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Classification of orientable torus bundles over closed
orientable surfaces

e EE (dbiEE R

EEDOIFAEE gIoxt L, fifg oAmPAlhEZ X, TR, AW TII. EE1HH
—RIK (EMRERT) & OHLFEFRC 9] IZB W T To72 8, EOFMT? N RO
BOZFIZHOW TR T 5, W, AF7EES TV —~ B3 A0 ) 128
WTHRIUNBEDOREEITo12720, TOFPHREFRBENBENRESEEHTIHIZ L E
THRBNTTEE T2,

1. EFEEZTDER

A SURORIBEN A A 7 —FHIZ L > THEAICHEIND Z LTI mENn TN 5D,
ZFIZT, RICAM T KORARSEZSFE LIV, S0 OIXHARLRMEE#RTHA I,
& AN 2023 4R AT, JEZEMASF MPAME X, DBE TS 2. LN OSFERE RN
HHIEMNY THoTz (TPHEDOE/ FurI—BLOH A 7—HIIO W TIE3EELEM]H),

(1) 82 0> T2 RO RBSEIZA A T —HHIz £ » TS S, AR Zsg
L xb SR,

(2) T? Lo (MEFFTREEE IR S22V TP ROFRSEIX, £/ ReI—t4 47—
HOBLENHEEICHESIN TS, (Sakamoto-Fukuhara [14])

Z 2T, g 2 2058 OSEICEY M, A T2 ISR THRR L2025, Gw3C [9] D
FEH (BEROEH 9) Thod,

—Ji. Xy EOARMT? RiZ, B, EORRT 7 A N—% b 72720 HE 1 D Lefschetz
fibration & 272 2 & TE D, EDEL A, 18, EOFMT? N RADRASES )
EWV I RBEA B I 7o o024 OEIFEIE, FAAKRSERRKIZ L 55 1 O Lefschetz fibration
DIFEETH D,

FHE 1 (Kas [8], Moishezon [12], Matsumoto [11]). FF¥~7 7 A4 "—% $ > 5% LD
relatively minimal 7Z2f8% 1 @ Lefschetz fibration I%, rational elliptic surface E(1) —
CP' = S? DHLARMED T 7 A 73—

E(m) == m#,;E(1) — S°

LIAEITH D, o, R T 74 =% b D X, Lo relatively minimal 72fEH 1 O
Lefschetz fibration (X, 2 E(m) — S* & ¥, OB T> ] D7 7 A /"—Fi & A
Th b,

ZOEBOFIE Sy (EZERA 52 054A) 1%, Kas & Moishezon (2 & - THAZIZS

LNTRERTH D, MARRDOFTFGIL, TNEIEZEMD T, OLGEIIELIZZ & Th 5,
SEBA 5 1E1T. Moishezon DEFRICESWTEY . £ Nu I —H¥EFERIOSHEMEY . B

*e-mail: nkasuya@math.sci.hokudai.ac. jp



[F PSL(2;,Z) = Zy % Z3 %30 U T, word problem [T SE5H, LWHHDTHS,
KA, RITHEITT D F v — F &V EEEZ W ERORFEA M 6T D (7],

ST, ROEHITHEZDHE, EHOTRITMD CTIEARALRARTHDH Z ENm0 D,
S? EOALEOFEE 1 O Lefschetz fibration # HHE T2, Zive X, EOEEDO AW T? K
ELDT 7 AN—TE LT, B, EOFEH 1 D Lefschetz fibration 231§ 5315, RIERIZ,
Y, FOEBHT? KEDT 7 A4 8—F1b B, EOFEE1 O Lefschetz fibration Téd 523, &
PRI E UL, 2B Lefschetz fibration & LCRIMTH D, 2FED, ENEARIT
2L TWE D &b Lefschetz fibration & D7 7 A /N—F1% & o BRI LD IERIX
HATLED, WO EThD,

LinL, K<BAZTHD L, B, (9> 2) LOIEAMWZRT? KO BMAGI 2 5N &
IZR2<, bbAA, T?P EOIBAT? KI=bD7 7 A "=k & 52 LT, 8, bo
FEHHT?HIIE NN, TNEFEENIZ g =1DHADOHITHD, £ T, Tl
ST g > 2R A O], BIL ., 7 7 A S—F0 ARG o D G0, &) 2k
MR8 > TL Do ZDORWITHTT DL T OfRED . AGREDO EEH TH 5,

EE 2 GEEOTEH). g> 1675, FEOYS, LORMT? N KWL gEOT? Lo
T*RO7 7 A N—FEFMUTH D,

ZOEBITROFEROFRTH 5,
EH 3 (K-Noda [9]). g >1&3 2, (EEOHERE p: m(X8,) = PSL(2;Z) 1Tk L,

7T1(29) = (o, 1, - - , 0, B | (a1, B - - [O‘gvﬁgD

fcﬁ 65{55&;% {Oéi, Bi}lgigg ﬁ)ﬁﬁ LT\ 'd‘“\‘wc@Z K“Db‘“( ,O(Oéz) =€ Z))mﬁj‘éo

- T, MH TITRICEH3 OFERZAT 9, M. 7 7 A —OfED 2L LD
I PITORRP O N TEY, Fx DEH2 LR EZLR LTS,

EE 4 (Baykur-Margalit [2]). L&D g > 1, h > 21k L, FEABAR T 7 A S—Foy
&I L2V S, EOFM S, KAFET 5,

iz kv, ArfAdim EOFM S, OB, h=1&h>2E T, BFEREL
SHEIRBZ Db, ZOLICEH2OTEITFERIETL2HOTHLN, =D
— T, gl HOT? EOT?* KO 7 7 A N—Fpd 2f G 2 bivic & & 2 b REBIC
2B T2 D DUEAGFFITONTHIM IR TE LT, HFEEH & FESIZIFMIG L L
20, bHAA, FEaXOEEH (RIROEH 9) TlE, TOXMEA+55&M4 2 50N
LTWDHDTHDHH, i TIERMOEE L. 2Oz >N THaicial+s 2 &
IET&ERY, ZZT, #EHPIIDEOFE L AT v 7 THHERIIENTDH T, £
IO FHEBICE D R Z ARRKECHHIT L L LT 5,

2. T7AN—RORRESE

—RIZ, JEZEF M Lo F o3y FAORBEREERIE, M 7> 5453522 BDiff (F) ~0E
BEERDORE PR L kxR T D 2 ENMOBNTND, o T, 77 A /13—
RO FRBAOSFFARBEIL, ERZER D 5 3 ZE M~ O TR D A€ b v — 3 AR EIC



RESIND, TNTHLRE, 77 A N—RKORAIEESET L2 Lix, AR ST AR L
DOVEDOFIN EFRE, KIROLA, MO THELWEETH S, LWooh, FEZERH
BDiff(F) ®7E b v —8% BRPZEE S 2 2 L B —RICTITIHREEZ 5 TH D,

=72 L. AmbAdhmm Eof m i mRORREOSFEICONWTIL, HOLRED Z &n
HHATWHDOT, ZITHBEICE LD TEZ 9, LFTIE, EZME Y, 77 A /13—
BN, ERT LIk T, MEEXIT D,

(1) Xy LoAm S? /oI 722 >,
(2) X, EOFRMT? ROFEREEIL, €/ RuI—t4 4 7 —HHORTRESIND,
(3) O, LOFME, H (h>2) OFREYEIZ, £/ FuI—0ATRESH D,

LR, &7 —RAZHOWTHBICHIET 5, h =004, Diff ,(S?) X S0(3) & AE k
E—FfETH S (Smale [15]) 225, A S2 0 RAOSHEHIZT > 7 3OAFMFERS K
VRO SHEITIRE SND, 5T, SO3) OIREREE & 7 (SOB3) =Z, k0. %, 1
DA S2 R RADRAEEIES £ 9 E20 LW ERNGhd, —J. h > 108
AiX. Diff (X)) DR TIE AWz, £/ M I — &3 2 e

p: m(2g) = MCG(h)

EEETHMLENHTLS %, 7272 L, MCG(h) XG5 8HERE o (Diff , (X)) #RK LTV 5,
h > 2055138 HIZ, Diff | (3,) DEEREY 23 7l#E T % (Earle-Eells [3]) 725,

me(Diff 1 (E5)) =0 (k> 1)

ThHO., to>T, HAS, ROFREITE ) Fu I —0L TIRESND Z ENSN5,
T2 U, MR (S,) DS ATHE & GARKERE MCG (h) DB S 3% & 72> T,
RS —0 BN EINZERTRETH S ) LEbRD, DED. Z0OF— AT,
FIRSAD DIER LMD KO R 2150 Z LIXT LA EED R,

—F. h=10%E1%, Diff  (T?) B0kt

AfEL(T?) = T2 x SL(2; Z)

EARE FME—FfETH S (Hamstrom [5]) T ENEHHNTWAD72D | IRPLIT LG R
WV, BV I 0h, MCG(L) = SL(2 Z) 1% 2 % TEMAB TRV D Th D, £
m(Diff 4 (T?)) = Z2 Th D LICEE LT, £/ FaI—2Mx T, 44 7 MM
NB S, ORFIRE2 KA HE 0 SR RE, 20210 ko THIN T2 RO
S A TR AND T LN (RROGIE 5 2B, 77 L. = ALl TRk
SPHNGET T DR TR, 28 b, Mt m (S,) 25 SL(2; Z) ~OREHERI 2 53
A2 L1E, g > 208810, £<AEGHTRUNSTHD, T LT, TNEMRBILE
LV TR, Box OREROBBRIS Th B,



1: m(38,) DAERSR

3. AAT’RKDE/ FOI—HXUVA15—%8
QWIE h—F AT? %, T? =R?)7* L ipd, AF (T?)IZR? D& L4172 C R* %
PROFIUIE TS L ONATR BN DS FHE S D RIARIC K> TR S L5 Diff  (T7) O# 5y
HTHrb,

Aff (T?) =T? x SL(2;Z)

Th b, Diff (T?)1Z A (T?) &€ b E—[ffEZed T, MCG(1) = SL(2;Z) Th b,

72 (k=1)

mp(Diff (T?)) = m(T? % SL(2;Z)) = mp(T?) = {
0 (k>2)

ThHDZ b5,

ST, AMT?PHRDOE) FuI—LA A4 F7—HIOVT, LI ATNI ), EED
BT?Rr: M* >3, 2L 0, EZHY, LS ZEEL., 3, 2 FO X5 Ik
K EIT D, FF. BEARRE m(2,,b0) DEKSR a1, br,...,04, 0, ZE 1DOLHITED,
bo Z 0 & Ly ay, B, .., 0, By (\ZXIST D 1K Z T Eher,e;,. .. e, 1,65,
LD, THONRTIEKICH L, 20K e? 20— |ay, B1] -+ [ay, By] (ZTh > THE
i, ks El

Y= ("U(eUeyU---Uey,  Uey,)) Ue?

WL D, 22T, RA—WE, =7 (b)) XT*% 5255 FMEEZ 1 OBET S &,
[F7 7o (Diff 4 (Fy,)) = SL(2;Z) NEE Y . 4 1IKICIE>72F / v X — (return map)
MSL(2;Z) DimE LTESND, TZTROLNIZSL(Z,Z)DE, k=2i—-10DL &
A k=2iD&x B EBIFIE

plar) = Ay, p(B1) = By, -+, plag) = Ay, p(By) = By

THY., [A1,Bi1] -+ [Ag, By] = By ZWiilcd, ZOXDICLTE/ FRI—p&RRT
% 20 EOATHINGEL N, ZN 6D LB Lo T? /ORI Z E D T 5,

bHElE, 22 D? EOHHANV RV D2 T? REDL TV AbEINDNET
WTIUL, 7 OFRAEAE LT HI N TEDH, £ T, 1 BHEO/NIREHEN %Z L
%, THE, ZOEMNON =S ETIEIZARZROT, B0 & O HIT LB K
N NInt(e?) — Diff , (T?%) & L TR E4, N Nint(e?) ~ ST L0, m(Diff ( (T?%)) = Z?



DRABEES, “hE (mn) LBFE. ART2AY Bl MY - 5, 0 RS
[Al, Bl] s [Ag, Bg] = Fy %{%f:j‘

A, By, ... Ay, By, € SL(2;Z) 8L (m,n) € Z?

LN F—H DR THERTE D LT B, ZDO T H%E M(Ay, B, ..., Ay, Bym,n)
NI RETET I LICT S,
WIT, BTy RAE = (M(AL By, .., Ay, Byym,n), m, 5y, T%) DA A 5—$i%

m: M(Ay, By,..., Ay, Byym,n) — X,

758 cross section ZFFOTZODEERE L TERT D, £T. 7 & 1'HHK LICHIRT S
&L 2WILFERT VD zero section (XIS 2 section ZMEET DAY, T AL 2 M
Ke? EETIERARECTHD & L. (myn) = (0,0) THDHZ LR THD, LoT,
(m,n) € Z* & 7 A cross section ZFFOTZODEELZRL TNHEEBEZLNEH Th
b, LinL, ZOBRIIFIAFTRREDRDH D, 28R, m(T?) 272 LD [A—Ho
175713 canonical TIX72 WD T, (m,n) € Z* DF F TIE MEFEH) & LT well-defined
TIEHRWNDLTHD, ZOREIT, 120774 3—F, = a7 L1(b) IZxf LT, [FA—f
m(Fy) 272 ZEFEL7TCE LTH, REIILRN, E0IDH, v e m(X,,0) Ik

e/ FaI—EHRH L DT, (m) & p(y) <m> DEFNIOMR NN ETH D,
n n

ZOEIBRAMEEHET D00, Rk {m(T?)} Thd, ZHUFE—FTE R,

Fmb e L BT HENm(F) 2 Z2 \ZRAZRE 7 Fa I —pllfthEd 5 RpTE e

T, 2ED, 1(0)=1(1)=b725 %, LD loop LIZxf L. 20 {m (T2} ~D Y 7 k

IASEIST(0) 2 EDIUT— BRI E D |

=T E NS ZETH D, €D cross section DFFFEIZEE T D ER e(€) 1IX 2 2125k
LD 2RasEnY—HE LTEE D, EEHe() DRI HMiFEZEE THEIL

12 (S {m(T2)}) = 22/ ~

Thd, T2, FMEREFE~IFZELTO L D ICERSN D,

L —k : \

(K1, ko) ~ (I, lp) = (ll k1> = Z(P(%) — By)u; 725 i € mi(Sy), u; € Z° MFAE,
27 2 i=1

EoT, el§) =[(m,n)] LRED, TUBAMT* N RAVDOFAT7—HTHD,

—H, A TN ERINNEL, ROMEZIEAT 5 Z I3 IEEH L < 7Zpuy,

W@ 5. (= (BE,nX,T%), ¢ = (B, 7,5, T?) L bICHRT? R Rre L, £
NEROE FaI—BIXOWAA 7% p,p, e€),e(d) &FRT, 20L&, L&
BRI To D12 DEAGRIIE, po fo = Qp'Q™! InD e(§) = fre(&) ZhileT
feDiff, (X,) BEXONQ € SL(2;Z) WMFETHZ ETh 5D,



SEE 6. [14] Tl BEEHEe(O) T 2B L OB 50 g = 1 OBAOFEARFER
ENTHY, ZOHEREIELTHE 52155 2 LIIASThH S, —F. [4IcBT5
T eI —0FOEmIT. m(T?) =22 OFMEIREL TR Y, g > 2058 %M
RT DT OIIIBN DO FENVETH 5,

4. 8 3 OFEHADTA T4 T

AEHDHARN 2 E 2 I 13K D@0 Th %, AEREDOHERM p: m(8,) - PSL(2;Z) 2%t
L. p(v) = e Zifi7=7 non-trivial separating curve v ODfF{EZRLTZV, W) D
ZDXE I Iy BFET L, v IZh->TE, 280 E, £ ENOEEFICTHREZILD
352 LT, px2oDHERM

m (k) = PSL(2;Z), m(X,—k) — PSL(2;Z)

IR TELMDLTHD, T LT, ZOXI Ry HTBRICENE DD [F v — 1]
TIB, THUIIEA. BRAL [6]1 Lo THIEREOE OO HICEA S HOT
HHD, HEEEN OB RERESOWERBZFLR T2 2 N TELIEFICHEMER
Thbd, ARFERIEGEZEE L E, G-F v — M EITEKWIZII N ENnS &0 &
M EOFM T T 7 Tho T, KFUILGDEKRTTT AT ENTEY, KTHA
MHHTWDIAD TSNV EIAIZEHEA TN & GORBRALER>TNDHHEDODZ L Th
% (7272l F%— FTiX, hoop EFEHENDHTEK DWW oop i & LTEFEND) .
PSL(2;Z) ©XBHAE Zy x Zs = {(a,b | a®,0®) L[ TH LG, ZOHRFRICET S
pDF ¥ —ralsbl, HAEIZT2MERE SMELD2FE LRV, Lrdh, 2M0TH
RPBHTWDIED T LI Ta, SMMIERTIEZRTH RO T, 2M0THA & 3MMTEAD
WTHRIEND Z &3\, D720, 2MTE R OERE 57 1E-23lZ simple closed curve
ThH, ZhEP LToHE, Fv— F LD B2 simple closed curve 235 5415
QMTESNTFAELRLS TH, hoop BNHIIERICZ EMNTE D), TOFEMN, EH 3
DFEINZIBIT DIEFFICEHE R A M e D,

EH 3 OEADOEE. [EEOMERT p: m(5,) = PSL(2,Z) = Zy x Z3 \Zx L, £D
BERR ZoxZy = (a,b | a®,b*) \CBHTHF v — T &2 L2, 2L T, T O2MfiTH A D
FERC 73 L O hoop & LCHIINS X, £ simple closed curve RIEDESR % X1 L H<,
AN IR g ICBE T DIRMNIEIC K D, BIG. P S, 25k Ly — kICnT 5
separating curve v TH->T, p(y) =e 72D bODHFEEZTT (HL, 1<k <g),
LT3 IZHAEST L TGERT D &0 WITHILOEA S ITL D separating curve 23
FETHZENE R D,

(1) Xp=0n &=,
(2) Xr # 07> Xp ®HIZ non-trivial separating curve 2MF{ET 5 & X.
(3) Xr # 022> Xy O4ATDHOILH non-separating curve Th 5 & X

g =1D%GEDOFRIT [14] IZBWTEERFE AR O T, T TRMENES, O



5. BRFME LEOEM T ROHEE
5.1. BHEEMN D PSL(2,Z) ~DERE D H5E
EEOYERIY p: m(S,) — PSL(2,Z) X Ly x 7y & & 5, B0 Im(p) C Zy * Z3 I
Kurosh’s subgroup theorem ([10]) Z &M 92X, Im(p) DFESHE Hy, ..., Hy, DFELE
LT,
Im(p) = (Hy* -+ % Hy) % (Hgpq %% Hy) s (Hppq %% Hy,),
Hy=--=H=2Z Hypn=--=H=2ZL, Hpn==H,=1ZL
LRED, ZOLE, EH 3 EZREENVICTSE, UTE2RTIENTE D,
EHE 7. ALEOEERM p: 1 (X,) — PSL(2;Z) (2 L, WA= 545 f € MCG(g)
IMFAET D,
(lem~z (1<i<h),
e H 22 (k+1<i<l),

(o f)a) =c (1<i<g) (pof)(B)= |
le H; =7y (I+1<i<m),

e (m+1<i<y).

RRZ, AR D 2 ODHER py, py: m(8,) — PSL(2;Z) I22\W T, LT IXFRETH 5,
(1) Im(p1) = Im(p2).
(2) p2=pio fL 2D G f € MCG(g) DMEET D,

EE 7 OEADEEE. V, TRtk g Dy RAEEERT, £ilZO0T (pop,) (o) =e
&7 D5 o € MCG(g) DIFTEIX D> TWD T, o =pop, EBIFIE. Zhix
AT A X & 72 5 K 9 12 factorize 35,

m1(5,) p/ PSL(%7)
DED, Y, 5V, BUEFGHRE LI &, o =nou, BT TR
n: Fy, = 1(V,) — PSL(2Z) = T * Zs
PIAET HEVWD 2 & ThH D, n(F,) =Im(p) = Im(p) IZHEETILE,
N(E)) = (Hy %% Hy) % (Hygr -5 H) % (Hipy 5% Hy)
TH Y. Grushko’s theorem ([4], [16]) Zfd Y i LH WU,

(nov)(a) =




BTy € Aut(Fy) DIFIEDR 05, 12120, a; (1 <4 < g) IZHAREF, OARTT
b5, Aut(F,) OEBEMRARER ([1], 13]) ZFHTIUEZ, Aut(F,) D& TV, DF
BEIC X > THEBEND Z LR35, 2T, v € Aut(F) (25T % V, 0GB
ZhELlE &, f=pohly, EBITIT LW, O

5.2. BHEEMN D SL(2; Z) ~DERE D558
EETIZHBT D pofi DT &%, MCG(g) TERICEET % p DIFERL LIS Z 2127 2,

B
p=7

p.: Hom(my(X,), SL(2;Z)) — Hom(m (X,), PSL(2;Z))

Zpp) =popll i oTEDD, 7272 L. p: SL(2;,Z) — PSL(2,Z) [R5 B TH 5,
T5EALBEOHERA p: 7 (Z,) = PSL(2;Z) 1220\, #pl(p) =229 ThDH, ZD
pD29EDY 7 hDHH, EOXTNMCG(g)IETBYEINEZZDELTOX
IIAERE IR D,

T 8. pe Hom(m(X,), PSL(Z;Z) IMFEHERITHL LT DH, ZDEE, m>17kb
. pit(p) 1IEB X 2 E2MEDMCG(g) MiEZFH, m=17eb1X, Hx H L2 {H@D
LB RE 2N

REFA DGR DR A > NI, pD U 7 F plz oW T, Im(p) DS —Ey Z & Tem G iE
THZLETHD, m>IOHAIE. BEINIZ —F, € Im(p) 2D T,

ﬁ(al) = iEQ? T 5(&k> = :i:E2

DS OFRIRNZ O F AP ICHIE L, TR D 29 — kH O 52T MCC(g)
TERCRILEND Z LR END, —TJ7. m=1DEHEIE, —Fy € Im(p), —F, € Im(p)
EHLHLDr—2bBND, —FE, € Im(p) DAL, FEIFE LA FRRIZ 28 [H O fLE 3

BHN. — B ¢ In(p) DBAIE. BB jlan) = - = flag) = Bs ERDME, S
(B, -, P(B) DRBIICKIE LT, 28 HOBERA S B, AbBT 21 H L7

b, WO —2ATH, GEEREMCG(g) DIEARTET (X)) OB Er U —EH (X, Z)
~OVERZ RN SIEEIZER T DMEND D 2RI ERIIND 0N, p & EuER
Lo TBWEZ EINT, HAEIICITREm D EF <0<, ([9, Propositions 5.3-5.6])
5.3. THREE
i 5, EH TR L OEH 8 B E 21U, U TONBERNHFLND,
T 9 (X, LOFRMT?RDDEE [9, Theorem 1.5]). &, & & X, FOEED220F
T2 E L,
p1, p2 € Hom(m(X,), SL(2;Z))

ZEDOE/ FuI—HFE LTS, 200 R pop, popldé BITER TOEKT
BRI THD L L, &, & IFBH E L,mn e ZB XU 5e, 6 w T, ZREh

M(ElEQ, Bla e ,EgEQ, Bg, m, n), M(élEQ, Cl, e ,59E2, Cg, k, l),

ERINTWDHET D, ZDLE, ELEPFABITHDLZ L EROFEEETHTET
Q€ SL(2;Z) WHFAET HZ LIXFRETH 5,



(1) Im(p1) = QIm(p2) Q"
(2) popL P2 25DV 7 |k py, QpeQ M ITEH SOEILT, [F U MCG(g) #LEICET D,

(3) 1=+ =¢, =1DHAEIL,

() o) S e

BT @,y € D2 HIEL, ZHBSOEAIL,

m k d
<n> -Q (l> = 2@y + Y (Bi — Ea)w;

=1

T T @, @1, ..., @y € L2 BMFAET D,

EH9DFRE LT, UFREBICHED,
£10. &, 6 % Y, EOEEO2OORMT?RKET S, ZRHDOE eI —ff (F
/ Ra I —HERBOBK) B BIZSLZZ) BT 5 bIE, & & LIIRMTH L,

& 3K
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1 #I®IC

RAEFE R H (virtual knot) 1%, L. Kauffman (2 & - TRk [16] TEA XNz, HCHD
AVRAA—=FRAT 75 HIZEH L (HHRI) #CHOHRTH 5. A3 m =
Do NZHME EOROHEHEA 7277 2R L TWED, ZIUIEADD 2 EAEA D
FEOHOLZERMBEFICHIE LTV (2, 14]). Jones ZHASRHECHAEZ Y, HTHOW
DDA ‘E¢i1}§*aff‘n(}ﬁkﬁ9kkﬂh%§é L5 ([16]). Lo L, Goeritz NEEZR EHb
CHOARZRIIFHARZIE CIRMRER B IR TERWEE S H 5. —77, (RERUH
KEEDAZEDEAZINTNS. WJ?Ji Jones ZIH 2 MIFHL L T1H 51 2 ZIHIA
Z &N, H. Dye ¥ L. Kauffman, BX U Y. Miyazawa IZ LK > TZHRZNEAIN TV S
([3, 19]). %7, L. Kauffman 12 & - TEA X7 odd writhe ([17]), affine index ZIHI
([18]), A. Henrich & X 2125 ([5]), BL X Y. H. Im, K. Lee, Y. Lee 12 X % index %
3L ([7]), S. Satoh & K. Taniguchi @ n-writhe ([22]) R ED3H 5.

FAERSE CHMREF CH XA 7 275 2 O—{t Reidemeister ZEIC & 2 FEREH L LT
EFRIN DD, I8RO H (welded knot) W 3MRABR T H KA 7 27 F 2120 L, IRAEKT O H

Lra L BRBIEIVICK o TERZ N FMEBEROFEERE L TERE NS ([4]). R.
Fenn, R. Rimdnyi & C. Rourke [4] 12 & o TR OH & L CRER AR CEH X4 7
77 LOROHBERIBETH 5 2 ehiRnENTz. £7, S. Satoh [21] &, IBER O HZH
WT =7 2R KU CE 2 RR S 2 TEZEAL, onShk b — 7 2B Y K>
S O H ORGSO HERDY, L DR OHORCHRB AR TH L Z e 2L 7.

2D RO H (twisted virtual knot) (& M. Bourgoin [1] i& & o TEA SN ME&ET
H 5. PR BIEME DO o Pl Z K22/ & L T N2 FANOFKTY H D RIER
EFEICHE L TWS DI LT, Y FREFRTBER (MESF6hRnWEEbEAR) M
i 2 22 & Lz Z D iz I Ny RO HOLEREFICEL TV
RO AERE ISR LT Jones ZIHAPAHE SHER EDAERPERINT NS, 12D
AR H bSO H DHRRTH % ([1], [15)).

ARFBHETIRER O H, WM OH, 2D EETHR L, W?ﬁéﬂ?’:fﬁ%(ﬁﬁ&:omf,
ZHo L HMAR O H £ OEWIEH LEMRFE LB o mi R 25

*T467-8501 Al ET WX FAEET Lo 1 BEETIRE REBRHEETSUR
e-mail: kamada@nsc.nagoya-cu.ac.jp
web: https://www.nsc.nagoya-cu.ac.jp/~kamada/kamadaJ.html
AWFLERIRE (FREHRS © 23K03118) 0Bk zZ37=dDTH 5.
2010 Mathematics Subject Classification: MSC-57M25, MSC-57M27
F—U— N RERCH, EOH
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2 {R¥8#8H B CBERBAE

(MEDFshi) REEAE XA 7277 20F, K1 IORT X511, FERAIRE, &, %
7R OEHRE Lz, R2Z NICIZDAEN-EBREOMETH 5. HEDMEED n #
ThHhsex, e n N REBEABXA 7775205, Kz, 1 0 D55 % REE

CBEA 777080,

(a) IEDR R (b) BEDR A (c) IRAEZZ A
X1 REEAEHZA 775 LD

AR XA 7275 2002 2(a) 1ITRT.

DD

a) RAAE XA 7774 (b) HIREAHKXA T 75 4
M2 (MEEAEZA 725 L EMRIAE XA 7 25 Lo

RAEA B, (KA XA 777 21207 5K 3 IR — %t Reidemeister Z ¥
WK XKoo TAEMRSNZFEEREFROREREY L TERINS.

\

o 1=Q A=
~fo ﬁ§§< %@é% ~

3 —f&{t Reidemeister Z

WMGHRAB XA 72754 ([14) 213, MESFehizary VE S &, 20 Lo
WABRA 727705 D O (S,D) THoT, | D BETDEFBL 7 beR2DBDEWN
5. ZZTC, D3 DOR[EHRACEEZMZATEONE I 7THS. K2 (b) IR
WAERXA 7277 LOFlRRT.

TR AB XA 7 75 LOREDPSMBBAE XA 7277 LORENDER ¢ %2, K 4



WRT EIIWCERT S, (K4DTRL iR i+ 1131
RETH5.)

7z/§;-g>;iggi/’wl"22%\<: =N\

M4 FEEKAEHXA T 77 L EMBRAB XA T 77 L DRIG

«
S
i
=N
o)
3
<
3\
&+
S
A
hea
St
o
o
o

RAFEAEHEZA T 755 D h oI DER G ICE > THLNMHMRIEAE KA 7 275 4
¢(D) &, REFEABE XA 7277 5 D IHNBET 2HMEHEAE XA 777 LR K2 12
BWT (b) 1& (a) DIAEIRAE XA 7 25 2ISNBET 2GR AE XA 7275 1 TH 5.

SR TIRMIEAH XA 7 75 LB R BEER 2 v

P
(A= 10
5 REEE

REFEAB XA 7 75 L33 23—t Reidemeister 2T L IRHEEFIC X o TR X
N3 FMERRDRMERE %=, A AH WS .

I 1 ([4]). AEHAE Y UCRERFIRGEAR X4 7 27 5 A0k s EERAT
»H5.

3 almost classical {RA85& A H

RIEREABE XA 775 5 D NET2HMBEABXA 775 6% (35,Ds) &5 5.
Y — Dy OFEIEDS checkerboard ¥ AR[RETH % & =, R AH XA 7277 4 D IZ
checkerboard FA[HETH % £\ 5. X 6 I checkerboard M A REZRAI&EAH X4 7
7T L ZINAIHET 2HMGHEAB XA 777 200", (HH-I) EABXA 775
2% checkerboard aR]EETH 5.

POCDH HOOSEN

X 6 checkerboard HAAJREMRRIIEAE XA 7277 L e HRIEABEA 77T L

FAE#E A H D Jones ZIHRA (f ZIHN) 1348 A H D Jones ZHROILRTH D, A&
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HEHZXATZF L DITKHLT, 2D Jones ZIR fp(A) X Z[AT] IZET 5. DA n ik
SOHMIIEABRZA 777 L e [AETH B L &, fp(A) € Z[AFAX D TH 3.

EIE 2 ([9). DZn Ky DREEAB XA 7275 583 5. DD checkerboard F£H]
RETHB L Z, DD Jones ZIHR fp(A) IZ0 L TRBMILT 5.

f(A) € Z[A*4) 20D

D % n B OREEABXA 7770, (X, Ds) 2 DT 25 EAR X
A777L5F5. 412" F £ 9512 ¥ — Dy 2 Alexander numbering % $ D & X,
D % almost classical (REEF&AEH XA 7277 5205, %72, D D Z/mZ T Alexander
numbering Z b D ¥ X, D % m-almost classical [RIEIEAEH XA 777205, D»
checkerboard #tARIRETH 5 Z & & Z /27 T Alexander numbering % -2 Z L IZ[FfET
5. D P almost classical IREEFEAH XA 7 75 L7 51X, £ 44U checkerboard ¥ A]
RETH 5.

REEAB XA T 770 D DEERZIEANRLER Rp 13 Z[AT dy,...] ITEEZ H D
([3, 19])). D BHHAFEABH XA 777 L e FAETH 5 & =, Rp = fp(A) DIRILT 5.

E 3 ([20]). D % n 7 ® almost classical (REEMEAE XA 775 L5 5. RHHK
AVAC IS

Rp € Z[A**A*D)

EIE 4 ([11]). D Z m-almost classical (REAEAEH XA 777 6855, m BMEK
(%7:028780) DL &, Rp 13 ZIA* dyu o, dpyo, .| (£720% Z[A=), dyy, oy, ... ]) 1A%
b,

4 XK[O4EE & —ELER

AREITIX, 52 ONTRIEEAE XA 77 F 2505 almost classical IRAEFEAH XA 7
75 LT 2k LT, KEWE y —HLEREHENT 5. D 2 RMEE&AEZ A 7
o35 MMEEHBIZEY T2 D EOWES2REERT, ZDNERIC T S
BEERVDBDE D DEI TR (I 7 =270 IR EIED > THEDR
W) Alexander numbering (&, D IZffRES 2 fIREAEH XA 7 75 2 OMHEBUCA T 5
NBAFBMIFITH BN, KA ITRT LS, I 77— AOFSFHF e UTREICE DT
5ZEMTE5.

K 7R3 X5, REKEABEA 72754 D Ok3I7—27 FICEIPNAE(E
DR%EZE D EOFRAy bREVWS. BAA Yy PROMZE, XA 72775 D DAIEFL
FBARTH 2. BRIy PRET, ZORDMERZHR> TR T ITRT L5 CEIT—72
@ Alexander numbering % 1 $OZbLXH 2 LR T % & =, WYNCHREDOEM A v
FRZD LEICELS Z2ICE-T, ARADy bRZERIT S Z2I1I2&D, DD Alexander
numbering # b DX HICTEIENTES. ZOE5% D LOAMI Yy hROESEDZ
L, DDOhy N ATLEWY, C(D) EL.



l
1+ 1

M7 Ay b

RFEFEABEA 77758 Hy b AT LOHI%EK 8 IZRT.

8 MM AHEA 776 Hy AT DA

ARG AE XA 77T 5 DI LT, By P AT LIF—EHTIERWD, D DEED
ZOoDHy NRAT LA, K ITRT A v b EBE I 2 ALY 2 IR D R
BHWIBEDES ZeHshTw ([10)).

P el 0K
| 59 71\\/11%)%';@@3 :

D 2RI AB XA 7754, CD) = {c,...,a} E D DIy P¥RTLEL,
Ly, Dy BEREZETRRD, 20200y BEZ S DKER X D ORED RN
bDOr T3 DOmEOar— D ... D™%k x @iAEICERS. &5 (G =1,...,1)
R LT ¢ xS s 2 DY, D™ EORIAA Y M cf,..., ¢ AL y BIRICH 5.

koM BETEROEE N i2BWT D Y- UD™ K10 O & 5 BATHE S .

eo oo s oo co e oo 00
- (,1 R R f--q--
5 r

e e co e eo oo cooe .o
d--d-W-F--]--1-4 J-- f - —esee
1 2
(,,/ CJ

P
:

e
A
&

XL

10 m-almost classical JRA8%& 4 H1L

3L THEONS, REKEAEH XA 777 LOEELSIREEAB XA 775 A
DEAENDERE m- K EHEEHR L TS, ¢, £BL. K11 KHEFKECEHEA 7275 A
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DeZDAy bRTLBLY 03 ITX2B0H%RT.

0 1
0 1
0 1
d

c}

D w3(D)
11 3-XK[El w78 il

EE 5([10]). D & D ZFMERREEAE XA 72770855, (D) & (D) &
m-almost classical [RAEF&AHTH D, RIEKEAHE L THETH 5.

R, 2O _HLEBRZHNT 5. K 12(a) (£721EK 12(b)) WRTREREAH X
4775 LDEEPHIRIEAE XA 777 LORENDERE ) (F72iF ) & T 5.

S P 0D PP P EP
ENEEY SN -
(@) (v

12 B )y, g DXTIG

B 13 W OEH XA 7 277 L BB Y 1ITX 2 ZDBROJIZRT.

[ [

13 Ef& o Dfl

FHA% 1), 1F, K. Ishikawa & K. Tanaka D@ [8] DK 4 IC&F5T X4 T 757 LD
HILLFRTC D THD, ¥ FARBENA T Y FARAOREGRTEEREE 2Rz LT
W3 ([8] Tid doubled diagram & FEEHTW3).

TE 6 (12]). D ¥ D 2AEREBEAR XA 775 2T 5. (D) & o, (D) &
almost classical [REEFEAHTH D, fEf&AH & LTRIETH 5.



5 KEIWE _ELEROIGH

J. H. Lee ¥ G. T. Jin 2% 2001 fFICRDEHER L 7=

EIE 7 ((6]). Li,...,Ly ¥&AHE L, Dy,... . Dy BZNERORAELA 7275 A
3%, Fi, L% Ly,..., Ly o EABL LTEUOEROKAHE T2, ZOLE L
DIEABRXAT 7L D THoT, ZilHLTD|, £ D, BRENTAY FEY I L
125 DBFET .

BHAE A BB L TH LD FIRDIKALT 5.

FE 8 ([13)). Ly,..., L, RIEEKAB L L, Dy,..., D, 222 hORAEKAE X 4
TIILETD. Fle, L%k Ly,..., Ly ZE0TEERAH E L TEOEROERKIEAH &
T35 ZOE LOREABXA T LD THoT, &ilIHLT D, & D B
RZATAY b I RDDDODBHEET 5.

Lo L, RA8HE A H OB EITEEBL O FRDIEAL LR,

EE 9 ([13]). d2MEIEAH Ly, Ly £ 2 B2 RTFEEAEH XA 775 1 Dy, D,,
B, b2 REEAH L TROM R T S OPFEET 5.

(1) L& Ly, Ly 28 Bk AEH & § 5.

(i) L DREEAB R A 72775 D THo>T, %Fi=1,2RLT, D% L; IZHIBL
SRR AE XA 7 755 D]y, & Dy BREANTAY P EY 2285 HDIE
FAEL 720,

EH 9ODFERAICIE - KLV SND. D; (1 = 1,2) ZHHL— 7 (XM z 7
VHBARBEOHXA 727 50) 2L, L % D; PERTHPERKECHE 3%, KEKAH L
% 14(a) ORI XA 7254 D' = D, UD, »EKT 2 BHREKAB LT 5.

D’ D
(a) (b)
X 14 E¥ I

D ZHHAL— T AETH 5. DLIZHHL—FTH 3. Xo T, EHD (1) 2D 37T
D. (1) WDOWTIE, LERITEEDXA 777 4 DITH LT, £k L IHIR L 728877
RIEFEAB XA 72774 Dy, &, BIHL—7 DI ICRZNTA Y P 7ROV, Z
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DZEE, XKDESLTHNS. DO 2-KEHFEAREAE XA 725 5 D = (D)
v D' D 2KEAERIEE BB XA 7255 D = po(D) %EZ B2, D v D 3R
BHELTHAMETHS. DI D]y, @ 2-KEE L 28544727546 D], b5,
D' 3 Dy » 23K L 75 58524 729 5 Dy b0, D, v D difkAaE L
LCRET®H 5. Dly, A D1 IcAY by 2 ¥ BB LRVET B Y, D|, &, R* T 2 &
BOEPEL—T LAY VY 2 TH 2. —H, D, EH 14(b) 1SR &5 1A 1 D 2
Rt AETH D, 20 OHHAL— T ERETIEZRW. > T, D, $BBEL—T D,
WREZANTAY Py 7 2iER 5720,

120 AR A HICB LT H R 9L FBROBIAEET 5. /15 1R T 0 A% A H
BT 75 BEZOHITH .

15 B 9Dfl (2 f8igA»H)

265 71236 LT3 R. Shinjo 2% [23] 125V CHEIE 72 HO FEER LTS,

EREOREIEAE XA 7275 22 LT ¢y (F721F ¢y) DIRIE checkerboard ¥ ]
RERRAEAEAB XA 7 7o 0725, 2 HH L T Goeritz AERICHEM L AL R
ZERTDHIENTES. REMAHZA 7774 D OELERNZRDEHITBNT,
R? — D OFRAFEIIC, K 16(a) 721 (b) ITRT LD WCRAA YTy 721 £72d -1
ZEIDETS. M16(a) ZH 1A YT 27X, (b) ZHE2A Ty 7AWV,

KX X

Bl1AYTFT v 7R oA VT v IR
(a) (b)

16 HEMEPRFEEDOA > Ty 7 R

D ZRIIEAEHRXA 77T L, ar,...,a, ® DDEIT7T—2$3. v=121ILT,

% v Goeritz 174
G, (D) = (Pih<ij<r

ERDESICERT . i £ DLE, pl &, £IT7—7 a; & a; DWTITHET 2 MBS



HDYTHONLE v A ¥ 7y 7 ROBME L, MARSE p) = - pl; 55,
i#]
EIE 10 ([12]). D & D ZAMERREEAE XA 7750855, 2O Gi(D) &

G(D') DRUARZERIZ—HT 5. %72, Go(D) ¥ Go(D') DRUNFLERIZ—HT 5.
BERAED SBREEABANDER

RIEFEAB XA 775 5 DIIRL, RS AE XA 7277 4 n(D) 2K 17 1IR3 X6
WE-oTERTS. EH11XD, ZOXINXBEEAHOEED SIREEAHDODEEAD
BGEHET 3.

D XNE XK |- ]

DA B DR, IRAEAE K 77—

17 E#EES S B O IR A BN D BB

X 18 IR SEH XA 7774 D eFEVCBEA 72775 D OB 012 X 2800%
R, ZDEBRn IZOWTUROEHMBILT 5.

=18 5%y bl

FIE 11. RKEAHXA 72776 D, D DEEKRABE LTRER S, n(D) &
n(D") bEEEAHE LTRETH 5.

EE 12. D 2REFESEHXA 777580, (X1, .., Tm | 1,y To)qde & D DEAK
AYENLETE. LEDDFYV77—RayIFa—Fe55. (D) DEAD Y FILZ
(T1, o T,y | Ty Ty Y = Y dle ERT ZEDTE S,

I 13. REAHXA 777 L DIINLT, LEDDF)V77—FurryYFa—K
L%, D OBMBHBCEWT L£1 CTh3%5E, (D) = Dy UD, & Dy & Dy DI
T e 3iEEdAE & U THEIETIER .
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Various Notions of Tangent Spaces in Diffeology

%8 et CROREGHE - JSPS Reilligi B DC1)*

1 EBAL& diffeology DESE

AfETlE, diffeological space EDEZZEH D D DR 2 ME T 5. HE O AT
SIRIETIE, B PVIZERO®EEE LT, BEBEREOMOERAZL L THERT
E, Yo bR EEM%ZS 2 %, diffeological space DETIE, ZD_DODRITH» 6 &
LN BHEZEM S —MITIE—F L v 2 LAY, Christensen—Wu [CW16] 12 & D A5 11T W
5, BEHRZOBIRZISICHLiED, SRkE LoBZRBET @ diffeological space ~
DYIRR D IE MR REAZET 5 2 & 2R L7 [Tah25]. Ao HWIE, FEZHO—EHOH
% [Tah26a, Tah26b, Tah26e, Tah2s] 35 %, = OIE— P4 2 HICIE 7 <,
diffeological space D¥fi % KL 2fEETH 5 2 L%, BEPICH>THHTEZ LT
b5,

7 diffeology & 3fh%2FHT 5. ZLHREDENZ, MRS, GHR2EM 22 &
R DOWTEL Tk, Bl 2 X% MM 2 BEEHTHl - 72 BB 22 M2, LD D S
DI GRAAR DML, —RITIZ S IZP LA TIZ %, diffeological space 1F, Souriau
[Sou80] I & D 1980 FFEHICHA S NS HEO—BILTH Y, 29 LAWRICH S
I OWEZERG 25 L TE S, SRkERF v — 1, T4bt R” OREAS L O
ZXIBCRld I NS DIz L, diffeology TiE, R™ DFEADLSEL X ~NDERDIH L L
N oI A=FMT, LRDE%E, RNEZEHLT L) ICEERET S, Fv—
FERZDAEEZ IR L w0, FFREZFFOHEMICH L THZDE FRKRZ .

EE 1.1 £H5 X LD diffeology L1F, £ n >0 & R* OF%ES U 1T § 25K

p:U— X DD TH->T, XzfizTbDz w9,

1. EROEBEBR U - X XD IZET 5.

2.p2U—=XWBDICEL, f:V =UPEFEOBEKRTHEHGI»ZSWE, pof: V=X
b DICET 3.

3. B p: U — X 2, U ORI#E {U;} Lczhzinp
peD TH5.

U, € D %737 613,

D Dz X D plot LS. diffeology Z i 2 7285 % diffeological space & W5,

=00 RMIL, BHERIZESLTHE I L, WOLREHREDERTH G IDBMRIN

* T153-8914 HAUERH BRXES 3-8-1 B KRR ATFAE
e-mail: taho(at)ms.u-tokyo.ac.jp

AWHFEiE JSPS Bt JP24KJ0881 DBk %= %7 b DT,
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528, WorIBREMNICHETZZ2MEETHS Z L2EGEL T, diffeology DIHEA
FHZ £ L OTAENRARIR L LT [IZ213] 2% TE L.

diffeological space X,Y DHDEMR F: X — Y I&, £ED plot p: U — X 12X L T
Fop Y D plot I3 EEZW/6HTHS EVY), ZHICLD diffeological space D &
Dflg 36015, RO LIRIE M 1%, @EOER TS RE/R U — M % plot
&9 % Z & T diffeological space &A% 5, ZOMNIBD S & TEHRDW S > S IFHH DR
Rzt —HL, ZREDE X Dig DARMEIEICZR 2. S 61T diffeology IFFIES,
WA, BARZERZZ SO HRICERI NS 120, SHRIEOPSHAZ N R 21
IR Z 5.

ARG THED IR L 5 REFNIE, irrational torus T, & BIE2EE H,, O 2?7 diffeological
space TH 5, £H o bHELHLMMAZEM & L TIFHMIC L Z 223, diffeology (XRIGARIZH
KT 223 ZFEL TS,

Bl 1.2 (B4 diffeology & #47 diffeology). diffeological space X 26 HEH Y ~D 24
qg: X =Y ITRL, ¢ eIk 250D diffeology (7 diffeology) 23 Y EICEE 3.
HARIIZIX, BROMEHET ¢ 2@ L TRIINIC lift TE258 p: U — Y 25 plot &
%%, Fi, HORAG AC X ITiE, B A= X S »ICk ZRKD diffeology (47
diffeology) Z A#1%. TN HIFRDOFEEZFFD (B2 LD0ER 1Y - Z BPIFo»TH
528 foqBPIEOEDTHL I L LFAETH D, WIAEANDER g: Z - ADWFSNT
HHIEIE X NDEREABLTHOPTHZ I LLEAMTHS, DL E, FIAIEFE
WD {(s,t) € R? | st = 0} 1247 diffeology % Atz b D &, “ARDER D % b
h &b 727 diffeological space (&, M7AHZER & L CIXEMTH %23, diffeological space
&L TUIFRBLITIE 22\,

#I 1.3 (irrational torus). a € R\ Q XL, T, :=R/(Z+ aZ) FFEER m: R = T, IZ
& 57 diffeology Z%i2. Z+ oZ 13 R OWEIRIHELR DT, T, LOFEAEN S 572 BI%L
T RTEHTDH 5.

Bl 1.4 (BEZ2ME H,). BERNZ O(n) fFAIC X 2082 H, := R"/O(n) 1385 L LT
1 [0,00) EF—HlTE %238, diffeology 13 n ZFEL TED, H, &£ Hp ldn=m DL
ZIZPR - T diffeomorphic TH 5.

iRz, XKELAETHV 28 %2 = D% 7 %, diffeological space X 121, TXTD
plot p: U — X SEkEIC 72 2 bl WA ES 5. Tz DAIMEETY, Zofit
B 2SS - i Z2NnZ 0 D-FA%RG - D-FIE6E WS £, EHEES [[, Xa I
1%, B L DB T T plot I 25 B % plot & 58, diffeology A5, I 51,
86 PG HREROES C(X,Y) 1Tk, MPET 2544 (u,z) — pu)(z) VU x X kT
WoDIZkbE)BREHR p: U — C®(X,Y) % plot £ % functional diffeology 5K 5.



Uk, BIEDZEM»S R ~NOBMBEBICNL T MBS TH S, L) FFNEK
2R, ORI REIDIVE M DO E R TREN L8 2 R 7,

2 PEREEZER & ARREZER

PI#g, Rt & diffeological space (X, z) 2% A %, AHiTlZ, Christensen-Wu [CW16]
WX DEAINT ODEEMEEE TS, —DiF Tplot 26 A>T 2HEXRY by, %
FDZNEEERTH Y, &) —2IF "FEMEREBZ My § 2% & L ToIHEZEM
TH D, HRRAETIEMNEIZ 3T 523, diffeological space Tld43 7 BIEe 1+ 2 il o3
FET 2 LIRS v, iFIETh5,

EE 2.1 ([CW16]). (X, z) IR L, p(0) = x %7 § pointed plot p: (U,0) — (X, x)
R EZ 5, WIEEZEHIZ
X) = @D /R
pePlots(X,z)
TEFREINS, TITRIF, plot ORI XA=F[F p=gqofIlZRHL veTyU, &
Tof(v) € ToU, ZA—819 2 BRTER S N2 F2EMTH 2.

INEBEEZ2[ 1% plot DML b L2 DY 2R TH D, HFRICX 27 Lo
—MALTH B, SRR TIZIEEDLED 5K % plot BH7Ic% iz, W O & —K
T3, 7, IR MY T A EHFE L L TERI NS,

EE 2.2 ((CWI6)). CF, %, o O D-FEH - O %S i 6 2 2 S5 0 3F
DRME T 5. SR, 2, 75 R ~OWS»AMIBGHE D T Leibniz
D(fg) = D(f)g(z) + f(2)D(g) Ziit=F bDEKTH S :

T.(X) = {D: C¥, — R| D 3 5 » 4B EHT Leibniz W%z 3} .

SITHEORHCE, 1, x D D-BAEGF U EOBI%EER C°(U,R) @ functional
diffeology 256, FZH ARG L L B I 5 diffeology Z$i>. Christensen—Wu (%,
50> I VMDD & HENIZHE ) EAHTH % LB, IHBEZEMEOERETIIE S X
AP HDTO D [CWI6, 3.4.2],

COREIZRENHED, Z I CIRNEREZE EAMRERROE -2 W5, FEABICE T
b, MFITERELRTNUNE SN S [CWI6]. irrational torus Tld, W5 27 FEEUEBIE DS
ERL D7 OIREEZEIZIE A 503, FER R — T, M Z5R 2 7- O NHBEEZEHIE R
27 %, W H, DFRTIE, HEROEEIIE OB CHEATNIEZMIZEZ %275, B
B oqn: Hy = R, ] — |[v||> 2807 2 EARIINEEERICEAHZANE S5 25, 2
DX HIT, WNEEEZRM & MBI R 2 2O oI 2L Tw 25,

W EE 221 20 © PR 22 I R B B D 2. NIBER 7 B v [p,v] € TIY(X) 12nf
L n2([p, o)) ([f]) := do(f op)(v) BT, ZHIZBIKOLIIEHT 24 5 2 M (EA]
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%, THOLABERY FLEL LS [CWI6]. ST Z OBRIEFAMTH 275, it
IZIZZ 9 Tl 7\,

E#E 2.3 ([Vin08, Tah25]). HALER n, D& E L TESE 2 %M TV (X) := Im(n,) %
Vincent BYEZER] & M5,

2 TR & 3R T, 22 D HBUERBIE TR T E 2 /T2 2 TR TH D, Vincent
[Vin08] 12 X 2 MO FFEAMLTH 2 [Tah2s], @35 TVIN(X) = T(X)/ ker g,
TV(X) C To(X) TH 270, Vincent RIEZ2M] 13 2220 & shikEz22 o thid fiz g
THHDERLEYE S,

HEABICOIRZ T E2RICE LD D, 22T R? LD wire diffeology & 1%, #5272k
R — R? 2247 % diffeclogy TH 5.

(X, ) X)) | TY™X) | Ta(X)
n RILEHRIE R" R™ R"
irrational torus T, R 0 0
HE22 H, DA 0 0 R
wire diffeology on R? | fEfRXIG R? R?

BRI, IR 22 BB T 0 /2 Kan 678 & L TR 502 2 &
H5NTHS [CWI6].

Mfd.. T Vect
TintLan, T, 7,7
Ve Ve
\ p 7, /Rani T
Dflg,

T, AHEREEZRRIE S Kan AR E LTRONS7EA ). TUBREIOF R E L 5.

3 AEPEEROEEELE Kan iR

REDONEIEEZ DL [Tah26a, Tah26b] 12 X %,

HIfiRDORIICIE, FIZRDOWTEZ L Z LN TE S, NBHEEMOE®RZ D LBIEL 72
72t TR(X) := Der,(C™(X,R),R), T7Zb b RKIENAMEE Lo (850 & 13RS 4\0)
W EMZFE D22 D, @ OHEAA Z 5§25 & § 58 Dilg, hofi Kan JERIZA %
ZEWIRE LD TH S [Tah26a). & 2 THi L 7-IBIEIE, —ODWIcaTE 2, Thb
b, WO EAROETIZ F ORI CF, #*5 functional diffeology % A7 K3ty 7 B4
BO®(X,R) Il 272 (B KED) &, MaEHE» oM o3 DEEZ I}
Liz2t (o2 Em) ©h 5.

EE 3.1 ([Tah26a)). ~HOEFUIEL T, KOO DZERPEE 5.



ERE | WMonnMOEEE | REIBOENR
FORH CE, s Rz T, (X) HREZEM T7(X)

MK 0(X,R) | KEsMEREZR T, (X) | ASAREEE T7(X)

Christensen-Wu DO/BEEZEMNIEE O - 6 TH D, DA HIEZ2R A 00
Wl ZzR7-9., CNOWNODEMNBED L) L ZIEZRODLZAD LD, XD
HEEIZ%2 %,

£9, Bt K02 E 2 5. 4 Kan 53R E LCEsh TR(X) 1, BZeiicy]
SN2 JHPTEZ I I3 7 S o, EEE, RO EE {st =0} CR? @ z @il Lo
MU E — 5 20 1SS L R%ER X T, {z0} 28 D-Bil—REATH 212 00Db 5
T, KR BIEER DS 22 R O filfy 28 L < y STz il $ 5 72 o, Tfo (X)=R &
7% %, bump BB+ IHFET 5 220 (smoothly regular 72 2%[H]) Tl3 Z BRI &
T TE(X) = TE(X) AR D E2HS [Tah26a], —MEIC 13RI 22 8 (EFE 13 R 75 7 —
FIVEB 720,

Z 20, B TR CER I N S R FHBOF I B2 5, DAg 2, W%z
HEATE diffeological space, $HIEER ZIROW S D BREHRDY [f,U].: (X,2) = (Y,y) T
H2BET S, COBETIE D-FEEOEE (U x) — (X, z) HBFABESICA 2 720, DAg®
L OBF I BRI T2 O,

EHE 3.2 ([Tah26a]). AT T: Mfd° — Vect 2 @& i: Mfd° — Dfiglo® i
> T Kan I8R5 &, HGlEERBEFI 605 ¢

Ran; T(X, z) = TE(X).

AL DO #EE Leibniz HMIOHATCTH 5. 4 Kan AEDILIE, HFHES 2L g: (X, 2) —
(M, g(x)) ISR L THIIHER 7 TV vg € TypyM Z2H10 4T3, BEKEEANEEKTSH
5. FEMEBIBDOH [N LT D(f) :=vf € TyR =R EED, (f,g9): X - R? &8
BR o R? - RICEAWZEHT 2 L, R? Lol AEOMA AR S D O Leibniz
Hl vp, = g(z)vr + f(x)vg DMET . BRI EITIE, HGRIEERYZ V2 &IFITh-> TH LIS C
ECERAENRIEPIMEIRI NG,

b, o£ofodlciis > 0REINERIZ, 2z Dig, & DAg® Lo
i Kan ik & L TR IT 67 2 Eice 5, FR 5 DI, IMEEEZER & AR ZER DE W,
TROLWITEHRICE OS2I 2RI L) TH S, FHEEE, WO I IIMUDSEMAD 5 HE)
I IZ D s,

EE 3.3 ([Tah26b]). X =\/, R ZHREMFEDEFRD bouquet &L, 0 Z2ZDiiH HbHE
RETE, oL

To(X)= PR,  T(X)=Homg (H R,R) :

neN neN
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Rz To(X) C TER(X) Th 5.

W) AL TOBBDOE f IZZEHE EDOFDFE AT ZDT, I E DT D
df == (£{(0), f5(0),...) € [I,enR PEE D, AHERZ FLIES &9 & df 1TREH%
MIGHIBIB 2 EH S ¥ 2 b D E LTEHIT 5. —75, B diffeology Z#i2 [[, R 2256 R ~D
1S 2GR, HREOEEICLOEKELRWI EDRE S, Lad> THES %M
SERFEO2EE @, RSG5, FIzE, ARSFFIO ETiElz 248 (1,1,1,...) T
1ZIEFFIC 7 2 REUWINBIEE, Leibniz Al 272 328 6 2 Ch Wil EAE%2 52 %, |
JEINICIZ, 186 Mo ERAREERBE OIS LMKRTFETE 2w, R
A DI FIRFICIKETE 2D TH 5,

4 pencil diffeclogy &AM & D—EMSD

Hiffid bouquet (&, AIFEEDERRZ — R T D Ab W72 TH > 7. AiHiTH 9 pencil
diffeological space &, MO DB EHFE DOV & DRYH T Iglesias-Zemmour 23
IR L 72 2fch D, i R? O % % IE R EE O ERDY bouquet DEZDBHE % H
729 [Tah26¢c]. 2 ZTHRUCBIRNELI D, S 512Z D Zariski REZEH O FUR I 13 A7HHY
BEMEDEN S,

E&E 4.1 (pencil diffeology, [Tah26c¢]). pencil diffeological space P & 1%, HFf R? 12X
@ diffeology Z A7z b DTH S, B p: U — P 2 plot THD EE, FKugcU XL
HDHHREE V C U BEELT, ROWLTURRRY LD L2,

1. p(ug) #0 TH Y, ply: V = RZ ILEHOEKTH S »TH 5.
2. plug) = 0 THYH, FAZ@E2H2HEML C R2Z HFEELT, p(V) C L »»
ply: V = L IGHEOEKTIHES 1 TH 5.

Oib,ﬁ£®ﬂfik%@$ﬁknbt#,ﬁﬁ% LI5S, Az S ERR
(pencil) 1> ToAMEINS, ZOLE, BIBLF 2 P Lo ThHh 5 2 i3, FHAED
HTHEDOEKRTHES L TH Y, P OJERZIES SEMANDOHIRIIE S TH 5 I & LIl
2%, Bz f(o,y) =23/(2® +y?) (727U £(0,0)=0) & P LS TH52%,
HOBRCTEER TS TR,

Cpo ZIRRUCEK T 21 6 D &BBDIFEONE, In(P) 2R THALHEDLRTATT L
L, Zariski RIEZEM Ey(P) = Io(P)/Iy(P)? #% 2% (i diffeology % Atr 5. %kk
oI E OREREM & 3T 5). AMEZRE &AM Z2 2 Ey(P) R &
WO « 1S 272 & LCET 20T [CW16], DUTFTIE I D—2D %M Z UL X o,
f e Io(P) ZEMZE2KEM L € RP' 12> TEW OB do(f|L) € L* 2R>DT,



TR ED—RET % £ & oI EHR

JiloP) > T[ L J(f)e =do(fl)

LeRP!

DEX S,
EE 4.2 ([Tah26c]). J 1335 b EHTH D,
ker .J = Iy(P)?

N A RYAS T = TN BB Q: 0T Py - Aol 5 | A=A

ZHEY 5.

Tb b, pencil diffeology @ Zariski REEZZRII ST & O—FEMIT THRAICIRE 5.
ROMEIE, DX BWIDOBENZ ZTHEHSINI»TH L, BiR7 L v e St i
L h(v) == J(flre(v) EBEL E h1Z ST EOFBBKICAYD, ZORIETNY b LR
[[,L* 13 S' Lo#FB%AeE 0dd(S?) L FA—HTE 2. MWD R2 O 24EH» 65
SN2 hid, —DDOEIBHEROHIR h(v) = (a,v) DBICRS N, KICHEETH 2, T
BT =7 TREDO BT IEMITH D, LEDI (an)nen € [[,eyR BEBE NS,
pencil (ZMZFDHFETH ), HEHINDE h IZRDOIFOERHMETDS & 9 EREAMf T o 3,

EE 43 BB h: ST RV o-BHETH 2 L1, ST OHLEGDI (C))pnen BEIEL T,
S'=U,en Cn 2% hlc, DHEfTHE 2V, o-HlEATHEEEDO LT ML
Zefl% Odd, (SY) £#<.

EE 4.4 ([Tah26c]). LOFE—HDO b & T
J(Eo(P)) = Odd,(S")
D3R AL,

o-3EE e BB THERE & 1R S 2\ ds, HEIC Borel BIITCTH 5. Zariski REEZERM £ )
TR A EROFRIZ, D &) RN &SRB S DD pencil DFHETH 5.

Bl 4.5. e; = (1,0) &L, h(dter)==£1, ZNLUNDKETh=0 LR 2%HB L 2EZ 5.
h AFEHE TR 2D, {fei1} EZNz2BT 2PAREGLBICTTNUL ol TH 5. HERIC
D h 2EBIT 5103, B pe C°R) Tp0)=1, |u/>1 Tpu)=0<L,%2%bD
2D, F(z,y)=xp(y/(2®+y?) (ZZEL F(0,0)=0) LEFIELv, Flid P LS
DTHY, ZOHETED—FEWTIEE L) E hIZk 5,

SRS, RIS E 1 B AR R CE 5,

27
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EIR 4.6 ([Tah26c]). F—# Eq(P) =2 0dd,(S') ®b £ T, Eo(P) LD s il
BUFFHE GAR DA RBIEAT G R 5

Homy’ (Ey(P),R) = span{ev, | v € S'}.
L7235 CTHAR LR

~ P L, T (P)=Homg(0dd,(5"),R)

LeRP?!
WdH Y, R Ty(P) C TE(P) 3D 7.
SRS T 2 8 OWGr ) OFRMTRL SNp oIkt L, g2 iz Odd, (ST)

DREIIBS AR TH D, 13512 KE V., bouquet TIEAIREEDE NG & 2> X ERED =
ZHEATEDY, pencil TIE R EOIEREAMRE D AHFH U EEHZ R L Tw 3

5 test space IC & % EREDFEZEREBEIF

BT, SRR Lo s ez 22 BB F % diffeological space YRR T % /5 1 03 i FR AW 77
FET 2L 0) EFOMBEZFT 2 [Tah2s]. 2T FEREF L1, DA LT
F: DAgl®® — Vect TH > T, MEd® ~flfR23 iz 22 Bl & ML 2 2 b 0 245
3. NERERZRM, ANEHERZEM, AMIEEZEM, Vincent BEZZEMIZ VW ITNL ZoHITH D, %
A ETIR—37 2728, FrEASMETERECICELR S, T3, 20X BEREEDL S
WIET 2 D725 9 I,

A5 5 2 fiCAEFR L 72 Vincent BEEZEH TV™(X) = Im(n,) TH 2. ZOREKT
X, R2% TX 21252, & LT HIfibnTws, —2ik X 206 R ~OB#T
W7 V2T 325500, 9213 R 256 X ~OifCHMBER 2 b L2488 d
57ATHL, TD R OKEZ, —ROFLFAZ diffeological space (V,y) ICE SR 5
DWROFETD %,

EZE 5.1 ([Tah25]). K& = diffeological space (Y,y) % HET 2.
1. (Y,y)-PIEBBYEZM %, TI"(X) O
T (X) = Tint (X / ~y
ELTEETS, 2ZTo~yw lid, EROH f: (X,2) = (Y,y) ITRLT
T (f)(v) = T (f)(w)

PO VDOZ EZERT 3,
2. (V,y)-GRBNEEM 2, TR(X) o
K

T (X) = (TR(f)(D)



ELTERT 3.

(YV,y) = (R,0) £ §2uUE, &5 5 S Vincent BIEEZEH & BT 5. I 51T, test space B’
FAHWLERZ PV D THRTE, SRRME LTIl ORZERPEIS N5,

@ 5.2 ([Tah25]). M 2SSk, xe M LT3,

L TP(Y) #0 263 TV (M) 2 T,M Th 5,
2. TR(Y) #0 %513 T (M) 2 T,M <5 3.

L7ZBoT, 0oyt FoRkE2 5 2 5.

CCCHEZRDIZ, test space (Y,y) DEMZIZEAEREL TRV ETHS, YV &
L CRg22fE i R ME % £5 diffeological space Z HEHICfEZ % &9 HE?, XD
DOMERGEZ AT, HB— DRI irrational torus z M\ 5,

EHE 5.3 ([Tah25)). a,FeR\Q & L, z €Ty, ycTs &5, TDLEE

- R oz vnsabcder vtitetae s,
Ty V(T = c+dp
0, ZhLh.

Lo T (Tg,y) 28 ¥ &, JERAM 2B T2 ARG S 5.,

T aellld, irrational torus DD & PR GHROMELH 5. LOSMFIZH 2 IEER %
WOPBER T, — Ty DFELFAMETH 5. EEE, IFERGR T, > T3 F R o777
A VEBD» SN TL 270, ZDHEEFEMED R BZDILTE T 5. Z OFERIRIF
R\ Q kI EMDFfEEZFF> DT, FEABLEFLIEHEMEEG SN2,

B ORI, BuEZEM H, = R"/O(n) W2 HHIB O TH 5.

EIE 5.4 ([Tah25])). mn>1 3%, ZDLE

~(H o, ,0 ~ R? mgna
TO( )(H"):{o m>n

L7edsoT {THnO), oy B ICAR TR WEREET252 5.

m<n DL EIE, FEENLHDAA R — R* OFET 5 1: Hy,, — H, % ¢,00 = qm
27z L, GHEERZ PV 2RO EMLET. T m>n DL EIL, EEDELDIR
¥ (Hpn,0) = (Hp,0) 1I220T, HHEERT PRI 2 ZXROHEDIFEBOHIFTH 2
5. ZOREWKT, (Hp,0)-fHAIEEZMIIHESRR ORRED T3S, 2Hl>Tw3,

Pl EoZoolz &bt % &, diffeological space EOEZZMIBIF X, HITEE D 57210
Tk, FEABEMEOIEFM 2Bl 2> 2 L2305,

29
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oI

diffeological space LDEZERIE—ETIE %, ZOFBIIRD=D>DHITHMTZ 3,

o KR BIE D> + L2 & AR oE W TH D, T, & H, PR LH % 5
25,

o T ARIED ¢ A Kan $5813 KIS 75 B CI3 R AT 2 2\, ZEolE DA e 3
Z L ohAEREENIE S NS,

o 1S BN  bouquet % pencil DHIDRT X 912, Leibniz HI7Z 1T 26 133
S SIIED R,

I 51T test space DIFRIC L D, HILEEZEMIBI T OILER IZIE R BAEAET 5.,

O E—EWEEZ, PMES LW LD, RIS THRLZ WAL REZ G TE L%
Mk ERZ NS, FEE, T, OREREEIATE T, H, OREMEIAHETX IBEI N,
pencil @ Zariski RFEZERNIT o-#GelE & v ) MM RSN 72, BZEEBEF O 08,
FeRMEICIE U 7 test space DIER, BRI OEBIENDILRZ EX5HBOBETH 5.

ARHE T,

NS DR ETE L2 BN > TS 2 FETH 3.

SE R
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IER¥ B4l Hessenberg ZHR{ADEIZER &
IFAIE S Hessenberg ZRAED IREOD —R

O E (A EEEHEMHR)

1. FX

Hessenberg ZA%R1Z, 1980 AR PEITE A X 7= THZ AR D RBITER 77 Z AR R
THD (]9, 10]), (1) Springer fiber (Weyl FDRAZEAYZRIL & B [23, 24]), (2) Pe-
terson 2Rk (RSO R T aRER Y — L BIE 18, 19, 20]), (3) weight polytope
CHBES 2 N =V v 7 2R ([9), 2RSS L LTET.

Hessenberg ZHkAoH© NEAIERA | © NEARERAR @ FIh 2 —fHEO
BER I I A0NDH 5. 1EHIES Hessenberg ZHERIE, Peterson ZREK & [HZ MK %
HRICES DT, Z0akEn Y —FIIMDEICE T 2B FHAE & BEEL TW»
% ([5]). BARINCHANRS &, IEAIFS Hessenberg ZRAD aRER Y BRI, 17
7OVELE & PN 5 @ TR E OB IO E LW TR T 5 Z e BT
%. —77, IERIH-HHN Hessenberg Z8kIALE, weight polytope 23T 2 +—V v o
ZRRA L HZ AR BB S B DT, Z0akEn Y —EHD EIZ Weyl BEDOIEH
M5 ([25]). ABIDEGE, ERIFEELT Hessenberg ZR:AD 2 K€ 1w Y —ER L oxf
FBEDTERIZ, i EFicB1) 2 7 7HERO R EMFBER L BAfR L TWw 5 (8, 21]).
X 512, 1EHPEEAE Hessenberg ZRAD a R E w1 O —IR ED Weyl BHEH O AREE
nER%T 5, IERIFE Hessenberg ZHAD R En Y —BRERFARICR LI D
HohtTuws ([2,5).

AT, ABDEEIIS 5N/ IEAIFS Hessenberg ZRAD a RER Y —B L
IERIFE R Hessenberg ZARIA D HIFER DBIFRICEI§ 2 #5238 ([15])) I2DWTHMNT 5.
A BIERIFEZE Hessenberg 28k D a kv Y —ROHRNETRIZ, 2] 1TL-oTE
2o, BRI, &i>j> 1L T, ZHEK [, 2ZEAL, ZhoDZIHE
R fi; ZHWT, 1ERIFESE Hessenberg ZHAD 27K € 1 & —IROIARIIRRDGELR
Ihs. ZhoDZIERA [ ; % Fomin-Gelfand-Postnikov DFi% ([11]) Z HWTE
Tt 3L, f, 0EFEF; 7251%, IERIPEHHT Hessenberg Z R D HALTTIE D
DHEEITBIT 2 FEER BE# S 2 Z e 30 o 72, FiZ, 1EHIEEHE Hessenberg
ZHEAEDHEAITE D OBR BB T EFERICEWT, “BT I X—-XE2ENS”
¢, 1EHI%ZE Hessenberg ZHAD aREn Y —ERBNE LN 5.

AR TIEF 3 (A ) Hessenberg ZRARD AN LM EIZOWT 2 fiTHAL, [2]
ThHZ 5N ERIFE R Hessenberg 28K 0D a ke n Y —IROIPRINE R % 3 BT
B3 %. 4 #iTlX, EZHEOETarEn Y —RE X Fomin-Gelfand-Postnikov
WX TEAINLEHCESGZHAT 2. 201%, 58T, [16) THZ b EH
%3 Hessenberg ZHIAD BN TTE D DBAEEICB T 2 BIEEROFHAZITY, 6 HiT
FHEROFHHZ T 5.
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2. A% HESSENBERG ZAE(K
Az LT, UToiszHWw5.
[n] :={1,2,...,n}
(A B EZ KR FI(C™) 1% C" OFIEEN 9 22 OF R0 572 5.
Fl(C")={Vi=WVcVC---CV,=C") |dimcV; =i for all i € [n]}

A B Hessenberg ZRARITEZERA FI(C) OREIIE D ZRRIATH D, WIEBH L
Hessenberg B D 2 oD 7 — 258 ¥ 5. £ 313 Hessenberg B DERD H4F
B 5.
EE 2.1. BEh: [n] — [n] BRD 2 &

(i) h(1) < h(2) <... < h(n)

(i) % j € [n] XL T, h(j) >
2723 2 ¥, h% Hessenberg B ¥ 5. Hessenberg BIE h 13 & E % WX T,

h = (h(1), h(2),...,h(n))

rRINS.
Hessenberg BI%L h : [n] — [n] DR h* @ [n] — [n] &
(2.1) h'(i) =i € n] | h(j) Zn+1—1d}[ forie [n]

TERTS. nxnDEFEZHEL, &j¥HICLEDS W) HOFEHES Z & T,
Hessenberg BAE L X LIS LIXHEILEINSE. D X, ZORXTh* X, h TRIN
LFHOEFT D RROARICEAL TITh BRI Z e THRRE{/ILEINS.

Bl 22.n =523%. h = (3,3,4,5,5) I& Hessenberg B TH H, Z DI
h* =(2,3,5,5,5) TH 5. Z4 5D Hessenberg BEBIIN 1 D & S iIcHiH bz 3.

Fext Fiy iR

X 1. h=(3,3,4,5,5) & h* = (2,3,5,5,5) LT 2FHDEE D

EE 2.3. X :C"— C" Z#EEIR, h:[n] — [n] Z Hessenberg B L §5. ZD
EE, X & hiZfthE3 % Hessenberg Z8k{EK Hess( X, h) 1%

Hess(X,h) = {V, € FI(C") | XV, C Vj for any i € [n]}
TERINS.
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X PEEZEIEh = (n,n,...,n) DE X, Hessenberg ZHRIK Hess(X, h) 12K
DIEZHAE FI(C") & =T 2 e DWERDPOIDD. X ZRETIR, Hessenberg
Bz h = (1,2,...,n) ITHL -5 7z Hessenberg Z#k{A Hess(X, h) % Springer fiber
W95, Hessenberg ZHkIK Hess(X, h) I FEZHRIK FI(C") OREAY 72 B8 77 244K T
Hb. DI rH57DI1Z, BEZRRIK FI(C) 235822 GL,(C)/B £ Rl—H &
N3 ZrZBVHLTEBL., 22T, BIE—BWEH GL,(C) oo E=MA1T5I%
K672 2808 2R T, F—H FI(C") = GL,(C)/B D% &, Hessenberg ZHkik
Hess(X, h) 1ZRD X 512F T 5.

(2.2) Hess(X, h) = {gB € GL,(C)/B | g ' Xg € H}

Z ZC, H X Hessenberg B h I2fIBl 3 % Hessenberg Z2f & PR, R TERS
N3 GL,(C) DV =8 gl,(C) (n XIEFTTHIRIK) DERDZEMTH 5.

(23 H = {{aiy) € 01,(C) | as; = 0 if i > h(j)}
U % GL,(C) @ lower unipotent group £ 3§ 5.
1 0 - 0
oy 1 R ~ in(n-1)
(2.4) U=gg=1|" € GL,(C) p =C=2
Tp1 ° Tpn-1 1

ZOrE, WU — GL,(C)/B; g+ gBIZ& b, UIXHNIITeB € GL,(C)/B D
A D OEZBIADOBES L HARICEZ 5. S, & n XNt L, we S, ZEIT
FleE5 e, {wU c GL,(C)/B | w € S,} dEZHE GL,(C)/B O E % 727
(2.2) & (2.3) & D, Hessenberg Z4#{& Hess(X, h) 1ZRFTIYICEFRTER

(2.5) (7' Xg);; =0 if i > h(j) for all g € wU
TEHE SN EEREOREMN IR ZHAETD 5.

] 2.4. n =5 % L, Hessenberg BI%( h = (3,3,4,5,5) &2 5. ZDL X, hiZfd
ki § % Hessenberg 2%ff] H I3XTHZHN5.

¥ ok %k k%
¥ k% % % %
H= x o« ok x x| €gl(C) | * IMERDERE
0 0 * * x
00 0 % =

Bl zX, BT D ORFES U LT, Hessenberg ZH4{4K Hess(X, h) 1%
(ging)ij =0 for <Z7]) = (57 1)7 (47 1)a (5’ 2)? (47 2)7 (57 3)
TEREINS. 22T, gelUlF(24) DETERALNS.

L %12, Hessenberg Z2fiid B DY —B b % &% b-submodule ¥ L TEFK XA, Hessenberg 22
2k ¥ Hessenberg BAEEMAE, (2.3)12&D, 14 1ITHIELTWVWS.
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EE®D g € GL,(C)iZX LT,
Hess(X, h) = Hess(¢gXg ', h); Vi = gVa

THEHDT, X &Y a VX UERLRELTD LV,
LU, BEER X 2RO 2 DDTFICH->TEZ 5.
0 1

0 n

Hessenberg 241K Hess(N, h) ¥ Hess(S, h) % W ZNIEBIES Hessenberg Z1k
&, IERI¥Bfl Hessenberg ZiKkEC V5. 26 DHEANLREEIZOWTLITT
FEAE LT L.

2.1. IEBIE S Hessenberg Z#%k{& Hess(V, h).
h=(2,3,4,...,n,n) D& =, EAIFEE Hessenberg ZHk{A Hess(N, h) % Peterson
ZEIE L WS . Peterson ZREARIE, 5 EiCiHT 2 X512, HERAEDOETaKE
oY —BREBHELTWS ([18, 19, 20]). F£72, n >3 D& =, Peterson ZHEIARIIE
BTHBZEePHLNTWS ([17, 18]). BEZEIK FI(C") & h = (n,n,...,n) &F
% Hess(N,h) £ 82 7=DT, 1ERIFZ Hessenberg ZEkIAIZ Peterson ZEkk & %
FRAZBERINIC O C b D R 5. [ERIFS Hessenberg Z4£14 Hess(N, h) DA&A]
ZHHEICOWTIRN 2.
i 2.5 ([3, 6, 22]). h: [n] — [n] % Hessenberg B 55, ZD ¥ X, RHKIL.
(1) IEHIFESS Hessenberg ZAE{A Hess(N, h) DERKTTIE YT, (h(j) — j) THX
b5,
(2) TXRTOIERIFERE Hessenberg ZHk{A Hess(N, h) 1ZBEITDH 5.
B)EEDj € [n— 1L T, h(j) > jeRETS. Zor =, EHIEE
Hessenberg ZH{& Hess(N, h) DS IERIT H 2 E+ 75113, Hessenberg B
Bh BROFZM 2T TH 5.
h(i—1)>diorh(i)>i+1foralll<i<n-—1
AR 2.6. i 2.5 (1) IS8 % Hess(N, h) DEZRIILY 7 (h(j)—j) 1%, Hessenberg
BB L ZADBEED LS &, MARIDEICTIMET 2FOMBELRL TW5.
il 21X, Hessenberg BAELDY h = (3,3,4,5,5) DIGH, IEHIFEZ Hessenberg Z Rk
Hess(N,h) DBEZEXTTIZ 5 TH 5 (KM 2Z3H) .

X 2. dimc Hess(N,h = (3,3,4,5,5)) R ITFHDOEZD



2.2, IERI¥ Bl Hessenberg Z#K{K Hess(S, h).

A1y...,0p %*E;Et%ﬁ 5%2&8 L, n! ﬂﬁ]@){—i (aw(l), - ,aw(n)) e R™ (w S Sn> @lﬂl@
% permutohedron £\ 5. h = (2,3,4,...,n,n) D& =, EHIHHI Hessenberg
Z kMK Hess(S, h) 1%, permutohedron \ZfTFES 218 5237255 b —V v 7 ZHHKT
HBZEHBFENTVS ([9]). TD b=V v 7 ZE{ERIX permutohedral Z#kiF &
FHENTWAS. h=(n,n,...,n) &3 2% Hess(S, h) bEZHAE FI(C") L B T=DT,
IEHI Bl Hessenberg ZREARIE permutohedral ZAR1K & IEZ A % BEELIC D72 <
D BZ 5. ERIFEEM Hessenberg ZHRA Hess(S, h) OB HIEEICOWTHE
5.

g 2.7 ([6, 9]). h:[n] — [n] % Hessenberg BIE T2, ZD ¥ &, RIKIL.
(1) IERIPEHHTE Hessenberg Z4%K Hess(S, h) I&FEXTTINTH D, ZDEEXITI
S (h(j) — j) THR BB,
(2) EHIMEHHT Hessenberg ZA%(K Hess(S, h) D3#H5 T H 2 B 1775113, Hes-
senberg B h D RDFEM Ziil-TZe TH 5.

(2.6) h(j) > j for all j € [n— 1]
(3) IRTOIERPEHA Hessenberg Z4%4K Hess(S, h) IS TH 5.
AR 2.8. i 2.5 (1) & 2.7 (1) & b, tEE D Hessenberg BIE 1 120 LT,
dimc Hess(N, k) = dimc Hess(S, h)
DIRAL.
3. arERY—IR
Z DI T [2] TH 2 &N 7z 1ERIE S Hessenberg 24K Hess(V, h) D aRER Y —

BOPRIETICOWTIRAT 5. X<AISNTWS X512, MEHEA FI(C") o a
RER Y —BROHRNE R
(3.1) H*(FI(C");Z) & Zlxy, ..., xa] /(e ... ™)

T n

TH52560% (7). T2T, & BXE207TT, &V 3EBE ... 2, £ 55
TEL 2k DHEANIRAZ KT

e(n) f— x x ..-:L‘-
kK § 1112 1k

1<) <ip < <ip<n
[2] ZHBWT, ZIHR fm‘ (Z >35> 1) Z R DOEH L

fij =1+ +xy;

fij=ficijor+ (xj —x)fia; fori>j

TEALL., 22T, FEDO«ITHLT, fio=0KET 2. Zoftix

(3.3) fi; = Z ( H (zp — fﬁ)) T,

k=1 \¢=j+1

(3.2)

EHIRINCIES S TES. TIC, i=jO X, (v —z) =1 LHIE
35, ZOH0ZHAZEHWT, IEAIFES Hessenberg 2k Hess(N, h) D3R E R
VoERERD L SITEAL 7.
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EIE 3.1 ([2]). h:[n] — [n] ZEED Hessenberg B & L, Hess(N,h) % FI(C") D
HDIERIFE Hessenberg 2Rk 35, 2Dt %, TWEE(R Hess(N,h) C FI(C")
PV L HIREAR H*(FI(C"); Q) — H*(Hess(N,h); Q) X 2HTH D, KROXEST &
Q-FR%E& & L TORBUARLIL.

(3.4) H*(Hess(N, h); Q) = Qz1, ..., ¥l /(fa)1s fa@ 25 - -+ Frimyim)

AR 3.2, (34) KHATATEEZBXRTEL.

(1) BIFRAYZRR (3.4) 12BN D x; 1% (3.1) 1IN 5 x; DHIRES H*(FI(CM); Q) —
H*(Hess(N,h);Q) Ik 218% &KL T3,

(2) h = (n,n,...,n) ODHH, IERIFESE Hessenberg Z 4K Hess(N, h) 1324
DIEZRRIR FI(C?) e —H L7z, 2O X, (34) OEHCHNZA T TN
(fh(l),h fh(2)727 R fh(n)m) & (egn)7 s ’e%”)) i @[xh s ,.Tn] foi_‘ﬁj—é 71)3\1
Zlxy, ..., x,) TE—HLZRWV. FHZ, (34) ZZARETEBZLRNZ 2D
DHh 5.

(3) Peterson ZRAD (FHEHEFRE) akEny —EHORWERIZ[12)12&D
HEZohTED, ZOERRIX (34) 6L TES. £72, Peterson ZHkiE
DEBIFRBOarEn Y - [4 TEALNTVAS.

Wt (3.2) ZHWVWS 2, B4)IEFRDEHICHEZXELS.
(3.5) H*(Hess(N, h); Q) 2 Qlwy, ..., x4)/(fi | i > h(j))

ZOFRNE, FEKLRAERTTE ZATW S, 6 BcB) 2 EMROT L IR LT
WBIZIR o TV 5.

Kz, 1EHIFZE Hessenberg Z4£1K Hess(V, h) & 1R Bl Hessenberg Z bR
Hess(S, h) DarEw Y —EDPBE# T 2HRICOWTHNT 5. IERIPEHHE Hessen-
berg ZH£K Hess(S, h) D aRE0 Y =D RITIEINFEE S, DIERDH 5 ([25])). Z
DXFEE S, DIEFICBET 2 AN EH DR Z 5 Z & T, IERIFZ Hessenberg Z 1K
DareERY—RREFABICR S LWV ERMIF LN,

E 3.3 ([2]). EED Hessenberg BAE h 12X LT, RO & Q-RE L LTD
EE N Ay
H*(Hess(N, h); Q) = H*(Hess(S, h); Q)™

22T, A S, fEFIC & B H*(Hess(S, h); Q) DAL IR ERT.

4. B LER
BEZRAOEFaREY —BRIXZ- Mt LT
QH*(FI(C");Z) = Z[q, . .. , gu1] ® H*(FI(C"); Z)

CERIN, QH*(FI(C");Z) LofE#E L, H(FI(C');Z) Lo@EDh v FE%
BYNIX—Rq,. .. ¢ CEB LD THS. HEREORTaAREDY -
DOHIRIERTRIZ, (3.1) D8F 7 F1r 272 LT Givental-Kim & Ciocan-Fontanine {Z
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EoT, UTDX51t5A6NTWS. %3, ROTHIZEZS.
X q1 O O

-1 z2 @

: -1 Tpn-1 (Gn-1
o - 0 -1 =z,

EFEAMHTR E™ &, AEEHE T3 M, OEELERO 2 ofEc (-1 %
PIFbDTERTS. b5, L, & n XHELTHIE T2 L&,

det(A, — My,) = A" — BN 4 ESIA2 o (—1)"E™
TH5. FRED, = =qu1=08F3L, BFEANHR E" 3@ 0K
AR e ITRFRME I NS Z LICEELTEL. FET NI XA—X ¢ DR % 4
r3 5L, BRPEANHR B I 2 OFRZER 25 Z e ELTBL.

EIE 4.1 ([13, 14]). ROXEAMN ZER & L TORBEHILATL.

(4.1) QH*(FUC™):Z) 2 Z[x1, ..., Tns 1y - - qna) (B, ... EM)
EE 4.2 PHRWER (A XBVT, ¢g=-=¢ 1 =02F52k, 3.1) 255
ns.

Fomin-Gelfand-Postnikov (& [11] 1ZBWT, ZHEATR Z[x1, ..., 20, q1y -, 1] L
W EFLEB
¢ : Z[Ilw"?xTUQD"'aqn—l] — Z[xlw-wxnaQIM")qn—l]
PEHBL, BT a— N IFZHEAERDIDICEALE. 9, BHEEHRDO%E
M ER> SFHHT 2. EFLER VI Z[q,. .., ¢ ] e L TORBEBRT
HH, FED1<i<k<niTHLT,

v(el?) = EY

DT 5. BB BEERBIEG TRV, 4771 (e %
AF7N(EM, L ENY O RCES. LEdoT, ¢AhEET 3 EHE, %A
W2, Zlgy, ..., qua]-ITEEE LT ORI

Zlq, ... qn1] ® H(FI(C");Z) = QH*(FI(C"): Z)
%72 L TCW54. Fomin-Gelfand-Postnikov 1%, EFLEROMHEEZTHNR, BEF 22—
AU ZHEHAZHEEICER L. £, i1, ,im (0< 1, <k)ITMNLT,
(4.2) Cirsi, = €41 -0

ZHET 5. IO DZHENIIEREBOZIHEAIR Z(v, 20, .. .| D ZHIEZIRT. K
12, BRREE Zz, ... 2] = Ly, .20/, e iCE B e, DB
B, Zwy, ... ./, e o Z R R . FRRIC,

E’h ..... A El(ll) Ce E(m)

m Tm
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B, Zry,. . 0, q1y - Gu1] — Z[xl,...,xn,ql,...,qn_ﬂ/(Efn),...,Eﬁn))
kB E, ., OBEBE, BRR L. g @) /(B E) @
Zlgr, .- qua]-EEE L TORIEZ 223, Fomin-Gelfand-Postnikov i%, EED 1 <
m < niZXt LT,

¢(€i1 ..... im) = Ei1 ..... im
ZRL, ZOBEDIS, BFSa—NILMZHRZRDIIIWCERL:Z. we S, I
BT 2> 2 —~L FZEA G, *
Sy = Zcil ..... in1€iroiny  (Ciyoin_ €EZ)
CREIICRLL X, EFVa—RNILMBERG, &

q — E . . . .
6’UJ - C'Ll ----- anlE'Ll ----- In—1

YERTD. R, BTV a—~ L FZHEA G X, BTEEBRYICLEY 2 —R
NVEZHEK G, OB THE. ZOHEERAVT, (3.3)IXB3ZHEKX [, DETL
%6 HiTERT .

5. PEAEER

Hessenberg ZHMADEHICE 5. h = (2,3,4,...,n,n) D& ZDIERIFE Hessenberg
ZhR Hess(N, h) % Peterson ZRRIE L ATV, 2 2T, Peterson Z5k{K% Pet,,
ERTZLITT S, (2.4) 1B 5 lower unipotent group U &, HEZRRIKD FAITT
b OESG HARE—HTEz e Z2B0WHZ 5. ZDE %, Dale Peterson 1
Pet,, NU DFEREER C[Pet,, NU| L EZMRADE T arER Y —ROMODE { R =%
ZHR L.

EE 5.1 ([18, 19, 20]). XD CAE & L TDRFIARAL.

(5.1) C[Pet, NU| = QH*(FI(C");C)
EH 41 FEH 51 LD, RO C-REe LTOREPELNS.
(5.2) C[Pet, NU] = Cla, ..., Zn, q1s- .- Gui] /(E™, ... EM)

[16] I2BWT, Z DA% ERI%ES Hessenberg ZREADIGFEITRD & 5 1ITHEHR L 7=.
2 &2 U LOPEEEI e 3 5.

2ij(g) =xy; forgelU
g € U TRINDED Hess(X, h) IET12DDEMIE, (2.5) &),
(g7'Xg)y; =0 forall i > h(j)
THole. %i>j>1ITHLT,
vij(9) = (97 'Ng)y forgeU
B &, Hess(N,h)NU DPEFERIZE
C[Hess(N,h) NU| =Clzij | 1 <j<i<n]/(vij|i>h()))
CERINS.



AR 5.2. Hess(N,h) NUIFAF — LK N 2R L TWS. Hessenberg BAEL h 23
Z:fE (2.6) Ziifi7z 3 & =, Hess(N,h) NU I TH 2 Z e BHISHTWS ([1)).
1181
1 G2 q13 din
=1 2 g3 - o

. . -1 Tn—-1 QGn-1n
o --- 0 -1 Ty

kE 7, BFEANHROrE 0 X511, EM %
det()\In . Mz) — 2\ Egn))\nfl + Eén))\n72 I (_1)" r(Ln)
CEFRT L. FIRER
Qn=Clzry,....2n,¢s | 1 <17 < Sn]/(Er),...,ET(Ln))
LB, RERES
ZERTS.
EIE 5.3 ([16]). (5.3) TERINLER 0 1ZC-RE e LTORBEHRTH D, FE
D1<r<s<nliIXLT,
SO_I(QTS) = —VUn4l—rn+l—s
DAL, FRZ, EE D Hessenberg BAEL A : [n] — [n]1ZX LT, C-%K L LToFRA
Cley, . Tn, s |2<s<n,n—h(n+1—38) <r<s

(5.4) C[Hess(N,h) N U] = tE™ . hEM)

%183, 2T, "EMik

(5.5) "B = E™4.20 (2<55n and 1<r<n—h(nt1-s))
TERINS.
AR 5.4.h=(2,3,4,....n,n) DL E, (541X (52 ERLTVES.

EF (5.5) IZBVWT, YOBETFINT A=K q, B 0ITRZ01E, HEMNERD X
IR TE S, wy & S, DIREILE L, 175 woM,wo &% %. H% Hessenberg
A h (TR S 3 Hessenberg 228X 32 & &, woM,wo 25 H BTN, TR
TD2<s<n&l1<r<n—nhn+1-8)INLTqs=0%2tT&TH5.
WJ 5.5. h = (3,3,4,5,5) O)i%/fl\%%x)_é t, El(s) &:%L\VC 13 = 14 = Q15 = Q24 =
(s =0 BV bORED THz (X351

39



40

Ts5

qa5| T4

435934 T3

q25 924|923 | T2

4915914913 |912| 1

X 3. h=(3,3,4,5,5) DHED weMsw, DHIH 528

6. AR
5 HiCii N7z IEAIFEZE Hessenberg ZRAD & 2D & 512, ERIFEHHT Hessenberg
ZRRIR Hess(S,h) D Zd, £i>5 > 1I1IHLT,
&ii(g) = (g~ Sg)” forgeU
L BE, Hess(S,h) NU DPEIFIR%
Cl[Hess(S,h) NU] =Clzy; | 1 < j <i <nl/(&; | 1> h(j))
CERTD.

AR 6.1. {EE D Hessenberg BI h ITX LT, R ¥ — AGRAYEER Hess(S, h) N U &
WRITH B Z eBHoNTVS ([6]).

T, FRHREOVTBRRES. 33) B3 ZHEKX [, %, 4 HITHHAL
Fomin-Gelfand-Postnikov DFEZHWTE LT 5. (4.2) IXBF5ZHERN e, .
72BlE Zwy, o, . ..| D ZHEEZ TR T DT,

= Z Ciy i Civyoin (Ciyoim € Z)

—BNcEIE. cork, f . O8FE,; %

—_—
—E Cip,..., imEi1 ..... im

TEHTS. 27T, By .. _E” E™ 2. HRID, FARTORT AT
R—R g B OITBY, Foyld fi k%ﬁﬂiﬂ:éhé

EIE 6.2. (1) %i>j > 1IN, BFHUE ;3 Zxy, ..., 2,q5 | 1 <7 <s<i]

BT
(2) ZHERBClar, ... 0, s | 1 <7 <5 <n]I2BWT, A 77 (E™, . EW)
FAFTN(Foy,. . Fon) 88T 5. BT, RAHKIL.

Qn=Clzy,....0n,qs | 1 <7r <s<n]/(Fo1,-.., Fun)
(B) FED1<j<i<n—1IMLT,
P (Fig) = (1) &g
DIRAL. FRHZ, EED Hessenberg B 1 : [n] — [n] IZX LT, ¢ & CAEK
r L TR
(6.1)  C[Hess(S,h)NU| = Clz1,...,Tn, s | 1 <7 < s <n]/(F;|i>h*(j))
BEL, ZZT, B IE(21) TERIN hOITEERT.
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EH6.2D (6.1) DALIZBNT, INTORTRTIA—Rq, 20T 5L, (3.5)
b, 3ﬁ<‘ED/*—fE‘H*(Hess(N,h*),C) 2B DTN B, —T, Hess(N h) &
Hess(N, ) IZFHTH 2728, (6.1) 2BV, T/\’CO)E?A7X Reshd ke,
H*(Hess(N,h);C) g6 5. EM 53 LD, %?7“35)( — R Qs & —Vni1—rnt1-s
SHIEL TV S LR EWHT L, ROBERE

% 6.3. fEE D Hessenberg BAEL h : [n] — [n] X LT, CAREE LToORA
C[Hess(S,h) N U]/(vij | i > j) = H*(Hess(N, h); C)
nEoND.
fRE—DODORNICHED 5 XD K515,

=0
2]
(2<s<n, 1<r<n— h(’y Wi L iZh* ()

C[Hess(N, h) N U] (C[Hess ,h) N U]

1/Z =0 (1<j<i<n)

Fy,4=0 (1<i<n—1,i>h™(j))

ars=0 (1<r<s<n) *(Hess(N, h); C)

REFERENCES

[1] H. Abe, L. DeDieu, F. Galetto, and M. Harada, Geometry of Hessenberg varieties with appli-
cations to Newton—-Okounkov bodies, Selecta Math. (N.S.) 24 (2018), no. 3, 2129-2163.
[2] H. Abe, M. Harada, T. Horiguchi, and M. Masuda, The cohomology rings of regular nilpotent
Hessenberg varieties in Lie type A, Int. Math. Res. Not. IMRN 2019 (2019), 5316-5388.
[3] H. Abe and E. Insko, On singularity and normality of regular nilpotent Hessenberg varieties,
J. Algebra 651 (2024), 70-110.
[4] H. Abe and H. Zeng, The integral cohomology rings of Peterson wvarieties in type A,
arXiv:2203.02629.
[5] T. Abe, T. Horiguchi, M. Masuda, S. Murai, and T. Sato, Hessenberg varieties and hyperplane
arrangements, J. Reine Angew. Math. 764 (2020), 241-286.
[6] D. Anderson and J. Tymoczko, Schubert polynomials and classes of Hessenberg varieties, J.
Algebra 323 (2010), no. 10, 2605-2623.
[7] A. Borel, Sur la cohomologie des espaces fibrés principauz et des espaces homogénes de groupes
de Lie compacts, Ann. of Math. (2) 57 (1953), 115-207.
[8] P. Brosnan and T. Y. Chow, Unit interval orders and the dot action on the cohomology of
reqular semisimple Hessenberg varieties, Adv. Math. 329 (2018), 955-1001.
[9] F. De Mari, C. Procesi, and M. A. Shayman, Hessenberg varieties, Trans. Amer. Math. Soc.
332 (1992), no. 2, 529-534.
[10] F. De Mari and M. A. Shayman, Generalized Eulerian numbers and the topology of the Hes-
senberg variety of a matriz, Acta Appl. Math. 12 (1988), no. 3, 213-235.
[11] S. Fomin, S. Gelfand, and A. Postnikov, Quantum Schubert polynomials, J. Amer. Math. Soc.
0 (1997), no. 3, 565-596.
[12] Y. Fukukawa, M. Harada, and M. Masuda, The equivariant cohomology rings of Peterson
varieties, J. Math. Soc. Japan 67 (2015), no. 3, 1147-1159.
[13] 1. Ciocan-Fontanine, Quantum cohomology of flag varieties, Int. Math. Res. Not. IMRN 1995
(1995), no. 6, 263-277.
[14] A. Givental and B. Kim, Quantum cohomology of flag manifolds and Toda lattices, Comm.
Math. Phys. 168 (1995), no. 3, 609-641.



42

[15]
[16]
[17]

18]

T. Horiguchi, Coordinate rings of regular semisimple Hessenberg varieties and cohomology
rings of reqular nilpotent Hessenberg varieties, arXiv:2512.11565.

T. Horiguchi and T. Shirato, Coordinate rings of regular nilpotent Hessenberg varieties in the
open opposite Schubert cell, Forum Math. Sigma 13 (2025), Paper No. e44, 42 p.

E. Insko and A. Yong, Patch ideals and Peterson varieties, Transform. Groups 17 (2012), no.
4, 1011-1036.

B. Kostant, Flag manifold quantum cohomology, the Toda lattice, and the representation with
highest weight p, Selecta Math. (N.S.) 2 (1996), 43-91.

D. Peterson, Quantum cohomology of G/P, Lecture Course, M.I.T., Spring Term, 1997.

K. Rietsch, Totally positive Toeplitz matrices and quantum cohomology of partial flag varieties,
J. Amer. Math. Soc. 16 (2003), 363-392.

J. Shareshian and M. L. Wachs, Chromatic quasisymmetric functions, Adv. Math. 295 (2016),
497-551.

E. Sommers and J. Tymoczko, Fzponents for B-stable ideals, Trans. Amer. Math. Soc. 358
(2006), no. 8, 3493-3509.

T. A. Springer, Trigonometric sums, Green functions of finite groups and representations of
Weyl groups, Invent. Math. 36 (1976), 173-207.

T. A. Springer, A construction of representations of Weyl groups, Invent. Math. 44 (1978)
279-293.

J. Tymoczko, Permutation actions on equivariant cohomology of flag varieties, Toric topology,
Contemp. Math., 460 American Mathematical Society, Providence, RI, (2008), 365-384.



B3R MR Y=Y VRV AEE TR
2026 4E 8 H 19 H

HEOI—T8E, 7L—I V5 L TCEGREH
TV B (KK

X LC®HIC

SEFFHMZARL £, BEREHOEELIFE0Y —HTH S HKH Mumford
(Mumford-Morita-Miller %, MMM #H) [48, 43, A1) & & ' Z D42 URESR [20) D T3 (b
&)l & UTH— Johnson ¥FA [16] &5 DA H D £3 [E6, BT, B2], Johnson HE[FHY
DOHE FIZHE O EARED Magnus BN D 5 & DILEFSREH X A D [35] 25213 T, FAlZ
Magnus &R %2 —fAfb U 7z HHBED expansion & 2 £ U7z [21], expansion (Z13H >
CHERFERPHDIETEZLEVSEREH D LN, TNRMRONLND EFHATL
Tzo BT ALEEIDOIHED B E Z T G. Massuyeau & A DY symplectic expansion OBE& %
REUVE U BR 25 KRELULTRDDODD FH A, KM X AN symplectic expansion
& B 72D HERE— Johnson H#EFIE! [@5] @ Dehn Y A A b TOFEIZ DWW T EAEH L AR %
G2 ZEWREREBIZZRD E U2, 22T (logr)?/2 EWSERBABNE T 28], Z
IS5 HDOBHONEIZRD £9, #7215 XniE, Lie BEw T O Vergne
8 19, B] &, 32, 0 fhim O AR D expansion TdH > T Goldman-Turaev MAEK
DA Z G A 55D RO LMELZ>7-2DTT 2, Z I 56 ERBDOIE-Vergne &
7% % DH expansion DEEE U TENMESNE S [, 4], P LD TIZHIMO framing
DHNF T, TN HBMES A DR [0, p.569] IZHRL £9, ARFEEOELRPTIZ,
D framing (ZDWT, BaLkDHSOH 24, 26, B3, B4] 2 &O THHICEI L £9, ©
HEFEHLDIZH D DMEFEDOFHEN D IZR> T L EVWAHET T,

2
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6
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1 HEOE&ERESE Dehn VA R

YL ERBETRWERAZEDMES O onzEiEar Xo b O~ dhie 35, #HED25EE
HIZED, S ITEBEBERRA B L > TRRBICHEING, B g BERE OB n+1 D
MEDFonzdiEar Ny b C* fil%E S, KT, g,n >0 Thd, BERAESIC
076 n $TOEZTZDIT X, 0<j<n, £95 9% = ]_[?:06]'2. HEZ2xecgX &
o FHARRE 7= (3, %) IBEHR 29+ n OHHEETH 5,

B Y = %, OEGHERE T =1y, 35, 20, BR 0¥ 2 EICEET 2 5
D C>® W FEMHEEROREE DIffH (S rel 0X) &2, Ak 1Y v 772 O WA FEMHD %
TIESHBAIH TR Z Lo DW T THDS, fET OEFSIuE LT, B C C X\ 0%
WIS HTF Dehn VA1 AN te €T &b, AF Dehn VA1 A te e T &k, C OEAR
IR N(C) 2B WTIEE 1 THEZ 6N, TOIMITIHESEEHRTH S O WM FRMOE
EETH B, MEOME X IZEL T, C IZ[Ad > TWLEEBEIZHIA B DAEF Dehn
VAARNTHD, £ZTDehn VA AN te X C DREIEDE D [FIZL 57\, £/, £l
A3 £F Dehn WV A1 A MIATF Dehn VA A MDD TH 5, Dehn-Lickorish O EHIZ

@)

N(O)

1 BAEER C OERERE N(C) 1B 34T Deln V1 A b fo

0. BEEIIIET Dehn VA XA 2B THEKI NS, KDL WERIZDOWTIZMH
EZKDHE I MR Y=Y Y RYTLATH B2 22, e RIE 9> 1 DEE Iy,
(vesp. Dy 1) 13FE73BER HRT R iR & B 50 (2 M7 70 At B R D 5 F Dehn Y A A b
b THEREI NS [17) (resp. [36]). T T THHMPAMIR C 2'IEDBER (non-separting) T
Hd Ll fEA S\C PEBETHEI L E VD,

K 28 0 Ok 95, £F Dehn YA A b to DE—FEQY—# H = H (Z;K) ~
DY % 23 D Picard-Lefschetz DA

VX eH, (te) X=X—-(X-[C])[C]e H (1.1)

ThHbd, ZIT- & (REN) ZXE. [C] € H (ZHMMEATKR (ICME 2 ANZHD) DE
HEFRERY—HHTDH 5,

$ % 1% Picard-Lefschetz DR () D& LZE Z 72\ FEARE 7= m (X, %) OFEER
K= {3 ayy; ARMAD v Z2BRE a, = 0} BXTBRMA 77V I := Ker(aug : Kr —



K, Y en@yy = Y cpty) BFEAD, TNOITIXEHHRET BERIERAL TS D, BN
B aug 12X BEM Kr/In 2 K 8 X0 KI-J#EE UCORDEMA b 72D

H = (In)/(I7)?, [y] — (y—1) mod (I7)?,

Z 2 CIROMEIX Kr/(In)? 12817 54 F Dehn Y1 A b to DIEFIDRRTH BH, A
B 2R, £ 6.5.3] 1%

(tc). = exp ("5 (log 0)? 7) € Aut(Kn/(I7)?)

Vo iikE R, SNEBHHE Kro=lin | Kr/(In)™ IR L 72 OBROEHT
b5,

EE 1.1 (3,1 [ZDWTIFAE -3 PR, —M DB D Z #hiE 2 D\ Tk Massuyeau-Turaev
0], AEp-jE [B0)).
(te). = exp ("1 (log C)* ") € Aut(Kn).

D ERIZDOVWTWL D0flie 5, £3. PR T X, OFEARED symplectic expan-
sion 3R IZDWTOEH L U THRRTWS, DT, —IZ KAEAMRE A 12D\ TES Lie
RE Der(A) := {D : A — A; K-#MEUR, Va,,Vay € A, D(a1a2) = (Day)as + a1(Daz)}
EERD, ALMHPA>TNDS & ZiE Der(A) R b DT EZEAD, DL E, #
WD D & T, HEEEE exp : Der(A) — Aut(A), D — exp(D) :=> oo D™, %%
ABDIENTELLAEND D, TNHWEHLND exp THD, 555 "L (logC)” " 1&
Der(Kr) DIt TH 5D, ZhakESLT20OHHE £ O (EMbXN7z) Goldman-Lie
RETH 5,

2  Goldman Lie (& Z DEABDEIBADIEA

ST KBS A R A I2OWT, A {ab—ba; abe A} C A DERT S KA
AR E (A, A] LRU, ZAICEBRAY FLERE

Al == A/[AA]

ERT, RMTIZLE-T A % Lie R AL X0 THD, —fRITITHEL S KA
7 MVEMTHS, Bt 1€ A DEDDu%E 1€ Al ERT, HE Kr (I22WT K
X T ORBEEAKROES

fi:=m/conj=[S",X] = {S OHEN—TOHHEKE M —H}

DEKT HHHE K7 MLVZEM K THD, TOEKT v € # OHHFBE MY —H
Z vl e C K| &RTZ&I2T5, HHLV—7 o & 8 € # @ Goldman bracket
[, 8] € Zr C Kz l&. a & B % generic immersions (2 & U TREWTHY 8 5D A% FF
TIEDIAA) TRESET

o, B] = Z ep(a, B)|oyBy| € Zt C Kt = |Kn|

pEaANS
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B ILETEREIND, ZITRET a & 8 OREDES an [ ITEEHH —EHLADA
NoREZNPOEREATHY, BRXMpeanf ODEZEB T, IZBWT a & fDEDS
MEN S DASIZ—HTLENESINT, RITRXE ¢,(o, B) € {£1} DEX D, £/, o
& B, B p Z#ERE U m(E,p) DueRU., B b, € m(E,p) DEDDHHIN—
T%& |ap,B)| € ERLTWVWD, TD&E, Goldman [FIXRZEZRLTWS,

EH (Goldman [I3]). (1) bracket [-,-] : # X & — Z# & well-defined T 5,
(2) # (|Kr|,[,]) & K-Lie fRETH 2,

ZHUZ &Ko T [, ] IF Goldman bracket & FEIEFv, #l (|Kx|,[-,]) 1&HHE X O Goldman
Lie RE(E XN 5, (1) DFEHIXE 2 O 3D RAZER TARER I L Z23EHHT 5, (wl)
1¥ monogon (=fishtail) DA FKIHI. (w2) 1 bigon DEMIER. U T (w3) F_HHXD
FTOBATHD, Goldman bracket |FHIH EDOFEHEKDE Y 2 F 1 ZE[MH LOEEZH D

Q) 'O B

2: IO RFIEE

Poisson FiIELIZHET 2 DT, Lie FiEE TR T NIER SR WA, L0 HZT (2) ITEH
o EREEHR U TEET %,

728, Goldman Lie fREDHFLERD D Z L IFHEELMETH 572, Hubh, FREIZEH &
UT. BV =70 LBV — TORETHER I NS Z & A Etingof [12] (AT ), Kabiraj
18] (%> i AN B K CFIAH [BA] (23> Y il 12 & > TREHI N T WS

AT BN G 75 (log O)° 7 1, BRI 77V [r (2B % Goldman Lie AR5
1t |Kn| = Kz = fm o |Kal/|(Im)" O LTEZRI NS, DD, Jo|=Cer &hH
729 based loop a € 7 ’a? YBY, SEEEE Kr ©te LT loga = DN %(a —1m
B Lloga)? WEHTE, METSLE LT LogC)? = [L(loga)?| € [Kn| BEHET
o, INRC OHBAE PE—HZPTRED, a DEDHILLS5B, TEMLI Nz
Goldman Lie f% |Kr| 1Z1% Goldman bracket [-,-] : [Kx| x [Kr| — |Kr| 25 well-defined

IZHRR S %,

ST, EH LI DOFEHDOHED —DIE, RO K S ITEZES 1S based Goldman bracket [2§]

o |Kr| = Der(Kr), o~ o(a),
ThHolze a € & v €r % generic immersions (Z& D

ola)(y) = Z Ep(0, V) YippYp € Zm C K
peany
CEHET D, 2T BET e 1E. ENTNES « PORp T BLOKA p 2
SHEE « TD v D segments K9, o, CHVETLHDIITTH S,



EIE 2.1 (K- 28])). (1) o 1 well-defined Td 5,
(2) o : |Kr| — Der(Kr) 1% Lie fREFERBITH 5,
(3) (2) D o iF (EHHi%R) Lie REHERM o : [Kr| — Der(Kr) ZikEd 2,

FEBHIX Goldman Lie RE DG E L L H LU TH 5,

) {

3: o(C™) () DEHA

M L7 DOFERH. Seifert-van Kampen OEMD &, HBHMEA#HHR C OBERERE N(C) 128
WCREBTWEFR D TH S B0, T I T3 DRIMEEZEZD L, fERED n € Zsg I2DWT
a(C")(a) =nay" THb, TNiE, EED f(x) € K[[z]] iIZ2WT o(f(O))(a) = avf'(v)
THdIezEH®T L, —J. te(a)y=ay EZPoX#%E & > T (logte)(a) = a(logy) &
25, MEZET 5 EWAAER of/ (z) =loge BWEONE, AEMF LT

f(z) = /1%1(% xdr = %(log r)?

Y72%, DEY logte = o(L(logx)?) € Der(Kr) Hibh 5, EHARS Nz, O

ZZCIE [B0] TH A A E A LD,
X T, Lie REERETL 6 IZDOWTIRMBRD 72D,

T 2.2 (AH-E B0). X=X, D& & o FROFAME S 2 5
o |Kz|/K1 5 Dery(Kr) := {D € Der(Kn); iz, D(0,%) = 0}.

ZZT1=1] € |Kna| FHFOZET B4 58 |Kr|/K1 121& Lie ABOMEAEET 5.,
—#2D ¥ T, HAHRAEEZ T Dery(Kr) DEHEBET VLD A D 72,
Torelli # Z(X) := Ker(I' — Aut(H)) ® ETIEXNE log : Z(X) — Der(H/{}) NeNdN 6,
Lie FOBHER Y

o' olog : Z() — |Kr| /K1
MEHTE D, ZHUE Johnson ¥EFRIBUZ AR S 3 Johnson E[FI B % Bl i) 12 FERERL L 7=

ZLiZi2%, 3% & Johnson BOHIFIGM % KD B HEIZN — THEORELE UTRA S
ZLHTE D,

THAGBEOMH X LT 271 BBRUTWEIT 5 LN TT,
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3 Turaev £#FMFEE Johnson ¥RE
Turaev [p3] DJeBRIL LS & U T 2 MOV — THE
N:ZnxZm—Zne BEC u:Zr— ZnZ1

DFEHEN B 5, Goldman bracket 3 & ¥ based Goldman bracket (£ A 7 5iFE X 41, Turaev
cobracket 3 & U based Turaev cobracket 1& p 2SFEEINDE, IR S6BRRE KD
framing OFTEH B 5728, Turaev cobracket § DFEffLIL, L0 HZXT 6 : |K7r|/K1 —
(Ka|/K1)®2 ¥ LTEZIND, WHRD 72D

EIE 3.1 (AE-iEE [29]).
(071 o log)(Z()) C Ker (m@q /K1 % (|Kn| /K1)®2)

U 72435 T, Turaev cobracket %%K% ik, EHREBOBIR» O BDREKRYED S, *
Z TLAN Turaev cobracket D7E % % H W HIT,

%ﬁl:F'EJ I:=1[0,1]CcR @jﬂ”ﬁlﬁé ol :={0,1} c I &RU., [°:=1\0] B, HHR
B 0oL WZIE E DOREDAENASTVED, F x € 9% ITHB T BHERKD 98 1T
n 9%@75[’]@?%’\7 MV v, Z—D& %, generic immersion 7 : (I,0I) — (3,%) TH -
TH0)=7(1)=v, ET.X AT EDEZRBE, " c [t <t" 1IZD2WVWT D [t 1]
ANDEIRE ypp &RT, £z, 4 D [° ~OHIR v|. DHCKXAEEKOELGE T, &
$, 7 IF generic immersion 7225, FED pe T, IZDOWT 0 <t <th <1 HME—DfF
ELUT y(t]) =(th) =p AT,

={pely; c(v(#).1(t5)) = £1}

LB<e, I, =TTITI; &7 %, based Turaev cobracket p(y) &

p(y) = > (), 1) eel @ Yowvm € 12| @ Zr (3.1)
pely

Lo TERING, M1D3IEHOR/MERDS B, (w2) & (w3) T uly) FALET
BB, (wl) TEAETIERY., K4 DESIZAERDNTVWSEE. monogon DIH
MDFHIX -1y LRE2N6THDH, £ZTAY VF IV based Turaev cobracket &
pmodZ1@Zr L UTERINS, O ambiguity Z{H T 72OIZHITH X @ framing, D
FOHERTE OME2EOKRBHEIL ¢ . TE 2 X xR? 28 2 58, © 1382 THRWEER
ZHONOHEE TY IFHHTH B, §5 THIHHT 5 & 51T framing ¢ 1 immersion y D[]
HLEL rote(y) ZED D, K 4IZDWTHEADRATR XL —1 THE DM O A O [Hix
B +1 THhd, Znoz4TBHT LI

pE(y) = p(y) + (rote(y) + (1 ©7) € |Zn| @ Zr

229, 8] RE T v DIAERZ PVB X TRARZ MUIE 9 12 TER] LTWwa, Zhid, 22 TOJRHE
B ZIR IR L7201, v, DY 0o LHEMINTRITNER S NI LIZTHERT 5, £ 2 THEEREL rote v D
IEIEWHAITL 5,

3framing 2F R 5 Z IR o - ERITIE, BB T 5 Earle ZHiZ DWW T OHHEKH X A DR 17, p.569)
HH D F U7, framing 72 LUOTH B0 THEAZR LN S DI Earle /2> 72715 T,




4: monogon D5

CHHIET 5 &, well-defined 72544
yt I — | 2| @ Zw

NAZoNd, TN framed based Turaev cobracket @] TH b, &HB ut DEFAT
(rote(7)4+1) & +1 DDV TWBDIFMHARD 7D TH 5, p* DEBIADEARNIZDOWTIE
85 THHT S, — D K-RXZ MVEMV IZOWTERIEHER alt : VRV - VeV,
V1 @ Vg V] AUy 1= 0 @ Uy — Vy @y, £ T B, framed Turaev cobracket

& 1 |Zr| = |Zr| @ |Zx|, |y~ alt(l®]-)(EE(y) —1®7),

MEHRTED, 7L A rote(C) = 0 AT HMEAMIR C LEED n e Z 1220 T
O(C") =0 TH B, EEBDIENRNEEIE 6(C") =0 € (|Zr|/21)%? 72> T3,
(53 DA E SR, ) ¢ E5EMALICRIT LT 66« |Kr| — |Kr|®2 &7 0., Torelli B 7(3)
% Chillingworth BHZHE/NT 52 & CEH B LR U Z & 237 0 72D []. expansion % i#
UT. T2 oA trace [10] B3 E2N 5,

Turaev [64] (F Turaev cobracket 6 ZE AT 5 Z £IZ XD Goldman bracket [-,-] £ D=
O (|1Zr|/Z1,-,-],6) H' Lie WAREUZ#2B Z & %R U7z, framed version THFE U =D
# (|Zn|,[-,-],0%) \& Lie REIZ72 5,

4  Goldman-Turaev Bzt & L TOME Vergne FI5E

ZZETIZHRINZZEHHEED expansion IZDWTHANTH L, #iH ¥ &L THRWEE
fE O o, HAR m=m(Z,x) BEHHBETH S, I TIMH>TWEESTEN, yen
DFREVY—H% [y] € H=H(5;K) RS, IRIA T TNV In C Kr DEPED BHEER
Kz @ filtration {(Im)"}2_, & 25, Tk 7 OFfLFNIZHET 29, 20 & 52
ISR D[R] B

gr(Km) = [] (rmym (1wt S T(H) = [T Ho™ (4.1)

m=1 (=1 =Ml [l =M@ @[yl

in>1 056, EAR 1 =m(Zgn1,x) OBEFLFIOMRDIZ, BiRE2EOLMKICEA 2 2457
% weight filtration 2% X 2 X & T, HER K O filtration ® expansion DEHHEIET E2HENH L, 7272
U, HH 0 OGEEBEEMINEDLLZ I TCI IOERIZZTDEERD 2D,
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B0 725, 52l Hopt REOME % £, ZORBIC X W% %F—HT 5, |Kr| 1 Lie
RARHZ S, B (D) 238 LT K2 MVER [T(H)| 2% Lie BURBOREDA 5,
CITRB AR, FED yenmiZOWVWT A() =70y BEOHEED X € HIZDWT
A(X) = X1+ 10X &AL TRBERBE LTELE>TWVW5,

B0, m— H m>0, ODEFH, RWLEH

:iQ K’/T—)ngﬂ' HH®m

m=0

M (group-like) expansion T b &Ik, 0 M5EMH Hopf DR TH - T, gr(0) »ESE
HEBRTHHZZ2 WD, BEDRMEF, EED yem IZDWT Oh(y) =1 222 0,(7) = [1]

EEVWHZ ONDG, EKIZE2IH 0, iI2D2WT, BHREHT LOoBEG& . T — H* @ H®?
EERED o e T IZ2WT

() 7 €T 05(7) — b9 (7)),
WCEkoTEHT DL, 2T 1-a YA 270 TH->T, TDIAFERY MY e HI(T; H*®
H®?) 134 [45] 12 X 5HK5% — Johnson ¥R TH 5,

& T, M5 Vergne & [19, 5] (ZFE 0 dhiin Ti#EY) 7 expansion &2 KD SMETH -7z
Ple BATR. ARBEAEH B Z2EE S, [ZBR> THEHHT 2, 2056, H=H(3,;K) EOR
B - Ho H — K I3ERbTh 5, R @) 258 L T |T(H)| i2 A>7z Lie )
REOMEE TR TE 2 5 50

(X1 X Y1 - X ]

=2 D (X V)X XXy Xia Yy - YaYi Y,
i=1 j=1
851X1 Xl ZZ(Xi'Xj)|Xi+1'”Xj—1| AXjr - XXy X
i<j
ZITX,Y;€H 2 ULTW3, ZHd necklace Lie R L XN 5 HETH 2,
S T. Massuyeau [38] 1 X, ; DFEAFFED group-like expansion (22T HA:

9 9
0 <H Oéiﬁiailﬁz‘_1> = exp (Z[az] A [@})
i=1 i—1
ZHAT29H D% symplectic EMEATZ, T T {ay, B}, C 7 I& symplectic LR TH 5
M, T DZMIE symplectic EBGRDELD HIZ X 500, AADHFHIE 02, &% — AT 5
V=TT, GADHFRIRZXEAPSRELZNSTH S, £ B, IZDOWTIEEH L] D
HIFEY & U CTIRDER P DH o 72,

I 4.1 (AE-1% [28]). 0 A' symplectic expansion 7% & 1X, [FH |9 : \Kﬂ ~ |T(H)| 1%
bracket %R,

5%41 ZBR > T framed Turaev cobracket @ framing DIEWITIE G % & 5 L RN DD, F-ff (KV2)
121X framing OHEWMBEEN TV S,



—fEDHHENIZ DWW T H Massuyeau-Turaev [A0], AEF-H[{#& [B0] IZ & > T symplectic ex-
pansion DX D 12 special expansion® 2F 2 5 L[HRKD Z LD D 72D L hbhroT
W3,

ZN Tl cobracket 1&& 5 DA ? YN S N7z DIF Massuyeau DIRDFERTH 5,

EIH (Massuyeau [39]). Kontsevich f87) 7 S5i%E S N B 0 #if 2o ,,11 D expansion 0
IZDWT |] : |Kr| — |T(H)| 1%, bracket & cobracket Z{£2, D% D Lie ARED R
TH b,

% Z THIE Vergne [FEETH 5, Alekseev-Torossian [B] 12 & % HH Lie & T DEA1L
Tl HE Vergne fEIZ 2 DD&M (KV1) & (KV2) 225725, expansion DS IZFEA
Ed &, (KV1) 30 #iH So,,1 D special expansion DEREZDHLDTH S, DF D,
(KV1) &, Goldman bracket % f£>Z & 127z 5728, (KV2) »% Turaev cobracket 12
HIGLUTIELWDER, B br5,

EIHE 4.2 (Alekseev-Kawazumi-Kuno-Naef [2]). £k 0 #Hi 2,1 D special expansion
DE D (KV1) & #A727 expansion (ZDWT, & (KV2) ZA729 I & &, |0 A cobracket
ZROZE. DFD (0] ' Lie MREALTH S Z & L EFRMETH 5,

Z D&M, M Vergne %, |0| A Lie BMUREKFIEITH % expansion § % K 5 i
., D% D Goldman-Turaev Lie MADIE A ME L U T, EEHEOMHMIIZIEERS 5 Z
LEREL TV,

EI 4.3 (Alekseev-Kawazumi-Kuno-Naef [T, 4]). (1) B £,,41 & £ framing £ (22
THIR Vergne fEMEALZTN 5B,

(2) 1 OLLTF D framing £ ZFRE. I Vergne BRI Z £ D: TR TOB ST
0;5,0<j <n, iZ2WT rote(9;X) = =1 TH> T rote(ag) & rote(Br) DWITINIE 0 T
AN

(3) FEED (KV1) Off 0 I2DWT, (KV2) A3 &, |0 26T 2 framing D
Z I D CGoldman-Turaev Lie MAEIZOWT ORI % 5 X5 Z & LIXFAMETH 5,

i DRSS, Alekseev-Torossian [f] A% Drinfeld #8205 L 725 D &, Enriquez
[T OfEH&EE T2 D b5, #EFIFEE 1 @ Drinfeld #&61& 745,

%mB. ZOEHDOES Hodge Hi& % W JIEEAA Hain [T4) 2L D 526N TWS,
Z ORIFEITIE, FE 1 DFIIMZ DN THRECETIY 22 R 1T 3 S 2272 o T B,

T, AOREIZROEHZEEHL TW5,

EE (0 [, 62)). (1) ERD g IZ2WTHE g Gonzalez-Drinfeld & FAMFIET S,
(2) FEED g IZDWTHE g Gonzalez-Drinfeld #6 & ¥ 13 Goldman-Turaev Lie MREXD
bz 52 %,

7272 U, T8 1 @ Gonzalez-Drinfeld 58 F1Z & 725 framing & 13 rote (o) = rote(f1) =
0 &A=,

6Z @ special &S BTG IR OISz B3RS 5,
TRLIZALEFTISD S, THIZOWTIE B] THS I U,
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5 HE®D K-framing & K-ZXFER

Z Z £ TOEEIX framing 7* 5 expansion DAz T R ERM (KV2) 2FE T 55 TH -
7z. WIZ, expansion § 75 framing Z[AHT 5 Z & %2F X 5, framing |45 KEE— Johnson
HFBL 70 OH7ZDI(EATVWEDTY,; 756 symplectic expansion DD J5DIEH
SENPNDIETTHD, 10EIZLHIIC F. Naef K225 ZOMEEZEMINEZR, Tk
IR EFZoNL Doz, BEOHIPATIEZO T, framing % K-AREUTHLIET 5 HEA
BTz, SEIOEHLIZMOXRDOMAF 25] T, AL UHEIZDOWTERIZRD Z LMD
%, AV UIEELIL Z/2-framing TH D, I T, ZD §5 TIEK (FBAATHRIEIRET S,

ZTHXH, ZRIROAC UG L ZERRO “EHREDO Z L Th b, HDL&EIZ, A
Y U REE % theta I & BAREIZ GG D1 72D A% Johnson [15] TH 5, H AT Johnson 1
theta & —IRIER L IFATWS, theta 8 & &, B ¢ : H1(3;Z2/2) = Z)2 TH -
T D X1, Xy € Hi(5:Z/2) 129WT g(Xy + Xa) = q(X1) + q(Xa) + X1 - Xo &7
THDENSTH D, spin g € 1F mod2 FIHEEL rote ZESH S DY, Johnson 1, XI&d
5N g DL LT, B C 12DWT ¢(C) = 1ot(C) +1 TH B Z & L
AEMNIZE>TWARW, TIT, A &b 3D20HMPHTL 5,

(1) generic immersion TD g DEIEXE S 72557

(2) +1 FeERon?

(3) spin #EIZBR S 9 framing ¥ r-spin & ICIZ—METE 507
Z D 3 DDEEIE framed Turaev cobracket ¢ DERIEEZ £ 5 Z L CTRIENRH7-Z 65N 5,

K-framing £ % O roty ZEET H720I1Z, —fMRIZ T 22 THRVWEREZE DM E
D onsdfia s b Cx e 5, i X OBR TE 26 0 YK 2 B 72 22
T\ (0-section) DIEDEEB Ry DAN T —fEHEHIZ L S% UX = (TX\ (0-section)) /R
55, TNFHBMNERTHY, S OMENSFEEINIMEE2EOE ST KTHD, w:
U - %E STHEROHEE L, 1St UL 2RAIZZHED T 7AN—DEAEFEL TS, ©
BETHEWER 2 O0OTE ST R US IZHHTH O, FH5ERs

0— H' (S K) S HY(US:K) S HY(SSK) — 0 (5.1)

MIRD 72D, Ffl (1€, [SY) =1 AT 50 € € HY(US;K) 2. ¥ O K-framing & & T,
ZTO2K%E F(O;K) &RTZLi2T 5, TIITIFEGREHRT PERLRX D ATEALTY
%, F(3;2) 13E S KUY OO FE FE—HEEKRDOEATH D, F(X;2/2) & T
D spin HEEEDELETH 5, Kframing £ € F(I;K) LiFDidA a: St = L IZDO0WT

rote () := (£, au[S"]) € K
CED, TS a D CRIEHE LR, TIZTa: St - US EEERS MLET S,
BiFt 0¥ = [1,_, 0;2 2T, Poincaré-Hopf OEHIT & Y

n

D rote(9;%) = x(%) € K (5.2)

=0

AN LN

AR (B2) 1FHHZ L BN ETH (24, 26) IZFEEHEE S E L7



ZIZTK=7Z/22%Y spin EIZDOWTHEL THL &, x(X) <0 D& E Fuchs KHUZ
DWTY T b p:m(X) = SLy(R) 2252 &% spin il € 25T T 52 LIBT3, Z
D& &, trace(9;X) DRI rote(9,X) 1272 57008, & <IZ, # Riemann [T Ramon
punctures DfEBADRIMEETH 5 Z 132X BD) 1Icftize 57200, BEHEIC K 5658
G F(S2)2) )T 1I22WTTHBM, F(S,0;Z/2)/Tg0 = F(3y1;2/2)/Ty1 DY Arf AE &
Lo THAEZD2IZAPND Z EIFHBNTH 2D, —RDOLED F(X001;2/2)/Tygnia
1 Arf AEEE rote(0;3) € Z/2,0< j <n, IZ&o>THEIND,

DEWXZK =7Z2FD ¥ OARKD framing THEMN, g #1 DL L, BEROEH
rote(0;2) € Z, 0 < j < n, LiFE T 5 spin HED Arf ALERIZK > THEI NS, HX
Z-framing MY spin ME. & S5 (IZHHX r-spin #&E (2 DWW T Randal-Williams [49] (3AHXT
Atf AZEBEZEAL, g#£1 D& &, ZTOEHERIZ X 2HEI R OMER &Y Arf A%
BTAHINDEZLZRLTWD, KAHEH 1 OBE. DF0MES F(C1,01,2) /T
IZDWTIE [24] CTRUR U 7z, B DIE#R rote(0,2) € Z,0 < j < n, IZMA T, BHIR Z IZ
BWTES {rote(C); C C X\ 0% B BHPEARhAR } PERT B4 T 7V a(é) 12L&
THEINDLVWHIHDTHS, THTEHED (2) LEENRH->TWVD,

ST, OB IHER ¥ L —ROETHRVWERZSOME DT onzdiEar Ny
O il X I E>T e FISK) &35, ver=m(%,x) IZD2WT based framed
Turaev cobracket ué(y) DEBIEZ q(v) = (aug @ aug)us(y) &35, 20, v %
7(0) = v(1) = v, Z#A7=F generic immersion THHHL LT L &

ge(y) = jjf‘j — I +rote(y) +1 €K (5.3)
LB, ROMEIL pf OFAN 29 8] 225bh 50, K5 72503 ARK

0, — 0, =15 — T 415, — T 4+t

Y172 Y172
MOEBELIZEONS, 5 DD EDHERND +1 &> T\W5,

ffRE 5.1. fEED v, € 7 IZDWTIRD R D 72D

ge(nv2) = qe(n) + qe(r2) + - ek

ZIDOHRTDEHMARDRD DL DI g #EHRT 57012 +1 BT D,
NOYUE L DRER (2) DBEXTH B, bHBAGMRY b v, 2EOHEIZEUE +1 13
—1ICEEHD S, BEEEZATTLVWI 2 EIE K=2/2 D&E. Johnson DEKTD
TIERIZIRoTWD, v PEFPAHIROEGEIC, FUMEZ & 5056, ZHAY Johnson D
KIEAEDHEDTH B, (B3) 1 generic immersion TEZRS N TWB 2 HEERM] (1) DE X
ZE RTINS, X5 (3) bbb okl Litkb,

£EH QEK) = {g: 7= K; B, Yy, €, g(nre) = ¢n) +a(e) +m -7} 2F
2%, ZOFEEGOILEME Y O K-ZIXERE KX Lizd b, ¢ Bl = O K-ZiX
BRThd, —K—HE

F(EK) = Q(5K), £ g, (5.4)

SINBEHAZ LB NE A PR IFEHEEE F L
1M EGEITE 2 5581F [66] B L T2 0k E 2,
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5 g DRARDIN]

M0 7z, THH Johnson 5] D—MLTH 2,

ST, EERs (BO) IEEERE T IHOIERE AL ZENRTEENS, ILKRH kk €
HYT; HY(S;K)) 25 R 52 eNTE 5, ZOUDHH [A1, p.569] DX D /i TD Earle $8 [9] D
e KiIc—bL7z60Th 20, ¢c F(5K) IZD2WTaV A 7 ke : I — HY(Z;K)
ZpellZoWT ¢ -£—&=w"(ke(p)) ZATHEDELTERT D, IFERY—H
kg &, ERIZED, ke DARERY—HHTH D, IFERY—HH ik 22T 127 IVOES
LABE, M g1 U ERSIE, H(SK) =0 =205, 5

F(3;K) — kg, & ke, (5.5)

T EHHNTDH 2,

TZir5 K20 Ok e VP il S,1,9 > 1, 25 X%, fERD expansion § D 215
Oy 1. AERED 71,79 € TIZDWT Oy(1172) = Oa(71) +02(72) + [11][12] € H®? = H,(Z; K)®?
AT, MHORBLRE - 2L >TALND -o0by: 7 — KIZHIHE X, O KX
ThHb, ==t () IZ&>THIET 5 K-framing & & € F(3;K) &35, —7F. 0
(I PEAREE— Johnson ¥EFEL 70 . T — H* @ H®? 2ED 5, #MEfE4 ¢ H* @ H®? — H,
@ X1 Xy = f(X1)Xs, 1I2&2 c,[rf] € HY(T; H) ' Earle 38T 2 Z & 1% Johnson [16],
FRHE B8] 12Xk o ThhroTWE, ¥ 1 7LD L NV TIRMBE SN,

EIE 5.2 (JE [26]). 0 A symplectic expansion THd & &, I¥ A7) & L TDO—K
cor! = —ke, IRV 7D,

ZZ & o T symplectic expansion § DEDH 5 K-framing 28 & THDZ L hbn b,
FEHOFEHTIE, Johnson [I7] D TOD Dehn-Lickorish D&M % {fi > T, FE57HEAY HAEA
HARD AT Dehn Y4 A M OBEIIRESE 5, I 2,00, n > 1, 1220 TH, FEAR
DFEFLF DD D IZ weight filtration Z2F 2, FHEAHREZFZ 2 NILFERKIZTE 5,

BEIZ, MORFEDELRE ST D, GHEEEE T, OHAPRELZEIFRER Y —REUX
Madsen-Weiss [37] TIRE I N7z, & IZHBEMHMGRLZE 2 -0 Y —REUIT MMM

UTorelli #T% Chillingworth [7, 8] OB%EA%E1TT 245, & HOEMIXGEEHEKIZBEDL S,
IZEYNAEE T AL AT OFERIITIE D BT AT HEBR T2 D 72D,
132 OFEEIZ DWW T Apisa-Salter [6] DBTDHIES H 5,



HOZHABRTH 5, — . AHRQUNBRELZE aFRED Y —HITEHE B ARKLE 3k
T Y—RBPEDNMBETHZD, FEDLPLBRNVIELRE->TWVWE, ZEIFETI—%
EZBHDT, TORUNBEIL, e ZOMOEDAADRTELS Q-7 b IVZER
NDHFTHEINETHD, Soulié 5] IZ&k>T, ZOEFH ZHAW] »OREHF
Ths5eE, RUNWMREZE -0 Y —BIXEMARMRHZE I r-E0 Y —REE EHH
THbd, L. HEHFOL ZRUIRELE I RER Y -1 EHBPREZE 2k
TR Y —RELEABETRWHZRIIZADIT 720D Soulié-[E B3] Thd, HAIZMH
T Hi(US;Q) BENTH o7z, ENLKSWVHEH (FH) TRWA? 2HIES 5 DA Tor #f
TH5, Soulié-ifE [34] TIX, B AH\(US;Q) 2Nz, d =2 DGEFZHBZN,
d=1,>3 Tl& Tor BHIZH AT, HHETIEIR\W, d=3,4,51ZDWT Tor FE%& BAAMIZE
BUD, BRCEREICR 5, —H, KEKFIZOWTEL HHEKEDH X H TR T
b5, GHREHOAHRAUNBELZEIFEO Y —FIZDNWT, ¥EREIL/TEHIL
3> TW5,
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Chromatic structure in the fundamental groups of directed graphs

Yichen Tong

Abstract

Directed graphs are basic combinatorial objects, and discrete homotopy theory studies graphs
and directed graphs using methods from algebraic topology. This extended abstract surveys
a series of ideas in which homotopy and homology theories for directed graphs are linked by
Hurewicz and Seifert—van Kampen-type theorems. The central objects are the r-fundamental
groupoids of Di-Ivanov—Mukoseev—Zhang and the magnitude—path spectral sequence of Asao.
The former form a family of fundamental groupoids that is sensitive to the quasimetric structure
of a directed graph, whereas the latter interpolates between magnitude homology, path homology,
and reachability homology. The main message is that the two filtrations are linked by a
one-dimensional Hurewicz theorem: the (1,0)-entry of the spectral sequence is the abelian
shadow of the corresponding r-fundamental group. I explain this through concrete examples, a
combinatorial model of the groupoids in terms of paths and C,-homotopies, a Hurewicz theorem,
and a Seifert-van Kampen theorem with applications to Mayer—Vietoris sequences. I also briefly
describe the higher homotopy groups of directed graphs introduced by Li-Wu—Yau-Zhang, their
Hurewicz theorem with singular cubical homology, and a more general cubical-set framework
that suggests future higher-groupoid and higher Seifert—van Kampen theorems.

This note is based on joint work with Daisuke Kishimoto.

1 Directed graphs, maps, and the box product

In this section, we fix notation and recall the basic definitions. A directed graph G consists of a set
of vertices V(G) and a set of directed edges

E(G) C V(G) x V(G)\ A,

where (z,y) € F(G) means an edge from x to y. In this convention there are no loop edges and no
multiple edges with the same direction. Thus an edge from x back to itself and two distinct arrows
from x to y are excluded. The two opposite arrows x — y and y — x, however, may coexist, because
they are two different ordered pairs. A subgraph is defined in the evident way. The underlying
undirected graph G is obtained by forgetting directions; if both (x,y) and (y,x) are present, then G
has two edges between x and y.

Q G. ./'\
e ho ) :EK_/:;
loop edge parallel arrows opposite arrows

not allowed not allowed allowed

Figure 1: Our convention for directed graphs excludes loop edges and multiple edges with the same
direction, but it allows a pair of opposite directed edges.
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Maps of directed graphs are slightly more flexible than graph homomorphisms. A map f: G — H
is a function on vertices such that every directed edge (x,y) of G is sent either to a directed edge
(f(x), f(y)) of H or is collapsed to a vertex, that is, f(z) = f(y). Thus maps are allowed to contract
edges. This is important because homotopies of paths and maps in this theory are combinatorial
analogues of deformation, and degeneracies must be allowed.

LR

e \;o
x Y T~e_____- -7z
G H

Figure 2: A map of directed graphs may collapse an edge to a vertex. This is why maps are not
required to send every edge to an edge.

(0,1) (1,1) (0,1) (1,1)

i T A A ;ﬂu

LA (0%0)___1%0) (050, fi%0)
I 01 L1 X1

Figure 3: The directed interval, its box square, and its strong square. The strong product has the
diagonal edge; the box product does not.

The box product GUH is the directed graph with
V(GOH) =V (G) x V(H),

and an edge ((go, ho), (g1, h1)) when exactly one coordinate moves along an edge and the other

coordinate remains fixed. Thus either go = g1 and (ho, h1) € E(H), or (go,91) € E(G) and hy = h;.

The strong product G X H is obtained by adding the diagonal edges in which both coordinates move

simultaneously. The strong product is the categorical product in DiGraph, while the box product is

the cubical product used to build grid-shaped homotopies. Figure 3 shows the smallest example.
For a directed graph G, define the directed distance

dg(z,y) =min{n |z =29 > 21 — -+ = z, =y},
with value oo if no directed path exists. This is a quasimetric: dg(z,y) need not equal dg(y, =),
but the triangle inequality holds. For a tuple (zo,...,z,), set

n—1

L(ZC(), N ,fn) = Z dg(xi,le).
=0

The length L is the bridge between the homotopical filtration and the homological spectral sequence
below.



2 From path homology and fundamental groups to MPSS and
filtered nerves

In this section, we introduce several algebraic-topological invariants of directed graphs and explain
how they are related.

2.1 Homological invariants of a directed graph

Path homology, introduced by Grigor’yan—Lin—-Muranov—Yau [5], is a homology theory of directed
graphs that remembers the directions of edges. The path homology of a directed graph G is
denoted by PH,(G). Its construction is inspired by the simplicial homology theory: one starts with
allowed paths in G and takes the alternating sum obtained by deleting vertices, but terms that are
not allowed paths must be handled carefully. This produces a genuinely directed invariant. For
instance, in degree one, path homology records directed cycles in a way that differs from the ordinary
homology of the underlying one-dimensional simplicial complex. Path homology also has familiar
formal properties, such as a Kiinneth formula for box products, and Mayer—Vietoris sequences under
appropriate hypotheses.

Magnitude homology, introduced by Hepworth—Willerton [10], is another homological invariant
of directed graphs, originally motivated by the categorification of graph magnitude. The magnitude
homology of a directed graph G is denoted by MH}(G); the extra grading records length. A third
invariant is reachability homology, introduced by Hepworth-Roff [8]. The reachability homology
of a directed graph G is denoted by RH,.(G). It is built from tuples of vertices that are mutually
reachable in the directed sense, and it is the limiting homology to which the magnitude—path spectral
sequence converges. Hepworth—Roff also studied the bigraded form of path homology and the MPSS
from this viewpoint [9].

Asao [1] showed that magnitude homology and path homology are joined by a spectral sequence,
called the magnitude—path spectral sequence (MPSS). For readers who do not usually use spectral
sequences, the following informal picture is enough. A spectral sequence is a sequence of successive
approximations of bigraded modules

E'sF’=F= ... E®

to the homology of a filtered chain complex. Each page E"t! is obtained as the homology of the
preceding page E" with respect to a differential d”, and the limiting page E°° encodes the associated
graded information of the desired homology.

For the MPSS, the filtration comes from directed length. The first pages have the form

1 ~Y
E},(G) = MH?,

(@), Epo(G) = PHy(G),

and the spectral sequence converges to reachability homology RH,(G). Thus, the MPSS starts
with magnitude homology, has path homology on the horizontal axis of the second page, and
eventually converges to reachability homology. The term E{yO(G) may be regarded as a group of
one-dimensional cycles after imposing all relations visible up to the r-th stage.

2.2 Homotopical invariants of a directed graph

Grigor’yan—Lin—Muranov—Yau also introduced a fundamental group m (G, v) for a pointed directed
graph (G,v) [6]. Its loops are directed-graph paths in the flexible sense explained below, and its
equivalence relation is generated by C-homotopies. This construction is a directed analogue of the
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fundamental group of a space: it records nonabelian information about loops before passing to
homology.

Di—Ivanov—Mukoseev—Zhang later introduced a filtered homotopical model that parallels the
MPSS [4]. Let N(G) be the nerve whose n-simplices are tuples (zo, ..., xy) of finite directed length

n—1

L(IO, s ,In) = Z dG(Ii,l’i+1).
i=0
The filtered pieces are
NI (G) ={(zo,...,zn) | L(zo,...,zn) <1}, r=0,1,2,...,
and they form a filtration
NO(@) c NY(G) c N%(G) C --- € N(G).

Informally, N(G) remembers the directions but not the length bound, whereas the filtration records
how much directed length is allowed.
For 1 <r < oo, the r-fundamental groupoid is the edge-path groupoid of this filtered nerve:

I} (G) = IL(N"(G)),
and II$°(G) = II; (N(G)). These groupoids form a natural sequence
I}(G) — I}(G) — I}(G) — - — TI{*(G),
which is the identity on objects and is surjective on hom-sets. At a basepoint v, we write
w1 (G, v) = I} (G)(v,v).
Two identifications explain why this is a genuine extension of older directed fundamental groups:
I} (G) 2 the edge-path groupoid of G, 72(G,v) = 1 (G, v).

Thus I1} forgets the directions, while II? recovers the GLMY fundamental group. Higher values of r
retain information about the directed length scale at which loops become filled.

2.3 The Hurewicz connection

The homological and homotopical constructions above are not independent. The same length
filtration produces both the MPSS and the tower of r-fundamental groupoids:

homotopy: MG — (G —— I3(G) — ---
1 1 1

homology: FY(G) ——— E?*(G) —— E*(Q) — ---.

The bridge is a Hurewicz theorem. In the classical GLMY case, the Hurewicz map identifies PH; (G)
with the abelianization of 71 (G, v) under the usual connectedness assumption. The result discussed
here refines this statement page by page: for each r > 2, the group E{yO(G) is the abelianization of
77 (G, v), and the limiting statement identifies RH;(G) with the abelianization of 7f°(G,v). The
next section gives the combinatorial model that makes this statement visible.



3 A combinatorial description of the r-fundamental groupoids

The simplicial definition of IIf(G) is concise, but a path-based description is more useful in a talk.

Let I, be a directed line graph with vertices 0,1, ...,n, where each consecutive edge may point in
either direction. A path in G is a map I, — G. Since the orientations in I,, may alternate, such a
path is a zig-zag in G; a map I, — G is an n-step path. A directed path is the special case in which
the domain is I_;L, so all edges of the domain point forward:

0—=1—=--—=n

Thus, a directed path always follows the arrows in GG, whereas a general path may move forward
and backward along directed edges by choosing orientations in the domain. Concatenation and
reversal of paths are defined as usual.

—ro<+—o—>o —»o—po—>o
Vo U1 T2 T3 Yo hn Y2 Y3
a path: a zig-zag a directed path

Figure 4: A path in G may be a zig-zag, whereas a directed path follows arrows in the forward
direction.

The elementary relation is controlled by a graph I',.. For r > 2, I',. has two directed paths of
length r with the same initial and terminal vertices:

Ug =09 —> UL —> -+ —> Up_1 —> Up = Up,

Vo =Ug —> V] —> = Up—1 — Up = Up.

A map I', — G therefore gives two directed paths of length r with the same endpoints. Informally,
a Cr-homotopy permits the insertion or deletion, within a larger path, of a loop that goes once
around such an image of I',..

U1 U9 Upr—1
oO— 00— - —>\
Uug = Vo Upr =V

& &> Y,

Figure 5: The graph I';. A map I', — G witnesses an elementary C,-homotopy.

We specify the cases when r = 0,1,2. A Cy-homotopy inserts or deletes a one-step constant
path. Thus, the constant path of length one at x is equivalent to the length-zero constant path at x;
this is the reparameterization relation. A Cj-homotopy inserts or deletes a backtrack z — y < z.
Thus it is the weakest equivalence relation under which the concatenation of a path with its inverse
is identified with the constant path.

For the Co-homotopy, one inserts or deletes the clockwise perimeter of the image of a map
I's — G. Such a map may be degenerate. Besides the backtrack already permitted at scale one, its
basic nonconstant images are the directed triangle and the directed square shown in Figure 6; these
are the elementary Cy configurations described in [11, Figure 3].
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Cy: reparameterization C1: backtrack cancellation
——>o =y ) *——ro<+—o0 = [
x T x T Yy T T
constant path constant path Ty path of length 0
of length 1 of length 0
insert/delete insert/delete

Cs: elementary loop insertions and deletions

>
A A

o—»r0 >

directed triangle directed square

Figure 6: Elementary C,-homotopy relations.

Precisely, for 1 < r < oo, one defines a groupoid ﬁ{(G) whose objects are the vertices of G and
whose morphisms are C,-homotopy classes of paths. Concatenation gives composition, and reversal
gives inverses. The combinatorial theorem is

I} (G) 2 I15(G).

For r = oo, two paths are equivalent if they are C,-homotopic for some finite r.

This model is the one to keep in mind. The parameter r records how long a directed “diamond”
is allowed to be before its two sides are identified. Small r imposes only short local relations; large
r sees larger directed shortcuts.

Example 3.1 (Four directed squares). Consider the following four orientations of a square, each
based at its upper-left vertex v;.

Gl GQ G3 G4
U1 > V2 U3 V4

Y

Their r-fundamental groups at the chosen basepoints are

‘7" 1 r=2 r
G1
Go
Gs

Gy

NNNN|
NNNO I
NNo ol
Noooll

This example, from [11, Example 2.7], shows that the whole sequence of r-fundamental groupoids
can distinguish directed graphs that are not distinguished by looking at only one fized value of r.

Example 3.2 (A loop killed at a prescribed scale). Let Ty, itself be regarded as a directed graph,
and take the basepoint v = ug = vg. The loop that follows the upper path from v to u, = v, and



then returns along the lower path is visible at small scales, but it is killed by the Cy,-relation. More
precisely,
Z, r<m,

1 (L, v) = {

0, r>m.

This is the basic reason the sequence
71 (G, v) = 7(G,v) = -

can contain more information than a single fundamental group: it records the directed length scale
at which a loop becomes filled.

Example 3.3 (Products). For r > 2, the r-fundamental groupoid behaves well with products:
II7(GOH) 21 (G) x [ (H) 2T (GX H).

In the box square of Figure 3, the two directed paths from (0,0) to (1,1) differ by the standard
directed square. The product theorem says that, from the viewpoint of v > 2 fundamental groupoids,
the cubical and strong products have the same one-dimensional homotopy theory.

The Hurewicz theorem: statement and idea

The Hurewicz theorem compares this sequence of r-fundamental groups with the (1,0)-line of the
MPSS.

Theorem 3.4 (Hurewicz theorem for 7] and MPSS). Let (G,v) be a connected pointed directed
graph. There is a commutative ladder

12(G,v) —— m3(G,v) ——— 7 (G, v) ——— ---

[

E}o(G) ———— E}o(G) ——— E{(G) —— -+

such that each h™ is the abelianization map. Moreover, there is a limiting Hurewicz map
h>: 7 (G, v) — RH;1(G)
which is likewise the abelianization map.

The idea of proof is conceptually simple. First, II](G) is the fundamental groupoid of the
filtered nerve N"(G). Thus, the classical Hurewicz map for [N"(G)| gives a map from 7] (G, v) to
the first homology of the r-th filtered piece. Second, the MPSS is built from the same filtration.
Its differentials impose homological versions of the C)-relations. Therefore, after abelianization,
the path-level relation measured by I1j(G) matches the homological relation measured by ET ((G).
At r = 2, the theorem recovers the GLMY Hurewicz theorem because 77 (G, v) = 71 (G, v) and
EiO(G) = PH;(G).

One should not think of the theorem merely as an analogy. It says that MPSS has a genuine
one-dimensional homotopy interpretation: its (1,0)-line is the abelianization of the corresponding
stage of the fundamental group tower.
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4 Seifert—van Kampen theorem and Mayer—Vietoris sequences

For ordinary spaces, the Seifert—van Kampen theorem computes the fundamental group of a union
from the fundamental groups of the pieces. In the directed graph setting this is more delicate.
Directed homotopies can use a filling whose edges lie partly in G and partly in H, even if neither
piece contains the filling. The following example is the warning sign.

Example 4.1 (Failure of naive Seifert—van Kampen theorem). Fiz r > 2 and consider the following
pair of directed graphs. Each piece contains a loop based at vy, but the directed filling that compares
the two loops appears only after the pieces are united.

a b

e T TR s s
G H

In this example, 7] (G,vy) and w](H,vg) are generated by loops ag and ap, while G N H is 1-
homotopy equivalent to a point. If the usual pushout theorem held without hypotheses, the two
generators would remain unrelated in the union. However, in GU H one can form a Cy-homotopy
using the vertex a from G and the vertex b from H, giving the relation aGa;Il = 1. Thus, the naive
pushout is too large.

The solution of this is a separability condition. A degenerate I',. in G U H is the image of a map
I, — G U H, allowing collapses and identifications. A pair (G, H) is r-separable if every degenerate
I'; in the union can be subdivided into degenerate I',.’s each lying entirely in G or entirely in H.
In other words, every elementary directed filling in the union can be decomposed into elementary
fillings in the pieces. This is exactly the condition needed to prevent new mixed C,-relations.

Theorem 4.2 (Seifert—van Kampen theorem for r-fundamental groupoids). Let (G, H) be an
r-separable pair of directed graphs, with 1 < r < co. Then the square

(GNH) — TI5(G)

| |

Iy(H) — I (GUH)
is a pushout of groupoids.

The proof uses the combinatorial description above. One constructs the algebraic pushout
groupoid and the natural functor to II§ (G U H). Surjectivity comes from the fact that every path in
the union is a concatenation of edges from the two pieces. Injectivity is where r-separability enters:
every relation generated by a C,.-homotopy in the union can be subdivided into relations already
present in one piece or the other. Thus no mixed relation is missing from the pushout.

Passing to based groups gives the corresponding group-level statement when the intersection
is connected. Combining this result with the Hurewicz theorem gives a Mayer—Vietoris sequence
for the (1,0)-line of the MPSS. If (G, H) is r-separable, 2 < r < oo, and G, H, and GN H are
connected, then

B o(G 0 ) G0, pr (@) e B (m) YU (GO H) 0



is exact. This is one of the main applications: the homotopical pushout theorem yields a homological
exact sequence for MPSS terms.
There is also a pushout version. Given a pushout of directed graphs

A— P L@

|

H—— GU4 H,

one defines an r-cofibration i: A — G, interpolating between the cofibrations used in path homology
and the long cofibrations used in reachability homology. If 7 is an r-cofibration, then for all s > r the
corresponding square of IIf is a pushout. Consequently, for finite s > r, one obtains exact Mayer—
Vietoris sequences for EY ;. This gives a partial answer to the question of whether cofibration-type
hypotheses imply Mayer—Vietoris sequences beyond the E' and E? pages.

5 Higher homotopy groups and singular cubical homology

The story above is one-dimensional: it concerns fundamental groupoids and the (1,0)-line of a
spectral sequence. A natural next question is what higher homotopy theory of directed graphs
should look like.

Li-Wu-Yau-Zhang introduced higher homotopy groups 7, (G, v) of a pointed directed graph [12].
Their representatives are spherical n-dimensional grids. A grid is a map

LOLO---0I, — G,

where each [} is a directed line graph. Spherical means that the boundary of the box is sent to the
basepoint v. Homotopies are generated by subdivisions and elementary grid homotopies. For n =1,
this recovers the GLMY fundamental group:

m1(G,v) =2 71 (G,v).

naJ

Y
A
Y

A 4 4 £ A 4
J:0—>1«2

Y
A
Y

» @@ »
>0 >

I:0>51+2—3

Figure 7: A two-dimensional grid directed graph built as the box product of two zig-zag directed
line graphs.

The natural homology target for these higher groups is not path homology in all degrees, but
singular cubical homology [7]. Let Q,(G) be the free abelian group generated by maps

H" — G,
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modulo degenerate grids, with the usual cubical boundary. The resulting homology is denoted
QH, (G). There is a discrete Hurewicz map [13]

Py 771'71(671; U) - QHn(G>7
which sends a spherical grid to the signed sum of its elementary directed n-cubes.

Theorem 5.1 (Higher Hurewicz theorem for directed graphs). Let (G,v) be a pointed directed
graph. If G is (n — 1)-connected in the cubical-nerve sense, then

he: T (G,v) — QH,(G)
is the abelianization for n =1 and an isomorphism for n > 2.

This theorem extends the one-dimensional GLMY Hurewicz theorem, since the first singular
cubical homology agrees with the first path homology. It also generalizes the Hurewicz theorem for
undirected graphs proved in [2]. Finally, it explains why singular cubical homology is the correct
higher-dimensional target: it is built from exactly the same cubical grids that represent higher
directed homotopy.

The proof comes from a more general result for cubical sets. One defines discrete homotopy
groups ﬂg(K ,v) for pointed cubical sets. For quasisymmetric cubical sets, these groups are naturally
isomorphic to the ordinary homotopy groups of their geometric realizations:

(K, v) = m (K], v).
There is a Hurewicz theorem for these discrete homotopy groups: if K is (n — 1)-connected, then
ﬂ—z(Kv 1)) — Hn(K)

is abelianization for n = 1 and an isomorphism for n > 2. The directed-graph theorem follows by
applying this cubical theorem to the cubical nerve N1G and identifying

T (N1G,v) 2 7, (G,v),  Ho(N1G) = QH,(G).

6 Future directions

The results above suggest that directed graphs should have a richer nonabelian homotopy theory
than a sequence of fundamental groupoids alone. I conclude by emphasizing three directions.

Higher groupoid models. The r-fundamental groupoid models one-dimensional directed ho-
motopy at a fixed length scale. The LWYZ higher homotopy groups show that higher directed
spheres exist and admit a Hurewicz theorem. A natural next step is to construct higher-groupoid or
higher-categorical models of a directed graph whose one-dimensional truncations recover II7(G) and
whose higher homotopy groups recover the grid-based groups. Such a model should remember not
only groups but also compositions of higher directed homotopies.

Higher Seifert—van Kampen theorem. The current Seifert—van Kampen theorem is a pushout
theorem for II7. A higher version should describe the homotopy type of a union by a higher pushout,
under a suitable higher-separability condition requiring every elementary directed n-dimensional
filling in the union to decompose into fillings in the pieces. This would be the directed-graph
analogue of the principle that homotopy colimits, rather than ordinary colimits, control gluing.



Applications to Mayer—Vietoris sequences. The one-dimensional Seifert—van Kampen the-
orem gives exact Mayer—Vietoris sequences for E7 of the MPSS. A higher-groupoid theorem
should produce higher Mayer—Vietoris sequences or exact couples for other MPSS entries, possibly
explaining more of the differentials in the spectral sequence through explicit directed homotopies. In
this sense, the long-term goal is not merely to compute invariants, but to understand the geometric
meaning of the MPSS page by page.
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2 kO RO REOS -

ZOfiTIE~ ha A FIgHL, XEBITEA 4 7 —FERe LTREZEAZR LS hbkERrY —
RERTD. ZDDIZ, vbaA R L, FEORERZMEZE S Z & THEEZITS. 13U
DIz taAf Fo (F) RBEEZEAL, IhZHWTF = VEREBKNT LI TRERY —%
EET D, BTV OhOERNZME Y, Dancso-Licata I & - TEA XN 7-/ B FHEEE DR
HrRERY - OBRERNS.

2.1 T hOA FOERR
< b a4 RORBEABEMEICDOWTIE, Nelson [5] 12X DRD X 5 BEERIREIN TV 5.

T 2.1 ([5]) nIittEA LORBAREY baA FOMEEE r(n) 235,
r(n) <2774
DI D ALD.
—77, Knuth [4] & n tEE LD~ b a4 REEOEE m(n) I\ T
l%byMMZn—;%n—Om
L7z, Lo,

r(n)
m(n) — 0

M DIE, I FLAEITNRNTOY b RERBAGETIEXRWZ D005, ZOZeh s, RE
T~ F A FOARENRE T 2HRTIE, —lO~ FaA K25 ML L OEREHIAE <
FIRSATLES. 22T, (9] KBWT, REAREZEDHar L THERPEA L.

EE& 2.2. R % PID, N ZHRAER R-INEE, S(N) % N O HE2koRIEEL T 5. R-
BRI, »20V3HICERELZ, 5%p:2F - S(N) TH-T, ROKHGE2HTHDOTH S :



o rankpp(5) = ranky/(S), p(0) =0, p(E) = N;
e S CSCERBIX p(Sl) C p(S2);
o rankM(Sl) = rankM(SQ) »D S C Sy AT ,0(51) = ,0(52).

CIZTHEREELT, FEDO~ A F ML, #ERHE p 3FETS. RELULTKRTF ZE5
Y, BERBIEARY FLVEM N O EMOBE AT IR TES. K, vbnA Fbiff%ﬂ%%
BEROEEICE, TORANY FVEEARZ ML 3 2 H0NEFEHELE 2 XME X825 2 25T
5. Dk, ®R p 2RO~ buA F% M, = (E,ranky,p) eEFEL 2L, ZOHICED
WEF-OxO~ baA P25, BHERHEOZO~ a4 ML, HIFR - M@zl To X 5 ICER
T5:

EE 2.3. M = (E,ranky, p) 2HELB 2o~ tnf M35,
o M D elZKBHIER (M\ep.) Z, BFEEG E\e Lo~ brA NT, ranky,(5) =
rankps(S), p\(S) = p(S) T DE&KRT 5.
o M D e XX Bty (M/e,pr) 2, BHREG E\e LD~ bu A NT, ranky(5) =
rank/ (S Ue) —rankps(e), p/(S) =p(SUe)/ple) IC&DERT 2.

22 T hOA ROFEREOS - EBANAEME
T buaAf FOFRMERERY —%2ERT . E OWAES ST LR (M, p) b o~
FD%FﬂL

CSI(M, p) = /\N/p

YEDDB. O (1,§)-RDF =4 VEEE CH(M,p) = @SE( )CSJ(M p) LERTS. ZZ
T ={SCE||S|=i}THB. j ITOVWTHIZELSZ ZTZm@fl4/ﬁC%,m:
D20 C (M, p) PiEHES NS,

RIHFHWERHREZERTS. SCE 2D ed¢d SO, MEERE N/p(S) — N/p(SUe)
X o THESNBERM A o N N/p(S) = N N/p(SUe) £EZ%. (i, j) ROV

RE
S,e 15,e
(Mp @6 d(Mp

e¢S
YEFRTS. TSR

e —1 e €S |e <e}| HEHDKE
T 1 foms

CEDD. JIIOWTHIE YL 522 T i ROBEFRMEMAHE dZ(M,m =@ d(

ﬁﬁwo@MMZOﬁ&bﬁ%,%;4y@¢cwﬂm:«rmmmﬂqﬁ)ﬁﬁema

EE 2.4. C(M,p) DaArEOY—%T hOA R (M, p) ODFMEIREOS —LIEX H*(M,p) &
%7

)#H6ﬂ5 Rz

FIE 2.5 ([9]) XEoEA4 7 —HEHZHS L x,(C(M,p)) = Zi’j(—l)iquankRH"’j(M, p) =
X(M;1+q) 23D LD,

HANZHEHZ W 2hidR 5. HIER - fEdtEcB s 2 FNE3RE2RIe LTRoN 2.
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EIE 2.6 ([9) HRHE-OZD~ A K (M, p)=(E,ranky,p) BEPFaLl—7TidRwvweec B
BEZD. ZOW, RORZEEINNDH 5 !

«

0 — HO(M, p) 25 HOM \ e, p\0) 25 HO(M]e, p/o) < H'(M, p)
2 HY M\ e,po) 5 HY (M /e, pje) <

6—*> Hi(M\eHO\e) L Hi(M/eap/e) £> HH—I(Map)

W 2.7 ([9). HERHOZD~ a4 ¥ (M, p) = (E,rankyy, p) B — T EFORE, £2TD i1
XL HY (M, p) = 0 25K D 37D,

el 2.8 ([9)). #RBIoZD~ b A F (M, p) = (E,ranky, p) L, e 2FHTILTH 58, &
T il H' (M, p) ~ H'(M \ e, p\.) B D LD,

2.3 BYmEEoRMErREOS -0k

Dancso-Licata [3] (ZE FHALE AT 2FERER Y -2l L. 22 TR~ rA FOR
MRERY =2, ZOBEARBR ML 2HNT 5. A={H,...,H,} ZEET 2%
BV NOHLIEPEERE Y 7%, S8 FHE H, =vh b RT. 22Ty € VX H; OERY
MLTHS.

BHEE S C [n] ITNL, Hg = N;eg Hi £ B<. Dancso-Licata DFEHER Y —TI3,
(i,J)-RDF = 4 VB

Céﬂr @ /\HS
|S|=i

THZoNS. W, ed¢ SIS 2HALS He — Hgue 22 6FE SN2 FHROZRIE L
TERSINS. TOEKROIED Z Euler 1803, B FHARE A ORMEZHEXE2525. —7, 1K
NIV v, vy BRI F T4 K M(A) BEE 5. Tabb, AEA% 0] L L

rank;(4)(S) = dim{y; | i € S)

ZDrE pS) = (v |i€S) tBIFE, MA ORERMESNS. LEN-T, Hiffio
BB < b a4 FORERER Y — Mk CY(M(A),p) = D5 NV /p(S) 236N 5. T
ZT, Hs & p(S) DEZMZERMTH 2056, WEZHWTHARIZ Hs = V*/p(S) & F—H
TZ3%. ZOR—MDT T, DancsoLicata fllO& Hgy — Hgue (&, ¥~ b2 A FAIOREEH
V*/p(S) — V*/p(SUe) ST 2. 65T, % S BLUjiconwT N\ Hs = N V*/p(S) »
BDILH, TheE S =i IOWTERT S I T CL(A) = CH(M(A),p) 2182, X512,
ZORBNIMIT AT H 2720, Fo A VEEDOAEZE52 5.

LLEXD, KDBHES.

EIE 2.9 ([9]) EVEAE ACHL,
ey (A k) = HH(M(A), p) @ k

MDD,



3 fFE2FY RO REFEDOE Tutte ZIARADILIR

3.1 fS2o&<Y hOA RIZHEITS Reidemeister

ZZT—H, 9 72HVEHPHDOERICOWTEE 2175, MUEHNEZ NN, ZoX
A7 L0 %EZDILNTES. SHIHUPHRA» MY Z 7 (face graph) HERTZ 3.
M CENSZ 2-FAa L, Ml KHAZE S, KETH»VWE S HEEFE oAz 5w
TSNS, HOHOERETZ e AL AIIEL T, Zh2hMIGT 23412 +/— OFE%EH
FReHEOR I B oNE (K1 SHR).

V1 e;:+ V2 e5:— Us
o

€2 . + €4 — e+ ey +
Vg ez + Us eg:— Vg

1 K HUHENS, A ST /508777

WIET 227774y 273 a4 FORBUTINIRD L 51274 5.
1 1 0 0 0 0 0 0
-1 0 0 1 1 0 0 0
0 0 0 0 -1 1 1 0
0o -1 1 0 0 0 0 0|’
0 o -1 -1 0 -1 0 1
0 0 0 0 0 0o -1 -1

TN eq,. .., es DIEIZ, fTIXTER v1,...,v6 DIEICHIELTWS.

X THI T HMA D Reidemeister ZIEI, FE2X 75 7DRMA L Titih T X 7. Reide-
meister move I IFFEDIEDIL— 7 %8B0 - HIFRS 2#1F12, Reidemeister move 11 3R 525 H
WIS DZERT 280 - HIBR3 2 #1E12, Reidemeister move IIT 1 YA &t (X 2 Z2HR) 12
FRZEMIGT 5.

K2 YARM .Y FHROITS 72 =MFE7 o7 7ICTEE#HZI S

TofEEE~ra L Fic— kL k5.

E&E 3.1. fFE-oF~vbnA F (M,sgn) i, ~+hoaA K ML, fF58%sgn: E — {+, -}
ZNMUL7ZbDTHS. sgnld E DEITIC + F721F — OfFE52HI D LT3,
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Ot E, fFEOEv buA FIgxt3 % (weak) Reidemeister move ZRXD & S5 IZEHRT 5.
(WRI) BB D 2 DD —FRBINE 2 ZHIFRT 5.
(RIT) FFEKRAD 2 DOFATIEBIME ITHIBRT 2.
(RIII) AY ZH2*2%175. ZorE, Kckbs 3 tEE T LOREERKIET 5.
BWEEXAT7T I, BXUOWETE7774v27~<burAq FIZBIF% Reidemeister move D

ERLTVS.
e+ €5 —
]
€9 + Cq . — €g + (s
es: + eg: —
fa:i+
@
+
(R2) _ , (R2)
; e+ fsx+ e+
®
e3: + ez : +
3 FE-2%2"5 7 LD Reidemeister ZFF
€1 €9 €3 (& (& €g €4 €5 €9 €3 €6 er €g €q €5 €1
1 0 0 0 0 0 1 —1 1 0 0 0 0 1 -1 0
0 1 0 0 0 0 1 —1 (R3) 0 1 0 0 0 1 -1 0
0 0 1 0 0 0 1 -1 — 0 1 0 0 0 0 1 -1
0 0 0 1 0 1 0 —1 0 0 1 0 1 1 0 —1
0 0 0 0 1 1 0 0 0 0 0 1 1 0 0 0
(R2) & ea e3 ey es fi| fs
B 1 0 0 0 1 |-1 e2 es fi fs
1TEAZTE R2
(B L I (1 0 1 —1>
—_— —_—
0 0 0 1 0 -1 0 1 1 -1
0 0 1 0 0 0

3.2 F{FSOE U IUBEML Reidemeister R
R(M,sgn;a, B,z,y) = Y alSl-FIEASk gIEAS|-HIS1 georankar(5) mull(S)
SCE

WWEDEETS. ZZ2TSCEWNL, null(S) = |S| —ranky,(S), S+ ={e € S |sgn(e) = +},
S_={e€ S|sgnle)=—-} &75.

P2 baA FRBFS AY OV TR OME LEIE T 225, < brA FORBITH ORI 2 E 26
ATHEZoN2bDTH%.



HEO% 7 v 7L, MOHMERICE T2 Jones ZHEARTWET 5. EIE, fFEo&~<bn
4 K (M,sgn) iIZX L,

Inlq) = R(M,sgu; (—q) "%, (=¢)* g+ ¢ g +q7)

YEDDZ Y, MUHKKLLEONETEDES T 74 v 7= baA RO, ZHIEFED
framed Jones ZTHRA Y —E T 5. ROMEIF SO 5 7 LTI DEEE~ A Rig—
BILLDDTH .

88 3.3 (Saito-Y.). fFE52&~= b4 K (M,sgn) ODFfF520%2 7 > 7R R(M, sgn, o, 58, 2, y)
&, HEYIRAA DD & T Reidemeister move (wRI), (RII), (RIII) ICBALTARETHS. T4D
B, KDY LD,

(WRI) e, f ZFFEDBRMOaAL—T T 5. af =122 2 =—(a?+ %) %2513,

R(M,sgn; o, B,z,y) = R(M \ {e, f},sgn; a, B, 7, y).
(RID) e, f HENRADFEITILET 2. af =152 a2+ 82+ afy =072512,
R(M7 Sgn; a’ B? x? y) = R(M \ {67 f}?Sgn; a’ 67 x? y)'

(RII) T C E%=fKr¥%. $4bb, T|=3ThHh, FEDt € T I8 LT ranky (T \
{t}) = ranky (T) =2 23D iDL T 5. EHI, TR ZODEFEOILE —DDANE
DILDHR5HET5. TOLE,

R(M7 Sgn;a,ﬁ,fc,y) = R(AT(M),SgnT;a,,B,x,y)
CITAp(M)IZT BT 2 YARMERT.

E&E 3.4. fEo2&~vbur A4 F (Msgn) ® (E#Hfbtxhz) H§5DF Tutte TIER

T(M,sgn; o, x,y) %
T(M,sgn;a,z,y) = R(M,sgn;a+ 1,1, 2 — 1,y — 1)
TERT 5.

3.3 FEO2EFYAOA RO Tutte FEQOD—

I TRIEREEN/FE5 D Z Tutte ZHAZELT 2 REw Y —2 M@ T 5. AEHOWMKT
&, RIUTIND HRERRERACTTF = 4 VEEZHBNT 5. 2 OMBRIE LoRBIATEE~ b o A
FIZH L TERTE 2%, Rl ichs &h b, Zho M —INGERTE 254 LT
partial field ZF W2 5 HATH 5. partial field &77 74 v 27~btu4 K, EHlxbtaA F
RY, ZLOBERT I RAEM NS 2B TE, IL5EBEFEEEEZ2BOBERLRES
&iRb.

E& 3.5. P = (R,G) 7 partial field TH 3 &1, R 20[#R, G C R* DE2HTH D,
—-1eG@POGE@DVRELTREERTLZZEEVD. ¥z,

PX =G, P=GU{0}

T
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M % partial field P = (R,G) Lo 5> 2 rd~buAf Fr L, A% M 2%T PATHIL T 5.
TEAZE, o ANEZ, BIIND P F2fidZeT, Al

A= (I, D)

DB S Z e B TE S, Z2C L3 r REAMTHITH 2. ZOFTHIEHERT A: RF — R™ %
EDB. BEMDES S C EITHNLT, Ag % SIZET 35552580175 L, W5yl

0 — ker Ag — R® As, pr coker Ag — 0

EZD. FFEOE< R4 FO Tutte FERY —DF = 4 VEHE, ker Ag ¥ coker Ag DIfif5%
FIWCTEHENS. SCEIWIHL, S=(E\S)_US, ¥BL. Z0OK, F=1 %

k J1 J2
Cfi’“k’]hjz(M’ sgn) = /\ RS ® /\ coker Ag ® /\ker Ag

Z E % ? . . . . .
C;b]f,]hjz (M, sgn) — @ ij,ﬂkdh]z (M, sgn)
se(?)

LEHRT .

R % EHETS. SCE 1 ¢ SITHL, BRBER . : RS — RV 3H 5. %725 CE,
ed¢ SITHMLT, S»HSUeBBLE, Ag & Ague DEICIFARZREGRE DD, ZHblZ
X DFE RN GG W 05 COFI (M sgn) — OS2 (M sgn) #S5EE D, fEoT
5t Cééﬁ’jl’jz(M, sgn) — Cé;;l’k’jl’jz(M, sgn) HEE 5.

Z DEABIFRIC 6708 = 0 IRV ALE, fiEo TF = A YK Cop (M, sgn) = (Cop (M, sgn), §*)
PREONS. ZDORERY —% M OFSDE Tutte REAT— LW, HY (M, sgn) & &EL.

Z O, BIETTER L IERL S NAFF5 D & Tutte ZIHN

T(M,sgn; o, x,y) = R(M,sgn;a+ 1,1, 2 — 1,y — 1)
ERBL TN S.
T(M, sgn; o, x,y) _ Z (a + 1)|S|(‘r - l)corankM(g)(y - l)nullM(g)
SCcE

cEFHIT 5.

22T, \°RS O ERAE (o + 1)IS1 25X, coker Ag Bk U ker Ag DRI = RIS
Zhz i coranky (S), nully(S) 252 3.

L7235 T, ZhoOMNEREO BT EBEEERS Z 2T, T(M,sgn;a,z,y) DEFESEITX
N, RHPD LD,

EIE 3.6 (Saito-Y.) fF5D% Tutte hERY— H (M, sgn) DXED % Buler 58U, M @
EHE XN 7R 50 & Tutte ZIHAZEILT 5. ThHhbB,

Xag(Csr (M, sgn)) = (=1)™ AT (M, sgn; a, —a, —y)
i AIRVASR

BB, Wt baA RERTITH AL ZHW3 Z 2T, coker Ag ¥ ker Ag \FAHNIZEE AT X
5. ORI, FFEDE Tutte ZIEXOXFRM:

T(M*,sgn; a2, y) = T(M,sgn; , y, )



DFRERI—NRRME ART N TES.

S/ oML, 77 7@ FHEE ST 2FEOEILE (FF52%) ~bn4 FOHH
ANERT 25D TH D, 5H%IFZFDETMHS Reidemeister FZM L OEBREZHOLNICTZ I L
DIETH 5.

EEF

FRED =S VR LICBHEL I o BERFIEHPL ETET. £/, AFcoVwTE
HRa XY MWW TR R ALHEE RS WG L R E 3. ARSI JSPS RHFE
FH%E GREES 24K16926) B & O H ARl —[E R 22 FH % GREES JPISBP120256504)
DO EZIT=dDTT.

BE X

1]

Anders Bjorner, Michel Las Vergnas, Bernd Sturmfels, Neil White, and Giinter M.
Ziegler. Oriented matroids, volume 46 of Encyclopedia of Mathematics and its Applica-
tions. Cambridge University Press, Cambridge, second edition, 1999.

Thomas Brylawski and James Oxley. The Tutte polynomial and its applications. In
Matroid applications, volume 40 of Encyclopedia Math. Appl., pages 123—-225. Cambridge
Univ. Press, Cambridge, 1992.

Zsuzsanna Dancso and Anthony Licata. Odd Khovanov homology for hyperplane ar-
rangements. J. Algebra, 436:102-144, 2015.

Donald E. Knuth. The asymptotic number of geometries. J. Combinatorial Theory Ser.
A, 16:398-400, 1974.

Peter Nelson. Almost all matroids are nonrepresentable. Bull. Lond. Math. Soc.,
50(2):245-248, 2018.

Hirokazu Nishimura and Susumu Kuroda, editors. A lost mathematician, Takeo Naka-
sawa. Birkh&user Verlag, Basel, 2009. The forgotten father of matroid theory.

James Oxley. What is a matroid.

James Oxley. Matroid theory, volume 21 of Oxford Graduate Texts in Mathematics.
Oxford University Press, Oxford, second edition, 2011.

Radmila Sazdanovic and Martha Yip. A categorification of the chromatic symmetric
function. J. Combin. Theory Ser. A, 154:218-246, 2018.

Dai Tamaki. Matroid. http://pantodon.jp/index.rb?body=matroid. %R
2026 £ 8 H 1 H.

K. Truemper. Matroid decomposition. Academic Press, Inc., Boston, MA, 1992.

Hassler Whitney. On the Abstract Properties of Linear Dependence. Amer. J. Math.,
57(3):509-533, 1935.
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Y RILOBAZHARZEEZICDOWVT
H2E Ja (REHE KF)

1 FC®IC

7Y RVIIHOHEEHBEO— b AREIN2EHRTH L. Z2onHIE, MEEK
KOEAZE GEL < 1F [Kaml7] Z2ZM), b L AIRFRZLRH O rontFissim 7z 5 HE (FF
L < & [Loo69] ZZHR) icxt/bd 5. AFTIE, 2EEOD Y FLORMENFERE L
LT, WFZEREROBAD HEA Lz Buler #241, MM OB S SEA L 22 Hlx
IS 5. Zheh, KIRANZRZEDOHALE LK e OHFRMFE [KT25], kOIZarfER
Y OEANFEIR, BRERYORERKINRE OHFEFE IKK26) 1255 < .

2 AVEKI
ZOHEITIE, B Y RILVOEARFHIIOWTHE#T 5.

EE 2.1 ([Joy82]). ZBTHRVWES X LOTIHHE « UL TOEMEEHT L %, (X, )
ZAVEILEWS .

1. EED 2 X IZHLT, 242 =z,
2. EED ye X ITHLT, ALDHE s, X — X, s,(2) =z <y (IRHEH.
JMEED x,y,2 € X ITHMLT, (v<y)<dz=(r<2)a(y<2).

o DEH s, X = X 2y TORMME WS, L2, n € ZIITNLT, 2"y := s} (x)
L. XSO LRIGER, (X, ZHIZ X 54

X, YZHIVEALETE. BIR X Y XAV FAEERESO EHY RILER
BThHdrrwo. ¥/, EHHERD Y FAVEREZAY RILEIR E W, B> RLEE
DEETIEE, ZOD0A Y RFALBRABTHEZ VWS, HNEE AC X2, FED
a € ATHLT s (A) C ARIRETEE, ARBDHAVRILEWVS.

il 2.2 ([Loo69]). (M, s) ZXIFZEME 5. DF D, M IZZRRIKT, s: M — Diff (M)
F &R e MITHLTRMNNER s, xEDLEBRTHS. 2O E, M Lo IHE
Hazray:=sy(v) LEDDE, (M,<)I3HY FLER5.

*1 kai.ryoya.d8@cc.nara-edu.ac.jp



L7eh3o T, &Y PR O E WO EZ ST, (—RILL ) st
MORBBEEICEH LD ARES. ZOEKT, &Y Fd SR o st
YARRT N TE L, HAI SRR LT, FERER R L ERME S O BRI 724
BE5Z5.

Bl 2.3. E 2,y c RIIHNLT, z<qy =2y —ao CEDDE, REDIVFILEAL
2%, 2, ROBEAZMHEEYE LToMEr —83 5. R OBBERDH > R
Ry =7 ZER_EEH > FILE R,

Bl 2.4. [ S = R/Z 2%, R DAY KAMGED S HRIZAH Y RARENFEI I
5. DFb, [z],[y] e R/ZWTHLT, [z]<y]:=[2y—z] TEDD L, R/Z DAY
KM Y 5. COLE, n AEE Ry = {0, [1/n],....[(n—1)/n]} C R/Z 3H
BRER D A > Fouviziz b, ZEEDV RILE IR 5.

Bl 2.5. n XILERME S = {x € R"* | 2] = 1} ZRFRERE AL, H ¥ RAfEEE
5. DFD, xye S"IIMNL, xay =2z, y)y—x LEDDZE, S" EOHT L
HEY RS, 22T, (,) 3R OFENETHS. FiZ, n=1Dt %, il 240
StoAy PV TH . S” DERETH > P DS™ = {+e; |i=1,...,n+ 1}
ZEERRERE © PER. 7221, {e} R OREMERIKTH 5.

ARV X OHCH Y FARMEROESEZ Aut(X) e FE, Aut(X) OFFMESR
fgi=gof TEDE. ZOr%, Aut(X) % X 0BCREEEL VW, X I HEH
T5. Auwt(X) OGEHPHBN TH 2 %, X ZFEBTHLI2L 05, AV LD FH
HE=FBHDORHDP S JAH s, 137> VAR 72 2.

E&E 2.6. DY L X ITHLT, AMORTES {s, |y e X} DAERT 2 Aut(X)
O HEZABECREE VY, Inn(X) e HH5OT. Inn(X) D X NOLHTEHDHL
Ex, X OFEERD L VD . FHOEERS A —2 (0 F D, Inn(X) OIEFADHERI) O
CE X IZEFBTHL WS,

ROEEZ Joyce [Joy82] 1T & o T transvection group & L TEA I .

& 2.7. hY PV X ITHLUT, {sps," | 2,y € X} THEREIND Aut(X) DEIREZ
displacement & & W\, Dis(X) THLHDT.

—f&iZ, Inn(X) OPE L Dis(X) OPLEDFE LW Z e BHISNTWS [HSV16]. L
7o T, A ¥ FL X 0GR, Dis(X) OFHO#LE —KT 5. ZOHiORE
2, AT VO RINZT 7 A2 T 5.

Bl 2.8. BEG 2 ZDIL 2 I LT, g DHEEE ¢ ={gl2g|ge G} RT. 2D
YE 2,y €2 HLT, zay =y oy TEDDZ Y, 2 LOIVRAEEL RS,
ZDEE, Conj(z%) :=(294) % ¢ LoREHAVRILEWS. X h—kic, HEHEA
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THUHTES X C GuldHED v FLrofsErio.

fl 29. G 2B, 0 : G - G 2HOBACHAYEEBRETS. ZOr %, ggh e GIZ
MNLT, gah :=o0(ghH)h TEDDE, G LOI Y FILEHBE RS, 2Ot X,
GAlex(G,0) := (G,<) & G LO—fg{t Alexander AV FILE WS, £/, G237 —
NNED L %, Alexander AV RILE WS,

f 2.10. G 28, H% G OH9EE, 0 : G — G EHoBACAAEBRL TS, HPD
G ={geG|olg) =g} DERBETHZ X, =D (G,H,0) EhYFILD=D
Hews. (G Ho) Ay FLrvo=>for % HEFREHg, Hh € H\GIZX LT,
Hg<Hh := Ho(gh Y Yh TED 2 &, H\G LOA Y FLEE L RS, ZOH Y KL
%, Q(G,H,0) := (H\G,<) £ 2<. EEDOEHES Y FUZ Q(G,H,0) DIKTEIF 3
ZEDFHNTWS [Joy82|.

3 Euler 28 ! WITZERDSDFEE

HiEa v o7 b Lie HOFEZEME O Euler 20X, MK b — 7 XDEHADEEHD
Bre—HFTszehHlohTwns [HS41]. Rz, #iga 87 MUMZER OS2,
Z DA 5 HARICE NS displacement BEOEH %2 W T, Buler BEDIEHHE T
X3, ThERBEZT, ZOHTIEAS Y FUC Euler EZERT 2. 72, W Doh
DAY RZHT % Euler O EMR D 52, 612, (UHZH D Euler 51
HPILZWS 200 EZ RS, ZOHIONEZHALE LK oHFRBTZE [KT25) 125
oK<,

3.1 AYFRILO Euler BRDES
A1 ¥ B Euler 5%, Dis(X) DIfFFZHWT, UTFD XS ITERT 5.
E&E 3.1. ¥ )V X @ Euler 128 \°(X) ZXTERT 5 .
X*e(X) := inf{#Fix(g, X) | g € Dis(X)}.
T, #ARES ADRE, Fix(g, X) 12 g DfEFHD X B 2EERESERT.
F AN BRI LT n JOtERI 2 & 2. 5.

B 3.2. $l 2.5 TR LS, Bl S™ 3AMZER e LTOMEDrS, A FLeks.
Zorx, NEECHAEE Inn(S") & displacement £f Dis(X) &MU FD@#ED TH 5 .
{SO(n—l— 1) n: A%

Tnn(S" |
) = 0ma 1) n w

Dis(S") = SO(n + 1).



Z 2T, Dis(S") DIt g &, XKITIIE LT NDEDITIZ Dis(X) NTHZTH 3 -

(

1
Ry,

if n: B,
g~ S Ro, (Rp € SO(2)).
Ry,

if n: #EL,

RQLH

—iz 0, e B, S" LOBEROEIE, nMEEDOL ZIE 2, n BFHDOL =
BEERD 0L 22 Zehbhrd. BERDEIIHEKETALLRDT, g DEERDE
BFALTHS. koT, HEDHY FA Y LTO Euler H5 Qle(5m) 12z ¥ L
T Euler B yToP(S™) 2 EFEL L, UFHBELNS

2 if n: {HEK
Qdle S = Top Sy = ’
XS = xS {O if n: AL

Z ol —fkt$ 2% Z 2T, a>,87 b Riemann MFRZEFE D # > KL Buler 203,
NAHZERT 2 LT Euler EIC—H T2 2 e 3bhrd. Z0H#E 722 DIERD Hopf &
Samelson DFER [HS41] TH 2.

el 3.3 ([HS41], [Pit02]). M %i#ifEa > %7 b Lie #f G OFHEZEME 55, 7z,
T%GDOMKN—FRE LT, ZOERITt, ZMWE. ZDL X, RBWMDILD !

X TP (M) = #Fix(T, M) = #Fix(ty, M).
yQdle % Buler #251 & FERE IR D EHDL D NLONSHTH 5.
T 3.4. HiEa > 7 + Riemann SFRZER] X 12 LT,
X (X) = X TP (X).

AEH OGS R OED TH 5.

o Hifiia > %7 b Riemann XfFFZEH X @ Dis(X) 138k > 87 b Lie B TH %

ZLERT.
o i Riemann XfFRZEMH] X 13 Dis(X) OFEZERM], 2%F0 X 3h Y Fre LTHE

HETHBZERT.
o fifH 3.3 2WHT 3.

HE 3.5, FH 3.4 TEIXFRZERI D a > %7 MEZEERIRETH 5. ERE, JFa s
7 N UFRZEETH B R TlX, [UHZEEE LTOD Euler BEUX 1 THED, h Rk
LTCTD Euler 20130 b, 221D Euler BEEIZ—F L 20,
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3.2 A2 KIL Euler 2 DA

ZZTIE, WL22D (AIR) &> FAd Euler B8N T 5.
i 3.6. X ZZETRVEARLTZ. 2,yc X KNLT, v<dy=a2 TEKRTZ. ZD¢k
%, (X, ZEBEAYEFILEWVY, B2 L BEuler X X OEE #X ¥ —HT 5.

Bl 3.7. HAE n > 21K LT, #l 24 TEALZ_HIKD > FiL R, ® Euler I
0rk3. ZHAEMEDMNHZERE LTO Euler B FEL L.

i 3.8. B G LORENFIE s,(y) := zy 'z TE&KRL, Core(G) = (G,s) G Lo
TAYERILEWS., —fi, a7h >y Fre LTORMIMNT L - T, Lie BEENFRZEMH
AR END. Core(G) BIEEHD Y FALDE X, DFD, GWZ/2Z DWW DOHhDE
BrEBTchwe =, 7Y FL Euler 880X 01272 5. 2, JEEARERa >
I Lie #® Euler 282 FF L.

Bl 3.9. # G L IFHARBECHMNER 0 : G — GIIHNLT, fil 2.9 TEALZ—t
Alexander 71 ¥ )L GAlex(G,0) @4 > RV Euler 83 0 £ 72 %. Zhd, JIEAMH
7285 2 > %27 b Lie B Euler £ & F L.

# > KU Euler 2855 0 T3 WIEEHHD > AL TEET 5.
5l 3.10. B3] 2.5 CEA L 7-BEEERTE DS™ @7 > R L Euler B
2 if n: 1B
Qdle DS™) = !
X DS {0 if n: FEL
YA, ZHUXERHE S™ @ Euler B L.

QUL EDEER n 1L T, B FLEuler D n ¥ 720 Y RADBEET . —F
T, ARERES > Pz LTld, Burnside ORI & KO MEMEH ITHES .

Rl 3.11. EE2R 2 LoBRHE S >~ FADH > KL Euler 11X 0 TH 3.
AN

13.1112BWTC, ERUDREZEETHS. EBE, WFRZER YL LTo 2 Ktk
HZERE S Y FALTH DD, EH 3405658 P Euler BEIZ 2 272D, 0 TldRuw.

A
3.3 A2 KIL Euler EBRDEE

ZOHEITIE, A ¥ R Euler BEO—RAEMEE L LT, [HZEMO Euler R
MEZHENT 5.
X1 =(Xy,s"),Xo=(Xo, ") ZAV LTS, ZOLE, ERES X, x X, ki

8(1'17$2)(y17 y2> = <8i1 <y1)7 822 <y2>)



WZXoTHY F}I/%iﬁiﬁii b, X1 X X2 = (Xl X XQ,S) 7 Xl e X2 @E*Eﬁ‘/l\“
ILews., 3y bOREDNS, OW BIKDERED Euler EHIX, 221D Euler 1
BB s ZenfMohnTng, > R0 Euler BEIZOWT B RIRICRAAL D 3T
D,

EIR 3.12. F ¥ FL Xy, Xo ISR U TRHE D LD -
XX X Xy) = X H(X) x x U (Xy).
if:, Eﬂ]ﬁ%é{\ Xl L X2 Fiz

s ( )‘_ {y if{xay}¢Xz'7
T\ s if {a,y) C X

WX THY RAMEENEE D, XU X, = (X,UX,, 8) & X, £ X, ® interaction-
free union ¥\ 5. NVAHZEBDOEMOD Euler E2H1X, ZHZND Euler DI 72
5 e HHISNTWS., interaction-free union @5 > KoL Euler 2%, Euler £ ®
Z X oTEDBLFHETE 3.

EIE 3.13. Y FL Xy, Xo ISR UTRAE D LD -
Xlee(Xl |_|free XQ) S Xlee(X1> + Xlee(X2>-

FH 3,13 ORERT, HEHRD LB WEIE Inn(X) 237 —~LBECH 2 & 5 7%
BES Y RLTHRT 522 A TE 5.

4 HrRIILOiEEE : HEAFEHNSODFREE

R 3.5 TibA7z@ b, Hiffid Euler X 2 > o7 P AFRZER 2 HE L AERT
Ho. LEhoT, ar 7 bFzi ot e ifF T & 2 HRA > A L T#E
LIAZERBTHDWA L. — 4T, IFERABKOHDIEAS > PR, JEa v 2 bt
FRZE DBERER 0 A > R Y, BRERCA IR > P2 H 5.

HIRBERSAF O MIFETIRD — DT H 2 RMFLRIRHR D FHRICHEDOWT, ZOFITIE, &
¥ FviEE D & HAAZE % 2 WHEFH CRZEEE Inn(X) & displacement A Dis(X) OfF
Mz HWT, 7Y FAVORERBINCHEZEANT 5. ZOlmitoREFEREZ, (FHT
LROARERESOWD FITKSFTITEX 5. S 61, AR RREZEM & K5 KA
R EAE D RO Y R Ofle 52 5. ZOHONFITEANFRE BEKRK Y
DFESE [TKK26] 125 <.

4.1 #E{i: Schreier 557

Z 2T, EEREDE AIZH WS Schreier 777 ZI2OWTHITT 5.



86

& 4.1. BEHETHRVESG X WHEHLTWS 5. k72, GOERES S %
3. ZorE, ST GO X ANOEEH®D Schreier 737 Sch(X;G,S) &

HE 42 X =G ¥2LT, FEH%E 2 -g: =29 TEDD Y, L3 % Schreier 77 7
1%, #oD Cayley 79 7 —%73 5.

Sch(X; G, S) D#EFERIE, HEHOHEL 1:1 1053 2 Z e DI D
%. Sch(X; G, S) OFEEERLIINE, 77 7HED & E F 2 IRIERE 43 12 X - T
e b, Lo T, ZOHEBOHIRICX > T, AEHDOKEIZIEBEZEM & 7
5. ZOEMEIERES S OWD FIKFET 57, BEREIIARERESEORD
WS FTICEE 3.

mE 4.3. G PETHRVWES X ANEEHLTWS 35, 2ot x, HRAERES
STCG¥ X ®GHHEOIHLT, HESEHI: (0,d%") — (0,d5h) 3EEER
RMEBRTH 5.

42 A2 FILOEEEE

COEITIE, Y FAMED S EE 2 BAREIER D Schreier 77 72 HWT, H ¥
FILDHEFERRTIC 7T 7 HEE L B2 B A § 5.

EHE 44 X Z2HV LT 5.

LARES A C Inn(X) 232 Inn(X) © X ANOHIEH D Schreier 75 7 %
plon(X).

2. EES U C Dis(X) 1I2B3 % Dis(X) O X NOHEAEH D Schreier 75 7 %
rDis(x).

(X)) 1% Winker [Wing4] 12 X o TEAXINZHA Y FILD diagram O —f1kic
% oCTWw3. In(X) & Dis(X) OEHICHEH T 2 BHIZLF O MEASRELT 25 5T
»H%.

W 4.5. X ZHVRALET 3. 2O E, X O#EGERS2EROES, TIN(X) oy
R REOES, TPD(X) OEFERDREROESR, £z L1ITHET 5.

£oT, 77 7MENSEE LZIMREMOFIRE UT, 7Y PO I FRRE
DEES.

EE 46. O YL X O#EfERT T2, TINX) 256EES O Lo,
A C Inn(X) 12BIF % inner BEREL W, P TRT. TH(X) »6EE S O Lo
Bt%, U C Dis(X) 1I2B93 % displacement EEBf X W\, dDS TR .



TFOREREDSL G L RIS, o DHBEOREFRBIIARENES KL FTITE X
5.

T 4.7. O%H Y FL X OEEERS L T 5.

1. ARAERES A, B C Inn(X) 123t LT, 202 (O, d%™), (O, d%") 134k
FRAMUTH 5.

2. HIRAEA U,V C Dis(X) 2 LT, ZoDEEZEM (0,dD), (0,dD®) 13#
ERRFARTH 3.

BIRAER S > FLONEE CRHIIAEREKRKTH 5. — /AT, ARERS > P
T»H o> Td displacement BEDRFHRERTH % LIRS V. L, BHHA > FAIE
7 7 —=N={EOHDOH OB A ¥ X, BRAERS ¥ NV TH 5753, displacement #fld
BIRAER TRV,

EH A7 XD, Inn(X) & Dis(X) BEBELFRERTH S & %, ZhAZNDIEH
IZBET % Schreier 777 706, ¥ Fib X OFERERCIE EEO RO #E R
PEFD. RICINSDRERFHIIRZLLBDTH 5.

i 4.8. INDEM 2 TH ¥ NV X & ZOERNT O BFET 5 .

1. Inn(X) & Dis(X) IFHRAERK.
2. EEDOAMRAERES A C Inn(X) & U C Dis(X) iIZx LT, Z>0HEHEZEH
(O,d5™) ¥ (0,dp*) 3EEREREITIZ R V.

FERE, MR TEA S~ RV Ry 3@l 4.8 D&M hle 725, ZORIDORE
2, Bl EIlonWT I O OMEE 28R 5.

WE4.9. 0 O ZFEEH Y PV X OEERS L T 3.
1. BRAERES A C Inn(X) W LT, FEEEZERM (O, d3), (O, d) idEEFR RS

TH5.
2. BIERES U C Dis(X) 1o LT, BlEZER (0, dD%), (0, dDF) 12 B mm
TH3.

el 4.10. h ¥ PV X O H 2K D O 12, Dis(X) XHHIEHLTWS 2T 5.
Zor %, Dis(X) oFRAEMEEICET % displacement FEREZFD O &, ARANK
EACBE T 2B/ Fo Dis(X) I3RERAETH 5.

7Y RVO—FHDORED S, Inn(X) Tldamd 4.10 D X 52K, 2% D, Inn(X)
DERPEIIICR 2 Z 2132w, %7z, Eisermann [Eisl4] IZX o TEAZI WA ¥ F
NOWEBEC X 5 e, HEiED > FVdamE 410 oREE#MZT. Lir-T, @
410 %, BHERED Y FADXEBRIEHT 255 6REMBEHERFAMNTHL L
BRLTWVS.
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43

e, SR A B L SRR L 2 3 & 5 RS RO A Y KO
52%. MHic, HEAY FLREZS. AES Y FAOMME [Kaml7] 7 % B
k. HREHO HHBEA L SRR TH - 7205, HHD Y FLbFAEOME
D,

Rl 4.11. A ZBEEN 2U FOBRES LTS, ZOr &, A FTAEREINZ2HE
B Rv FQIA] AMRAER (L7223 T, Inn(FQ[A]) FARAER) T, SEfbEmok
inner FEEEICBE L TR ERRATH 5.

FE 4.12. BEX 2 U LOARES ETAEKREINS HHAD > KD displacement Ffld
ARAER TRV, LedioT, EH AT ZEHA T2 I ENTER.

DUR, Fihil7e 2z 22 LT, —#ft Alexander 7 > B (cf ff] 2.9) @ displacement
FEEZ#Z 2 5. —f&(t Alexander 7 >~ FJL GAlex(G,0) I3EE T, KEfKITIC
displacement BEDSHHBICIER T 5. L7=d3- T, R CRRRZAER D S RNES .

T 4.13. B G t Z20HACFAE 0 € Awt(G) 225 E ¥ 5 —f1b Alexander 7 > KL
% X = GAlex(G,0) £3%. ZOr %, Dis(X) BPERERNKZSIX, EED X OEf
i3 displacement FEBEICEI L C, ARAEMESICE T 255t 2 +D Dis(X) L
FRAMTH 5.

—f&{t Alexander 7 > K ® displacement Bl FD X525 267 3.
fliRd 4.14. X := GAlex(G,0) & L, Hfijt 1 € G &L X OHEFN T2 P B,

1. P G OE7RET, Dis(X) [AETH 5.

2.0 ge GOWNFHEHCHE, 2%, o(r) =g lag THEZLNTVWE X, B
P I EE (G, ((9))g]) RABTH 2. 72721, ((9)¢E {9} ® G TOIEHAD
TbH5.

ER 4.13, fliE 4.14 ZFHW5 2 & T, Euclid 2250 th - & #5 R8RSR o0 %
FoH Y FAL DRI TE 2.

iR 4.15. t € Aut(Z") £ §55%. ZO¥ %, displacement FEEEICEI LT GAlex(Z",t)
DEHERE 71T k XIT Euclid 24 L ERRMCH 5. 72721, k:=rank(l —t1).

el 4.16. EBE p,q,r 1T LT, At(p,q,r) EUTORRTERINIAL TS !
A+(p7 q, T) = <a; bgc | ap == bq == Cr = abc = 1>Grp-

¥/, HACHAM o : At(p,q,r) = AT (p,q,r) ZHERIT o« TONFACFAREE 5.
ZOrE, S+ o+ <175, displacement BEECBIL T GAlex(A*(p,q,7),0) D



S R0 O P & FEERFERITH 5.

T 417, 0 e RIS LT, S PROZAICZDEEFDLY T2 0-[I5I & - Tt
MEEDZL AV MRS, L4+l4lc1 g3, ZOLE, Y = Conj(a® o)
& 2R £ B v ROUREE 2 RO R P O BERR D > KTz 5.

%72, 3XILKENDORENHZRRA L T2MEKOEARTEZHWT, 3 RTOH
HAGEEH Riemann ZAR(K & FEF RIGHEFG D 2 H/> %7~ PR TE 5 [IKK26,
Proposition 5.6].
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1. INTRODUCTION

This report provides a comprehensive overview of the author’s recent research [35, 36, 30, 37]
on the geometry of spaces of metrics on topological spaces, which will be compared with some
well-known results on the one of spaces of continuous functions. Given a topological space X, we
denote by C(X) the space of real-valued bounded continuous functions on X equipped with the
topology of uniform convergence. The space C(X) is a Banach space with the sup-norm || - ||: for

any f € C(X),
| f[l = sup{[f(z)| | z € X},

and it admits the sup-metric. Let PM(X) and AM(X) be the spaces consisting of bounded
continuous pseudometrics and bounded admissible metrics on X, that is, metrics inducing its
topology, respectively, both of which are subspaces of C(X?). As is easily observed, PM(X) and
AM(X) are cones in the Banach space C(X?). In this report, we shall investigate the topological
and metric structures of these function spaces.

2020 Mathematics Subject Classification. 46B04, 46E15, 52A07, 54C25, 54C35, 54E35, 54E40, 54E45, 54H05,
57N20.

Key words and phrases. space of metrics, pseudometric, admissible metric, the topology of uniform convergence,
sup-norm, sup-metric, convex set, Hilbert space, absolute Borel class, completely metrizable, the Hausdorff metric
extension theorem, isometric universality, isometry, the Banach-Mazur theorem, the Kratowski embedding theorem,
the Banach-Stone theorem.
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2. RECOGNIZING TOPOLOGIES ON SPACES OF METRICS

Infinite-dimensional topology has developed together with the study of function spaces. Rec-
ognizing topologies on function spaces is one of the most important issues in that area. It is
known that every infinite-dimensional Banach space is homeomorphic to a Hilbert space of the
same density (cf. [1, 31, 52, 53]). In particular, we have the following:

Theorem 2.1. For an infinite space X, the Banach space C(X) is homeomorphic to a Hilbert
space of the same density.

Research in this direction has advanced, and the topologies on many function spaces have been
identified. In this section, we will decide the topological types of spaces consisting of metrics.

2.1. The Borel complexity and the complete metrizability of spaces of metrics. In the
recognition of infinite-dimensional manifolds among function spaces, finding their Borel complexity
plays a significant role. In this subsection, we shall study the Borel complexity and the complete
metrizability of spaces of metrics, which summarizes the paper [36]. Recall that for a topological
space X, the sup-metric is complete on C(X?). The subspace PM(X) is closed in C(X?), refer to
the proof of [29, Lemma 5.1], so it is also complete. Y. Ishiki [27] showed that the space consisting
of admissible metrics (not only bounded admissible metrics) on X with the topology of uniform
convergence, that is, an extended space of AM(X), is a Baire space, and hence its open subspace
AM(X) is also Baire. It is well-known that completely metrizable spaces are Baire (the Baire
Category Theorem, cf. [44, Theorem 2.5.1]), however the inverse does not hold. For example, the
space R x (0,00) UQ x {0}, where R is the real line and Q is the set of rationals, is Baire but not
completely metrizable. Whether is AM(X) always completely metrizable or not?

Given a metrizable space Y, let 2y(Y") be the family of open sets in Y, and let 9t (Y") be the
one of closed sets in Y. For a natural number n, define inductively the collections

A (V) = { U 4| Ave | zmm(Y)} and M, (V) = { ) A | A e | mmo/)}.

k<X m<n k<X m<n

Denote by 2, (respectively, 9,,) a class of spaces X such that X is belonging to 2, (Y") (respec-
tively, 9, (Y)) for every metrizable space Y which contains X as a subspace. We call ,, and 9,
to be the absolute Borel classes. Recall the following:

e Ay = {0} and M is the class of compact metrizable spaces.

e M1, is consisting of completely metrizable spaces (cf. [44, Theorem 2.5.2]).

e 2, is consisting of o-locally compact metrizable spaces (o-compact metrizable spaces in

the separable case) (cf. [48]).

The Borel complexity of spaces of metrics are restricted by the one of their underlying spaces as
follows:

Theorem 2.2. Let X be a metrizable space and n > 1. If AM(X) is in 2, (respectively, M, ),
then X is in M, (respectively, A, ).

By M(X), denote the space of bounded continuous metrics on a space X. Note that M(X)
coincides with AM(X) when X is compact, however that they are not coincident in general. For
an example, define d € M([0,1)) by

d(z,y) = min{lz —y[, 1 — [z —yl},
sod ¢ AM([0,1)). It follows from the similar argument as the proof of [29, Lemma 5.1] that M(X)
is a G5 set in C(X?) if X is a o-compact metrizable space, and that AM(X) is a G5 set in C(X?)
if X is a separable locally compact metrizable space. Moreover, we have the following;:
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Proposition 2.3. If X is a o-compact metrizable space, then AM(X) is G5 in C(X?).

Proof. Since X is o-compact, we can write X = {J,, x, Xm, Where X, is a compact subset. Fix

any admissible metric dx € AM(X). For m,n < Ny, set
U(m,n) = {d € M(X) | d fulfills the property (*)}.
(x) There is 0 > 0 such that for all x € X,,, and y € X with d(z,y) <6, dx(x,y)+§ < 27"
Then we get that

AM(X)= (] ) Ulm,n),

m<Vg n<Ng

and that each U(m,n) is open in M(X). O

As a corollary of Theorem 2.2 and Proposition 2.3, we can give an equivalent condition on the
complete metrizability of AM(X) as follows:

Corollary 2.4. Assume that X is a separable metrizable space. Then X is o-compact if and only
if AM(X) is completely metrizable.

The following example contains a good technique to prove Theorem 2.2.

Example 2.5. Let Q = [0,1]NQ and P = [0, 1]N(R\ Q). Suppose that X is the topological sum
P& (0,1], so AM(X) is not completely metrizable. Indeed, for each ¢ € @, define d, € AM(X) by

|z —y] if (z,y) € P? or (0,1]%,
dy(z,y) =< |z —q|+y ifzePandye(01],
x+ly—q| ifze(0,1] andye P.
Then the set
{dy € AM(X) | p € Q}
is a closed subset isometric to (), which is not completely metrizable.

F. Hausdorff [18] showed the metric extension theorem, which states that for every metrizable
space X and its closed set A, any d € AM(A) can be extended over X. We can get its pseudometric
version, where their sup-norms are preserved.

Theorem 2.6. Suppose that X is a metrizable space and A C X is a closed subset. For each
d € PM(A), there evists d € PM(X) such that d|4» = d and ||d|| = ||d|. Moreover, when
d € AM(A), we can choose its extension d € AM(X).

This extension theorem has been developed due to the efforts by C. Bessaga [11, 7], T. Banakh
[5, 7], O. Pikhurko [43] and M. Zarichnyi [62] (see also [9] for the variable domains case and [26]
for the unbounded case), and we can obtain the following extensor on spaces of metrics.

Theorem 2.7. Let X be a metrizable space and A C X be a closed set. Then there exists an
isometric embedding E : PM(A) — PM(Y") such that E(d)| 2 = d for all pseudometrics d € PM(A)
and E(AM(A)) C AM(X).

These results will play key roles in constructing “nice” metrics instead of Urysohn’s lemma through-
out the report.
Observe the following basic properties on absolute Borel classes.

Remark 2.8. The following hold.

(i) All closed subspaces of certain metrizable space in an absolute Borel class also belong to
it.
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(ii) If a metrizable space is a union of a locally finite family consisting of subspaces belonging
to an absolute Borel class, then it is also belonging to the same one (cf. [16, 4.5.8 (a)]).

(iii) For a metrizable space X, X € 2,, n > 2, (respectively, X € 9M,, n > 1,) if and only
if X € 2A,(Y) (respectively, 9, (Y)) for some completely metrizable space Y (cf. [45,
Theorem 5.11.2]). If X ¢ 2, then there is a completely metrizable space Y such that
X ¢A,(Y).

For spaces A C X, denote the interior and closure of A in X by intx A and clx A, respectively.
Now we will provide a proof of Theorem 2.2.

Proof of Theorem 2.2. We only show the case that AM(X) € 9t,,. Suppose that X is not belonging
to A, and take a bounded complete metric space Y = (Y, p) so that X ¢ 2,(Y) by (iii) of
Remark 2.8. Put B = X \inty X and Z = cly B\ X, so B ¢ A,(Y), Z ¢ M, and cly B = BU Z.
According to (ii) of Remark 2.8, we can find a locally finite open cover U of cly B such that
ZNelyU¢M,, ZNU' # 0 and cly U Necly U = for some U, U’ € U. Fix any point a € ZN U’
and choose a sequence {a, } C XNU' converging to the point a. Then A = {a,} and B’ = BNcly U
are closed in X, and Z' = ZNecly U ¢ M,,. Define i : Z — AM(A & B’) by

o(z,y) if (2,) € A or B,
i(z)(z,y) = ¢ plw,a) +ply,z) ifzcAandye B,
p(x,z) + ply,a) ifze B andy € A.

Taking an extending map E : AM(A @ B’) — AM(X) according to Theorem 2.7, we have that the
composition F o is a closed embedding, which contradicts to (i) of Remark 2.8. [

2.2. The topological types of spaces of metrics. This subsection is devoted to determining the
topological types of spaces of metrics, which provides a summary of the paper [35]. A topological
space X is said to be generalized compact if every open cover of X has a subcover whose cardinality
is less than the density of X. When X is a separable metrizable space, the compactness coincides
with the generalized compactness. For an infinite cardinal &, let ¢5(x) be the Hilbert space of
density  (see [44, p. 16]):

62(:‘{) = {LL’ e R"

> x(7)* < OO},

and denote ¢5(Xg) by £ for simplicity. The symbol /,, stands for the space of bounded sequences
with the sup-norm, which is homeomorphic to £5(2¥). We can classify the topologies of PM(X),
M(X) and AM(X) as follows:

Theorem 2.9. Let X be a metrizable space of density k. Then PM(X) is homeomorphic to
(i) [0,1)===1/2 if X is finite;
(il) €2(2<%) if X is infinite and generalized compact;
(iii) €2(2") if X is not generalized compact.

Theorem 2.10. Suppose that X is an infinite o-compact metrizable space. Then the spaces M(X)
and AM(X) are homeomorphic to

(i) 4y if X is compact;

(i) lo if X is not compact.

Using the following criterion due to T. Dobrowolski and H. Toruriczyk [15, Theorem 2], and
T. Banakh and R. Cauty [8, Theorem 2|, we will prove Theorems 2.9 and 2.10, where a sufficient
condition is given for Gs convex sets in Fréchet spaces to be homeomorphic to Hilbert spaces.
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Theorem 2.11. Let C' be a Gs convex set in a Fréchet space. If the closure of C is not locally
compact, then C' is homeomorphic to a Hilbert space. Fspecially, if C' is not separable, then C' is
homeomorphic to a non-separable Hilbert space.

It is shown that PM(X) is the closure of M(X) and AM(X) in C(X?).
Proposition 2.12. For every metrizable space X, AM(X) is dense in PM(X).

Proof. For each d € PM(X) and each ¢ > 0, we will find p € AM(X) with ||d — p|| < e. Fix any
admissible metric dx € AM(X) of norm < ¢, and define p € AM(X) by

p($7 y) = max{d(L y)v dX(‘fbv y)}
for every (z,y) € X?, which is the desired. [

We will estimate the densities of PM(X), M(X) and AM(X).

Lemma 2.13. If a metrizable space X contains a closed discrete subset of cardinality x, then the
density of PM(X) is greater than or equal to 2".

Proof. Take a closed discrete subset D = {z, € X | v < x} and fix a point zy € D. We can define
a pseudometric d, € PM(D) for each sequence a = (a) < € {0,1}" by

(1) do(xo,20) = 0 and dy (2, z0) = do(x0, 2y) = a, for any 0 < v < &,

(2) do(zy, 7)) = |do(2y, 0) — do(xy, z0)| for any 0 < v < A < k.
Note that the subset

{d, e PM(D) | a € {0,1}"}

is closed and discrete in PM(D), and hence the density of PM(D) is greater than or equal to 2.
By virtue of the metric extension theorem 2.6, the restriction

PM(X) > dw~ d|p= € PM(D)
is surjective, which implies that the density of PM(X) is also greater than or equal to 2%. [

In the papers [10, 14], cardinal functions of topological spaces and their function spaces are
estimated by the generalized compactness of them. Combining the above lemma with several
results of those papers, we have the following:

Proposition 2.14. Suppose that X is a metrizable space of density k. The density of PM(X) is
equal to 2<% if X s infinite and generalized compact, and is equal to 2% if X is not generalized
compact.

Now Theorems 2.9 and 2.10 are shown.

Proof of Theorem 2.9. We will prove only the infinite cases. Combining the latter part of Theo-
rem 2.11 with Proposition 2.14, we can establish (iii) immediately.

Similarly, to show (ii), it remains to verify that PM(X) is not locally compact. Fix any pseu-
dometric d € PM(X) and any neighborhood U of d. Take € > 0 such that if ||d — d'|| < ¢, then
d" € U. Since X is infinite and generalized compact, we can choose a point € X all of whose
neighborhoods are of density > x according to [10, Lemma 11]. Hence for any neighborhood V
of (z,z) in X2 there is y € X such that x # y and (z,y) € V. Applying Theorem 2.6, we can
obtain a pseudometric e € PM(X) so that e(x,y) = € and ||e|| = €. Let p € PM(X) be defined by
p=d+e. Then ||d—p| < eand p(x,y) > p(z,z)+ €. By virtue of Arzera-Ascoli’s Theorem (refer
to [41, Lemma 45.2]), the space PM(X) is not locally compact. [J

Proof of Theorem 2.10. Recall that PM(X) is the closure of M(X) and AM(X) by Proposition 2.12.
As is seem in the above proof, PM(X) is not locally compact. Applying Theorem 2.11, we can
prove Theorem 2.10. [J
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2.3. Problems. The complete topological classification of PM(X) is obtained. In fact, they are
homeomorphic to a Hilbert space. In infinite-dimensional topology, it is known that for each
absolute Borel class, there is its universal space, which is a dense subset of a Hilbert space. Their
topological properties and characterizations have been studied, refer to [13, 60, 12, 47, 40, 33, 34]
and [45, Section 5]. Moreover, there are a lot of research on function spaces that are homeomorphic
to such spaces. In [23], the denseness and Borel hierarchy of function spaces consisting of several
kinds of metrics are investigated.

Problem 2.15. For a metrizable space X, which subspaces in PM(X) are homeomorphic to uni-
versal spaces for absolute Borel classes?

3. ISOMETRIC UNIVERSALITY OF SPACES OF METRICS

In this section, we shall study the metric structures of spaces of metrics, which is based on a joint
work with Y. Ishiki [30]. Given a class C of metric spaces, we say that a metric space Z = (Z,d)
is universal for C if every X = (X, p) € C can be isometrically embedded into Z. For an infinite
cardinal &, let S, be the class of bounded metric spaces of density < x, and let & = Sy, be the
one of bounded separable metric spaces. Denote by T the class of totally bounded metric spaces.
Note that 7 C S. There are many results on the universality of function spaces. S. Banach and
S. Mazur proved the following (see [4, Theorem 10 in Chapter XI):

Theorem 3.1 (the Banach-Mazur theorem). The space C([0,1]) is universal for S.
This section is devoted to giving variants of this famous theorem. Especially, we have the following;:
Theorem 3.2. The space AM([0,1]) is universal for T .

3.1. Banach-Mazur type theorems. The following is a key lemma, which can be proven by the
method based on Example 2.5.

Lemma 3.3. Let X = (X, d) be a bounded metric space. Then there exists an isometric embedding
from X into the space AM(X @ {x}).

Proof. We shall define I : X — AM(X @ {x}) as follows: for each z € X,
d(z,y) if 2,y € X;
) d(z,2)+1 ifx e X and y = *,
[(2)(w.y) = d(y,z)+1 ifz==andy € X,
0 if v =y ==x.
Then the map [ is an isometric embedding. [

We will investigate the universality of spaces of metrics on topological universal spaces.

Theorem 3.4. Let C be a class of bounded metric spaces and Z be a metrizable space. Assume
that the following condition is satisfied:
(t) For each X = (X,d) € C, there is a bounded metric space Y = (Y, p) containing X as a
subspace such that p|x2 = d, and there exists a closed topological embedding from Y & {x}
to Z.

Then the space AM(Z) is universal for C.

Proof. Take an extension Y = (Y, p) of X = (X,d) € Casin (}), and let i : X — Y be the inclusion
map. It follows from Lemma 3.3 that there exists an isometric embedding I : Y — AM(Y & {x}).
By virtue of Theorem 2.7, we can obtain an isometric extensor £ : AM(Y & {*}) — AM(Z).
Consequently, the composition J = E o [ o4 is an isometric embedding from X to AM(Z). O
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Let x be an infinite cardinal. For every completely metrizable space Z of density < k, there
exists a topological embedding f : Z — l5(k) such that the image f(Z) is closed in ¢5(k), see [44,
Theorem 6.2.4]. We denote by Q = [0, 1]* the Hilbert cube. According to the method of the proof
of the Urysohn metrization theorem (see [41, Theorem 34.1]), Q admits a topological embedding
from any compact metrizable space.

Theorem 3.5. The following statements are true.
(1) For every infinite cardinal k, the space AM({y(r)) is universal for S,.
(2) The space AM(Q) is universal for T.

Proof. For every bounded metric space X = (X, d), take the completion X = (X, d) of X. Then
the extended space X @ {x} is a completely metrizable space of density < x if X € S,, and is a
compact metrizable space if X € T. Therfore the condition (}) in Theorem 3.4 is fulfilled. [

As is easily observed, we have the following.

Lemma 3.6. Let X be a metrizable space. For every d € PM(X) and every p € AM(X), their
sum d + p € AM(X).

Applying the above lemma, we can prove the following:

Lemma 3.7. Let C be a class of metric spaces, and let X be a metrizable space. If PM(X) is
universal for C, then so is AM(X).

Proof. Fixing any admissible metric d € AM(X), we can construct an isometric embedding I :
PM(X) — AM(X) defined by I;(p) = p + d due to Lemma 3.6. O

Let X and Y be metrizable spaces, and f : X — Y be a continuous map. Then we can define
an operator J; : PM(Y) — PM(X) by J¢(d)(z,y) = d(f(z), f(y)).

Lemma 3.8. Let X and Y be metrizable spaces, and let f : X — Y be a continuous surjection.
If AM(Y') is universal for a class C of metric spaces, then so is AM(X).

Proof. As is easily observed, the map Jy : PM(Y) — PM(X) is an isometric embedding. Let
I;: PM(X) — AM(X) be an isometric embedding as in Lemma 3.7 for any fixed d € AM(X), so
we can construct the desired isometric embedding I o J¢|any). O

Combining Theorem 3.5(2) with the above lemma, we have the following:

Theorem 3.9. Let X be a metrizable space such that there exists a continuous surjection from X
to the Hilbert cube Q. Then AM(X) is universal for T .

We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2. There exists a continuous surjection from [0, 1] to Q (the Hahn—-Mazurkiewicz
theorem, see [61, Theorem 31.5]). Thus the closed unit interval [0, 1] satisfies the assumption of
Theorem 3.9. [

It is said that a metrizable space X is an absolute retract, briefly AR, provided that there is a
retraction r : Y — X of an arbitrarily metrizable space Y that contains X as a closed subspace.
Recall that X is an AR if and only if every map f : A — X from a closed set A in a metrizable
space Y extends over Y (cf. [44, Theorem 6.2.5]). We can establish the following as a corollary of
Theorem 3.9.

Corollary 3.10. For every uncountable Polish space X, the space AM(X) is universal for T .
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Proof. An arbitrary uncountable Polish space X contains a topological copy C' of the Cantor set
(the Cantor-Bendixson theorem, refer to [32, Corollary 6.5]). Then there is a continuous surjection
f:C — Q (cf. [61, Theorem 30.7]). Since Q is an AR (cf. [45, Theorem 3.8.7]), we can obtain an
extension of f over X. Theorem 3.9 implies that AM(X) is universal for 7. O

3.2. Kuratowski type theorems. Due to the same argument as Theorem 3.4, we can construct
some isometric embeddings from a given bounded metric space X = (X, d) into AM(X), that is
an analogue of the Kuratowski embedding theorem (cf. [19, p. 100]).

Theorem 3.11. Let X = (X, d) be a metric space satisfying either of the following:

(1) X contains a subset A such that A is uniformly homeomorphic to X and its closure cly A
s a proper subset of X ;
(2) X contains a closed proper subset B homeomorphic to X.

Then there exits an isometric embedding from X into AM(X).

Proof. For a uniform homeomorphism f : (X,d) — (A,d|42) in the case (1), there exists an
extended space Y = (Y,d) of X and a homeomorphism f : Y — clx A such that d|x> = d and
flx = f. By the assumptions (1) and (2), we can choose points p € X \ clx A and ¢ € X \ B, and
regard the extended spaces Y & {*} and X & {*} homeomorphic to the closed subsets cly AU {p}
and B U {q} of X, respectively. It follows form the same argument as the proof of Theorem 3.4
that there exists an isometric embedding from X to AM(X). O

3.3. Problems. We obtain that the space AM(]0,1]) is universal for 7. Compared with the
Banach-Mazur theorem 3.1, it is natural to ask the following:

Problem 3.12. Is AM([0,1]) universal for S?

P. Urysohn constructed a separable metric space universal for &, which space is called the
Urysohn universal metric space (see [54, 55]). It is known that this space is homeomorphic to ¢,
(cf. [56]) and has not only that universality but also a kind of homogeneity for finite subsets. In
the category of ultrametric spaces, Y. Ishiki detected an analogue of the Urysohn universal metric
space among function spaces consisting of ultrametrics (cf. [24, 25, 28]).

Problem 3.13. Do the spaces PM(X) and AM(X) of a metrizable space X admit “nice” properties
like the Urysohn universal space?

4. ISOMETRIES BETWEEN SPACES OF METRICS

This section provides a concise overview of the paper [37]. Throughout this section, an isometry
means a surjective isometry. Isometries between function spaces have been studied in functional
analysis. The Banach-Stone theorem [3, 49], which asserts that the metric structures of function
spaces decide the topological ones of their underlying spaces, is one of the most important results
in that field.

Theorem 4.1 (the Banach-Stone theorem). Suppose that X and Y are compact Hausdorff spaces.
Then X and Y are homeomorphic if and only if C(X) and C(Y) are isometric. In this case,
for every isometry T : C(X) — C(Y), there is a homeomorphism ¢ : Y — X such that for all
functions f € C(X) and for all points y € Y,

T()) = 9) f (b)), ()
where |g(y)| = 1.
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Various Banach-Stone type theorems have been researched (see [17] as a historical note), but there
seem to be very few studies addressing this issue on multivariate function spaces. In this section,
we shall establish a Banach-Stone type theorem on spaces of metrics. As will be easily observed
in the proof of Theorem 4.3, PM(X) and PM(Y) (respectively, AM(X) and AM(Y")) are isometric
if metrizable spaces X and Y are homeomorphic. However, Theorems 2.9 and 2.10 mean that X
and Y are not necessarily homeomorphic even if PM(X) and PM(Y) (respectively, AM(X) and
AM(Y)) are homeomorphic. In the case where X and Y are compact, M.E. Shanks [46] proved
the converse of it as follows:

Theorem 4.2. Suppose that X andY are compact metrizable spaces. The following are equivalent:

(1) X and Y are homeomorphic;
(2) PM(X) and PM(Y) are isometric;
(3) AM(X) and AM(Y) are isometric.

As is seen in the Banach-Stone theorem, isometries between function spaces can be described
as weighted composition operators by homeomorphisms of their underlying spaces such as (x).
Furthermore, D. Hirota, I. Matsuzaki and T. Miura [21] (cf. [50]) showed a Banach-Stone type
theorem on non-negative cones of continuous function spaces, where the isometries are composition
operators of weight = 1. On the other hand, Shanks did not give such a canonical formula. For a
metrizable space Z, set

Pce(Z) = {d € AM(Z) | there are {z,w} C Z and a compact set K C Z
such that d(z,w) = ||d|| and if d(z,y) = ||d||, then x,y € K},

Pp(Z) ={d € AM(Z) | there uniquely exists {z,w} C Z such that d(z,w) = ||d||}.

Remark that Pp(Z) C Pc(Z), and that AM(Z) = Pc(Z) when Z is compact. Let P(Z) be either
Pc(Z) or Pp(Z). We shall generalize Theorem 4.2 and describe isometries as composition operators
as follows:

Theorem 4.3. Let X and Y be metrizable spaces. The following are equivalent:

(1) X and Y are homeomorphic;

(2) there is an isometry T : PM(X) — PM(Y) with T(P(X)) = P(Y);

(3) there is an isometry T : AM(X) — AM(Y) with T(P(X)) = P(Y);

(4) there is an isometry T : P(X) — P(Y').
In this case, for each isometry T : PM(X) — PM(Y) with T(P(X)) = P(Y), there exists a
homeomorphism ¢ : Y — X such that for any d € PM(X) and for any z,y € Y,

T(d)(z,y) = d(o(x), (y))- (%)

Ezxcept for the case that the cardinality of X or Y is equal to 2, the homeomorphism ¢ can be
chosen uniquely.

4.1. The peaking function argument. We will prove Theorem 4.3 by using the peaking function
argument, which traces its history back to Stone’s method, and is different from Shanks’ one. From
now on, suppose that X and Y are non-degenerate metrizable spaces and 7' : PM(X) — PM(Y")
is an isometry. Then T is norm-preserving.

Proposition 4.4. For any d € PM(X), ||T(d)|| = ||d||, and for any p € PM(Y), || T~ (p)|| = |lpll-

Proof. This proposition follows from the equality 7'(0xz) = 0y2 immediately, where Ox2 € PM(X)
and Oy2 € PM(Y) are the zero functions on X? and Y? respectively. Assume that T(0xz2) # Oy=,
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so there exist points z,y € Y such that T'(0y2)(z,y) > 0. Then

2| T(0x2)|[ + [T~ (0y2)]
IT(0x2)]|

Since T is isometric, by the similar argument as in Lemmas 2.3 and 2.4 of [21],

2T (0x:)]| + |7 (0v2)]

1700
e (20T + 70y
=" ( Tox 0x )>H
2T+ 1T )
- o] o)
2T (0x0)]| + 1T (0y)]|.

T(0x2)]|.

masc{ | T(0x2) .| 7 (0y2)]}} < H

2T (0xz)[| + |77 (0y2) ]| > T(0x2) = T(0x2)

This is a contradiction. U

Given a metrizable space Z, let Finy(Z) be the hyperspace consisting of non-empty finite sets in
Z of cardinality < 2, which is endowed with the Vietoris topology. Denote by D(Z) the subspace
of doubletons of Z. For each {z,y} € Finy(Z) and each d € PM(Z7), set

P(Z Az, y}) ={p € PM(Z) | p(x,y) = o]},
F(Z,d) = {{z,w} € Finy(2) | d(z,w) = ||d]|}.
We can prove the following, which is a key lemma in this section.

Lemma 4.5. Let Z be a non-degenerate metrizable space. For each d € PM(Z) and each {x,y} €
D(Z), there exists p € P(Z,{z,y}) such that

d+peP(Z{x,y}) NPp(Z).

Proof. Adding an admissible metric e € P(Z,{z,y}) with ||e|| = 1, we get that d' = d+e € AM(Z)
according to Lemma 3.6. Let a = d'(x,y) > 0 and

b = min { supd'(z, z),supd (y, z)}

2€Z 2€Z
Using Theorem 2.6, we can obtain p, € PM(Z) for each natural number n such that
(i) pn(z,w) = 4bif 2 € By (x,a/2") and w € By (y,a/2"1);
(ii) pn(z,w) =20if z € Z\ (Ba(z,a/2") U By (y,a/2"))
and w € By (z,a/2"") U By (y,a/2");
(ili) pn(z,w) =0if z,w € Z\ (Bg(x,a/2") U By(y,a/2")),
if z,w € By(x,a/2"*1), or if z,w € By(y,a/2"1);
(iv) pu(z,w) < 4b if otherwise.

Here for every z € Z and every r > 0, we write
By(z,r)={w € Z | d(z,w) <r}, Ba(z,7)={we Z |d(z,w) <r}.
Then p=e+ > 7, pn/2" is the desired admissible metric. O

Using the finite intersection property in compact spaces (refer to [16, Theorem 3.1.1]), we can
get the following:
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Lemma 4.6. Suppose that T(P(X)) C P(Y). For every doubleton {z,y} € D(X),
N FET@) #0.
deP(X,{z,y})NP(X)

Proof. Remark that P(X, {z,y})NP(X) # 0 by virtue of Lemma 4.5. According to the assumption,
fix any dy € P(X, {z,y})NP(X), so T'(dy) € P(Y') and there exists a non-empty compact set K C Y
such that for all z,w € Y with T'(dy)(z,w) = ||T(dp)||, z,w € K. Since K is compact, the natural
surjective image Finy(K) of K? is also compact (cf. [58, Lemma 5.3.4]). Observe that F(Y,T(d))
is closed in Finy(Y') for every d € P(X,{z,y}). Then the family

{FV,T(d) NF(Y,T(do)) | d € P(X,{z,y})}

has the finite intersection property.
In fact, for all d; € P(X, {x,y}) NP(X), 1 <i <n, observe that

n

d= Z d; € P(Xa {(L’, y})
i=1
By the assumption, we can find {z,w} € Finy(Y) such that T'(d)(z,w) = d(z,y). For each
i€{l,...,n}, since T is isometric,
T(d)(z,w) = T(di)(z, w) < ||T(d) = T(d)[| = [|d = dil| = d(,y) — di(,y),
and hence according to Proposition 4.4,
1T(d) || = lldill = di(,y) < T(di)(z,w) < [|T(d;)].

This means that {z,w} € F(Y,T(d;)). O

We can construct the following corresponding between D(X) and D(Y).

Proposition 4.7. Assume that T(P(X)) = P(Y'). There is a bijection ® : D(Y') — D(X) such
that for every {x,y} € D(X) and every {z,w} € D(Y),

T(P(X.{z,y}) NP(X)) = P(Y, 27" ({z,y})) N P(Y),
T{(P(Y, {2 w}) N P(Y)) = P(X, ({z, w})) N P(X),
Proof. We can define ® by
{e({zw})} = f F(X,T7(p))
PEP(Y {zw})NP(Y)

for each {z,w} € D(Y), since the intersection is not empty by Lemma 4.6, and it is a singleton by
virtue of Lemma 4.5. [J

4.2. Composition operators. Show that the isometry T is a composition operator by some
homeomorphism ¢ : Y — X. From now on, assume that 7(P(X)) = P(Y), and let ® : D(Y') —
D(X) be a bijection as in Proposition 4.7.

Proposition 4.8. The equality T(d)(z,y) = d(®({z,y})) holds for every d € PM(X) and every
{z,y} € DY), where define d(®{z,y}) = d(z,w) with ®({z,y}) = {z,w} € D(X).
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Proof. We only prove that T'(d)(z,y) < d(®({z,y})). Using Lemma 4.5, we can take p €
P(Y,{z,y}) so that T'(d) + p € P(Y,{z,y}) N P(Y). By Propositions 4.7 and 4.4, since T is
an isometry,

T(d)(z,y) + pla,y) — d(@({z,y})) = T(T(d) + p)(@({z,y})) — d(®({z,}))

IT=HT(d) + p) = dl| = |Ipll = p.y),

IN

which implies that T'(d)(z,y) < d(®({z,y})). O

We shall construct a homeomorphism from Y to X which is compatible with the bijection ®.

Proposition 4.9. Suppose that the cardinality of X orY is greater than 2. There exists a home-
omorphism ¢ : Y — X such that for any {x,y} € D(Y') and any {z,w} € D(X),

({z,y}) = {g(x),9(y)}, 27 ({z,w}) = {97 (2),97" (w)}.
Proof. We can define a bijection ¢ : Y — X by

{6y = [ ®W{w. 2}

zeY\{y}

for every y € Y. To verify that ¢ is continuous, fix any point y € Y and any open neighborhood U
of ¢(y) in X. According to Theorem 2.6, we can find d € PM(X) so that d(¢(y),z) = 2ifx € X\U,
and d(z,2') = 0 if z,2" € X \ U. Then by Proposition 4.8, for every z € Brg(y,1) \ {y},

d(o(y), ¢(2)) = d(®({y,2})) = T(d)(y,2) <1,
which implies that ¢(z) € U. O

The subspace AM(Z) is dense in PM(Z), see Proposition 2.12. Furthermore, we can obtain the
denseness of P(Z) € PM(Z) by the similar argument as Lemma 4.5.

Proposition 4.10. For every metrizable space Z, the subset P(Z) is dense in PM(Z).

Now we shall prove Theorem 4.3.

Proof of Theorem 4.3. The implications (1) = (2), (1) = (3) and (1) = (4) follow from Lemma 3.8.
Indeed, take any homeomorphism ¢ : Y — X and define the isometry S : PM(X) — PM(Y) by
S(d)(x,y) = d(¥(z),¥(y)) for any d € PM(X) and for any z,y € Y, namely S is the composition
operator by 1. Observe that S(AM(X)) = AM(Y) and S(P(X)) = P(Y). By Propositions 2.12
and 4.10, AM(X) and P(X) are dense in PM(X), and hence each isometry in (3) and (4) can be
extended to the one in (2), which means that (3) = (2) and (4) = (2) hold.

The implication (2) = (1) and the canonical formula (*) hold from Propositions 4.8 and 4.9.
To show the uniqueness of ¢, let ¢ : Y — X be a homeomorphism such that for all d € PM(X)
and for all z,y € Y, T(d)(z,y) = d(¢(z),v(y)), and suppose that ¢(z) # ¢ (z) for some point
r €Y. Fixing any y € Y \ {z,¢ ! (¢¥(z))}, we can choose p € PM(X) so that p(¢(z),d(y)) = 0
and p(¢(z),¥(y)) = 1 by Theorem 2.6. Then

0= p(d(z),d(y)) = T(p)(x,y) = p(¢(z),¥(y)) = 1,

which is a contradiction. [
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4.3. Problems. There are many variants of the Banach-Stone theorem for subspaces of C(Z) on
topological spaces Z, so it is interesting to consider this issue for subspaces of PM(Z). The author
[38] showed a Banach-Stone type theorem on the subspaces consisting of uniformly continuous
metrics on uniform spaces, which is an analogue of [2, 20]. Furthermore, given a metric space
Z = (Z, dz), let

LPM(Z,dz) = {d € PM(Z) | lip(d) < oo},
where for any d € PM(Z), put

. d(z,y)
lip(d) = sup _—.
( ) z,y€Z with xz#y dZ (l’, y)
The author also established Banach-Stone type theorems for LPM(Z) and its subspaces. A variant
of the Banach-Stone theorem for spaces of Lipschitz continuous functions with the Lipschitz norm
was shown by N. Weaver [59].

Problem 4.11. Solve a Banach-Stone type theorem for LPM(Z) equipped with the other norm:
[1l]sip = max{]|d]], lip(d)}.

Tingley’s problem [51] is one of the most significant questions in functional analysis, that asks
whether an isometry between the unit spheres of two Banach spaces can be extended to a real-
linear isometry over the whole spaces (cf. [42] and [22, Introduction] for the recent developments).
T. Banakh [6] solved the problem for 2-dimensional Banach spaces affirmatively. Although this
question remains open in general case, it has been solved for specific function spaces since the
study due to R. Wang [57]. The author [39] solved a variant of Tingley’s problem on function
spaces consisting of metrics on compact metrizable spaces.

Problem 4.12. Solve Tingley type problem of function spaces consisting of metrics in the non-
compact case.

Acknowledgments. The author would like to express his deepest gratitude to Yoshito Ishiki,
who initiated the study of spaces of metrics as moduli spaces of geometries of their underlying
spaces, for providing intellectual inspiration and valuable advice.
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DI MED h AR —

NI * (BR DKL FRE)

T
ARETE, DF00L 2EE, MOBERYL 3 LB REHOBRNLERT . —DIF,
Jay 7 HEGED I 7 i EEFICHN S bicontinuous / tricontinuous / polycontinuous
pattern TH D, ZHUI3 KL+ —F R T? =R3/Z3 o> Pk LTERLEh 3
(7, 15]. &5 —2lF, RERTF FROACESRCENZ AT FUBETHD, THIIZH
FigAHOMR e OB L TERbEh s (17, 24].

1 F

BIRDFO bRy —fEdgAaE L LTiidhdhd. ZEIRE T T OHE [20], DNA #&AH
Ho bRuy—%z2HHuw/ DNA AR HEZOB X (19, 21], HOEESKRTHEOLN LK F D HiE
(17, 18, 6] SFEpviam S N T E /. £/, MHOBEEED 3 HEWRNCEM 2L &, ZoMER
ARy b =2, HEWVE T3 OnfRe LTEdkEh 3 [15]). AT, HEEAKTHELNS
Mgz 2k AEN, HOBESGZ T3 Oy FAURDRATERL, EE2{T5

%5 2 T, polycontinuous pattern > FLRfEY L TEREL, —EMEB X CREFE
EHE RS [7,15]. # 3 ETE, ZHARBAHOMKE, KRIEABODEIRICESLSZD
SR [24] RN, ZHEFIEAHOZEHEAND L 9] AR5,

2 polycontinuous pattern & T3 M/\> R LK

IR 7 BEREE 2, 3RC =T A T3 DR R B Z L ICk D ERT .

2.1 3RyjTHw k& polycontinuous pattern

EE 2.1. R HDAENSLTT77 G W, T A2Z OFETBEHERACTAETHI L E, G
Z3IRTEFy v, BEMET] =R3/ARXBNT, GET] NOEMZZ 7%2EDS. 3T
v b GOERBEFEEZZE) VXS,

& 2.2 SHEEAWYAEA R? 2 =50 3 EHAMW I LV Y R EIT 2 &, Z2o5El%

* T112-8610 HAEHSORX AR 2-1-1 BHR DKL FREFEFILE B AR R
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bicontinuous pattern ¥\ 5. [FIfkIC, 3 BEFEWNIEMEA =207 ) Y 2IZnEIT 2L
% tricontinuous pattern, 3 HEMM L 2 XL ZHAEDS n MO Z LV Y RI2HHT 5 L =
polycontinuous pattern ¥\ 5 (X 1).

(b)

4 P I VY

1 tricontinuous pattern & 353 % 3 BlZrr v b ([15] & D).
Zr 2 v b & bicontinuous pattern %, v b OEICHK T 5 IX-XI move ZiEE LT
W —REIED S 7). =7 OEEERHLD LD,

EH 2.3 (Ishihara-Koda-Ozawa-Shimokawa [7]). =775 5745 3 Xotr v M, TH-HI &
B & RN ZTE % R\ T tricontinuous pattern Z —EIZED 5. #1Z, tricontinuous pattern i,
IX-XI A e RAMER 2 RCT=/K5 3 Kotry M2 —RIZED 5.

CORIC KD, SR S M HERGE O 5L T3 NOZE- 75 78 X USROSBICRET 5.

2.2 Heegaard BfEE /\> RILIES#

E& 2.4. M ZBAMEAMIIAIEE 3 RoTZhkik e 35, > Rk Hy, Hy & BRI S 23
M = Hy Ug Hs, HNHy,=0HNOH, =S

Ziil=¥r %, M= H,Ug H, % Heegaard 9 5.

EIE 2.5 (Frohman-Hass [2], Boileau-Otal [1]). % g > 3 XL T, T3 O g ® Heegaard
SRZFEHZRNT—ERNTH 3.

% 2.6. Hifl 3 HEYIM bicontinuous pattern (%, [15] DEKDFEEERE RN TH 5.

bicontinuous pattern I&, F R0 Y —OHFHFTIIXANXN T, RN EZEDEENEMR 5.
=0 LOEBDOER DT, Heegaard 0l —MAt.Lic > FAKRGREZEANT 2 [15].

E&E 2.7. 2 X0tEZHK P ORRDOEFEPK 2 OWIFhhroET IV (MR, =HEA, THHA) CFEHE



107

Tharr %, PEEZSEMEFLVS.

! L2/ ; (C

2 HMSERORATEFL (15] £D). (a) IR, (b) ZEA, () FHA

E& 2.8 ([15]). M % PAEAsm =TI ATEE 3 RILBHRIK, P C M Zi#fia > 87 bR 2 RILZ1H
e L, .
M\ P=| |int(H;)

i=1
ok Hy B gi DAY EAKTHB L =, (Hy,..., Hy P) B8 (g1, ... gn) DN EILES
R\, P %ZZO partition LR, P ORI 5 7% B35 %, M\ BNOHEARR
TP DLy X—YHKNIZ1 ATRHL2DDPFEEL B VWL X proper, P NHEMZEIKTDH 5
¥ % simple 2\ 5.

n =2 Ot = Hifl proper /> KRS R Heegaard 7 RICHIZ H72\0. n =3 T H; N H;
ARG S DX Koenig [10] DEBETO trisection TH 5. MHBEGE CEIBEME LD D A EAK
WKHNZ 720, ZORWEKRODEPDEL 5.

T3 DAY ARSI DWW TIERDIL D 32D,

EIE 2.9 ([15]). T3 OHM proper 2% (1,1,1) N> FOUKRS I, T° o BARMEZRWTAA
N=H n5fE (K3) W5, Lid->T, B (1,1,1) D tricontinuous pattern (X[FIf % fRVT—
BENTH 5.

) — © ()

3 (a) T ©%(0,0,3) N> RLESR. (b) B (0,2,2) N> FAKSDR. (c) T? D=DD
NI ADE]. (d) T? OAfA=D L3R (15] X D).

B 2.10 ([15]). B (2,2,2) TE—EMEEK D T2V, REAAN=D L5RIC=H D type-1 BE
fbefigZeickh, K400 (2,2,2) N> FAKRSG@RIELNS. K 4(b) DA TIES
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Fy=HNH; ¥ 2R =5 R FAROIELMTHD, (d) ODETIE Fos E 1R =527
Z 2T ADILH, & F; B3 RHRETHS. o THEEIRRDNETHS.

L AN VAR AN S AL
|y Hz“‘\9 5 &\§? 17 HZ\Q/ NN

s "-",'; s

M4 T3 OHWCHEZBH(2,2,2) N> FAESE (b) & (d) ([15] £b).

2.3 REMME
N RIOURG R L, X5 D type-0, type-1, type-2 ZELWEFR SN S. F7z, partition D

HRHEZEZ 2 RMEF E LT 0-2, 2-0, 2-3, 3-2 move 2EHR I NS [15]

(@) (b) y ()

destabilization destabilization S destabilization
/Nz stabilization o Tslz stabilization 'N, stabilization

H’ D,

[N Rl IR SR

5 #ELeIELEN. (a) type-0, (b) type-1, (c) type-2 ([15] £ D).

K% Reidemeister—Singer DEHD NV RIUKDFRANDILIRTH 5. trisection DFE L Koenig
[10] 12 & 3.

EIE 2.11 (Sakata—Mishina-Ogawa-Ishihara-Koda—Ozawa—Shimokawa [15]). B = {1 AJHE
3 RICZHRIE M DIEE D DD simple proper N RILESEIE, 0-2, 2-0, 2-3 move & type-0,
type-1 ZE{L 2 BREIMES L FEL 5.

% 2.12 ([15)). o HiliLF Al & net-like pattern i, 0-2, 2-0, 2-3 move ¥ type-0, type-1
LELDHERINTED &S

ZOEMIZED, E7& 3 polycontinuous pattern 23ZE(LE M U TLLEAIREIC /2 5. fil Z21E
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3D srs v b (gyroid BAq v b)) 22 SEE S 3srs 28X — VDWW TR D LD,

B 2.13 ([15]). 3srs X —> (K 6) R 3etc (K 7) B/ANAN=T LR =2 GREIDLE
fLick-oTiEon 3.

6 (a) 3srs & v MIXIET 3 tricontinuous pattern. (b)—(d) b 52D Y ¥ X
WZHES IS il ([15] £ D).

7 3etc. 3srs LIS THIERLD.

3 ZEMFEHE
31 EERTFRFROBCEAEHR

BEA L ERTF FEMFOHCESICED, #HR MR-k b 007 F VBN EHR
MTW3 (17,18, 6. XHk [17] T, U P VB P URTF FEBA A Agh 206 4 55y 12
LRDRTF RATFrHEONT. RTFFEHEEZ S ZLICED ZODRL S bRy —
DEHINZ. PGP ES| (P: L-70 Yy, G: 7'V ¥ Y¥) & type-A WHEIEAH %, TPP EAl
(T: L-AV A=) 13 type-B MHKIEAHZ G2 5. WEIIRTEE ZRBBEL VDR S b
RaY—%kbD. 7, Wk [18] TIX 6 M7 24 KD type-A Vi IRI&EAHTL A T s, ik
[6] T 60 DD AAR Y T —2%BHD Mgl F ¥ 7 FAME XA TNS.
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3.2 ZEFEHEDIEK

ZHEFIEAB X, ZEHADD L EHEZ —EDRFTHAITHRAHRRICE X2 TEONSEAH
TH3 (14,5, 11]. ARETIE S? L EAHEBZHEADAERS.

E&E 3.1 ([24, 14, 5, 11]). ZHAK Pz l, M8 D k5l ons A HEZ, zhzth

type-A (branched curve and n-twisted double line), type-B (cross curve and double line),

type-C (single line, FTHROXE I 4) ZEIFIEAB L VS, ZOWRDIED 5 AKX T 1%
TR & 5.
type A type B

8 ZHiAD 5 DZMHRIEAH DML ([24] X b). BAZEAED I, AfFEMFLNDHE

HHO—HERT
S TCRREBDENMEZRDEI D S5 .

EI 3.2 (Kauffman [8], Murasugi [13], Thistlethwaite [22]). BEFRARKIA I RN KA T
bH5.

% 3.3. XN EmFiEAHOFELZRMR RN RFRKTH 5.

IEZHKRD» 586N 2 ZHIKEAH DR e K% R 1 IRT. FUEET —X% 00
BEIND Z o hd. EBE ROHIZEWCFEETH 2 Z e onTns.

i 3.4 (Lu-Hu-Qiu-Qiu [11]). ROEMDZHAKEABIZHWCFEMETDH 5 © (1) type-B PHH
KigAE & type-C L \HEEEAH ; (2) type-B ML Ki&AH, type-B /\H{KMEAH, type-C
A NHEKREEAH 5 (3) type-B T ZHIKI&AH, type-B T HIKIEAH, type-C#5=+ -
+ZHRREAHE.

(6] TIE NI 2 5 7 TH B, ROKAE L LT type-A [+ —HikEaE % &3,



M9 GIEARERDSEENS type-A (5) & type-B (1) OEHEKAHDRRRK. Wi
Nb 1485 72 555k b0 ([24] kD).

#1 ESHEHSHONESEERAED (RO, 2080 [24].

Z A d v f typeA typeB typeC
EREk 3 4 6 4 (4,12)  (4,12)
ST 3 8 12 6 (6,24) (6,24) —
EARK 4 6 12 8  (8,24)  (6,24)  (3,6)

E+ZmfR 3 20 30 12 (12,60) (12,60) -
E-tmA 5 12 30 20 (20,60) (12,60) —~

RRED 60 TH2Zerbhrsd.

33 734 T7REICK B0

e SR T 22 EEEAHORANCIE, ZRIEAHODEHEMEH WS, 754
T, IRO—Eo & v 70K D EH D IC 180 BRI X B 2MNROEHTHS. Hohd
MRDBTLE B R E, 754 AZIEEHHATH 2 0.

EIE 3.5 (Menasco-Thistlethwaite [12]). [AlURRZMAHEAH 2R T D DOBERRMAZ, S2
DFEMEAREID 7 Z4 FITX>THEDES.

IEBALR 7 74 TR0 AKRIZ rigid TH 2 205, rigid BHAZ S ORXKREAE Y
SLE, MRAZHKT 2720 TBITES. ALY Z4 THFET 54518, KXOX
71213 nested 4-cycle 3FET % [4]. L7zd3oT, WA F 753 nested 4-cycle Z & E721FH
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X, ZORRRAL rigid TH2. P 2ZHIKL T2 L %, type-A ZHKHEAH OFHELKKK
DX 7Z 71k, P DELMZ D5 P D 1-skeleton EOIZHIFRL THE SN 3. type-B ZHIAHK
A HOFEEZRKKOIN 77 713, P OBELMTA S, P DTHFEHOHDLZ RS ZHIFRL T
"Bohd, ZOZeroRDOMEEFS.

il 3.6 ([24]). type-A B XU type-B ZHIAHE A H OFHELZ KRNI rigid TH 3.

EIE 3.7 (Wakayama-Shimokawa [24]). P ZZH{kr 3%. P @ type-A ¥ type-B DRRZMH
KigAEHZ, FAURABEDOVERRLEAETHS. 52 P OTHADNRT 3L s, WX
[ U e R b O RZ BIEAHTH 5.

ZHuE, PGP ESI L TPP BAH 63602 “DDRFF KAFF > (17 O b XKoo -z
52 LTWVWAS.

EIE 3.8 ([24]). Xo#HOLHAKIEABIZ, FUHRIEE ZRBE D OPHE VIR S [ (1)
type-A iR AH & type-B JNHIAIEAH ; (2) type-A T Hifk#&AH & type-B - HifA#& A
H ; (3) type-A UITH/\HEAAE A H & type-A YITHNL FIAF& A H ;5 (4) type-A YITH/\HIAFEAH &
type-B YITENZ S5 R#& A H ;5 (5) type-A YITEN A& A H & type-B YITH/\HiAF&AH ; (6) type-A
PIE= A+ HAE A & type-B YITE+ ZHAIEAH ;5 (7) type-A YITH+ " HAKAH & type-B 1]
JH-HEEAH.

3.4 ZEWREBEZEFEHE

100 22 2R b OAHCESHROEHIE. BEEELZFED DR -oTWVW5S. Z DR
2 518 AH DR E LT, %2 [9) 3ZHEEAEZLOWERIC X DML, 3 #H
BEHAEAHEERE L. oMk, [16, 23] KX 2 ZHADZEHRBEOREMICHE O DT
H5. KEITIEZOBREARNS.

E& 3.9 ([16,23,9]). P=(V,E) 2ZMHKr 77, N(P) zZDERIE, peNEt§ 5. &4
HLPPOpEWETHZ X, HDIAA f: L — N(P) TH->T, N(P)D P ~DEML +
Z7bhriZxflrof(L)=P kY, P2&Le DNM 2 CRL |(rof) o) =ptkdbD
DIETHI L2V,

p=p1+p2 (p1 >p2>0) 2REIL, BOKFME py &, thh% p ROMMANED, HIZH->T
ORD EIZ 2% type-A D p EFBE L VWD, 5 3 ED type-A ZHKIEAEIX, 2 BEHE A,
WHIET % (RFILEDF VD DEEERT).

iR 3.10. P 2 BTHADORED d DZHIKL T3, dMEEES, TED pr,p KRLTPDp
EWERAENIEET 2. dDEERS, PO p BEWHEKRAEHIEETI2DIE pr =p, DL ZIZR
5. £Ip=30Dr %, JEHBEKAEVPEET 2D dHPEHDOL ZITRS.



3.5 3EWEZEMIEAHE

p=3, (p1,p2) = (2,1) DEEEEZR S, LORHNC 2 ROH X1, Xo, 712 1 KD Y, ZEL
EBL, EicmBElo¥ohdEimzszrickh, 3EHE A, TEABRSENIERINS (K
10). YTm=2%¢7353.

— -8 kK
m \
N VN
T e

10 3 EHWE A, ZHEEABORE (9] X b).

% 3.11 ([9]). [EZHEKD S B 3 EHEEAH 2T OREN\HADATH S, FIELZHEDS B
3 EMERAE ZFFT OIF, AN, BUTYNER, 4 - T, B - R
DIYDTH 5.

EIE 3.12 ([9]). 3 EHEE Ay (E/\HKRAER L O #id 12, Zrd 2 thbs (K11). L
DXFMER A & ZROVIEAEE T & 72 5.

Bolr, RERERAEHRAE TR o MEE, E/\HAD 3 BEFRERAHEEZ S I EHMNT
X, ZORFRI T2 LT85,

11 3 FWHE Ay EABKGAE L 5) ¥, Z0MWMAE L1 ULy (), LyULs (F)
([9] & 1).

ZEBO R b DML, XU Xy 23T b —F REEAE T(2,6) &, 2 HEHE A AaHE L
THNZEHEAE L; U Ly ORIk B oh, BEERRKORAHE -3 5. AR
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Wick D, 3 EEEEITLESHEE, KA, 3 X0 4l Goldberg Sl 3] 1H L TRAR
ans.

EIE 3.13 (%R [9]). 3 BHE A ZHMEAHOR AL ZREIIKR 2 DEY TH 5. 7 F/\H
K, R \mEE, =+ - TR, BT - IR OW T, mORE DI T
2 FEHEOBAEDFEET 5. F72, 41fi Goldberg ZHIK tet-GP(h, k) (Q = h? + k?) 122V T
X, QMER O = 2/ THROLE 1 HEOKAEIEET 5.

%2 3EWE A, SHIKEAE DL (L) LB (L) [9).

ZHIR HEBIK v (D) w(L)

IEJ\HE A 3,3, 3,3] 72 12

RV WANTEIEEN (3,4,3,4] 12 144 20 7213 22
EEYSRYASWANLILEN (3,4,4,4] 24 288 38 7213 40

B e (117N [3,5,3,5] 30 360 44 F721% 52
KA+ - F R [3,4,5,4] 60 720 92 7213 94

n ARAE (n > 4) n,3,3,3] 2n  24n 3n+3
tet-GP(h, k) (Q : %0 - 6Q T72Q 9Q+2F7=F9Q +4
tet-GP(h, k) (Q : &%) - 6Q T72Q 92Q + 3

MeoLeo ¥ ¥ 7 F [6] iIC&FN 2+ HFEAHDLREIZ 60 THD. £ 2 DHAHIK,
NeRESBADIRFBEZ L OHCEAKD bRy —ORifE2 52 5.

LIS

FH, HHOMRZHE £ L HEE A0 IARReE, wathied, KEfedcElLs L b
JET. HREMEICHED o THZ X LA E DT 4 IEHEL £9. 2O JST CREST
JPMJCR25Q3 D&% 13726 DTY. HILRFORHEM S A & BROKLFREZDHESE
ASARKZRBE L THE L L, #ATHELHL BT,

BE X
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Large-scale geometry of electric Teichmiiller spaces
and k-multicurve graphs

WH AN RERFRABREER AR

1 EA

Teichmiiller Z2[ 7 (X) &%, futHiE X FoBEZEMEY, 74 Y FE—TR—HL T
Bond2EMTHS. D44 7 —FH-PEOGE, —BEEBICKD, #EMEDRD
DTS Z FIWCTER S 5 2L HTES. Teichmiiller ZZHICTIE, —DOHEFEMEZ
S EEABIROBMEZHWTERE SN S Teichmiiller FERENR A 2. ZDIFHITDH
BREEWEEREDI N O HI SN T W B D, ARFETIE Teichmiiller FEBfICHE S Z YT, 20
TE 8 5 BREERAFEITONVWTE R 5.

fim X2 (1 JARHE) P—FR05E, T(E) BRI EEFH e F—HE A,
Teichmiiller Bl F TiADAUX, WHIEH L FERICKR . Lo T, ZOHE DR
B ECEBEIATWS e wo Tl —75, —fkodhmicet LTid, ZAUT e EikE
WFFELRV. ZRTH, WHFEHEHICR SN2 HE D Y DR ¥ T Teichmiuller 2212
Ko TWaEHSDIXERTHS. £ HblF, Teichmiller ZZRI DX FXEHREEKTD
OXHEME” X, HL ORI NTES. T2 TlE, ZOMEDO—HEHBNT 5.

Royden [Roy71] i, Teichmiiller ZZfE D H AL ERWEIE D 5 E % 2 /DREEREDY Te-
ichmiiller fiff Y =32 Z 2 Z/RL 7. L7223oC, Teichmiiller 221 #E R @MY 72
BRT/IMONHITH 2. Lo L, BEEERMZZR R ER T O IR E MR MR DWW T
X, K2R 5. Masur [Mas75] 1, Teichmiiller 2523 Busemann ¢4 % {7z X 37,
L7zh3 5T CAT(0) ZEETIERWZ 2R Lz 1. 72, Teichmiiller ZZf& Gromov @
ERTH MW TRNZ SN TV S [MWIS).

Z D Gromov WHITED M % A AN T 28558 & LT, Minsky OFEEIEEH
(product region theorem) 2% % [Min96]. HANMZZERBEHMEAMBRIOBE o = {1, ..., a}
ZEEL, a DFRAORIDTHICE Y =< VH» HR28HE, o T3
thin part & FES. FEFEBUERIX, Z @ thin part 2%, BHEEDOEKT, X H{EXITD
Teichmiiller ZEfER W FEH OWL O DEME L Titbd b Z e 2 FikT 5. ZD X
5 1 IEE R EREEIBIC X D, Teichmiiller Z2R12% Gromov WA TR o T\ 3.

—7%7, Masur-Minsky [MM99] i&, BHAMEAMIR v 120 L, v ORI BT RS

* T153-8914 HAETERH RIX B 3-8-1
e-mail: kento@ms.u-tokyo.ac.jp
AWFFIIRIAE GRERE:25KJ0069) OB E=Z 725D TH 5.
JBEMAR GZHTI¥ER), AFREK GREKR)  oHFEFEZ &,
*1—%5, Weil-Petersson #lEICE L Tl&, Teichmiiller ZEfDsefi{bns CAT(0) Z2fi ¥ 72 % [Yam04].



thin part Z ZHh2h B3 2212 & D, Gromov WY EEEEZERIAE SN 5 Z & ER
L7, 22T, #m2EM%z 9837 21X, [EMEICIX electrification & PRI 2 #17E% i 5
ZrThHbH (§22%BH).

COHRZEHHSDULFHLIERATALS. HMPAMIRDLE o IHIOMIRZIMZ 2 &,
ZOITRTORATZEL THEVSRMHILDHRLIRS 720, WEF 5 thin part [3HE
{7%. L7=ho>T, Masur-Minsky 25 - 7z, 1 RO HEMEAFRIC(IHE S % thin part
X, OO thin part ODFTHAR S DL ARE L. ZI T, HWICRLHEMEAMIRED
AEEHEP L, X D/NX7% thin part DA% electrify L7235EI1CSH, 1554002 HHEEZ2MIE
Gromov WHHITH 20, EWVWSRIWHAHRIZAEL S, X612, H2EBETHNHERKD
N272061F, Z0HEHLZMHEOAEINLDOTHA S5 h. AFETE, THdDNIC
ML THLhAERE, [KKS26, Sak26] IS WTHE T 5.

2 FRREZERE

2.1 %R, Gromov W%
X,V REHZEME L, K>1,0>0835. BI§ [ X =Y 5 (K, L)-BEERHA
# (quasi-isometric embedding) T» % 1%, FE®D 11,25 € X IR LT

Kﬁldx<x1,$2) — L S dy(f(ml),f(ﬂ?g)) S de<£li'1,$2> + L

iz 2205, C>02 LT, B f: X - Y 2 C-H##@%E (C-quasi-dense) T
Hdr, f(X)DCHEFENY =BT 2L 22V, BWHELRRERIDALZRE
RER (quasi-isometry) &\, FEEEZEHE X Y OMICHERBGDFEET 5 & &,
ZNHIIBER (quasi-isometric) TH2 V5. Fi, I ZXBEE LT, v: [ - X B
K-#R38 (K-quasi-geodesic) TH 2 1%, v (K, K)HEFERHEDAATH S L %
W9,

FREEZZR X 20 LT, RERMOABD AR -2 Y v FZEBORRKXILZ X D
quasi-flat rank &\ 5. FEEEZER X D§§L quasi-flat rank 2 & 13,

max{n € Zso | VR > 0,3 ftEFERMDIAA By — X} (1)
DI THb. TIT, BLEIR" O R DKEERT.

EE 2.1.0>0 &35, HBEEREZER X 2 5-IEHEY (0-hyperbolic) TH 2 1%, X
NOEEOHM=ATBICE T, ZOEED 1385, HD D 2 A0EHD A E %
NHZZETH5. 5506 >0DFELT, X 28-NHHANICKZ 2 =, X X (Gromov)
MBI TH 2 LS.

HIHBEREEZEH X D Gromov WHITEIZFEFREBRICE D RIENLMHTH 5.

2R FREETIRRL, RO DTH B.
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2.2 Electrification, #83WeRME

X ZRMAIBEREZER e U, H = {Hotoea & X OBEDEEGOBE T2, XD XS IC
LTI 6N 2 HEREZER %2 X O H 12in o 7z electrification (3 X O coning off) & W\
W, XM e [Far98] (K1) BRAF a e AT LT, SEEDTES v, ZFEL, H,
DETLL v, ZEE 1/2 DU THL. BoNEMICEAREHLHAS ZL12T 5. O
¥, ZOBREZFEES H, WEETIELTWS ZLIIRS.

/\
7, \\ \/
il

B

1 Electrification, HHIFRSFEED LS ICTRZ 5.

XIZ Farb [Far98] & & DA X 7R WHEOEFR 23 5. HIAYEEREZZM X
EZOHEAEEDOBEH = {H,} O (X, H) 526N T0wdeT5. XAwC X I
MLUT, Hy KIBT 289 % v, NEZDICEEWZ THRONS A% 0w C XM L.
N2 w C X HHEN K-#3H8 (relative k-quasi-geodesic) TH 3 21, w » X 12
B2 K-FMIRICRE e 220w S. F72, w (LW P H, ZEBT2L X, w
(B LI w) 1 Hy ICADIAL (penetrate) W 5. X512, »$R w A backtracking
LABEWEIE, whADAL H TR LT, wh—E H, ZEN0Fr H, IRV
LEITVD,

EE 2.2, HIHLAYEEREZEM X & 2 OB E DG H = {H,} OM (X, H) 3 bounded
region penetration property 32021, EE®D K > 01X LT, ROEMHEHET -
TER ¢ = c(K) > 0 DFFET % & WD backtracking U7 WX K-JIHIER v, v 23
HY, IhoDpRFELORM KRR LRSI U T TH2E 35, ZOLE,

(1) u?S Hy ICADIALD, wBADAERNE Xyl H, OFZE A ¢ L2BEILARWV.
(2) u et wDBEDBIT HyITADRADE X v wdD Hy CA>TEBADOROEM Y H,
LB RBEDR OB ZNENEL c TH 5.

EE 2.3. HIHLPEEEZEE X 2P EE DR H = {H,} DWW T (58) X WAy
((strongly) relatively hyperbolic) TH 3 ki, XD 2 D%jfi/lzF & ZiZW> .

(1) X" Wi TdH 3.
(2) (X,H) %3 bounded region penetration property % i’z 3.

7B, (1) oAz 3HE, S9N (weakly relatively hyperbolic) T®H % &



W, e, BUCHIMIERBEZR X 2SN TH B X, HD X O ES DR
HBEFEELT, X D HIZOWTHENEANICR 2 & Zi2n .

REEC AT <, AN ERERERTRIEN G EETH 5.
3 ZEHKRI ST

DIk, dim Y Eofhige Wz, KERN (0% b, —ARERIC homotopic TH W)
HEAHhAR D isotopy BHEFEIT Z 2 12T 5.

E& 3.1. X O#EY 57 (curve graph) LIIXTERINL T 7D TH5S .

o THALED | Y Lot ok 2848 C(X)
-L:mﬁec()m#ﬂﬂ& a ¥ B ORMEIZE SR (o, B) 12DV T

2 ((g,b) =(0,4))
(o, ) =91 ((9:0) = (1,1))
0 (Zofth)
BRDIIOL &, ITRIEN S

C(T) 13, BUDEX%® 15232 L CHEAEES. 27, MBENE S5 7100
W, 2 TID7 7 7HliE AN s 2 & THEZERE A% T 21CT 5.

Y LOZEMIR (multicurve) 21X, BEWIKDOOLRVWE IR Y LoliE» 542 25H
[REGDZETHE. LIZ, ZOREN L THs L X k-ZEMIR (k-multicurve) &
W, 3g-3+b>00t %, HHDAA 7 —FEEEZLZLT0<k<39g—3+bT
HBHZeBbhrb. k=3g—-3+bDt %, -ZEHMBPIIMEORR Y DREE5 2 57
», N>V # (pants decomposition) &I 5.

& 3.2.1<k<39-3+b¥t5%. X LD Lk-ZEMESF7 (k-multicurve graph)
CIIRTERZINZ 777D THS (K 2).

o HAEAR Y Lo L-ZEIREAD LR 2EE CH(Y)
oﬂ.a:&m”wmkﬁz{&w”ﬂﬁecm@)@#6)@%@%#%%%?8
EWTRENS (v =anpeCr (D) »D dewy)(a\v,B\v) =

EHRDD, k=1 OrE 1LZEMBEL S 73MES T 7 CF) i i, i,
k=3g—3+bDt EXNET % k-ZEMIES Z 71%, Hatcher & Thurston 12 & DEA X
NNV 57 (pants graph) IZ—8F 5. T, LELEPE) trrhs.

SEEMC, 2
X DIERECE
TH5.

STOB S BRI IRED 5 R E AT 5.
Z1X 3 &fq: ﬂ&&i, DI VA @E@E%ﬁﬁﬁ%%%*ﬂbf 2074, 21,1 %h%ﬂk%bb\ r %,
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NEE
<

<%;>
4 Twsit-free 757

2 3-ZEMRS I 7D—E

(ZE) iREERE T2 X587 773 R L2 0iAicbasr v HIshTw5.
DESIExXE) <0 THE I 2RET 5.

E&E4.1. G0 % (ZH) WH2ERALT2X5R75 77 5. #EERAEE 7
M S CYAG) D witness TH S &iE, G(X) DELTOEHSRD S EABEMNIKDS &
ZIZWH. G(X) O witness BENP LR L2EEE S(G(X)) £hK.

Vokes & (ZH) iffZ2HRE T2 X547 77 G(X) AL T, twsist-free £S5
G2 R0E L7 [Vok22].

& 4.2. ZH) WRZERET2X54777 G(X) 2 twist-free TH % 1, XD
AT L EICNVS

1. 7797 G(3) 3EETH 5.

2. B G(X) OTHMICEFERIIEAT 3.

3. 20D o, f € G(X) BWIATHIEIN S £ &, 2o DRI R i(a, B) 13—
RICEFRTH 5.

4. 7 =27 AZ G(X) D witness IZ7R 57RO,

FIE 4.3 ([Vok22]). (ZH) HfRZTHRE T2 X 2K 777 G(X2) B twsit-free TH 25
5. ZOEE, G(X) X witness DHIFRSZ 7 N D subsurface projection {Z-DWTHEEHY
WHhZ2MTH 5.

R O 22 ] & 13 Behrstock-Hagen-Sisto [BHS17, BHS19] 12 &k > TEA X h /- E
B D27 2 2 THD, WHHZEMO—KILTH 2. HOOHGITED, twist-free 2275
7 G(X) ORRERMPMEEICBET 284 R eFRe LTha s, Twist-free 875 7



G(X) LT,
v(G(X)) =max{n € Zso | S1,...,5, € S(G(X)) FEWNVIZER }
EEDD.

% 4.4 ([Vok22]). Twist-free 72277 7 G(X) DFW quasi-flat rank 1X v(G(X)) TH 5.

% 4.5 ([Vok22]). Twist-free 722" Z 7 G(X) »% Gromov DER TN TH 5 Z & Db
B o&MFEv(G(X) =1Tdhs.

F 7z, [RV22] TIEAEM X ER MR thick HEICDWT H witness 22 H5HETE 3 Z 2 AUR
ENTW3. Dbtz ehs, GX) ORRERMIMEEIX, witness ZEEKT 5 Z &I
RETE 5.

TR D -ZEMBR Y S 7 CH(E) & twist-free THB. — 5T, WME 257
PlE(E) & — M twist-free TRV L ICHET 2. k-ZHEIMRZ 7 7 CH(X) @ witness
BEHEOBR TREBICIETE 5.

A 4.6 ([KKS26]). R ARERE I S C ¥ 25 CH(X) @ witness TH 3 72D Ddb
B A E(S) > 39— 24 b— k BT LTHA.

L7ehioT, v(CH(R)) 2R3 Z v id, BHEED ¢ UL EOTD TS EVICRITRKA
BOMNIDZRET S EMTHS. TNEFETLT, FRLIEIREFS.

EI 4.7 ([KKS26]). £(3,5) =39 —3+beBE, 1<k<&eds. L-ZEMHSS
7 CH(S, ) BXOEME-(E(S,0) — k) 77T 7 PEE)H(T ) @ quasi-flat rank i

: _X(Eg7 ) 5(29, )+1
g, b k) = {0 { L(&(Eg,b)—(bk—n)J ) L(zg,wi(k—z)J } (b,k) # (0,1)
1 (b, k) = (0,1)

TH5. 22T, alz) = [Qr +1)/3] THB. 512, 777 CH(D,) &
PEE)H(B ) 12oWT, 20 S ARIHENC 72 5 7o D DRBE T ZME m(g, b k) = 1
TH5.

$7=, [RV22] OFER% CM(D) Il LTEES 3 = LT, HARUhE R E b o
JBZENTES.

IR 4.8 ([KKS26)). k-Z&Eh#r2 5 7 CHF(X, ) AR 2 D1, UROWS
NHhrDGETH 5.

g DMEEDD b 532 A EDIEELT k= (39 +1)/2,
g DMEED D b=0Tk € {39/2,(3g+2)/2},

g BEED D b€ {0,2} Tk =(3g+3)/2,

g WEED b D 3L EDEFET k= (3g+b)/2.
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5 Electric Teichmiiller ZEf3

COFITX, MR g OPAfES 5 n SZID RN TR o 2l By, ZHDHKS. #
HZBDT, HEHiETOREREHALCESBMALLETEEZATELILZARY. 5, D
Teichmiiller ZEf (Teichmiiller space) 7, &

Tom = T(2) = { $HL4S & Riemann [ ~ X, ,} /isotopy

TEFRESNS. Teichmiiller 22/ 7, ,, 121F, Teichmiiller EE&# (Teichmiiller distance)
dr LW S FEEFAGROBHE THEAME DA 2 5 BARZHEREA A 2.

1<k<3¢g—-3+ntl, TO/NZVIEDODE ¢ ZIETLTEBL. L-ZEHR o =
{ay,...,ax} € CHI(Z,,) @ thin part ¥ 1%

Thina = {X S 7;“ ‘ %‘ o; € o &:}W-LT Eth(Oél') < 60}

W& D ERE NS Teichmiiller ZZR O EETHS. 2T, HHMPARM v 2L T
Extx(y) & X 1I2B3 % v OMEERR Y (extremal length) #&K3. 2% D, o llET
2 ZHHEROE X2 +H5512/N & W Riemann {2 572 350852 Thin, TH 3.

Z @ thin part 12 & D€ F % Teichmiiller ZEE DD EE DR Hy, = {Thing }yec(s)
127 o T Teichmiiller 2212 electrification % Jifi L 7z 2%f#] % k-electric Teichmiiller ZE

Me XU,

e, ZOEE, RBWEDILD.

EHE 5.1 ([MM99, Sak26]). k-electric Teichmiiller 22 T%, i k-2 Eithiir> 5 7 CH(%)
CRERTH 5.

BB E=10DHED MM TRENTWVWS. DFD, k-ZEMMT T 7% Te-
ichmiiller 22 @ thin part [ L OFEHEFREZ RVWEKTZYa—RFLTWwbs w5 2L
THd. LlhoT, HiffiTihR k-ZEHRS 7 7O RRERMN (Thbb, HE
RTAZE) 2MEX k-electric Teichmiiller ZERNICH| E /DN 2. BATHERE X 512,
Teichmiiller 22 @ thin part (&% O MNHHEDHEZ L T WS E77TH % 728 [Min96],
thin part % electrification I X D#HEYNCET Z e THHIEZ D B, HIBZFEO T I &
THHIEZRS L EZoN 5.

EH 5.1 OFEHIE, Masur-Minsky [MM99] OFELITH 223, #7722 DZhfR s 7 7
DEEHE e BITRZEBOBOAERTH 2. 77 (0Fh k=1 OHEIE, Th
¥ Hempel OFRER E Kidh, HROFM 2 AW LRNEELRERR CRT e TE
5. L»L, -ZEMKBOHE, HIROFMC X 25mEdE SR\, O EZRER
TEZRENHTL 3. HERNERE, Lackenby & Yazdi [LY26] ic & D>y 275 712
3% Hempel DAEFEXD 7 Fuy—nGohiz/zd, ZhEHAWT EL-ZEMRS T 712
Bl¥ % Hempel DAERD 7 F o —b152 e N TE.
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Z D & 5 7% Teichmiiller ZEfR BEBIEEH O KR ER AN ZHASDEETLIIHEL I
BohTtns .

e Durham 2 & D #K X 117z augmented ¥~ —F > 27275 7 AM(X) & Teichmiiller
ZEEEEEFERTH 5 [Durl6).

e Masur & Minsky IZ X WX iz~ —F> 7757 M(X) IZBEERED Cayley
757 L HERTH 5 [MMOO].

o XUV 57 P(X) & Weil-Petersson PRl % ff 2 7z Teichmiller ZEf TV (2) 1&
WERTH % [Bro03].

o GHHRICHBWT, HEME ¢ LUNOE IS 2 0RO A at y MK
% electrification % fifi U 7= BEEEZER T(X, &) 3EHMEE-¢ 775 7 PE(D) v BERE T
»H 35 [Mj09).

Ihozfedde, UFPDERDLSITKS .

HAEDEETIL BAGSHEEE Teichmiiller 2Z[&]
AM(D) T(%)
M(Z) Mod ()

col()=P(x) T(T,-1),[(3,0) TVP(E), T5(%)
CH(L), PH(E®)  T(Z,&% —k) THD)
C(x), Pl(z) I'(E, & -1 %)

K1 BTICBT 2 EMEMIZEVICHRERTH 5.
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RBE{LICIRN B FIWRERZF D K[G)-5748 - 5853 L HIHEE
R R (BEERBRRY)

AR TN 2 —HOWZEE, EHERK M A N2 22 ) BIUOFARK (BEEK
%) e OHFEFSE [15, 16, 17, 18] <3O <.

ARTIE, RBELHEICEN 61 %Z, A EBRORRMROBIAD HFHN 5 —H D
%2 (15, 16, 17, 18] W& 37 5. %7, i) RELREOEEE 2 HET 2 2 v 5 Bk
Db T, Mather [23] IZ X DERINBE K OEDHEE C[G) ZHWT, — 2 BIZ R
N B HIFIBEEEE 2T 2 (15]) . KIS0 EE S LI, — R RHRIBEBER IS
%, Fw b OHEARR IR —RBESMN (KKT &) MICBWTEICHILT 2 2 e 2 RAET
2 HI#IAEE (constraint qualification) DG EIET 5 ([16, 17]) . KA DS L,
RO ERFBOER L EROTIRICERNFPEE, LB ALKV, £z, &
I BE T 2 AER 18] ISV T, B filh 2128 5.

1. (FLBHIC

F TS ENRECRE &, FIREBMECE T2 (F) FXTEF 28 (51T
) ofT, HHROHNBEBOMEERIMET 5, XD EEICIE Pareto BB & I % R %
KD BMETH 5. (Pareto FROERIIRIART 5.) ZAUIEtE, 5t EHRY, Him b
DM TIL L BN 2 AR ZEETH % [2]. FHARGHERE 5, 6] e HEERE (3, 24] 722
PR & 7B U CER N R HEGmD H % 28, — DB E T Pareto f# % 3K 2 (RAEH D %
R s TniRWv., 2070, —ROMBEICT 2 RiE (Bayes feiift [26], #E(LEHE
8] 2 ¥) &, RYFI—UME, $hbb, 713V) XLOWEER KT 37D DB
BREE LTHoH DR E N mB LI LT, AR TBENLMERETE 20
ko TRz T & 7. HlffT 22 HIRE(LTIE, C-DTLZ [21] LRI Ry F~—
IR HWHBRTWS. Zhud, EFFZHNRELD 72D DX F~<—2 DTLZ [7] 12
ANTHZHERZRMLIZDDTHS. LrL, TOXI ALK SN Fv—2
WD, FEISHTECIMEOHEEZ Y ZE TRML TWZDNIZOWTIE, REH bR
NTW3 (22X [19%228). 2oz, CDTLZO XS Ry Fv—2 ETHELHA
7= MERELLES DS, EBBOIGHICBT 3 7132 ) X QMR R EREE Y ORE E CEETE 3
JETRMLTW20D2, EWHRBEIZH DR E. KRV Fv—2 2L, FLBHFD
NV F~— 7 ZBYNFHES 2 7-9121%, F3EICHTHEIRNCAE U 2 MEOME 2 BE S
ZRBEDD 5.

AWFZETIE, FEISHICHBRNICHN 2 RlELREOME 2 R T 2 70 DHE—2F LT,
FATAIREREIR Z FE T 2B ICE H 3 5. EREOHIE, BlleE T boBEct
U 2iRAEDHE LR S 213, RDOMREHREHREH 0BG THH S 2B $ 258780
AT 270, BENICX o TEMMLBRVWKERHEICTEET 2 e NEETHS. 2618, E
FIRICHN 2 HIFNCII 2R b DD 5720, 4 OHIFIBIBCEERN N5 2 Z L I3BIE
TRV, 2 2 TAMETE, ARMEDBIZERZ & OfilfyBI DD THAIRNICH N 3,
D% D =7 HHBERORFEEZHNS. RFEOFELERNZ, A EHRORE
Rz BALT, ZOX5RAMBEZHET 2L TH 5.

125



126

Fxi3ET, 4L TOPER T b O—RINRHRIBEBR OB HN S 2HIHBEEEE E, G
Ittt K[G)-FMEDZZFRWTHE Lz CEF 4.1, [15]) . Z ZTifbr X, BTHRVWARSE
Bl zbRE, ERIRESHTIDIED 2E87 ZRREANHIR T 2 2 eick b, FEITAREEEEF O
WO FAEER E 2 EZ TR BHINZIR O RSIBETH 2 GEL I 3SHITHHAT 2) .
T2 2O THW 3 K[G]-FfEX, Mather [23] 12 & hE A Xh7-HEilFRERE K OO EED
LEFE A EMERRTH 5. —MARE Lie #f G 123 2 Z 0RO ERDEE K[G] 1% Tougeron [27]
WEDEAIN, ZOREARHEEIX Gervais [9, 10, 11] 12 X D IFFEE 4, Izumiya, Takahashi,
Teramoto [20] IZ & D X LI I N T WS, AFTIE, TESHIF & ESHHOKEH 2 *R
DEICEZER. DL E KG I X2 EAIZETAIREHE O M RMEEZ D, tw
S5CZrdHh, RECOHIKIZIET ZFAMEMEFRE LTERTHL VR 5.

K|G]-FfECAIFEL T, HIFIBEECE D K[G-RRIT L W5 BUER IR FEEE2E 2 5 2 L 3T
X%, UL, ZoFEI—MROFINBEOHFHTE ORERHLR LD, RHLZETHS. EE
RS FEEHIEX, (stratum) K[Gle-BRITTD/NSWEMRIEFEE DL, K[G]-RRILDK E
WEGIE R MW ERIC X D) 5 2 2 T/RENS. C-DTLZ 121 K[G)-RRITTH 00 & 72
BHIFIBEEEEL BN 2 [15], 2D Z 2, C-DTLZ IZ&EN2HED—ED, —ROER
B BURICHIN S 2 RFTEED & K E NI EGINEEL 2 L 2R L TV 5.

FROSEEREZ T, AKDD S5 —ODEETHL2EMBELHT 5. REHLTIE,
(P a3 e SN2 —ROBESRMEE LT, Lagrange #BEBDIFETRI N D
Karush—-Kuhn-Tucker (KKT) £&2LIXLIZHVWSLNS. HlD R WEETIHEED
JRIFR RS KKT &b % 72323, §lfod 2BETIEZE S 2 IER o, ZoREERV,
MEE O HRIBEEIIH U KKT PRI BWTRAL T 5 e LT %, HDAAD+
DEMIHIEETH . HEIZIZ, LICQ, MFCQ, ACQ, GCQ ¥\ Ul
ERNLS VSR, Zabid

LICQ = MFCQ = ACQ = GCQ

EWVWOREERIRT, DE D 2, LICQ AL TIUXMFCQ HILT 5, REDHISN
TW3. HAZOERIIVINS —MRIIFOIE S, e nd BERFNIEITHE TN LD
hEZHNTET [25] A3, —MEOHFNTH L TPUDDFHIFAREDL & DRERL D152 DD,
ZDOEMBIIHL TR o 7. AR T, RO ZE LT, —RIRHFRNITHL Z
NS OHIFIAEE ORA 2 MANCIRE L, ZOMWIZEZR 3.
ZIZTZENDELEIINT2EREEZE525. &DFT L GCQIZTHoVWTIE, BEEM (HHEE
BHi—o) off, THUMEEDHIBEBORATIE VT KKT SREDELT 2 720 D4
B4 THZ e ATV S [12]. —F, ZEMNDOEEICIEXGCQ TIE TR <,
e — AL U 7R AEE 235504 Haeser-Ramos [14] IZX D BA XNz, AFTIIZ %288
p-Guignard FI$IE (p-WGCQ) MR, Z ZTplXHWBEKOEKTHLD, p=1D¢L
X p-WGCQ X GCQIT—ET % (ERIIFESH) . GCQOPHHEMDGHITHETIHRMET
HoTl-D e FRRIZ, p-WGCQ X, EED p HHRED FFTES Pareto fi#hs KKT S&tF %7z 5
FEDORENEMETH S, pWGEOQ IIFHIE (p-WGCOQ AT T (p — 1)-WGCQ

IZ2HK (p>2) DBE, GCQAMILLTD, RATE Pareto fRIZHEWT KKT &FARAI T % 23R 5 72
W O(EARHNE [14]) . ZhD p-WGCQ ZEAT2EETH 2. 728 [16] (arXiv:2510.02381v1) ik, GCQ D
ZORBEFIEENZHPIDOGEICHRILT 2 Lt SN TW5, ZHIRD TH .



HALTB) BB B0, p-WGCCQ DAL T % p OHIFHDIEEIIHINIBEBEF Z L ITEE 5
= —o DA

pe = min{p > 1| p-WGCQ DL LW } € {1,2,3,...} U {oo}

WEHNEH, pWGCQIEHBE I8 p<p, DE ZITHILT 5.

AWFFETIX, —MAYRFIFIBEREF TN L, MO0 HHAHIRIEE DS & BE p. ZITRE
THIELRHNE TS, £330, AETE R SHIWEEDKRAIZ K[G) DIFH B X O
FETAZETH 2 (EHS5.2) . KXo ThRRDDFERMR LD, 4ETOBZER % Ko —kH)
R HFIBAEL DI AL 5 2 HIFIBIRCEE I U THIFARE DG Z TN 5121%, 7ERNDOE
BHFICZNZITRAE T TH 5. WOOHMGIRAEED 55, LICQ & MFCQ IZHll# D
—ROEWRDPOEZITHETZ 2 (EF5.3) . 2 ACQ & GCQ IZRE p. 22 HFHAHN
3 1 p. = oo B ACQ DIRILIZ, pe = 148 GOQ OFBALICHIET 2 (Al 54) . Lo
Tpe ZIRETIUXACQ B XU GCQ OMADFRFIZH2 D, MDD HBAYHIFIAEE OPE
([16]) & pWGCQ OPE ([17) Hfr—HIcRoh s CEF5.5) .

BondHRO—DODEREL LT, IGCQ IEiifi7z 25 K D iRWHIFIAREIZ T X THfi7z 272
W RN EBIAN S Z e ba 5. ZiU, ETHlRARLFFAEER D TRz ) 23,
BIAEI IR BRR TIE R K — RGNS BINCHN S Z & ZEK L, RFKOPHAD Z D
FOMWIZERNTH S Z e ZRLTWS. 5T, HHIENZRFORHEEE (52100
7ol 8 OREEIC Y 72 2 D 2 5t B A RERAZ B THIE T 2 ME) £ ZOISHIZOWTS,
ETH OIS [18] & LT 6 ficfijfucfitins.

2. iE{bERE L Pareto fi#

KREITIE, AT ZHNRELRE Y, Pareto fif « 59 Pareto fi#, B XX KKT 5%
BATS. NZ2aWnZtkihe U, AIWRE% f = (f1,....fp) : N>R, g=(g1,...,9¢) :
N —RY, h=(hy,....,h,): N =R BEZ5. fi,....f, *BWNEK, ¢,...,9, ZFES
FIHIBBER, hi,... h, 2EFSHEFERE LR, XFEZELT, NOXTn=dimN I3 q,r
ICHEARTHRARZWL (n>> q,7) CIRET S. (ZDOIREIZZHIRBE B W TIZEER T
HHLVWZE5DTH3.) ULEDOFEDD &, RITAIREMEIE M (g,h) C N ZLLFD X512
ERT 5.

M(g,h)={z e N | gi(z),...,94(x) <0, hi(z) =--- = hy(z) = 0}.

ZEHNRECEB L X, Pareto g, T72D5b fi(y) < filx) (Vi) 22D fiy(y) < fio(x) (Fio)
Y7% oy € Mg h) BEELRWES Rz € M(g,h) 2 RDBMBETH 5. hrkdLigd
7MW LT, 8§ Pareto @2 RD X SIWCERT 2 fi(y) < fi(z) (Vi) &72% y € M(g,h)
DMFELR WX 57 x € M(g,h) 255 Pareto R\ 5. EFR KD Pareto fEld55 Pareto i T
H5. HHOBEE f ZET RN D x O H 23565 U WZHIR LT LORMIRILT 5 L =
(Thbbd M(g,h)NU NZLD y BREELRVWE X) |, o % ZNLIEFR Pareto f2, fRBFR
55 Pareto i\ 5. HWEED —2 (p=1) Ot ZiZ, Zasidwihdb@EEo (E)
RMRIC—T 5.

Pareto i % BRI DO 2 DIE—RICHEEZL 720, RO —RBERAEL UIXLITHWS
ns.
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KKT &% (z € M(g,h) IZ2WT) : UTZ72T o >0, A\j >0, u € RBFFIET 5.

o (av,...,0p) #(0,...,0).
p q r
. Z a; grad fi(x) + Z Aj grad gj(z) + Z pi grad hy(xz) = 0.
i=1 j=1 k=1
o [TED jITHL \jgj(z) =0 (FEFHIESRME) .
KKT &t %7z 3 8% KKT 2 (/25 KKT &) 2w, X512, $XTOHMBEK
DFME LTE (; >0 Dbz E BKKTHREWS., HEM (p=1) DI
&, MHFF—HL, BFED KKT FHFIRFET 2. flfrRnGEicid KKT &40 RS
Pareto flETH 5 Z ¥ DRVESMF 72503, —RITIZZE S LIFR L. (RO BRSO
JAFTE9 Pareto fRICBWT KKT SEDAL T 2 Z & 2 RAET %, #lKIBEEEEA D+ 2503
FFAETH 205, ZHICODOVWTIEAEERBRRZZOESHTE L DHTRS.

3. K[G]-FfE it

AREITE, THEORLBICBEL 725 K[G)-FfE L fRE2EANT 2. Wi, HilfBEEL
Ho FTAREEBOMER2 R 7 £ BEEALR T 20 DEETH 2.

3.A. K[G]-[Ef&

GL(q,R) DEIRE Ggp &2, BINZTTE—DDIEFM D 2L, TDRAINIETH 2 & 574
EHIATA] (7 DS IEDXHATH| & BHATADfE) 2k § 5. GL(g+r,R) DFDEEG %

Uy v
G- 1 Y2

55, ZODHIIBEEEE (g, h), (¢, 1) - (R™,0) — (R, 0) IR L,

\1111 S Ggp, \1112 S Mqﬂ«(R), ‘1122 S GL(T, R)}

(' (), 1 (x)) = (P11 (2) g(@7 (@) + Vra(a) (@7 (2)), Yaa(z) H(D™H(x))) (1)

E R B EMEEBAREF @ AP BALF U : (R",0) - GBFET DL X, (9,h) & (¢, 1)
X K[G-FIETH 2 2\ 5. G, PREEHIIE EQRMTEL - 27—V T 50ATHS
Zenb, (1) Zizd &,V BnHIUX S(M(g,h)) = M(¢', 1) 725, Tixbb K[G)-[FME
FFATAIRETEBEE O A Z D, £72, # K[G] X Damon [4] DR TR ZH2E
TEETH 5.
3.B. @t

HIRIBEEEF (g,h) © (N,z) — (RY x R",(2,0)) XL, FESHIFIZF g; 22 TEO %
LB E TRhDbB 2z = gi(xr) = 0% AT ZER (active) THZ LW, £5TH
W (x TOMED 0 TRV) bOZEMTHEVE VWS, B TROVWAESHIFFIXFEITA6E
HEHEEICHE LR VWO D RWT LKL, £RLD AL R 2EEHTZFIX, ZODED
2 R AR A DHIBRICE ZHZ TH O D BRWT S, FEITARETHEG O M 70 R
ZL7RV. ZOREZEHILLIER. ERICERDO X IICERT S ([15) . HIFREEEE
(g,h): (N,z) = (R? x R",(2,0)) (2; <0) XL,

o HEWCTHRNFEEHIIOESE (k) = (ks kos) C L. a} Gr, = gu(2) < 0)



o BB I I S EEIDIRT (3) = (i1 vivt) C{Lyerrsr} Ry dhi oa
BSOS

o HRITZRRIA (hi17 cos ,hir_z)fl((]) ANDIFZDIAABIF L) * (Rnfwrg, 0) — (N, x)

BER OV E (B), ()T (g,h) OBKILE, FE(K), () ORDEROT i, &
B LR

(9 D)) = (950 (1)) gy (hm © L) Img ()
TEDS. ZOEETEITAREHEEENT WP EHEZRVWT) Rizb. Ko I RXTOR
FHHGHIHDT (5, 1(0) = 0) , HOWo ESHGOMNHE (dhy,0=0) L753
YIAZTHHLEDDEREBAILL VWS, ARKDOSFEL, ZOZEENELDL LT
fibihs.

4. —IREVSHIKIREREF DR

ARETTIEDEER [15]) 21X 5. B 1HITENZ@ED, EHIRE DS REHTREN
52— EETH 2. MMMEEHOZMZ W2 &, ROFKT, —RIZHFBECE N
L HIRIBIREF 2 0T 5 e A TE S,

TEIE 4.1 ([15, Theorem 5.2]). HHRDLRWEZEIKA N LBHES U C R® (b < 4) XL, i
FIBAEL (g,h) € C®(N x U,RI™") TRZ{fi/=3 b DDEKRIE, C°(N x U,RIT") OHT
BREES FRCHZERBIESR) 22T  EBEDOu e U kT € M(gu, hy) XL, BHIF
(Gus hu) : (N, T) — RITT OSELHHULOWMT OREEIIFE 21 TH Y, 2DOZHUITLDIA
AF, FFEL 2, 3DVTULDERFL K|G-FMETH 2. 22T gu(z) = g(z,u),
hy(z) = h(z,u) TH 5.

SR, FEHNOA (=0,r=1, 1), TEFESHHOA (r=0, £2), WEZHFD
BE (¢>0,r=1, £3) Z»N3. (ZITD q,r ZZEELEBED F) FESHIKIOME
HTHD, dLd(g,h) DEROXILD ¢,r LIZRRZZLIEET3.)

5. RIHIARE & £ DHIE

AREICLE, —RHERIBEEERICOWT, MO HEIFEIREDRKE ([16) £ ZHMOD
725D p-WGCQ DRfE p. ([17]) ZRET 3. TTHINMEEDERE S X, Zh oD K[G]-
FfE L L TAETH S 2 (ZDODNHEROBFERZF ZHARINI I THL L)
RN B,

5.A. HIMIEEDER L FAEM

TEM(@gh DELDDDODNODFv—be—2r b, #HINEKIEFE (R?,0) LOEGIFg -
(R™,0) = (R%,2) (z;<0), h:(R"0)— (R",0) £ART. I={j|z =0} @ZBVWT
HNBAEFESHIOBTRE) &L, g1 = (g95)jer £BL. HRERE & 1%, MER O HIYBIE
FFiextL, 2R (39) Pareto @7 51X KKT SIS 5 e 2T %, (g,h)
NDTIEETH 5.

o d(gr,h)o BEFDE X, (9,h) IFLICQ %7z &5,
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i) BAGEF h(x)
(1,k) | 2k + Z?:z ejr; (2<k<5)
(2)

3 2 2 n 2
T3] + €125 + 25 + ) iy €T

%1 BEHIOS (g=0,r = 1) OBECENZLMLOMIER. o c (1,-1).

7l (41, Tn) l
(Lk) | eqzh + Z?:qﬂ er; (2<k<5) o1
(2) | @)+ eqr1Ta@ipn + 2740 €75
(3,k) | eq—1zh | + dig €ty (2<k<4)
(4,k) eqas’lqc + 124+ Z?:q_H ejz? (k=3,4) q—2
(5) | eqrzg_y +ag+ 30 6T
(6) 51373_2 + 52333_1 +axq_oTq_1 + Z;L:q ejx?
(7) | eq—2(zg—2 + €q124-1)" + €-1274_1 + Z:L:q ij? _3
(8) | eq-am) o+ eq1zg_y + e 1Tg_22q-1 + 207 €] !
(9) | 23+ eorwgo12q + €028q—2%q + €12Tq_22q—1 + Z;’:qﬂ ejxi
(10) | 3251005 asj FD1cicyjcdbijTq—ttiTq—ttj + €0Tq—3Tq—2Tq—1 + D7, €z | ¢ —4

#£ 2. PEEFINOA (r=0) OBEOEER. K|G-FEEIZRTREINS

15 1
(zl,...,xq_l, ij - Z xj +§(xl+1,...,x")>
=1

j=li+1
L 0<1 <[1/2]. RiICIZ§DAERT. ¢;,0; € {1,-1}, a,a;; €R. (6), (10) DRTRX—&—
BROEME AT 1 (6) TE 4610, —a? £0, (10) TRETFBER YT, 0,22 + 30 oy jog ijaiz; I
HHES 2 3 x 3MFMTHNDFMTHNRAITRTOTRNI , TRhDB 466, —a; #0 (1 <i<j<3)
DD 3 x 3FFHIDITHIRS 0 TRV & ([15] DERME (x), () .

| B3 h(x) q
(LE) | af + >0 yea? (2<k<4)
2) | #3+ai+ Yl 7] 1

—
~

ay +axizy + >0 _gea; (3<k<4)

2 2 n 9
hxf + doxs + axiao + ijg €]

Ot

3 2 n 2
T3]+ €175 + T1T2 + D5 €]
2 3 n 2

(21 + €122)° + €225 + D55 €;7]

3 n 2
x5 + €1X2%3 + €223%1 + €3T122 + 23:4 €75

3 2 i n 2
Zj:l ;a5 +El§i<j§3al]xlxj + €171 723 + 23:4 €y | 3

# 3. FEHN e FEEFRET RO (¢ > 0,r = 1) HEOEER. K[G-FEEE (21, ..., 24, h(2))
TREXN, RKIFhDAETRT. €;,0; € {1,-1}, a,a;; €R. (4), 8) DT X—=K—IF, Zh
zh&K 2 08 (6), (10) LM UEHEE AT,

=)

EN|

~l~|l=||~|W|[~]|FF
o =
~ (| =~ || >
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e (Mangasarian-Fromovitz [22]) dho D3 EHT, EE®D j € TITH L d(gj)o(d) <0 &

7% d € Kerdhg DIFIET B L %, (g,h) & MFCQ ZifiZ=3 21 5.

ACQ & GCQIE, FEATATREFERO SR FIWTER S NS, R OUHES CF (g, h), LT(g,h)
ERTEDS.

Ct(g,h) = {d eR"

M(g,h) WO R {z} L IEFEEA {t;} ’C}
1‘1—)0, tlxl%dkfié%)®7b§ﬁ?£ 7
Lt (g,h) = {d € Kerdhy | fEE® j € T1ZxtL d(g;)o(d) < 0}.

C*(g,h) & M(g, h) D¥Esf (Bouligand #2if), LT (g, h) Z#RBUEE L WS, DR CT(g,h) C
Lt (g, h) DEILT 5. $ X CRYIIHL, 2Oz X°={v]| (d,v)<0(Vde X)} &
5.

o (Abadie [1]) CF(g,h) = L*(g,h) BBILT B L &, (g,h) 13 ACQ EHiT=T LS.

e (Guignard [13]) C*(g,h)° = L*(g,h)° DRILT 2L %, (g9,h) X GCQ ZHi/zT &
W,

ZHBHMHODENCIZEE 1 Bi TR EE, 2FD
LICQ = MFCQ = ACQ = GCQ

MBEAZL, GCQHARDIFV. HEAMW (p=1) DA, GCQIXETHR/NMAZEWTKKT 5
HEAMER O HIRBES N UKL T 2 72D DRE+ 5354 TH % (Gould-Tolle [12]) . &ED
WA ZAE—MRITROL LRV 2 e 23 BRI, BT RCBVTW D52 6T
7z [25]. RTHNZHEEFRR (B 55 & 2K BEE) 25, 2O LI RHNIHERD
HFICRHINCIRN S Z e b 5.

ZENDIHD p-WGCQ. ZHN (p>2) OFE, H1HTHEXRLED, GCQ T 1F
Fit55 Pareto fi#72 51X KKT /R ZfREET 272\, Haeser-Ramos [14] 1%, ZH2{REET A1l
WEZ, HA#HOUGHERE LTREOUZ. =0, Q= M(g,h) & T 5. FEHHIEETQ
DOIER p-ZEHGEME N(Q;p) &, RO X SIEFEK L7 ([14, Definition 3.1])

N(Q;p) = {V: (v1,...,0p) € R™*P

lim sup min <e<p (v, 2) <0p.
230, 7€ &4l

p=10Dr & ZAUIE A7 (Fréchet) EAFEEIC—Ed 5. THIHEHEEZFWTRD XS
WEZHRZ 5N S ([14, Theorem 3.1)) :

-MQMZ{V

: +
11&1;1}3(@5,(1) <0 VdeC"(g, h)} .
EHIINhBEE B

CMJOZ{dGR”'ggﬁwd>SOVVEﬁUQp%

EEZD.
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EFE 5.1 (Haeser-Ramos [14]). €& LT (g,h) C C(Qp) BRILT B L =, (g,h) 1355 p-
Guignard HIfIEE (p-WGCQ) %Zifi/z3 W5,

pWGCQ X, [z (pMEDHWEIEK f @) FiFT5 Pareto 72 51355 KKT s TH 51 HHE
Ho CH BB fIcoWTHLT 22 L[AETH 2 ([14, Theorem 4.1]) . p=1 Tl
C(41) = CH (g, h)° & D, AEFRFIIMHEL L 2 GCQIT—HT 3. 4B p-WGCQ
X GCQO—UtTHZ L EX 3. £, pWGCCQIIH 1 Hi TR BFAM 2T, OF
b, HIRIEEEEE (9, h) & p-WGCQ /281X, (p—1)-WGCQ difi7=F. Frc, HfE

Py = ps(g,h) =min{p > 1| (g,h) KN LT p-WGCCQHHIZLEWV} € {1,2,3,...} U{cc}
ZRDZZENERL L. FKKTIZXT 22D p-WGCQ &MifT LT, 7 KKT &5t
J&3 %38 p-Guignard HIHIAEE (p-SGCQ) dbAkkICERIN S GE5.CHITHKS) .

Z ZCHBH L 2 HiIAE IR W I d K[G)-[AfE L @b TRETH 5.

TEIE 5.2 ([16, Theorems 3.1, 3.2], [17]). HIFIBIEEF (¢, h) HYLICQ, MFCQ, ACQ, GCQ,
p-WGCQ, BXUp-SGCQDWITIh %z, (9,h) & K|G]-FMERHIFIBEEEE DS
F CHAAE 2723 Z L ZRAETH 5. 72 (¢,h) DIV TOEMET I L,
Z OFEFHLHF CHIAE 2T 2 L bAETH 5.
EM 5.2 LEM A1 XD, —BRERFRIEICEHN 2 FOHIMEE2RET 5121, 130D
BRI OWCH UMEZBIIE T2 TH 5.
5.B. HHENFHIBEDHKT L BIE p. DRE

Py D EFHIRTAEED 5 B, LICQ £ MFCQ X —RDERDATHETE 2. ¥ LICQ
WOWTIE, EFRELD, £1-3DFITVITND LICQ &z 72w (HIRIBEIEER D LICQ %
723 DX, ELELBIDIAAZFE L2 L ZIZBR2) . MFCQIZOWTIERDILT 5.

EE 5.3 ([16, Theorem 4.1)). £ 1, 3 DFiIFWINd MFCQ %z LWV, K2 DIFERN
MFCQ % iii7z 3 72D DB, (R 2 OFRAD) FHERICHN 2 87 X —&— [
BOTHRVWIETHS.

PUROarEA7RT@D, p-WGCQ (B3 5.1) BT 2 BfE p, ZTETHUL, ACQ, GCQ
DIREDRETE S,

el 5.4 ([17]). EEDHIRIBEEEF (9, h) ITXHL,
Py =00 <= ACQ 23RKAT, Py =1 <= GCQ DAL L 2.
HIFEICOWTIR X i, ACQABILLAZWZ 2 p, < nIFMETH 3.

il 5.4 KD, p, ZIETIUTACQ, GCQ DRABIRES. ZITp, ZDDDZE K
DFRTOHFIIH LTIHRET 200, RO TR RO —DOTH 5.

EIE 5.5 ([16, 17]). £ 1-3 DEFEERIIH L, p-WGCQ DRIE p, 135K 46 DIED TH 5.



ZOEMD BRI, GCQ TN, LDhBUVLEIHKIEE (ACQ, MFCQ, LICQ) EW
THEHBLIBRVHEIRIBEECEED, 2RO (0 ) —RNRFIRERD) PIcZBEET 5
Zriiib (R5Tl<p.<oo k3. Thbb, GCQ kthodsiHIFIAEE & O/’
D @b 1%, ANBR, fIARRERTERL, —BRIUKELZDDTHZ L WVWR 5.

RME p, DEARIEER. B p, DI FIC - XERONEE AL I LICXDIREEINS. 2
DA ZERNS. F3[16] DFER LD, R1-30BEEFED S5 GCQ %ifizz3 b O D
X, ARt X CHIR L 721

C™(g,h) =LT(g,h)n{Q =0} F7& LT (g,h)n{Q <0}

LTV, ZITQUEBBRTIRIOKEHEITHS. BIEBITIIV = (v1,...,0) I
ot UBISE P(V) = {d | (vs,d) >0V} %EZ 2L, N(Q;p) OF#-1F ([14, Theorem 3.1])
£D, p-WGCQ DKL LW 2,

0£ LT (g, )NP(V)C{Q>0} %z c{Q<0}

L5 pHlDVBFETZ I EAETHZ (N{Q <0} o ZF{Q >0} Hloas). Z
ZT

p+ =min{p | IV, 0 # LT (g,h) NP(V) C {Q > 0}}
p_ =min{p | IV, 0 # LT (g,h)NP(V) C {Q < 0}}

tBLy, LoREE»HESBIZ, N{Q=0}RDE % p, =min(py,p-), HQ <0} DL
X pe = py DED. TRDB p X, FEULEEDH DB Q DIF S Z— IR DIEZLRE 73 2 YD
5 o B2l (BEEEBD o/ MEETH 2. 2D py & (o 213 Q DFFSETHE
i 5T, QPNEMTDH 5L ZLITNOFHEINHE NS 1 CH(g,h) = LT (g9,h)N{Q =0}
DL EIZ

min(sg,tg) + 1 < p, < min(s,t) + 1

5 O+ (g h) = L (g,h) N {Q < 0} D& XiZ
tp+1<p(=py) <t+1

&%, ZZT (s,t) = sig(Q), (sp,tg) = sig(Qlr), E FHAEULHOHAE T, 2FD
E=L"(g,h)N(=L*(g,h)) TH%. ZOAFROMAL—HLRVE ZR, QVEMETDH
5t ZIROHEMmPSBEL 72503, MEOHE L, Al LOFFHIIEIRT 5.

== p*
k) | k=20  ZF min(ay +1,a_)+1, k>3D& & min(as,a_)+1
) | min(ay +1,a-)+1

#£4: K1 FEEHNOAL) ORFOMIE p.. ay,a 13, EERCBT 2 HRRTRIA Y e;a? 1B
Nde DB +1, —1 O

5.C. 38 KKT D= D E
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e At s
(Lk) | eggq=-=€en=-1, T (k>3 DDep1 =" =€, = 00
-1)
Z Dfth ty+1
@) | cpzmmen= 1 -
Z Dfth ty+1
(Bk) | egoi==en=-1, FE k>32De= =€ =| o0
-1
Z DAth te+1
(4,k) | €qr1 =" =€n = +1 DD ¢g = (—1)" 1
Z DAth tp+2
(5) €g—1 = €gp1 =+ =€, = —1 00
Zoft te+1
(6) [1=b=—1, ¢g=-=€n=—1, a<2 00
01=0=-1, ¢=--"=e,=—-1, a>2 tg +2
Z Dfth ty+1
(7) | eg—2=¢€=-=€en=—1 00
Z Dfth ty+1
(8) Eq—lzefq,l:eq:~~:en:—l 00
=" =€n=-1, g1 =-1, ¢,_; =+1 tg+2
Z DAt te+1
(9) | o1 =€2=—-1DDegy1 =" =€, =+1 1
Z DAth tp+2
(10) | eg=-=€n=—1, 01 =02 =93 =—1, (%) e)
€q=-"=¢€,=—1, 61 =082 =083 =—1, maxicjai; <2, | tg+3
(x) 7 720,
€g=-=¢€p=—1, 01 =02 =093 =—1, maxicjai > 2 tg+2
Z DAt te +1

£ 5 £2 REBHWOA) OFFOMME p.. MFCQ 2z RWVWEE (I, = 0) DAEE
ATV ZLIHERETS (3 > 102 & MFCQ 2SO L p. = o0) . Q& § O K57,
E = span(eq,...,e,), (sp,tp) = sig(Qg) TH2. B (10) D (p. = oo &2 5%) &M (%) 1,
B = Z?Zl —aF + Y cicjes @ijaia; XL a > 0 RBEED a € R T -B(a) > 07%52¢
(—B D RE, ETOIIEENE, copositivity) TH 2. T L lliZg oy 12BES 2 BRI A& RS,
B X OTHE O FEMEZ [16, Proposition 4.37) TH X2 5TV 3.

it M P
(1,k), (2), (4), (5), (6), (8) | UEZM) min(ay,a_) +1
(3, k) EDPMEETa > 1, $710F £ 23EHT | min(ar,a_) +2
(61 = +1 ¥£7%1F min(ay,a_) > 1)
ZDfth 1
(7 €1 = €3 = —1 2D min(ay,a_) =0 1
Z DAl min(ay,a_) + 2

®£6: K3 (BRER) OBFORMEp.. ar, a3, FERICET 2 AHRRRIA Y €07 BN ¢
DI5H +1, —1 OfEL.



£ 5.A BTtz p-SGCQ (38 KKT ZHIz )t s % 5 p-Guignard fllfARE) 1200V T
ZhiE, p-WGCQ OEFKR (EFS5.1) B 2HEC(Q;p) &, LINDEH CS(Q;p)
Wz THELNS. V=(v,...,v,) € NQp) & deR"ITHL,
@%m,@ <0, ¥7E (v,d) =0 (V)

PR DIDEE, dIXZV-FBNTHZ VS, ZheHWT

C3(Qip) = {d € R"

ROV e N(Sp) XL d g v-2raim )

BL. pWGCQ 23 ming(vp, d) < 0 DAZERT 2 DITH L, 5RHETIE, ZDH/AMED 0
Yo THOH 5 (v, d) BIEL R BEROGEERRNTED, 2RI C3(Q;p) € C(p) T
H5.

E#&E 5.6 (Haeser Ramos [14]). E& LT(g,h) C C3(Q;p) BRILT % & =, (g,h) 1354 p-
Guignard HIfIEE (p-SGCQ) Zifi7zT W,

p-SGCQ 1, [z 2SFFTEY Pareto 72 HIFE KKT s TH %1 MEED O #p BB £ 12
DWTHRI T2 Z 2 b FAfETH S ([14, Theorem 4.2]) . p=1TIEX C3(Y1) = C(1) &
72D 1-SGCQ X GCQIT—F,T 325, p>2 Tid p-WGCQ L hFEL {58,

EIE 5.7 (17). p> 2D &, (7,0Q) S p-SGCQ %z T 72D DB ML LT (g, h) =
{0} ¥ 222 TH3. FHTHEE 13 DITXNTDIHIE, p>2BWVT p-SGCQ Ziiiz X
B (B DFETIEORIC LT (g,h) # {0} TH2) .

6. 3R & 57k

BRI, FRARRTRENCRE S 2 BAEET TR ORFZE (18] Wi Hlicfiin 2. 28 5 HiCil =il AH
EDHIER, 52 6N BERNRERNGE S 2121, ZOFEPFHERDO L OFEER L K[G)-
FfE> %, FIRATRERAEZREIC K> THEST 20ELNDH 5. Iz BHME L L.

ARk DSE R BERICENT T, —ROAERDEA, ZHUT X 2RO HALAE DE
#, BXUBRITTORZRS 12D DR MO FT 2&EDEAZIToTWS. &
NBEFWTFID K[G-FES X CFHETALETH 2. X512, K[G-ALEL 25 X SHEL
TNIERIM S (15) BR)  Z2OREHEHR WS, 2 2 THENMD X, HINEORKICHE
2 D0MAGREERTH D, REOMEEZEDIUIE-RER e AkE s, —ROFELE
DOEELHARRAEDOS &, ZOMNSHS KG-FMEB X Ut TRE L k5.

CNOEDARER L ZEUEHAEGDES ZICX D, SHERBCHAZHIBEBEED S b, #£
20 (10) &, BXUOE3 D (8) BN OWTIE, HIFIBEED &8 T 2 -0 DHESMEE
HRRNCEL 23 TETWS. ZOMRIE, ARETERRSE e FREEOHEL, BIR
172 F L RE D AT NS § 2 720 D3 2 5.2 2  HifF e 5.
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Quasi-cellular categories and the structure of
the Brauer category

FH 2 (BERF)

1 EA

Brauer algebra {&, Brauer diagram % HWTER X5 diagram algebra (K=
O—FTH 5. FELEIIIX, Braver [1] IZX2EXRHRS YL I T 4 v VBHEOARERG
DIFFEICBNTEA SNz, —RRIERE & MFEE O A RIOTRBLDOMICIE, Schur-Weyl
ROPEE WS BAREDIAS IO TWE D, EXHLY Y L2 7 4 v 78 & Brauer
algebra & ORNIZH TH L FLLT 2 BOBIRDSE D ZD. K DFEL bR 3B &, FERILNT
MR % & DOFERRITTAR T FVZERV O 7 VY VRE VEP TR L, V OFREHRE
O(V) & Brauer algebra B°(p) (7z72L, 6 =dimV) OEMENLKIERANERINS.
NS 2 ODMEAIEHEWICA#TS D, Brauer algebra B (p) % & HUIMEER Endo) (V)
NGRS 5. —J7, IBREENIIFREE R Z O 7 PV ZER D&
WX, FREZEENI Sp(V) & D, Brauer algebra D87 X —&X 2 LTI, § = —dimV
DRSS

Brauer algebra O RBGmIZ N F TR RSN TE . KT, BE 0 ik LTI,
Brown [3, 2], Hanlon—Wales [7], Wenzl [12], Doran—Wales—Hanlon [6], Rui [10], Rui-Si
[11] 5DHFEIC & D, Brauer algebra 23FHHIIL 2720 DT X — & § DSEMDTER
WIREINTWAS. X512, Konig-Xi [8] 1%, —MDOHAAMER T8 F X — X 9IER;
B2 E12, Brauer algebra 2SAFFOHEROEMN & RHFRMEICZR 2 Z & 2R L 2.

AR#EHOHWIX, ZhoDBHRIIHN L CEHmHINZBEREZ 5.2 % Z & TH 5. Brauer
algebra % endomorphism algebra (HCHERBIME) 12d 2, FABEEZNRL T2
Brauer category) & WPHIN2E D3 5. Brauer category i%, Lehrer-Zhang [9] 12X -
TEASNFL SHRONTD, ZOXRER RT3 TIZ Deligne [4, 5] OBFZEIC S BN
TW53. AGHETIE, cellular algebra O EGERAVELLE LT lquasi-cellular category | % &
AT 3. Brauer category Z & U ¥ § % partition category X walled Brauer category
72 ¥ @ diagram category &, quasi-cellular category D&% >, Fr 4 1%, Brauer
category % quasi-cellular category DBIE» HEHE L, BonMRICOVWTHRET 5.
AFEEE, HARKPOEENKRKE OHFANFRICESSDBDTH .

*T153-8914  HAUEFHARXEN 3-8-1 HERY:  REGAFERIEW IR}
e-mail: mkatada®ms.u-tokyo.ac. jp
AR (FREES:24K16916) OBIf %221 7HDTH %,
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2 Brauer algebra £ Brauer category
DT, k ZHAAMHIRE L, 0 ek BRI X =R T 5.

2.1 Brauer algebra

JEEEER p 1T L, (p,p)-Brauer diagram 1%, #£& {11,....pTtu{l~,....p"}
D p HDIENEFEAADTEDZ & TH 5. ZIEKAMNIZIE, EECEiES N p ED
Rt pT ETENICEEI N pEDOR 1. .,p” &, p ROINTREZFTF L THA
TROoNZKEL LTHiExNS. K112, (5,5)-Brauer diagram Oz fiu7z.

1 (5,5)-Brauer diagram.

B(p,p) T (p, p)-Brauer diagram DL THEEZKRT Z 2 £ T 5. Brauer algebra
B%3(p) 21X, B(p,p) #REL T2HH k- MHETH-> T, NRNOBEHTERI NI EK
R LTHORBOZ %255, 3khbDE, f,g€B(p,p) &L, foge BX(p) g,
g DA%z f ORAD Licot, g D TEORE f O EHORZFR—HLTTZ 3 XED
BIL—T D RN THE SN S (p, p)-Braver diagram fog &, HUD FRW 20— FOEEL
I(f,g9) ZHWT,

fog=4dU9 fog

TERINS. K212, (5,5)-Brauer diagram OEEDH] Z i 7.

5w<\/
AN A
~ /N

2 Brauer diagram D& K
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2.2 Brauer category

D=2, p+ g BEETDH 2 X5 2IFEBBDOHM (p,q) XL, (p,q)-Brauer
diagram DEF XN 5. B(p,q) T (p,q)-Brauer diagram £ED LR TEAEZRT Z I
T5.

Brauer category B = B¥® v X, JEEBHEMNR L L, B(p, q) %KL T2 HH k-l
HZHES B(p,q) L LTHDOETHS. feBlq,r) & geB(pq DA fog € B(p,r)
', Brauer algebra OfEE RISRICER SN, EEHId, =1, ={{it,i" }|1<i<p}
T»%. Brauer algebra B¥°(p) I%, Brauer category BX%? OX5 p 1Zx+3 % H HEMA
& B (p,p) & LTEILE N 3.

Brauer category &, XRDOHME diagram Z I RZ2IETEE 27 > VI LREICEIL
T k-linear PROP iz +i>. Symmetry P,,:p+q— q+p i,

Pp#] = {{1+7 (q + 1)7}7 ey {er? (q +p)7}7 {(p + 1)+7 17}7 R {(p =+ Q)Jra qi}}
THZ 57 %, Brauer category @ k-linear PROP & L TOLUTORRBPHI SN T WS,

ERGE T e={{17,2"1}:2 50, c={{1,27}}:0 =2

ng%iﬁ . (ldl ®C)(E & ldl) = 1d1 = (C & 1d1)(1d1 ®E), CP171 = C, P1716 = E, cCc = (Sld[) .

2.3 Brauer diagram D% f#

Brauer diagram 23 _E#D SR L 2GS Z R 22 0We &, upward TH 5 WV, T
o HE L 2SI E 2w &, downward TH % 2\ 5. upward 72 downward
7% Brauer diagram @ Z & % level £\ 5. BT (p,q) (resp. B~ (p, q), B%(p,q)) T, upward
(resp. downward, level) Brauer diagram 72565025725 B(p,q) DEAREZRT LI
T5. JFEBHKIIHL, FEF < %,

p=q & p<ghrDp+ql3EK

TED, p<LqTpqgPDOpA£qaRTILLT5. T2k, B (p,q) #0 725D,
p=qDLEIRB. FEIMEN () B(p,q) — B(g, p) 1%, upward diagram ¥ downward
diagram Z AN X, level diagram & {&D.

Brauer diagram f O LD R THOREZHEIMEEDIMD R B HE DR NE &,
f ¥ monotone TH 2 &\W5. B™(p,q) T monotone Brauer diagram 2572 % B(p, q)
DEFEEERL, BE(p,q) =B (p,q) NB"(p,q) £ T 3.

ZDr %, (p,q)-Brauer diagram 1%, U TD XS InfEEh 2.

[T B (r.q) x B(r,r) x B="(p,7) = B(p,q), (7% f )0 froffof™ (1)

r=2p,q



3 Matrix Brauer category

Z TlX, Brauer category DZFET® % matrix Brauer category mB = mB¥ % E#%
T 5. mB ONRLHEARIE, Brauer category Db D LF L TH 30, FOERITLLT
IZECR 3 % matrix composition TER XN 5.
Brauer diagram O73f# (1) 225, f € B(q,r),g € B(p,q) IZRL,

f=ftoflof, g=goglog”

% [t e BY(tr), [ € Btt), [T € BM(g,t), g" € BY"(s,q), ¢° €
B(s,s), g~ € B=™(p,s) B—EMNIFEL, f & g D matrix composition I,

o oo og (=)
fog—{of (t 4 5)

TEHEIND. EEHE, )P =D Y fofTHB.
r=p feB+m(rp)

mB OXR p 13 % B AERRAE mB(p,p) 13, UTD X1, MHEEORIRDIT
HIBRDEM & [R5,

el 3.1. JFEBH picL, d,, =BT (r,p)| = rank BT (r,p)/rl £ 35 &, {EHERIR
& D[R

p) = @ Mdp,r(k[

r=p

BB 5. BC, k HER 0 OETHIUS, mB(p,p) LLEHTH 3.
4 Brauer category X9 3 EFEIE

k ZHNA#ER, 0 ck ¥ 3 5. ZZTlE, Brauer category B = B%° I2BE 3 2 T4
RIZOWTHR 3.

JFEAER r 1L, 637 ITHKTET 2 “D 2S5 i3 %, dldrank < r TIE
BRTHIR LWV, T, EEDr>0I1IML, d2rank <r CTIFFRETHI X, H
ZHIIIEFRTH D VS, (0 DREMIZOWTIX, Section 7 Tfiltifr3.)

IEEEER r oL, WD {q>0]|q=r} TH2 B DOARIE7E% B<, TERL, mB
DIEiiah 7 % mB<, TRT.

EIE 4.1. k-FEEF
L:B—>mB

DFEL, L OfIRR L, : B<, — mBz, A2 &, § D rank < r TIFRERT
H5ZLIFFETH 3.
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ST, MRHMIEEER, HEED S(p,q) =K[S,] (p=1q), S(p,q) =0 (p # q) DI
BrRioreds.

EIE 4.2. 0 2IERELSIX, BIZS e AHRMETH D, B OHLIES ol e kR
CLTCHRAETH 3.

5 Quasi-cellular category

Z ZTl¥, quasi-cellular category ZE A3 %. quasi-cellular category &, stratified
linear category T® - T, 2D, pairing & copairing DflZ b O0dbDE L TERINS.

5.1 Base category
k-#EE A 23 base category TH 3 21X, UTD2O0DKM 2T E2E2 0.

1. SMROEE Ob(A) DRESHSR M Z AT 3 EIEF < 2D,
2. HELZ 2R 2,y € Ob(A) I L, A(z,y) =02 D LD,

A FOBIVE L 12, Ob(C) = Ob(A) TH 2 & 5 iHE C THoT, Mg LTSS
Be B3 S REIVET i A—CEbObDDILEE5. A FOBIYECIcHL,
BHES Clz,y) &, (A(y,y), Az, 2))-TIRIEED i 2 1o,

5.2 Stratified linear category

DIF, A % base category &3 3.

A LD stratified linear category 1%, A _LOKIEE (C,i) TH->T, LUTOFMFZ
e THRIGER B CT,C- 2 Db DD EESD.

1. Ob(C*) = Ob(C~) = Ob(C).
2. e CtlXupward. 2% b, EFEDOWR 2,y I L, v >y 25X, CH(z,y) =0.
e C lZdownward. DF D, FEDONR z,y IR L,z <y RolX, C (z,y) =0.
3. BMGE LT, CH(z,z) = C (z,2). (ZDLE, CT DL AE CO 23,
Ob(C) ZMRDEGL L, EMF v L, COx, 1) = CH(x,z), HERZ NG
T,y WL, Coz,y) =0 2HEEL T 2B LTEES. )
4 BIPEETF i A — CF, BHEORE - A S CORFEET 2. (LI, [F% i %l
LTALCORFEI—MT2.)
5. MR z, 2 1Tt L, BAER
o: CT(y,2) @coqyy) C(2,y) = C(x,2), g®fr>gof
y€Ob(C)

13 (A2, 2), Az, =))-RATEED A,

Stratified linear category C {ZXf L, MR ETIXEHEHRTH 2FEEF G

et.ct - °
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DS, BIR e I, eF =idex(pq), MERINR 2,y 1ML, e =0TEHRINS.

5.3 Quasi-cellular category

A LD quasi-cellular category 1%, A _L® stratified linear category C TH - T,
T OS2 72T pairing i & copairing d ZH2bDDZ 2\, 772 L, pairing V
X, BN o 20T 5 A(x, x)-mflnEE o HEF 5

@C Yy, x ®.Ayy C+([L',y) _>"4("E7'I)

y>x
DIETH Y, copairing d' &1, ENR 2 12T 2 Az, z) D C(x,z) 1B 5 H0MLIR
ZC(w,m) (A(l’, ‘7:)) - @ygx C+(y7 $) X Ay,y) C™ (33, y) DT

d'(1,) = Z(d, ®(d),, € @CJF Y, 7) Qagyy € (7,9)

y<x y<zx

DIEDZ & TH 5.

1 AFED f € CH(z,2) IZH L,

S (d)EY (), ®f) =t (2)

y<z

2. fEED g e C (x,2) ITHL,

Y Vg @) )d);, =9 (3)
0 (xz#2).
4. E%ﬁ@gec—(%z) L, V(g®1,) = {g (x = 2)

5.4 Brauer category @ quasi-cellular structure

Z ZTlX, Brauer category I quasi-cellular category D&% 52 %. %3, Brauer
category 23 base category S kO stratified linear category TH 3 Z & # b3 5. #F
BFi:S— B%, NMRECTHEEFEEZRTH->T, FEDc S, %, 0 FEHT2 (p,p)-
Brauer diagram 23 b D2 §5%. B* (resp. B%) T, Ob(B*) = Ob(B°) = Ob(B), 4t
45 B (p,q) (resp. B%(p,q)) 25 BE(p, q) (resp. B%(p,q)) #HEL T2 HH k-IMEETH
%5 &% B OWIEHTEERT Z 2123 5. upward, downward, level Brauer diagram
DIEFK Y, Brauer diagram D73 (1) 226, (B,i, BT, B7) 27 S L O stratified linear
category TH 25 Z e DEPD HN 5.
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Brauer category {24t L, pairing

o, D B~ (¢.p) ®s(q.) B"(p.q) = S(p. p)

P=q

%, feB™(q,p),g € BY™(p,q) ITHL,
bl(f ®g) = 5?,911’

TEFZL, copairing d' %

=> > feofe@B(rp) @ser B (0.7)

r=p feB+tm(rp) r=p
TEDD L, (B,i,BT,B~,V,d) xS Ld quasi-cellular category & 72 %.
6 Quasi-cellular category ICX 9 % EEIE

Z ZTlX, quasi-cellular category X173 % EFERZ RN 3.
A LD quasi-cellular category (C,0,d') iZxfL, #RIEE Cy BUTD LI WCERIN
5. Cy DNREFESE, CODDLEUTH S0, FOEK

Cb’(?/a Z) ®Cb’(x>y) i> Cb’(xa Z)

&j:y f®g € C+(Ua Z)®A(v,v)ci<ya U) - C(y7 Z)a f/®g/ S C+(U, y)®A(u,u)Ci(‘r7 U) - C(I7y)
L,
(foge(ffegd)=fotge )y

TEFRINS. HiffiTH 27 Brauer category @ quasi-cellular #:i& (B, V, d') IZfFE3
% #EE By 1%, matrix Brauer category mB IZfl72 572\,
A _ED quasi-cellular category (C,0,d') \ZxtL, #REREF

L:C— Cb/
Z, MR ETRHEFGR, T f €Ct(2,y) @ae,y C (x,2) CCz,y) IHLT,

Liff o)=Y (), 0C)r(d),, f)f €Cylz,y)
w<y
TREDSB. REL, 7:0 @uCt 3 C 25 Cre - tT5. 241 ORYMT
L:B—mBtliE, ZOMFOZrTH3.
A LD quasi-cellular category (C, V', d") 23 perfect T % ¥ 1%, pairing

b=(c"®e” @C Y, ) @ay C(x,y) = Az, )

y>x
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EXST % copairing d BFET S (F72bb, b dH (2) & (3) Zifikd) 2z
9. Brauer category IZXf LTI, perfect THDZ ¥, T X =& §DBIFFRTDH 5
CCRAETHS. (5 DRFEMEICOVWTIEREITIENS.)

Perfect quasi-cellular category {0 LC, EH 4.1 £ 4213 T D X S ic—fbahn 3.

EE 6.1. A LD quasi-cellular category C TR L, C  perfect 7251%, L:C — Cy &
TRIZE DR TH 5.

FIE 6.2. A LD quasi-cellular category C 12Xt L, C 3 perfect 72 51X, C i A ¥ #&H
FfETH D, C oFuid Aodub e k-REe LTRZITSH 5.

7T NFX—42 5 DFEM

w212, Brauer category D %7 X —& § OFFEMICONWTHENS.
r BRI RA =R T 5 Zr] ED Brauer category B = BZlE® 2E 2 2. p < ¢ 12
L, n=[B""(p,q)| £BEZE, 174l A,, € M,(Z[z][S,]) %,

Ap,q = (af,g)f,gelBJ“m(p,q)v Afg = b<f & 9)

TED5.
FIEAIRE L : Z[6,] — My(Z) %55 2 BERERR  © M,(Z[z][6,]) —
Mg (Zla]) £, SR , ,(x) € Zla] %,

foq(z) = det 1(A,,) € Z[z]

TERT 2.

BARER k &, "I AXA—=—Zdck, r>01HLT, d§ Drank <r TIEHRETDH
5riE, BEDp < q=rZiiled (p,g) WL, f,,00) EkKDRAIFTHZILZES.
(ZZTERINSZANT X—& § OFREMIZ, Konig-Xi [8] TER SN FrEME L FE
bDTH5.)

Rui-Si [11] O#EHE D &, Brauer category D287 X —& § BWIFRRTH 372D DLE
+o4thix, UTFo@bThs. r>00L, X, CZ%

X, =X U{i,-2i|1<i<r-2i€Z}u{jeZ|4-r<j<-1}

o J{0}y (r#0,1,3,5)
X}_{@ (r=0,1,3,5)

TEDD.

#nRE 7.1. Brauer category BX° \ZR LT, § 23 rank < r CIERERTH 2 ¥, LED
me X, LT, §—i(m) ek DPR[HTH 2L EFMETHS. (2L, i :Z—kid
ME—1FE T 2 BRERBTH 5.)
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Alexander polynomials of knots and links, arithmetic
progressions and persistently Salem polynomials

T A= (BEERIERF)
M2 #%S  (hrr bR

1. IFC®HIC
1.1. U8, B8HABED Alexander ZIET

1928 FE1Z J. Alexander 25 AEHAZE®E L LT Alexander ZIHNZEA L TLLEK,
J. Conway & & 2#i{t X2 Ve, ZOROFEMR - —fbz@E LT, HE
RWFEPERLCEX. Z0TdREB, 5 X o7 Alexander ZIHAN D 2 XK
H®D Alexander ZJHR L THEHIHIN 202 WHEARRMERZ IO, EELFEIR
RO FEFHRINTWS., HEHANZIX Alexander ZIHRDIRENCET 5 280 FIRT
Hole, aa—ROREEIZHV, RODMITEL THOEBRNPEZITRD, Fik
BRI EHE N T VWS, IR R oD, 2002 FEDORAKECTHICE T % Hoste
THTH -7 [13, 11, 3]. FHE 513 Hoste THEDIRBLIE, WoOREICET 25t %
MHELTWVWDB [5,6,7,8,9,10]. RMOEEICEL T, FHICEERZDIIRD 3SEEOLE
HTH%. c-stable (URDITNTHE LIZHS), r-stable (R TNTHER) ,
bi-stable (R23 3 NTHEfl LB MHE RIcH 3) .

AFEE T, bi-stable ZZHKD 55, HXHMEN 1 THRVWEREZD 158208
D% SalemB YIERL, ZOMMAIBHEBIRIIOWTIENRS. ZDELBGIE
DIERIZ X > THELN B ZHAFTNIH L, Salem™TH 25 Z & &i—MNZEEAT 2 Fik
ZEANT 5.

1.2. Salem B ZIET

Salem ZIAR X 1, T=v 7 RBEHZEATH - T, ERHEDIADTIHERDS &
520 (a>1¢ al) THY, BODOELIRTHMHE LICHZ25D2 NS,
Salem ZIHFUIM W (reciprocal) 72 ZIHRIZ/ 5. McMullen 12 & - TEF X117
Salem ZIHAZE LT K3 fifE D B AR Z LT 25, B LU Z D Kahler 24
KD HENEEZIADRRICOWTIE, Fat [14] 1ITFELW.

AFHEHETIIZHEAOHHNMEZRERETS, IOWKEHt 2 —t WTEXII 2D
LT, SalemBZIEH ¥ L TERLT 2. SalemZIEKX 51, BEWIELCTt %
—tICEEZ, MOZHEARTEZED FRIFIE, Salem ZIEX2EF 5N 5. Salem %
I f(¢) 1R LT, max{|al, a7} & f(t) D~v—F—HELIHINE. FRZF LY <
WASUH P(—2,3,7) @ Alexander 2R — 9 +47 6 + 80—t + 83—t +1 D~ —
7 —HIE (1.17628...) XL —~<v—#rMEIhs. L—<—THZ, 2 Salem %
HRADO~— 7 —EORMETH 200 ZM5>dbDTHL. —75, L—~—MHEZA
TERNCIRIRT 2 72121, HED 112G % Salem BZIHKOF| 2 AL UI K.
ZOMEIZOVWTIE, AROKRZETHUERD LIF5.

*1466-8555 # R X HIgRFTH] 4B T3#E K

e-mail: hirasawa.mikami@nitech.ac. jp

2026 4F 73 PRI - VRI W LEHE
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2. @J%t@of:ﬁ%@]
fi O H DG EITIE Alexander ZIHIN Ak (t) 23, #8AH DL EITIE Alexander ZIH

JQ%? (t— 1) THI->TH LN S HKY Alexander ZIH DY Salem B ZIHK T2 % & X
ZOMUHE 13 AE%E Salem B! Y IER. ZOE t B —t ICEZT72d DBER]T
H3ZeNEL, ROREWEERTIBICE, DEICIGUTIDEZIRZ 2175,

Salem BUDFENHDHERICH D, £ 2BRAEICEHEH L. 2fE&AH L1, F
H7 =27 212 2a, DTNV A AN ANz DE—FNT T IV T LIEDOER
MR A 7 2V b Z 5, ZNZ [2a4,24as,...,2a,] TERT. n DEHD & 2134
UH, 8D 32 0i&AEHICKRS. £ Alexander ZHERADBE=y 212K 52
EML BT 7 AN—FECH - $BABICRZZE LAETHD, ZORMBIETRTDay
Bl =1 ZALT L THE, LIFEEE L TRINBH, TAUdL OEHEEH
DEIED (— )k+12ak, (k=1,2,....,n) THZZLIZHIET 5.

2B CHDIGE, [2,...,2,-2,2,...,2] EWSEDDHDIF Salem HUTH2 2 Z

a 1A b

NEBOEMmD» LM 5 [12]. Ik [2¢,-2,2° &S, ZORFILIMCIE, KD5D
DEFER Lo Hoh o TV,

[(2)°,(=2)°],[(2)%, (=2)°], [(2)%, 2,2, -2, -2, [(2)*, (—2)%, 2], [(2)°, (—2), (2)?]
FREIIMIEINC, 2KE&AHIZOWTIE Salem BT 72 5% K DEEFEAI L 6 D DR %
FE LUz FIC, XD 2 DDRFINAFHEFICEIT 5 Salem ZIHRXDOREKIZ DR > 7.

Ki(m) = [(2)",=2,2,(=2)"""], Ka(m) = [2,-2,(2)", (=2)""],m > 1

Fl1BEOFI2ART X512, Ki(m) & Ky(m) TiE, 250 o@EBFNRESCH & 72

t+1

D, ZO—HEBICEFEELF (arithmetic progression) MBI TV S

3. 1SS UE 2 ED AP ZIET, (Arithmetic Progression polynomials)
EE 3.1. E= v 7 LRMHREHZEA f(t) 23, ROBRBAN 2O T 5.

{1,a1,a9,...,a,,...,a2,a1,1}.

B ay, a0, ..., a, B3
a1:1+pa aj:aj—1+p (QSJSn_l)y an:an—1+p_k

RHRETEE, f() % M{phk) EEL, BIEAPZERLILR. 72701, n>2
¥ 5.

BE ar,a0,...,a,
a,=1+p, aj=a;j_1+q (2<j<n-1), p = a1 +q—Fk
BAHITEE, f(t) " \M({pq}, k) tEZ, B2BAPZER MR, 72720, n>3
£95.

928 AP ZIEN \.({p, ¢}, k) TBWT g =p DL &, ZHUIHE 17 AP Z1ENX
A({p} k) BT 3. EHETIZ RO AP ZHEREZERT 3.
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A _
Fl1. K.(5) =1[(2)° —2,2,(—2)% i&Salem BT, f(t):= %(113) DRI
{1,6,11,16,21,26, (31 — 2),26,21,16,11,6,1}

BT f(t) = \s({5),2) TH 3.
e E’:\X\/\’ o= =050 \/ﬂi

1 248 E K, (5) & 2900 _ 5\ ((5),2) IR

Ag,y(a)(—t)

DFREBNI
t+1

2. Ky(4)=1[2,-2,(2)% (=2)°] iZSalem BT, f(t):=
{1,6,13,20,27, (34 — 4),27,20, 13,6, 1}

Mo T f(t) = Ns({5,7},4) TH53.

o c%“mﬁ\’ oS00 \/fd

2: 2MEKAE K, (4) ¥ 220D 5 ((5,7),4) IR

FHEBERICE DY, APZHEHKIIUIIUIERE 2n 2 LT3 SalemTH B Z &3
Rz, FHROBEET ST NTIX =& L IZOWTSH, Salem BN 2 #HiFHH n
WWHRFEESHET 2 2 e R EN. ZoRktEr R0 X5 1EXbT 5.

EE 3.2. APZIEK N\, ({p, ¢}, k) DAY Salem B (persistently Salem-type) T
20, HEIE ng LLEDFTRTDn IZ2OWT SalemBUZi 3228205, ZD X
5 7% ng DR/MEZ n-BEE WS,

KETTIE, H 1B X0 2D AP ZIHXDEHEN Salem BN 72 % 72 0 D RBE+5
ZtEE52%. Eofl1,2 DN ({5},2), \({5,7},4) & n >4 751X Salem B2 5.
HHEHTIE— D AP ZHN2EARL L, il Salem B2 2 T340 2 52 5.
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4. 21 AP ZIEXHHFE Salem B Z R B3 BB+ G
EI 4.1. APZHK N\, ({p, ¢}, k) ZEZ 5.

(1) (p,q) 3(—1,0), (0,0), (1,0), (2,2), (3,4) D 52DHILAZ =2 DWVTH
DY E, N({p, g}, k) ZEED kIR U THEBM Salem BN 72 5 720,

(1) (p,q) 5 (I) D 5DODFIARZ—VICEXHNET S, DL E, \({p q} k)
Foei) Salem BN T2 2 7= D DB+ FMHE, RD 2&M 2 AT TH 5.
(a) ql¢—2p+2) <0,
(b) min{g—p+1, p—1} <k <max{g—p+1, p—1}.
X512, M{p,q}, k:) DFEFHGE SalemBTH 2 & =, ZD n-BEIX (p,q) = (2,1)
F721% (0,—1) OEAEIWIE 5, ZRLHNDHEEICIT 4 TH 5.

—7, BEL (p,q, k) TRHUTN({p,q}, k) DFHH Salem TR N 51T,
HBERE ng DFEELT, TXTD n >ny XL, \({p q}, k) & Salem Y
IR 5780,

********

********

********
ok ok ok ok ok k%
— e o o o 0 0 0 O
0000000
o000 0000
o0 000000

********

3. EHERT (p,q) DX. e IZH7=5 (p,q) BV TR Salem FNT 72 5.

R42. FlZp=q &35. ZOLE, \({p}, k) DR SalemNT72 2 72D DIE
TR, ROFUEBRDIIOZETH 5.

p<—1 FkiZ p>3

min{l,p — 1} < k < max{1l,p—1}
COHED n-BfEIZ 4 TH 5.



B3, N\.({—1,0}, k) IFFEY — L 2BITIERWV. D7 —RIZOWTIE FRIOER
IR DBLE DN 72 5 .

e R AR ks,
BB BB B E

4 \({=1,0},k), k=—3,...,3,n="7,8 DI}

5. —fi&D AP ZIER

5288 AP ZIHR N, ({p, ¢}, k) 1&, BEINCBNTRIIOBEZE p DADBHISTH D,
FNLIEENZE ¢ DEEBY DR ROFEE ThinTe. BIST D EFTEICH-D, 2
NLUEDFEABINCI2 5 D% —iKD AP ZIENX L FEXR.
ESE 5.1. APZHER N, ({p1,p2, ... om}, k) L&, KE2n (> 2m) DMK 72BEE %
BZIHENT, BRBDREAZTHDEVS.

ao =1
aj =aj-1+p;,(1<j<m-—1)
aj =a;_1 + pm,(m < j <n—1)
Ap =0p—1 +pm —k
m=1m=27, HIEBIOE 2/ AP ZHACHIET 5. AP ZIEAF5M
SalemETH 3 L%, 2 ng ULEDOFTARTOn IZOWTSalem BT 2 222 WVS.
Bla. N\({3,2,1},k) =144t + 6¢> + 73 + (8 — k)t* + Tt° 4 615 + 47 + ¢
As({1,2,3}, k) = 1+ 2t + 462 4+ 763 + 10t* + (13 — k)t® + 106° + 7¢7 + 4¢% + 2t7 + ¢1°
{p1,p2,- -, Pm} DERED p,, ZIDHEDIRSIND Z EITHEER. p, ZREL T 2 RIEE D
DHEFICHNZ X512, ERICBVW T n>m ZIRELTVA.
ﬁ-l:-IE 5.2. )\ = An({php% s 7pm}7k) Z l/, P1 Z D2 Z T Z Pm—1 > Pm >0 tj—é

(1) p >3 D E, 1 <k<p,—1%&AT kLIIXLT, \IZFHM Salem BT
H5.

(2-1) pr#p, 5%, TOEE1—pi+p<k<p,—1%A%T EIZHLTNEE
Wil SalemTUTH 5.

(2-ii) T2, 2(1 —pr4p2) < pm THDHUE, 1—p1+p2 <k <—(1—p1+p2)+pm
AT ECRUTNIZFEN SalemBUITH 5.

ﬁ-l:-ii 5'3' >\ = Aﬂ({php% ce 7pm}ak) 0:01’\(7 pl <p2 Z p3 2 et Z pm_l >pm Zj_
5. 201+ Dpm > 202 +2 B0, 14+p—p <k<—(1+ps—p1)+pm AT kI
¥t LT\ 13 H565H SalemCTH 5.
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LD 2 o0EEIZ, AP ZIENX DKM Salem B2 2+ 502 5 2 T\ 5723,
FOEM%E AT &2 THEFH Salem B2 2 B HA RO > TWA,

6. SEEADIXIE

s om oI SHR @) i, W oae o osmy LoaLr
bDZEm(z) &5 5. f(t) D3 bi-stable 1272 2 HE+3SAE m(z) A3 r-stable 1272 %
ZrThb. BXM (-2,2) CHB m(z) OBHIZEMIE LIcH B f(t) D2ODHR
RIS L, X [—2,2] DIMTDH 2 m(x) DERIZHEAHE FIi2kWv f(t) D200FE
BICHIET 2. 72, m(2)=0¥% f(1) =0 &FMETHD, m(-2)=0 & f(-1)=
bFEMETH 5.

A

] e e e ;
N N N i L
L/ W N, N N

5 m(x) DRE f(t) DRDIIG

\ . 1
AP ZIHNZERE v = t + 1 OZIHATEML THR|WE#EW. 22T, "+ ik

m:t+%@%ﬁﬁzuf§%?uk%@%%x>z£<’%g>u%1@%lt/;
7ZIERICH D (cosnf % cosh DZIHAL LTELZHD) .
HRETEEZREST 2728, t—12E220THroE#HT 222 T, APZHRZ y,(2) D
—XfHE Fo(r) £ =X -Gr(z )@*ﬂ&:f%% Z3IUT &Y, Salem MU TH 2 0 E1H
[—2,2] £ ZDAMANC BT 2 y = Fo(z) LERR y = Gr(z) DRXRDMERIC X o THEHTT
%2, APZIER A\ ({p1,p2, .-, D} k) ICBWTIE, Fo(z) & Gu(z) IZROFICK 3.

m—1

Fn<llf) = Yn+1 + (pl - 1)yn + Z(pE—H - pf)yn—fy
/=1

Gi(x) = kx + 2(pm — k)

RRDFNTINETD 2720, F,(v) ZRRABAETIAFBEMT 2222k D, #
fil) Salem 2272 5 Z e ZAEHHS 5. WA E X 512H72> T, SalemMTH-TD,
DM ELIETIXAEAT X R WIEERH 5. Fifely Salem BT 670\ 2 & ZFE
T 57 DI21E, y () D—IEEEH DL BMBKDO T N0 —FHEZ 5. 2O
12iE, Stankov IC &2 F by =z 7Z2HAD—XEEIINT 2 oRNue—-7DFEE
vz, BIZE, Yt Yn, Yno1 D—KIEE aYni1 + byn + cyn_1 WAL T (=2,2) I8
FrzrRNue—-7@3RATEZ N5,
y*=4((a—c)*+ b +bla+c)x+ acx?)

ToRu—7t FEROERYy = Gp(z) D3 (-2,2) TRHB L X212, n 2T KZ

FT5L(-2,2) IZBIF 3 F,(r) & Gi(x) @i,ﬁﬁﬁﬁfﬁﬁ'é ERHWT, Y

Salem AN S NWZ L AEFHT X 3. ZOINIZE 2B AP ZHEATIIGITH- -
M—ED AP ZIHRICOWTIE 0k h EHEIC R 5.
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6: y, D—RKiGL, TOTrNE—7

7. divide $5U'BH* Salem B B H & 425 2 LV

divide#AH 2 1&, N. A’Campo [1] IZ & » TCEA XN T, ERFEfROR
BARAHZE, 77 AN—KAHD Y 7 2 %73, divide & IZMHRIC—HK DA E
TROAENT— 7 e L—TDEETHS. divide BW1ERKD T — I 0B &, %
D divide I3fEVCHZR T, 525607 divide 25 ZNWRTIBAHE, 774 N—Hif
HZERRTE7ALITY AL DBHSNTED, FTRTEZERAN2HD T — IR
THEOH 10145 DG &, divide IZI0> 727 7 A N—HIHIZEX L TV 5.

7. divide f5U'H 10145 £ FD 7 7 A4 N—HHH

7.1. BF divide

X 8(f) TRE N5 divide DZ 7 R %A divide Dy EMEXR. d IFWATZF> 7D
B TH 2. ZADREKRIFHEOEH Ky \E Ky = 31, K = 10145, Ky = 12n976 1272 5.
Kg,d > 2 1ESalem BT 5. KT d > 4 IZBWVWT Ag, (—t) = M({-2, -6, -8}, —4)
b, ZHUIEGN Salem B B, 72720, ZORERHIZER 5.2, 5.3 OFEFH X H 18
M B,
7.2. 714X B divide

HAE dicxfL, KI8(H) D7 4 7 X MO divide DRIFERH Ky IZRDOED
Alexander ZIHAEFD. ZOHIDISalem BNz 5 Z 13 AP ZIHAIHDHIFEHT 5.

Ag,(t) = (1=t + )" (14 (3d — 2)t + (—6d + 3)> + (3d — 2)1* + 1)
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8: /£ Wikdivide Dy, £ @ 7 4 7 X ¥ Midivide

7.3. BEZTE divide

RITT & = 8 divide (& Salem BRSO H 2 5 2 W, Alexander Z2IHAUIRD &
20T, BWHIERNIZ D, IRSFEIZIEICZ S, 7 7 A -l [4] TEX TV
% torti-rational #EU'H QIEKAH DO DORT ZMT DS TIR-> TIE SN B N
H) 77 ANN—HHIZKR>TWV3.

{1,-1,1},{1,1,-3,1,1},{1,1,1, -5,1,1,1},{1,1,1,1,-7,1,1,1, 1}

N\ 0)

a®

9: & =M divide & Salem BUE N H 2 5 2 7 v

8. SEDFELRE

APZHAZEA L7 Z & T, Salem BZIHN %2 BT ANTHRR L ZIHAY & LT
L TE 2 X5k oTz. ROMEIEn — 0o IZLT TDIRONHOWHLZETITH 5.
8.1. AP ZIEXDIRD DD HILEE

H2MAP ZIHK f(t) = \({p, ¢}, k) BEZXS. Hz)=22+(p—1z+(¢—p)
DWW, H(z) DREZIHNHRAROBD12% o B, FHEEERICIDRD &5 KIK
WPBRIHh TV 5.
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() kZEZELTn 2KELTDE, f(O)FEaD/NIFECHEIIE1DODR a#£0
Ebo. Fi, ft) ORDS B

E35. n BRI DL, p 3D T 3.
(2) T REzn ZEETZE, k DERIZHEST p KT 2.
D p % npqk DEENLZEBE LTEEZ NI ILHRETDH 5.

11: /\15<{47 3}’ 7)7 )\40({4, 3}7 7)a /\40<{47 3}? 50) O)*E

8.2. AP ZIERDFHMY Salem B & 3 Lehmer FIEA DK
1 K REVEHIO~— 7 —HIEOR/IME (1.17628...) &, LY 2 VECH P(-2,3,7)
® Alexander 2K Ak, _,,. (1) IC &> TEEEIATVS.

AKP(72,3,7) (_t) =1+t-— t3 - t4 - t5 — tG — t7 + tg + th

THYH, THFAPZHEKXE LT, N\_5({0,—1,-1,0},0) THZDT, Iz
B L THRER L AP ZIEX N, ({0, -1, —1,0},0) ICHER T2 2 2 2 & X 5. TGS
HFEUCHE LT, P(-2,3,2n—3),n>5 BRO» o 7.

AP ZIEIX N, = N\, ({p1, D2y - - -, P }, k) D3FHEHY Salem BT H D,

-1
H(z) =2+ (pr = D)z + > (pey1 — po)a™ "
1

DERZHOL TS, N\, OF—F—HIElEn - c0c DX, H(x) DD 3ERIICR

THEEZTWS., L——HI /v~ —5 %2 HOZHAXOLERITINA T,
~— 7 —HED 1 IR % Salem ZIHA DI 2 ML S 5 Z ¢ bEELFETDH 5.

3

~
Il
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