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BIFURCATION OF PERIODIC POINTS
OF

MAPS OF THE INTERVAL

by

S. Matsumoto

&0 Introduction

The purpose of this paper is to investigate the appearence
of periodic points along a certain kind of one paramater families
of differentiable maps of the interval. The main result is
the following Theorem 1 .

Let I be a closed interval. A C2 map f:I-»I is called

n
has at most one

naive if for each positive integer n , £
point of inflexion on each open interval where it is strictly
monotone. For a real number u and a map £ , u-f 1is to be

a map defined by (u-£)(x) = u £(x) .

THEOREM 1 V : "—t‘g{‘
2

(a) Let P bea C map cof the interval [-1,017 such
that F(-1) = F(0) = 0 and that F 1is everywhere positive.

Let k be a positive odd integer. If 0< u < uw' €1 and

the map u.F has a periodic point of prime period k , Lfhen
of the same prime period also.

u'-F must have a periodic point
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<1,

(b) Furethermore if wu-F 1is naive for each 0 < u

then the above statement holds for a positive integer k which

is not a power of 2 .

In Jonker- Rand [3] , the existence of periodic points
is related to the topological entropy h(f) of the map £

as in the next theorem.

THEREM 2 { Jonker-Rand )
Let F be a map as in Theorem 1 (a) .

(a) h(F) =0 if and only if all the periodic points of

F  have prime periods powers of 2 .

(b) For each integer m (not a power of 2 ) , there

is defined an algebraic number Sh (l<:sm<12) such that

h(F) 2 log Sh if and only if F ©possesses a periodic point

of prime period m .

From this one gets the following corollary to Theorem 1 .

COROLLARY 3
(a) Let F be as in Theorem 1 (a) and let k be a

positive odd integer. If 0 <u <u' < 1 and h(u.F) 2 log Si

then h(u'-F) > log s, also.

(b) Furthermore if u*F is naive for each 0 <u =1,

then the above statement holds for an integer k which is not

a power of 2
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(c) Let F be as in (b) above. If 0 <u<u' £1 and

h(u-F) > 0 , then h(u'-F) > 0 also.

For the one parameter family ‘gu(xi = 4ux(l+x) (0 <u €1},
it is conjectured in Milnor-Thurston [6] that h(gu) is a
monotone increasing function of u . Corollary 3 is a partial
support of this conjecture. Notice that quadratic functions

are naive, as will be shown in 24 below.



1. Preparations from kneading theory

In this section we recall briefly necessary parts of Milnor's
kneading theory. The general reference is Milnor{s5] and
Milnor-Thurstoni{6] .

Given an integer ¥ 2 1 , an interval I = [a,b] and its
interior point ¢ , one defines eF = £5(1,c) to be the set of

f(b) = b and £ (x) =0

ct maps f: I - I such that £{a)

if and only if x=c¢ . Fix amap £ ¢ &t ., For x €I , let

Eo(x) = -1, 0 or } according as x <ic, X =¢C Or X > C .

Let £,(x) = €,(£(x)) and 6 (x) = T 600 for i20 .

Note that ei(x) coincides with thej;ignature of (fi+l)'(x) .

The power series - 51X)=EE e-i(x)t:.L is called the invariant

coordinate of x . It isl;gsy to show that the map x > é(x)

is order preserving if we endow Z[[t]] with the lexicographical

ordering. We have also that the limits &+(x) = 1lim &(y) and

¢ {x) = 1lim &(y) exist. The limits are taken iny;§e formal power
yix

. . . +
series topology. Their coefficients are _ 1 .

The series VY{f) = ef(c) is an important invariant of £

called kneading invariant of £ .

oo .
Given a power series & = 8.t with &y # 0 , define
oo . i=O
Fle) = = (6, ,/6,)t" . Clearly we have &(£(x)) = F(o(x)) .
j=g 0

Let A be the set of formal power series with coefficients
*1 , endowed with the formal series topology. Then F: A > A

is continuous.

[y
Bl
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There is a criterion due to Milnor to judge which element

of A occurs as the kneading invariant of a map of et . Let
oo .

k={r= = vitl] Yo =1, 3%() > F(/) (n=1,2,---)} . An element
i=0

of X is called admissible.

THEOREM (1.1) Let r21 and veA. Y is admissible if

and only if ¥ = Y (f) for some £ eel .|

The if part can-be shown without much difficulty. The
converse is a corollary of Theorem (1.4) below.

The maximal element of & 1is o= 1/(1-t) and the next

(1)

largest is &« = 1/(1+t) . The minimal is @ = 1-t/(1-t) .

Now let us study the kneading invariant when ¢ is a periodic

o0 s
point. To begin with call a series X Yitl cyclic if there
i=0
exists a positive integer N such that vi+M = Yi for iz O
If ¢ is a periodic point of f e&BF of prime period N , then

Y(f) turns out to be cyclic of prime cycle N .

Let ¥ be cyclic of prime cycle N ; thus ¥ = P(t)(l—tN)—l
for some polynomial P(t) of degree N-1 . Define a series
y by ¥ = p(t) (1+eN) ! . cClearly Y < vV . Also we have that
; is admissible if ¥ is.

For a one parameter family fu(x) , fu(k)(x) denotes the k-th

partial derivative with respect to the variable x and (afu/@u)(x)
denotes the partial derivative with respect to u .

The following Proposition plays a crucial role 'in what follows.



PROPOSITION (1.2) Let {fu\ be a one parameter family

of maps of 62 such that fu' (x) is continuous with respect

to x and u and that (’afu/gu) (x) exists. Suppose that

for some value Uy of u , £ has the critical poiht c  as

0
a periodic point of prime period N . Suppose also that

1 (£, Hrer- e, T/pu)(e) < o .
0 0
Then there exists a positive number & such that

(a) v(£) = ¥(£, ) if . -€<u <u

u, - 0 0’
= Vit i ¢ and
(b) )/(fu) = )/(fuo) if uy< u<uy+ an
(c) if vy - €<u <uy +&, and f, has ¢ as a periodic

point, then u = uy -

REMARK (1.3) In the above proposition, neither (fuoN)"(c)
nor (afu /du) (c) plays an essential role. In fact we have;
if fe 81 has ¢ as a periodic point , then there exists a
Cl neighbourhood WU of £ such that VY(g) = V(f) or )/'\(/f)

for any g e U .
Now let us state an important theorem due to Milnor(s] .

THEOREM (1.4) (Intermediate value theorem)

Let fu (0gu =1) be a path in E,l , continuous in C:L

topology. Let V(fo) > Y(fl)

(a) If yer and \/(fo)z Y 2z Y({ll) , then there exists

a value ug such that YI(f_) =V .




(b) Furthermore if y € & is cyclic

and Y(fo) zVY > V(fl) B then there exists a value u,

such that Y(£f, ) =Y and that £ has c¢ as a periodic
0 0

point .

Finally we shall state a condition due to Jonker{2] ,
of kneading invariants for the existence of periodic points
of a given prime period.

s . z . .

For ¥ = 21 Yitl ¢ K , define a series D(V) = = yi(t21_t21+1) i
i=o . i=0

The map D will be studied - in § 3 . For simplicity

we shall denote y &) = pky)

For an odd integer n > 1 , put

5 2

4 e 7T
1

S = l-t-t2+(1-t) (£o+t

N )

___2 . ._n“ O'(k)'
(S-—ltt)andd’n—sﬂ(lt) . Then a is

3
a maximal element of X which is cyclic of prime cycle 2k-n B

THEOREM (1.5) Let fe &' and let n be odd >3 and

X2 0. Then £ has a periodic point of prime period n-2k

if and only if v(n) < o 5.



$2. Reduction of the main theorem

In this section , using the results of the previous section,

we shall reduce Theorem 1 +o the following Theorem (2.2) .
-2

- nj n{m-1)
For n odd , > 1 and m> 1 , let Sn,m Sn j§=ot + Sn+2t .
Sn - is a polynomial of degree nm+l . Let
, T
Cw _ nm+2, -1 . , . s s
nom Dn,mu t H . It is easy to show that gn,m is admissible

and cyclic of prime cycle nm+2 . We have also that Crn,m‘if %  as

m%?*OO_

THEOREM (2.1) Let F be as in Theorem 1 , i.e.
F e (‘32({-1,0] ,¢) for some ce{-1,0) and F"> 0 . Let
fu=u~F for 0<u<l. Let n beodd 23, m22 and

k2 0 .

{a) Whenevexr V{f )= ¢ and <« 1is a periodic point

T u, n,m — _— =

of fu , the condition (1) of Proposition {1.2) holds
0

for N = nmi2 .

(b) Assume in addition that £  is paive for 0 <u =1 .
Then whenever Y (f ) =0 ) ana £, has ¢ asa periodic

n,m
0 7 o
point , then the condition {1) holds for N = 2k {(nm+1) .

In what follows we shall show that Theorem 1 reduces to
Theorem (2.1) . We shall only prove that Theorem (2.1) (b)
implies Theorem 1 {b) . The remaining Part will then be clear.

The proof is devided into two steps.
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Step 1. We claim that for n, m and k as above ,

there exists at most one value 0 < u £ 1 such that V(fu)

= dn m(k) and that ¢ is a periodic point of fu . Let »

be the set of such values u . Assume in way of contradiction
that P is an infinite set. Then one can choose a convergent

series {uiﬁ of distinct points of P . Let u,= limu,
i»0

and let N = 2k(nm+2) . Since fu N(c) = ¢ for any i

i
we have £ N(c) = ¢ . Then by Remark (1.3) , either Y(f )
uoo o~ (k) uw

(]:) -
, oxr y(f ) s

(k)

But the latter case is

~
is not of the form V¥ for any

y € # . Thus we have Y(f ') = e K) | Now by Theorem (2.1)
o3

impossible becausé crn'm
n,m

we have that - the condition (1) holds for this value. But then
by Proposition (1.2) (c) , this value u must be an isolated
point of P , contrary to the definition of U .

Thus we have shown that jb is a finite set. Next we
shall prove that 1 cannot contain two distinct points. Assume
the contrary. Let ul‘é u, be adjacent points of 35 . By

Theorem (2.1) . +he condition (1) holds for uy and Uy .
7

Therefore by Proposition (1.2) , we have V(fu +g) (x)
1

(k)

n,m

= 0

n,m
and Y(f, ’6) for some small & > 0 . But then

2

by Theorem (1.4) (b) there must exists a point of P between
uy and u, v contradicting the assumption.
Step 2. We shall prove Theorem 1 (b) . Assume to the
contrary that there exist two values u3.< u, such that

fu possesses a periodic point of prime period 2k-n , while
3

14%



£ does not. By Theorem(l.5) , we have Y (f_ )< O (k)
u4 u3 n

and y(f_ )>d (k) . Now O (k) decreases and tends to
u, n n,m
dn<k) as m increases. Notice also that VY(£f)) = 1/(1-t) "t
for very small u . Take m large so that dn m(k) y(fu ) .
14

4
Then again by Theorem (1.4) , there must exist two values C{ ib

ug and ug such that uz < ug < u6‘< u, .,

. This coritradicts

Step 1 .

Now in the remaining part of this section, we shall compute
the condition (1) for such fu as in Theorem(2.1) . In
the first place we have

N N-1
(2) (£ y"(e) = (£ Y'(E_ (c)) £_ "(c) and
uo uo uO uO
() 0t Ypw () = 32 (EVH (£ (o)) F. sew (5571 (e))
Yo i=1 Yo Yo Yo Yo
where the 0-th iterate of a map is to be the identity.

Dividing (3) by (2) , we have that (1) is equivalent
to the following (4) .

N-i i i-1
N (f YU{ED {c)) Bf_ /ou) (£ (c))
= Y Y Yo Yo < 0 .

l=l N—l I It
(£ 1) (£, () £, ()

(4}

Notice that

N-1 N-i i i-1
(£ Y(E (e)) = (f YUED (c)) (£ YU(E . (e))
u, ug u, u, ug ug
(Bf. /pgu)(x) = u “lf (%) . Thus (4) reduces to the
u, 0 ug
following simpler (5) .
N . .
(5) =< f; '(c)/(fz—l)'(fu (c)) €0 , where N is the prime

i=1 0 0 0
period of c¢ .

co

7

14



Thus Theorem(2.1) reduces to the following Theorem(2.2) .

THEOREM (2.2) Let c € (-1,0) and let £ € E%([-1,0],c) .
Assume f" > 0 in (a) below and besides £ 1is naive in (b) .

Let n beodd 23, m =2 2 and k= 0 .

(a) If Y(f) =0 . and c is a periodic point of £ ,
then (5) above holds.

c; m(k) and ¢ 1is a periodic point of £ ,

(by If Y(f) =

then (5) holds.
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$3., The contraction D

In this section we observe that the map D defined in the
bottom of &1 is a sort of contraction of / . Notice first

the map D is order preserving. As before we shall abrieviate

yE) 2 pE(yy  and aiso &%) = p¥(4) . Recall that o = 1/(1-t)" "

-
4

is the maximal element of X and @ = 1-t/(l-t) is the

minimal. The following proposition is obtained by an easy

o0
3
{ not short ) combinatorial argument. Let oc{co) = 17 (l—t2 Y.
j=0

PROPOSITION (3.1)

(a) For a series ye A, D(y) is admissible if and only

if y is.

(k)
(1) & k) {Yef;i g af’(k},?_ y 2z @

() Y > ) 45 x>oo, for each ve /.

REMARK (3.2) As is easily shown, there is no admissible
(1)

series Y such that o« > y >« Therefore by the monotony

of Dk , there is no admissible series Y such that

3 i
(}[{k” > v > olk¥l) . That is, if ¥ >o<(°°) , then Yy must

equal to some o (k)
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£4., Naive maps

Tn this section we give a sufficient condition due to
Singer[8] for a map to be naive. Let f be a C2 map of
an interval I into itself. Recall that f is naive if for

Ny at most one point of inflection

each positive integer n ., £
on each interval where it is strictly monotone. In this paper,
a point x 1is called a point of inflection of a map g if

g"(x) = 0 .

THEOREM (4.1) Let f be a c? map of I into itself .
Suppose for each x6 I ,

{ 3(f“(x))2 - 2FY(x)E™(x) > O if £'(x) # 0 .
(6)

x is a local maximum Or a minimum if £'(x) =0

Then £ is naive.

PROOF : : CWQ‘Z/ if £ and g
satisfy (6) , then geof also satisfies (6) . Thus one may
assume that % gatisfies (6) . From this follows easily that
£ s nave,

g.e.d.

Notice that important functions such as gquadratic functions,

a sin x or a x e ¥ satisfy (6) and therefore they are naive.



§5. Iterates of naive maps

k
In this section we consider the iterate f2 of a map

f & 81- whose kneading invariant belongs to cﬂ(k)

K (K) \‘{“‘k),“)(k)} . To begin with, consider a map £ &
&2([a,b],c) such that £" is everywhere positive, £ is naive
and y(£) ¢ . Now V(£) < 1/(1-t) implies £(c) < c
There is a fixed point bl in (a,c) and a point = in

(a,b such that f(cl) = ¢ . Next one can show that

l)
{1y . . 2 2

Y(£) < « implies that £%(¢)> c . Thus £ (cl)<< cy -

And therefore there is a point ay such that f2(al) = bl .

Let g = f2 . g maps [a,,b;] into itself. In fact,
[al'bl] 1’71
6 (£2 e =F () > F @) since v(£) € £ on the other
hand 9+(al) = G(al) = ?(@ﬁl)) . By the monotony of invariant
coordinates, we have f2(cl)j> a; , as is required.
Now without much difficulty we can establish the relation-

®

ship between the kneading invariants of g and £ ; that is,
y(g) =v(g)

For later use it does not suffice however that g is merely
a map of {al,bl} . It is needed that g thus constructed
is in addition convex down like £ itself. For this purpose
the condition that f is naive provesuseful. 1In the first place,

by the chain rule we have g"(x)> 0 for x € [a1 Cl] . Next

we have f'(bl)<< -1 . 1In fact, otherwise, f2 must have



at least two points of inflexion in a monotone interval (cl,c) ,
contrary to the hypothesis that £ is naive. Now,
(f2)" (bl) = f" (bl)f' (bl) (1+£f" (bl)) > 0 . Again by the naiveness
of £ , this implies g"(x) > 0 for xe(cl,bl] . Finally
notice that g is also naive, by the very definition.

In conclusion, if feez([a,b],c) , f£f"> 0, £ is naive
and ‘v(f)t—.f(l) , then ge 82([a1,bl],cl) + g"> 0,9 is naive

and Y(£) = V(g 1),
Now, if in addi_tion Y(£f) € 08(2) , then one has y(g),eaZ"“ R

Also g satisfies the other conditions needed and one can apply
the whole argument again to g . Proceeding in this way, we

obtain the following theorem.

THEOREM (5.1) Let a< c< b and k be a positive integer.

Suppose that fEE‘,z([a,b],c)_, f*> 0 on [a,b] , £ is
naive and V(f)é,f,(k) . Define the points a, b, , c,

(0 < L £ k) inductively as follows. For g = 0 , let ag = a .

by=b and cy=c . For 1<Q% kl_,-llet b, be the point

of (ay_qsby_;) which is fixed by £2 + ¢, be the point

== : == =1 22 == PooTE
z -

of (af_-l'bl) such that £ (cD’z’ =C,3 and a, be the

point of (aL-l’cQ) such that £2 (ao_) = by .

Then these points are well defined and satisfy the following

L
. 22
conditions. Let fQ. = f [a, bl
(i) aL< c < bjL and [al'bL] C (ap,-l’bt-l) .
.. 2 . .
(i1) £, & &%(la ,b l,c)) , £" > 0 » £, is
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naive and V(fl)(“= Y(£) .
(iii) fn—l' (by) < -1 .
-1 Maps the interval

[aQ,bz] by an order reversing

[bJL' fL-l(aL)] . Especially

(iv) fQ

homeomorphism onto the interwval

fQ—l(X) 2z x for any =xe | a s bQ] .

V(£) = oK) .

We have excluded from Theorem(5.1) the case where
In fact the theorem holds also for this case. This proof

needs some extra care and we shall not use it later.



e

g 251 ok _qy4s K qyas
1 =2 (20 (=43 oy (g2 DNy g e)) < 0
r=1 j=1 ’
2k
Note that £f(c) = £ (ck) . Thus by (7) , we have

! -
(8) 3 by g5 (e ))/ g7 h (gley)) <0y
r=1

k
where g = f2 [ak,bk] . Note that Y(g) = dn,m and g has its

critical point ¢ as a periodic point. Recall also that

gn>0 .,
Before proceeding to a further reduction of (8) , some

preparation in kneading theory is needed. An admissible series
Y is called simple if it has no consequtive positive terms

and Y # d(l) For example, G; n 28 well as dn is simple.
: 1A

SROPOSITION (6.2) Let £ € &r(la,bl,c) and let by be

o0 .
the fixed point in (a,c) . Suppose that Y(f) = 22 Yitl
i=0

is simple. Then if Y; ,7 0, then £ (c) < b, and if

i
Yio1 < 0 , then £ (c) > by -

The proof is a computation in invariant coordinate and

is left to the reader.

No let us return to (8) . The signature of the denominator

1

(gr-l)‘(g(ck)) coincides with the coefficient of £I7 of

Y(g) . Thus , if (gr—l)'(g(ck)) is positive, then gr(ck) >

b and if it is negative, then gr(ck)< bk+l , where

k+1

b is the fixed of g in (ak, bk) . Now the function

k+1
Py is negative valued and monotone increasing on, [ak’bk] .
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Therefore in order to show (8) , it suffices to prove
= r-1

(9) 1/(g )! (g(Ck))> 0 (g = nm +2)
g=1

Thus we have successfully reduced Theorem(2.2) (b) to

the following.

THEOREM (6. 3) Let a<c<b, ge &Z(Iayb],C) PR o}
°dd 2 3 and m 22 . Suppose g¢g"> 0, V(g) =0¢_  and

¢ is periodic. Then (9) above holds.

$ 7 1is devoted to the proof of this theorem.

REMARK (6.4) Much more seems to hold than the above theorem.
In particular it is conjectured that (9) holds whenever
Y{(g) is simple and the other conditions of the above theorem
hold. 1In fact this is proved for guadratic maps. ([4]) See

also [1] .

The last section 7, full of tricky computation, is omitted.
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