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Finite Dimensional H-Spaces
J.R.Hubbuck
An H-space here means a finite dimensional
H-space which is a triple (X,e,m) with X
a connected space of the homotopy type of a
finite CW-complex , e& X is a base point

mKxX =2 A b conlimucun ;
and for all xe X , m(e,x) = x = m(x,e).

The concept arose in generalizing a theorem of
Hopf. "Let X be an H-space. Then H¥*(X,Q)

is an exterior algebra on r -odd dimensional
generators. The number r is the rank of X.
If m is homotopy associative , the generators

can be chosen to be primitive."

Examples. (a) X a connected,compact Lie group.
(b) RP7 and S7 ,arising from thevmultiplicat—
ion of CayleY-numbers

(c) Vast numbers of examples discovered since

1968.

Much of the motivation for the studj of H-spaces

arises from the fact that some of their homotopy

theory is similar to that of Lie groups.
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Examples. (a) The kernel of the Hurewicz hom-
‘omorphism h:Tri(X)->Hi(X,Z) is the torsion in
ﬂ'i(X), (Lin and ?). |
(®) T,(X) = 0 (Browder) and T _(X) is free
abelian, (Zabrodsky, Hubbuck and Kane).
(c) If X 1is simply connected H, (f2X,Z) has
no odd torsion ,(Lin).

(d) If X 1is homotopy abelian ( mT = T where

T:Xx X—2X»X 1is T(x,y) = (y,x) ),then
X o= Slx S%a ...xsl ; (Hubbuck).

The New examples. These are usually introduced

either by localization theory in homotopy
(Sullivan and others) or the here equivalent
theofy of p-equivalent and p-universal spaces
(Mimufa,Toda and others).All I need is that

for X an H-space aﬁd for each primé p,there
exigts a homotopy type Xp and a map rp:X~e
Xp which localizes homotopy and homology groups
, Mi(x) = T, (X)@2,, , and Hi(xp',‘z) =

Hi(X,Z)®>Z( , where Z(p) is the ring of

P)
integers localized at the prime p. In general
localization can be performed for nilpotent

spaces (Hilton,Mislin and Roitberg.)
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The genus of X ,G(X) = -{Y: Yp:x Xp% for all
primes p . Zabrodsky and others have shown
that if X is an H-space or a loop space then
so is each Y and G(X) has the structure of
an abelian group. If X 1is the simply connected
Lie group 8Sp(2),G(sp(2)) contains just two
distinct homotopy types Spr) and ES .

E was the first example by Hilton and Roitberg

5
@f’a new H-space and as Hilton has pointed out,
it has the following iﬁte?esting properties:

(a) Eg has the homotopy type of a smooth
closed 10-dimensional manifold,

(b) E. ,as a loop space , has the homotopy

5

- type of ‘a topological group.

But one cannot realize these structures on a

space simultaneously for this would imply that

Eg had the homotopy type of a Lie group which

is false.At present there appeats to be no
{ésuc@

explanation as to why within the genus of

Lie group the manifold and group structure

can be brought together just once;Similar

examples form an infinite subset of the new

H-spaces.

Other interesting examples have been construct-
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ed wusing obstruction theory (Harper) .

H-structures on a single space.

You have to be careful what you say because
there are several slightly different definitions.
If (X,m) is an H-space ,in general there
are many k not homotopic to m such that
(X,k) is an H-space. The H-structures on X
are in one—to—dne correspondence with the
algebraic loop [Xa X,X] (Copeland). If ‘(X,m)
is homotopyAassociative and'qne’can givé |
H* (X, 0) algebraicélly a Hopf algebra struéture
in which the generators cannot be éhosen to be
primitive,then the number of H-structures on
X will be infinite (Arkowicz and Curjel).
Explicit computations have been performed giving
the precise number of multiplications for H-spa-
ces of small rank. The first were'dbnevby James

3 has 12 multiplications

who showed that S
and exhibited them explicitly.

Another way of approaching this question
is to say that two multiplicatiqns\on X are
equivalent if there is a homotopy equivalence

f:X— X such that fme—k(fx f) and now S3

g1



has 6 multiplications. The number will be
_ infinite when it was infinite before and there
are now only finitely many homotopy associative
H-structures (Curjel). There exists spaces
like S7 with no homotopy associative H-
structure.
When dealing with higher associativities,it
is natural to require that they are preserved
by the homotopy equivalence.An interesting
result in this direction” is that there are
infinitely many loop structures on 53
(Adams and Rector), that is, there are infin-
itely many spaces Xi with different homotopy
t}}pes such that LXK = s3 .
This is an area where little seems to
be knownAexcept for H-spaces of very small
rank.One of the. earliest questions remains
uhresolved. If X 1is an H-space,does there
exist a multiplication on X such that

H*(X,0Q) is primitively generated?

g2



Mappings of H-spaces

Again there are several definitions. At its
f:(X,m)— (Y,k) is an’H-map if fm=k(fx f).
The situation when X and Y are spheres
was resolved some years ago ; (Arkbwicz,Curjel

3 3 with the

and others). For example f:S,—~>S

standard multiplication is an H-map if and

only if it has degree N where N(N-1) E 0

mod 24. I believe that some work is being done

in Japan in other small ranks , but it appears

to be difficult to obtain a general picture of
this area.

If one considers loop maps of finite
loop spaces , a little more is known , at least
on the homological level. If f:G->H 1is a
loop map of compact connected Lie groups, then
there exists a homomorphism of maximal tori,
g:TG-~9TH such that for all but a finite

number of primes the following diagram is

o * '
commutative: H*(BH,FP)-*~E£~—> H*(BG,FP)

| L

Bg* *
H* (BTH,Fp)..“___> H (BTG,Fp) '
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and provided that one inverts a finite number

of primes , there is a converse. This is the

Adams—-Mahmud theorem.

Certain corollaries of this theorem can

be proved by other methods for gemeral finite
loop spaces. For example , if f:X-—Y is a
loop map of finite loop spaces and f3:173(X)—-
ﬁa‘ﬂé(Y} is zero with X and Y simply connect-

ed , then Bf*:H*(BY,Q) —> H*(BX,Q) is zero.

The homology and cohomology of H-spaces.

Much interesting work has been done in this
area in recent years , but I will have not time

to éay anything about it.

The spaces of finite H-spaces.

It is knawh-(Curjel—Douglas » Hubbuck-Nunn)
that there are only a finite number of possible
homotopy types for the space of an H-space of
given rank.

Despite the large number of new examples
of H-spaces , two old conjectures or specul-

ations remain unresolved.
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Conjecture (a) If X 1is an H-space , then
H* (X,Q) = H*(Y,Q) with Y an example known

prior to 1968. More briefly , Xy =Y, with

0
Y classical.

A stronger form of this is

Speculation (b) If X is an H-space , then
X2:= Y2 with Y a classical H-space.

Little progress has been made on (b) in
recent years. In particular , 2-torsion in the
homology of X 1is not as well understood
as torsion for odd primes. If X has no
homoiogy 2-torsion and H*(X,Q) is primitively
generated , then there is a little evidence
iqsupport of (b) . I was able to show some
time ago that when X is simply connected,

B bnel gemtral®r ocout in Aiffpsect dirmemrions
Kand the highest rational generator does not
occur in dimension 2%-1 , then (a) is true
and the skeleton of X2 agrees with those of
SU(n)2 or Sp(n)2 through a certain dimension-
al range, excluding a few low rank cases invol-

ving S7.
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Significant progress has been made on (a)
recently for finite loop spaces by Adams and
Wilkerson. The initial idea was suggested by
Ewing who had previously'done much unpublished
work on this case. It is proved that for all
sufficiently large primes p,

m* (BX, 7/p3) = {H*(CB™x CF'x ... CP" ,2/pz)°
as a module over the Steenrod algebra , where
there are rank X copies of cF™ . The groups
which occur are generalized reflection groups.
These had been classified earlier by Clark
and - Ewing , extending results of Todd and
Shepherd in the ungraded case. Putting
together the information obtained from different
primes,one comes tantalizingly close to
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infomation about X is used for small primes.
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