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On Evens type theorems

Norihiko Minami (ﬁ\ﬁ ENEA L)
§1. Introduction and main theorems.
Recently G.Carlsson solved thé Segal conjecture[ég].
Let (?)~ denote the augmentation ideal adic completion of an
angmented ring (?) and let BG denote the classifying space of
a compact Lie group G, then it can be stated as follows:
A(G)" = wg(BG+) for any finite group G.
But its extention to the case of compact Lie groups does not
work well. In fact the augmentation ideal adic topology on
tom Dieck's Burnside ring is suitable iff the action of weyl
group on the maximal torus is trivial.(cf. Appendix and Lﬁ})
This fact presents a striking contrast with the theorem of
Atiyah-Segal(D][3]:
R(G)~ = K(BG) for any compact Lie groups.
Therefore it = suggests that stable cohomotopy theory wg
fits only finite group theory and while ordinary K-theory “K*:-
fits-compact "Lis~ grouprtheory.
In this paper we present another testimony of this view
which might have independent iﬁterest. ((ji eor,z)—TfiFY,Tﬁm?)
Let F be a contravariant functor from the category of
finite(resp.compact Lie) groups to some category. We say F
i8 good for finite(resp.compact Lie)group if F satisfies the
following (good). )
(good) If a homomorphism of finite(resp.compact Lie) groups
h:G —> G' induces an isomorphism F(h) : F(G')

—3 F(G), then h is an isomorphism itself.
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In %@, L. Evens stated the following.

Theorem(Evens). The functor G %—figOHI(BG) is good for

finite groups.

Now we state our results most of which are generalizations

of the theorem of Evens.

- Theorem 1. Let F satisfy the following.

1) F 1is a contravariant functor from the category of
finite groups to the cétegory of abelian groups.

2) For each finite group G there exists an element TF(G)
in F(G) such that i*rF(G} = iG/H[rF(H}. Here i:H — G
is an injection.

3) Let R{ )~ be a functor which sends a compact Lie group
G to R{G)". When G is a finite group, we take TR( )-(G)
to be Tg! the regular representation of G in R(G)~. Then
R( )~ satisfies both 1) and 2). Now suppose that there is a
natural transformation <t :F —3 R( )~ in the semnse os 1) and
2).(Therefore 1(G) sends rF(G)‘ to rR( )-(G) = rG)

Then F is good for finite groups.

Cofollar? 2; If there is a natural transformation of
generalized cohomology theory v :h% —— K* such that there is
an element uEhQ[B{l})which is sent to IEKO(B{I}} by v(B{1}).
Then the functor G )}—3 hO(BG) is good for finite groups.

Here {1} denotes the trivial group with one element.

Proof of Corollary 2 assuming Theorem 1. Let Ind%l}

denote the induced homomorphism on generalized cohomology

theories by the transfer homomorphism associated with the

114



finite covering B{l} -— BG. Then the element Ind%l}u

satiasies the required equality i*Ind%l}u = [G/H]Ind?l}u from
the double coset formula [ ] and is sent to Ind%l}l by v (BG)
because v commutes with the transfer. Now recall the theorem

of Atiyah-Segal and the fact Ind%l}l = Tgq, then we can imme-

diately apply Theorem 1.

Remark. (1) The following are examples of F(G) such that
~ F satisfies the’hypothesis of Theorem 1; A(G), R(G;Q), R(G:Q)~,
RO(G), 0 (BG,), Mu°(36), k°(BG), X0(BG), K(BG).
(2) Corollary 2 suggests that for such a cdhomology theory
hOCBG) involves a relatively rich group information. Amn inter-
esting point of the proof is the fact that ‘we just ﬁse the
theorem of Atiyah-Segal and we do not need to know the structure
of ho(BG) in general. For example we do not use the Segal
conjecture to prove the case of hf=ﬁ*.
(3) Let (!)n denote the n-skelton of a CW-complex (!). Then it
seems like}y that Corollary 2 can be improved as follows:
If a homomorphism of finite groups f:G —3 G' induces an
isomorphism £* :hO(BG'n) —3 hO(BGn), then £ 1is an iso-
morphism itself. Here h* satisf}es the hypothesis of"-
Corollary 2 and n 2 2Max(|G|,|G'])-1.
A result of this type 1s obtained for the theorem of Evence in
[/4 and following two elementary propositions support this

conjecture..

Proposition 3. If a homomorphism of finite groups £ :G

— G' induces an epimorphism £* : hO(BG'n) o hO(BGn), then

£ 1is a monomorphism. Here n 2 2|G'|-1.
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Proof. Suppose Kermel of £ is non-trivial and contzins
a cyclic subgroup Z/p. Then the map induced by a canonical

injection 1:2/p — G sends Ind} ,u to |67.(2/p) | 10d%/2u.

Now consider the composition ¢ of v and the total Chern

class, then we have C(IG/(Z/p)ilndZ/pu} (lfgp-13lﬁ/(z/p)!

{1}

and is distinct from 1 because HJ(BZ/p}

[

e

W (Bz/p ) if

Kdy

£ n-1. Here £ 1is.z non-zero element in Hz(Bz/an.
On the other hand, there is an element x in hG(BG’n) such
that f£*x = Ind%l;u from the assumption. Therefore we have

(£fi)*c(x) c{{£fi)*x) = C(IG/{Z/;‘) §Ind%j{€u)
(14.;;?' )XG/(Z/’P)g % 1

But this is a contradictin because fi is trivial.

Proposition 4. If a homomorphism of finite groups f£:G

—

ad

' induces a monomorphism £* :hOiBG’n) e hOEBGn}, then
f is zn epimorphism. Here w232|G}-2 and G' 4is a p-group.
Moreover we assume that v :h* — X* is a natural transforma-
tion of multiplicative generalized cohomology theories.

; Prpcf. Suppese £ is mot anm epimarphism, and let M @e
a maxiﬁal subgroup of G’ which contains £(G). Since G' is
a4 p-group, M 1is a normal subgroup of G' and G'/M = 3/p.
Take an element ge€G' which generates the cyclic group G'/M,
and let i :%g>zZ/pm —> G’ demnote the canonical injection of
the cyclic group generated by g. Then-the proof is just an-

—elementary.consideration. of? K-theory of. lemse space.



We add an additional result which can be proved similarly

as Corollary 2.

Proposition 5. Let Fq denote a finite field with q=pd
elements and let K; denotes the algebraic K-theory assosiated
with finite field Fq? If a homomorphism of finite group f:G
— Q' induces an isomorphism f£* : Kg (BG') ——— Kg (BG),
then |Ker-f}| and |G/Im-f]| are p-power? !

Now let's turm to the problem; if Corollary 2 could be
generalized to the case of compact Lie groups? But the following
Proposition gives a family of counter-examples for =n*; 7+ is

not good for compact Lie groups.

P}oposition 6. Let £:G —> G' is a homomorphism of com-

pact Lie groups each of which is a central extention of a finite
group by a torus. Then f induces an isomorphim £* : W?(BG')
-—e-n%(BG) iff £ induces an isomorphism T : G/G1 ———>G'/G'l.
Eere Gl(rQSPTGfl) denotes the identi;y component of G (?espr
G')..

| Proof, When G is a central extention of a finite group
by a torus, it can be shown the isomorphism A(G/Glj‘zwg(BG+)
(cf.Uﬁ}ané Appendix). Therefore the required result immediéte—

ly follows from Corollary 2.

Nevertheless we present a striking contrast as we previous-
ly announced; X* <s good for compact Lie groups.
Theorem 7. The functor G —> K(BG) is good for compact

Lie groups.

we can also prove the following similarly.
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Theorem 8. The functor G — SpecR(G) 1is good for compact

Lie groups.

In the rest of paper we aim at the proof of Theorem 7. In
§2, we consider a nature of R(G)"~. In §3, we study some results
from SpecH*(BG;Q). In §4,we recall the result of Segal [/]] on
/

SpecR(G). In §5, we prove Theorm 1, Proposition 5, Theorem 7,

and Theorem 8. (€T*T%:] ﬁ&yb 7%”ﬂi2°[ Aol &%—T?iu?)

&3
[38]

A result on R({G)~. ~
*G/Gl

Let rGER{G) denote the composition G — G/G1 —— U(fG/Gll).

Then the purpose of this section is to prove the fellowing.

Proposition 9. If T, = na fore some n€z and aSR(G)~.in

R{(G)~, then n = =21.

LemmalQ. For any compact Lie group G, there exists a finite
subgroup F, such that F/(FNGy) = G/Gl'

Proof. \Let T be a maximal ‘subgroup of G. Consider the
Buler number of the following two fiber bundles;

NT/No T — G/N, T — G/N.T, G, /N, T —3 G/N. T —3 G/G, .

G Gl Gl 1 By by 1
Then we have X(G/NG T) = X(NGT/NG T)x(G/NGT)
1 1

x(Gl/NGl?)x(G/Gll.
since  x(G/NgT) = X((6/NGT)T) = x(NGT/NGT) = 1 and similarly

L}

and X(G/NG ™)
1

xgel/NGlT) = 1, we have [NGT/NGlT{,= X(NGT/NGlT) = x(G/G,)

{G/Glf This shows that the injection of finite groups NGT/NG T
1
ey G/G1 is an isomorphiam. Therefore it suffices to find a

finite subgroup F imn NG(T) such that F/(FnT) = NGT/T.

Let e€H2(NGT/T:T) corresponds to the extention



I — T — NGT —_— NGT/T — 1.
Consider the exact sequence of N.T/T-module
dimT *[NGT/T]
0 — (2/|NgT/T]) —T >T —> 0,

then in the assosiated exact sequece of cohomology groups there

exists a some element e’EHZ(NGT/Tk(ZANGT/TI)dimT) which is

carried to e because ¢ is IN T/T|-tortion,
20 dimT *INgT/T|
H (NGT/T;(Z/[NGT/T[) ) — H (N ¢T/T5T) & s (N T/T T)

A éL s 0

7

This means the existence of the following map of exact sequece
1 —> (z/ll\:ﬁ’r/'r{)dmT — p —3 NT/T —> 1
H
1 > T NT-—-}NT/T———)I,

here the upper corresponds to ¢’and the lower corresponds to e.

Thus we have proved the existence of the required finite group.

Proof of Proposition 9. Suppose n=l1 and pin, and let Fp
denote a p-Sylow subgroup of F whose existence was proﬁed in

Lemma 10. Consider the following commutative diagram.

r$G c¢ Res R(i ) ——>Rcr~ )/PR(E)

)
¥ erR(8) &——)R(Fp) NN R(Fp) /pR(Fp)‘

G
Here Res and Res” are restriction homomorphisms and p and.-p~ are
canonical quotient Homomorphism. And the isomorphism on the
third vertical arrow follows from the fact: I(Fp)~adic topology
on I(FP) is the same as its p-adic topology [2]. Then from
the hypothesis we have p‘Res“(rG)= n(p~“Res~(a)) = 0. On the
other hand, by considéring the character wé see Res(rG)
KG/GIJ/(F /F neG )|IndenG Since Fp is a p-Sylow subgroup
of F, !(G/Gl)/(FP/Fpnél){ {(F/FnGl)/(FP/FpnGl) | is not



not divisible by p. And Indgpng 1 is not divisible by p either
1 :
because it contains just one trivial representation. Thus we

have pRes(rG) # 0, but this clearly contradicts Q’.‘Res‘(rG} = 0.

§3. Use of SpecH*BG;Q).
.The follwing proposition tells us the validity of our study
on Spec H*¥(BG:Q).

Proposition 11. If a continuous map of CW-complexes g: X

— ¥  induces an isomorphism g*: K*Y) — K* X), then it also
induces an isomorphism g*: H*(Y;Q) — H*(X;Q).

Proof. By considering the mapping cone of g, it suffices
to show that K*(Z)=0 means H*(Z;Q)=0. According to the universal
coefficient theorm for K-theory by Anderson and Yoshimura [/,

0 — Ext(Kn_l(Z) A —> ka(z) — Hom(Kn(Z} JA) —3 0
is an exact sequence for any abelian group A. Therefore
K*Z)=0 means the simultanuous equations:

Ext(Ku(Z),2) = Hom( K, (Z),2) = 0.
It follows K,[Z) = 0 by {//], and we have KQ*(Z) = 0 by putting
A=Q in the above exact sequence. Then we get H*(Z;Q) = 0

using Chern character.

Now we prove the following.

Proposition 12. If an injective homomorphism of compact

Lie groups £ : G —= G' induces anlisomorphim £*: Spec H*(BG';Q)
— Spec H*(BG;Q), then the rank of G and G' are equal to each
other and £ induces an isomorphism ¥ : NG(T)/CG(T) —

NG,(T)/CG,(T). Here T 1is a maximal torus of both G and G'.

Proof. First we quote some elementary facts from commutative
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algebra [{T;
1) Xrull dimension of the polinomial ring k[xl,xz,-~-,xn]
is n.
2) If a finite group W acts on a commutative ring R,
then the canonical inclusion Rw ——3 R induces an isomor-
phism (SpecR)/W ———}Spec(RW) and in particular, R and
Rw have same Krull dimension.
Then the assertion about thé rank immediately follows from the
Borel theorem: H*(BG;Q) = H*(BT;Q)NGT/CGT. To prove the induced
isomorphism,it suffices to find a prime ideal in H*(BT;Q) such
that its orbit in Spec H*BT;Q) is free for the actionwof GLn(Z);
3,5 ex2n-1
n

+X e oo

2.3
prime Ideal in H*(BT;Q) = Q[Xl,Xz,--',Xn], and in GLn(Z) only
, ,

Lemma 13. The principal idea{§=(1+X1+X ) is a

trivial element carries this prime ideal to itself.

3.5

Proof. We can showthat1+X1+X2+X3+~~-+Xin-l is irreducible

E]
in Q{XI’X2’°"’Xn] which is U.F.D. Therefore jSis a prime
ideal.  On the other hand suppose (aij}éGLn[Z) carries éﬁ to

itself, then we easily get

2n-1

3 Z2n-1_
1+Xl+ X2+....+X l+(§allx )+ (‘fa X ) +"A+(§aln 1

From this we conclude that aij=éij(Kronecker delta).

We conclude this section by prov1ng the following lemma
because we use H*(BG;Q) in its proof

Lemma 14. Let K be a maximal rank connected closed subgroup -
of a compact connected Lie group G. Then K=G iff NKT/T; NGT/T.
Here T 1is a maximal torus of K.

Proof. Consider the following map of fiber spaces.
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G/K — BK — BG

G/G — BG =— gé
From the assumption and the theorem of Borel, we see that the
second vertical arrow induces an isomorphism of the rationnal
cohomology ring. Since the third arrow which is an identity map
on the simply connected base space BG also induces an isomorphism
of the rational cohomology ring, we can apply the comparisson
theorem of spectral sequence Vﬂ and deduce that tﬁe canonical
projection G/XK —> G/G induces an isomorphiam of the rational

cohomology ring. But this is imposible unless K=G because G/X

is an oriented manifold from the comnnectedness assumption on K.

§4. Application of Spec R(G).
The following would be well known to experts; in fact it is
essentially proved by Segalb?].

Proposition 15. Let H1,==a9HZ be closed subgroups of a

compact Lie group G. If H 1is a cyclic subgroup of G such
that no conjugate subgroup of H in G is contained in any
Hi(i=1,---,z . Then there is an element £€R(G) such that

ResC £ = 0 (i=1,--+,2), ResSz = 0.
Hy , H

Proof. Suppose there is no such , then the kermel of the

following two homomorphisms Uy and u, are equal to each other.

;¢ R(G) —3 @R(H,) u‘g : R(G) — @R(H,)@R(H)
- G L G G
My = @ResHi Wy = @ResHi@ResH
Since uy defines the finite R(G)-module structure on

its target [ ], any prime ideal containing Kerul=Keru2 comes

from Spec(?R(Hi}} =§%SpecR[Hi). G” the other hand any cyclic
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group becomes a support of some prime ideal [fﬂ[rﬂ, so let f)be
a prime ideal whose support is H. Since‘ﬁ):'Kervz = Kervl, ﬁj
comes from Jg—SpecR(Hi). This contradicts with the fact:H is

a support of

In [/], Adams proved that if S 1is a cyclic group with
|S/Si] : prime power then the canonical homomorphism R(S) —3
R(S)~ is a monomorphism. So the above proposition immediately
indicates the following'corollary.

Corollary 16. If an injective homomorphism of compact Lie

groups £ : G — G' induces a monmomorphism £*: R(G')~ —3 R(G)~,
then for any cyclic subgroup S of G' with !S/Sll : prime

power, there exist some S'cG, geG' such that § = g'lf(S‘)g.

§5. Proof of main results.

Proof of Theorem 1. -

Supppse £ :.G —> G' induces an isomorphism F(f) : F(G")
~— F(G) where F satisfies the ﬁypothesis of Theorem 1.

1) injectivity of £.

Since F(f) is onto, there exists some z€F(G') such that

F(f) (x) = rF(G). From the assumption on F, we have

T(Ker-£)1i*F(f) (z) = T(Keref)(]G/Kerff[rF(Kerﬁ)=lG/KerjflrKérf
On the other hand as 1i-f is trivial, we have

T(KeT-£)i*F(£f) (x) = (i-£)*1(G")(x) = |G] = [G/Ker-£|x|Ker-£].

Since R(Ker-f}~ is torsion-free, we get |G/Ker-£]x1.

«rKerff=
By Proposition 9, this indicates |G/Ker-£]=1.

2) surjectivity of £.
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From 1 we may suppose that £ is a monomorphism, so we get

HﬁTF(G') = ]G’/Imff{rF(G‘. Since F(£f) is an isomorphism, there
is yeF(G') such that t1,(G') = |G'/Im-£]y. Applying t(G'),
we get |G'/Im £| = 1 by Proposition 9.

Proof of Proposition 5.

"From [/4] we know RF{G)‘ = K; (BG) and if G 1is a p-group,

EF (G) ~adic topology on %F (G) isqpoadic topology. It is well
kngwn that if |G| is invertgble in a field F, themn any finite
dimentional representation of G on F 1is completely irreducible.
From these we can prove the following lemma just as the proof of
Proposition 9.

Lemma 17. Let G be a finite group. Let Tq be the regular‘
representation of G on a finite field Fq with q=pd elements.

If T, = Do for some n€Z and a€R(G)}", then n is p-power.

Then we can complete the proof just as Theorem 1.

Proof of Theorem 7.

Suppose a homombrphism of compact Lie groups £ : G —3 G°
induces an isomorphism £*: K(BG') —> K(BG). WE shall prove
the theorem in the following order;

1) Injectivity of £.

2) Injectivity of the induced homomorphism T : G/G1 L
3) Surjectivity of TE.

4) f(Gl) = G?l.

We find easily these would complete the proof.

124



1) Injectivity of ¥,

.Since Ker-f = G, the I(Ker:f)-adic topology on I(Ker-f£f)~
is induced from R(G)‘Uﬂ. As £* is an isomorphism it is also
induced from R(G')~. Therefore the required topology on I(Ker.-f)~
must be discrete. This means Ker-f is trivial.

2) Injectivity of F.

From 1) we may suppose f is an inclusion, so we write ﬁesg'
for f£*. And from Proposition 11 and Proposition 12 we may take

-~ 1
a maximal torus of G' in GnG'l. Since f*=Resg is an epimor-
L ]

phism, there exists weR(G')" such that iesg'w = T Therefore
. = 5.6 - A Gt e PGt 5 o_GY
|G/cng llIGnG‘l ReanG,er ReanG,lw Rean&,lResG,lw.

- . -
We would like to know Resg, w. Since G'1 is connective, Resg’l
1 )

is injective [J]. So we apply this and obtzin ﬁesg'lﬁesg: w
= ﬁes% T = |G/G1]; this_indicates ﬁe§g:lw = |G/G1[.
Therefore we have [G/GﬂG'lernG,l = )G/Gll
= IG/GnG'lllenG'l/Gll.

Since R(GNG'; )" is tortion-free, we get anG,l = lGnG'l/Glin.
Then Proposition 9 indicates that IG“G'l/Gll = 1.

3) surjectivity of F.

Since GNG'; = Gy by 2), we get £, = [G'/GG'ler1

in R(G)~. Since £* is an isomorphism, IG'/GG'l] =1 by

Proposition 9.

4) £(6) = G'..

£~

Suppose the order of an element «¢ CG,(T)/T is prime power,
then consider the following commutative diagram of central

extentions.
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0 — T — Cq (D 3¢5, (T/T —5 1

' -1 L v
0 — T —3 1 “(x) — <K> —3 1
) . 2 )
The lower diagram splits because H(<x>;T) = H3(<K>;Z) = 0, so
it can be written as follows; A"l{K) = TxZ/q. Then from

Corollary 16, there exist some C=G, g€G' such that Txz/q

-1A - ) .
g "Cg. From 3) we know G'=GG',, so we can improve above to

~o
L4

o)

o

geG',. Now since T and Cl are maximal tori of Gl, there

. -1
exists some element hEGl such that h th = T. Therefore we

can improve more to the following;

there exist some Cc=G, geN., (T) such that C, = T,
\3
. -1
g Cg = Txz/q.

How let d generate TxZ/q: <d> = TxZ/q, then gdg generates

C. Since deN.,(T)B>N (T)3g, there exists some element VE
1 et

GY G!

-1
Ng,l(T) such that d = (gdg ")y. As both d and gd

@

’ -,
1

trivially on T, so does vy, it follows ye€ because yENG,l(T)

and G'l is connected. Therefore we get d € CT = G, an K €
A(=<d>) 1is contained in the image of CG(T)/T — CG,(T)/T.

Then this map is onto because we have proven that it is onto

on any p-Sylow subgroup. Combining with Proposition 12, we see

the injection NG(T)/T «—9 NG,(T)/T is an isomorphism. On the

other hand, from 2),3) and the proof of Lemma 10, the following

NG (T)/Ng (T) — 6/6; =55 G'/6", —> Ng, (T)/Ng, (T)
- 1 - S

are all isomorphisms. Therefore we get the isomorphism NG (my/T
1
e NG, (T)}/T : which proves the required resuit by applying
1

Lemma 14.

Proof of Theorem 8.

We prove this similarly as the proof of Theorem 7. In [fﬂ
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Theorem 6.2 substitutes 1),2)and 3) of our proof of Theorem 7,
Theorem 5.2 substitutes our Proposition 12 and Corollary 16.

Therefore we can argue just as 4) of our proof of Theorem 7; which

would complete the proof.

Appendix.

‘Here we shail briefly sketch the proof of the féllowing
which was used in the proof of Proposition 6.

Theorem A. If G 1is a central extention of a finite group
by a torus. Then we have the isomorphism:

A(G) = 0 (BG,) .

From Uﬂ, we may consider the case: G is a central extention
of a finite p-group by a torus, and in this case we employ the
standerd technique [#][/{]; approximation of such a compact Lie
group by finite p-subgroups. Let {Fn}neN be a sequence of an
increasing p-subgroups of G such that ﬁFn/(anT) = G/T, ¥neN

and that 1im(anT) < T 1is all the elements of T whose orders
= ;

are prime power. Then we can prove the isomorphism ng(BG) =

lim ng(B(Fn)); for the latter we can apply the Segal conjecture
n

for finite groups [éﬂ. Theréfore we only have to prove the
following isomorphism:

AE)7 = Lim(AR,)) -
Here ( );‘denotes the p-adic completion of ( ). Note that the
problem has been reduced to the purely algeéraic problém conserning
the Burnside ring of .finite groups because of the isomorphism

A(G) = A(G/T) when G is a central extention of a finite group

by a torus T.



Now recall the characterization of the Burnside ring of a
finite group F by Burnside and Dress [/31. Let C(F) be the
set of the conjugacy classes of subgroups of F, and let (H)€C(F)
be the conjugacy class in which a subgroup H of F belongs.
Then A(F) 1is a free abelian group with basis {F/H} (H)YeC(F),

and for each (H) there is an assosiated homomorphism Xg ° A(F)

K '
>Z by xy(F/H') = [{F/H}H |. The homomorphisms Xy define
together a homomorphism y : A(F) —> @ Z = Map(C(F);2). Then the
C(F)
characterization can be stated as follows.

Theorem(Burnside, Dress)[/f]. x is an embedding with finite

cokernel, and m €:Map(C(F);Z) 'is contained in'thefimage of
if and only if for all (H) € C(F)

Z(K) n(H,K)m(K) = 0 mod |NH/H]| (#)
where the summation is taken,over_the NH-conjugacy classes (X)

such that KpH and K/H is cyclic, and n(H,K) are appropriate

integers.

This result states the existence of the following exact
sequence; 0 —> A(F)';—é &z = Map(C(F);Z) —> Q —> 0, here
Q is a finite group and gégémes a p-group when. F is a p-group.
Therefore the exactness is preserved after p-adic . completion,
and we get immediately the folloﬁing corollary.

Corollary. If F 1is a p-group, then ¥ : A(F)2 —> 8 2° =

— . P P C(F) P.
Map[C(F)QZ;} is an embedding with finite cokernel Q, and m €
Map(C[F);Z;) is contained in the image ofxg if and only if the

congruence relations (#) hold.

To state the next lemma we make a éefinition, Let N be

a nomal subgroup of G, then we define the homomorphism
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PG/ni A(G) — A(G/N) by Pg/y(G/H) = (G/N)/(H/N) if H N; and
= 0 if H N. Then we have immediately the following.

Lemma. If H and N are subgroups of G such that

G/N

G
/N T

_ »H G
GoHoN, .G>N, then Res G/N = PH/N ResH.

Proposition. Let G be a central extention of a finite

p-group by a torus, then the homomorphism }1m XHP le A(F )‘
—> Z“,(HC:F for some n) 1nduced by Xy is determlned only
by (HT/T)E C(G/T).

Proof. Since NGHDH,T, we have HTDH. Then applying the

above lemma twice, we get the following commutative triangle.

; AyTY~ : N ; -
Lin AGFHT), ———————3  Lin AC(F,HD)/);

Ciiim pFNET
é%f‘ (FNHT) /H

XK Xx /1

Here X satisfies XT = HT and Hc&KcﬁFm for some m., Now as

{(F NHT)/H}neN approximate a Forus, XK/H = Xgyy T. This

. 1i .o s - ..
im pr 1ém XKP If finite subgroups
H1 and H2 satisfy HlT = HZT'and Hl,Hchn for some n, then

shows for such H and X

[Hl,HZ) : the finite subgioup of AFn generated by H1 and H

2
satisfies (H,,H,)T = H.T = H,T, so lim x. ~ = Lim X T o=
7 ; . A ] B

. * - Z n Hlp n (Hl’HZ)P
%1m - :
) XHZP
Préof of Theorem A. Since G 1is a central extention

of a finite group by a torus G, A(G) is a freg abelian group
with basis G/H, here H runs over the representatives sf the

closed subgroups of G such that HOT. .SinceG/H = (G/H)T
when HOT, for any closed subgroup XIT we have (G/H)FAWK =
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(G/H)(T’FnﬂK) = (G/H)K° Hence we have the following commutative
diagram. A(G) ————E—é.A(Fn)

ResF
XH x{l/ XF NH
A

Here Xy A(G) —> Z is the homomorphism which assigns the
Euler number x(XH} to compact G-ENR X. Since G 1is a central
exte;tion of a finite group by a torus, A(G) = A(G/T) and under
this correspondence, Xy corresponds to XH/T' Therefore we can
apply Corollary tonﬁeduce the injectivity of A(G); 4-%%Q(A(Fn)§).
On the other hand, from Proposition we can define the injective

homomorphism ;im(A{Fnjg) - Map(C(G/T};Z%} whose composition

n
Wi A(G/T)., — 1im(A(F_ )7 is the h hi - £
with A(G }p iim( ( n,P} e homomorphism Xp o

Corollary in the case of F = G/T. We can easily check that
the image of ;im(A{Fn)gj ngo satisfies»the congruence relations

(#). This shows the surjectivity of the required map.

Remark. In [fg] Feshbach insists a strong result; A(G) —>
wg(BG+) has a dence image where the topology of the target is
given by the filtration éf BG and is also equal to the one givem
by the approximation by finite group. Admitting this, the
surjectivity of Theorem A is clear  because the topology of the

augmentation ideal of A(G) is compact now.

Corollary B. The following three conditions are equivalent:
(1) G 1s a central extention of a finite group by a torus.
(2) A(G) 1is a Noetherian ring.
(3) A(G) = ﬁg(BG+) is an isomorphism.

Procff (1)=(2) was proved by tom Dieck [7]. (3)=(1) was
proved in [4]. And we have just proved (1)=(3).
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