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HOMEOMORPHISM SPACES OF COMPACT MANIFOLDS,
AN INFINITE- DIMENSIONAL VIEWPOINT

Raymond Y Wong

University of California, Santa Barbara, CA

Let H(M) denote the space of self homeomorphisms of
a compact manifold (with compact-open topology). Since
the celebrated results of Edwards-Kirby-Cernavskii
{ICLIEK]) showing that H(M) is locally contractible, the
progress of infinite dimensional topology has added
considerable insight into the structures of H(M). In 1972

Geoghegan [Gey] Has shown, among more general results

concerning function spaces, that H{M} is homeomorphic to
H(M)xQ, , where 0, is the separable Hilbert space of

square-summable real sequences. Then in 1974 Torunczyk
[Toyl proved an important result concerning
characterization of Q,-manifold factors : the product of
every complete separable metric absolute neighborhood
retract (ANR) with B, is an 0;-manifold. Consequently,

H{M} is an 0,-manifold if it can be shown to be an ANR.



{A long sought-after result concerning an axiomatic
characterization of R;,-manifolds was subsequently

established by Torunczyk in 1981 [Tonl). If Dim M < 2, it is
known that H(M) is an ANR. In fact , Anderson [An] showed
that for any finite graph P, H{P} is an 0,-manifold. If
Dimension M = 2, Luke-Mason [LM] showed that H(M) is an
ANR. On the other extreme, if M is a compact Q-manifold,

where Q is the Hilbert cube [-1,1], the remarkable results
of Ferry [Fe] and Torunczyk [To,] showed that H(M) is, in

fact, an ANR.
Lap and F-o cap subsefs of M}

An important open question is whether H(M) is an ANR
for any n-manifold M, n>2. Even without answering this
question, interesting intrinsic structure of H{M) are found
using the notion of cap and 7-d cap set of Anderson (see
[Ch]). To explain, we say a closed subset K of a separable
metric space X is a Z-set if for any non-null homotopically
trivial open set U in X, UK is non-null and homotopically
trivial. We say that a subset B of X has the {(finite-

dimensional) compact absarption property, or {f-d) cap, in
®1if {11 B =U{B, | n=1,2,~-}, where each B, 1s a (f-d)




compact Z-set in X such that Bnc Bn+1’ and {2) for each
€0, each integer m>0, and each (f-d) compact subset K of
X, there is an integer n>0, and an embedding h:K—B,
such that h|K n B_=id and dih,id)< ¢. The important point
is that the notion of "cap” {resp. f-d cap) completely
Characterize certain dense subspaces of an 8, -manifold M.
For instant if N and N’ are cap sets {resp. f-d cap set) in n,

then there is a homéomorphism h of M onto itself taking N
onto N’ [Wel. If M=0,, a typical cap set of M is T = ) el,

| sup li-x.[<oo} and a typical f-d cap set of M is Be=l(x)
ell, | x:=0 except for finitely many i}. Returning to the
space of homeomarphisms, the relevancy of (f-d) cap in the

structure of H(M) is contained in the following discussion,

The Subspaces of PL Homeomorphisms

Let M is a compact PL manifold. For the éubspace of
piece-wise linear (PL) homeomorphisms of M (denoted

PLH(M)}, the following are known : it is the ‘cuuntame union
of 1-d compacta [Ges] ; it is uniformly locally contractible

[Gal ; it is an ANR [Hal ; PLH(M) x0; is homeomprphic to
PLH{M) [Tos] ; and fiynang, PLH(M) is an 0-manifold

[KWLIGHL In high dimensional cases it is not always true



that PLH{M) is dense in H(M) although it is true when n < 4.
Let H*(M) denote the subset of H{M) consisting of
homeomorphisms that are isotopic to PL homeomorphisms.
It is known that when dim M 2 4 and OM= & if dim M=5,
PLH{M) is dense in H*{M) [GH]. More importantly, it is
shown in [GH] that PLH(M) is an f-d cap set in H*(M). Hence

we have the following THEOREM [GH] = (H*(M) , PLH{M)) is
an {8, ,B)-manifold pair if and only if H(M) is an 0-

manifold.
fhe Subspaces of Lipchits Heomorphisms

{The following are joint work with K. Sakai). In H(M)

there is a naturally derived subspace lying between H{M)
and PLH{M), it is the space of Lipschitz homeomorphisms

Hyp{M). To define Hyp(M) we say a map f: (%, d) = (¥, p) is

Lipschitz if there is some k>0 such that p{f{x), f{y)) <
k-d(x,y} for all %, y. Then Hyp(M) is the subspace of H{M)

consisting of all homeomorphisms h such that both h and h-t
are Lipschitz maps. It is known that Hyp{M) D PLH(M) [Lu]

and Hyp(M) is locally contractible [5S]. Furthermore, Hp(M)

is easily seen to be o-compact and strongly infinite-

dimensional [Sw]. Using a procedure which modify that of



[K¥], we show that Hy,(M) is £ -stable; that is, Hyp (M) xZ
is homeomprphic to Hyp(M). Let e (M) = Hp(M) N HE(M).
Then each h e Ap(M) is Lipschitz isotopic to a PL
homeomorphism and PLH{M) is dense in Hp (M) [SW].

If H(M) is an 0,-manifold, so is H*(M). It follows that
Hup(M) is @ cap set for H*(M) . Hence (H*(M), Hue (M)) is an
(25, Z)-manifold pair. Since (with the dimensional
restriction mentioned above) H, (M) is dense in H{M) [Su]
and s homogeneous, (H(M}, Hye (M) is also an (D,, 5)-
manifold pair. We hence have the following THEOREM{[S-

Wl). Let X be a compact PL manifold in R® with dim M # 4
and 3M= & if dim M=5 . Then (H{M), H,p (M) ) is an (25, Z)-

manifold pair if and only if H{M) is an 8,-manifold.
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One fixed point actions on spheres

Okayama Univ. (5&ﬁ§) Morimoto, Masaharu

§1 1Introduction
82 Fixed point free actions on disks
83 Petrie's transversality construction

84 Appendix

§1 Introduction

Unless specified to the contrary, G will
denote a finite group and group actions will mean

smooth actions in this note.

Standard actions (Linear actions). We refer the
actions on spheres obtained as follows to linear
actions. Let V be orthogonal (real) G-modules.
The unit spheres S(V) have the induced

G-actions.

G

Since 3S{(V)7 = S(VG) a sphere, one fixed

point actions on spheres are exotic. As for



construction of one fixed point actions on

spheres, we know the following two theorems.

Theorem (Stein [18], 1977). There exist one

fixed point actions on 87 of SL(2, 5).

Theorem (Petrie [14]-[161, 1978-1982). The

following groups (i)-(iii) have one fixed point

actions on homotopy spheres:

(1) s7, so, ,

(ii) s8L{(2, F), PSL(2, F) with characteristic

odd,

(iii) any odd order abelian group having at

least three non-cyclic Sylow subgroups.

Higher dimensional spheres are likely to have
one fixed point actions of various groups. Wwe

pay our attention to lower dimensional spheres.

Theorem (Laitinen-Traczyk [10], 1986). If there

is a one fixed point G-action on a homotopy

sphere I, k > 5, fulfilling

dim L9 < 2 for any g&€ G - {1},



then G = A; and L =35",
This brings us to the question: Does there

6
exist a one fixed point action on S° of A ?

5

Our answer is

Theorem A. There exist one fixed point actions

.
0
on S O AS -

2]

For the outline of the proof see [11].

Corollary B. For any integer n > 6, one has

. . ~ . n e -
fixed point free actions on D of Ag .

Definition. Let LD be the least dimension of

spheres which have one fixed point actions.

It is easy to see that LD 1is greater than
2, hence 3 { LD ¢ 6. People conjecture that LD
# 3. There is, however, a one fixed point action
on the Poincaré sphere S3/SL(2, 5) of A . It

seems hard to prove the conjecture. Some

algebraic topologists thought that it would be



hard to show LD # 4, too. Recently M. Furuta

proved

Theorem ([8]). Any homotopy sphere 24 does not

have one fixed point actions of finite groups G

fulfilling the condition that each element of G

preserves the orientation of ZI.

As a corollary to it we get

-

Theorem B. Any homotopy sphere L4 does not

have one fixed point actions of compact Lie

groups.

For the outline of the proof see [11].

Not to turn the subject we know that 88

does not have one fixed point actions of compact

connected Lie groups. We are, hence, wondering

if 58 has one fixed point actions or not.

32 Fixed point free actions on disks

Let S7, n > 6, have a one fixed point

action, and denote by x the fixed point in s™.



Take an equivariant closed disk neighborhood
N(x) of x. Then the disk D" = g@ - Int N(x)

has the induced fixed point free action.

action on S action on D

One fixed poigt [:;} Fixed point fﬁee

The class (: of finite groups which have fixed
point free actions on disks, was studied by E.
Floyd - R. Richardson [7]1, J. Greever [9] and R.
Oliver [12]. E. Floyd - R. Richerdson are the
first persons who found a fixed point free action
on a disk. R. Oliver completely decided the

class z;.

Definition. Let p and g be primes. We
denote by %;g the class of finite groups G

which have subgroups H and K fulfilling

(2.17) {1} <« H <9 K 4 G,
(2.2) G/K 1is a g-group,
(2.3) K/H 1is cyclic, and

(2.4) H 1is a p-group.



Theorem (Oliver [12]). A finite group G has a

fixed point free action on a disk if and only if

¢ Fora Do -

Proof of the only if part. Let G be a finite

group with H and X satisfying (2.1) - (2.4).
Suppose that G acts on a disk D without fixed

points. By Smith's theoren, ot is Zp—acyclic,

hence @-acyclic.

Lemma 2.5. Let C be a finite cyclic group, and

let X be a Q-acyclic finite C-CW complex. Then

one has X(XC) = 1.

This lemma gives X(DK) = X((DH)K) = 1. Further
we have X(D%) = x((dD)®) = x(0X) = 1 (mod q),
G

nence X(D7) #£ 0. This is a contradiction.

Proof of Lemma 2.5 . This proof is due to [13].

tie observe the cellular chain complex Ce(X) =

. L,n=1 - . .
7 (x%, x s ©)}. TFor a rational C-module M
F 14

n 7

i

we denote by M(g) the character of g € C on



€ ® M. We have

8

)

n.. .
neo (-MVIHE (X, @)1 = [0] in R(C, @),

hence [ (-1)"[C_(X)] = [@]. This implies that
Zn (»1)nCn(X)(g) =1 for g € C. The standard
P-basis of Cn(X) corresponds to the set of
n-cells of X. Let An be the C-submodule of
cn(x) generated by the n-cells with isotropy
group # C. Then we have CH(X) = cn(xc) ® A .
Since An(g) = 0 for a generator g of C, we

C

have C (X)(g) =cC (XC)(g) = dim C_(X~). It
Y

n n
1.

e
holds that (-1)™ dim C (X7) = This means

x(x%) = 1.

As a corollary to Oliver's theorem, he showed

that 60 is the least order of finite groups

Q

which have fixed point free actions on disks.

The order of AS is 60, and AS has fixed
point free actions on disks.
Several authors studied fixed point free

actions of compact Lie groups on acyclic

manifolds. For example see W. y. Hsiang -

L)



Straume [H-S], R. Oliver [0O] and I. Nakanishi

[N].

83 Petrie's transversality construction

The proof of Theorem A consists of three

parts:

(i) Construction of an equivariant framed normal
map.

(ii) Modification of the singular part of the
equivariant framed normal map.

(iii) Vanishing of the surgery obstruction.

The first part is due to Petrie, the second part
is done with by an ad hoc argument and the third
part is shown by using surgery theory of three
dimensional manifolds. We see only the first
part in this section. Our general reference of
this section is [15].

Let M(n) be the n-fold direct sum of the
complex regular representation €[G] of a. For

a finite G-CW complex X, Map(X, n)” denotes the



set of proper G-maps f : X X M(n) —» X X M(n)
with pe f = p, where p : X X M(n) —» X is the

projection. Let map(X, n)b denote the set of

proper G-fiber homotopy classes in Map(X, n)G.

We obtain naturally an inductive system

0
cf
G

lim map(X, n)~. The singleton G-space is denoted

{map (X, n)G}n . We define w

H < G, degq : &)E(*)——-—-;»
i G

1]

by *., For each is

4

v

~H

the map given by degq(f) = deg [f7 : M(n)" —os

H

M{(n)”"1, n >»> 1. Several mathematician showed

that {deg. ! g} = wo(*)-—e> . L is an
i G 1

injective ring homomorphism, see [4], [17], etc..
The Burnside ring $(G) of G is the set of
equivalence classes of finite G-CW complexes with
respect to the relation: A = B iff X(AH) =

x(87) for all H < G. Maps X. : QG) —> I

are given by XH(A) = X(%H). Then {XH ] H} =
2(G) —= @ ,; T is also an injective ring
homomorphism. Furthermore the two ring
homomorphisms give an isomorphism between wg(*)

and 9(G) (see [4]). We identify %(*) with
g

(). Especially wg{x) becomes a module over



In the following G |is A5 .
Lemma 3.1. There is an elemaent w in (G)
such that (1) X (w) =1 and (2) Xy(w) = 0 for

all K £ G.

Proof. R(G) is a subset of GBE% % consisting
of elements satisfying certain equations. We can
easily verify that such an element with (1) and
(2) exists in &(G). For the detail see [4].

Lemma 3.2. Let J : x¢ —s x be the inclusion.

G

*
Then Jj ¢ W wg(X)———a w wg(x ) 1is an

isomorphism.

proof. This is obtained from the facts: (1)
wg(X) is the 0-th part of a generalized
cohomology ®_(X), (2) ®w 1is an idempotent and

(3) res, W =0 in &(K) for K # G. For the

detail see [15], [16].

Let V be an irreducible complex G-module

of dimension 3. Its realification is again



denoted by V. R denote the trivial real
G-module of dimension 1. Let X Dbe the unit

sphere S(R ® V) of R @& V.

subgroup H | 1 | eyelic # 1 | dihedral
dim x* 6 | 2 | 0

Denote by s the south pole (-1, 0) and by n
the north pole (1, 0), *1 € R and 0 & v. x©
consists of s and n, hence wg(XG) = Q(G)S ®

Q(G)n , where Q(G)x are copies of ((G). There
is an element wy din W wg(X) such that j*(wu)
= (0, w) e Q(G)S ) Q(G)n . We put © = 1 - wu,

Roughly to say, ¢ is a proper G-map of X X M{(m},
m »>> 1. Petrie ensured that o is deformed by a
proper G-homotopy to a proper G-map B : X X M(m)
—=> X X M(m) such that B8 is transverse to X

x O.



v . ~N
S Jk ( n —_—— s ( a
. ( — /:
Y\-‘.) © iy g o ©
. X
M(m) \_—/ v
s S(R & V) n
We put Y:B”(XXO) and f = B|lYy : ¥ —> X =

X % 0. By a delicate observation, we can see

that £ ¢ ¥ == X Dbecomes a G-framed normal map
. . . . , +G

{with bundle data). We will see that Y
consists of exactly one point. We denote by O
X IS

i3

the restriction of ¢ to M{(m) = {s} X M(m),

hence ﬂs : ¥M(m) — M{m). Similarly we have @n

: M{m) = {n} * M{(m) — {n} X M{(m) = M{m). There

hold degH(@S) =1 £for H < G, degK(&n) = 1 for

X # G and degp(an) = 0., By [17], we may
suppose that

(1) o5 = id,

(2) @q is transverse to 0 in ®M{(m) and
1

-1 ~ i .
@ T(0) = G/, A G/Dy, | G/D



_.L_.L _L_l.c iac’ G/C'

if w= [g/G] - ({G/A4} + [G/D1O] + [G/D6]) +

Ie ac
cyclic subgroups of G and a. are adequate

integers. Hence we may suppose B~1({s, n} X

[G/C] in £(G), where C runs over all

M(m)) = {s, n} X M(m) and the restriction of B3
to {s ,n} X M(m) is identical to that of «a,
We have Y° = 301(XG)G = Gs_j(s)G 11 @—1n(n)G
= {s}.

We can perform G-surgery of f : ¥ —= X to
obtain a new G-framed normal map f' : Y' —=s ¥
such that f' is a homotopy equivalence and Y'G

consists of exactly one point. The detail is

omitted.
§4 Appendix

This section is devoted to a sketch of the
part (iii) of the proof of Theorem A.
Let f : Y —s X be the G-framed normal map

in §3, G = AS - For simplicity, we suppose that

(1) for any subgroup H with {1} # H £ G, £H :

YH i XH is a homotopy equivalence, and (2) f

— 85 —



is 3-connected. Let K(f) be the kernel of f,
: H3(¥, Z) ——a'H3(X, I). By algebraic
observation, we can see that K(f) is a stably
free I[G]-modele. Denote by )\ the intersection
form : RK(f) X K(f) — Z[G] and by U the
self-intersection map : K(f) —> Z[C]/{x + % : % e
L[G]}. The class O(f) = [(R(f), A, u)] in
L6(Z[G]) is the G-surgery obstruction to
obtaining a new G-framed normal map f£' : Y' —>
X such that £' 1is a homotopy equivalence. By
the Dress induction theorem, O(f) = 0 if

O(res.. £) = 0 in L6(Z[H]) for all the

H
hyperelementary subgroups H of G. Fix a

~

hyperelementary group H of G. Then we have

, 0
L. W= hen - ¢ =1 in Wl {(res. X).
resy 0, hence res, ﬂ(r Sy X) 4

That is, @ : X X M(m) — X X M(m) is properly
G-fiber homotopic to the identity on X X M(m).
By Petrie's transversality construction, we

obtain an H-framed normal cobordism Py ot WH ——

I *%X, I =10, 1], between resy f  and idH :

X —> X. 1If the H-action is free, then the

existence of the cobordism implies O(res. f) =

H

0. While the action is not free in our case, we



have

Lemma 4.1. If for any prime p and for any

non-trivial p-subgroup P of H, FHP H WHP i
1 x xP is a Z(p)—homology equivalence, then one
has G(resH £) = 0.

Hence we have to modify F SO0 as to satisfy

H
the condition in Lemma 4.1. We have dim WHP = 3
if P #1 is cyclic and dim wHP =1 if P is

dihedral. 1In the case where P is dihedral, it

is easy to modify F In the case where P is

q e
cyclic, we have to consider about NH(P)/P—surgery
of the induced framed map FHP with bundle data.
On the analogy of Wall [19], we can deduce it to
a calculation of a Witt group of quadratic forms

with ring parameter (cf. [21).

Let A be an associative ring with 1 and

with an involution - satisfying T =1, a + b =
a+b and ab =053 for a, b € A. M_(A)
denotes the set of nXn-matrices whose entries are
in A. Let T be an additive subgroup of A

such that



(1) {a+a: aelA} CT C{a€h: a-=a},

(T2) ala C TI' for all a € A.

Such I is called a ring parameter of A.
* .
For an element (xij) of Mn(A), (xij) is

defined to be (Eji). In the following an

arbitrary element in Mzn(A) is often written in

the form:

with

(@]
v}
0
Il
0
V]
o]
[oh
o
i
Qs
h

where i and j run from 1 to n. Let
SUn(A, ') be the group of non-singular matrices

in M2n(A) vhich satisfy

; *
(2) the diagonal coefficients of BA* and DC

lie in T,
We denote by TUH(A, I'y the subgroup of SUn(A,
I'Y) which consists of the elements with B = 0.

We put



Then ¢ Dbelongs to SUT(A, I') for any ring
parameter ' of A. We have the standard

stabilizers jn,n+1 : SUH(A, Py e SUn+1(A, r

definded by

(x)

n,n+1

@
o

h
O
[}
\
]
(@}
(W]
'..J
o
[92]
[
o=ty
=3

With respect to the standard stabilizers, we
define SU(A, T) = l%m SUn(A, ') and TU(A, T) =
l%m TUn(A, I'). We denote by RU(A, T) the
subgroup of SU(A, T) which is generated by
TU(A, T') and o. It is well-known (see [2,
Corollary 3.9]) that RU(A, T) includes the

commutator subgroup CU(A, T) = [SU(A, T), sSu(Ah,



'] of sSU(A, T).
Definition 4.2. The Witt group of dimension
three W3(A, I') is defined to be the quotient

group SU(A, T)/RuU(A, T).

Lemma 4.3. If A is a commutative local ring

with the trivial involution, then W_ (A, T) =0

3

for any ring parameter T,

Our surgery obstructions lie in W, (A, T)

3

for

A = F-_-‘ i N Py =
(1) Z(p) B 23(9) if HH( ) P, and

1\_—_Z F= ‘Lf-: 6
(2) (p)[CZJ' {22 1 + b g a, b Z(p)}
if !NH(P)/P] = 2, where g is the generator of
C2.

In these cases it holds that WB(A’ 'y =0 from
Lemma 4.3. (In the case (2) with p # 2,

wy(h, Ty ¥ 1o(z ).)

3" (p (p)

Hence we can perform H-surgery of FH S0 as

) @ Ly(z

to satisfy the condition in Lemma 4.1.
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