, 5, 14)
BELWG (f=F) &k, FESBOEEMOKRWAREI, 2B o: A =T TRESLT S
OBEETZI LRV,

Moy =ma 22 (5,00 Loy o) = (B1:00,0) (FxTD A€A).

Zo0HAIFOMRZoRRNEERNICEIDLEEI LIV ED S, LANOBEERE
HEBHELTEDS. fLgDEf-—gR f+(-Dg TEDE. Zo0EET 3 %E5
f = Z mA(skyp)‘)tA) : Z{S}'_>Z[’I']1 g= Znﬂ(tfpo"‘l’u‘)‘) : Z[T]——)Z[U]
AEA veET

DEREE

§ "7mk(3>~n“‘vﬁz\au1);
AEAyED A=t

TEDS. RELERLZ20# py: [0,1] = M, oy : [0,7]] — M ( pr(ry) = a4(0))
DER oqpr [0, + 7] = M i

—_ p)‘(z) (0 <z < TA);
oypa(z) = {oz,(m -mn) (m<esn+),
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TS B, BEARS = T, cx malon pa,12) 1 Z[S|—Z[T] OB OBOMA EEAD B i
B N ZMBEEARE S ;

|| : Z[S]——Z[T] ; 5 — j{:1nAtX

sy=s
85, M LoSFEMEES OMOBMMOMRK {fo : Z[Sa] = L[Tal}acs OERE
B fa=> fu: P ZlSal— P Z(Te]
a€A aCA aEA aEA
TEDB. 127U, fo i B[Se] = L[Ta] REEBIRSs C Laes S Ta C Llues To K ED
Z(L1Se) 25 Z[ | Ta] OEfTH & 3724,

Bl (1) HORWEOKMHE % 0 LY. |0| REBOEKTOTRANEE T 3.
(2) Z[S] 2 M LoOEAMBEL, s €S 25 s BE~O [—HOH] ¢, : {0} = M %
c;(0) =[s] TEDB. coLE

> 1(s, ca,9) : Z[S]——Z(S]

8€S
TEE BRMAE Z[S] Lo EERAH Lvb, lgg $ARBIC L LY. SRS
f o Z[S]—Z[T] =L, SR flgs) = f = Lo f PRLT 5. |Igs)| REFOEHTO
Z[S] LtotEEEKTH 3.

ENoMoXAHE2ETorFAHBLIELIERAVWSh 3, A5

m

f= 3 malonsonrta) : D 2US— D 2T

AEA i= i=1
BEX SNl &, BAH £ Z[S] > ZT) (1<i<m 1<j<n) %
fij = Z ma(sa, P2, 1a)
A€EA,85€8;,t5 €T
TEDE. fRfij RBRIVEERRESNG (KW f RAL, , fij KELW. ##
L, fij 2EEBRS; C Lhei<nSih T C ligicm T &Y, Z[1S;] 5 Z)TH] @

_____



&T M EEgT, 2[5 320 Z[T) RENPAEAKE «: M — M <87 32[5)
BIUZT) 077V THBEL, » ORBLHREE T &35, # (s,p,1) RERF€ S
poERTIcT ~0i#(5,50) RBELENS. T OEER OB LSO BNSS. T,
B f = ZI\ m,\(s,\,,o,\,i,\) : Z[S] — Z. ] B7er7Y OFOERE :

f= Z EmA(ggA’gﬁA’g{A) : Z[S"]—")Z[T] ]

AEA gell

EHYT 3. TNHERNER |f| REROES D > ZINBHERRNESIK-T W5, Ch
A OTEYTYLEE BE T M o M EEETEEE, TRy TYRM Lo (ElE
%) AFINEEEAH OO B> S (FRER) B Z[MNE L EFREED > 3E~0
BEF &1 3.

2[5] 25 Z[T] ~OEROZNMBEERS &I Z[S] b5 Z[T] ~05 5%AHDT
YT Y ELTERTBIENTES. 5T (s,p,1) 25 f OhOBET 3. & p LW
ZEELAEZ (BOERRMERGHICEALNS) M OhosE + b —~THRLT, &
(aﬂj)%@t&?% COEINFEIE— M B ATREEE LABORE F Ee
KRB5LEEZ0T, f OTHODE (s,p,1) % (s,p,1) KMOBATS, FETEFT VT Y IRE
BOIE. fo TRO X 5 RERET 3 EBEBE . i (5,0,1) DKE b U & 1M p O
HEEEL, CERKMEEGHIEAS R FE—DC &L F 3, MBS s BT { BIAT L,
%ﬁ%mm%#B~tﬁ&®&to@@ﬁ@ﬁm@@ﬂ®:a§ma:

. EBOREFE—,

2. FEE m(s, p,1), n(s, p,1) ZEEDT (m+n)(s p,t) T BHEME, BXUE DU
PIZE, & (s,p,1) 25 (s,p',1) IRHE b Ew 21 050F, AL (s pit) — (s, p,t) BEEAL
ICHEEPEY I TH S

) ?i’fgl

(3,0,2) = (5, 0", (2,0,2) = (3, 0,2) *E% 0(s,,1) = 0.

BEWEHE My V BERAFOT 7Y RE LWL,

p:M— N Z2ERERKETS. M LoZFAME A=Z[S|KL, €0 IER A %,
N EEME Z[pS : |S| - M — N) ©EH 3. S(7357) 05 s = (|s], [s]) ©HL,
@S (757) DR (|s],¢[s]) % ps LT, f=Tma(sr,partn) : A— B 5M Lo



mEt A, B oo cds L s, &g
> mapsa, ppa: [0,7] 2 M LN, )

Eopf ippd— B LT bL fr g MOW o f ~ gy THB.

ER. M LOBFMNE APSEAEFOEAN p: A— A2plop BBt L E, p i
HETH2EVD. M LOKFIME A LHE p: A — A 0% (4,p) 2 M Fosismness
Wi, (A p) BERER (fg) st A BERERTSEIEEVS. “o0REMEOE DS
Fe(Ap)— (B,q) CHEFAN fA—BTqf~f BIU fp~ f BT bODC &
0. HENE (A p) OBER @, (4, p) B(D; 4, D, pi) TED 3.

L (A4,p) ¥ M LoREMBEcs2 2o, 88 p: 4 — A i (A,p) o H
SEHE~OH LB, ZOH p it (up to homotopy TD) MEZE | ST 3. M Fos
EmEesor® P E—HEEESC B 8 f: (4,p) — (B,q) BEBESTH B &3, 5
9:(B,q) = (A4,p) Tgf~p, fom g bt bONEETZEEANS ; C oL &g %
f o#FHE WS,

(4,1) S5 BORBEME L EAME A CE—Bah, BBMEEEIFiTh 5. H engt
(4,1), (B,1) ofiosioetke A, B OMOKANOLKII—5KT 5.

2. BTHHIE.

COFTH, AETHERS W EBESCH LT ISANEE] OS2t EAT 2.

PEREZER X '\0):}25%5{& px M — X ZHIRERE X8 M BEELRSHER Px %
FASGNTVWELE, X LOMANE Z[S) ¥ px LOSANBETSHEE WS, Wik X DOE S
REETB. 20 XL, X oB92 W OFcifE: We L2<. Hohi (We)s ¢ wets
PROILD. 51T, e>0 mHLT W™ ifia{c € Wld(z, X — W)y>elCW 2573
bO LT 3. .

HEHER px BEX oL ARPZOHRE P -0 TR ] 2ROLSICED 5,
IR f OPCHEBERER S TEDE (s,0:[0,7] = M,t) icdL, 20 M iy 485
Px ({pxp(O} N {pxp(t,)}) RETNBLE, [ EE e £HDENS. LE ¢ ORMAE
725 f, g OMOFE P E—jHL,
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1 BELIEBVT, B (s,p,1) OF T+ E—0Bdp; ({pxp(0)} N {pxp(t,)}*) &
L
2. BE2 IkBWT, FIEE2 2 D3 (FLREEE DT 3) #E (s,p,1) OB (

{pxp(0)} N {pxp(t,)}) L&t 3
EE FOFEBPE—RERE e EEDEVY, fr g &L

W 2.1, (1) fove f' 0D s [ BT ~maxfesy [ THB.
(2) fve f D g g o BEHIEEED m,n € Z [HUmS + ng ~max(es) mf +ng' T
53

(3) BT f OOHIE 6 155, RIS g R ¢ EHOLOM, TOBM g BEE S+ £
.

(4) foe ' DD grs g BB gf ~veys g'f THB.

px M —X % M OHHERL TS, ROTFHETHEAMBRT T px Licds &
T 3.

TE N A ANpP o pESLTEE, DR e HBTHIEVS. p MR e FHTHS
L&, BB (A,p) B e SIEMBETHEBEWS. 85 f:(A,p) — (B, q) 5 51TH 3 &3,
FOER e 2R, S0l qf ~ve f, fome f BT 2EEVS. e B f:(4,p) — (B,q)
BeBBHATHDER, gf ~ep, fgracq 2372 Fe i g: (B,q) — (A,p) BEET S
EEWD. SOEE (A,p) & (B,q) R AETEBENS.

LD e v e AEFOERE, TR - EHOFHEMBOYXRICEEFETH S . LicER
Tk F¥i, LOFERETHWONS ¢ OBRBRFAE—TH2LIICRAS. EEIOERICRE
BN S5, COLIURBIBENADPEMBICRATS. ST, prA— AN
Fgchbhidp: (4,p) = (4,p) R e HTHBIELHBEE LW, RiT, ¥EREPAEHNOS
BB LEWRBFEVWELTRLY. (TOoGEERL. ) e HEOERC B 3BEREHN X
Hp? g p KEABE, LORKEBRELC I DI e AEHOERITB VTS ~acp,
fgrvzeq 2EREEZZEE/RNE. ChiddEvEE LOEREREDbOT WV, &<,
WAWAZEZONDZFERORTHEOFENPLTWEELNZ LD ZRAKESLDTHB. b
BELIELETRIEIVWOT, CHTEDHTIELWY,
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#0588 2.2, 6 &t (resp. BES) f : (4,p) — (B, q) & € §l(resp. BES) g: (B,q) — (C,r)
o&k gf 1 (A,p) = (C,r) & 6+ ¢ § (resp. RES)THS. '

3. KRUA bAw FREESTRER

COMTREBDO OV 74 b~y FERLIHEERZEZESRTS. CHohoBEORY
A b~y FE - EEEEA TH8ESh3] TRy 7 YERNEET 3. UBIOHTHE, i
S WIRD, BENEE - WEMER T X TEHRERE T 2. 22 LIOPNHRNBICAVWSh 3
OREETEYTYERTZENRTIEELITHY, hoBRIIMBEEROEE TR ITK
MTAH COEEHIEE CTHWLh B,

BEREEEM X ~0flfHER px - M — X 2EET 3. FHEF7A b~y FEE
Wh(X,px,E) EERTD.

EFE. A5 f: Z[S] — Z[S) BEFMTH B L, Z[S]) oo AmE Z[A], Z[B] o
EfThy, f MEOEMSRELT

i = ((1) ’1‘) . Z[A) @ Z[B] — Z[A] & Z[B]

@%KﬁﬁéC&%hé.&XWH&MWf@Eﬁ%T%%.ﬁ%ﬁ*=<é 1? b
RoELXNTH 3. '

BLS v 2RFo>&AMBoMoEES f: Z[S] — Z[S'] W¥EHTHZ LR, 552
Bato: 5 — 5 kL TROIEBED I EE WD ¢ f Otz s’ = p(s) TRV
EDseShos el ~DERR, FseSRHLBIEL D s 2 p(s) ~DEH
+1 2RoENS 5. TOoNH f! BEOEEEHICT A LicknELLS.

EFXNTECERES S X CRANZERS O

. t m
D Z[SI] —l* Z[Sz] 2—* ‘e —/——* Z[Sm+1]

EEF LV, ERORANERH fifiot oo o, UMY fT BB e R0 LE, D i
EEFETHBENS. DN e EBTHBLE, ARLTELND ¢ BEH f = fmfmo1 - N1
% BHREHAIVI. AR T = R0 f O RSB, BMEIRA S
SHMEIRIS O AR (e + 6)REMEIRS TS 5.
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B SROORBE f: Z[S] - Z(T), 12 Z[S] - ZIT) i, & 3AME Z[U], Z{U]
L, 53 cHEEES

F:2Z[S]| @ Z[U] —— Z[S'] @ Z[U"]

G: Z[T)® Z[U] — Z[T"] @ Z[U"]

X LT
(f'e)F~.G(f®1) (Ffol)F '~ G Yf 1)

BED Ik, BERETH 2LV, f, f' BEEFET, F, ! BRESEER 5, f,
' REEe+RETLIRWDS, BE L ¢ KL LR FEREREGZEES L0,

ES px LORMMHEOMOFMHOLER, KEAORIE I & » TER ST 3 FEEMEZ W
N bDEWh(X,px,€) & (. TNRE®WE I (FOHE) y Px D € Hlfik T Ak
~y FEE XN 3,

#i#f 3.1. (Quinn [17])) B &£ UYWh(X,px,e) GETHRBOBEZEED. F1, [f] =
[f'1 € Wh(X,px,€) 55T f & f' I3%F 86c BETH B,

WRREREMIC LD 57X bh5. FEOKER, VWS Chapman ® k1 » 2 6, (3.5)]
ek 3,

Riz, Sl WhEORMOBRNER LR IT [BR] ILoWTH~3. py: M — X
ypxr i M = XD RRIMBBET B, px NS py DERER, pxio = @gpx EH1-dEE
B M =M, $:X - X' O (0,6) DI EEWNS, BREOBNATVIED, ¢ 1Y
BELTBIZ ¢ LB 6, e 2FO¥, n *FoBHEY 3, ¢ ICHET BRDOEHZELS ¢

Cl6ek): L d(m,y) < k6 %51, d(3(2), 3(3)) < ke, (m,y € X).

ST @ WRMF C(6,¢,1), C(6,¢,2), C(6,¢,20), C(6,¢,40) £ B 7:91 5, 1HHEFTEZE
P Wh(X,px,6) = Wh(X',pxi,¢) 2FHT 5. 3R (pop)y = ¢y 0 b HESICHED
BONB. bL X BWarey b5 FED e> 0 KL TED4RMEE2B72F6>0 285
FEYT 5.
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EBD >0 LML, B&E(1: M - M, 8H¥: X — {+}) REFRES
Wh(X,px,é) T Wh({*})M - {*}:E)

THEETS. ChETHEEENE] BHEVS. HHOB Wh({*}, M — {x},¢) it ¢ i
EELRV. M PEE» oRAL-BEERET 5. 0L & Quinn [17] B, M o%EK
BM eM+372Y7YERIS] — Z[3) 55, M LoSFAMBEHOE b E—Noo
CBE»SEEN S HHZM(M)|NMBOB~0HARARERBESLZC 2R LA fEoT
Wh({*}, M — {x},¢) RWA(Z[m(M)]) cERE%Y, LOBRRKO LS cE s 2
CEMTES |

Tey7y
Wh(X,px,€) —— Wh({x}, M — {x},¢) & " Wh(Z[r(M))) .

B e & 5 WH L, 68% b Y —EHEBR [ : L — M & eHEROr(f) € Wh(X, px, )
TRD, CNREWEENS CHBOF T4 b~y FORNI(Sf) € Wh(r (M) 7> 7
g B,

E# px LOZOOHEME (4,7), (4,7) ©HL, (4,7) @ (E,1) & (4, )@ (B,1)
e AMEMBESM px LOBHEME (B,1), (B, 1) B5HES 2 5, (4,p) & (4, )
Re REAWTEBE03. ¢ >0 2ERT 5L &, ¢ FREERFEMETEE (4,p),
(4'p') 75 e ZEFET (A',p)), (A", p") BPRD ¢ BEEBE 21, (4,p) & (A", p") 1
% ZEFBTLHIL.

TE. px Lo e FEMBELER, ¢ REFETERSINAEEBEEANTE >N 3 EENE
[4,p] &2tk08&% Ko(X,px,e) LB<.

B 3.2, BAIC&LY Ko(X,px,¢) RTHRBOMEEED. S5, 6L [Ap]=[A 7] €
Ro(X,px,€) B, (A,p) & (A,7) £ 3¢ RERBTH 5,

[A,p] D#TI [A,1-p] THELONE. GEOBREEIREY Chapman O#T+ + 4D
PY Y 2ZRVWTRENS., COB% ¢ HIOSHEMEBLI VS,

RIWEROMDER (¢, ) : px — px+ B4 C(5,¢,1) BLUC(6,¢,2) A1 SN,
(4,7] = [or (A, p)] = [p1 4, pyp) EHBER B L ek VEFRER o, ; Ko(X,px,8) —
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Ko(X!',pxr,€) B¥EoNB. ER (pot). = pu 0t RESKEIHONE. dL X Ha v
g bR, EBD e>0 RALTLD 28622729 6§ > 0 BEET 3.

HfF74 b~ FEOESLERK, M BEE»BRl-EZ0L s M$lEEs0 3]
TeyTUVEEHKS S :

- ~ TeyITY o
KO(X) px,é) —_ KO({*})M - {*}z 6) = KO(Z[Wl (M)]) .

4. HDEOEHDOEE — w4 ¥—- E—FURFL

CofiTi X k2o 0MBARE X_ & X, ONITHELREL, £ OLEHSE
Xo=X_NXy & (Xo, Xy BFRATHS LS RERFEHTRITV.) HIf K-
HHICBVWTRROL I B4 v — - E— Y 2F]: '

Wh(Xo) — Wh(X4) @ Wh(X_) = Wh(X) — Ko(X2) — Ko(X1) ® Ko(X7)

BH B, (HEBER ¥4 XRBEBLTH3. £k v RE3EH. ) EREIHOEER T T
Ranicki [20] kL WIS TWE, CCTROROF BT 3 [ELel] 0d e~z &
I£g 3 REERWAE, X FoEBIH X, X_ FLoRMNOBEMIcEEICE 3 72D 0
FEY, Ko(X]) OFicEE 5 &5 S L 2XET 3.

REREERT B LOOEHEFTS. W % X ORSEELETE. py: pp (W) = W
Rpx ZRIRLTEONIERERT LD LT3, px LOKAME A=2[S] © W ~o#l
BRE 1S DT ([s],[s]) T [s] € pX (W) 23T bDIRXVERS NS py LOKFMED
TRV, Ik AW) &0l s Thbb

A(W) = Z[S|S™ px (W) : S px! (W) —spxt (W)).

MEHE f =Y ma(sr,pr,%0) 1 A — B OW ~0FIRREIEKATERS NS :

flw = Z my(sa, pr,tr) : A — B.
[salerz' (W) )

FOOSHE R HTH W BEBAN fIW: AW) — B(W<) £%H5. f ,g: A— B %=
DDRASETE. fIW =g|W BEROISTEEW LT f &g RELOEVWY, “f=g
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over W” &l I fIW re g|W THBCEEW LT f & g HAE M Ew b THE
Wy “f~ogover W2 &K,

ST Wh(X) OF [d: Cr — Co] 28x5.T:Co— C, % d OWS &+ 5. (FEE
1RO [#HlEE]), T 0% % [chain contraction] &£ X TW3. DITEMME - 55
MEFERAHOFEGFOEREM VIR SNV, KEREEEFbTE b EERTET
BB 5, REROTER | TH-TAVE LT3, ) d % Xy — Xo LHELTES :
d RHE ¢ 205, d' = d|Xy — X§ 12 Cf = Ci(Xy — Xo) 25 C) = Co(Xy — Xo) ~
DEFAHTHS. BRRHS d iifglﬂﬁié:liméfik\. M=TXy —-X§ &8 &

Id' ~g. 1 over X, — X2, d'T' ~9c 1 over X, — X2
VELD L. B F Ol = Cf, Fo: CL— C) %
Fy = (1-T'd")|X; n X2, Fo=(1-dT)|X,nx?2

TEDS. TR, F={FR}:C, - C, oMo [#+% v~ 251 5. C! © (%5
*] D, %
Dy =Ci(Xy NXE),  Do=Ci(Xy N X5
dD e d'IX.’.. ﬂXé‘ : Dl —* Do
TED,i: D, — C, AEBHETHE, fEVEDS F =if 2374 [#E#]f:C, — D,

DFES B, (D, f,i,T') it C. © “domination” Tk 3. —i¥ ([18]) £ v C! ko
MHENEEE] © (#3E r e —EE) i3

(1-s:  dp)
0 —— (Do® Dy, 1—p) —— 2% (po 1y — . ¢,
L p RRATEA SN 3 4e HETH 3 :
i —d
p= (__jf,‘r,i 1_‘)2.) : Do® Dy — Do & D;.

EE 41 REFLTEE >0, A> 0 NEETS .
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(1) W D X§¢ 5D € > e BHERIG [d: Cy — Co] = [Do @ Dy, p] & well-defined 7
EREER
0, Wh(X,px,€) — E’o(mpvvaf')

ERET 3,
(2) ROEHIE 0 THB :

8y ~
Wh(X+,PX+:€) GBW]Z(X—:PX_’G) - Wh(X1st 6) _—: KO(WPW) é,)'

= LENOBREEEEROEET 5EROMNTHB.
(3) %‘H@%ﬁ@bégﬁ Wh(Xpr)e) - Wh(X,px,é) (T & Bker {a-i- : Wh(X,PX:f) -
Ro(W,pw,¢)} OFld, Xo D Xz UWAE v é> A 0 E&, B :

Wh(X+1p)2+aé) @Wh(X—;pX_)é) — Wh(X)PX)é)
DBICIENS.
(B, =105 A=10" w53 L. )

5. S! ADEME.

XL DFTA4 b~y FERBELTHEEREL

iy BeNLoN.

0 ——— Wh(x)
Ko(Z[r)) @ Nilo(Z[r]) @ Nilo(Z[r]) — 0

BEISNTWS ( Bass [L,XII]) . #-T Ko(Z[r]) 1t Whin x Z) OBABEES c &
T& B, HIEHE OB SROBEEBE D I, (CL [19])

w3 5.1, BIESE px : M — X CHLHESE gy &
Lig o )
Py MxS'— M5 X,

TEHD. COELEFED6>0BLU > 26 CwL, ROFTREXNDH S :

§F0



Wh(X, py,26) —E— Ro(X, px, 6)

| |

Wh(XaplXJE) B -I%O(-X)pX)K'ﬁ)

REULSOBERIFBERDZIERT c 2 4.1 OFEH

B oiggEn~5. $E R -R/Z=5' 2 1 THT. py L0 c FESH d: Cy, — Cp
EWEly X7 M xR — MxS! CEISRLTM xR LoEEE d: &, — & x#3. &,
REMRAR TR, 2, d iR X FTHBE c AR THE, py xlp: MxR — X xR
%Fﬁb\?‘:igéli;%’é’b HbESITHREV, K ZEDHEL, 1XEH o: R—R; 22— z/K
$2135. bL K B+HRKRE S o(d) Rpx x 1p £0 ¢ ARG &3, HRER TN
ERERLREVT, SOTR O, 2RBIET 5 &Ko(X x J,px X 1y, k86) OTAEE. JoT
J RHBRM [—s,8] FRT. VIE57vary MxJ—Mx{0}=M BENEL

I?O(X x J,px % 17, x€) =, Eo(X,px,ICE)

EHETH DB COFREHMALCESNITE B([d) LED 5.

®ic B oiEd~3%. P=n(0) € S! TERa N3 S Lo&kfmE D = Z[{P}]
2EAB Ht:[0,]] >R EU)=00<0<1) TED, z% P ho P~
(Pymot:[0,1] — SY,P) &¥43. CoLsHEARNER B 2 kA TEDS :

B([A4p)=[1-p)@1+p®z: A®D— A®D].
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PEC bR VEBRTEZEER LT3, FIAED 3BOBLMERK
D3 2 BENAFEL 54 5.

[l 1. SRRE OB BE LR oM M b 4 IRSTEAS RIS
55 7

FRE2. SAbhica vy b AERHE E R, h B S ks
T & B FRET 72\ 4 RITS IR DRI 3 5 ¢

BT 2 DB OFEBIC D T~ e v,
§1. FEMEHEICES T 2 &

LIFRHHE L LTREBND S D (807 74— 35 1 FEFb i
TEEECDO) KOEZD L, ROWFhACHEEND CITFECHK
SR ORE—RT 23D T3). XL bLRIiKR=R vFE, el
FA7—HTh 3,

(1) e>0 ToBEEKbL EY .
) e—-O{ by =0 mod 2 (FBFEMHENE, F—3F X etc.)
B by=1 mod 2 (/NFphE, Hopf BifH etc. )

—RT7 TAN—LNDOREEHEED 7 74 N—F RS 74— 0 5
(%@ﬂ47ﬁ¢¥m;b%ﬁénrm5)ﬁ,iﬁ@)&&é@m,ﬁ%
ZTAN—LLTEE =X () LadEavne %, (1) kenls
@&%T,C@%ezlhﬁﬂf%é(MT547KD@&%ﬁk:X&D
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;LT ERT D). ThEAT (1) DL ELZEE SOIKEE m SHEZ:
f] B#% orbifold & 27 L7 & ¥ OEABICE L s, 7 SHATERICH B b
DE (1) ARSI LA

LARMICYH FEHED =7 VERHE (ChbiRRoREEEK
WOFHETHE) COWTKRD T &3EbhT w3,

Fact 1. RHEHEDAOREHEE R, HERYEET 2 L& +8HE.

%%K‘l 2@l Bz 2 B55R1LU3B % ( Moishezon, Ebeling, Salvetti,
Kotschick ete.). FhERo Friedman-Morgan ZDMOEEI L nEFE
FHHEZER CERATARTH 2. T, EOfECELTR

Fact 2 [M], [Ul]. 20o0fMEER, EAEIEIERKERT EONKE, -
[FIE 7 b FEET S 3.

acaﬁgxﬁﬁEEM@%@a%mggago&<§a5.%ﬂ%
B A ICEER R M T 5.

L. HEUEE 7 : S — BOY 74— F = 1-3(p) i p OIERES
AZToHMEL & 2e, m:a7HA) — A2 KRTHR D*pEErbo
2m/m [EERC 2 > CIROTEICEZ NG L %, EEEMOEE b —5 % &
w3,

7:(D* xT*)/Zmn — D? /7

7L L DERST o DVERIBT DR B BT, T?RS LIS 35 ~D
' ?ﬁ@E&LT@§Wﬂ§#&%ylﬁxT2el)ﬁb%%ECﬁh%
(Fix ({0} xT%)/Z,, X3 2).

%%Kﬁa§¥~7xuﬂ@§§774ﬂ—%%5ﬁ,cnaﬁ%m
LY &LF LB TES (Moishezon ) DTTHLBEEL &\

EF 2. FA 712k (k> 0) DOFEMMEET, EMEAELO, Bls
7:8 = SR BEEREL, hoOSET TARN—ZFERb D% S &
HobT. COTREZEORD EFTREAT 5. 2242 5 ks,
T OWSFREER kDHT—EMICERE 3 ( Kas, Moishezon ) .

—RICEET 7A S —%FFOBAMER, FUEZSE, FUA45—
BE®b, SE7 74— 2Rk WELMECERE O "N ”
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( logarithmic transformation ) 775z &TiEbh 3. T CTCRERE
R L CHEEE %" Dehn TP & LCRDAL £ - '

=33, FEEE 7 S — BiIcH L, 20— 7 74 -5— fOEEN(f) =
D2 xT%% ShbiEnt, DxT?2EHLLAKD LS CEYAT 3.

S' = (S = N(f)) U, D* x T

7L 8D x T? — 8(S — N(f)) BEHFHEER T, F—1R0(S -
N(f)) & 8 x §* x S'%& g = S x x x % w]8(S = N(f)) DFHLY,
#x St SIBT 74 N—C—BF B X SEELREE, L=xx5 xx,
b= x*x S ICH LTe(8D? x ) 33 mq + af + bk (ged(m, a,b) = 1)
CHbhENGEHBIC—ETE LA b0THIE. dbLle(S)>0%b
S OMSEREER S m BUTHRES (p, 0, b Ibi\n). TOE
Ve% "EEEm OFEER "L XUm > 1 AbLES'Y BE~N0OH BN
B KX o CEUELME L A% corE {0} xT? c D? x T’
BT 2EEE m OZE T R L7 5.
4 SUCEEEThThm; ((=1,...,1) ONEERE T ot b
5%%%51;(7711,...,11%) LB, COBSTEREER K, ms (i=l,...,t)
PEETIE—ENCEES. (ktidm =1 b Sk(my,. .., my) =
Se(ma,...,m) TH3). Fick mHEECLND L LRERLTHL.

+ 3 L EABEIRKEERIC A D DIRD b DICERS.

S =Si(p,q) (p,g=1), mS=2Z/ged(p,9)Z

THEOREM [FM1,2]. k> 2Dk %, Si(p,q) & Sk(p',¢) #EOFHE%L
bpg=rq. .
AEOHEONSFHEOSLARER I XA INTRRVE, COE
EREREEONE & OMCERO DL ERH L LERLTWS (FE
1 x5 2 EERIE) -
EAREN A FRKERE 0SS OEHREEOHIE IR D Hambleton-Kreck O
BRI 5. ‘

THEOREM [HK]. BEMD bk 4 KTHSHRE XtmX =Z/2,. ¢ &
2 b OOEREER, Ho(X,Z)/Tor DS qx & Kirby-Siebenmann
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TEEKS(X) € (B XU rBHOL ERCNCIEC w24 T &
FFEN S b ) TERE 3.
PROPOSITION. Si(p1,p2) & Sw(p},ph) HSEHEIC 4 2 NS | =
K, ged(p1,p2) = ged(p, ) (=r& ), »D

(1) r, k2 dDCHFE FhiZ

(2) ZNBSD & & (p1 +p2)/r = (0} + p})/r mod 2
tErBCETHB.

%5 Su(p, 0) (25d(p, 0) = 1) DF AT HK DTS o,

95u(p,q) = kE; & (2k — QU e U’

CCTEy BFEE8, BEETEA TN Doz 25—k 2 s
U, U'BENENWRDOFTFICEE N3 2 LIF=

U=G (1)) U'=<g _(pg)zki(p—%q)z)

DEFHFICTIIE LT Si(p, @) BAD bHIC S B F N7 Brieskorn
FEu Y- 3HETHECES ([G], [U2]). #ic Uestingd 3 (chk
KRR T B) SEIDG Nilp, q) RON(p, g) = (2, 3,6k — 1) 7
DEET7 TAN=RTRTED LS5 KK LR, [G] Tl FEMEE " nucleus”
LN T 3.

—HEE 2 IO Wt Gompf-Mrowka [GM] 3Kk € & %5F L 7.

ﬁﬁﬂGM}SﬂChHKBEE)&@ﬁﬁﬁ,ﬁiﬂﬁkﬁﬁﬁﬁﬁfl
7w\ 4 RTTSBREDIRIMBRET 2 (SR IR S & 20 E
HTZWDDXENS).

b OB K DT EDBIDREE 54 7.

TIE (THOM). EROMSEREA TS 4 KTEAS B R TR E D EY
H (ME2ELTD L) BIU S OB L MAEECHS 5

BIOVEMHEIC O WTIRRD T & Wi 3.

E [U2). SHEARBE m SHHRRT, k=e(S)/12 > 2 % 2 SR &+
O R LEAFEISKERIO L F 1, X OO e kb & b ICEs

)fé



BET 3. ToLEROEELFFO4RTASSEEAE S, (1=1,2,...)
D ERRRERAET 5. MT=RMmE 2R -THOFEHE, - X XomE
EEA D DOEEKT 3.

(1) 571k SELFEHE

(2) i # kbl SF 2 £S;.

(3) $RTD i ICDWT S 2 +HEFEE.

(4) TRCDIECDNT, S;OEBHES! 55! = MIN @%&c%b‘a

Ab MEik Nitass ) ¥— 42E.

1. EEOBRE > 3ICHL, S & FHEAY, EREE (9% 254
Th E) OERRICHAFHECR SR RERET 2.

—5EFIHATE S DRABESEREC 2 WATIRBHC & 5 D K OB AT
HE L. CDLEMSE SOB) DEERSETH 3.

1 1 1
S ._—',S. > 9 - = . 1
L(P,Q»T) D, a4, T 2 4, q+ - >

F7ciic SO(3) DEEDE RO IS EOREAR: L AND. o
T EEEDZEHE & Friedman-Morgan OFEE X D

F%2. SO3) DEEOEFREHR G KL, mX =G A3EEH0bh
7o 4 RTEAZHIRIE T, EEEOBSEEL DO DRD 3.

7z ¥ Hambleton-Kreck [HK] REXRBXREIET, bk = ¢(S5)/12 > 2
72 BFEMETE S & FliE% 4 IRTAIMOBSHIE X T, T oWBHE
X = XX (04(X1) > 0,b4(X5) > 0) 225 Y ORFET B L &5
. L7 (Donaldson DFEEK X b € 0 X RERHMECESERECrR A V).

| §2. DONALDSON RZEEIDWT

§1 DFIIC BT, HWOEMEERT =T Donaldson REEE" IC X >TH
AENBDTES Donaldson REEDA Y oi¥AEES RS, X% E
T b 4 IRTTRIBASHRIAT, b X =14+2p> 1295 (04X
B XOR[FR ax DIECEBEEDE) . (X Ldeh XEBEE L+ 5
23, BIRD wePRH LR\ & & (7 & A Em X B EEOKERET D
Xw)7m: P - X% XEDSOB) XA Y LT3 ET0RESERD
wy(P) € H¥(X,2Z;) & p1i(P) € HYX,Z) = Z THES. 7itL wa(P)

/o7



DEZD H* (X, Z) ~DFb T c K LTp = mod 4 TH 5. i
KTz skT we, p1EH3 SOB) XY FAL P — XCEECES. X
DY) —<=vEEgE L o7,

By(X, P) = {P_Lo¥kz}/Aut P
Mqy(X, P) = {A € By(X, P) | AR EITABs (ASD) gﬁ}/f;utp

LB E (My = My(X,P) % ASD B DE Y =5 4 22 L FE20)
Freed-Uhlenbeck DFEIC X ) —D giIcH L TH, M,EAH bk
BHROBEZ D (I MgRAMAEREZ ST, ToRTR

2d==2p; = 3(1 +b;X) =2(—p1 — 3(p+1))

(w(P) =0 D& & P SUQ2) Ny FriciEb b, Mopr%c
TOASD ERDEY 25 A R L ZRE D) Fic MO IC—2
KEEHRASD (EREICIE w, DB B ¢ DF ) #oc & Hy(X) OfE I
X3). COlEDHIEE p: Hy(X,Z) — H*(B,, Z) 3% >TkE d O
Donaldson (ZER,) B

Ve, SHHA(X, Z)) = Z RO K 5 Iczezkx 3 ([DK)).

7?{,102(‘11) sy ad) =< “(al) Uu.--u /‘(ad% {Mg] > (ai € H2(X) Z))

| (FHREBZEEEEFE LAY, Myoav iy MErEzhEabr
W) TR >1AbgDE D hkiCEbh v FKd=0:a5% &%
% simple invariant £ \» 5 ([DK]). o %k

Cx ={ne€ H*(X,Z;)|n#0, n-n=-3(p+1) mod 4}

B E SOV PP — XT, wy(P)=17€Cx, pi(P) = =3(p+1)
25D E—ROFTE JICH LT, My(X,P) ZABREDS (£1 oiFE->
%) T vx(n) =%, = IMg(X, P) € Z (REFN) KX oTyx : Cx — Z
BEEIND. T5 & X LUDFEHEAS R X' L E & 2R 0MSFEE
Bo: X - XL

Tx (" (1)) = £yx: (7).
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FFSLike B ERBTCTEY 27 4 EEOBOEEAE TN FNOE T TR
OHMICTERICE o THED S.

I XBREME T, c € H*(X,Z)n ' % 3 wy(P) 0¥b L
HBL%, g¥XDHodge & L %57 % Ample iR L33 &,
M(X,P) & X LOFE# 2 0 LRETERRZ Y AHTC, ¢ =¢, ¢ =
(S =p(P)/4 22 B DDEL 25 A ZRLEREN (Hi(X,Z:) =0
D& E) RESMANASEICOE 2 C L REENCTEECS 3 (R
FELNRR L AL EERCEE I T v). & CT—4fic Hodge &t
B generic” TRVRE (M BFRA:2 355 2) b L M;0FTOR,
DHEBCEEN b BT BUTT (2d) D o T, FHFN7E complex
space & L C”multiplicity” 0437 1 ’752,,,2 573 5. Friedman-Morgan
i Si(p, @) @ w2 = 0 DEA DKL DE > Donaldson ZIERFLED D
ERECE B LC ERROEE R L ([FML2)) . Su(p, q) OUELO
DAEE (w, #0) KT 2 RRRETTE ) BT 3.

§3. EHEOFIDHERL & sIMPLE INVARIANT DFH

DUITF=HE [U2) ofl S;% S = Sk (k1 3 M L3S LA 28481 -
TS 2 (MOBEIFEER) . T3 S b—My7 74— N(f)
RV hD% '

5y = Sp — intN(f)

EBL FTBESESE S OT 7 =FS = S0US)_, oRiIcE
0, 5 7 Sk — S Hmlse 1 ) = D eéalse 1 S)_, — D2OFUCHHR
T3, 850285) & DR TDTICHEEF S cross section ¢ = S X * X *,
— T FAN—DA—T L = % x St % ¥, h =% X *x S'CELNS
X 5% framing & S x §! x S'R¥ED. FrTCDI DD SRR
HEBRTET (LadoT7 74 N—BEZ R A W) BOFHEES
0:85)_) = 0S{ TR ->TR Y ABLELID%

5 =5U, 5%,

L LoXBERE TS RS FHEER I SPetko 2 WICHIET 3
(Matumoto) T &b, S7 & Sp. TOWSEHEESK XY 5.0 cross
section BEZ* C SfIL503. EHICSIHD 2 00— 7 74 ~N—TE
BE p, (DXEEBRER L b DR SVp,q) L%

S7(p,a) = SY(p,q) Us SY_,

-
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reEd s (SR SI(pg) KHBET 74— tZbbAnISICAS
<w3). D 5(p,q) BEHERD nucleus” Na(p, q) & 5%(p,q) RDEZE
b— 5 REPEBCED X 5 KEATEY (k22 55%) Freedman O
ErbRDOT ERNL 5. ‘

PROPOSITION. T D& (x) © b &T S7(p, q) X S L[EIE.
(*) ged(p,g) =1, p=g=1 mod?2

X5 % S(p,q) DFHLRDERE SiERNWETDLINDLD
simple invariant (K% 0 @ Donaldson NEE) %, Sp® invariant OFF
{fi ( Donaldson [DK)], &8 —&8E [KS)), S, = SfAaZESE, BIUNE
ZrHERT & B LR D simple invariant DEFFR% 54 5 Gompf-Mrowka
oEE ([GK]) #F >TiHiEiT 3 ([KS] Ceh bR EICHSE
BThnd ORERED 3 C EWRENTVE). k=2 LABEELX
ODOESTEBRIEALZDT, ThEPHEEL TS, T S0—iK
7 74— f, cross section TICH LT, 1o = PD(Z — (k—-2)f) &3
{ ko €Cs, ([KS) E2I3§2) TH B ( PD,I Poincare Ik mod2 ) .
S, @ SIEERTE L, 5 =PDy(2* —(k—2)f) €Css. 5.
() k=284 (S 1K 3 #hmE)
(1) 7s.(m0) =1 ([DK], [KS]).
(2) Diff S3 1% Cs, LICHEERICVERTF 3 ([Mt]) .
(3) HEED 1 € Cs, I L Tys,(n) = 1. B o> THERED n* € Css I L
Tysg(n*) = 1.
(4) maxnecsy .o [155(p,0) (M) = pg ([GM], 7272 L ged(p,q) = 1)
=157 (p,9) = S2(p,9) TH D, maxnecs, .. [152p,0) (M| =g & Y,
Frigdman-Morgan OIERZF/RTE S (T DD S, & [FHEA A 43R
LHOEHETRbDRVEL DICE D 2RO (S_,0FTH) % -
HEEBELALTRALAW [GK]) .
(I1) k > 3 $D kXRZTHOES.
(1) vs.(mo) # 0 ([KS]). T DIEDMEHERY & ¥ <.
(2) Diff Si. 1% Cs, EHEBBYICVERTT 3 ([U2)).
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(3) FEED 7 € C5, LDV Tys, (1) = T (EED " € Cs; (LT
byse (%) = £70) -
(4) MaX7ECse (5,0) |75 (p,q)(’])l = pgvo ([GM] ODI\'B:Z”rQ)

LT ABEHETHED L E W SE(p,q9) X Sk, ¢) & R—CEIFRET
Z\ ChREROESEIC X 5.

PROPOSITION [U2]. S = Si(p,q) (ged(p,q) = 1,k = 1 mod 2)
LG '
p=qg®1l mod?2

-
vs(m) = { 0 E Z Dfh

P >T T D& % Friedman-Morgan OfERIZIKEL 0 OARLEL T TR
BHEIhAWw —FHEk>2CERERDLE, Lox7 7 (1) i1 (I0)
kFIRIC 7 Y 720 ([KS]) 23, (2) RcZZLK &\ SR Cs, OYHERE
Ci, % |

Cs, ={n€Cs, |n- PD2f¢0}
CSh = {77 € Cg, l 7+ PLyg; )

raEn s b, KAMEROLEREBLIZTRL, k> 24D G,

13 Ch, DTCHSFEHET DV Eba (k=202 %’fcb‘kiﬁo% zi
7z k#%fﬁﬁ: bCy =0). COkDE>2 RBHEHD L '5’0) sunple
invariant OFHE ZRETD 5.

wFRICE X k2SO & & 11 simple invariant D EORY 5 5%
KlE% BB 5 € &7C SE(p,q) DEAH S DFEFENLND. ThOITE
W [U2) ® (3), (4) BHAcT T LEFTICHE bic, simple invariant 0 E
Azt (K], [GM]), #E3ReE @ Enriques-Kodaira D5Y¥E, Miyaoka-
Yau RER 4 & HBETDH 5.

B0 51 TR~ A FEMHETEI D Brieskorn % » ¥ —EKEIC & 2 5EICES
L, 208 (Instanton Homology % FREIC 30) Wsa#y Donaldson
REEDOERSFHITHE 2% Ebeling-Okonek [EO) it X v ( Fintushel-Stern,
Friedman-Morgan OERFEHE L T) RT3 C LRATMATES.
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ZHAOT S 7 ORKERE

MR AE R B KR R

§0. LT

3-sphere S Wich 3757 (EM7 77 L 3) O (AR BTFE I knot
theory O HARBILEO—> L EZL oh, REMESHTEYF L DR E b
BoTHEEEND &I ->T &7, knot ®4EHE (branched covering )
i knot ORIMHMIHEAFARZ LTERABERTH Y, FLZRTEHRE
2L B EUTOWTRELTERY, JITRERI7IRIERL, KK
f-curve @ branched covering iZ D2 W Tiw LT AW,

§1. Zf 7 7 7

CoTR, BESSTROVWTOWL 2 OERERENT 5.

— 5@ s 5 7 B HE VI ambient isotopic KB & &, INHE
equivalent T&H % & W 9., S HOBZEHREEICH B 757 (RET T 7)
& equivalent 2 75 7 i trivial TH B & 3. Frre S cEnEh 3
757, LTRVWAVWANRGOBEH BN, —BEHELTSDLLT f,-curve
BeHs CHR-ZOOEAE nBOLTHEATTESE V57 (fn 77
2) ¢, n=2 ® & &t simpleloop THH, n=3 D& 3BT f-curve
rwa, BEss7 Licttwl, I EofE&ED simple loop i S HT
knot o< 328, @& knot % L @ constituent knot £\ 35. &
f2, W ohDEDH 5L\ constituent knot ®f1% L @ constituent link
w3, f-curve ® Eic iz = @ simple loop 3% % O T, 5% WO f-curve
i1 = @ constituent knot % &>. I# 5= D constituent knot &8\
St trivial 55, bE® fcurve b trivial 2 EWIESHALTSE
B, COBItVT 5ERETN TS 5 ( Figure 1 o T @ O-curve 2
Blo—-o). < OFl f-curve K dIREE N, S° Wi, TOFTNTOH
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4 8,—q-curve it trivial 7228, Zh HEH X trivial T W f,.-curve BEE
THIEHNVAE. COXIRFEENS 7 (FALCEDALARER
rys59) EARBsS 7 LB S Ricky, ThEER trivial TR0
L holEE0—>0OREWMOB WAL 5 758 trivial Th s &%, L
it almost trivial TH 3 LWV, WABITCMILRDO T WT R TORED
sy 7iedl, Th AR almost trivial 75 7 25 S° .[7\] LEET B
& #¢ Kawauchi [8] it & » TR& N7z, % 7 almost trivial f-curve iz oW
<~ OB A5 Wolcott [16] iwd 5. —7F L & L © mirror image %
equivalent TR W& &, L & chiral TH 23 &0 5. 7Z5f 75 7 @D chirality
EoWTOWEIR Simon [15] mEAE2BRE I W,

EREs57 LikPLT, G=m(S—L) %2 L oB&FR L ORI
L @ topological invariant T& % 28, trivial ©RW ' 5 7 DN trivial
KB EBECDES, f-curve ik D WTE A IF, Figure 2 @ rational
f-curve ¥ Figure 3 @ pseudo-rational f-curve D E & trivial TH % (Z
5o f-curve KoV T I Bl ZsBahicw). I, 2 n ROWHREL
L, p % G ® I, ~o transitive FF &4 5. p & monodromy map
LIE. o, S®— L @ n-fold unbranched covering & G ® T, ~®
monodromy map OEMEE R 11 LkHiig 3 2 &BmMon T3 (Fox
2. AT S%— L @ unbranched covering @%b i FE L 7= branched
covering 2EZE T 5l &7 d. Il monodromy map p I L 72
LDOTHD, M}(L)A TE3 (L © n—foldkbra.nched covering’f EWnH) .
53 — [ @ unbranched covering ® #A RS G icBW T normal ©H % &
% covering ik regular TH 5 LWV, THITRWEE irregular ’Cdﬁ 3 &
w3, L % knot © link THW—ROEM s/ 5 7TH B, ML) i
closed 3-manifold it 5B WIBA NS 2 (BAPEby o S? o lift 28 52
eh 5 WIBA TS 5) . %7 Alexander [1] i fE&E ® closed 3-manifold
e B2~ 5> 7 @ branched covering ©H 5 T &R LTW3S,
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Figure 2

Figure 3

§2. knot- D BB

o8k, [6,[5] 2Bt lcb0TH 3. 6] RMERENEHEEOH#
BHETH 5.

Hilden [7] & Montesinos [11] i {F& @ closed 3-manifold % % knot
@ 3-fold irregular branched covering ¢hH 5 %2 RL#7. #2707, Th
%355 L ¢ knot group G @ p X @ dihedral group ~® % & (knot ® D,
F£H) LI L 72 knot ® D,-branched covering 2% %1 3. <
Tp BHERKET . knot K il T, My(K) % K @ 2-fold branched
covering & L, v % Hl(Hz(K);ZP) o rank &4 3.

EHE 21 Ko D, REOFEEER (0" -1)/(p—-1) t5EXZ o 3.
Ag(t) % K © Alexander 2R &3 5. |

%22 Ko D, ZEBEETRDOLETHEER Ak(-1) =
Omodp T& 3. '

SETHOATWBE I EELT, K # 2-bridge knot S(e, ) 55, K
DD, REVPEETE1HHOLETHEHR a=0modp THY, SLE
g M,(K) it S° EHicix 3. % T bridge %53 Ll _E® knot
@ branched covering 2% X 3. % ®7:% Montesinos knot & H3 3.
Figure 4 ©& &+ % knot % Montesinos knot & IF ¥,

M(e; (011, :31)) (a2; ﬁ2)) sy (CY,, ﬁr))

TE. 727U (04, f;) i3 rational tangle ® Schubert £ Rc$% 3. §p=5
LT3 (pBBOFHRHOBELEHROBHRMBTAME). v 2 o, =0mod 5
&% 1 OEEET 5.
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-‘ Figure 4 l

s=m 2.3 K % Montesinos knot &3 5.
(1) sL =0T Ko D BEBEET UL, Ds REOFEERR
— o, fthEs 3 Ds-branched covering % S L EIH.
(2) L V=115 K 0 Ds RABFELZL.
(38) %Lu>2mb1(@Dsmﬁ@nmﬁm(V*—4y4f 55
, LT Ds-branched covering & L(p;, ¢:)#L(pi, ) F72i TN o
o7 @ connected sum & @M. 7L, (ps,q:) = (0,6;),1 <3 <r
(0,1), (1,1) .

p, % Hi(M,(K); Zs) © rank &4 3.

% 2.4 % L Montesinos knot K 78 Ds Z2H p 2H T

pp=20v— 1).

751'?‘C1’FFEE]EE@?JZ®%¥§75§BZV) Ao EEEFRLIORS NI

= 25 & L knot K 28 D3 R3 p zRTE

Hl(M (K); Z5) @ Z3 & Hl(Mg(I\) Zs3).

COEEASZCEERROTEEZILTE.

4 L knot K #8 Ds RE p 2HTH

(ML (K); Zs) ® Zs = Hy(May(K); Zs).

BLE 24 BT r>2873E, TEORAESABICILES.
L L% 2.4 iz Montesinos knot T72 WwW—f%® knot (‘&U{&:ﬁ 940, 949, 10103,
10455 75 &) i LTRAERILL R,
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—%, G DARDOERE Ay (EMHEHEE) ~D onto BEHE 2 hH
iz fBE L 72 branched covering 2% % %, Hs(K ) 2 K @ 3-fold cyclic
branched covering & L, § % Hl(Hg(I{);ZZ) ® rank &9 3.

EH 26 Ko A REOREERZ (2P-1)/3c5x25h 3.

%27 Ko A4 EHBREET S fe DOV EF475MB1 AK(w)AK(wz) ==
Omod4 THh3. X Lwidl1OEEIFEERTHS.

& 5z, K 4 2-bridgeknot T©Uh b Ay BH u 281 51, M,(K)
e VY XEMEEHETHE E BN S,

§3. f-curve D H B

o §i3, M, 2BeliboTh 3.

LS HDb-curve 283 &L, L OTEAE v1,vy, A% eq, 65,63
THRT. T LR S vy NEIEISHSNLTWEET 2. [ 0fF
G ©$#ERi: [ © Wirtinger presentation W3 C & TE LN 2. 412
bHB, G O generator DEEIE L © diagram @ overpass i3 ind 3.
{z1,. -, 3}, {¥1s- - Um b {21,y 2n} ZENE N €1, 60,5 D overpass ic
%iid % generator &9 5. T L &, A Figure 5 (1) Ttah 3 v
s 3 G o relator it z1y1z1 TH v, Figure 5 (ii) tExhz L o
crossing ¥ I5d 3 G o relator i3 z;y;27'y;! ©H 5. G @ relator @
i l+min—17Td3. G OD—>0D relator iZ{h D relator » 58 5
NB3DOT, TOERD deficiency 122 &£72 3,

Figure 5

T, GO Ly ~ORBEEEZLS, L IDEH onto 72 5, cover-
ing i3 irregular ©& b, L» b fTRE$ 3 branched covering ( L o 3-fold
irregular branched covering ) 2% iz closed 3-manifold & 72 2. LIF onto
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REBRDIEEZEZLS., pCHTEIEELLTROESDIEANES 3,

p(z:) € {(12),(13),(23)}, i=1,...,4
(1) uy;) €{(12),(13),(23)}, 7 =1,...,m,
u(zr) € {e,(123),(132)}, k=1,...,n.

p(z:) € {(12),(13),(23)}, i=1,...,4
(2) ply;) € {e,(123),(132)}, s=1,...,m,
pwz) € {(12),(13),(23)}, k=1,...,n.

pzi) € {e,(123),(132)}, i=1,...,¢,
(3) uly;) € {(12),(13),(23)}, j=1,...,m,
p(zx) € {(12): (13), (23)}, k=1,...,n
NoRTNTEBLELONZ20T (1) 2RET 2. $2&, EUFHE
ZRLERIDIROEREES

FE3L (1) 2Biy LoD 2RORERR 2L b—25 3.

#E-T (1),(2),3) 2GbR LB EHHE>D L 0 T3 EHEORE
EPFEETIILIRE S,

L o %3 R p icfthE L7 L @ 3-fold irregular branched covering
ML) @20 TRWC 2P OREREETVEY, &TREDRENR
bDE—DBE~NBILicd 5. Figurel 0BT O b-curve 2 LT, %
@ 3-fold irregular branched covering i, Z0ABOWHE LIV =>D L >~
z 72 L(5,2) ¥ ohns. —%, Figure 6 @ G-curve lc.i’fft‘t zo
3-fold irregular branched covering i, @i’ﬁ']’ o S° Eéiﬁzj L(7,2)
THad. -TIhoDl Lps, _1gure 1 & Figure 6 @ f-curve it &
iz trivial T, LA INSREWVIK equivalent TH W & b
% . chirality it > WTE X ¥, Figure 6 ® f-curve it chiral ©& 2 - &
Dhi» 5 h8, Figure 1 @ f-curve 3¥|E T & 712 L,
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Ric, GO Ay ~Donto BREEEZ 3, COEFIcHHEEL - covering
i irregular TH B, CORBER_EBECS PN, A0 2HOTAER
D=2>DEEIHLIT 3.

A = {1,(12)(34), (13)(24), (14)(23)}
B = {(123),(134),(243), (142)}
C = {(132),(234),(124), (143)}

IO, bL A BE ped LT p(z), p(yr), w(z1) B4 <T B B4,
TRTCCIRBETH, p % pure Ay REEMES. £72, pz), u(y), ulz)
BERLZEN ABCORRLZ—>IETH, mixed A4y EFHEIES, & &
Tl pure BREDAEEZL DI Licd 3., Ly EHOESEERICET
FEAEZBCIELIVDROEREERB 3.

FHE 32 L opure Ay EREOREHIR L tdb—25 3.

Yis REE R, pure Ay FIFIT{TRE L 72 pure As-branched covering
i3 closed 3-manifold it SR WIBEAHE 2. FARHBROFTE 2 1F, &
TD O-curve K LTRAEDD pure Ay EROFEEESELEST 358, =
D> 5 D—2 TP L /= branched covering i3 closed 3-manifold i 72 &
B, BD DM O pure Ay RH TR L 7 branched covering i1 = -
@ P%4(S% x S') & prism manifold M; _, Tk 3. COEEIVETD
f-curve 7% chiral T3 2 C &8 b» 3. b A i Figure 6 @ f-curve ®
pure A,-branched covering 13 L(5,4) T& 3.

SGETO2o0H3 & b irregular branched covering T & - 72 2%,
Nakao [13] i3 G @ Z,® Z8 ~® onto W EE itk L 7= Z.&® Z, branched
covering ZF~ (I @ covering id regular TH 3), KOEELZET WS,

FE33 Lol zBukxlLc

m@hu»géﬂm%mm.
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7272 L K; 12 LI © constituent knot .

§4. OO LM 5 7 DHIKEKE

Z D §TIiE f-curve P DL S 5 7 © branched covering it oW T @
EROEBELZEBMIEBANTSE. FLVWVHERC2WVWTR, TAZFLOXEE
ZEEh 0,

¥ ¥ Kinoshita [9] id fs-curve OB D X3 ~D onto MRIIC{TREL 72
3-fold irregular branched covering %3 ~7c. ) BE&E f-curve Ok &
%75 v, branched covering & L TH S 5 ZE/H closed 3-manifold i 73
LT WIES S 2. & & Tt branched covering 45 closed 3-manifold iz 72
i8S BT LT, Wolcott @ almost trivial f-curve % JLiR L 72 Pretzel
g,-curve @ branched covering ZF~NTW 5.

¥ 72 Nakao [14] i3 Ks-graph OB D Z, @ Z; ~® onto BRHA K £}
B L7 Z» @ Z, branched covering % F{~7z. T LT Z2® 2 branched
covering @ homology group i€ 2\ T f-curve DIEBESICELULALERZE
TWw5,

Naka [12] i3 O,-curve OB D Z, ~® onto WRIICHTEEL 7= n-fold
cyclic branched covering % F~7z. TDBE, BEROIHDT 5% % &
n, #=o lift 2F~3 & genus (n—1)(n—2)/2 © orientable surface T&
%Z. $£-7T, n>3 OB branched covering i3 closed 3-manifold <7\,
- o ¢ix, Litherland [10] #5528 L 7= ,-curve @ topological invariant &
OEBEBREINATWVS, = j

s Z 0
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RERY K #Em & IR

BllfOA BELRFHEHFEH

i

() FIZEKERI 1960 E/A %KD b ic Wall-Frdhlich [3, 12] &/ 4 FEEHLT
3 L. £ 0. 1980 R U i Dress-Kuku [1] % & ¢f Fiedorowicz-Hauschild-May [2]
BENEFWELBBLIUBRHTIEREE A2 BEAER [7] ik 8T, Frohlich-Wall
i -REET ke V- (OGEHE) ELTHRTEACEERL. &5 [§
T Dress-Kuku B % & U Fiedorowicz-Hauschild-May #3614 3t o Frohlich-Wall 2 o
BAOBEERBESEER L, A@BETR. [T, 8 3LV, zokE9 0xEX
MREETOHE2WTHEERTY %,

FEZKEHROER
£, BEKEROEROMIEZB~L 30

Frohlich-Wall Bis # Gog&xhe/ 4 FEFELTERAT2E/ A FEC 2 G E/
4 FE &ML, EG % G o translation category . 978 5 obj EG = G, mor BG = GxG
T, GERY
g(m,z) = (m,zg™?), (m,z):z — mz € morEG

TEAONBb0LL. EGi 5 C ~DRZEHETE L HRERDOE T T/ 4 FHE Catg(EG,C)
22415, C o0 GHEABKEHTS WL Catg(EG,C)=Rep(G,C) i G C ickiF 5%
FHOB /s 572\, Frohlich-Wall [3, 12] i3 C o FZE K &% Catg(£G,C) © (EificH
+3) KEELTERL .

Go&i#sE H ks L.

KIWC(G/H) = K.Caty(EH,C)
LB L. Moo K< HicxdL, BAGTHERER

resh : K'™WC(G/H) = KFVC(G/K)
indf : KT™WC(G/K) — KFVC(G/H)

pERS . 3B KTVC : G/H — K]VC(G/H) 1 Mackey BF L5, LizdiaT,
Frohlich-Wall ORI ZKE#RIZ G2/ 4 FEO# 57T Y —5 o (KET &) Mackey BE D
HPITY—~DEFELRET I ENWKS,
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Dress-Kuku 23§ Dress-Kuku [1] 35548 M ORZKERZROL I LER L, &
DFHE GHEE P ity L. %o translation category 2 EP &< &, WEE Cat(EP, M)
HERCELBEOHELEE 2. (P=G/H 15X, Cat(EP,M) it Rep(H, M) i HRR
fHo) LicHo>T. Z2FIcBd 5 Quillen o KB

KPXM(P) = K.Cat(EP, M) = 7,,,QCat(EP, M)

WEH SN 5, Frohlich-Wall 0384 L E#. i G/H — KPXM(G/H) #5 Mackey BF
i esrah, KX BRESLABON FTY —» 5 (R E) Mackey BFE D #
‘7‘:7*']"’\0)E%E& £ 5,

Fiedorowicz-Hauschild-May Hi B2 >H R BLUEEOBKn>0 kL.
(G, GL,R) ¥ ¥ v 03 EEM%E B(G, GL.R) THTo (HZE/ v ¥ L OSEEM DM
KB LTRKREEEBEhiv,) Fiedorowicz-Hauschild-May [2] i3 . B(G, GL,R) ® &
MBEFLVERESE
GL(R,G) = || B(G, GL.R)
n>0

BGEFREPEC-ABIMHE G T4 F (HEid Whitneysum ) &8 3o &%2R0L. 20
FEO YV -RABEML QBGLR,G) oFE T b E—HE LT ROFEKHEREES
Lico a5, o RBEHESL TRV VWS, QBGL(R,G) BELEEREN— TEB O G
FEPE-ERHEOLEERELAL, LW ->T. B

G/H — KF"MPR(G/H) = HQBGL(R, G)
i, ®it v Mackey BE LT 2,

# OEATRHIY, BEHELEBOFETHEZTKEBEHRBL TV,

ERR

GE/AFBEC ODRIZEKEREZE B3 ey -HBHOBREERLLTEE NS, T
ibhb

EFHEL1EFBO0GE/4 FBEC L. G 2Ry 54 KoC B0 Mackey HEE L
TOHREH
m? KeC = KTWC(G/H), H <G

BEET B,

& KIVWC(G/H) = K.(Cat(EG,C)¥) T ah., — ik GE/4 FBiRHLT. M
G/H v K, (D®) i Mackey BFREICIE 20 E 5 b IRE S W,
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KW oihé KX oz h s i BERN b LTy, BVEEBECEELTVWEC
EoERlEN G, BB, ROTEE2HEHEN 3, (BFEE ‘+ = Q’ theorem [5] DEIZENK
THB0)

FeB ML, 20 EFACRTHABE oM &, IsoM B8LU QM Fiic
MicsidsEMiclLTE /A4 FBIERS,

£ 2 KPXM 13 Mackey BF & LT KIIQM mEIETH 2, &5 ERATHR
EfWIsoM — KPXM
BEEL. M 0EERNT<THES 2R 5T, ChRERRIEE X5,

~%. B R EOHMMELANNP SR/ 4 FE% GIR THL. G & GLR KA
WIfEAT B b0 L5 &, WMWY IL,

3 Mackey BEEL LT HARR
KT"MR = KTV GLR
BEET 50
COREOEN (BLUBRBOGH) OREB S0, KETBR~<2FEELE Y K
DTS 30
ElEEE Y FvOEE

WE ARBNEET, GO A~DIEAR a:GXA—ATELILhTWEET 3, o
D aREET. agra— afg,a) BEHEBORE TS 3,

%% 4 (tom Dieck [11])) (G o, A) v FAE X AZERET2E~ v Frp: E— B
TREBITHOTH 5,

"L E, BRGZEH.pRGER
2.e€E, g€G, ae A5 if glea) = ge-ga

ECie G0 A~OERASEHETH AL, G Bitry FABERELTRAT BH, C
D&& p:E— B % (G A) v FrEiFEd,

p:EA— BARZEE~ Y FrET S &\ Greggmmicchic{fEELTWS

(EA,EA) = |J Homu(p™'(a),p~'(b)) & (EA x BA)/A
’ a,bEEA

& BA kosrcvFaT, 2o (FE) VIl (BE) ~r FLrEFHE1 X1 k.flﬂEL'C
W5
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GA (1B T, TOXMRLE = BA T, §alk= (FA FA) = (EA X EA)/A,
SA 2HHBT, TONRLE =FA T, §i2kh= (FA EA) xps EA 2 EAx EA
HaboEL., WFEE Cat(£G,SA) tZE GEHEG AERE*h®Fh

(9f)(m,z) = g- f(m,zg)
(fa)z) = f(z)-a

THEZ %, Cat(EG,0A) = Cat(EG,SA)[A TH b, WHBKD Lo

EE 5 (Kl - BII) HE SA— PASKET 3 WF
' Cat(EG, SA) — Cat(EG,GA)
DHEAENEFILE (G0, A) XY FLTH 5,

B COoFHER GBIy b e, $320VRIDL—BRMHEB TS - THET
T3, “

ST.H R EOFHRERBHNBELERNS» B2/ 4 FEIGIR2E 0, G 2EH
KER &R & I,
Cat(EG, GLR) = || Cat(EG, GL,R)
220
THD. & |Cat(EG, GLR)| 12, BES5 it&»T (G, GLR) ~v FAOHEEEER 3,
L7#8 > T, |Cat(EG, GLR)| it Fiedorowicz-Hauschild-May #%#% L 72 GL(R, G) ic[F{&
ThHh, FEIMNEHE N 5,

BHERZ

RZEFHER~OIH Str, TH O,. PL, 52013 Top, 2%+ &icd 2, EES5
% Str, WBAT B ik b, (G,Str,) v FAOLEER B(G,Str,) 851 3, (B
FimEn G EREEENR LT 5L stk Cat(EG,Sir,) ofbhic. 20 RBHRLE
Bg(Str,, GL,) 2 & 2 BEH S 50 FHIR [T 2ETHE/ o) LicdfoT Str= Il.30 Strn
(GEHEEHE) &b &, KeStr 2 G =/

BStr(G) = QB (U B(G, Strn))
n>0

PEEMBF V-V T72BEAB bbb, BROBRR LY. BETEE B(G,0,) —
B(G, PL,) — B(G,Top,) REZLMBE N~ 7 EEOE RO F)
BO(G) — BPL(G) — BTop(G)

ERUTELBEDRLY D, sk O ORBESETROGEEES,
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@ 6 @eER& B(G,0,) — B(G,PL,) — B(G,Top,) — B(G, F.) REZRB NV — 7=
HoBgOF
BO(G) — BPL(G) — BTop(G) — BF(G)

MY B, RL BGF) S 277478 T 3AET 47 V- VORRE
BR. BF(G) 1 G =/ 4 Fllso B(G,0,) 0BRHILERT.

coEEORZERER~OBRARBELTR[E FERTVREERV,

Lichtenbaum-Quillen FH & OM# &k ko OFBRKR A v Y Mk kEED, GELTH
mvﬁGﬂM%)%&%oGﬁﬁﬁmGM:&LNGLkKﬁﬁﬁéﬁ\M&MWﬂm
descent MBI & » T H LEA DT B Cat(EG, GLk)? = Catg(FH, GLk) o K Bk
ek b OKBHRIRELWILDBbD B, THEDD

wm 7 G 0BHAE H o L KEVGLK(G/H) = K.(k) #5020

E%S$%c&—%%@%ﬁ&Lfﬁéﬂ%&méc&m\%mMmmyﬁimaof
WBEVWS L EXDBANCEEBRTVWEETS b, fo & A Carlsson [4] 1z & B Segal
sHoTHe BT, 78 BRE G A7+ LOEAEFTPE-HLLTEAOND
c&ﬁ&ﬁ%ﬂ@%%%ttfmt:&%%uﬁ:Lfntﬁétmwgmém\ﬁ@G
2~y b5 AREBELGOE Y OFEKAR7 b5 4 Kol CEETH 50)

Segal TRl > C. HAUTER

BGIL(k®) ~ |Catc(EG, GLk)| — Mapg(EG, BGLE)
NEEST B2 F5L0EE
K (ko) — Mapg(EG, K (k)

2EZ L5, ohd, BYAEHbEBLILETRE L v—BHE &5 &S P (Thomason
[10] o FI§& 1= 5 2 1 homotopy limit E&E) »5 Lichtenbaum-Quillen F# % { e HORT
%555, EE1 & Carlsson [4] 0B EMA W3 & & it & » T, homotopy limit & G #
BEA7 —<NVE, DVWTRKEBOBALBETELIIENREN S,

7z % Thomason [10] & Bott EF o # 2 ERAM M T i, Lichtenbaum-Quillen F
HREENCRI B EZEHEL TV 3, ‘

B, SROBEELT, BE1 % GH—ROMHEB, L¢3yt Le#ss
Wit profinite B, DIEA~EETSHEEEYTHI 3, [1) TAVAFERZOZET
b TER WA, 2ORDYREDEISINFEEENEBRVWHLEARGEDL > TW 3,
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Topological Imitations of
3—Manifolds and
the Quantum Invariants

FI P K (RBR T SL A #E8)

3-manifold M i &Y closed connected oriented 3-manifold 2%
HKTA3H0rT 5. £BE r>1uHL,M 0b3ERBEFEES
Witten. [Wil &= X ¥ Quantunm Field Theory DEEHLSDFREEL LT
# A X3 (Walker[Wal% &), Reshetikhin-Turaev[RT] ¥ quantum group
EHESTEDEBHATALERIT oI, T Tk Reshetikin-Turaev OF
ZEHERLL - Kirby-HelvinlKHl] OFZE=E ¢ (M) 2EX3.

CU)E:%, rr(S3)=l, ‘Cr(MI#Mz):fr(Ml)"Er(Mz),
rr(ﬂ)=?r(M) BER VD, #iizd Lickorish [L1] % Blanchet-

Habegger-Masbaum-Vogel [BHMV] 12X 2 combinatorial approach T®D
ER{L®, Cappell-Lee-Miller [CLM] iz &% conformal field Theory
PEDEREEHSE. X6, [KM] BT, r ¥ FHors,
t (M)id T4(M) (i?‘:fi’c@i&i&)&: M Ok 30NHEFREE

oL (M) ORREBILHFFRENTOEOT, ZOFEE < (M)

HEXBZERTE. Baeidk [KH2] /Y, HhODFEE
rr(M),t'l, (M) % quantupn REECELE. AFOXEHHR, £F

rEz AR M »6FD quantun AEEIEWX S Z2ELD quantun R
EEPEOEEEREBEOEWIZEME T4 hyperbolic 3-manifold
M, n=1,2,...,N, 2EBRUE K] 0B8RI SVTOEHTHS.

DRIz, Ruberman [R] W XKBEE 2 @ closed separating

surface ICE3 3 nmutation D& L [K2] ItHBiFD topological
imitation theory A TE SNz [K3ITD topological imitation
theory DFEREFIAT S, =B, BLOBRLTVE M, &L BHH

M @ normal imitation THV,ERED22% nutative &2 35.
topological imitation theory i%, H 2@ 3-manifold H SAIFHAYIZE
ZFRITEDES 2H LW 3-nanifold 2BETAEEREZL B2V IBRIZ
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BWT, COFP7o—FREARTHS. EEHIZIRE ST topological
imitation theory & mutation theory &E[EHXHhBE M N O T

DEHRLEENRSD. hyperbolic 3-manifold M WP closed separating
surface 2 compressible 22354 &, THIZET S  e-nutation
M ONHEREIRVWI SR TWA([K3, Lennal.2]) T,
Ruberman [R], Meyerhoff-Ruberman [MR] @& RIZE Y, mutation iF

hyperbolic 3-manifold M DAMALEETH S hyperbolic volume
Vol(M), 7 “invariant 7% (M) 3 X Chern-Simons invariant CS({M)

EFHEREIROVI BB, M 2 homology 3-sphere DEEITIE,
nutation & Kirk [Ki] o#&E RS Casson invariant A (M) 2 HE
AN EPbr3. 3507, M . DEEBD 22 (BorLHE

AlFERIVARELZB)EL hyperbolic volume, B LU 7% -invariant,
B U Chern-Simons invariant #%#F%H, £/ M & homology
3-sphere DBEIE, & n THL, k(Mn)=l(M) Ly, po
Floer homology  group Id(Mn) 3 Floer homology group Id(M) >
EOD direct sumnand X U TR O2EI N TELIILHPRENDS. —F,
[K3] =13 topological imitation theory DEEHIE hyperbolic
isometry group IsomMn,n=1,2,...,N, OHDIDREBDODEEBHEARIEEL T
3. XTOER, G n=l,2,... N, 2HZEROFMWE G CDiff.M
DELCTHIWM)EOoFETIROE, M, & M® G -rornal
imitation T IsonM =G (R23XIKEMREILBREND.
I_TD r T T, PRETHDE D% 3-nanifold DI D#

ik, ZEH LM Lickorish [L2]1 & Kania-BartuzynskalKB] TH &
Ao, WTFROBL nutative X RBIEHBFrv I TES,

1., Topological Imitation Theory

£ ([K1]) 3-panifold M XL, MXI, I=[-1,1], ko
involution « T e(MX1D)=MX(-1) &%y, roBEESES
M*=Fix(a ,MXI) 2% 3-panifold 243t &E, M i MO®
imitation T 5.
AL,



SDEST o B MXI 2833 reflection 3. E8FER
M CMXI E—REPF~OHE MXI->M OBKE® q:M-M
% initation map &W3. ]I, a(x,1) =(x,-1), x €M, &
#BY%E, ZO initation & normal THhdw>. FEE G C
Diff .M % MXI ERBERIZEFXEBLEI, reflection o #H
G-equivariant X% 3% 564, IO imitation ¥ G-—initation
THBENS. XB5iT, reflection @ #  elx,t)=(x,-t), {x,t) ¢
JIMX I)UUGX I %3456, Z@ initation & G -nornal
initation THB LW, =¥L Uy B M To F(G,M) D
G-equivariant JEEEFT. S>E®D (1)-(3) &  topological
imitationtheory M EEMAZHE TH B (GEEHIE K11 23K

#HE 1.1

(1) <7 ® initation map gt M* » M BEZAE q.: H.(M") e
H.(M) BXU Kernel 28 perfect THD XD e HEEAE

qp: m i (M)=>=, (M) REKITS,

(2) +C® initation mp gt M*" > M @& M rtogEBEOH
BEERER LD 1ift k¥ initation map %Y, BL g B

normal 6, Z& lift $ normal IX#RD,

3) L M* » M @ G-—npormal imitation T, M’ B
M* @ G-—npormal imitation %5, M'" H M @D

G —inmitation % 3.

M WHEDAERFER 2D closed separating surface F &
F Fo involution o T orbit space F/ o # 8?2 &%3%
PEEXZ.M % F T YVHECT, BE o 2E->TEY2UE
T2 3-manifold M' i M @ e-mutation THBEVS
(. [R]1 T, TH#% nutation XFEF). M & M @ e-nutation
TEHEHBZOT, M, M' # e-nutative THBILE->THEALREDR
AN

=2 ([K3]) 2O® 3-panifold M & M KHL, FRED
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3-manifold @7 Mi (i=1,2,...,8 ) T, M‘l =M, MS—‘-M'
hof 1 T M, My, & e-nutative 2 23b08FETIL
#, M' & M @© putation (Fkix M, M & nutative) TH 3.

COEFEIZBWT, nutation i 3-manifold DRI 1 > FIEE G
5X%5. TOEEIR knot BB Conway mutation D—@ibick Y,
mutative THEMTRWE 5% 3-nanifold OHO#MIE  Conway
mutation THBRLD knot DXM» S Dehn surgery WL VEBRT
E5H, fHE% 3-nanifold @ class DHRRBELRZWEIEPRE.

DEDHER [K3,Theoren 3.2] CHEZORTVS.

ﬁ%lz ﬁ,, M c‘: lefM ADOEE @EE@E G @o(ECT
I ; GI}’ n=1,2,. N, ﬁﬁﬁ.@i

BOOCH Lxﬂ/‘fg AHWIZ  mutative T’R*{WZTE_H@T;?’;%&?NI
hypcerbolic J-manifold M ,n=1,2,...,N, To¥ZFEr3ES5h4Ho
BHi:Thbb, Mn BEM o Gn;ggma! imitation T Vol(Mn )
SC IpD IsomMnan B, Xoir, Mn B M HD_ trivial

lipk @ Jlink imitation On KX2T®D M @ 1/p-Dehn surgery
PoEsH, m KiE 1G1 ! THOIGRhLOBIEREI VAL LS
£33 REEREEE 2 T,

2., Quantum FLE

BEED M WEH3B integer framing % $H> oriented link L

D surgery kD S peBenzzrigk<monz. oo
link L Z2FHEERZFERT link diagran T EEHISBERIHE 2
framing 2H 0D e HFRTILZTE. L OELSH % $1L,
signature % sign L TF#9Y. &, L-L T L @ total
crossing number (=writhe) % #T. L OEHRDIH IIEALH LY
IEEBHEY KL-Z % L @ color 5. L D22d
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color k, k' W#L, & L & knot RS K » k(K) <k' (K)
(-1 kK(K)SK (K)) #@kdex, k<k' (ERR kSk' )&RT.
k HHIIEEAEE n ~OEKEELSE, k & n LE-HTS
.link diagran L ©#% knot &% K k¥L, %h% k(K) THE
XRBROBD parallel link WEEFETCERIVEOND link

diagran % LE m&oTHT. £#L, 20HER k(K) $EERS
WL THREXREBOLESI TRVHDEEL L, FER26E L
TREEZREHOBESITRVHDEYV 1 2L <F 3. link daigram
Lz, J(L)Z22ETEXS:

T =(- >t e)

=7EL,< > & Kauffman bracket #F 3 : $R2HH, KEEHLZL
n K4 link diagram O(n) ®RHL <OM@>=(—-t2—-t"8)" ,BX
CEZERPNT <O=tOC+t1<EK> THHK5% link
diagran @ regular isotopy FEE%®&KT.  color k %™ franed
link L @ Jones polynonial JL,k BOFDODEBATHREDIR

7ttt 1] omozrThs. EEL, t=exp(27i/471)
(i BERRE) LB :

Iy = _= (- DICKTG gkl
K 0SiEk-1)/2 J \

ZdrE, Kirby-Melvin[KM1]l &3 M @ quantun FEE
(#H#r>1 K?‘f‘?‘é)rr(M) E(&EFR r>3 Kﬁ?é)r}(M)

BoETEZONS L

. (M=¢ = [kl J
T L 0<k<r L,k

L 0<k<r/2 ok
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oo T, o:L,a'L i r, #L,sign L OHTHTZIEEHR

T,E(L,k) i colork %&#%> link L @ even color i3
sublink %2FF. [k] & k & r TEF23H23EHEET.

DEDHEIX Morton-Traczyk[HT1D Jones%ﬁiﬁ%“f‘ﬁﬁf@ﬁﬂéﬁﬁ%
roBEORB.

#wmE 2.1 M ¥ M @ nutation THB32 oK, $XTD(HAET
#3) r T fr(M' )=t (M), t'r (M' )='c'r (M) %3,

DEDEEIX Kirby-Helvin[kM, (3.27)(b)] 2> TE SRS,

#HE 2.2 K % M A® null-homologous knot &L, M %

n &
K KZ2T®D 1/n-Dehn surgery k&Y% M »oESshiEzbodd
3. HL n & 4r TEHLYRBZL S,

rr(Mn)= rr(M), t'r (Mn)=‘6'r (M)

L.

FEROZBEI S, D¥FOREDLEONDB

il 2.3 {£E®D 3-panifold M LHEBOBYE I>5 iHLT,
Hi(Mui+n)e HMSBZ,., 2 ] BTOEETEE)T
XD r T, fr(M(JHl)):Tr(M), 2 ’U'I. Mia1y)=

f'r (M) 2%23X57% 3-nanifold M(y1+1y DBEETS.

CHREBLEXASHREERBBUTOT T r kKHT3 T, (&
pA >4 r'r ) W&o T 3-manifold @ homology WHREXh W &%
BT 3.
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3. Topological imitations of
homology 3—spheres

homology 3-sphere M @ Floer homology group Id(M), d ¢ 28’
i>¥ L, Casson invariant A (M) &

AM) = = (-1)¢ rankId(M)
d €l

L FEEN B (Floer[Fl, Taubes[TIHHE)., DE¥ D S>O@WEHR T CHH
2hd.

#E 3.1 5L M® 25 homology 3-sphere M @ imitation TH2D
268, T M) B I,4M) % direct summand > UTHH, 5
2 2M)=A(M) (nod 2) &%23.

#E 3.2 £EOBE m#0, 5, KHL, I UTFTOEETES)
roRHU, © (M=, (M=1 £2 AM)=2m-l 223}

3% S% @ initation M 2% 3.
4. xxE®

homology 3-sphere M Iz#H L, d €Zg BERERBLED
rankI (M) oz $.(M), BEREZ3:zof: B.(M)
THRT. ZokE, B.M-BL-M) = 24 (M) 23,

CCTOREEBRRODESIEBRSR B

EE 4.1 ZROBE D5,N>,L B LHEEOER C %13.
EED 3-panifold M LEEDOFBE G CIff.M D{ALTHIL)
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BB E Gn,n=192,...,N, EHLT,. M 2 Gn—normal

imitation THB XI5 FBWiEH TRY hyperbolic 3-manifold
Mnan=1y29 ceeslly m (03' (3) ',_ f:?%@?ﬁ@ B

(W& n KEHLT, Vol(Mn)>C, Isom(Mn)—ﬁGn,
(1) £(EETES) r E20VTD fr(Mn), 7|r(Mn) >4

n WHELERXEY, rS] THAEATATOEFERETES) r T
rr(Mn)“; fr(M)s 7|I. (Mn)=T‘T(N‘{) Mf 5.

(2) VollM ), 7 (M), M) & n K BLEHERZD,

(3) M 25 homology 3-sphere % 5IE, % d & n T
Id(Mn) 54 Id(M) % direct summand 2 L THH, D

A (M) =2 (M), B (M)>F HRVID.

EEOERE G WL, GCMff.M k%5&>%  3-nanifold
M 2EBLBRTES05, BEREXGRIARE G ,0sl,L,...,

N, imftl, Zho2EARLLTHOESRERE G CDff.M %
S5>Tiv3 3-manifold M RBRHTEETD.
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CYCLIC COHOMOLOGY AND GRAPH PROJECTIONS
— ON TOPOLOGICAL APPLICATIONS OF
K-THEORY AND CYCLIC COHOMOLGY —

HITOSHI MORIYOSHI

INTRODUCTION

This is a short expository paper about Noncommutative Differential Geometry due
to A. Connes. In this paper we discuss the theory from the geometric point of view,
particularly focusing on the cyclic cohomology and the pairing with the K-theory.
Mainly we show examples which arise in geometric situations rather than proving
general statements. For the reader who wants to know more about Noncommutative
Differential Geometry we refer to the original papers [1] [2] [3] .

1. K-THEORY FOR BANACH ALGEBARS

Let A be a Banach algebra with unit. We denote by M;(A) the algebra of all
matrices whose components are elements in A. Then M;(A) is embedded into the

upper left-hand corner of My1,(A). We denote by M,(A) the direct limit of M,(A) -

with the above inclusions. Let GL;(A) denote the group of all invertible elements
in My(A). Then GLi(A) is embedded into the upper left-hand corner of GLiy,(A)
with putting the identity matrix in the lower right-hand corner. We.also denote by
GLo(A) the direct limit of GLi(A). Let ey and e; be two idempotents in M, (A),
ie., el =e; (i=0,1). Wesay that e is equivalent to e, if and only if e, is connected
with e; by a continuous path in the set of all idempotentes in M (A) . Let P(A)
denote the set of equivalense classes of idempotents M(A). We note that P(A)
admits the direct sum operation given by

_ [0
eo D e = ( 0 e )
1.1. Definition. 1) The group Ko(A) is defined to be the Grothendieck group for -
the semigroup P{A). The addition in K¢(A) is given by the direct sum operation.

2) The group K;(A) is defined to be the set of all connected components of
GLe,(A). The addition in K;(A) is given by the multiplication in GL.(A).

1.2. Example. Let A be the matix algebra M;(C) over C. It is known that Ky(A4) =
Z and K;(A) = 0. Elements in Ky(A) are detected by the rank of matrices.
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1.3. Relation to the topological K-theory. Let X be a compact Hausdorff space
and C(X) denote the Banach algebra of all continuous functions on X. We recall
that the topological K-group K*(X) is defined as the Grothendieck group for the
set of all isomorphism classes of vector bundles on X. Let E be a vector bundle on
X. Since X is compact, we may assume that E is a subbundle of a trivial bundle
M x C* for sufficiently large n. Choosing any metric on the trivial bundle, we can
associate an idempotent e € M,(C(X)) with E by taking the orthogonal projection
onto £. Here we identify an element in M,(C(X)) with a function on X with values
in M,(C). The projection e is the family of the orthogonal projections onto the fiber
E, at each z € X. We note that this construction depends on the choice of the
embedding into the trivial bundle. However, the correspondence is independent of
the choice when we pass over to the K-theory, and it yields an isomorphism between
them.

Theorem (Swan). There is a natural isomorphism between K.(C(X)) and the topo-
logical K-group K*(M).

The relevance of the above theorem is that we can identify K.(C(X)) with K* (M)
naturally and therefore, the K-theory for Banach algebras contains the topological K-
theory as a part of it. The spirit of Noncommutative Differencial Geometry is to treat
(generally noncommutative) Banach algebras as generalizations of topological spaces.
We will be then interested in constructing the Chern character for the K-theory for
Banach algebras, which has the beautiful description known as the Chern-Weil theory
in ordinary Differential Geometry. It turns out that the cyclic cohomology, which
we shall discuss in Section 2, is a suitable candidate as the receiver of the Chern
character.

We show two examples here. Let S* = R/Z and C(S') denote the algebra of all
continuous functions on 5. The functions e*"** (k € Z) belong to GL;(C(S")) and
yield nontrivial elements in K;(C(S?)) for k # 0. In fact, we have K,(C(S")) = Z,
and e27%% (k € Z) give all elements in K1(C(S)), which are detected by the winding
number k. :

The second example is for Ko(C(S?)). Let §* be the two-dimensional sphere
obtained by the one-point compactification of C. Put e = (e3)zes2 € My(C(S?)) such
that ' -

oL 1z
T 142z \ 2 22 )

Tt is easy to see that e, is well-defined at z = co and yields a family of idempotents.
Then e gives a nontrivial element in Ko(C (5?)), which is called the Bott projection. -

1.4. The algebra of kernel functions. 1) Let M be a Riemannian manifold and
C=(M x M) denote the space of all compactly supported smooth functions on M x M.
Let C%*(M x M) act on the Hilbert space L?(M) of all .L%-functions on M such that
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(k&)(z) = fog k(z,9)é(z) for k € C2(M x M) and ¢ € L*(M). Then Ce(M x M) is
equipped with the multiplication given by the following convolution preduct:

(bxD(z,2) = [ Kz0)i(y,2) ke Co(M x M),

We then denote by K the norm closure of C®(M x M ) in the space L(L*(M ) of
all bounded oprirators on L?(M). When M is compact, the algebra X is the set
of all compact operators on L*(M), and its K-group is given by Ko(K) = Z and
Kl (/() = 0.'

2) Let M, be a closed Riemannian manifold and M denote a covering space over
M, with the deck transformation group I'. We suppose that M is euipped with
the induced Riemannian metric from A,. Then I acts on M by isometries. Let
C(M x M)L denote the set of smooth functions & : M x M — C such that;:

i) k is invariant with the diagonal action of T' on M x M ie, k(zg,yg) = k(z,y) for
(z,y)eM X MandgeT;

ii) k has a I'-compact support, i.e., the image of the support of k is compact in
(M x M)/T.

Then C°(M x M) acts on (L*(M)) in the same way as in 1) and is equipped with
the multipliction by the convolution product. The above condtion i) implies that the
action of k on L*(M) commutes with the action of T on L*(M). We then take the
norm closure of C°(M x M)T in £(L*(M)) and denote it by K. Let C[I'] be the
group algebra for ' and act on I?(T') by left translations. We denote by C*T the
closure of C[I'] in L(I*(T")). It then follows that K is Morita equivalent to C*T' and
that K.(Kr) is isomorphic to K,(C*T') -

2. Cycric CoHOMOLOGY

Let A be an algebra over C with unit. Define C}(A) to be the space of (n+1)-linear
maps 7 on A into C satisfying the following cyclic condition:

T(a07a1) e ,an) = (“1)nT(an7a07’ o aan—l) ((Zi € A)-

We then have the coboundary map b: C}71(A) — C%(A) such that

¢
bT(a{),ala ce )an) =

E
|
-

(]

(__1)1:7_(%, St ORGEyy, e, Gy)

,r
N

(_1)7‘7-(‘%1-’7'-%7 Y an-—l)'
a’h a(}
It is easy to see that 4% = 0.

2.1. Definition. The cyclic cohomology H}(A) is the cohomology group of the
cochain complex (Cj, b). .
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2.2. Example. Let A = M,(C). A cyclic 0-cocycle 7 on A is given by
(a) = Tr(a),

where T'r means the trace map on M, (C). In fact, the cyclic condition is trvial, and
the cocycle condition

br(a,d) = 7(ab) — r(ba) =0
follows from the trace property for T'r. We also observe that a more general statement
is true: for an arbitary algebra A, a linear functional 7 : A — C yields a cyclic 0-
cocycle if T satisfies the trace property r(ab) = 7(ba) (¢,b € A).
We further obtain a cyclic 2m-cocycle  for M,,(C) in the following way: let a®) =
(ag-c)) € M,(C), where agf) € A denotes the (7, j)-component of the matrix a®¥); we
then define 7 such that

(@@, ) = Tp(a®a .. o)
O 1 2m
= Z a’t(ogxagﬂ}z e agzmi)o :

0481, i2m
It is easily verified that 7 is a cyclic cocycle.
2.3. Example. 1) Let A = C°°(5") be the algebra of smooth functions on StOA
cyclic 1-cocycle T on C*°(S?) is given by
7(ag,a1) = /sl apday (ag, a1 € A),

where [s: denote the integration over S* and d the exterior differentiation. The cyclic
condition follows from the Stokes theorem:

0= /d(agal) = /aoda1 +/a1dao
= 7(ap,a;) + 7(a1, 60)-
The cocycle condition is the result of skew-derivation property for d:
br(ag,a1,a2) = /GQquGQ —/aod(alag)\+/a’2aoda1
= /agaldag — /ao(dal)ag — /aoaldag + /agc;odal
=0

More generally, let A = C*°(M) be the algebra of smooth functions on a closed
manifold M. Given a k-cycle ¢ in M, we obtain a cyclic k-cocycle by the following
formula:

(a0, a1, -+ ,a5) = / agday - - - day,  (a; € A).
g .
Similarly by using the Stokes theorem and the skew-derivation property for d, it is
verified that 7 is a cyclic cocycle. . :
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2) We also present a cyclic 2-cocycle on the algebra C°(T?) of all smooth functions
on the 2-dimensional torus T2. Since T? is an abelian Lie group, it admits invariant
vector fields X and Y with [X,Y] = 0, and their dual 1-forms dz and dy. Note that
the exterior defferentiation is given by d = dzdx + dydy, where Ox and Oy denote
the differentiation along X and Y/, respectively. We then obtain a cyclic 2-cocycle

T((Zo,al,ag) ] /T‘l aodaldag

- /T  dedylag(Dxa1)(By az) — ao(By a1)(8xaz)).

We here observe that [, dzdy has the trace property when it is viewed as a linear
functional on C*°(T?).

2.4. Examle. 1) Let A be the algebra C®(M x M) with the convolution product
as in Example 1.4 1). When M is compact, a cyclic 0-cocycle is given by

(k) = /M dzk(z,z) (k€ A).

We also denote the above cocyle by Tr(k). ,
Let A be the algebra C°(M x M)! as in Example 1.4 2). Let D denote the
fundamental domain for the I'-action on M. A cyclic 0-cocycle is given by

(k) = /D dek(z,z) (k€ A),

which is denoted by Trr(k).

2) Let M be the one-dimensional Euclidean space R and let C°(RXxR) act on L%(R)
as previously. We consider that C°(R x R) is a subalgebra of all bounded operators
on L2(R). Let = and <= be operators on L(R) such that z is the multiplication by =

and £ is the differentiation in z, respectively. We then define derivations 8, and &,
on CP(R x R) such that

(@uh) = (sk— ko)

1d, 14
@k} = (s-k—k=—),
where k € C®(RXR) and ¢ € L*(R). In other words, as operators on L?(R) we have

1d
(916 = [CC, k], ng = [;E;,k].

Note that 8; and J; commute to each other. We then construct a cyclic 2-cocycle T
on CZ(R x R) by following the formula in the previous example:
T(ao, ay, Gg) = TT{ag(al&l)(agdg) - ag(azal)(@lag)].

The cyclic and cocycle conditions follow from the trace property for T'r and the
derivation property for J; and 8; observiong that they commute to each other.
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3. THE PAIRING BETWEEN K-THEORY AND CYCLIC COHOMOLOGY

3.1. Definition of the pairirng. Let A be an algebra with unit as previcsly. In
this section we shall discuss a pairing between K,(A) and H}(A) obtained basically
from evaluating cyclic cocycles with elements in A deteremined by given classes in
K.(A). Let us begin with a simple case between Ko(A) and H¥™({A). Take a class in
Ko(A) which is represented by an indempotent e in A. Given a cyclic 2m-cocycle 7
on A. We define a pairing (,) between them such that

(e,7) =7(e, e, ,€).

A remarkable fact is that the above value depends only on the classes of ¢ and 7. To
extend the above pairing to the general case we exploit the cyclic 2m-cocycle given
in 2.2. The precise statement is as follows:

Proposition. There is a well-defined pairing (,) between K,(A) and H5(A) given by
the following formulas:
1) (Bven case) Given [e] € Ko(A) and [r] € H¥™(A), we have

([817 [T]) = E T(eioin Cirigy " 7ei2mio)a

1043140 si2m

where e;; denotes the (i,7)-component of the idempotent e € My(A);
2) (0dd case) Given [u] € K1(A) and [r] € H?™(A), we have

([u], {T]) = o Z T(ui—o}l s Uirigs*t "y ui—;}n_ghm_l >ui2m—zio))
10,31, $2m=1

whe're.u;j and uj' are the (i,])-components of u and u™?, réspectively.

Remark. In the above definition of pairing we omitted the normaflizing constant
in [1] .

3.2. Example. Let A= M;(C) and 7 = T'r. We then have
([el, [7]) = 7(e) = ranke.

3.3. Example. 1) For A = C®(5%), we let u = €*™% 35 in 2.3 and let 7 be the
1-cocycle on A in 3.3 1). We then have '

[ _ —%inkz _dizkz
(Il = r(uw) = [ ehede
= 27k,

2) Let A= C*(T?) and 7 be the cyclic 2-cocycle given in 2.3 2). We first extend
T to a cyclic cocycle on Mi(C*(T?)) such that

7(ag,a1,a9) = /T2 dzdyTr{ag(0xa1)(By az) — ag(Byay)(0xas)]
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for a; € Mi(C®(T?)). Here we consider that a; is a smooth function on T? with
walues in My (C). The derivations Ox and Oy are extended naturally to act on such
elements, and T'r means taking the trace at each point of T?. We also consider that
a; is an operator acting on the space C*(T 2, CF) of all CF-valued smooth functions
on T?. The derivations are then given by the following form:

(8xa)t = (Xa—aX)¢, (Bya) =(Ya—aY){

for a-€ My(C™(T?) and ¢ € C°(T?,C*), where X and Y denote the differentiations
considered as operators acting on C*° (T?,CF). In other words, we have

Oxa = [Xra]’ Ova = [Y,a]
Let ¢ € M(C(T?)) be an idempotent. It then follows that

7(e,e,e) = /T? dzdy Tr(e[X, e][Y, e] — e[Y, e][X, e])

j/Tz dzdy Tr(e(Xe — eX)(Ye—eY) — e(Ye — e¥)(Xe — eX))
_ ]Tz dzdy Tr([eXe,eYe] — e[ X, Ye).
When we put eZe = V3 for vector fields Z on T?, we finally obtain
r(eee) = [, dedyTr{{Vx, V] = Vixx)
= /T _dzdy Tr(Rxy),

where R denotes the curvature tensor with respect to the connection V = ede on the
vector bundle E on T? which is given by the image of e. "Thus, recalling that the first
Chern class c;(F) is represented by Tr(5; R), the above equality amounts to

(el [ = 7(e,2,6) = “{ea(E), [T

3.4. Example. Let A= CP(RxR)and 7 denote the cyclic cocycle on ‘A given in 2.4
2). Let e be a projection in A of finite rank. For instance, if we take £ € C°(R) with
the L%-norm ||¢|| = 1, the function p(z,y) = €(2)é(y) yields a rank one projection in
A. Recll that 7 is given by

. 1d 1d

7(ag, a1, a2) = Tr(aolz, ai][—i-a—x, as] — ao[—i-a—;, a1)[z, az)).
By a similar computation to the previous case, it follows that
. 1d 1d
(e, e, ) = Tr([eze, e%Ee] - G[E"—-{_d_m]e)'
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Note that Tr([eze, e}£e]) = 0 since exe,el-Le € A. Hence, observing the canonical

commutation relation [z, L] =1, we obtam

7(e,e,e) = Tr(—ie) = —iranke.

If we pursue the analogy to the previous example, we may consider that 7(e, e, €) is a
invariant obtained from the curvature for the projction e given by the cyclic cocycle
T

4. GRAPH PROJECTIONS

In this section we shall discuss a method to construct nontrivial projections under
some geometric circumstances. Let V' be a finite-dimensional vector space over C
with an inner product. For a linear map 7' : V' — V we define the graph Gr of T
such that

Gr={(v,Tv)eVaeV:iveV}
Obviously Gt is a subspacein V@ V.
4.1. Definition. The graph projection er is defined to be the orthogonal projection
from V @ V onto G'r. Explicitly, it is given by the following formula:
1+77)t (14T |4 |4
er = 10 - & .
TA+TT)* TQ+TT)T* 14 |4

4.2. Example. Let V = C and let T = z denote the multlphcatlon by a complex
number z € C. We then obtain

1 (1 =
(3,:::1+z?z_(‘z zE) EMQ(C)

If we consider e, is a family of projections parametrized by z, we recapture the Bott
projection in 1.3.

4.3. Example. 1) Let M be a closd spin manifold of even dimension. We have
the spin bundle S on M, which splits into positive and negative spin bundles: § =
S* @ 5. The Dirac operator D is a differential operator of order 1 acting on the
smooth sections of S, and also sphts into the positive and negative Dirac operators.
Let H* and H~ denote the space of all L2-sections on M for S* and S~ , respectively.
The positive Dirac operator maps the smooth sections of S+ into the smooth sections
of §7, and extends to a closed operator D¥ : H* — H~. We then define the graph
Gp+ for D7 such that

Gp+ = {(¢,D"¢) e Ht @ H™ : £ € Dom(D7)},

where Dom(D™) is the Sobolev space of order 1 for H+. Since the graph Gp+ is,
by definition of closed operator, a closed subspace in H* @ H~, it makes sense to
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consider the orthogonal projection ep+ onto Gp+. The interesting point is that this
projection yields a nontrivial element in some K-group and that it is related to a
relevant geometric invariant as follows. '

Let A be a (possibly nonunital) Banach algebra and A% denote the algebra A ad-
joined unit. Recall that an element of Ko A) is given by a pair (e, &1) of idempotents
in AT such that ep — e; € A. We choose A as the set of all compact operators K

on H* @ H~. It then follows that the pair (ep+, ( R ) ) yields an element in

Ko(K) = Z, and it turns out that the resulting integer is equal to the index of D.
2) Let-M be a I'-covering space on a closed Riemannian manifold as in Exasmple 1.4
2). We assume that M is of even dimension and has a I-invariant spin structure. We
then have the I-equivariant Dirac operator on M, and obtain the graph projection
ep+ for the positive Dirac operator in a similar way. In thes case the pair (ep+,
( o )) yields an element of Ko(Kr) and it is considered as the index for the I'-
equivariant Dirac operator on M.
4.4. The Godbillon-Vey cyclic cocycle. Let ¥ be a closed Rieman surface with
genus more than one and M denote the universal cover of I. Let T be the fundamental
group of X. We assume that there exists a D-action on S* by orientation preserving
diffeomorphisms. For instance, I' acts on S by linear fractional transformations. We
then construct a foliated bundle X on ¥ such that X = (M x S*)/T with the I'-action
(m,z)g = (mg,zg) for (m,z) € M X St and g € T'. Associated to X, an algebra A
is defined to be the set of all smooth functions B: M x M x S* — C such that
i) k(mg,ng,zg) = k(m,n,z) for (m,n,z) € M x M x §* and g €T;
ii) k has I'-compact support.
We can consider that /A acts on the family of Hilbert sapces (L*(M x {z}))ces such
that , :

(k) (m,2) = [ dnk(m,m,2)6(m,2),

where k € A and £ € L*(M x {z}). We denote by Kx the norm closure of A in the
family of C*-algebras (L(L*(M X {£})))sest- Note that this construction is applied
similarly to the sections of End(E) for a given T-equivariant vectpr bundle E on
M % S*. We shall now construct a cyclic 2-cocycle on A as follows. Let wp and wq
be T-invariant volume forms on M and M X S, respectively. We denote by dz the
volume form on S!, which is not necessarily inveriant for the T-action. Let 9 be a
positive smooth function on M x S! such that wo Adz = thw, and put

¢ = log).

We then define a cyclic 2-cocycle 7 on A such that
T(aoa a1, a2) = / wo A dz TT(GQ[Q&, al][é; a?l - G'O[q:l’a 01][¢, C£2])7
Dx§?
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where ¢ = %$ (z € S), and D denotes the fundamental domain for the I'-action on
M. Note that 7 extends naturally to the algebra AT,

Next we construct an element in Ko(Kx) exploiting the graph projection method
in the following way. Let D, be the Dirac operator along M x {z} and ep+ denote the
graph projection for DF. We denote by eo the family of graph frojections (eps)zes:-

It turns out that ep— ( oY ) € Kr and hence it yeilds an element e = (ep,e1) €
Ko(Kr), where e; = ( o0 ) . We then have the following:

Theorem ([4]). Let e and 7 as above. It then follows that

1
(lel, [7]) = 7(eo, €0, €0) — 7(e1, e1,€1) = P /X.Qv;
where gv denotes the Godbillon-Vey class for the foliated bundle X.

We observe the similarity of the form of 7 to that of the cyclic cocycle in Example
3.3. In this sense the above theorem shows a relationship between the Godbillon-Vey
class and the curvature for the graph projection e in Noncommuative Differential
Geometry.
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B X OEXIPVETHED, ERY LOoGRI P VHETHS., I
TR FRERE1OLORBET 3.

BiEwr f X =Y 2 Xofreepart ©G-FEWLT X 2BEE, f
Z2REPE—FEEBRETIETHS. 0WE

FFvy 78&E dmSeX <k
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BEOUL->TVWBERETS. +5& (k—-1)-Knzco G-FHrs
Df:X—-YiRkEZETE3, 3512

Ki(f) = Kerlfu : Hy(X) — Hy(Y)]

Z Kill Tw&hi, fixe b —FEEGIES.
ROREIRIE > TWhiEC D Ki(f) % Kill © % 207 25—
(1) Ki(f) it Z[G) E @ free basis {21, Zm, Y1, - Um )} 2B,

(2) & z:i% normal bundle ¢ trivial REHA S b : SF — X o=
BT&T

(3) ghi & g'hjik g=g'm > I=JTRWRIEZDSRW, i
(4) TRTO hid SgX &b i,
Licd$-T, ko ()4) 2RENEFELERZAEEVWE VI DI

7E—.
SEHEOLD

G £ © hyperelementary #8458 H # {1} kvl fF . XH
YE g Zl-wz2ev-HEEETH 2

LEEL, bk
dim(X, N Xp) <k —2 (Vy € O(X,k),V8 € O(X, k — 1))

EL&>.
EE21 BH& GERI=(fb),f: X =Y, cirvwil T GEHE
EJE Wa(GY,8eX) 5% 2 5. vRbB, of) € WalG,Y, SeX)
BEPo—BHEEZD, o) =0 1% ScX%28-1% 2 G-F4
LTEE I E-FAEERITE 3. 20 Wo(G,Y,5Xe) ko data
DHICERFLTEE 3,

(1) n mod 4,

) &8



(2) w: G — {£1} orientation homomorphism,
(3) GV k-1)={9€eCG|g*=1, g#1, dmYI=k-1},
(4) GV, k)={geGlg*=1, g#1, dimY? =k},
(6) © = O(X,k) with pg : © — S(G).
TSGR GoHEBOLET, poit

pa(M)= ] Ga

zeX,

THEALN 5.

3. Induction Theory

togEE 2]l 2 EBEB>ET5E, Wwoof)=0rmMmaHzHE
felhiEEsitwn, Zokdic A Dress B o induction theory %
EATHDB,
SEDEE (B 2did s SeXRBMTHEEZEWS LT L
£ 9, :
(3.1) &yeO(X,k)icmwL T, pe(y) i unique nontrivial mini-
mal subgroup Z#-.

FEH 3.2 L SgXHEBEHMTHIE
H+— W,(H,Y,S5X)
2 Mackey®WFEici2 3.

COETRHEIGORSEI»ONIBIEET, DE0&ERS
T boET B,

{ U (©ResEX, k) x ©O(ResF X, k)) = O(X, k) x O(X, k),
HeH

Hiz G 0% ~Tod 2-hyperelementary S5 8% & .

/€7



Q(G) it G © Burnside 8, +2b5Q(G) RERGELAOLTTHEHD
Grothendieck B &3 3. f € QG) #
f= > oH)G/H] (a(H)€ET)

HeH
Res§B=1 in Q(H) (VYH €H)

AAhtF e EwciRfEH LOBNTERIRS.

kil 3.3. GuETEEsL, G6) =G Ga= G, G = [G;, Gi)
B, HRRG(G) 2t nvwGoRa@oetkeds. cotsl
Lozl e QG) BEET 3.

%5 3.4. O(H) =O(ResE X, k) &8, b L ScXpBETHNE,
LIFTo#E%:#E> Green BF

H — GWo(Z, H, O(H))

BEET 5.
(1) Wa(H,Y,SuX) 1t GWo(Z,H,0(H)) Lo Green METH 3.
(2) HioBETLeUG) b3 & &ici,
Ind : @) GWo(Z, H,8(H)) — GWo(Z,G,0(G)) w4,

HeX

Res : GWo(Z,G,0(Q)) — €D GWo(Z, H,0(H)) BBst<ts 2.
HeH

Green IO —iaHhr o> EOEELE 3.
1 3.5. LogHEOREDS & T,

Ind: P Wa(H,Y, S X) = Wa(G,Y,ScX) &,
HeH

Res : Wio(G,Y,SeX) — @ W.(H,Y,SgX) wEgics 3.
HeH :
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COEEILPOEDMLNS
(3.6) (1-pB)o(f)=0
L BEinEESRS, FREBCGHTIEKEETH B,

4. BRE L 0 & o » 2 one fixed point actions

R. Oliver it ¥ & 5 28 G B¥EK D (RuikfbiEw) ik G-AE
BEBRTICERT 2PEHEL,

G¢Gi (Vp,g)

DEETHIIEERLE, ST, (REKETALRLIT, GIE-
EQLOIRNTFEFDEHOF PAHAKEZESBK»POBE2HETH %!
H/PuxEZT, P, K/Hithehpg, ¢-~sOiHzR>.
o CHBRIE G-RE A% b TIEET 28 % Oliver LML &
L&, REARETEHEROliverBTdh 3.

BESEoE sz GERET, |S¢ | =1%24%7k¢ D (wone fixed
point action) 2#ZA k>, Woric GROver BTRPNIEBSX
W, oE¥OMERERBER T classical Wb DT H B,

BifE. ¥ ~<To Oliver X KRE LD § 5 i one fixed point action
=0,

COBBE/ WL T Petrie ERUABOTRBFLBLEZ >TSS
CEETHELTWSE, Reiz (3.6) 2RATHARE - EOFEEZER T
B EMTE S, '

19/



®® 4.1 ((LMP)). EB#TRE G IRELOR > » 2 one fixed

point action 2% .

KESRFETAFTE2EET 2L, 2T X looE» SR 3
konffeGELEf X —Y 23, CCcYREZEREER
rE-BREY =SReV), Y4]=2,cts32. »L G-EZHESE

o(f) € Wa(G,Y, Se X)
LD 2AE, 3.6)REBEVHES. ¥

—p="Y b(H)G/H] (b(H) D)

HeH

tEVWTHE. T2&(36)RNoEDIR
1-Be(f)=c (quééH {o(H) (G xgr Resf f) })

LEAENG., HH0o( )o( )ohFRERBEKRMGIEEAT,
C-ERMEEOBEAZRNE GER [ X -V, X=X, 2
aoldTEs,. o f'% Gsurgery LT#H 5 % 7% one fixed point
action 28 -+ € F E—REL:E 3. sokcl0@EY L G-EEN%E
B D BEBRE OB S 572 one fixed point action 2182 J &N TE 3,

CHDTFTAFTHEE-EFA—TLRESEZE, 2E0TFERES
CLRTED, |

FEHA2. ERE~EBEGcBhiY, £80 Oliver# G REE LD

#& & #» 73 one fixed point action % # -,

i‘f:%%ll Lo TEBRKODEET -2 ¥0FEEE2H LWV G-EiF
HrEWTHEHETE . ’
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£E 4.3 ([BM]). 5ko%RE As R SRTORERAO LOR S
73 one fixed point action 2% >. L7c¥->T

S*p b & 5 o 7% one fixed point action BWEFET 2 < n 2 6

TH5B.

i3 ARTO b RE V=D
N 2BEEARTHESRELLL Y. W, CORBFER YT

z € Ho(N;Z)

REREEAE - &> nEYAL S? - N CERTEILEFAT
213, ¢ OMERERE, R Lee-D. M. Wilczyriski [LW1], Lw2]
+ 1. Hambleton—M. Kreck [HK]ic & » TIRD 2 7 » 7 2 # A THR
ani.

(1) 2 200 % N(k) = N¢k(S* x §?) , (k> 0), ot ORE
STEFRFT 3. (DD OLBETHEED

KS(N)=(1/8)(c(N)—z-z) mod2 ifzis characteristic

£+ 3. <o KS( )i Kirby-Siebenmann invariant. ) & ®
L& No=Nk)\S oBABSERKEBCEZL>RLTHL.
coMEREGEL, GE{l}LTHEEED . NOEEBE
po: Xo— No 2ILEL THEEE p: X = Nk) 2. (G Xic
semi-free i Ef L X \ XC = Xo, X/G = N(k), XG—XG/G S
BRI TV, &3 LT3 (Ho(X), <, >[X%) 2852,
cniROX,2) Bl oo, 5RBBETHSE..

(2) &z & @ pointed hermitian module %

Uhm)<,prD:P@Hmh
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CEMSEBT2.(CORBORDOMNEFTSEEN
b3(N) 2 |o(N) — 2j(d - J}“‘—“ (Vi:0<j<d)

THBIEEHEAT 3. < Tdidz o divisibility. )

(3) hyperbolic part @ laglangian & {z1,..., 2} i -> T X%
% o free part @i Gsurgery L, X'2832. 0t & X'/Gix N
LEH#T& 3. Lo pointed hermitian module D 32 EEE F-
T (HQ(X"/G),AX//G, [XG]) s (Hz(N),/\N,CE) EEBRITZ LS
LT, CORBMABSEEAEEE f[CERT 5 & f(XC)n
RODLZBRETH 3.

BEXHE

[BM] Bak, A. and Morimoto, M., Egquivariant surgery on compact manifolds
with half dimensional singular sets, preprint.

[D] Dress, A., Induction and structure theorems for Grothendieck and Wit
rings of om‘hogonal rep'reseniaiw'ns of finite groups, Bulletin Amer. Math.
Soc. 79 (1973), 741-745.

[HK] Hambleton, I. and Kreck, M., Cancellation of hyperbolic forms and
topological four-manifolds, preprint (1991).

[LMP] Laitinen, E., Morimoto, M., and Pawalowski, K., Smooth actions of
Jfinite nonsolvable groups on spheres, preprint. v

[LW1] Lee, R. and Wilczyriski, D. M., Locally flat 2-spheres in simply con-
nected 4-maifolds, Comment. Math. Helv. 65 (1990), 388412,

[LW2] Lee, R. and Wilczyriski, D. M., Represeniing homology classes by lo-
cally flat 2-shperes, preprint (1991).

[M] Morimoto, M., Positioning magp, eguivariani surgery obsiruciion, and
applications, RIMS Kokyuroku 793 (1992), 75-93.

[O] Oliver, R., Fized po‘int sets of finite group actlions on acyclic complezes,
Comment. Math. Helv. 50 (1975), 155-177.

. [P] Petrie, T., One fized point actions on spheres, I, Adv. Math. 46 (1982),
3-14.
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COFE»OEDLNS
(3.6) (1-B)oE) =0
Sn s EERESRY, FRBERCEATIEREETS 3.

4, IRE L O S » 73 one fixed point actions

R.Oliver iz ¥ o & 5 g GHEAR D (kaiklEbiaw) i G-XH
EEBEAFRERT IPEREL,

G¢ai (Yn,9)

DEETHBHIEEFRLAE., T, qEKT B LT, GIR-
EDLIRTHERLBOFN PAaHAK:2E>B KPS 5ETH 5!
H/PixEET, P, K/[HithZFh p<&, ¢~SOMHEFH>.
7o CHRIE GRBAE b T fEfAT a5 % Oliver BEIF s &
L&, e IETRER Oliver#Td 3.

BESEoBL»E GEAT, |S°|=1%%79 b0 (one fixed
point action) #Z A & >. Hobic G Oliver#ETRPT LS
W, oEoMERERER R classical B b0 TH 3.

BiEE. ¢ ~T® Oliver IXIRE LD > 72 one fixed point action
Z¥ob.

OB WL T Petrie REBHNBOTRBELETZEITES 2
CEEFHLTWS, R4 (B36) 2BEThE~E¥OEEEREY
B2ILNBTES, '

19/



#2 4.1 ((LMP)). ERETEE G RRELOE S5 one fixed
point action 2% >.

ﬁgafk?xT?%ﬁ%?%& E Xgﬁﬁlcwﬁﬂb&%
%%oﬁﬁyzsmevLJWﬂzzf%5.%LG#%%%%

o(f) € Wa(G,Y, SeX)
LD & A, (3.6)REBVHES. 7

—p= S WH)G/H] (B(H)ED)

HeH

tEVWTHE, T5&(36)RoERR
(1= fo(f) = o (fH;ZEH (5(H) (G xz ResE f) })

rmEamng, Hlhoo( )o( )oRERERIERRFIEEAT,
CEHEEROMA st E GER [ X -7, X=X, 2
2o TED. o f'% Gsurgery LTI S 573 one fixed point
action 2o+ ® F E—RELZE 5. s>I0BYL G-EENZE
B b SR E L 0B 5 73 one fixed point action 2183 J &N TE 5.

CODTAF TR EF4I—TREEESRE L, 2EOTEEZES
CLITED. |

EE4.2. ER~EBHEGBERE, &8O Ohver*ﬁiG%ilxﬁ_t@
& &, #» 73 one fixed point action 2>,

FHEERLE-TEBADEETH -2 FOFEBEEFHLL G-EW
HEAEEWCERTE 2. '
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FE 4.3 ([BM]). 5k0%RE As B SRTEOBEREO LOESH
2 one fixed point action &>, L#ad->T

S ko o 71 one fixed point action BEET 3 <»n >0

TH 5.

. ARTO b ER -0 5
N 2EESARGHESHEL LLS. 0E, SORRRER VT

z € Hy(N;Z)

BWEREEEZE &> REDAB S? - N CERTE2»EEAT
HE5. < OEEREE, R Lee-D. M. Wilczyniski [LW1], [LW2]
& 1. Hambleton-M. Kreck [HK]ic & » TIRD 2 7 » T2 B A THR
0.

(1) 2200 % N(k) = N#k(S? x §?), (k> 0), odoRE
STEBRT I (DD OLETLHEES

KS(N) = (1/8)(e(N)—z-z) mod 2 if z is characteristic

2EBE+ 3. o KS( )i Kirby-Siebenmann invariant. ) @
& No=NE)\S oBARFERKERF LTS LI LTSS,
coREREGEL, GE{I} ELTHEL2EDE. N0 EBEHRE
po: Xo— No 2BELTHBEHEp: X — N(k) 5. (G2 XiT
semi-free i/ L X \ X6 = Xo, X/G=N(k), X =X¢/G=S
BKROT-TW3.) &5 LT328 (Hy(X),<, >[X) 255,
hROX, DB L oDTL LR BBETHS. .

(2) ¥ < @ pointed hermitian module %

(Ha(X), <, >, [X9]) = P & H(4")
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CEMAET . (CORBOLDOLETHELED
ba(N) 2 |o(N) = 24(d — )=~ | (vi:0<i<d)

THBHIEETFHRETZ. CoTdid o divisibility. )

(3) hyperbolic part @ laglangian 0B E {z1,..., 21} Kit->T X%
% 0 free part o h ¢ G-surgery L, X'283.cot s X'/GR N
LEH#HTH 5. Lo pointed hermitian module D53 % EBE 17-
< (HQ(X’/G) Axl'/g,[XG]) 8 (.HZ(N) AN,a?) EEBIRITZ LS
LT, CORBUANSRE*AMEER fTERT 5L f(XO)
ROHLHRETH 3.

 BEXE
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[LW2] Lee, R. and Wilczyniski, D. M., Representing homology classes by lo-
cally flat 2-shperes, preprint (1991).

[M] Morimoto, M., Positioning map, equivariani surgery obsiruciion, and
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